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PERIODIC SOLUTIONS OF NON LINEAR
DIFFERENTIAL DIFFERENCE EQUATIONS*

STEPHANE LAEDERICH}

Abstract. In this paper we will be interested in the behaviour of long chains of coupled gravitational
pendula. We will prove existence and uniqueness of periodic solutions for such chains under periodic
forcing and will prove that under some smoothness assumptions the chain behaves as an uncoupled one.

We will also analyse a more general class of differential difference equations and prove existence and unicity
results for periodic solutions.

1. Introduction.

In this paper, we will be mainly looking at a chain of gravitational pendula coupled
by torsion springs and forced by some mechanical device (see fig. 1). We are interested in

the behaviour of the system near its stable equilibrium, that is when each of the pendula
is near its lower equilibrium.

Rubber Band

Figure 1.
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The equation describing such systems is of the form

(1.1)
—v1$1 + vags = Li(¢1) + fi(t) + by (t,dh, %ﬁﬁl) ,

Vkt1Pk+1 — 20Kk + Vit1Pk+1 = Li(dr) + fr(t) + hi (t,fﬁk, %fﬁk) y k=2,...,N -1,
d
—vNoN +vN—16N—1 = Ln(¢N) + fn(t) + AN <t, N, a¢N> ,

where Ly is the second order differential operator

d2

d
k—W‘F’)’k_‘i‘,ﬂk-

(1.2) L =

The fi.’s and h;’s will be real or complex valued functions which are 1-periodicin t. The ¢’s
are the angles between the vertical and the pendula, the u’s are given by the gravitational
constant divided by the length of the pendula, the 4’s are the friction terms and the v’s are
the coupling constants. These chains of coupled pendula arise in various settings. They
can be used, for example to model coupled Josephson Junctions as described by M. Levi
[Le]. Eq. (1.1) would then represent the linearisation around the lower equilibrium. We
will consider long chains, that is, large N. We will assume that there are C? functions
v(z), p(z), v(z), f(t,z) and h(t,z,u,v) with the following properties:

(1.3a) 7k:7(]—]:,->, szl/(]—]\cf-), #kzﬂ(%),
(]‘3b) fk(t) = %f (tf']l%) ’ hk (ta%’%) = %h (ta%au)v> .

These assumptions are just smoothness assumptions in the variable k for the coefficients of
(1.1). The forcing term is scaled so as to allow solutions to be O(1/N) and the nonlinearity
is scaled because it is quadratic in the ¢’s. The striking fact is that equation (1.1) under
the assumptions given by (1.3) behaves as if it was a linear uncoupled system. That is, for
large N, neither the left hand side nor the non linearity do matter in (1.1). In fact, under
the correspondence

(1.3¢) 8ult) = gult, )
solutions u of
(19 (55 +7@)5 +4) Jutt,) + 7(t.2) =0,

are a good approximation of solutions of (1.1).
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Equation (1.1) is just a particular case of a more general class of differential difference
equations. We will consider problems of the form:

k
(15) 48 = L(8) + 1)+ 1 (1.6, Fbr s 50 6€ O

where A is a N x N matrix with constant coefficients, L is a matrix differential operator in
t with constant coefficients, f and h are CV valued functions and t € S*. We will assume
that h(¢,0) = 0. A typical example has A equal the tridiagonal matrix arising from the
discretization of the laplacian, for example in the discretisation of a rod equation. Another
example of systems leading to equations of the type of (1.3) are free planar chains. Looking
for periodic solutions for a free chain (see [LL]) leads to a system of equations of the form
of (1.5). Several other systems lead to equations of this form. For example, a model of
fish swimming, (see G. Bowtell [B]) or the model for the travelling neural waves in a fish
(see G.B. Ermentrout and N. Kopell [EK]).

We will first prove existence and uniqueness of periodic solutions for such systems. This
can be done in several ways, for example as in J. Hale [H] and J. Hale and G. Raugel [HR]
using the dissipative nature of the equations. We prefer to use a more direct approach,
also based on a contraction argument which allows us to obtain more information about
the nature of the periodic solution. Verifying the assumptions of this theorem for the
particular case of (1.1) will prove the existence of a periodic solution of (1.1). Using the
methods of the proof and a simple Taylor series argument will allow us to show that (1.1)
behaves as if there was no coupling.

2. Results.
We can now state our results. Since we are working with time periodic functions, we

will work on [H'(S1)]™. More specifically, for

é1
o= : | eSS,
éN
let

N 1/2
(2.1) gl = [Z ||¢k||§1'(31)] :
k=1

We will denote the completion of [H!(S)]V with respect to || ||; by 3. Since L is a matrix
differential operator in ¢ with constant coefficients, applying L to the vector 1e'™!

1

1= : |, we can naturally define a N x N matrix L(n) as follows:

)

(2.2) L(1e'™) = L(n)1e™.
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In order to solve the non homogeneous linear equation, we will require that for all n’s,
(2.3)(1) A — L(n) is invertible ,
(2.3)(ii) there are constants Ag, A; € R4, po,p1 € N such that

Aon?° < ||A — L(n)|| < Ayn™,Vn € N.

Here || || denotes the natural sup norm on C¥ for matrices. This condition on the matrix
A and on the operator L enable us to avoid the appearance of resonances; it will be shown
that in the case of eq (1.1), these conditions are satisfied only when the 7;’s are non zero,
i.e. the pendula are damped. For simplicity of notation, let Bi(R) be the ball of radius R
in C*. For a C) function h(t,z,....,z}) with values in C¥ let

(2.4) Mg(B,j,3) = sup |DiDPh;(t,zy,....,x1)l,

test
z€Bi(R)

where # € N¥, i € N and j = 1,...., N. We will denote the maximum of the Mg(3, j,?)
for |B| <1+ 1,i<loverall j =1,..,N by Mr(h). We can now state:

THEOREM 2.1. Let A, L be as above and assume (2.3) holds. Let h(t,zy,....,2})
be C® in t and C"tV in each of the z,,. Assume that k < py. Let f(t) e Hy, 1 >
deg L +1 — po + k. Then there are constants R and K such that if

(i) Mg(h) < K
(i1) h(t,0,....,0) =0,
then

d d*
46 = L(8) + 1)+ h (16,56, 576

has a unique classical solution ¢ € H;, satisfying sup ||é(t)|| < R.
test

Furthermore R = 0(1 + AL”f”l)
0
and K:O(Ao.(||f||1+1)'l).
Here || || denotes the natural CY norm. We will keep this notation throughout the paper.

Note that h can at most depend on derivatives of ¢ of order lower or equal to the order of
L. Furthermore, when h depends only on ¢, the forcing function f needs only to lie in H;
where | > deg L + 1 — py. We will also prove
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COROLLARY 2.2. The conclusions of the previous theorem hold true for (1.1) provided
there exist constants v, U, y, fi, b and c such that

(1) OSZSVkST/_, Hk Sﬁa 1S7k S73 k':]-a 3N7

. b

(ii) ki?,?f{,N vk —ve-1] < 7> k=1¥1,;.l.?c,N vk —vk—1| < %,
2w+cy

veey ——2

(i) v77y, 2 N 2
These conditions are needed to verify that in this case (2.3) holds. Note that if, for
example, v = 1, k = 1,...,N, A has a zero eigenvalue. In view of the correspondence
given by (1.3), the conditions of Corollary 2.2 can be interpreted as conditions on y,7,v,
their derivatives and N: (i) represents C° bounds on x4,y and v, (ii) requires C M) bounds

on v and v and finally (iii) requires N to be sufficiently large.

Theorem 2.1 will be proved by a contraction argument. We will construct an operator
on H; whose fixed point is the desired solution.

Assuming that the conditions of corollary 2.2 are satisfied, that the linear terms in the
hi’s are of order 1/N and that the functions p,v,~, f and h defined by (1.3) are smooth
enough, we have:

THEOREM 2.3. Let ¢(t) be a solution of (1.1). Assuming that f,p,v are C? in z, let

f(z) int
t J— m
W) = =)
where the f(") are the Fourier coefficients of f(t,z). Then there exists a constant Ki,
independent of N such that

1 k K,
tsélg |k (t) — v o (t,ﬁ> | < NG

as N — oo. Furthermore, K1 = 0((sup || f|| #3(s1))?)-
T

Equation (1.4) can be considered as the zeroth order equation for a singularly perturbed
wave equation (see [La]). In this case ug is the zeroth order solution of the wave equation
and one has a direct relation between (1.1) and a partial differential equation. This theorem
has the practical advantage of providing information on (1.1) without having to invert large
N x N matrices. The only tools required to prove this theorem are Taylor series.

Note that the use of Sobolev spaces may seem artificial for a system of ordinary dif-
ferential equations. In fact the difference equation structure leads us naturally to such
spaces. Furthermore, we get better differentiability results than the natural ones for
ODE’s. Namely, in (2.3) (ii), the worst possible case is pp = 0. In this case the solu-
tion is as smooth as f. As soon as py > 1, one starts gaining derivatives. Note also that
the conditions on the nonlinearity are not optimal. One could require less differentiability.
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In the next section, we will prove theorem 2.1 and its corollary. Theorem 2.3 will be
proved in the last section. This paper was written in partial fulfillment of the requirement
of the Ph.D degree under direction of Nancy Kopell. I would like to thank Nancy Kopell
for the many fruitful discussions we had and also would like to thank A. Lesniewski for his
useful suggestion in the proof of Lemma 3.7.

3. Existence proofs.

3.1 Proof of theorem 2.1. For simplicity, we will let
(3.1) A, =A—-L(n), neN.

When f(t) = fei™, f € CN, the linear nonhomogeneous part of (1.3) has the simple
solution

4(t) = (A7 Fre™.
To see this, we make the Anzatz

$(t) = ge™,

where ¢ is a constant vector of CV. The linear non homogeneous part of (1.3) can then
be reduced to the time independent equation

Ag =L(n)¢ + f,
which has the desired solution. We now generalize this to any f(t) € H;.

DEFINITION 3.1. Let A, L be as in theorem 2.1 and let f(t) € H;, | > p;. For ¢ € H,;
define

Bé = AupMe™,

Q(¢) = B¢ — f(1),
where ¢(t) = Zqﬁ(n)ei"t, o™ e CN

and where f(t) = Zf(")eint, Ff™ech,

It is easy to check that a solution ¢ of the linear non homogeneous part of (1.3) satisfies

(3.3) Q(¢) = 0.

To prove this assertion, expand ¢(t) in Fourier series. The linear non homogeneous part
of (1.3) is formally solved when for each n € N,

Agp™ = L(n)d)(n) + f™,
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Now

Q(¢) = ZAnd,(n)eint _ Zf(n)eint.

Since A, = A — L(n), when ¢ is a solution to the linear non homogeneous part of (1.3),
Q(¢) = 0. Note that the definitions of 2, B are formal. Again, formally, we can compute
the inverses of {2 and B.

DEFINITION 3.3. Let A, L be as in theorem 2.1, let f(¢t) € H;, | > 0. For ¢ € H;
define

B_1¢ — ZA;IQS(n)eint’
Q7(¢) = B~ (6 + f(1)).
The following proposition shows that the operators B, §2 and their inverses are well defined.

PROPOSITION 3.3. Under the assumption (2.3), the following holds for any f € H;:
For 1l > p,,

(i) Q,B:H — Hi—p,,
and for | > 0,
(ii) Q1 B3 — Higpo,

where pg, p; are as in (2.3).

Proof. The proof follows from straightforward estimates on the [-norms of 2(¢), B¢,
and their inverses. We will prove the proposition for B. Denote % by V and let m <
I — p1, M be fixed integers. Then, for

$(t) =Y ¢Me €3,
h

we have

97 3 Angmem = Y ()" Ang™ein,

[n|<M In|<M

By the definition of || ||;, the right hand side is equal to

N
Z Z n2m|[An¢(n)]k|2-

k=1 |n|<M



Since M is finite, using (2.3) we can estimate this by
(3.3) AT O g2,
In|<M

but since ¢ € H;, we can estimate (3.3) from above by

AZ[6I12.

We let M tend to oo to infer
V™ Bg|1Z < AT|I4lF.

l—p1
By the definition of || ||;, |Bé|l}_,, = mz=:0 |[V™Bé||3. We therefore have
(3.4) 1Blli—p, < (L + DAl
Similarly, we obtain
- 1+1)
(3.5) 1B l1spe < S

By (3.3) and Proposition 3.3, we can solve the linear non homogeneous part of (1.3). For
R >0and !> k+ 1 define Mg(h) as in (2.4). Let C be the Sobolev constant such that
for ¢ € H;

dk
sup {18, - =11} < Cllgl.
test

Since | > k41, the existence of such a constant follows easily from the Sobolev inequalities.

(See Pazy [Pa]). Let
(36) M(h) = ]\lc—lR(h).

For the simplicity of notation, we will write

d¥
(3.7) H(8) = h(t, 6, 57 9).
We have the simple

LEMMA 3.4. Let H(t,¢) be as above. Then for any |l > k + 1, the mapping H : ¢ —
H(t, ) takes H;_y into H;_i. Furthermore, if ¢, € Hy,||d|1, ||¥||i < R, we have

IH(E @)lli-k < ar(l[8]0),
[H(t,¢) — H(t, ) li-x < g2(2R)||¢ — #]l1,

where ¢y, q, are polynomials of degree | — k in their argument whose coefficients are linear

in M(h).

For a proof of this lemma, we refer to Palais [P] or to [La]. With this preliminary work
done, we can define an operator on H; whose fixed point will be the desired solution of

(1.3).



DEFINITION 3.5. Let A, L be as in theorem 2.1, let f € H;, | > degL + 1 — pg + k.
For any h, which is C® in ¢, C"*D in its other k variables, define for ¢ € H;,

T(¢) = Q7 (H(t,9)),

where H(t, ¢) is defined by (3.7). By lemma 3.3, T' is well defined on H; and maps H; into
Hitpo—k- Assume H to be such that

H(t,0)=0 Vt € S.
Assume now that ¢ is a fixed point of T. This implies that

¢) = H(t, ¢)-
But by construction Q: ¢ — A¢ — L(¢) — f(t). Hence, if Q(¢) = H(t, ), ¢ is a solution

of (1.3). We now show that T is a contraction.

PROPOSITION 3.6. Let A, L be as in Theorem 2.1, let | > deg L + 1 — pg + k and let
f € ;. Denote the ball of radius R in H; by U(R). Then there are constants R, x such
that if Mp < x then

T:U(R) — U(R),

and is a contraction.

Since [ > deg L+ 1 — po + k and since T : H; — Hjypo—k, a fixed point of T' will lie
in H;4+1. Hence, by Sobolev’s embedding theorems, see [Pa], ¢ will be a classical solution.
Thus, the proposition will conclude the proof of theorem 2.1.

Proof. Using lemma 3.4 and proposition 3.3, if ¢ € U(R),
IT(8) 1t or = 1B~ (h(t, ) + SOl
< IB7 (@ (R) + [ £11b),
so by (3.5) we have

141
(38) IT(#) etk < (s (R) + 1711
Similarly, by lemma 3.4, for ¢,v € U(R)
141
(39) I7(8) = TWlttpo-s < 0 2R)6 = .

Choose R > 1—1{*;—'(||f||1) + 1 and choose x such that

1+1 141

This implies that T is a contraction provided M(h) < x. Note that when h contains
linear terms in ¢, the smallness of M(h) implies that the coefficients of the linear terms

¢2(2R) < 1if Mg < x.

are dominated by the ones coming from L(¢). [
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3.2. Proof of Corollary 2.2. Since we will be mostly working with tridiagonal ma-
trices, let us introduce the following notation. For U,W € CN-1, vV ¢ CV,

U = (’ll.l,... ,UN._l),
W = (wy,... ,wN-1),

V = (’01,... ,’UN),

let
U1 Wy
U1 0
JU,V,W) = ON_1
0
UN-1 UN

We need only to show that the conditions (i)—(iii) of the corollary imply (2.3). For
technical reasons, we will change notation in (1.1): Let ¢x = vxdr. The 9i’s satisfy

vi 'Li(¢1) fi(®) ha(vi ' 41)
(3.10) Ay = : + : + : ;
vy Ln(¥n) fn(t) hn(vy'en)
where A is now the simple matrix J(1,V,1), for V = (-1,-2,...,-2,—1). Let P, and

Q. be the real and imaginary parts of A,. By our assumptions, P, is selfadjoint and @,
is diagonal. For z € CV, we have

(Anz,Anz) = (Pnz, Prz) + (Qnz,Qnz)

@1 i([Po, Qul,2).

Let Cp, = [Pn,Qn] = PaQn — QnPr. Let

(G-) - -0)
X=|nl—=-—),...,n -——),
V1 1) Vp—1 UN

then, by direct calculation,

(3.12) Cn = J(X,0,—X).

We now have
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LEMMA 3.7. Let P,,Q, and C, be as above and suppose the assumptions of Corollary
2.2 hold. Then, for any z € CV, there are constants K,, K, such that

(i) 0 < (Ppz,Pp2) < K1n4||z||2,

(if) (Caz, 2)| < Kanl|z|.

Proof. Since P, is a symmetric real matrix, we can estimate its norm by the square of
its largest eigenvalue. This will be done by Gerschgorin’s theorem (See [OP]). Let

1 j=1N,
pi =

2 otherwise

and let
Aj = {z € C such that | z — (Py);;| < pj}.

Gerschgorin’s theorem states that all the eigenvalues of P, lie in Uf:l A;. Now
(Pn)iil* = lpj — vj  (uj +n®)P < pf +v; % (uj +n?)°.

We can therefore estimate the modulus of the largest eigenvalue of P, by

(3.13) max(|(Pn)jsl+ pi) €2+ V2 +p73 (7 + 2

it is therefore possible to find a constant K; such that (i) holds for all n € N.

The proof of (ii) is also straightforward. Since CI = —C,, iC, is hermitian. We can
therefore find a unitary matrix U such that U*(:C,)U is diagonal. Hence,
|(iChn, 2,2)| = |(U*iCrUy, y)],

(3.14) :
< Ayl = Allz|], y = Uz,

where A is the modulus of the largest eigenvalue of C,. But by Gerschgorin’s theorem, all
the eigenvalues of C,, have modulus smaller than

(3.15) _max_ (In(rea + )l nlral, nle ),

where 7; = (ji—JLl - 1‘-) . We can therefore estimate (3.14) by

Vit1 vj

(3.16)

This proves (ii). 0

Using Lemma 3.7 and (3.11) we can now prove
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PROPOSITION 3.8. Let A, be defined by (3.11) and suppose the assumptions of corol-
lary 2.2 hold. Then there are constants Ay, Ay such that

Aon < ||An|| € Ain?.
Proof. Let z € CV. By lemma 3.7 and (3.11),
(Apz,Anz) < (Kin* + v727%n? + Kyn)| 2|

and we can therefore estimate ||4,|| by Ajn? for some A;. Similarly, using (3.16)

(3.17) (Anz, Anz) > <n2ﬁ_212 —

By our assumptions, the right hand side of (3.17) is positive and we can therefore estimate
||Ar|| from below by Agn. [

Since this proposition implies (2.1), with py = 1, p; = 2, the corollary is proved. []

4. Approximation Theory.

The aim of this section is not so much to give yet another theory for approximations
as to show how the method of the existence proof can be used to check the validity of
the approximation. That is, we do not wish to develop a new and consistent approxima-
tion theory, for which several books and papers can be found, see for example D. Braess
[Br] or E.W. Cheney [Ch]. Rather, we wish to address the following problem: Given an
approximate solution to the discrete system, or to the continuous system, what is the
”convergence” of the approximate solution to the exact solution. More precisely, by how
much does the approximate solution fail to be an exact solution. The basic idea is to use
the operator B which was defined in the proof of theorem 2.1 to check by how much the
approximate solution fails to be a true solution of the discrete equation.

Throughout this section, we will assume the correspondence (1.3). Furthermore, we
will assume that f, 4, v and v are C® in z and that for any z € [0,1], f(¢,z) is H3(S') in

t. Under the assumptions of corollary 2.2, let ¢(t) be the solution of the discrete equation.
Let

f(n) T int
(4.1) uo(t, z) = —Zu(m)_nzi)m(w)ne .

n

Denote by

1 k
(42) fk = FUo(t, —"), k= 1, ,N.
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By the definition of ug, we immediately have

(4.3) Ex + vur + e + fr = 0.
&

Let £ = :|. We write
EN

(4.4) B¢ = f(t) + h(t,€,6) + R,

where for k =2,... ,N — 1,

Ri = vis1€kp1 + 2vke + ve—1&k—1 — hi(t, €, €x),

and where
Ry = 36y + 1y — hi(t,€16)),
Ry = vnén — vn-16N-1 — hN(t1, €N, EN).
We now estimate the residual R. For k = 2,... , N, expanding V(%—l-)u(t, k—f,-l) in Taylor

expansion around ﬁ, we have

_1 (ﬁ) (t—"’->ii (ﬁ by
Vk:l:l'fk:lzl‘—NV N u "N N2 (V N>u(’N))z

1
+ 5z (@)l 2))ee

b
T=6k41

where |64 — %l < %. We therefore have

Vit1&ka1 — 206k + vi—1€k—1
(4.5)

= -2% ((V(5k;t1)uo(t, 8k41))zz + (V(6k—1)uo(t, 5k_1))n)'

Similarly, when k£ =1 or N, we have

by — 11l = J—\lfg ((V(51)u0(t751))x),

1

(4.6)
—UNEN +UN-1€N-1 = NI ((V(5N)uo(t,51v))z>,
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where |6 — %| < Tl\,-, |6n — %| < % We now only need to estimate the nonlinearity. By
the Sobolev embedding theorems, we have

d 1S (t, 2)[[ms(st)
4.7 su uo(t, ), —=uo(t,z)| < Cmax sup - ,
( ) t€Sl,xE[0,l] J2o( ) ot of )| e 1] |ﬂ($) —n? + iy(z)n|

where C is the Sobolev constant and where f(t,2) = Y., f(™(z)ei". We will denote the
right hand side of (4.7) by K(f,p,7). By our assumptions on h, each hy is quadratic in ¢
and @. Hence, there exists a constant x(h) such that

(49) & Ol < X8 ke (£, ),

By (4.5),(4.6) and (4.8), using the definition of the H; norm for I = 1, we obtain

1 /.. 1 9 ?
(4.9) Rl < W(Mf, v, %)+ Fi7 maX(tSEuSpl(lluO(t,w)llca,IlauO(t,w)Hca))) :

Since . .
we have
(4.10) 16— Ells < IBHI(IIA(E, ¢, 8) — h(t, &, €)1 + | R]1).

By (3.4) and since by proposition 2.6, ||h(t, ¢, ¢) — h(t, &, €)||1 < 8||¢ — €|, for some § < 1,
we finally have

2
. - < T YA
(4.11) ¢ =€l < = 6)AOIIRII1
and by the definition of || ||,

sup |¢i(t) — &x(t)] < Cll¢ — €]l

test
This concludes the proof of theorem 2.3. Note that the constant Kj is of order
2
( sup ||f”H3(Sl)> -0
z€[0,1]

Remark 4.1. When h = 0, we have in fact a sharper estimate, namely

Ky
sup |dr(t) — €x(t)| £ —.
sup [44(t) — 60| < 3
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In the case where the linear terms of h are of order one, our argument does not apply any
more. In this case, for the corresponding continuous equation, one does not have a € in
front of the function h, so the theorems of [4] do not apply any more.

Remark 4.2. The ¢}’s are themselves of order -1{,- So if we scale them to order one, we
see that for big N, the u(t, -1'\“7) are still within O(N~%) of the scaled ¢;’s.

Remark 4.3. Assuming that f,u,v and v are C(®) in z and that one has a function
u,(t,z) which satisfies (1.4) up to order e?*!, this unfortunately does not imply that the
discretization of u,(t,z) lies within O(757) of the solution of the discrete problem. This
is due to the boundary effects, namely that for ¥k = 1, N the discrete equation behaves like
a first order differential equation in z. One way to circumvent this problem would be to
construct the inner expansions for u as well, but this is beyond the scope of this paper.
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