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Abstract

Two di�erent numerical methodologies are developed to study the drag-reducing e�ects

of superhydrophobicity for realistic surfaces. A multiphase Navier{Stokes volume-of-


uid based approach is developed to investigate the e�ect ofinterface curvature, and

turbulence on drag reduction in the presence of realistic roughness. A Gibbs energy

minimizer is developed using a level set framework to determine interfacial equilibrium

locations over realistic rough surfaces given an external pressure and surface properties.

Both laminar and turbulent regimes are investigated. Direct numerical simulation

(DNS) is used to study the drag reduction by superhydrophobic surfaces (SHS) in

laminar channel 
ow. Resolved multiphase simulations using the volume-of-
uid (VOF)

methodology are performed to study the e�ects of groove geometry, interface shear rate,

and meniscus penetration independently. The trapped gas issimulated as both 
at and

meniscal interfaces. The drag reduction initially increases with interface de
ection into

the groove and then decreases for large de
ections as the interface velocity approaches

zero due to the proximity to the bottom of the groove.

DNS is also performed for two wall-bounded 
ow con�gurations: laminar Couette


ow at Re = 740 and turbulent channel 
ow at Re� = 180, where � is the shear stress

at the wall. The top wall is smooth and the bottom wall is a realistically rough su-

perhydrophobic surface (SHS), generated from a three-dimensional surface pro�le mea-

surement. The air-water interface, which is assumed to be 
at, is simulated using the

volume-of-
uid (VOF) approach. The two 
ow regimes are stud ied for varying interface

height h to understand its e�ect on slip and drag reduction (DR ). For the laminar Cou-

ette 
ow, the presence of the surface roughness is felt up to 40% of the channel height
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in the wall-normal direction. The nonlinear dependence ofDR on h is observed to have

three distinct regions. A nonlinear curve �t is obtained for a gas fraction� g as a function

of h, where� g determines the amount of slip area exposed to the 
ow. A power-law �t is

obtained from the data for the e�ective slip length as a function of � g and is compared to

those derived for structured geometry. For the turbulent channel 
ow, statistics of the


ow �eld are compared to that of a smooth wall to understand th e e�ects of roughness

and h. Four cases are simulated ranging from fully wetted to fully covered, and two

intermediate regions in between. Scaling laws for slip length, slip velocity, roughness

function, and DR are obtained for di�erent penetration depths and are compared to

past work for structured geometry. DR is shown to depend on the competing e�ects

of slip velocity and turbulent losses due to the Reynolds shear stress contribution. The

presence of trapped air in the cavities signi�cantly alters near-wall 
ow physics where

we examine near-wall structures and propose a physical mechanism for their behavior.

The fully wetted roughness increases the peak value of turbulent intensities, whereas

the presence of the interface suppresses them. The pressure
uctuations have compet-

ing contributions between turbulent pressure 
uctuations and stagnation pressure due

to asperities, the near-wall structure is altered and breaks down with increasing slip.

Overall, there exists a competing e�ect between the interface and the asperities, the

interface suppresses turbulence whereas the asperities enhance them. The present work

demonstrates DNS over a realistic SHS for the �rst time, to the best of our knowledge.

A robust numerical methodology to predict equilibrium inte rfaces over arbitrary

solid surfaces is also developed. The kernel of the proposedmethod is the distance reg-

ularized level set equations (DRLSE) with techniques to incorporate the no-penetration

and volume-conservation constraints. In this framework, we avoid reinitialization that

is typically used in traditional level set methods. This allows for a more e�cient algo-

rithm since only one advection equation is solved, and avoids numerical error associated

with the re-distancing step. A novel surface tension distribution, based on a harmonic

mean, is prescribed such that the zero level set has the correct liquid-solid surface ten-

sion value. This leads to a more accurate prediction of the triple contact point location.

The method uses second-order central di�erence schemes that facilitate easy parallel
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implementation and is validated by comparing it to traditio nal level set methods using

canonical problems. The application of the method, in the context of Gibbs free en-

ergy minimization, is to obtain the equilibrium location of liquid-gas interfaces. The

method is validated against existing analytical solutions, and its capability to predict

equilibrium shapes over both structured and realistic rough surfaces is demonstrated.

The solid boundaries are user-prescribed; to enable a Gibbsenergy minimization for a

real surface, a method was developed that allows implicit nonparametric shape recon-

struction from an unorganized set of data points. The central idea is to take the point

cloud data from a real surface scan and reconstruct a solid boundary for the Gibbs

energy minimization. This is achieved in two steps: (i ) reconstruct a distance �eld by

solving the Eikonal equation using fast sweeping methods, and (ii ) minimize surface

energy based on the distance potential to reconstruct the surface. The physical process

can be thought of as an elastic membrane that covers the data set which evolves under

a gradient 
ow until it shrink-wraps the point cloud data, th ereby reconstructing the

shape like a mold. This becomes a pre-processing step by which a point cloud data is

implicitly reconstructed by a level set that represents the solid surface, which is then

read into the Gibbs energy minimizer to obtain the liquid-gas equilibrium interface.
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Chapter 1

Introduction

1.1 Motivation

Superhydrophobicity is a property whereby surface roughness (ridges, grooves, posts, or

random textures) and surface chemistry allow surfaces to maintain large contact angles

for sessile drops, thus producing low wettability. Under these conditions, known as the

Cassie{Baxter state [1], the trapped gas layer has been hypothesized to lower the shear

at the interface, thus reducing frictional drag. The interface meniscus creates an air mat-

tress that acts as a lubricant for the outer 
ow [2]. This observation has inspired several

investigators to study such surfaces for their applicationto drag reduction in both lami-

nar and turbulent 
ows (see recent reviews in [2{5] and references therein). Figure 1.1 is

an example of a partially submerged rough surfaces in a turbulent channel 
ow. When

the interface fails, the liquid �lls the surface cavities and the superhydrophobic e�ect

is lost. This is referred to as the Wenzel state [6]. Nature provides numerous examples

of superhydrophobic surfaces (SHS), which can be exploitedfor practical applications.

For example, the lotus leaf is believed to take advantage of superhydrophobicity for

a self-cleaning mechanism [7], this is illustrated in Figure 1.2. Frictional drag reduc-

tion is central to the performance of marine vessels, and anti-biofouling, anti-icing, and

micro
uidic devices [8{11]. Any impact on skin friction dra g reduction substantially

improves the overall performance and yields savings in fuelcost [12].

1



2

Figure 1.1: Turbulent channel 
ow over a realistically rough supherhydrophobic surface.
The cross section plane shows the contour of the streamwise velocity, the vorticity
contour is shown on the liquid-gas interface. The roughness(shown in gray) is partially
wetted while other regions protrude into the 
ow.

(a) (b)

� Y

Figure 1.2: (a) A computer graphic illustrating a lotus leaf surface (Photo credit:
William Thielicke / Creative Commons) and ( b) a schematic of a liquid droplet on
a solid substrate and a zoomed-in view of the liquid-solid contact showing air pockets
where the surface roughness is more apparent.
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1.2 Review of past work

1.2.1 Shear stress on the interface

Early theoretical work by Philip [13, 14] obtained the solution for laminar channel 
ow

with alternating no-slip/no-shear boundary conditions on one wall, using conformal

mapping. These results have been widely applied to superhydrophobic surfaces. Lauga

and Stone [15] further extended this solution to pipe 
ow. The e�ect of orientation of

the strips on the overall drag reduction was investigated, and the e�ective slip length

for longitudinal strips is twice of that for transverse stri ps with the same coverage

ratio. Laminar 
ows over SHS have been studied both numerically and experimentally.

SHS has been shown to achieve drag reduction [12, 16{21]. Analytical models relate

the slip lengths to various surface parameters such as groove width, pitch, and height

[15, 22] or the slip velocities to geometry [23]. In general,the SHS is considered to be

simple grooved geometries, and numerically the interface is typically assumed to be 
at

and represented using zero-shear boundary conditions [24{30]. Others have included the

e�ect of viscosity on the interface [31{33]. Several authors have investigated the e�ect of

the curvature due to the meniscus and modi�ed the analyticalsolutions to take curvature

into account [34{37]. More importantly, it is proposed that the e�ective slip length is

shear-dependent. And the shear-independent slip length can be a limit of more general

slip behavior. Another extension of Philip [13] is the analytical solution by Sch•onecker

et al. [38], which contains the viscosity ratio of two 
uids by assuming an approximate

local slip length as a function of the groove aspect ratio at the interface. Belyaev and

Vinogradova [32] described the interface with a prescribedconstant local slip length

to apply the `gas cushion' model [31]. Nizkaya et al. [33] generalized this model to

include the viscosity ratio and the geometry of the surface using the operator method.

Busse et al. [39] considered the dissipation of the air-water layer but neglected the

geometric features of the surface. The dissipation at the interface is included in Maynes

et al. [40] by coupling between the liquid channel 
ow and trapped gas pocket. Kamrin

et al. [41] derived a second-order accurate matrix to describe the e�ective slip boundary

condition for laminar shear 
ow at the mean surface height of an arbitrary periodic
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surface. Wang [42] solved the shear 
ow over longitudinal/transverse grooves using

eigenfunction expansions and matching. Ng and Wang [43] studied the partially wetted

grooves problem but assuming an in�nite slip boundary condition at the interface.

1.2.2 Interface curvature

Past work assumes the interface to be 
at. One conjecture on the discrepancy between

experimental data and coupled liquid-gas model simulations is that the shape of the

meniscus is not 
at in reality. In their comparison of the sli p length between molecular-

dynamics simulation and a semi-analytical solution of SHS in strips, Cottin-Bizonne

et al. [34, 44] have suggested that the shape of the interfaceis important when normal

pressure is increased. The meniscus shape is studied in Sbragaglia and Prosperetti [35]

using perturbation methods; they obtain a correction to the e�ective slip length due to

small interface curvature. Extensions of this work to largeinterface curvature regime

include Wang et al. [36] who use �nite element analysis to solve for the e�ective slip

length and Crowdy [45] who uses conformal mapping. Davis andLauga [46] also used

conformal mapping but instead of looking into longitudinal grooves, they investigated

transverse 
ow over an array of bubbles. However, these three studies assumed the

interface to be shear free, therefore resulting in a positive monotonic increase of the slip

length as the contact angle increased (due to gas protrusion). A similar trend is observed

by Samaha et al. [25]. This trend is inconsistent with the molecular-dynamics simula-

tions conducted by Cottin-Bizonne et al. [34, 44], showing that there is a preferential

normal pressure/contact angle that achieves an optimum slip length between the normal

and the superhydrophobic state. Similarly, in the study of the dynamical property of

the interface in Biben and Joly [47], it is found that the e�ective slip length is very sen-

sitive to the penetration of the meniscus into the groove. Such a non-monotonic trend is

also observed in this work. Another important issue is the sustainability of trapped air

pockets. In a turbulent Taylor-Couette 
ow experiment with SHS by Rosenberg et al.

[48], patches of the air-impregnated surface failed, transitioning into a Wenzel state.

The liquid-infused surface with a viscosity ratio of � ext =� int � O(1) performed better

than air-infused interface. Drainage is another issue where the interface gets sheared
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o� which has been studied by Liu et al. [49]. One possibility for the failure of the air

pocket is that it comes in contact with the bottom of the groove. A simple relation

can describe a failure criterion using the meniscus radiusRcr � w2=b (w and b are the

cavity width and depth respectively) for simple geometries[50, 51]. The balance be-

tween surface tension and the pressure forces across the interface is studied in [52{54].

In a scenario where the interface fails, water penetrates the grooves, and the surface

becomes fully-wetted.

1.2.3 Turbulent 
ow conditions

For turbulent 
ows over textured surfaces, it becomes experimentally di�cult to conduct

measurements near the wall and to maintain a stable interface, but drag reduction and

slip lengths have been investigated. Some past work reported that SHS did not a�ect

turbulent statistics [55, 56], while others reported otherwise [57{64]. Investigation of in-

terface stability was studied using post-processed pressure 
uctuations [30]. Rosenberg

et al. [65] showed that the turbulent skin friction is reduced over the air- and liquid-

impregnated surfaces (SLIPS) for Taylor-Couette 
ows. Numerically, the interface is

assumed to be 
at and modeled using zero-shear boundary conditions [24, 26{28, 66, 67]

and homogenized slip length models instead of zero-shear boundary conditions [68{70].

The pro�les of mean velocity, turbulence intensities, and Reynolds shear stresses were

characterized for the inner part of turbulent boundary layers over several SHS with

varying textures and a range of Reynolds numbers [71]. Jung et al. [72] studied the

e�ect of anisotropy in slip-length models for di�erent inte rface heights in idealized SHS.

Recently, Fu et al. [73] used the level-set method to study SHS with varying viscos-

ity ratios over spanwise and streamwise grooves. Rastegariand Akhavan [74] applied

the Boltzmann method in their DNS to study the e�ect of the liq uid{gas interface in

longitudinal grooves by modeling it as stationary, curved, and free shear boundary;

the meniscus shape was determined using the Young{Laplace equation. The sustain-

able pressure bounds of SHS were further investigated by Rastegari and Akhavan [75].

Fairhall et al. [76] showed that drag reduction is proportional to the di�erence between

the virtual origin of the mean 
ow and the virtual origin of th e overlying turbulence.
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Most past work on 
ow over SHS has considered idealized geometries such as grooves or

posts. Seo and Mani [77] recently studied turbulent 
ow overSHS idealized as random

slip/no-slip patches. To the best of our knowledge, none of the past numerical work has

simulated a multiphase 
ow over realistically rough surfaces as presented in this paper.

1.2.4 Interface equilibrium location

Having a model to predict the equilibrium position of an interface and its failure criterion

is of great importance to numerical simulations and experiments. Figure 1.2(b) shows a

schematic of a liquid droplet sitting on a solid substrate with a close-up of the surface.

Note that the problem can be broken into macroscopic and microscopic components.

The macroscopic problem relies on predicting the liquid dropshape at equilibrium while

conserving its volume. The microscopic problem deals with �nding the equilibrium

position of the meniscus on a rough substrate given an external pressure. A robust

superhydrophobic surface should be designed to obtain a non-wetted stable Cassie state

[1] and increase the critical pressure. Carbone and Mangialardi [78] introduced an

analytical model for a simple cosine substrate and then a numerical model to predict

interface shape over a two-dimensional (2D) rough periodicsubstrate de�ned by a fractal

dimension [79]. Extension to higher dimensions was not explored. Chen et al. [80]

investigated the e�ect of anisotropy of roughness on wetting using Surface Evolver [81].

The Surface Evolver is three-dimensional (3D) but relies ontriangulating the interfacial

surface. This may require special attention during pinching and breakup where elements

need to be added, deleted, or merged. Also, the rough substrate was modeled as a simple

grooved channel therefore it is not clear whether a more complicated geometry can be

incorporated.

1.3 Overview

Physical mechanisms that generate the SHS drag-reducing e�ect are investigated in this

work. In the context of laminar channel 
ow, the e�ects of mic rostructure geometry and

trapped gas layer on drag reduction are examined and compared to available theoretical,
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numerical, and experimental data. The general problem of partially �lled grooves using

theory and simulations is examined. The solution of the e�ective slip length is used

a priori as a scaling factor to predict the drag reduction. The scaling law of e�ective

slip length predicted by Ybert et al. [82] for interface coverage ratio is used to validate

the results. The drag-reducing features of SHS are exploredusing DNS and VOF. An

analytically obtained scaling law for drag reduction proposed in Li et al. [37] is compared

with the VOF results. The VOF simulation is used as a benchmark to conduct controlled

studies of two commonly omitted components: gas 
ow and penetration due to curved

menisci. With recent developments in three-dimensional printing and microfabrication

processes, it is possible to create surfaces exhibiting superhydrophobic characteristics

when coupled with chemical treatments. Therefore, the study is not con�ned to simple

grooved geometries but is extended from grooved geometriesto a real scanned surface

where drag reduction is examined in two canonical 
ow con�gurations: laminar Couette


ow and turbulent channel 
ow.

A fast, accurate, and robust method for calculating the equilibrium position of a

liquid meniscus over an arbitrary rough surface is developed. Zhao et al. [83] used

the traditional LSM to capture the behavior of bubbles drops on a macroscopic scale.

Details of the interface shape and contact angles were not compared quantitatively

to existing analytical solutions, but their qualitative re sults were encouraging. We

develop a variational level set methodology without reinitialization that relies on a

distance regularized level-set equations (DRLSE) which has several advantages; it will

be discussed in great detail. The regularization term is based on the algorithm proposed

by Li et al. [84] which was only applied in the context of imagesegmentation, to the

best of our knowledge. We show that the DRLSE can be used in thecontext of both

PDE-based and variational derived LSM. The algorithm minimizes the Gibbs free energy

which is written in a general form. It allows for the control of the dissolved gas saturation

levels. The results show that the proposed model is e�ectivein handling complicated

geometries and can accurately predict interfacial equilibrium positions.

Several challenges are posed by the simulations performed in this work. For example,

(i ) resolving the interface such that the pressure jump acrossthe interface is adequately
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captured; (ii ) resolving the velocity gradients in the interfacial boundary layer, which

is crucial for calculating drag reduction; (iii ) developing a mass conserving scheme to

track the interface; (iv ) developing stable, robust and consistent time integration and

spatial discretization schemes for realistic density and viscosity ratios that lend them-

selves to a sti� system of equations; and (v) accurately modeling surface tension e�ects

without adding spurious currents. Another set of challenges are posed when �nding

equilibrium positions of an interface. For example: (i ) developing a general method

that minimizes the Gibbs free energy; (ii ) naturally handling interfacial deformation,

pinching and merging; and (iii ) representing realistic surfaces as implicit functions from

an unorganized set of data points.

The principal contributions of this work are as follows:

� Developed the computational methodology and a massively parallel solver to com-

pute turbulent free-surface 
ows over realistic rough surfaces. The approach in-

volves a mass conserving VOF advection scheme for the interface and a robust,

kinetic energy conserving algorithm for the 
uid. A consistent surface tension

model that does not introduce any spurious currents is used.

� Studied the drag-reducing features of SHS in laminar grooved channels systemat-

ically. This includes the e�ect of geometry, gas 
ow, and meniscus penetration.

Non-monotonic trends in drag reduction are observed with varying viscosity ra-

tio, depth, and coverage ratio. When the interface penetrates the groove, drag

reduction is �rst enhanced before it peaks, and then decreases with increasing

penetration. The results are consistent with published data.

� Investigated drag reduction over realistic SHS for laminarCouette 
ow and tur-

bulent channel 
ow. The surface geometry was reproduced from experimentally

obtained scans, the �rst multiphase simulation of its kind.

� Results show that drag reduction is achieved for both problems. Observed a

nonlinear dependence between drag reduction and interfaceheight.
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� The bearing area curve (BAC) is used to obtain a nonlinear relation between the

gas fraction and the interface height location.

� Proposed a physical explanation based on the competing e�ects of roughness as-

perities and slip induced by the interface. As the interfacepenetrates further into

the asperities, the drag reduction is compromised. A Wenzelstate increases drag.

� Found that surfaces with negative skewness (valley dominated) tend to have more

favorable drag-reducing properties.

� Pressure 
uctuations a�ect the stability of the interface. Found that pressure


uctuations are determined by both large-scale turbulent 
 uctuations and a con-

tribution due to stagnation pressures at the asperities.

� Developed a methodology and parallel solver that allows theprediction of equilib-

rium interfaces over general three-dimensional realisticsurfaces. This capability

enables the characterization of SHS by the properties of their interface, which

implies accounting for both surface topology and pressure.

� The approach is a general Gibbs energy minimizer that is based on the level set

framework and does not require reinitialization. The surface geometry is described

by a continuous level set function which can be prescribed analytically or created

from experimental scans.

� Developed a novel surface energy minimizer to reconstruct aset of unorganized

data points of real surface scans using the distance �eld as apotential for surface

energy. The distance �eld reconstruction is performed froman unorganized set of

data points of a real surface scan, by solving the Eikonal equation. The surface

energy minimizer is then used to reconstruct the solid surface as a continuous level

set that is used as a solid boundary for the interface Gibbs energy minimizer.



10

1.4 Outline

The dissertation is organized as follows. Chapter 2 describes the numerical method

involved in discretizing the governing equations of the multiphase Navier{Stokes equa-

tions. This includes the 
uid 
ow as well as the interface. Th e chapter describes the

details involved in conservatively advecting a color function, it outlines in detail the

reconstruction and advection steps of the VOF methodology.

Chapter 3 discusses the drag-reducing ingredients of laminar grooved geometries.

The VOF method is validated against the experiment by Maynes et al. [40]. The

chapter systematically investigates the e�ects of curvature penetrations, coverage ratio,

and groove height e�ects on drag reduction. The analytical solution obtained by Li

et al. [37] is compared to the VOF simulation and DNS results.The results are used to

develop a scaling law for the e�ective slip length which collapses data across fully wetted

to fully gas-�lled regimes. The e�ect of interface curvatur e is studied by describing the

interface with the Young{Laplace equation and comparing results with VOF for di�erent

contact angles.

Chapter 4 discusses the simulations of 
ow over real superhydrophobic surfaces.

The surface is obtained from experimental scans and the chapter discusses the process

of incorporating the surface into the solver. DNS is performed of laminar Couette 
ow

and turbulent channel 
ow, where the bottom wall is a realist ically rough surface. The

e�ect of interface height on slip, drag reduction, near-wall 
ow �eld, and turbulence

statistics is examined. Results that include 
ow visualizations, steady and mean 
ow

�eld properties and drag reduction in laminar Couette 
ow ar e presented. The mean


ow statistics, scaling laws, and 
ow structure are also presented for turbulent 
ow.

Chapter 5 presents the Gibbs energy minimizing methodologydeveloped to predict

equilibrium interface shapes over realistic surfaces. Details of the level set formulation

in both the traditional and variational sense are presented. A general framework for the

Gibbs free energy equation, base on Xiang et al. [85], written in the variational level set

framework is introduced; it allows for prescribing an external pressure and dissolved gas

saturation levels. The algorithm, numerical implementation, and validation studies are
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also discussed. Results are shown for equilibrium shapes ofboth drops and interfaces

over a variety of rough substrates that include longitudinal grooves, posts, and random

rough surfaces.

Chapter 6 presents a pre-processing step to read real surface scans as the solid level

set in the Gibbs energy solver instead of a user-prescribed solid. The chapter discusses

a methodology to represent a set of unorganized point cloud data, obtained from a

real surface scan, as a continuous level set that can be used as the solid boundary

in the Gibbs energy minimization. A continuous distance function to the data set is

obtained by solving the Eikonal equation. A minimum surface energy model is then

used to reconstruct a level set from the distance �eld using similar methods presented

in Chapter 5.

Chapter 7 concludes this work, summarizes the main �ndings,and discusses an

outlook for future studies.

Appendix A discusses the validity of certain assumptions e.g. small interface de
ec-

tion, interface stability, and surface statistics related to the turbulent simulations.

Appendix B presents detailed derivations of the energy functionals used for the

Gibbs free energy minimization and minimal surface energy model.



Chapter 2

Numerical method

The chapter is organized as follows.x2.1 discusses the governing equations.x2.2 de-

scribes the numerical discretization and the details involved when multiple phases are

present. x2.3 motivates the volume-of-
uid (VOF) method. x2.4 discusses the aspects of

interface reconstruction, andx2.5 presents a set of standard tests to validate the recon-

struction algorithm. x2.6 discusses the aspects of interface advection, andx2.7 presents

a set of standard tests to validate the advection algorithm. x2.8 discusses the curvature

estimation, and x2.9 presents a method to modify the boundary contact angles.Finally

x2.10 presents validation problems for the coupled NS{VOF algorithm.

2.1 Governing equations

The Navier{Stokes (NS) equations provide a continuum description of a single phase


uid 
ow. The three-dimensional, incompressible, multiph ase with variable density NS

equations for two immiscible Newtonian 
uids in an inertial frame of reference are given

by

@ui
@xi

= 0 ; (2.1)

@ui
@t

+
@

@xj
(ui uj ) = �

1
�

@p
@xi

+
1
�

@
@xj

�
�

�
@ui
@xj

+
@uj
@xi

��
+ Fst;i + K i ; (2.2)

12
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where t is time, x i � (x; y; z) denotes the coordinate axes,ui � (u; v; w) denotes the

velocity, p is the pressure,� the density and � is the dynamic viscosity. Additionally,

K i is the body force which is only active in the liquid phase andFst;i the surface tension

force. The surface tension force is modeled as a continuum surface force as proposed by

Brackbill et al. [86]:

Fst;i = ��
@C
@xi

, (2.3)

where� is the surface tension constant,� is the curvature and C is the interface indicator

(color) function. Eqs. (2.1) and (2.2) are the conservationlaws for mass and momentum

respectively.

2.2 Numerical discretization

The governing equations are solved by a numerical method developed by Mahesh et al.

[87] for incompressible 
ows on unstructured grids. The algorithm discretely conserves

�rst-order quantities such as momentum, and also second-order quantities such as kinetic

energy, simultaneously. Discrete energy conservation ensures that the convective 
ux

of kinetic energy,
P

cvs ui � (ui uj )=�x j has contributions only from the boundary faces.

As a result, the algorithm is derived to be robust without numerical dissipation. The

algorithm has been validated for a variety of problems over arange of Reynolds numbers

[87]. The algorithm was used in the past to simulate a varietyof complex 
ow problems,

including jets [88{95], 
ow over hulls [96{98], propellers in the crashback mode [99{105],

forward mode [106, 107]. The algorithm was also extended to handle complex overset

grids [108, 109], structured and random roughness [110, 111], and multiphase 
ow [112{

114].

The numerical method developed by Mahesh et al. [87] is a �nite volume method

where the Cartesian velocitiesui and pressurep are stored at the centroids of the cells

and the face{normal velocitiesvn are stored independently at the centroids of the faces.

A predictor{corrector, fractional{step method is used to solve Eq. (2.2). The non{

linear convective term is denoted byNL and the viscous term is denoted byV ISC.

Explicit time advancement is performed using the Adams{Bashforth scheme which is
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O(� t2). The predicted velocities ûi at the control volume centroids are �rst obtained

from the previous time stepsk and k � 1:

u�
i � uk

i

� t
=

1
2

h
3(NL + V ISC)k � (NL + V ISC)k� 1

i
; (2.4)

~ui � uk
i

� t
=

1
� n+1 �� k+1 @Ck+1

@xi
; (2.5)

such that ûi = u�
i + ~ui . Then, the respective face velocities are obtained by interpolating

using symmetric averagingO(� x2) to obtain the predicted face{normal velocities:

v�
n =

�
u�

i;icv 1 + u�
i;icv 2

2

�
ni ; (2.6)

and

~vn =
1
� f

�� k+1
f

@Ck+1

@n
; (2.7)

such that v̂n = ~vn + v�
n . The face{normal ~n and hencevn points from control volume

icv1 to icv2. Note the distinction in velocity �elds in the predictor-s tep. We do not

simply add the surface tension contribution to NL and V ISC since a simple averaging

will cause an imbalance in the pressure equation. The surface tension forces will not

balance with the pressure gradients leading to a non-physical generation of spurious

currents that violate conservation principles and corrupt the interface over time. The

above method ensures a proper balance.

The corrector step
uk+1

i � ûi

�t
= �

1
�

@pk+1

@xi
(2.8)

is projected onto the face{normal as:

vk+1
n � v̂n

�t
= �

1
� f

@pk+1

@n
: (2.9)
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The continuity equation imposes the constraint

X

faces of cv

vk+1
n A f = 0 ; (2.10)

where A f is the face area. Substituting in Eq. (2.9) yields a Poisson equation for pk+1 :

X

faces of cv

vk+1
n A f �

X

faces of cv

v̂nA f = � �t
X

faces of cv

1
� f

@pk+1

@n
A f

) �t
X

faces of cv

1
� f

@pk+1

@n
A f =

X

faces of cv

v̂nA f ;

(2.11)

which is solved using a multigrid pre-conditioned conjugate gradient method (CGM)

using the Trilinos libraries (Sandia National Labs) [115]. The multigrid pre-conditioner

uses a Chebyshev smoother with a third-order polynomial andmaximum number of

levels set to 4.

Finally, the corrected ui and vn are computed from Eqs. (2.8) and (2.9) usingpk+1 .

Most of the simulations in this dissertation are performed with implicit time ad-

vancement using the Crank{Nicolson scheme which isO(� t2):

ûi � uk
i

�t
=

1
2

h
(NL + V ISC)k + ( NL + V ISC)k+1

i
: (2.12)

(NL + V ISC)k+1 contains uk+1
i which is expressed in terms ofuk

i as

uk+1
i = ûi � �t

1
�

@pk+1

@xi
; (2.13)

where pk+1 is linearized aspk+1 = pk + O(� t). Eq. (2.12) reduces to a system of linear

equations which is solved for ^ui using SOR.

Note that typically, the face{normal derivatives at a face are computed using

@(�)
@n

?
?
?

f
=

(�)nbr � (�) icv

df
; (2.14)

where nbr denotes the neighboring control volume oficv and df = ( x i;nbr � x i;icv )ni;f
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is the face{normal distance. Additionally, the terms � k+1 and � n+1 are obtained after

advecting the color function C(x; t) that is used to track the two phases. This is done

using VOF method; its details will be described in the following sections. The algorithm

computesCn+1 which is zero in the carrier 
uid, unity in the droplet 
uid an d 0 < C < 1

at the interface. After Cn+1 is computed, the density and viscosity are computed at

k + 1 as

� n+1 (x) = � l Cn+1 (x) + � g(1 � Cn+1 (x)) ; (2.15)

and

� n+1 (x) = � l Cn+1 (x) + � g(1 � Cn+1 (x)) ; (2.16)

where the subscripts l̀ ' denote the liquid phase (droplet 
uid) and ` g' the gas phase

(carrier 
uid). The above is an arithmetic mean that is used t o de�ne the values at the

cell center. When computing face values, the density at the face for example is given

by � f = ( � icv 1 + � icv 2)=2. However, for viscosity, it is sometimes helpful to de�ne a

geometric mean instead:

� f =
�

Cf

� l
+

(1 � Cf )
� g

� � 1

; (2.17)

which tends to be more accurate in shear 
ows. The color function at the face is obtained

by a simple averaging. The curvature term is also de�ned at cell centers, however in

order to calculate its value at the face, the following is used:

� f =

8
>>>><

>>>>:

� icv 1 if � icv 2 = 0

� icv 2 if � icv 1 = 0

1
2(� icv 1 + � icv 2) otherwise.

(2.18)

For simulations involving grooves and roughness, masking is introduced to model

the solid. The surface is represented by obstacle cells which are masked out. At the
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beginning of the simulation, the 
uid and obstacle cells are
agged accordingly:

mask =

8
><

>:

1; if 
uid cell

0; if obstacle cell
; (2.19)

The wetted masked cells (cells that share a face between a 
uid and obstacle cell) en-

force a zero face-normal velocity. The cell-centered velocities satisfy a no-slip boundary

condition. Further details on implementation can be found in Griebel et al. [116]. This

step-wise masked methodology has been validated and used inpast work to study ide-

alised superhydrophobic surfaces [113], realistically rough superhydrophobic surfaces

[114] and fully wetted roughness [111].

2.3 Volume-of-Fluid method

To solve the governing equations of multiphase 
uid 
ows, using one set of equations

on a �xed grid, a marker function is required to identify and k eep track of the interface

between the di�erent 
uids. As the 
uid moves, the interface boundary changes loca-

tion thus the marker function has to be updated accordingly. Therefore, an accurate

and robust method for interface tracking is critical to the success of multiphase sim-

ulations. The methods in which a marker function is updated are usually categorized

into a `interface-tracking' or `interface-capturing' methods. Front-tracking requires a

distribution of marker points on the interface boundary that are advected with the

local velocity �eld where the marker function is then interp olated from the updated

points. Front-capturing methods advect the marker function directly. Examples of the

two main categories include the following:

1. Interface capturing methods (ICM) such as the phase-�eld [117], constrained-

interpolation pro�le (CIP) [118], level set method (LSM) [1 19], and the volume-

of-
uid (VOF) [120].

2. Interface tracking methods (ITM) such as front tracking [121].
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Both methods are designed for �xed Cartesian meshes to capture a subgrid sharp in-

terface between the 
uids. It is reasonable to expect that the development of these

methods has properties that allow topologically complex shapes, the ability to capture

the break-up or coalescence, and strong deformations of theinterface while maintaining

mass conservation. Topological changes are directly captured when using ICM [122],

however if ITM [121] is used, the changes in topology that lead to pinch-o� or merging

of the interface require an ad-hoc modeling. The level set method, another common

ICM, uses a signed distance function to represent the interface, which is advected with

the 
ow instead of the interface itself. It is a continuous function, therefore the normals

and curvature are well de�ned, however, the mass conservation property is violated due

to an intrinsic requirement of reinitialization.

In the VOF method, which is the focus of this chapter, the volume fraction, which

represents the occupied liquid phase in each cell, is solvedfor directly by advecting it

geometrically. This has the potential to conserve mass exactly with limiting factors

that depend on the numerics adopted for advection. The VOF method was �rst intro-

duced by Hirt and Nichols [123] which approximated the interface by a line segment

oriented vertically or horizontally depending on the dominant normal direction known

as the simple line interface calculation (SLIC). This would lead to a \stepping" of the

interface while introducing spurious 
otsam and jetsam. The method was improved by

employing a piecewise linear interface calculation (PLIC)[124], where the interface re-

construction estimates the orientation of the VOF function more accurately. Rider and

Kothe [125] proposed another method for reconstructing theinterface by using several

geometric functions to calculate line-line intersections, point location, polygon intersec-

tion and collection, and polygon areas. The method requirediterative procedures to

�nd the interface location and orientation, it was applied t o 2D and axisymmetric 
ows.

Kothe et al. [126] extended the method to 3D cases by �nding plane-surface intersec-

tions; the details of the method were not discussed in depth which entailed complicated

surface integrals and iterative procedures to �nd the interface location and con�gura-

tion. Rudman [127] presented a 2D interface reconstructionalgorithm for VOF using

PLIC that does not require any iterative procedures. Guey�e r et al. [128] derived a
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more general algorithm that extends to 3D, the interface reconstruction algorithm gives

an explicit expression that relates the volume fraction to the interface con�guration,

which will be discussed in this chapter. The volume fractionis then advected using a

mixed Eulerian-Lagrangian method.

The VOF advection schemes can be classi�ed into two categories, unsplit advection

schemes, and directionally split schemes. Multidimensional unsplit advection schemes

have the advantage of requiring a single reconstruction andadvection step, however,

it tends to be algorithmically complex. The complexity comes from �nding the 
ux

polyhedron for each cell face [129], and the polyhedra volumes with non-planar surfaces

that require surface triangulation [130]. A potential downside is that mass conservation

cannot be guaranteed up to zero machine precision. A possible exception is a recent

work by Owkes and Desjardins [131] that reported an improvement to the method

of Hern�andez et al. [129] by using a vertex-based reconstruction of the 
ux volume

geometry. It is reported that a bounded, mass conserving unsplit scheme is obtained up

to zero machine precision. Split advection schemes consistof a sequence of alternating

one-dimensional reconstruction and advection steps in each of the respective coordinate

direction. This method tends to be relatively straightforward algorithmically when

compared to the unsplit scheme. It is not apparent if the implementation of unsplit

schemes provides signi�cant savings in time therefore the focus of this chapter will be on

directionally split schemes. The implementation will explore the split mass-conserving

advection approach proposed by Baraldi et al. [132]. The algorithm was originally

proposed by Scardovelli et al. [133] which uses a Eulerian Implicit - Eulerian Algebraic

- Lagrangian Explicit (EI-EA-LE) and is computationally at least twice as fast than

the Eulerian Implicit - Lagrangian Explicit (EILE-3D) algo rithm of Aulisa et al. [134].

The EI-EA-LE algorithm is globally mass conserving but can generate wisps that are

clipped after each step. In the following sections, the VOF method will be discussed in

more detail.
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2.3.1 Notation

Given a 
uid consisting of two phases, and their interface isin a particular location x,

a Heaviside functionH is used to identify the 
uid such that

H (x) =

8
><

>:

1 if x is in 
uid 1 ;

0 if x is in 
uid 2 :
(2.20)

As the interface moves, the shape of each 
uid changes but each 
uid particle is assumed

to be immiscible so that its material derivative remains zero i.e.

DH
Dt

=
@H
@t

+ u � r H = 0 . (2.21)

This is equivalent to the following:

@H
@t

+ r � (uH ) = H (r � u) , (2.22)

assuming the 
uid to be incompressible i.e.r � u = 0, we get the following:

@H
@t

+ r � (uH ) = 0 . (2.23)

After H is obtained, the material property of each 
uid (e.g. density and viscosity) can

be found. Computationally, an approximation to H is used, the accurate approximation

and advection ofH is the central topic of VOF. Typically, a color function C is used to

de�ne the average value ofH in each corresponding computational cell such that

Ci;j;k =
1

�x�y�z

Z

V
H (x; y; z) dx dy dz : (2.24)

This gives a continuous distribution of values that range between 0� C � 1. Note that

the indices denoting Cartesian control volumes (i; j; k ) should not be confused when

index notation is used. In most cases, in order to simplify expressions, a 2D case will be

discussed for brevity but their extension to 3D should be straightforward. Otherwise,
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it will be noted explicitly.

2.3.2 Conceptual Framework

Denote the volume fraction by a color function C which represents the discrete version

of the characteristic function H . Given a two-phase 
ow, the color function C represents

the fraction of each cell occupied by the reference phase andvaries between the constant

value of zero in empty cells, intermediate values for mixed cells and unity in full cells (e.g.

0 � C � 1). The intermediate values de�ne the transition region where the interface

is located. Early in its development, the VOF approach used low-order methods that

do not need to specify the location of the interface for the transition region. However,

a geometrical interpretation of these methods shows that inmixed cells, the interface

represents a line parallel to either of the grid axes as shownin Figure 2.1(b). The

interface is not continuous across cell edge boundaries, the jump discontinuity is on

the order of O(h) where h = �x = �y is the width of a grid cell. To reduce the jump

across boundaries, higher-order methods were developed toreconstruct the interface

in various ways. One of the standard methods developed was PLIC reconstruction.

Geometrically, the interface in each mixed cell is reconstructed to represent a segment

that is perpendicular to the local gradient of the scalar function C given by m = �r C

as shown in Figure 2.1(c). The convention for the normal is taken to point out the

reference phase. The reconstructed interface segment doesnot require any continuity

across cell boundaries but with the higher-order reconstruction, the discontinuity is

signi�cantly smaller and tends to be a function of both the local curvature and grid

spacing.

The VOF method depends on two fundamental open problems to compute the dy-

namic motion of interfaces. The �rst is the reconstruction step by which the explicit

location of the interface is found, and the second is the advection step by which the

discontinuous volume fraction is discretely advected conservatively. The two steps can

be brie
y described as follows:

i) Reconstruction step : given the volume fractions of the local neighborhood of
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(a)

1
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0:86
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0:1

0
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m
(c)

Figure 2.1: A portion of the interface captured by a 3� 3 grid: (a) the actual interface
with the values of its color function denoted in each grid cell; (b) a low-order SLIC
reconstruction oriented in the direction of principal axes; (c) a PLIC reconstruction
with the normal vector m pointing out of the reference phase.

cells, one has to build an approximation to the interface. The key problem for

PLIC reconstruction is to �nd a local normal vector, a non-tr ivial process. Once

the normal is known, the slope and intercept of the linear interface can be found

relative to the volume fraction by a set of analytic relations.

ii) Advection step : given the velocity �eld of the reconstructed interface, the volume

fraction of the reference phase across the boundary of neighboring cells needs to be

exchanged in a suitable manner that guarantees volume conservation.

The numerics for the two steps will be described in more detail in the following

subsections. Generally speaking, the VOF method conservesboth mass and momentum.

VOF has other intrinsic properties that make it attractive. Topology changes during

merging and breakup are handled implicitly. The extension from 2D to 3D is relatively

straightforward (although not as easy as in the level set framework) except for the

analytic relations that require a di�erent set of equations. The data structure of C

is a static matrix on a �xed grid i.e. it does not need to be adjusted dynamically

like a marker function approach. Furthermore, the algorithms are local i.e. only a

neighborhood of cell values ofC are required to reconstruct the interface and advect it.

This makes the parallel implementation and domain decomposition relatively easier.

The conservation of mass can be demonstrated by the following, consider a multi-

dimensional advection equation for the marker functionH for an incompressible 
ow
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given by Eq. (2.23) integrated over a square cell (i; j ) on a Cartesian grid with sides�x

and �y : Z

V

@H
@t

dV +
Z

V
r � (uH ) dV = 0 . (2.25)

Using the de�nition of C from Eq. (2.24) the following is obtained:

@Ci;j (t)
@t

�x�y +
I

A
u � n H (x; t) dA = 0 , (2.26)

whereA is the cell boundary line andn the outgoing unit normal of the cell edge. Note

that the term u � n is equivalent to the term vn of x2.2. Integrating the above equation

in time gives

(Cn+1
i;j � Cn

i;j ) �x�y = � (F n
x:i +1 =2;j � F n

x:i � 1=2;j ) � (F n
y:i;j +1 =2 � F n

y:i;j � 1=2) , (2.27)

where the 
ux F n
x:i +1 =2;j denotes the reference phase area crossing the right side of the

cell where the time increment � t = tn+1 � tn is absorbed into the expression. Taking

the sum of the above equation over all control volumes, giventhe appropriate boundary

conditions, the internal 
uxes cancel out to give

X

ij

Cn+1
i;j =

X

ij

Cn
i;j . (2.28)

Therefore,C is conserved over the entire domain. Note that there is an implicit assump-

tion in the above analysis that the numerical algorithm doesnot generate unphysical

overshootsC > 1 or undershootsC < 0 in the volume fraction and that it does not 
ux

the same volume fraction twice across the cell boundary.

2.4 Interface reconstruction

The interface reconstruction using the PLIC methodology isa two-step procedure. The

�rst step is to determine the interface normal m given the knowledge ofC in the
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neighboring cells such that the interface segment can be written as

m � x = mxx + myy = � . (2.29)

The second step is to geometrically shift the interface segment along the normal di-

rection, by adjusting � , until the area (volume in 3D) under the interface segment is

equivalent to Ci;j �x�y .

2.4.1 Order of convergence for the reconstruction method

In order to numerically integrate a function f (x) geometrically, the area under the

function needs to be evaluated by subdividing thex� axis (xo � x � x1) to n intervals

such that �x = ( x1 � xo)=n. This can be accomplished by using a trapezoidal rule as

shown in Figure 2.2(a). The area under the curve is represented by the sum of each

subinterval which is approximated by a piecewise linear interpolation. The truncation

error (shown in gray hashes in Figure 2.2) is proportional tof 00(� )�x�y where xo �

� � x1, hence a second-order methodO(�x�y ). A straight line which has f 00= 0 is

reproduced exactly. When reconstructing the interface, thearea under it is known and

the function is being solved for, which is the inverse problem. A typical VOF-PLIC

reconstruction, as shown in Figure 2.2(b), is a little di�erent than the trapezoidal rule

since it minimizes area error between the curve and the reconstructed segment. However,

it is reasonable to assume that such a method should possess asimilar truncation error.

Any reconstruction method that reproduces a line exactly issecond-order, if it fails to

do so then it can be reasonably assumed to be lower than second. Higher-order methods

such as approximating the interface with a circular arc are considered third-order and

may not be practical for implementation especially for 3D algorithms.

2.4.2 Evaluating the interface normal

The method to estimate the interface normal is independent of the steps mentioned

earlier. Typically the estimate can be either be based on some �nite-di�erence approx-

imation of r C or some minimization criteria such as least-squares. In thecontext of
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(a)

xo x1

(b)

xo x1

Figure 2.2: A reconstruction (red) of the interface (black) using (a) the trapezoidal
technique, and (b) the VOF-PLIC technique. The gray shaded region is the error in
area between the interface and reconstructed segment.

level set methods, the unit normal vector is calculated by taking the gradient of the

interface distance function. However, such a function is not available in VOF since it

is discontinuous. Typical reconstruction methods make useof analogous thinking in

estimating the normal m. This analogy is presented as a gradient ofC which is not

analytically de�ned across the interface and should be understood as simply a �nite

di�erence approximation to the local volume fraction �eld. As shown in Figure 2.1(c),

the reconstruction will typically use a 3� 3 block of neighboring cells to approximate the

interface in the central cell (i; j ). In some cases, taking larger stencil blocks (e.g. 7� 3 if

dominant in the y� axis or 3� 7 if dominant in the x� axis) gives more accurate results;

this requires more ghost cell communications when implemented in parallel, therefore

the former will be used.

Youngs' �nite-di�erence method

This method was �rst developed by Youngs [135] and independently by Li [136]. The

normal m is estimated as a gradient using �nite di�erence approximation,

m = �r �x i C . (2.30)
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First, the normal vector m is evaluated at the four corners of the central cell (i; j ); e.g.

the x� and y� components ofm on the top-right corner are given by

mx:i +1 =2;j +1 =2 = �
1

2�x
(Ci +1 ;j +1 + Ci +1 ;j � Ci;j +1 � Ci;j ) , (2.31)

my:i +1 =2;j +1 =2 = �
1

2�y
(Ci +1 ;j +1 � Ci +1 ;j + Ci;j +1 � Ci;j ) , (2.32)

and similarly for the other three corners. Note that the cell is assumed to be uniform.

The cell-centered value is obtained by averaging the four cell-corners such that

m i;j =
1
4

(m i +1 =2;j +1 =2 + m i +1 =2;j � 1=2 + m i � 1=2;j +1 =2 + m i � 1=2;j � 1=2) . (2.33)

This scheme does not reproduce any straight line exactly, ascan be shown by taking

the above equations for a particular casey = 6
7x � 6

35 in the 3 � 3 block of cells of side

�x and �y with the origin in the bottom left corner, calculating the no rmalized interface

normal n = m=jmj numerically and comparing it to the analytic value. The weakness

of the method is demonstrated in the following table,

Normal Youngs Analytic Error

mx � 0:643 � 0:650 1:16%

my 0:765 0:759 0:84%

by its inability to reconstruct a straight line exactly.

Centered-columns di�erence method

For the same 3� 3 block of cells used in the previous analysis, one can de�ne aheight

function y = hi = f (x) in the vertical direction that adds the volume fraction col umn-

wise, or a height function x = hj = g(y) in the horizontal direction that adds the

volume fraction row-wise. Figure 2.3 shows four di�erent con�gurations of possible

representations. The height hi � 1 is placed at the center of the column at 0:5 �x i � 1

as shown in Figure 2.3(a). The expression for the column sum is given byhi � 1 =
P 1

k= � 1 Ci � 1;j + k �y . Figure 2.3(b) shows the row sum with the width hj +1 at the ordinate
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0:5 �y j +1 given by hj +1 =
P 1

k= � 1 Ci + k;j +1 �x . The height function is placed exactly on

the linear interface if and only if the straight line cuts the two vertical sides of the

column or alternatively the two horizontal side of the row asshown in Figure 2.3(a) and

(b). Otherwise the column (or row) sum will have a mismatch as shown in Figure 2.3(c)

and (d). After the height functions are de�ned, the height functio n in the central cell,

using hi = f (x), is approximated with the linear equation

sgn(my)y = � mxx + � 0 . (2.34)

The slope of the straight line is then computed with a centered scheme,mx = mxc such

that

mxc = �
1

2�x
(hi +1 � hi � 1) = �

1
2�x

1X

k= � 1

(Ci +1 ;j + k � Ci � 1;j + k ) �y , (2.35)

the sign of the variation of C along the y� direction is calculated using a centered �nite

di�erence since my = � @C
@y. Note that the sign of my should be computed and stored

explicitly since that information is lost when adding C column-wise.

Alternatively, the interface line can also be described with the width function hj =

g(y) and approximating it linearly with

sgn(mx )x = � myy + � 00 , (2.36)

where similar to the above analysis,my is computed using a centered scheme

myc = �
1

2�y
(hj +1 � hj � 1) = �

1
2�y

1X

k= � 1

(Ci + k;j +1 � Ci + k;j � 1) �x . (2.37)

The interface shape is not known, so either of the two estimates,mxc and myc, needs to

be selected. For a line with a 45� slope, the two are equal and it does not matter which

one is chosen. For the other cases, the normal that results inthe minimum absolute
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(a)

hi � 1 hi +1

(b)
hj +1

hj � 1

(c)

hi � 1 hi hi +1

(d)
hj +1

hj

hj � 1

Figure 2.3: A height function construction using a centeredscheme for (a) column-wise
sum, and (b) row-wise sum to recover the correct slope of the line. Note the mismatch
in the arrow length for cases (c) and (d), due to the mismatch between the sum and
the actual value of the height functions. To recover the correct slope, an o�-centered
scheme is required since the interface cuts two consecutivesides.

value of the angular coe�cient is selected e.g.

jm� j = min( jmxc j; jmycj) . (2.38)

Note that jmx j = 1=jmy j < 1 for the line in Figure 2.3(a) and (c), and jmy j = 1=jmx j < 1

in for the line in Figure 2.3(b) and (d). When a linear interface cuts two opposite sides

of the block of cells, as shown in Figure 2.3(a) and (b), one of the two representations

gives the correct slope,mxc for case (a) and myc for case (b). Its weakness can be

pointed out in cases (c) and (d) where the interface cuts the two consecutive sides. The

particular equation of a line used in the previous analysis for Youngs estimate will also

be used here,

Normal Centered-Column Analytic Error

mx � 0:647 � 0:650 0:58%

my 0:762 0:759 0:42%

although the error is smaller than Youngs normal estimate, the centered-columns scheme

still does not compute the correct slope. Therefore, the centered scheme does not

reconstruct a straight line exactly for all possible cases i.e. it is not second-order. A

wider stencil with more rows and columns can be used, or a forward and backward

di�erencing can be considered.
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(a)

1

1

0:43

1

0:88

0:08

0:43

0:08

0
(b)

0:88

(c)

1

1

0:88

1

0:88

0:13

0:88

0:13

0
(d)

0

0

0:45

0

0

0:05

0:45

0:05

0

Figure 2.4: Illustration of the ELVIRA reconstruction. For a general interface (a), the
central cell is reconstructed as shown in (b) and then extended across the neighborhood
of cells as shown in (c). The error in reconstruction for each neighbor is shown (d).
The sum of the error squared, over all neighbors are stored foreach of the possible six
con�gurations. Their minimum determines which normal vector to use.

The ELVIRA method

The ELVIRA method was �rst introduced by Pilliod Jr and Pucke tt [137] with an aim

to reconstruct a straight line exactly. Consider the height function y = hi = f (x),

the slopemx is calculated using not only the centered schememxc , but also using the

forward mxf and backward mxb schemes which are given by the following expressions:

mxf = �
1
�x

(hi +1 � hi ) = �
1
�x

1X

k= � 1

(Ci +1 ;j + k � Ci;j + k ) �y , (2.39)

mxb = �
1
�x

(hi � hi � 1) = �
1
�x

1X

k= � 1

(Ci;j + k � Ci � 1;j + k ) �y . (2.40)

In a similar fashion for the width function x = hj = g(y), the angular coe�cient my is

computed usingmyc, myf and myb. This gives a total of six possible con�gurations, from

which the `best' linear approximation will be selected. Thecriterion for such selection

is based on minimizing the error between the reconstructed and true interfaces. The

error associated with each of the six normal vectors 1� n � 6, the corresponding line

constant � n is determined by conserving the area under the central cell of the 3 � 3

block. The approximated interface is then extended across the neighboring cells. This

de�nes a new reconstructed volume fraction ~C in each of those cells. The area error in
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the L 2 norm is de�ned by

E(n) =
� i +1X

k= i � 1

j +1X

l= j � 1

( ~Ck;l (m n ) � Ck;l )2 �x�y
� 1=2

. (2.41)

The selected value ofm n among the six angular coe�cients ensures thatE(n) is min-

imum. This is shown in Figure 2.4 for a general interface shape. Therefore, there is

at least one selection that reproduces a straight line correctly even when it cuts two

consecutive sides of the block of cells, as shown in Figure 2.3(c) and (d). This can be

veri�ed by checking for a particular case of a line used in theprevious examples,

Normal ELVIRA Analytic Error

mx � 0:650 � 0:650 0:0%

my 0:832 0:832 0:0%

where the line is reconstructed exactly, yielding therefore a second-order reconstruction

method.

The HF method

So far, several methods have been presented for the normal estimation, and the ELVIRA

was the only truly second-order method. Our intereset is in a3D algorithm. Youngs'

method and the centered-column scheme are easily extensible; however, the ELVIRA

becomes too expensive. If done correctly, the 6 possible normal estimates in 2D become

anywhere between 72 to 144 in 3D [138]. An alternative approach is therefore used.

Take the example ofy = f (x) such that

y = � mx + � , (2.42)

where the y� component of the normal has been set to 1. The normal could be easily

estimated if the values ofy on the interface were known, i.e.

m = �
@y
@x

. (2.43)
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Since there is no distance function in VOF, the mean-value theorem is utilized to esti-

mate y from the only information available, the local volume fraction �eld. De�ne the

mean-value of the interface as the integral ofy divided by the integration width,

�y =

Rb
a y(x)dx
Rb

a dx
(2.44)

which is equal toy(a=2+ b=2) for a linear interface wherea = xo and b = xo + �x . When

the interface does not pass through the top or bottom boundary of a cell, which may

be related to the volume fraction by

�y =

R

 C dV
R

@
 dx
. (2.45)

The values are summed vertically resulting in three concatenated cells. As shown in the

�gure 2.3, this ensures that at least two extended cells accurately estimate the interface

position, and a maximum of three depending on if the interface crosses opposite edges or

adjacent ones. Note that up until this point the process has the same arguments as the

ELVIRA. Therefore, a �nite di�erence calculation on the two accurate interface heights

reproduces the normal exactly for a linear interface, the requirement for a second-order

method. Here is where the di�erence from ELVIRA becomes apparent. Instead of

computing every possible combination of normal estimates and �nding the minimum

reconstruction error by inverting the `trial-interfaces' , a more straight forward approach

is used and will be shown for a 3D case to highlight its merits.First, a central di�erence

scheme ofC is used to estimatemx , my , and mz (in 3D). Second, the major axis is

identi�ed as the one with the largest component of m. For example, assume that the

z-axis the major component, then the interface height is estimated by

�zi;j;k =
1X

l= � 1

Ci;j;k + l �z i;j;k + l . (2.46)

The height of the central cell is always estimated with second-order accuracy without

the use of `trial-interfaces' by making the following observations presented in Weymouth
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Normal HF Analytic Error
mx � 0:650 � 0:650 0:0%
my 0:832 0:832 0:0%

and Yue [139]. If the central cell is more than half full then height in the cell `downwind'

of the normal (right cell) is also estimated to second-order. If the central cell is less than

half-full, the `upwind' cell value is estimated to second-order using forward or backward

di�erence respectively. This will always be satis�ed. Then, the interface normals can

be computed by

mx = �
@�z
@x

; my = �
@�z
@y

. (2.47)

Note that by summing the values to estimate the height function, the signs are lost and

need to be stored explicitly. This allows for an exact reconstruction of a linear inter-

face using only a local 3� 3(� 3) block of cells with no inversion leading to signi�cant

savings in computational time. Now that the method is established, we can compare

it to ELVIRA, which requires anywhere between 6 to 7 operations to determine the 6

trial normals, then coordinate transformations of the trial normals to the 8 surround-

ing neighbor cells, followed by 3 conditionals and 12 operations to invert the volume

fraction for each of the 9 cells in the 3� 3 block for each of the 6 trial normals and the

�nal operation to choose the minimum error. The HF method is around two orders of

magnitude less.

2.4.3 Shifting the interface

Once the normalm has been calculated, givenC, the interface needs to be reconstructed

by enforcing area conservation beneath the reconstructed plane such that it is equal to

the value of C. This is done by calculating � (the intercept) which is geometrically

equivalent to the minimum perpendicular distance d from the cell center to the recon-

structed interface. This leads to a large number of possiblecon�gurations (especially

3D) which can be signi�cantly reduced by making use of the symmetry of the Cartesian

cell. The distanced is rede�ned to be the distance from the cell corner instead ofthe

cell center. The shift of the interface and the reduction in the number of con�gurations,
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�y

Figure 2.5: An illustration of the re
ection line and the chan ge of origin for a 2D
computational cell. The gas phase is surrounded by the red edges and the 
uid phase
in the darker shade are surrounded by black edges. The �rst step is re
ecting the
reconstructed line such that all normals are positive, the re
ection is done around the
dashed line. The second step consists of shifting the originfrom the cell center to the
lower left cell corner.

which plays a crucial part, will be presented in detail in the following subsections.

2.4.4 Reduction of the interface con�gurations

Two transformations are required in order to reduce the number of con�gurations. The

transformations are illustrated for a 2D case in Figure 2.5 and are as follows:

1. Re
ect the reconstructed interface plane such that all the normal components of

m are positive.

2. Shift the origin of the reconstructed plane from the cell center to the lower corner

of the cell such that it's the farthest from the interface. The corner will always lie

in the 
uid region.

The original equation of a plane is given by:

mx (x � x i ) + my(y � yj ) + mz(z � zk ) + d = 0 , (2.48)
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where x i ; yj and zk are the coordinates of the cell center. De�ne a new coordinate

system (x0; y0; z0) such that:

x0 = x � x i

y0 = y � yj

z0 = z � zk ,

(2.49)

The equation of the plane becomes:

mxx0+ myy0+ mzz0+ d = 0 , (2.50)

First, the plane is re
ected such that the normal componentsof m are all positive. In

general, a re
ection across a hyperplane through the origincan be described by:

Ref e(x) = x � 2Proj e(x) , (2.51)

whereRef e is the re
ection of x that is orthogonal to about an arbitrary vector e which

can be written as:

Ref e(x) = x � 2(x � ê) ê , (2.52)

whereê is the normalized form of e. The hyperplane is chosen such that

e1 =

8
><

>:

(1; 0; 0)T if nx < 0

(0; 0; 0)T if nx � 0

e2 =

8
><

>:

(0; 1; 0)T if ny < 0

(0; 0; 0)T if ny � 0

e3 =

8
><

>:

(0; 0; 1)T if nz < 0

(0; 0; 0)T if nz � 0 .

(2.53)
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In order to re
ect the interface such that all the normal comp onents are positive, the

construction of the re
ection matrix Ref = (Ref x ; Refy ; Refz) is chosen such that:

Refx (x0) =

8
><

>:

� x0 if nx < 0

x0 if nx � 0

Refy(y0) =

8
><

>:

� y0 if ny < 0

y0 if ny � 0

Refz(z0) =

8
><

>:

� z0 if nz < 0

z0 if nz � 0 .

(2.54)

Applying the above re
ections, the equation of the reconstructed plane can be written

as

mxRefx (x0) + myRefy(y0) + mzRefz(z0) + d = 0 , (2.55)

which can be simpli�ed to an equivalent form of

�j mx jx0� j my jy0� j mz jz0+ d = 0 , (2.56)

where
mxRefx (x0) = �j mx jx0 8 mx

myRefy(y0) = �j my jy0 8 my

mzRefz(z0) = �j mz jz0 8 mz .

(2.57)

Next, we shift the origin from the cell center to the lower corner of the computational

cell, this is done by introducing another coordinate systemthat is shifted such as

x00= x0+ 0 :5� x

y00= y0+ 0 :5� y

z00= z0+ 0 :5� z ,

(2.58)
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This gives the following shifted planar equation

�j mx jx00� j my jy00� j mz jz00+ � = 0 . (2.59)

The distance from the reconstructed plane to the corner of the cell can then be computed

by plugging in the values ofx00into equation above to get:

� = jmx j0:5� x0+ jmy j0:5� y0+ jmz j� z0+ d . (2.60)

This gives the farthest distance from the lower corner of thecomputational cell (which

lies in the liquid volume) to the reconstructed plane. Instead of computing all the

possible con�gurations for every signed component ofm, the number of con�gurations

is restricted to the components ofjm j which signi�cantly reduces computational e�orts

in terms of if � else conditions. Speci�cally, the number of total possibilities is reduced

from 16 to 4 in 2D and from 64 to just 5 in 3D. For brevity, the pri mes from the

transformed coordinates will be dropped and the equation above becomes

� = jmx jx + jmy jy + jmz jz , (2.61)

the form that will be used in the following sections.

2.4.5 Reconstruction step

The distance � of Eq. (2.61) is a non-homogeneous term determined by enforcing area

conservation. Typically, the problem is solved using iterative procedures that require an

estimate of � , the determination of the area (volume in 3D) of ann� sided polygon and

a comparison to the value ofC�x�y (�z ) until the di�erence between the two is below

some prescribed tolerance. This is described by solving a nonlinear function

g(� ) = A(� ) � C�x�y (�z ) (2.62)
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with a root-�nding algorithm. The area of a polygon can be found by collecting in

counterclockwise order the coordinatesPi = ( x i ; yi ) of its vertices and by using the

following formula for the area A of a n� sided polygon:

A =
1
2

�
�
�
�

nX

k=1

(Pk � Pk+1 )

�
�
�
� , (2.63)

and the volume V of an n� sided polyhedra:

V =
1
6

�
�
�
�

� X

j

(P0j � N j )

�
�
�
�N j �

� nX

k=1

(Pkj � Pk+1 ;j

� �
�
�
�

� �
�
�
� , (2.64)

where vertexn +1 coincides with vertex 1 and j here is the face index of the polyhedron

and N j its normal. This becomes computationally heavy when it has to be done for

every reconstruction at every time-step. Instead, an alternative approach is used which

is not iterative by making use of the symmetry of Cartesian cells, such that with proper

mirror re
ections about the coordinate axes as described inx2.4.3, lends itself to set of

analytic relations that are much more e�cient. Son and Hur [1 40] showed that for a 2D

case, the analytic expression reduced to two con�gurations, the analysis was extended

to 3D in [141] however some con�gurations still required an iterative procedure to be

solved. Based on those derivations, coupled with the analysis presented in [142], the

remaining con�gurations can still be reduced to a set of analytic relations, making

the algorithm two-thirds less time-consuming. Owing to the details required for the

reconstruction method, the 2D and 3D cases will be presentedin detail explicitly since

the latter does not directly extend from the former.

Determination of � : Given the normals and volume fraction in 2D

The case for 2D reconstruction will be presented �rst to givea simpli�ed step-by-step

calculation to obtain the distance � given m and C. The analysis is extended to 3D,

which will require more reconstruction steps, in the next subsection. In 2D, there is

four possible con�gurations as shown in Figure 2.6. De�ne�x o and �y o as the x� and

y� intercepts of the reconstructed line. Note that the intercepts can lie within or outside
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Figure 2.6: A 2D cell reconstruction for all four possible con�guration cases in a com-
putational cell when all interface normals are positive. The liquid volume is the light
blue and the gas is white. Overlapping regions are denoted ina light shade of gray. The
distance � = jmx jx + jmy jy is from the origin taken at the left bottom corner and the
maximum distance is denoted by� m = jmx j�x + jmy j�y .
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the computational cell. All the possible con�guration for t he liquid volume fraction can

be expressed by the following:

C�x�y =
1
2

�x o�y o �
1
2

h�x o � �x i 2 �
1
2

�x o

�y o
h�y o � �y i 2 . (2.65)

The left hand side term is the total liquid volume in the computational cell. The

�rst term on the right hand side is the area of the triangle (a consequence of the

line intersecting with the cell), the second term is the overlap of the triangle in the

x� direction, and the third term is the overlap of the triangle i n the y� direction as

shown in Figure 2.6. The symbolh�i � max(�; 0) is the summation over the overlapping

triangle (if they exist) e.g. as shown in Figure 2.6, if an overlap in x� direction or

y� direction or both simultaneously exists, then the term is included in the equation

otherwise the term is zeroed out. Any vector which lie on the reconstructed line will

obey

� = jmx jx + jmy jy , (2.66)

hence plugging the intercepts (�x o; 0) and (0; �y o) into the above equation gives

� = jmx j�x o = jmy j�y o . (2.67)

Therefore, Eq. (2.65) can be written as

2C�x�y = �x o�y o � h �x o � �x i 2 �
�x o

�y o
h�y o � �y i 2

, 2C�x�y =
�

jmx j
�

jmy j
�

�
jmy j

jmx j
�

�
�

jmx j
� �x

� 2

�
�

jmx j
jmy j

�

�
�

jmy j
� �y

� 2

, 2C�x�y jmx jjmy j = � 2 � j mx j2
�

�
jmx j

� �x
� 2

� j my j2
�

�
jmy j

� �y
� 2

, 2C�x 1�y 1 = � 2 � h � � �x 1i 2 � h � � �y 1i 2 ,

(2.68)

where the terms�x 1 and �y 1 are jmx j�x and jmy j�y respectively. A maximum distance

can be de�ned as

� m = �x 1 + �y 1 = jmx j�x + jmy j�y .
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Note that the gas area occupied is the total cell area minus the liquid area fraction,

therefore we can make use of symmetry about the maximum distance in which the two

complement each other i.e. compute the distance for the smaller volume fraction (be

it gas or liquid) then transform back. This will help reduce the expressions further,

Eq. (2.66) shows that for � m , the line intersects (�x; �y ). The line � m is parallel to

� , with the largest distance from the origin of the computational cell to its opposing

corner at (�x; �y ). The line is shown in Figure 2.6 in dashed symbols. Based on the

above analysis, Eq. (2.65) can be written for the gas phase as

2(1 � C)�x 1�y 1 = ( � m � � )2 � h � m � � � �x 1i 2 � h � m � � � �y 1i 2 . (2.69)

The two equations (2.65) and (2.69) can now be combined into auni�ed expression

given by

2Cc� xc� yc = � 2
c � h � c � �y ci 2 , (2.70)

where the following variables are de�ned as:Cc = min( C; 1 � C), � c = min( �; � m � � ),

�x c = max( �x 1; �y 1), and �y c = min( �x 1; �y 1). To summarize the above, in order

to compute the distance to the plane, the smaller of the two volumes C (between

the liquid or gas phase) is used. The distance is set to� c and since Cc � 0:5 and

� m = �x 1 + �y 1 � 2 max(�x 1; �y 1) then this limits � c � 0:5� m � �x c. The uni�ed

Eq. (2.70) is equivalent to Eqs. (2.65) and (2.69), the area�x 1�y 1 = �x c�y c, and the

term h� c � �y ci su�ces since we have at most one overlap triangle to be calculated for

the smaller volume (see Figure 2.6: the �rst and last illustrations are equivalent and

so are the two middle ones). It is therefore possible to summarize the algorithm in the

following manner:

De�ne �x 1 = jmx j�x , �y 1 = jmy j�y , � m = �x 1 + �y 1 and V1 = �y c=(2�x c), then:

1. Set Cc = min( C; 1 � C), and rotate the interface cell such that �x c � �y c where

�x c = max( �x 1; �y 1), and �y c = min( �x 1; �y 1).
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2. Set
� c =

p
2Cc�x c�y c for 0 � Cc < V1

� c = Cc �x c +
�y c

2
for V1 � Cc < 1=2 .

3. If C � 0:5, set � = � c else� = � m � � c.

It is shown that for a 2D case, two normals that are either positive or negative, over

four quadrants for each orientation give 22 � 4 = 16 possible con�gurations, and that

number can be reduced to two by simply taking advantage of symmetries. The last

step simply returns to the original plane and sets the valuesto the respective con�g-

uration. This provides a considerable advantage in 3D wherethe number of possible

con�gurations is much larger.

Determination of � : Given the normals and volume fraction in 3D

In the previous section, a 2D problem was investigated and itwas shown that the

possible number of con�gurations can be reduced. Similarly, the same principles are

applied for the 3D case by making use of symmetries and re
ecting the plane, with

minor di�erences corresponding to the number of possible combinations that have to be

taken care of. Note that whenever we refer to rotating the cells about the re
ection,

the cell is not physically rotated, the coordinate axes are simply renamed. The uni�ed

expression for the volume fraction of the cell (be it liquid or gas) is given by:

6Cc�x 1�y 1�z 1 = � 3
c � h � c � �z 1i 3 � h � c � �y 1i 3 � h � c � �x 1i 3 + h� c � �y 1 � �z 1i 3 ,(2.71)

where Cc = min( C; 1 � C), � c = min( �; � m � � ), � = jmx j�x o = jmy j�y o = jmz j�z o,

and � m = jmx j�x = jmy j�y = jmz j�z . The value of the maximum distance � m is

bounded where it satis�ed � c � 0:5� m � max(�x 1; �y 1 + �z 1) since Cc � 0:5 and

� m = �x 1 + �y 1 + �z 1 � 2 max(�x 1; �y 1 + �z 1). The illustrations in Figure 2.7 shows

the 5 possible combinations for the interface reconstruction after rotating and making

use of symmetries. Similar to the 2D case, the algorithm can be summarized by the

following:
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(a) (b) (c)

(d) (e)

Figure 2.7: An illustration of the �ve possible con�guration for a 3D cell reconstruction
for �x 1 � �y 1 � �z 1: (a) � c < �z 1, (b) �z 1 � � c < �y 1, (c) �y 1 � � c < min( �x 1; �y 1 +
�z 1), (d) �y 1 + �z 1 � � c < �x 1, and (e) �x 1 � � c < �y 1 + �z 1. The blue region denotes
the minimum between the liquid or gas volumes, and the light gray denotes the cuto�
volumes of the reconstruction expression.
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1. Set Cc = min( C; 1 � C) and rotate the interface such that �x 1 � �y 1 � �z 1.

2. Set

� c = (6 Cc�x 1�y 1�z 1)1=3 .

If � c < �z 1 then go to step 6.

3. Set

� c = 0 :5�z 1 +
q

2Cc�x 1�y 1 � �z 2
1=12 .

If � c < �y 1 then go to step 6.

4. If �x 1 � �y 1 + �z 1, then set

� c = Cc�x 1 +
�y 1 + �z 1

2
.

If � c � �y 1 + �z 1 then go to step 6.

5. Use any of the above values as initial conditions, the solution requires an iterative

method to obtain � c, use Newton-Rhapson to solve for

6Cc�x 1�y 1�z 1 � � 3
c + ( � c � �z 1)3 + ( � c � �y 1)3 + h� c � �x 1i 3 = 0 .

Since h� c � �x 1i 3 = max( � c � �x 1; 0)3, the equation can be further simpli�ed to

the following subcategories:

(a) If �x 1 � � c, solve iteratively for:

6Cc�x 1�y 1�z 1 � � 3
c + ( � c � �z 1)3 + ( � c � �y 1)3 + ( � c � �x 1)3 = 0

then go to step 6.

(b) If �x 1 > � c, solve iteratively for:

6Cc�x 1�y 1�z 1 � � 3
c + ( � c � �z 1)3 + ( � c � �y 1)3 = 0
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then go to step 6.

6. If C � 0:5 then set � = � c else� = � m � � c.

Note that the above expressions useif -conditionals with � c, and some expressions re-

quire an iterative solution. Son [141] reports that the cases which require iterative

solves occur about 20% of the time. Scardovelli and Zaleski [142] report that analytical

relations are two-thirds less time consuming than an iterative solution. Therefore, a

further simpli�cation can be made to the cases that require an iterative solve in order

to express them in terms of analytic relations, and theif -conditionals can be formulated

in terms of volume fractions instead of� c. Two observations can be made: (i ) a simple

substitution of � c for its upper bound in each interval will yield the volume fraction

interval expressions, and (ii ) the expressions that require an iterative solve are cubic

equations that can be expressed as a third-degree polynomial in � c [143]:

P(� c) = a3� 3
c + a2� 2

c + a1� c + a0 = 0 .

Divide by a3 so that the coe�cient is unity and de�ne

p0 =
a1

3
�

a2
2

9

q0 =
a1a2 � 3a0

6
�

a3
2

27
,

where the discriminant � = p3
0 + q3

0 is negative and gives rise to three real roots. Taking

advantage of trigonometric functions [144], de�ne cos(3� ) = q0=
p

� p3
0 such that the

root of interest is

� c =
p

� p0
� p

3 sin(� ) � cos(� )
�

�
a2

3
.

Therefore, the �nal algorithm for the 3D case is summarized in the following manner,

de�ne the volume fractions with their corresponding interval by:

i) For � c < �z 1, set � c = �z 1 to get V1 = �z 1
2=(6�x 1�y 1).

ii) For �z 1 � � c < �y 1, set � c = �y 1 to get V2 = ( �y 1 � �z 1)=(2�x 1) + V1.
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iii) For �y 1 � � c < min( �x 1; �y 1 + �z 1):

� If �y 1 + �z 1 < �x 1 then set � c = �y 1 + �z 1 to get V3 = ( �y 1 + �z 1)=(2�x 1).

� If �x 1 < �y 1 + �z 1 then set � c = �x 1 to get

V3 =
�x 1

2�
3(�y 1 + �z 1) � �x 1

�
+ �y 1

2(�y 1 � 3�x 1) + �z 1
2(�z 1 � 3�x 1)

6�x 1�y 1�z 1
.

Now that the volume fraction intervals are de�ned, begin the algorithm as follows:

1. Set Cc = min( C; 1 � C) and rotate the interface such that �x 1 � �y 1 � �z 1.

2. For 0 � Cc < V1

� c = (6 Cc�x 1�y 1�z 1)1=3 .

3. For V1 � Cc < V2

� c = 0 :5�z 1 +
q

2Cc�x 1�y 1 � �z 2
1=12 .

4. For V2 � Cc < V3

P(� c) = a00
3� 3

c + a00
2� 2

c + a00
1� c + a00

0 = 0 ,

where:
a00

3 = 1

a00
2 = � 3(�y 1 + �z 1)

a00
1 = 3( �y 2

1 + �z 2
1)

a00
0 = 6Cc�x 1�y 1�z 1 � (�y 3

1 + �z 3
1) ,

which gives:

p0 = � 2�y 1�z 1

q0 =
3
2

�y 1�z 1
�
(�y 1 + �z 1) � 2Cc�x 1

�

and � = arccos
�

q0p
� p3

0

�
,
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so that

� c =
p

� p0
� p

3(1 � cos2 � ) � cos�
�

+ ( �y 1 + �z 1) .

5. For V3 � Cc < 1=2

(a) If ( �y 1 + �z 1) � �x 1 then

� c = Cc�x 1 +
(�y 1 + �z 1)

2
.

(b) If �x 1 < (�y 1 + �z 1) then

P(� c) = a0
3� 3

c + a0
2� 2

c + a0
1� c + a0

0 = 0 ,

where:
a0

3 = 1

a0
2 = �

3
2

(�x 1 + �y 1 + �z 1)

a0
1 =

3
2

(�x 2
1 + �y 2

1 + �z 2
1)

a0
0 = 3Cc�x 1�y 1�z 1 �

1
2

(�x 3
1 + �y 3

1 + �z 3
1) ,

which gives:

p0 =
1
4

�
�x 1

�
�x 1 � 2(�y 1 + �z 1)

�
+ ( �y 1 � �z 1)2	

q0 =
3
2

�x 1�y 1�z 1

�
1
2

� Cc

�

and � = arccos
�

q0p
� p3

0

�
,

so that

� c =
p

� p0
� p

3(1 � cos2 � ) � cos�
�

+
1
2

(�x 1 + �y 1 + �z 1) .

6. If C � 0:5 then set � = � c else� = � m � � c.

The above analysis concludes the 3D inverse problem of geometric reconstruction of
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the interface, where the distance� c is obtained given C and m. It is shown that the

relations can be written in an analytic form that does not require any iterative solve.

The number of possible con�gurations was reduced from threenormals that can either

be positive or negative over eight quadrants 23 � 8 = 64 to just 5 con�gurations; this

leads to considerable savings in computational time.

2.5 Tests of reconstruction method

The accuracy and convergence properties of the reconstruction methods described in

x2.4 will be examined. Stationary interfaces are �rst considered and no advection is

performed to avoid time discretization errors.

2.5.1 Errors measurement and convergence rate

The numerical details required to calculate the error and convergence rate of recon-

struction is almost absent from most of the literature. A description of the method

is glossed over without presenting any details of the numerical algorithm. Let H (x; t)

be the characteristic function and ~H (x; t) its estimate from a reconstruction method

associated with a computational cell of sides�x and �y . The error E in reconstruction

between the exact and reconstructed interfaces inL 1-norm is given by:

E =
Z Z

jH (x; t) � ~H (x; t)jdxdy , (2.72)

the error is given by the sum of the areas comprised between the real and reconstructed

interface lines inside each mixed cells as shown in Figure 2.2(b). Similar error measures

can be de�ned in L 2 and L 1 . The error is evaluated by analytically computing the

area di�erence between the two curves. Brie
y, the reconstructed interface is a line

segment which intersects the original curve in a given computational cell. If the curve

is a straight line, then there exists a maximum of one intersection point between the

curve and the reconstructed line segment. If the curve is a circle or ellipse then there

exists a maximum of two intersection points. Both the reconstructed and original curves
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intersect the boundaries of the computational cell. Therefore, when evaluating areas, a

list of the intersection points need to be stored in an ordered list to compute the ana-

lytical integral. Figure 2.2( b) is an example where three areas evaluations are required

to get the reconstruction error. In order to avoid this process, an alternative method is

proposed where the error is computed by the following:

E =
Z Z

jnanalytic � njdxdy , (2.73)

where the error is the di�erence between the analytic value of the normal to the curve,

and the estimated normal from the reconstruction step, where the normals are the nor-

malized gradientsn = m=jmj. Since the normal can be broken into its components, the

error is calculated component-wise. The total error is obtained by taking an arithmetic

average of its components. The order of convergenceO of a reconstruction method is

calculated by considering the errorsE �x , obtained with grid spacing �x , and E �x= 2 with

�x= 2 and de�ning:

O =
log(E �x =E�x= 2)

log(�x= (�x= 2)))
=

log(E �x =E�x= 2)

log(2)
. (2.74)

The analysis assumes a uniform grid (�x = �y ). The asymptotic order of convergence

is found in the limit �x ! 0 which is extrapolated numerically.

2.5.2 Reconstruction accuracy tests

The number of tests for the reconstruction accuracy are limited to two con�gurations,

straight lines and ellipses. The �rst test, the reconstruction algorithm that approximates

a straight line is evaluated. A second-order method is expected to reconstruct a straight

line exactly. For the second test, the reconstruction algorithm that approximates a

continuous curve with a smoothly varying curvature is evaluated. The asymptotic con-

vergence rates are presented for both. The error for each con�guration is averaged over

many di�erent orientations to stabilize its value; this is d ue to the fact that under cer-

tain fortuitous conditions, the interface can be aligned with the grid lines which results

in very small errors that can be misleading.
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Grid Youngs Centered ELVIRA HF
16� 16 1:15e-3 3:09e-4 0:0 0:0
32� 32 5:66e-4 1:79e-4 0:0 0:0
64� 64 2:78e-4 9:49e-5 0:0 0:0

128� 128 1:38e-4 4:87e-5 0:0 0:0
256� 256 6:83e-5 2:47e-5 0:0 0:0
512� 512 3:40e-5 1:23e-5 0:0 0:0

Table 2.1: Reconstruction error in approximating straight lines for di�erent grid reso-
lutions.

Grid Youngs Centered ELVIRA HF
16� 16 2:09e-2 2:09e-2 2:13e-2 2:15e-2
32� 32 5:44e-3 5:42e-3 5:53e-3 5:49e-3
64� 64 1:41e-3 1:39e-3 1:40e-3 1:40e-3

128� 128 3:96e-4 3:66e-4 3:58e-4 3:58e-4
256� 256 1:30e-4 1:01e-4 9:04e-4 9:03e-4
512� 512 5:20e-5 3:14e-5 2:32e-5 2:34e-5

Table 2.2: Reconstruction error in approximating ellipsesfor di�erent grid resolutions.

Reconstructing straight lines

Consider 1000 di�erent straight lines, a point on the line is positioned near the center

(0:5; 0:5) of a unit square domain with a random angle between the interface line and the

horizontal coordinate line. The angle is obtained using a random number generator and

the color function is computed in each computational cell byanalytically integrating the

area under the line and the bounds of the computational cell.The results are presented

in Table 2.1 for di�erent grid resolutions. The ELVIRA and HF schemes reconstruct any

straight line exactly, the other two methods only for a limit ed number of con�gurations.

Both Youngs' and the centered-columns methods are approximately �rst-order as shown

in Figure 2.8, with the centered-column scheme having lowererror overall.

Reconstructing ellipses

The second interface is an ellipse given by the equationx2=a2 + y2=b2 = 1, where

a2 = 0 :12 and b2 = 0 :02. The ratio between the maximum and minimum radius of

curvature is about 15. The center of the ellipse is positioned near the center of the
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Figure 2.8: Convergence rate plots for approximating randomly oriented straight lines.
The symbol (/ ) corresponds to Youngs method, (. ) Centered-Column method. The
dashed line shows a �rst-order convergence rate.

10-3 10-2 10-1
10-5

10-4
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10-2

10-1

E

h

Figure 2.9: Convergence rate plots for approximating randomly oriented ellipses. The
symbol (/ ) corresponds to Youngs method, (. ) Centered-Column method, (2 ) ELVIRA
and (# ) the HF method. The dashed line shows a second-order convergence rate.
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unit square domain, the angle between the major axis of the ellipse and the horizontal

coordinate line is obtained from a random number generator. The color function in

each computational cell is computed by analytically integrating the area under the

curve bounded the cell bounds. Unlike the straight line test, only 150 di�erent cases are

needed to stabilize the reconstruction errors up to the third signi�cant digit. The results

are presented in Table 2.2 for di�erent grid resolutions. Both Youngs' and centered-

columned reconstructions are asymptotically �rst-order even if they show a second-order

convergence at low resolutions, i.e. when the local radius of curvature is comparable

to the grid spacing, they compare well to more accurate schemes. The ELVIRA and

HF are second-order accurate as shown in Figure 2.9. Given that the grid resolution of

256� 256 cells is high for a single 
uid parcel with an elliptical shape, for all intents

and purposes, Youngs' and centered-column scheme have an intermediate convergence

rate between �rst and second-order, while the other two are second-order accurate.

2.6 Interface advection

Once the interface is reconstructed at timetn , a discontinuous piecewise linear segment

is obtained. Given a velocity �eld, the interface is advected to the next discrete time

by a Lagrangian Explicit (LE) geometrical method. This is achieved by advecting the

endpoints of each segment of the interface. The geometricalapproach conserves volume

naturally and maintains the consistency condition 0� C � 1 in each grid cell after each

directionally split advection step. However, it is not immune to arithmetic 
oating-

point round-o� errors, therefore we have to employ clipping after each advection step, a

topic that will be discussed in a subsequent subsection. Deep insight can be gained from

expressing a 1D advection in thex� direction, therefore the discussion will �rst describe

a general scheme whenever possible, but then give examples that involves a 1D version

of the advection step which can be extended to higher dimensions when convenient to

get the idea across.
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2.6.1 General split-direction VOF advection

Consider again the advection equation (Eq. (2.22)) written in discrete form after inte-

grating in time and space

Cn+1
i;j;k � Cn

i;j;k = �
X

f

Ff +
Z tn +1

tn
�t

Z



H r � u dV , (2.75)

where the �rst term in the RHS is the sum of the 
ux term Ff over all faces ofuH

de�ned by:

Ff =
Z tn +1

tn
�t

Z

f
uf (x ; t)H (x; t) dx , (2.76)

where uf = u � n f and n f the unit normal vector pointing out of the face f . More

speci�cally, the term u � n f is v̂n as described inx2.2. Note that in the following

analysis, any reference to face velocitiesui +1 =2; vj +1 =2 and wk+1 =2 are essentially the

directional components ofvn , this analysis will retain the former nomenclature to avoid

any confusion. The second term is the compression which disappears for incompressible


ow. However, this term will be kept in the analysis since it will be shown later that the

term does not disappear when doing a directionally split advection scheme. The sum of

the compressive terms of all the direction sweep cancels outsatisfying incompressibility,

but not necessarily for each direction separately. Once theapproximation for u(x; t)

is calculated, the term given by Eq. (2.76) needs to be computed. The general 3D

directionally split advection scheme can be written as follows:

C(n;d+1)
i;j;k � C(n;d)

i;j;k = � Fd+ + Fd� + cd
@ud
@xd

, (2.77)

whered = 1 ; 2; 3 indicates the direction of advection inx; y and z respectively. Note that

when alternating the directions, the sweeps are rotated cyclically to avoid preferential

direction e.g. C(n;1)
i;j;k = Cn

i;j;k and C(n;4)
i;j;k = Cn+1

i;j;k . The 
ux terms labeled with d� is the

`left' face in direction d with Fd� � 0 if the 
ow is locally from `right' to `left' and with

d+ for Fd+ , the 
ux at the `right' face, with Fd+ � 0 if the 
ow is from `right' to `left'.

The sign determines if the faces are donating or recieving regions. The compression
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(a)

A

B

u i � 1=2;j u i +1 =2;j

i; j

(b)

A 0

B 0

i; j i + 1 ; j

Figure 2.10: (a) Lagrangian advection of the interface segment AB. The local velocity
is linearly interpolated between the face velocitiesui � 1=2;j and ui +1 =2;j . (b) Point A is
advected to A' with ui � 1=2;j and B to B' using a linearly interpolated velocity.

term is denoted as Z tn +1

tn
�t

Z



H

@ud
@xd

dV � cd@ud . (2.78)

Note that no implicit summation is implied over repeated indices in the above expression

and �t=�x d is absorbed into the velocity since everything is scaled to alocal Courant

number. The 
ux terms Fd and the compressive termcd@ud are evaluated using the

same discretized face velocityuf . In particular, the compressive term is a �nite volume

approximation. The term cd is the approximate volume fraction which may be a dif-

ferent coe�cient for each direcion, and whose value is chosen such that 0 � C � 1 is

maintained.

Overall, each application of Eq. (2.77) de�nes one advectionsub-step in its respective

direction. After each substep, the color function is obtained by a new reconstruction

step (as detailed in the previous sections) using the updated volume C(n;d+1)
i;j;k to compute

the new interface normalsm and the distance � . These are then used to calculate the


uxes of the next advection step. In the next subsections, the computation of the


uxes will be discussed in further detail, and similar to the framework presented earlier

where the reconstruction step (inverse problem) was outlined, another subsection will

be dedicated to the method of advecting the interface and obtaining the new volumes

given � and m (known as the forward problem).
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2.6.2 Geometrical linear-mapping: Lagrangian Explicit

Consider the case where the advection is performed in thex� direction. The recon-

structed interface at tn is mapped on the interface attn+1 by a linearized velocity �eld.

This is achieved by moving the endpoints of the interface segment using an interpo-

lated velocity. For example, consider the motionx(t) of a particle in a velocity �eld

u(x) as depicted in Figure 2.10(a). The equation of motion is given by dx=dt = u(x),

integrating using an explicit �rst-order scheme givesx(tn+1 ) = x(tn ) + u[x(tn )]�t where

�t = ( tn+1 � tn ). For the following discussion, everything will be rescaled to a local

Courant number e.g. space and time will be rescaled by the local grid spacing and

time-step. The non-dimensional physical variables becomex0 = x=�x , t0 = t=�t , and

u0 = u�x=�t . The velocity component is now a local CFL number. This maps the grid

cell to a unit square where the origin of the system is the leftbottom corner. For the

sake of brevity the primes will be dropped so we have:

x(tn+1 ) = x(tn ) + u[x(tn )] . (2.79)

As mentioned earlier, u(x) is a linearly interpolated �eld between the left face velocity

ui � 1=2;j and right face velocity ui +1 =2;j such that

u(x) = ui � 1=2;j (1 � x) + ui +1 =2;j x . (2.80)

Combining Eqs. (2.79) and (2.80) gives

x(tn+1 ) = (1 + ui +1 =2;j � ui � 1=2;j )x + ui � 1=2;j . (2.81)

This gives a linear mapping for each grid cell that shifts left or right, compresses or

expands depending on the size and orientation of the face velocities as shown in Figure

2.10(b). Since the mapping is linear, straight lines are mapped to straight lines, therefore

when the interface is advected in the Lagrangian sense, it can be easily mapped back onto

the original mesh. Note that the distance � calculated in the reconstruction step also
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is transformed. To obtain the new volume fraction in the central cell, the contribution

from neighboring cells has to be considered as shown in Figure 2.11. Figure 2.11(a)

shows the central cell (i; j ), its neighbors (i � 1; j ) and (i + 1 ; j ) and with opposite face

velocities that would lead to a compression. The new volume fraction in the central cell

is obtained by adding the three contributions from the two neighbor and central cell

after their transformation:

Cn+1
i;j = � 1 + � 2 + � 3 , (2.82)

where � 1, � 2 and � 3 are the volume contributions as shown in Figure 2.11(b), and the

resulting volume is:

Cn+1
i;j;k = Cn

i;j;k (1 + ui +1 =2;j;k � ui � 1=2;j;k ) � Fi +1 =2;j;k + Fi � 1=2;j;k . (2.83)

In the above expression, �1 = Fi � 1=2;j;k , � 2 = Cn
i;j;k (1 + ui +1 =2;j;k � ui � 1=2;j;k ) and � 3 =

Fi +1 =2;j;k . It is important to stress that the transformed grid cells do not overlap or leave

empty space in between ensuring a proper volume advection. The three-dimensional

extension becomes straightforward, the transformed polyhedra are obtained by the same

transformations but with their corresponding advection direction. Therefore, the general

LE steps can be summarized as follows:

i) Reconstruct the interface at time tn .

ii) Move the end points of the reconstructed segment by the interpolated velocity

ud(x) = ud� (1 � xd) + ud+ xd where the origin of the coordinate xd is chosen

at the `left' face. The new location of the end points is givenby xd(tn+1 ) =

(1 + ud+ � ud� )xd + ud� . This gives the new end points in relation to the previous

points.

iii) After advection, at most three interface fragments are found in each cell. Their

volume (area in 2D) are labeled as �1, � 2 and � 3 in Figure 2.11(b). The color

function is given by the sum of their contribution:

C(n;d+1)
i;j;k = � d

1 + � d
2 + � d

3 . (2.84)
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iv) The `compression' factor in the xd(tn+1 ) expression is 1 +@ud = 1 + ud+ � ud� .

This is used to scale any measure of space in that region. Therefore, compress all

the cells by that factor.

v) Move the cells by ud� .

vi) The moved cells now overlap the original cell. The volume� d
2 corresponds to the

overlap with the cell itself, while � d
1 and � d

3 correspond to the overlap with with

advected cells from the `left' and `right'.

vii) The �nal expression in the split step is:

C(n;d+1)
i;j;k = C(n;d)

i;j;k (1 + ud+ � ud� ) � Fd+ + Fd� , (2.85)

which shows that the compression termcd is C(n;d)
i;j;k and the approximation to the

derivative @ud is ud+ � ud� (keeping in mind that everything is scaled to a local

Courant number).

Note that when using the three Lagrangian advections steps in sequence, the volume

is not conserved to machine precision accuracy since the summation of the split steps

results in:

Cn+1
i;j;k � Cn

i;j;k = �
X

f

Ff +
3X

d=1

C(n;d)
i;j;k (ud+ � ud� ) . (2.86)

The 
uxes are conservative and end up canceling; however, the sum of the compressive

term does not go to zero sinceC(n;d)
i;j;k changes value from one substep to another. The

original discrete equation (Eq. (2.77)) is recovered by setting cd = C(n;d)
i;j;k . So far, the

general method has been presented, however, the volume contribution to the 
uxes have

not been discussed, this will be the topic of much detail in the following subsections.

2.6.3 Clipping

As mentioned earlier, after the sequence of advection steps, the summation over the

compressive term does not vanish. This leads to the additionof unwanted arithmetic
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(a) i � 1; j

ui � 1=2;j > 0

i; j

ui +1 =2;j < 0

i + 1 ; j

(b)

� 1 � 2 � 3

Figure 2.11: Formation of the volumes � 1, � 2, and � 3 by the Lagrangian advection in
the x-direction. (a) Initial reconstruction with horizontal velocities on the faces of the
central cell. (b) Segments and volumesVi after Lagrangian advection, for simplicity it
is assumedui � 3=2;j = ui +3 =2;j = 0.



58


oating-point round-o� error. To take care of this problem, a clipping method is used

by which the values ofCi;j;k are reset after each directional advection. This is done by

setting Ci;j;k = 0 when Ci;j;k < � and Ci;j;k = 1 when Ci;j;k > 1 � � . The value of the

tolerance � is set to 10� 8 in most of the simulations. It is observed that when there is

no surface tension present, a value of 10� 12 works �ne. The tolerance determines the

degree to which mass is conserved.

2.6.4 Temporal discretization

In this section we discuss the details of implementing the temporal discretization of

the VOF method since certain nuances require attention due to the geometric nature

of the methodology. The previous sections outlined the general algorithm and possible

1D examples to highlight the scheme. In this subsection, theequations are written

out explicitly. A directionally split, time-discretizati on is used for advecting the VOF

function. The transport equation is written as

C(n;2) � C(n;1)

�t
+

@(unC(n;1))
@x

= C(n;1) @un

@x
(2.87)

C(n;3) � C(n;2)

�t
+

@(vnC(n;2))
@y

= C(n;2) @vn

@y
(2.88)

C(n;4) � C(n;3)

�t
+

@(wnC(n;3))
@z

= C(n;3) @wn

@z
. (2.89)

The terms C(n;1) = Cn and C(n;4) = Cn+1 are the initial and �nal values in time

of the VOF functions respectively. The equations are written in the conservative form

such that Cn+1 is a conserved quantity when the equations are summed (in theabsence

of 
oating-point round-o� errors). The sweeping direction is alternated every time step

to obtain a second-order operator splitting in time.
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2.6.5 Spatial discretization

In the previous subsections, the terms were scaled to local Courant number and the cell

had a unit size. Here, the equations will be written out explicitly. The computational

domain is discretized using �nite volume collocated grids to match the discretization of

the Navier-Stokes solver, where each cell is given by�x i = x i +1 =2 � x i � 1=2. Similarly,

�y j and �z k are de�ned analogously. The rectangular sub domain is therefore given by

[x i +1 =2 � x i � 1=2] � [yj +1 =2 � yj � 1=2] � [zk+1 =2 � zk� 1=2]. Integrating Eqs. (2.87), (2.88)

and (2.89) over the control volumes gives:

C(n;2)
i;j;k = Cn

i;j;k

�
1 +

�t
�x

�
ui +1 =2;j;k � ui � 1=2;j;k

�
�

�
�t
�x

(Fi +1 =2;j;k � Fi � 1=2;j;k ) (2.90)

C(n;3)
i;j;k = C(n;2)

i;j;k

�
1 +

�t
�y

�
vi;j +1 =2;k � vi;j � 1=2;k

�
�

�
�t
�y

(Fi;j +1 =2;k � Fi;j � 1=2;k ) (2.91)

Cn+1
i;j;k = C(n;3)

i;j;k

�
1 +

�t
�z

�
wi;j;k +1 =2 � wi;j;k � 1=2

�
�

�
�t
�z

(Fi;j;k +1 =2 � Fi;j;k � 1=2) (2.92)

where Fi +1 =2;j;k = ui +1 =2;j;k Cn
i +1 =2;j;k , the VOF 
ux across the face (i + 1=2; j; k ) of

the cell (i; j; k ). Analogously, we de�ne Fi;j +1 =2;k = vi;j +1 =2;kC(n;2)
i;j +1 =2;k and Fi;j;k +1 =2 =

wi;j;k +1 =2C(n;3)
i;j;k +1 =2. The 
uxes across the faces (i � 1=2; j; k ), ( i; j � 1=2; k) and (i; j; k �

1=2) are calculated in a similar manner. Thus the above calculation computes the


uxes Fi � 1=2;j;k , Fi;j � 1=2;k and Fi;j;k � 1=2. In the following section, we will discuss the

computation of the 
uxes across faces in more detail since the value of the color function

at the face is not a simple face averaged quantity, but a dependent geometric quantity

that is either donated or received.

2.6.6 Computation of the VOF 
uxes

The volume fraction in a given cell is not continuous across face boundaries since the

interface is modeled using a piecewise linear approximation. Therefore, calculating the


ux using simple arithmetic averaging from neighboring cells is inaccurate. Instead, the


uxes across the cell faces are calculated by using the geometrical information of the
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uid volume in each computational cell. The volume fraction at the x� face at tn is

given by

Cn
i +1 =2;j;k =

(�VF )D;R
i +1 =2;j;k

juj i +1 =2;j;k �t�y�z
, (2.93)

which denotes the liquid volume (�VF )D;R
i +1 =2;j;k in relation to the total volume in the 
ux

region juj i +1 =2;j;k �t�y�z after the linear mapping. It is important to stress that all th e

computations for the volume 
ux are done after linearly mapping the geometric quanti-

ties for the LE scheme e.g. when advecting in thex� direction, the normal component

mx has to be rescaled along with� , similarly in the other direction the respective nor-

mal component and� have to be rescaled accordingly. The superscripts over (�VF )D;R

indicate the donor and receiver cells respectively, e.g. ifthe face velocity is positive then

the cell (i; j; k ) is a donor to (i +1 ; j; k ), and if the face velocity is negative, then the cell

(i; j; k ) becomes a receiver from (i + 1 ; j; k ). Therefore, the volume fractions computed

at the faces is given by

Cn
i +1 =2;j;k =

1
juj i +1 =2;j;k �t�y�z

8
><

>:

(�VF )D
i +1 =2;j;k if u > 0

(�VF )R
i +1 =2;j;k if u < 0

Cn
i;j +1 =2;k =

1
jvj i;j +1 =2;k �t�x�z

8
><

>:

(�VF )D
i;j +1 =2;k if v > 0

(�VF )R
i;j +1 =2;k if v < 0

Cn
i;j;k +1 =2 =

1
jwj i;j;k +1 =2�t�x�y

8
><

>:

(�VF )D
i;j;k +1 =2 if w > 0

(�VF )R
i;j;k +1 =2 if w < 0 ,

(2.94)

There are several details to pay attention to during the 
ux calculations, the superscripts

over �VF , the transformed inputs to the function that calculates �VF , and the distinction

in the sign of the normal component-velocity product at the face. The term (�VF )

is de�ned as a function of (�VF )(~�; ~m; � ~x; � ~y; � ~z), which is the liquid volume in the

region � ~x � � ~y � � ~z where 0 � � ~x � �x , 0 � � ~y � �y , and 0 � � ~z � �z . The sub

region described by the tilde terms should always include the location of the origin of

~� since the computation of the volume fraction relies on it. Also the tilde indicates the
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transformed quantities due to the linear mapping. If no linear mapping takes place, the

tilde variables become equivalent to their original counterparts e.g. if advecting in the

x� direction, the only components that are transformed by the linear mapping are� to

~� , mx to ~mx , and �x to ~�x , the rest simply remain the same as the non transformed

values.

Computing the volume fraction given the normal and distance in 2D

The computation of the volume fraction given a computational cell from the normal to

the interface and distance will be discussed in this section. This routine will be required

to calculate the volume 
uxes across the cell faces. If the cell is a single-phase cell i.e.

C = 0 or C = 1, then the advected area is set to a default value (�VF ) = C� ~x� ~y.

Otherwise, use the following algorithm:

1. Rename axes in order to satisfy� ~x1 = jnx j� ~x � � ~y1 = jny j� ~y.

2. Set ~� m = � ~x1 + � ~y1 and ~� c = min( �; ~� m � � ).

3. If ~� m � � , the entire sub region is �lled with liquid, then Cc = 1. If � < 0, the

entire sub region is �lled with gas phase, thenCc = 0.

4. The remaining cases are for the partially �lled cells, thefollowing distinction will

be used:

Cc =
� 2

c

2� ~x1� ~y1
for 0 � � c < �y 1

Cc =
� c

�x 1
�

1
2

�y 1

�x 1
for �y 1 � � c < 0:5� m

5. If � � 0:5~� m , set (�VF ) = Cc� ~x� ~y. Otherwise, set (�VF ) = (1 � Cc)� ~x� ~y.

Computing the volume fraction given the normal and distance in 3D

This routine will be required to calculate the volume 
uxes across the cell faces for

3D cases. Similar to the 2D case, the initialization begins by checking if the cell is a

single-phase cell i.e.C = 0 or C = 1, then the advected volume is set to a default value

(�VF ) = C� ~x� ~y� ~z. Otherwise, use following algorithm:
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1. Rename axes in order to satisfy� ~x1 = jnx j� ~x � � ~y1 = jny j� ~y � � ~z1 = jnz j� ~z.

2. Set ~� m = � ~x1 + � ~y1 + � ~z1 and ~� c = min( �; ~� m � � ).

3. If ~� m � � , the entire sub region is �lled with liquid, then Cc = 1. If � < 0, the

entire sub region is �lled with gas phase, thenCc = 0.

4. The remaining cases are for the partially �lled cells, thefollowing distinctions will

be used:

(a) for � c < � ~z1,

Cc =
� 3

c

6� ~x1� ~y1� ~z1
,

(b) for � ~z1 � � c < � ~y1,

Cc =
� 3

c � � ~z1� c + � ~z2
1=3

2� ~x1� ~y1
,

which is the solution to 6Cc�~x1� ~y1� ~z1 = � 3
c � (� c � � ~z1)3.

(c) for � ~y1 + � ~z1 � � c � � ~x1,

Cc =
2� c � � ~y1 + � ~z1

2� ~x1
,

which is the solution of

6Cc� ~x1� ~y1� ~z1 = � 3
c � (� c � � ~z1)3 � (� c � � ~y1)3 � (� c � � ~y1 � � ~z1)3 .

(d) Otherwise,

Cc =
� 3

c � (� c � � ~z1)3 � (� c � � ~y1)3 � (� c � � ~x1)3

6� ~x1� ~y1� ~z1
. (2.95)

5. If � � 0:5~� m , set (�VF ) = Cc� ~x� ~y� ~z. Otherwise, set (�VF ) = (1 � Cc)� ~x� ~y� ~z.

This concludes the general algorithm to calculate the volume 
ux at the faces which are

required to compute the advected liquid volumes. Note that the same routines in the

above algorithm can be used to calculate the initial liquid volume fraction from a level

set function by simply setting � ~x = �x , � ~y = �y , and � ~z = �z .
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2.7 Tests of advection method

Basic properties of the reconstruction and advection stepsdescribed in the previous

section can be evaluated by simple translation and solid body rotation test cases. The


uid parcel represented by the color function is expected tomaintain its shape under

such conditions. Another set of possible advection test is the application of a nonuni-

form vortex �eld that stretches and deforms the 
uid parcel; this tends to be a more

demanding test since it simulates the possibility of interfacial breakup and coalescence.

The tests will consider an initial circular 
uid parcel that starts at a time t = 0 and

move until a speci�ed time t = T, the geometrical error E (when presented) is based

on the L 1 norm de�ned as:

E =
X

i;j

jCT
i;j � C0

i;j j�x�y . (2.96)

Two tests will be conducted, a simple translation test and a single vortex test. Since

the focus is on the properties of the advection method, Youngsnormal estimation will

be used so that it provides the worst case scenario. For the advection method, the

Lagrangian Explicit method is used.

2.7.1 Translation test

Consider a unit square domain discretized over 80� 80 control volumes where�x = �y .

Three circles are centered at (0:5; 0:9) with di�erent radii to cell size ratio r=�x =

2:5; 4; 5:5. Figure 2.12 shows the piecewise linear motion prescribedto remove any

favorable alignments with the grid lines. A constant velocity and CFL condition is

assumed (based on the maximum velocity) in each piecewise section. The e�ect of CFL

on the shape of the interface after returning to its initial position is illustrated in Figure

2.13. The initial condition is shown in Figure 2.13(a), and the �nal reconstruction

in Figure 2.13(b). The di�erence is negligible for the case with CFL = 1. However,

for the CFL = 0 :1 case, the �nal con�guration is distorted, speci�cally for the small

radius r=�x = 2 :5. The three cases are indicative thatr=�x = 4 is a good ratio to
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y

x

Figure 2.12: Three circles of di�erent radii are advected along a piecewise linear path
before returning to the initial position. The computational grid is also shown in the top
left corner.

(a)

y

x

(b)

y

x

Figure 2.13: Three circles of di�erent radii (r=�x = 2 :5; 4; 5:5): (a) at the initial re-
construction and (b) at the end of the translation test with CFL = 1 (solid line) an d
CFL = 0 :1 (dashed line).
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resolve the interface, this can be used as a thumb rule for future simulations. Another

important issue to discuss is why this distortion for lower CFL conditions happens in

the �rst place. For CFL = 1, the volume advected per time-step from the donor to

the receiver cell is exact since it's simply shifted, hence the error is very small (zero

in �ne cases) since the distribution doe not change. As the CFL number decreases,

the number of time-steps required to cover the same distanceincrease, and as a result

the number of interfacial reconstruction increases. The error is compounded over time

with each reconstruction step. Another important point to m ake is that the error does

not compound inde�nitely, it remains bounded and reaches a saturation level; as the

time-step becomes smaller, the di�erence between the interface at two consecutive time

levels becomes small. Numerical experiments (not shown here) con�rm these results,

cases with 1=CFL = 1 ; 2; 4; 8; 16; 32; 64; 128; 256 show a plateau in error for CFL� 0:1.

2.7.2 Vortex-in-a-box test

Consider a unit square domain with an initial circular 
uid p arcel of radius r = 0 :15

whose center is placed at (0:5; 0:75). A non-uniform velocity �eld is prescribed by a

stream function to simulate a vortex �eld given by:

 (x; y; t ) =
1
�

cos (�t=T ) sin2 (�x ) sin2 (�y ) . (2.97)

The velocity �eld is simply obtained by de�ning u = @ =@yand v = � @ =@x. The

vortex �eld causes the 
ow to rotate clockwise and also satisfy divergence-free �eld, the

�eld is depicted in Figure 2.14. The stream function is also afunction of time due to

the term cos (�t=T ), where T determines its period. The circular 
uid parcel spirals

around the center of the domain until a period t = T=2, then returns to its initial

position at t = T. The larger the period, the more the color function spirals around the

center of the domain and stretches. Unlike the translation test discussed earlier, the

vortex �eld provides a more stringent test on the reconstruction and advection method;

the divergence term becomes active in each directionally split advection step, which

becomes an indicator of robustness. Three grid resolutionsconsidered are (32� 32; 64�
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y

x

Figure 2.14: A snapshot of the velocity �eld due to the vortex 
ow.

64; 128� 128). The CFL is set to unity and remains constant throughout all of the

simulations. Initially, a period of T = 2 is considered. The results are shown in Figures

2.15(a) and (b) after a half period and a full period respectively. Note that only the

coarse and �ne grid resolutions are shown. For the 32� 32 case, the reconstruction

and advection are cannot follow the interface shape correctly when the local radius of

curvature is comparable to the cell size. This is visible forthe head and tail of the


uid parcel in Figure 2.15( a) (shown as the black dashed line). After the full period is

completed, the 
uid parcel returns to its original position as shown in Figure 2.15(b).

Note that the head and tail of the stretched �lament at t = T=2 corresponds to the

bottom and top regions of the circle at t = T, this is where the largest error is observed.

As the resolutions increases, the error decreases. The 128� 128 case is shown in Figures

2.15(a) and (b) using a black solid line. The geometrical errorE given by Eq. (2:96)

and order of convergenceO given by Eq. (2.74) are shown in Table 2.3. A second-order

convergence is observed. Another test is examined using a longer period of T = 8, the

reconstruction algorithm cannot resolve a parcel smaller than a grid cell, the interface
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(a)

y

x

(b)

y

x

Figure 2.15: Vortex �eld stretching for T = 2 and CFL = 1. The coarse 32 � 32 case
is given by the black dashed line and the �ner 128� 128 case by the black solid line.
Two time instants are shown:(a) at the half period of t = T=2 and (b) the full period
at t = T.

32� 32 64� 64 128� 128
E 4:7e-4 9:1e-5 1:9e-5
O 2:3 2:2

Table 2.3: Geometrical error and order of convergence aftervortex in a box advection
with T = 2.
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(a)

y
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(b)

y
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Figure 2.16: Vortex �eld stretching for T = 8 and CFL = 1. The coarse 32 � 32 case
is given by the black dashed line and the �ner 128� 128 case by the black solid line.
Two time instants are shown:(a) at the half period of t = T=2 and (b) the full period
at t = T.

is almost completely destroyed as small debris become more visible. This is shown in

Figure 2.16(a) and (b) for the half period and the full period respectively. As the grid is

re�ned, the interface is better resolved. The evolution of a3D sphere is also examined.

A similar setup is investigated using a 256� 256� 256 grid where the radius isr = 0 :15

centered in a unit cube domain at (0:35; 0:35; 0:35), with a constant CFL = 1 and a

period T = 3. The velocity �eld is directly given by:

u = 2 cos (�t=T ) sin2 (�x ) sin (2�y ) sin (2�z )

v = � cos (�t=T ) sin2 (�y ) sin (2�x ) sin (2�z )

w = � cos (�t=T ) sin2 (�z ) sin (2�x ) sin (2�y ) .

(2.98)

The interface stretches quite signi�cantly before returning to its original position. The

method is able to recover the initial shape and location withvery minor irregularities

in sphericity.
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Figure 2.17: Evolution of a 3D sphere in a vortex �eld for a grid size 2563 and a period
T = 3. The �gures are snapshots at di�erent time instants.
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2.8 Curvature estimation

This section describes the numerical methods implemented to calculate the interfacial

curvature given by:

� = r � n . (2.99)

The estimation of curvature is required to calculate the surface tension force given by

Eq. (2.3) in x2.2. Two methods are explored, and in practice a hybrid of thetwo is

used for robustness, the reasons will be discussed later. The �rst method is a standard

Marker-and-Cell (MAC) method, it takes advantage of the de� nition of curvature by

discretizing the gradients at the faces, and the second is based on the HF method

introduced in [145].

2.8.1 MAC method

A 2D example is given for this method since it directly extend to 3D, the gradient is

�rst computed at the faces such that

mx:i +1 =2;j = �
Ci +1 ;j � Ci;j

�x
,

my:i;j +1 =2 = �
Ci;j +1 � Ci;j

�y
.

(2.100)

The face components that are not directly available are simply interpolated:

mx:i;j +1 =2 =
1
4

�
mx:i +1 =2;j + mx:i +1 =2;j +1 + mx:i � 1=2;j + mx:i � 1=2;j +1

�
,

my:i +1 =2;j =
1
4

�
my:i;j +1 =2 + my:i +1 ;j +1 =2 + my:i;j � 1=2 + my:i +1 ;j � 1=2

�
.

(2.101)

The unit normal is then calculated by normalizing it:

n i +1 =2;j =
m i +1 =2;j

m i +1 =2;j
, (2.102)
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where the denominator is the magnitude of its respective face normal estimate e.g.:

jmi +1 =2;j j =
q

m2
x:i +1 =2;j + m2

y:i +1 =2;j ,

jmi;j +1 =2j =
q

m2
x:i;j +1 =2 + m2

y:i;j +1 =2 .
(2.103)

The curvature is then calculated in each cell center by taking advantage of the divergence

theorem:

� i;j = �
�

(nx:i +1 =2;j � nx:i � 1=2;j )

�x
+

(ny:i;j +1 =2 � ny:i;j � 1=2)

�y

�
. (2.104)

2.8.2 HF method

Similar to the reconstruction method, where the normal is estimated using the local

height function, the method is extended to compute the curvature. A summary of the

method is as follows:

i) determine the most dominant direction using the maximum component of n;

ii) sum the volume fractions along the dominant direction to estimate the height func-

tion;

iii) compute the curvature using central di�erencing.

As shown in Figure 2.18, we havejny j > jnx j therefore the summation of the height

function is computed in the vertical direction. Similar to t he de�nition used in the HF

method for estimating the normals, de�ne:

�yi;j =
1X

l= � 1

Ci;j + l �y i;j + l . (2.105)

such that the curvature is given by:

� =
ny

jny j
�yxx

(1 + �y2
x )3=2

, (2.106)
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0:1

0:77

�yi � 1 = 0 :87
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x
?
?
?
?

0

0:69

1

�yi = 1 :69

0

0:94

1

�yi +1 = 1 :94

Figure 2.18: Example of the height function method. The normals satisfy jny j > jnx j,
therefore the summation is in the dominant vertical direction. Note that in this partic-
ular example, it is assumed that�x = �y = 1.

where ny
jny j give the sign of the curvature. The derivatives �yxx and �yx are computed using

a central di�erence scheme. This leads to a second-order converging method. Note that

in 3D , the height function is a straightforward extension

�yi;j;k =
1X

l= � 1

Ci;j + l;k �y i;j + l;k , (2.107)

but the curvature expression is slightly di�erent:

� =
ny

jny j

�
�yxx + �yzz + �yxx �y2

z + �yzz �y2
x � 2�yxz �yx �yz

�

(1 + �y2
x + �y2

z )3=2
. (2.108)

Notice that a 3 � 3 � 3 computational cell is used, Cummins et al. [145] suggest a

summation over a range of 3� 7 � 3 gives more accurate results. Although true for

some con�gurations, in practice this is not feasible since the algorithm is implemented

in parallel using MPI which requires setting up and communicating ghosts over a larger

stencil.
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Figure 2.19: Curvature estimation error plot. The symbol (2 ) corresponds to the MAC
scheme and (# ) the HF method. The dashed line shows the second-order convergence
rate.

2.8.3 Curvature reconstruction error

The accuracy of both the MAC scheme and the HF method are examined. Consider

a circle of radius r = 0 :15 centered at (0:5; 0:5) of a unit box domain. The theoretical

curvature is given by � = 1=r � 6:66. The error computed is theL 1 = max j� analytic �

� numerical j. Four resolutions are examined 32� 32; 64 � 64; 128� 128; 256� 256. The

results are presented in Figure 2.19. It is observed that theHF method gives second-

order convergence whereas the MAC scheme actually has an increase in error with

grid re�nement. In practice, for regions where there no one dominant direction e.g.

jnx j � j ny j � j nz j, the MAC scheme gives a good estimate while HF is used for the rest

of the cases.
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Figure 2.20: An illustration of determining a contact line cell given by # and the
adjacent cell given by2 for cases:(a) � Y < 90� and (b) � Y > 90� .

2.9 Contact angle boundary condition

The contact angle boundary conditions can a�ect the 
ow behavior. The contact angle

alters the normal component of the interface at the wall by modifying its orientation

and VOF reconstruction. It also in
uences the curvature calculation which in turn

modi�es the surface tension forceFst . The details of the implementation are presented

in 2D for clarity, but it is general to implement for a 3D case. The work is based on the

algorithms presented in [146, 147]. The di�erence lies mainly in identifying the solid

surface e.g. the boundary along thex� direction as shown in Figure 2.20, for a 2D case,

and the solid planex � y in a 3D.

2.9.1 Tag and identify `contact lines cells' and `adjacent c ells'

Along the solid boundary of the domain, de�ne two tags. The �r st tag is the `contact

line cell' which is de�ned as an interface cell with at least one neighbor that is either

completely empty (for � Y � 90� ) or completely full (for � Y > 90� ). This is shown in

Figures 2.20(a) and (b). The second tag is the `adjacent cell' which is de�ned as the

interface cells along the solid boundary that neighbor contact line cells.
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Figure 2.21: A 2D illustration of a reconstructed interface at the solid boundary (x � y
plane) for cases:(a) 45� � � Y < 135� where the HF is de�ned horizontally and (b)
� Y < 45� or � Y > 135� where the HF is de�ned vertically. The dotted line illustrat es
how the interface is extrapolated to the boundary ghost cells (shaded in gray), while
the thick black line denotes the solid face boundary.

2.9.2 Modify normals and curvature for `contact line cells'

Typically, the normal to the interface is assumed to be perpendicular to the solid bound-

ary. When calculating the normal, e.g. using the HF method, the color function is

summed in the dominant direction as described inx2.4.2. Note that the HF sum at the

ghost boundaries is equal to the HF sum at the solid boundaryh� 1 = h0 whereh = �y or

h = �x depending on the dominant direction. The subscript �̀ 1' is used here to simply

denote the value of the HF in the ghost cells and 0 the value at the solid boundaries.

Take for example the interface at the solid boundary shown inFigure 2.21. If a contact

angle � Y is required, then the HF sum needs to be modi�ed in the ghost boundary as

follows:

h� 1 =

8
><

>:

h0 + �x i =tan � Y ; for 45� � � Y � 135� ,

h0 � �x i =tan � Y ; for � Y < 45� or � Y > 135� .
(2.109)
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This will modify the normal to correct for the contact angle, but the value of the color

function C in the ghost cells is inconsistent. To remedy this e�ect, the normal and

distance � are simply translated to the ghost cells and reconstructed again to obtain

the updated values ofC that are consistent with the normal. The normal and curvature

are then computed using the appropriate �nite di�erence schemes presented earlier. An

example calculation of di�erent contact angles is shown in Figure 2.26.

2.10 Coupled NS-VOF validation and veri�cation

The purpose of this section is to validate the coupled incompressible 
ow equation with

the VOF method. Up until this point, the solvers were validat ed separately using stand

alone test cases that do not require any coupling. However, for the cases that involve

superhydrophobic surfaces (presented in Chapters 3 and 4) it is imperative to ensure

that no unphysical parasitic currents develop or grow to corrupt a solution sensitive to

deformations especially when the correct interfacial location depends on its equilibrium

position.

2.10.1 Static drop: pressure jump

The aim of this test case is to couple the pressure solve and the interfacial surface

tension. As described inx2.2, the naive implementation of the surface tension force

leads to an imbalance with the pressure gradients. This leads to several issues: (i) the

development of spurious or parasitic currents (since the imbalance induces a velocity

�eld), and (ii) a poor pressure jump recovery. To isolate (i), a constant curvature is

prescribed instead of calculated, i.e. � = 1=R is a constant that is forced instead of

calculating it in discrete form. Initialize a bubble of radi us R = 2 in a domain of size

L x � L y = 10 � 10. The resolution is 64� 64, the density ration is � 1=� 2 = 1000

mimicking a water-air interface. The nondimensional surface tension is� = 73. The

theoretical (exact) pressure jump across the bubble is given by the Young{Laplace

equation � pexact = �=R = 36:5. The solution obtained from the numerical simulation

is � pmax = 36:567, which gives an error ofO(10� 3). The parasitic currents remained
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Figure 2.22: Pressure jump across a water-air bubble extracted along line at y = 5. The
symbols are the computed values and the solid line is the theoretical.

small (L 1(u) = 8 :11� 10� 7, L 2(u) = 2 :25� 10� 6 and L 1 (u) = 1 :5� 10� 5). Figure 2.22

shows a line plot of the pressure jump values across the bubble extracted at y = 5. Good

agreement is observed, no overshoots or undershoots are visible either (as is typical with

standard methods).

2.10.2 Static drop: spurious currents

In this validation case, a domain of length L x � L y = 2 � 2 is considered, with a grid

resolution of 64 � 64. The simulation is run until 10 nondimensional units of time

to match the case simulated by Rudman [127]. The density gradient is taken to be

� 1=� 2 = 100 and the Weber number is W e = 10. The use of height functions instead

of a standard �nite di�erence method yields lower values of spurious currents overall.

However it is important to note that better curvature estimat e indeed reduces the error,

but it does not guarantees boundedness i.e. it does not prevent the parasitic currents
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Figure 2.23: A illustration of the development (or lack thereof) of spurious currents for:
(a) the case presented by Rudman [127], where the parasitic currents grow over time to
corrupt the interface, and (b) the current implementation where the parasitic currents
go down in time and also whose magnitude had to be scaled by a factor of 200 in order
to be visible.

from growing. The mechanism that bounds the growth is simply due to the correct

method of discretizing the pressure-surface tension force. In fact, a proper discretization

not only ensures boundedness, but it also causes the parasitic currents to decay with

time. This phenomenon is demonstrated in Figure 2.24, wherethe surface tension value

is increased to modify the Laplace numberLa = ��L=� 2, the ratio of capillary forces to

viscous forces. In grooved channels with and air-water interface, the La can reach up to

1500, therefore to ensure that such conditions do not cause any instabilities or parasitic

current growth, three values are studied. Note that for all casesLa = 120; 1200 and

12000, the root-mean-square (RMS) velocity of the spuriouscurrents rapidly decay down

to machine precision zero. This indicates that the method isaccurate and consistent.

2.10.3 Dynamic interface: Capillary wave instability

So far, the coupled validation cases used static drops to isolate motion e�ects. A stan-

dard test for oscillating and moving interface. The domain is taken to be L x � L y =

2� � 2� on a 32� 64 grid to demonstrate robustness even at coarse grid. The density
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Figure 2.24: The RMS velocity of the spurious currents decaywith time for all La
numbers considered. The star indicates normalized quantities.
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Amplitude

t �

Figure 2.25: Capillary wave instability. The symbols are extracted to obtain the in-
terfacial location, which is then compared to the analytic solution by Prosperetti [148].
Good agreement is observed.

and viscosity ratios are assumed the same (i.e. set them to unity). The interface is

placed at y = � , and a 1% perturbation is applied to it, the interface oscillates until

the motion is damped out due to surface tension. The �nal results are extracted and

compared to the analytic relations of Prosperetti [148]. Good agreement is observed

even on a coarse grid mesh, the location of the interface alsomatches well.

2.10.4 Dynamic interface: contact angle boundary condition

The boundary conditions implemented to simulate a Youngs contact angle � Y is exam-

ined. The contact angle is varied parametrically to comparethe resultant pressure jumps

are the interface. Note that the contact angle boundary conditions are what dictates the

pressure jump not the other way around. The interface is initialized as a 
at horizontal

interface, La = 1450 is considered. The density ratio is� 1=� 2 = 1000, � 1=� 2 = 50,
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Figure 2.26: A contour plot of the color function C for: (a) � Y = 100� , (b) � Y = 120�

and (c) � Y = 150� . The interface is initialized as a straight line, it evolves into the
results presented to satisfy the contact angle boundary conditions.

� = 0 :073N=m and the width of the domain is L y = 20�m . The case is taken dimen-

sionally since the case of interest is a grooved channel on the micron scale. Figure 2.26

illustrates the evolution of the interface shape to its equilibrium solution that satis�es

(a)� Y = 100� , (b)� Y = 120� and (c)� Y = 150� . The interface deforms from its 
at shape

to satisfy the prescribed boundary conditions and satisfy the pressure balance. A more

detailed examination is illustrated in Figure 2.27 where the Young{Laplace solution to

pressure is plotted against� Y . The pressure di�erence from the analytic solution agrees

well with the results obtained from DNS. The di�erence at lar ge angle of attack is likely

due to the assumption that � p is constant along the interface. The value of pressure

for � Y > 160� is � p � 7kPa where the interface becomes unstable and oscillates. This

instability is consistent with the critical pressure obtai ned analytically for the groove

width � pcr = 2�
w .

This concludes this chapter with cases validated for the coupled system. The VOF

method is introduced, the reconstruction and advection algorithm are presented. The

reconstruction step relies on a set of analytic relations that signi�cantly reduce com-

putational time, the advection step relies on a conservative geometrical scheme that
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� p=�

� Y

Figure 2.27: A comparison between the pressure balance across an interface vs. the
contact angle boundary conditions imposed at the walls. Good agreement is observed
until high values of � Y where a lot of assumption simply break down.
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preserves mass up to 10� 8. The surface normal and curvature are computed up to

second-order, the schemes presented are sometimes combined for robustness purposes.

Tests have shown that even if the normal estimation coupled aheight-function with a

Youngs normal estimate, second-order convergence can still be achieved if its being used

at the speci�c regions (i.e. in the regions wheremx = my = mz). Surface tension is

able to discretely balance the pressure jump, this reduces parasitic currents and bounds

the errors due to a mismatch in curvature. The contact angle boundary conditions are

able to enforce an equilibrium solution that matches with the analytic Young{Laplace

equation.



Chapter 3

Laminar Drag Reduction Over

Idealized Roughness

This chapter is organized as follows: x3.1 discusses the problem setup and basic as-

sumptions. x3.2 the VOF method is validated against the experiment by Maynes et al.

[40] and evaluate the e�ects of gas 
ow and penetration of theinterface. In x3.3, an

analytical solution is obtained that accounts for groove geometry as well as properties

of both 
uids. The analytical solution is compared to the VOF simulation and DNS

results. The e�ect of interface curvature is studied in x3.4 by describing the interface

with the Young{Laplace equation. The conclusions are summarized in x3.5.

3.1 Basic assumptions

In a channel with smooth walls, the friction factor is f = f (Re) for laminar 
ow. As

Figure 3.1 shows for a channel with SHS, the independent variables areH , w, d, b, h,

� gas=� liquid , � gas=� liquid , _Qliquid , � , g, where H is the height of the channel,w is groove

width, d is the distance between the grooves,b is the groove depth, � r = � gas=� liquid

is the liquid/gas viscosity ratio, � liquid =� gas is the liquid/gas density ratio, _Qliquid is

the volume 
ow rate of the liquid, � is the surface tension of the gas-liquid interface,

g is the gravitational acceleration. Non-dimensionalization yields friction factor f =

84
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Figure 3.1: The channel geometry and groove con�guration. (a) Grooved channel with
meniscus interfaces (cases M7, M12 and M25). De�nition of the contact angle� in this
manuscript is shown on the right. (b) Fully wetted grooved channel (cases F7, F12 and
F25). (c) Grooved channel with 
at interfaces (cases I7, I12and I25).
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Case H=(w + d) � h=b (%) Bo(� 10� 4) We(� 10� 3)

Fully wetted
F7 1.88 1/4, 1/2, 3/4 n/a n/a n/a
F12 3.1875 1/4, 1/2, 3/4 n/a n/a n/a
F25 6.25 1/4, 1/2, 3/4 n/a n/a n/a

Flat interface
I7 1.88 1/4, 1/2, 3/4 28, 60, 90, 100 n/a n/a
I12 3.1875 1/4, 1/2, 3/4 28, 60, 90, 100 n/a n/a
I25 6.25 1/4, 1/2, 3/4 28, 60, 90, 100 n/a n/a

Meniscus
M7 1.88 1/2 n/a 2:22 5:56
M12 3.1875 1/2 n/a 2:22 5:56
M25 6.25 1/2 n/a 2:22 5:56

Table 3.1: Simulation parameters. Case number pre�xes `F',̀ I' and `M' represent fully
wetted, interface, and meniscus studies. The depth of the groove is �xed at b=(w + d) =
0:625. Re = 4� 10� 4.

f (Re; � r ; � liquid =� gas; w=(w + d); H=(w + d); h=b; b=H;We; Bo), where Re = � liquid U(w +

d)=� liquid , We = � liquid U2(w + d)=� , Bo = ( � liquid � � gas)g(w + d)2=� , U = Q=A. The

density and viscosity ratio are constants. The governing parameters for a channel with

SHS are the coverage ratio� = w=(w + d), and the channel aspect ratioH=(w + d).

Accounting for groove geometry and interface surface tension introduces the additional

parameters above. Di�erent models are simulated numerically to conduct a thorough

study of the factors that contribute to drag reduction. The simulation parameters are

listed in Table 3.1. Case number pre�xes `F', `I' and `M' represent fully wetted, interface,

and meniscus studies. The cross section con�guration is shown in Figure 3.1.

The simulations were performed at a constant liquid 
ow rate, which de�nes the

drag reduction as:

DR =
K no� slip � K SHS

K no� slip
; (3.1)

where K no� slip and K SHS are the body force applied to the no-slip/SHS channel re-

spectively. Periodic boundary conditions are imposed in the streamwise and spanwise

directions. The grid size is e.g. for F7Nx � Ny � Nz = 3 � 151� 161 for the channel part,

and Nx � Ny � Nz = 3 � 61 � 81 to resolve the groove. Grid convergence studies were

performed. Doubling the number of nodes inz and y for case F7 (� = 1=2), changed

the body force by only 0.02%. Similarly, for the VOF case involving a 
at or a meniscus
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interface, the grid size was re�ned until drag reduction di� erence was less than 1%.

3.2 VOF Validation - A controlled experiment

In this section, the VOF solver is validated with the analyti cal solutions in Busse et al.

[39] and the e�ect of gas 
ow assumption is evaluated by simulating the experiment

in Maynes et al. [40]. After liquid penetration is considered, VOF solver shows good

agreement with the experiment data.

3.2.1 Gas 
ow e�ect on interface shear

The e�ect of gas 
ow can be evaluated for canonical channel 
ow with liquid and gas

phases separated by a 
at interface (Figure 3.2). Two di�erent assumptions can be

made for the 
ow in the gas layer, as discussed in Busse et al. [39]. The �rst assumption

is same pressure gradient acts as in the liquid layer (realized in experiment [149] by

constant injection of gas). The second assumption is enforcing the mass 
ow rate of the

gas layer to be zero (realized in experiment by grooves with capped ends to entrap the

gas), which induced a reverse 
ow inside the gas layer. A third possibility that is zero

pressure gradient in the gas layer, i.e. the gas layer is driven by the outside liquid layer,

therefore acting as a Couette 
ow. And the analytical solutions for u(y) in both phases

are:

uliquid = �
y2

2
+

� r

2(� r + hr )
y +

hr

2(� r + hr )
; (3.2)

ugas =
1

2(� r + hr )
(y + hr ); (3.3)

where � r = � gas=� liquid , hr = h=H is the normalized height of the gas, and velocities

are normalized byKH 2=� liquid .

Simulations were performed for two limiting values of gas layer height ratio, hr =

h=H = 0 :026 and 0:33 with constant 
ow rate and the two di�erent gas 
ow assumpt ions.

The velocity pro�les of VOF simulation agree with the analyt ical solutions obtained

in Busse et al. [39] with the two gas layer conditions. Examining Figure 3.3(a) and
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Figure 3.2: Schematic diagram of a fully developed laminar channel with stable gas-
liquid interface. Flow direction is from left to right. H is height of the channel;h is the
height of the gas layer;K is the body force.

3.3(b), the main observable di�erence is the e�ect of gas 
ow on the interface. When

the gas layer is large, the gas layer assumptions show obvious di�erence, the pressure

gradient assumption produces a Poiseuille 
ow component tothe gas. However when the

layer is thin enough, the Couette 
ow assumption collapses with the pressure gradient

assumption, which suggests an approximate boundary condition to represent the gas-

liquid interface:
dugas

dy
�

ugas

h
; yielding

duliquid

dy
� � r

uliquid

hr
: (3.4)

This is accurate in a Couette type gas 
ow and also representative of a pressure driven

gas 
ow when the gas layer is thin. Note that one can rework Eqs. (2) and (3) in

Nizkaya et al. [33] and get the same expression.

Next, the experiment conducted in Maynes et al. [40] was simulated by VOF nu-

merically. In the experiment, the channel has varying groove widths on top and bottom

walls. The drag reduction is quanti�ed in terms of the Darcy f riction factor-Reynolds

number product fRe as a function of groove widths non-dimensionalized by the total

pitch length (sum of rib and cavity widths). A channel ( H = 7 :69; w + d = 4) 
ow

with grooves (b = 2 :5) on both walls was simulated by assuming three di�erent gas
ow

conditions: equal pressure gradient in both phases; zero volume 
ow rate inside the

groove; zero pressure gradient inside the groove. The gas was assumed to �ll the entire

groove and the interface was 
at. Inside the grooves, under di�erent gas 
ow conditions,

the gas is behaving di�erently showing in Figure 3.4. Similar with Figure 3.2, under

equal pressure gradient, gas 
ow produces a Poiseuille 
ow component, generating a
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Figure 3.3: Comparison of the velocity pro�les in a 
at channel with a gas layer thickness
ratio of (a) hr = 0 :33 and (b) hr = 0 :026. The viscosity ratio is � r = � gas=� liquid = 0 :02.
Symbols are the VOF simulations ( (# ) No gas layer, (2 ) equal pressure gradient in
both phases, (M) zero volume 
ow rate in gas layer). Solid line ( ) is for the analytical
solutions in Busse et al. [39]. Dashed line ( ) is the analytical solution in Eqs. (3.2)-
(3.3).

(a) (b) (c)

u=(K 0H 2=� liquid )

Figure 3.4: Vector plots inside the grooves of the same grooved channel� = 0 :5, H =
7:69; w + d = 4, b = 2 :5 with di�erent gas 
ow conditions. Backgrounds are contour
plots of streamwise velocity. (a) Equal pressure gradient in both phases. (b) Zero
pressure gradient inside the groove. (c) Zero volume 
ow rate inside the groove. The
vector length has been rescaled for plotting purpose.
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Figure 3.5: Comparison of f Re with varying groove fractions � ( (2 ) Experimental
results in Maynes et al. [40], for equal pressure gradient in both phases, for
zero volume 
ow rate inside the groove,� for zero pressure gradient inside the groove).

large slip velocity at the groove top. But in Figure 3.4(b) and (c), the magnitude of

the slip velocity generated by the gas 
ow is close, althougha reverse 
ow is produced

inside the groove when the volume 
ow rate of gas is enforced to be zero. Figure 3.5

shows the comparison of the Darcy friction factor-Reynoldsnumber product f Re deter-

mined from the expressionf Re = 2=�U, where �U is the average velocity normalized by

4KH 2. In Figure 3.5, equal pressure gradient in both phases yields the least amount

of drag, similar to what was observed for the canonical multiphase channel. Both the

zero pressure gradient and the zero volume 
ow rate cases arevery close but the lat-

ter still has higher drag. All three cases predict the same trend as experiments. The

recirculating gas 
ow is the closest; the levels however arelower than the experiments.

This behavior is similar to the trend observed by the cavity model of Maynes et al. [40].

They speculate that the di�erence is because change of streamwise pressure induces a

continuous change on the meniscus shape that eventually causes the liquid to penetrate

slightly into the groove, thus reducing the e�ective gas layer height.
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Figure 3.6: Comparison off Re with varying groove fractions � . (a) � Meniscus shape
of contact angle 150� (b) � Flat interface with 16% water penetration, for a fully
wetted groove. ((2 ) Experimental results by Maynes et al. [40],� � � for full gas pocket
�lling the groove.)

3.2.2 Liquid penetration e�ect

In order to quantify the e�ect of the meniscus penetration, in this section, a solid-

gas contact angle� = 150� (de�ned in Figure 3.1) is prescribed. The contact angle

is identical to the surface property reported in the experiment of Maynes et al. [40].

The obtained results are shown in Figure 3.6(a). It is clear that for the same gas 
ow

condition, the 
at interface underpredicts the friction, b ut when a meniscus shape is

introduced, the results match well with experiment. This implies that the meniscus

shape which draws liquid into the groove, has more appreciable e�ect on drag reduction

as compared to the gas 
ow condition.

To test this notion and to �nd a 
at interface representative of the liquid penetration,

three simulations with di�erent gas-liquid set-ups are tested: (i) 
at gas-liquid interface

with gas �lling the entire groove; (ii) 
at gas-liquid inter face with the liquid �lling 16%

of the groove; and (iii) liquid �lling the entire groove.

The 16% liquid penetration is selected so that the volume of the 
uid penetrating

into the groove is the same as applying a meniscus with a contact angle � = 150� . The

grooves are supposed to be capped at the end, i.e., zero 
ow rate is imposed inside

the grooves. Figure 3.6(b) shows the results obtained from the three cases. Case (i)
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underpredicts the drag. Case (ii) where the liquid penetrates 16% into the groove

matches with the experiment data whereas case (iii) with thegroove being fully wetted

overpredicts the drag. It can be concluded that the geometryby itself has an e�ect on

overall drag reduction, and liquid penetrating into the groove also a�ects the overall

drag.

3.3 Analytical solution

3.3.1 Model problem

The in
uence of liquid penetration observed in x3.2 leads us to derive an analytical

solution that accounts for its e�ect. Typically, the textur e size of SHS in turbulent

experiments in viscous units (w + d)+ = u� L=� < 5 [59]. When the groove is relative

small to the channel, the 
ow in the vicinity of the grooves can be treated as shear


ow. The shear-driven 
ow over longitudinal grooves with coupled gas-liquid interface

within the grooves can be solved analytically as follows. A corresponding solution for

fully wetted grooves solutions is obtained by Wang [42], which can be recovered from

the current solution using asymptotic analysis [113].

The model problem is illustrated in Figure 3.7. The 
ow is normal to the (y; z) plane,

and the streamwise velocityu is normalized by (L�=� ). All lengths are normalized by

L , where L is half of the period of the grooves. a = � = w=(2L) is half-width of the

groove. g is the depth of the gas pocket inside the groove.f + g is the depth of the

groove. The governing equation is the Laplace equation:

@2u
@y2

+
@2u
@z2

= 0 : (3.5)

The domain is divided into three rectangular regions. The velocity is zero at all solid

walls and at in�nite height @u(1 ;z)
@y = 1. At the gas-liquid interface (between Region I
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Figure 3.7: The model problem and de�nitions of the geometric variables. Region I and
III are inside the groove �lled with liquid and gas respectively. Region II is outside the
groove, �lled with liquid.

and Region III), the shear stress and velocity are matched:

uI (� f; z ) = uIII (� f; z ); (3.6)

� liquid
@uI (� f; z )

@y
= � gas

@uIII (� f; z )
@y

: (3.7)

At the gas-liquid interface, we apply the approximate gas-liquid boundary condition:

@uI (� f; z )
@y

= � r
@uIII (� f; z )

@y
= � r

us(z)
g

; (3.8)

from Eq. (3.4), which is valid when the 
ow inside the groovesis a Couette type 
ow or

when the depth of the groove is small compared with the outside channel height so that

the velocity gradient can be obtained from linear approximation. For further details

into the derivation and solution obtained, the reader is invited to consult [113].
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Figure 3.8: Drag reduction comparison. The open symbols represent the DNS result;
the solid symbols are predicted by the analytical solution from Eq. (3.11). The black
dots are VOF simulations results. (a) Coverage ratio � = 0 :25. (b) � = 0 :5. (c)
� = 0 :25. (2 ), case I7; (4 ), case I12; (3 ), case I25.
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Figure 3.9: E�ective slip lengths comparison. The open symbols stand for the DNS
result; the solid colored ones are from the analytical solution of Eq. (3.15); the black
dots are VOF simulations results; the purple symbols are predicted by equations of
e�ective slip obtained in Li et al. [113]. (2 ), case I7; (4 ), case I12; (3 ), case I25.
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Figure 3.10: E�ective slip velocities comparison. The opensymbols stand for the DNS
result; the solid ones are from the analytical solution derived in this manuscript. The
black dots are VOF simulations results. (2 ), case I7; (4 ), case I12; (3 ), case I25.

3.3.2 Results

The drag reduction originally predicted in Philip [14] is based on constant pressure drop:

DRZS;CPD =
Qno� slip � QSHS

Qno� slip
= 3

�
1 �

B1

B

�
; (3.9)

where B1 = K (k1 )
K 0(k1 )

2H
w , B = w+ d

w . For a constant 
ow rate, the drag reduction is de�ned

by Eq. (3.1) and the theoretical solution by Philip [14] can be converted to:

DRZS;CFR =
3(B � B1)
4B � 3B1

; (3.10)

where the subscripts `CPD' and `CFR' denote constant pressure drop and constant 
ow

rate respectively. Using the partial slip concept expressed in Eq. (3.4), with the B0

derived in the previous section, the DR in a channel 
ow with grooved wall in one side

can be solved analytically:

DR =
3�

4� + 1
(3.11)

where � = B0(w + d)=(2H ). Figure 3.8 compares the analytical drag reductions pre-

dicted by Eq. (3.11) and DNS results of cases F7-F25 and I7-I25 in Table. 3.1 with the

approximate boundary condition given by Eq. (3.4). The modeled simulations agree
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with multiphase VOF simulations. Also, it shows good agreement between the analyt-

ical solution and the DNS results for cases F12, F25, I12 and I25, whose size of the

texture is relatively small compared to the channel height,consistent with the assump-

tion. For case I7, The deviation is large when� = 0 :75 or when the channel height is

comparable to the groove.

The e�ective slip length be� for a pipe 
ow with periodic no-slip/no-shear slots was

derived in Lauga and Stone [15] using bulk quantities such as
ow rate and pressure

drop. For a plane channel 
ow, we obtain:

be� = �
12QH

W � 1

12QH
W � 4

; (3.12)

where all lengths are normalized by the channel heightH , the velocities are normalized

by KH 2=� , and Q is the non-dimensionalized volume 
ow rate.

Using the expression forQ in Philip [13], Eq. (3.12) yields the zero-shear model

e�ective slip length:

be� � ZS =
B
B1

� 1: (3.13)

From Eq. (3.10):

DRZS;CFR =
3be� � ZS

4be� � ZS + 1
: (3.14)

Note that the drag reduction of a CPD case can be written as: DRZS;CPD = 3[1 �

1=(1 + be� � ZS)]. In Choi and Kim [12], the drag reduction in a Couette 
ow be tween

two surfaces of distanceh with a slip length � on one surface has a similar form: DR =

1 � 1=(1 + �=h ), where �=h can be seen as the e�ective slip length in a Couette 
ow.

Comparing to Eq. (3.14), we observe that

be� = �: (3.15)

In the same manner as the de�nition of the e�ective slip length, the e�ective slip
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� r VOF Analytical solution
1=2:7 10:46% 9:50%

30 0:91% 0:35%

Table 3.2: Drag reduction of Case I7 with liquid-infused groove simulated with VOF
and the analytical prediction by Eq. (3.11).

velocity ue� can be de�ned as:

ue� =
2QH

W
�

1
6

: (3.16)

And the analytical solution of the e�ective slip velocity for zero-shear model is:

ue� � ZS =
1
2

�
1 �

B1

B

�
: (3.17)

Written in terms of the analytical solution obtained, the e� ective slip velocity is:

ue� =
�

2(� + 1)
: (3.18)

Figure 3.8 and Figure 3.9 compare the DNS results with Eq. (3.11) and Eq. (3.15)

and VOF simulations respectively. Similar to the plots of drag reduction, the solution

performs best when the size of the groove is small compared tothe channel.

3.3.3 Extension to liquid-infused surface

The analytical solution can be extended for liquid-infusedsurface. Assuming two of

the viscosity ratios in the experiment of Rosenberg et al. [48], � r = 1=2:7 and 30, and

the geometric parameters of case I7 with the grooves �lled with a second type 
uid.

The drag reduction of VOF simulations and the prediction of Eq. (3.11) are listed in

Table. 3.3.3.
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Figure 3.11: Comparison off Re with varying groove fractions � . (� ) analytical solution
with 16% liquid penetration; ( 2 ) experimental results by Maynes et al. [40];� VOF
simulation of 
at interface with 16% liquid penetration.

3.3.4 A �rst-order approximation using analytical solutio n

In Maynes et al. [40], the relation between the e�ective slip length and the friction

factor-Reynolds number product is:

be� = 2
�

8
f Re

�
1
12

�
: (3.19)

In this section, the analytical solution is examined with the experimental data in Maynes

et al. [40] by estimating a 16% liquid penetration and the interface being 
at. Figure 3.11

shows that the analytical solution agrees with experiment data, especially when the cov-

erage ratio is small. However, this approximation using thegas/liquid fraction inside

the groove is strictly valid only when the channel height is large relative to the penetra-

tion; or when the contact angle is low so that the interface can be assumed to be 
at.
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3.4 A note on interface curvature

3.4.1 Predicting meniscus shape

Interface curvature can be modeled using the Young{Laplaceequation:

� p = � r � n; (3.20)

where � p is the pressure di�erence across the interface,� is the gas-liquid surface

tension, andn is the local normal. Assuming � p to be constant along the interface, the

interface shape for a groove:

Fzz = � (1 + F 2
z )3=2; (3.21)

where � = � p=� . A 3D expression is given in Emami et al. [21]. Integrating Eq. (3.21)

twice with the boundary conditions F (� w
2 ) = 0 ; Fz(0) = 0, yields the interface shape:

F (z) = �

p
1 � � 2z2

�
+

p
1 � � 2w2=4

�
: (3.22)

Figure 3.12(b) shows the interface shapes for varying pressure di�erence. As the

pressure di�erence increases, the interface penetrates towards the bottom of the groove

and contact angle increases. VOF simulations of the same con�guration were performed

and compared to the results of the Young{Laplace equation; good agreement was ob-

served (Figure 3.12(c)).

3.4.2 Wetting - failure

The slope of the interface is

� = Fz = tan ( � � �= 2); (3.23)

therefore

� = �
�

(w=2)
p

1 + � 2
= �

2 cos�
w

; (3.24)
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Figure 3.12: (a) Schematic diagram of the meniscus interface. (b) The shape of the
gas-liquid interface changes with increasing pressure di�erence. From top to bottom:
� p = 500; 1000; 2000; 5000; 7200Pa, from top to bottom. Unit: 10� m (c) Contact angle
� vs � p. The solid line represents the analytical solution. The symbols are VOF results.
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� p 6 � 2� cos�= [(w + d)� ]; (3.25)

which is the similar to pressure force balance (�p 6 � 2� cos�= [(w + d)� ]) from Lee

et al. [54] when� g � � = w=(w + d).

A critical pressure di�erence � pcr can be de�ned as the pressure di�erence across

the meniscus when contact angle� = � , provided that the groove is deep enough so that

the interface does not touch the bottom �rst. The slope of the interface at z = w=2,

lim
� !�1

� = �
2 cos(� )

w
=

2
w

: (3.26)

The critical pressure di�erence which quanti�es failure due to wetting on the sides is:

� pcr =
2�
w

: (3.27)

In this chapter, for case F7 with � = 0 :5, � = 7 :2e� 2N=m for water at 20� C, � pcr =

7:2kPa.

3.4.3 Results

Simulations are performed to study the e�ect of the interface curvature in the grooved

channel using both the VOF method, and DNS of the liquid region alone, modeling

the curved interface using Eq. (3.21). The modeled simulations used the approximate

boundary condition Eq. (3.4) at the curved interface, whoseheight varies across the

span of the groove. Figure 3.13 shows the variation in drag reduction with respect

to contact angle � and pressure di�erence � p. Good agreement is observed between

the VOF calculations and the calculations with the approximate boundary condition.

Intriguingly, drag reduction initially increases with inc reasing � p and � following which

it decreases. Such a trend is also observed by others [34, 44,47]. This behavior is due

to the competing e�ects of interface area and height of the interface from the no-slip

wall. The large reductions in drag obtained for � p < 5kPa results from the increase

in the surface area over which larger slip velocities occur.For larger � p, the interface
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Figure 3.13: Variation of drag reduction with contact angle � and pressure di�erence � p.
(Open symbols are approximate boundary conditions with meniscus shape simulations;
solid symbols are VOF simulations).

approaches the bottom of the groove where the gas layer is thin, which results in the

slip velocity decreasing and therefore the total shear-stress is greater on the interface

than that on an interface with lower � p.

3.5 Summary

Multiphase, feature-resolved simulations have been performed to study the factors that

contribute to the drag reduction e�ect of SHS: interface shear rate and the shape of the

gas-liquid interface. First, VOF simulation results con�r med that the gas 
ow behavior

inside the groove has an e�ect on drag reduction but the liquid penetration into the

grooves is more signi�cant. Next, an analytical solution of the shear 
ow over longi-

tudinal grooves with coupled gas-liquid interface has beenderived and validated with

simulations using approximate gas-liquid boundary condition and VOF simulations. A

scaling law of the drag reduction with respect to e�ective slip length has been obtained

from the analytical solution. The solution can also be extended to liquid-infused sur-

faces. Consider for example two of the liquid conditions in the experiment of Rosenberg
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et al. [48], � r = 1=2:7 and 30, and the geometric parameters of case I7 with the grooves

�lled with a second 
uid the analytical solutions predict th e drag reduction to be 9:50%

and 0:35% respectively. Lastly, the shape of the interface has been examined by pre-

scribing the location of the interface with the Young{Laplace equation and applying

the approximate boundary condition. A series of physicallyrepresentative meniscal in-

terfaces which provided spanwise varying gas height in the groove have been simulated.

For the meniscal cases, the drag reduction does not behave monotonically but peaks at

certain meniscal interface and then drops dramatically. This result can be explained as

a compromise between the gas-liquid contact area and the shear stress on the gas-liquid

interface. When liquid penetrates into the groove, the interface area increases but the

local gas is depressed, which increases the shear stress on the interface. This behavior

is also con�rmed by VOF simulations.



Chapter 4

Turbulent Drag Reduction Over

Realistic Roughness

This chapter is organised as follows:x4.1 describes simulation details including the nu-

merical method, parameters and problem formulation. Results are described inx4.2

which include 
ow visualisations, steady and mean 
ow �eld p roperties and drag reduc-

tion in laminar Couette 
ow. The mean 
ow statistics, scalin g laws and 
ow structure

are also presented for turbulent 
ow. Finally, the work is summarised in x4.3.

4.1 Simulation details

4.1.1 Surface generation

The roughness used in the present work is obtained from a realsurface manufactured

at UT Dallas (courtesy Professor Wonjae Choi), with a three-dimensional (3D) surface

pro�le measurement using a 20X objective lens obtained fromMIT (courtesy Professor

Gareth McKinley). The sample is aluminum 6061 sandblasted using 150 grit, etched

for 25 seconds, boehmetized for 30 minutes and hydrophobised using Ultra Ever Dry

top coat in isopropanol. Figure 4.1 provides an illustration of the scanned surface data

colored with height. The surface statistics and power spectral density (PSD) of the

surface height are provided in Appendix A.4.

104
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Figure 4.1: Illustration of the real rough surface. The contour legend describes the
height of the surface pro�le.

We begin with a pre-processing step by reading the scanned surface data. The

number of pixels in the scan width and height are stored as thenumber of nodes in the

streamwise and spanwise directions respectively. The values of the roughness height and

spatial location are then interpolated to cell centers given our domain of choice. The cell

center values are then written to a new �le with a structured data format. Any obstacle

cell which shares an edge with a 
uid cell is tagged as a boundary cell. Boundary cells

can either be an edge cell (if the boundary cell borders exactly one 
uid cell) or a corner

cell (if the boundary cell shares a corner with two or more 
uid cells). The discretised

surface is checked with the original data and the errors in the surface statistics are

presented in Table A.3 and Appendix A.4. The momentum equations are solved inside

the 
uid domain while the pressure is solved everywhere. Theweighted average applied

at the corner cells does not a�ect the pressure equation since we use collocated grids

where the face-normal velocities are set to zero at the boundaries independent of the

cell center value. This ensures a proper pressure jump recovery at the obstacle walls

where the values inside the obstacle domain do not a�ect the pressure values in the 
uid

domain.
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Figure 4.2: Illustration of the computational domain for th e laminar Couette simulation,
roughness and the instantaneous velocity �eld

4.1.2 Problem description

Simulations are performed for two canonical problems: (i) laminar Couette 
ow and

(ii) turbulent channel 
ow, where the surface described in x4.1.1 is used as the bottom

wall. In the experiments performed by Ling et al. [71], the tunnel pressure (which

controls the interface location) is increased which compresses the air layer into the

SHS and in turn expose more asperities, thereby reducing theextent of drag reduction.

The objective is to model this e�ect over an idealized 
at int erface numerically by

progressively increasing the heighth and measuring 
ow properties for each interface

location in di�erent 
ow regimes. The maximum interface hei ght is non-physical in a

realistic scenario, but it serves the purpose of providing the largest amount of slip that

is theoretically achievable. It also helps describe the trend between limiting cases. The

problem description is given in the following sections.

Laminar Couette

The height H of the top wall was chosen such that the root-mean-square (RMS) rough-

ness heightSq is around 2% ofH . The original surface is scaled to achieve the roughness

height ratios described above. The reference system is chosen such that the origin co-

incides with the arithmetic mean elevation of the roughness. The schematic diagram

shown in Figure 4.2 illustrates the 
ow domain. No-slip boundary conditions are pre-

scribed on the bottom surface and a constant velocityU1 in the streamwisex-direction

is prescribed at the top wall. The streamwise (x) and spanwise (z) directions are peri-

odic; a non-uniform grid is used in the wall-normal (y) direction with clustering in the

rough wall region. The interface location was varied from the maximum valley depth
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Case h L x L y L z Nx � Ny � Nz � ymin � ymax

1-18 Sv - Sp 8H H 6H 341� 128� 256 0:006 0:05
L-S - 8H H 6H 341� 128� 256 0:006 0:05

L-RFW Sv 8H H 6H 341� 128� 256 0:006 0:05
L-RI1 0 8H H 6H 341� 128� 256 0:006 0:05
L-RI2 Sq 8H H 6H 341� 128� 256 0:006 0:05
L-RI3 Sp 8H H 6H 341� 128� 256 0:006 0:05

Table 4.1: Case names, interface location, domain extents and grid resolution for the
laminar Couette 
ow problem. L denotes the laminar cases. S and R denote a smooth
and rough wall respectively. Fully wetted roughness is denoted by FW. I1, I2 and I3
represent the interface height at three locations: 0,Sq and Sp respectively.

Sv all the way up to the maximum peak height of the roughnessSp over 18 increments.

Table 4.1 gives the grid details. The Reynolds numberRe = U1 H=� = 740, where U1

and H are taken to be unity and the liquid phase being the referencematerial property.

A smooth planar Couette 
ow (Case L-S) is used as a baseline such that the reference

shear stress� o = �U 1 =H = � w , where � w is the reference viscosity in the water phase.

First, a fully wetted case (L-RFW) is simulated to baseline the e�ect of roughness on

drag when compared to the smooth wall. Case L-RI1 denotesh = 0, Case L-RI2 denotes

h = Sq and Case L-RI3 denotesh = Sp. The viscosity ratio � r = � a=� w = 1=50 is used

to represent an air{water interface. The change in shear stress due to the roughness

and h is used to compute the drag reduction de�ned using the following relation:

DR (%) =
(� o � � )

� o
� 100: (4.1)

Turbulent channel

A schematic diagram describing the turbulent channel domain is given in Figure 4.3.

No-slip boundary conditions are applied on both the top smooth wall and the bottom

rough wall with periodicity in the streamwise (x) and spanwise (z) directions: non-

uniform grids are used in the wall-normal (y) direction where the grid is clustered near

the rough wall region. The grid details are given in Table 4.2. A constant body force in

the liquid phase is applied such that the friction Reynolds number is Re� = u� �=� = 180
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Case h L x L y L z Nx � Ny � Nz � y+
min � y+

max
T-S - 2�� 2:08� �� 341� 128� 207 1:8 6:12

T-RFW Sv 2�� 2:08� �� 448� 256� 271 0:42 2:4
T-RI1 0 2�� 2:08� �� 448� 256� 271 0:42 2:4
T-RI2 Sq 2�� 2:08� �� 448� 256� 271 0:42 2:4
T-RI3 Sp 2�� 2:08� �� 448� 256� 271 0:42 2:4

Table 4.2: Case names, interface location, domain extents and the grid resolution in
wall units for the turbulent channel 
ow problem. T denotes t he turbulent cases. S
and R denote a smooth and rough wall respectively. Fully wetted roughness is denoted
by FW. I1, I2 and I3 represent the interface height at three locations: 0, Sq and Sp

respectively.

where u� is the wall friction velocity, � = ( L y � yo)=2 the channel half-height andyo

the reference bottom plane. Four cases were considered: (i)fully wetted rough channel

for Case T-RFW, (ii) and (iii) two-phase rough channel with h = 0 for Case T-RI1 and

h = Sq for Case T-RI2 respectively, and (iv) h = Sp for Case T-RI3. The reference

plane yo is taken to be the arithmetic mean elevation of the roughnessfor Case T-RFW,

and the location of the interface for Cases T-RI1, T-RI2 and T-RI3. The viscosity ratio

is that of an air{water interface given by � r = � a=� w = 1=50. The solver was validated

(not shown here) for the 
at smooth channel [150]. The original surface is scaled such

that S+
q � 1:6. The original surface scan was not large enough to cover thebottom

wall after scaling, and the roughness patch had to be tiled inrandom orientations to

minimize any directional bias and create a larger area. The required domain extents

were then extracted from the tiled surface as shown in Figure4.4(a). The computational

domain required after scaling was twice as long in the streamwise (x) direction and 35%

longer in the spanwise (z) direction. The ratio of L x to L z is 4 : 3 in the laminar Couette

case compared to the 2 : 1 ratio of the turbulent channel case.In order to ensure this

does not a�ect the roughness height distribution, a probability density function (p.d.f)

distribution is plotted for both cases in Figure 4.4(b) and is compared to a Gaussian

distribution. No appreciable di�erence is observed between the two cases. The p.d.f

distribution is negatively skewed when compared to a Gaussian which is also calculated

in the surface statistics presented in Table A.2 of AppendixA.4.
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Figure 4.3: Illustration of the computational domain for th e turbulent channel 
ow,
interface location embedded within the roughness and the instantaneous velocity �eld.
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Figure 4.4: (a) Turbulent channel domain extent (dashed line) and the tiled surface
at di�erent orientations with their physical boundaries (s olid red) not drawn to scale.
(b) The probability density function (PDF) distribution of the real surface height for
the laminar Couette (red dash dot) and turbulent channel (blue dashed) compared to
a Gaussian (black solid line) of the same root-mean-square height.
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For the sake of brevity, the streamwise mean velocity is denoted by U where the

overline (denoting temporal averaging) and angle brackets(denoting spatial averaging)

are dropped e.g.

U(y) = hUi = (1 =LxL z)
Z L x

0

Z L z

0
udxdz: (4.2)

The bulk velocity is de�ned as follows:

Ub = (1 =Ly)
Z L y

yo

U(y)dy: (4.3)

Similarly, the Reynolds stresses are denoted byu0
i u

0
j dropping the angle brackets and

overline. Given that the channel is under a constant pressure gradient, at a statistically

stationary state, the average friction wall velocity is given by u� = ( �K 1)1=2 and the

average shear stress by� w = �K 1. It also holds that � w = ( � T
w + � B

w )=2 where� T
w is the

top wall shear stress and� B
w the bottom wall shear stress. The top wall is 
at therefore

� T
w is calculated directly by averaging� (@U=@y)y= L y =2 and � B

w is calculated indirectly to

avoid averaging over the masks using� B
w = 2 � w � � T

w . The bottom wall friction velocity

is then calculated usinguB
� = ( � B

w )1=2. Results are plotted against the channel height in

wall units y+ = u� y=� . If the bottom wall friction velocity is used as a reference,then

a distinction is made explicitly. For example y+ (uB
� ) denotes the channel height in wall

units based on the bottom wall friction velocity.

Two simulations were performed at di�erent resolutions to quantify the e�ect of grid

size. The re�ned grid is s 3:5 as �ne as the previous grid. Case T-RI2 was used as a

baseline for the grid re�nement comparison. No appreciabledi�erence (less than 1%)

in the mean velocity pro�les, bulk velocity and Reynolds stresses is observed in Figure

4.5. The slip velocity increased by 3:76% and the bottom wall shear stress� B
w decreased

by 2:3%. We report results from the �ner grid in this chapter.
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Figure 4.5: Grid re�nement comparison between (a) mean velocity pro�les and (b) the
Reynolds stresses. Black solid lines represent the �ne gridand symbols the coarse grid.

4.2 Results

4.2.1 Laminar Couette 
ow

Steady-state 
ow �eld

Initially, the fully wetted Case L-RFW is considered. Figur e 4.6 shows the 
ow �eld

after it is fully developed. The wall-normal velocity (Figu re 4.6a) and the vorticity

magnitude along with surface pressure (Figure 4.6b) are shown. A wall-normal velocity

component into the 
ow is induced due to the surface asperities. Additional vorticity is

generated due to the surface roughness, and large variations of pressure on the surface

are evident due to the presence of peaks and valleys. The penetration e�ect of the

surface roughness is illustrated in Figure 4.7, where the percent change in instantaneous

streamwise velocity (u(y) � uo(y))=uo(y) is shown for the fully wetted rough case (Case

L-RFW) compared to the smooth channel case (Case L-S) at fourwall-parallel planes

varying from y = 0 :02H to y = 0 :4H . The baseline streamwise velocityuo(y) represents

Case L-S andu(y) represents Case L-RFW. Notice that it is not until the locat ion y =

0:4H that the change in velocity is less than 1% suggesting that the surface roughness

e�ects can penetrate up to that distance.
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Figure 4.6: Laminar Couette 
ow (Case L-RFW) with (a) Wall-n ormal velocity contours
normalized by the maximum wall-normal velocity vmax and (b) vorticity magnitude line
contours normalized by the maximum vorticity ! max with surface pressure (normalized
by pmax ) on the roughness for the range shown in the color bar.

Mean 
ow �eld properties

Simulations are performed for each of the interface heightsh varying from Sv to Sp.

DR is shown for all the interface heights in Figure 4.8. The increase inDR is not

linear when h is varied from Sv to Sp. Note that the fully wetted case has negative

DR indicating that the absence of the interface has increased drag due the exposed

asperities. The presence of the interface produces nearly the same drag reduction for

h=Sq � � 0:32 which we will refer to as regionI . This suggests that the value ofDR is

insensitive to h in region I . This holds in general for any surface with negative skewness

(Ssk = � 0:32) since that region I holds most of the valleys. Figure 4.9 shows a 2-D

slice of the surface roughness; note that the valleys dominate over the peaks about

the reference line. As the interface �lls up more of the cavities, the slip area becomes

signi�cant enough to cause drag reduction. In regionII , for � 0:32 < h=Sq < 2:15, the

increase in drag reduction is rapid since the increase in interface height exposes fewer

asperities to the outer 
ow. The slip is enhanced due to a muchlarger area of air{water

interface. In region III beyondh=Sq � 2:15, DR hits a plateau and becomes insensitive

to the interface height since it covers most of the asperities. DR is therefore sensitive
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(a) (b)

(c) (d)

Figure 4.7: Percent change in the streamwise velocity �eld for the fully wetted laminar
Couette 
ow (Case L-RFW) compared to the baseline smooth wall (Case L-S) at wall
parallel planes: (a) 0:02H , (b) 0:08H , (c) 0:16H and (d) 0:40H from the bottom surface.
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Figure 4.8: Laminar Couette 
ow: drag reduction as a function of interface height
normalized by the RMS roughness heightSq.
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Figure 4.9: A 2-D slice of the surface roughness (solid blue line) to highlight negative
skewness about the reference line (dashed red line).
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Figure 4.10: Mean streamwise velocityu as a function of the wall-normal distancey,
where u and h are normalized with U1 and H respectively.
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Figure 4.11: Gas fraction � g as a function of interface height h normalized with the
RMS roughness heightSq. The red symbols represent the data and the solid blue line
represents the non-linear �t.
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Figure 4.13: E�ective slip length bef f normalized with the channel heightH as a function
of (a) the gas fraction � g and (b) the square root of gas fraction area� g. In (a), the
solid black line is for longitudinal grooves, solid dashed line for transverse grooves, thick
solid blue line for post geometry and symbols for the random roughness. In (b), the
solid blue line is the power-law �t and the symbols representthe random roughness.
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to h in the vicinity of mean roughnessSq. It is therefore evident from Figure 4.8 that

we can classify the interface cases into three distinct regions:

Region =

8
>>>><

>>>>:

I; if h=Sq � � 0:32;

II; if � 0:32 < h=Sq < 2:15;

III; if h=Sq � 2:15:

(4.4)

One can extract a representative case from each of the three regions shown above.

The baseline smooth wall is denoted as Case L-S, the fully wetted case in regionI is

denoted as Case L-RFW, the interface at the mean elevation height of the roughness

h = 0 denoted by Case L-RI1, the interface at h = Sq in region II is represented by

Case L-RI2 and the interface at h = Sp in region III is represented by Case L-RI3.

The velocity pro�les are extracted and compared in Figure 4.10. Case L-RFW exhibits

an increase in velocity gradient when compared to Case L-S indicating an increase in

drag. Once the interface is introduced, the e�ect is reversed and the velocity gradient

decreases for Cases L-RI1, L-RI2 and L-RI3. The e�ect is morepronounced in Case

L-RI3 since it corresponds to the interface being at the highest peak where most of the

asperities are covered and the largest slip e�ect is achieved.

The increase in interface height reduces the amount of roughsurface area exposed

to the 
ow. As a result, the 
ow is subjected to an increase in slip area. The asperities

exposed to the outer 
ow can be represented by a solid fraction � s, which is found

by calculating the area of the rough surface above the interface normalized by the

projected area of the bottom wall. It is evident that there exists a relationship between

the interface height h and gas fraction � g de�ned by � g = 1 � � s. This is useful since

� g is not known a priori and h is prescribed as an initial condition. A simple nonlinear

�t relates � g to h=Sq of the form of c[1 + tanh( ax + b)] and is described by the following

equation:

� g = 0 :5
�
1 + tanh

�
0:95

h
Sq

� 0:875
��

: (4.5)

This equation can be applied to any general rough surface: the coe�cients do change
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for di�erent surfaces, but the overall �t is general since any surface roughness can be

represented by a bearing area curve (BAC). RegionI represents the index of the deepest

valleys where the interface is retained, regionII represents the core interface retention

index where the maximum amount of air is trapped within the cavities, and region III

the upper zone index related to the largest asperities that contribute to drag. Figure

4.11 shows a comparison between the actual data and Eq. (4.5)for � g as a function of

h=Sq. The negative skewnessSsk = � 0:32 coincides with the transition between regions

I and II .

Alternatively, DR can be represented as a function of slip area instead of interface

height by using � g as shown in Figure 4.12. Based on the de�nition ofDR in (4.1), it

can be shown thatDR is related to the slip length bef f by the following equation:

DR =
1

1 + H
bef f

; (4.6)

therefore,
bef f

H
=

DR
1 � DR

: (4.7)

Philip [13, 14] obtained an analytic solution for the normalized slip lengthsbef f =H

for periodic grooves oriented parallel and perpendicular to the 
ow respectively:

bef f

H
= �

1
�

log
�

cos
�

�
2

� g

��
; (4.8)

bef f

H
= �

1
2�

log
�

cos
�

�
2

� g

��
: (4.9)

Ybert et al. [22] showed that for a post geometry,bef f scales with the solid fraction as

bef f

H
�

�
p

� s
; (4.10)

where� is a prefactor that depends on the geometry. Davis and Lauga [151] were able to

use superposition of point sources, where the in�nite series is interpreted as a Riemann

sum to obtain an analytical solution that agrees with Ybert et al. [22] in the asymptotic
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limit of small surface coverage. A linear regression is performed on the numerically

obtained data using the scaling given by eq.(4.10) to obtainthe following expression:

bef f

H
=

0:19
p

� s
� 0:175: (4.11)

Figure 4.13(a) shows a comparison between the di�erent solutions obtained for the

longitudinal and transverse grooves and posts to that of random roughness. The solution

for post geometry best approximates the data for a random rough geometry for� g < 0:85

but starts to diverge as gas fraction increases. In the limitof large � g, the transverse

groove solution captures the slip e�ect in random roughnessmore accurately. We present

a power-law �t to the current data to obtain an expression for bef f as a function of � g:

bef f

H

�
�
�
�
� g > 0

= 0 :5 (� g)5=2 + 0 :02: (4.12)

This formula provides a simple expression for slip length over the rough surface given

the amount of gas fraction present when� g > 0 and is shown in Figure 4.13(b). The

fully wetted roughnessbef f remains an outlier.

4.2.2 Turbulent channel 
ow

Mean velocity pro�les

Mean velocity pro�les and Reynolds stresses are computed for �ve cases (T-S, T-RFW,

T-RI1, T-RI2 and T-RI3). Figure 4.14( a) shows the mean velocity pro�le U normalized

by the average friction velocity u� of each corresponding case, as a function of the wall-

normal distancey normalized by the channel half-height� = L y=2. The smooth channel

(Case T-S) is also shown for reference. The presence of roughness (Case T-RFW) causes

a small slip e�ect: it shows an insigni�cant decrease of 0:6% in peak value ofU=u� and

about a 3 % shift in its centerline location away from the rough wall. The presence of an

interface (Case T-RI1) shows a further increase in slip, a slight increase in the centerline

peak value ofU=u� and a 1% shift in its location towards the SHS wall. The presence

of an interface for Case T-RI1 adds just enough slip to o�set the e�ect of roughness.
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Figure 4.14: Mean pro�le of (a) velocity normalized with the average friction velocity
u� as a function of wall-normal distance normalized by the channel half-height � and
(b) close-up near the wall region of the velocity normalizedby the bottom wall friction
velocity uB

� as a function of wall-normal distancey+ (uB
� ). Symbols for each case are:

Case T-S (2 ), Case T-RFW (M), Case T-RI1 (# ), Case T-RI2 (3 ), Case T-RI3(O).
The symbols are not representative of the grid resolution.
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Figure 4.15: Semi-log plot of the mean pro�le for (a) velocity normalized with the
bottom wall friction velocity uB

� of each respective case and (b) velocity shifted by the
corresponding slip velocity all normalized by the bottom wall friction velocity uB

� as a
function of the wall-normal distance y+ (uB

� ). Symbols for each case are: Case T-S (2 ),
Case T-RFW (M), Case T-RI1 (# ), Case T-RI2 (3 ), Case T-RI3(O). The symbols are
not representative of the grid resolution.
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The slip e�ect is more pronounced for Case T-RI2 and is largest for Case T-RI3 when

the interface location covers all the roughness. The mean peak velocity U=u� increases

and the mean pro�le shifts towards the SHS wall by 5% and 6% forCases T-RI2 and

T-RI3 respectively when compared to Case T-S.

Figure 4.14(b) shows a close-up view near the SHS wall of the mean velocity pro�le

U normalized by the bottom wall friction velocity uB
� as a function of the wall-normal

distancey+ (uB
� ). The scaling with uB

� describes a more accurate picture in terms of slip

and drag reduction. Case T-RFW shows a slip velocity at the wall due to the presence

of roughness. The mean velocity pro�le is 5:8% lower than the baseline case in the

viscous wall region (y+ < 50), indicating an overall increase in drag. This e�ect is not

apparent when the mean velocity pro�le is scaled with the averageu� . Case T-RI1 sees a

further increase in slip at the wall due to the presence of an interface: the mean velocity

pro�le is around 14% higher within the viscous sublayer and extends into the bu�er

layer where the two velocity pro�les of Case T-S and Case T-RI1 intersect at y+ s 22.

Cases T-RI2 and T-RI3 exhibit the largest slip at the wall: the two pro�les intersect

at y+ s 28. The intersection of the velocity pro�les is due to asymmetry caused by

the slip e�ect which shifts the pro�le towards the SHS. This t rend has been observed in

Martell et al. [24, 66] for longitudinal grooves and post geometries. In terms of scaling

laws, the law of the wall u+ = y+ + c still holds (c is the constant shift that represents

the normalized slip velocity), with the exception of Case T-RFW and Case T-RI3. Case

T-RFW shows a deviation from the law of the wall at y+ < 3, where the Reynolds stress

is negligible compared to the viscous stress, but follows itfor 3 < y + < 10. This implies

that shifting the pro�le by the normalized slip velocity u+
s will cause the pro�le to move

further below the baseline case. This behavior in the pro�lefor the fully wetted case

has been demonstrated in the literature [152]. Case T-RI3 shows a complete deviation

from the law of the wall due to the large amount of slip which modi�es the slope of the

velocity pro�le such that u+ = �y + + C where � < 1.

A semi-log plot is shown in Figure 4.15(a) where unlike Figure 4.14(a), the mean

velocity pro�le U is normalized with the bottom wall friction velocity uB
� . The slip

e�ect is more pronounced in the near-wall region and the di�erence in peaks are more
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apparent. The mean velocity pro�le of Case T-RFW shows a positive slip e�ect as

mentioned earlier: the mean velocity pro�le is lower than Case T-S over all regions

ranging from the viscous sublayer through the log law. The roughness reduces the

overall mass 
ux indicating an increase in drag. The pro�le shifts down and away from

the wall by roughly 6% from the centerline location of the baseline. The peak velocity

at the centerline is lower than Case T-S by 2%. Case T-RI1 shows a further increase

in slip and the velocity pro�le is shifted further up indicat ing a drag reduction. The

presence of an interface at that speci�c height is not enoughto overcome the e�ect of

roughness. This is evident from the velocity pro�le which is still 1% below the baseline

case. The pro�le shifts back towards the SHS by around 2% fromthe centerline location

of Case T-RFW. The near-wall slip seems to a�ect the velocitypro�le only within the

viscous wall region for Cases T-RFW and T-RI1 when compared to Case T-S; however

the log law region shows a collapse in the data where the di�erence is within 2%-3%.

Cases T-RI2 and T-RI3 show a large increase in slip near the wall with Case T-RI3

having the largest slip given that the roughness is fully covered by an interface. The

peaks for those cases are 8% and 10% higher than Case T-S respectively. The pro�les

for both Cases T-RI2 and T-RI3 shift closer to the SHS wall such that their centerlines

are 8:75% and 11% away from Case T-S respectively. Overall, the largest di�erence is

clearly seen in the viscous wall region but the log law regionshows a collapse for Cases

T-RI2 and T-RI3. This collapse holds until y+ = 40 and the deviation in the slope of

the log law region in Case T-RI3 becomes more apparent fory+ > 50 when compared

to Case T-RI2. Overall, fully wetted roughness exhibits a decrease in mass 
ux whereas

the presence of an interface increases mass 
ux. This is evident by the downward shift

in the log-law region for Case T-RFW and an upward shift for Cases T-RI1, T-RI2

and T-RI3. We can conclude that the trend for an increase in mass 
ux (more 
uid

mass moving) directly correlates with drag reduction and vice versa. This is due to the

fact that for all the cases, Re� and pressure gradient are held constant. It has been

shown that for structured geometries (grooves and posts) not only does the gas fraction

� g matter, but also the gap spacing [17, 24, 59]. For a random rough geometry with

varying interface heights, the gas fraction is indeed increasing, but the gap spacing is
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also altered since more pockets are being �lled with air. Notice that between Cases

T-RI2 and T-RI3 there was not much increase in peak centreline velocity aside from

the large increase in slip near the wall which does not substantially alter the total mass


ux. However a signi�cant increase in mass 
ux is observed between Cases T-RI1 and

T-RI2. This can be attributed to the change in gap spacing. Although the gas fraction

increases with increasing interface height, more gaps and surface valleys are covered up,

since the surface roughness is dominated by valleys due to negative skewness. As the

interface covers nearly all the valleys then a sharp increase in drag reduction is observed.

Case T-RI1 is dominated by small gap size features which may be ine�ective in reducing

drag; this is in agreement with the literature on longitudin al grooves and posts.

The velocity pro�les can be corrected by o�setting them with the slip velocity as

shown in Figure 4.15(b). Close to the wall we see a good collapse in the viscous sublayer

with an early departure y+ > 1 from the u+ = y+ . With the roughness fully covered

by the interface in Case T-RI3, a large deviation from the lawof the wall is observed

when compared to other cases. This implies that we should expect the structures of the

wall-normal turbulence to remain intact for Cases T-RFW, T- RI1 and T-RI2, and Case

T-RI3 to be fundamentally di�erent. Away from the near-wall , the relative velocity

(U � us)=uB
� decreases with roughness and increasing interface height (equivalently

with increasing � g). This trend has also been observed in T•urk et al. [28] for structured

geometries. The pro�le in the log-law region is given by

(U � us)
uB

�
=

1
�

log(y+ (uB
� )) + B; (4.13)

where � is the von K�arm�an constant and B is the intercept. The value of � decreases

from 0:41 to 0:38 for Case T-RI3 but remains the same for the other cases. Thevalue ofB

decreases with increasing� g going from B � 5:5 to B � 2 for Case T-RI2 andB � � 4

for Case T-RI3. Similar trends have been observed in the literature [70, 152, 153].

The decrease inB implies an increase in friction as discussed in the literature through

surface manipulation [154{156]. Therefore a decrease inB is associated with an increase

in friction due to roughness and a decrease in friction due toSHS, and in order to
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di�erentiate the two, we consider the following argument. This increase in friction that

is typically associated with surface roughness is o�set by the drag reducing slip velocity

us due to the presence of an interface in SHS. Roughness inducesslip, but the velocity

pro�le in the viscous wall region does not necessarily follow the law of the wall. If we

were to compare it to a smooth channel, the pro�le of the roughchannel would intersect

the pro�le of the smooth channel somewhere in the viscous sublayer (y+ < 5) to merge

into the log region which is shifted below the baseline indicating an increase in drag. If

we o�set the pro�le by the slip velocity, the near-wall regio n does not collapse but moves

further below. If we take the SHS with structured geometries, the interface is 
ush with

the top location of the roughness. The slip e�ect is also present but the velocity pro�le

in the viscous wall region obeys the law of the wall with some o�set u+ = y+ + c;

therefore if the velocity pro�le is shifted by the slip velocity, then a collapse in the

near-wall region is observed. What we see in our simulation is somewhere in between.

This is simply due to the fact that even when we have an interface, some roughness

protrudes. Our analysis shows a combination of both behaviours where the law of the

wall holds to a certain extent in the viscous sublayer beforeany appreciable deviation

is observed. Also with increasing interface height, the pro�le in the viscous wall region

tends to move closer to the baseline case and away from the fully wetted roughness, with

the exception of Case T-RI3 in which the log-law region seemsto extend to the vicinity

of the wall, disrupting the near-wall cycle. In general, rough surfaces tend to shift both

the law of the wall and the logarithmic region away from baseline while SHS tend to

shift the law of the wall closer and simultaneously moving the logarithmic region away

from baseline.

Scaling laws

Figure 4.16(a) shows the slip e�ect as a function of� g. The slip velocity us is normalized

by the mean bulk velocity Ub for each corresponding case. As� g increases, the slip e�ect

is more pronounced: us exhibits a steady increase. Slip velocities can reach as much

as 68% of the bulk velocities which can obscure some of the e�ects due to roughness.

This is another reason why it would be important to plot the mean pro�le o�set by the
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Figure 4.16: Mean 
ow �eld properties as a function of � g. (a) Percentage slip velocity
us normalized by the mean bulk velocity Ub for each corresponding case, (b) slip length
bs normalized by the average gap width of the roughnessL where the solid blue line
represents the scaling law of Ybert et al. [22] and the dashedblack line of Sbragaglia and
Prosperetti [157], (c) percentage change in bulk velocity �Ub normalized by the mean
bulk velocity Ub;0 of the baseline case, (d) percentage shear stress reduction� � w based
on the ratio of the bottom wall � B

w to the average channel� w and (e) correlation between
the percentage shear stress reduction and percent change inbulk velocity compared to
a linear �t (solid blue line).



126

slip as shown in Figure 4.15(b). DR (%) as a function of us is not an accurate predictor

of drag reduction since fully wetted roughness increases drag while achieving positive

slip velocities as shown in Figure 4.16(a). The slip length bs normalized by the average

roughness gap widthL is reported in Figure 4.16(b) as a function of � g. The average

roughness gapL is not a straightforward property to obtain since there is no periodicity

(typically associated with structured geometry such as grooves and posts). We use a

two-step process to calculateL . First we �nd the pro�le peak count HSC, the number

of pro�le peaks that exceed a pre-selected threshold (e.g. arithmetic mean elevation of

the roughness), calculated over the entire streamwise length for all the spanwise slices.

Second we calculate the mean peak spacingSm , the mean spacing between pro�le peaks,

averaged over all the spanwise slices to obtainL . We refer the reader to Figure A.2 in

appendix A.4 for an example of pro�le peak count. There is a good agreement between

our data and a �t based on the scaling presented by Ybert et al.[22] for posts given by

the following equation:
bs

L
=

0:75
p

� s
� 0:7: (4.14)

The solution by Sbragaglia and Prosperetti [157] which doesnot require a �t gives good

agreement for� g < 0:7. Slip length is not a good indicator ofDR since both fully wetted

roughness and SHS produce a positivebs. As mentioned earlier during the discussion

of the mean velocity pro�les, overall mass 
ux appears to be agood indicator for drag

reduction given that our channels are run at a constantRe� and pressure gradient. Drag

reduction would imply that more 
uid mass is moving for the same conditions i.e. a

larger mass 
ux and a larger change in bulk velocity; the opposite is also true. Figure

4.16(c) shows the percent change in mean bulk velocity �Ub normalized by Ub;0 of the

baseline Case T-S. A negative change in �Ub indicates an increase in drag i.e. a lower

mass 
ux. Once an interface is present (Case T-RI1) drag is reduced but is not enough

to o�set the e�ect roughness since � Ub is still negative. As the interface height increases,

� Ub increases to become a positive value indicating an increasein mass 
ux and a larger

DR e�ect. This description is exactly what we see when comparedto the analysis of the

mean velocity pro�le U=uB
� done earlier. � Ub does not exhibit a steady increase and
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plateaus for large values of� g: this was also observed by T•urk et al. [28]. The reduction

in the shear stress on the bottom wall� B
w compared to the average shear stress of the

channel � w provides a straightforward result for DR as shown in Figure 4.16(d). Note

the increase in drag by around 2:5% for Case T-RFW. The roughness hasS+
q � 1:6

which is in the hydrodynamically smooth regime. Busse et al.[153] reported that the

surface propertyS+
z5� 5 is a more suitable measure of the sand-grain roughnessk+ where

S+
z5� 5 � 11 for our surface. This explains why we see a drag increase for the current

con�guration. A reduction of 1% in drag is obtained once an interface is introduced in

Case T-RI1. A 7% DR is achieved for Case T-RI2 and peaks at 8% for Case T-RI3.

The results are in agreement with the experimental results of Ling et al. [71] obtained

for turbulent boundary layers over SHS at higher Re� , where k+
rms � 0:45 � 0:75 and

DR ranged from 9% to 12%. One can therefore reasonably assume that the change

in shear stress and the change in bulk velocity correlate well with each other. Figure

4.16(e) shows � � w as a function of � Ub compared to a linear �t given by

� � w = 1 :1� Ub=Ub;0 � 0:014: (4.15)

The roughness function � U+ depends on the three-dimensional topography of a

surface where Bradshaw [158] suggested a scaling given by �U+ s (k+
rms ) � . Since the

interface height essentially modi�esk+
rms , then a similar scaling argument can be made

for � U+ as a function of b+
s . Figure 4.17(a) shows a good agreement with a power-law

behavior where the roughness function goes to zero as the slip length diminishes. The

power-law formula obtained from �tting the data is given by

� U+ = 1 :1(b+
s )0:5: (4.16)

A semi-analytical formula by Ybert et al. [22] relates the slip velocity to the cavity

width, in terms of wall units u+
s = CY L + . We simply use the slip length b+

s instead

since slip is a direct consequence ofL + . Figure 4.17(b) shows the linear approximation
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Figure 4.17: Roughness function �U+ as a function of slip lengthb+
s is shown in (a) and

is compared to a power-law �t (solid blue line) and (b) shows the slip velocity scaling
u+

s as a function of b+
s with a comparison to a linear approximation (solid black line).

near the wall for CY = 0 :65 where

u+
s = 0 :65b+

s : (4.17)

The linear scaling deviates forb+
s > 10 which was also shown forL + > 10 in Seo et al.

[30] for a value ofCY = 0 :535. This is expected since the linear relationship is based

on Stokes' 
ow which becomes less accurate as slip increases. It is worth noting that

by de�nition u+
s = b+

s for the cases where the air{water interface is aligned with the

top of the roughness and where the total stress is equal to theviscous stress. However,

as discussed in Ling et al. [71],u+
s < b+

s for the cases when� (u0v0)+ > 0 or when the

total stress � +
t > � (dU=dy)+ due the random nature of the roughness and the variable

interface heights.

Reynolds stresses

The Reynolds stress pro�les are shown for the di�erent casesas a function of the wall-

normal distance. Figure 4.18(a) shows the streamwise component of the Reynolds stress

normalized by u� . Case T-RFW seems to slightly increase the peak ofu0u0 while si-

multaneously shifting it away from the SHS wall. The presence of an interface seems
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Figure 4.18: Streamwise component of the normal Reynolds stress normalized by (a) the
average friction velocity u2

� as a function of y=� , (b) the bottom wall �ction velocity ( uB
� )

2
as a

function of y=� and (c) the bottom wall �ction velocity ( uB
� )

2
as a function of y+ (uB

� ) on a log
scale. Symbols for each case are: Case T-S (2 ), Case T-RFW (M), Case T-RI1 (# ), Case T-RI2
(3 ), Case T-RI3(O). The symbols are not representative of grid resolution.
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Figure 4.19: Wall-normal component of the normal Reynolds stress normalized by (a) the
average friction velocity u2

� as a function of y=� , (b) the bottom wall �ction velocity ( uB
� )

2
as a

function of y=� and (c) the bottom wall �ction velocity ( uB
� )

2
as a function of y+ (uB

� ) on a log
scale. Symbols for each case are: Case T-S (2 ), Case T-RFW (M), Case T-RI1 (# ), Case T-RI2
(3 ), Case T-RI3(O). The symbols are not representative of grid resolution.
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Figure 4.20: Spanwise component of the normal Reynolds stress normalized by (a) the average
friction velocity u2

� as a function of y=� , (b) the bottom wall �ction velocity ( uB
� )

2
as a function

of y=� and (c) the bottom wall �ction velocity ( uB
� )

2
as a function of y+ (uB

� ) on a log scale.
Symbols for each case are: Case T-S (2 ), Case T-RFW (M), Case T-RI1 (# ), Case T-RI2 (3 ),
Case T-RI3(O). The symbols are not representative of grid resolution.
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Figure 4.21: Reynolds shear stress normalized by (a) the average friction velocity u2
� as a

function of y=� , (b) the bottom wall �ction velocity ( uB
� )

2
as a function of y=� . (c) The viscous

stress, Reynolds shear stress and total stress normalized by the bottom wall �ction velocity
(uB

� )
2

as a function of y+ (uB
� ) on a log scale. Symbols same as previous �gure. In (c) the solid

line represents total stress� +
t , dashed lines the viscous stress� (dU=dy)+ and dashed-dotted

lines the Reynolds shear stress� (u0v0)+ . The symbols are not representative of grid resolution.
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to dampen that e�ect where Case T-RI1 shows a decrease in the peak while shifting it

towards the SHS wall. This e�ect is further ampli�ed in Case T -RI2 where the peak is

clearly damped and the pro�le moves closer to the wall. Case T-RI3 exhibits the largest

slip and hence is closest to the SHS wall where there exists a sharp rise in the streamwise

component: however the peak is larger than the other cases breaking the symmetry of

the pro�le completely. The overall trend in damping the peak of u0u0 while shifting it

closer to the slip wall has been observed in the literature forlongitudinal grooves and

posts. For reference,u0u0 is scaled byuB
� in Figure 4.18(b). We get a reasonable collapse

in the pro�les near the SHS wall with the exception of Case T-RI3 indicating a change

in the near-wall behavior. Figure 4.18(c) shows a log plot ofu0u0 as a function of the

wall-normal distance y+ (uB
� ) in wall units scaled by uB

� . Large di�erences are observed

in the near-wall region due to the slip e�ect. The shift away from the SHS wall for

Case T-RFW and the shift towards the SHS wall for Cases T-RI1 and T-RI2 are more

evident.

The wall-normal Reynolds stress componentv0v0 is shown in Figure 4.19. Initially

v0v0 is normalized by u� as shown in Figure 4.19(a). Case T-RFW ampli�es the peak

stress and shifts away from the slip wall. Comparing it to Case T-RI2, it is evident that

the interface has a damping e�ect. It is interesting to note that once the interface was

introduced initially, Case T-RI1 showed a further ampli�ca tion in the peak from Case

T-RFW and not the opposite. This is likely due to be the fact th at the interface height

barely covers any of the roughness, and therefore the inhomogeneity between slip and

no-slip due to the interface and random rough patches cause larger 
uctuations. This is

of course damped out once the interface covers more of the surface and larger slip areas

are present. Case T-RI3 shows the largest shift towards the SHS wall as expected but

the peak stress does not not seem to follow any further damping e�ect with increasing

slip area. Figure 4.19(b) showsv0v0 scaled byuB
� and no collapse in the data is observed.

The log plot in Figure 4.19(c) shows the velocities going to zero since at the interface

an in�nite surface tension is assumed. Therefore the wall-normal velocity vN = 0 at the

interface and a no-slip boundary condition is applied elsewhere over the rough surface.

Note that the pro�les of Case T-RI1 and Case T-RI2 intersect around y+ � 28 where
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Case T-RI2 exhibits larger wall-normal stresses fory+ < 28 and then Case T-RI1 tends

to become larger for the region above that. Case T-RFW does not exhibit an observable

shift away from the wall while it remains clear that when an interface is present, the

shift towards the SHS wall remains considerable.

The streamwise component of Reynolds stress is shown in Figure 4.20, which follows

a similar trend in the behavior to that described above. CaseT-RFW shows an increase

in w0w0when scaled byu� as shown in Figure 4.20(a). The addition of an interface (Case

T-RI1) further increases the peak in w0w0. The same reasoning applies to the spanwise

component as described earlier for the wall-normal component since the roughness has

no preferential direction. Therefore the interplay between slip and no-slip due to the

interface and the protruding roughness holds here too. Similarly as soon as the interface

covers a large portion of the roughness as in Case T-RI2, the peak is damped out. Case

T-RI3 is highly skewed towards the rough wall with a peak velocity that is much larger

than the rest of the cases. Similar to what was observed in thewall-normal stresses,

Cases T-RI1 and T-RI2 intersect each other as shown in Figure4.20(c). The location

however is smaller wherey+ � 13. Anywhere below that, Case T-RI2 exhibits higher

stresses than Case T-RI1 and the opposite holds true wheny+ > 13. The spanwise slip

is evident due to the presence of the interface where Case T-RI3 still exhibits the largest

slip e�ect.

The Reynolds shear stress is an important quantity to examine since its behavior is

closely related to turbulence levels and the structure of the near-wall turbulence. Figure

4.21(a) shows how the presence of an interface (Case T-RI2) reducesshear while the

presence of roughness enhances it. Note that since the wall-normal shear stress tends to

increase when an interface is introduced (Case T-RI1), thate�ect translates here where

we see a further enhancement in mixing instead of a reductionin the peak. Similar to

the discussion above, it is not until the interface covers a large portion of the roughness

that the damping e�ect takes place. Therefore it is evident that there are competing

e�ects between the interface suppressing vertical velocity 
uctuations and the asperities

doing the opposite by enhancing them. Case T-RI3 exhibits a large gradient near the

SHS wall since the wall-normal velocity is zero yet the streamwise component sees a
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large slip e�ect as was shown in Figure 4.18(a). As we move away from the wall, the

shear stress has to balance out with the top wall given that weare running a constant

pressure gradient, which explains why the pro�les are parallel in that region. Figure

4.21(b) shows theu0v0 component normalized byuB
� , and a good collapse of the data is

observed with the exception of Case T-RI3. This indicates that overall, the near-wall

turbulence is not fundamentally changed for Cases T-RFW, T-RI1 and T-RI2 whereas

the turbulent structures of Case T-RI3 are di�erent. Figure 4.21(c) shows� u0v0 plotted

on a log scale in wall units (normalized byuB
� ) along with the viscous stress� (dU=dy)

and total stress� t which shows the total shear stress budget. We can see the cases where

� u0v0 > 0 and where� t > � (dU=dy) leading to u+
s < b+

s as discussed earlier. Case RFW

seems to collapse onto the baseline while Cases T-RI1 and T-RI2 shift towards the slip

wall. The shear stresses go to zero near the wall due to the in�nite surface tension that

keeps the interface 
at.

Earlier we discussed howus is not an accurate predictor of DR since both fully

wetted roughness and SHS result in a positive slip velocity. � Ub on the other hand

correlates with � � w . One can show that the Reynolds shear stress is tied to the change

in bulk velocity which is manifested in additional turbulen t losses. This is done by

applying a triple integration to the averaged transport equation for the streamwise

momentum equation. This was demonstrated in Hasegawa et al.[159] and T•urk et al.

[28] where the following identities are obtained:

Ub =
Re�

3
+ us �

Z �

0
(1 �

y
�

)( � u0v0) dy: (4.18)

For the baseline case (T-S) where we have no-slip walls:

Ub;0 =
Re�

3
�

Z �

0
(1 �

y
�

)( � u0
0v0

0) dy: (4.19)

This leads to the �nal form given by the following:

� Ub = Ub � Ub;0 = us �
Z �

0
(1 �

y
�

)( � u0v0+ u0
0v0

0) dy; (4.20)
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where u0
0v0

0 denotes the shear stress of the baseline case. Take Case T-RFW as an

example. The fully wetted roughness enhances vertical velocity 
uctuations and so

does having an interface at a small height location (Case T-RI1). There � u0v0 > � u0
0v0

0

and therefore
R�

0(1 � y
� )( � u0v0+ u0

0v0
0) > 0 which happens also to be larger than theus

caused by the roughness or the presence of the interface. This gives � Ub < 0 indicating

an increase in drag. For Cases T-RI2 and T-RI3,u0v0 is damped when compared to

baseline. Therefore� u0v0 < � u0
0v0

0 and the integral term ends up coming out to be

negative which results in � Ub > 0 and hence drag reduction. One implication of this

result is that a superhydrophobic surface might fail in the sense of reducing drag at high

pressure in spite of the interface itself being stable.

Flow structures

The near-wall shear stressu0v0collapsed when scaled with the bottom wall shear velocity

indicating that the near-wall behavior remains unchanged with the exception of Case

T-RI3. In this section we look more closely at the near-wall region. Figure 4.22(a) � (d)

shows instantaneous pressure 
uctuations in wall units where p+ = p=(uB
� )2. Figure

4.22(a) shows the pressure contours along the rough wall while Figures 4.22(b)-4.22(d)

are taken at the interface location (the reference plane) for each case. The axes are shown

in wall units scaled by uB
� =� . The contours change noticeably from Figures 4.22(a) to

4.22(d). The instantaneous behavior in pressure for Figures 4.22(a) and 4.22(d) shows

similar large length scales for fully wetted and fully covered roughness on the order

of 100�=u � . Larger pressure intensities are visible in Figure 4.22(d) due to slip at the

interface. Local contribution due to the presence of protruding roughness elements is

observed in Figures 4.22(b) and 4.22(c). Asperities cause stagnation in front of them

as observed by the high pressure values. Low pressure valuesare seen in their wake.

This e�ect is reduced as more asperities are covered by the interface as shown in Figure

4.22(c). This behavior was also observed in Seo et al. [30].

We extract slices in the wall-normal plane such that y+ = 15 and examine the

time-averaged pressure distribution. Figure 4.23(a � d) shows striking visual di�erence

between Case T-RFW, Cases T-RI1 and T-RI2, and Case T-RI3. The mean pressure
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x+

z+

Figure 4.22: Instantaneous contours ofp+ from top to bottom for (a) Case T-RFW
on the roughness, (b) Case T-RI1 (c) Case T-RI2 and (d) Case T-RI3 on the interface
location. Range of the contours is from� 5 to 5 in wall units.
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x+

z+

Figure 4.23: Time averaged contours ofp+ at y+ = 15 from top to bottom for (a) Case
T-RFW, (b) Case T-RI1 (c) Case T-RI2 and (d) Case T-RI3. Range of contours is from
� 2 to 2 in wall units.
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Figure 4.24: Instantaneous gray scale contours ofu=Ub at y+ = 15 from top to bottom
for (a) Case T-RFW, (b) Case T-RI1 (c) Case T-RI2 and (d) Case T-RI3. Range of
contours is from 0:2 to 1.
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x+

z+

Figure 4.25: Instantaneous contours of! +
y at y+ = 15 from top to bottom for (a) Case

T-RFW, (b) Case T-RI1 (c) Case T-RI2 and (d) Case T-RI3. Range of contours is from
� 0:5 to 0:5 in wall units.
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Figure 4.26: Illustration of the near-wall vortex structur e. The asymmetry in slip due
to the random roughness is illustrated in (a) whereas (b) shows the e�ect of having an
interface cover most of the roughness and its e�ect on slip and induced secondary 
ow
interaction.
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is zero for a smooth channel; this is only observed in Figure 4.23(d) when the interface

fully covers the roughness. Figure 4.23(a) shows a variation in the mean pressure due

to the signature of the rough wall. The contribution of stagnation pressure at the inter-

face is overlaid with the contribution of asperities. Large variations in mean pressure

interspersed across the domain are observed in Figures 4.23(b) and 4.23(c) due to the

interaction between the 
ow at the interface and around the asperities.

Since the pressure footprint can be related to near-wall velocity, we plot the instan-

taneous velocity u normalized by Ub in gray scale on the samey-slice. The presence of

an interface a�ects the spanwise streak motion, and the distance between streaks can

be visually seen to be around 100 wall units in Figure 4.24(a). Figure 4.24(b) shows

regions with larger streamwise velocities where the separation distance between streaks

becomes larger than 100 wall units in the spanwise direction. The slightly larger dis-

tance between the streaks is maintained in Case T-RI2 but that coherent structure is

completely destroyed in Case T-RI3 as shown in Figure 4.24(d). This behavior for Case

T-RI3 is likely to be due to the lower near-wall shear yielding lower values ofSq2=�

where S, q2 and � are the mean shear, twice the turbulence kinetic energy and turbu-

lent dissipation respectively. As shown in Rogers and Moin [160] and Lee et al. [161]

for homogeneous shear 
ow, only high values ofSq2=� as encountered in the near-wall

region produce streaks.

The instantaneous wall-normal vorticity ! +
y is shown in Figure 4.25(a � d) to il-

lustrate pairs of counter-rotating vortices in regions of low- and high-momentum 
uid

streaks. The! +
y contours show similar behavior to the streamwise velocity with varying

interface height. A striking feature in the ! +
y plots is the slight asymmetry of counter-

rotating vortex pairs. Figure 4.26(a) schematically shows how due to the random nature

of the slip no-slip behavior over rough SHS, each vortex in a counter-rotating vortex

pair experiences di�erent slip areas producing an inhomogeneous spanwise slipws. This

causes asymmetric velocity pro�les to interact in the wall-normal direction. As the inter-

face height increases, the slip area increases and less of the solid protrudes, and therefore

ws becomes more homogeneous. The slip e�ect is however more ampli�ed in this case

(Figure 4.26b) and the spanwise velocity is much larger, penetrating further up in the
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wall-normal direction, with tertiary vortices set up above the pair of counter-rotating

vortices. This could possibly explain why in Figures 4.24(d) and 4.25(d) we observe less

coherence and more violent mixing of those structures. While such mixing is associated

with drag increase, the slip velocity in the streamwise direction is more dominant which

o�sets this deleterious e�ect to give a net positive DR . This is explained by the change

in bulk velocity as a function of slip velocity and the integral di�erence of shear stresses

given by Eq. (4.20).

4.3 Summary

DNS of laminar Couette 
ow at Re = 740 and turbulent channel 
ow at Re� = 180

are performed, where the bottom wall is a realistically roughSHS. The surface scan

is reproduced computationally, and the surface statisticsare veri�ed again with the

experiments. Simulations are also performed for a smooth wall to serve as a baseline.

Simulations of the fully wetted case and an air{water interface at various heights are

compared to the smooth channel. The e�ects of roughness and interface heights are

discussed in detail.

Simulations of laminar Couette 
ow show a penetration e�ect up to 40% in the

wall-normal direction due to the roughness. Various interface heightsh were considered

and a nonlinear dependence of drag reductionDR on h is observed. The dependence

can be categorized into three distinct regions. The drag is sensitive to the interface

location in region II described in section 4.2.1 whereh is in the range of � 0:32 <

h=Sq < 2:15. The negative skewnessSsk = � 0:32 of the roughness pro�le indicates

that the surface contains more valleys than peaks and asperities. More than half of

the surface roughness is �lled with gas whenh is within the vicinity of Sq since a large

number of valleys become wetted. The solid fraction� s decreases and the gas fraction

� g increases with increasingh where fewer asperities are exposed to the outer 
ow.

Therefore it can be shown that DR is a function of � g. To demonstrate the relation

between h and � g, we �rst calculate � s by measuring the amount of non-wetted area

above the interface. This is similiar to the BAC. Based on thede�nition � g = 1 � � s,
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the gas fraction is obtained and plotted as a function ofh. A nonlinear �t is given by

� g = 0 :5
h
1 + tanh

�
0:95 h

Sq
� 0:875

�i
and shows good agreement with the data. This

is useful since� g is not known a priori and h is prescribed as an initial condition.

E�ective slip can be directly related to DR using the de�nition bef f
H = DR=(1 � DR ).

A power-law using a linear regression �t is obtained and corrected for the fully wetted

case. The relation is given bybef f
H = 0 :5 (� g)5=2 + 0 :02 which shows a good agreement

with the data and provides a useful model for the slip length given � g. The results are

compared to previous work done on structured geometry. It isobserved that random

rough surfaces behave like post geometries for� g < 0:85 and like transverse grooves in

the upper limit.

Based on the observations of the three distinct regions madein the laminar Couette


ow, four interface heights are chosen for turbulent DNS channel 
ow. Simulations of

a fully wetted rough caseh = Sv and the interface heights at h = 0, Sq and Sp are

performed for turbulent channel 
ow and the results are discussed. The mean velocity

pro�le is normalized by two quantities: the average channelwall friction velocity u�

and the bottom wall friction velocity uB
� . The mean velocity pro�les show the e�ect

of roughness where a reduction in mass 
ux is obtained. The presence of an interface

increases mass 
ux. The velocity pro�les are o�set by the slip velocities and show a

good agreement in the law of the wall where the data collapse.Case T-RI3 exhibits an

early departure from the law of the wall indicating a change in the turbulent structures.

Various mean 
ow properties are extracted and plotted, where we show that us can

become a large fraction of the bulk velocityUb (up to 68%), and the slip length bs

maintains the scaling law proposed by Ybert et al. [22]. We show that us is not a good

indicator of DR by itself since roughness induces a positiveus while increasing drag.

A more reasonable quantity to describeDR is the change in bulk velocity � Ub since

it implicitly contains the information from us and the additional turbulent losses in

the form of a weighted Reynolds shear stress �Ub = us �
R�

0(1 � y
� )( � u0v0+ u0

0v0
0) dy.

This has implications for DR where the surface might fail in reducing drag although

the interface itself is stable for high pressure. �Ub shows a good correlation with � � w .

Although us and bs continually increase with increasing � g, the change in wall shear
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stress � � w plateaus at large gas fraction and so does the �Ub. We discuss scaling laws

for these quantities and correlate them with each other.

The Reynolds stresses are also examined showing an overall behavior consistent

with previous work on structured geometries. Slip tends to shift the pro�les towards

the SHS wall whereas roughness pushes it away from wall. Asperities enhance negative

shear stress and therefore momentum mixing, while the interface suppresses them. The

streamwise Reynolds stressu0u0 and Reynolds shear stressu0v0 show a good collapse

in the data when normalized by uB
� indicating that the near-wall turbulence remains

fundamentally unchanged with the exception of Case T-RI3. This prompted a further

investigation into the nature of the near-wall turbulent st ructures. We looked at instan-

taneous pressure contours in the near-wall region and aty+ = 15 where time-averaged

pressurep+ , instantaneous streamwise velocityu=Ub and wall-normal vorticity ! +
y are

examined.

Pressure 
uctuations in the near-wall region exhibit a competing e�ect between

large-scale turbulent 
uctuations and a contribution due t o stagnation pressure in front

of the asperities. The instantaneous behavior in pressure shows similar large-length-

scale 
uctuations for Case T-RFW and Case T-RI3 on the order of 100�=u � . Larger

pressure intensities are visible in Case T-RI3 due to the slip e�ect at the interface. Local

contribution due to the presence of protruding roughness elements is observed in Case

T-RI1 and Case T-RI2. Asperities cause stagnation in front of them as observed by the

high pressure values. Low pressure values are seen in their wake. This e�ect is reduced

as more asperities are covered by the interface. Time-averaged pressure 
uctuations

show that Case T-RI3 resembles a smooth channel since the asperities are completely

covered leading to a zero mean pressure variation. This is not observed for Cases T-

RFW, T-RI1 and T-RI2 where the e�ect of asperities and the int erface are clearly

seen as large variations in mean pressure interspersed across the domain. At y+ = 15,

Case T-RI3 does indeed alter the near-wall turbulence wherewe see a complete loss of

coherent streaks, as observed from the pressure 
uctuations, streamwise velocity and

wall-normal vorticity. A physical mechanism is proposed toexplain the observed trends

in 
ow structure.



Chapter 5

Gibbs free energy minimization

in a level set framework

The chapter is organized as follows: the level set formulation, terminology, and notation,

in both the traditional and variational sense, is presentedin x5.1. A general framework

for the Gibbs free energy equation, based on Xiang et al. [85], written in the variational

level set framework is introduced inx5.2; it allows for prescribing an external pressure

and dissolved gas saturation levels. The algorithm and numerical implementation is

presented in x5.3. It is validated using canonical level set test cases (e.g. curvature-

driven 
ow and motion in the normal direction) in x5.4. This is crucial since minimizing

the LSF of the Gibbs free energy leads to a governing evolution equation that can

be written as a combination of motion in the normal direction with curvature-driven

di�usion. The Gibbs energy model is validated with the analytic solution of the Young{

Laplace equation and the solution over a cosine substrate derived by Carbone and

Mangialardi [78]. Results of our numerical experiments to highlight the robustness of

the algorithm are shown in x5.5. The numerical experiments explore the equilibrium

shape of a drop/interface over a variety of rough substratesthat include longitudinal

grooves, posts, and realistically rough surfaces. The chapter is summarized in x5.6.

146



147

5.1 Level Set Formulation

The traditional level set formulation of moving fronts, as devised by Osher and Sethian

[119], has been applied to a wide variety of problems [162{164]. This is due to its relative

ease of implementation, simplicity in applying Boolean operations, and ability to handle

surface pinching or merging without the need for direct userintervention or complicated

algorithms that detect when to perform `surgery'. Implementing the traditional level

set methods (LSM) requires the use of upwind schemes to maintain numerical stability.

As the level set evolves with time, the values of the level setfunction (LSF) begin to

drift away from the original signed distance function (SDF), and the LSF often becomes

steep or 
at near the zero level set which a�ects stability. One remedy is to reinitialize

the level set equation to restore the LSF to an SDF. This process is problem-dependent;

the reinitialization needs to be done occasionally if the approximation of the level set is

not sensitive to its approximation of an SDF. Otherwise, thereinitialization needs to be

done every iteration which can get computationally expensive. The �rst reinitialization

method was proposed by Chopp [165] which directly computes the SDF. The process

is computationally expensive and is restricted to a band of points near the zero level

set front. This leads to di�culties in locating and discreti zing the front. The method

proposed by Sussman et al. [166] solves the reinitialization equation iteratively but fails

when the LSF is far from an SDF. Peng et al. [167] proposed a model that addresses

the issue; however, numerical error tends to shift the interface slightly from its original

position [164].

In the context of variational level set formulations, Li et al . [84] proposed an energy

functional that regularizes the distance function as the level set deviates from an SDF.

This is known as the distance regularized level set evolution(DRLSE) where the reg-

ularization term acts as a penalty to the deviation, thus maintaining an SDF without

the need for an explicit reinitialization step. It was employed in the context of image

segmentation but was not extended to solve general level setevolution (LSE) equations.

The variational LSM without reinitialization has advantag es over traditional LSM which

include ease of implementation, higher e�ciency due to lower computational cost, and
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the ability to use central di�erence schemes instead of upwind schemes. The LSE equa-

tions can be categorized into a PDE-based LSM (derived from motion equations) and

variational LSM (derived by minimizing a certain energy functional) both of which can

lead to similar governing equations while keeping the �nal steady-state solution the

same.

The objective is to devise an easy, fast, accurate and robustmethod for calculating

the equilibrium position of a liquid meniscus over an arbitrary rough surface. Having

a model to predict the equilibrium position of an interface and its failure criterion is

of great importance to numerical simulations and experiments. Note that the problem

can be broken into a macroscopic and a microscopic one. A macroscopic problem re-

lies on predicting the liquid drop shape at equilibrium while conserving its volume. A

microscopic problem deals with �nding the equilibrium position of the meniscus on a

rough substrate given an external pressure. A robust superhydrophobic surface should

be designed to make a non-wetted stable Cassie state [1] and increase the critical pres-

sure. Carbone and Mangialardi [78] introduced an analytical model for a simple cosine

substrate and then a numerical model to predict interface shape over a two-dimensional

(2D) rough periodic substrate de�ned by a fractal dimension [79]. Extension to higher

dimensions was not explored. Chen et al. [80] explored the e�ect of anisotropy of rough-

ness on wetting using Surface Evolver [81]. The Surface Evolver is three-dimensional

(3D) but relies on triangulating the interfacial surface. T his may require special atten-

tion during pinching and breakup where elements need to be added, deleted or merged.

Also, the rough substrate was modeled as a simple grooved channel therefore it is not

clear whether a more complicated geometry can be incorporated.

Zhao et al. [83] used the traditional LSM to capture the behavior of bubbles drops

on a macroscopic scale, details of the interface shape and contact angles were not com-

pared quantitatively to existing analytical solutions, bu t their qualitative results were

encouraging. Our approach uses a variational level set methodology without reinitial-

ization to capitalize on its advantages introduced earlier. The regularization term is

based on the algorithm proposed by Li et al. [84] which was only applied in the context

of image segmentation to the best of our knowledge. We show that the DRLSE can
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be used in the context of both PDE-based and variational derived LSM. The algorithm

minimizes the Gibbs free energy which is written in a generalform that allows for the

control of the dissolved gas saturation levels. The resultsshow that the proposed model

is e�ective in handling complicated geometries and can accurately predict interfacial

equilibrium positions.

5.1.1 Traditional Level Set Formulation

Traditional level set formulation of moving fronts introdu ces an implicit level set func-

tion � (x ; t) such that the zero level set contour represents the required interface � =

f x j � (x ; t) = 0 g. Given the interface �( t) bounding an open region 
 + , we wish to

compute its evolution under a velocity �eld u(x; t). This velocity can be a function of

the interfacial geometry (e.g. normals or curvature), position, time, or external physics.

The level set function � has the following properties:

� (x ; t) > 0 for x 2 
 + (5.1)

� (x ; t) = 0 for x 2 @
 (5.2)

� (x ; t) < 0 for x 2 
 � ; (5.3)

where 
 + is the interior of the region bounded by �, @
 := �, and 
 � the exterior

region of � given by its complement of 
 + [ @
. The normal to any level set is given

by

N =
r � (x ; t)

jr � (x ; t)j
; (5.4)

and the corresponding curvature of the interface is given bythe divergence of its normal

de�ned as:

� = r �
�

r � (x ; t)
jr � (x ; t)j

�
: (5.5)

The area (volume in 3D) of the domain enclosed by 
:

area(
) =
Z



H

�
� (x ; t)

�
dx ; (5.6)
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where H
�
� (x ; t)

�
is the Heaviside function

H
�
� (x ; t)

�
=

8
><

>:

1; if � (x ; t) � 0

0; if � (x ; t) < 0:
(5.7)

The directional derivative of H
�
� (x ; t)

�
in the normal direction N is given by the Dirac

delta function:

�̂ (x ; t) = r H
�
� (x ; t)

�
� N (5.8)

such that it is non-zero on @
 where � (x ; t) = 0. This can be rewritten as

�̂ (x ; t) = H 0� � (x ; t)
�
r � (x ; t) � N = H 0(� (x ; t)) jr � (x ; t)j ; (5.9)

where the one-dimensional delta function is de�ned as�
�
� (x ; t)

�
= H 0

�
� (x ; t)

�
in a

distribution sense. The length (surface area in 3D) of an interface �( t) can therefore be

directly found using the surface integral:

length (�) =
Z



�
�
� (x ; t)

�
jr � (x ; t)j dx : (5.10)

The motion of the interface is analyzed by convecting all thevalues of the level set

function � (x ; t) with the velocity u(x; t) according to a general equation of motion given

by:
@�
@t

+ u � r � = � jr � j ; (5.11)

where the right-hand side determines the rate of di�usion. This will be referred to as a

PDE-based LSM. The above equation can be expressed in operator form as:

@�
@t

= L [� ] ; (5.12)

whereL [� ] is the operator approximating all of the right hand side of the equation that

is discretized using an appropriate numerical scheme.
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Reinitializing Signed Distance Functions

As the level set � (x ; t) evolves with time, the values of � (x ; t) begin to drift away

from the originally signed distance function (SDF). The level sets deteriorate to form

shocks, 
at or steep shapes. One remedy is to reinitialize the level set equation in order

to restore � (x ; t) back to an SDF. Sussman et al. [166] proposed the reinitialization

equation given by:
@�
@t

+ S(� o)( jr � j � 1) = 0 ; (5.13)

where S(� o) is a sign function that is 1 in 
 + , 0 on @
 and � 1 on 
 � . However, this

may cause a circular dependency since the values near the interface in 
 + use � (x ; t)

in 
 � for the boundary points and vice versa. This balances out if we assume that�

remains smooth at all times, which is not always the case. If� is not smooth, or is

steeper on one side, then the circular dependency may lead the reinitialization equation

to move the interface to an incorrect location. Therefore, anumerically smeared sign

function is typically used instead:

S(� o) =
� op

� 2
o + (� x)2

; (5.14)

where S(� o) remains constant for the duration on reinitialization, and has better prop-

erties if � (x ; t) is not smooth or if jr � oj is far from 1. The numerical smearing also

reduces its magnitude, causing a slower propagation speed of the information near the

interface thereby reducing circular dependencies. In an ideal case, the interface remains

stationary during reinitialization. However, numerical error tends to shift the interface

slightly [164]. Gibou et al. [168] provides a comprehensivereview of the most recent

advances in the traditional LSM. In summary, reinitializat ion still comes at a computa-

tional cost and the inconsistency between theory and implementation remains.

5.1.2 Variational Level Set Formulation

An alternative to the evolution of a PDE-based LSM can be directly derived from the

problem of minimizing a certain energy functional de�ned by the level set function.
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This is known as the variational level set method [83]. The variational formulation is

proposed as follows, let an energy functionalJ (� ) be de�ned as:

J (� ) = Eint (� ) + Eext (� ); (5.15)

where Eext (� ) is the external energy functional related to a physical mechanism to be

determined, and Eint (� ) is the internal energy functional given by:

Eint (� ) = � R p(� ); (5.16)

where � is a positive parameter that controls the e�ect of R p(� ) which penalizes the

deviation of � (x ; t) from an SDF. To minimize the energy functional J (� ), we need to

�nd the steady-state solution of � (x ; t) by stepping in the direction of steepest descent

of J (� ). This is given by the negative Fr�echet derivative J 0(� ) such that

� n+1 = � n � 
 J 0(� n ); (5.17)

where 
 is the step size taken to be as a `time-step'dt. We can write the evolution

equation as a gradient 
ow that minimizes J (� ):

@�
@t

= �
@J
@�

; (5.18)

which will be referred to as the variational-based LSM that can also be expressed in

operator form as Eq. (5.12):
@�
@t

= L [� ]: (5.19)

The above equation highlights the fact that we can obtain the same operator for the

traditional and variational formulation of the level set me thodology. The key di�erence

is how this operator is discretized and solved; this will be discussed later inx5.3.
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Figure 5.1: Double-well potential p(jr � j) is shown in (a), its �rst derivative p0(jr � j) in
(b), its second derivative p00(jr � j) in ( c), and the function dp(jr � j) in ( d).
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Distance Regularization as an Alternative to Reinitializati on

It is crucial to keep the level set as an approximate SDF during its evolution as discussed

in x5.1.1, where any function� (x ; t) satisfying jr � j = 1 is an SDF [169]. Li et al. [84]

proposed an energy functional that regularizes the distance function as the level set

deviates from an SDF in the vicinity of the front. The penalty functional is given by:

R p(� ) =
Z



p(jr � j) dx ; (5.20)

this serves as a metric to characterize how close� (x ; t) is to an SDF. The energy density

p(jr � j) is a potential function de�ned as:

p(jr � j) =

8
><

>:

1
(2� )2 (1 � cos(2� jr � j)) ; if jr � j < 1

1
2(jr � j � 1)2 ; if jr � j � 1 :

(5.21)

It is evident that p(jr � j) has two minima at jr � j = 0 and jr � j = 1. This is also

observed in Figure 5.1(a). The function p(jr � j) is twice di�erentiable, this can be

veri�ed by �nding the roots of its �rst derivative and checki ng the sign of the second

derivative, p0(jr � j) and p00(jr � j) respectively, such that

p0(jr � j) =

8
><

>:

1
2� sin(2� jr � j) ; if jr � j < 1

jr � j � 1 ; if jr � j � 1
(5.22)

and

p00(jr � j) =

8
><

>:

cos(2� jr � j) ; if jr � j < 1

1; if jr � j � 1 :
(5.23)

The roots of p0(jr � j) are seen at the zero line intersection forjr � j = 0 ; 0:5 and 1. The

sign ofp00(jr � j), which is positive for jr � j = 0 and 1, indicates that they are minimums.

The Fr�echet derivative in the L 2 inner product of the regularization energy functional
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R p(� ) can be shown to be:

@R p

@�
= �r � (dp(jr � j)r � ) ; (5.24)

where dp is de�ned as

dp(jr � j) = p0(jr � j)=jr � j : (5.25)

The use of a double-well potential has more favorable properties than using a simple

potential function 1
2(jr � j � 1)2 which was initially introduced by Li et al. [170]. The

advantage is seen in the limiting values ofjr � j given by

lim
jr � j! 0

dp(jr � j) = lim
jr � j!1

dp(jr � j) = 1 : (5.26)

We can verify that the boundedness is lost for the simple potential function which can

lead to undesirable e�ects

lim
jr � j! 0

jdp(jr � j)j = 1 : (5.27)

Physically, in the regions wherejr � j is close to zero, the di�usion rate is positive and

arbitrarily large. For this case, the di�usion is backwards, which drastically increases

jr � j causing oscillations to appear as peaks and valleys in the �nal level set � . The

oscillations appear at a distance from the zero crossing of the level set but nevertheless

may cause a slight shift in the interface location. Therefore for a double-well potential,

the function dp(jr � j) is always bounded such that

jdp(jr � j)j < 1; for all values of jr � j 2 [0; 1 ): (5.28)

For 0 < jr � j < 1=2, the di�usion rate dp(jr � j) is positive, resulting in a forward

di�usion which further decreases jr � j to zero. For (1=2) < jr � j < 1, the di�usion rate

dp(jr � j) is negative, resulting in a backward di�usion which increases jr � j towards

unity. For jr � j > 1, the di�usion is positive again which leads to forward di�u sion,

reducing the value of jr � j towards 1.
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5.2 The Model: Gibbs Free Energy

Consider a thermodynamic system in its general form comprised of a surface, submerged

in a bulk liquid consisting of water and dissolved gas, and entrapped air bubbles within

the surface cavities consisting of vapor and free gas. The equilibrium liquid-gas interface

position is obtained through the minimization of the total G ibbs free energy of a multi-

component system [171, 172] that is given by:

Gtot =
X

�

(U� + pL V� � TS� ) + Gint ; (5.29)

where Gtot denotes the total Gibbs free energy,U� the internal energy of the system,

pL the liquid pressure,V� the volume of each phase� in the system, T the temperature,

and S� the entropy of each phase.Gint denotes the free energy of all interfaces present

in the system,

Gint =
X

�

(� LG A �
LG + � SGA �

SG) + � LS ALS ; (5.30)

where � LG , � SG and � LS represent the surface tension of the liquid-gas (LG), solid-

gas (SG) and liquid-solid (LS) interfaces respectively. Similarly ALS , ASG and ALS

represent the surface areas of each corresponding phase. Itcan be shown that the total

free energy can be written as

Gtot = ( pL � pG � pV )VG + � LG (ALG + ASG cos� Y )

+ nGRT ln
pG

s(pL � p�
V )

+ nV RT ln
pV

p�
V

+ Go(pL ; T; s) ; (5.31)

a form shown by Xiang et al. [85]. Here, the �rst term in the right-hand side of Eq.(5.31)

is attributed to the bulk phases, where pG and pV are the entrapped gas and vapor

pressure respectively, andVG is the volume of the entrapped gas. The second term

represents surface tension attributed to the interface simpli�ed using Young's equation,

where � Y is Young's contact angle. The third term is attributed to the di�erence in

chemical potential between the free gas in the entrapped airwithin the cavity and

dissolved gas in the liquid phase wherenG is the mole number of entrapped gas,R the
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ideal gas constant,T the temperature, s the dissolved gas saturation level andp�
V the

saturated vapor pressure. The fourth term is the energy contribution of unsaturated

vapor wherenv is the mole number of vapor in the cavity. The last term Go is the free

energy of the wetted Wenzel state [6] which is a constant for agiven pL , T , and s at

the reference state where

Go(pL ; T; s) = ntot � DG + nH2O � W + � LS AS: (5.32)

In Eq. (5.32) the total gas mole number of the system is given by ntot and nH2O is the

mole number of water and its vapor, � DG and � W are the chemical potentials of the

dissolved gas and water respectively. Note that in order to obtain an equilibrium state,

which is an energy minimum of the system, the �rst-order variation of the total free

energy should be set to zero i.e.�G tot = 0. Classical geometry formulas described in

[173, 174] are used to obtain the expression

�G tot = ( pL � pG � pV ) �VG + � LG (�A LG + �A SG cos� Y )

+ RT ln
pG

s(pL � p�
V )

�n G + RT ln
pV

p�
V

�n G ; (5.33)

The variation with respect to the �rst and second term determines the shape and loca-

tion of the interface since it results in the Young{Laplace equation:

pL � pG � pV = � � LG � : (5.34)

The third term gives the variation with respect to �n G, which is the chemical equilibrium

condition between the free and dissolved gas in water:

pG = s(pL � p�
V ) : (5.35)

The fourth term gives the variation with respect to �n V , which is the equilibrium equa-

tion between vapor and water:

pV = p�
V : (5.36)
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5.2.1 Overview of Gibbs Free Energy in a Variational Level Se t For-

mulation

De�ne an energy functional E(� ) where � (x ; t) > 0 represents the liquid phase,� (x ; t) <

0 represents the gas phase and� (x ; t) = 0 represents the liquid-gas interface. De�ne

another level set (x) that represents the solid roughness, (x) � 0 for the region inside

the solid substrate and  (x) < 0 outside the solid. Then,E(� ) based on the bulk and

interfacial energies can be written as:

E(� ) = EB(� ) + EI (� ) ; (5.37)

whereEB(� ) and EI (� ) are the bulk and interfacial surface energy respectively.Using Eq.

(5.31), the bulk energy due to the pressure di�erence is given by EB = ( pL � pG � pV )VG.

Denote � p = pG + pV � pL then substitute Eq. (5.35) and Eq. (5.36) to get � p =

(1 � s)(pV � pL ). Using Eq. (5.6),

EB(� ) = �
Z



� pH

�
�  (x)

�
H

�
� (x ; t)

�
dx ; (5.38)

where H (�  (x)) ensures that the pressure di�erence is only applied outside the solid

region. The energy functional due to the interfacial surface energies from Eq. (5.31) is

given by EI = � LG (ALG + ASG cos� Y ). Note that the contact angle satis�es j� LS � � SGj =

� LG cos� Y . If 0 � � Y � �= 2, then the liquid is said to be wetted, else if�= 2 < � Y � � ,

then the liquid is said to be non-wetted. The surface tensionis represented as a function

of  (x) such that,

� ( ) =

8
><

>:

� + ; for  (x) � 0

� � ; for  (x) < 0;
(5.39)

where � + = j� LS � � SGj and � � = � LG . Using Eq. (5.10), the interfacial surface energy

is written as

EI (� ) =
Z



�
�
 (x)

�
�
�
� (x ; t)

�
jr � (x ; t)j dx : (5.40)
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Since the solid does not vary temporally, substitute�
�
 (x)

�
for � (x):

EI (� ) =
Z



� (x)�

�
� (x ; t)

�
jr � (x ; t)j dx: (5.41)

The interface is not allowed to penetrate into the solid, therefore a no penetration

constraint is enforced:

G1(� ) =
Z



H

�
� � (x ; t)

�
H

�
 (x)

�
dx = 0 ; (5.42)

this prevents any overlap or penetration between the two regions described by� (x ; t) � 0

and  (x) � 0. The volume of the liquid phase is required to remain conserved, therefore

the second constraint imposed is volume conservation givenby:

G2(� ) =
Z



H

�
� (x ; t)

�
H

�
�  (x)

�
dx = Vo ; (5.43)

whereVo is the initial volume of the liquid. This is necessary for problems which require

the conservation of the volume of the bubble. For problems where we assume an in�nite

supply of liquid (i.e. a system where the liquid reservoir ismuch larger than the air

cavities), this constraint is not used. In order to minimize E(� ), we de�ne the auxiliary

energy functional J (� ) that contains the Gibbs energy, penalty function and the two

constraints, given by:

J (� ) = � R p(� ) + E(� ) + � G1(� ) + � G2(� ) ; (5.44)

where R p(� ) is the penalty term that enforces � to be an SDF in the vicinity of the

interface, � is the weighting and � and � are the Lagrange multipliers that satisfy the

two constraints mentioned above. Then the Fr�echet derivative in the L 2 norm of J (� )
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is given by:

lim
� ! 0

1
�

�
J (� + �� ) � J (� )

�
=

�
@J
@�

; �
�

=
�

@R p

@�
; �

�
+

�
@EI

@�
; �

�

+
�

@EB

@�
; �

�
+

�
@G1

@�
; �

�
+

�
@G2

@�
; �

�
: (5.45)

The �rst term in the right-hand side
�

@R p
@� ; �

�
is given in Eq. (5.24). The second term

can be shown to be:

�
@EI

@�
; �

�
=

Z

@

�
�
� (x ; t)

� @�(x; t)
@n

� (x)
jr � (x ; t)j

� ds

�
Z



�
�
� (x ; t)

�
r �

�
� (x)

r � (x ; t)
jr � (x ; t)j

�
� dx ; (5.46)

where the �rst term is eliminated by taking @�
@n = 0 at the boundaries @
. The rest of

the terms follow as:

�
@EB

@�
; �

�
= �

Z



� p �

�
� (x ; t)

�
H

�
�  (x)

�
� dx ; (5.47)

�
@G1

@�
; �

�
= �

Z



�
�
� (x ; t)

�
H

�
 (x)

�
� dx ; (5.48)

and �
@G2

@�
; �

�
=

Z



�
�
� (x ; t)

�
H

�
�  (x)

�
� dx : (5.49)

The evolution equation given by Eq. (5.18) can now be de�ned for an in�nitesimal

step-size as:

@�(x; t)
@t

= � r �
�

dp
�
jr � (x ; t)j

�
r � (x ; t)

�

+ �
�
� (x ; t)

�
�
r �

�
� (x)

r � (x ; t)
jr � (x ; t)j

�
+ � pH(�  (x)) + �H ( (x)) � �H (�  (x))

�
:

(5.50)
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To determine the value of the Lagrange multipliers, we enforce the fact that the con-

straints do not vary in time, i.e.

d
dt

G1(� ) = 0 (5.51)

d
dt

G2(� ) = 0 : (5.52)

Therefore, the Lagrange multipliers can be obtained as:

� = �
MZ



� 2�

� (x ; t)
�
H

�
 (x)

�
dx

; (5.53)

where

M =
Z



�
�
� (x ; t)

�
�
� r �

�
dp

�
jr � (x ; t)j

�
r � (x ; t)

�

+ �
�
� (x ; t)

�
r �

�
� (x)

r �
�
x ; t)

jr � (x ; t)j

� �
H

�
 (x)

�
dx ;

and

� =
�Z



� 2�

� (x ; t)
�
H

�
�  (x)

�
dx

; (5.54)

where

� =
Z



�
�
� (x ; t)

�
�

� r �
�

dp
�
jr � (x ; t)j

�
r � (x ; t)

�

+ �
�
� (x ; t)

�
�
r �

�
� (x)

r �
�
x ; t)

jr � (x ; t)j

�
+ � p

� �
H

�
�  (x)

�
dx :

The above equations use the fact that

H ( (x))H (�  (x)) = 0 (5.55)

and

H 2( (x)) = H ( (x)) : (5.56)
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Note that at steady state, equilibrium is reached (i.e. @�=@t= 0 and � = 0). Assuming

no solid is present (i.e. � = 0) and � (x) = � LG , we get

� p = � LG r �
�

r � (x ; t)
jr � (x ; t)j

�
; (5.57)

i.e. the Young{Laplace equation in Eq. (5.34) is recovered.

5.3 Numerical Implementation

In practice, the Heaviside functionH (� ) and the delta function � (� ) are slightly smoothed

out such that:

H � (� ) =

8
>>>>><

>>>>>:

1; if � > �

1
2

�
1 + �

� + 1
� sin

�
��
�

��
; if j� j � �

0 ; if � < � �

(5.58)

and

� � (� ) =

8
><

>:

0; if j� j > �

1
2�

�
1 + cos

�
��
�

��
; if j� j � � ;

(5.59)

where � is the numerical width of � (� ) and H (� ) is taken to be slightly larger than

the width of a grid cell ( � = 1 :5� x). The DRLSE can be implemented with a sim-

ple �nite di�erence scheme. The spatial gradients @�=@xi are obtained using a central

di�erence scheme and the temporal partial derivative @�=@tis approximated using for-

ward di�erence. Heun's method is also implemented so that weobtain a second-order

approximation with a slightly lower Courant-Friedrichs-L ewy (CFL) restriction. The

evolution equation is discretized using the forward Euler as,

� n+1
i;j;k = � n

i;j;k + dtL (� n
i;j;k ); (5.60)
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and for Heun's method as

�� n+1
i;j;k = � n

i;j;k + dtL (� n
i;j;k ) (5.61)

� n+1
i;j;k =

1
2

� n
i;j;k +

1
2

�� n+1
i;j;k + dtL ( �� n

i;j;k ): (5.62)

The key di�erence here is the fact that the operator L [� ] in the variational formulation

does not describe a Hamilton-Jacobi equation with a curvature regularization of the

traditional formulation but a reaction-di�usion type prob lem. Here the LSE equation

is written out explicitly as:

@�
@t

= � r� (dp(jr � j)r � )+ � (� )
�
� r�

�
r �
jr � j

�
+ r � �

r �
jr � j

+ H (�  )� p+ �H ( )� �H (�  )
�
;

(5.63)

where there is no need for reinitialization or replacing� (� ) with jr � j. This allows

for the 
exibility of initializing � as a binary function. The initial condition level set

does not necessarily have to be an SDF,jr � j = 1 is only enforced in the vicinity of

� = 0 where � (� ) is active. It su�ces to de�ne a divergence function div(�) that can

be used for both the regularization term and the normals to obtain curvature which

is given by � = r � N . Some attention to detail of implementation was required for

the Lagrange multipliers. The term in the denominator of the Lagrange multipliers �

given in Eq. (5.53) causes leakage since the width of� (� ) becomes too narrow; the term

� 2(� )H 2( ) is particularly sensitive and is replaced with � (� )jr � jH ( ). Numerically,

the assumptions in Eq. (5.55) and Eq. (5.56) do not hold. Thisis inconsequential

when there is no requirement for volume conservation since� = 0. However for cases

where volume conservation is required, it is important to keep their product explicitly

in the discretized equations so that the equations balance out. Otherwise, the curvature

di�usion term causes the interface to eventually disappear. Therefore, the discrete

Lagrange multipliers are written as:

� = �
MZ



�
�
�

�
jr � jH

�
 

�
dx

; (5.64)
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� ( )

 
� �

Harmonic using � �

Harmonic using � +

Arithmetic using � +

Figure 5.2: Surface tension distribution using the traditional arithmetic mean with � +

(dashed blue line), harmonic mean with� + (dash-dot red line) and harmonic mean with
� � (solid black line). The solid interface location is denotedby the vertical dashed line
at  = � � . The illustrated example uses� � = 1 and � + = j� � cos� Y j where � Y = 140� .

where

M =
Z



�
�
�

�
�

� r �
�

dp
�
jr � j

�
r �

�
+ �

�
�

�
�
� r �

�
r �
jr � j

�
+ r � �

r �
jr � j

+ � pH (�  ) � �H (�  )
� �

H
�
 

�
dx ;

and

� =
�Z



� 2�

�
�
H 2�

�  
�

dx
: (5.65)

where

� =
Z



�
�
�

�
�

� r �
�

dp
�
jr � j

�
r �

�
+ �

�
�

�
�
� r �

�
r �

jr � j

�
+ r � �

r �
jr � j

+ � pH (�  ) + �H ( )
� �

H
�

�  
�

dx :

The terms are integrated using a trapezoidal rule.
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The surface tension values are di�erent for the LG interface, and the level set inter-

face. Prescribing a binary distribution for � (x) given by Eq. (5.39) leads to a stair-casing

e�ect. Similar to Zhao et al. [83], surface tension is given as a distribution with a slight

shift in the argument of the Heaviside function to move the sti�est change away from

the solid boundary,

� (x) = � + + ( � � � � + )H (�  � � ): (5.66)

In the paper by Zhao et al. [83], the bubble shape at equilibrium was not compared

to a analytic solution and the contact angle at the triple-li ne junction was not re-

ported. Qualitatively, the results were promising and demonstrated the e�ectiveness of

the method. However, in our experience, the surface tensiondistribution caused the

interface location to have a mismatch when compared to analytic solution, with errors

ranging between 2% to 8%. The reason for this error is due to the smoothing of the

Heaviside function. At equilibrium, the Heaviside function at the interface location has

a value ofH (� ) = 0 :5, this leads to an under predicted value of� + at the solid interface

causing a mismatch in the contact angle and in turn the equilibrium position. To rem-

edy this e�ect, we found that a temporary surface tension value � � can be de�ned such

that the correct value of surface tension within the solid is obtained at the interface

location. A harmonic mean is used in Eq. (5.66) to further reduce any errors that stem

from the lower value of the dummy variable. The surface tension distribution becomes

as follows

� (x) =
�

H (�  � � )
� � +

1 � H (�  � � )
� �

� � 1

; (5.67)

where

� � =
� + � �

2� � � � + : (5.68)

Note that substituting Eq. (5.68) in Eq. (5.67) gives the desired value of � (x) = � �

at the interface whereH (� ) = 0 :5. Although the value inside the solid is incorrect, the

value remains inconsequential since the no-penetration constraint and the formulation

are only relevant outside the solid. Figure 5.2 presents a comparison between the dif-

ferent surface tension models. The harmonic mean using� � achieves the desired value
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of � + at a faster rate for a given interface location. The pseudo-code is summarized in

Algorithm 1:

Algorithm 1 Pseudo-code using Heun's method

1: Initialize � 0 := f � 0
ijk gnx ;ny ;nz

i;j;k =1 . Choose� + , � � , � , dt and T.
2: Set the solid boundary  .
3: Calculate surface tension distribution using Harmonic meanwith � �

4: Compute H  := H � ( ), �  := � ( ) and H �  := H � (�  ).
5: for n = 1 to T do
6: De�ne div(�) = r � () using central di�erence.
7: Compute the discrete� � := � � (� ) and H � := H � (� ).
8: Compute gradients r � = @�=@xi using central di�erence.
9: Compute magnitude of the gradient jr � j =

p
(@�=@x)2 + ( @�=@y)2 + ( @�=@z)2.

10: Compute normals N = r �= jr � j.
11: Compute curvature term � (� ) := div(N ).
12: Compute the penalty term P(� ) := � div (dp(jr � j)r � ).
13: Compute gradient of surface tension distribution r � using central di�erence.
14: Compute Lagrange multipliers � (� ), � (� ) using trapezoidal rule.
15: Set f = P(� ) + � � [� � (� ) + r � � N + H �  � p + � (� )H  � � (� )H �  ]
16: De�ne f = L (� )
17: for k = 1 to nz do
18: for j = 1 to ny do
19: for i = 1 to nx do
20: �� n+1

ijk = � n
ijk + dt L [� n

ijk ]

21: � n+1
ijk = 1

2 � n
ijk + 1

2
�� n+1

ijk + 1
2dtL [ �� n+1

ijk ]
22: end for
23: end for
24: end for
25: Update next time level � n

ijk = � n+1
ijk

26: end for
27: return

Remark. In the formulation by Zhao et al. [83], the traditional level set is employed;

the evolution of � given by Eq. (5.50) without the penalty term and � (� ) is replaced

by jr � j. Note that the operator L[ � ] in x5.1.1 describes a convection-di�usion equation

given in Eq. (5.11). The system of LSE contains Hamilton-Jacobi equations coupled

to curvature and sti� source terms. Singularities may develop in the solution and the

numerical implementation requires much of the modern levelset technology to obtain
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a stable solution [175]. The crucial ingredients are:

(i) Break up the parabolic and hyperbolic terms and address each one with the appropri-

ate numerical discretization. (ii) High-order accurate essentially non-oscillatory schemes

(originating in the study of hyperbolic conservation laws) developed for Hamilton-Jacobi

equations.

(iii) Reinitialization of each LSF to be an SDF using Eq. (5.13).

(iv) The curvature de�nition uses the explicit term involvi ng the gradients of � given

by:

� = ( � 2
x � yy � 2� x � y � xy + � 2

y � xx + � 2
x � zz� 2� x � z� xz + � 2

z� xx + � 2
y � 2� y � z� yz+ � 2

z� yy )=jr � j3=2 :

(5.69)

However, the Lagrange multiplier requires the use of a distance function to de�ne cur-

vature on or near the front using a separate de�nition given by:

� = trace[[ I � �D 2� ]� 1D 2� ]; (5.70)

where D 2� is the Hessian of� . This formula yields a constant value of � normal to

the front and gives the correct value on the front. All of which is not necessary in the

current formulation.

Note that in traditional level set methodologies, the reinitialization step enforces a

local volume conservation [176]. The numerical integration uses a 9-point quadrature

formula in two spatial dimension. As mentioned earlier, theconstraints in the current

algorithm are enforced in a global sense. In order to test thelocal integration method, a

27-point quadrature formula is employed for the general three spatial dimensions given

by
Z


 ijk

f ijk dx �
1
78

�
52f ijk +

1X

p;q;r=1
(p;q;r )6=(0 ;0;0)

f i + p;j + q;k+ r

�
dx : (5.71)

The local volume conservation could not be satis�ed. It is worth noting that the local

integration was also tested on the no-penetration constraint using the original formu-

lation of � using Eq. (5.53) instead of Eq. (5.64) with the standard surface tension
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model given by Eq. (5.66) instead of Eq. (5.67). The algorithm gave correct results for

the interface contact points and radius of curvature over a cosine surface. However, for

the locations where there is a liquid-solid overlap, the interface leaks about 3-cells deep

into the solid (for regions of high curvature) and 1-cell deep (for shallow regions). It is

not evident if the interface will leak more in regions of extremely large curvature (e.g.

sharp peaks), therefore the method where the constraints are enforced globally will be

used since it is more robust.

5.4 Validation

We begin with the e�ect of distance regularization as a method to satisfy jr � j = 1,

next we build up in complexity of the evolution equation where we make sure that the

method can solve traditional level set problems such as motion in the normal direction

and curvature-driven 
ows. We validate our energy minimizat ion model of the Gibbs free

energy with the analytic solution of Carbone and Mangialardi [78]. We �nally present

some results over general geometries to demonstrate the e�ectiveness and 
exibility of

the proposed algorithm.

5.4.1 Distance Regularization as Reinitialization

The e�ect of distance regularization as a method of reinitialization is demonstrated

by simulating the forward and backward (FAB) di�usion probl em with a binary LSF.

De�ne the initial binary level set function � o by

� o(x) =

8
>>>><

>>>>:

� co; for x 2 
 o

0; for x 2 @
 o

co; for x 2 
 � 
 o ;

(5.72)

where co is a positive constant. Note that � o does not need to be initialized as an SDF

like traditional LSM; this allows for 
exibility in initial ization due to its simplicity and

practicality. The region 
 o is taken to be a square of side length 60 embedded in a
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square domain on a 100� 100 grid, the time-step is taken to bedt = 0 :5 and � = 0 :4.

De�ne � o with a constant of co = 10 which creates a steep jump of width 2co as shown

in Figure 5.3(a), the solid red line highlights the zero crossing of� o. The evolution of

� follows from the description of the properties of double-well potential given in x5.1.2.

We solve a simple FAB di�usion evolution equation given by

@�
@t

= �
@J
@�

= � �
@R p

@�
= � r � (dp(jr � j)r � ) : (5.73)

At t = 0 the zero crossing of � o has a jr � oj >> 1 due to the steep jump in the

binary initialization. As a result, the di�usion rate �d p(jr � j) is positive and drives a

forward di�usion which reduces jr � j until it reaches unity; the forward di�usion stops

once jr � j = 1. For the case wherejr � j becomes less than unity,�d p(jr � j) becomes

negative for (1=2) < jr � j < 1, therefore the backward di�usion increases the value of

jr � j to unity. Figure 5.3( b) shows the �nal result of � where the level set is an SDF in

the vicinity of the zero level set crossing. Figure 5.3(c) shows a cross-section of� for

y = 50 where the dashed red line indicates the zero crossing. Note that jr � j = 1 is

satis�ed within co and � co about the zero crossing, which will be de�ned as the signed

distance band (SDB). Figure 5.3(d) shows a cross-section ofjr � j where the SDB, of

width approximately 2 co, is highlighted with the dashed blue lines. On either sides of the

SDB the binary function is constant, therefore jr � j = 0 and �d p(jr � j) > 0 indicating a

forward di�usion that keeps � 
at at its constant value since the double-well potential

is at a minimum.

Remark. The bottom row of Figure 5.3 uses the standard reinitialization method to

provide a comparison to distance regularization. Figure 5.3(e) shows the �nal level set

where the step function no longer exists compared to Figure 5.3(b). The cross-section

in Figure 5.3(f ) gives a clearer picture of the di�erence; the standard reinitialization

ensures that the entire level set is an SDF, hence the slope onboth ends of the discon-

tinuity at x = 50 have a value of unity satisfying jr � j = 1. Figure 5.3(g) shows the

cross-section ofjr � j, note how its value of unity is satis�ed everywhere in the domain

with the exception of the discontinuity, whereas Figure 5.3(d) shows the jr � j being
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satis�ed locally near the region of � = 0 over a band width of 2co. However, both meth-

ods round the corners of the zero level set square contour. Therefore, one of the main

di�erences between the two methods is that distance regularization only cares about the

region around the zero level set within a certain band of width 2co, and everything else

in the far �eld remains a constant. This makes the DRLSE method highly localized.

5.4.2 Curvature-Driven Flow

Traditional LSM has been used extensively in the context of externally driven 
ows.

This involves both an externally generated velocity �eld, or a self-generated �eldu that

depends directly on � . Consider the motion by mean curvature where the interface

moves in the normal direction to the interface with a velocity proportional to its curva-

ture. The velocity �eld is de�ned by u = � � N where � = r � (r �= jr � j) such that the

evolution equation becomes
@�
@t

� � N � r � = 0 ; (5.74)

and since the normalN is along the gradient direction r � , it is equivalent to

@�
@t

� � jr � j = 0 : (5.75)

The above results in a parabolic equation� t = � jr � j that can be solved using central

di�erencing with a stringent time-step restriction for sta bility. In the context of varia-

tional level set methodology, we can show that a mean curvature 
ow can be obtained

by minimizing an external energy de�ned by the surface area of the LSF given by

Eext (� ) = L 0(� ) =
Z



� (� )jr � j dx: (5.76)

Taking the Fr�echet derivative of Eext with respect to the L 2 inner product gives

@Eext

@�
= � � (� )r �

�
r �
jr � j

�
: (5.77)
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(a)

(b) (c) (d)

(e) (f ) (g)

Figure 5.3: The evolution of a level set function under the e�ect of distance regulariza-
tion. ( a) The initial level set � o where the red solid line indicates� o = 0. ( b) The �nal
level set after di�usion where the solid red line indicates� = 0. ( c) A cross-section of
the �nal level set function where the red dashed line indicates� = 0. ( d) A cross-section
of jr � j where the blue dashed lines indicate the width of the signed distance band. (e)
The �nal level set after standard reinitialization. ( f ) A cross-section of the �nal level
set function after standard reinitialization. ( g) A cross-section ofjr � j after standard
reinitialization.
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This is similar to the curvature-driven evolution equation with the exception that � (� )

is jr � j instead. Zhao et al. [83] simply replaced the terms in their formulation and

reasoned that usingjr � j is less sti�. Although both of the evolution equations are cur-

vature driven, it is worth pointing out that they are inheren tly di�erent. The equation

given by � t = � (� )r � (r �= jr � j) moves the zero level set only which is only active due

to � (� ). However, the equation given by� t = jr � jr � (r �= jr � j) moves all the level sets

by their respective curvatures i.e. all the neighboring values of the level set evolve with

the same law. Esodoglu et al. [177] argues that by de�nition,we can allow all the level

sets to move by a perturbation of an energy functional that measures the total length

of all level curves

Eext (� ) =
Z

�
L � (� ) d� =

Z



jr � j dx; (5.78)

where L � (� ) =
R


 � (� � � )jr � j dx. Note that the variation of � only a�ects r � but

does not move the level sets. Since the level set is a signed distance function, we can

de�ne a new level set norm [177] instead of the usualL 2 norm as

hf; g i � =
Z



f

g
jr � j

dx: (5.79)

The Fr�echet derivative obtained from this new norm is

lim
� ! 0

1
�

�
Eext (� + �� ) � E ext (� )

�
=

�
@Eext

@�
; �

�

�
= �

Z



r �

�
r �
jr � j

�
jr � j

�
jr � j

dx: (5.80)

This results in
@Eext

@�
= �r �

�
r �

jr � j

�
jr � j ; (5.81)

which lends itself to the traditional curvature-driven 
ow discussed earlier in this section.

The evolution equation solved is given by

@�
@t

= � r � (dp(jr � j)r � ) + r �
�

r �
jr � j

�
jr � j : (5.82)

Note that as mentioned earlier we can advect all the level curves in the context of energy

minimization such that we can replicate the motion of a curvature-driven 
ow. Isolating
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the zero level set curve gives an evolution equation that does not look like the typical

curvature-driven 
ow, but since the current method is only concerned with the region

around the interface, it is able to handle both equations without running into stability

problems. This was tested for both formulations but we will only present the traditional

cases for brevity. The only di�erence observed between the two formulations is the rate

at which the curves reach the desired �nal solution.

Seven-Pointed Star

Consider a seven pointed star given by the following parameterized curve


 (s) =
�
20 + 10 cos(7� 2�s )

��
cos(2�s ); sin(2�s )

�
for s 2 [0; 1]; (5.83)

such that the zero level set is de�ned from polar coordinatesis given by

� (x ; 0) = jjx � xc jj �
�

20 + 10 cos
�
7 � arctan

�
(y � yc)=(x � xc)

�
��

; (5.84)

where xc is the o�set parameter. We shift the petal shapes of the star from its center

by 20 units of length which e�ectively increases the relative size of the petal shape

compared to the main body, a scaling factor of 10 for the star size and 7 points for the

number of petals in the star. The computational domain is a square with side length

of 100 units and a grid size of 100� 100. The time-step isdt = 0 :1 and � = 0 :4. The

star-shaped level curve is centered at (50; 50). The simulation is run for 600 iterations.

Figure 5.4 shows the progression of the front evolving underthe curvature-driven 
ow

for t = 0 :0; 7:5; 15; 22:5; 30:0; 37:5; 45:0; 52:5; 60:0. The star-shaped curve collapses to a

circle under this motion where the region of positive curvature (peaks) collapses inwards

and the regions of negative curvature (troughs) propagate outward.
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Figure 5.4: Evolution of the star-shape under a curvature-driven 
ow. The images are
snapshots in time from left to right, top to bottom where the star collapses unto a circle
for t = 0 � 60 over 8 equal time unit intervals.
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Figure 5.5: Evolution of the spiral under a curvature-driven 
ow. The images are
snapshots in time from left to right, top to bottom where the ends of the spiral unwind
faster than the interior region for t = 0 � 300 for 8 equal time unit intervals.
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Wound Spiral

Figure 5.5 shows results of the same curvature-driven motionfor a wound spiral given

by the following parameterization

� = 2 �D
p

s for s 2 [0; 1]; (5.85)

such that s = ( k + a)=(np + a) where k is an integer that loops over the total number

of points np, and the value of a determines the shape of the spiral head in the center.

The location of the points is de�ned by

xp = xc + sf
�
D=(1 + D)

p
scos(� )

�
and yp = yc + sf

�
D=(1 + D)

p
ssin(� )

�
; (5.86)

where xc is the center location of the domain,sf the scaling factor for the spiral size

and D the number of spirals. De�ne a distance functiond(x) = jjx � xp jj such that the

zero level set comes out as

� (x ; 0) = d(x) � w (5.87)

where w is the width of the spirals. The computational domain is a square with side

length of 100 units and a grid size of 100� 100. The time-step is dt = 0 :1 and

� = 0 :4. The wound spiral level curve is centered atxc = (50 ; 50) with np = 400,

D = 2 :5, a = 3 and sf = 50. The simulation is run for 3000 iterations. Fig-

ure 5.5 shows the progression of the front evolving under a curvature-driven 
ow for

t = 0 :0; 37:5; 75:0; 112:5; 150:0; 187:5; 225:0; 262:5; 300:0. The wound spiral collapses to

a circle under this motion where the region of positive curvature (spiral ends) collapse

faster than the elongated regions.

Dumbbell

The previous examples presented level curves in 2D. Here, weshow that the method

is also applicable in 3D where we examine the curvature-driven motion of a dumbbell-

shaped level surface. The level surface is initialized by taking advantage of the simplicity

of Boolean functions in the LSM. Consider the union of two spheres and a cylinder given
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by:

� lef t (x) =
p

(x � xc + o)2 + ( y � yc)2 + ( z � zc)2 � r;

� right (x) =
p

(x � xc � o)2 + ( y � yc)2 + ( z � zc)2 � r;

� center (x) = max
�
�
jx � xcj � o

�
;
� p

(y � yc)2 + ( z � zc)2 � w
��

;

� (x ; 0) = min[ � lef t ; � right ; � center ];

(5.88)

where xc are the domain center coordinates,o is the distance between the center of

the spherical shells and the center of the cylinder,r the radius of the spherical shells

and w the radius of the center cylinder. Figure 5.6 demonstrates the ability of the level

set methodology to handle pinching, merging and separationof surfaces without any

special mathematical or algorithmic `surgery'. The initial dumbbell level set evolves

under the motion of mean curvature, and the handle shrinks faster due to its higher

curvature than the spherical shells on both ends. This leadsto a pinch-o� at the center

where the implicit surface separates into two tear drop surfaces that also shrink due to

curvature. The computational domain is a cube with side length of 100 units and grid

size of 100� 100� 100. The time-step isdt = 0 :1 and � = 0 :4. The dumbbell level

surface is centered atxc = (50 ; 50; 50) with r = 10, w = 5 and o = 20. The case is

run for 160 iterations. Figure 5.6 shows the progression of the front evolving under a

curvature-driven 
ow for t = 0 :0; 2:0; 4:0; 6:0; 8:0; 10:0; 12:0; 14:0; 16:0. Figure 5.7 shows

a cut slice at z = 50 where the evolution of the dumbbell leading up to pinching is more

clear.

5.4.3 Motion in the Normal Direction

Consider motion in the normal direction where the interfaceevolves under an internally

generated velocity �eld. The velocity �eld is de�ned by u = aN where a is a constant

that can be either positive or negative. The equations of motion for the level set equation
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Figure 5.6: Evolution of a dumbbell shaped surface under a curvature-driven 
ow. The
images are snapshots in time from left to right, top to bottom where the handle of the
dumbbell shrinks faster than the spherical shells due to itshigh curvature leading to a
pinch-o� for t = 0 � 16 for 8 equal time unit intervals.
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Figure 5.7: A 2D slice in the middle of the dumbbell at z = 50 for the zero level set
contour evolving under curvature-driven motion for t = 0 � 16 for 8 equal time unit
intervals.

are given by:
@�
@t

+ aN � r � = 0 ; (5.89)

which can be rewritten as
@�
@t

+ vn jr � j = 0 ; (5.90)

where vn = a is the constant velocity in the normal direction. This motio n can also be

represented as a case of energy minimization. Express the energy functional in terms of

a volume enclosed by the surface� < 0 such that

Eext (� ) = vn

Z



H (� � ) dx: (5.91)

Taking the Fr�echet derivative of Eext with an L 2 norm gives

@Eext

@�
= vn � (� � ) = � vn � (� ): (5.92)

A similar argument to x5.4.2 can be made. The Dirac delta functional singles out the

zero level set. In order to obtain motion in the normal direction, all the level sets

should minimize their values such that the volume enclosed under each respective level
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curve V� (� ) =
R


 H (� � + � ) dx tends to zero. The de�nition of the energy functional

becomes:

Eext (� ) = vn

Z

�

Z



H (� � + � ) dx d� : (5.93)

Therefore by de�nition, the Fr�echet derivative of Eext using the new norm is de�ned as:

lim
� ! 0

1
�

�
Eext (� + �� ) � E ext (� )

�
=

�
@Eext

@�
; �

�

�
= vn

Z

�

Z



� (� � + � ) jr � j

�
jr � j

dx d�;

(5.94)

where Z

�

Z



� (� � + � ) jr � j

�
jr � j

dx d� = �
Z



jr � j

�
jr � j

dx: (5.95)

Therefore, the expression can be written as

@Eext

@�
= � vn jr � j : (5.96)

The evolution equation becomes

@�
@t

= � r � (dp(jr � j)r � ) + vn jr � j: (5.97)

The above equation leads to the traditional motion in the normal direction. We validate

this type of motion for vn = � 1 and vn = 1, where the latter describes the motion by

which all the level curves maximize the volume they enclose.Given the above, we

compare the e�ect of reinitialization using DRLSE, traditi onal reinitialization and no

reinitialization for several cases that will be discussed in the following sections.

Circle with vn = � 1

Consider a level curve of a circle given by the following implicit equation:

� (x ; 0) = jjx � xc jj � r: (5.98)

The domain is a square of size 100� 100 units wherexc = (50 ; 50) and r = 25, the

time-step is dt = 0 :1 and � = 0 :4. Figure 5.8 shows the evolution of a contracting circle
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(a) (b) (c)

(d) (e) (f )

(g) (h) (i )

Figure 5.8: A comparison of the inward motion in the normal direction of a circle for the
level set methodology without reinitialization, traditio nal reinitialization and DRLSE
from top to bottom respectively. Left column is a cut plane at y = 50 for the evolution
of the contour over time. The solid thick black line is the initial state, the colored lines
are the subsequent time-steps and the red dashed line is the zero level set crossing. The
center column is the evolution of the zero level set curves with time, solid red line is
the initial condition and the solid blue lines represent the subsequent time-steps. The
right most column shows the evolution of the level set surface with the solid red line
highlighting the zero level set crossing.
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under a constant velocity vn = � 1 which is a result of minimizing the volume enclosed

by � < 0. We solve the equation given by� t = jr � j using DRLSE which is posed as

a level set evolution for a reaction-di�usion type problem. For the traditional level set,

the equation solved keeps the velocity term on the left hand side (� t � jr � j = 0), this

requires a class of high-order schemes for the advection where the level set is reinitialized

after each time-step.

The top row in Figure 5.8 shows the results from the DRLSE, middle row for the

traditional level set with reinitialization, and the botto m row for traditional level set

without reinitialization. The left column (Figures 5.8 a, d and g) shows a cut plot in the

plane of y = 50, the solid thick black line is the initial level set locat ion, the subsequent

colored lines are the time evolved level sets. The dashed redline indicates the zero

level set crossing. The center column (Figures 5.8b, e and h) is a contour plot of the

zero level set crossing shown in the thick solid red line, expanding zero level sets over

time are shown in the solid blue line. The right column (Figures 5.8c, f and i ) shows

the �nal level set function. The �rst striking feature of not reinitializing the level set

is the ringing observed in Figure 5.8(a). This is a well known issue; the level curves

are no longer signed distance functions as they tend to driftaway from their initialized

value. The errors accumulate leading each level set curve tointersect and develop noisy

features and steep gradients that further corrupt the numerical approximation of jr � j.

The advection equation becomes stable once the level set function is reinitialized. The

regions where the level set pile up on each other (e.g. near the center of the domain

where a kink exists), noisy features develop. This is also evident in Figure 5.8(b) where

we clearly observe the unstable level set contours near the center of the domain. In

the regions where the level sets separate from each other (domain boundaries), we

get the 
attening of � as shown in Figure 5.8(a) in the region furthest from the kink.

The steepening and 
attening e�ects increase numerical errors as shown in Figure 5.8(c)

where numerical errors are the largest in the center. Thus inorder to reduce these errors,

one has to reset the location of the isocontours of each levelcurve via reinitialization.

Figures 5.8(d), (e) and (f ) show the results of the traditional level set advection with

reinitialization. The level set functions are well-behaved, Figure 5.8(d) shows the level
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set moving upwards while maintaining the kink at xc with a slight rounding of the edges.

The signed distance function is maintained. Figure 5.8(e) shows the isocontours as the

level set moving inwards, note the loss of symmetry in the regions where the normals

have either of their components equal to zero. Higher order schemes, �ner grids and

lower time-steps can correct for the asymmetries. Figures 5.8(g), (h) and (i ) show the

results for the DRLSE. Note that as the level set curve shiftsupwards in Figure 5.8(g),

the kink is maintained at xc without any rounding in the corner. The far �eld has level

sets piling up but this has no e�ect on the solution since the level sets are moving away

from the boundaries and towards the center of the circle. Accuracy is maintained as it

nears the center, the level curves maintain their circular shape as they advect inwards.

Figures 5.8(f ) and (i ) show di�erences in the far �eld where the lobes are less uniform

but are inconsequential to the �nal solution. Note that a similar test case was performed

using vn = 1 for the circular shape (not shown here); similar behavioris observed.

Level Curve: Circle with vn = 1

Consider a level curve given by a circle given in the previoussection. The motion for

this case is reversed. Figure 5.9 shows the evolution of an expanding circle under a

constant velocity vn = 1 which is a result of minimizing the volume enclosed by� > 0.

Similar behavior is observed to the previous section with minor di�erences that are

solely related to the direction of advection. The case without reinitialization ringing

is observed in Figure 5.9(a). The regions where the level set pile up on each other (

e.g. domain boundaries), noisy features develop. This is also evident in Figure 5.9(b)

where we clearly observe the unstable level set contours faraway from the center of

the domain. In the regions where the level sets separate fromeach other (e.g. near

the center of the domain where a kink exists), we get the 
attening of � as shown

in Figure 5.9(a) in the region furthest from the kink. The steepening and 
at tening

e�ect increase numerical errors as shown in Figure 5.9(c) where numerical errors are the

largest at the boundaries. Figures 5.9(d), (e) and (f ) show the results of the traditional

level set advection with reinitialization. The level set functions are well behaved, Figure

5.9(a) shows the level set moving downwards where the kink atxc 
attens but the
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(a) (b) (c)

(d) (e) (f )

(g) (h) (i )

Figure 5.9: A comparison of the outward motion in the normal direction of a circle
for the level set methodology with without reinitializatio n, traditional reinitialization
and DRLSE from top to bottom respectively. Left column is a cut plane at y = 50 for
the evolution of the contour over time. The solid thick black line is the initial state,
the colored lines are the subsequent time-steps. The red dashed line is the zero level
set crossing. The center column is the evolution of the zero level set curves with time,
solid red line is the initial condition and the solid blue lines represent the subsequent
time-steps. The right most column shows the evolution of thelevel set surface with the
solid red line highlighting the zero level set crossing.
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curves are maintained as signed distance functions away from xc. Figure 5.9 (b) shows

the isocontours as the level set moving outwards, the loss ofsymmetry similar to the

previous test case. Figure 5.9(g), (h) and (i ) show the results for the DRLSE. Notice

the level set curve as it shifts downwards in Figure 5.9(g), the kink is 
attened at xc

where the level curves pile ip but has no e�ect on the solution since the level set are

moving away from the center and towards the domain edges. Thelevel curves maintain

their circular shape as they advect outwards. Figures 5.9(f ) and (i ) show no di�erence

in the far away region whereas the 
attening e�ect is more obvious for DRLSE but is

inconsequential to the �nal solution.

Seven-Pointed Star with vn = 1

Consider the same implicit function described inx5.4.2. Figure 5.10 shows the behavior

of a more complicated shape for the case of the outward motionin the normal direction.

Qualitatively, similar trends are observed when compared to the circular shape. This

ensures that even more complicated shapes are handled e�ectively given our numerical

scheme. Figure 5.10(a) shows the ringing generated in the far �eld as the zero level

set curve advects away from the initial star. Figure 5.10(b) is well-behaved with reini-

tialization but still loses its symmetrical shapes around the star lobes. The curvature

di�uses at a faster rate leading to an early 
attening of the curve. Figure 5.10(c) shows

a symmetrical outgrowth of the seven pointed star. As mentioned in previous sections,

Figures 5.10(d), (e) and (f ) are the �nal level set surface showing the large numerical

errors for the no reinitialization case, and a well-behaved�nal solution for the tradi-

tional level set and DRLSE. Similar to the conclusions made above, the 
attening of

the level set at xc is inconsequential to the �nal solution since the zero levelcurve is

moving away from it.

5.4.4 Energy Minimization

We take the LS formulation of the Gibbs free energy model presented in x5.2.1 and

solve the governing equations using the variational formulation presented in x5.3. The
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(a) (b) (c)

(d) (e) (f )

Figure 5.10: A comparison of the outward motion in the normal direction of a star-
shaped contour for the level set methodology without reinitialization, traditional reini-
tialization and DRLSE from left to right respectively. Top r ow is the evolution of the
zero level set curves with time, solid red line is the initial condition and the solid blue
lines represent the subsequent time-steps. Bottom shows the evolution of the level set
surface with the solid red line highlighting the zero level set crossing.
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Figure 5.11: Equilibrium interface location for a 2D grooved substrate. The thick solid
line represents the grooved geometry and the thin solid linethe zero level set curve
represents the interface. The dashed-dot black line represents the radius of curvature of
the meniscus, the dashed line denotes the width of the grooveand the dotted line the
meniscus height (measured from the contact points).

governing evolution equations are a combination of curvature-driven 
ow with motion

in the normal direction. Longitudinal grooves are used �rst because of the well-de�ned

corners. This causes the interface to pin at the edges and allows for direct comparison

to the Young{Laplace equation. Then a cosine wavy substrateis simulated to compare

to the analytic solution obtained by Carbone and Mangialardi [78].

2D Longitudinal Grooves

Consider a rough substrate representing a longitudinal groove, the level set that repre-

sents the solid is given by:

 (x) = ( y � yc) � sgn
�
h; cos

�
kx (x � xc)

�
�
; (5.99)

such that h = 1, with a wavelength of � such that kx = 2 to get multiple grooves and

sgn the sign function. The grooves are shifted byxc = (0 ; 1; 0) so that the bottom of

the surface corresponds to the origin. The domain extents are [L x ; L y ; L z] = [2 �; 3; 2� ]
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and grid size nx � ny � nz = 256 � 123� 1. The time-step is taken to bedt = 10 � 4

and � = 0 :4. For an external pressure of �p = 1, and a non-dimensional � � = 1, the

Young{Laplace equation gives a radius of curvatureRanalytic = 1. From the current

results, the radius of curvature is computed numerically from the contact points and

penetration depth hp into the groove usingRnumerical = w2=(8hp)+ hp=2 = 0:993 where

w is the groove width. The error is 0:7% showing good agreement with the theoretically

predicted results.

2D Wavy Substrate

Consider a wavy substrate using a pro�le given by:

 (x) = ( y � yc) � h cos
�
kx (x � xc)

�
: (5.100)

The peak to valley height h of the wavy substrate is taken to be twice the critical height

hcr where hcr = � tan � Y [78] and � Y = 140� . The wavelength of the substrate is taken

to be 2� such that kx = 1. The substrate is shifted by xc = (0 ; hcr ). The domain extents

are [L x ; L y ; L z] = [2 �; 4; 2� ] with a spatial resolution of nx � ny � nz = 256 � 164� 1 and

a time-step of dt = 10 � 5. Carbone and Mangialardi [78] derived an analytical model

to predict the interface equilibrium location given an external pressure �eld. They

analyzed the asymptotic behavior of the system and proposeda simple criterion for the

minimum hcr that prevents a Wenzel state. Their solution can predict thepressure value

required to overcome the energy barrier to transition from aCassie state to a Wenzel

state. Using our model, we perform a parametric study of di�erent values of pressure

and compare the resulting interface shape and location to the analytic solution. The

pressure value that leads to the Wenzel state is obtained using the analytic solution

for the above conditions which comes out to be 0:25. The values of external pressure

prescribed are: � p = 0 :05; 0:1; 0:15; 0:2; 0:26 where the last value was picked to test

if we can predict interface failure. The regularization coe�cient for this particular

problem was varied to gauge its e�ect on the interface location. For the �rst case we

use� = 0 :4, for the next two cases we use� = 0 :8 and for the last two we use� = 0 :4.
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y

x

� p

Figure 5.12: Equilibrium interface location for a cosine substrate. The solid black lines
represent the numerical simulations and the symbols are Carbone's results. The arrow
indicates increasing external pressure. Symbols are: �p = 0 :05 (2 ), 0:1 (M), 0:15 (3 ),
0:2 (
 ), 0:26 (O). The inset shows a zoomed in plot for � p = 0 :2 with di�erent surface
tension models: harmonic mean using� � (solid line), arithmetic mean using � � (dashed
line), harmonic mean using � + (dashed-dotted line), and arithmetic mean using � +

(dotted line).

We also tested� = 0 :2 for the third case (not presented here); overall we did not see

an appreciable e�ect, the error in interface location varied within 1% � 3%. Note that

all selected values of� satisfy the CFL condition for a given time-step. For all the

cases, the simulation is terminated when equilibrium is achieved. This is determined by

keeping track of the Gibbs free energy over time until it tends to a steady state. Once

the change in j(Gn+1
tot � Gn

tot )=Gn
tot j < O(10� 3) the simulation is stopped. Figure 5.12

shows a comparison between our numerical model (solid lines) and the analytic solution

(symbols). Good agreement is observed. Note that for the value of � p = 0 :26, the

interface fails and lies exactly on top of the cosine substrate. The inset in Figure 5.12

shows the e�ect of di�erent surface tension models. We �x � p at 0:2 and change the

method with which surface tension is computed. It is evidentthat using the harmonic

mean distribution of Eq. (5.67) yields the most accurate results. Using an arithmetic

distribution given in Eq. (5.66) with � � instead of � + underestimates the location by
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� p �yanalytic �ynumerical E(%) aanalytic anumerical E(%) Ranalytic Rnumerical E(%)
0.05 2.901 2.906 0.17 0.69 0.71 2.3 19.93 19.316 3.1
0.1 2.57 2.59 0.77 0.91 0.92 1.3 9.93 9.78 1.55
0.15 2.16 2.17 0.55 1.173 1.17 0.085 6.66 6.56 1.54
0.2 1.63 1.66 1.4 1.50 1.49 0.86 4.98 4.944 0.81

Table 5.1: Comparison between the analytic and numerical values obtained for: the
mean LG interface height �y, interface contact point a, and radius of curvature R for a
given external pressure � p.

7%. Note that using � + with either arithmetic or harmonic distribution signi�can tly

underestimates the location with error around 33%.

Table 5.1 shows quantitative results for the mean LG interface height, the triple line

contact points and radius of curvature. These quantities are manually extracted from

a visualization software.

5.4.5 2D Droplet at a Wall

Consider a 
at solid wall initialized as a binary function in stead of an SDF given by:

 (x) =

8
><

>:

co; for y < h

� co; for y � h ;
(5.101)

whereh = 0 :2 andco = 3 � . A rectangular droplet of length 0:4 and width 0:6 centered at

(xc; yc) = (0 :5; 0:4) is initialized on the solid wall. The domain extents are [L x ; L y ; L z] =

[1; 1; 1]. The simulation is run using three di�erent grid resoluti ons nx � ny � nz =

50� 50� 1, 100� 100� 1 and 200� 200� 1. The time-step taken for each grid is 10� 5,

10� 6 and 10� 7 respectively with � = 0 :4. The bulk energy here is the gravitational

potential energy, i.e. h(x) � g instead of � p, where g is the magnitude and direction of

the gravitational force which is taken to be unity in this example. The surface tension

values are � � = 0 :6 and � + = 0 :5 which corresponds to� Y = 140� . Figure 5.13(a)

shows the evolution from the initial rectangular droplet (dashed line) into a droplet

at equilibrium (solid line) that satis�es the contact angle of � Y = 139:72� , which is
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within 0 :2% of the prescribed contact angle. Figure 5.13(b) shows the volume of the

liquid normalized by the initial volume as it evolves in time (on a log scale) up until

the equilibrium solution. Similar to the previous simulati ons, we track the Gibbs free

energy until it reaches steady state (not shown here). As theinterface evolves from

an initial binary function, the volume experiences a sharp oscillation as the penalty

term smears out the interface to satisfy an SDF. The jump in volume is signi�cantly

reduced as the grid resolution is increased. The volume thenplateaus as the interface

reaches equilibrium. The change in volume at equilibrium from the coarsest grid to the

�nest are: 8:046� 10� 3%, 5:037� 10� 3% and 3:5 � 10� 4% respectively. For the �nest

grid, we ran the simulation 10 times longer after it reached equilibrium to quantify the

e�ectiveness of volume conservation, and the largest change in volume observed was

around 1:7%.

Remark. To test the e�ect of the Lagrange multiplier constraints, th e no-penetration

constraint is turned o� and as expected the bubble leaks intothe solid wall deforming

its equilibrium shape. Similar behavior is observed for thelongitudinal grooves and

wavy substrate where the interface does not feel the e�ect ofthe wall. When the

volume conservation constraint is turned o�, the binary rectangular bubble evolves into

a droplet shape since it behaves like a curvature-driven 
ow, however it keeps shrinking

until the drop disappears.

5.5 Numerical Experiments

The numerical results for predicting equilibrium interfacial shapes over a variety of rough

surfaces will be discussed. In the earlier section, we validated our results against the

analytical solution of a cosine substrate obtained by Carbone and Mangialardi [78] for

di�erent loading conditions. In the following sections, we demonstrate the robustness of

the algorithm for di�erent geometries such as a 3D wavy substrate, longitudinal grooves,

posts, and random roughness.
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V=Vo

t=t f

Figure 5.13: Evolution of a 2D bubble over an unwetted wall from an initial binary
rectangle to its equilibrium position. (a) The dashed black line is the initial condition
of a binary rectangle, and the solid black line is the �nal equilibrium location. ( b)
volume conservation over time for three di�erent grid resolutions: red solid line for
50 � 50, green dashed line for 100� 100 and blue dashed-dot line for 200� 200. The
time axis is shown on a log scale.

Figure 5.14: Equilibrium interface location for a 3D grooved substrate where the gray
isosurface represents the rigid substrate and the cyan transparent isosurface of the zero
level set represents the interface.
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5.5.1 3D Longitudinal Grooves

Consider a rough substrate representing a 3D longitudinal groove, the level set that

represents the solid is given by:

 (x) = ( y � yc) � sgn
�
h; cos

�
kx (x � xc)

�
�
; (5.102)

such that h = 1, where the wavelength is� such that kx = 2. The grooves are shifted by

xc = (0 ; 1; 0) so that the bottom of the surface corresponds to the origin. The domain

extents are [L x ; L y ; L z] = [2 �; 3; 2� ] and grid sizenx � ny � nz = 128 � 62� 128 for the

3D case. The time-step is taken to bedt = 10 � 5 and � = 0 :4. For an external pressure

of � p = 1, and a non-dimensional � � = 1, Young{Laplace give a radius of curvature

Ranalytic = 1. Figure 5.14 the error in the radius of curvature computed numerically is

of similar order to the 2D validation case.

5.5.2 Grooved Posts

In order to represent a post geometry, we make use of the Boolean operations. Consider

the level sets that represent the solid:

 1(x) = ( y � yc) � sgn
�
h; cos

�
kx (x � xc)

�
�
; (5.103)

which represents longitudinal grooves in thex � y plane extending in the z� direction,

and

 2(x) = ( y � yc) � sgn
�
h; cos

�
kz(z � zc)

�
�
; (5.104)

the longitudinal grooves in the y � z plane extending in the x� direction. Take the

intersection  =  1 \  2 such that

 (x) = max(  1;  2): (5.105)

This gives the post geometry whereh = 1. The wavelength is � such that we obtain

kx = 2 and kz = 2. The domain extents are [L x ; L y ; L z] = [2 �; 3; 2� ] and grid size
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(a) (b)

Figure 5.15: Equilibrium interface location for post geometries, the gray isosurface
represents the rigid substrate and the cyan transparent isosurface of the zero level set
represents the interface. (a) Equilibrium shape for � p = 0 :5 and (b) interfacial failure
at � p = 1 where the liquid completely wets the cavities of the post.

nx � ny � nz = 128 � 62� 128. The time-step isdt = 10 � 5 and � = 0 :4. Two di�erent

values for external pressure were simulated, �p = 0 :5 and � p = 1. The aim was to

demonstrate the capability of predicting failure. At � p = 0 :5 the interface goes to

equilibrium, when the value for pressure is doubled, the interface is no longer pinned

and the interface fails and �lls up the grooves. This processof failure is referred to as

a depinned recession [85].

5.5.3 3D Wavy Substrate

Consider a three-dimensional wavy substrate that is given by the following level set:

 (x) = ( y � yc) � h cos
�
kx (x � xc)

�
cos

�
kz(z � zc)

�
; (5.106)

where the peak to valley height ish = 2hcr where hcr = � tan � Y and � Y = 140� . The

wavelength in both direction is 2� such that kx = 1 and kz = 1. The substrate is shifted

by xc = (0 ; h; 0) so that the valley corresponds to the origin. The domain extents are
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Figure 5.16: Equilibrium interface location for a 3D cosinesubstrate using a loading
condition of � p = 0 :2. The gray isosurface represents the rigid substrate and the cyan
transparent isosurface of the zero level set represents theinterface.
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Figure 5.17: Equilibrium interface location for a random rough substrate for a loading
condition of � p = 0 :2. The gray isosurface represents the rigid substrate and the cyan
transparent isosurface of the zero level set represents theinterface.

[L x ; L y ; L z] = [2 �; 3; 2� ] and grid size nx � ny � nz = 128 � 62 � 128. The time-step

is dt = 10 � 5 and � = 0 :4. The interface is initialized at y = 2 :5 as a binary function,

as the interface evolves and moves down towards the solid substrate, the Gibbs energy

increases until it reaches steady state when the solution goes to an equilibrium position.

The external pressure prescribed is �p = 0 :2, the equilibrium solution is consistent with

the two-dimensional case presented in the validation section if a cut plane is taken at

z = 0.

5.5.4 Random Roughness

A Fractal geometry is used to represent a random rough surface. The geometry is

speci�ed as a composition of many elementary waves in the form of cos(k � x + ' ).
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De�ne a range of amplitudes that tapers o� based on a certain distribution:

hmn =
1

(m2 + n2) �= 2
; (5.107)

where m and n are the wavenumbers and� the spectral exponent. A Gaussian dis-

tribution gmn is used to get a smooth random variation in its amplitudes such that

Amn = gmn hmn : (5.108)

The phase angle is also sampled from a Gaussian distributionand is scaled such that it

varies between� �= 2 and �= 2:

' mn =
�
2

gmn : (5.109)

The rough surface height distribution is then represented by a double sum over the

wavenumbers in both spatial directions:

hf (x) =
X

m;n

Amn cos(kmn � x + ' mn ); (5.110)

this is scaled such that the maximum height from peak to valley is 2hcr . Then the level

set that represents the solid is given by:

 (x) = ( y � yc) � hf (x) (5.111)

For this simulation, N = 10 for the spatial frequency resolution, and � = 1 :5 which

represents a fairly rugged surface. The domain extents are [L x ; L y ; L z] = [2 �; 3; 2� ] and

grid size nx � ny � nz = 128 � 62� 128. The time-step isdt = 10 � 5 and � = 0 :4. The

external pressure is � p = 0 :2. Note that the algorithm reaches an equilibrium solution

and is able to handle rough surfaces that have rapid variations in their structure.

5.5.5 Drop Shapes

The drop shape was also investigated in the context of the macroscopic formulation of

the equilibrium solution. The bubble is initialized as a binary cuboid over a 
at surface,
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longitudinal grooves, posts, and random rough surface using the methods described

in the previous section. The surface parameters are described in the captions of the

corresponding �gures. All simulations were run usingdt = 10 � 7, with domain extents

of [L x ; L y ; L z] = [1 ; 1; 1] and grid size nx � ny � nz = 200 � 200 � 200. Note that

here the external pressure was substituted forh(x) � g where g is the non-dimensional

gravitational constant taken to be unity in the wall-normal direction. When initializing

a binary cuboid on rough surfaces, some regions might overlapbetween the interface and

solid, therefore it is best to de�ne � (x ; 0) = � (x ; 0) [ (�  (x) � � ). The key take-away

point here is the ability of the algorithm to capture the di�e rent locus of contact points

for di�erent geometries as observed in Figures (5.18-5.22), along with the anisotropy in

the shape of the bubble as observed in Figure 5.20 for the Wenzel state.

5.6 Summary

A variational level set methodology is developed in the framework of minimizing Gibbs

free energy. The level set method avoids reinitialization by using a penalty term that

regularizes the distance function. The method is able to reproduce canonical level set

evolution cases such as motion in the normal direction and curvature-driven 
ow. The

Gibbs free energy model is general in that it can incorporatean external pressure �eld

with a dissolved gas concentration parameter, and a solid surface that can represent a

wide range of geometries. The method is simple to implement,robust and parallel. The

surface tension model uses a harmonic mean distribution modi�ed to give the desired

value of surface tension at the interface location. The modi�ed harmonic mean distribu-

tion gave more accurate results when compared to other distributions. The algorithm is

validated with canonical level set evolution test cases, the Young{Laplace equation and

an analytic solution over a 2D wavy substrate. Good agreement is observed. Several

geometries that include 3D longitudinal grooves, posts, a wavy substrate, and ran-

dom roughness using fractal geometry were investigated andthe algorithm is shown to

handle complicated geometry. Simple solid surfaces like 
atwalls and grooves can be

represented as a binary level set functions whereas more complicated geometry require
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Figure 5.18: Drop shape at equilibrium for a 
at surface. Top shows the binary cuboid
initial condition. Bottom shows the �nal equilibrium solut ion for the drop. Surface
tension values used are� � = 0 :6 and � + = 0 :5 in non-wetted conditions.
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Figure 5.19: Drop shape at equilibrium for longitudinal grooves. Hereh = 0 :025,
kx = 20� and xc = (0 ; 0:15; 0). Figure shows the �nal equilibrium position for � � = 0 :6
and � + = 0 :5 in non-wetted conditions.

Figure 5.20: Drop shape at equilibrium for longitudinal grooves. Hereh = 0 :025,
kx = 20� and xc = (0 ; 0:15; 0). Figure shows the �nal equilibrium position for � � = 0 :6
and � + = 10 � 3 to represent a Wenzel state where the liquid �lls the groovesfrom the
initial condition. Note the anisotropy in the drop shape due to wetting.
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Figure 5.21: Drop shape at equilibrium over posts. The geometrical parameters are
the same as the longitudinal grooves but is applied in both planes with � � = 1 and
� + = 0 :833 in non-wetted conditions.

Figure 5.22: Drop shape at equilibrium over random rough surface. Spatial frequency
resolution N = 96, � = 1 :5 and the mean heighthcr = 0 :15 with � � = 0 :6 and � + = 0 :5
in non-wetted conditions. Note the loss in spherical symmetry in the bubble shape.



202

smooth level sets. The e�ect of Lagrange multipliers is alsoexplored; integrating the

constraints over the entire domain is more robust as opposedto a local integration.

Failure to enforce the no-penetration constraint causes the interface to leak into the

solid wall. If the volume conservation constraint is violated, the drops behave like a

curvature-driven 
ow; the interface shrinks/expands unti l it is completely out of the

domain. In the context of microscopic problems, gravity e�ects can be ignored and an

external pressure �eld can be applied to obtain an equilibrium meniscus shape over a

wide range of rough surfaces. For macroscopic problems, thee�ects of gravity can be

included. Liquid drops are able to reach an equilibrium shape while conserving volume.

Di�erent surfaces can lead to di�erent equilibrium position s. We show that the algo-

rithm is capable of capturing contact lines accurately and also the anisotropy in liquid

drop shapes. The proposed algorithm provides a useful tool for studying properties of

superhydrophobic surfaces.



Chapter 6

Surface Reconstruction for Solid

Boundaries

In Chapter 5 a methodology was introduced that minimizes theGibbs free energy using

a level set that represents an interface and another that represents the solid bound-

ary. For the cases shown, the roughness was explicitly de�ned by the user; examples

using structured geometries and random roughness were demonstrated. However, it

is of interest to apply the analysis to realistic geometriesobtained from surface scans.

The raw data obtained from surface scans do not necessarily contain any information

about its orientation or the surface normals. If it is an unorganized set of data points,

then the ordering/connectivity is complicated and dependent on the scanning method.

This makes surface reconstruction a rather challenging problem since it is ill-posed, i.e.

there is no unique solution. The reconstruction algorithm should be able to deal with

a complicated topology that could also be noisy and nonuniform in its data distribu-

tion. This guarantees a good approximate reconstruction with some regularity. The

basic premise has been presented previously in the context of the traditional level set

methods [178, 179]. In this chapter, the governing equations for surface reconstruction

are reformulated using the variational level set method presented in Chapter 5 which

do not require any reinitialization (see also [180]). This serves as a pre-processing step

to convert a surface scan into a level set to represent a solidboundary. It requires two

203
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major steps: (i) obtain a distance �eld (DF) from the original data set by solving the

Eikonal equation using a fast sweeping algorithm; (ii) de�ne the level set (representing

the solid boundary) as some o�set (an exterior contour of thedistance function) then

continuously deform the surface under a gradient 
ow that minimizes the surface energy

to obtain an implicit SDF. This is required since the DF is absolute (not signed), and

can also contain noise. The minimized surface reconstructsit implicitly and smoothly

while also being an SDF. The algorithm is able to handle complicated noisy topologies

with ease and is highly scalable. The fast sweeping requiresa �xed total of 9 sweeps (in

3D) and is on the order of a few seconds for the �nest case tested (less than 10 seconds

for a 30 million grid). The surface energy minimizer has the same properties as the

algorithm presented in Chapter 5. The chapter is organized as follows: x6.1 discusses

the minimal surface energy model,x6.2 discusses how a distance function is obtained

using the Eikonal equation, x6.3 presents test problems to validate the algorithm,x6.4

presents the numerical experiments of reconstructing realscanned data, and �nally x6.5

summarizes the work.

6.1 The model: minimal surface energy

Consider a system composed of an arbitrary surface � and a data set S that includes

points, curves or surfaces. De�ne a DF asd(x) = dist( x ; S), the distance from every

point in the domain x to S. The surface energy for the variational formulation is given

by:

E(�) =
� Z

�
d2(x) ds

� 1=2

, (6.1)

where ds is the surface area. The DF in the above formulation acts as a potential

function for S where the energy is theL 2 norm of the potential on �. From S, the DF is

the only intrinsic information available, which is then used to �nd a local minimizer of

the energy functional given in Eq. (6.1) such that it behaveslike an elastic membrane

that moves and deforms until it attaches to the data set. The � rst variation of Eq. (6.1)
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with respect to a small perturbation in � is given by:

@E(�)
@�

=
1
2

� Z

�
d2(x) ds

� � 1=2�
2d(x)r d(x) � n + d2(x)�

�
, (6.2)

where n is the unit normal of � and � its mean curvature. The term 2d(x)r d(x) � n is

the variation of the potential, and d2(x)� the variation in surface area. At equilibrium,

an Euler{Lagrange equation is recovered:

d(x)
�
r d(x) � n +

1
2

d(x)�
�

= 0 . (6.3)

Note the balance between the potential forcer d(x) � n that minimizes the potential

energy and the surface tension forced(x)� that minimizes the surface energy. The

nonlinear regularization of the surface tension has a desirable scaling of (d(x)). The

evolving membrane tends to be more 
exible close the data set, e.g. d(x) << 1, and

becomes more rigid as it moves away.

6.1.1 Overview of the minimal surface energy in a variationa l level set

formulation

De�ne an energy functional ED ( ) where  (x ; t) < 0 represents the region outside of the

solid,  (x ; t) > 0 the region inside the solid and (x ; t) = 0 the solid interface. Then,

ED ( ) based on a surface energy can be written as:

ED ( ) =
� Z



d2(x) �

�
 (x ; t)

�
jr  (x ; t)j dx

� 1=2

, (6.4)

where ED ( ) is the level set formulation of the surface energy functional based on

L 2 norm distance potential of  (x ; t) given in Eq. (6.1), and �
�
 (x ; t)

�
jr  (x ; t)j dx

the surface area. To simplify some of the expressions beforederiving the governing

equations, de�ne a distance potential energy functional:

Ed( ) =
Z



d2(x) �

�
 (x ; t)

�
jr  (x ; t)j dx . (6.5)
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such that ED ( ) = E 1=2
d ( ).

In order to minimize ED ( ) and obtain a variational level set evolution equation,

de�ne the auxiliary energy functional J ( ) that contains the surface energy and the

penalty function:

J ( ) = � R p( ) + ED ( ) ; (6.6)

where R p( ) is the penalty term that enforces  to be an SDF in the vicinity of the

interface, and � the weighting. Then the Fr�echet derivative in the L 2 norm of J ( ) is

given by:

lim
� ! 0

1
�

�
J ( + �� ) � J ( )

�
=

�
@J
@ 

; �
�

=
�

@R p

@ 
; �

�
+

�
@ED

@ 
; �

�
: (6.7)

The �rst term in the right-hand side
�

@R p
@� ; �

�
is given in Eq. (5.24). The second term

can be shown to be: �
@ED

@ 
; �

�
=

1
2

E � 1=2
d ( )

�
@Ed
@ 

; �
�

, (6.8)

where

�
@Ed
@ 

; �
�

=
Z

@

�
�
 (x ; t)

� @ (x; t)
@n

d2(x)
jr  (x ; t)j

� ds

�
Z



�
�
 (x ; t)

�
r �

�
d2(x)

r  (x ; t)
jr  (x ; t)j

�
� dx .(6.9)

The �rst term is eliminated by taking @�
@n = 0 at the boundaries @
. The rest of the

terms follow as:

�
@Ed
@ 

; �
�

= �
Z



2d(x)�

�
 (x ; t)

�
�
r d(x) �

r  (x ; t)
jr  (x ; t)j

+
1
2

d(x)r �
�

r  (x ; t)
jr  (x ; t)j

��
� dx .

(6.10)

Therefore, the Fr�echet derivative of ED ( ) is:

�
@ED

@ 
; �

�
= �

Z



d(x)E � 1=2

d ( )�
�
 (x ; t)

�
�
r d(x)�

r  (x ; t)
jr  (x ; t)j

+
1
2

d(x)r�
�

r  (x ; t)
jr  (x ; t)j

��
� dx ;

(6.11)
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The evolution equation given by Eq. (5.18) can now be de�ned for an in�nitesimal

step-size as:

@ (x; t)
@t

= � r �
�

dp
�
jr  (x ; t)j

�
r  (x ; t)

�

+ d(x)E � 1=2
d ( )�

�
 (x ; t)

�
�
r d(x) �

r  (x ; t)
jr  (x ; t)j

+
1
2

d(x)r �
�

r  (x ; t)
jr  (x ; t)j

��
: (6.12)

Note that the scaling factor (SF) term d(x)E � 1=2
d ( ) simply modi�es the rate of the

evolution, e.g. it makes the most remote points move quicklyand the nearest points

to move slowly. Since the goal is an equilibrium solution, then that scaling term can

be discarded since the level set minimization algorithm only cares about the nearest

neighboring points when discretized. This also reduces thesti�ness of the equations

since both the far-�eld and the near-�eld can lead to values of SF >> 1 and SF � 0

respectively. Both of those conditions can cause stabilityissues and stringent CFL

conditions. Therefore, the governing equation can be simpli�ed to the following:

@ (x; t)
@t

= � r �
�

dp
�
jr  (x ; t)j

�
r  (x ; t)

�

+ �
�
 (x ; t)

�
�
r d(x) �

r  (x ; t)
jr  (x ; t)j

+
1
2

d(x)r �
�

r  (x ; t)
jr  (x ; t)j

��
: (6.13)

This is similar to the governing equation presented in Chapter 5 where Eq. (6.13) can be

written in the operator form  t = L[ ] that describes a motion in the normal direction

is given by the velocity vn = r d(x) � r  (x ;t )
jr  (x ;t )j coupled with a curvature-driven 
ow due to

1
2d(x)r �

�
r  (x ;t )

jr  (x ;t )j

�
. The governing equation is solved using the techniques presented

in Chapter 5. In fact, the curvature can be dropped if a smoothd(x) is available, this

relaxes the time-step requirement. The potential forcer d(x) � n will go to a minimum

as the distance goes to zero, however, if the scanned data sethas missing points or large

`holes', then the curvature can help regularize the surfaceby driving a balance between

the potential force (which minimizes the potential energy)and the surface tensiond(x)�

(which minimizes surface energy). In other words, the surface tension has a desirable

scaling factor d(x) which makes the surface membrane 
exible near the data and rigid
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away from it especially when the data set has a nonuniform sampling density.

The mechanism to implicitly reconstruct a surface is now de�ned, the only missing

information is the distance �eld d(x). In x6.2, an algorithm is discussed to obtaind(x)

from an arbitrary data set (e.g. STL and PLY �les, or an unorgan ized set of points).

6.2 Finding the distance function: the Eikonal equation

The distance function d(x) to the data set S satis�es the Eikonal equation and its

boundary conditions respectively:

jr d(x)j = 1 ; x 2 R3 ,

d(x) = 0 ; x 2 S � R3 .
(6.14)

The equation is a nonlinear boundary value problem that is a �rst order hyperbolic par-

tial di�erential equation (PDE). The information propagat es along the characteristics

from the boundary which may intersect and form shocks. Therefore a consistent and

accurate discretization along with a scheme that can deal with non-di�erentiability at

the intersection of characteristics, are two ingredients needed to successfully solve for

the PDE. Standard methods to solving the problem include transforming the Eikonal

equation into a time dependent problem. This can be solved using level sets based on a

Hamilton{Jacobi equation [181, 182] whered(x) is the �rst arrival time at x for a wave

front starting at S with a normal velocity of 1. This requires multiple time iter ations

under a stable scheme that satis�es the CFL condition. Another approach is the fast

marching method which treats the problem as a stationary boundary value problem

that requires an upwind di�erence scheme and heapsort algorithms so that the solution

is strictly increasing [183]. The complexity of this algorithm is O(N logN ) where N

is the total number of points. Zhao [179] proposed anO(N ) algorithm called the fast

sweeping method. It uses nonlinear upwind di�erence schemes and Gauss-Seidel itera-

tions with alternating sweep ordering. The method satis�es all the requirements for a

successful method to solve the Eikonal equation and is implemented in this work due

to its simplicity and most importantly, the fact that the num ber sweeps is independent
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of grid size.

6.2.1 The fast sweeping method

In the fast sweeping method, the nonlinear upwind di�erenceschemes ensure causality

i.e. the values at the current grid point are determined by the smallest nearest neighbor

value. The information propagates from the inside to the outside of the data set. The

key point of a Gauss-Seidel iteration is that it follows the causality of the characteristic

in each direction. Whenever a grid point obtains its minimal value, the value will not

be changes in later iterations. First, a 1D example will be used to illustrate the fast

sweeping algorithm and the properties described earlier. Then, a 2D discretization will

be shown before generalizing it to 3D.

Let the characteristics of the Eikonal equation be straight lines that radiate from

the S. The 1D upwind di�erence scheme at the interior is given by:

[(di � min(di � 1; di +1 ))+ ]2 = h2; 2 � i � I � 1 . (6.15)

Two Gauss-Seidel iterations are used while alternating thesweeping order fromi = 1 : I

then i = I : 1 to solve the system. The updated distance function at the grid point i

then becomes

dnew
i = min(min( di � 1; di +1 ) + h; dold

i ) . (6.16)

Figure 6.1 shows how the �rst sweep from left to right ((a) � (f )) then right to left

(f ) � (i ) is enough to calculate the distance function. For this particular example, S

consisted of only one data point atx = 5. The distance d(x) is initialized to a large

value, in this case 10 (the value of the length of the domain),and the boundary condition

d(5) = 0. As the iteration sweeps through the data points from left to right, the values of

d(x) are updated by the minimal value of its nearest neighbor. Once it reaches the end

of the sweep it reverses the direction, the minimal values are not a�ected, the sweeping

from right to left continues until the �rst half of the domain is updated with the minimal

value. After the two full sweeps are done, the distance function is recovered exactly.
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Figure 6.1: A 1D illustration of the evolution of the distance function of a single point
placed at x = 5. Gauss-Seidel sweeps the domain from left to right (a) � (f ) then right
to left ( f ) � (i ). It takes two full sweeps to obtain the �nal result.
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The extension to 2D is straightforward, but in 3D some manipulation is required to

make use of the 2D discretization. The details of the implementation will be discussed

next.

Discretizing the Eikonal equation

The general 3D Eikonal equation is discretized using a Godunov upwind di�erence

scheme at the interior grid points:

[(di;j;k � dx;min )+ ]2 + [( di;j;k � dy;min )+ ]2 + [( di;j;k � dz;min )+ ]2 = h2

i = 2 ; :::; I � 1; j = 2 ; :::; J � 1; k = 2 ; :::; K � 1 .
(6.17)

where h denotes the discrete mesh size in each corresponding direction (it is assumed

that h = �x = �y = �z ), dx;min = min( di � 1;j;k ; di +1 ;j;k ), dy;min = min( di;j � 1;k ; di;j +1 ;k ),

and dz;min = min( di;j;k � 1; di;j;k +1 ) such that

(g)+ =

8
><

>:

g; g > 0 ,

0; g � 0 ,
(6.18)

where g is an arbitrary function that goes into the () + operator used in Eq. (6.17). A

one sided di�erence is used at the domain boundaries. To �nd the unique solution, it is

easier to look at the 2D case �rst. The discretization simpli�es to:

[(d � dx;min )+ ]2 + [( d � dy;min )+ ]2 = h2 , (6.19)

whose unique solution is an exact formula ofdi;j :

di;j =

8
><

>:

min(dx;min ; dy;min ) + h; if jdx;min � dy;min j � h

dx;min + dy;min +
p

2h2 � (dx;min � dy;min )2

2 ; if jdx;min � dy;min j < h .
(6.20)

In 3D, the unique solution d requires a systematic approach that requires a slight

modi�cation to Eq. (6.20). First, de�ne new temporary varia bles a1 = dx;min , a2 =
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dy;min and a3 = dz;min . The general equation to be solved becomes:

[(d � a1)+ ]2 + [( d � a2)+ ]2 + [( d � a3)+ ]2 = h2 . (6.21)

The main di�erence is in this step is the following: the temporary values need to be

rede�ned in an increasing order, e.g. a1 � a2 � a3. Also, a new term needs to be

de�ned a4 = 1 (discretely, this can be the maximum length of the domain). There

exists an integerp where 1� p � 3 such that d is a unique solution to Eq. (6.21) and

ap � d � ap+1 . The value of d and p need to be computed recursively. Setp = 1 and

check if ~d = a1 + h � a2 then set d = ~d. Otherwise �nd the unique solution ~d = a2 that

satis�es the 2D equation

[(d � a1)+ ]2 + [( d � a2)+ ]2 = h2 . (6.22)

Check if ~d � a3, if its satis�ed then set d = ~d. Otherwise repeat recursively until p and

d are found such that they satisfy Eq. (6.21).

Initializing the distance �eld

To enforce the boundary conditiond(x) = 0 at S, assign the exact value or interpolated

value at the nearest grid point. The values at the far-�eld are assigned to1 (discretely

this can simply be the maximum size of the domain length).

Gauss-Seidel alternating sweeping order

As shown for the 1D case, the value ofd(x) is computed bases on the minimal value of

its nearest neighbor. It was shown that a maximum of two sweeps, from left to right

then right to left were enough to obtain the exact distance function. Therefore the

alternating sweeps are simply:

(1) i = 1 : I ; (2)i = I : 1 .
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Similarly for 2D:

(1) i = 1 : I ; j = 1 : J ; (2)i = I : 1 ; j = 1 : J ,

(3) i = I : 1 ; j = J : 1; (4)i = 1 : I ; j = J : 1 .

The number of sweeps is 2dim , i.e. it is �xed based on the dimension of the problem.

Therefore, a 3D case will result in 23 sweeps following the same trend as the above

sweeping directions.

6.3 Veri�cation and validation

In this section, a set of validation cases are presented to test the fast sweeping algorithm

and verify the analysis discussed earlier. The validation cases range from 2D to 3D data

sets with increasing complexities. Initially, similar to t he 1D where the data point lied

exactly on the grid point at x = 5, a set of two data points will also lie on the grid points

for a given 2D domain. Then a point will be placed randomly for a 2D and 3D case,

followed by an arbitrarily large number of data points distr ibuted randomly. Lastly, a

continuous curve given by a level set will also be tested.

6.3.1 Test case 1

The corresponding test cases examine the interaction of twodata points that lie exactly

on two grid points. The domain is 7 � 7 and the discrete mesh size ish = 1. The two

data sets are placed at (2; 6) and (5; 2). The distanced(x) is set to 7 everywhere with the

exception of its boundary conditions, i.e. d(2; 6) = 0 and d(5; 2) = 0. The alternating

Gauss-Seidel sweeps follow the order given earlier. The results for each sweep from the

initial condition till the �nal solution is given in Table 6. 3.1. Compared to the exact

solution, the maximum error is O = h. The maximum change in the solution after each

sweep is shown in Table 6.3.1. Notice that after the �fth sweep the change was machine

precision zero. The change from the fourth and �fth sweep is much less thanh, this is

due to two close points with intersecting characteristics. It remains inconsequential and
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7:0 7:0 7:0 7:0 7:0 7:0 7:0
7:0 7:0 7:0 7:0 7:0 0:0 7:0
7:0 7:0 7:0 7:0 7:0 7:0 7:0
7:0 7:0 7:0 7:0 7:0 7:0 7:0
7:0 0:0 7:0 7:0 7:0 7:0 7:0
7:0 7:0 7:0 7:0 7:0 7:0 7:0
7:0 7:0 7:0 7:0 7:0 7:0 7:0

(a) Initial Condition

7:0 7:0 7:0 7:0 7:0 1:0 2:0
7:0 7:0 7:0 7:0 1:0 0:0 1:0
7:0 7:0 7:0 7:0 2:0 1:0 1:707
7:0 1:0 2:0 3:0 3:0 2:0 2:545
1:0 0:0 1:0 2:0 3:0 3:0 3:442
2:0 1:0 1:707 2 :545 3 :442 3 :893 4 :338
3:0 2:0 2:545 3 :252 4 :048 4 :673 5 :192

(b) after �rst sweep

4:707 4 :0 4:371 3 :0 1:707 1 :0 1:707
3:707 3 :0 3:442 2 :0 1:0 0:0 1:0
2:707 2 :0 2:545 2 :925 1 :707 1 :0 1:707
1:707 1 :0 1:707 2 :545 2 :707 2 :0 2:545

1:0 0:0 1:0 2:0 3:0 3:0 3:442
1:707 1 :0 1:707 2 :545 3 :442 3 :893 4 :338
2:707 2 :0 2:545 3 :252 4 :048 4 :673 5 :192

(c) after second sweep

4:334 3 :882 3 :416 2 :545 1 :707 1 :0 1:707
3:441 2 :997 2 :925 2 :0 1:0 0:0 1:0
2:545 2 :0 2:545 2 :545 1 :707 1 :0 1:707
1:707 1 :0 1:707 2 :545 2 :545 2 :0 2:545

1:0 0:0 1:0 2:0 2:966 3 :0 3:442
1:707 1 :0 1:707 2 :545 3 :442 3 :893 4 :338
2:545 2 :0 2:545 3 :252 4 :048 4 :673 5 :192

(d) after third sweep

4:334 3 :882 3 :416 2 :545 1 :707 1 :0 1:707
3:441 2 :997 2 :925 2 :0 1:0 0:0 1:0
2:545 2 :0 2:545 2 :545 1 :707 1 :0 1:707
1:707 1 :0 1:707 2 :545 2 :545 2 :0 2:545

1:0 0:0 1:0 2:0 2:925 2 :999 3 :442
1:707 1 :0 1:707 2 :545 3 :416 3 :892 4 :338
2:545 2 :0 2:545 3 :252 4 :037 4 :673 5 :192

(e) after fourth sweep

4:334 3 :882 3 :416 2 :545 1 :707 1 :0 1:707
3:441 2 :997 2 :925 2 :0 1:0 0:0 1:0
2:545 2 :0 2:545 2 :545 1 :707 1 :0 1:707
1:707 1 :0 1:707 2 :545 2 :545 2 :0 2:545

1:0 0:0 1:0 2:0 2:925 2 :997 3 :441
1:707 1 :0 1:707 2 :545 3 :416 3 :882 4 :334
2:545 2 :0 2:545 3 :252 4 :037 4 :662 5 :186

(f) after �fth sweep

4:123 4 :0 3:162 2 :236 1 :414 1 :0 1:414
3:162 3 :0 3:0 2:0 1:0 0:0 1:0
2:236 2 :0 2:236 2 :236 1 :414 1 :0 1:414
1:414 1 :0 1:414 2 :236 2 :236 2 :0 2:236

1:0 0:0 2:0 3:0 3:0 7:0 3:162
1:414 1 :0 1:414 2 :236 3 :162 4 :0 4:123
2:236 2 :0 2:236 2 :828 3 :606 4 :668 5 :099

(g) Exact solution

Table 6.1: The changes in the values of the distance functionwith every sweep ((a)� (f )).
The solution takes 6 sweeps to converge and the results can becompared to the exact
solution presented in (g).

remains safe to say: only four sweeps are required to obtaind(x).

6.3.2 Test case 2

The next test case takes a single point that is not placed at the exact location of a

grid point. This will test the robustness of the interpolated values at the grid points

near the data set. The data point is located at
� 1p

2
; 1p

3

�
in 2D and

� 1p
2
; 1p

3
; 0:1�

�
in

3D in a unit square (cube) domain. Four grid resolutions are examined: 50� 50(� 50),

100� 100(� 100), 200� 200(� 200) and 400� 400(� 400). The �nest resolution is shown

in Figure 6.2(a) and (b) for the 2D and 3D cases respectively. The concentric contours

are well behaved, well de�ned and is exactly what expected. The solution is obtained
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k = 1 2 3 4 5 6
jjdk � dk� 1jj1 = 6 5 0:954 4:08e� 2 1:06e� 2 0

Table 6.2: Maximum change in the distance function after each sweep.

(a) (b)

Figure 6.2: Distance function contour for a single point for: (a) 2D case
� 1p

2
; 1p

3

�
in a

unit box domain with a grid resolution of 4002 and (b) 3D case
� 1p

2
; 1p

3
; 0:1�

�
in a unit

cube domain with grid resolution 2003. The white dot marks the location of the data
point.

in a fraction of a second for the �nest case. The error betweenthe calculated and exact

distance in di�erent norms for di�erent grid resolution in 2D is presented in Table 6.3.2.

�x � �y = 50� 50 100� 100 200� 200 400� 400
jjejj1 = 2:2e� 2 1:31e� 2 8e� 3 4:45e� 3

jjejjL 2 = 1:21e� 2 7:27e� 3 4:57e� 3 2:46e� 3

Table 6.3: Error in the 2D distance function reconstruction for a single data point� 1p
2
; 1p

3

�
.
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(a) (b)

Figure 6.3: Distance function contour for a set of 100 randomly distributed points for:
(a) 2D case in a unit box domain with a grid resolution of 4002 and (b) 3D case in a
unit cube domain with grid resolution 2003. Not all data points are shown for clarity.

6.3.3 Test case 3

In this test case, 100 randomly generated data points are placed in a unit square(cube)

domain. Similar to the previous test case, four grid resolutions are examined: 50�

50(� 50), 100� 100(� 100), 200� 200(� 200) and 400� 400(� 400). The �nest resolution

is shown in Figure 6.3(a) and (b) for the 2D and 3D cases respectively. The concentric

contours are well behaved, well de�ned and is exactly what expected. The solution is

also obtained in a fraction of a second for the �nest case. Thealgorithm is able to

calculate d(x) for hundreds of data points without any issues.

6.3.4 Test case 4

In this example, a continuous curve is used as a data set instead of individual single

point distributions. The domain length and grid resolution s are kept the same as the

earlier test cases. Initially, a circle was used to de�ne theboundary condition of d(x).

A circle (sphere in 3D) is initialized at the center of the domain with a radius r = 0 :25

by initializing the far-�eld then setting d(x = 0) for the grid points x that satisfy
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(a) (b)

Figure 6.4: Distance function contour for a continuous curve given by a level set
for: (a) 2D case given by � (x; y) =

p
(x � 0:5)2 + ( y � 0:5)2 � 0:25 in a unit

box domain with a grid resolution of 4002 and (b) 3D case given by � (x; y; z) =p
(x � 0:5)2 + ( y � 0:5)2 + ( z � 0:5)2 � 0:25 in a unit cube domain with grid resolu-

tion 2003. The white line and isosurface (to each �gure respectively)represents the
original surface.

�x � �y = 50� 50 100� 100 200� 200 400� 400
jjejj1 = 1:35e� 2 8:23e� 3 4:9e� 3 2:87e� 3

jjejjL 2 = 2:22e� 3 1:19e� 3 6:22e� 4 3:16e� 4

Table 6.4: Error in the 2D distance function reconstruction for a continuous curve given
by a level set circle.

� (x; y) =
p

(x � 0:5)2 + ( y � 0:5)2 � 0:25 in 2D and 3D case given by� (x; y; z) =
p

(x � 0:5)2 + ( y � 0:5)2 + ( z � 0:5)2 � 0:25. Figure 6.4(a) and (b) show the contour of

the solution to d(x) for the 2D and 3D case respectively. The error in reconstruction

between the calculated distance �eld and the exact distanceis presented in Table 6.3.4.

The complexity is increased by testing 4 randomly generatedcircles(spheres) whose

solution if also shown in Figure 6.5. Again the method shows agood level of robustness,

it takes four sweeps in 2D and eight sweeps in 3D as expected. The generated distance

�eld is smooth and well behaved. The errors are consistent with the grid size. The

method is able to reconstruct single, multiple and continuous data sets.
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(a) (b)

Figure 6.5: Distance function contour for a continuous curve given by four level set
spheres for a 3D in a cubic domain with resolution 2003: (a) shows an extracted slice
in the z-direction at L z = 0 :5 and (b) 3D isocontour of the `zero' distance function
(DF = 0 :01).

6.4 Numerical experiments

In this section, the algorithm is tested for real surface scanned data instead of user-

prescribed points and curves. Figure 6.6 shows the validation done on PLY scanned

surfaces obtained from the Stanford 3D Scanning Repositoryand the Large Geometric

Models Archive at Georgia Tech. The reconstructed DF is trueto the original scans and

is able to reproduce the smallest details accurately. The central theme of this chapter

is to reconstruct an implicit representation of a real surface scan e.g. the MIT surface

presented in Chapter 4 from a 50X objective scan. This servesas a pre-processing step

by converting a surface scanned data points into an implicitlevel set representing the

surface reconstruction. The solid level set which was denoted by  (x) in Chapter 5

will no longer be a user-de�ned function, but an externally read solid surface obtained

from this algorithm. After it is read, the Gibbs free energy minimizer can be used

to determine an equilibrium solution of a liquid-air interf ace over it. In the following

section, the steps from pre-processing to running the Gibbsfree energy minimizer will be

explored. It will show the validity of the analysis, and the robustness of the algorithm.
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(a) (b)

(c) (d) (e)

Figure 6.6: The reconstructed zero distance function isocontour using a 400� 400� 400
grid for: ( a) the Stanford Bunny, ( b) Dragon, (c) Happy Buddha, (d) Skeleton hand,
and (e) Turbine Blade.
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(a) (b)

Figure 6.7: The reconstructed distance function from the Eikonal equation using a
256� 52� 256 grid. (a) an illustration of the iso-surface given by DF = 0:1 and contour
slices of the DF function in the center x and z planes. (b) The 
at surface (shown in
transparent light gray) is the initial surface used for minimization to reconstruct a shape
preserving level set (x) using the DF obtained.

6.4.1 Pre-processing surface scans

The original scanned data points are stores in an array of vertices. The grid points

nearest to the data set are marked and the distance is interpolated from them. The

rest of the distance function is set to an arbitrarily large value (in this particular case

the maximum domain length). Several grid resolutions are explored: a coarse grid

reconstruction (128� 28 � 128), a medium sized grid reconstruction (256� 52 � 256),

and a �ne grid reconstruction (512 � 106� 512). For the �nest case, it took about 7

seconds to reconstruct the distance �eld. Note that this canbe reduced to less than a

second by ignoring the far-�eld and solving ford(x) in the near-�eld region only. Figure

6.7(a) shows the isocontour ofd(x) = 0 :1, and the two contour slices ofd(x) at the center

of the domain the x and z planes. Given that the distance �eld has been determined, it

remains an unsigned distance function. The solid surface needs to be a level set which is

an SDF. Therefore, a initial binary level set  (x ; t) is placed above the maximum peak

of d(x) as shown in Figure 6.7(b). The surface minimizer described in Eq. (6.13) is

discretized and solved using the methods presented in Chapter 5. The domain is taken

to be 2� � 1:3� , the time-step is �t = 10 � 3. The solver required about 5000 iterations to

reach an equilibrium solution. The �nal result is an implici t curve (i.e. level set) that
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reconstructs the shape of the original surface scan. The surface reconstructions using

three di�erent grid resolution are shown in Figure 6.8. The isosurfaces are of (x) = �

where � < h . The algorithm display a high level of robustness where the smallest details

are captured in the medium and �nest grid resolution. Not surprisingly, the coarse

mesh loses some �ne features which is expected. The following demonstrates the pre-

processing step of converting a scanned data set into a levelset that will serve as a solid

boundary. The level set denoted by (x) at equilibrium is no longer a function of time.

The level set is saved as a solid boundary which will then be read by the Gibbs free

energy minimizer. The solution from the medium sized grid isused to run the Gibbs

free energy simulation. The domain size is also kept the size. The physical variable

pertaining to the Gibbs free energy are as follows:

The interface is initialized at 4�y over the maximum peak of the solid and the value

of the binary function to initialize the liquid-air level se t co = 3 � where � = 1 :5�y . The

domain extents are [L x ; L y ; L z] = [2 �; 1:3; 2� ]. The time-step taken for each grid is 10� 5

with � = 0 :4. Three values of � p were investigated, � p = 0 :005; 0:01; 0:1 and 0:2. The

surface tension values are� � = 1 :0 and � + = 0 :766 which corresponds to� Y = 140� .

Figure 6.9 shows the equilibrium location of the liquid-air interface for the �rst three

values of � p. The elevation contour is plotted on the liquid-air interfa ce to show the local

height variation of the interface as it becomes distributedover the roughness. This can

aid in extracting point-wise interfacial locations to determine when the interface fails.

Figure 6.10 illustrates the equilibrium location of the liquid-air interface for � p = 0 :1.

The interface is colored with light blue to indicate the liquid phase in contact with the

solid. The solver is clearly able to handle very complicatedgeometries obtained from

surface scans. This allows for not only parametric studies on interfacial failure and

cavitating nucleation sites, but also validation with experiments conducted over these

realistic surfaces.
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(a)

(b)

(c)

Figure 6.8: The �nal reconstructed level sets from the distance function obtain from the
Eikonal equation for: (a) a coarse grid reconstruction (128� 28� 128), (b) a medium sized
grid reconstruction (256� 52� 256), and (c) a �ne grid reconstruction (512 � 106� 512).
The medium and �ne grids are able to reconstruct the smallestlocal features.
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(a)

(b)

(c)

Figure 6.9: An elevation map of the interface for: (a) � p = 0 :005, (b) � p = 0 :01, and
(c)� p = 0 :02. The contour shows the local height of the interface.
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Figure 6.10: An illustration of the equilibrium location of the liquid-gas interface at
� p = 0 :1. The simulation is done over the medium sized reconstructed MIT surface.

6.5 Summary

In this chapter, a minimal surface model for shape reconstruction is presented. The

energy functional responsible for the minimization is formulated in the variational level

set framework, using the much of the recent technology that does not require any reini-

tialization. The method relies on a continuous deformationfollowing a gradient 
ow to

minimize the surface to an arbitrary data set. The level set formulation for is shown

to be a robust and e�cient tool to capture the SDF of the �nal sha pe of the arbitrary

data set. The only unknown in the gradient descent equationsis the distance �eld. This

�eld is obtained using the Eikonal equation that relies on a fast sweeping algorithm.

The distance �eld is obtained within seconds for massively large data sets. It is shown

that the algorithm is able to handle, single, multiple, and continuous data sets that can

either be organized or completely unorganized. Once the distance is obtained and the

shape is reconstructed, the pre-processing of a real surface scan is practically done. The

solid level set is saved to a �le which is then read by the Gibbsfree energy solver pre-

sented in the previous chapters, allowing the numerical studies of predicting interfacial

equilibrium solutions over real scanned rough surfaces.



Chapter 7

Conclusion

7.1 Summary

This work aims to study the physical mechanism of the drag-reducing e�ects of re-

alistic superhydrophobic surfaces. This problem poses a unique set of challenges to

accurately predict drag reduction, resolve surface geometry, and capture the interfa-

cial phenomenon. Two di�erent numerical methodologies aredeveloped. The �rst is a

multiphase Navier{Stokes volume-of-
uid based approach;it is used to investigate the

e�ect of interface curvature, and turbulence on drag reduction in the presence of realistic

roughness. The method is robust, kinetic energy conserving, and can accurately capture

pressure jumps across the interface while ensuring no spurious currents are generated.

The algorithm is massively parallel (scaled up to 131072 cores using a 3:88 billion grid).

The second is a Gibbs energy minimizer based on a level set framework that does not

require any reinitialization; it is used to determine interfacial equilibrium locations over

realistic rough surfaces given an external pressure and surface properties.

Direct numerical simulation (DNS) is used to study the drag reduction by superhy-

drophobic surfaces (SHS) in both laminar and turbulent regimes. The e�ects of groove

geometry, interface shear rate, and meniscus penetration are investigated independently.

Results show that drag reduction is achieved in both regimes. The trapped gas is simu-

lated as both 
at and meniscal interfaces. A non-monotonic behavior is observed with
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increasing interface de
ection, drag reduction initially increases with interface de
ec-

tion into the groove and then decreases for large de
ectionsas the interface velocity

approaches zero due to the proximity to the bottom of the groove. Geometry by itself

induces slip; in the laminar 
ow over idealized grooves, that also translates to drag

reduction; however, that is not the case for realistic surfaces in laminar or turbulent

regimes. The air-water interface is assumed to be 
at for therealistic surface to quan-

tify the e�ect of interface height. A nonlinear dependence between drag reduction and

the gas fraction is observed, the curve can be broken down into three distinct regions.

To obtain the gas fraction, the bearing area curve is used to determine the relationship

between the interface height location and the amount of sliparea exposed to the outer


ow. Flow statistics of the 
ow �eld are compared to that of a s mooth wall and scaling

laws for slip length, slip velocity, roughness function, and drag reduction are obtained

for di�erent penetration depths. Results are compared to past work. A competing e�ect

of slip velocity and turbulent losses due to the Reynolds shear stress contribution is also

observed. The presence of trapped air in the cavities signi�cantly alters near-wall 
ow

physics where we examine near-wall structures and propose aphysical mechanism for

their behavior. The fully wetted roughness increases the peak value of turbulent inten-

sities, whereas the presence of the interface suppresses them. The near-wall structure

is altered and breaks down with increasing slip. Based on those results, the competing

e�ects of roughness asperities and slip induced by the interface is observed. As the

interface penetrates further into the asperities, the dragreduction is compromised until

it reaches a Wenzel state where it increases drag. It is foundthat surfaces with nega-

tive skewness (valley dominated) tend to have more favorable drag-reducing properties.

Pressure 
uctuations a�ect the stability of the interface. It is found that the pressure


uctuations are determined by both large-scale turbulent 
 uctuations and a contribu-

tion due to stagnation pressures at the asperities. The present work demonstrates DNS

over a realistic SHS for the �rst time, to the best of our knowledge.

Gibbs free energy minimization is used to predict equilibrium interfaces over ar-

bitrary solid surfaces. The proposed method uses the distance regularized level set
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equations (DRLSE) with techniques to incorporate the no-penetration and volume-

conservation constraints. This avoids the reinitialization step that is typically used

in traditional level set methods. This allows for a more e�ci ent algorithm since only

one advection equation is solved, and avoids numerical errorassociated with the re-

distancing step. A harmonic mean is used to determine the surface tension distribution.

The triple contact point location is therefore captured more accurately. The method

uses second-order central di�erence schemes that facilitate easy parallel implementation.

The algorithm is validated with canonical problems of traditional level set methods. In

the context of Gibbs free energy minimization, the equilibrium location of the liquid-

air interfaces is validated against existing analytical solutions. The capability of the

methodology to predict equilibrium shapes over both structured and realistic rough

surfaces is demonstrated. The solid boundaries are user-prescribed; to enable a Gibbs

energy minimization for a real surface, a method was developed that allows implicit

nonparametric shape reconstruction from an unorganized set of data points. The main

di�culty is to take the point cloud data from a real surface sc an and reconstruct a solid

boundary for the Gibbs energy minimization. This is achieved in two steps: (i ) recon-

struct a distance �eld by solving the Eikonal equation using fast sweeping methods, and

(ii ) minimize surface energy based on the distance potential toreconstruct the surface.

The physical process can be thought of as an elastic membranethat covers the data set

which evolves under a gradient 
ow until it shrink-wraps the point cloud data, thereby

reconstructing the shape like a mold. This becomes a pre-processing step by which a

point cloud data is implicitly reconstructed by a level set that represents solid, which is

then read into the Gibbs energy minimizer to obtain a liquid-air equilibrium interface.

7.2 Future work and outlook

Several challenges have been addressed throughout the work. Examples include captur-

ing curvature e�ects, pressure jumps, surface tension e�ects, and simulating real surface.

Other challenges remain, such as simulating realistic surface tension e�ects under tur-

bulent 
ow regimes. For the turbulent 
ow problem, the inter face is assumed to be 
at
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with in�nite surface tension to study the e�ect of interface height. It would be of great

interest to simulate the interface dynamically oscillating with the turbulent 
ow-�eld,

where the possibility of interface failure can be examined.Numerical stability due to

surface tension is more stringent than the viscous terms where the time-step restriction

can be orders of magnitude lower. Therefore, an implicit surface tension model would

prove to be very bene�cial. Overall, drag reduction is observed for both laminar and

turbulent conditions, and the physical mechanism is understood. Future work should

focus on favorable surface properties and interface failure under realistic conditions. The

scope of the work can be extended to larger Reynolds numbers.Controlled parametric

studies of real surfaces can be performed to develop scalinglaws for drag reduction.

Similar studies can be performed for boundary layers.

The Gibbs free energy minimization algorithm can be used to quantify failure cri-

terion for the surfaces given an external pressure �eld. Parametric studies can be con-

ducted over realistic roughness to study the e�ect on critical pressure of RMS roughness,

skewness, e�ective slope, and Wenzel roughness. In the Gibbs free energy minimization

algorithm, a procedure is developed that represents the real surface scan as a contin-

uous level set function. This methodology enables excitingpossibilities for both grid

generation procedures in complex geometries as well as the inclusion of subgrid e�ects

introduced by their discrete representation.
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Appendix A

Validity of assumptions

In practice, for the superhydrophobic surface to sustain its drag reducing properties,

the surface tension must be strong enough to maintain the presence of an air{water

interface. This implies that the capillary pressure must belarger than the background

turbulent pressure 
uctuations. The balance between surface tension and the external

pressure results in a meniscus shape and a contact angle at the wall contact boundaries.

In the study, the interface is assumed to be 
at, which it may not be, and that the

interface is always sustained. We investigate the range of validity of our assumptions

by using scaling arguments of the driving mechanisms in interfacial physics and com-

paring their orders of magnitudes. The asterisk is used to denote dimensional quantities.

A.1 Small interface de
ection approximation

Let s� represent the interface de
ection andw� the average cavity width of the rough

surface. The Young{Laplace equation gives:

� p�
c =

2� �

R� ; (A.1)

where � p�
c is the capillary pressure across the interface. Assuming the interface is pinned

at the contact points of the cavity width, then R� is the radius of the interface. We
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can then relate w� to s� given that w� represents the chord of a circular segment such

that w� = 2
p

s� (2R� � s� ). Substitute for R� using Eq. (A.1) to obtain the following

relation:
s�

w� �
w� � p�

c

8� � : (A.2)

For a 
at interface, s� =w� � 1 wheres� =w� represents the ratio of interface de
ection

to cavity width. Assume the maximum de
ection to be no larger t han 10 % such that

the maximum de
ection (contact) angle is less than s 3� so we obtain

w� � p�
c

8� � < 0:1; (A.3)

which gives

w� <
0:8� �

� p�
c

: (A.4)

Therefore the maximum sustained pressure given a cavity width is

� p�
c <

0:8� �

w� : (A.5)

A.2 Interface stability approximation

In a realistic environment, the turbulent pressure 
uctuat ions play an important role

in determining whether the interface breaks or remains intact. In order for the surface

to maintain its drag reducing properties, capillary pressure must be strong enough to

maintain the air{water interface and overcome turbulent pr essure 
uctuations. Using

similar scaling arguments as before, we know that the turbulent pressure 
uctuations

scale as follows:

p�
rms s O(� � u� 2

� ); (A.6)

and the capillary pressure as

� p�
c s O

�
� �

w�

�
: (A.7)
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In a stable con�guration, � p�
c � p�

rms must be satis�ed. Therefore we obtain the

following relation:

O
�

� �

w�

�
� O(� � u� 2

� ): (A.8)

The above equation can be rearranged such that

w� � O
�

� �

� � u� 2
�

�
; (A.9)

which gives an upper bound on the friction velocity

u�
� � O

 r
� �

� � w�

!

: (A.10)

Therefore in terms of Re� ,

Re� � O

 s
� � � � � � 2

� � 2w�

!

; (A.11)

A.3 Range of validity

For the following analysis, we take water as a reference 
uidat standard conditions:

� � = 997 kg=m3, � � = 8 :94 � 10� 4 Pa � s and � � = 7 :2 � 10� 2 N=m. In our numerical

simulation, the surface Sq is approximately 1=90th of the channel half-height � � which

gives� � s O(10� 4m). From a design perspective, there exists a top down approach (the

present study) where a surface is given and we estimate the range of validity of Re� . In

a bottom up approach, we can �nd the upper limit of the maximum allowable w� that

sustains an interface given anRe� .

Top down approach

In our numerical experiment, w� is of O(10� m) therefore Eq. (A.5) yields � p�
c < 5:7

kPa suggesting that the interface can sustain pressures up to that value before the

assumption of 
at interfaces breaks down. Set the calculated pressure as the upper
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limit for p�
rms and substitute Eq. (A.6) in Eq. (A.5) to obtain

u�
� < O

 

0:894

r
� �

� � w�

!

: (A.12)

In terms of Re� we have

Re� < O

 

0:894

s
� � � � � � 2

� � 2w�

!

: (A.13)

Therefore, the assumption of a 
at interface is valid for Re� < 270. For the assumption

of a stable interface, we use Eq. (A.11) to obtainRe� � 300. It is clear from these

results that the assumption of a 
at interface puts a more stringent requirement on the

allowable Re� which can also be seen by comparing Eq. (A.11) to Eq. (A.13).

Bottom up approach

Given a range of Re� , we can estimate the largest allowable cavity width between

roughness peaks. It is helpful to de�ne terms in wall units such that Eq. (A.11) is

rewritten as

Re� � O
�

1
w+

�
� � � � � �

� � 2

��
: (A.14)

Therefore w+ for interface stability is given as

w+ � O
�

1
Re�

�
� � � � � �

� � 2

��
: (A.15)

The maximum sustained capillary pressure can also be written in wall units,

� p+
c <

0:8Ca� 1

w+ ; (A.16)

where Ca = � � u�
� =� � is the ratio of viscous to capillary stresses known as the capillary

number. For small interface de
ections, w+ is therefore

w+ <
0:8Ca� 1

� p+
c

: (A.17)
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Re� w+
IS (� ) Ca � p+

c (� ) w+
SD (< )

180 50 1:9 � 10� 2 0:8 40
395 23 4:3 � 10� 2 0:81 18:4
1000 9 1:4 � 10� 3 64 7:2
10; 000 0:9 1:4 � 10� 4 6:4 � 103 0:72
100; 000 0:09 1:4 � 10� 5 6:4 � 105 0:072

Table A.1: Maximum allowable average cavity widths in wall-units w+ for a range of
Re� . w+

IS and w+
SD represent the average cavity width satisfying the interface stability

and small de
ection conditions respectively. The maximum allowable capillary pressure
� p+

c in wall-units is also shown.

An example of such bottom up calculation is given in Table A.1.

It is important to note that for this analysis, w+ represents an average cavity width

of the random rough surface. It does not say anything about the largest value that is

prone to failure �rst. As the height of the interface increases, w+ increases and more

asperities are covered up. Therefore the most realistic numerical simulations would be

with an interface below Sq of the roughness where typically the gas fraction� g < 0:6.

As mentioned earlier, the goal behind our numerical experiment was to investigate the

e�ect of the interface height on the drag reducing properties of SHS. Also it is worth

mentioning that although the above analysis gives the upperlimit of allowable Re� for

a given w+ , it is known from the literature that adding hierarchical st ructures to the

same size posts can resist destabilization. Hence, for the same geometry, the maximum

allowable Re� can be larger due to the added multiscale roughness.

A.4 Surface statistics

The power spectral density (PSD) of the surface height obtained from the scan is shown

in Figure A.1, where the visible cross-pattern is due to the aliasing e�ects at the non-

periodic boundaries of the un�ltered surface. The originalsurface statistics are veri�ed

with the experimental values provided through private communication. The surface

statistics are reported in Table A.2. Table A.3 compares thevalues of the original

surface statistics for the scaled turbulent channel roughness with the step-wise masked
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kx

kz

Figure A.1: Power spectral density (PSD) contour plot where kx and kz are the
wavenumbers in the streamwise and spanwise directions respectively.

representation as used by the solver. Figure A.2 illustrates the peaks as they are iden-

ti�ed given a threshold.
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Parameter Description Formula Value

Sa Average Roughness Height 1
N x N z

N zP

k=1

N xP

i =1
jhi;k j 1.59 � m

Sq RMS Roughness Height [ 1
N x N z

N zP

k=1

N xP

i =1
h2

i;k ]1=2 2.03 � m

Sv Maximum Valley Depth min (hi;k ) -10.0 � m
Sp Maximum Peak Height max(hi;k ) 8.31 � m

Sz;max Maximum Peak to Valley Height max(hi;k ) � min (hi;k ) 18.38� m

Sz;5� 5 Mean Peak to Valley Height 1
25

5� 5P

i =1
Sz;i 12.75� m

Ssk Skewness 1
N x N z S3

q

N zP

k=1

N xP

i =1
h3

i;k -0.32

Sku Kurtosis (Flatness) 1
N x N z S4

q

N zP

k=1

N xP

i =1
h4

i;k 3.47

Sdq RMS Slope of Roughness [ 1
N x N z

N zP

k=1

N xP

i =1
[� 2

i + � 2
k ]]1=2 0.547

Sw Wenzel Roughness 1
N x N z

N zP

k=1

N xP

i =1
[1 + � 2

i + � 2
k ]1=2 1.129

Sm Mean Peak Spacing 1
Np � 1

Np � 1P

k=1
(Pk+1 � Pk ) 10.64� m

� i Directional Derivative @h=@xi
1

2dx i
(hi +1 � hi � 1)

Table A.2: Statistical parameters of the scanned surface used in the present work. Nx

and Nz are the number of points in the streamwise and spanwise directions respectively.
Np denotes the total number of peaks,Pk the peak location andh the roughness height.

Parameter Original Surface Step-wise Surface Error (%)
Sa 7:0585� 10� 3 7:0613� 10� 3 0.04
Sq 8:972� 10� 3 9:0211� 10� 3 0.547
Sv � 4:256� 10� 2 � 4:243� 10� 2 0.305
Sp 3:626� 10� 2 3:724� 10� 2 2.7

Sz;max 7:883� 10� 2 7:967� 10� 2 1.065
Sz;5� 5 6:1725� 10� 2 6:22172� 10� 2 0.785

Ssk � 0:3347 � 0:3234 3.37
Sku 3:494 3:484 0.286
Sdq 0:3985 0:4059 1.856
Sw 1:07312 1:0757 0.24

Table A.3: Comparison of the statistical parameters of the original surface scaled for
the turbulent channel 
ow with the step-wise distribution of the surface used in the
present work.
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x

h

Figure A.2: A 2-D slice of a random spanwise location of the original surface roughness
(solid blue line) illustrating the identi�ed peaks (solid b lue triangles) using the arith-
metic mean elevation (dashed red line) as a threshold. The mean distane between peaks
is used to obtain the average roughness gapL.



Appendix B

Derivations of the energy

functionals

B.1 Gibbs free energy derivatives

The Fr�echet derivative of the energy functionals in Chapter 5 are given without going

into the details of derivation. In this section, the derivat ives of the relevant energy

functionals are presented in detail.

B.1.1 Derivative of interfacial surface energy functional

The interfacial surface energy functional is given by:

EI (� ) =
Z



� (x)�

�
� (x ; t)

�
jr � (x ; t)j dx . (B.1)

The Fr�echet derivative is given by:

�
@EI

@�
; �

�
= lim

� ! 0

EI (� + �� ) � E I (� )
�

, (B.2)
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where

lim
� ! 0

EI (� + �� ) � E I (� )
�

= lim
� ! 0

1
�

� Z



� (x)� (� + �� )jr (� + �� )j dx �

Z



� (x)� (� )jr � j dx

�

then add and subtract the term
R


 � (x)� (� + �� )jr � j dx to the right hand side

= lim
� ! 0

1
�

� Z



� (x)� (� + �� )jr (� + �� )j dx �

Z



� (x)� (� + �� )jr � j dx

+
Z



� (x)� (� + �� )jr � j dx �

Z



� (x)� (� )jr � j dx

�

= lim
� ! 0

1
�

� Z



� (x)� (� + �� )

�
jr (� + �� )j�jr � j

�
dx+

Z



� (x)

�
� (� + �� )� � (� )

�
jr � j dx

�

=
Z



lim
� ! 0

1
�

�
jr (� + �� )j�jr � j

�
� (� + �� )� (x) dx+

Z



lim
� ! 0

1
�

�
� (� + �� )� � (� )

�
jr � j� (x) dx

=
Z



lim
� ! 0

1
�

�
[r (� + �� ) � r (� + �� )]1=2 � [r � � r � ]1=2�

� (� + �� )� (x) dx

+
Z



� 0(� )jr � j� (x) dx

multiply and divide the �rst term by [ r (� + �� ) � r (� + �� )]1=2 + [ r � � r � ]1=2 to get

=
Z



lim
� ! 0

1
�

�
[r (� + �� ) � r (� + �� )]1=2 � [r � � r � ]1=2	

�
�

[r (� + �� ) � r (� + �� )]1=2 + [ r � � r � ]1=2
	

[r (� + �� ) � r (� + �� )]1=2 + [ r � � r � ]1=2
� (� + �� )� (x) dx

+
Z



� 0(� )jr � j� (x) dx
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=
Z



lim
� ! 0

1
�

[r (� + �� ) � r (� + �� )] � [r � � r � ]
[r (� + �� ) � r (� + �� )]1=2 + [ r � � r � ]1=2

� (� + �� )� (x) dx

+
Z



� 0(� )jr � j� (x) dx

=
Z



lim
� ! 0

1
�

[(r � + � r � ) � (r � + � r � )] � jr � j2

[(r � + � r � ) � (r � + � r � )]1=2 + jr � j
� (� + �� )� (x) dx

+
Z



� 0(� )jr � j� (x) dx

=
Z



lim
� ! 0

1
�

[(r � � r � + 2 � r � � r � + � 2r � � r � )] � jr � j2

[(r � � r � + 2 � r � � r � + � 2r � � r � )]1=2 + jr � j
� (� + �� )� (x) dx

+
Z



� 0(� )jr � j� (x) dx

=
Z



lim
� ! 0

jr � j2 + 2 r � � r � + � jr � j2 � jr � j2

(jr � j2 + 2 � r � � r � + � 2jr � j2)1=2 + jr � j
� (� + �� )� (x) dx

+
Z



� 0(� )jr � j� (x) dx

=
Z



� (x)� (� )

r �
jr � j

� r � dx +
Z



� 0(� )jr � j� (x) dx (B.3)

Remember that

Z



r �

�
� (x)� (� )

r �
jr � j

�
�

dx =
Z



� (x)� (� )

r �
jr � j

� r � dx +
Z



r �

�
� (x)� (� )

r �
jr � j

�
� dx ,
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Thefore, rewrite

Z



� (x)� (� )

r �
jr � j

� r � dx =
Z



r �

�
� (x)� (� )

r �
jr � j

�
�

dx �
Z



r �

�
� (x)� (� )

r �
jr � j

�
� dx

=
Z

@

� (x)� (� )

r �
jr � j

�n� ds�
Z



r � (� )�

�
� (x)

r �
jr � j

�
� dx �

Z



� (� )r�

�
� (x)

r �
jr � j

�
� dx

=
Z

@

� (x)� (� )

1
jr � j

@�
@n

� ds�
Z



� 0(� )r � �

�
� (x)

r �
jr � j

�
� dx �

Z



� (� )r�

�
� (x)

r �
jr � j

�
� dx

=
Z

@

� (x)� (� )

1
jr � j

@�
@n

� ds�
Z



� 0(� )� (x)r � �

r �
jr � j

� dx �
Z



� (� )r�

�
� (x)

r �
jr � j

�
� dx

=
Z

@

� (x)� (� )

1
jr � j

@�
@n

� ds �
Z



� 0(� )� (x)jr � j� dx �

Z



� (� )r �

�
� (x)

r �
jr � j

�
� dx

The derivative is obtained:

�
@EI

@�
; �

�
=

Z



� (x)� (� )

r �
jr � j

� r � dx +
Z



� 0(� )jr � j� (x) dx

=
Z

@

� (x)� (� )

1
jr � j

@�
@n

� ds �
Z



� (� )r �

�
� (x)

r �
jr � j

�
� dx

Assuming zero-neumann conditions on the boundaries, the �rst term containing
@�
@n= 0 vanishes, therefore

�
@EI

@�
; �

�
= �

Z



� (� )r �

�
� (x)

r �
jr � j

�
� dx (B.4)
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B.1.2 Derivative of bulk energy functional

The bulk energy functional is given by:

EB(� ) = �
Z



� pH

�
�  (x)

�
H

�
� (x ; t)

�
dx . (B.5)

The Fr�echet derivative is given by:

�
@EB

@�
; �

�
= lim

� ! 0

EB(� + �� ) � E B(� )
�

, (B.6)

where

lim
� ! 0

EB(� + �� ) � E B(� )
�

= � lim
� ! 0

1
�

� Z



� pH (� + �� )H (�  ) dx�

Z



� pH (� )H (�  ) dx

�

= � lim
� ! 0

1
�

� Z



� p

�
H (� + �� ) � H (� )

�
H (�  ) dx

�

= �
Z



� p lim

� ! 0

�
H (� + �� ) � H (� )

�

�
H (�  ) dx

= �
Z



� pH 0(� )H (�  ) dx

= �
Z



� p � (� )H (�  ) dx

The derivative is obtained:

�
@EB

@�
; �

�
= �

Z



� p � (� )H (�  ) dx . (B.7)
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B.1.3 Derivative of the �rst energy constraint

The energy functional associated with the no-penetration constraint is given by:

G1(� ) =
Z



H

�
� � (x ; t)

�
H

�
 (x)

�
dx = 0 . (B.8)

The Fr�echet derivative is given by:

�
@G1

@�
; �

�
= lim

� ! 0

G1(� + �� ) � G 1(� )
�

, (B.9)

where

lim
� ! 0

G1(� + �� ) � G 1(� )
�

= lim
� ! 0

1
�

� Z



H (� (� + �� ))H ( ) dx �

Z



H (� � )H ( ) dx

�

By de�nition, H (� � ) = 1 � H (� ), substitute into the above equation

= lim
� ! 0

1
�

� Z



[1 � H (� + �� )]H ( ) dx �

Z



[1 � H (� )]H ( ) dx

�

= lim
� ! 0

1
�

Z



[1 � H (� + �� ) � 1 + H (� )]H ( ) dx

= � lim
� ! 0

1
�

Z



[H (� + �� ) � H (� )]H ( ) dx

= �
Z



lim
� ! 0

[H (� + �� ) � H (� )]
�

H ( ) dx

= �
Z



H 0(� )H ( ) dx

= �
Z



� (� )H ( ) dx
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The derivative is obtained:

�
@G1

@�
; �

�
= �

Z



� (� )H ( ) dx . (B.10)

B.1.4 Derivative of the second energy constraint

The energy functional associated with the volume-conservation constraint is given by:

G2(� ) =
Z



H

�
� (x ; t)

�
H

�
�  (x)

�
dx = Vo . (B.11)

The Fr�echet derivative is given by:

�
@G2

@�
; �

�
= lim

� ! 0

G2(� + �� ) � G 2(� )
�

, (B.12)

where

lim
� ! 0

G2(� + �� ) � G 2(� )
�

= lim
� ! 0

1
�

� Z



H (� + �� )H (�  ) dx �

Z



H (� )H (�  ) dx

�

= lim
� ! 0

1
�

Z



[H (� + �� ) � H (� )]H (�  ) dx

=
Z



lim
� ! 0

[H (� + �� ) � H (� )]
�

H (�  ) dx

=
Z



H 0(� )H (�  ) dx

=
Z



� (� )H (�  ) dx

The derivative is obtained:

�
@G2

@�
; �

�
=

Z



� (� )H (�  ) dx . (B.13)
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B.2 Minimal surface energy derivatives

The Fr�echet derivative of the energy functionals in Chapter 6 are also given without

any details. This section details the process of obtaining the derivatives of the minimal

surface energy functional.

B.2.1 Derivative of minimal surface energy functional

The minimal surface energy functional is de�ned as theL 2 norm of the distance poten-

tial, it is given by:

ED ( ) =
� Z



d2(x) �

�
 (x ; t)

�
jr  (x ; t)j dx

� 1=2

, (B.14)

Note that since the convention is to use to represent the solid level set, then the

energy functional is a function of  . To simplify the derivation, de�ne a new variable

such that

Ed( ) =
Z



d2(x) �

�
 (x ; t)

�
jr  (x ; t)j dx . (B.15)

such that ED ( ) = E 1=2
d ( ).

�
@ED

@ 
; �

�
=

1
2

E � 1=2
d

�
@Ed
@ 

; �
�

(B.16)

The Fr�echet derivative of Ed( ) is given by:

�
@Ed
@ 

; �
�

= lim
� ! 0

Ed( + �� ) � Ed( )
�

, (B.17)

where

lim
� ! 0

Ed( + �� ) � Ed( )
�

= lim
� ! 0

1
�

� Z



d2(x)� ( + �� )jr ( + �� )j dx �
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then add and subtract the term
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=
Z



lim
� ! 0

1
�

�
[r ( + �� ) � r ( + �� )]1=2 � [r  � r  ]1=2	

�
�

[r ( + �� ) � r ( + �� )]1=2 + [ r  � r  ]1=2
	

[r ( + �� ) � r ( + �� )]1=2 + [ r  � r  ]1=2
� ( + �� )d2(x) dx

+
Z



� 0( )jr  jd2(x) dx



264

=
Z



lim
� ! 0

1
�

[r ( + �� ) � r ( + �� )] � [r  � r  ]
[r ( + �� ) � r ( + �� )]1=2 + [ r  � r  ]1=2

� ( + �� )d2(x) dx

+
Z



� 0( )jr  jd2(x) dx

=
Z



lim
� ! 0

1
�

[(r  + � r � ) � (r  + � r � )] � jr  j2

[(r  + � r � ) � (r  + � r � )]1=2 + jr  j
� ( + �� )d2(x) dx

+
Z



� 0( )jr  jd2(x) dx

=
Z



lim
� ! 0

1
�

[(r  � r  + 2 � r  � r � + � 2r � � r � )] � jr  j2

[(r  � r  + 2 � r  � r � + � 2r � � r � )]1=2 + jr  j
� ( + �� )d2(x) dx

+
Z



� 0( )jr  jd2(x) dx

=
Z



lim
� ! 0

jr  j2 + 2 r  � r � + � jr � j2 � jr  j2

(jr  j2 + 2 � r  � r � + � 2jr � j2)1=2 + jr  j
� ( + �� )d2(x) dx

+
Z



� 0( )jr  jd2(x) dx

=
Z



d2(x)� ( )

r  
jr  j

� r � dx +
Z



� 0( )jr  jd2(x) dx (B.18)

Remember that
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The derivative is obtained:
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Assuming zero-neumann conditions on the boundaries, the �rst term containing
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@n = 0 vanishes.
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Therefore,
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After some simpli�cation and rearrangement, the derivative obtained is:
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