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ABSTRACT. The structure of singularities of the fundamental solution of the trans-
port equation with smooth coefficients is studied. As it has been found out, this
structure is more diverse than at the hyperbolic equations. The existence of the
singularities inside “a characteristic cone” has allowed us to solve the problem of
reconstruction of local characteristics of tissue using the information on flows of ra-
diation on the boundary. The process of interaction is of a complex nature and here
we are limited by the simple model.
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1. Introduction. In recent years, beginning with the Hadamard article [1], the
problem of description of the singularities of the fundamental solution (FS) of PDE
has attracted the attention of the mathematicians and this area has always been
fruitful for connection with various branches of mathematics.

Consider the equation

(0.1) Liu] = Z g”(m)% + Za’(m)% +c(z)u =0

i?jzl
for strictly hyperbolic operator L. Denote by V,, the associated quasi-Riemannian

space with metric tensor defined by functions g; ;(z), where

n
. .
Zgz gij = 6;.

k=1
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The Hadamard construction in modern terminology yields for this operator the

following representation of the fundamental solution E(z,y,t) of this operator for

sufficiently small £.

N
E(z,y,t) = », 6V (D) gi(z,y) + Bn(z,9,1)

=

where 6§ is a j - derivation of the Dirac delta function, I' = t2 — d*(z,y) is a
Minkovsky distance between points (z,y,t) and (z,y,0), d(z,y) is the distance be-
tween point z and y and gi(z,y) are the smooth functions defined by a certain
“transport” equation. Note that all singularities are concentrated on characteris-
tic cone I' = 0. This series represents E(z,y,t) in the sense that the difference
Ry(z,y,t) can be made arbitrarily smooth in the neighborhood of the characteris-

tic cone if N is chosen large enough. The structure of the fundamental solution of

the conjugate to (0.1) equation

(02) L'p)= ) &lg%v) 3 o) | (a)u

_Z ij 82'1) _'_zn:i)za’v_l_,\() —0
: I Oz*dz ¢ " Bzt | VT
for even n gives the answer to the question: is (0.1) a Huygens’ equation.

Definition. The equation satisfies the Huygens’ principle if the value of the solu-
tion of the Cauchy problem with arbitrary initial data, depends at each point z,
on the initial data prescribed only on the intersection of the manifold S with the

characteristic conoid having vertex at = (in Hadamard’s terminology it is Huygens

principle in the “narrow sense”).

The Hadamard criterion. The equation (0.1) is a Huygens’ equation if and only

if the elementary (fundamental) solution of the conjugate equation is free of the

logarithmic term.
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On the other hand the Huygens principle is closely connected with the Painleve
property which is defined both for linear and non-linear equations and is the main

test for integrability of non-linear equation by inverse scattering method [2]:

Proposition. The equation conjugate to (0.1) has the Painleve property if and

only if the (0.2) is a Huygens’ equation.

Hence we can consider the Painleve property as a generalization of the Huygens
principle on non-linear PDE. The connection between the spectrum and devel-
opment of singularities of the fundamental solution of the hyperbolic equation is
used very successfully in the so called “hyperbolic equation method” [3] for find-
ing asymptotical behavior of the spectral function of an elliptical operator on the
Riemannian manifold.

The Hadamard method of construction of singularities of the fundamental solu-
tion for hyperbolic equations was continued on elliptic and parabolic equations [4].
In the last case we have only one singular point ¢ = 0,z = y of the fundamental

solution and one can receive an asymptotical representation for ¢ — +0

9

n/2
E(z,y,t) = (ﬁ) exp(—d*(z,y)/4t) Z v;(z,y)td.

j20
Fundamental solution for elliptic equation has only one singular point z = y. The

next representation one can find in John [5]

m—n = £ — a
B(z,y) = o =y Y Ca (y, E— z,) [~ y|* + w(z,y)Iny.
a=0

Here w(z,y) is a regular analytic solution of the equation Lw = 0 and Co(z?,€) are
the analytic functions. Further investigations of the structure of the fundamental

solution were connected with the lacunas problem and with the description of the

development of singularities of Pseudo DO.
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Note that terms gi(z,v),v;(z,y),w(z,y) of this representation contain signifi-
cant information about the coefficients of these equations. This fact was applied for
solving inverse problems in scattering particles theory [6], in particular for “X-ray
tomography with scattering problem” [7].

Some new result, one can find in [13-14]. These results may be considered as an
adaptation of the classical tomography method [12] to the scattering media.

The next interesting representative of equations without quasilocal properties is
the transport equation which is a linearized Boltzmann equation and is used for
describing the process of particle diffusion in a material body [8-10]. This research
has been initiated by the desire to understand the singularity structure of solutions

of this equation

100 os(z)

0.3) —— . :CU — * * * .
( ) v Ot +Q v +U($)U 4 /S? T[(CC,Q,Q )U(:B,t,ﬂ )dﬂ +Q(£C,t,ﬂ)

A phase space {z,t,Q2} is a 6-dimensional continuum, three independent coordi-
nates are used to represent position z at moment ¢ and two to indicate direction Q2
of the particle (2 is a unit vector). Q. The solution dU(z,t,Q) is a 6-dimensional
continuum, three independent coordinates are used to represent position z at mo-
ment ¢ and two to indicate direction Q of the particle (£ is a unit vector).

Here Q(z,t,92) means the physical source density; o(z), os(z) are total and

scatter macroscopic cross sections (coeflicients), respectively:
(0.4) o(z) = oq(z) + o5(2), o(z),0q(z),05(z) > 0.

oq(2) is the absorption macroscopic cross section, n(z, 2, 2*) denotes the probabil-
ity that a particle entering in collision at the direction Q* leaves it in the direction

Q). We call this function the scatter indicatrix. It is normalized to number one:

1

0.5 —
( ) 4 S2

n(z,Q*,0)dQ* = 1.
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Usually for the fundamental solutions of PDE the asymptotics for small and large I’
is considered separately. For the transport equation we shall show, having isolated
the regular part from L®(R* x §?), that the singular part of the F'S contains two

delta-like distributions, one concentrated on the ray
r=2z" +0tQ° >0,

in R* and one on the 4-dimensional portion of the surface I' in R* x § 2 and it also
contains two singular terms having power-logarithmic and logarithmic estimates.

The estimates obtained for the coefficients preceding the singularities
0 < ¢, < f"exp(—vt), n=0,1,2,
v .
b=t S, losnlleo, v = inf ou(),
make it possible to estimate the singularity of once and twice scattered radiation
generated by a monodirected dot source in a distant area. Note that in the paper
[11] the time-independent case was considered.

The paper is organized as follows. In Section 2 we establish the notation, give
some definitions needed in the sequel and prove the basic facts about the initial
value problem for equation (0.3). In Section 3 we introduce the definitions concern-
ing the fundamental solution and give it’s Dyson-Philips [16] and Feynman-Kac

representations. In Section 4 we prove two auxiliary lemmas and in Section 5 we

prove the representation theorem for the F'S.

2. Transport equation. Let D be a test function space of all C§° functions with

compact support in R* x S?. Further on we shall call the pair(system) (o,0,7)

admzissible if:
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i) The functions o,(z),o(z) are non negative of D and 7n(z,(2,Q2") are non neg-
ative of C§°.

ii) The system under consideration is subcritical [9,10]:

0<os(x) <o(z), z€ R3.

Let B be the closed cone B = {z € R%t € R—ﬁ_:vt > |z —2z°|} and Kt = B x §?

be the region in
Kt (ry=K*n{0<t<7},D(ru) = {|z — 2°| < v} CR®

and K = K*(T), D = D(T)

for some constant 7' > 0 fixed throughout the paper.

We denote by

v
B = i S, 17757l 0o

here || || is the norm on L*°(K)
[fllec = ess sup|f(z,t,Q)|.
K
We shall need the following conditions:
(UA) There is a convex, connected Dy C D,diam Dy = R,

so that Dy, for some T} < T and v = const
0<y<ouz), z€Dy

(uniform absorption),

t
(WS) sup / plz,z —v(t — 7)Q)dt < L
(z,t,Q)eK Jo ’U,B
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(weak scattering),

e -2 — vtQ?
- 2(vt — Q- (z—20))

a
and p(z,y) is the usual optical path
1
p(z,y) = exp (*I:L' — | / oz +s(y — ac))d3> :
0

Note that if i) is valid, then

t
sup / plz,z —v(t —7)Q)dt < T.
(z,t,Q)EK Ja

Then the Cauchy problem for transport equation

10U s

(11) ———+9Q-V,U+o(z)U = )\M/ n(z,Q, Q") (z,t,Q0%)dQ* + Q(z,t,Q)
v Bt 47 §2

(1.2) U((B,t,ﬂ)lt<0 =0

will be easily transformed into integral equation:
I
U(z,t,Q) = AE/ drp(z —v(t — 7)Q,z)0,(z — v(t — 7))
0
x (/ n(z —v(t —7)0,9,9)U(z — v(t — 7)Q, 7,0 )dQ’
§2
(1.3) +Q(z —v(t — ), 7, Q))
Equation (1.3) can be written in the form
(1.4) U(z,t,2) = AKSU(z,t,9Q) + KQ(z,t,0Q)
where S, K denote the integral operators
— 0'3(13) * *
S ¢(z,t,9) = ——= [ n(z,Q,Q)p(z,t,2%)dOQ*
47 S2
K o(z,t,Q) =

1 T
G(t)/ vdT exp (—/ o(a:)dl) oz —v(t—1)0,7,0)
0 z—v(t—1)Q
defined on L*°(K).

We need the following
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Lemma 2.1. Suppose p(t) € L°(R). Then for any z,z° € R3, Q¢ §?

/t B(vr — |z — 2 —v(t — 7)Q)p(T)dT = (vt — |z - mol)/ p(7)dr,

«

where

e =2’ — )
“= 20(vt — Q- (z —z°))

and we also denote by

the Heavisides function.

Proof. Setting
D.(2°,9) = {e ¢ R}0(vr — |z — 2° —v(t — 7)Q|) = 1}.

we have that D,(z°,Q) C D_(z°,Q) for 0 <7 < r <t

The following properties of the domain Dy(z°,Q) are easily verified.

For any z € Dy(z°,Q) there exits unique o , 0 < o < ¢ such that z € D, (z°,Q)
for 7 < a and z € D,(z°,Q) for 7 > a.

Value of « is calculated from condition || = 1 and equality

va — |z —z° —v(t —a)Q| = 0.

i.e.

(va)? = |z — 2° — vtQ|* + 2va((z — 2° — vtQ) - Q) + (va)’.

This has completed the proof. The following statement will be useful

Theorem 2.1. Let (0,0,n) define admissible system and obey (WS).Then the

integral equation

(1.5) U(z,t,Q) =KSU(z,t,Q) + P(z,t,Q)
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has a unique solution U(z,t,Q) € L>°(K) for any P(z,Q1) € L*(K).
Proof. Note that the integral operator K S is well defined as operator K S : L®(K) —
L>(K).

It is clear that if (i) is obeyed, then S : L*°(K) — L°(K). Since L*(K) C

L'(K) for any u € L®°(K)

T
w2 :/ dt/ dﬂ/ dz|u(z,t,Q)| < oco.
0 §2 |z—z0|<vt

Hence we have

dt dQ dzu(z,t, Q)

§2 z—z9|<vt

/ dQ/ dzdtu(z,t Q)‘

| 2

< / dQ/ da/ u(z —o(t — 7)Q,7,Q)dr
§2 P(Q) T

S/ dQ/ da/ lu(z —v(t — 7)Q,7,Q)|dT
52 P(Q) o

= [lull:-

Here P(Q) is a projection of the domain B on the plane in R* is orthogonal to

the vector (Q,1/v), and r1 5 = r12(Q,p), p € P(R) are the points of intersection

the of corresponding ray and 9B.

From Fubini-Tonelli theorem the integral
T1
/ u(z —v(t —7)Q,7,Q)dr
To
exists almost everywhere and hence

K : L®(K) — L®(K).
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Estimate the norm of K S. We have from lemma 2.1 for any function u € L*°(K)

1K Sulfle

= ess sup
K

x oy(z —v(t — 7)Q)(v7 — |z — 2* — vt — 7)Q)u(ze — v(t — 7)Q,7,Q%)|

t
_v_/ d’T/ d0*n(z —v(t — 7)Q,Q,Q%)p(z —v(t — 7)Q,2)
47" 0 §2

< 8| vl /Ot dré(vr — |z — 2° —v(t — 7)Q|)p(z — v(t — 7)Q, )

t
<vB||u)lec sup / p(z,z —v(t —7)Q)dt
(z,t,.Q)EK Ja

and provided that (WS)
(1.6) [KS|leo < 1.

We proove the lemma by constructing the Neumann series solution for equation

(1.5)

oo

q(z,t,Q) = Z (z,t,Q)

where

qO(mataﬂ) =D, qn(m,t7ﬂ) =KS qn—l(m,t>Q)> n > 0.

The condition (1.6) guarantees the convergence of the this series in L*°(K). This

completes the proof of the lemma.

3. Fundamental solution. A distribution f € D on R*xS?is a continuous linear
functional defined on the test function space D [15]. We write (f,¢) for the action
of a distribution f on a test function ¢. Two distributions f, g, not necessarily with
the same domain, are said to be equal on the domain G if (f,p) = (g,¢) for all
@ € D(G). Let §(2 —0°) € D' (S?) denote the delta function on S? concentrated in

point Q° € S2, i.e

(6(Q - 0%),4(Q)) = ¢(2°), #(Q) € D(S?).
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The distribution from D’ satisfying the equation (1.3) with
Q°(z,t,9;2°,0%) = §(z — z°)8(2)6(2 — Q°)

is called the fundamental solution of the time dependent transport equation.

In fact the Born representation

[eS) N

(31) E=) ME,=>» M(KS)"E,+Rn(\), E=KQ', XeC

n=0 n=0

with R,,(A) N-th order remainder of this solution will be investigated.

Denote by
el =2 + vt Q°,
e =P Loty — th-2)QF k=2 n,
"t = g™ 4 v(t —t,_1)N.
Here

O =Q, ta=t, de=dzn---dzm, dz, =d0dt;, R =10, xS
Theorem 3.1. The members of the expansion (3.1)
En(z,t,0;2°,0%) = (KS)"KQ"(z,t,9;2°,02°), n>o0.
have the following Dyson-Phillips representation:
(Bo(z,t,Q;2°,0°), 4(z,t,0)) = /Ooo vdtp(z’,z')p(z?, ¢, Q%);
(En(z,t,0;2°,0°%), 4(z,1,Q)) = /Ooo vdt /S dQ P,l¢], n > 0;

(v/4m)" t b=
P,l¢l = o /WH1 dZ/O dty T H Vi(to, 1, , 1) p (21,8, 0Q),
k=0

11
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for ¢ = ¢(z,t,Q) € D. Here

VO(tO) - p(woaml))

Vk(t07tl y T ’tk) - p(mk’$k+1 )U(fck)ﬂ(mk, Qkaﬂk_l)) k > 07
and we denote the chronological ordering operator by

T {H(to,t1, sta)t = D, H(tr()tr(1)s s tr(n)0(tn(0) ~tx(1)) - Otx(n—1) ~tr(n));
a€6n+1

here &, - the permutation group.

Note that we can rewrite the representation for E,(z,t,Q;z°,0°) as Feynmann-

Kac formula. Really,

n t k=n
E.(z,t,0;2°,0% = w/ dz/ dty T { H Vi(to,t1,- - ,tk)} §(z—z™t1),
n. Rn—1 0 k=0

Denote by E?(q,q°) = E(z,t,Q;2°,0°) the fundamental solution transport equa-
tion with
oq(z) =0. Here g = (:c,Q),q, = (2°,0°) are two points in phase space R® x S2.

It is easy to show that this solution has the following properties:

!

i Ei(g:9)>0;
i [E)q,q)da=[E}(q,q)dd =1;
i EYy,(a,q) = [ B(q,r)E(r,q )dr.
For any ¢t > 0 and ¢ let u; be the probabilistic Borel measure on R?® x S? defined

by the formula
H(B):/ B{(g,q )dg
B

where B is an arbitrary Borel subset of R® x S?. The measures y; have compact

supports, namely

supp pe C {(2,Q) : |z — 20| < vt,[Q| =1}
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Actually, we are going to study the singularities of this measure. We shall prove

that this measure has the following structure of singularities:
n=3
Bt = 61 +52+25n+7
n=1
Where 6,,8, are the singular distributions, 3, are the distributions with the inte-
grable kernel and v are the a.e. bounded functions.

For the research of singularities of this measure we shall first construct analogue
of Winiers measure on a trajectory space. For this purpose we shall designate,
through W}(z°,Q%z,Q,t), the set of broken lines of length vt,with n-parts leaving
a point zg in the direction of the vector ° and included in a trailer point z in the

direction Q. We also denote by

/ a(en(or))dr

the integral of ,(z) along these broken lines z,({) € W} (%, Q% z,Q,1).

The properties (i-iii) give us an opportunity to define a Wiener measure dW*(q, q’)

on

Wig,q) = |J Wiz",0%2,Q,1)

n>0
Let the complete measure of the set W?(q, q/) be assumed to be equal to E?(q,q/),
and measure of the set @ of trajectories, getting at the moment of the time #; in

the subset I; be defined by the expression:
/dqlEi’l(q, ¢") B, (¢",q )dq*
I

In a general case we shall consider the subsets of trajectories in W? points of which

in n fixed moment of time ¢; belong to Borel subsets I; C R®. Such subsets in Wt



14 ANATOLY BONDARENKO

are referred to as the cylindrical sets, and the measure of this set is defined by the

expression:

/dq1 /sz/danfl(q,ql)Efz_tl(ql,Qz)---E?,,_t,,_l(qn,qn—l)
I I, I,

We formalate the basic existance theorem.

Lemma 3.1. The measure dW} is countably additive on the cylindrical subset

W} of the space W' and has a unique continuation dW* on the o-algabra of Borel

subsets of Wt.

The following theorem is an analogue of the well known statement.

Theorem 3.2. (Feynman-Kac formula.)
t
Eg(q,qo) = E(w,t,ﬂ;mo,ﬂo) = /exp (/ aa(a:(m'))ch') dw'
0
Proof. For n = 0 we have

(Bo(z,t,22°,92°), 6(z,1,2)) = (KQ(=,1,9;2°,0°), §(z, 1, 2))
= (v8(t)p(z’, 2’ + vtQ°)§(z — z° — vtQ*)6(Q — QO),¢(w,t,Q))

= / vdtp(z®,z!)p(z,t, Q).
0

Similarly for n = 1.

(BEr(z,t,9;2°,Q°%), ¢(,,Q)) = (KSEo(z,t,9;2°,0°), 4(z, 1,9))
% (KO(t)p(:cO,a:O +vtQ%)é(z — 2° — vtﬂo)as(a:)n(a:,Q,QO),¢($,t,Q))

— ‘%(e(t)/o drp(z —v(t — 7)Q,z)8(z — v(t — 7)Q — 2° — v7Q°)

X p(mo,xo + ’UTQO)US(:B —v(t — 7))z —v(t — 7)Q,Q, QO),QS(:I:,t,Q))

v

2 e} t
= — dt/ dQ/ dtop(wo,.’cl)as(wl)n(:cl,Q,Qo)p(ml,m2)¢(w2,t,ﬂ).
4T 0 §2 0
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t tn th-1 t1
/ dtn/ dtn_l/ dtn_g--~/ H(to, b1, ,tn)dto
0 0 0 0

t t 4 t
dtn dtn_l dtn_z"'/ T{H(to,tl,“' ,tn)}dto.
0 0 0

Let us have forn > 0

(En(z,t,9;2°,0°%), ¢(z,t,9Q)) = -~ / dt/ dQ/ /dtg
n. 471' §2 Rn—1

xT{ﬁVk(to,tl,- ; )}so(m"“,t,ﬂ)

47!' R3 §2

k=n

X /§2 dQl---/Sz aan1 {H Vi(to,t1, - ,tk)} §(z — ") p(z,t,Q)

k=0

Introducing the new variables 2 — Q",¢ — ¢, we get finally for ¢(z,t¢,Q) € D

(En+1(m7t7‘Q; :B()?QO)’ ¢)(m7t7 Q)) = ((B,t,ﬂ; mO,QO)’ ¢($7t7ﬂ))

v \ntl [o° ot tn tn_1 ta
- (4—) / vdt/ dQ/ dtn/ dtm/ dtn_g---/ dt
™ 0 §2? 0 0 0 0

"

t1 k=n+1
x/ dtO/ lel---/ dﬂ"{ 11 Vk(to,t1,~~,tk)}rﬁ(m"“,t,ﬂ)
0 §2 §2

k=0

v v \ntl [ i ¢ i
Y (47r> /0 /g dQ/O /0 dtl/o dto
S————

k=n+1
x/ ot ... / aar T { ” Vi(to, 1, - ,tk)}¢($n+2,t,ﬂ)
S2
—_

n

_ 1 (v>n+1/wdt/ dQ/ dt, o™ / dt,d0}
(n+1)! \dr 52 0.4x52 (0.4 2 '

k=n+1

/Udtﬂ{ H Vk tO)tla Ty .)}¢(mn+2,t’ﬂ)
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ntl [ t
:_”_<l) / dt/dQ/ dz/dto
(n+1)! 47 0 §2 n 0

k=n+1
XT{ H Vk(t0>t1a"'7tk)}¢(wn+27taﬂ)'
k=0

The proof is completed.
4. Auxiliary lemmas. For the proof of the main theorem we need several lemmas.

Lemma 4.1.

2 O(vt — |z — zo])

vz — 20 — viQO2’

t
Lz —2°t,0Q% = / dtO/ §(z —2*)dQ =
0 §?
Proof. For distribution
t
L(z —2%t0% = /dto /5(33 — 2" — vt Q" — vt — t)Q")dQ}
0

§2

and any test function ¢(z,t,Q) € D we have

()= | @ / 40(2 + vteQ® + (t — £)Q1, 1, 2)d0
0 §2

t
= dto
= dt | dQ | ———
./0 /S2 O/vz(t—to)z()/¢(m’t’ﬂ)d01

Here O; -is a sphere with radius v(¢ — ¢o) centered in point z° + vt,Q° € R3.

Denote by

Ig = 01¢($, t, Q)dOl

Now we can take the coordinate system Y with center at point z° such as Q° =

(0,1,0). Introducing new variables 23 = y1 , 22 = —(y2 — vt) , z3 = y3 in this
new coordinate system Y we get

t

dt
y = U /¢(z,t,ﬂ)d02.

(’l)t())2
0 O

2
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Here O, -is a sphere with radius vty placed in point (0,v¢°,0). It is an equation of

the form:

9

Zg(Z% + z:_,l + zg)_‘ = (2vt0)‘1

In the polar coordinate system

z1 = pcospcosp, zy =pcosyPsing, z3= psiny

we may rewrite this equation as

p> =2vtgzy or p = 2vty cos sin .

In (21, 22,23) coordinate system this equation is reduced to:

2 .

z1 = 2vtg cos” ¥ sin ¢ cos p,
2 . 2

22 = 2vitg cos” Psin” p,

z3 = 2vty cos P sin p sin .

Area element dO- is equal to

Or or
_X_

dO, =
O

d¢d¢, T(SD,'IL') = (z17z2az3)'

Hence

Izz/t dt02/¢z,t,ﬂ dO,
[

The Jacobian of the map

Or Or
—X_

(’Ut()) (Z,t,Q)d’(,[)dlpClto

(¢)903t0) I (21,22, 23)
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is equal to
Az, 22,23) | _ 37‘ 37') (37") O OO st
A\ 2y 28] —_— - cos 8.
8., t0) “o9) \ou RZINED
But
EC;)TZ — % = ng = 2vcossing, cosf = costsing,
0 0 0
|z|2 = 4(vty)? cos® 9 sin® .
Hence
__B(zl,zg,23) — or X ﬁ cos? 1 sin®
8, t0) | [0 O v
and
8(¢7¢7t0) = 24, | | 1 87’ 8T -
(21, 22,23) 81/’

Return to (z1, 22, z3) variable in the last integral.

o[ L Lf3
_ ///¢z’t’ﬂ)dz1dzzdz3

vt

D
2 o0 oo o0
- ; / / / 6(Ut - |(zl,22 - vtaz3)|)¢(z|—,7|$;9—)dzldz2dz3,
2|2

Here D, is an interior of the sphere with radius vt centered at point (0,vt,0).

’ (vto) é(2,t,Q)dpdpdt,

Return to the old variable

SHE N

(vt — lyl)
_ —b(y,t,0)d)dy, dy-d
o p— )+3¢(y )d)dy, dys dys

6(vt — |z — 2°))

|z — 20 — vtQ0|2

Ql)(.’ll, t, Q)d:cl dwz d.’Bg

<N

é\g Elﬁ\g
é\g é\g

é\g é\g

Finally

oo

TT f(vt — |z — z°|)
L, at [ 4o ,
(I1,9) = / /82 / / / o= vtﬂ()',,q’)(m,t,ﬂ)dmldmddmg,
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l.e.

t

2 O(vt — |z —
Li(z,t,Q) = /dto/5(az — 2% — vt,Q° — vt — 1)Q)dQ = = (vt — |& — @ol)

v |z — zo — vtQ°)?

0 S?

as required.

Lemma 4.2. For any z,y € R®

/ dr _{ ly| " arsh ((r + b)/a) , a =1

|z + Ty|™ B |z x y|~tarctg((7 +b)/a) , a =2,

herea = |z x y|ly| 72, b= (z y)ly| 2.

Proof.
o+ ry|* == (Y +2r(z - y) + |e*) * =
|ly|® (7'2 +27(z - y)|y| 2 + |w|2|y|_2)a/2
=yl (7 + + I~ (P ol ~ (2 -9)")"
But
lz)|y]* = (z - y)* = 2’|y (1 — cos p?) = |z x y/*.
Hence

/ dr i 1/ dTl . 1/ dTl
wtryle WIS (7 4yl e x y) WIS (7 a?)ef

_ { [yl "t arsh ((r +b)/a) , @ =1
|z x y| "t arctg ((7 + b)/a) , a = 2.

The proof is completed.

Lemma 4.3. There are constants My,» ;5> 0 such that for any z,2° € R3¢t €

R*,0°,Z €S%a>4

! _/ da _ M,
T Je |z — 2 —utQ) x (2 - Q%) ~ |z — 20 — vtQ0]’



20 ANATOLY BONDARENKO

a - dQ a
= < Myln| ——— .
l /§ZIH<I(Z—Q°) ><(Q—QO)|> |- Qo — 7 n(IZ—Q"I) M

Proof. At first we note that the first integral doesn’t depend on a choice of coor-

dinate system. Hence, it is enough to prove it for the coordinate system with the
center in point z° such as the vector Q° considered as a vector from R3 has the
form Q° = w = (0,1,0).

In the polar coordinates terms (p, p,%) z1 = pcosypcosp, 2z = pcossing, z3 =
psin® the equation of the unit sphere O; with center in point (0,—1,0) € R3 may
be written as

™

5) , € (m2m).

p? = 225,29 <0, or p= —2costsing, P E <g,*

Calculate the area element of this sphere

0z 0z

dO, = ‘% X % dpdp, 2(p,¥) = (21,22, 23).
Then

% y QZ_ ? _ —2sin 2 sin® ¢ 2sin ¢ cos 29 ?

o~ Op| | 2cos’Psin2p  sin2q cosgp

2sin @ cos2¢p — sin 2% sin 2 ° sin2ysin2p  2sin 24 sin® ¢ ?
sin2¢ cosp  2cos? 1 cos 2p 2cos? P cos2p 2cos?Psinp|

Setting

B(p,$) = ((16sinp cos p cos® 3)* + (4 cos 23) cos 2 + 8sin® 3 cos” p)?

(NI

+(8 sin 2% sin ¢ cos® (p)z)

we finally have
dO; = B(p, %) cos® |sin p|.

Note that for y = z — z° — vtQ°

l(z — 2% —vtQ) x (2 — Q°%)] = |y x (2 —Q°%)].
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Then

B dQ / _ dO,
:/ [(z — 20 — vtQ) x (Q — QO)] ly x (Q ly x (2)]
S2

1

[(ME]

2

B (p,) cos? 7,b|sm<p|d cosq/Jd P
- // lyllel| sin 6(p, )] W= [yl //2|51n9(90,1/))| v

[SE]

-
2

Here 8(p,%) is an angle between vectors y,z = z(p,%).

As 0 < B(p,9) < C for all ¢, I3 is majored by

cos B(p,v)cos v
d depd
L= //2lsm9(90¢ dod < 1 //2|sm9<<p ) e

_r
2

N|=I

2|y| s IQ X Q*|

o =2,
ly|

The last integral does not depend on the choice of a coordinate system, hence we

can take it such that Q* = (0,0,1). Then

C dn 2 Cr?
I; < / — / / dodip = ——.
P2yl s sin(F —9) 20l Jos o H

For the second integral in similar way we have

w= [ (e o) mow

//|Pl 'B(yp, %) cos® | sin ¢| (ln(lZ QO|> —ln|p|—ln|sin9|) dpdy

.
2

< MsIn (ﬁ) / /|ln(cos¢sm ©)| B(p, %) cos pdpdy

_?7(

/|ln (Isin8])| B(p,%) cos ¥dpdyp

N;q \

a
<Myln—2 1 *
< M, n(lZ_Q0|)+M+M/32|n(|Q><Q )| dQ2

a
SMgln(lZ QO|>+M3’ M2,3:c0n3t>0.
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This completes the proof.

5. The structure of the fundamental solution. The equation of the line in
R3 passing through points 2° + vt and z° + vtQ° for fixed ¢t > 0,Q € S? has the
form

(m—mo—vtﬂ)x(ﬂ—ﬂo)zo.

Denote by L(t,,z°,0°) the closed segment of this line lying between these points.
Let us consider two segments in R2, z =2z° +v7Q, =z = 2% +v7Q%7 € [0,1].
We also denote by Agq(t,,z°Q%) the part of the plane in R® bounded by these
three segments. This construction defines in K a 4 dimensional surface 't =

{z,t,9,(z — 2% —vtQ) x (2 — Q%) =0} N {K}. We also introduce the function:
[ =TI(z,t9Q,2°,0% = |(z — 2° — vtQ%) x (2 — Q)|

Now we define z*(z,$,z°,Q°) as the point of intersection of the ray r = z° +
Q%r,7 € [0,t] and the ray »r = z — Q7 for any point z € Aqg.

For fixed z°,Q° we denote by
QY ={z,t,Q € K,(z — 2" —0tQ)- (2 - Q%) <0}, Q@  =K\QT,

and
17 (.’Z:,t,ﬂ) € Q+

b = 0o(=,t,Q) = { 0, (z,t,Q) €@~

We denote by § = §(I'") the Dirac delta function concentrated on 4 dimensional
surface I'T. It affects a test function ¢(z,t,2) € D as follows

oo~ [a [ | lﬁﬂ_ﬂol¢<x,t,g).

BL 82 L(t.9,2°,00)

One may view §(z — z° — vtQ°)§(Q2 — Q%) as a direct product distributions §(z —
20 — viQ%) € D' (R*) and §(Q — Q°) € D' (S?) for any Q° € S2,z° € R3.

We divide the main result into three statements:
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Theorem 5.1. (Hierarchy of singularities.) The fundamental solution E(z,t,)

of an admissible system can be represented as follows:

n=3
(%) E(z,t,9) = Y Sn(z,t, Q)9 + 0(vt — |z — 2°|)g(z,,92)
n=0

where:

So = v8(t)8(z — z° — vt02°)§(Q2 — Q°),

51:(5(I‘+),
Sy = H(vt—|ax—:c°|)1
2 =T l-\,
~ B(vt — |z — %)) ct
=" "\r)

_ o c c|l — Q0|
Sy =6(vt — |z z|)(ln<|m—w°—vtﬂl)+9an(—1" ,

%o = vp(a®,2° +vi?),

v

¢1 = Ep( Oam*)p(m*,m)as(m*)n(w*aﬂaﬂo)?

Y2 = ¢(z,t,0)arctg ®(z,t,Q)
for some ®(z,t,Q)(see(5.2)below),c = 4(1 + /2)v and
o(z,t,9Q),9(z,t,Q),9s(z,t,Q2),¥s(z,t,0Q) € L°(K).
Moreover, if (UA) is valid and, in addition, if
(5.1) n(z,Q, Q%) > 0 for Q,0% € $%|2° — z| < vT}

then 0 < p(z,t,Q) on int Kt(T7).

Theorem 5.2. (Decay properties.) Moreover, if (UA) is valid then there exists M

independent of Ty such that

0 < Pn(z,t,9Q) < B"exp(—yvt), on KT(Ty), n=0,2
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For each point of the boundary we build a cone
Ki(2%, 2" 2,t) = {(z,t) e R®*x Rt : |z — 2| + |2} — 2°| = vt}.
It is easy to see, that the area

Ki(z%;z,t) ﬂ Int Ky(z',z°%)
zl€dD

is a cone. We shall similarly define the cone K, (z°;z,1)
Ko(z°, 2", 2%, ..., 2" z,t) = {(z,t) e R* x R : Z:: — zh7 = ot}
k=1
Kn(z®;z,t) = N nt K, (z*,z*,2°,...,z")
It easy to see that
Ka(z%z,t) C Ks(2;2,t) C Ka(252,t) C Ki(2%;2,t) C Ko(2°;2,1).

Denote by x(D)— the characteristic function of a set D.

Theorem 5.3. (Back fronts of singularities.) The terms v, (z,t,;2°,Q°) in (*)

have the next representation:
psin(z,t,2;2°,0Q%) = (1 — x(Kn(2°;2,1)))phin(z, t,Q;2°, Q%)
for some bounded functions ¢, (z,t,Q;z°,Q°)
Proof. For the first term from direct calculation we have:
Eo(z,t,0,2°,0%) = K§(t)é(z — 2°)6(Q — Q°)

= v8(t)p(z°,z)(z — z° — vtQ°)6(Q — Q°)

and

0 < p(2°,2° +vtQ) < exp(—yvt) z,t € K(T}).
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Consider the second term
Ei(z,t,9,2°,0°% = KSEy(z,t,Q,2°,0°).
From the theorem 3.1 it then follows that for ¢(z,t,Q) € D(K)

(E1(z,t,9,2° 0%, #(z,t,90)) = /dt/dﬂ/dto

p(z°, 2% + v1,Q%)p(z° 4 v Q°, 2% + v(t — tg)ﬂ + vtoﬂo)

x og(z” + vteQ0)n(z® + v1,0°,Q, Q%) d(z° + vt Q° + v(t — 0)Q,t, Q).

In the last integral we replace the variables

dl

1(Q° — Q) =18, dty= ———
vt ) =16 dho= e o]

here € - is a unit directing vector of L(¢,,z°,0°%).

For any point z = 2° 4+ v(t — t9)Q + vt,Q° € L(¢,Q) the point z*

is defined as we mentioned above.

Then

(Br(z,t,9,2°,Q°%) , ¢(z,t,Q))

=z0 + vt*Q°

dl
=5 | 4] ————p(z*, 2° — 0
/ / / T p(z*, 2’ + v(t — 10)Q + vt,Q°)

0 §2 L(t.Q)

x as(z*n(z*,Q, Q") exp (— /” a(m)dl> (z,t,Q)dl

o

= (§(T* 1 (2,£,9) , ¢(=,1,92)).

l.e.

Ey(z,t,9,2° QO)— yp §(TH)p(z°,2*)p(z*, z)os(z “)n(z*, 0, 0°).

Note that

v
0 S ¢1 = Ep(:co,m*)p(m*,x)as(m*)n(m*,ﬂ,QO)

< Bexp(—7|z® — z*|) exp(—y|z* — z|) = B exp(—yvt).
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Now we shall calculate the third term
Ey(z,t,9Q,2°,0°%) = KSE(z,t,Q ,z°,0°).

The interchange of the order of integration is reduced by Fubini theorem. Then

from the theorem 3.1:

I = (By(z,t,Q,2°,Q°%) , ¢(z,t,9)) = (KSEi(z,t,0Q,2°,9°%) , ¢(z,t,Q))

o) t t
3
~ror [ fan [ [ [aut,otat oy 2
0 S2 0 0 g2

x as(z' )n(z, 2, Q%)os(z®)n(2?, Q,01)¢(2*, 1, Q)

where

z! = 2% + vt Q°
22 =z + 0,00 + v(ty — tg)ﬂl

2133 = (DO + vtOQO + 'U(tl — to)ﬂl + ’U(t — tl)Q

It follows from lemmas 2.1, 4.1

_ — 0 _
L=cs dt/dﬂ/dw¢(m,t,ﬂ)/dt1 |‘9(”t1 [z — a® — ot — 4)Q))
™
0 §2

r—z0 —v(t — )0 —vt; Q02
e m)p(m (e, a%) X o2 (et 08, 00)0, (2 In(a?, 2, 2

dt | dQ2

0 §2 R3

(e, 2 )plal 2ol ) (e, 01,20 (s, 0, 2)
X/dtl' |t — 2% —v(t — 1) — vt; QO

dzd(z,t,Q)6(vt — |z — z°|)

(e

Here Q',¢; depend on z. Now using lemma 4.3 for non negative, locally integrable

kernel of this distribution we have almost everywhere in K the next estimate on
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K+(T1):
t
v? p(z, 2V )p(zt, z?)p(z?, z%)o, (zt )n(zt, 2, Q0)0, (2® )n(2?,Q, Q1)
0< dtl 2
82 |z — 20 — v(t — t1)Q — v, Q02
i (=7t (=71
exp(—yvt 5 exp(—7yvt
<28 [ dt = 24°
s2p / Mo — 20 — ot — £1)Q — v, Q02 p [(z — 2% — vtQd) x (Q — Q9)]

l(z — 2° — vt) x (2 — Q)] b_(m—wo—vtﬂ)-(ﬂ—ﬂo)
V2| — Q°2 ’ o vZ|Q — QO|2

a =

Hence, observing that

z—Y
1+ zy

arctg ¢ — arctg y — arctg

we obtain

9(vt — |«13 - wO|)¢2($at7Q;m0’QO)

FE, 7t79; O’QO =5, 7tQ ’t’ﬂ :W
_(a: T ) ~(m > )¢'~’(:c ) |(w—m0—vtﬂ)><(ﬂ—90)|

where
0 < ty(z,t,0Q) < B exp(—yvt), z,t,Q € KH(Ty), for any Q° € S?,

Sy(z,t,Q) € L'°(K™T), a(z,t,Q) € L°(K) for any Q° € S?
and

t—«

(5:2) ®= a+at(t+b)(a+b)

The assumptions (5.1) now imply that

0 < Ex(z,t,9Q;2°,Q%)
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on K*(T}). Finally we have onK

1

t,Q2°,0%)90 = f(vt—|z—=z°
Es(z,t,0527,Q7) (vi—|z—= |)|(w—m°—vtﬂ)><(ﬂ—ﬂ°)|

¢2(m)t7ﬂ; "BO’QO)7

where

ba(2,1,Q) = p(2,1,0) arctg @

®, o as above, p(z,t,Q) € L°(K) and, moreover, when condition (5.1) is satisfied
then 0 < ¢(z,t,Q) on K*(T1). It is obvious, that for calculating the singularities
in

E3(z,t,9;2°,Q%) = KSEs(z,t,9;2°,0°),
we should investigate Es(z,t,Q;z%,0Q%) = KS Sy(z,t,02;2°,Q°). From lemma 4.3

we have on K

0 < $S(a,t, 5 2?, 00) = 22 ] bt — |z — 2°)n(=,2,9) .
>~ y by b, ) 4 52 |(:I} _ :cO —’Utﬂ*) % (ﬂ* _ Qo)l

< M, M? B(vt — |z — z°|)

T 4r |z — 20 — vt

Hence

M, M? K f(vt — |z — zo))

4T |z — zp — vtQO]
O(vr — |z — zo —v(t — 7))
|z — 29 — v(t — 7)Q — v7Q0|

0 < E3(z,t,9;2°,0°%) <

MM [t
= 4117r / plz —z° —v(t — 7)Q,z — z°)
0

<M1M9 L O(vr — |z —z9 — v(t — 7))
T o4r Jy lz—zo —v(t —7)Q — w7 QY|

dr

dr

As by lemma 4.1

M M9 t
<= 9(vt—|w~:c°|)/ dr
4 o |2 =20 —v(t — 7)Q — v Q0|

we have by lemma 4.2

t

¢ dr 1 T74+0b
0< I3 = = -
=0 /a |z — 2% — vt + v (Q — Q)| v|ﬂ—ﬂ°|ar5h( a )

[
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t

1 b v — QP + (z — 2 — i) - (2 - QY)
IS
* (2 — 20 — vi6) x (2 — QO]

0

) ()

—q)
o 30))0 assh (122 . o 2(((;1——9&3’))‘0 }

_ 1 . (z —2° — vtQ?) -
-~ 0|Q - QO { h(l(m—m“ — vtQ) X
(
(

—~| —~ |
)

For z,t,Q2 € K we have

(2 —2° —viQ°) - (2 — Q)] = vt < 4ot.

v

(”’ _t”"o - Q°> (2 - Q)

Thus, on the other hand, by a similar estimation

l(z — 2" —vtQ) - (2 — Q)| < 4vt, (z,t,Q) € K, Q°cS§?

we get finally for z,¢,Q € K, Q°¢S?

5 4
(5.3) Lo o —a9 arsh (|((vt)—1(z —2%) — Q) x (- Q“)l) '

Let us note that the inequality

2
arsh— =In [ — + 1-|—a—,, <lIn M ,
[yl i y? i
which holds for |y| < a, a >0 and inequality (5.3) implies

0 < Es(z,t,0;2°,0°%) <

4 v|Q — QY o <|((vt)—1(:c—:c°)—ﬂ) x (© — 09)|
_ MM Bt e ) (4(1 + ﬂ)m) |

A v|Q — QO r

M M® 8(vt — |z — z°)) 41+ V2) )

As in the previous case we have
Es(z,t,Q;2°,0Q°%) = ¢3(z,t,0)S3(z,t,Q),

Ss(z,t,Q) € L'Y(K), 3(z,t,Q) € L°(K) for any Q° € S%
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In order to estimate Ey4(z,t,Q;2°,0%) = KS E;(z,t,Q;2°,0°), we use the lemma

4.3.

ooy [ L 10+ v2)
500,052 0) = [ ! (l((vt)‘l(w—w“)—ﬂ) x <ﬂ—ﬂ°>l) "

4(1 + V2ot ,
§M21n< (+ v2p >+M3 , (,t,Q) € K, Q° € S%

|z — 20 — vt

Hence

4(1 +/2)vt
E4(z,t,Q;2°,0%) < MyKS Es(z,t,9;2°,02°) < MyK (M- 1n (Iw (_ :; \—/;);2%) + Ms3)

:ME,/tln(l 401+ V2)or )dT—I—Mﬁ.

z—z% —o(t—7)0 —vrQ?|

Consider the integral

‘ cT ¢ CcT
IL,=[1 dr= [ 1 dr.
= “(lw—mO—vu—r)ﬂ—wm) =), “(|m—w°+w<n—n°>—vm|) ’

= In il dr
J <\/v2|n — R ((r 1 b +a2)>

Here
a=|(z—z"—vtQ)x(Q-0")[2*|0-0Q°| 7%, b= |(z—2z"—vtQ)-(2—Q°)]»*|Q-Q°| 2.
We consider two cases. First, let b < 0.Then(r + b)? + a® > a® and
¢ cT c
< —————dr=Iln —————— + tlnt — ¢.
I4_/01nlﬂ—90|aT n]Q—Q°|a+lnt t

Let b > 0. Then for 7 € [0,t] (7 +b)® + a® > b* + a® and

CcT C

t
I, < | dr =1In
t= /0 BNV TR T e J20 QO 1 0?0 QI

+tint—t.

Note that

Va2v?|Q — Q02 + 5202|Q — Q02 = |z — 2° — vtQ



SINGULAR STRUCTURE OF THE FUNDAMENTAL SOLUTION ... 31

and as in the previous case we have
E4(m>t) Q; mOaQO) = '¢'4(a:,t,ﬂ)54(m,t,ﬂ)

Sy(z,t,9) € LK), ta(z,t,9Q) € L®(K) for any Q° € %,

We have proved now for representation

4
E(z,t,Q;2°,Q°%) = Z E.(z,t,Q;2°,Q% + E.(z,t,Q;2°,0°)

n=0
that

Eo(z,t,Q;2°,0°%) = K §(z — 2°)8(2)8(Q2 — 2°),
Ei(z,t,9;2°,Q%) = KS E_y(z,t,2;2°,Q%), k=1,2,3,4.
From theorem 2.1 it follows immediately that the integral equation
E.(z,t,9;2°,Q°) = KSE,(z,t,Q;2°,Q°) + KSEy(z,t,Q;2°,0Q°)
has the solution
E.(z,t,9;2°,Q% = (vt — |z — 2°|)g(z,t,Q)

with g(z,t,92) € L>°(K). We obtain the conclusion of the theorem.

Acknowledgements. I would like to thank Professor Natterer for fruitful com-
ments. Some of this work was carried out at the Institute for Mathematics and Its
Applications (IMA) at the University of Minnesota. I would like to also thank the

IMA for financial support.



32

10.

11.

12.
13.

14.

15.

16.

ANATOLY BONDARENKO

REFERENCES

J. Hadamard, Le probleme de Cauchy et les equations auz derivees partielles lineaires hyper-
boliques, Hermann, Paris (1932).

. J. Weiss, M. Tabor, and G. Carnevale, The Painleve property for partial differential equations,

J. Math. Phys. 24 (1983), 522-526.

. L. Hérmander, The spectral function of an elliptic operator, Acta Math. 121 (1968), 193-218.
. V.M. Babich, Hadamard’s ansatz, its analogies, generalizations, applications, Algebra and

Analysis 3 (1991), 1-37.

. F. John, Plane waves and spherical means, New York (1955).
. A.N. Bondarenko, Structure of singularities of the fundamental solution of the transport equa-

tion and inverse problems in particles scattering theory, Dokl. Akad. Nauk SSSR 322 (1992),
274-276.

. V.S. Antiufeev and A.N. Bondarenko, X-ray tomography in scattering media, SIAM J. Appl.

Math. 56, 2 (1996), 573-587.

B. Davison, Neutron Transport Theory, The Claderon Press, Oxford (1958).

J. Hejtmanek, Scattering theory of the linear Boltzmannoperator, Commun. Math. Phys. 43
(1975), 109-120.

B. Simon, Ezistence of the scattering matriz for the linearized Boltzmann equation, Commun.
Math. Phys. 41 (1975), 99-108.

A.N. Bondarenko, On the structure of the fundamental solution of the time-independent trans-
port equation, Preprint of Institute of Mathematics 31 (1996), 20.

F. Natterer, The Mathematical of Computerized Topography, B.G. Teubner, Stuttgart (1986).
O. Dorn, Das inverse Transport Problem in der Laser Tomography, Thesis, Universitat
Miinster (1997).

M. Choulli and P. Stefanov, Inverse scattering and inverse oundary value problems for the
linear Boltrmann equation, Comm. Pure and Appl. Diff. 21 (5,6) (1996), 763-785.

A. Friedman, Generalized Functions and Partial Differential Equations, Prentice-Hall, Inc.
(1963), 340 pp.

J.D. Bjorken and S.D. Drell, Relativistic Quantum Mechanics. (1964), 300 pp.



1381

1382
1383
1384
1385
1386
1387
1388

1389

1390
1391

1392
1393
1394
1395
1396
1397

1398
1399
1400
1401
1402
1403
1404
1405
1406

1407
1408

1409
1410
1411
1412
1413
1414
1415

1416

1417
1418
1419
1420
1421
1422

1423
1424

1425
1426

Recent IMA Preprints
# Author/s Title

P. Morin & R.D. Spies, Convergent spectral approximations for the thermomechanical processes in shape memory
allows

D.N. Arnold & X. Liu, Interior estimates for a low order finite element method for the Reissner-Mindlin plate model
D.N. Arnold & R.S. Falk, Analysis of a linear-linear finite element for the Reissner-Mindlin plate model

D.N. Arnold, R.S. Falk & R. Winther, Preconditioning in H(div) and applications

M. Lavrentiev, Nonlinear parabolic problems possessing solutions with unbounded gradients

O.P. Bruno & P. Laurence, Existence of three-dimensional toroidal MHD equilibria with nonconstant pressure
O.P. Bruno, F. Reitich, & P.H. Leo, The overall elastic energy of polycrystallin martensitic solids

M. Fila & H.A. Levine, On critical exponents for a semilinear parabolic system coupled in an equation and a boundary
condition

J.M. Berg, W.G. Frazier, A. Chaudhary, & S.S. Banda, Optimal open-loop ram velocity profiles for isothermal
forging: A variational approach

J.M. Berg & H.G. Kwatny, Unfolding the zero structure of a linear control system

A. Sei, High order finite-difference approximations of the wave equation with absorbing boundary conditions: A stability
analysis

A.V. Coward & Y.Y. Renardy, Small amplitude oscillatory forcing on two-layer plane channel flow

V.A. Pliss & G.R. Sell, Approximation dynamics and the stability of invariant sets

J.G. Cao & P. Roblin, A new computational model for heterojunction resonant tunneling diode

C. Liu, Inverse obstacle problem: Local uniqueness for rougher obstacles and the identification of a ball

K.A. Pericak-Spector & S.J. Spector, Dynamic cavitation with shocks in nonlinear elasticity

G. Avalos & I. Lasiecka, Exponential stability of a thermoelastic system without mechanical dissipation II: The case
of simply supported boundary conditions

B. Brighi & M. Chipot, Approximation of infima in the calculus of variations

G. Avalos, Concerning the well-posedness of a nonlinearly coupled semilinear wave and beam-like equation

R. Lipton, Variational methods, bounds and size effects for composites with highly conducting interface

B.T. Hayes & P.G. LeFloch, Non-classical shock waves in scalar conservation laws

K.T. Joseph & P.G. LeFloch, Boundary layers in weak solutions to hyperbolic conservation laws

Y. Diao, C. Ernst, & E.J.J. Van Rensburg, Energies of knots

Xiaofeng Ren, Multi-layer local minimum solutions of the bistable equation in an infinite tube

Vlastimil Ptdk, Krylov sequences and orthogonal polynomials

T. Aktosun, M. Klaus, & C. van der Mee, Factorization of scattering matrices due to aprtitioning of potentials in
one-dimensional Schrodinger-type equations

C.-S. Man & R. Paroni, On the separation of stress-induced and texture-induced birefringence in acoustoelasticity
D.N. Arnold, R.S. Falk, & R. Winther, Preconditioning discrete approximations of the Reissner-Mindlin plate
model

M.A. Kouritzin, On exact filters for continuous signals with discrete observations

R. Lipton, The second Stekloff eigenvalue and energy dissipation inequalities for functionals with surface energy

R. Lipton, The second Stekloff eigenvalue of an inclusion and new size effects for composites with imperfect interface
W. Littman & B. Liu, The regularity and singularity of solutions of certain elliptic problems on polygonal domains
C.R. Collins, Spurious oscillations are not fatal in computing microstructures

M.A. Horn, Sharp trace regularity for the solutions of the equations of dynamic elasticity

A. Friedman, B. Hu & Y. Liu, A boundary value problem for the Poisson equation with multi-scale oscillating
boundary

P. Bauman, D. Phillips & Q. Tang, Stable nucleation for the Ginzburg-Landau system with an applied magnetic
field

J.M. Berg, A strain profile for robust control of microstructure using dynamic recrystallization

P. Kloucéek, Toward the computational modeling of nonequilibrium thermodynamics of the Martensitic transformations
S. Chawla & S.M. Lenhart, Application of optimal control theory to in Situ bioremediation

B. Li & M. Luskin, Nonconforming finite element approximation of crystalline microstructure

H. Kang & J.K. Seo, Inverse conductivity problem with one measurement: Uniqueness of balls in R3

Avner Friedman & Robert Gulliver, Organizers, Mathematical modeling for instructors, July 29 — August 16,
1996

G. Friesecke, Pair correlations and exchange phenomena in the free electron gas

Y.A. Li & P.J. Olver, Convergence of solitary-wave solutions in a perturbed Bi-Hamiltonian dynamical system
I. Compactons and Peakons II. Complex Analytic Behavior III. Convergence to Non-Analytic Solutions

C. Huang, On boundary regularity of vortex patches for 3D incompressible euler systems

C. Huang, A free boundary problem with nonlinear jump and kinetics on the free boundaries



1427
1428
1429
1430
1431
1432
1433
1434
1435
1436
1437
1438
1439
1440
1441
1442

1443
1444
1445
1446
1447
1448
1449
1450
1451
1452
1453
1454

1455
1456
1457

1458

1459
1460
1461

1462
1463
1464
1465
1466

1467
1468

1469
1470
1471
1472

1473
1474
1475
1476
1477
1478

X. Chen, C. Huang & J. Zhao, A nonlinear parabolic equation modeling surfactant diffusion

A. Friedman & B. Hu, Optimal control of chemical vapor deposition reactor

A. Friedman & B. Hu, A non-stationary multi-scale oscillating free boundary for the Laplace and heat equations
X. Chen, Existence, uniqueness, and asymptotic stability of traveling waves in nonlocal evolution equations

J. Yong, Finding adapted solutions of forward-backward stochastic differential equations — Methods of continuation
J. Yong, Linear forward-backward stochastic differential equations

D.A. Dawson & M.A. Kouritzin, Invariance principles for parabolic equations with random coeflicients

R. Lipton, Energy minimizing configurations for mixtures of two imperfectly bonded conductors

D.C. Dobson & F. Santosa, Nondestructive evaluation of plates using Eddy current methods

W. Littman & B. Liu, On the spectral properties and stabilization of acoustic flow

. Sarkar & S. Sundar Sarkar, Normal distribution as a method for data replication in a parallel data server

. Sarkar & S. Sundar Sarkar, Parallel view materialization with dynamic load balancing: A graph theoretic approach
. Sarkar & S. Sundar Sarkar, Internet and relational databases in a multi-tier client/server model

. Liang & S. Subramaniam, Numerical computing of molecular electrostatics through boundary integral equations
. Wu, Inviscid limits and regularity estimates for the solutions of the 2-D dissipative quasi-geostrophic equations

. Constantin & J. Wu, Statistical solutions of the Navier-Stokes equations on the phase space of vorticity and the
inviscid limits

M.A. Kouritzin, Stochastic processes and perturbation problems defined by parabolic equations with a small parameter
M.A. Kouritzin, Approximations for singularly perturbed parabolic equations of arbitrary order

. Novick-Cohen Triple junction motion for Allen-Cahn/Cahn-Hilliard systems

. Klouéek, Approximations of the laminated microstructures

. Sarkar & S.S. Sarkar, A graph theoretic approach for parallel view materialization with dynamic load balancing
. Chawla, A minmax problem for parabolic systems with competitive interactions

. Luong & F. Santosa, Quantitative imaging of corrosion in plates by Eddy current methods

. Jordan & B. Turkington, Ideal magnetofluid turbulence in two dimensions

M. Fels & P.J. Olver, Moving coframes. 1. A practical algorithm

S.Y. Maliassov, On the Schwarz alternating method for eigenvalue problems

R. Lipton, Design of particle reinforced heat conducting composites with interfacial thermal barriers

J. Berg, A. Yezzi, & A. Tannenbaum, Phase transitions, curve evolution, and the control of semiconductor manu-
facturing processes

G. Avalos & I. Lasiecka, Uniform decay rates of solutions to a structural acoustics model with nonlinear dissipation
M. Nitsche, Siemens/IMA technical report

L. Wang, J.A. Cox, & A. Friedman, Model analysis of homogeneous optical waveguides by boundary integral
method

C.P. Fung & S. Lototsky, Nonlinear filtering: Separation of parameters and observations using Galerkin approxima-
tion and Wiener chaos decomposition

S. Northshield, Several proofs of IThara’s theorem

T. Aktosun, M. Klaus & C. van der Mee, Wave scattering in one dimension with absorption

F. Santosa, M. Vogelius, & J.-M. Xu, An effective nonlinear boundary condition for a corroding surface. Identifi-
cation of the damage based on electrostatic data

J. Wu, Well-posedness of a semilinear heat equation with weak initial data

J. Wu, Quasi-geostrophic type equations with weak initial data

J. Ma & J. Yong, Approximate solvability of forward-backward stochastic differential equations

T.-P. Tsai, On Leray’s self-similar solutions of the Navier-Stokes equations satisfying local energy estimates

M.K. Gobbert, T.P. Merchant, L.J. Borucki, & T.S. Cale, A multiscale simulator for low pressure chemical
vapor deposition

M.C. Tesi, E.J. Janse van Rensburg, E. Orlandini, & S.G. Whittington, Torsion of polygons in 22

M. Grinfeld & A. Novick-Cohen, The viscous Cahn-Hilliard equation: Morse decomposition and structure of the
global attractor

M. Mascagni, Polynomial versus matrix methods for leap-ahead in shift-register type pseudorandom number generators
M. Mascagni, Parallel linear congruential generators with prime moduli

B. Li & M. Luskin, Approximation of a Martensitic laminate with varying volume fractions

D. Yang, Stabilized schemes for mixed finite element methods with applications to elasticity and compressible flow
problems '

P.J. Olver & V.V. Sokolov, Integrable evolution equations on associative algebras

A. Bondarenko, Singular structure of the fundamental solution of the transport equation

S. Sarkar & S.S. Sarkar, Views and data mining in a parallel data server

P.E. Bigeleisen & M. Cheney, Models for an anesthesia breathing circuit

R. Lipton, Influence of interfacial surface conduction on the DC electrical conductivity of particle reinforced composites
B. Cockburn & C.-W. Shu, The local discontinuous Galerkin method for time-dependent convection-diffusion systems

e n®

e BRI IS



