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Abstract. For a class of viscoelastic fluids with differential constitutive laws of Maxwell type, we
investigate the existence and uniqueness of steady flows. We consider small perturbations of uniform flow
transverse to a strip. A well-posed boundary value problem is formulated for the case when the velocity
of the fluid exceeds the speed of propagation of shear waves.
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1. Introduction. While the study of existence and uniqueness results for steady flows
of Newtonian fluids is well advanced, relatively little is known about viscoelastic fluids with
memory. For such fluids, the nature of boundary conditions leading to well-posed problems
is in general different from the Newtonian case. There are two reasons for this:

1. The memory of the fluid implies that what happens in the domain under consideration
is dependent on the deformation history of the fluid before it entered the domain.
Information about this deformation history must therefore be given in the form of
boundary conditions at inflow boundaries. The precise nature of such inflow conditions
is dependent on the constitutive relation; for example, fluids of Maxwell type [4] are
different from fluids of Jeffreys type [5].

2. For fluids of Maxwell type, there is a change of type in the governing equations when
the velocity of the fluid exceeds the propagation speed of shear waves (cf. [1], [2], [7],
[8]). This necessitates a change in the nature of boundary conditions. If boundary
conditions which would be correct in the subcritical case are imposed in a supercritical
situation, the problem becomes ill-posed in a similar fashion as the Dirichlet problem
for the wave equation (see [6]).

In the following, v denotes the velocity, p the pressure, T the extra stress tensor, p the
density and f a given body force. The equation of motion is

(1) p(v-Vo=divT - Vp+ f,
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and the incompressibility condition is
(2) divo = 0.

We assume a Maxwell-type constitutive relation of the following form:

- 3v,~ ] ' ij ) 8vk avj ' % avi
((v- V) + Ty = 5Ty = T + PTG + 5.2) + P50+ 50
Bv,- 0v,~
(3) +9i;(T) = #(%j + 52,

Here A and p are positive constants, and the matrix-valued functions P and g are assumed
to be smooth; moreover, P, g and the first derivatives of g vanish at T=0. Equation (3)
includes a number of popular rheological models (cf. e.g. [3]).

The domain on which we want to solve (1)-(3) is the strip bounded by the planes
z; = 0 and z; = 1. In the z,- and z3-directions, we assume periodicity with periods L
and M. The solutions we seek are small perturbations of the uniform flow v = (V,0,0),
p =0, T = 0. The given body force and the imposed boundary conditions are assumed to
satisfy smallness conditions consistent with this. In [4], we considered this problem under
the assumption that pV? < u. A well-posed boundary value problem was obtained by
prescribing the velocities at both boundaries plus additional stress conditions at the inflow
boundary z; = 0. In two dimensions it is possible to prescribe the diagonal components
T1; and Ty5. In three dimensions a correct choice of inflow stress conditions was obtained
as follows. We expand each stress component in a Fourier series, e.g.

(4) T11(0,72,73) = Y _ t§] exp(2mi(kz2/L + lzs /M)).
k,

Then one can, for example, prescribe the following inflow conditions:

kl kl kl kl -
ti1s taes tys, gz if [K[ >> |1,
I 4kl .
th, 52, thg, thy if || >> |k,
thl ¢kl ¢kl 45l if |k| and |I| are comparable,
Kl Gkl Gkl KD -
(5) tr1, tag, ta3, t33 if k=1=0.

If, on the other hand, pV2 > u, then this choice of boundary conditions does not lead to
a well-posed problem [6]. We shall show that, in this case, one can prescribe the following
conditions: the inflow stresses as above, the normal velocity at both boundaries, plus the
vorticity and its normal derivative (in two dimensions), or, respectively, the second and
third components of the vorticity and their normal derivatives (in three dimensions) at the
inflow boundary. The analysis for two space dimensions will be carried out in Section 2;
the modifications needed for three dimensions will be discussed in Section 3.
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2. The two-dimensional case. We apply the operation (v - V) + X + (Vv)T to the
equation of motion (1) and we use equation (3) to reexpress ((v - V) + A)T. After some

algebra, this yields an equation of the following form (written in components)

82

Ui
P V) + (v V)oi = pdoi + (T = Pis(T) 55 =
9%vy vy 0q
a lk(T) 6.’17? a PJk(T)awia:Cj B a;v,‘
©) H(0- V) + Nfi + 32+ hi(v, Vo, T, VT),

Here we have set ¢ = ((v- V) 4+ A)p. The term h is a complicated expression which we do
not write out explicitly; it contains only quadratic and higher order terms.

Next we introduce a streamfunction-vorticity formulation. We set

_ 0¢ _ ad" _ a'02 6'01
(7) v = Oy’ v2 = 0z,’ > Oz, Oz’
so that the incompressibility condition (2) is automatically satisfied and
(8) At = C.
We take the curl of equation (6), which results in
8%¢ 0%¢ 9%¢
V)4 M) (v V)¢ = — Pyi(T))——=— — Pyy(T) 25 — Py (T) 2>
p((’U V) + )(’U V)C ,’I’AC + (TkJ PL]( )) al']a.’l,‘k 22( )6.’17% ll( )BZL‘%
9%¢ 2 2 2
(9) +(P12(T)+P21(T))aw oz +7‘('U,V'U,V U,T,VT,V T)fa Vf,V f)
1072

Here r is again a complicated expression which we do not write out explicitly.

In the following, we shall solve (1)-(3) subject to the following boundary conditions:
Y =—-Vao+ 1y, onzy =0, p =V + 1, onzy =1,

0
¢ = (o, on z; =0, a—xclzno, on z; =0,
(10) T11 :tl, on T 20, T22 :tz on r; =0.

We note that prescribing ¥ on both boundaries is equivalent to prescribing the normal
velocity on these boundaries as well as the total flow rate in the z,-direction.

We denote by H*® the space of all functions on the strip 0 < z; < 1 which are periodic
with period L in the zs-direction and have s derivatives which are square integrable over
one period. Sobolev spaces of periodic functions depending only on z, are denoted by

H({). The corresponding norms are denoted by |- ||s and || - ||(sy. Moreover, || - ||x,; denotes
the norm in W*°°([0,1]; HM).

The goal of this section is the following existence and uniqueness result:
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THEOREM. Assume that ||flla, [%oll(s/2), 1¥1llca/2): IS0l cays lImoll 2y, IfEallsy and [[22l¢s)l
are sufficiently small. Then there is a solution of (1)-(3) which satisfies the boundary con-

ditions (10) and the regularity ¢ + Vz, € H®, T € H3. Moreover, this solution is the only
one for which ||¢ + Vz,||s, and || T||5 are small.

The construction of the solution is based on an iterative scheme. As a starting value
for the iteration we use the uniform flow

(11) P = —Va,, (" =0, T =0.
Given ¥™, ("™ and T", we define v™ by

no 00" 09
(12) Uy __6-'172’ Uy = a.'l'l'

Next, we determine T™*! from the equation

v} n OV} Ovg 8 ovp ~ Ov}
n+1l ipn n k ] n 5 !
(W™ - V) + AT P *8 '+P(T)( )+P(T)( 6u)
(13) T") = Ovj
+9i;(T") = l‘( + 2; )
subject to the following initial conditions at z; = 0:
(14) TR = ¢y, TR =t,,
(15) p curl ((v™ - V)o™) = curl (div T + f),

Then we determine (%! from the initial-value problem

32Cn+1
n V )\ n n+1 — A n+1 Tn.+1 n+1
™ V) X" D) = A (T = Py 22
a2<n+l 82<n+l a2<n+1
_ n+1 _ n+1 n+1 n+1
PP == = Pu(T™) =5 + (Pa(T™) + P (T 5o
(16) +r(v™, Voo, V2", T vt w2t f v V2 f).
n+1
(17) ("t = ¢, on z; =0, ag =ng, on z; = 0.
T1
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Finally, we obtain %"*! from the Dirichlet problem

A¢n+l — Cn+1’
(18) Y™ = Vg 41bo, on z; =0, " = —Vay + 4y, on zq = 1.
We define
(19) X(M) = {(®,¢,T) | |+ Vaa|ls + |I¢]ls + | T||s < M)

The space X (M) is complete under the metric

(20) d((,¢,T), (%, T)) = % = Plla +11¢ = Cll2 + T = Tl

We choose M small relative to 1, but sufficiently large relative to the norms of the pre-
scribed data. In order to prove the theorem, it is sufficient to show that the mapping
defined by the iteration (12)-(18) is a contraction in X (M). We begin by showing that the
iteration maps X (M) into itself. Let us assume that (¢™, (", T") lies in X(M).

We first discuss the solution of (13)-(15). A rearrangement of (15) yields

2
& TE = p curl ((v™ - V)o™) — curl f.
12

(21) Oz2

o +1 +1 o
Ty — 17, -— -

03:2( 22 11 )+(am%
We can use (13) to express z;-derivatives of the stresses, i.e.

0 1 0
29 _— mpnt+l _ n+1 n+1 .
(22) Oz T vi’ [ %2 52y Oz, E A

After substituting (22) in (21), we obtain an ODE from which we can determine T}
at the inflow boundary z; = 0. We denote this boundary value by t"*!. The following
estimate is immediate

(23) 1E" iy < Cllitalleay + lltallsy + 1w lla + [lw™ LT [Is + [ T"3).

Here we have set w™ = v™ — (V,0). After determining t"**, we have a full set of initial
conditions to solve (13). Using standard energy estimates for hyperbolic equations (see [4]
for some more details) we obtain a unique solution which satisfies an estimate of the form

IT" 3,0 + 1T 2,0 + 1T 12 + 1T o,

(24) < C(litally + Ntallgay + 1E" sy + llw™ s + 1T 3]l [ls + [ T"][3).
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From equation (13), we can see that an expression like the one on the right hand side of
(24) also provides an upper bound for ||(v™ - V)T"*!|5.

For the solution of the initial-value problem (16), (17), one readily obtains the estimate

(25)  [I¢™ oz + 11" 11 4+ 1E™ 2,0 < Clolle2y + llmollcay + 17" ll1,0 + 177 llo,1)-

This is insufficient because we need to estimate third order derivatives of ("*1. Results
available in the literature would require the existence of a higher order derivative of ™
either with respect to z; or with respect to 3. We cannot use such an assumption because
of the dependence of r on second derivatives of T"*1. However, because of the bound for
|(v™ - V)T 1|5, we can get bounds on ||(v™ - V)r"||;. Instead of differentiating (16) with
respect to either z; or z2, which is what is usually done, we can apply the operation
(v™ - V) to it. By doing this and deriving energy estimates in the usual fashion, we obtain
an estimate of the form

(26) I€lls < CUISolicsy + limoll2y + 7™ [lo,1 + Ir"™ 1,0 + (0™ - V)r"[l1.)

By taking into account the form of r, we can estimate the last three terms in (26) by a
constant times

@7) N la+ o™ la+ 1T ls,0 HIT™ 20 + [T 2 HIT lop + ([ (0" V)T ]3)?.
Finally, from (18) we immediately obtain

(28) 19"+ + Vaa|ls < C(lltpollcoszy + ldballeoszy + 1€ ls).

The claim that the iteration maps X (M) into itself now follows easily by combining the
estimates (23)-(28).

The derivation of estimates to show that the mapping defined by the iteration is a

contraction is fairly straightforward, and we shall only demonstrate one step. From (16),
(17) we obtain

p((v™ - V) + )" - V)" = (") = pACTT - (M)

n n 62 n+1l _ /n n 62 n+1 _ /n
+(Tkj+l _ ij(T +1 )) (gx]axkc ) _ P22(T +1) (C aw% C )

" 62(Cn+1 _ Cn) n n aZ(Cn+1 _ Cn)
—Pu (T 0z2 + (Pra(T) + P (T)) O0z10z,

—p|(@" - V) + X" - V) = ("7 V) + A)(0" - V)| ("
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HTEF = Py(Tm)) - (Tf — Pes(T™)] s

a:ltja:l:

2/n 2/n

[Pl T) — PTG — [P(T™) — P ()5

1 3
n+1 n+1 n n 82Cn n n—1
(29) +[(P12(T )+ P21 (T ) — (P12(T") + Py (T ))]a 02, +r"—r ,

n+1l __ +n
(30) ("H—C":O,onxl:O,a(Ca—xlC):O onz; =0

Energy estimates now yield

IS+ = CPloz + 1™ = ¢l + 1™ = Ml

(31) < CUIC™ Is(flo™ =™ Hls + I T™ ! =T [l2) +[lr™ =" lo 0 + (" - V)" =" ) o).

We note that a bound on ||("||3 has already been obtained. In order to deal with the last
term in (31), we note that

(32) (™ V)" =" ) = (- V)r® — (0" V)t 4 (0™ = 0™ V)rnt,

By taking into account the form of r and equation (13), it is easy to estimate the terms
on the right hand side of (32).

3. Modifications in three dimensions. The basic iteration scheme used to con-
struct solutions and the function spaces chosen for the analysis will be as in the two-
dimensional case, and we shall therefore confine the following discussion to those points
where modifications are needed. One of these changes is that { = curl v is now a vector,
and the equation analogous to (9), written in components, is

32Cz 9%,
. - emlszrspmk(T) 97,07,

p((v- V) +A)(v- V) = pAG + (Thj — PLJ(T))

(33) +ri(v, Vo, V30, T,VT, V2T, f, Vf, V2 f).

This is a system of PDE’s for the components of (, and in order to make it symmetric
hyperbolic, we add the assumption that the matrix P is symmetric. In the iteration, we
use the following equation which is analogous to (16):

Cn+1

P07 V) + X" VI = A+ (T = Pay(TH) 50
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2 n41
o2 ¢nt

-€m1i6krstk(Tn+l)m
T

(34) +ri(v™, Voo, V2™, T Tt V2Tt f Y V2 f).

The velocity can be determined in terms of the vorticity if we prescribe the normal
velocity on both boundaries and the mean flux in the y- and z-directions. Unfortunately,
we shall not be able to guarantee that all the iterates satisfy div ("*! = 0, and hence we
cannot simply use the equation curl v™®*! = ("1, Let II denote the orthogonal projection
(in L?) onto the subspace

L oM
(35) V= {C € L2 | div C = 0, / / C](‘,$2,$3) dzs d.’l,‘g = 0}
o Jo
The set of equations determining v"*1 is
curl o™t = II¢™*L div ™! =0,

v{”’l =V + a(z2,z3), at 3 =0, ot =V 4 b(2q, 23) at 1 =1,

1 L M 1 oL M
(36) / / / ’U;-I-l Cl.’l:g d:1:2 d:z}l = a«, / / / 'U?T’H-l d:L'3 dl‘z d.’]:l — ﬂ
0 0 0 0 0 0

Here the numbers a and 8 as well as the functions a and b are prescribed and |a| + |8] +

lall¢z/2) + 110l (7 /2y is assumed to be small. Moreover, we have to assume the compatibility
condition

L M L M
(37) / / a(zg, x3) dzy dzg = / / b(zq,z3) dzy dzs.
o Jo o Jo

It can easily be shown along the same lines as in Section 2 that by combining (34), (36)
with (13) and (small) inflow data for T, { and 9(/0z;, we obtain a convergent iteration.
However, there are two problems:

1. It is not guaranteed that the limit of the iteration satisfies ( = curl v, or, equivalently,
¢ = II¢.

2. Tt is not guaranteed that the original equation of motion (1) holds. This is because
in proceeding from (1) to (6) we have applied the operation (v - V) + A + (Vov)?. In
order to reverse this step and go from (6) to (1), we have to assume that (1) holds on

the inflow boundary 1 = 0 (cf. [4]). In two dimensions we imposed this condition as
equation (15).



In order to remove these two difficulties, we must restrict the inflow data; i.e., only
part of these data can be prescribed, and the rest have to be determined at each step of
the iteration.

We take the divergence of equation (33). If { were equal to curl v, we would get 0

(to see this, recall that (33) was derived by taking the curl of (6)). Hence we find (we set
curl v = w)

6_6. (0 9) + N0 - V)G = wi) = AL — wi)

0%((i — wi)

(38) —(Txj — Px;(T)) 9s,00r

2 —
+ emliekrstk(T)M] =0.

8x18x,
After some algebra, this yields

(0 9) 4+ X)) = 4 = (T = (T 5] i €

(39) = D?*(v, Vv, V%, T,VT)(( —w).

Here D? is a second order differential operator with coefficients depending on the arguments
indicated. Let d; denote the value of div { at z; = 0, and let d; denote the value of 3%1 div ¢
at 1 = 0. From (39), we obtain the estimate

(40)  ldiv Cllo,1 + [ldiv Cll1,0 < C(lldrllqay + lldzlloy + (lwlla + I T([3)lI¢ = wll2).

As before, w denotes v — (V,0,0). We note that ||wl||4 + ||T||s is small. Moreover, (36)
yields the estimate

L M
(41) 16wl < Cldiv cl+] [ [ 10,2,2) doa doa).

Inflow conditions are now handled as follows. We prescribe arbitrary data for (s, (3
and their normal derivatives. The initial datum for %% is then determined by requiring
that div { = 0 at 1 = 0. Finally, the initial datum for (; cannot be determined a prior1,
but must be computed at each step of the iteration. We require that, at z; = 0,

2 ~n+1 2 n+1 2 +~n+1
°¢ 9°¢ ¢

oz? Ox90xz; Oz301, ntl

(42)

where sn41 is a constant to be determined. We then solve (42) for 02¢;'t'/0z?% and
substitute into the first equation of (34). This yields an elliptic problem from which we
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can uniquely determine the inflow datum for ¢('*! up to an arbitrary constant, as well as

the constant s,4;. Finally, the arbitrary constant in (7' *1 is fixed by the requirement that

L M
(43) / / C?+1(O,IB2,(B3) dil)g d.’l,'g =0.
0 0

For the limit of the iteration, this obviously insures that d; = 0, do = s, and
fOL fOM ¢1(0,z2,23) dzg dzy = 0. To determine the constant s, we take the first equa-
tion of (33), set z; = 0, and integrate over z, and z3. If { is replaced by w = curl v, we
obtain an expression which vanishes identically (recall that (33) was derived by taking the
curl of (6)). Hence we find

L M
/O /O [P((v-V)+/\)(v.V)((1—wl)_#A(gl_wl)

ey 926 — W)
_(TkJ - Pk](T)) axjamk
62 s — Wg
(44) +€mllekrstk(T)——'(ai_la—m%')' (0,562,1113) d$3 d.’l)g = 0.

Next we integrate by parts in all terms which involve second order derivatives of ( — w
such that one of the differentiations is with respect to x5 or x3. This leads to terms which
can be estimated by a constant times (||T||s + ||w||4)]|{ —w]||2. The term which remains is
the integral of

, O d ok
PV W(Cl - wl) + /\Pvl'a—:;;(Cl —w1) - HW(G - wl)
1 1

(45) ~(Ty - PH(T))-(%%(@ ).

We now note that

] 0 9
a_ml(gl —wy) = _6_;102((2 —ws) — a_mg(@ — ws),

o2 0?2
611128211 (C2 B W2) B 61230233

82
(46) a_x%‘(CI —wy) =— (C3 — ws) + s.

By using this, we obtain again terms which can, after an integration by parts, be estimated
by a constant times (||T||3+]||w]||4)||{—w]||2, plus s times the integral of pv?—pu—T4,+P;1(T).
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As a result, s can be estimated by a constant times (||T||3 + ||w]|4)]|{ —w||2. In conjunction
with (40) and (41) this yields that div { is indeed zero.

To make sure that (1) is satisfied, we proceed as in [4]. At each step of the iteration,

g™t is determined by the relation

(47) V"t =% [((v" V) 4+ A+ (Vo)) (div T + f — p(v™ - V)o™)].

Here ¥ is the orthogonal projection of L? onto the subspace of vectorfields with vanishing
curl. From (47), ¢"*?! is determined up to an arbitrary constant; we may fix this constant
by requiring that

1 L/2 M/2
(48) / / q"+1(a:1,a:2,a:3) d.’l)g dxz d:L‘l =0.
0 —-L/2 J-M/2

We note that ¢"*! is not necessarily periodic in the z; and z3-directions, but may contain
a part which is linear in z, and z3. At z; = 0, we impose the condition

(49) p(v™ - Vv = div Tt — Vpt! 4 f,
This condition, in conjunction with (13) and the equation
(50) (0" - V)p"F 4 Ap" T = gt

can be used to express some of the inflow data for T in terms of others. For details we
refer to [4]. Specifically we can prescribe the stress components specified in (5) and solve
for the rest.

Let us summarize the iteration scheme. We prescribe the following boundary data
a priori: the normal velocities on both boundaries and the total flux in the z,- and z3-
directions according to (35); the second and third components of the vorticity and their
normal derivatives at the inflow boundary,

C2(07$2)$3) = Cg(m27$3)’ C3(0,x2,x3) = Cg(m2,.’133),

o 0
3_94;21(0,:::2,3:3) = (3 (x2,23), 5_2(0,502”33) = (3(22, 29),
(51) 9% (0,00,00) = ~ 92 (23, 20) — 22 (23, 20
oz, 0 2,3 By 2T T Gy, T2 T3S

and the inflow stresses according to (5). We denote this prescribed part of the stress by
T,. We start the iteration by setting T =0, ( = 0, v = (V,0,0). At each step of the
iteration, we first determine ¢"*! from (47), (48). Then we calculate the inflow boundary
value of T"*! from (5), (49), (50) and (13). We can now determine T™*! from (13). Next
we use (42), (43) and (34) to determine the inflow value of (}*!. Then we determine (™!
from (34) and v™*! from (36).

The existence theorem thus obtained is the following:

11



THEOREM:. Assume that |[flla, llall¢r2), 18ll¢z/2y, G2 My, €G3 Neays 1€2 112y, NG5 Mo
I'Tpll(3y, || and |B| are sufficiently small. Assume, moreover, that the matrix function

P has symmetric values. Then there is a solution of (1-3) which satisfies the boundary
conditions given by (5), (35) and (51) and the regularity v € H*, T € H®. Moreover, this
solution is the only one for which ||[v — (V,0,0)||4 and || T||s are small.
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