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Abstract
We present some mathematical theorems which are used to generalize
previous results on the existence of maximal elements and of equilibria.
Our main theorem in this paper is a new existence proof of an equili-
brium in an abstract economy, which is closely related to a previous
result of Shafer-Sonnenschein and Borglin-Keiding, but allows for an

infinite number of commodities and a countably infinite number of agents.



1. Introduction

The purpose of this paper is two-fold. First, to prove the existence of
maximal elements over compact subsets of Hausdorff limear topological spaces
generalizing the previous results of Fan [9], Sonnenschein [22], Borglin-Keiding
[5] and Aliprantis-Brown [1]. Second, to prove the existence of an equilibrium
for an abstract economy és defined in Shafer-Sonnenschein [20] and Borglin-
Keiding [5]. This theorem is closely related to a previous result of Borglin-
Keiding {5, p. 315] but allows for an infiniﬁe number of commodities and a
countably infinite number of traders.

It should be emphasized that the method of proof given in Borgiin—Keiding
[5, p- 315] cannot be carried out to allow for an infinite number of commodities
and a countably "infinite number of agents. In particular, it fails due to the
fact that the countably infinite intersection of open sets in a linear
topological space need not be open}- Thus, to allow for double infinity, i.e.,
infinite number of traders and commodities, a new prodf of a novel type is
required.

In .order to pro&e our results we develop some technical tools. In parti-
cular, we offer two new mathematical results, namely,a selection theorem and
a fixed point theorem.

The paper proceeds as follows. Section 2 contains notation and defini--
tions. Section 3 presents some mathematical theorems, which constitute the-
main technical tools used to prove our main results in the next sections. We
remark that those technical theorems are quite general and may be useful to

a wide field of problems in economics. Section 4 provides a clear understanding



of the relationship between preference correspondences which are lower-semi-
continuous and preference correspondences which have open sections. Section 5
contains results on.the existence of maximal elements. Section 6 presents a

proof of existence of equilibrium for an abstract economy. Finally, Section 7

contains some technical remarks.

2. Notation and Definitions

2.1 ﬁota&ion~ ‘

ZA denotes the set of all subsets of A .

conA denotes the convex hull of the set A .

clA denoﬁes the closure of the set A .

R | denotes the set of real numbers.

If ¢: x—>2Y is a correspondence (plA denotes the restriction of

@ to A, L., A2,

2.2 Definitions

Let X,Y be two topological spaces. A correspondence ¢:X- 2Y is

said to be lower-semicontinuous (l.s.c.) if the set {x€X:@x)[I1V#¢} is
open in X for every open subset V of Y . A correspondence ¢:X— 2Y is
said to be upper-semicontinuous (u.s.c.) if the set {x€X:q@(x) =V} is

open in X for every open subset V of Y . A correspondence ¢: )(-»2Y has

an open graph if the set G(p = {(x,y)EXxY: yE@(x)} dis open in XxY .



3. Preliminary Results

3.1 A Selection Theorem

Let A(Y) be the set of all nonenpty, convex subsets of Y whichare either
finite—dimensionél or closed or have an interior point. Michael [17, Theorem

3.1"', p. 368] showed that if X dis a T,-~space and Y is a separable Banach

1
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space,” then any l.s.c. correspondence @:X->A(Y) admits a continuous selec-

tion, i.e., there exists a continuous function £ :X-Y such that f(x)€@(x)
for all x€X. |

However, the condition that Y is a separable Banach space cannot be relaxed in
Theorem 3.1"" in [17}. Specifically, the counterexample given in [17, p. 374] shows
that Theorem 3.1"' in [17] fails if the Banach space is not separable. Below we
prove a related result to Theorem 3.1"' in [17] which extends Y from a separable
Bar;ach space to a linear topological space. This selection theorem is the key

mathematical tool to prove our main result in Section 6.

Theorem 3.1l: Let X be a paracompactaﬂausdorff space and Y be a

linear topological space. Suppose @:X-> 2Y is a correspondence such that

(€9) for each x€X, @(x) 1is nonenmpty.
(ii) for each x€X, @(x) is convex.

(iii) for each y€Y, (i)‘l(y) = {x€X:y€E@(x)} is open in X .

Then there exists a continuous function £ :X->Y such that f(x)€¢@(x) for

all x€X.

Proof: For each ye€Y <§l(y) is open in X , and by (i), for

each x€X there is a y€Y such that x€<§1(y) . Hence, the collection



Cc = {q;l(y) :y€Y} 1is an open cover of X . Since X 1s paracompact, there

is an open locally finite refinement F = {Ua :a€A} of C {18,

p. 831]. (A is an index set and Ua is an open set in X .) By Proposition 2

in [18, p. 833) we can find a family of continuous functions {ga :a€A} such

that ga:X'-*[O,ll R ga(x) = 0 for xﬁUa and aEAga(X) =1 for all x&X.

For each a€A choose yaéY such that UaC; (ﬁl(ya) . This can be done since

F is a refinement of C . Define f£:X-*Y by f(x) = X g (x)y , for all
aga a

x€X. By local finiteness of F , each x&€X has a neighborhood Nx which

intersects only finitely many Ua '

s. Henée, f(x) d4is a finite sum of continuous
functions on Nx and is therefore continuc;us on Nx . So f vis a coﬁtinuous
function from X to Y . Further, for any a€A such that ga(x) £0

x€ UaC cﬁl(ya) and so yae @(x). Thus, £(x) is a convex combination of

elements Y, in @(x) and so f(x)e€@(x) for all xEX.A S .E.D.

3.2 Fixed Point Theorems

Using Theorem 3.1 in conjunction with an extension of Schauder's fixed point

theorem [21, p. 33] we can prove the folloxir’i:ig fixed point result.

Theorem 3.2: Lét X be a paracompact, convex, nonempty subset of a Hausdorff
locally convex linear topological space; D be a compact subset of X ; and
P:X~> 2D be a corréspondence such that for all x€X P(x) ' is convex and non-
empty. If for all yé&D P.l(y) = {xéx : yEP(x)} is op‘env in X , then there

exists x*€D such that x*€P(x*).

Proof: For all x€X P(x) is convex, nonempty and for each yé€X

I;-I(y) is open in X . Heunce, by Theorem 3.1 there exists a continuous function



f :X>X such that £(x)EP(x) forall x€X. By Theorem 4.5.1 [21, p. 33],

there exists x*€X suchthat x* = f(x*)eP(x*)C: D. Q.E.D.

We will now prove an analogous result for a Hausdorff linear topological

space E , which need not be locally convex.

'
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Theorem 3.3: Let X be a compact, convex, nonempty subset of Hausdorff
linear topological space E and P : X~ 2X be a correspondence such that for all
x€X P(x) is convex and nonempty. If for each y€X P_l(y) = {x€X:yEP(x)}

is open in X , then there exists x*€X such that x*epP(x*).

Proof:  Since for each yé&X the set f'—l(y). is open in X and each x€X
is at least in one of these open sets, the collection {P—l(y) :y€X} is an open
cover of X . Sxi;nce X is compact, there exists a finite set {yl, ceny yn}
such that ngyl P_l(yi) . Let {gl, cees gn} be a continuous partition of
unity subordinated to the above covering [18, Proposition 2, p. 833], i.e.,
each gi: X - [0,1] is continuous and gi(x) =0 for xél;l(yi) and
iglgi(X) = 1 for all x€X. Define the continuous mapping f :}x—$x by
f(x) = igl gi(x)y:t . Note, that for any i such that gi(x) £ 0,
xefl(yi) or yie P(x) . Hence, £(x) is a convex .combination of points
' in the convex set P(x) and so f(x)E?(x) for all x€X. Let S be the
finite dimensional simplex spanned by the finite set {yl, ceey yn} . Since
the topology induced on any finite dimensional subspace of E by the topology
of E coincides with the Euclidean topology [11, Theorem 7.3, p. 59], f:S~>S

is a continuous mapping of a finite dimensional simplex S into itself. By

Brouwer's fixed point theorem there exists x*€S such that x* = f(x*)€ P(x*) .

Q.E.D.



In a Euclidean space R" the assumption in Theorems 3.2 and 3.3 that for
-1
each y€X P (y) 4is open in X can be weakened, to the condition that P:X—> ZX
is 1l.s.c. The following elementary fixed point theorem is implicitly in Gale-

Mas-Colell [10], but it is not given in the present form.

Thearem 3.4: Let X be a nonempty, compact, convex subset of 'Rn ., and
let P: X-’Zx be a l.s.c. correspondence such that for all x€X P(x) is

nonempty and convex. Then there exists x*€X such that x*GP(x*) .

Proof: Since P: X~>2x is a l.s.c. éorrespondence with c;onvex and non-
.empty values by Theorem 3.1'" in [17], there exists a continuous function
f: X+X such that for all x€X f£f(x)€EP(x). Since f is a continuous
mapping from a nonempty,. compact, convex set X into itself by Brouwer's fixed

point theorem, there exists x*€X such that x* = f(x*)EP(x*) . Q.E.D.

4. Lower-Semicontinuous and Open Sectioned Preferences

Let X be a topological space. A binary relation P on X is a subset
of XxX . Weread (x,¥)EP as "x is preferred to y." Define the corre-
spondence P : X->2x by P(x) = {y€X: (y,x)EP} and the correspondence

x->2X by P-!(y) = {x€X:y€EP(x)}. We call P(x) the upper contour set

or upper section of P and P-l(y) the lower contour set or lower sectio_h of
P . We say that PCXxX has an open graph if the set
G = {(y,x)€EXxX: (y,x)EP} is open in XxX .

Although the relationship of open graph and openness of lower.and upper
sections‘:is known (see [4‘]), the relationship of open sections with lower semi-;

continuity is still unknown. Below we examine this relationship.



Proposition 4.1: If for each ye€X P—x(y) is open in X , then P

is l.s.c.

Proof: We must show that the set {x€X: P(x)n V#¢} is open in X

whenever V is anopen subset of X. It is easy to check that for any VCX:

6.1) {x€x:Ppx)AV#e} = U Fley) .
yeEV

= =
Since by assumption P (y) dis.open in X, PIQ) has the same property as
€ .

y .
being the union of open sets in X. Hence,by (4.1) it follows that the set

{x€X:Px)VV#¢} is open in X whenever V 1is an open subset of X .

Q.E.D.

Consequently, P is 1.s.c.

Corollary 4.1: If G = {(,x)EXxX: (y,x)EP} 1is open in XxX , then

for all xeX, P(x) is open in X and P is l.s.c. .

Proof: Since G is open in XxX, the sets P(x) and P-l(y) are open

in X . But if P (y) dis open in X , by Proposition 4.1 P is l.s.c.

.E.D.

Remark 4.1: If P is 1.s.c. them for each yeX P_l,(y) may not be

open in X.

Proof: Let P : R-> Z]R be given by P(x) = [-x,%) . Then

[}

Ply) = {x:yer(x)} {x:ye[-x,o)}
= ix:-x<y}
= {x:x> -y}

= [—y’.oo) L.



Notice that I-’-l(y) is not open in R . However, we will show that P

is l.s.c. Since we have proved (Proposition 4.1) that

U P-l(y) = {x:P(x)NV#¢} whenever V 1is an open subset of IR, then it
yEV

is sufficient to shcm; that lGJV P_x(y) is open. To this end let V be an open
y

subset of R. Define b = sup{v:v€V}, and observe that b >v for all

vEV. We will show that ylEJV P-I(y) = (~b, ) . Indeed, note that
x €(~b, ®) <= | -b < x-
< b>-Xx
< b>y>-x% for scme YEV
e -y x for some yEV
e x€l-y,*) for some YEV
<> x€P_1(y) for some yEV
<=3

xe U P& .
yev

Thus U P-l(y) = (~b,®®) which is an open subset of R, and conse-
‘yEV ’ ' ) :

quently, P is l.s.c.

g.E'D‘

Hence, we conclude that the assumption that the preference correspondence

P: X->2x has an open graph is stronger than the assumption that P 1is l.s.c.

and the upper contour set is open. Furthermore, if the lower contour set is

open, the upper contour set is l.s.c. but the reverse may not be true.

5. Existence of Maximal Elements

Let X be a nonempty subset of a topological space and P: X->2x be a
preference correspondence defined by P(x) = {yE.X: (y,x)EP}. If there exists

x*€X such that P(x*) = ¢, then x* is said tobe a maximal element in X .

-~



Let X,Y be topological spaces. A correspondence ¢: X—h’!Y is said to

have open lower sections if the set @l(y) = {x€X:yep(x)} 1is open in X

for every y in Y .

Lemma 5.1: Let X,Y be linear topological spaces and (p:.X-*ZY be a
correspondence with open lower sections. Define the correspondence V: X~»>2"

by Y(x) =con@(x) for all x€X. Then V¥ has open lower sections.

-3 i )
Proof: Let yOEY and xOE\!I (yo) . We shall exhibit an open set .U in
. —l N ’
. X such that xOGUC'_'\[l (yo) . Since y’OE \Il(xo) = con (p(xo) , we can find

: n
Yyseeer ¥, in (p(xo) and reals ayseees suck that ai>-0 s &oa, =1

i=1 1
n ~1
and y, = 2 a.y. . For each i=1l,...,n, @ (y.) is open in X and
0 =1 i'd 1 .
- n - . ;
x Eq)l(y.) . Define U = [] (pl(y.) . Then x €U , U is open in X . To
0 p & i=1 1 0

—l -
complete the proof we must show that U (yo) . Let x€U, then xE(p!(yi)
n -1
or yiE(p(x) for all i=l,...,n. Hence, Yo = iglaiyiE\ll(x) y L.e., x€V¥ (yo) o

-1
Consequently, _x0§UC\P (yo) . ‘ , QED.

The following theorem extends the Sonnenschein {21, Theorem 4, p. 219)
result to Hausdorff linear topological spaces. It alsc generalizes slightly

the results of Ky Fan [9, Lemma 4] (see also [5, p. 313]) and Aliprantis-Brown

{1, Theorem 2.1].

Theorem 5.1: Let X be a compact, convex subset of a Hausdorff linear
topological space and P: X-*Zx be a correspondence such that for all x€X
-1
xéconP(x) . 1f for each y€X P (y) = {x€X:y€P(x)} is open in X , then

there exists x*€X such that P(x*) = ¢ .

Proof: Suppose otherwise, i.e., for all x&€X P(x) # ¢. Then the

correspondence (p:)(~>2x defined by ¢@(x) = conP(x) for all x€X is
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convex and nonempty valued. By Lemma 5.1 for each ye€X

-1 :

@ (y) = {x€X:ye@p(x)} is open in X . Hence, by Theorem 3.3 there exists
x*€X such that x*€ Cp(x*) = con P(x*) , a contradiction to the assumption

that for all x€X xgconP(x). _ Q.E.D.

In a Fuclidean space R" the assumption that for all yé€X P—l(y) is
opeﬁ in X can be weakened in a simple way.
The following theorem slightiy generalizes the Sonnenschein [21, Theorem.

4, p. 219] result.

Theorem 5.2: Let X be a nonempty, compact, convex subset of Rr" , and
P :'X->2x be a l.s.c. correspondence such that for .all x€X xfgconP(x) . Then -

there exists x*€X such that P(x*) = ¢ .

Proof: Suppose that for all x€X P(x) # ¢ . Then the correspondence
Q: X—>2X defined by ¢(x) = conP(x) for all x€X is convex, nonempty valued
and by Proposition 2.6 in [17] l.s.c. By Theorem 3.4 there exists x*€X such

that x*€@(x*) = conP(x*) , a contradiction. ' Q.E.D.

We now extend Theorem 5.1 to a more gemeral class of preference correspon-

dences. We will need the following definition.

Definition 5.1: Let X be a subset of a linear topological space. A

correspondence @: x—>2x is said to be of class L , if

(i) xﬁcon(p(x) for all x€&X .

Gi) ¢(y) = {x€X:yep(x)} is open in X for all yEX .
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Let Y: )(-*2X be a correspondence. The correspondence (px: x—»zx is an [-
majorant of Y at x if P, isof class [ and there is an open neighborhood
Nx of x such that for all zENx \l!(z)C(px(z) . The correspondence
/- X~>2X is L-majorized if for eaeh x€X such that WY(x) # ¢ , there
is an l-majorant of Y at x .

The following corollary of Theorem 5.1 generalizes Corollary 1 in [5,

p. 314] and it can be used to provide their results.

Corollary 5.1: Let X be a nonempty, compact, convex subéet of a

E Hausdorff linear topological space and P: X->2x be L-majorized. Then

there exists x*ex such that P&*) = ¢ .

Proof: It follows from Theorem 5.1 using the same argument adopted in

[5, Corollary 1, p. 314].

The following result is not implied by any of the above theorems since it
requires neither the range of the preference correspondence to be convex nor

the domain to be compact.

Theorem 5.3: Let X be a nonempty, paracompact, convex subset of a
Hausdorff locally convex linear topological space and D be a compact subset
of X. Let P:X-> 2D be a correspondence such that for all x€D xgﬁcon P(x) .
If for all yé€D P—I(y) = {x€X:y€P(x)} is open in X , then there exists

x*¥€X such that P(x*) = ¢ .

Proof: Suppose not, i.e., for all x€X P(x) # ¢ . Then the corre—

spondence cp:X—*ZD defined by @(x) = conP(x) for all x€&X is convex
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and nonempty valued. By Lemma 5.1 for each yé€D (Ex(y) = {x€X:yepx)}
is open in X . By Theorem 3.2 there exists x*€D such that

x*E(p(x*) = con P(x*), a contradiction. Q.E.D.

6. Existence of Equilibrium

In this section we prove the existence of equilibrium for an abstract
economy with an infinite number of commodities and a countable number of agents..

Before we proceed to our main theorem we will need some facts.

Fact 6.1: Let X,Y be linear topological spaces, and ¢: X—>2Y .
e X->2Y be correspondences having open lower sections. Then the correspon-

dence ©O: X->2Y defined by B(x_) = (p(x)ﬂ Y(x) for all xEX“ _has open lower

sections.

- - -1
Proof: Simply, note that el(y) = (pl(y)ﬂ ¥ (y) . Since for all ye€Y

- —1 -
(pl(y)' and V¥ (y) are open in X, O l(y)-- is-open in X for all ye€Y. Q.E.D.

Fact 6.2: Let X,Y be two topological spaces and ¢: )(--*2Y be a corre-
spondence having open lower sections. Then the corxrespondence q)lF tE~ 2Y has

open lower sections for ECTX .

Proof: Since q;l(y) is open in ' X for every y€Y, then the set

el 51()’) = {x€E: yeq@(x)} is open in E . .E.D.

Lemma 6.1: Let X,Y be topological spaces and EC X be open in X .
Let ¢: X~ 2Y be an u.s.c. correspondence and £ :E->Y be a continuous selection

from (plF. Then the correspondence y : Xx+2Y defined by
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{f(x)} if x€E
Y(x) =
@ (%) if xfE

is u.s.c.

Proof: We must show that the set K {x€X: Y(x)CC V} is open in X

for every open subset V of Y . Let A {x€X:@x)CV} and

B = {x€E: f(x)EV}. It can be easily checked that K = AUB. It follows
from the u.s.c. of ¢ that A is open in- X . By continuity of f,B is
open in E and hence is open in X since E is open in X . Thus, K is

open in X . LE.D.

._Let:» the. set of agents be ..;ny countabie_..s_et' ~ denated by "1 . For each
i€l
. X.
is defined as a family of ordered triples (X,,A.,P.),where A,: M X -2 *
h iR S 3 1 jEI j
X

and Pi: I Xj-*Z i are correspondences. An equilibrium? for I’ is an

jel ‘
ex = 1 X, satisfying for'each ‘i€l

i€l 3 .

i€l let Xi be a nonempty set. An abstract economy r = (xi’Ai’Pi)

(i) x’;ecﬂAi =*)

Gi) PGMNAGH = ¢ .
We can now state our main result.

Theorem 6.1: Let I' = (Xi’ Ai, Pi)iGI be an abstract economy satisfying

for each 1€I1

(i) X:.L is a nonempty, compact, convex, metrizable subset of a locally convex

linear topological space;

(i) Ai(x) is convex and nonempty for all x€X ;

-
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(iii) The correspondence Ki : )(—J*ZXi defined by Ki(x) = CQAi(x) for all
x€X 1s u.s.c.

(iv) Ai has open lower sections;

v) Pi has open lower sections;

(vi) x;¢conP (x) for all x€X.
Then I’ has an equilibrium.

Proof: Define for each i€I the ;orrespondence (pi:-X—* 2_xi by
(pi(x) = Ai(x)ﬂ conPi(x) for all x€X. By Lemma 5.1 and Fact 6.1 @ hés
open lower sections. Hence, by Proposition 4.1 (pi: X~ 2xi 15 l.s.c. and so
the set Ui = {XGX:(pi(x) # ¢} is opens in X . Since X is a
metrizable space [11, p. _50], Ui .is paracompact [18, p. 835]. Furth_er, ,th?-
cofreSpandénce ‘ (pilui: Ui-> 2xi is nonempty, conQex valued and by Fagi 6.2 has
open lower sections. Hence, by Theorem 3.1 there exists a continuous function
fi : Ui-> )(i such that fi(x)e q)i(x) for all eri . Define the correspondencg
F. cx>2 i by
i’ -

{fi(x)} if xEUi

Fi()‘) =
Ki(x) if x¢Ui

By Lemma 6.1 Fi is u.s.c. Define F:)(->2x by F(x) = ilEIIFi'(x) . By
Lemma 3 [8, p. 124] F 1is u.s.c. Since for each x€X F(x) is convex,
closed and nonempty, by Theorem 1 [8, p. 122] there exists x*€X such that
x*€F(x*). Note that for each i€I, 1f x*e Ui’ then

x: = fi(x*)Eq)i(x*)(:con Pi(x*) » a contradiction to (vi). Hence,

x"‘¢Ui and so for all i€I, x;GKi(x*) and | (pi(x*) = ¢, i.e.,

Ai(x*) N con I’i(x*) = ¢ which implies Ai(x*) nPi(x*) = ¢ . Consequently,

I’ has an equilibrium. Q.E.D.
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The following useful corollary of Theorem 6.1 may be of independent

interest.

Corollary 6.1: Let I'= (Xi’Ai’ Pi)iGI be an abstract economy satisfying.

for each i€I1

(1) )(i is a nonempty, weakly compact, convex subset of a separable
Banach space; |

(ii) Ai(x) is convex and nonempty for all x€X;

(iii) The correspondence Z\i: X 2Xi defined by Ki(x) = cQAi(x)‘ for all
x€X is u.s.c.. in the weak topology (see. [7, p. 4191);.

Gv) Ai has open lower sections with respect to the weak topology;

(v) Pi has open lower sections in the weak topology;

(vi) xifconPi(x) for all x€X.
Then I' has an equilibrium.

Proof: The proof follows from Theorem 6.1. Indeed,by Theorem 3 {7,
p. 434] the weak toﬁology of a weakly compact subset Xi of a separable

Banach space is a metric topology. .E.D.

7. Remarks

Remark 7.1: Theorem 6.1 was proved for metrizable subsets of a locally

convex linear topological space. We needed metrizablility in order to show
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that the set Ui- {xex :qﬁ(x)# ¢} 1is paracompact. Without the metrizability
assumption Ui may not be paracompact [18, p. 835} and, consequently,our
selection Theoremw 3.1 cannot be applied. Hence, we do not know if Theorem 6.1

can be extended to non-metrizable subsets without introducing additional assump-—

tions.

Remark 7.2: 1In Theorem 6.1 the assumption of metrizability cam be relaxed
if one introducés the assumption that thg set Ei = {xEX:.Pi(x)'#tp} is
" perfectly normal, i.e., every open subset of Ei is an Fy , where Fs; denotes
" the countable union of closed sets (see Michael [18]). Hence, since in the
proof of Theorem 6.1 Ui is an open subset of Ei , it is an Fy - Consequently,
by Proposition 3 ip {18, p._835]; Ui _ig paracompgct“and thereforg ‘the selection

Theorem 3.1 can be applied;

Remark 7.3: 1In Theorem 6.1 the set of agents I was assumed tobe a count-
able set. The reason for this is that, if gach Xi is a me;rizabl? sqbset of
a locally convex linear topological space, thén X'==iEIXi_ is méffizable if I
is a countable set [11, p.. 50)]. However, if the metrizability assumption is
relaxed'by'introduci;g the additional assumption that the set
E; = {x€eXx: Pi(x) #¢} is perfectly normal (Remark 7.2 abdve), then I can .
be any countable or uncountable set because X = II X, is a subset of a locally

' ier i
convex linear topological space [11, p. 47].

Remark 7.4: We will now give examples of locally convex linear topological

spaces which are metrizable:

6

(i) A normed space’ is a locally convex metrizable linear topological

space [3, Example 1, p. 249].
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(ii) A Banach space is a complete normed space’ and so it is a normed

space. Hence, it is a locally convex metrizable linear topological space.

(iii) Let p be a real number 1 < p <e . The space Qp consists of
all sequences of scalars {al,az,...} for which igﬂai[p < o , The norm of
an element x = {ai} in ¢, is defined by Hxl[==(i§;Jai[p)P. The space
2., consists of bounded sequences. The norm of an element x = {ai} in £
is defined by ||x]|_ = sx;p]ail . The space 2, 1< p<> is a Banach space
[16, Example 4, p. 36] and, consequently, it is a locally convex metrizable

linear topological space.

(iv)v The space Lp[O,l] consists of those reavl valued measurable functions
x. .on the interval [0,21] for whi_chllx(t)| P 1s Lebesgue integrable. The norm
is defined by ”x”p‘—" (f‘])‘[x(t)lpdt)-a . Lp[O,l] s 1Lpge is a Banach space
[16, Example 5,”p. 37] and,consequently, it is a locally convex metrizable linear
topological space.

(v) The space c{o0,1] of; continuous fuﬁctidns on {0,1] with norm
“x” = sué Ix(ﬁ)l is a Béna(gh épéce [16;Examp1e 1,p.34] and so it is a

0<t<1

locally convex metrizable linear topological space.

Remark 7.5: Theorem 6.1 remains true if assumption (i) is replaced By the

condition that -Xi is a nonempty, compact, convex subset of any of the five

spaces, i.e., (i-v) in Remark 7.4. Hence, the commodity space in Theorem 6.1
is general enough to include the separable Banach commodity spaces used in

Khan [12] and Prabhakar-Yannelis [19] and the space L used in Bewley [6].
Note that Qp and Lp y» 1 £p < * are separable Bax_lach spaces [16, p. 36 and:

p- 43].
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Footnotes

lye must note that the method of proof given in Shafer-Sonnenschein [20]
cannot be carried out in an infinite diﬁensional commodity space. In fact, it
fails due to the fact that the convex hull of an upper-semicontinuous corres—
pondence need not be upper-semicontinuous {see [15, p. 340}).

?gsee [ll? p. 58] for.a definition.

“ISee [i8, p: 831] ‘for a defifition.

3'Theorem 3.3 has been proved by F. Browder in Math Annalen 177,
283-301 (1968). We thank Kim Border for pdint this out to us.

‘This defiﬁition of an equilibrium is due to Borglin-Keiding [5, p. 315].

5Since @ is 1l.s.c., Ui={x€X:<pi(x)#¢}= (x€X:¢i(x)nxi?‘¢} is
open in - X .

8See [3, p. 231] for a definition. -

’See [3, p. 252] for a definition.
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