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Abstract

Photochemical reaction, which starts by exciting a system into an electronically excited state,

is ubiquitous, for example, in the atmosphere. This has made photochemical reactions a

very interesting topic. Multiconfigurational pair-density functional theory (MC-PDFT) is a

powerful and efficient method for studying photochemical processes. This method has proved

very efficient compared with other wave function methods, such as multi-state complete

active space second order perturbation theory (MS-CASPT2), especially for large systems.

Successful as MC-PDFT is, there are some limitations that stop MC-PDFT from being applied

to studying photochemistry problems. The first limitation is that, like other multireference

methods, the performance of MC-PDFT depends on the quality of the reference wave

function, which by convention is optimized by an active-space method, such as complete

active space self-consistent field (CASSCF). The second limitation is that MC-PDFT is

a single-state method that does not include state interaction between reference states.

This means that MC-PDFT gives wrong topologies of potential energy surfaces, which are

important in studying photochemical reactions. My work is focused on resolving these

two limitations. We proposed the ABC scheme and the ABC2 scheme to automatically

generate the active space that gives good-quality reference wave functions thus successfully

reproducing vertical excitation energies obtained from experiments or high-level calculations.

We proposed the extended multi-state PDFT (XMS-PDFT) and compressed-state multi-state

PDFT (CMS-PDFT) as two options to introduce state-interaction in pair-density functional

theory. Among two methods, XMS-PDFT is more efficient, while CMS-PDFT is more robust.

Both methods proved successful in providing correct topologies of potential energy surfaces

for a variety of systems.
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Chapter 1

Introduction

Photochemistry plays an important role in the environment[1, 2, 3, 4, 5, 6, 7] and

understanding the chemical processes in photochemistry is crucial. Kohn-Sham density

functional theory[8] (KS-DFT) and time-dependent density functional theory (TD-DFT) with

Tamm-Dancoff approximation and adiabatic approximation[9, 10, 11] are efficient methods to

study ground states and excited states, respectively. However, these two density functional

theories (DFT) with approximate density functionals are insufficient to study excited states in

the following two cases. The first is that TD-DFT with adibatic approximation is insufficient

to describe the doubly excited states,[12, 13, 14] and the second is the spin contamination

that makes the excited states not eigenstates of the spin quantum number (S2) in both

KS-DFT and TD-DFT. Multireference (MR) wave function (WF) methods, such as complete

active space second-order perturbation theory[15, 16, 17] (CASPT2), are free from these

two problems. However, the application of the MR WF methods is limited to small systems

such as azobenzene.[18]

Multiconfiguration pair-density functional theory[19, 20, 21] (MC-PDFT) is an MR method

that combines WF methods and DFT. It is a more efficient method than CASPT2, espe-

cially for large systems.[22] Previous studies have shown that MC-PDFT is as accurate as

CASPT2,[23] therefore MC-PDFT is a very promising method for studying photochemistry.

1



2

However, there are two limitations in applying MC-PDFT to photochemistry problems. The

first is that the results of MC-PDFT depend on the active space of the reference wave

function; thus one may spend a huge amount of time beforehand to find out the optimal

active space. The second limitation is that MC-PDFT, as an MR method, does not include

the state interaction as does multi-state (MS) CASPT2.

The themes of my work are to design automatic ways to generate active spaces and to

introduce state interaction in MC-PDFT. The automatic active space selection procedures

include ABC and ABC2 schemes, where the A, B and C are also three parameters in the

scheme. The state interaction in MC-PDFT is introduced in two multi-state PDFT (MS-

PDFT) methods. One is called extended MS-PDFT (XMS-PDFT) and the other is called

compressed-state MS-PDFT (CMS-PDFT).

The thesis contains the following in Chapters 2 – 7.

• Chapter 2 studies the performance of MC-PDFT for predicting the adiabatic excitation

energies and the equilibrium distances for cyano radical.

• Chapter 3 studies the performance of MC-PDFT for predicting the equilibrium distances

and dissociation energies of weakly bonded alkaline earth metal dimers.

• Chapter 4 discusses an automatic scheme for selecting active spaces for MC-PDFT to

compute vertical excitation energies.

• Chapter 5 proposes a new and more robust automatic scheme for selecting active

space for MC-PDFT to compute vertical excitation energies.

• Chapter 6 introduces a method, called extended multi-state pair-density functional the-

ory (XMS-PDFT), that efficiently introduces state interaction into pair-density functional

theories.
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• Chapter 7 talks about another multi-state PDFT that is as efficient as XMS-PDFT and

is more robust than XMS-PDFT.



Chapter 2

Multiconfiguration pair-density functional the-

ory for doublet excitation energies and excited

state geometries: the excited states of CN

Reproduced from Ref. [24] with permission from the PCCP Owner Societies.

2.1 Introduction

The cyano radical, CN, is present in the spectra of the sun, planets, comets, and

carbon stars,[25] and it participates in the formation of nitriles in the interstellar medium, as

suggested by crossed molecular beam experiments.[26, 27] The first experimental study

of the CN molecule dates back to a century ago, when a bright cyanogen spectrum was

discovered.[28] Many experiments were subsequently carried out to study the spectrum of

CN. For example, Ram et al.[29] studied the emission spectrum of the B2Σ`–X2Σ` transition

and improved some values of the spectroscopic constants. The spectroscopic constants

for all the low-lying states of CN were collected by Herzberg et al.[30] Bradforth et al.[31]

studied the photoelectron spectroscopy of several anions including CN´, and their results

showed a minor change in the ground-state geometry of CN. An interesting extension of the

study on CN was carried out by Pieniazec et al.,[32] who modeled the spectroscopy of CN in

4
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an aqueous environment.

Due to the availability of experimental data and the relative simplicity of CN as a diatomic

molecule, CN can serve as a benchmark system for the prediction of doublet-to-doublet

excitation energies. Since wave functions for open-shell systems tend to introduce spin

contamination and are usually highly multiconfigurational[33], these transition energies are

harder to predict than singlet-to-singlet transition energies by methods that remain affordable

when one considers large systems where the most accurate methods for small systems

become impractical.

Since experimental data are available for the equilibrium geometries of the excited

states, we can study both vertical and adiabatic excitation energies, in contrast to poly-

atomic molecules, where benchmarks for adiabatic excitation energies are often unavailable.

Guérin[34] carried out the first theoretical study of the A2Πi, D2Πi, F2∆, and J2∆ adiabatic

excitations; he employed up to three configuration state functions (CSFs) per state. Schaefer

and Heil[35] performed a full configuration interaction (CI) calculation using a small basis

set, in which only one ζ is used for 2s and 2p orbitals of each atom; the errors in predicting

adiabatic excitation energies with respect to experiment are about 0.4 eV. Das et al.[36] used

multiconfiguration self-consistent field[37] (MCSCF) theory to study the spectrum of CN.

Other workers[38, 39] used time-dependent linear-response Kohn-Sham density functional

theory[9, 10, 11] (abbreviated TD-DFT) to calculate the vertical excitation energies. The

most accurate computational results available so far are by Shi et al.[40] using multireference

configuration interaction singles and doubles[41, 42] with the Davidson correction[43] (MR-

CISD+Q) with the aug-cc-pV5Z[44] basis set and other basis sets, followed by extrapolation

to the complete basis set (CBS) limit, including core correlation and scalar relativistic effects;

this work has a very small mean unsigned error (MUE) of 0.01 eV when averaged over the

first four adiabatic excitation energies (those for states A2Πi, B2Σ`, D2Πi, and E2Σ`). As

shown by this example, for small systems, wave function methods are available that can
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reproduce the experimental results very accurately. However, due to the cost of these wave

function methods, such accurate calculations are usually too expensive for larger systems.

Therefore we are interested in density functional methods because they can be applied to

very large systems.

Methods based on a multiconfigurational reference wave function (such methods are

called multireference (MR) methods) have advantages in treating open-shell systems since

they can incorporate the correct spin and spatial symmetry in a natural way. Multiconfiguration

pair-density functional theory[19, 20] (MC-PDFT) is a recently developed post-MCSCF

method, which uses an MCSCF wave function to compute the kinetic energy, total density,

and on-top density and then uses them to approximate the total electronic energy. The total

electronic energy of MC-PDFT consists of the kinetic energy, electron-nuclear attraction,

classical Coulomb repulsion, and the energy from a density functional called the on-top

functional. Because of this computational prescription, MC-PDFT is much less expensive

for large systems than other post-MCSCF methods such as MR-CISD and complete-active-

space second-order perturbation theory[15](CASPT2). Studies carried out so far revealed

that MC-PPDFT provides similar results to those from CASPT2[19, 45, 46, 47] for closed-

shell and open-shell ground-state systems and excitation energies of closed-shell systems.

MC-PDFT therefore provides a very promising method for a wide range of applications.

In order to evaluate its performance for excitation energies of open-shell systems, we

here report MC-PDFT calculations for adiabatic excitation energies of CN. In particular, we

calculate the adiabatic excitation energies for the first four excited states and equilibrium

distances for the first five states of CN using MC-PDFT and several other methods. The

methods are divided into two categories, namely single-reference (SR) methods and the

multireference (MR) methods. We compare the performance of the SR methods and the MR

methods for reproducing the experimental results of ref. 6. We also evaluate the advantage

of MC-PDFT over the SR methods, and point out some drawbacks of this MR density
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functional method (at least in its current state of development) as compared to MR wave

function methods.

2.2 Computational Details

We performed SR excited-state calculations by three kinds of methods: TD-DFT, equation-

of-motion coupled-cluster theory with singles and doubles for electron excitation[48, 49]

(EOM-EE-CCSD) and the completely renormalized EOM-CCSD with noniterative triples[50,

51] [CR-EOM-CCSD(T)], and equation-of-motion coupled-cluster theory for ionization poten-

tials with single and double excitations (EOM-IP-CCSD).[52, 53]

The TD-DFT calculations use unrestricted Kohn-Sham DFT for the ground states whose

response is calculated to obtain the excitation energies; the coupled cluster calculations

use unrestricted Hartree-Fock[54] (UHF) wave functions for the reference states, and CCSD

or CR-CCSD(T)[55, 56, 57] for the ground state. The basis set for SR calculations is

maug-cc-pVTZ (to be abbreviated mVTZ).[58]

The TD-DFT calculations are performed in Gaussian 09[59], and the functionals in-

clude two generalized gradient approximation (GGA) exchange-correlation (xc) functionals,

BLYP[60, 61] and PBE[62], three meta-gradient-approximation functionals, M06-L[63, 64],

MN11-L[65] and MN15-L[66], and three hybrid meta-gradient-approximation functionals,

M06[64, 67], MN11[68] and MN15.[69]

The EOM-EE-CCSD and the CR-EOM-CCSD(T) calculations are performed using the

NWChem program.[70] The EOM-IP-CCSD calculations are performed using the GAMESS

program.[71, 72]

We also performed MR calculations. The reference wave functions for these are state-

averaged complete active space self-consistent-field theory[73] (CASSCF) wave functions

with 7 active electrons in 7 active orbitals. The basis set is mVTZ.[58] In addition, the
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cc-pVTZ basis set (to be abbreviated VTZ)[44] is used to understand the effect of omitting

diffuse functions on the performance of some of the MR methods. The occupancies of the

active orbitals in the dominant configurations of each of the states are shown in Table 2.1.

The CASSCF calculations were performed with Molcas 8.1.[74]

Table 2.1: The Dominant Configuration for the Ground State and the Orbitals with a Changed
Number of Electrons in the Dominant Configurations for Excited States at re

State Configuration

X2Σ` p1σq2p2σq2p3σq2p4σq2p1πq4p5σq1

A2Πi same except p1πq3p5σq2

B2Σ` same except p4σq1p5σq2

D2Πi same except p5σq0p2πq1

E2Σ` same except p1πq3p5σq1

We performed four kinds of MR calculations: MC-PDFT; multi-state complete active

space second-order perturbation theory[75] (MS-CASPT2); MR-CISD; and MR-CISD+Q.

The MS-CASPT2 and MC-PDFT calculations were performed using Molcas 8.1.[74] The

MR-CISD and MR-CISD+Q calculations were performed using Molpro.[76, 77]

We performed three variations on the CASSCF and post-CASSCF calculations, and

these are indicated by suffixes -7m, -7, and -10m, which are explained in Table 2.2. In the

text, when no suffix is used, we are referring to the method in general.

Table 2.2: Notations for Three Levels of CASSCF and MR Calculations

Suffix States averageda Basis set

-7m 7 maug-cc-pVTZ
-7 7 cc-pVTZ
-10m 10 maug-cc-pVTZ

aThe number of states in the effective Hamiltonian of the multi-state CASPT2 calculations is
the same as the number of states average in the CASSCF calculations



9

We used six functionals for the MC-PDFT calculations, namely translated24 (prefix t)[19]

and fully translated[78] (prefix ft) versions of BLYP, PBE, and revPBE.[79] For labeling the

MC-PDFT calculations, we only specify which functional we use without saying that is an

MC-PDFT calculation. For example, ftPBE is an MC-PDFT calculation using fully translated

PBE functional. All MC-PDFT calculations in the present article are based on CASSCF

reference functions without restrictions.

To calculate the adiabatic excitation energy of CN, we first calculated the equilibrium

value (re) of the internuclear distance (r) for each excited state. This was done by scanning

r and fitting the three lowest-energy points to a quadratic function. Subtracting the energy

minimum of the ground state from that of the excited state gives the adiabatic excitation

energy (Te) of that state.

2.3 Results and Discussion

2.3.1 An Illustration of the Dominant Electron Configuration for

Each State of CN

At the equilibrium geometry (re =1.1718
˝

A) of the ground state, the dominant configuration

state of each of the CASSCF of the states is shown in Table 2.1. The ground state is the

X state, with a singly occupied σ orbital. The A, B, D, and E states are obtained by single

excitations, as indicated in Table 2.1.

2.3.2 Multireference Diagnostic for CN

The M diagnostic[80] is used to evaluate the multiconfigurational character of a state.

The M diagnostic is defined as:

Mi “
1

2
r2´ nipMCDONOq `

njSOMO
ÿ

j

|nipjq ´ 1| ` nipMCUNOq s (2.1)
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where ni(MCDONO) is the natural occupation number (NON) of the most correlated doubly-

occupied orbital in the dominant configuration for the state i ; ni(MCUNO) is the NON of the

most correlated unoccupied orbital in the dominant configuration; and ni(j) is the NON of

singly-occupied orbital (SOMO) j. The multiconfigurational character of a system is classified

as small (Mi ă 0.05), modest (0.05 ďMi ď 0.10) or large (Mi ą 0.10), depending on Mi. For

example, for the CN ground state at the equilibrium distance, the NONs for orbitals from 6 to

8 are 1.92, 1.03 and 0.09, respectively. The occupations of these orbitals in the dominant

configuration are p6q2p7q1p8q0; therefore the most correlated doubly-occupied orbital is orbital

6, with n1(MCDONO) being 1.92; correspondingly, n1(MCUNO) is 0.09, and n1(1) is 1.03.

The results for the Mi for the five states calculated by CASSCF-7m at the equilibrium

distances of the corresponding state are listed in Table 2.3. The results show that except

for the first excited state, the A state, which has a modest multiconfigurational character,

the other four states investigated here have a large multiconfigurational character, and the

higher-energy states have more m character.

Table 2.3: M Diagnostic, Dominant Configurations and the Corresponding Weight of the
Configuration in the Wave Function for Each State at the Experimental Equilibrium

State Distancea Mi Dominant configuration(s)b

X2Σ` 1.1718 0.10 222u000 (85%)
A2Πi 1.2333 0.07 22u2000 (93%)/2u22000 (93%)
B2Σ` 1.150 0.18 u222000 (78%)
D2Πi 1.498 0.63 2220u00 (76%)/22200u0 (76%)
E2Σ` 1.3245 0.91 2u2d0u0 (28%) + 22udu000 (28%)

aDistances are in
˝

A, taken from ref. [32].
bA slash sign separates the dominant configurations of two degenerate states in Π states,
and a plus sign means the wave function for a state has configurations with similar weights.
u and d means alpha electron and beta electron, respectively.
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2.3.3 Adiabatic Excitation Energy for Each of the States

The adiabatic excitation energies (Te) by the methods studied in this chapter and the

experimental values (dashed horizontal lines) are shown in Fig. 2.1. The signed errors and

MUEs are shown in Table 2.4. For the first excited state and the second excited state, the

SR and the MR methods perform similarly in reproducing the experimental values. For the

third and the fourth excited states, SR methods do not perform as well as MR methods. The

SR methods systematically underestimate the adiabatic excitation energy for the E state,

and they give values that are much lower than the experimental value. This systematic error

is also observed in the previous literature in that SR methods underestimate the energy for

the E state and MR methods have a correct order of energies; for example, in the TD-DFT

calculation of vertical excitations by Guan et al.,[38] the third 2Σ` state is lower than the

second 2Πi state (see Fig. 6 in ref. [38]); and in the MCSCF calculation by Das et al.[36],

the E state lies above the D state (see Fig. 1 in ref.[36]).

For the first excited state, the best result is given by tPBE-7. Following that are MR-

CISD-7 and tPBE-7m, which have absolute errors of 0.01 eV. In general, the most accurate

results for the first adiabatic excitation energy are given by MR-CISD calculations and tPBE.

Interestingly, the tPBE and ftPBE calculations are much more accurate than MS-CASPT2.

The two best SR methods for the first excited state are TD-BLYP and CR-EOM-CCSD(T),

with absolute errors of 0.06 and 0.07 eV, respectively.

For the second excited state, the best result comes from TD-BLYP-7m, followed by TD-

M06-L and then tPBE-10m; roughly speaking, both SR and MR methods perform similarly

for this state.
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Figure 2.1: Adiabatic excitation energies (eV) by different methods. The horizontal dashes
are the experimental adiabatic excitation energies. On the left-hand side of vertical dash line
are the SR methods and on the right-hand side are the MR methods. J. J. Bao, L. Gagliardi,
and D. G. Truhlar. Multiconfiguration pair-density functionaltheory for doublet excitation
energies and excited state geometries: the excited statesof CN. Phys. Chem. Chem. Phys.,
19:30089–30096, 2017. Reproduced by permission of the PCCP Owner Societies
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Table 2.4: Signed Errors of Adiabatic Excitation Energies (in eV), the Mean Unsigned Error
(MUE) Over First n Excitation Energies (MUE_n), and the Rank of MUE_n (rank_n)

A2Πi B2Σ` D2Πi E2Σ` MUE_4 Rank_4 MUE_3 Rank_3

Single reference methods
CR-EOM-CCSD(T) -0.07 0.06 -0.62 -2.11 0.71 22 0.25 18
EOM-EE-CCSD 0.32 0.30 -0.20 -1.60 0.60 20 0.27 20
EOM-IP-CCSD 0.02 0.03 naa na na na na na
TD-BLYP -0.06 0.01 -1.15 -2.03 0.81 26 0.41 25
TD-M06 0.26 0.06 -0.83 -2.08 0.81 25 0.38 23
TD-M06-L 0.69 -0.02 -0.96 -1.84 0.88 27 0.55 29
TD-M11 -0.56 -0.14 -0.93 -2.11 0.93 29 0.54 28
TD-M11-L 0.30 0.17 -0.19 -1.82 0.62 21 0.22 15
TD-MN15 -0.46 -0.24 -0.76 -2.17 0.91 28 0.49 27
TD-MN15-L 0.20 0.15 -0.27 -1.66 0.57 19 0.21 14
TD-MN15-L/cVTZ 0.20 0.14 -0.24 -1.64 0.56 18 0.19 13
TD-PBE 0.11 0.04 -1.07 -1.95 0.79 23 0.41 24
TD-PBE/cVTZ 0.12 0.07 -1.05 -1.93 0.79 24 0.41 26

Multireference methods
CASSCF-7m 0.18 0.56 0.06 1.02 0.45 17 0.26 19
CASSCF-7 0.22 0.56 0.08 0.79 0.41 15 0.28 21
CASSCF-10m 0.23 0.66 0.05 0.56 0.37 14 0.31 22
MRCISD+Q-7m -0.07 -0.06 -0.20 -0.15 0.12 7 0.11 12
MRCISD-7m -0.02 0.09 -0.10 0.01 0.05 1 0.07 6
MRCISD-7 -0.01 0.10 -0.07 0.07 0.06 3 0.06 4
MRCISD-10m -0.03 0.08 -0.10 0.03 0.06 2 0.07 7
MS-CASPT2-7m 0.14 0.07 0.01 0.08 0.07 4 0.07 8
MS-CASPT2-7 0.15 0.07 0.04 0.09 0.09 6 0.09 10
MS-CASPT2-10m 0.15 0.07 0.02 0.07 0.08 5 0.08 9
ftBLYP-7m -0.21 -0.26 -0.21 -1.12 0.45 16 0.23 17
ftPBE-7m -0.02 -0.15 0.03 -0.95 0.29 11 0.07 5
ftrevPBE-7m -0.07 -0.12 -0.09 -0.99 0.32 12 0.09 11
tBLYP-7m -0.21 -0.18 -0.27 -0.81 0.37 13 0.22 16
tPBE-7m -0.01 -0.06 -0.02 -0.69 0.19 9 0.03 3
tPBE-7 0.00 -0.05 0.00 -0.68 0.18 8 0.02 1
tPBE-10m 0.03 0.03 -0.02 -0.72 0.20 10 0.03 2

Experimental values
1.146 3.193 6.756 7.334

ana denotes not available.
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The third excited state (the D state) is where the SR methods start to become much

worse than the MR methods. Among the SR methods, only the two local meta-GGAs,

MN11-L and MN15-L, and the EOM-EE-CCSD calculations have an error whose magnitude

is 0.24 eV or less. The magnitude of the error is in the range 0.62–1.15 eV for the rest of the

SR methods, with the largest unsigned errors (1.05–1.15 eV) for the GGAs. It is very striking

that the poor performance of TD-DFT using GGAs can be improved by using MC-PDFT with

the translated versions of the same GGAs. For example, the error by TD-PBE is -1.07 eV. In

the tPBE-7m and the ftPBE-7m calculations, the error for this state is -0.02 eV and 0.03 eV,

respectively.

For the fourth excited state (the E state), MR-CISD-7m has an error of 0.01 eV, i.e.,

it almost perfectly reproduces the experimental result. Following this in accuracy are the

MR-CISD calculations using the other two basis sets and then the MS-CASPT2 calculations.

The MR-CISD+Q-7m calculation, compared to that from the MR-CISD-7m, overcorrects the

adiabatic excitation energy and ranks after the MS-CASPT2 calculations. The tPBE-7m

calculation has an error around -0.7 eV, which is not as good as that by the expensive wave

function theories, but is a significant improvement over the SR methods. A possible reason

that the SR methods to perform similarly to the MR methods on the first two excitation

energies, but not the higher-energy states is that the multiconfigurational character for the

first three states, although indicated as large by the M diagnostic, can still apparently be

properly described by the SR methods. For the higher states, though, the multiconfigurational

character is so strong (huge M diagnostics of 0.63–0.91) that the SR methods fail to give a

correct description of those states.

When the MUE averaged over the first four excited adiabatic excitation energies [MUE(4)

as tabulated in Table 2.4] is considered, the MR-CISD calculations are the best among all the

calculations. Following in accuracy are the MS-CASPT2 calculations, and then MR-CISD+Q.

The tPBE and the trevPBE calculations rank after these MR wave function calculations, but
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are still better than the SA-CASSCF calculations. The SR methods are overall worse than

the MR methods. When MUE(3) is considered, i.e., only the three lowest excited states are

considered, tPBE-7 is the best among all the calculations, with an mean unsigned error of

only 0.02 eV, which is even better than the two MR wave function methods. The second and

the third best results come from the other two tPBE calculations, with an error of 0.03 eV.

2.3.4 Equilibrium Distances

The equilibrium distances for the ground and excited states are shown graphically in Fig.

2.2, and the signed errors are recorded in Table 2.5 and the MUEs are recorded in Table 2.6.

For the ground state (pink in the figure), the A state (black), and the B state (green), some

SR methods are able to give results as good as those by the MR methods. However, for the

D state (red) and the E state (blue), SR methods are significantly worse than MR methods.

Figure 2.2: The equilibrium distance (
˝

A) for each state by various methods. Single-reference
methods are on the left of the vertical dash line, and multireference methods are on the right.
Note that the order of equilibrium distances is not in the order of energies for these states.
J. J. Bao, L. Gagliardi, and D. G. Truhlar. Multiconfiguration pair-density functionaltheory
for doublet excitation energies and excited state geometries: the excited statesof CN. Phys.
Chem. Chem. Phys., 19:30089–30096, 2017. Reproduced by permission of the PCCP
Owner Societies
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For the ground state and the first excited state, BLYP, PBE, and the MC-PDFT methods –

both translated and fully translated – give only small errors in geometries. Taking the ground

state as an example, the best C-N distance is given by ftBLYP-7m, which has an unsigned

error of 0.001
˝

A. The MC-PDFT calculations in general have unsigned errors ranging from

0.001 to 0.008
˝

A. The calculations using PBE, BLYP, and MN15-L and the CCSD calculation

have unsigned errors that are less than 0.005
˝

A. For the B state, the BLYP, PBE, M11, and

M06-L functionals and CR-EOM-CCSD(T) yield results that are comparable to and even

better than most MR methods, for example, MR-CISD-7m. Even though PBE and BLYP

have small errors, MC-PDFT calculations further improve the results. For example, the

magnitudes of the errors of tPBE-7m, tPBE-7 and tPBE-10m are all less than or equal to

0.001 and 0.000
˝

A, respectively, compared to that of TD-PBE, which is -0.007
˝

A.

Due to relatively small M value for the first three states, the SR methods perform similarly

to the MR methods in both adiabatic excitation energies and equilibrium distances.

For the fourth state (the D state), the results from BLYP and PBE have errors that

are about 10 times larger than for the lower states. The errors are -0.112 and -0.121
˝

A,

respectively. Despite the fact that the MC-PDFT errors are also larger for this state, the error

is still small compared to the errors of those SR methods. For example, the errors are only

0.032
˝

A for tBLYP-7m and 0.027
˝

A for tPBE-7m.

Although the SR methods systematically misestimate the adiabatic excitation energy for

the E state, their results for the equilibrium distance are better, although eleven of the 12

unsigned errors for the SR methods for the E state are greater than or equal to 0.023
˝

A,

with the one smaller error being -0.017
˝

A. The MC-PDFT calculations also have systematic

errors for the geometry of this state, but the errors are much smaller than for the SR methods

and are comparable to those from the MR wave-function methods. For example, the errors of

MR-CISD-7m, MS-CASPT2-7m and tPBE-7m are -0.003, -0.010 and -0.008
˝

A, respectively.
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Table 2.5: Signed Errors of Equilibrium Distances (r e in
˝

A)

X2Σ` A2Πi B2Σ` D2Πi E2Σ`

CR-EOM-CCSD(T) -0.007a -0.014 0.000 -0.154 -0.023
EOM-EE-CCSD -0.004a -0.024 -0.006 -0.170 -0.046
EOM-IP-CCSD -0.004 -0.006 -0.006 nab na
TD-BLYP 0.004 0.002 -0.011 -0.112 -0.017
TD-M06 -0.015 0.017 0.077 -0.161 -0.033
TD-M06-L -0.008 0.014 -0.006 -0.145 -0.036
TD-M11 -0.016 0.019 0.001 -0.133 -0.031
TD-M11-L -0.017 -0.011 -0.011 -0.159 -0.045
TD-MN15 -0.013 0.043 0.029 -0.146 -0.025
TD-MN15-L -0.003 0.049 0.064 -0.133 -0.024
TD-MN15-L/cVTZ -0.003 0.052 -0.061 0.131 -0.024
TD-PBE 0.003 0.004 -0.007 -0.121 -0.023
TD-PBE/cVTZ 0.003 0.003 -0.007 -0.120 -0.023

Single reference methods
CASSCF-7m 0.012 0.038 0.009 0.034 -0.043
CASSCF-7 0.012 0.012 0.008 0.034 0.017
CASSCF-10m 0.014 0.055 0.013 0.034 0.063
MR-CISD+Q-7m 0.010 0.010 0.014 0.010 0.006
MRCISD-7m 0.009 0.008 0.010 0.011 -0.003
MRCISD-7 0.009 0.008 0.010 0.010 -0.003
MRCISD-10m 0.009 0.008 0.010 0.013 0.001
MS-CASPT2-7m 0.008 0.006 0.012 0.008 -0.010
MS-CASPT2-7 0.008 0.006 0.012 0.007 -0.013
MS-CASPT2-10m 0.005 0.007 0.014 0.008 -0.009
ftBLYP-7m 0.001 0.002 -0.005 0.027 -0.012
ftPBE-7m 0.002 0.003 -0.003 0.020 -0.013
ftrevPBE-7m 0.006 0.008 0.000 0.028 -0.011
tBLYP-7m 0.003 0.003 -0.003 0.032 -0.007
tPBE-7m 0.004 0.006 -0.001 0.027 -0.008
tPBE-7 0.004 0.006 -0.001 0.026 -0.009
tPBE-10m 0.003 0.007 0.000 0.027 -0.010

Experimental values
1.172 1.233 1.150 1.498 1.325

aNote that the ground state in EOM-EE-CCSD and CR-EOM-CCSD(T) calculations are
CCSD and CR-CCSD(T), respectively.
bna denotes not available.
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Table 2.6: MUE of re over First n States (MUE_n) and the Rank of MUE_n (Rank_n)

MUE_5 Rank_5 MUE_4 Rank_4 MUE_3 Rank_3

Single reference methods
CR-EOM-CCSD(T) 0.040 21 0.044 23 0.007 12
EOM-EE-CCSD 0.050 25 0.051 25 0.011 21
EOM-IP-CCSD naa na na na 0.005 10
TD-BLYP 0.029 17 0.032 18 0.006 11
TD-M06 0.061 29 0.067 29 0.036 28
TD-M06-L 0.042 23 0.043 22 0.009 19
TD-M11 0.040 22 0.042 21 0.012 23
TD-M11-L 0.049 24 0.050 24 0.013 24
TD-MN15 0.051 26 0.058 26 0.028 27
TD-MN15-L 0.055 28 0.062 28 0.039 29
TD-MN15-L/cVTZ 0.054 27 0.062 27 0.039 30
TD-PBE 0.032 19 0.034 20 0.005 9
TD-PBE/cVTZ 0.031 18 0.034 19 0.005 8

Multireference methods
CASSCF-7m 0.027 16 0.023 16 0.020 25
CASSCF-7 0.017 15 0.017 15 0.011 20
CASSCF-10m 0.036 20 0.029 17 0.027 26
MR-CISD+Q-7m 0.010 13 0.011 14 0.011 22
MRCISD-7m 0.008 2 0.009 9 0.009 18
MRCISD-7 0.008 1 0.009 6 0.009 16
MRCISD-10m 0.008 3 0.010 11 0.009 17
MS-CASPT2-7m 0.009 6 0.009 3 0.009 14
MS-CASPT2-7 0.009 8 0.008 2 0.009 13
MS-CASPT2-10m 0.009 5 0.009 4 0.009 15
ftBLYP-7m 0.009 7 0.009 5 0.003 1
ftPBE-7m 0.008 4 0.007 1 0.003 2
ftrevPBE-7m 0.011 14 0.010 13 0.005 7
tBLYP-7m 0.010 11 0.010 12 0.003 3
tPBE-7m 0.009 10 0.010 10 0.004 6
tPBE-7 0.009 9 0.009 7 0.004 5
tPBE-10m 0.010 12 0.009 8 0.003 4

ana denotes not available.
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Averaging the errors over the first three states gives MUE(3) in Table 2.6, and the ranks

based on MUE(3) shows that ftPBLYP-7m has the very best performance of all methods

tested over the first three states; the second, third and fourth ranked are the three tPBE

calculations. The SR methods also show a strong ability of describing the first three excited

states with a MUE of 0.005 or 0.006
˝

A, which is even better than the MR-CISD and the

MS-CASPT2 calculations. The MUE(4) shows that the SR methods are not performing as

well as the MR methods, and also that the errors for MC-PDFT calculations become bigger

and have similar MUEs to those from the MR-CISD and the MS-CASPT2. When MUE(5)

is considered, the MR-CISD and the MS-CASPT2 calculations are the best methods to

describe the bond length. However, the ftPBE-7m still gives an error that is the same to the

MR-CISD calculations to within 0.001
˝

A.

Our results show that the effect of adding or not including diffuse basis functions is

generally small for CN, and so basis set effects will not be discussed in detail.

2.4 Conclusions

In this chapter, the adiabatic excitation energies (Te) and the equilibrium distances (re)

for the five states (ground doublet state and first four excited doublet states) are studied

using methods that include

• SR methods

the EOM-EE-CCSD wave function method

the CR-EOM-CCSD(T) wave function method

TD-DFT with eight local exchange-correlation density functionals

• MR wave function methods
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CASSCF

MS-CASPT2

MR-CISD

MR-CISD+Q

• an MR density functional method

MC-PDFT with five on-top density functionals.

The SR calculations give reasonably good adiabatic excitation energies (Te) and equilib-

rium distances (re) for the first two excited states, and in some cases even give better results

than MR-CISD and MS-CASPT2 calculations for these states. However, the SR methods

fail to give reliable predictions of (Te) and (re) for the third and fourth excited state. Thus it

becomes necessary to use MR methods to study the more highly excited states.

The MR-CISD shows the most accurate results among all the calculations when the

unsigned errors are averaged over all four Te values, followed by MS-CASPT2. The MC-

PDFT calculations are not as accurate as the two MR wave function methods in this average

over four excitation energies, but they still yield reasonably accurate re for all four states

and reasonable accurate Te for the first three excited states. The excitation energies are

significantly improved compared with the SR methods, although the error for the E state

is still large in absolute terms, which we interpret as the difficulty of the calculating the

correlation energy for a state with such a very large multireference diagnostic (M = 0.91).

The MC-PDFT method has some especially notable successes. For the first excited

state, the most accurate excitation energy by any of the methods studied is given by tPBE.

For the second excited state, tPBE is more accurate than MS-CASPT2, MR-CISD, CASSCF,

EOM-EE-CCSD, and TD-PBE. For the third excited state, the unsigned errors for the tPBE

and ftPBE are 0.02–0.03 eV, as compared to 1.07 eV for TD-PBE and 0.62 eV for CR-EOM-

CCSD(T). For equilibrium distances averaged over the ground and first two excited states,
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all five MC-PDFT methods give more accurate results than any of the other methods studied,

whether SR or MR. For equilibrium distances averaged over the ground and first three

excited states, ftPBE has the best accuracy of all methods studied. For equilibrium distances

averaged over the ground and first four excited states, all five MC-PDFT methods give more

accurate results than any of the SR methods, even CR-EOM-CCSD(T). These results are

very encouraging for practical applications of MC-PDFT to the electronic spectroscopy of

open-shell systems.



Chapter 3

Weak Interactions in Alkaline Earth Metal Dimers

by Pair-Density Functional Theory

Adapted with permission from Bao, J. J., Gagliardi, L. and Truhlar, D. G., 2019. Weak

interactions in alkaline earth metal dimers by pair-density functional theory. The Journal of

Physical Chemistry Letters, 10, 799-805. Copyright 2021 American Chemical Society.

3.1 Introduction

Alkaline earth atoms and their dimers are widely used as trapped ultracold atoms

and molecules in their singlet ground states.[81, 82, 83] The binding energy of Be2 is

2.7 kcal/mol.[84] In comparison, Li, which is its neighbor in the periodic table, has a dimer

binding energy of 20.4 kcal/mol,[85] which is 8 times larger, and Ne2 (selected for comparison

because Ne is the noble gas in the same row of the periodic table) has a binding energy of

0.08 kcal/mol (32 times smaller).[86] We see that the alkaline earth dimers occupy a middle

ground between noble gas dimers and typical covalent bonds. The binding in alkaline earth

dimers and clusters has been widely studied and is especially fascinating because of their

closed-subshell electronic structure.[87, 88, 89, 90, 91, 92, 93, 94, 95]

An especially interesting property of Be2 is the 2s–2p hybridization.[96] Many studies

22
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of alkaline earth dimers have been carried out, especially for Be2, which in the earliest

experimental[97, 98] and theoretical[99] investigations was believed to be unstable. Even

when later theoretical calculations showed a weak bond for Be2, controversy remained about

whether the equilibrium distance was about 2.5[100, 101, 102, 103, 104]or 4.5
˝

A.[105, 106]

Experiments have now shown that the equilibrium distance is 2.44–2.45
˝

A, with a well depth

of about 2.66 kcal/mol.[84, 107, 108] Theoretical studies with various wave function methods

showed that very high levels such as full configuration interaction (FCI) calculations with

large basis sets are required to calculate the binding energy correctly.[109, 96, 110, 111]

Of the many studies carried out for heavier alkaline earth dimers,[112, 113, 114, 115, 116,

117, 118, 119, 120, 121, 122, 123, 124] we emphasize the calculations done by coupled-

cluster theory with single and double excitations and quasiperturbative connected triple

excitations, [CCSD(T)],[125] with a perturbative treatment of relativistic effects[126, 127, 128]

and the basis set extrapolated to the complete basis set (CBS) limit.[129] Reference [129]

agrees with experimental values very well for Ca2 and Sr2, differing in experiments by no

more than 0.06 kcal/mol, and therefore, these results are used as reference values for Ca2,

Sr2, and Ba2 in the present work. Radium is the heaviest alkaline earth metal, but there is a

lack of experimental data, and we found only two theoretical papers that provide estimated

thermodynamic data for Ra2.[130, 131]

In the earliest work, Kohn–Sham density functional theory[8] (KS-DFT) with local ex-

change–correlation functionals was hard pressed to accurately describe these systems,

in part because many local functionals (for example, generalized gradient approximations

(GGAs)) do not usually describe van der Waals (vdW) interactions accurately.[132, 133, 134]

Progress in obtaining better energies for weak interactions by KS-DFT has mainly in-

volved four kinds of strategies: combining KS-DFT with damped dispersion by molecular

mechanics,[135, 136] introducing nonlocal correlation into the exchange–correlation density

functional,[137, 138, 139, 140, 141, 142] using parametrized functionals containing kinetic
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energy density,[143] and using range separation to combine KS-DFT for short interelectronic

separations with wave function theory for long interelectronic separations.[144]

Multiconfiguration pair-density functional theory[19] (MC-PDFT) uses on-top density

functionals; in current practice these are translated from existing GGA exchange– correlation

functionals, e.g., tPBE is a translation of the PBE[62] exchange–correlation functional, and

ftPBE,[78] which is a full translation of the PBE functional. MC-PDFT calculations have

usually been performed using the kinetic energy, density, and on-top density from complete

active space self-consistent field[145] (CASSCF) calculations, in which case they may be

called CAS-PDFT; reviews are available.[20, 21] Here we study whether CASSCF with

translated GGAs can describe weak bonding well, even though the untranslated functional

does not perform very well in KS-DFT and even though the density functional we use does

not involve any of the four strategies mentioned in the previous paragraph.

3.2 Computational Details

Dissociation energies (De) and ground-state equilibrium bond distances (re) of Be2,

Mg2, Ca2, Sr2, Ba2, and Ra2 were calculated by the two multireference (MR) methods: (i)

CAS-PDFT with either the tPBE or the ftPBE on-top functional and (ii) complete active space

second-order perturbation theory[15, 16, 17] (CASPT2).

We used three basis sets that are designed for calculations that include scalar relativistic

effects, ANO-RCC, ANO-RCC-VQZP, and ANO-RCC-VTZP,[146] where ANO-RCC is a very

large contracted basis to be denoted AR, ANO-RCC-VQZP is contracted down to valence

quadruple-ζ plus polarization and will be denoted ARQ, and ANO-RCC-VTZP is contracted

down to valence triple-ζ plus polarization and will be denoted ART. The actual number of

primitive and contracted basis functions in each of these basis sets for each of the dimers

is given in the SI in Tables S20–S23. The SI also considers nonelativistic calculations with
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nonrelativistic basis sets.

The CAS-PDFT and CASPT2 calculations are based on the same CASSCF wave

functions. We examined the use of two popular choices for the active space. The first is the

widely used full valence (FV) active space, in which the active electrons are all of the valence

electrons and the active orbitals are those formed from the valence orbitals of all of the

atoms; for alkaline earth dimers, this yields four active electrons in eight active orbitals (σns,

σ˚ns, σpz, σ˚pz, πpx, π˚px,πpy and π˚py formed primarily by the valence s and p orbitals of the

two centers). The second active space, which was tested for only the largest AR basis set, is

based on the correlated participating orbitals (CPO) scheme,[47, 147, 80] which for alkaline

earth dimers involves all occupied bonding and antibonding orbitals plus a correlating orbital

for each, and therefore, there are four active electrons in four active orbitals, which are the

bonding and antibonding orbitals and a correlating orbital for each, namely, (σns, σ˚ns, σpz

and σ˚pz (in previous work, we distinguished three levels of the CPO scheme, but for alkaline

earth dimers, they are all the same because there are no occupied nonbonding valence

orbitals).

The CASPT2 calculations use a default ionization energy–electron affinity (IPEA) shift of

0.25 au[148] and an imaginary shift of 0.2 au.[149]

We also performed unrestricted KS-DFT with the PBE functional, which is the Kohn–Sham

exchange–correlation functional corresponding to the tPBE and ftPBE on-top functionals of

MC-PDFT.

A second-order Douglas–Kroll–Hess[150, 151] (DKH) relativistic Hamiltonian is used for

all of the calculations to account for scalar relativistic effects. All of the calculations were

done in Molcas 8.1.[74]

In some of the following discussion, we use a simplified notation: MC-PDFT with the

ftPBE and tPBE on-top functionals are simply called ftPBE and tPBE, respectively. Addition-

ally, we use a prefix to indicate an active space, for example, CPO-tPBE and FV-CASPT2.
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The KS-DFT calculations with the PBE exchange–correlation functional are called KS-PBE.

3.3 Results and Discussion

3.3.1 Multiconfigurational Character

One of the challenges in these alkaline earth dimers is that the multiconfigurational nature

of the system is important for describing the character of the bonding. The M diagnostic[80]

indicates how strongly multiconfigurational a system is. Details of how to calculate M

diagnostics can be found in ref [80], but a simplified description is that M measures the

deviations of frontier natural orbital occupation numbers from integers. The M diagnostics for

the alkaline earth metal dimers at their experimental equilibrium distances can be found in

Table 3.1, and the results show that they are all strongly multiconfigurational systems (M ą

0.10). Although all six dimers are strongly correlated, Be2 is the most strongly correlated,

and Mg2 and Ra2 are least strongly correlated.

Table 3.1: M Diagnostics and Dominant Configurations at the Equilibrium Geometry As
Calculated by FV-CASSCF Calculationsa

M Sqaured coefficients

σ2
nsσ

˚2
ns σ2

nsσ
˚2
npz σ1

nsσ
˚1
nsπ

1
npxπ

˚1
npy σ1

nsσ
˚1
nsπ

1
npyπ

˚1
npx

Be2 0.27 0.80 0.069 0.024 0.024
Mg2 0.12 0.86 0.007 0.023 0.023
Ca2 0.13 0.83 0.022 0.026 0.026
Sr2 0.12 0.84 0.018 0.025 0.025
Ba2 0.14 0.83 0.019 0.020 0.020
Ra2 0.10 0.87 0.010 0.021 0.021

aGeometries for Be2 to Ba2 are experimental geometries. For Ra2, the CPO-tPBE, FV-ftPBE,
and CPO-ftPBE calculations all give 5.28

˝

A, and therefore, that distance was used for Ra2 in
this table.

In order to show which configurations dominate the deviation from a single-configuration
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wave function, Table 3.1 shows the dominant configurations in the FV-CASSCF wave

function at the equilibrium geometry. The same four configurations have the largest squared

coefficients for all six dimers. We observe that a determinant with configuration σns
2σpz

2

plays a much more important role in the wave function for Be2 than it does for the rest of

the dimers, which is consistent with the important role of s–p hybridization in Be2 that has

previously been pointed out by Schmidt et al.[96]

In the CPO-CASSCF calculations, only the first two configurations shown in Table 3.1

have significant weights; the configuration coefficients are in the SI.

3.3.2 Binding Energies (De) for dimers from Be2 to Ba2

The reference values of the bond energies and equilibrium distances are given in Table

3.2. The MC-PDFT and CASPT2 results calculated with the largest basis set (the AR basis

set) using the two active spaces are given in Table 3.3. We consider four mean unsigned

errors (MUEs) for MC-PDFT; these MUEs correspond to the four possible combinations of

two active spaces and two on-top density functionals. We also give two MUEs for CASPT2;

they correspond to the two active spaces. For the bond energy, three of the four MUEs for

MC-PDFT are smaller than the better of the two CASPT2 MUEs, and the fourth is the same.

This is a key finding of the present study. Table 3.3 also shows mean signed errors (MSEs)

and standard deviations. Table 3.3 also shows mean signed errors and standard deviations.

Note that the ftPBE calculations overestimate the bond energy for Be2 and Ba2, under-

estimate it for Mg2, and either overestimate it or underestimate it, depending on the active

space, for Ca2 and Sr2. The smallest errors of the ftPBE calculations are achieved for Mg2

and Ba2, and the largest error is for Be2.
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Table 3.2: Reference Values for Dissociation Energies (De, in kcal/mol) and Equilibrium
Distances (re, in

˝

A)

De re

Be2 2.66a 2.454a
Mg2 1.24b 3.890b
Ca2 3.13c 4.287c
Sr2 3.02c 4.663c
Ba2 3.87c 4.972c

aThese results are from the most recent experimental value (2.658 ˘ 0.006 kcal/mol) in ref
[84].
bThese results are from experimental values in ref [112].
cThe results are from high-level theoretical calculations in ref [129].

3.3.3 Equilibrium Internuclear Distances (re) for dimers from Be2

to Ba2

Table 3.1 also shows the accuracy that can be achieved for the bond distances. Again we

consider four MUEs for MC-PDFT; these MUEs correspond to the four possible combinations

of two active spaces and two on-top density functionals. We also give two MUEs for CASPT2;

they correspond to the two active spaces. For the equilibrium distance, all four MUEs for

MC-PDFT are smaller than either of the CASPT2 MUEs. This is another important finding of

the present study.

3.3.4 Larger Active Spaces

We also explored bigger active spaces for MC-PDFT calculations on Be2, and the results

are in Table S2 in the SI. The performance is somewhat worse with the larger active spaces.

This result is consistent with a previous detailed study on H2 where we found that very large

active spaces can degrade the result.[152] In general, we recommend that the active space

should be large enough to include the dominant static correlation but not significantly larger.
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Table 3.3: Dissociation Energy, Equilibrium Distance, Mean Signed Error (MSE), Mean
Unsigned Error (MUE), and Standard Deviation (StdDev) for Calculations with the Large AR
Basis Seta

tPBE ftPBE CASPT2

active space molecule De re De re De re

FV Be2 3.58 2.404 1.42 2.436 0.00b 2.554
Mg2 0.49 3.800 –0.10b 4.242 0.60 4.313
Ca2 2.64 4.284 1.56 4.376 1.81 4.536
Sr2 2.76 4.657 1.77 4.752 1.94 4.855
Ba2 3.89 4.960 2.80 5.038 2.88 5.102
Ra2 2.34 5.275 1.48 5.379 1.82 5.521
MSE –0.11 –0.032 –1.3 0.12 –1.3 0.22
MUE 0.49 0.032 1.3 0.12 1.3 0.22
StdDevc 0.64 0.037 0.18 0.14 0.78 0.13

CPO Be2 4.09 2.440 4.44 2.375 4.50 2.423
Mg2 1.00 3.767 0.96 3.768 2.83 4.068
Ca2 3.46 4.304 3.12 4.314 4.39 4.439
Sr2 3.58 4.682 3.27 4.682 4.53 4.806
Ba2 4.80 4.983 4.52 4.975 5.73 5.056
Ra2 3.11 5.276 2.79 5.282 4.24 5.410
MSE 0.60 –0.018 0.48 –0.030 1.6 0.11
MUE 0.70 0.037 0.59 0.050 1.6 0.12
StdDevc 0.63 0.060 0.80 0.066 0.25 0.084

aAll energies in this table are in kcal/mol, and all distances are in
˝

A. Error statistics are
based on Be2–Ba2 because accurate results are not available for Ra2.
bThese nonbonding results correspond to local minima on potential energy curves. See
Figure 3.1b as an example where CASPT2 fails. See also refs [105] and [106] for similar
results, consistent with the difficulty in studying Be2.
cThe standard deviation in the tables is the standard deviation of the unsigned errors from
their mean.
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Therefore, it is encouraging that we get generally good results with the two standard active

space choices in Table 3.3.

Figure 3.1: Potential energy curve (zero at 20
˝

A) of Be2 near equilibrium by (a) FV-ftPBE and
(b) FV-CASPT2, using the ART, ARQ, and AR basis sets. Also shown is the experimental
curve (abbreviated Exp.).

3.3.5 Basis Set Dependence

The MC-PDFT and CASPT2 results calculated with the contracted basis sets using the

two active spaces are given in Table 3.4. With smaller valence basis sets, namely ARQ and

ART, a general trend is found that the results of CASPT2 change more (as compared to the

larger AR basis set) than do the ftPBE calculations. Comparison of Table 3.4 to Table 3.3

shows that the accuracy of CASPT2 degrades significantly with smaller basis sets, which

is not surprising because of the slow convergence of perturbation theory with basis set

size. For ftPBE we see a smaller degradation in bond energies and no degradation in bond

distances. Thus MC-PDFT retains its accuracy comparatively better with basis sets that
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would be more practical for larger systems.

Table 3.4: Dissociation Energy, Equilibrium Distance, Mean Signed Error (MSE), Mean
Unsigned Error (MUE), and Standard Deviation (StdDev) for Calculations with the Large AR
Basis Seta

ART ARQ

method molecule De re De re

ftPBE Be2 3.30 2.435 3.56 2.412
Mg2 0.40 3.855 0.47 3.812
Ca2 2.44 4.303 2.55 4.296
Sr2 2.53 4.676 2.70 4.669
Ba2 3.68 5.000 3.86 4.970
MSE –0.31 0.001 –0.16 –0.021
MUE 0.57 0.022 0.52 0.027
StdDevb 0.59 0.026 0.66 0.038

CASPT2 Be2 –0.56 2.513 –0.24 2.630
Mg2 0.56 4.690 0.64 4.397
Ca2 1.13 4.790 1.41 4.653
Sr2 1.17 5.199 1.69 4.972
Ba2 3.07 5.154 3.88 5.016
MSE –1.71 0.42 –1.31 0.28
MUE 1.71 0.42 1.31 0.28
StdDevb 1.03 0.30 1.11 0.18

aAll energies in this table are in kcal/mol, and all distances are in
˝

A.
bThe standard deviation in the tables is the standard deviation of the unsigned errors from
their mean.

3.3.6 Comparison to KS-DFT

The KS-PBE results are given in Table 3.5. The KS-DFT bond energies with the parent

GGA are, on average, much less accurate than MC-PDFT or CASPT2. We see that

MC-PDFT with either active space gives the most accurate bond distances, followed by

CPO-CASPT2, then KS-PBE, and at last FV-CASPT2.
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Table 3.5: Dissociation Energy, Equilibrium Distance, Mean Signed Error (MSE), Mean
Unsigned Error (MUE), and Standard Deviation (StdDev) for Calculations with KS-DFT Using
the PBE Exchange–Correlation Functionala

ART ARQ AR

molecule De re De re De re

Be2 9.7 2.458 9.8 2.438 9.8 2.431
Mg2 3.2 3.518 3.2 3.512 3.2 3.510
Ca2 5.2 4.197 5.3 4.188 5.4 4.171
Sr2 4.7 4.556 4.8 4.555 4.9 4.544
Ba2 6.4 4.863 6.6 4.845 6.6 4.845
Ra2 3.6 5.197 3.5 5.205 3.8 5.172
MSE 3.1 –0.14 3.2 –0.15 3.2 –0.15
MUE 3.1 0.14 3.2 0.15 3.2 0.15
StdDevb 2.3 0.14 2.3 0.14 2.2 0.13

aAll energies in this table are in kcal/mol, and all distances are in
˝

A. Error statistics are
based on Be2–Ba2 because accurate results are not available for Ra2.
bThe standard deviation in the tables is the standard deviation of the unsigned errors from
their mean.

3.3.7 Potential Energy Curves

Figure 3.2 shows dissociation curves of Mg2 and Ca2 by FV-ftPBE, FV-CASPT2, and

KS-PBE as compared to the experimental curve from ref. [153] and ref. [154] , respectively.

(The potential energy curve for Be2 is shown in Figure 3.2 discussed below, and the

potential energy curves for all six dimers are given in tabular form Table S18-S23 in the

Supporting Information. We did not find experimental potential energy curves for Sr2, Ba2,

or Ra2.) Figure 1 shows that the FV-ftPBE curve agrees with the experiment very well

for both equilibrium distances and dissociation energies, but it is underestimates for the

long-range tail of the potential, which may be attributed to underestimation of dispersion

energy contributions.
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Figure 3.2: Dissociation curves for (a) Mg2 and (b) Ca2 by FV-CASPT2, FV-ftPBE, and
KS-PBE using the AR basis set. Also shown is the experimental curve (labeled “Exp.”).

3.3.8 Performance of Other On-top Functionals

In Tables S4-S6 we present results for other on-top translated and fully translated

functionals[78] compared with each other and compared with their untranslated KS analogs,

namely KS-revPBE[79] and KS-OPBE,[62, 155] together with their translated or fully trans-

lated versions. We found that fully translated functionals are usually more accurate than their

corresponding translated ones, and the fully translated functionals have better performance

than their corresponding KS parent functionals. One possible reason for the improved

performance of the ft functionals is that they include the gradient of the on-top density.

3.3.9 MP2 vs. CASPT2

One may ask whether the improved performance of ftPBE or tPBE over KS-PBE orig-

inates from MC-PDFT being able to handle multiconfigurational systems better. The M

diagnostics presented above show that these systems are inherently multiconfigurational

(i.e., strongly correlated), but it is also useful to consider another aspect of multireference
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character, namely the deviation of CASPT2 based on CASSCF from single-configuration

Møller-Plesset perturbation theory,[156, 157] (MP2) based on a restricted Hartree-Fock

calculation. The MP2 results are given in the SI. When using the AR basis set, we find –

unexpectedly – that MP2 performs better than CASPT2. This demonstrates how difficult it is

to identify sources of errors in approximate calculations. There is a subtle interplay between

all of the approximations, and there is some cancellation of errors, and for weak interactions

this can subvert any simple attempt to divide the errors into categories.

3.3.10 Core Correlation

All the CASPT2 calculations reported here and in the SI make the frozen-core approxi-

mation. The SI contains a comparison of full MP2, denoted as MP2(Full), which includes

excitation of all core orbitals, and frozen-core MP2, denoted FC-MP2, which does not allow

excitations of core orbitals. The latter is important because all the CASPT2 calculations

reported here and in the SI make the frozen-core approximation. The comparison is in

Tables S7 and S8, and it shows that sometimes core correlation improves the results and

sometimes in makes them worse. This is perhaps not surprising because it is known that

core polarization is particularly important in group 2 of the periodic table.[158, 159, 160]

One advantage of density functional methods over wave function methods is that density

functional methods always include core correlation, at least to the extent allowed by the

basis set.

3.3.11 Diffuse Basis Functions and Core Polarization Basis Func-

tions

Tables S9-S12 present additional tests for Be2 and Mg2 showing that the results are not

sensitive to diffuse functions or to the core polarization functions in the basis sets.
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3.3.12 De and re for Ra2

Because there is no accurate experiment available for Ra2, we also made ftPBE cal-

culations for Ra2. The results given by FV-ftPBE and CPO-tPBE are in a quite good

agreement with some previous calculations. A CCSD(T) calculation using exact two-

component[161, 162] (X2C) theory for the relativistic effect gave 2.6 kcal/mol for De and

5.324
˝

A for re.[130] A CASPT2 calculation using an active space with 4 electrons in 16

orbitals and the AR basis set gave 1.82 kcal/mol for De and 5.478
˝

A for re.[129] The data

are in a good agreement with our FV-CASPT2 calculation. The ftPBE result lies between

the CCSD(T) and previous CASPT2 results for the dissociation energy, but is closer to the

CCSD(T) results for bond distance.

3.4 Conclusion

Alkaline-earth dimers embody two of the most challeging problem in quantum chemistry –

weak interactions and strongly correlated systems. The present study shows that MC-PDFT

provides improved accuracy as compared to KS-DFT and CASPT2 for weak bonds in metal

dimers. Furthermore, MC-PDFT has the advantage of having less dependence on basis

sets than one finds for wave function methods like MP2 or CASPT2. This reduced basis-

set dependence is usually an advantage of density functional methods over methods that

must explicitly build the electron-electron cusp into the wave function in order to accurately

approximate the dynamic correlation energy, and MC-PDFT provides a way to take advantage

of this in a setting that includes multi-configurational effects in the representation of the

electron density.



Chapter 4

Automatic selection of an active space for cal-

culating electronic excitation spectra by MS-

CASPT2 or MC-PDFT

Adapted with permission from Bao, J. J., Dong, S. S., Gagliardi, L. and Truhlar, D. G.,

2018. Automatic selection of an active space for calculating electronic excitation spectra by

MS-CASPT2 or MC-PDFT. Journal of Chemical Theory and Computation, 14, 2017-2025.

Copyright 2021 American Chemical Society.

4.1 Introduction

An early issue in the history of electronic structure theory was the determination of the

best orbitals and configurations for configuration interaction (CI) calculations; we give only a

few representative references.[163, 164, 165, 166, 167, 168, 169, 170] As time progressed,

configuration interaction calculations lost favor to size-extensive and more powerful coupled

cluster calculations based on a single configuration, where the question of configuration

selection does not arise, and to active space methods where internal correlation is calculated

by an active-space multiconfiguration self-consistent field (MCSCF) calculation followed by

a post-MCSCF calculation of external correlation. Methods employing the latter approach

36
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are called multireference methods. The choice of orbitals and configurations for the active

space is even thornier than for single-reference CI or coupled cluster calculations because it

is a common occurrence that the desired active orbitals cannot be maintained in the active

space during SCF iterations. This can be ameliorated by using better initial guesses, and

this is an important part of current strategies. As active-space methods are being applied

to larger and more complex systems, and as molecular dynamics considerations demand

wider exploration of potential energy surfaces, there have been increasing efforts[171, 80,

172, 173, 174, 175, 176, 177, 47, 178, 179, 180, 181, 182, 183, 184] to develop procedures

and algorithms, even automated ones, for the selection of active space orbitals, improved

virtual orbitals, and/or configurations and even to create expert systems so the computer

can make such decisions. The present article is one attempt to take a step in that direction.

Here we propose an automatic selection scheme of orbitals in a complete-active-space

self-consistent-field (CASSCF)[145, 73, 185] calculation to be used as a reference for a

post-CASSCF calculation. The method involves three parameters, which we will call A, B,

and C, so the method will be called the ABC scheme. The goal is to set up a deterministic

set of steps that qualifies as theoretical model chemistry by the criteria of Pople:[186] “The

approximate mathematical procedure must be precisely formulated. This should be general

and continuous as far as possible. Thus, particular procedures for particular molecules

or particular symmetries should be avoided.” We will define a three-step procedure with

three parameters, and we will test it by applying precisely the same three steps with the

same three parameters to a set of ten test molecules. We realize that the procedure will

not be completely general (i.e., as one considers a great variety of systems, it will surely

be necessary to improve it), but we hope to make a good start in the direction of giving

some prescriptions on how to make these multireference calculations more automatized for

different classes of systems. What we are presenting here is one particular prescription for a

class of systems. Similar prescriptions can be envisioned for different classes of systems.
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We tested the ABC scheme on ten doublet radicals in three groups:

Group 1: 9-electron systems, in particular, CH3 and NH2

Group 2: 13-electron systems, in particular, C2H, CN, BO, N`2 , and CO`

Group 3: 15-electron systems, in particular, C2H3, CH2N, and CH2O`

For each radical our goal is to calculate accurate excitation energies of the first five excited

doublet states. To judge the results, we calculate accurate benchmarks for all 50 excitation

energies by multireference configuration interaction with single and double excitations[41,

42, 187, 188, 189] with a Davidson correction[43, 190] (MR-CISD+Q). We test the ABC

scheme for two different levels of post-CASSCF calculation: multi-state complete active

space second-order perturbation theory[15, 16, 17, 75] (MS-CASPT2) and multiconfiguration

pair-density functional theory[19, 20, 21] (MC-PDFT).

4.2 ABC Scheme

The state-averaged ground state necessarily has a higher energy than the single-state

ground state, but the state-averaged method allows one, in principle, to obtain a balanced

treatment of ground and excited states. Therefore, we use state-averaged calculations in the

present chapter.

The method is designed to calculate the first NEE electronic excitation energies. This

means one must calculate the ground state and NEE excited states for a total of NS = NEE +

1 states. A familiar difficulty in trying to calculate these excitation energies by a post-MCSCF

method is making sure that the orbitals involved as holes or particles in the configurations

that dominate these excitations are present and suitably optimized in the MCSCF reference

function. The holes (orbitals from which excitations are made) should be present in the

active space as occupied orbitals. However, if one includes too many occupied orbitals in the

active spaces, the calculations will become unwieldy or even unaffordable. If one includes
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too few, then the calculations will be inaccurate. In either case one might end up with an

unbalanced choice of holes. Our first parameter (A) will be used to automate the choice of

doubly occupied orbitals that may serve as holes.

An even more vexing problem is to make sure that the calculations include the orbitals

needed for particles (orbitals into which excitations are made). The virtual orbitals of a

Hartree–Fock calculation are well-known to be unphysical,[191, 192, 193] and our experience

is that simply using the low-energy unoccupied orbitals of a Hartree–Fock calculation as

initial guesses for the active space orbitals often leads to active spaces that are missing

the key particle orbitals needed for an accurate treatment of excited states. One can

obtain better results with a state-averaged (SA) restricted active space self-consistent field

(RASSCF)[194] calculation in which the particle orbitals are optimized for the excitations of

interest. But one has to have initial guess orbitals for the state-averaged calculation, and the

first state-averaged calculation must necessarily have orbitals that are not optimized in a

previous calculation. In our experience, when one does that, the needed particle orbitals for

the low-energy excitations are not necessarily the lowest-energy orbitals. Thus, one must

use a large virtual space to be sure the needed particle orbitals are optimized and present.

A key step in our procedure (it will be called step 2, where step 1 is the calculation used to

generate the initial guess orbitals for step 2) will be to find and optimize the needed particle

orbitals in an automatic way without making case-specific decisions and without visualizing

the orbitals. Our goal is to find out if one can do this systematically in an affordable manner,

and the second parameter (B) will be used to automate the number of virtual orbitals used

in this step.

If one’s target is to calculate accurate energy differences between the ground state and

NEE excited states, then one should do state-averaged calculations over at least NEE + 1

states. But in our experience the NEEth excited state often interacts strongly with the next

excited state (some configuration state functions contribute significantly to more than one
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low-energy eigenstate), and in fact, to get a balanced treatment of NEE + 1 excited states, it

may be necessary to do a state average that includes additional excited states. Our third

parameter (C) is used to automate the choice of the number of states.

With the above considerations as motivations, we arrived at the following scheme.

We specify the number of unpaired electrons in the ground electronic state as V . The

ten radicals employed in the present test of the scheme all have ordinary doublet ground

states for which V = 1, but the method is designed to also be applicable to other multiplicities,

for example, to closed-shell singlet molecules with V = 0. We use the notation HDOMO for

the highest doubly occupied molecular orbital in the dominant configuration of the ground

state. The ABC scheme of automatically selecting active spaces has three steps.

In the first step, one puts 2A + V active electrons in A + V active orbitals and performs

a ground-state CASSCF[73] calculation. (Note that when V is zero, this becomes simply

a restricted Hartree–Fock (RHF) calculation, which is a special case of CASSCF, but for

open-shell cases it is an MCSCF calculation.) We will also use A in subsequent steps.

If the configurations that make significant contributions to the targeted excitations involve

excitations from orbitals no deeper than HDOMO–(A–1), then one should include A doubly

occupied orbitals in the active space of all steps, and A becomes our first parameter. The

physical justification for the A parameter is that the lowest-lying excitations tend to come

from the highest-energy occupied orbitals. The question we will address is can we obtain

good results for a range of systems with a single value of A? In the second step, one runs an

SA-RASSCF[194] calculation, with 2A electrons and A orbitals in the RAS1 space, with V

electrons and V orbitals in the RAS2 space, and with B virtual orbitals. The initial guesses

for all orbitals are taken from step 1. In particular, the B virtual orbitals are the virtual orbitals

with B lowest orbital energies in step 1. The maximum number of holes in RAS1 is 1, and

the maximum number of particles in RAS3 is 1. The choice of limiting the level of excitations

to singles in this step is based on the consideration that this is still a preparatory step to
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generate qualitatively good orbitals for the final step. We do not exclude the possibility that

for some classes of problems one has to allow up to double excitations. Nevertheless, for all

the results in the present article, we included only single excitations in step 2. The number

of states averaged in this calculation is NS + C. We calculate C extra roots for two physical

reasons: (i) The NS lowest states in reality need not be the same as the NS lowest states

of step 2; step 2 is designed to tell us what orbitals to use in step 3, not to give accurate

energies. (ii) As mentioned above, in the motivation of the method, a balanced treatment of

the NS lowest-energy states may require averaging over a greater number of states because

the states are multiconfigurational and some configuration state functions contribute to more

than one low-energy physical state.

To prepare for step 3, the user examines the dominant configurations of the excited

states. If V is 0 or 1, the dominant excitations are all single excitations (because step 2

automatically only includes single excitations if V is 0 or 1), and one identifies the hole orbital

and the particle orbital for each of the NS + C dominant excitations (one dominant excitation

for each state) by comparing its dominant configuration with that of the ground state. These

holes and particles are called the dominant transition orbitals. This identification is done

after the transformation to state-averaged natural orbitals, so these particle and hole orbitals

are state-averaged natural orbitals.

The third step is an SA(NS+C)-CASSCF calculation in which the initial active orbitals are

the dominant transition orbitals of step 2. The initial guesses for the SA(NS+C)-CASSCF

process are the final orbitals of the RASSCF calculation in step 2. If one is using MS-

CASPT2, one uses the wave function obtained from the CASSCF calculation in step 3 as

the reference function for an MS-CASPT2 calculation with NS + C states in the model space,

and the NS lowest-energy states of this MS-CASPT2 calculation are used to calculate NEE

excitation energies.

If one is using MC-PDFT, one calculates the kinetic energy, density, and on-top pair
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density for the NS + C lowest-energy states from the CASSCF calculation in step 3 and uses

these quantities to calculate MC-PDFT energies. The NS lowest-energy MC-PDFT energies

are used to calculate NEE excitation energies.

Notice that A denotes the number of doubly occupied active orbitals, B denotes the

number of unoccupied orbitals in step 2, and C denotes how many more states we include

above the number targeted. These are the only three parameters because V is determined

by the ground state of the chosen molecule, and NS depends on the user’s goal for the

molecule chosen to be studied, i.e., how many states are of interest.

The parameter A determines how deep one goes into doubly occupied molecular orbitals

(DOMOs) that possibly participate in electronic excitation. The recommended value used

here is 3. If the third highest DOMO (i.e., HDOMO–2) were degenerate with HDOMO–3,

then A would be increased to 4, but this increase was not needed for any of the molecules

in the present tests.

The parameter B determines how high one goes into the virtual space in step 2. The

recommended value for B is 25. (In a test case for BO radical, the CASSCF results in the

third step for B = 25 and B = 30 are the same, whereas B = 20 was not sufficient, so we

used B = 25 for all the other systems. If desired, users can check whether the results are

sensitive to increasing B for their problem.)

The parameter C is the number of extra states calculated in step 2. The currently

recommended value of C is 2, but if states NS + C and NS + C + 1 are degenerate, we

should keep NS + C + 1 states for that case. For example, if NS = 6 and C = 2, we would

nominally consider 8 roots, but if the eighth and ninth roots are degenerate, we consider 9

so as not to break a degeneracy.

We will use ethylene (which has V = 0) as an example for how the scheme works. For

the example, we set NEE, A, B, and C equal to 2, 3, 25, and 2, respectively. Because the

ground state is a closed-shell singlet and A is 3, the first step is a ground-state CASSCF
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calculation with 6 electrons in 3 orbitals, namely, a RHF calculation (because there is only

one configuration in the calculation). The second step is a RASSCF calculation averaged

over five states (the ground state plus NEE + C excited states) using the orbitals from the first

step as the initial guess. The number of RAS1 orbitals, RAS2 orbitals, and RAS3 orbitals in

step 2 are 3, 0, and 25, respectively. The maximum number of holes in RAS1 and maximum

number of particles in RAS3 are both 1 in the current form of the ABC scheme. The third

step picks all the transition orbitals in step 2 and put them in the RAS2 space, and then runs

a CASSCF calculation averaging over 5 states.

The question we will address is, can we obtain good results for a range of systems with

a single set of values of A, B, and C? If we identify such a set of values, it can be used for

well-defined predictions on other systems. Of course, if one has specific knowledge about

new systems, one can perhaps use that knowledge to find even better active spaces. In fact,

even for the systems treated here, we can obtain more accurate results, as discussed below;

but that is not our goal here. The present scheme involves no system-specific knowledge

and no visualization of orbitals; it is an attempt to find an automatic scheme for active space

selection.

4.3 Computational Details

We consider ten doublet radicals in this work. The geometries used for the ten molecules

are listed in Table 4.1.

The benchmark results were calculated using MR-CISD+Q as implemented in Molpro.[76,

77] The +Q corrections are computed by the rotated wave function method of Werner et

al.[190] The active spaces that we used for the benchmark calculations are similar to the

ones used by Li and Liu,[200] with possibly small changes in the number of occupied or

virtual orbitals. These active spaces are listed in Table 4.2. For radicals in the first two
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Table 4.1: Geometries in Terms of Bond Lengths (
˝

A) and Bond Angles (degree)

radical geometry reference

CH3 R(CH) = 1.0767, =(HCH) = 120 [195]
NH2 R(NH) = 1.024,a =(HNH) = 103.4 [196]
C2H R(CC) = 1.208, R(HC) = 1.058, =(HCC) = 180 [197]
CN R(CN) = 1.1718 [30]
CO` R(CO) = 1.1151 [30]
N`2 R(NN) = 1.1164 [30]
BO R(BO) = 1.2045 [30]
C2H3 R(C1C2) = 1.340, R(C1H1) = 1.101, R(C2H2) = 1.112,

[198]R(C2H3) = 1.107, =(H1C1C2) = 135.1, =(C1C2H2) = 121.7,
=(H2C2H3) = 116.5

CH2N R(CN) = 1.2655, R(CH) = 1.1010, =(HCH) = 121.27 [199]
CH2O` R(CO) = 1.2078, R(CH) = 1.1161, =(HCH) = 116.57 [38]

aThe value for r0 is used for re of the N–H bond.

groups, C1 symmetry is used for the benchmark calculations; for radicals in the last group,

Cs symmetry is used for C2H3 and C2v for CH2N and CH2O`.

In keeping with Pople’s recommendation for a theoretical model chemistry, the MC-PDFT

and MS-CASPT2 calculations use C1 symmetry for all the three groups of radicals. For all

ten cases tested in the present work, V is 1, and our targeted number of excitation energies

is 5. The number of roots (NS) and the parameters used in the ABC scheme are listed

in Table 4.3. Also listed in Table 4.3 are the active spaces arrived at by the ABC scheme

and the orbitals contained in the ABC active space. The orbitals in the active spaces are

illustrated in Figures S1–S10 in the Supporting Information.

The CASSCF, MS-CASPT2, and MC-PDFT calculations were carried out using Molcas

8.1.[74] The MS-CASPT2 calculations include the default ionization potential–electron affinity

(IPEA) shift[148] of 0.25 Eh, and they were done with an imaginary shift[149] of 0.20 Eh.

The MC-PDFT calculations were carried out with tPBE[19] on-top density functional and

the trevPBE[47] on-top density functional.
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Table 4.2: Details of the SA-CASSCF Calculations Used as the Starting Points for MR-
CISD+Q Calculations

radical
active

SAa dominant configuration in ground state
space

CH3 (5,10) 10 (1e1x)2(1e1y)2(1a22)1(2e1x)0(2e1y)0(3a11)0(2a22)0(3e1x)0(3e1y)0(4a11)0

NH2 (5,6) 10 (1b1)2(3a1)2(1b2)1(4a1)0(2b1)0(5a1)0

C2H (9,9) 9 (3σ)2(4σ)2(5σ)1(1πx)2(1πy)2(2πx)0(2πy)0(6σ)0(7σ)0

CN (7,7) 10 (4σ)2(1πx)2(1πy)2(5σ)1(2πx)0(2πy)0(6σ)0

CO` (7,7) 10 (4σ)2(1πx)2(1πy)2(5σ)1(2πx)0(2πy)0(6σ)0

N`2 (7,8) 10 (2σu)2(2πu,x)2(2πu,y)2(3σg)1(1πg,x)0(1πg,y)0(3σu)0(4σg)0

BO (7,8) 10 (4σ)2(1πx)2(1πy)2(5σ)1(2πx)0(2πy)0(6σ)0(7σ)0

C2H3 (7,10) 7,4b (5a1)2(6a1)2(7a1)1(8a1)0(9a1)0(10a1)0(11a1)0(1a2)2(2a2)0(3a2)0

CH2N (9,11) 6,6,6,6c (4a1)2(5a1)2(6a1)0(7a1)0(8a1)0(1b1)2(2b1)1(3b1)0(1b2)2(2b2)0(3b2)0

CH2O` (9,11) 5,5,5,5c (4a1)2(5a1)2(6a1)0(7a1)0(8a1)0(1b1)2(2b1)1(3b1)0(1b2)2(2b2)0(3b2)0

aThe SA column gives the number of states averaged. When a series of numbers is given,
they denote the number of states in each irrep.
bThe two irreps used are A1 and A2.
cThe four irreps are A1, B1, B2, and A2.

4.4 Results and Discussion

Our goal is not to show that we can get low-energy CASSCF states or accurate excitation

energies by SA-CASSCF but rather to show that we can get active spaces that serve as

useful references for post-SCF steps like those in MS-CASPT2 and MC-PDFT. We tested

the ABC scheme on three groups of radicals classified according to the number of electrons,

as specified in the Introduction. The errors of MC-PDFT calculations using the tPBE and

trevPBE on-top functionals are shown in Tables 4.4-4.13. The mean unsigned deviation

(MUD) for each state is listed in Table 4.14. Readers interested in specific molecules can

consult the individual tables, but because the tables for individual molecules largely speak

for themselves, we will keep the discussion short.

Table 4.14 shows that the MUD over all 50 excitation energies is 0.14 eV for MS-CASPT2,
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Table 4.3: Details of ABC Active Spaces

target parameters
ABC dominant
active configuration

no. radical NS A B C space in ground state
1 CH3 6 3 25 2 (5,8) (1e1x)2(1e1y)2(1a22)1(2e1x)0(2e1y)0(2a22)0(3e1x)0(3a11)0

2 NH2 6 3 25 2 (5,5) (1b1)2(3a1)2(1b2)1(4a1)0(2b1)0

3 C2H 6 3 25 3c (5,5) (5σ)1(1πx)2(1πy)2(2πx)0(2πy)0

4 CN 6 3 25 3c (7,6) (4σ)2(1πx)2(1πy)2(5σ)1(2πx)0(2πy)0

5 BO 6 3 25 3c (7,6) (4σ)2(1πx)2(1πy)2(5σ)1(2πx)0(2πy)0

6 CO` 6 3 25 3c (7,6) (4σ)2(1πx)2(1πy)2(5σ)1(2πx)0(2πy)0

7 N`2 6 3 25 2 (7,6) (2σu)2(2πu,x)2(2πu,y)2(3σg)1(1πg,x)0(1πg,y)0

8 C2H3 6 3 25 2 (3,6) (7a1)1(8a1)0(9a1)0(10a1)0(1a2)2(2a2)0

9 CH2N 6 3 25 2 (5,6) (5a1)2(6a1)0(2b1)1(3b1)0(1b2)2(2b2)0

10 CH2O` 6 3 25 2 (7,5) (5a1)2(1b1)2(2b1)1(1b2)2(2b2)0

aThe SA column gives the number of states averaged. When a series of numbers is given,
they denote the number of states in each irrep.
bThe two irreps used are A1 and A2.
cThe four irreps are A1, B1, B2, and A2.

which shows that the method is very successful. The MUD is a bit higher for MC-PDFT,

for which the error depends slightly on the choice of on-top density functional. The MUD

is 0.19 eV for tPBE, and 0.21 eV for trevPBE. Previously[201, 202] we defined functionals

with MUDs of 0.30 eV or less to be “successful”. Using this criterion, we judge that all

MS-CASPT2 and MC-PDFT calculations with the ABC scheme can be classified as very

successful. The fact that we obtained good results for MC-PDFT as well as MS-CASPT2 is

especially encouraging because we have found for some problems that MC-PDFT is more

sensitive to the quality of the active space than is MS-CASPT2.

Among the ten radicals, MS-CASPT2 works extremely well (MUD over five excitation

energies is no more than 0.10 eV) for CH3, BO, N`2 , CO`, and CH2O`. Using the same

standard, MC-PDFT with tPBE and trevPBE functionals works extremely well for CN and

N`2 , in both of which cases these two functionals perform even better than MS-CASPT2.
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Table 4.4: Signed Errors (eV), Mean Signed Deviation (MSD), and Mean Unsigned Deviation
(MUD) of MC-PDFT and MS-CAPST2 Excitation Energies with Respect to MR-CISD+Q for
CH3

statea
MR-

CASSCF tPBE trevPBE
MS-

CISD+Q CASPT2
1 12A11 (1a22)0(3a11)1 5.867 –0.76 –0.21 –0.24 0.030
2 12E1 (1e1x)1(1a22)2 6.943 0.85 –0.24 –0.21 0.068
3 12E1 (1e1y)1(1a22)2 6.943 1.10 –0.15 –0.11 0.13
4 22E1 (1a22)0(2e1x)1 7.181 –0.90 –0.45 –0.51 –0.013
5 22E1 (1a22)0(2e1y)1 7.181 –0.87 –0.45 –0.51 0.009

MSD –0.11 –0.30 –0.32 0.05
MUD 0.89 0.30 0.32 0.05

aIn the first column, the lowest doublet is labeled 0, and the excited doublets are labeled
1–5. The second column gives the symmetry. The third column gives the difference of the
dominant configuration from the ground-state dominant configuration.
bThe MR-CISD+Q columns of Tables 4.4–4.13 contain the benchmark results.

Although the parameters used in the ABC scheme are the same for all ten radicals,

the final active space used for each radical can differ even for radicals in the same group,

showing the power of the ABC scheme to be adaptive to different systems even with a fixed

set of A, B, and C. Very interestingly, the active space generated by the scheme uses

only 3 electrons for C2H3 radical, and the MUD over the all the five excited states is 0.17

eV for tPBE, although MS-CASPT2 does not perform quite as well using the same active

space. It is also noteworthy that the active spaces generated by the scheme are different

from each other within the first and the third groups, even though in each group the systems

are isoelectronic (and we also note the similarity in symmetry for CH2N and CH2O`); this

shows how the ABC scheme successfully adapts to different systems.

If we look only at the vertical excitation energy of the first excited state, the largest

unsigned errors (out of ten cases) are only 0.21 eV for MS-CASPT2 and 0.22 eV for tPBE. If

we look only at the first two excitations, the largest errors (out of 20 cases) are only 0.35

eV for MS-CASPT2 and 0.35 eV for tPBE. Most of the results are already good enough for
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Table 4.5: Signed Errors (eV), Mean Signed Deviation (MSD), and Mean Unsigned Deviation
(MUD) of MC-PDFT and MS-CAPST2 Excitation Energies with Respect to MR-CISD+Q for
NH2

state
MR-

CASSCF tPBE trevPBE
MS-

CISD+Q CASPT2
1 12A1 (3a1)1(1b2)2 2.089 0.10 –0.081 –0.057 –0.029
2 12B1 (1b1)1(1b2)2 6.365 0.96 0.35 0.39 0.15
3 22A1 (1b2)0(4a1)1 7.686 –0.94 –0.40 –0.43 0.07
4 22B1 (3a1)1(4a1)1 7.766 –0.90 –0.10 –0.053 –0.29
5 12A1 (3a1)1(2b1)1 9.186 –0.93 –0.33 –0.31 –0.26

MSD –0.34 –0.11 –0.09 –0.07
MUD 0.77 0.25 0.25 0.16

practical use for many problems.

The tables do not show the MR-CISD results obtained without the +Q correction, but it

is interesting to note that the MR-CISD calculations have an MUD over the 50 electronic

excitations of 0.15 eV, only slightly better than MS-CASPT2 calculations, even though

the MS-CASPT2 calculations are based on the automatic active space (i.e., the ABC

scheme) whereas the MR-CISD results, being the first stage of the benchmark MR-CISD+Q

calculations, are based on manually optimized active spaces. Before we developed the

ABC scheme, we manually optimized active spaces for each of the ten molecules. The

MUDs obtained for the 50 states in this way (i.e., with laboriously optimized active spaces)

were 0.13 eV for trevPBE and MS-CASPT2 and 0.14 eV for tPBE. Although these results

(0.13–0.14 eV) are better than the ABC results, we think they are less interesting than the

ABC results (0.14–0.21 eV) for three reasons. First, the manually optimized active spaces

have an average of 8.4 orbitals, whereas the ABC optimized active spaces have an average

of only 5.9 orbitals. Second, the ABC method, being a theoretical model chemistry, can be

applied systematically. Third, the ABC method, being an automatic method (after the three

parameters are set), and without the need to visualize orbitals, is much less time-consuming
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Table 4.6: Signed Errors (eV), Mean Signed Deviation (MSD), and Mean Unsigned Deviation
(MUD) of MC-PDFT and MS-CAPST2 Excitation Energies with Respect to MR-CISD+Q for
C2H

state
MR-

CASSCF tPBE trevPBE
MS-

CISD+Q CASPT2
1 12Π (5σ)2(1πy)1 0.684 0.070 –0.19 –0.25 0.21
2 12Π (5σ)2(1πx)1 0.684 0.070 –0.19 –0.25 0.21
3 22Σ` (1πy)1(2πy)1 6.973 0.95 –0.13 –0.13 0.24
4 12Σ´ (1πx)1(2πy)1 7.335 0.54 –0.19 –0.20 0.18
5 22∆ (1πx)1(2πy)1 7.657a 0.54 –0.25 –0.26 0.19

MSD 0.43 –0.19 –0.21 0.21
MUD 0.43 0.19 0.21 0.21

aThis is one state of a pair of degenerate states

in human time.

To make the scheme work in other cases, it may be necessary to add new elements, for

example, Kohn–Sham orbitals in step 1, double excitations in step 2, or a different value of

C in step 3 from that used in step 2. As another example, in step 2, we may also choose the

transition orbitals on the basis of two or more most dominant configurations for each state

or on the basis of natural orbital occupation numbers. But it is very encouraging that the

present scheme already does quite well for a range of systems.

4.5 Conclusion

In common parlance, a major detriment to the application of multireference methods is

that they are not “black-box” methods. The present effort is a step in the direction of trying to

mitigate that impediment by defining a scheme for finding active spaces. As mentioned in the

Introduction, we expect that the scheme will need refinement to be applied to a larger class

of systems, for example, to apply it to systems with conjugated bonds or systems containing

transition metals or to apply it along reaction paths, which are notoriously challenging for
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Table 4.7: Signed Errors (eV), Mean Signed Deviation (MSD), and Mean Unsigned Deviation
(MUD) of MC-PDFT and MS-CAPST2 Excitation Energies with Respect to MR-CISD+Q for
CN

state
MR-

CASSCF tPBE trevPBE
MS-

CISD+Q CASPT2
1 12Π (1πx)1(5σ)2 1.284 0.30 –0.006 –0.051 0.18
2 12Π (1πy)1(5σ)2 1.284 0.30 –0.006 –0.051 0.18
3 22Σ` (4σ)1(5σ)2 3.130 0.56 0.15 0.17 0.11
4 22Π (5σ)0(2πy)1 7.791 0.33 –0.014 0.000 0.09
5 22Π (5σ)0(2πx)1 7.791 0.33 –0.014 0.000 0.09

MSD 0.36 0.02 0.01 0.13
MUD 0.36 0.04 0.05 0.13

multireference methods because the wave function may change character along a reaction

coordinate. Nevertheless, it is very promising that we have found a scheme that qualifies as

a theoretical model chemistry and that gives satisfactory results for the first five excitation

energies of ten different open-shell molecules, all treated with the same procedure and the

same three parameters. One big advantage of the scheme is that it is noniterative, whereas

other schemes one might propose can involve repeating various steps until the orbitals are

sufficiently refined. The ABC scheme has only three steps and three parameters. We have

demonstrated the success of the scheme for two different kinds of post-MCSCF calculation,

namely, MS-CASPT2 and MC-PDFT. The mean unsigned error over 50 excitations is only

0.19 eV for MS-CASPT2 and 0.14 eV with the MC-PDFT functionals; to put these in context,

we note that we have previously[201, 202] stated that any method that gives an MUD of 0.30

eV or better for electronic excitation is “successful”.

Some key issues in selecting an active space are determining what hole and particle

orbitals to include, how to obtain initial guesses for the SCF procedures that will place these

hole and particle orbitals in the active space where they can be optimized, and what states

to average over during the optimization. Although these decisions are often made on a
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Table 4.8: Signed Errors (eV), Mean Signed Deviation (MSD), and Mean Unsigned Deviation
(MUD) of MC-PDFT and MS-CAPST2 Excitation Energies with Respect to MR-CISD+Q for
BO

state
MR-

CASSCF tPBE trevPBE
MS-

CISD+Q CASPT2
1 12Π (1πx)1(5σ)2 3.542 –0.55 –0.16 –0.22 0.001
2 12Π (1πy)1(5σ)2 3.542 –0.55 –0.16 –0.22 0.001
3 22Σ` (4σ)1(5σ)2 5.549 –0.22 –0.02 –0.07 0.064
4 22Π (5σ)0(2πy)1 7.149 0.14 –0.39 –0.41 0.141
5 22Π (5σ)0(2πx)1 7.149 0.14 –0.39 –0.41 0.141

MSD –0.21 –0.22 –0.27 0.07
MUD 0.32 0.22 0.27 0.07

case-by-case basis by using previous knowledge of the excitation spectra or by physical

reasoning about what kind of states should be in the low-energy spectrum, the results can

be very sensitive to the choices made, and case-by-case methods do not constitute a model

chemistry. We have shown here that one can also obtain successful active spaces by a

procedure that proceeds automatically after one has specified three parameters: A for

selecting the hole orbitals, B for selecting the particle orbitals, and C for determining the

states over which to average.

Kohn–Sham DFT has made great progress in the last 30 years, and a recent survey[203]

through the end of the year 2014 found 114138 documents matching DFT-related index

terms. This is one illustration of how important user-friendly computational methods are.

However, KS-DFT, like almost all scientific methods, can also be a dangerous tool in the

sense that the nonexpert user can possibly generate meaningless results. Multireference

calculations can be even more dangerous in this respect because the calculations are more

complex. The automatic scheme presented in this chapter cannot prevent the generation of

meaningless results, if it is misused, but it is a step toward making the calculations more

user-friendly.
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Table 4.9: Signed Errors (eV), Mean Signed Deviation (MSD), and Mean Unsigned Deviation
(MUD) of MC-PDFT and MS-CAPST2 Excitation Energies with Respect to MR-CISD+Q for
N`2

state
MR-

CASSCF tPBE trevPBE
MS-

CISD+Q CASPT2
1 12Πu (1πu,x)1(3σg)2 1.316 0.40 –0.008 –0.051 0.18
2 12Πu (1πu,y)1(3σg)2 1.316 0.40 –0.008 –0.051 0.18
3 22Σ`u (2σu)1(3σg)2 3.219 0.55 0.018 0.071 –0.001
4 12Πg (3σg)0(1πu,x)1 8.756 0.25 –0.048 –0.013 0.020
5 12Πg (3σg)0(1πu,y)1 8.756 0.25 –0.048 –0.013 0.020

MSD 0.37 –0.02 –0.01 0.08
MUD 0.37 0.03 0.04 0.08

Although we have presented the ABC scheme as a way to carry out practical applications,

it could also serve another role; in particular, it could be useful as a way to generate data for

machine learning algorithms that would help us to tackle even more complex systems.
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Table 4.10: Signed Errors (eV), Mean Signed Deviation (MSD), and Mean Unsigned Deviation
(MUD) of MC-PDFT and MS-CAPST2 Excitation Energies with Respect to MR-CISD+Q for
CO`

state
MR-

CASSCF tPBE trevPBE
MS-

CISD+Q CASPT2
1 12Π (1πx)1(5σ)2 3.235 0.085 –0.051 –0.13 0.13
2 12Π (1πy)1(5σ)2 3.235 0.085 –0.051 –0.13 0.13
3 22Σ` (4σ)1(5σ)2 5.675 0.51 0.23 0.20 0.22
4 22Π (5σ)0(2πy)1 9.240 0.099 –0.46 –0.46 0.008
5 22Π (5σ)0(2πx)1 9.240 0.099 –0.46 –0.46 0.008

MSD 0.17 –0.16 –0.20 0.10
MUD 0.17 0.25 0.28 0.10

Table 4.11: Signed Errors (eV), Mean Signed Deviation (MSD), and Mean Unsigned Deviation
(MUD) of MC-PDFT and MS-CAPST2 Excitation Energies with Respect to MR-CISD+Q for
C2H3

state
MR-

CASSCF tPBE trevPBE
MS-

CISD+Q CASPT2
1 12A2 (7a1)2(1a2)1 3.038 –0.30 –0.072 –0.12 0.20
2 22A2 (7a1)0(2a2)1 4.742 0.86 –0.21 –0.23 0.29
3 22A1 (1a2)1(2a2)1 5.354 –0.10 –0.29 –0.28 –0.009
4 32A1 (7a1)0(8a1)1 6.301 –0.046 0.094 0.058 0.48
5 42A1 (7a1)0(10a1)1 6.974 –0.095 –0.19 –0.25 0.40

MSD 0.06 –0.13 –0.16 0.27
MUD 0.28 0.17 0.19 0.27
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Table 4.12: Signed Errors (eV), Mean Signed Deviation (MSD), and Mean Unsigned Deviation
(MUD) of MC-PDFT and MS-CAPST2 Excitation Energies with Respect to MR-CISD+Q for
CH2N

state
MR-

CASSCF tPBE trevPBE
MS-

CISD+Q CASPT2
1 12B2 (1b2)1(2b1)2 3.822 0.22 –0.12 –0.13 0.18
2 12A1 (5a1)1(2b1)2 4.320 0.14 0.078 0.082 0.088
3 22B2 (2b1)0(2b2)1 4.472 0.58 –0.43 –0.43 0.20
4 22B1 (1b2)1(2b2)1 6.090 –0.229 –0.055 –0.047 0.13
5 22A1 (2b1)0(6a1)1 6.904 0.27 0.36 0.33 0.54

MSD 0.20 –0.03 –0.04 0.23
MUD 0.29 0.21 0.20 0.23

Table 4.13: Signed Errors (eV), Mean Signed Deviation (MSD), and Mean Unsigned Deviation
(MUD) of MC-PDFT and MS-CAPST2 Excitation Energies with Respect to MR-CISD+Q for
CH2O`

state
MR-

CASSCF tPBE trevPBE
MS-

CISD+Q CASPT2
1 12B2 (2b1)2(1b2)1 3.688 –0.12 0.20 0.14 0.10
2 12A1 (5a1)1(2b1)2 5.158 0.60 0.028 0.087 0.059
3 22B2 (2b1)0(2b2)1 5.559 –0.024 –0.40 –0.42 –0.005
4 22B1 (1b1)1(2b1)2 6.128 0.34 0.21 0.24 0.20
5 32B1 (1b2)1(2b2)1 7.853 0.26 –0.47 –0.43 –0.068

MSD 0.21 –0.09 –0.07 0.06
MUD 0.27 0.26 0.26 0.09
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Table 4.14: Signed Errors (eV), Mean Signed Deviation (MSD), and Mean Unsigned Deviation
(MUD) of MC-PDFT and MS-CAPST2 Excitation Energies with Respect to MR-CISD+Q for
CH2O`

state CASSCF tPBE trevPBE
MS-

CASPT2
1 0.29 0.11 0.14 0.13
2 0.48 0.13 0.17 0.14
3 0.55 0.22 0.23 0.11
4 0.38 0.20 0.20 0.16
5 0.38 0.30 0.30 0.17

ava 0.42 0.19 0.21 0.14

aThe last row gives the average over all 50 excitation energies.



Chapter 5

Automatic Active Space Selection for Calculat-

ing Electronic Excitation Energies Based on

High-Spin Unrestricted Hartree-Fock Orbitals

Aadapted with permission from Bao, J. J. and Truhlar, D. G., 2019. Automatic Active

Space Selection for Calculating Electronic Excitation Energies Based on High-Spin Unre-

stricted Hartree–Fock Orbitals. Journal of Chemical Theory and Computation, 15, 5308-5318.

Copyright 2021 American Chemical Society.

5.1 Introduction

Excited states are usually inherently multiconfigurational, and the most widely used

method for generating the multiconfigurational reference wave functions is complete active

space self-consistent field theory[145] (CASSCF). A CASSCF calculation does not provide

quantitative energetics on its own. It is usually used as the first step of a two-step calculation

in which the second step is a configuration interaction,[41, 42, 187, 188, 189] perturbation

theory[15, 75, 16, 17, 204, 205, 206, 207, 208, 209] (e.g., multi-state complete active

space second-order perturbation theory (MS-CASPT2),[75] or multiconfiguration pair-density

functional theory[19, 20] (MC-PDFT) calculation with the CASSCF wave function serving

56
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as a reference function. Because CASSCF is multiconfigurational, such calculations are

usually called multireference calculations, and their results depend on the composition of the

active space. An active space is determined by both the number of active electrons and the

quantity and identity of active orbitals, but the most troublesome aspect of using an active

space method is usually finding or choosing the best active space orbitals, especially the

orbitals that are unoccupied in the most dominant configuration. One sometimes finds a

strong dependence of the results of multireference calculations on this orbital choice.

The difficulty of selecting an active space for such calculations has been recognized

for a long time, and therefore there is great interest in developing automated schemes for

selecting the active orbitals so that one can define a model chemistry[186] that can be

tested systematically. Originally, the goal of automating the selection of the active space

was seen as a desirable but perhaps unattainable objective,[210] but recent work has seen

considerable progress in this area. A variety of methods are in use, and they are employed

by choosing appropriate starting orbitals for the SCF iterations (we will follow the usual

convention of calling these “guess orbitals”); some examples are natural orbitals[169, 211,

212, 213, 214, 215] (NOs, from a previous calculation) whose occupation numbers range

within a threshold, correlated participating orbitals[80, 47, 147] (CPOs), entangled orbitals

from density matrix renormalization group[216, 217] (DRMG) calculations[218, 183, 219,

220] or other calculations, dominant transition orbitals from a large RASSCF calculation[221]

(as in the ABC scheme), or other schemes.[182, 222, 182, 223, 224]

The present work attempts to make further progress on this problem by reducing the cost

of selecting active orbitals for multireference methods while maintaining good performance.

Two very recent automatic active space selection methods, one using entangled orbitals from

DMRG calculations and the other being the ABC scheme, require excited-state calculations,

in which electrons are excited to a large number of candidate virtual orbitals, to find active

orbitals. This is because the desired active orbitals that are unoccupied or occupied with
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only a small occupation number are not well optimized in a ground-state calculation, and

therefore, the orbital energies are in a wrong order for use in excited-state calculations, or the

desired orbital is not even present or is present only in the sense that it may be recovered by

taking a linear combination of canonical orbitals. Therefore, initialization of an excited-state

calculation may require searching for and defining active orbitals within a large set of virtual

orbitals, as if trying to find and identify an unknown item by finding shreds of it in a heap

containing fragments of many items.

Our goal is to simplify and automatize the troublesome step of finding starting orbitals

for the CASSCF process. We propose to do this by using a high-spin-state (HS-state)

unrestricted Hartree–Fock[54] (UHF) calculation to find orbitals to serve as guesses to start

the CASSCF calculation. The motivation for this idea is that the HS-state UHF calculation

optimizes a set of low-energy singly occupied orbitals that may be good starting points for

the singly occupied orbitals into which an electron is excited in low-spin transitions to excited

states. In contrast, a ground-state-singlet calculation has no occupancy of these orbitals,

and consequently, they are not optimized in such a calculation. HS states are used in other

methods as well, for example, spin-flip time-dependent density functional theory[225, 226]

(SF-TD-DFT), spin-flip equation-of-motion coupled cluster theory with single and double

excitations [227] (SF-EOM-CCSD), and spin-flip configuration interaction[228] (SF-CI), but

the purpose of using open-shell spin states in those methods is to allow a convenient way to

account for multiconfigurational character. It has been previously noted that HS-state UHF

orbitals can be used for generating valence virtual orbitals,[229] and our results will show

that some needed Rydberg orbitals can also be occupied in a HS state.

We use the active space generated from HS-state UHF calculations for state-averaged

CASSCF calculations, whose wave functions are used as references for MS-CASPT2 and

MC-PDFT calculations. The state-averaged CASSCF calculations are denoted SA(N )-

CASSCF, where N is the number of states averaged.
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5.2 ABC2 Sceheme

Our first automatic scheme was called ABC, and the new automatic scheme is called

ABC2. As was the case for the ABC scheme, the ABC2 scheme employs three parameters,

and we will call them A, B, and C, similar to the way that we named the three parameters

of the ABC scheme. (Of course the parameters have new meanings in ABC2.) We neglect

spin–orbit coupling; therefore, total electron spin S is a good quantum number. A key step

in ABC2 is to promote A down-spin electrons into the up-spin manifold to obtain (for a

closed-shell ground state) a state with M equal to (2A + 1). This will be called the HS state.

Using a singlet molecule as an example, the ABC2 scheme has three steps:

In step 1, we run a UHF calculation for the HS state and get its NOs. The A NOs that

are doubly occupied in the ground state but singly occupied in the HS state calculations are

called the promotion orbitals, and the A NOs that are unoccupied in the ground state but

singly occupied in the HS state are called the particle orbitals. The A promotion orbitals,

the A particle orbitals, and (B – A) most correlated doubly occupied orbitals from the HS

UHF calculation are used in the state-averaged CASSCF calculation in the second step. The

most correlated doubly occupied orbital is the one whose NO occupation number is greater

than 1 but deviates the most from 2.

In the second step, we use these UHF NOs as the guess orbitals for an SA(N )-CASSCF

calculation in which we set N = NEE + 1 + C. (Notice that NEE + 1 equals the desired

number of excitation energies plus the ground state, and therefore, C is the number of “extra”

states included so that the desired lowest NEE excitations are not missed.) All averaged

states are given the same weight in the average. In the SA(N )-CASSCF calculation for a

closed-shell ground state, we set the number of active electrons equal to 2B and the number

of active orbitals equal to B + A. The SA(N )-CASSCF wave function obtained in step 2 is

the reference orbital for an MC-PDFT calculation or an MS-CASPT2 calculation. We take the
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lowest NEE excitation energies as the result. As stated in the Introduction, in this chapter,

the target NEE is 2.

Because the new scheme can only occupy B more orbitals to find unoccupied orbitals

for active space calculations, it should not be applied to systems where more active orbitals

are needed. To predict whether the excitation energies are reliable, we check whether both

of the excitation energies are with 1.1 eV of the CASSCF prediction in step 3. If not, the

method is considered to not make a prediction of excitation energies but rather to make a

recommendation to improve the active space.

Next consider a doublet ground state. For a system with n up-spin electrons and nα – 1

down-spin electrons in its ground state, the multiplicity equals 2. Promoting A down-spin

electrons into the up-spin manifold gives a state with M equal to (2A + 2). This will again

be called the HS state. In the SA(N )-CASSCF calculation, we set the number of active

electrons equal to 2B + 1 and the number of active orbitals equal to B + A + 1. Thus, for

doublet ground states, we have 2B + 1 active electrons in A + B + 1 active orbitals. The

active orbitals include A particle orbitals, A promotion orbitals, the singly occupied orbital of

the ground spin state, and (B – A) most correlated doubly occupied orbitals from the HS

calculation.

The generalization to an arbitrary ground spin state is as follows. For a system with nα

up-spin electrons and nβ down-spin electrons in its ground state, the multiplicity equals (1 +

nα – nβ). Promoting A down-spin electrons into the up-spin manifold yields the HS state

with M equal to (2A + 1 + nα – nβ). In the SA(N )-CASSCF calculation, we set the number

of active electrons equal to 2B + n – n and the number of active orbitals equal to B + A + nα

– nβ . The active orbitals include A particle orbitals, A promotion orbitals, (nα – nβ) singly

occupied orbitals of the ground spin state, and (B – A) most correlated doubly occupied

orbitals in the HS calculation.

After considerable experimentation, we chose A = 2, B = 3, and C = 2 as default values.
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In this chapter, we test only the default values because our goal is to define a full theoretical

model chemistry for the prediction of the two lowest excited states (i.e., NEE = 2), and a

key feature of a full theoretical model chemistry is that, having selected a target, “particular

procedures for particular molecules or particular symmetries should be avoided.”[186]

A few refinements (independent of symmetries and particular molecules) have to be

added to handle degeneracies. If the default value of A would excite only one of a pair of

degenerate promotion orbitals or would occupy only one of a pair of degenerate particle

orbitals, we increase A by 1 to avoid unequal treatment of a degenerate pair of orbitals. If

the default value of B would select only one of a pair of degenerate doubly occupied orbitals

or result in only one of a pair of degenerate orbitals in the active space in the converged

CASSCF wave function in step 2, we increase B by 1 to avoid unequal treatment of a

degenerate pair of orbitals. If the default value of C would select only one of a pair of

degenerate states, we increase C by 1 to avoid unequal treatment of a degenerate pair of

states.

5.3 Computational Details

We tested the performance of MC-PDFT and MS-CASPT2 with active spaces selected

by ABC2. The MS-CASPT2 calculations used an ionization energy–electron affinity (IPEA)

shift[148] of 0.25 au. The MC-PDFT calculations used the translated PBE (tPBE) on-top

density functional.[62] We used the jun-cc-pVTZ basis set.[230]

All excitation energy calculations were performed in OpenMolcas v.18.09.[231] Some

geometry optimization calculations were performed in Gaussian 16.[232] The references for

geometries and excitation energies are shown in Table 5.1. The geometries are in Tables S2

and S3 in the Supporting Information.



62

Table 5.1: References for Molecular Geometries and Excitation Energies

molecule geometry
excitation energy
reference

Doublets
CH3 (methyl radical) [195] [221]
NH2 (amino radical) [196] [221]
C2H (ethynyl radical) [197] [221]
BO (boron oxide) [30] [221]
CN (cyanide radical) [30] [221]
CO` (carbon monoxide cation) [30] [221]
N`2 (dinitrogen cation) [30] [221]
C2H3 (vinyl radicalc) [198] [221]
CH2N (methyleneamino radical) [199] [221]
CH2O` (formaldehyde cation) [38] [221]
Singlets without π Bonds
H2O (water) [233] [234]
H2S (hydrogen sulfide) [233] [233, 235]
HCl (hydrogen chloride) [233] [236]
NH3 (ammonia) [233] [237]
Singlets with One or Two π Bonds
C2H2 (acetylene) [233] [238]
CH2N2 (diazomethane) [233] [239]
C2H3F (vinyl fluorided) a [240]
C2H4 (ethylene) b [241]
C3H4 (cyclopropane) [233] [242, 243]
C4H6 (trans-butadiene) [244] [245, 246]
C6H6 (benzene) [247] [248]
CH2O (formaldehyde) [233] [249]
CH2NH (methanimine) [233] [233]
CH3CHO (acetaldehyde) [233] [250]
N2 (dinitrogen) [233] [251]
CO (carbon monoxide) [233] [252]

aOptimized using the M06-2X[64, 253] density functional with the aug-cc-pVTZ basis set in
Gaussian 16. bOptimized using the M06-L[63, 64] density functional with the aug-cc-pVTZ
basis set in Gaussian 16. cAlso called the ethenyl radical. dAlso called fluoroethylene.
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5.4 Systems Studied

We studied the first two excited states (NEE is 2) for 10 doublet radicals, 4 singlet

molecules without π bonds, and 12 singlet molecules with π bonds.

Table 5.2 also gives the leading terms in the ground-state wave functions and their ground-

state configurations. The multireference characters of the ground states were judged by the

M diagnostics,[80] which are presented in Table 5.2. The systems that we studied range

from being weakly multiconfigurational (M ő 0.01) to being strongly multiconfigurational (M

ě 0.10).

5.5 Computational Details

We tested the performance of MC-PDFT and MS-CASPT2 with active spaces selected

by ABC2. The MS-CASPT2 calculations used an ionization energy–electron affinity (IPEA)

shift[148] of 0.25 au. The MC-PDFT calculations used the translated PBE (tPBE) on-top

density functional.[62] We used the jun-cc-pVTZ basis set.[230]

All excitation energy calculations were performed in OpenMolcas v.18.09.[231] Some

geometry optimization calculations were performed in Gaussian 16.[232] The references for

geometries and excitation energies are shown in Table 5.1. The geometries are in Tables S2

and S3 in the Supporting Information.
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Table 5.2: References for Molecular Geometries and Excitation Energies

system A B C
active

ground-state wave functionb M
spacea

Doublets
CH3 3 3 3 (7,7) 0.99(2a1)2(1ex)2(1ey)2(1a21)1(3a1)0(2ex)0(2ey)0 0.002
NH2 2 3 3 (7,6) 0.98(2a1)2(1b1)2(3a1)2(1b2)1(4a1)0(2b1)0 0.02
C2H 2 3 3 (7,6) 0.93(4a1)2(5a1)1(1πx)2(1πy)2(2πy)0(2πx)0 0.09
BO 2 3 2 (7,6) 0.90(4a1)2(1πx)2(1πy)2(5a1)1(2πy)0(2πx)0 0.07
CN 2 3 2 (7,6) 0.93(4a1)2(5a1)1(1πx)2(1πy)2(2πy)0(2πx)0 0.11
CO` 2 3 2 (7,6) 0.91(4a1)2(1πx)2(1πy)2(5a1)1(2πy)0(2πx)0 0.09
N`2 2 3 3 (7,6) 0.93(2a1u)2(1eg,x)2(1eg,y)2(3a1g)1(1eu,x)0(1eu,y)0 0.13
C2H3 2 3 2 (7,6) 0.96(5a1)2(6a1)2(1a2)2(7a1)1(2a2)0(8a1)0 0.11
CH2N 2 3 2 (7,6) 0.97(4a1)2(5a1)2(2b1)1(1b2)2(2b2)0(6a1)0 0.10
CH2O` 2 3 2 (7,6) 0.94(5a1)2(1b1)2(1b2)2(2b1)1(2b2)0(3b1)0 0.07
Singlets without π Bonds
H2O 2 3 2 (6,5) 0.98(1b1)2(3a1)2(1b2)2(2b1)0(4a1)0 0.006
H2S 2 3 2 (6,5) 0.99(2b1)2(5a1)2(2b2)2(3b1)0(6a1)0 0.02
HCl 2 3 2 (6,5) 0.99(5a1)2(2e1,x)2(2e1,y)2(6a1)0(7a1)0 0.01
NH3 3 3 2 (6,6) 0.98(1ex)2(1ey)2(3a1)2(4a1)0(2ex)0(2ey)0 0.004
Singlets with One or Two π Bonds
C2H2 3 3 3 (6,6) 0.97(5a1)2(1π1,x)2(1π1,y)2(6a1)0(2π1,x)0(2π1,y)0 0.06
CH2N2 2 3 2 (6,5) 0.94(2b1)2(1b2)2(2b2)2(3b1)0(3b2)0 0.09
C2H3F 2 3 2 (6,5) 0.98(10a1)2(11a1)2(1a2)2(2a2)0(12a1)0 0.06
C2H4 2 3 2 (6,5) 0.99(1b2u)2(1b3g)2(1b3u)2(1b2g)0(4ag)0 0.06
C3H4 2 3 2 (6,5) 0.99(6a1)2(3b1)2(3b2)2(1a2)0(7a1)0 0.03
C4H6 2 3 2 (6,5) 0.98(8ag)2(1au)2(1bg)2(2au)0(2bg)0 0.07
C6H6 2 3 2 (6,5) 0.96(a2u)2(e1g)2(e1g)2(e2u)0(e2u)0 0.06
CH2O 2 3 2 (6,5) 0.96(1b1)2(1b2)2(2b1)2(2b2)0(6a1)0 0.09
CH2NH 2 3 2 (6,5) 0.94(6a1)2(7a1)2(a21)2(2a2)0(8a1)0 0.07
CH3CHO 2 3 2 (6,5) 0.96(9a1)2(2a2)2(10a1)2(3a2)0(11a1)0 0.08
CO 3 3 2 (6,5) 0.96(5a1)2(1π)2(1π)2(2π)0(2π)0 0.05
N2 2 4 2 (8,6) 0.96(2a1u)2(1eg,x)2(1eg,y)2(3a1g)2(1eu,x)0(1eu,y)0 0.07

a(Number of electrons, number of orbitals).
bOnly leading terms are shown.
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Systems with C3v, D3h, or linear symmetries may need the degeneracy-related refine-

ments of the last paragraph of section 2. These refinements generate the final values of the

three parameters, which are also given in Table 5.2. Systems that have Rydberg orbitals in

the resulting active spaces are C2H3 (8a1), CH2N (6a1), CH2O (6a1), H2O (4a1), H2S (6a1),

HCl (7a1), C2H3F (12a1), C2H4 (4ag), C3H4 (7a1), CH2NH (8a1), and CH3CHO (11a1). The

active Rydberg orbitals of CH2O and C2H4 are illustrated in Figures 5.3d and 5.2a.

Figure 5.1: HS-state UHF NOs (upper rows) as guess orbitals for active orbitals and
converged SA-CASSCF NOs in the active space (lower rows) with the NO occupation
numbers (NOON) and state-averaged (SA) NOON labeled below each corresponding orbital
for (a) NH2, (b) NH3, (c) CH2N2, and (d) CH2O.
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5.6 Methods Compared

The results of the new ABC2 scheme will be compared to three other ways of selecting

guess orbitals: (i) the ABC scheme, which was explained in a previous paper,[221] (ii)

using ground-state UHF NOs or RHF orbitals, which needs no explanation, and (iii) the

default orbital scheme built into OpenMolcas. The OpenMolcas default guess orbitals are

the eigenvectors of a model Fock matrix, which is generated by projecting the Fock matrix of

atomic orbital energies onto a molecular orbital basis that is obtained by diagonalizing the

overlap matrix.

5.7 Results and Discussion

All doublet molecules studied here pass the 1.1 eV test of step 3. Among 16 singlet

molecules, 9 pass the 1.1 eV test for MC-PDFT and 9 (but not the same 9) pass the 1.1 eV

test for MS-CASPT2.

5.7.1 Doublet Excited States

The best estimates for the doublets are taken as the values calculated in our previous

work[221] by multireference configuration interaction with single and double excitations and

a Davidson correction[43, 190] (MRCI+Q), and these results are given in the last column of

Table 3, which also gives results calculated with the ABC2 scheme. We see from Table 3

that ABC2 gives very good excitation energies for the doublet systems. The only exception

is CH2O`, where the second state of ABC2 is the third state with MRCI+Q.



67

Table 5.3: Excitation Energies (eV) for the Ten Doublet Systems Calculated by CASSCF,
MC-PDFT, and MS-CASPT2 Using the Active Spaces in Table 5.2 and Reference Values
and Mean Errors

system excitation sym. CASSCF
MC- MS-

ref
PDFT CASPT2

CH3 1a22 Ñ 3a11 2A11 5.43 5.78 6.01 5.87
1e1 Ñ 1a22 2E1 7.58 6.75 7.29 6.94

NH2 3a1 Ñ 1b2 2A1 2.20 2.03 2.10 2.09
1b1 Ñ 1b2 2B1 7.14 6.58 6.58 6.37

C2H 1πx Ñ 5a1 2Π 0.71 0.37 0.82 0.68
1πy Ñ 5a1 2Π 0.71 0.37 0.82 0.68

BO 1πx Ñ 5a1 2Π 3.09 3.27 3.49 3.54
1πy Ñ 5a1 2Π 3.18 3.29 3.51 3.54

CN 1πx Ñ 5a1 2Π 1.49 1.17 1.44 1.28
1πy Ñ 5a1 2Π 1.49 1.17 1.44 1.28

CO` 1πx Ñ 5a1 2Π 3.23 3.02 3.29 3.24
1πy Ñ 5a1 2Π 3.23 3.02 3.29 3.24

N`2 1πu,x Ñ 3a1,g 2Πu 1.72 1.33 1.46 1.32
1πu,y Ñ 3a1,g 2Πu 1.72 1.33 1.46 1.32

C2H3 1a2 Ñ 7a1 2A2 3.23 3.09 3.22 3.04
7a1 Ñ 2a2 2A2 5.29 4.44 4.79 4.74

CH2N 1b2 Ñ 2b1 2B2 4.03 3.92 4.08 3.82
5a1 Ñ 2b1 2A1 4.30 4.39 4.43 4.32

CH2O` 1b2 Ñ 2b1 2B2 3.50 3.77 3.77 3.69
2b1 Ñ 2b2 2B2 5.89 5.24 5.61 5.56a

MSEb 0.13 –0.11 0.12
MUEb 0.28 0.17 0.13

a(Number of electrons, number of orbitals).
bOnly leading terms are shown.
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Among the MC-PDFT results, the maximum absolute error is 0.32 eV, which is obtained

for the second 2B2 state of CH2O` (the third MRCI+Q excited state), and the minimum

absolute error is 0.01 eV, which is obtained for the 2πu state of N`2 . Among the MS-CASPT2

results, the maximum absolute error is 0.35 eV for the second excited state of CH3, and the

minimum absolute error is 0.01 eV for the first excited state of NH2. The mean unsigned

error (MUE) is only 0.17 eV for MC-PDFT and only 0.13 eV for MS-CASPT2. We conclude

that ABC2 is successful for both MC-PDFT and MS-CASPT2 on the doublet systems.

5.7.2 Singlet Excited States

Table 5.4 summarizes the excitation energies of 16 singlet systems, which are further

divided into systems without a π bond and those with one or two π bonds.
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Table 5.4: Excitation Energies (eV) for the Ten Doublet Systems Calculated by CASSCF,
MC-PDFT, and MS-CASPT2 Using the Active Spaces in Table 5.2 and Reference Values
and Mean Errors

system excitation sym. CASSCF
MC-

step 3
MS-

step 3 ref
PDFT CASPT2

H2O 1b2 Ñ 3a1 1B2 6.39 7.26 pass 7.95 not 7.41
1b2 Ñ 2b1 1A2 8.24 8.88 9.87 9.20

H2S 2b2 Ñ 4a1 1B2 6.23 6.04 pass 6.25 pass 6.12
2b2 Ñ 3b1 1A2 6.17 6.31 6.43 6.33

HCl 2e1 Ñ 6a1 1E1 7.66 7.81 pass 7.99 pass 7.88
2e1 Ñ 6a1 1E1 7.66 7.81 7.99 7.88

NH3 3a1 Ñ 4a1 1A1 5.58 6.33 pass 6.72 not 6.38
3a1 Ñ 2e 1E1 7.13 7.80 8.42 7.90

C2H2 1π Ñ 2π 1Σ´ 7.25 6.77 pass 7.06 pass 7.1
1π Ñ 2π 1∆ 7.62 6.86 7.35 7.2

CH2N2 2b2 Ñ 3b1 1A2 2.87 3.32 not 3.13 not 3.14
2b2 Ñ 3b2 1A1 7.36 6.09 8.49 5.90

CH2O 2b1 Ñ 2b2 1A2 3.75 3.91 pass 3.82 pass 4.07
2b1 Ñ 6a1 1B1 6.78 7.27 7.29 7.11

C2H3F π(1a2) Ñ 3s(12a1) 1A2 7.21 7.75 not 7.80 not 6.98
π(1a2) Ñ π˚(2a2) 1A1 9.37 5.82 7.54 7.44

C2H4 π(1b3u)Ñ 3s(4ag) 1B3u 7.06 7.79 not 7.86 not 7.11
π(1b3u)Ñ π˚(1b2g) 1B1u 9.06 5.78 7.59 7.60

C3H4 σ Ñ π 1B1 6.75 6.69 not 5.92 pass 6.45
π Ñ π˚ 1B2 7.71 6.30 6.78 7.00

C4H6 bg Ñ au 1Bu 7.35 4.28 not 5.94 not 5.92
bg Ñ bg 1Ag 6.35 6.75 6.59 6.39

C6H6 e1g Ñ e2u 1B2u 5.72 5.29 not 4.93 not 4.9
e1g Ñ e2u 1B1u 7.12 5.37 6.10 6.2

N2 n Ñ π˚ 1Π 9.71 8.97 pass 9.21 pass 9.31
n Ñ π˚ 1Π 9.71 8.97 9.21 9.31

CO n Ñ π˚ 1Π 9.71 7.81 not 8.62 pass 8.51
n Ñ π˚ 1Π 9.71 7.81 8.62 8.51

CH2NH 7a1 Ñ 2a2 1A2 5.15 5.08 pass 5.24 pass 5.21
CH3CHO 10a1 Ñ 3a2 1A2 4.14 4.31 pass 4.16 pass 4.27
MSE for cases that pass step 3a –0.06 0.09
MUE for cases that pass step 3a 0.20 0.17

aMean signed error (MSE) and mean unsigned error (MUE) are computed for systems that
pass the 1.1 eV test in step 3. Only one state of a pair of degenerate states is used for MSE
and MUE calculations when the pair of degenerate states correspond to the second and
third excited states. This applies to NH3 and C2H2.
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The MC-PDFT calculations pass the step 3 diagnostic for all four singlet systems without

π bonds and five of the systems with π bonds. This implies that the ABC2 scheme with

MC-PDFT does not make a reliable prediction for all of the systems with π bonds, but an

advantage of the step 3 test is that the method has an internal built-in criterion for whether

its results should be considered reliable. The large differences between CASSCF and MC-

PDFT energies are mainly from π Ñ π˚ excitations, and MC-PDFT tends to underestimate

these excitation energies. Averaging MC-PDFT excitation energies over those where ABC2

makes a prediction, that is, where the results pass the step 3 test, we get 0.20 eV for the

MUE.

Figure 5.2: HS-state UHF NOs (upper rows) as guess orbitals for active orbitals and
converged SA-CASSCF NOs in the active space (lower rows) with the NOON and SA-
NOON labeled below each corresponding orbital for C2H4 (ethylene), from (a) HS-state UHF
calculations and (b) low-spin-state UHF calculations.

The MS-CASPT2 calculations with the ABC2 scheme pass the step 3 diagnostic for two

of the singlets without π bonds and for seven of those with π bonds. Thus, again, the method

makes a prediction for only a subset of the states. For the π-bonded systems, the large

differences between MS-CASPT2 and CASSCF are again from π Ñ π˚ excitations, but the

errors are mainly from the π Ñ Rydberg excitations. The main source of error is also from
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Rydberg excitations even for systems without π bonds.

The MSEs of MC-PDFT and MS-CASPT2 for systems that pass the step-3 diagnostic

are less than 0.1 eV, suggesting that among these systems both MC-PDFT and MS-CASPT2

have an even distribution of results above and below excitation energies (i.e., the errors are

not systematic). The MUEs are both less than 0.30 eV, which we consider is the criterion we

have labeled as successful in previous work[201, 202, 254] on approximate predictions of

excitation energies.

The MC-PDFT results that fail the 1.1 eV diagnostic do in fact give large errors for

excitation energies, showing that the reliability test is successful.

In a few cases, the MS-CASPT2 results are reasonably accurate even when the test

failed; for example, MS-CASPT2 gives 7.86 eV (πÑ 3s, vs 7.11 eV experimentally) and 7.59

eV (π Ñ π˚, vs 7.60 eV experimentally) for the first two excitation energies of ethylene. The

π Ñ π˚ excitation energy very well reproduces the experimental result, and the MUE over

the two transition energies is 0.38 eV. Encouragingly, the πÑ π˚ excitation energy is closer

to the experimental result than is the MS-CASPT2 result in the classic first MS-CASPT2

paper,[75] where the calculations yielded 7.98 eV. Another encouraging comparison is to the

results obtained with the more expensive entangled orbital scheme, which yielded 7.52 eV

for the π Ñ 3s transition and 8.31 eV for the π Ñ π˚ transition of ethylene, giving an MUE

over the two states of 0.52 eV, which is larger than the present 0.38 eV.

5.7.3 Comparison to the ABC scheme

In Table S1, we summarize the first two excitation energies of MC-PDFT calculations

with active spaces generated by the ABC scheme (note that with the ABC scheme we used

the aug-cc-pVTZ[255, 44] basis set). The four error quantifiers of ABC2, namely, the mean

signed error (MSE), MUE, minimum absolute error, and maximum absolute error, are very

similar to those of the ABC scheme, although the minimum absolute error and maximum
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absolute error are for different systems. This means that the ABC scheme and the ABC2

scheme perform about equally as well for the doublet systems.

However, when we test the two schemes in a broader range of systems, we find that the

ABC2 scheme is more robust than the ABC scheme. A comparison is summarized in Table

5.5, which shows the performance of the ABC scheme and the ABC2 scheme on some

of the large systems that pass the step 3 diagnostic for both MC-PDFT and MS-CASPT2.

We see that both MC-PDFT and MS-CASPT2 are improved by using the ABC2 scheme as

compared to using the ABC scheme. The main problem with the ABC scheme is that the

only occupied orbital included in the active space is the HOMO for the singlets. The lack of

more occupied orbitals in the active spaces results in inaccurate MC-PDFT results. Although

the previous ABC scheme could be improved by including more occupied orbitals in the

active space, the ABC2 scheme would still be favored because of its lower cost, which is

discussed below.
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Table 5.5: Excitation Energies (eV) of CASSCF, MC-PDFT, and MS-CASPT2 for Some Large
Molecules That Pass the Step 3 Test and Their MSE (eV) and MUE (eV)

system
ABC ABC2

CASSCF MC-PDFT MS-CASPT2 CASSCF MC-PDFT MS-CASPT2
C2H2 2.92 2.97 3.24 3.23 3.09 3.22

5.65 4.53 5.03 5.29 4.44 4.79
CH2N2 4.30 3.70 4.00 4.03 3.92 4.08

4.57 4.40 4.41 4.30 4.39 4.43
CH2O` 3.65 3.89 3.79 3.50 3.77 3.77

5.58 5.16 5.55 5.89 5.24 5.61
C2H2 7.16 6.70 7.05 7.23 6.69 6.98

7.66 6.66 7.37 7.67 6.73 7.20
CH2O 1.98 2.07 3.41 3.75 3.91 3.82

5.07 5.55 6.96 6.78 7.27 7.29
CH2NH 3.67 3.63 4.76 5.15 5.08 5.24
CH3CHO 3.36 2.99 3.69 4.14 4.31 4.16
MSE –0.38 –0.66 –0.07 0.07 –0.11 0.04
MUE 0.74 0.70 0.24 0.24 0.19 0.12
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5.7.4 Comparison to other guess schemes

We next compare to MC-PDFT calculations for C2H3, CH2N, CH2O`, C2H2, CH2O,

CH2NH, and CH3CHO using ground-spin-state UHF orbitals (with MS = 0 for singlets and

MS = 1/2 for doublets) and the OpenMolcas default guess orbitals. These two methods use

the same size of active space (for each molecule) as that predicted by the ABC2 scheme to

show that the HS UHF orbitals are more robust. The results are presented in Table 5.6, and

the 〈S2〉 values for the ground-state doublets are presented in Table S4. We see that some

calculations using these two sets of orbitals do not converge to correct states; some of them

result from the absence of orbitals to which electrons are excited in some of the low-lying

excited states. That is a disadvantage of those methods as compared to ABC2, and that

kind of problem was one of the motivations for proposing ABC2. We calculated the MUEs for

these two older methods without including the states to which the wave functions are not

converged. The MUEs show that even when the older methods are averaged over only the

subset of cases for which they do not fail, they have a higher MUE than the ABC2 method.
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Table 5.6: Excitation Energies (eV), MSE, and MUE of CASSCF, MC-PDFT, and CASPT2
for Systems in Table 5.5, with the Same Number of Active Electrons and Active Orbitals
as the ABC2 Scheme but with Orbital Identities Coming from OpenMolcas Default and
Ground-Spin-State HF Calculations, Respectively

system
OpenMolcas default ground-state HFa

CASSCF MC-PDFT MS-CASPT2 CASSCF MC-PDFT MS-CASPT2
C2H3.30 2.96 3.19 3.30 2.96 3.19

5.42 4.35 4.84 5.42 4.35 4.84
CH2N 4.15 3.58 wrong state 4.16 3.52 3.87

4.99 4.32 wrong state wrong state
CH2O`.75 3.75 3.79 3.52 3.93 3.80

6.02 5.34 5.37 6.03 5.27 5.54
C2H2.23 6.69 6.98 6.59 6.61 7.24

7.67 6.73 7.12 wrong state
CH2O 4.52 3.53 3.62 3.74 3.81 3.89

wrong state, missing 3s orbital 6.98 7.39 7.48
CH2NH 5.30 5.07 5.10 wrong state, missing π˚ orbital
CH3CHO 4.86 3.86 3.93 4.14 4.31 no convergence
MSE 0.38b –0.26b –0.10c 0.05d –0.14d 0.09e

MUE 0.38b 0.27b 0.18c 0.34d 0.26d 0.14e

aThe ground-state wave function is an RHF wave function for singlets and UHF for doublets.
See Table S4.
bExcluding the second excited state of CH2O.
cExcluding both excited states of CH2N and the second excited state of CH2O.
dExcluding the second excited state of CH2N, the second excited state of C2H2, and the first
excited state of CH2NH.
eExcluding the second excited state of CH2N, the second excited state of C2H2, the first
excited state of CH2NH, and the first excited state of CH3CHO.
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We compared the UHF NOs for a HS state and RHF orbitals for a low-spin state for C2H4

in Figure 2. We see that with the present choice of basis the first two RHF virtual orbitals

do not include a π˚ orbital, while the HS UHF calculation gives a π˚ orbital and a Rydberg

orbital, which is what is needed for further optimization in the following SA(N )-CASSCF

calculation. This is an example of how the HS UHF calculation gives better guesses for

active orbitals than does a ground-state calculation.

Figure 5.3: HS-state UHF NOs (upper rows) as guess orbitals for active orbitals and
converged SA-CASSCF NOs in the active space (lower rows) with the NOON and SA-
NOON labeled below each corresponding orbital for C2H4 (ethylene), from (a) HS-state UHF
calculations and (b) low-spin-state UHF calculations.

On systems that both MC-PDFT and CASPT2 pass the step 3 diagnostic, we tested the

scheme with the two most correlated doubly occupied orbitals included in the active space;

this corresponds to B = 4. For these systems, the ABC2 scheme with B = 3 gives 0.06,

0.11, and 0.08 eV for the MSE of CASSCF, MC-PDFT, and MS-CASPT2, respectively, and

0.26, 0.16, and 0.13 eV for the MUE of the three calculations, respectively. Each of these six

quantities is different from the corresponding ones with B = 4 (shown in Table 7) by at most

only 0.01 eV. It means that using 3 for B is adequate for the ABC2 scheme, and the results

are stable with respect to B.
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Table 5.7: Excitation Energies (eV) and Mean Errors Calculated with B = 4 for Systemsa

That Pass Step 3 for Both MC-PDFT and CASPT2 in Tables 5.3 and 5.4

system CASSCF MC-PDFT MS-CASPT2

CH3 5.43 5.78 6.03
7.58 6.74 7.31

NH2 2.20 2.03 2.09
7.14 6.58 6.58

C2H 0.90 0.56 0.85
0.90 0.56 0.85

BO 3.01 3.25 3.48
3.01 3.25 3.48

CN 1.50 1.24 1.41
1.50 1.24 1.41

CO` 3.23 3.02 3.29
3.23 3.02 3.29

N`2 1.62 1.31 1.46
1.62 1.31 1.46

C2H3 3.21 3.08 3.21
5.29 4.46 4.78

CH2N 4.14 3.73 3.97
4.46 4.33 4.36

CH2O` 3.47 3.76 3.75
5.81 5.24 5.59

C2H2 7.25 6.72 6.90
7.64 6.80 7.05

CH2O 3.77 3.92 3.83
6.76 7.24 7.29

H2S 6.27 6.07 6.23
6.29 6.30 6.40

HCl 7.68 7.80 7.98
7.68 7.80 7.98

CH2NH 5.17 5.07 5.22
CH3CHO 4.16 4.31 4.17
MSE 0.07 –0.11 0.07
MUE 0.27 0.14 0.12

aN2 is excluded here because B is already 4 in Table 5.4 to include a pair of degenerate
orbitals.
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5.7.5 Timing

We use the largest molecule among the systems that we have tested, namely, acetalde-

hyde, as an example to compare ABC2 to ABC for the active spaces generated, the MC-PDFT

and MS-CAPST2 errors compared with experiment, and the timings for the orbital guess

step and the CASSCF+MC-PDFT and CASSCF+MS-CASPT2 processes. The comparison

is given in Table 5.8. For the step of getting orbital guesses, ABC2 includes getting inte-

grals that are used throughout the calculations and the HS UHF calculation, while the ABC

scheme includes calculating the integrals, a ground-state CASSCF calculation (equivalent to

a restricted Hartree–Fock calculation for acetaldehyde), and a state-averaged RASSCF cal-

culation to find transition orbitals in the second step. The CASSCF+MC-PDFT/MS-CASPT2

process includes an SA(5)-CASSCF calculation with the active space generated by the

scheme and a subsequent MC-PDFT/MS-CASPT2 calculation. We see that ABC2 needs

only 1/3 of the time that is consumed by the ABC scheme for MS-CAPST2 and one-half of

the time for MC-PDFT. The ABC2 scheme yields a more reasonable active space with a

more accurate result at a lower cost. We conclude that ABC2 is preferred over the previous

ABC scheme.

Table 5.8: Comparison of Automated Schemes for Calculating the First Excited State of
CH3CHO

ABC ABC2

N in SA(N )-CASSCF 5 5
active space (2,4) (6,5)
MC-PDFT error (eV) –1.28 0.04
MS-CASPT2 error (eV) –0.59 –0.11
timing (seconds) to get orbital guesses 555 107
timing (seconds) for CASSCF+MC-PDFT 208 212
timing (seconds) for CASSCF+MS-CASPT2 165 177
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5.7.6 Active spaces in other methods

The active space selection scheme we proposed here could be useful for any methods

attempting to calculate electronic excitation energies by a post-MCSCF step. This includes

not only multireference perturbation theory and MC-PDFT, both of which are considered here,

but also multireference configuration interaction.[256, 257, 258, 188, 42, 259] Active spaces

can also be used with single-reference coupled-cluster[260, 261, 262] (CC) calculations and

equation-of-motion coupled-cluster calculations[48, 49] (EOM-CC) to restrict excitations to

an active space to reduce computational cost,[263, 264, 265, 266, 267] but active space

selection is less important in those single-reference calculations because their costs grow

polynomially rather than exponentially with the numbers of active orbitals.

5.8 Conclusion

Our goal was to define, refine, and test a model chemistry for selecting orbitals for

excited-state calculations beginning with a CASSCF wave function. We therefore proposed a

well-defined scheme that we call the ABC2 scheme for automating active space selection for

excited-state calculations when the goal is to predict the first two spin-conserving excitation

energies; the scheme is based on using guess orbitals from a HS-state UHF calculation.

We proposed a set of parameters such that the scheme is independent of symmetries and

particular molecules and it satisfies Pople’s criterion for a testable model chemistry. A key

step in the ABC2 scheme is step 3, which provides a test to be passed for the results to be

considered reliable. Of the 24 systems studied (10 doublet systems and 16 singlet systems),

19 (a different subset of 19 systems for MC-PDFT and MS-CASPT2) passed the test, and

for these systems, we obtained very good results with the recommended parameters both

for MC-PDFT calculations with the tPBE functional and for MS-CASPT2 calculations with

the IPEA shift. We also showed that ABC2 is more robust than our previous ABC scheme,
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than the use of low-spin-state guess orbitals, or than the use of the default orbitals provided

by the built-in algorithm of OpenMolcas.



Chapter 6

Extended multi-state Pair-Density Functional The-

ory

Reproduced from Ref. [268] with permission from The Royal Society of Chemistry.

6.1 Introduction

Kohn–Sham density functional theory (KS-DFT)[8] has been successful in treating

many chemical problems, but it is less accurate for treating inherently multi-configurational

electronic states – which are called strongly correlated states – than for treating states well

represented by a single Slater determinant – which are called weakly correlated.[269] Strong

correlation usually arises from near degeneracy of two or more states, and excited electronic

states are usually strongly correlated, and often they strongly interact with other states.

Thus, the accurate treatment of strongly correlated states is necessary for spectroscopy and

photochemistry.[270, 271] Furthermore, the accurate treatment of strongly correlated sets of

states is also required to properly describe magnetic effects.[272, 273]

Although KS-DFT has lower accuracy for strongly correlated states than for weakly cor-

related ones, for large molecules it is much less expensive than wave function theory (WFT)

81



82

methods of comparable accuracy. We have proposed multi-configuration pair-density func-

tional theory (MC-PDFT) as a method that builds on a multi-configurational self-consistent-

field (MCSCF) reference wave function and is more innately suitable for strongly correlated

systems than KS-DFT; MC-PDFT also has the advantage of being computationally less

expensive compared with WFT methods in terms of computer time and memory with com-

parably accurate treatments of correlation energy.[19, 20] We refer the reader to a recent

review article[21] that compares PDFT to other ways to combine wave function methods and

density functional methods for excited-state calculations.

When states are nearly degenerate and have the same symmetry, they interact strongly

with each other, and they should be treated by a method that gives the correct topography[271]

of adiabatic potential energy surfaces (PESs) at conical intersections; such methods are

called multi-state (MS) methods. For example, in WFT, multireference Møller–Plesset pertur-

bation theory[274] is a state-specific method because it calculates the final approximation of

the energy of each state separately, whereas multi-configuration quasi-degenerate pertur-

bation theory (MC-QDPT)[207] and extended MC-QDPT (XMC-QDPT)[209] are multi-state

methods because the final energies are eigenvalues of the same matrix (hence they interact

through the off-diagonal elements of that matrix). Similarly, complete active space pertur-

bation theory (CASPT2)[15, 16, 17] is a state-specific method, and multi-state CASPT2

(MS-CASPT2)[75] and extended MS-CASPT2 (XMS-CASPT2)[209] are multi-state methods.

The original MC-PDFT is a state-specific method. We recently proposed state-interaction

PDFT (SI-PDFT) as a multi-state generalization;[275] SI-PDFT yields the correct topography

of adiabatic PESs for conical intersections and it has been applied successfully to several

problems;[275, 276, 277] but it is inconvenient because two MCSCF calculations and two

sets of orbitals are required, and it puts the ground state on an unequal footing with the

excited states, which is sometimes undesirable (for example, for treating magnetic states). In

this chapter we present a new multi-state method that eliminate these drawbacks of SI-PDFT.
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This is called extended multi-state-PDFT (XMS-PDFT) because it uses the intermediate

basis proposed by Granovsky[209] for XMC-QDPT.

A key aspect of all the above-mentioned MS methods is that they determine a model

space spanned by the states to be treated as strongly interacting. Similar to XMC-QDPT

or XMS-CASPT2, XMS-PDFT builds up a model space that spans the N lowest-energy

states optimized in a state-averaged CASSCF (SA-CASSCF) calculation. (Generalizations

to incomplete active spaces and smaller model spaces are straightforward but are not

considered here.) The model space states are called the intermediate basis and are

obtained by unitary transformation from the SA-CASSCF states.

6.2 Theory

6.2.1 MC-PDFT

The MC-PDFT method may be based on single-state CASSCF (SS-CASSCF) calcula-

tions or on SA-CASSCF calculations. In the present article we consider the latter type of

calculation, in which case one starts with a reference wave function obtained by performing

an SA-CASSCF calculation and given by

|ΨIy “
ÿ

i

cIi |CSFiy (6.1)

where i is the index of a configuration state function (CSF), and I is the index of a reference

state. The MC-PDFT energy for state I is

EMC´PDFT “ Te ` Ve ` EotpρI ,ΠIq (6.2)

where the terms are the electronic kinetic energy, the classical electrostatic energy (which is

the sum of the nuclear–nuclear repulsion, the electron–nuclear attraction energy, and the

classical electron–electron repulsion), and the on-top energy computed as a functional of
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the density ρI and the on-top density ΠI , both computed from |ΨIy, with the latter given by

ΠIprq “

ż

. . .

ż

Ψ˚px1,x2, . . . ,xnqΨpx1,x2, . . . ,xnq dσ1 dσ2 dx3 . . . dxn

ˇ

ˇ

ˇ

ˇ

r1“r2“r

(6.3)

where n is the number of electrons in the system, and

xk “ rkσk (6.4)

is the collectively the spatial coordinate r and the spin coordinate σ of an electron

Eq. 6.2 applies to MC-PDFT calculations starting with either SS-CASSCF or SA-CASSCF.

We note that it does not separate the energy into an uncorrelated component, a static

correlation component, and a dynamic correlation component. Because the original MC-

PDFT method computes the state energies independently, it is a state-specific method in

the sense that the final energy of each state is computed separately, even if one starts with

SA-CASSCF kinetic energies, densities, and on-top densities.

6.2.2 multi-state MC-PDFT

To obtain the correct topography of PESs at conical intersections, we have proposed the

SI-PDFT method1[275] as an MS extension of MC-PDFT. In SI-PDFT, we generate a set

of intermediate states with the reference SA-CASSCF states and an auxiliary state from a

state-specific ground-state CASSCF calculation. The ground intermediate state is obtained

by projecting the SS-CASSCF state into the space spanned by the SA-CASSCF states,

and the other intermediate states are obtained by performing Schmidt orthogonalization

of the excited states obtained by the SA-CASSCF calculation to the ground intermediate

state. Then one constructs an effective Hamiltonian in the intermediate state basis and

diagonalizes it to get the SI-PDFT energy for each state. This treats the ground and excited

states unequally. Moreover, using different orbital sets (i.e., using both the orbitals from the

SS-CASSCF calculation and those from the SA-CASSCF calculation) is inconvenient. To
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avoid these problems, we next propose two new multi-state MC-PDFT methods that use only

one set of orbitals.

In general, the intermediate states are obtained by a unitary transformation:

|ΦIy “
ÿ

J

UJI |ΨJy (6.5)

where |ΦIy is an intermediate state, and |ΨJy is an SA-CASSCF state. The electronic

Hamiltonian of the molecule is diagonal in the SA-CASSCF states but usually not in the

intermediate basis.

We construct an effective Hamiltonian in the intermediate-state basis with diagonal

elements defined as

Heff
II “ EMC´PDFT

I (6.6)

where EMC-PDFTI is the MC-PDFT energy for the intermediate state |ΦIy. The off-diagonal

elements of the effective Hamiltonian are defined as

Heff
IJ “ xΦI |H |ΦJy (6.7)

with I , J = 1, 2, . . . , N , where N is the number of states in the model space. (In the present

work, the number of states in the model space is always the same as the number of states

averaged in the SA-CASSCF calculation.) The effective Hamiltonian is then diagonalized to

give the multi-state MC-PDFT energies for each adiabatic state.

Following the above scheme, we next introduce how to generate the matrix U in XMS-

PDFT.

6.2.3 XMS-PDFT

The intermediate basis in XMS-PDFT diagonalizes the effective Hamiltonian suggested

by Granovsky for XMC-QDPT in ref. [209], where he stressed that “the effective Hamiltonian

should be a function of the subspace spanned by the selected CI vectors, rather than a
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function of any particular choice of basis in this subspace” and that “the computed energies

must be uniquely defined, continuous and smooth functions of the molecular geometry and

any other external parameters, with possible exceptions at the manifolds of their accidental

degeneracy such as conical intersections”. The XMS-CASPT2 method also uses this

intermediate basis. We use the XMS-CASPT2 procedure[278] to explain this, and the

explanation starts by recalling the procedure for MS-CASPT2.

In MS-CASPT2, the unperturbed Hamiltonian is defined as

H0 “ PFP` QFQ (6.8)

where

P “
ÿ

I

|ΨIy xΨI | (6.9)

is the projection operator onto the SA-CASSCF state space and

Q “ 1´ P (6.10)

is the projection operator onto the complementary state space. In MS-CASPT2, the state-

space Fock operator is defined as

F “
ÿ

pq

fpqEpq “
ÿ

pq

fpq
ÿ

σ

a`pσaqσ (6.11)

where Epq =
ř

σ a
`
pσaqσ is a single-excitation operator, a`pσ and aqσ are creation and annihila-

tion operators on molecular orbitals p and q for spin σ, and fpq is an element in the orbital

Fock matrix

fpq “ hpq `
ÿ

rsdrspJ
sr
pq ´

1

2
Ksr
pqq (6.12)

where hpq contains the electronic kinetic energy and electron-Coulomb interaction, drs is

a state-averaged density matrix element, and Jsrpq and Ksr
pq are two-electron integrals. The

matrix elements of the state-space Fock matrix are defined as

FIJ “ xΨI |F |ΨJy “
ÿ

pq

ÿ

ij

fpqc
J
i c
J
j xCSFi|Epq |CSFjy (6.13)
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The state-space Fock matrix defined in eq. 6.13 is not necessarily diagonal, because the

reference wave functions (i.e., the SA-CASSCF wave functions) are the eigenstates of the

Hamiltonian operator, not necessarily the eigenstates of the state-space Fock operator or

the zeroth-order Hamiltonian.

The MS-CAPST2 method neglects the off-diagonal elements of the state-space Fock

matrix, but following the prescription used in the XMS-CASPT2 method, the XMS-PDFT

method diagonalizes the state-space Fock matrix by a transformation matrix UX:

pUXq:FpUXq “ F̃ (6.14)

The UX matrix determined this way then yields the intermediate states defined by

|ΦIy “
ÿ

J

UX
JI |ΨJy (6.15)

where |ΦIy is an intermediate state in XMS-PDFT (and also in XMS-CASPT2). With the

same transformation, we get a Hamiltonian matrix in the intermediate basis,

pUXq:HpUXq “ H̃ (6.16)

where H is the Hamiltonian matrix in the basis of the SA-CASSCF reference states, and H̃ is

the Hamiltonian matrix in the basis of the intermediate states.

After the intermediate states are obtained, XMS-PDFT defines an effective Hamiltonian

in the intermediate basis such that the diagonal element Heff
II is the MC-PDFT energy of

intermediate state |ΦIy, and the off-diagonal element Heff
IJ is ΛHIJ . The XMS-PDFT energies

(EXMS´PDFT
I ) and eigenvectors are obtained by diagonalizing the effective Hamiltonian

matrix.

We notice that the off-diagonal elements in the state-space Fock matrix are zero for

states with different symmetries. This suggests that the XMS-PDFT method is identical to

MC-PDFT if all states in the model space belong to different irreps (similarly, XMS-CASPT2
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is identical to MS-CASPT2 or even single-state CASPT2 for such a case). This is not a

problem, but we have found that the off-diagonal elements in the state-space Fock matrix

are almost zero for many geometries in some mixed-valence[279] systems (see Fig. S3,†

where sections and figures with the prefix S are in the ESI†) even when the states have the

same symmetry, and we will see that XMS-PDFT does not always give good results for such

systems.

6.3 Computational Details

The calculations are performed in OpenMolcas v18.09, tag 548-g19e2926-dirty,[231]

with codes modified to perform XMS-PDFT and FMS-PDFT calculations.

In XMS-CAPST2 calculations, an ionization-potential-electron-affinity (IPEA) shift[148]

of 0.25 a.u. is used. In the PDFT calculations, we used the translated PBE (tPBE) on-top

functional.

Table 6.1 presents the wave function symmetry, basis set, number of averaged states,

number of active electrons, and identities of active MOs for each system studied. The internal

coordinates that are scanned for each system are shown in Table 6.2. The geometries are

available in Section S1.

Table 6.1: Systems Studied, Symmetry Enforced on the Wave Function (Sym), Basis Set,
Number of States in the SA Calculation (Nstates), Number of Active Electrons (n) and Active
Molecular Orbitals (Active MOs)

System Sym Basis Set Nstates n Active MOs

LiF C1 jun-cc-pVQZ[44, 230] 2 8 2s and 2pz of F, 2s of Li
LiH C2v aug-cc-pVQZ[255, 44] 4 2 2s, 2pz, 3s, 3pz of Li, 1s of H

N, and O atoms and 1s of H atom)
C6H5OH C1 jul-cc-pVDZ[255, 44, 230] 2 12 3π, 3π˚, σ˚OH,σCO, σ˚CO, and pz of O
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Table 6.2: Systems Studied and the Internal Coordinates Scanned for Potential Energy
Curves

System Internal coordinates scanned

LiF r(LiF) = [1.0–9.0]
˝

A

LiH r(LiH) = [1.0–12.0]
˝

A

C6H5OH r(OH) = [0.5–3.0 ]
˝

A and τ (C–C–O–H) = 1 or 10˝

6.4 Results and Discussion

6.4.1 Lithium fluoride (LiF)

Lithium fluoride has an avoided crossing of the ground state and first excited state that

has been widely studied.[280, 281, 282, 283, 284, 285, 286, 287] The ground state at the

equilibrium distance is ionic, corresponding to the (2pz,F)2(2sLi)0 configuration. The ground

state has A1 symmetry in the C2v group. This state interacts with another A1 state that

corresponds to two neutral ground-state atoms, namely (2pz,F)1(2sLi)1. The accurate value

of the distance of the avoided crossing is about 7.4
˝

A.[280] However, theoretical calculations

usually underestimate the distance by 1.0
˝

A, with an exception being the calculation in ref.

[282].

The MC-PDFT method gives an unphysical double crossing between 4
˝

A and 6
˝

A,

associated with a “dip” of the energy curve, as shown in Fig. 6.1(a). The XMS-PDFT and

FMS-PDFT methods, however, remove the incorrect double crossing and also recover the

expected shape of the avoided crossing at a larger distance. Additionally, the two new

multi-state PDFT methods preserve the correct asymptotic character of the two states, and

they work well for the whole potential energy curve.

Fig. 6.1(b) shows that the XMS-PDFT results agree with XMS-CASPT2 for the overall
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Figure 6.1: Comparison of the potential energy curves of the two lowest A1 electronic
states of LiF with (a) XMS-PDFT and MC-PDFT, (b) XMS-PDFT and XMS-CASPT2. The
area near the avoided crossing (indicated by a small box) for each curve is also shown
magnified. J. J. Bao, C. Zhou, Z. Varga, S. Kanchanakungwankul, L. Gagliardi, and D.
G. Truhlar.Multi-state pair-density functional theory.Faraday Discuss., 224:348–372, 2020.
Reproduced by permission of The Royal Society of Chemistry.

shapes of the two curves. The minimum separation of the two curves is 0.18 eV at 5.97
˝

A by

XMS-PDFT, and 0.11 eV at 6.11
˝

A by XMS-CASPT2. The bond lengths with the minimum

energy separation obtained by the two methods are significantly shorter than 7.4
˝

A because

the calculations underestimate the electron affinity of F, which is a very hard[288] problem.

6.4.2 Lithium hydride (LiH)

The ground state of lithium hydride is an ionic state near the equilibrium geometry, but

this state interacts with three covalent states, corresponding to (2sLi)1(1sH)1, (2pz,Li)1(1sH)1,

and (3sLi)1(1sH)1 configurations, as the Li–H bond dissociates. All four states have A1

symmetry in the C2v point group.

Despite the complexity of the ionic state of LiH crossing with at least three other states
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as shown in Fig. 6.2, a similar pattern to LiF is still found for the third and fourth states of LiH

beyond 10
˝

A. The zoomed-in region in Fig. 6.2(a) shows that the MC-PDFT curves for the

third and fourth states still have a dip and a double crossing, while XMS-PDFT recovers the

avoided crossing of the two states and also remove the dip.

Figure 6.2: Comparison of the potential energy curves of LiH with (a) XMS-PDFT and MC-
PDFT, (b) XMS-PDFT and XMS-CASPT2. The zoomed-in area near the avoided crossing
is shown for the ionic state and the highest covalent state calculated. J. J. Bao, C. Zhou,
Z. Varga, S. Kanchanakungwankul, L. Gagliardi, and D. G. Truhlar.Multi-state pair-density
functional theory.Faraday Discuss., 224:348–372, 2020. Reproduced by permission of The
Royal Society of Chemistry.

The first (red) and second (blue) states calculated by XMS-PDFT agree very well with

those calculated by XMS-CASPT2. The minimum energy separation between the third and

fourth states is 0.10 eV at 10.66
˝

A by XMS-PDFT, and 0.07 eV at 11.28
˝

A by XMS-CASPT2.

The shapes of the XMS-CASPT2 curves match much better with XMS-PDFT than with

MC-PDFT, especially for the energy minima of the excited states.
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6.4.3 Phenol (C6H5OH)

The O–H bond dissociation in phenol has been well studied in the past and it can be

used as a model system for testing whether a method gives a proper description of potential

energy curves for photodissociation. We tested MC-PDFT and XMS-PDFT for the O–H

dissociation in phenol with an H–O–C–C dihedral angle of 1˝ (nearly planar) or 10˝.

Fig. 6.3 shows that the MC-PDFT potential energy curves are qualitatively wrong at both

angles, with a double crossing when the dihedral angle is 1˝ and a lack of avoidance at 10˝.

The XMS-PDFT method successfully produces avoided crossings near 2.2
˝

A for both torsion

angles with minimum energy separations of 0.04 and 0.28 eV for 1˝ and 10˝, respectively.

The corresponding O–H distances are 2.21 and 2.15
˝

A.

Figure 6.3: (a) and (b) Potential energy curves of two states for O–H dissociation in phenol
with H–O–C–C dihedral angles of 1˝ and 10˝, calculated by MC-PDFT (dashed and dotted
lines) and XMS-PDFT (solid lines). J. J. Bao, C. Zhou, Z. Varga, S. Kanchanakungwankul,
L. Gagliardi, and D. G. Truhlar.Multi-state pair-density functional theory.Faraday Discuss.,
224:348–372, 2020. Reproduced by permission of The Royal Society of Chemistry.

In regions that are far away from the avoided crossings for each dihedral angle, the

XMS-PDFT curves agree very well with the MC-PDFT ones. However, we noticed that for
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this molecule XMS-PDFT presents a noticeable “bump” after the avoided crossing. This is

apparently because the geometry dependence of the off-diagonal elements of the effective

Hamiltonian matrix is not consistent enough with the geometry dependence of the diagonal

elements. However, the bumps are no greater than 0.07 eV, corresponding to 1.6 kcal/mol,

which is usually accurate enough for treating electronically excited states.

6.5 Conclusion

A general scheme for multi-state MC-PDFT is proposed in this chapter. In this scheme,

the CASSCF reference states are rotated to a set of intermediate states via a unitary trans-

formation, and an effective Hamiltonian matrix in the intermediate-state basis is constructed

using the MC-PDFT method for the diagonal elements and wave function theory for the off-

diagonal ones. As a practical method, XMS-PDFT is proposed for the unitary transformation

in this chapter, and it is tested on three systems exhibiting avoided crossings of two and

four states. The XMS-PDFT method uses the transformation proposed by Granovsky for

XMC-QDPT. Tests are performed on systems with avoided crossings to compare XMS-PDFT

to state-specific MC-PDFT and the more expensive multi-state method, XMS-CASPT2. We

found that XMS-PDFT gives good results for all systems except the mixed-valence spiro

cation. The new multi-state method proposed here is preferred to the previous SI-PDFT

because they treat the ground state and excited states on an equal footing and they require

only a single SA-CASSCF calculation and a single set of orbitals.



Chapter 7

Compressed-State Multi-State Pair-Density Func-

tional Theory

Adapted with permission from Bao, J. J., Zhou, C. and Truhlar, D. G., 2020. Compressed-

State multi-state Pair-Density Functional Theory. Journal of Chemical Theory and Computa-

tion, 16, 7444-7452. Copyright 2021 American Chemical Society.

7.1 Introduction

Multiconfiguration pair-density functional theory[19, 20] (MC-PDFT) provides an ef-

ficient method to compute potential energy surfaces by starting with multiconfiguration

self-consistent-field (MCSCF) calculations to generate orbitals and using multiconfigurational

spin eigenfunctions to allow bond dissociation and to represent open-shell states without

spin mixing. One may use various kinds of MCSCF calculations, and in the present pa-

per the examples will be based on state-averaged complete-active-space SCF[289, 290]

(SA-CASSCF).

Single-state MC-PDFT involves a final energy that is the sum of the classical energy

of a configuration interaction (CI) eigenvector (usually from the last step of an MCSCF

calculation) plus an on-top energy contribution computed from a pair-density functional,

94
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where the classical CI energy is defined as the sum of the kinetic energy of the CI state

plus its classical electrostatic energy. Single-state MC-PDFT, just like single-state complete

active space second-order perturbation theory[15, 16] (CASPT2), single-state multireference

Moller–Plesset theory[274] (MR-MP2), or single-state n-electron valence state perturbation

theory[204, 205] (NEVPT2), which can also build on MCSCF starting points, does not

yield the correct topology of potential energy surfaces at conical intersections, which are

very important for both spectroscopy[270] and photochemistry.[291] To solve this problem

in CASPT2, MR-MP2, or NEVPT2 and to obtain a more consistent treatment of nearly

degenerate states, one turns to quasi-degenerate perturbation theory in which the final state

is diagonalization of a model-space effective Hamiltonian; this yields multi-state CASPT2[75]

(MS-CASPT2), extended MS-CASPT2[209, 278] (XMS-CASPT2), multiconfiguration quasi-

degenerate perturbation theory[207] (MC-QDPT), extended MC-QDPT[209] (XMC-QDPT),

and quasi-degenerate NEVPT2[208] (QD-NEVPT2). To solve this problem in MC-PDFT, we

previously proposed three methods of increasing convenience: state-interaction PDFT[275]

(SI-PDFT), variational multi-state PDFT[268] [268], and extended multi-state PDFT[268]

(XMS-PDFT). In the present paper, we propose a new method that improves on all of these

(as explained next) and is recommended as the method of choice for future applications to

calculating excited electronic states by MC-PDFT.

The SI-PDFT method requires two calculations in different molecular orbital bases,

one from a state-specific calculation and the other from a state-averaged (SA) calculation.

The VMS-PDFT and the XMS-PDFT methods belong to a class of methods that we call

multi-state PDFT (MS-PDFT). These methods are more convenient in that they involve

only a single orbital basis, and they work by defining a rotation matrix that transforms the

eigenstates of an SA-CASSCF calculation into a set of intermediate states whose energy is

calculated by MC-PDFT; the difference of these two methods is how to obtain the rotation

matrix. The VMS-PDFT intermediate states maximize the sum of the MC-PDFT energies for
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these intermediate states. This requires computing the MC-PDFT energies at each step of

the maximization process that yields the transformation matrix. The task was made more

manageable by using of Fourier analysis and carrying out the variational maximization within

a low-order Fourier approximation; this version of VMS-PDFT is called FMS-PDFT. The

XMS-PDFT intermediate states diagonalize the generalized Fock operator[209, 37, 292] in

the space of the SA-CASSCF states. This does not require additional MC-PDFT energy

calculations to obtain the transformation matrix as in VMS-PDFT, and so it is much more

efficient. As we have shown previously,[275, 268] the SI-PDFT and VMS-PDFT methods

perform well in all cases that we have tested, but the XMS-PDFT works well in only seven

out of eight cases tested.[268]

In this paper, we propose a new MS-PDFT method, namely, compressed-state multi-

state PDFT (CMS-PDFT), that is as convenient (even slightly more convenient) as XMS-

PDFT, but works as well as SI-PDFT and VMS-PDFT. It requires only one orbital set, and

the transformation to intermediate states is based entirely on data available from the SA-

CASSCF calculation without requiring additional MC-PDFT calculations. The essential

characteristic of the new method is that the rotation to intermediate states maximizes the

sum over states of the classical Coulomb energies of the active electrons. This is equivalent

to maximizing the sum over states of the wave function contributions to the MC-PDFT

calculations, whereas the VMS-PDFT method maximizes the sum over states of the total

MC-PDFT energies. The primary goal for CMS-PDFT is to find a set of intermediate states

for which it is appropriate to calculate the MC-PDFT energy by adding an on-top energy to a

classical contribution. We will see that a successful strategy is to choose intermediate states

that maximize the sum over states of the classical electron–electron Coulomb energies; this

leads to a more compressed electronic distribution in the CMS intermediate states than for

the reference CI states, and this is why the method is called compressed-state MS-PDFT.

We will see that maximizing the sum over states of the classical electron–electron Coulomb
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energies is equivalent to maximizing the classical CI energy (defined above), whereas the

previously presented VMS-PDFT method maximizes the sum of the classical CI energy and

the on-top energy, which is less computationally convenient. Nevertheless both methods

may work well in part because they find an intermediate states whose energy—prior to the

configuration mixing of the diagonalization of the model space effective Hamiltonian—is least

already lowered by configuration mixing; this minimizes the possibility of double counting of

configuration mixing effects.

7.2 Theory

7.2.1 MC-PDFT

The MC-PDFT energy for a reference state K with wave function |ΨKy, which is a CI

eigenstate, is defined as

EMC´PDFT
I “ VNN `

ÿ

pq

DKK
pq hpq `

1

2

ÿ

pqrs

DKK
pq DKK

rs gpqrs ` EotpρK ,ΠKq (7.1)

where VNN is the nuclear repulsion, p, q, r, and s are generic-orbital indices, DKK
pq is the

spinless reduced 1-particle density matrix for state K, hpq is the one-electron energy that

includes the electronic kinetic energy and the electron–nuclear attraction, gpqrs is a two-

electron Coulomb integral given in Mulliken notation by ppq|rsq, and Eot is the on-top energy

functional of the density, ρK , and the on-top density, ΠK . The sum of all of the terms except

the on-top energy equals the sum of the kinetic energy plus the classical electrostatic energy

of the CI state, and (as defined in the Introduction) is the classical CI energy; the classical CI

energy is the wave function contribution to the MC-PDFT energy.

The trace of the two-electron Coulomb energy is written as

Q “
1

2

N
ÿ

K“1

ÿ

pqrs

DKK
pq DKK

rs gpqrs (7.2)
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where N is the number of states in the model space. In the notation of eq 7.2, the indices p

and q are for one electron and r and s are for the other electron; therefore, we can rewrite Q

as a sum of three terms, one with both electrons in inactive (i) orbitals, one with one electron

in an inactive orbital and one in an active (a) orbital, and the last one with both electrons in

active orbitals

Q “ Qi´i `Qi´a `Qa´a (7.3)

Qi´i “ 2N
ÿ

ij

giijj (7.4)

Qi´a “ 2
N
ÿ

K“1

ÿ

itu

DKK
tu gtuii (7.5)

Qa´a “
1

2

N
ÿ

K“1

ÿ

tuvx

DKK
tu DKK

vx gtuvx (7.6)

where t, u, v, and x are indices of active orbitals, and i and j are indices of inactive orbitals

(which are orbitals that are doubly occupied in all configurations in all states).

7.2.2 MS-PDFT

In MS-PDFT methods,[268] we first obtain a set of rotated states, |ΦKy, such that

|ΦKy “
ÿ

J

UKI |ΨJy (7.7)

where K, L, ... are intermediate-state indices and UKI is a rotation matrix element, and

U is an orthogonal matrix. (We do not need a complex unitary transformation because we

are neglecting spin–orbit coupling and have no external magnetic field, so we take all wave

functions to be real). Then, we construct an effective Hamiltonian, whose diagonal elements

are calculated as

Heff
KK “ EMC´PDFT

K (7.8)
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where EKMC-PDFT is the MC-PDFT energy for the intermediate state |ΦKy. The off-diagonal

elements in the effective Hamiltonian are defined as

Heff
KL “ xΦK |H |ΦLy (7.9)

We then diagonalize the effective Hamiltonian matrix to obtain the MS-PDFT energies.

Because the last step is a diagonalization, MS-PDFT methods give the correct topology of

potential energy curves at and near conical intersections.

7.2.3 CMS-PDFT

In CMS-PDFT, we chose the intermediate states to maximize the trace of the wave

function contribution to the MC-PDFT energies. It is easily shown that this is equivalent

to maximizing Q, which is the classical electrostatic electron–electron energy (Coulomb

energy), and that it is also equivalent to maximizing Qa˘a; the latter equivalence is because

the traces of the other terms are invariant to an orthogonal transformation. Therefore, we

simply maximize the active–active Coulomb energy Qa˘a. Maximizing Qa˘a means that the

electronic densities for the intermediate states are compressed, which we indicate in the

name of the new method.

Maximizing the classical Coulomb energy was used in orbital localizations decades ago

by Edmiston and Ruedenberg.[293] However, the Edmiston–Ruedenberg orbital localization

by maximizing the classical Coulomb energy does not change the wave function of a state;

while in CMS-PDFT, we change the state basis on which we evaluate the PDFT energies.

The compressed electronic densities give us better PDFT energies and thus better MS-PDFT

potential energy surfaces because in MC-PDFT, the classical Coulomb energy and the

on-top energy are lower when the electronic densities are more spread out. The issue of

localization and delocalization also arises in KS-DFT. However, the compression achieved

here is not motivated by decreasing delocalization error,[294] by which KS-DFT with many
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approximate exchange–correlation functionals predicts too delocalized an electronic density

because the classical Coulomb term and local functionals give lower energies with more

delocalized densities. We have previously argued that MC-PDFT is free from delocalization

error because MC-PDFT uses electronic densities from the CASSCF wave functions or other

MCSCF wave functions, which are free from density functional delocalization error.[295]

CMS-PDFT for Two-State Problems

In MS-PDFT for a two-state problem (N = 2), the sum of active–active Coulomb energy

for the intermediate states can be expressed exactly as

Qa´a “ A`B ` sinp4θKJq ` C cosp4θKJq (7.10)

where θKJ is the rotation angle that defines the transformation matrix according to

UCMS
KJ pθKJq “

¨

˝

cosp4θKJq sinp4θKJq

´ sinp4θKJq cosp4θKJq

˛

‚ (7.11)

To obtain the CMS-PDFT intermediate states, we maximize Qa˘a by using eq. 7.10 rather

than a local quadratic function because eq. 7.10 allows us to guarantee convergence to a

maximum, whereas using a quadratic algorithm can lead to either a maximum or a minimum.

The optimal rotation angle is found iteratively. First, we calculate Qa˘a at the XMS rotation

angle, θXMS
KJ and at θXMS

KJ – 5˝ and θXMS
KJ + 5˝. Then, these quantities are used to find A, B,

and C in eq. 7.10. We then find the angle, KJCMS1 that maximizes eq. 7.10. Then, we

calculate Qa˘a at θCMS1
KJ and θCMS1

KJ ˘ 5˝ and repeat the maximization to find a new angle,

KJCMS2. We repeat this process until the change in Qa˘a is less than 10˘6 hartree. For the

cases considered in the present paper, only two iterations were required, that is, θCMS2
KJ is

already converged.
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CMS-PDFT for More Than Two States

With N states, there will be NpN˘1q
2 pairs of states and each pair is indexed as Ipair. In

CMS-PDFT for a multiple-state problem (N ě 3), we use successive two-by-two rotations to

maximize Qa˘a. First, we define a rotation matrix, RKL(θKL), such that a pair of states, K

and L, are rotated by an angle of θKL to obtain a new set of intermediate states, namely,

|ΞMy “
ÿ

N

pRKLqMN |ΦNy (7.12)

pRKLqMN “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

δMN , M ‰ K or L

δMN cospθKJq, M “ K or L

sinpθKJq, M “ K and N “ L

´ sinpθKJq, M “ L and N “ K

(7.13)

The trace of the active–active Coulomb energy of the states in the set |ΞMy is denoted

as QΞ
a˘a(θKL) and that of the states in set |ΞMy is denoted as Qa˘aφ. In cases where QΦ

a˘a

is already a maximum, the condition for QΞ
a˘a(θKL) to be maximized is that θKL = 0, namely,

|ΞMy is identical to |ΞMy. In cases where QΦ
a˘a is not already a maximum, we first express

QΞ
a˘a(θKL) for a rotation involving one pair of states (K and L) as an equation analogous to

eq. 7.12

Qa´a “ A`B ` sinp4θKJq ` C cosp4θKJq (7.14)

and we find the maximum and its corresponding rotation angle in the same way as explained

above for the two-state case. Then, we replace |ΦMy with |ΞMy, and we repeat the previous

process for another pair of states. A cycle is defined as maximizing QΞ
a˘a for state pairs

from Ipair = 1 to Ipair = NpN˘1q
2 (forwardly) and from Ipair = NpN˘1q

2 to Ipair = 1 (backwardly).

This cycle is repeated until QΞ
a˘a changes by less than 10˘6 hartree from the previous cycle.
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Although we use the change in QΞ
a˘a as the only convergence criterion to obtain the rotated

states, we observed that θKL is always less than 10˘6 deg for all pairs of states when

convergence is achieved.

7.3 Computational Details

We studied a four-state case and all five two-state cases that were studied in our previous

work;[268] the methods are tested and illustrated by studying the adiabatic potential energy

curves along various paths through configuration space. The active spaces and the basis

set used are listed in Table 1, and the reaction coordinates of the paths and the ranges over

which they are scanned are in Table 2.

Table 7.1: Systems Studied, Symmetry Enforced on the Wave Function (Sym), Basis Set,
Number of States in the SA Calculation (Nstates), Number of Active Electrons (n) and Active
Molecular Orbitals (Active MOs)

System Sym Basis Set Nstates n Active MOs

LiF C1 jun-cc-pVQZ[44, 230] 2 8 2s and 2pz of F, 2s of Li
LiH C2v aug-cc-pVQZ[255, 44] 4 2 2s, 2pz, 3s, 3pz of Li, 1s of H
HNCO C1 cc-pVDZ[255, 44] 2 16 valence shell (2s and 2p of C,

N, and O atoms and 1s of H atom)
CH3NH2 C1 6-31++G(d,p)[296, 297] 2 6 2σ, 1σ˚, 2pz, 3s, and 3pz of N
C6H5OH C1 jul-cc-pVDZ[255, 44, 230] 2 12 3π, 3π˚,σOH, σ˚OH,σCO, σ˚CO, and pz of O
spiroa C2v 6-31G(d)[298] 2 11 see ref. [276]

aSpiro denotes 2,21,6,61-tetrahydro-4H,41H-5,51-spirobi[cyclopenta[c]pyrrole] cation.

The CMS-PDFT calculations to generate energies are performed in OpenMolcas[231]

version 18.09, tag 2501-g65d5cf6-dirty, which is a local version. The computational times

given in Section 4.7 were collected with OpenMolcas version 19.11, tag 1975-g36ac7380,

which is a public version, on the Intel Core i7-8650U CPU @ 2.11 GHz processor with 8.0
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Table 7.2: Systems Studied and the Internal Coordinates Scanned for Potential Energy
Curves

System Internal coordinates scanned

LiF r(LiF) = [1.0–9.0]
˝

A

LiH r(LiH) = [1.0–12.0]
˝

A

HNCO r(NC) = [1.25–3.00]
˝

A and τ (HNCO) = 150 or 175 ˝

CH3NH2 r(NH) = [0.8–3.6]
˝

A and τ (H6–C4–N1–H3) = 0, 90, 95, or 100˝ a

C6H5OH r(OH) = [0.5–3.0 ]
˝

A and τ (C–C–O–H) = 1 or 10˝

spiro see Section 7.4.6

aEach of the two H dissociation pathways on the amino group is studied when τ is 0.

GB memory (not all 8.0 GB memory was requested during the computation).

7.4 Results and Discussion

7.4.1 LiF

The avoided crossing of the ionic and covalent potential energy curves of LiF has been

studied by many previous workers, and it is widely used to test new methods.[280, 281, 282,

283, 284, 285, 286, 287, 299]

7.1a shows that the CMS-PDFT potential curves are almost indistinguishable from the

XMS-PDFT ones even in the avoided crossing region. This stability with respect to method is

very encouraging because the CMS ones are based on a variational criterion and the XMS

ones are based on a generalized Fock matrix.

7.1b compares the results to XMS-CASPT2. Our previous experience has been that

the Li–F distance at the minimum gap (the gap is the energetic separation of the two

states) is shorter when calculated by calculated by MS-PDFT than when calculated by

XMS-CASPT2,[209] and the present calculations are consistent with that. However, the most
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important point shown in 7.1b is that CMS-PDFT and XMS-CASPT2 agree very well. This is

very encouraging because for practical problems with larger active spaces, CMS-PDFT is

much less computationally expensive than XMS-CASPT2.

Figure 7.1: CMS-PDFT, XMS-PDFT, and XMS-CASPT2 potential energy curves for LiF.

7.4.2 LiH

LiH is another good test system that has been widely studied.[300, 301, 302, 303, 304]

Here we test CMS-PDFT on the lowest four 1Σ states of LiH, and the results are in 7.2. 7.2a

shows that the CMS results are smoother than those obtained with FMS in the region between

3 and 5
˝

A; this may be a consequence of the simpler nature of the CMS maximization, which

allows us to carry the iterative maximization to completion (as indicated above in Section

2.3.2), whereas the FMS calculations employ a one-shot maximization because of the cost

in performing the maximization process.

7.2b shows that the CMS-PDFT curves overlap with the XMS-CASPT2 ones very well

for most regions. The region between 11 and 13
˝

A contains the minimum gap for both

CMS-PDFT and XMS-CASPT2, and it is shown in the zoomed insert of 7.2b; there is a slight

quantitative difference in the results, but both methods show a smooth avoided crossing.
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Figure 7.2: CMS-PDFT, XMS-PDFT, and XMS-CASPT2 potential energy curves for LiF.

7.4.3 HNCO

The CMS-PDFT potential curves for isocyanic acid (HNCO Ñ HN···CO) are in 7.3, and

they show that CMS-PDFT works very well for this molecule. The separation of the two states

obtained by CMS-PDFT is slightly greater for CMS-PDFT than for XMS-PDFT. The difference

arises from the fact that the XMS intermediate states and the CMS-PDFT intermediate states

are very different in the zoomed-in regions, as can be seen from Figure S1; (figures with a

prefix S are in the Supporting Information) the stability of the methods to this kind of change

in the intermediate states is encouraging.

7.4.4 CH3NH2

As stated in ref [305], “Study of the excited electronic photochemistry of simple alkyl

amines has a number of motivations.... A number of important systems, such as energetic

materials..., contain the alkyl amino units and their properties and behavior depend on alkyl

amino excited states and dynamics.” Methylamine, shown in 7.4, is the simplest amine, and it

has been the subject of many experimental and theoretical studies.[305, 306, 307, 308, 309,
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Figure 7.3: CMS-PDFT and XMS-PDFT potential energy curves for isocyanic acid (HNCO)
with two dihedral angles as in Table 7.2; the dihedral angle is 175˝ in (a,c) and 150˝ in (b,d).

310, 311, 312, 313, 314, 315, 316, 317, 318, 319, 320] Michael and Noyes[306] reported

that the N–H bond dissociation is a dominant reaction channel with a yield of more than

75% from the first-excited methylamine dissociation. Butler and co-workers[308] measured

translational energies of different products from several reaction channels of the CH3NH2

dissociation at 222 nm and concluded that the major channel is N–H bond dissociation.

We studied three pathways for dissociation of the N–H3 bond, where the labeling is

explained by 7.4. The first pathway has the dihedral angle φ at 90˝, and the potential energy

curves are shown in 7.5a. 7.5b is a similar path, which has φ at 100˝, which passes farther

from the conical intersection and so has a larger gap. We see excellent results, encouragingly

very similar for both methods, although they have different intermediate states. 7.5c,d are

both for the pathway with φ equal to 0 deg. 7.5c shows that the CMS-PDFT curves are
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Figure 7.4: Lowest energy structures along each three pathways studied by CMS-PDFT.
The figure illustrates the H2–N–C–H6 dihedral angle φ that is fixed along the dissociation
pathways studied here. On all paths, all internal coordinates except the N–H3 distance are
frozen along the dissociation pathway.

also very similar to the XMS-PDFT ones for this pathway; 7.5d compares CMS-PDFT with

XMS-CASPT2, and we notice that the second excited state of CMS-PDFT is not as smooth

as that of XMS-CASPT2 near 1.2
˝

A.

In general, the agreement of CMS-PDFT with XMS-CASPT2 is satisfactory. In any

given case, it is not known which of these two methods is more accurate (just as, for single-

reference systems, sometimes MP2 is more accurate than density functional theory, but in

many other cases density functional theory is more accurate). We note, in this context, that

multireference perturbation theory sometimes suffers from intruder-state problems due to

small energy denominators,[321] but MS-PDFT has no energy denominators and hence no

intruder-state problems.
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Figure 7.5: CMS-PDFT and XMS-PDFT potential energy curves for methylamine with the
dihedral angle φ (defined in Figure 4) fixed at various values. (a) φ = 90˝. (b) φ = 100˝. (c,d)
φ = 0.

7.4.5 Phenol

The potential energy surfaces and the dynamics of photodissociation of phenol have been

studied many times[322, 323, 324, 325, 326, 327, 328, 329] not only for their own interest but

also because phenol is a prototype of the 1πσ˚ motif that is very important for biomolecules

and other aromatic molecules such as thiophenol.[330, 331, 332, 333, 334, 335, 336]

7.6a,b show that XMS-PDFT and CMS-PDFT are also qualitatively similar. The CMS-

PDFT method removes the bumpiness of the XMS-PDFT curves in 7.6d. As we discussed



109

before,[268] the bumpiness is due to a mismatch between where the diagonal elements are

equal to each other and where the off-diagonal elements are maximal in the XMS-PDFT

effective Hamiltonian matrix. This is not a surprising result in XMS-PDFT because XMS-

PDFT intermediate states diagonalize the generalized Fock matrix; on the contrary, the CMS

intermediate states do not suffer from the bumpiness because the CMS intermediate states

contain some physics, namely, the sum of the classical Coulomb energies are maximized.

Note that VMS-PDFT is also free of the bumpiness in phenol for a similar reason as shown

in ref [268], but also note that CMS-PDFT is much more efficient than VMS-PDFT.

Figure 7.6: CMS-PDFT and XMS-CASPT2 potential energy curves for dissociation of the
O–H bond of phenol with the two dihedral angles specified in Table 2; the dihedral angle
is 1˝ in (a,c) and 10˝ in (b,d). We show a gap in the excited state potential curve in the
region, where there is an avoided crossing with a third state; one would need a three-state
calculation to get accurate results in that region.

7.4.6 Spiro

The 2,21,6,61-tetrahydro-4H,41H-5,51-spirobi[cyclopenta[c]pyrrole] cation, which will simply

be called the spiro cation, contains two subsystems that share a bridging carbon. As seen in

7.7a,b, the carbon–nitrogen frame of the left-hand subsystem lies in the xz plane, whereas
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that of the right-hand system is in the yz plane. The cation has an electron hole, and because

of the Jahn–Teller effect, the ground-state equilibrium geometry locates the hole on either

the left subsystem or the right subsystem. We then study a reaction pathway starting from

where the hole is on the left subsystem to where the hole is on the right subsystem. For an

atom A, where A is a carbon, nitrogen, or hydrogen atom of the molecule, we denote the

Cartesian coordinates as xA, yA, an zA. In the ground electronic state there are two minima

in the potential energy surface, leading to twin equilibrium geometries. At the first of these,

whose coordinates are labeled xp1qA , yp1qA , and zp1qA , the hole is localized on the left subsystem,

and at the second, with coordinates xp2qA , yp2qA , and zp2qA , it is localized on the right subsystem.

We consider a linear synchronous transit path[337] from geometry 1 to geometry 2. Along

this path, the coordinates of the atoms vary linearly. For example

xApξq “ p
1

2
´ ξqx

p1q
A ` p

1

2
` ξqx

p2q
A (7.15)

where ξ is a unitless reaction coordinate. We previously studied the energies along this path

by SI-PDFT[275] and VMS-PDFT[268] and both methods were shown to work well; however,

XMS-PDFT did not give good results for this system.

Figure 7.7: Two views of 2,21,6,61-tetrahydro-4H,41H-5,51-spirobi[cyclopenta[c]pyrrole] cation
in the xz plane (a) and in the yz plane (b).

The CMS-PDFT potential energy curves and the XMS-CASPT2 potential energy curves
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are shown in 7.8a. The CMS rotation angles and the XMS rotation angles are shown in

Figure S2. The figure shows that the CMS-PDFT minimum energy separation is greater

than that of XMS-CASPT2, although the results are qualitatively similar. Details of the

intermediate states are given in Figure S2.

Figure 7.8: CMS-PDFT, XMS-CASPT2 and XMS-PDFT potential energy curves for the spiro
cation.

The spiro cation is the only case among those tested where XMS-PDFT fails to work.[268]

Because the hole is delocalized onto the two subsystems in the XMS intermediate states,

XMS-PDFT gives a dip on the energy curves. 7.8b shows that CMS-PDFT corrects this

problem.

7.4.7 Computational Cost of Using CMS-, XMS- and FMS- inter-

mediate states

Because CMS-PDFT, XMS-PDFT, and FMS-PDFT generate intermediate states differ-

ently, we briefly discuss the cost to generate the intermediate states. Given that there are

N states calculated and na active orbitals, the cost to generate XMS intermediate states

is the cost to build the zero-order Hamiltonian matrix in XMS-CASPT2, which scales as
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pN ` 1qNn2
a. The cost to generate CMS intermediate states is the number of CMS iterations

multiplied (because we use three-point fitting) by three times the cost to compute Qa˘a,

which scales as (N - 1)Nn4
a. The cost to generate FMS intermediate states is three times

the number of grid points times the cost to compute the on-top energies, which scales as

(N - 1)Nn4
o times the number of grid points, where no is the number of occupied (including

inactive and active) orbitals. Note that the magnitude of N is at most several tens, and na

is also at most several tens, while no is a much greater number depending on the number

of atoms and the size of the basis set. This indicates that the cost of generating CMS

intermediate states is similar to that of generating XMS intermediate states but less than

that for FMS intermediate states.

The times consumed in the program for obtaining intermediate states for the three

methods are listed in Table 3. The times consumed for generating XMS or CMS intermediate

states are significantly shorter than those for generating FMS intermediate states, which

require three PDFT calculations in the systems shown in Table 3. The time to generate

intermediate states is also much shorter than the time for obtaining the reference wave

function, which is obtained from a complete-active-space CI[338] (CASCI) calculation.

7.5 Conclusion

We proposed a new MS-PDFT method, namely, CMS-PDFT, which maximizes the sum-

over-intermediate-states of the classical electrostatic two-electron energies among active

electrons. The new method, similar to the previous XMS-PDFT, computes the transformation

matrix from the CASSCF wave functions without requiring additional PDFT energy calcu-

lations; however, it has the advantage of the VMS-PDFT method that it works in all cases

tried. By comparing the CMS-PDFT potential energy curves with the XMS-CASPT2 potential

energy curves, we showed that the new method works well. This method is as efficient as the
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Table 7.3: Time (Seconds) Consumed for Generating Reference Wave Function, Generating
Intermediate States and Computing PDFT Energies in OpenMolcas for Spiro and Phenol
with Two States (N = 2)

System N
timea

CASCIb CMS XMS FMSc PDFT
Spiro 2 5(2) 0d 0d 102 34
Phenol 2 21(12) 2 0d 330 110

aThe time consumed is taken from the time consumed in corresponding modules in Open-
Molcas. Reference wave functions (the CASCI column) and the state rotations are obtained
from the RASSCF module in OpenMolcas, and the PDFT energies are calculated in the
MCPDFT module in OpenMolcas.
bThe numbers before the parentheses are the times consumed for the RASSCF module,
and the numbers in the parentheses are the times consumed diagonalizing the CASCI
Hamiltonian matrix.
cThe FMS intermediate states need three PDFT calculations for two states.
dThe time consumed for generating XMS or CMS intermediate states is taken as the
difference of the time consumed for one RASSCF module that computes the intermediate
states and for another RASSCF module that does not compute the intermediate states. Zero
second means the seconds consumed for a RASSCF module that computes the intermediate
states are the same as seconds needed for the RASSCF module that does not compute the
intermediate states.

XMS-PDFT method in generating the intermediate states, and the CMS intermediate states

are as robust as the VMS intermediate states for giving the correct topology for potential

energy surfaces at and near conical intersection.

Our goal in the present work has been to develop an MC-PDFT method for calculating

excited electronic states with all of the following desirable features: (i) it yields potential

energy surfaces with the correct topology at and near conical intersections. (ii) It yields

adiabatic states with the correct spatial, spin, and permutational symmetries. (iii) It does not

involve a transformation of orbitals after the SA-CASSCF optimization, and in particular it

only does state transformations using a single set of SA-CASSCF orbitals. (iv) It works as

well or better than FMS-PDFT. (v) It does not require multiple PDFT calculations at each

geometry (as are required in FMS-PDFT). The CMS-PDFT method presented here satisfies
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all of these criteria. Furthermore, just as was the case for VMS-PDFT, the transformation

to intermediate states is based on a physically motivated variational criterion, whereas the

XMS method is motivated by the mathematical transformation properties associated with the

generalized Fock operator rather than by a physical criterion. Therefore, we recommend the

CMS-PDFT method for future MS-PDFT studies.



Chapter 8

Concluding Remarks

Our work has shown that MC-PDFT successfully predicts excitation energies and bond

distances for both ground states and excited states. The ABC scheme is successful but is

limited to the doublet molecules. The ABC2 scheme is more robust for studying low-lying

excitation energies. Two multistate methods, XMS-PDFT and CMS-PDFT, provide correct

topologies of potential energy surfaces at reasonable costs. Both are good candidates for

studying photochemical problems. Because two automatic active space selection schemes

are proposed for MC-PDFT, these schemes can be tested with XMS-PDFT or CMS-PDFT

for excitation energies and even potential energy surfaces in the future work. The gradi-

ent of XMS-PDFT and CMS-PDFT can also be developed so they can be used to study

photochemistry dynamics.
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