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HEAD-MEDIA INTERACTION IN MAGNETIC RECORDING

AVNER FRIEDMANx* AND BEI HUf{

Abstract. The head-tape interaction in magnetic recording is modelled by a coupled system of a
second order differential equation for the pressure and a fourth order differential equation for the tape
deflection. There is also the constraint that the spacing between the head and tape remains positive.
In this paper, we study the stationary 1-d case: we establish the existence of a smooth solution and
a boundary layer phenomenon observed both numerically and experimently. The 2-d case is briefly
discussed.

1. The model. The motion of magnetic media entrains air in between the head
and media that forms a thin air film separating the head and the media. Figure 1 shows

the one-dimensional head-media interaction system

Figure 1.

Here

y = length parameter,
u = deflection of the tape,

§ = the profile of the head,

and

h = the spacing between head and tape.

* Institute for Mathematics and Its Applications, University of Minnesota. Minneapolis, MN 55455.
Partially supported by National Science Foundation Grant DMS # 94-01251.

! Department of Mathematics, University of Notre Dame, Notre Dame, IN 46556. Partially sup-
ported by National Science Foundation Grant DMS # 92-24935.

1



This problem was studied numerically by several authors; see [1] [2] [6] and the
references therein.

The mathematical model for the air pressure p between the head and the tape is
based on the modified Reynolds equation, which is the lubrication approximation to
the Navier-Stokes equations (taking slip into account)

,0(ph)

12 +6V

ot Jdy w0y

d(ph) 6/\pa_a_<7lzg_1;> _ i(ﬁfﬁ@) —0, Ii<y<L,
Here

(= air viscosity,
A = mean free path length at ambient pressure,
p. = atmospheric pressure,

V' = tape velocity.

The tape deflection u satisfies the elasticity equation

0% 0*u 0*u 0% . -
9901 (T - PVz)a—gﬂ + Efgyj‘ = (P =Pz, 1), 0<y<L,

~

Ay,1) = 8(y) + hiy,1).

Here

p = mass density of the tape,
T = tape tension,
E = Young’s modulus of the tape,

I = second moment of inertia of the tape section.

Typical magnitudes of the above quantities are:

p=2x10""Kg/m-sec, A=6x10"%m, p, =8 x 10*N/m?,
V =25m/sec, p=4x10"2Kg/m? T =3 x10*N/m,
EI=2x10°N-m, L= 107 m, Ly—1IL, = 107%m,

where N =Newton. The spacing I is of order of magnitude of 107%m. For more details
on the model see [1] and [4; Chap. 3].

We shall consider the steady state and nondemensionalize the system by introducing

v =" e = 1,




We then obtain the following system:

d(ph) sg(ahz@_z; +ﬂh3p%) —0, Li<a< Lo

(1.1)

Oz oz 0

0*u 0*u ;
(1.2) —éﬁ-l-?]%:fﬂ(p—l)x[lmh], 0<a<lL,
(1.3) u(z) = h(z) +6(z), h(z)>0 if Ly <a < L,

e=0(10"%), B=0(1), a=0(10""), n=0(107?),
Ly— Ly =0(1), L=0(10), K=0(10").

The system is supplemented by the boundary conditions:

(1.4) p=1 at x =1Ly and 2 = Ly,
(1.5) uz%zO at v =0and z = L.

We assume throughout this paper that §(z) is in C*[Ly, Lo] and

8(z) >0, 68"(z)<0if Ly <z < Ly,
1.6 o(L
( ) ( 1) < 5/([/1)
L

THEOREM 1.1. There exist positive constants €%, n* such that if 0 < ¢ < €%,
0 < n < n*, then the system (1.1)~(1.6) has a classical solution (p, h,w) with p, h in
COO[Ll,LQ], and p > O, h >0 wn [Ll,LQ].

This result will be proved in Sections 2 - 5. In Section 6 we shall study the boundary
layer behavior of the solution as ¢ — 0, n — 0. Finally, in Section 7 we discuss the
two-dimensional case.

2. The special case n = 0, ¢ = 0. In the special case n = 0, ¢ = 0 the system
(1.1)—(1.3) reduces to

h
(2.1) a(apx)=0, h=u—6>0if Ly <z < Ly,
0%u , Y y
(22) —&3 =K (p — l)A{Ll’LQ] f0<z< L.

Since we are dealing with a singular perturbation, only some of the boundary conditions
n (1.4), (1.5) are preserved. As will be shown later on, the correct boundary conditions
for (2.1), (2.2) are:

p=1atax= L,

(2.4) vu=0atz=0and z = L.
3



From (2.1), we deduce that p - A =constant= C’; since p(L,) = 1

C = h(L1) =u(Lly)—6(Ly),
and (2.2) becomes

u(Ly) = 8(L1)

(25) — Ugpy = ](( u(m) — 5(£E) — 1>X[L1,Lg]'

To solve (2.5), (2.4) we use the shooting method: We solve (2.5) subject to the
initial conditions

(2.6) w(0) =0,uz(0) =k (>0)

and vary the parameter k. Any solution of (2.5), (2.6) is continued as long as it remains
larger than 6(z). We shall denote this solution (extended to its maximal existence
interval) by u(z, k). If £ < 6(L1)/L4, then the solution does not exist for x > L;; hence
we shall always take k > 6(Ly)/L;.

LEMMA 2.1. If k> 6§'(L1), then ug(x, k) > 0 for all x > 0.

Proof. 1t suffices to prove the lemma for k > ¢'(Ly). Introduce the linear function

v(z) = kx. Then u —v = (u—v), =0 at 2 = L;. Also uzx(L; +0,k) = 0 and

i
! (L)) > 0

Uzzz(L1 + 0, k) = (I k) = 6(L1)(k

so that wg;(x, k) > 0 in some interval Ly < @ < L; + ¢, and consequently (v —v), > 0,
(u—v)>0if L1 < 2 < Ly +¢&;. Let 2y denote the largest number < L, such that
(u—v); >0, (u—v)>01if Ly <z < 0. If 29 = L, then the lemma follows. Suppose
then that xg < Ly. Then u,(zo, k) = vz(zo) and

Ugz(To, k) < Vzz(T0) = 0.

However, since u(xg, k) > v(zo) and u(Ly, k) = v(Ly),

w(Ly, k) —6(Ly)
u(zo, k) — (o)

v(L1) = 6(La1) _ 1)

Ugg(To, k) = —K( v(zo) — 6(x0)

—1) > —K(
whereas, by (1.6)

v(zg) — 6(zo) > v(Ly) — 6(Ly) > 0.
It follows that wu,.(xo, k) > 0, a contradiction. g

6(51) <k <&(Ly). Then

1

LEMMA 2.2. Let

(2.7) Upr(2, k) <0 if0<a—L; <ée
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for some small ¢; > 0, and

(2.8) Uge(, k) will change sign at most once in the interval (Ly, Ly).

Proof. Since ug, (L1, k) = 0 and

K
(L1, k) —6(L)

um:x(Ll + Oa k) - u (k - 6/(L1)) < 07

(2.7) follows. To prove (2.8) suppose that ug.(z, k) changes sign and let Z denote the
first zero of ug,(x, k) in the interval (Ly, Ly), i.e.,

Ugzr(T, k) <0 if Ly <2 <T < Ly,
Uz (T, k) = 0.

From the differential equation for u it follows that

u(z, k) —6(z) <u(Ly, k) —6(L1) if L <z<T,

Hence

Since also
Uz (T, k) =0 > §"(T),
it follows that
ug(z, k) >8(z) if0<z—-T<o
for some o > 0, and therefore
u(z, k) —6(z) > u(T, k) — 6(T) = u(Ly, k) — 6(L1)  (by (2.5) and u,.(T, k) = 0),
so that, by the differential equation for u,
Ugr(T, k) >0 Hf0<2—-—T<o.

Since §” < 0, we can extend the solution beyond x = T + o; furthermore, as long as u,;

remains positive, we have uz(z, k) — §'(xz) > 0 and

u(x, k) — 6(x) > u(Ly, k) — 6(Ly),
5



and so, by the differential equation, u,, will remain uniformly positive. a
LEMMA 2.3. Suppose

6(L
u < k‘l < kz < 6I(L1)
L,

and
(2.9) Upz(2, k1) <0 for0<az<ZT and some Ly <T < Ly.
Then
(2.10) w(z, ke) — u(Ly, ko) > u(x, k) —u(Ly, k) for L) <z <7,
and
(2.11) ug(, ko) > ug(x, k) for0<a <T.

Proof. Since (2.10) is a consequence of (2.11) whereas (2.11) is already valid for
0 < z < Ly, it remains to prove that (2.11) holds for all  in (Ly,Z). If this is not the
case then there exists a point «* in (L1, T) such that

U(ZC,ICQ) — U(L1,k2) > U(Q?,kl) - U(Ll,kl), L] <r < LU*,

(2.12)
uz (T, k2) > ug(z,ky), 0<a<a*

and
ug (2%, ko) = ug(a™, ky).

It follows that uz(x*, kq) < ugze(z*, k1) <0, or, from the differential equation,

u( Ly, ky) — 6(L4) S w(Ly, k) — 6(Ly)
u(a*, ke) — 6(z*) — u(a*, ki) — 6(z*) "

Combining this with the first inequality in (2.12) for z = z*, we find that

u(z*, ky) — 6(z%)

> 1.
U(Ll, k‘l) — 6(L1)

This implies, by (2.5), that ugz.(z*, k) > 0, which is a contradiction. O

LEMMA 2.4. Let @ <k<8(Lv). If
1

(2.13) ug(z, k) > —C for Ly <z <T andsomeT € (L, Ls),

then u(z,k) > 6(x) and hence the solution u(x, k) can be extended beyond z = 7.
6



Proof. Since —uz, > —K in (L1, L2), uzy < K and u, is bounded from above.
Under the assumption (2.13) it then follows that u(z — 0, k) exists; further, by (2.13),

u(e k) <u(zk)+CT—2) flLi<z<z.

This implies that

; Ly, Ly _
—um(m,k)Zl(C(‘%_(z) )( IE)) ()—1> for 1 <z <.

We need to show that u(z, k) > 6(Z). Suppose u(T, k) = 6(7). Then, since C' may be
assumed to be larger than sup |é’|,

ur(T — 0, k) —ug(z, k) = /: Uz (€, k) dE
< —Ix/ ( u(Li, k) — 6(Lq) —1)d§:—oo

— &) +6(z) - 6(¢)
for L, < & < 7, which is a contradiction to (2.13). a
We define
F = inf{k >0, it [u(e )= 8(e)] >0 ¥ k<T<d (Ll)}.
Then
Sy 7« §'(Ly),
Ly

where the second inequality follows from Lemma 2.1.
LEMMA 2.5. There holds:

(2.14) u(z, k) > 6(z)  if L1 <z < Lo,
(2.15) u(La, k) = 6(Ly),

i.e., the mazimal existence interval for u(z, k) is 0 < x < Ly.
Remark 2.1. Since ug, has a fixed sign near @ = Lo, Lemma 2.4 and (2.15) imply
that

Proof. Suppose (2.14) is not true. Then there exists an 2* € (L1, L) such that

u(z, k) > 6(z) if Ly <z <a*,

As in Remark 2.1



and so for any large positive number N there is an 2™ < 2* (2* — 2** small) such that
ug(2**, k) < —3N; then also

ug(z*, k+0) < —2N
if o is positive and small enough. Since u,, < K, we deduce that
ug(z,k+0) < —N

for all 2** < = < L,. Taking N large enough we find that the curve y = u(z, k + o)
intersects the curve y = 6(x) at some point between @** and L, (in fact, near z*), and
this contradicts the definition of %.

Next, if (2.15) is not true, i.e., if u(La, k) > 6(Lq) then by continuity we have that
u(z,k — o) exists for all 0 < @ < Ly, for any o positive and small enough, and

inf  [u(z,k— o) —&(x)] > 0;

L1<z<L,

this however contradicts the definition of k. g
From (2.16), we have, for any N > 1,

Ug(Ly — 6, k) < —3N
if § is small enough and, by the continuous dependence of the solution on k,
ux(Lg — E,E"l" O') < —2N

if ¢ > 0 and small. Since ug, < K it follows that u,(z,k+0) < =N if 2 > Ly — §, and
therefore

(2.17) u(L,k+0)<0.
The inequality
U(LQ,E‘I‘ 0') — 6(.[12) < (E'{- O')Ll — (S(L])

is true for 0 = 0 and by continuity also for o > 0 and sufficiently small. It implies (by
the differential equation for u) that

(2.18) Ugg (Lo k +0) <0

and therefore, by Lemma 2.2,

(2.19) Upe(T, k+0) <0 if0<a< Ly



We now define

k* =sup {k; k€ (k,&(Ly)) and u(L, k) <0},
ko =inf {k; k€ (k,&(Ly)) and u(L, k) > 0}.

Lemma 2.1 and (2.17) show that k* and k. are well defined, and then, clearly, u(z, k*),
u(z, ki) are solutions of (2.5), (2.4).
LEMMA 2.6. For any solution u(z) of (2.5), (2.4),

(2.20) u(z, k) <u(z) <u(z,k*), 0<a<lL.

Proof. We shall show that any two non-identical solutions u;(z) and uy(z) cannot
intersect; this clearly implies the assertion (2.20), since k, < k < k* if u(z) = u(z, k).

If uy1(Ly) = ua(Lq) then obviously uy = u,. Hence we may suppose that uy(L;) #
uy(Ly). Consider for definiteness the case uq(Ly) > uz(Lq). Then

—(u1)pe = ]’(

or

_(ul):m: + F(Ul,flf) Z 0

where

UQ(Ll) — 5(L1)

F(s,z) = —K( S0 1)X{L1‘L2]-

Since —(u2)zr + F(ug, ) =0 and

0F(s,x) S0,
0s
the maximum principle shows that uy(z) > ug(z) for 0 < z < L. U

We summarize the main results of this section:

THEOREM 2.7. (i) There exists at least one classical solution to the system (2.1)-
(2.4); (i) No two distinct solutions of (2.5), (2.4) can intersect, and every solution u(z)
satisfies (2.20); (iii) For every solution u(x), wzs(L1 + &) < 0 for € positive and small,
and uzg can change sign at most once in the interval Ly < x < L,.

Remark 2.2. Tf

(2.21) Uge (2, ki) <0 for Ly < @ < Lo,
9



then the solution u(z) is unique. Indeed, if k& > ki, then w(Ly,k) > wu(Ly,k,) and,
by (2.10) of Lemma 2.3, u(Lg, k) > u(Ly, ki). Since, by (2.11) of Lemma 2.3, also
uz(Lo, k) > uz(Lq, ki), it follows that u(L,k) > 0.

Remark 2.3. 1t

_ (L)
L—L,

(2.22) §'(Ly) >

then (2.21) is valid, and so uniqueness holds. Indeed, if (2.21) is not valid, then

Uz (T, k)

« if L) <z <7,
Uz (T, k)

<0
>0 ifz<a<ly,

for some T € (Ly, Ly). Using the differential equation we see that the values of u(z, ki) —

6(x) at * < 7 are smaller than the values at x > Z, so that
uy(Z, k) > 8'(2)

and hence

6(L2)

Up( Loy ku) > up(T, ke) > 8'(Z) > 6'(Lg) > T L
— Lo

But this implies that u(L, k.) > 0, which is a contradiction.

Remark 2.4. For any solution of (2.5), (2.4), we have the bound

Indeed, if (2.23) is not true, then writing u(z) = u(z, k) we have k = u(Ly)/ L1 > §'(L4),
which contradicts Lemma 2.1.

We end this section by proving a uniqueness theorem for symmetric heads.
THEOREM 2.8. Suppose, in addition to (1.6), that

(2.24) 8(x) =6(2Lpm — ) for L, < < Ly

for some L,, such that

Li+ L,

(2.25) 5

< Lm <Ly, L—Ly<Ln.

Then the solution to the system (2.1)~(2.4) is unique.
Proof. According to Remark 2.2, it suffices to prove that wu.,(z, k) < 0 for Ly <
x < Ly. We first claim that

(2.26) Uz (T, k) <O for Ly < < Ly,

10



In fact, if this is not true, then by Lemma 2.2, there exists a point z € (L, L,,] such
that

(2.27) Uz (T, ke) <0 for L) <z <7,
(2.28) Uzzp(T, ki) >0 for T <z < Ly.

Notice that the assumption (2.24) implies that é'(L,,) = 0. Using the differential
equation, we obtain

Uy (Z, k) > 6'(%) > 6'(Ly) = 0.

By (2.28) we then have u,(z, k.) > 0 for all > Z, which is a contradiction.
Note that under the assumption (2.25), 2L,, — L > 0 and 2L,, — Ly > L. We next
claim that

(2.29) u(z, k) > u(2Ly, —z,k.) for 2L, — L < < Ly,.
To prove this, we let
v(z) = u(z, ki) — u(2Lm — 2, ky) for 2L, — L <z < Ly,.
Using (2.24) and (2.26), we find that v(z) satisfies
—Vge +e(z)v(z) >0 for 2L, — L < < Ly,
v(2L, — L) > 0, v(Ln) =0,

where
_ Klu(Li, k.) — 6(L1)]

[u(z, ks) — 6(2)][w(2Ly, — x, ki) — 6(2)]
Therefore the maximum principle implies that v(z) > 0, which is the assertion (2.29).
Using (2.29) in (2.5) we get ugz(z, k) > ugy(2Lm — x,ky) for 2L, — L < & < Ly,
and then, by (2.26), uze(2L, — 2, ks) < 0 for Ly < 2 < L,,. Consequently, altogether,
Ugz(2, ky) <0 for Ly <z < Ly. 0

c(z)

XLy,Lm) = 0.

3. A variational inequality for ¢ = 0, » = 0. We shall need to recast the
solution of (2.1)—(2.4) (or rather ((2.5), (2.4)) as a solution of a variational inequality.
We first note that from the results of §2 ((2.17)-(2.19)) it follows that if 0 < k — k < 1,
then

Ugz (2, k) <0 for Ly <z < Ly—0

and u(L,k) < 0. It follows that if a is positive and sufficiently small, then there exists

a solution of

L) —6(L,
(31) Qez = *l((% — 1)X[L1,L2]’ O<z< L,
(3.2) 9(0) =—a, g(L)<0

11



and
(3.3) u(z, k) —g(z)>m>0 for0<z<L,

where m is a constant; in fact, ¢’(0) = k where 0 < k — k < 1. We introduce a

truncation of the linear function s,

f( )_{S 1f8§1+L15’(L1)—6(L1)
T\ L+ L8 (Ly) — 6(Ly) it s > 1+ Ly6'(Ly) — (L)

)

and the variational inequality

flu(Ly) = 8(Ly))
u(z) — é(z) 1>X{L1,L2]»

—Upy > K(

(3.4) u(z) > g(a),
c(fu(Ly) = 6(Ly))
(u—g){ _u”_]‘< u(z) — 6(x) B 1)X[L1’L2]} =0

for 0 < x < L, with the boundary conditions

(3.5) w(0) =u(L) =0.
LEMMA 3.1. Any solution u(x) of (3.4), (3.5) satisfies

(3.6) u(e) —g(e) 2m >0 if Ly <z < Ly,
. : u(Lq) — 6(Ly) < Li8'(Ly) — 6(Ly);

)

and, consequently, it is also a solution of (2.5), (2.4).

Proof. Since u(Ly) > g(L1) and f(s) is monotone in s, we have f(u(Ly)—6(L1)) >
flg(L1) —6(Ly)) = g(L1) — 6(Ly); the last equation follows from (3.3) and Remark 2.4.
It follows that

g(L1) — 6(L)

Uz 2 K< u(z) — 6(2)

— 1)Ly La)-

Comparing with (3.1) and using the strong maximum principle, we conclude that u(z) >
g(z) for 0 < 2 < L and therefore u satisfies the equation

f(u(Ly) = 6(L4))
u(z)—6(z) 1>X{L1'L2]'

—Upy — K(

Using the proof for Lemma 2.1, we conclude that u(L,) < L16'(L1) and so the second
inequality of (3.6) is satisfied. Hence u is a solution of (2.5), (2.4) and then of course

u(z) > u(z, k) > g(z) +m by (3.3). 0

In Remark 4.1 we shall explain why the truncation was needed.
12



4. A variational system for small € and 7. To avoid the difficulty of possible
degeneracy when h is near zero, we first impose in (1.1), (1.2) the restriction that
u(x) > g(z) (recall that g(z) > 6(x) for Ly < & < L3). The boundary condition for p
will also be modified for technical reasons. Thus we consider the system

d(ph) o 8p , -
(4.1) o —e%( 50 T AP x) —0, Iy <z< Ly,
62’& 84u . ’
8’5 +na 4 v[‘(p_l)A[Ll,Lg]y O<IE<L’
(4.2) u(z) > g(z), 0<az<lL,
0%u 0*u h 7
[U(IE) _g(JE)] a 2 +n8 4 IX (p_ l)X[Ll,LQ]} = 07 O << L>
and
(43) h(:t) = 'LL(IIZ) — 6(3-/.)’ Ll S z S L2

with the boundary conditions

(4.4) p(L1) = p(L2) = (L)
(4.5) w=upy=0 atz=0, x=1L.
Let
(4.6) G= {pe ClLy, La); 0<p< 1+1+L15'(L11)'5(L1)}
where

= min [g(z)— 6(x)] > 0.

Li1<z<Ly

For each p € G we solve the variational inequality (4.2) with boundary conditions

(4.5). By general theory, u is uniquely determined as the minimizer of

L
|t 4, = K(p = ), 1o}
subject to the boundary condition (4.5), and consequently
L
(4.7) / uldz < C, C independent of p and 7.
0

We shall need the following stronger estimate:
LEMMA 4.1. The following estimate holds:

(4.8) luz(z)| < C, 0<a<L
13



where C is a constant independent of p and 7.
Proof. The proof relies on the fact that ¢ € W*°°(0, L). We also note that u €
H?*(0, L) so that uw € C'[0, L]. At any point zo where u(zo) = g(zo), we have

ta(0)| = Iga(0)| < C

Thus it remains to estimate u, in the open set {u > ¢}, which consists of intervals
{z1 < @ < z3}. If at least one end point is 0 or L, then x5 — 21 > ¢ > 0, ¢ independent
of 1, and so

T2 — I

vai

(4.9) >3

if  is small enough.
We shall first consider the case where 0 < 1 < 3 < L. Then

(4.10) u(z;) = g(x:), uz(zi) = gz(x;) fori=1,2
and

0%u 0t )
(4.11) ~ 5 +na$4 =q(z) ifz << a,y,

where g(z) = K(p—1)Xgz,,1,)- Multiplying (4.11) by u — g and integrating over (z1, z3),

we obtain
) T2
2 2
/ uzdr + 17/ Uy de
1 r1

x2 2 2 )
= / ngrd"f + 7]/ Ua:a:ga::vdx + / q(u - g)d{L’
T Ty /T

1

1 T T T )
< 5(/ ’ uldx —|—/ ’ g2dz + 77/ ’ ul dx + 7}/ gfmd:c>
| 1 T I

T2
‘l‘C(fCQ - 561)/ |u:c - ga:|d$7
1
so that
o 9
77/ us de < C(zy — a4).
1
Hence

T2
@) < gealen)l 4 [ e — gialde
T

< O+ /“ |Uze|dz
< O+ (x2 _ x1)1/2(/l‘2 uimdz)lh
< O+ C(ﬂfz — )

V1

14



and (4.8) follows provided (z3 — 21)/,/7 < 3.

It remains to consider the case (4.9). Let

(4.12) s(z) =v(z) — /: /xT q(&)dédr
where v(z) satisfies

(4.13) U+ NV =7q, Ty < T < Ty,
v(z1) = v(zz) = 0.
Thus —$zz + 7Szeee = ¢(2) so that the solution u has the form

L9 — T

77 ) (e,

T <z < 2.

u(z) = Cy + Caxz + Csexp ( -

x:/ﬁ“) —I—Cﬁ;exp(-

(4.14)

By the maximum principle

[0z (@1,02) < Ml gl o0z )

and, therefore, from the differential equation in (4.13),

”vII”L“(zl'l‘z) < C||q”L°°(1'ly172)'

Since v(zy) = v(xz) = 0, there is a point { € (xy,2;) such that v,({) = 0, and
consequently
(4.15) 102l o0 (21,22 < C(22 = 1) ][4l L% (01.00)-

Using the last two estimates on v, we deduce from (4.12) that
|s(zi)] + [s2(2i)] < C,
|s(22) — s(@1)] + [s2(22) = sa(@1)] < Claz — 1)

From (4.10) and the fact that g € W it follows that u satisfies the same estimates,
and thus the function w(z) = u(z) — s(z) also satisfies
‘ |w(zg) — w(z)| + |we(z2) — we(z1)| < C(zy — @1).

We need to choose the constants C; in (4.14) such that

Ci+ Cozy + C3 + Cyexp ( — $2\;ﬁf€1> = w(xy),

CS o — I \
o+ L2 s Do (- = wg(a1),
O | Gt oy (-2

Cy + Cyzy + Cyexp ( —~ J+Ci = w(a),

Vi
(-2
Vi Vi
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Eliminating C; and Cy, we obtain

B Cs + Cy _ Wy (1) — wg(22)
Vi l—y 7
C3 — Cy _ 1 w(zy) —wlzy) 1 ol y
Vi 47 S0t s 2o+ sl

where v = e#, 8 = (23 — 21)/\/n > 3. Since the right-hand sides are bounded
independently of 7 (by (4.16)), C3/,/n and C4/,/7 are also bounded independently of
1. We can now easily check that also €'y and C; are bounded independently of 5, and
then the bound (4.8) for z; < z < x, follows by (4.14) upon recalling (4.12) and the
estimate (4.15).

The above proof is valid also if ; = 0 or @3 = L, and the proof of the lemma is
thus complete. U

Having solved the variational inequality (4.2), (4.5) for u, given p € G, we set
h = u — 6, and recall that

(4.17) h(z) > g(z) —6(z)>1>0, Ly <z< L.

LEMMA 4.2. Given h as above, there exists a unique positive solution p of (4.1),
(44)-
Proof. By integration, p must satisfy
ph —e(ah® + BR3p)p, = A, Ly <z < Ly,

P(L1) = —f(,i(fll))) (<),

(4.18)

where A is a constant that clearly determines p uniquely. Thus it remains to show that
A can be uniquely determined such that

_ f(h(L1))
4.1¢ L)) = —F—
(4.19) (L) n(0n)
If A <0, then p, > 0 and so p(Ly) > p(Ly) and (4.19) cannot be satisfied. If
A is positive and large then p, is negative and large and so p cannot remain positive
throughout the interval [Ly, L2]. Denoting the solution of (4.18) by p(z, ), we let

Ao =inf{A; A>0, p(z,A) >0 for [ << Ly}

Then p(z, \o) > 0 and p(z, \g) must vanish somewhere in the interval {L; < z < L,}.
It cannot vanish at an interior point zg, for otherwise also py(x, Ag) = 0 so that (by the

differential equation in (4.18)) Ao = 0, a contradiction. Thus

e, Ao) >0 i Ly << Ly p(La,Ao)=0.
16



We claim:
(4.20) if 0 <A <Ay <Xg  then p(a, X)) > p(z, Ay) for Ly < 2 < L.

Indeed, since py(L1,A1) > pz(L1,A2), the asserted inequality is valid for all = near
@ = L. If the assertion is not true then there is a smallest number zy such that

plz, A1) > pe,Ay) if Ly <o <zg, and plag, A1) = p(ao, A2)-

Hence pi(z0, A1) < pz(20, A2) and, by (4.18), Ay > A,, a contradiction.

Setting
X = inf {A 0< A< ho, p(Le,A) < f(h(Ll))}
]I(Ll)
it follows from (4.20) that p(z, /A\) is the unique positive solution (4.1), (4.4). O

We define the mapping T on G by

(4.21) (T'p)(z) = p(z, )

and wish to prove that T has a fixed point, which is then the solution of the variational
system (4.1)—-(4.5).
Let C* be any positive constant such that

. ! 1
. * > h b "T i and
(4.22) ¢ 2 swp (@)l +ha(2)]) - and Fmg < 7

where [ is the positive constant in (4.17); by Lemma4.1, C* can be chosen independently
of p € G and 7.
LEMMA 4.3. If ¢ is positive and small enough, then T' maps G into itself, and

(4.23) X — f(h(L1))] < Ce,

where C is a constant independent of € and 1.
Proof. We shall first establish the bound

~ C*+1
(4.24) (L, ) > — f
Introduce the differential operator
0 0 dq
. = — —e—I[(ah? h3g) =L
(4.25) £(g) = o= (gh) — e5-{(al? + B1%) 51

and the function

_ f(h(Ly)) C*+1
@) = Ty T

(x—L1)—0, 1 <a<ZT

17



for any small o > 0, where 2 is such that v(Z) = 0. By (4.22), L; < Z < L,. By direct
computation,

C* +1 cC*+1 o0,
,C('U) - _ ;— h(l’) + ’U(’U)hx(f) + ]—i— 65;(@/12 + ﬂh?”l))
cr+1 0, , 3
< -1+ ; 65;(&]2' + Bh7v)

< 0, IL<z<Z
if ¢ is small enough depending only on C*, I. We claim that for any 0 < A < X,
(4.26) plz, A)>v(z) if Ly <z<z.

Indeed, this is clearly true for A = 0. If (4.25) does not hold for some A\* € (0, X], we
take the smallest such A\* and then

pla™, \*) = v(a™)
must hold for some a* € Ly, Z], whereas
plz, A") > v(z) elsewhere .

Since p(z, A*) > v(z) at both @ = Ly and = &, «* lies in the open interval (Ly,Z), so
that

De(@™, A) = vg(2%),  Poe(T™, A7) > va(a™).
Consequently
(Lp) (", A7) < (Lo)(z") <0,

a contradiction.
Taking o | 0 in (4.26) we deduce that

oo (L) O

] > T —
and, since p(Ly, \) = f(h(L1))/h(Ly),
< 41
(4.27) AT P
From (4.18) we then obtain
2 ) C*+1
(4.28) A — f(h(Ly)) < —eh*(Ly)(a + Bh(Ly)) — < Ce.

18



We can now estimate p(z, A) from above. If the maximum is attained at the bound-
ary point, then
_ [(h(Ly))

max p(z, ) =
ngngzl( »A)

<1
h(Ly) —
whereas if it occurs at an interior point &, then p, (2, X) = 0 and, by (4.18), p(Z, X)h(i) =
X. Using the upper bound on A obtained in (4.28), we conclude that
~ A 1L L(L) — §(Ly) N Ce.

X Atx < —
ey pla,d) <7< ] /

Thus if € is chosen small enough so that Ce < [, then T' maps G into itself.

To complete the proof of the lemma it remains to prove that
(4.29) X — f(h(Ly)) > —Ce.
We shall compare p(z, X) with the function
h(L C*+1
wioy = FOUL) | €7
h(Ly) [
where o is any small positive constant. We have L(w) > 0in L; <z < Ly and w > 1
at x = Ly, x = Ly. If X is large, then w(z) > p(x, A) in the largest interval L; < z < z),
where p(z, A) is positive. By decreasing A and arguing as before we deduce that

. ~ O +1

(z—IL1) 40, L1 <z<lL,

which yields (by (4.18)) the bound (4.29). O

For each ¢ > 0, the p(z, A) form a bounded set in C***[Ly, L] and thus T maps G
(endowed with the C'[Ly, Ly] norm) into a compact subset of G. It is also easily seen
that 7' is a continuous map. Invoking the Schauder fixed point theorem we conclude
that T has a fixed point. Thus we have proved:

THEOREM 4.4. If € is sufficiently small and, say, 0 < n < 1, then there exists a
classical solution of (4.1)—~(4.5), such that

(4.30) p(x) >0, hiz)=u(x)=96(x)>1>0 if L1 <a< L,
(4.31) ha(2)| < C f0<a <L,

and

(4.32) A = f(h(L1))] < Ce

where X is defined as in (4.18) with p = p and C is a constant independent of € and .
Remark 4.1. From the proof of Lemma 4.3, it is clear that the truncation on the
boundary condition for p in (4.4) is necessary. Without the truncation, (4.28) becomes

A < h(Ly) + Ce;

and then the maximum norm of p can only be estimated in terms of C'h(L;); this does

not allow us to conclude that T" maps G into itself, even if € is small.
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5. Existence for small ¢ and 7. In this section we prove Theorem 1.1 by estab-
lishing:
LEMMA 5.1. There exist ¢* > 0, n* > 0 such that if

(5.1) O<e<e’, 0<n<9r,

then the solution (p, h,w) of (4.1)~(4.5) established in §/ is a solution asserted in The-
orem 1.1.

Proof. 1t suffices to show that

(5.2) u(z) >g(z) f0<a<l
and

for € and n positive and sufficiently small.

Suppose either (5.2) or (5.3) is not satisfied for a sequence (e;,n;) — (0,0); we
shall derive a contradiction. We denote the p,h,u and A corresponding to (¢;,n;) by
Pj, hj,uj, Aj, respectively. We may assume that

)\_7' - )\,
p;j — p weakly * in L®(Ly, L),
u; — u uniformly in [0, L],

hj — h  uniformly in [Ly, Ly],

and

0 :
(5.4) \%’uj <C in|0,L].

For any ( € C(Ly, Ly) we have, by integration by parts,

, 0

[ it = 2930t = = [ [ (@2 + 2 (8450 do

Taking j — oo and using (4.32), we obtain

/L2 [ph — M] (dz = 0.

J Ly h(Ll)
Hence
£ ] L i
p(z)h(z) = !Lh}(—(Ll;))) for Ly <z < L.

20



Next, multiplying the differential inequality for u; by ¢ € C>(0,L), ¢ > 0 and
integrating by parts, we find that u is a solution of the variational inequality with n = 0
and, by Lemma 3.1,

u(z) —g(x) >m >0, L) <a< Ly,

(5.5) h(Ly) < Lyé'(Ly) — 6(Ly).

(Actually u is initially only known to be in C%! (by (5.4)); but by standard regularity
for variational inequalities (e.g. [4; Chap 1]) u is in W?2? (for any p > 1) and satisfies
(3.4) a.e.)

The inequality (5.5) implies that (5.2) and (5.3) hold for u;, h; if j is large enough,
which is a contradiction. U

6. Boundary layer behavior. Denote the solution asserted in Theorem 1.1 by

(p=", = u") and the corresponding A by A*". We take a sequence (¢;,7;) such that

)\J = )\5j~77] — /\0,
pj =p7" — p°  weakly * in L*(Ly, Ly),

u; = u™ — v uniformly in [0, L].
Then also
h; = heM — h°  uniformly in [Ly, Ly).

By Lemma 4.1,

9) :
(6.1) \%U‘j <C in[0,L].

Since the boundary condition p;j(Lz) = 1 is lost in the limit, we want to study the
behavior of p; near = L.
Making a change of variables

$—L2

y=—"—" pi(y) = pi(z),

it is clear that

Pi(y)hi(Ly + ey) — [a(hj(La + €y))* + B(hi(La + €y))’pi(y) % =)
(6.2) y

<y<0,
(6.3)  F(0)=1.
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From the standard ODE theory it follows that dp;/dy is uniformly bounded in any

bounded interval [—N, 0], p; — p uniformly in any such interval, and p satisfies:

- . ., 0D
FyIR(La) = [a(h°(La)) + B(R(La) Bl = h (L)
(6.4) for — —L2 — I <y <0,
p(0) = 1.
This system has a unique solution:
If h°(Ly) = h°(L,) then p(y) = 1.
If h°(Ly) # h°(Ly) then p(y) is given by
(6.5) y — Bhap — (Bh? + ahy)log |hy — hap| = Cy
where
(66) hl = IZO(Ll), h2 = IZO(LQ),

and Cp is the constant which is evaluated by taking y =0, p = 1 in (6.5).

If we take other sequences (g;,7;), we may possibly obtain other limits p°, A%, u°,
but the limit p(y) depends only on the constants in (6.6). (Notice that if we have a
symmetric head as in Theorem 2.8, then the limit is unique, and we have the convergence
as (g,m) — (0,0), not just on subsequences).

The above result shows that
(6.7) pi(z) ~ B

for any constant C', and this describes the boundary layer near = L, for (€,7n) small.

iy '
z . 2) in [Ly — Ce, Ly)

The boundary layer phenomenon for general differential equations was widely stud-
ied in the literature; see for example [10]. From [10] it follows that near z = L; the
functions p;(z) are uniformly converging to p°(z), so that p°(L;) = 1.

As for the u;(z), from (6.1) we deduce that the u;(x) are uniformly continuous in
0 <z < Land u’(Ly) =u’Lsz) =0. However the boundary conditions du;/dz = 0 at
z =0 and x = L disappear in the limit. The derivatives Ou;/dz must therefore exhibit
a boundary layer behavior at + = 0 and « = L. However what is more important for
the head-tape interaction is the behavior of the wj(z), or the spacing hj(z), at z = L,.
Although there is no boundary layer for the uj(2) at = L,, the fact that K in (1.2)
is large tends to magnify the oscillatory behavior of p near * = L, and to create a
boundary layer-like behavior for the h;.

Conclusion. Both experiments and numerical simulations have established bound-
ary layer behavior for the head-tape problem at @ = L, [1][5] for a range of physical
parameters ¢,n; these parameters are small, e.g., 1072 ~ 1072, In the present paper
we give rigorous mathematical proofs of existence of solutions and of the same type of

boundary layer behavior provided the parameters €,n are sufficiently small.
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7. The two-dimensional case. In this section we consider the 2-d model of head-
tape interaction. The profile of the head is a function é(z,y), and the steady state
system, after nondimensionalizing, takes the form

(7.1) —8%—3;—) — eV(ah®Vp + Bh*pVp) =0  in Sy,
0*u ) i . )

(7.2) ~ 3 +nA*u=K(p—1)Xs, in Sy,

(7.3) u(z,y) = h(z,y) +8(z,y)  in S

where

S1={(z,y); L1 <z< Ly 0<y<b},
Sy={(z,y); 0<z<L, 0<y<b}, b=0(1),

with the boundary conditions

(7.4) p=1 on d5),
u=u,=0 onz=0anda =1L,
(7.6) Uyy + OUze = 0, Uyyy + (2 — 0)Uppy =0 ony=0and y=0b,

where o is the Poisson ratio, 0 < o < 1/2.
The boundary conditions for u are those of a plate clamped at @ = 0 and = = L
and free at y = 0 and y = b; see [9].

Given p, the function u is determined as a minimizer of the energy functional (see

[7; Chap. 11})

9? 9% 82 9
/52 {7}(Au)2 +2n(1 — o) [(amgyy - 3:;; a;;] <(a_z

subject to the boundary conditions (7.5); the differential equation (7.2) and the bound-

)2 —2Ku(p — 1)Xs, }da:dy

ary conditions (7.6) are necessary optimality conditions.

In the limit case ¢ = n = 0 the system reduces to (cf. (2.4))

U(Lhy) B 6(L17y)
u(z,y) — 6(x,y)

—Ugpy = .I(( — 1)/\/31 in 52

and, with the boundary conditions
u(0,y) = u(L,y) =0,

it can be solved by the shooting method, for each value y.
For € > 0, 7 > 0 we can set up a variational system (analogous to (4.1)—(4.5)). We
still have the bound

2

u: < C
/52 o=
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but we do not know whether [u? < C, much less whether |Vu| < C, and thus we are
unable to carry out rigorously the analysis of §5. On the other hand one can proceed
formally to derive boundary layer behaviors for p near * = L, and near y = 0 and
y = b, assuming that u remains continuous there; the boundary layers near y = 0 and
y = b are of the form given in [10; p. 302]. For numerical results we refer to [8].
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