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DIFFUSION IN NETWORK

AVNER FRIEDMAN* aAND CHAOCHENG HUANG**

Abstract. In this paper we study a diffusion in an orthogonal array of 2-dimensional channels as the width of
the channels decreases to zero and the number of channels increases to infinity. It is shown that the limit is again a
diffusion process and the diffusion coefficients are computed explicitly in terms of the relative sizes of the rectangles
surrounded by the channels

Introduction. Many materials used in industry have granular structure. The granularity
can occur at various length scales ranging from a few nanometers for amorphous material to tens
of micrometers for grain structure. These scales are larger than the microscopic scale (atomic,
molecular) and smaller than the macroscopic scale. One refers to these regimes as the mesoscopic
regimes. Neither the methods of atomic chemistry and physics nor the methods of continuum
physics are applicable at the mesoscopic level.

Of particular interest in semiconductor manufacturing is the doping of impurities in a polysilicon
structure (such as the gate of a semiconductor device). This structure has the form shown in
Figure 1 where the grains or crystals fill the space in irregular form; the black lines indicate the
grains boundaries and their width, although small, is non-negligible.

FIGURE 1

The actual boundary between two grains is 54, although the “effective” boundary might range
up to 1004. The grain size varies from 1,0004 to 10,0004. The dopant diffuses preferentially
through the grains boundaries [5] [6] [8], and diffusion through the grains bulk may (to a first
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approximation) be ignored. The grains boundaries constitute a complex network of channels, and
one would like to determine, at least approximately, the density u of the diffusing dopant.

FIGURE 2

Figure 2 shows a simple 2-dimensional network with channels parallel to the z- and y-axis; the
width of the channels is 8 in the y-direction and (3 in the z-direction. Notice that the grains size
is not uniform. We can model the diffusion in the channels in two ways:

(1) uniform diffusion in all directions with the stipulation that there is no diffusion across the grains
boundaries, that is, u/dn = 0 on these boundaries, or

(ii) uniform diffusion in all directions only at the intersections of channels, and diffusion only in
the direction of the channel in the remaining portions of the network.

Since the boundary between grains is not sharply marked, it is actually not clear which of the
two models provides a better description.

In this paper we concentrate on model (ii). Assuming that the material is a square Q, we

impose a boundary condition

(0.1) A%zf-ku_F (A>0)

on the parts of 092 which bound the ends of the channels.
We wish to study this diffusion problem and determine the limit of u = ug as 8 = (f1,52) — 0.

We shall consider the model (ii) for the non-periodic structure as exhibited in Figure 2. We
shall assume that the grains in the z- and y-directions vary in accordance with functions f;(z) and
f2(y); more precisely, the grain in the i-th row and j-th column is a rectangle with sides

a; = fi((i+ 1)B1) - fi(iB1) and  a; = fo((G + 1)B2) — fo(iB2)

respectlvely One can perform a translation of all the intersections of channels so that they fill a
rectangle Qﬁ, Qﬁ converges to some rectangle o as 8 — 0. We shall prove that the solution u,
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restricted to ﬁﬁ, converges to the solution w of

02 (i), + (wim), =0 =

with the boundary conditions

A ow . . ~
03 m o + w = Fy on the vertical sides of 9Q ,
: A ow

m I 4+ w = Fy on the horizontal sides of 6(20

where Fj is a limit of the F's in (0.1) as 8 — 0 and Fp coincides with F} after a change of variables

(0.4) z =z + fi(z) - f1(0), y = y + fo(y) — f2(0)

which maps Qo onto Q.

For the special periodic structure fi(z) = Az, fa(y) = py the function w coincides with the
solution obtained by the homogenization of model (i) (as computed using the formulas in [2]); for
general fi(z), f2(y), see Remark 7.1.

The method for proving our main results is entirely different from the various homogenization
methods. For clarity of notation we shall first consider, in Sections 1-6, the special case of uniform
size grains. The case of non-uniform size grains is studied in Section 7. Finally, in Section 8 we
extend our results to the case where () is a general 2-dimensional domain, and in Section 9 we
briefly consider non-orthogonal netwoks.

§1. The problem. Let = {0 <z <1, 0 <y < 1} and let e, be positive constants and
N a positive integer such that

(1.1) (N+1a+NB=1.
Set

1
xi:yi:ia+<i—§>ﬁ (ISzSN)

and introduce vertical and horizontal “channels” of width

Iiz(xi—g,meg)x(O,l),Ji:(O,l)X(yi—é,yi-l-é) :

2 2
Set
N N
I:UL J:UL
=1 =1

The boundary 99 of Q consists of

Fiony=0,Tonz=0,T30ony=1and 'y onz = 1.
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Consider the following problem (P): Find

(1.2) uECl(Tuj)
such that

0%u . -
(1.3) (9—:1,‘2- =0 in J\I s

0*u . -
(14) a_yz =0 in I\J ,
(1.5) Au=0 in INJ
and

ou .

(1.6) %+u:Fi on T'yNnao(Iul) (1<i<4)

where n is the outward normal.

It follows that u(z,y) must be linear in z in J\I and linear in y in I\J. Set

I?:Iiﬂ{0<y<y1——§-}, L~N=Iiﬂ{yN+§<y<1},
m _ B p
I"=ILn ym+5<y<ym+1_5 ; 1<m<N-1.

The i-th vertical channel I; consists of N components I; N J; (1 <j < N) and the N + 1 regions
I™ which do not belong to J. Similarly the i-th horizontal channel J; consists of N components

JinIy (1 <k<N)and the N + 1 regions

J?ZJiﬂ{0<x<x1—§} R J,-]VZJ,-ﬂ{xN+§<z<1},

Jim=Jiﬂ{$m+§<$<$m+1—§}, 1<i:<N-1,

From (1.3), (1.4) we get

(1.7) 2= o [u (me -3 ,y) ( 2 y)] in J™,
6U _ 1 ,6 m
(1.8) 8_,?/ =< [u (m,ym+1 — 2) (:1: Ym + )] in I
for 1<¢< N and 1< m< N - 1. Further,
Ou _ 1 _BY _ o
(1.9) o " a [u (m,yl 2) u(a:,O)] in I .

Using the boundary condition (1.6) we get

(1.10) (%+ 1za) (w,yl —g) = ifaz on 31?ﬂ{y=y1 —g}




Analogous boundary conditions hold on y = yn + [22 andonz =2y — ;2’2 , T =2N+ §

We introduce a notation for the four edges of I; N J;:

P§j=3(fiﬂcfj)ﬂ{y=3/j—-§} ) T§j=3(1iﬂfj)ﬂ{y=yj+'§} :

I¥ =a(L;nJ;)N {xz:v,-—g} , T¥ :a(I,-an)m{xzx,-+§} .
Denote by u;; the restriction of u to I; N J;. Then problem (P) can be reduced to the following

problem:

(1.11) Aui; =0 in LiNI; (1<4, 7<N),
8uij Uij _ F1 on Fi«l ’ j: 1 :
(1.12) an 1+a 1+«
Ouij By 1 B ij .
T + il(z,y; — 5) == wij—1(2,yj-1 + 5) on I'Y,1<j<N,

with similar conditions on 'y, T'5/,T'}.

To deal with this system it is convenient to translate the regions I;NJ; parallel to the coordinate
axes so that they fill a rectangle

Q={0<z<NB,0<y<NB} .

Set
Ii=((G-1)B, iB) x (O,NB) , J; =(0,NB) x ((7 - 1)B,jB) 1<1,j< N,
and introduce the edges f‘ij of I; N J; as follows
Iy =0(LinJyn{y= (-1}, T¥=ainJ)n{y=jb},
Iy =o@nJ)n{z=(-18}, T{=0TinT)n{z=1ib} .
We translate the independent variable so that the functions u;; defined originally on I; N J; become

functions (denoted again by u;;) defined on I; N I;. We can now state the original problem (P) in
the following equivalent form:

Problem (P). Find a family of functions u;; (1 < 4,7 < N) such that

(1.13) uj € C* (LNnT;)

(1.14) Aui;=0 in LN,

and the following boundary and interface conditions hold:

8uij 1 1 ~ i .
=t = F rtji=1,
(1.15) on +1+au1 1+« 1Loon te
o 0'ltij 1 1 ij .
W"'—Uij:auz"j_] on I'Y,1<j<N,



8u,-j 1 1 ~

(1.16) on + 1+au” l+ta ' ? on Ty | j ,

' ou;; 1 1 i .
8—7;‘74_; u”:-(; ui,j-l-l on I‘gj s 1<]<N )
(?u,'j 1 1 = 15 .

(1.17) on TTra" T Tya 2 M 2ot = h

. Oui: 1 1 y .
_a_:.{_zuij_—.;ui_l,j on F;J,1<Z<N,
auij 1 1 = Nj .

(1.18) gn T Txa" T Tga it 00 e e
Quij 1oL, on T, 1<i<N.
on o a '

Here the f‘g are defined by

f‘z(iﬂ+w)=Fg<$i+1—§+(E) for £=1,3 (0<i<N-1),
(1.19)

E(J'ﬂ+y)=Fz(yi+1—§+y) for £=2,4 (0<j<N-1).

for0 <z < B, 0<y<g. In the following sections we shall prove that problem (ﬁ) has a unique
solution and we shall determine the limit of the solution as § — 0, while o/ and N converges to
some positive numbers.

§2. Uniqueness for (]3) Let = {0 <z <1, 0<y< 1} and introduce its four edges I'; as
in Section 1. Consider a solution w € W12(Q) of

Aw=0 in Q,

B
a—‘i:fg on T, (1<0<4).

LEMMA 2.1. Let 0 <y < 1. (i) If fo € CY(T) for 1 < £ < 4 then w € CY*(Q). (ii) If f1, f
belong to C'+7(I';) and C**7(T;), respectively, and f{(0) = f3(0), then w € C**7(Q N By ;5(0)),
where B,.(O) is a ball of radius r with center at the origin O = (0,0).

Proof. To prove (i) we only need to consider the smoothness of w near a corner, say near Oj; the
regularity elsewhere follows by standard elliptic theory. Extend f; as C” function to {z = 0, y < 0}
and choose a function wg such that

A’wo =0 in B2/3(O) N {.'17 > 0} 5

0
% =f, on Bys(0)n{z=0};
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then wo € C'*7(By5(0) N {z > 0}). The function v = w — wy satisfies

Av=0 1in Bl/z(O)ﬂQ,

Oov
%:0 on B1/2(O)ﬂ]:‘2,

0 0 =
5§-=f1——;;—05f1607 on By;(0)NTy .

We extend v to z < 0 by reflection: v(z,y) = v(—=z,y); then 9v/dy = 71 on y = 0 where 71 is in
C7. Therefore v € C'*7{By3(0) Ny > 0}, which implies that w € C*+7(B;,,(0) N Q).

To prove (ii) we observe that the function z = w, satisfies

Az=0 in Q,
0z ,
z=—f1 on Iy, %:ﬁ on I'5.

Extend f; as a C” function to y < 0 and take w in C'*7(B,/3(0) N {z > 0}) such that

A’U)l =0 in 32/3(0) N {.’E > 0} )
(2.1) ow

6_nl =f; on By;3(0)n{z =0} .

Then the function v = z — w; satisfies
Av=0 in By;,(0)NnQ,

(2.2) T=-fi—wi=fi on Bip(0)nTy,
v
—a; =0 on B1/2(0)0F2 B

We extend v to z < 0 by reflection. The extended function v is harmonic in By/2(0O)N{y > 0} and

_ N fl(m) if 2>0
7(z.0) _f(m)_{fl(—z) it z<0.

By (2.1), (2.2) we have

L= -0 - 2250 - _50)+ £0)= 0

where we have used the compatibility assumption fI(0) = f4(0). It follows thatf € C'*7 and
therefore 7 € C1*7(By/3(0) N Q). Hence also wy € C'*7 in By/5(0) N Q. Similarly we can prove
that wy € C7 in B1/2(0)N Q, and the proof of the lemma is complete.

We return to problem (P) and assume that
(2.3) Fp e L™(Ty) .

In the sequel we identify a solution {u;;} of problem (P) with the function u which takes the
values u;; on I; N J;.



LEMMA 2.2. Let w = {u;;} be a solution to problem (P),u # const. Then u cannot take
maximum or minimum at any interior point of Q.

Proof. Suppose u takes a maximum M at an interior point (zo,yo):
(24) u,'j(ilf, y) < ’U”io.’io(xo’yo) =M forall (:D’ y) € ﬁ .

Consider first the case where (zo,yo) is an interior point of the square Tio N jjo- Then, by the
maximum principle, u;,;, = M and, by the interface conditions,

_ . R Tiod
Uig+1,jo = M and Ujg41,50 =0 on T .

0
on
But then, but the maximum principle, also u;,4+1,, = M in fio+1 n jjo- Similarly we deduce that
u;; = M for all 4,7, which is a contradiction. We conclude that (z¢,yo) must lie on the boundary
of some I;, N Jj,, say in 'y, and u;; Z M for any ¢, j.

If (zo,yo) is an interior point of T:% then Ouiyj,/On > 0 at that point, so that u;y;,(Z0,y0) <
Uiy jo+1(Z0, Y0 ), a contradiction to (2.4). Therefore (zo,yo) must be an endpoint of I'y’°, say the

right-end point. Since u;,j, takes its maximum on I‘;"j" at (zo,%),

. 0
Ih/H;O %2 Uigjo(T,%0) > 0

so that, by the interface condition on I'yP”, Uigio(Z0,%0)) < Uig+1,j0(Z0,¥0) Recalling (2.4) we
conclude that w41, = M at (zo,%0) and similarly

(2.5) Uigjot1 = UYig41,jo = UYigjo = M at (2o, %) -

By Lemma 2.1 (i) u;;, € C'*7 in f,-o ﬂfio—neighborhood of (zo,y0), and, similarly, the same
regularity holds also for u;y4+1,jo, %i,jo+1- Writing

Oug,; 1 ~ .

—=228 = _(uio,jo+1 - uiojo) =f3 on F?SOJO s
(2.6) 33"- « B

- = o Uiot1go = Biojo) = fs on TPT,

we conclude that fs, fy are in C't7. Furthermore, by (2.5), Vu;yj, (%0, ¥0) = 0. Similarly
(27) Vuio+1yj0 = VuiOyjo‘i'l = Vu’io+17jo+1 = Vuiojo =0 at (m0>y0) .

This implies that fi(zo) = fi(yo) = 0. Hence, by Lemma 2.1 (ii), u;,j, € C**7 in Iiy N j}o—
neighborhood of (z¢,y0). From (2.6), (2.7) it follows that

82u’iojo _
(28) (91‘—631 ((Eo,yo) =0.



For any direction v, pointing from (z¢,yo) into Tio n :]vio, we have

0 O Uigjo
5.2 <0 at (zo,¥0) -

Writing v = (cos 8, sin 8), —g < 0 <0, we get
2 2
cosﬂaa g]" + 1n2083 :9”0 +sin2068'gj° <0.

Recalling that u;,j, is harmonic and that it satisfies (2.8), we get

(cos® § — sin 9) z°]°<0 if —g<0<0.

Consequently 9%u;,j, /02% = 0 and thus all the second derivatives of u;,j, vanish at (zo, o).

Introduce the complex variable z with center at (zg, o) such that [0 lies on the negative real
axis. The function w(z) = w;,j,(2'/?) is harmonic in D = {|z| < §, Imz > 0} for some § > 0 and
takes its maximum M at z = 0. Further, since the first and second derivatives of u;,;,(z,y) vanish
at (o, ¥0), the first derivatives of w(z) vanish at z = 0; in particular,

%%:O at z2=0,

a contradiction to the maximum principle.

THEOREM 2.3. Ifu = {u;;} is a solution to problem (P) then

(2:9) lullae < max (| Fellz=} -

Indeed, by Lemma 2.2, the maximum of u must be attained at some boundary point (2o, y0) €
0(li, N Jj,) NTy. Then du/dn > 0 at (zo,yo) and, by the boundary conditions, u;,;, < Fp at that
point. Similarly one can estimate the minimum of u.

COROLLARY 2.4. There exists at most one solution to problem (P).
§3. Existence for (P). Set
N ~ ~
x- [ e (7))
1,7=1
and introduce the norm
ullx = u .
Julx = Z il (777

We shall assume:

(3.1) F,eC'(Ty) (1<0<4).



THEOREM 3.1. If (3.1) holds then there exists a unique solution to problem (P), and

(3.2)

[Jullx < o0

Proof. For any u € X introduce v = {v;;} as the solution to

(3.3)

A’t)ij:O in 'fzﬂj}

with the boundary conditions

8v1~j

1

1

D - =~ F i, j=

(3.4) on T17a" T Ta o o=
%_Flpij:—ui’j_l on T¥ 1<j<N,
on  « o
3’02']' 1 1 jod tIN .
=y =—F I'5 =N

(3.5) an ~*_1-§-cuv” T ’

. Ovii 1 i .
St vig=—uign o on IY, 1<i<N,
Ovij 1 I 71
L= = — F r;’ =1

(3.6) on +1+av” T+a 2 " 7207 ’

. v 1 .
;7;]+avij:aui-l,j on Iy, 1<i<N,
a’U'j 1 = Nj
YL - = —F r,”,i=N

(3.7) gn T Tva ¥ T Txatt O 4T rE

: vy 1 =ij -
0721]“‘; Vij =, Yitly on I'Y,1<i<N.

We write v = Tu. By Lemma 3.1

(3.8)

N 4
ITullx <C ¢ > il <7—;f—) + > lIFelie
v =1

i,j=1
where C is a constant depending on « and 8. Set
K = m?xHFgHoo

and introduce a subset ¥ of X by

Y :{u ={ui} € X, |lullr= <K,

N
ol = 32 Il 777 < }

4,j=1
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where M is a positive constant.
By the maximum principle,
(3.9) |Tu||pee < max{||u||lpe ,K} =K .

From (3.8) and interpolation

ITully < [|Tullx <C Z lluijller + ZHFZH(N
(3.10) b=l

< Céllulls + C(8) Z l[wijllz= + CZ |1 Fellc-

1,j=1 =1

for any small § > 0. Since the sum Y, ||ui;||z~ is bounded by KN, taking § = 1/(2C) we deduce
that

1
I Tully < §||U||1 + C1(9)

where C1(6) is independent of u. Ilence if M > 2C1(6) then 7' maps Y into itself. From (3.10)
we see that T is compact and continuous. Applying the Schauder fixed point theorem we conclude
that 7" has a fixed point u, which is the asserted solution to problem (P).

84. Estimates independent of «,(3. In this section we establish estimates on the solution
u = {ui;}, independently of @ and 3. These estimates will be used in Section 5 to determine the
limit behavior of the solutions as 8 — 0, & — 0, N — oco. We shall assume that

(4.1) a=A3 where 0<A< o0

and A remains constant as § — 0. For clarity we shall denote the domain Q by ﬁﬁ and the solution
u by ug, and write ug = {u;;}.

LEMMA 4.1. There exists a constant C' independent of 3 such that the solution ug = {u;;}
satisfies:

N
(4.2) > /|vu,~j|250,
i,j:lzn:fj

(4.3) ZZ/ | — i j— ik +ZZ/'“” Uj_ 1J| <Ca.

i=1 j= . z231~.

Proof. By the divergence theorem and (1.13)—(1.18),

1 1
/ |V = = /(Um'—l — Uij)uij + - /(Uz‘,j+1 — Ujj ) Ui

I.nJ; T T
1 1 |
+ = (wier = wig)uig + — [ (Wig1,j — wig)uij
«Q (6]
T i
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for 1 <4,j < N. Fori=1,N or j =1,N we have similar results. Taking summation we get

Z [ 19usl+ 2 » /|um—u, il

1,j= 170] 1=2 j= 1~..
N N
EZ;/\%J Ui, j— 1|+1+a u:H_a/uF
T T aT aq

where F = Fy on T'¢, and this implies the assertions (4.2), (4.3).

For any small § > 0, let G5 denote the square in ﬁg whose four sides are parallel to the
corresponding sides of g such that the distance between each pair is 6.

LEMMA 4.2. There exists a constant C independent of § and § such that, for any h = (hq, ha)
with |h| < 6/2, 6> 20,

(4.4) / lug(z + h1,y + ha) — ug(z,y)|*dady < C6* .
Gs

Proof. It will suffice to establish (4.4) for h = (h1,0), hy > 0. Consider first the case 0 <
hy < B. Then

/’Uﬁ(l‘ + h1,y) — ug(z,y)? Z / lug(z + hy,y) — wij(z,y)* .

Gs BIEl G enTnT, 7;
We proceed to estimate each term on the right-hand side. For (z,y) € N ,7] and 1 # N,
uij(z + h1,y) if (i—-1)f<a<if—hy,

ug(z + h1,y) =
8 n) {“z‘+1,j(m+h1,y) if i8-h<z<if,

so that
ip iB—hy
[ luste+ b= wisenl = [ dy [ e ) - ue s
Tnd G-D8 (-1
+ / dy / |wig1,j(x + h1,y) — uij(z,y)Pde = Ky + I .
(G-1p  iB-m
We have

iB—h1 [ 1 2
I < / dy / /_80_ uij(2 +t/zl,y)d} de < B} / IVui|*,
(G-1s  (-1)B LO
iB i3
Ky <3 / dy / {Iui+1,j(~’b‘ + h1,y) — wig1,;(i68, )
(G-1)B  (iB-h1)B

+ | wip,; (1B, y) — wii(iB, ) + |uii (18, ) — Uz’j(-’b‘,@/ﬂ?}dﬂ«‘

I,'I"’IJJ‘
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The integral of the integrand’s middle term is bounded by hy [ |uiy1,; — u;j|? whereas the integral
Ti

of each of the remaining two terms in the integrand can be estimated in the same way as K;. We
thus obtain

/ lug(z + h1,y) — ui(z,y)* < 4h3 / Vg2
Af;n?]} T,nZ
+ 3h3 / |Vuig,;|* + 3h / lwit1,j — uig]?

TipanJ; ry

For : = N we have

/ lug(z + h1,y) — uij(z,y)|* < h2 / |Vui;|* .

(7; n.’fj)nG.; I;nJ;

Summing over 7,j and using Lemma 4.1 and (4.1), the assertion (4.4) follows.

Consider next the case hy > § and write by = kf+60, 0< 60 < B. Fori < N —k, if
(z,y) € ;N Jj then (: — 1)8 < z < ¢ and

u,-+kyj(a; + hl,y) R Tz < Z,B -0
Uiprs1,5(T 4+ h1,y), z>iB—0.

’U,Ig(:lt + hl7y) = {

Hence
ie B0
[ s+t - usenl = [ ay [ lusete+ ey - wie i
(45) T.nJ, | | G=1B  (i-1)p
iB 8
+ / dy / [witkt1,5(2 + h1,y) — uij(z,y)|*dze = K, + K, .
(j-1B -6

We can write

Uitk i (2 + h1,y) — wij(2,y) = [k (@ + P1,Y) — wigr ;((0 + &k — 1)8,y)]

k
+ ) [uigei((F+ €= 1)B,y) — wige1,;((i + £ = 1)8,7)]
=1

k
+ 3 [uire-1,i((i+ £ = 1)B,y) — wipe—1,5((i + £ — 2)8,)]

=1
+uii((1 = 1)8,y) — uwij(z,y))]

and using the inequality

(4.6) (i az) < niaﬁ



we find that

iB i3—49
T [ f {|uij(<i—1)ﬂ,y>—uu(m,y>l?
(J-1B (i-1)8

+ | Uigk i (@ + 01, y) — wipr i ((E+ K - 1)ﬁ,y)l2}dw

7 iB—6

P2+ DY [ dy [l = D8,9) — e (6 + € )5 )Pde
Elg-ns  G-1p

iB i8-8

#2403 [ ay [ s+ €= D89 — v (4 - 28,0)Pd
=li-ns G-

=2(k 4+ 1)(I11 + K10 + K13) .

ko

We can estimate {11 as /1 above and obtain

K1y < 2p° / |V + / Vi,

IinJ; ’1:.'+kﬂ-7j
Similarly
k
I3 < 2 Z / |Vuire-1,5]* .
=1~ ~
11;+z—1ﬂ~7j
Hence
. itk itk
Bo<ak+ 08y [ 1Vugl + 20428 35 [l - ver
{=i~" ~ {=it+1~,.
IinJ; I‘QJ

Since I can be estimated similarly to K above, we conclude from (4.5) that

i+ k41

[ s+ o) = usla )P <80+ 208 Y. [ (s
~ Y~ =1 ~"Y~
T.nJ; I.nJ;
(4.7) .
HAE+2)8 Y [ ug = veof?

provided ¢ < N — k.

Observe next that if ¢ > N — I then 1:: N fj does not intersect G since

(z‘—l)ﬂz(zv—k—nﬂ:(zv—1)/3—w=(N—1)ﬁ—m+az(N—l)ﬂ—§+o>zvﬂ—5.
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Hence summing in (4.7) overall 1 <i< N -k -1, 1<j< N, weget

/|u5 x4 hi,y) — up(z,y)|* < 8(k +2)26° Z / |V |?

7.7 I~V
I;nJ;

+4(k +2)*B Z Z / luiz1,j — wis|?

1=2 j= 1~.
ry

Recalling Lemma 4.1 we then conclude that the right-hand side of (4.4) is bounded by C(k+2)%8%+
C(k + 2)Ba. Since k3 < hy and a < CB (by (4.1)), (4.4) follows.
Set

~ 1 1
Qg =40 .
0 { <a:<)\+ 0<J<>\+1}

Recall, by (1.1), (4.1), that

(4.8) (N+DA+N)B =
Hence,
(4.9) Qp—Q if 0.

THEOREM 4.3. For any sequence [ = 3, converging to zero there exists a subsequence 8 = (3,
and a function u in L*(Q0) such that

(4.10) /|uﬁn —u? 0
G

for any compact subset G C Q.

Proof. For any compact subset G C Qo

/ lug(z + h1,y + he) — up(z,y)> < Clh|* (by Lemma 4.2)

if |h| is small enough. Since furthermore the ug are uniformly bounded, the set {ug} is precompact
in L?(G). The assertion of the theorem now follows by the diagonalization argument.

§5. Homogenization. Introduce the function
(up)e = {uijel

i.e., (ug)y is the function which coincides in each I;NJ; with the derivative u;j .; it is not the weak
2-derivative of ug. Similarly we introduce the function

(ug)y = {uiju} -

15



and set Vug = ((ug)z,(ug)y). By Lemma 4.1
(5.1) /quﬁ|2 <C, C independent of 8
2
It follows that the assertion of Theorem 4.3 can be supplemented by
(5.2) (ug,)o — up , (ug,)y = uj weakly in L*(G@)

for any compact subset G in Qo, where u}, uj are functions in L?(l), not necessarily weak
derivatives of u.

In the sequel we shall need the following integration by parts formula: For any £ € Cw(?l—ﬁ),

/(Uﬁ)zé = i / Uij b = = i / i€z

L,j=1~ "~ 1,j=1~"~

Qs LnJ; Iini;
(5.3)
N N N
+>03 /(m_l,j —ui)é+ Y / un;§ — /uljf
=2 ]:1»1::51. Jj=1 Fi\/, Fivj

We also note that since Au;; = 0 in Tl N :fj,

Juij
/ V’ui]’sz / —(,;—I;l—]é.

InJ; a(T;nJ;)

forany € € C“(ﬁﬁ). Summing over ¢, 7 and using the interface and boundary conditions, we obtain

1 1 ~
(54) /V’LLﬁVf-*-m Uﬁ£—1+a /}‘f

Qp 85 80

Denote by ﬁ’ﬁ the function which coincides with the I?‘g (1<£<4)on f)ﬁg. In this section we
assume that

(5.5) FoeC'(Ty) (1<€<4).
Define a function Fp on 850 by
Io(2) = Fy(z 4 A2) (1<£<4)
and extend it into 60 as a C'7 function. From (1.19) we get
) ’; — ~ vy
(56) IJ.B F0|Loo(aﬂﬁ) <CpT.
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We introduce a “harmonic” conjugate vg of ug by

T Y

(5.7) val,9) = = [ (ua), (2,00 + [wsrata,v)a.

0 0

Since (ug)e is continuous in the -direction and (ug)y is continuous in the y-direction, one can see

that vg is is well defined single-valued function, and that it is continuous in §~25. Furthermore,

0 . _— ~is ~ii
(5.8) 5 0= ~(up)y i (z,9) € LinJ;\ (1Y nTY),

0 . T\ Wi A TG
(5.9) 97 vg = (ug): if (z,y)e ;nJ;\ (Y NTY),

where the derivatives of vg are the usual weak derivatives.

LeEMMA 5.1. There exists a subsequence of 3,, which we again dcnote by (,, and a function v
in Wh2(Qq) such that

(5.10) vg, — v weakly in Wh(G)
for any compact set G' in ﬁo.
Proof. By (5.8), (5.9) and Lemma 4.1,
(5.11) /|va|2 < C, C independent of g .
Qp
By (5.7)

va(2,0) = - [ (wpl(e,0)de = o= [ (= ua)(e,0)

so that |vg(z,0)| < C. It follows that the I/Vl'Q(ﬁﬁ)-norm of vg is uniformly bounded, which implies
the assertion of the lemma.

Combining (5.2), (5.8), (5.9) and Lemma 5.1, we see that
(5.12) Vg = —Uy , Vy = Uy .

LEMMA 5.2. The limit w is harmonic in g, it belongs to W12(€y), and

(5.13) Vug — rl/\ Vu weakly in LQ(G)

for any compact set G in Q.

Proof. Tor any € € C’(‘)’O(ﬁo) we have, by (5.3),

(5.14) /(“ﬂ)xﬁ = - / ups + ii /(Ui—l,j — uij )¢ -

I ~ =2 j=1
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if B is small enough. Since

Ou;j

oz

1 .
=~ (5 —wiy) on Iy,

we see that

ii /(Ui—l,j —ui)€ = —aii / 6;: £

1=2 j=1 1=2 j=1~".

Ti T
(5.15) N N ) NN ¢
_ g . _
=33 /a—yf—wzg/vﬁa—y:hﬁ.
1=2 j=1 <. 1=2 j=1="..
ry ry
We claim that
ot
5.16 Kg— A — =06,—0.
(5.16) s / Ve, p=p
&
Indeed,
N
Ka=2Y [ (w8 - DB w)isdy
b=t T.nJ;
N
A [ 106G - D8,) - (o)) + A [ 006y = Kon + K
YA, G
Clearly

Kﬁ2_>/v€y as f=p0,—0,
Qo
and |Kpi| can be estimated by
iB | (i-1B

N i
b
NS [t [ ][ st
W=l ye (Sue |

0
<38 [ 155 (0a6) =0 a5 B0

GY:

since vg and (vg), are uniformly bounded in L2(§ﬁ). Hence (5.16) holds.
Taking 8 = B, — 0 in (5.14) and using (5.15), (5.16) we get

(5.17) /u;eg = - /ugz + ,\/vgy .

Qo Q0 Q0



Since v € W12(€y), it follows that the weak derivative u, exists and

(5.18) Uy = Uy + Avy = (A + 1)uj
by (5.12). Similarly the weak derivative u, exists and
(5.19) Uy = (A + 1)u;

Finally, taking £ € C$°(Q0) in (5.4) with 8 = B, — 0, we get
e+ uig) =0

Q0
and, in view of (5.18), (5.19), Au = 0 in Q.
We next proceed to determine the boundary condition of u on [‘)ﬁo.

LEMMA 5.3. Suppose € € C“(ﬁo) with support in {0 <z < j\%f , 6 <y < A~ (5} for some
6 > 0. Then, as § = B, — 0,

(5.20) /uﬁf - /u{
I o

where I'y, T are the intersections of x = 0 with Qs and 0Qq respectively, and u|~[:0 is defined in
the sense of trace class. )

Proof. Let n = n(z) be a C* function such that 7(0) = 1, n(z) = 0 for z in a neighborhood of

1
T =5 As in (5.3)

B
/ ugk = / ugtn = / (u15€7)(0, 9)dy
=1 ;218
N-1 N
) = - ug€n) + Uij — Uit1,5)E
(5.21) 5{&72 1< ;;F'_‘[] J +1,5 )87

N-1

N
Z / (uij — wig1,5)€m -

i= l] IF'+1]

Using (5.16) (where Kpg is deﬁned by (5.15)) with én instead of £) we deduce that

/ gk — — / [u2€n+ u(€n)s] + A / o(En)y |
T Qo Qo

s

/ [(up)en + up(€n)a] +

~ [twaten + uiéma] by (5.19)

Qo

Similarly one can extend Lemma 5.3 to the other parts of the boundary.

We can now state the main result of this section.
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THEOREM 5.4. Assume that (5.5) holds. Then the entire family ug is convergent in L*(G), for
any compact set G in Qq, to a function v in W1?(Q) where

(5.22) Au=0 in Q
and
(5.23) L Ou +u=F on 8.

Proof. Taking 8, — 0in (5.4) and using Lemma 5.3, (5.6) and (5.13), we get

1 .
[ veever [ue= [re
Qo 890 8%
i.e., u is the solution of (5.22), (5.23). Since u is uniquely determined by (5.22), (5.23), the full
family ug is convergent to u in the sense of LZ (Q).
Remark 5.1. The results of the previous sections extend to the case where the boundary con-

dition (1.6) is replaced by

(5.24) A%-}—u:Fi on I'ina(InJ) (1<i<4)

where A > 0; in particular, Theorem 5.4 remains valid with (5.23) replaced by

A Ou ~
(525) /\—+1 % +u= Fo on 890 .

Remark 5.2. The above results remain true if a/f is not constant, but /8 — X as § — 0,
where 0 < A < o0.

§6. The Dirichlet problem. In this section we extend the results of the previous sections to
the case where u satisfies Dirichlet datas:

(6.1) u=Gy on T,nao(InlJ) (i<€<4).

Then from (1.9) we get
ou u ) B, Gi
(52+2) emn-5-

«

with similar relations on the other edges. Thus the problem (1.2)-(1.5), (6.1), which we shall call
problem (Pp), can be written in the following form (similar to (1.13)-(1.18)):

(6.2) ui; € CHIL;NT;)
(6.3) Augj =0 in LNnJ;,
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(921“ 1 1 ~ i
8LnJ a Usj = a G on T, j=1,
6.4
( ) Ouij 1 1 Tij y
iy Ly = Ly o ¥, 1<5<w,
Quij 1 uij = 1 G on TV, j=N
(6.5) on a YT a 30 ’
: Oug; 1 1 Tij
(")_7;]“‘2;“1';':5“:',:41 on I'y,1<j<N,
Ouj; 1 1 ~ =1
6.6 0_7;] Suij=_-G on Ly, i=1,
( : ) Ouij 1 1 T y
Bus L=ty o T, 1<scw,
aui]' i i = l 64 on I‘ij 1= N
(6.7) an Ta T, b ’
' Ouij 1 1 =ij .
an. - uij = = uiy1,; on Iy, 1<i<N.

Here the G are defined by

ég(iﬁ+m):Gg<$i+1—g+x> for £=1,3 (0<i<N-1),
(6.8)

éz(iﬁ+y)=Gz<yj+1—§+y) for £=2,4 (0<j<N-1)

for0<z <@, 0<y<pB. Weshall refer to the system (6.2)-(6.8) as problem (ﬁD).

The existence of a unique solution to problem (]BD) can be established precisely as for problem
(P) provided we assume that

(6.9) G; € CH"Y(Fi) , Gy = Gj at I';nTly (1<i,7< /1-) .

Furthermore,
lu||x < oo .

We shall denote by Gg the function defined on 9 by the Gy in (6.8).
Define a function Gy on 090 by

Go(z) =Gu(z+Az) (1<L£<4).
We extend Gy into 50 as a C'*7 function. From (6.9) we have
(6.10) |Gﬁ_G0|L°°(865) <Cp.
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LEMMA 6.1. Let wg be the solution of

Aw,@ =0 1in Qﬂ ,
(6.11) _ _
aa—wl2 +wg=G on 0Qp.

an
where G(z) = Ge(2/NpB) on the corresponding edges of 063. Then

9wp

(6.12) | on

|§C on c")@g

where C is a constant independent of 3.

Proof. Introduce the solution v of
Av=0 in Q, v=G on c")-ﬁﬁ.

Then ~
Vol < C[|Gllcr+v -

The function ¢ = wg — v satisfies:

Ap =0 in Qﬁ ,
af% + = —a-g—z on Oﬁp .

By the maximum principle we deduce that
ov
<a|l— <Ca.

Consequently 5
Jwg 1 ~ 1
—L | = =G - = — <C.
| o | SIG —wg = —lol <

LEMMA 6.2. The estimates (4.2), (4.3) are valid for the solution u = {u;;} of problem (Pp).

Proof. By Lemma 6.1

, a
(6.13) /|Vwﬁ|~ = /wﬁ 5“" <C.

n

Qp 0,

By the divergence theorem and (6.3)—(6.7) we get (cf. the proof of Lemma 4.1)

/IV ug)l? + 2 ZZ/I%H o

12]1

1 N O’ltﬁ
+E ZZ lugj — wij-1|* = up

i=1 j=2
1 CIp

(6.14)

T
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Similarly to (5.4),

Ou Jug Ou
(6.15) /V(u,g)~Vw,g = / (9_75 wg = / _(’U)ﬁ —ug) + —87_5 ug .
Qp 094 g 0%,
Also
dug
/8_ wp — up) /(Gﬁ—uﬁ) (wg — ug)
804 P
1 1 ~
(6.16) =2 [wo-uaP+3 [ (@a- wdws - up)
90, a0,
1 , 1 ~ = 1 ~
=2 [wo-wl g [Go-Owo-up+s [ (@ wpwa-u).
353 355 355

We can now evaluate the right-hand side of (6.14):
8u[3 au,@
\% . - —-— - .
[ w2 = [V Vuo- [ Gows-up) (b (615)
353 53 35;3

:~/ V(ug) - Vwg — é / (wp — up)’

QB 86;;
1 ~ ~ 1 ~
= [Co-Bwo-w) -3 [ (@ - wa)ws-ug).
a8l P

By (6.10) and Lemma 6.1 the right-hand side is bounded from above by
1 5
[V Vual+c <5 [19a) 42 [ 1vwsP 4 c
Qp Q Q

Substituting this estimate on the right-hand side of (6.14), the estimates (4.2), (4.3) follow.

We can now proceed as in Section 5 and obtain the {ollowing result:

THEOREM 6.3. If (6.9) holds then the solution ug to (Pp) converges (as f — 0) in L2(Q'). for
any compact set ' in Qg, to the function u in W12(Q) of

(6.17) Au=0 in Q,
(6.18) u=Go on 09 .

Remark 6.1. One can establish the existence of a solution ug to (Pp) even if (6.9) is replaced
by G; € C(T;) (1< i <4),but of course ug will not belong to C**7 at the boundary.
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§7. The case of non-uniform grains. In this section we consider the case where the grains
are rectangular but not of uniform size. More precisely, the unit square Q is cut out by N; vertical
channels I; of width $; and N, horizontal channels J; of width 8;. We denote the separation
between the channels I; and I;41 by a; and the separation between the channels J; and J;i1 by
a;. Thus

i-1 i—1
I; = (Zaz+ (i—= 1), Y oe+ iﬁl) x(0,1) ,
£=0 £=0

(7.1) i-1 i-1
Jj =1(0,1) x (Eae + (i - 1),32,201 + iﬁ2> .
£=0 =0

As in Section 1 we set

Ny N
I=\Jrn, 7=
i=1 j=1

The numbers a;,@; are given by monotone increasing functions fi(z), f2(y):

a; = fi((i+ 1)) — fi(if1) (0<2< M),

7.2
"2 a; = f2((j + 1)B2) — f2(iB1) (0 < Ny).
We assume:
(7.3) fieCl0,00), c L fI<C (C,c positive constants).

The parameters (1,082, N1, Ny are assumed to be such that

N1 N2
(74) Zai + NIIBI =1 and E&'z + N2ﬂ2 =1 s
=0 i=0

so that the rectangles I; N J; extend up to the boundary of the unit square 2.
We define 64,0, uniquely by

(7.5) 0; + fi(6:;) - fi(0) =1,
and set
(7.6) Qo={0<z<b,0<y<b}.

Consider now problem (P) ((1.2)—(1.6)) with the I;,J; defined by (7.1). This problem can be
reduced to the following

Problem (IND) Find a family u = {u;;} of functions u;; (1 <i< Ny, 1< j< N;)satisfying
(1.13), (1.14) and the following interface and boundary conditions:

duy 1 1 —_—
7 _ = _ F le , =1 ,
on +1+a0 iy 1+a o I
(7.1) Jn o1t ) -
X + Ujj = = Ujj-1 ON I\;J , 1<j<N,,

an &j_l J a1
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Oui]- 1 1 =i
— u;j = — F: [iN: j = N.
(7.8) dn +1+CYN2 i 1+ ay, 2o T B
) Ou;; 1 1 =i .
0_: + &—] Uj; = &_jui’j+1 on F3J ) 1 < 71 < ]\72 y
8ui~ 1 1 o 17 .
on T T e oo I 0=,
(7'9) 8uii 1 1 Tij .
—a—n— -|- P Uij = E’ui—l,j on I‘z ) 1 <1 S Nl b
i— i—
a’uij 1 1 o T N1j .
—L 4 Uj; = Fy on TIy,", i=N;,
(7.10) on T Ttay, T T¥a, :
O 1 1 ~ii .
au',;] -|- a— /u‘ij = ;ui-}-l,j on F4J 5 1 S 1< ]\rl .
1 1

Here the Fy are defined by translating the Fj, analogously to (1.19).
LEMMA 7.1. If Fp € CY(Ty) (£ < €< 4) then there exists a unique solution to problem (P).

The proof is the same as for Theorem 3.1.

We next consider the limit behavior of the solution u as [3 — 0, where 8 = (f1,32). We shall
write u = ug and the rectangle Q) over which ug is defined by Qﬁ Define a function Fy on é)Qﬁ by

o {Foe(x) = Fy(z + fi(z) - f1(0)) (£ = 1,3),
T Foelw) = Py + f2lv) - £00) (€= 2,4).

It is easily verified that
(7.11) Fr—Fo,Q3—Q as f—0.

The proof of Lemma 4.1 can easily be extended; it yields the estimates

N1 Ny

(7.12) >y [ vwesc,
i=1j=1 ~ Y~
I;nJ;
q N1 N1 ,
(7.13) /lu,] uj -1 +ZZ /|u” ui—14° < C .
i= 1]— a] 1 ) 1=2 j= 1az_

These estimates can be used, as in Section 4, to establish Theorem 4.3 for the present case.

We next introduce the harmonic conjugate vg (of ug) by (5.7). As in Section 5, the weak limits
in (5.2) and (5.10) exist and (5.12) holds.
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LEMMA 7.2. The function u belongs to W2({) and
(7.14) ue = (14 fi(@)ug , vy = (14 f3(y))uy

Proof. Proceeding as in (5.14) we need to evaluate the last term on the right-hand side, which
is now

N; Ni N1 N> au
)M [CRVEREISE oy £
1=2 j= 1’1‘:.;' 1=2 j=1 ;
N, a
S /f1 iB0) = Fi((i - DAIFE €dy
=2 j= 1~.

ZZ /fl Z,Bl)_fl i—l)ﬁl)]vﬁgydy

1=2 j= l~.

N1 No . 3 . 1 -
-3 [fl(zﬂl) Si((t = 1)B1) (v5,)((i — 1)By, y)dzdy

B

1=2 j=1 ~ Y ~
I;nJ;

~ [ Heptdeay it 50,
A

Consequently, taking § — 0 in the equation analogous to (5.14) we obtain (cf. (5.17)

j wi = / uts + / fi(@)oé, |

Qo Qo

which is the first assertion (7.14). The proof of the second assertion is similar.

We now state the main result of this section.

THEOREM 7.3. If (5.5) holds then the limit u of the ug’s is the solution of

Ug Uy _ .=
(7.15) (1+f{(w)>m+ (1+fz’(y)>y =0 in o,

s + 1 u + u = F Y
1+ f,(0) on 1+ f3(62) On R

1 du = 1 ou
7.17 = +u—Fo on Iy, ——— —
S e OK oot B TG o
Here f? (¢t = 1,2,3,4) are the sides of Qo which lieiny =0, 2 =0, y = 65 and = = 6;
respectively.

(7.16) uw=For on IY,

+u=Fpy on fg

Theorem 7.3 extends in obvious way to the boundary condition (5.24) with any A > 0. It also
extends to the Dirichlet problem, by combining the methods of Section 6 with the method of proof
of Theorem 7.3.
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Remark 7.1. If fi(z) and f5(y) are piecewise linear then the diffusion model suggested in (i)
(in the Introduction), after a change of variables, can be written “approximately” in the form

(7.18) div(ae(X,X/e)Vu)=0 in Q

where X = (z,y) and a(X,Y) is periodic in Y in the unit square and discontinuous in X at
the points X,, where f](z)f;(y) is discontinuous; near X = X,, the equation (7.18) is generally
incorrect. Note that ¢ = 0 in the grains. The method of homogenization extends to diffusion
equations of the form (7.18) (see [1; Chap. 1, Sec. 6]) provided a is uniformly positive. The
method can probably be extended also to perforated domains (using ideas from [2]) and it would
then yield the same limit (for § — 0) as in Theorem 7.3 (when f{(z) and f;(y) are piecewise
constants). For model (i) with arbitrary non-periodic structure, one can only derive estimates on
the effective diffusion matrix [3] [4] [7].

§8. General domains. Consider the case where  is a convex domain, divided by vertical
channels I; and horizontal channels J; as in Section 7. The distance between vertical channels is
given by a function f;(z) and, between horizontal channels, by a function f2(y). We assume that
Q) contains the origin, so that fi(z), f2(y) are defined for  and y both positive and negative.

We also assume that

Ny N

(8.1) af <dist | | J JTinI),00 | < cp

i=1j=1

where ¢;,ce are positive constants. This assumption is generically satisfied in the physical case,
since the grains sizes are much larger than the width of the grains boundaries.

Consider the Diricjﬂet problem with data G. The problem can be reduced to a problem similar
to (Pp) in a domain Qg which is a collection of rectangles. As 8 — 0

Qs — Qo
where Qg is given by
(8.2) Qo ={(z,9); (z+ fi(®),y + f2(v)) € Q} .

The methods of Sections 6, 7 easily extend to conclude that ug is convergent to the solution u of
(7.16) with u = G on 9Qo; here €y is given by (8.2) and G is a “local average” of G.
Let us next consider the boundary value problem

A% +u = F on the boundary of horizontal channels,
(8.3)
Ag—; + v =G on the boundary of vertical channels.

In that case the problem can be studied precisely as for (]3) To determine the limit problem as
B — 0 we need to make the assumption that

(8.4) (F3,Gp)-ng — H
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in a weak sense, where F3 (Gg) are the values of F' (G) shifted to the boundary OQﬁ, and ng is
the normal to 895, H is defined on 9. The conclusion is then that the limit function satisfies

(7.15) in (% and the boundary condition

A Ou A Ou ~
= —— — cos(y,n)+u=H on 0.
T cos(:r n) + y (y,n) +u n 0

1+ f; 0

9. Non-orthogonal networks. The results of this paper can be extended to non-orthogonal

L

Denote the horizontal channels by J; and the non-horizontal channels by I;; the I; are in a direction,

channels of the form in Figure 3.

FIGURE 3

say,
- (Lo
(1+a2)i/2 "

Equations (1.4), (1.5) are then replaced by

?)Z’L: in I\J,
g;%gf:o in InJ,

respectively. Consider for simplicity the case where the grains are of uniform size and all sides are
equal to a, and the channels width are all equal to 8. We modify the definition of (5.7):

Zo
wo(e,9) = = [(uo)d(e, 0o+ [ (ug)ait
0 [zy

where £, is the line segment
{9 ) y—y' =ax-2"), 0<y <y}
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and z¢ is determined by y = a(z — @¢). Then, analogously to (5.8), (5.9) we get

(vp)e = —(uple and (vg)e = (up)z -

Proceeding us before one can show that ug — u in L} . and (cf. Theorem 6.3)

Ugzy + uge =0 in 607
uw=Fp on aﬁo.

Similarly one can extend the results to the Neumann problem and to non-uniform size grains

with non-periodic structure.

For the periodic case the homogenization approach (model (i) in the Introduction) yields the

same result, as can be computed from the formulas in [2].
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