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PREFACE

The present work is the outcome of my studies of several years on functions of matrix
arguments, one of the many topics that my teacher Prof. H. S. Dhami had suggested to
me. Earlier Prof. Dhami had done some work in this field, especially, his doctoral thesis
on the study of the T. M. Macrobert’s E-function, and his later work on the application of
the theory of functions of matrix arguments to Noncentral Wishart Distributions in
multivariate statistical analysis.

When | chose to pursue this field of study, the greatest challenge before me was to search
for the concerned literature in this field and its collection. This was perhaps the toughest
task. Despite my several efforts when | did not succeed much, one day it suddenly
occurred to me ‘why not write to Prof. Mathai himself, a pioneer in this field?’, and it
resulted into the genesis of this work. Needless to say that my very first letter was
responded to very promptly by Prof. Mathai, and thus began a long series of
correspondence and guidance to me from Prof. Mathai himself, from Canada and also
from his short visits to India. | have no hesitation to admit that | could not have been able
to do this work without the help and guidance received from Prof Mathai. My continuous
correspondence and telephonic talks with him in Canada and India, the literature made
available to me by him, especially the reprints of some of his papers which were not
available in India and his review and constructive criticism and suggestions on my papers
have all led to a better presentation of this work. In fact | owe him a great deal. As | have
said earlier that the collection of literature proved to be a tough task for me, | would like
to mention here that the 1997 book of Mathai could not become available to me despite
my best efforts. | had placed orders with hundred percent advance cost with a number of
leadings suppliers of books in Delhi to procure a copy for myself, searched libraries of a
number of reputed institutions of India including the library of the Indian Institute of
Science, Bangalore, but the book was nowhere available. | had even asked a colleague of
mine, who went to the United States in November 2002, to buy a copy of the book for me
from there, because it was published there, but all in vain. However, | luckily came
across the book in the library of the Indian Statistical Institute in New Delhi and read
some portions of the book in the library itself by sitting for a number of hours for some
days. Yet, | think | could not derive much from it because if | had a copy of mine | could
study it more and that too at ease and leisure and would have been benefited more.

At this juncture | would like to remember with gratitude the help received by me from the
staff of the libraries of I. I. Ts. Delhi, Roorkee, Central Science Library, University of

Delhi, I. S. I. New Delhi, INSDOC New Delhi, the Indian Institute of Science, Bangalore,
and the Center for Mathematical Sciences, Trivandrum. | would like to acknowledge with
thanks the help and encouragement received from Prof. M. A. Pathan of A. M. U.

Aligarh, and the seminar library of that Department. Especially, | am thankful to Prof.
Pathan for the long discussions that | had with him at his home during my about four
months of stay in that University. | would like to mention the immense help my

colleagues Dr. Ganga Sharan and Prof. Anil Khanduri have lent to me. Dr. Ganga Sharan
has helped me a lot in searching the literature, arranging the necessary books and papers,
visiting the various institutes, universities and libraries, and he has also provided me his



hospitality during my long stay at New Delhi in connection with this research work. Prof.
Khanduri and his brother Mr. Sunil Khanduri, M. Sc. (Physics), have helped me a lot in

my computer related work, and in removing the defects in the computer system which
often appeared frequently. | am also indebted to my former student Shri Jagadish, B. Sc.,
P. G. D. C. A., whose has been associated with me throughout this venture for about the
last two years and has always strived very hard to solve all my computer related problems
and he has succeeded in his endeavor. Without his help my papers could not have been
published and thesis typing would not have been completed. | am also indebted to Prof.
Willard Miller Jr., Department of Mathematics, University of Minnesota, Minneapolis,
U.S.A., who, after having gone through my papers, had invited me to participate in the
International Conference on “Special Functions in the Digital Age”, held at the

University of Minnesota, Minneapolis, U. S. A. from July 22, 2002 to Aug. 2, 2002. But
unfortunately, | could not visit there owing to the paucity of funds. | cannot repay the

love, affection, encouragement and guidance that | have received from my parents during
these years and also the support and help from my sisters Smt. Deep Shikha, Km. Taru
Shikha and Km. Ambuj Shikha. For my wife Anita, | am not in a position to write

anything, she has helped me in correcting the proofs of my papers and thesis and after
going through the proofs of the theorems sometimes she has suggested modifications
which, | have happily incorporated.

| have no words to express my gratitude to my Guru Prof. Dhami, who has been the sole
force behind this work and whom | have been troubling for the past fifteen years with
various problems of mine and he has always helped me in the best possible way. He has
read each paper, each theorem and | have troubled him andhibysnfiembers by often

visiting his house, staying there and making enormous phone calls to him from
Mussoorie and other places of India which | have visited during the course of my studies.
Still he has to guide me further in my studies so, | cannot say that my work under him has
finished.

Towards the end, | remember the Almighty Mata Jagadamba, to whom this work is
dedicated with extreme devotion.

Mussoorie, Lalit Mohan Upadhyaya
Dated: June 02, 2003.
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CHAPTER |

MATRIX GENERALIZATIONS OF MULTIPLE
HYPERGEOMETRIC FUNCTIONS BY USING MATHAI'S
MATRIX TRANSFORM TECHNIQUES

(A Brief Historical Survey and Outline of the Programme)

1.1 In the present section | have briefly discussed some concepts and results
of matrix algebra, right from the elementary level to the abstract region,
which have been used throughout this work.

1.1.1 Matrix (Definition):

A matrix denoted byA = [aij} is an arrangement ohin elements in
mxn
a rectangular form from any field (usually a complex field). Thg) th

entry, i.e., the element at the junction of ita row (i =1,---,m) and jth
column (j =1,---,n) is denoted bya]-j. If m=n, the matrix is called a

square matrix.

1.1.2 Transpose and Conjugate Transpose of a Matrix:

If A= [a--} be a matrix, then its transpose, denotedi\byis a matrix
! Jmxn

i e

that, A =A, then it is called a symmetric matrix, and Af = -A , thenA

Is called a skew-symmetric matrix.

defined byA' = [a : Where,a'-- = %] . If a square matribA is such

JI

it AHis such a matrix that th@, j) th element of it is the same as
the complex conjugate of thg,i)th element ofA , then AHis said to be
the conjugate transpose #, i.e., AD: a--D Where% = .a, a.
i Jhxm |F ji

represents the complex conjugateai{. If a square matri¥A is such that,



AD:A, then A is called a Hermitian matrix, WhereasAfD: -A , then
A is termed skew- Hermitian.
Whenever the matrices and B are such that the producf&B and

BA are defined, ther(,AB)' = B'AI and(AB)D: BQAD.

1.1.3 Trace of a Matrix:

For a square matriA = [ai-} , the trace ofA, denoted bytr(A), is
nxn
defined to be the sum of the diagonal elementA pfhat is,

n
tr(A) = > a (1.1)
=1
1.1.3.1 Properties of Trace:
If A, B,C be three square matrices of the same order, then,

(i) tr(A +B) =tr(A) +tr(B), (i) tr(AB)= tr(BA),

(iii) tr(ABC) =tr(BCA) =tr(CAB) =tr[A (BC) ]
(iv) and when the matrices are symmetric then, tr(ABC) tr(ACB).

1.1.4 Determinant of a square matrix:

If A :[aij} be a square matrix of ordam, then its determinant,
nxn

represented bjA|, is defined as,

i i 172 n
12 n
where, il,---,in represent the column numbers g( ,---,in) stands for

the number of transpositions needed to b(i'ig---, [ n) to the natural order
a,2,--,n).
A matrix A is said to be non-singular [A|#0, otherwise, it is

termed as a singular matrix. &, B,C be three non-singular matrices of
ordern each and be the identity (unit) matrix of order, then,

1+ AB|=| +BA}| +tABC|=| +BCA |=| #CAB|
Moreover, wheneverA andB are two square matrices of the same order,



AB|=[BA|=|A[B|=B[Al
1.1.5 Inverse of a Matrix:

For a square matriA = [a--} , let Ai; be the cofactor of; in A,
J Jhxn 1) |
cof (A) the cofactor matrix ofA , then the inverse oA, whenever it exists,
IS given by,
- 1 '
A 1:W[COf(A)] , | Az 0. (1.3)
For two non-singular matrice®\ and B of the same order, we have,

aB) 1= a1

1.1.6 Quadratic form and the concept of Positive Definiteness:
If X is a column vector of ordgmn % 1) and there is a symmetric mati

of order n, then,Q = X'AX is called a quadratic form. > 00X # O,
then Q is called a positive definite quadratic form afAdis called a positive
definite matrix.

1.1.6.1 Criteria for Positive Definiteness of a Matrix:

() A necessary and sufficient condition that a ma#xbe positive
definite is that all the leading principal minors &k are
consistently positive.

(i) A necessary and sufficient condition that a quadratic form

Q = X AX be positive definite is that all the characteristic roots of
A are consistently positive.

(ii)  If a matrix A is capable of being expressedAs-BB , for some
matrix B, then A is called a gram matrix. A necessary and
sufficient condition that a matrix is a Gram matrix is that it is
positive definite.

1.1.7 Square Root of a Matrix:

A symmetric positive definite (or a hermitian positive definite) square root

of a symmetric positive definite (or a hermitian positive definite) mafix

is C= P/\J/ZP' (or G F\:V 2 g )where P is the matrix of normalized
eigen vectors oA, A is the diagonal matrix of the eigen valuesfofand

10



/\]/ 2 denotes the diagonal matrix with the diagonal elements as the positive
square roots of the diagonal elementé\in

1.1.8 Notations to be used in the thesis:
All the matrices appearing in the present thesis(prep) real symmetric

positive definite matrices unless otherwise stat®d>0 will be used to

mean that the matrixA is positive definite.Ay2 will represent the
symmetric square root of the real symmetric positive definite matrix
When integrating over matrices the following notations will be used:

jxf(X)dX: integral over X of the scalar function f(X).

IX S0 - integral over the positive definite matrix X.

IEf(X)dX: integral over X suchthatX 0,A 6>0,X-A>0,

B-X>0.

j A<X <g - Same as above.

0<X<I=X >0, -X >0; which means that all the eigen values of X
are between 0 and 1, and Re(.) denotes the real part of (.).

1.2 Some Results on Jacobians of Matrix Transformations:

Throughout the present work | have frequently used some results of
Jacobians of matrix transformations, which will be stated below for the sake
of reference. For a thorough discussion of this concept and other results |
refer the reader to Mathai [57,73] and the references therein.

Theorem 1.2.1: Let Y and X be (px(q) matrices of functionally
independent real variables. LAt be a(p* p) non-singular matrix an@® a
(px* q) matrix of constants. Then,

Y =AX +B =dY =]a|%dX (1.4)

Theorem 1.2.2: Let Y and X be (px(q) matrices of functionally
independent real variables. L& be (pxp), B be (gxq) and C be
(px* q) matrices of constants whefe and B are non-singular. Then,

11



Y =AXB +C =dY =|A[1B[Pdx (1.5)
Theorem 1.2.3:Let Y and X be symmetric matrices op(p+1)/2

functionally independent real variables. L&t be a non-singular matrix and
C a symmetric matrix of constants. Then,

Y =AXA +C =dy =] P*x, s

and, Y= aX= dY= PPTDI2
where,a is a scalar quantity.

Theorem 1.2.4:Let X be a (pXp) non-singular matrix of functionally
independent real variables. Then ignoring the sign,

Y =x"L=dy =X [72PdX for X #X
= P?(pﬂ) dX for% X,

| (1.7)
= K(P~D g for - X,

= P?(pﬂ) dX for X lower or upper triangular.

Theorem 1.2.5:Let X, A,B be (pX p) non-singular matrices wherd and

B are constant matrices arl is a matrix of functionally independent real
variables, then,

Y =AX "B =dy =B [P [72Rix for X #X,

1p+1 . ;
dX forx X,B A, (1.8)

AX

1|P-1

AX dX forXe— X B Al

Theorem 1.2.6:Let k real (px p) matricesX --,Xk be transformed to

1
the (px p) matricesY,,---, Yk by the relations,
Y1:XIY2:X 1+X 2’Y k:x 1+...+X k

then,

12



dY, --dY, =dX,-dX (1.9)

k= "1 k
1.3 Special Functions of Matrix Arguments:
The study of special functions of matrix arguments, that is, the
generalization of the special function of scalar argument(s) case to the
matrix argument(s) case seems to have originated probably around 1944
when such functions appeared implicitly in the works of T. W. Anderson
and M. A. Girschick [1], while working in multivariate statistical analysis.
Thus, the functions of matrix arguments originated in the field of
multivariate statistical analysis. But the generalization of the special
functions of the scalar arguments to the matrix arguments case was not an
easy task owing to the peculiarities and complexities of the matrix algebra as
compared to the ordinary algebra of complex numbers.

When generalizing the theory of scalar variables to the matrix
variables many types of problems are encountered. If the rectangular
matrices are considered then their powers and inverses etc. cannot, in
general, be found. Even if one tries to solve these problems by using the
concept of the generalized inverse of a matrix, still a unique entity is not
obtained. Therefore, it is considered safe to work only with the real
symmetric positive definite matrices or the hermitian positive definite
matrices.

Many workers have notably contributed to this field. The earlier
workers like, Carl S. Herz [22], have used the Laplace transform technique
to define the generalized hypergeometric function of a single matrix
argument, while, A. G. Constantine [8] and A. T. James [23,24,25] have
used the concept of zonal polynomials to define and study the functions of
matrix arguments. A. M. Mathai [47,60-63,73] has developed the concept of
matrix transform (M-transform) to define and study the functions of matrix
arguments. Using this elegant technique Mathai has been able to develop the
theory of functions of matrix arguments to a very great extent, which does
not seem possible by the use of the earlier two techniques. In particular, he
has defined and generalized the integral representations of the Kummer’s
confluent hypergeometric functioriFl, the Gauss’'s hypergeometric

function 2F1’ the generalized hypergeometric functi?ﬁs, the Appell's

and the Humbert's functions, the Kampé de Fériet's function and the
Lauricella functions ofn variables to the matrix arguments case and he has
also done much work on the statistical applications of these functions.
Among other prominent workers of the field, the names of G. Pederzoli

13



[64,71,72,74,84], R. K. Saxena and P. L. Sethi [45,46,85,94,95-99], D. G.
Kabe [27-29], Yasuko Chikuse [6,7], Kenneth Gross and Donald Richards
[19,20,87-92], Jodar Lucas [36-43], H. S. Dhami [9-14], R. K. Kumbhat [31-
35], etc. may be mentioned.

The present study aims at an extension of Mathai's work to
the more advanced special functions like the Lauricella-Saran triple
hypergeometric functions, the Srivastava functidrmR,HB and HC’ the

Exton’s twenty one quadruple hypergeometric functions, the Exton’s

((IB Eg‘) %g EE) functions, the Chandel’ %1) E( ) function, the

generalized Horn’'s functiongk)Hgn) and (k)Hgln) and the generalized

Srivastava functions HI(??) and Hgn and also to produce the

generalizations of many new results of the functions in which Mathai has
already initiated the study. It is hoped that the present study will greatly
enrich the existing theory of functions of matrix arguments, which, as
Mathai himself has remarked, is a fast developing area of the present day
research in mathematics, but still this theory is in its infancy.

Now | give a brief discussion of the various techniques
available in the literature for the study of the functions of matrix arguments.
There are three different developments available in the literature for the
theory of functions of matrix arguments. One approach is througladeapl
and inverse Laplace transforms, references can be cited of Bochner [3],
Herz[22]. Another is through series representations with the help of zonal
polynomials, works of James [23,24,25], Constantine [8] can be cited in this
context. The third approach is due to Mathai [47,60-63,73], which involves a
generalized matrix transform. The basic ideas in all these approaches will be
discussed here briefly.

1.3.1 Laplace transform:
Let f(xl, ---,xk) be a scalar function of positive variablle.f,---,xk and

t tk be arbitrary parameters then the Laplace transforin, afenoted

1
by LT(f),T' :(tl, tk) is defined as follows:
Definition 1.3.1.1: Laplace transform: Multivariable case —

oo oo —(t4X t
Lo () =[S [e (tyxgt-+ty k)f(x X)Xy - dx (L.10)

14



Our aim here is to extend this idea to cover the case of matrix variables. Let
f(X) be a scalar function of a real symmetric positive definite madriof

order (px p). Consider a(px p) matrix T of parameters such that the

diagonal elements of are tjj’j =1,---,p and the non-diagonal elements

are %tjk;j,k =1,---,p; J# K, subject to the condition thaitjk :tkj' If

such matricesX andT are considered then we note that,
tr(XT) =tr(TX) = > t. X, (1.11)

A~ k™ jk

1=k
then by using the definition of Laplace transform for the multivariable case
(eq.(1.10)) we can define the Laplace transform for the matrix variable case
as follows:
Definition 1.3.1.2: Laplace transform: Matrix variable case —

L) = [y sge T 00dx (1.12)

where f(X) is a scalar function of the real symmetric positive definite

matrix X, and T is defined in eq.(1.11). The integral in (1.12) may not
exist. When it exists, eq.(1.12) gives the Laplace transform of the function
f(X). If f(X) is a density function thelh._T(f) is called the moment

generating function of (X) and it is denoted b)E[etr(Tx)] where E

denotes the expected value.

1.3.2 Functions of matrix arguments through bapltransform:
If f(X) is a scalar function of §px p) real symmetric positive definite

matrix X and if h(T) is the Laplace transform d&f then the uniqueness of
f throughh(T) can be established f and h satisfy some conditions. Let

Z=X+iY,I :\/q, where X and Y are real matricesX is symmetric
positive definite and belonging to the classlofefined in eq.(1.11), and
hermitian positive definite. Let(Z) be a complex analytic function of the

(pxp) matrix Z. Let f(Z) be symmetric in the sense th&{Z) =
f(QDZQ),de:I for all unitary(or orthonormal when realfpx p)

matricesQ, where QD denotes the conjugate transposefThenf is a

15



function of thep eigenvalues ofZ. Also f is a complex analytic function
of the p elementary symmetric functions

S_L:)\1+...+)\p’52:jzk:)\f\k,... ’Sp:)\f‘ 2...)\ 0

where, )\1,---,)\ are the eigenvalues of. Let for A real symmetric

P
positive definite

N(Z)=[non'so€ AL F(A)IA (1.13)

If the integral is absolutely convergent in some generalized right half plane
R(Z2)=X> XO it represents a complex analytic functio(z). If

[n(X+iY)|dY <cand lim [|h(X+iY)/dY =0
X| 5 00
for some X :X' >XO =X O >0 then Cauchy’s inversion formula can be
applied to write the inverse Laplace transform, i.e.,
oP(p-1)/2 &TA2) 1 2)dz= {f (A), for A >0.
(zm)p(p’“l)/zIRe(Z): X>Xo | 0, elsewhere.

(1.14)

With the help of the above results one can develop the theory of special
functions of matrix arguments. It is assumed that all the special functions

appearing here are symmetric in the senseftf@} =f(Q %\Q),QQD: l.
A convolution theorem for the Laplace transform, which is available in the

literature, can be stated as follows:
Theorem 1.3.2.1: Let fl and f2 be scalar functions ofpxp) real

symmetric positive definite matrices. L@l and 95 be their Laplace
transforms respectively. Let,

4(X) = [ F X -S)f 4S)dS (1.15)

where the integration is done over 8lE S > Cand X —S> 0. Then the
Laplace transform of3 IS 919>
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1.3.3: Functions of matrix arguments through Zonal Polynomials:

The zonal polynomials associated with a maftfixare certain symmetric
functions in the eigenvalues of. A detailed description of the various
types of polynomials and the development of the theory is available from
Mathai, Provost and Hayakawa [69]. Consider(ex p) real symmetric

positive definite matrixX . Let Vk be the vector space of homogeneous

polynomials g(X) of degreek in the p(p+ 1)/ 2 different elements of the
(px p) symmetric matrixX . Consider a congruent transformation

X - LXL by a nonsingula{px p) matrix L. A subspaceVS DVk is
called invariant ifLVS DVS for all nonsingular matrice& . If VS has no

proper invariant subspace it is called an irreducible invariant subspace. It can
be shown thath decomposes into a direct sum of irreducible invariant

subspace§/K corresponding to each partitid® :(kl,kz,---,kp),k1+

k2 +-.--+Kk =Kk, into not more tharp parts. Each subspace contains a

P
unigue one dimensional subspace invariant under the orthogonal group of
linear transformations. These subspaces are generated by the zonal

polynomial UK(X) which when normalized in a certain fashion give the

zonal polynomials CK (X). Explicit forms of these polynomials are

available for small values d. For large values ok it will be extremely
difficult to compute these polynomials. For handling elementary special
functions of matrix argument we need a few properties of these zonal
polynomials. These will be listed here without proofs since the proofs are
too long. One basic result which is an immediate consequence of the
definition itself is that wherX is a (1x1) matrix, namely, a scalar quantity

X,
Cy (=2 (1.16)

Hence one can look uporCK (X) as a generalization oka. The

exponential function has the following expansion:

etr(x) = OZO: i[tr(X)]k = OZO: Z
k=0 k=0K

Cy (X)

(1.17)
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The binomial expansion is the following: fbr-X >0, that is, X :X' >0
and all the eigenvalues of are between 0 and 1,
—a 2 (@) Cp (X)
a _
1-x%=y y—K kIK
k=0K '

(1.18)

where,

P P
= _Q [ = — I
(G)K - Jl;ll(a 5 jkl with, K (kl’ k2, ’kp)’k1+ + kp k:

Jo(p)Ck (HXHT)dH = C (X)G¢ (/G () (1.19)

where | is the identity matrix, the integral is over the orthogonal group of
(px p) matrices andlH is the invariant Haar measure.

v o tr(ZX) (o —(p+D) /2
Iy oy 'sp€ @ YA P26 (xTyax

=z c, (Tz‘l)rIo (@, K)
(1.20)

wherel _ @ ,K)= np(p‘l)’4|E| e ﬁ—i ) and for
p =1 2

Re@)> (p—-1)/2.
This result is also valid for all complex hermitian positive definfte An

inverse Laplace transform for the zonal polynomials can be stated as
follows:

oP(p-1)/2
(2T[i)p(p+ 1)/ ZIRe(Z)= X> XO

P20 (s
Fp(a, K)

etr(SZ)|Z‘—0( CK (2)dz

(1.21)

In a similar fashion the definition of a general hypergeometric function in
terms of zonal polynomials can be given.
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1.4 The Mathai's Matrix Transform Technique:
This elegant technique was introduced by Mathai [47] in 1978l brefly
discuss this technique here and use it throughout the present thesis to
establish many results in the succeeding chapters.

A generalized matrix transform or M-transform of a
function f(X) of a (pxp) real symmetric positive definite or strictly

negative definite matriX is defined as follows.
_ s—(pt1)/
M, (8) = fy 50X PP D/ 3 (x)dx, forX> 0 (1.22)

Wheneveer (s) exists wherdf (X) is assumed to be a symmetric function

in the sensef(BX) =f(XB) =f(B y&(B }é) , for B= B >0. When
X <0 we replaceX by —X in eq.(1.22). It is to be noted that whprF 1
eq.(1.22) is the Mellin transform df(X). Since, s is scalar andX is a
(pxp) symmetric matrix withp(p+1)/2 variables, Mf(s) is not a

multivariable case of the Mellin transform. Hence, fior 1 the transform
Mf(s) need not uniquely determing(X). But in the hypergeometrixc

family of functions of matrix arguments one can show that the family of
functions f (X) defined by eq.(1.22) have properties analogous to the ones

enjoyed by the hypergeometric functions of scalar arguments. Hence we will
define hypergeometric functions of matrix arguments by using eq.(1.22) and
extend a large number of properties of hypergeometric functions of scalar
arguments to those of matrix arguments.

| now state below some results without proof, which have been used
by me in the present work in order to prove a number of results.

Theorem 1.4.1:For X and Y real symmetric positive definit¢p X p)
matrices and a scalar,

-b
lim | +ﬁ‘ =~ r(XY) (1.23)
b o
Theorem 1.4.2: For a large andp finite,
r(a-p)
P g (1.24)
e

19



Theorem 1.4.3: Let f(X) be a symmetric function in the sense
f(AX) =f(XA) where X and A are (pxp) real symmetric positive
definite matrices. Under interchangeability of limits and integrals,

M{ lim f(ﬁﬂz im oPM f(X) ] (1.25)

(0 QY v o) a a—-o
whereM [ ] denotes the M-transform with respect to the parangeter

When extending scalar variable cases to matrix cases sometimes we may be
required to use a multiplication formula for the M-transform which is stated
below:

Theorem 1.4.4;Let fl(X) andf2(X) be symmetric functions in the sense
fj(XY) =f j(YX);j 4,2; where X and Y are (pxp) real symmetric

positive definite matrices. Let the M-transforms with respect to the
parameteip be M [fl(X) ] =g(p .M [f X) ] =g (p) . Let

1404 = [y solY [ LXNF VY,
then the M-transform df3 IS given by,

1500 =0 (g o B3 1+B-p) (1.26

Almost all results on scalar variable hypergeometric function can be
extended to the corresponding matrix variable case by using the above
technique. Some of the cases which do not have direct extensions are the
following:

(i) Results which utilize the multiplication formula for the Gamma function.

In the scalar case we have,

m P
: m
J=1
for m=1,2;--. For Fp(mz), m= 1, 2;-- there is no corresponding formula

for keeping the samp except forp = 2. Here the structure is different from

that of eq.(1.27) and hence the generalized results eak lkcompletely
different.
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(i) Results involving fractional powers, higher powers, products etc.
In some of these cases Jacobians of transformations are not available in the
literature and when available they are not in a convenient form to rewrite in

matrix forms. Even for a simple caS\ézx2 when X is a (px p) real
symmetric matrix,

P
Y =2 =dy =2P|x|{ ] ‘)\i +>\j‘ dX (1.28)
I<j=l
where )\1,---,)\p are the eigenvalues o such that)\i +)\j Zz 0 for all i

and j. It may be noted that we do not have a convenient representation for

the right side of eq.(1.28) in terms ¥f.
Now | propose to give some basic results concerning the functions of
matrix arguments which have been thoroughly utilized in the present thesis.

1.5 The matrix variable cases pertaining to the Gamma and Beta functions
and the Dirichlet’s integrals for matrix arguments will be stated here.

Theorem 1.5.1: Matrix-variate Gamma: For gpxp) real symmetric
positive definite matrixX the matrix-variate Gamma, denoted Ib%(d), IS

defined by, (0+1))
— —tr(X) |ya—(p+1)/2
I (@) =y sge T [} 2ax

(1.29)
for Re@@)> (p— 1)/ 2.
where,
r (q) = T[p(p_l)/Ar(a)r(a —Ejr(a —p__lj’
P 2 2 (1.30)
for Re@)> (p— 1)/ 2.
Theorem 1.5.2:A generalization of the above result 8r= B' >0 is,
Bl O _ —tr(BX) Xa—(p+1)/2dx
Bl " Tp@) =x0® X ' @ay

for Re@)> (p— 1)/ 2.
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Theorem 1.5.3: Matrix-variate Beta (type-1): The type-1 matrix- variate
Beta function is defined by the following integral representation:

r(@)r (B)
_ il [a—(p+1)/2 ~(p+ 1)/ 24y _
B (0.B) = [olX|” (P12 _x P (Pr1)/ 3yx = ﬁp(a +p[3)

(1.32)

forRe@ B)> (p—-1)/2and & X |

Theorem 1.5.4: Matrix-variate Beta (type-2): The type-2 matrix- variate
Beta function is defined by the following integral representation:

Fp(@r ,®)
(@ +h)

B(B) = Jy gl VI TP 24y 7O Bhgy = (1.33)

for Re@ B)> (p- 1)/2 and Y=Y> 0.

Theorem 1.5.5:Dirichlet integral (type-1) for matrix variables:
a,—(p+tl)/2 -(ptD/2
I...(k)...”xl‘ 1 k x

k‘d k+1—(p+l) / 2dX

o

=X ==X
_ rp(al)"'rp(a )

FplOg et ay )

1dX

(1.34)

for Re@; )> (p~ 1)/2,0< X = >§< L= L,k
and 0< )&+---+ Xk< l.

Theorem 1.5.6:Dirichlet integral (type-2) for matrix variables:

IX1>0"'(k)"'Ix k>0‘xl‘al_(p+l)/2“"x k‘a K™ (p+ 1)/2X

—(a., +---+a
‘|+x +---+xk‘ (% k+1)dX1---dX

1 k

Continued to the next page ... ... ... ... ...
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_ Fp(al)---l' p(a e+ 9

Fp(O(1+...+O(k+1) (1.35)
for Re@;)> (p- 1)/2,0< X = >§ E L k.

1.6 Outline of the Programme:
After having a survey of the concerned literature, in this introductory
chapter, now | am embarking upon the abstract outcome of the present

thesis. The second chapter deals with iﬂﬁi 2F1’ rFS and U(a;b: 2)

functions of single matrix argument, while, the Appell’'s and the Humbert's
functions of matrix arguments have been studied in the third chapter. The
Kampé de Fériet function, the Lauricella functions and the other related
functions of matrix arguments form the subject matter of the fourth chapter.
In the fifth chapter the ten Lauricella-Saran triple hypergeometric functions
in company with the three Srivastava functions have been studied and some
transformation relations and cases of reducibility have also been discussed. |
have defined the Exton’s twenty one quadruple hypergeometric functions of
matrix arguments in the sixth chapter and have established a number of
results for these functions including some transformation relations and cases

of reducibility. The Exton’s ((lBEg]) and ?;)) I':/‘S) functions and the

Chandel's ((IBE(C?) function for the case of matrix arguments have been
incorporated in the seventh chapter along with some transformation relations

and cases of reducibility. The Horn(g)Hgn) and(k) I—‘Arn) functions for
matrix arguments have been defined in chapter eighth. It is interesting to
note that some results of this chapter hold good only for the pas@

while, others are valid for all the finite values f The concluding chapter

of the thesis is aimed at describing the generalized Srivastava functions

H(Bn) and n) of matrix arguments and establishment of three results

concerning them.
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CHAPTER Il

FUNCTIONS OF SINGLE MATRIX ARGUMENT

2.1 The functions of single matrix argument have earlier been studied by
many workers, viz. Herz [22], James [23-25], Dhami [10,12], Joshi and
Joshi [26] and Mathai [45,49,62,63]. In the present chapter | again study
some of these functions of matrix arguments which include the
1F1, 2F1’ rFS and U(a;b: Z)functions. | have utilized some of the
definitions and results of Mathai [62], to establish the results here. A short
proof of the well-known Meijer’s integral for the functidd(a;d;— X) has

been given and the confluence of Joshi and Joshi [26] has also been
considered again and a proof of it has been given by using the matrix
transform (M-transform) technique.

2.2 Preliminary Definitions and Results

Definition 2.2.1: The ; FS function of matrix argument

(s = Rs@pashs s X)

is defined as that class of functions which has the following M-transform:
_ p=(p+1)/2 o a b b=
M(F) =y 5ol Foaya;by b X)dx

S r

|_| rp(bj) |_| rp(aj_p)
== = (@) @)
1T (@) |§|F (b;—p)
jD1 P P
forRe(g -p;i-.3-p . b=p~ ,0-Pp > (® /2

Theorem 2.2.1:
)

0 p(a)r 0 (c—a)

Continued to the next page ... ... ... ... ...

oF (a,b;ci- X)= j(')| \43_ (pt1)/2,

24



-y [ca (P D2y [~ Ry 2.2
for Re(a,c- ap (p 1)/2.
Theorem 2.2.2:
r, ()
T X = P I ga—(p+1)/2,
1R (@;b=X) @ o a)j0|11
|| _-|-|b—a— (pt+ 1)/26—tr(XT) dT (2.3)

for Re(a,b- ap (p 1/2.

Theorem 2.2.3:
The M-transform OfrFs: rFs[al,--- ,ar;bl-,-- ,bS;— (X1+---+ Xn)] is
the following:

_ p,—(p+1)/2 p,—(pt1)/2
M(rFs)_IX1>O"'IXn>O‘X]J ! ‘X n‘ " X

rFS[al’...’ar;b-L;.. ,bs;— (X1+...+ Xn)]dxl dxn
S n r
J'Dlrp(bj) {kl_:llrp(pk)} {il;llrp(ai _pl_m_pn)}

r S

for Re@, g —p; = =P, ,l:]—pl—---—pn P (p- 1)/2, where,
k:l’...’n;j: 1. ,S;i: 1. ..

(2.4)

Now | give my definition for the confluent hypergeometric function
U(a; b;— Z) of second kind with matrix argument, which shall be utilized to

prove many interesting results concerning this function in this chapter.
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Definition 2.2.2:
The confluent hypergeometric functiod(a;b;—2Z) of second kind with

matrix argument is defined as that class of functions for which the M-
transform is the following:

M[U(a; bi-2)] = |5 o|ZP~ P/ 2y (a;bi- 2)dz

T p@=PY P+ 1/2- b+pT )
rp(a)rp[(p+ 1)/ 2+ a— b]

for Re[a—p,(pt D)/2 bBrpp b (p /2.

(2.5)

2.3 With the help of the definitions and results of the previous section now |
proceed to prove a number of results for the functions already quoted in
section 2.1.

Theorem 2.3.1:

rFS(a PRy ’aT;b_l_.’“ ’%;— X)
m r (0() n r (b)
- r(a>r (a—q)Ulr er (b 5

IO IOH{‘U ‘a] (p+1)/2‘ Ui‘ai_?_ (p 1)/})(

Bj—(p+1)/2 q—Bj—(pu)/z
jzl{‘vj‘ ‘ J‘ }rFs(“r'“’“m’
An+1 arﬁl"' n’ n+1" ’bs;_ \ZZ \{ZL}% L;%:z)(x

ul%---uzZvl%---vnyZ)du ;du gV -dv

forRe(cxi—q\ ,FI,P—BJ [fj Y (p /2, where,sn ranh s, |[(2.6)

i :1’...,m;j:1,... n.

26



Proof. Taking the M-transform of the right side of eq.(2.6) with respect to
the variableX and the parametgy we have,

-(pt1)/2
IX>O|X|p Py (Fs@p 0y g By By
bn+1,---,bS;—VnyZ---VlyZU}r;Z---U}l/ZXx (2.7)

U1 UKZV1 V%/Z)dx
which, under the transformation

x :V%---V}/ZU}/Z---U }/Z}(U /:I/ZU }/3/ i/ZV }n/,zwith,

(p+1)/2
e e

\x1\=jﬁ[v,-\]ﬁl{\ui\}|X|

and using the definition 2.2.1 yields

m (M@ -0) o)
iEll "p() ‘ ! J—:L r (B p)‘ J‘ 29

Substituting this expression on the right side of eq.(2.6) and integrating out
Ui ’Vj (i=1---,m;j=1---,n) by using a type-1 Beta integral yields

M( rFS)’ as given by eq.(2.1).

Theorem 2.3.2:

_ v—=(p+1)/2
e tr(ST)|T| rFs(a]_’ ’g}. ’kl’ ’[%’

IT >0

—T%KT}/Z)dT

Continued to the next page ... ... ... ... ...
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O @ Ay e 8 S2 KS2) g

forRef)> (p-1/2,k s,$ 0O; or,x s,Re(> p 1)/Z%S > 0.
Proof. Taking the M-transform of the right side of eq.(2.9) with respect to
the variable K and the parametep and applying the transformation

L=S %KS }/2 followed by the use of definition (2.2.1) leads to-

S r
i jEllrp(bj) jEllrp(aj_p)
S o - rpO=pX 0) (210
|_| rp(aj) |_| rp(bj_p)
= =

The same result is obtained if we take the M-transform of the left side of
eq.(2.9) with respect to the variablié and the parametgd and apply the

transformation Z:T%KT}/Z, use the definition (2.2.1) and finally
integrate oufl by using a Gamma integral.

Theorem 2.3.3:
1 — —
U(a;bi=X)=—— (a)IT>Oe tr(XT) | = (pr1)/ 2,
P (2.11)

Proof: Taking the M-transform of the right side of eq.(2.11) with respect to
the variable X and the parametep, then integrating outX by using a
Gamma integral andT by using a type-2 Beta integral vyields
M[U(a; b;—X)], as given by eq.(2.5).

It is interesting to note that this theorem provides a proof of eq.(2),
section2, page 628 of Joshi and Joshi [26], which Joshi and Joshi have taken
as their definition of the confluent hypergeometric function of second kind
with matrix argument.
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Theorem 2.3.4:

gy XPHRTED (V) [ya- (P /2,
U(a; b— X) =
(i) (@ ) rp(a) IV>O |\4 (2.12)
X +V|—[a— b+ (pt1)/2],,,
D x)= 2 Tws € TOW) w- - (PrD/ 2,
(i) ] (a) (2.13)

|W|b—a— (pt 1) / 2dW

U(a; b;-X)= 2Pl(p+1) /2 Blgtr(X) 2 | o tr(SX)/2,
(i) @) (2.14)
|S_ ||a—(p+1)/2‘8+ || b- & (pr 1)/%18

_ ~b—a _tr(X)
U(a;b;—X)= |D C| ©
ro@)

X

1 [ X <)¥Vp-v)"Ip)¥3, (2.15)

D-V[ P —c2 (PrD %y
where, C and D are constant matrices suchtkat& & V D.
Proof: (i) This result can be had from eq.(2.11) by the application of the

transformationV :X}/ 2TX }/2 This result is analogous to eq.(4), section
2, page 629 of Joshi and Joshi [26].

(i) We apply the transformatioWV =1+T, where, T >0, to eq.(2.11) to
see this result.

(iii) In eq.(2.11) when we apply the transformatiSm |+ 2T, this result is
obtained.

(iv) In eq.(2.13) the application of the transformation,

V=D-(D —C)%W_l(D —C)}/Z, followed by the use of theorem 30,
page 36, of Mathai [57] leads to this result.
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Theorem 2.3.5:

Fp(a)rp(b— a)
M |x-vPE PRty (2.16)
for Re(a,b- ap (p 1)/2.

(i) Faib=x)= "X E[b- aibix] (2.17)
oP[(p+1)/2- b]Fp(b)e_ tr(X)/ 2
Fp(a)rp(b— a)

|| _S|a—(p+1)/2“ +q b- & (pr 1)/2dS
o[(p+1)/ 2 b] —tr(X)/ 2
? (e L etrxsy2,
M p(@r (b= 2a) - (2.19)
|| +S|a—(p+1)/2“ _q b- & (pr 1)/2dS
|D _ C|(p+l) [ 2- brp (b)
Fp(a)rp(b— a)

F@b-X)= v P72,

I I dr(Xs)/2

1F1(a; b- X)=

(iii) (2.18)

(iv) 1F1(a; bi-X)=

1F1(a; b-X)=

v) D¢ tIX(D <) Yqu-c)p-cy13, (2.20)

|D_U|b—a— (pt+ 1)/2‘U _C| a (p 1)/%1U

where, C and D are constant matrices suchtkat@ & U D.

Proof: (i) By applying the transformatiorn/ :X}/ 2TX }/2 to theorem

2.2.2 this result is obtained.

(i) This result is the extension of the Kummer's first theorem (see for
instance, Slater [100], eq.(1.4.1), page 6) for the matrix arguments case and
can be had from theorem 2.2.2 by using the transformdtierl —W in it

and interpreting the resulting expression in the light of the same theorem.
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Similarly the following transformations are to be applied to the theorem
2.2.2 for obtaining the remaining results:

(i) S=1-2T; (iv) S=2T-1; (vyU=C+ (D—C)%T(D— C}yz.
Theorem 2.3.6:
J‘T>Oe—tr(ST)U(a;C;_ Tj -ITb—(p+ 1)/2 dT
Fp(b)rp[(p+1)/2+ b—- c]
- Mol(p+1)/2+ a+ b~ c]

x Rl (p+ 1)/ 2+ b-ci |51

(p+1)/2+ at+ b- c= (S 1)]
for Re[b,(p+ 1)/ b-c,(pr D/2 & b & P 1)/2
Proof.: The application of the theorem 2.2.1 to t@E_L function on the right

side of eq.(2.21) yields,
2F1[b,(p+1)/2+ b—-c(pt D/2 & b e (S 1)

_ Fp[(p +1)/2+ a+ b- c] ||Y|b_(p+1)/2x
rp(b)r p[(p+1)/2+ a- c]IO

-y b (Pt 1)% (1 -Y) oy Yo« (:22)

Y%(I -Y) 7

which is to be substituted on the right side of eq.(2.21) forZ@function,

then we take the M-transform of the modified form of the right side of
eq.(2.21) with respect to the varialfeand the parametgy, consequently,

—(p+1)/2+b-c]
dy

apply the transformationSl: (1-Y) %Y}/ZSY}/Z(I -Y) }/2 and
integrate outS‘.l by using a type-2 Beta integral anfl by using a type-1
Beta integral to achieve-
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Mol(p+1/2+b=c-pT (@ brpJ (b-p T 6)
Fp(a)rp[(p+ 1)/2+ a— C]

The same result is obtained by taking the M-transform of the left side of
eq.(2.21) with respect to the variabl8 and the parametep and

subsequently using the definition (2.2.2) in it.

(2.23)

Theorem 2.3.7:

IT>Oe—tr(ST)U(a. c— Tj -ITb—(p+ 1)/2 dT
F (b)F [(p+1)/2+ b- c]

B r [(p+1)/2+ a+ b- c] s 21

Rlabier D/ & b g,

—(S ~-1)]
for Reb,(pr 1)/ 2+ b- c,(p 1)/2 & b ¢ @ 1)/2.

Proof: This theorem follows in the same manner as the theorem (2.3.6), the
2F1 function on the right side of eq.(2.24) is to be replaced by the following

expression which is achieved by the application of the theorem (2.2.1) to the
2F1 function on the right side of eq.(2.24):

JFla.bi(pr /2 ar b oo (5'-
r [(p+1)/2+ a+ b— c]
F (a)r [(p+ 1)/2+ b-

[ _Y|(p+1)/2—c—(p+ 1)/1l (1 -Y) _%Y }/%_1x (2.25)

b
Y%(I -Y) b

]IO| |a (p+1) /2,

dy
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Theorem 2.3.8:Meijer’s Integral

R & tr(XT) | gb=(p+1)/2,
U(a;d;—X)= r (b) IT>o T (2.26)

SRl (p+ 1)/2+ a- d;b; TIdT

Proof: Taking the M-transform of the right side of eq.(2.26) with respect to
the variable X and the parametep and integrating outX by using a

Gamma integral then writing the M-transform of tléeFl function with

parameter(a—p) we obtain M[U(a;d;—X)] as given by the definition
2.2.2.

Theorem 2.3.9:
IxsoX> (P D/ 27 (AX) y (b ds- Xy2 KX}/Z)dX
_Tplrplier /2 s o

Mpl(p+1)/2+ b+ s= d]

a2 T2y

forRe[s,(p+ D/ s d,(p 1D/2 b s & 6 /2
Proof: We apply the theorem 2.2.1 to replace gk'-i function on the right

A3 F[b.si(p+ 1)/ 2+ br s d(-z_ -

side of eq.(2.27) by the following integral:

oFlb.si(p+ 1)/ 2+ br s o (/K% KA_yZ— ]
r Kp+D/2+b+s—d]
T (b)F [(p+1)/2+ S— d]j0| |

|y [P 2= (p 1)/1| - 1 ¥ Han _)/2x(2'28)

_a/1-S
Y%(I -Y) %

b-(p+1)/2,,

dy
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then taking the M-transform of the right side of eq.(2.27) with respect to the
variable K and the parametgr, which under the use of the transformation,

< =0-n) 2 Y e T

and integrating outKlby employing a type-2 Beta integral and by a
type-1 Beta integral lends,
r +1)/2-d+ - b—
s plP /27 drPT (&= PT 5 (P )
Fp(b)r p[(p+1)/2— d+ b]

This result is also achieved by taking the M-transform of the left side of
eq.(2.27) with respect to the variable and the parametep under the

(2.29)

transformation KZZX%KX }/2 and using the definition 2.2.2 and

integrating outX by the help of a Gamma integral.
It is interesting to note that the left side of eq.(2.27) may be

treated as the M-transform of the functﬁtr(AX) U(b;d;- X}é KX}/Z)

with respect to the variablX and the parametes and on the right side it
depends ors, the parameter of the transform!

Theorem 2.3.10:The Confluence of Joshi and Joshi [26]:
— i A
Bc—(p+1)/2(z) = lim I [{a—C+ (p+ 1)/2]U(a,c? ) (2.30)

a—
Proof: The above confluence has been stated and proved by Joshi and Joshi
[26] as eq.(20), page 633. We provide here an alternative proof for this result
by using the M-transform technique.

In the left side of eq.(2.30BC_(p+1)/2(Z) represents the Bessel

function of the second kind with matrix argument. This notation was also
used earlier by Herz [22], page 506. We use his results to establish the above
confluence.

Putting | =0 in eq.(5.i), page 506 of Herz [22], and noting that
OGl[ 0+ (p+1)/2;Z]
rp[3+(p+1)/2]

according to HerzBé(Z) = , we have

34



-1
Bé(z) _ I/\>Oe_tr(/\+/\ Z) |A|—[6+(p+1)/2] dA

which yields,
MB 5(2)] =[5 o2 PP/ B (2)dz
= () (P~

Now we take the M-transform of the right side of eq.(2.30) with respect to
the variableZ and the parametgr and observing that,

M{ im T Ja —c+(p+1)/2]U(a;c%)}

a—

(2.31)

(2.32)
= lim appM[rp[a—c+ (p+1)/2]U(a; c- Z})

a—
from theorem 1.4.3, and utilizing the definition 2.2.2 along with the use of

the theorem 1.4.2 leads us M[Bc—(p+1)/éz)] , as given by eq.(2.31)
with d=c—-(p+1)/2

Theorem 2.3.11:
— b- 1)/2
frap€ TEDP= (P2 £ (¢ kT)aT

=1 (B)s* P Rl abicKs K] (2.33)

for Re(b)> (p— 1)/ 2.
Proof: This result can be had by replacing _ULF?L function on the left side

of eq.(2.33) by the use of the theorem 2.2.2, consequently applying the
transformationY1 =1 -Y , and observing that,

S+ (1-YK|=[s+K

=Y K(S+K) ‘1‘

and finally using the theorem 2.2.1.
LettindKk — | in the above expression we have the
following interesting result:

jT>0e_tr(ST)|ﬂb_(p+l)/ZlFl(a;c;— T)dT

Continued to the next page ... ... ... ... ...
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) b e
ST 7Rl abic® 001, g,

for Re(b)> (p— 1)/ 2.
In a similar manner we can establish the following results:

Theorem 2.3.12:
Frspe TEDITPPH2 E @ibr 12 K72 )T

. rp(b)|s}‘b NACHE 572 k572 ] (2.35)
for Re(b)> (p— 1)/ 2.
Theorem 2.3.13:

fT>oe_tr(ST) i e/ 20 R (b~ T% KTy2 )dT

- rp(a)|$‘alF1[a;b;— §y2 Kg/]/Z ] (2.36)
for Re(a)> (p- 1)/2.

Theorem 2.3.14:
rspe "G (br 1)/20 F(ar Ty2 KTy2 )dT

= rp(a)H_a e_tr(KS_l) (2.37)
for Re(a)> (p- 1)/2.

Theorem 2.3.15:
o€ TN | xS~ (D2 £ (b;d- 2 KX}/Z)dX

= Fp(s)|A|_S ,Fylb,s;d- A_% KA_}/Z] (2.38)
for Re(s)> (p- 1)/2.
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Theorem 2.3.16:
o€ T = (PHDI2 £ (b X 2vx 2)dx
= Fp(s)x 1R[si b Y] (2.39)
for Re(s)> (p- 1)/2.

Theorem 2.3.17:
Ixso€ TV XPTPTIZ Fay g iy

—X%YX %)dx (2.40)
=T (p)|K| 417 a pibpe by K% YK}/Z)
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CHAPTER Il

APPELL’S AND HUMBERT'S FUNCTIONS OF MATRIX
ARGUMENTS

3.1 Definitions

In this section | first quote the Mathai's definitions of the four Appell's and
the seven Humbert's functions of matrix arguments which will be utilized by
me in this and the forthcoming chapters of this thesis for proving a number
of results.

3.1.1 The Appell's functiorFl of matrix arguments
F1 = Fl(a,b,b ;c- X+ Y)

iIs defined as that class of functions which has the following matrix
transform:

M(F) = fy sy soXPL(PH D 2y P2 (P D72,

Fl(a,b,ﬁ ;C- X Y)dXdY

_ rp(c)rp(pl)r p(p I p(a—pll—p N p(b—p M ID(lo—p ) (31
INCRNC INC) I Cal PPy

for Re (a_pl_pz ;b'pl ’b_pz ,e'pl_p 29 19 2;’ (p 1/2

3.1.2 F

5 = F2(a,b,b ;C,c+ X+ Y)

_ —-(p+1)/2 —(pt1)/2
M(Fz)‘fx>ofv>o|x|p1 (P+) Y[P2 (P72

F,(a,b,bic,c+ X- Y)dXdY
_ Fp@F (e e ,e I {a=p P Qx
F@F O BT (0 T (€0 )

Continued to the next page ... ... ... ... ... ...
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Mo(b=pyl (b =)
py.p,) > (p-1)/2.

3.1.3 F3

M(Fg) = fy 5o fy sl X(PL P Ay P2 (P D15

- F3(a,é,b,b;c—; X= V)

F3(a,é b,b;cr X Y)dXdY
_ rp(c)rp(pl)r ID(p o p(a_p N p(a—p 2)><
Fp@ry@) 50y () j(epqg=p5) (3.3)

b=yl (6 -0 )
fOI‘ Re (a_pl;a_pz 1b-pl 1b_p2 ’epl_pz ’

pLPy) > (P-1)/2

3.14 F4 = F4(a’ b;C,IC;— X,— Y)
M(Fy) = [ sy solXPL~ P 2y P27 (P72
F,(a,bic,c = X Y)dXdY
_ rp(c)rp(c')rp(pl)r P ap Py fbpp ) (4

I (@ (X (e=pyJ” (c=p ;)

forRe (&a-p; —=p, .,b-p;=p,5.6p1.C-P,R4P -7 (B D/2

3.1.5 The Humbert's functiofbl of matrix arguments

39



CDl = CDl(a, b;c— X,-Y)

is defined as that class of functions for which the matrix transform is the
following:

—(p+1)/2 -(p+t1)/
M(@) = fy g fy gL 2y P27 (P D5
dJl(a, b;c— X~ Y)dXdY
_ FoOF 5Pl (P I f@a=p=p ' {b=p 9 (3.5)
M@ 5 (BX (e=py=p )
for Re (a—pl—p2 ,b—p1 ,&P17P 5P 4P 2)> (r D/2.

3.1.6 ®, = ®,(b,b;ci- X~ )

2
M(®,) = [y sy sX PP 2y P2 (P D7 %
®,,(b,b;ci- X, Y)dXdY

_Tp© @ e T fb=p F p(b' -p ) (3.6)

B (0 (c=py=p )

for Re (b-p; .b=p, .cp1=P5,P1P > P (B D/2.
3.1.7 ) :¢3(b;c;—X,—Y)

|X|pl-(p+1)/2|y P2 (ptD)/2,

3

M(®y) = IX >0 IY >0
@4(b;c;—X,-Y)dXdY

_Tp(O peyr j o (b-p ) (3.7)
Mo b p(c=pg=p )
for Re (b—pl,rrpl—p2 p1p2)> (p- /2.
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3.1.8 L|J1 = L|J1(a’ b;C,(:J — X~ Y)
M(W)) = Jy 0 Jy 5o [PL P 2y P2 (P72
W (@, bic,c = X~ Y)dXdY
_ Fp(C)Fp(C r p(pl)r IO(p I IO(a—p P p‘b_p ) (38

@ (BF (=P [(E=p )

for Re (a-p; =P, .b-p;.¢p1.CPy0R1R > (B D/2
=W, (a;c,C = X~ V)
xPL(PHD/ 2y pp= (PFD)/ 2,

3.1.9 L|J2

M(LPZ) :IX>OIY>0
Wz(a;c,é ~ X~ Y)dXdY
_ rp(c)rp(c )B IO(pl)r p(p A p(a—p P9 (3.9)

M (@ 5 (c=pyY (€=p )

for Re (a-p; =P, .C-P.C=P, PP, ¥ (B D/2

3.1.10 =, ==,@.a,bc- X~ )
M(=p) = g fy splx P2~ 2y P2 (P07

=,(a,a ,b;c- X Y)dxdY

T, el P I fa=pf fa-p J (b-p 9 (310)

Tp@Ip@ ) o () h(epy=p )

for Re (&-py ,a-p, ,brp; .€p1=PoRA LT (B D/2.
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3.1.11 = Ez(a, b;c— X,-Y)

=2
M(Z,) = Jy g Jy g X[PL P 2y P2 (P D2
=,(a,b;c;- X;~ Y)dXdY
_ rp(c)rp(pl)r ID(p o p(a_ P p(b_ Py (3.11)
M@, (B 5(e=pg=p )

forRe (a-p; .b-py .6p1=P, PP > (B D/2

3.21n this section | quote some results of Mathai for the functions defined in
the previous section, which will be required for proving the results in this
and the subsequent chapters.

Theorem 3.2.1:
r (C)

= iy

F (b)F (b)F (C b- b)

b- (p+1)/2‘ ‘ b- (p+ /2,

Ys

I—U:L—U2

—a
|+u1y2xul%+uévz\(u/;2( du du ,,

for Re(b,b,c- b- b} (p 1)/2.

‘c—b—b— (P+1)/2, 312

Theorem 3.2.2:

r(c)
P J‘ |V|a (p+1)/2|| V|C x (p /2

F (a)F (c- a)

Continued to the next page ... ... ... ... ... ...

42



-b

_bl
|+vy2xvy2 +V }/E(V )/2{ dv (3.13)

for Re(a,c- ap (p 1/2.

Theorem 3.2.3:
F2(a,b,b;c,c;— X5 Y)

b~(p+1)/2,

I p(©) y
T O (b (c- by (c- B)IOIO‘Ul‘
p™ p N p p

J ‘b'—(p+1)/2‘|_U]Jc—b-(ﬂ- D“ﬁ—u e b (p /2

5 X (3.14)

—a
|+U1y2xul%+u2y%(ué/2{ du du ,,

for Re(b,b,c b, by (p 1)/2.

:

Theorem 3.2.4:
F3(a,a,b,b;c~; X:Y)

_ Mp(©) b—(p+1)/2, b (pr 1)/ 2
T (b (b)Y (c-b-b) ‘Vl‘ ‘VZ‘ g
pv’ p/ p
Cheh— —a (3.15)
|—v1—v2‘C b=b (p+1)/1| +vly2}<v1y2 x

_al
dv fV 5

I +V2%YV 5/2
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forRe(b,b,c- b- by (g 1)/2.

Theorem 3.2.5:
(Dl(a, b;c—- X,-Y)

-
_ p(® VP DI2) _y | (0 D13
(@) .(c—a)
PP L (3.16)
|+v%xv% e U (VY)gy
for Re(a,c- ap (p 1)/2.
Theorem 3.2.6:
®,(b,b;ci- X~ Y)
_ Fp(© v ‘b—(p+1)/2‘v ‘6— (- 1)/2
- — V1 2
o) (0 (e b= b) (3.17)
c—b-b- (PH1)/2 ~tr (VX +V )
1-Vy -V, avgv,
for Re(b,b,c- b- by (B 1)/2.
Theorem 3.2.7:
= (@b bic- X~ V)
) r(©) m ‘b (p+1)/2‘ ‘b— (P D/2
RGN ! 1
‘I —vl—vz‘c_b_b_(ml)ﬁ +v1y%<v 1% e V2Vl qv

for Re(b,b,c- b- by (5 1)/2.
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3.3 In this section we prove some results for the Appell’s functi(ﬁ_Es,F3
and EL by using the definitions of the previous section. The proofs of only a

small number of results are being given here. Many results have been proved
by me in my papers [107-110] listed in the bibliography. Only the results
have been listed here for the sake of illustration.

Theorem 3.3.1:
Fl(a 1[3![3 ,y,—X,—Y)

rL) ' '
:r - 'pr — f(l)flo|U|B+B (p+1)/2|v|[3 (p+/2,
B B (V-B-B)
Uy BB -+ D)2y B (D12, 310

a

| +(1 —V)%U}/ZXU}/?(I —V)/VZN /1/@ /1/‘2U /Y\Z /r{ dudv

for0<U<I, 0O<V<landforRe@B y-B-p » (B 1)/2.
Proof: Taking the M-transform of the right side of eq.(3.19) with respect to
the variablesX and Y and the parameterpl andp2 respectively, we

obtain,

IX 0 IY >O|X|p1_(p+1)/2|Y|p2_ (pt1) /2,

—a (3.20)
| +(1 —V)%U}/ZXU}/E(I -V) /VZA/ )/@ /Y\?U /Y\Z /% dXdy

Making use of the transformations,

Xq=( —V)%U%XU}/EU -V) /VZlev )/@ /Y‘ZU /1<2 /12
with, dx, =[1-V|(PHD72y (P D/ 2% gy, =|v| P D75

P 2ay; and,| x| =] 1= VUK | Y = V|U]}Y]
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in the above expression and then integrating out the vari%l:llemd Yl by
using a type-2 Dirichlet integral we get,
I (a
o(@

Substituting this expression on the right side of eq.(3.19) and then
integrating out the variablesd and V in the resulting expression by using a
type-1 Beta integral generatM;(Fl) as given by eq.(3.1).

U P17 P2lv[ P2l -v[P1 (3.21)

Theorem 3.3.2:

|P|_B' Ii (G 1[3 !B' A X~ P_% YP—}/Z )

1 ' I § e—tr(PT)|-|-|[3'—(p+l)/2x

Fp(B) (3.22)
d)l(a By =X, —T%YT%)dT
for Re (3' )>> (p- 1)/ 2.

Theorem 3.3.3:

AP F @B BYY X P_y2 YF’_y2 )

1 _ _
- ~frag® tr(PT)mB (p+t1)/2,
Fp(B) (3.23)
LlJl(a,B;y,y';—X,—T%YT%)dT

for Re (3' )>> (p- 1/ 2.
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Theorem 3.3.4:
FS(G’G ’B’B YTY ;_X!_Y)

Fp(v+v')

- {72 PRICENES
FoMT (v) (3.24)

2F1(0(,[3;V;—U%XU}/2) 2Fl[Ot',B';y';—(l - U)%Y(l —U))/Z]dU
for0O<U<landforRefy » (p 1)/2.

Theorem 3.3.5:Forp = 2,
|p|‘°" Rlo.@ +1)/2B, (2 + 1)/4y + X- 4PT P! ]

1 -
~Irs0€

rp(@)

where Ret p (p- 1)/2.

Proof: Taking the M-transform of the right side of eq.(3.25) with respect to
the variablesX and Y and the parameterpl andp2 respectively, we

tr(PT) T —(pt1)/ 252 @ B:y:i=X,~TYT )dT(3.25)

obtain,
X pl_(p+1)/2 Y p2_ (p"' 1) / 2)(
IX>OIY>0| | | | | (3.26)
EZ(G,B;Y; =X,=TYT )dXdY
Applying the transformation
Y, =TYT , with, dY;=[TPP*dY and| | =| T°[¥| o the above

expression and then using the definition (3.1.11) produces,
r r r r —p I -
120, oW pPIT P AT J7Pr 7P
Substituting this expression on the right side of eq.(3.25) and then

integrating outT in the resulting expression by using a Gamma integral
leads us to,

(3.27)
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' C () (@=pIr (B-pIT (o —2p JT (p )T
(a2, oW P BRI o 2 N P fp )
Mo @F @B (Y=py=p T far)
Now taking the M-transform of the left side of eq.(3.25) with respect to the
variablesX and Y and the parameteq:sl andp2 respectively, we get,

Iy sghy sglXPLPHD 2y o™ (PHD/3p 70

Folo, (@ +1)/2,8, (21 + 1)/ 4y = X~ 4F T YL Jdxdy
Making use of the transformation,
Y, =4 LyP L with, dy, = £P*D/F 5P+ gy

_ —2
and| Y,| = #|F2| ¥
in the above expression and then using the definition (3.1.3) along with the
observation that fop = 2,

b, rp[(a' +1)/2-p, I p[(za' +D/4-py] T p(a' -2 )
rp[(a' +1)/ 27 p[(za' +1)/ 4] r p(a')

from eq.(6.13) page 84 of Mathai [62], finally leads us to the same result as
in eq.(3.28). It is to be noted that this result is different from the
corresponding result in the scalar case.

(3.28)

(3.29)

4 (3.30)

Theorem 3.3.6:
Y F @By - 572 Xp /2 - Y2 vt )

1 — -
- Trge TP 2,

M (3.31)
WZ(B;y,y';—T%XT}/Z,—T}/ 27/ AdT

for Re@ )> (p— 1)/ 2.
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Theorem 3.3.7:
O E @ BB y-P 2 X 2 - P2 P2 )

& tr(PT)|7a=(P+D)/2,

@ Ir>0 (3.32)

©,B.B;Y; 72yt 2 ot o AdT

for Re@)> (p— 1)/ 2.
Proof: Taking the M-transform of the right side of eq.(3.32) with respect to
the variablesX and Y and the paramete;sl andp2 respectively, we get,

IX 0 IY >O|X|p1_(p+1)/2|Y|p2_ (Pt /2,
(3.33)

cDZ(B,B';\/; —T%XT%,—T}/ 2YT/V 2dXdY
Applying the transformations,

X, thoxr P2 Y, =T Y2 72 with, ax =[P+ 2gx,
v, =[1fPD 2av, and,| x| =| 1] | v|=| 1 ¥:

to the above expression and then using the definition (3.1.6) yields,
FoWE 5 (B=pl (B -p I Pyl §p 3
M@ @ (y=p1=p )

Substituting this expression on the right side of eq.(3.32) and then

integrating outT in the resulting expression by using a Gamma integral
gives

ub PPy _P

(3.34)

(e o) [ PP B-par g0y
ro(@r (@ @) (v=py=p)  (339)

M o(PF @ =py=p )

Now, taking the M-transform of the left side of eq.(3.32) with respect to the
variablesX and Y and the paramete;s_L andp2 respectively, we obtain
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IX >0 IY >0|X|p1_(p+l) / 2|Y |p2— (p+1)/ %PI_“ F (@ ,[3,[3' Y

b Poxp Y2 _p 2y o YdXdY

which, under the transformations,

X, = P_%XP_}/Z,YZ - P 2vp /2, with, dx,=| P2 gx,
dY2:|P|_(p+1)/2dY, and,‘ XZ‘:| Pl )|(‘ \é‘=| Fhy.

and then using eq.(3.1) produces the same result as in eq.(3.35) above.

(3.36)

Theorem 3.3.8:
F3(0(,0( B.Ba+a ;—X,-Y)

rp(a +0(')

Fp(a)rp(a)
_Bl
|+uy2xuy2 | +(I —U)}/ZY(I —U)}/Z{ du

forRe @ o )> (- 1)/2, and8 & |.

J~(|)|U|G—(p+l)/2|| _U|CX —(pt1)/2,

(3.37)
-B

Proof: Taking the M-transform of the right side of eq.(3.37) with respect to

the variablesX and Y and the parameterpl andp2 respectively, we

acquire

$
dxdY

( —U)%Y(I —U)%

this expression on the application of the transformations,

xlzu%xu%,vlza —U)7V2Y(| -U) /VZ
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and then integrating ou)(l and Yl by employing a type-2 Beta integral
generates,

Fo(B=p)l (o P (P 4P )
Fp(B)Fp(B)

Putting back this expression on the right side of eq.(3.37) and then
integrating out U in the ensuing expression by utilizing a type-1 Beta
integral generateM(FS) as given by eq.(3.3).

U1 -u[P2-P

(3.39)

Theorem 3.3.9:
FS(G’G 1B!B ’B+B ;—X,—Y)

P+ P) U P02y _yf-(er0r2,
T (B)r (B)
(3.40)
—Q —Q
|+uy2xuy2 | +(I —U)}/ZY(I —U)}/Z{
forRe B8 )> (p- 1)/2, and@ W |.
Theorem 3.3.10:
|P|_B ROa BBy X- 572 YP 72 )
J‘ —tr(PT)|-|-|[3 —(p+t1)/2,
T (B) 120 (3.41)

=, (0,0 Biyi-X, —T%YT}/Z)dT

for Re @ )> (p- 1)/2.
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Theorem 3.3.11:

Fp(v)rp(v) |
M o@F L@ (=) [y ~B)
”|U|0(—(D+1)/2|V|[3—(p+ 1)/%| —yya- (B /2

X

F4(a’[3;y1yl ;—X,—Y) -

—v]Y B(pH1)/2,

Y ~B-(p+1)/2

|—(|—V)_y2vyZJ7V3<u/V2/)/Z| V) _/1/2 x

y—a—(p+1)/2

I—(I—U)_%V}/QJ}/ZYU}/Z/)/%I -U) _/1/2 dudv

for 0< U< land 0< V< I, and for Rea(B.y—a y.—B 3 o 1)/3:42
Proof: Taking the M-transform of the right side of eq.(3.42) with respect to
the variablesX and Y and the parameterpl andp2 respectively, we

achieve
I 0 Iy >O|X|pl—(p+1) / 2|y|p2_ (pt1)/2,

Y -B~(p+1)/2

|—(|—V)_y2v%uy3<u)/2/)/2| V) Ve x  (3.43)

y—-oa—(p+1)/2

| (I —U)_%V}/QU}/ZYU )/2/ )/% -U) _/YZ dxdy

Now, applying the transformations

Xq=( —V)_%v%u%c}(u /VX/ )/?I V) _/1/,2
Y =( —U)_%v%’u/va/u )/2/ )/zl -U) _/V,Z
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with, dx =[1-v[~ P12y (Pr D73y (B Dy
dY1:|| —U|_(p+1)/2|V|(p+ 1)/%U| (B 1)/%1Y,

-1 -1 .
and, | X| =] 1= ™ VI|U|X].[Yy| =t =U[ Vv | iv |
to the last expression and then integrating )éhftand Yl by using a type-1
Beta integral yields
U P17 P2|v[P1 P2l -v[Py -U P 2x

M= (v =B (Pr (P ) (3.4

Moy =a+p )l (v ~B+p)

Substituting this expression on the right side of eq.(3.42) and then
integrating outU and V in the consequent expression by utilization of a

type-1 Beta integral leads td(F ) as given by eq.(3.4).

3.4 This section deals with theorems for the Humbert's functions of matrix
arguments. As in the previous section, proofs of only some representative
cases will be given and other results will be stated without proof as they hve
been proved in my papers [109,110] cited in the bibliography.

Theorem 3.4.1:
P_BE o.a Biyi- P_% XP_}/Z - v)
[ =
. —tr(PT)mB (p+D)/ 2,
T (B) T>0 (3.45)

(0,0 ;; —T%XT}/Z, ~Y)dT
for Re@@)> (p—- 1)/ 2.

Proof: Taking the M-transform of the right side of eq.(3.45) with respect to
the variablesX and Y and the parameterpl andp2 respectively, we

obtain
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IxsolysolXPL P 2pv|P2m (T 5
(3.46)

(0,0 :; —T%XT}/Z, —Y)dxdY
Applying the transformation,
_ : _ +1)/2 _
Xy -1 72x1 %2, with dx, =[T|(P*D/2ax and| x| =| 1 X
and then using eq.(3.6), the above expression yields,
FoWE p(a=p )l a =p T (P41 (o )
Substituting this expression on the right side of eq.(3.45) and then

integrating outT in the resulting expression by using a Gamma integral
generates

- (B-py) FoWF p(a=p )l « —pJr fpl Pl PP}
Fp B p(@)l (o ) oY =P17P )

Now, taking the M-transform of the Ieft side of eq.(3.45) with respect to the
variablesX and Y and the paramete;sl andp2 respectively, we have

|X|pl—(p+1)/2|y|pz— (pt 1)/2‘p|_[3 x

T P1 (3.47)

P (3.48)

IX >0 IY >0 (3.49)

El(a,a',g;y;—P_% XP_}/Z = Y)dXdY
which under the transformation
X, = b V2xp /2. with dx, =| A P*D/2 ax and x|=| FY K

then using eq.(3.10) yields the same result as in eq.(3.48) above.

Theorem 3.4.2:

A7)+ P_% XP_%

" I+ P_7V2 YP_)/Z{_B

Continued to the next page ... ... ... ... ... ...
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=1 [ r(PT)qy(prD)/ 2,
rp(y) IT>Oe |T|

c132([3,[3';v; —T%XT}/Z, —T}/ 2YT/V AdT (3.50)
for Refy)> (p— 1)/ 2.

Theorem 3.4.3:
PP o, @8 yi-X- 5 F2vp12)

1 — _
- € tr(PT)|-|-|[3 (p+1)/2,
Fp(B) (3.51)

d>3([3; Y =X, —T%YT }/Z)dT
for Re@ )> (p- 1)/2.
Theorem 3.4.4:Forp = 2,

A= [@+1)/2B, @+ 1)/ 4y - 4PT YPL < X]
1

fr>0®
(@7

®4(B:y; X, ~TYT )dT
where, Re > (p- 1)/2.

—tr(PT) | -I-ICX —(p+1) /2,
(3.52)

Theorem 3.4.5:
AP w @iy - 52 xp 2 - Y)
1 — _
= Wﬁ_me tr(PT)|T|B (p+D)/2,

Continued to the next page ... ... ... ... ... ...
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W@y, v; —T%XT}/Z, -Y)dT
for Re@@)> (p—- 1)/ 2.

Theorem 3.4.6:
P =, @ By P_% xp_}/Z -Y)

r>0
(@7

¢3(B; Y —T%XT}/Z, =-Y)dT
forRe @)> (p— 1)/ 2.

Theorem 3.4.7:

1/ -1/ P
I+P%XP}/2

|P|_V e—tr(P_lY)

T (v) (>0

DBy, —T%XT}/Z, —T}/ 2YT/V AdT

for Re {)> (p- 1)/ 2.

Theorem 3.4.8:

P @, @ Biyi- 572 xp 2 - o2 v )

_—IT 0
Fp(a) >

OBy —T%XT}/Z, —Ty 2T ¥, AdT

for Re @ )> (p— 1)/ 2.

e—tr(PT)|-|-|(]—(p+1)/2x

56

e—tr(PT)|-|-|(]—(p+1) / 2,

e U(PT) y=(prD/2,

(3.53)
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Theorem 3.4.9:
|P|_a =, (@ o Piyi-X,—P % Yp}/Z )

1

| e—tr(PT)|-|-|G —(p+1)/2,,
Fp(a) >0 (3.57)

52(0(,[3; Y; =X, —T%YT}/Z)dT
for Re (0(' )>> (p- 1)/ 2.
3.5: In this section some transformation relations and cases of reducibility of

the Appells and Humbert's functions of matrix arguments shall be
established.

Theorem 3.5.1:
() F(ab,bicm X-X)= 5 F(ab bie: X)  (358)

Fp(c)rp(c— a-b)

F (a,b,b;cx X, I)= —x
(ii) Fp(c— a)l'p (c-b) (3.59)
,F(a,bic= b= X)

| [ ) .(c-a- b-b)
(i) F(a.b,bicl, =P ,
Fp(c—a)l'p(c— b—-b)

where it is being assumed that alll fhs 'S involved are defined.

(3.60)

Proof: (i) This result follows by puttingY =X in theorem 3.2.2 and
consequently using the theorem 2.2.1.

(i) For obtaining this result we leY — -l in theorem 3.2.2 subsequently
using the theorem 2.2.1.

(iii). Letting X - -l in eq.(3.59), followed by the use of the theorem
(2.3.2) page 39 of Mathai [62] generates this result. Alternatively, we can let
both X and Y approach te- in theorem 3.2.2 and then use a type-1 Beta

integral to see the result.
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Theorem 3.5.2:
R (ab,bics X- V)= I+ X @ Rla,e b- b,b;c;

O 10 21 2450 2 00 %0 P e
where Y- X> 0.
F(ab.bics X- Y)=[ i+ W2 flabe b bic

(ii) —(I+Y)_%(X =Y)(I +Y) _y2,(| +Y) _7V X ) _%2 (3.62)
where X- Y> 0.

(b0 icr Xe V)| 1 {1 Y0 Fle-abbic

(ii) (3.63)
(1 +X) %xu +X) y2,(| +Y) y&a +) )/F
R (b,bicr X Y)=| 1+ T8 P 1+ v Px
(iv) Flc-a,c- b-b,b;er X, (3.64)
(I +X)%(I +Y) _}/ 2y(1 +Y) _y% #X) /V29<]
F(a,b.bics X- Y)=| b X701+ ¥&7& P
W) Flc-a,b,c- b- bc;(k Y% (k X)_% Xx (3.65)

(I +X) %(I +Y)}/2—Y, Y]
Proof: To prove this theorem we first give two definitions of ﬂiefunction
through integral representations:
r,©)

F(a,b,b e X- Y)= , ,
o (0 j(c= b= b)

X

Continued to the next page ... ... ... ... ...
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”‘Ul‘b_(p+1)/2‘u ‘5_ (pr 1)/7|—U1—U£ e b Ib— (» ]_)/g

2
—a
I+X%U1X}/2+Y}/3J ZY)/Z{ du gu , (3.66)

forRe (b,b,e b by (p 1)/2.
Also,

r©)
rp(a)rp (c—a)

-b

Fl(a’ b,B e X Y)= I(!)| \/Ta—(p+1)/2x

_bl
Y }/Q/Y /VZ{ dV (3.67)

1—y[ca(pr 1)ﬁ| X 7ax 2

forRe (a,c- ay (p 1)/2.
To prove the result in eq.(3.61) we apply the transformations

V1:I —Ul—U 2V2: 5 SO that, dVldV2: dUldUZ’

to eq.(3.66) and by using the concept of symmetry, as has been assumed by
previous workers like Herz [22] page 478 and Mathai [60] page 516; we
observe that,

|+x%(| —V, -V Qx %+Y }/2/ ¥ )/2{_& =] X |_ax
| = (1 +X) _%x %\/f( }/% +X) _)/2+

_ _a./1a
(1 +X) %(Y -X) }/Z\/Z(Y -X) }/%| X) )/2{

where, Y =X >0. The desired result then follows immediately after a

suitable interpretation of the resulting expression in the light of eq.(3.66).
The result of eq.(3.62) also follows similarly from eq.(3.66).

The result in eq.(3.63) can be proved by using eq.(3.67) by observing that,
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|+xy2vxy2

=) |

«1 +X) _}/% )/@ V)X )(/2 X) _/V %

and a similar expression fo+1+Y}/2VY}/2 and then applying the

transformationVl =1 -V and suitably interpreting the resulting expression

as per eq.(3.67).
The result in eq.(3.64) is obtained by applying eq.(3.61) to Iihe

function on the right side of eq.(3.63) and similarly, the result in eq.(3.65)
follows from eqs.(3.62) and (3.63).
Theorem 3.5.3:
e —a [T
F,(a,b,b;c,cs X- YF| X B la,c b,b;cc;

(i) ~ _ _ _ (3.68)
(1 +X) nya +X) }/2 <1 +X) y&u 4X) /V]Z
i Fy(a,b,b;ccs X YFE| B \f_a 5labe bicc; 2.69)
—(I +Y)_%X(I +Y) _y2,(| +Y) ‘Y X(l ) _/V]Z
F(abB'cE:'—X—Y):|HX+YT_ [ac—bc—bcc
(iii) (3.70)

(I +X +Y) %X(I +X +Y) }/Z(I X ) }/g’(l X ¥) }/2
Proof. To prove this theorem we define the funct|5§1 through an mtegral
representation:
C r,@r,(c)
F2(a,b,b;c,c;— X: YE ,p P — X
Fp(b)Fp(b )Fp(c— b)Y p(C— b)

b- (p+1)/2‘ ‘6— (pr D“ﬁ—uﬂ e b (p /2

ololus

2

Continued to the next page ... ... ... ... ...
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‘l _UZ‘CI—bI—(p+l)/2

—a
I+X}/2Uf(}/2+Y}/2J g)/z{ du gu
forRe (b,b,c b,c- b}y (p 1)/2.

The result in eq.(3.68) is obtained by applying the transformation,

Vl =1-U 1 to eq.(3.71) and observing that,

|+xy2(| —V]}X}/Z+Y }/@ Y /VZH X |x
| = (1 +X) _%x %\/f( }/% +X) _)/2+
(I+X)_%Yy2U > }/ZU +X) _)/2{

and then interpreting the ensuing expression in view of eq.(3.71). The result
in eq.(3.69) also follows similarly from eq.(3.71) while, the result Iin
e(.(3.70) is a combination of the results in eqs.(3.68) and (3.69).

23.71)

Theorem 3.5.4:
Fp(c)rp(c— b- a)

- ") 1
Fp(c a)'p(c b)

®,(a,b;ci- X~ Y)= e |14 A_b y

(i) ®,(a,b;c;l-Y)= F(ac b Y) 3.72)

(ii) (3.73)

<Dl[c —a, b;c;(I+ X)_y2 X(I+ X)_}/Z, Y]

(i) ®,(0.b;c-X-Y)= "X, (- b- b bie;X, % Y)3.74)

= ™Mo, (b,c- b- bic¥- X, V) (3.75)

Proof: (i) The result in eq.(3.72) follows by makin§ —» -l in eq.(3.16)
followed by the use of the theorem 2.2.2.
(i) Consider eq.(3.16) along with the observation,
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=] +XV |=I

I+Vy2XVy2 X %X )/2{ (3.76)

Now, applying the transformatiodJ =1—-V in conjunction with the

observation
{1 ) T Fax %1 X) _/%

|+x%(| —U)X%

the desired result follows immediately by a suitable interpretation of the
resulting expression in the light of eq.(3.16) together with eq.(3.76).
(i) The result in eq. (3.74) follows by employing the transformations

Ul =1 —Vl—Vz 2=V 5 SO that, dVldV2= dUldU2

in eq.(3.17) and suitably interpreting the ensuing expression as per eq.(3.17).
The result of eq.(3.75) also follows similarly from eq.(3.17).

- ]
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CHAPTER IV

KAMPE DE FERIET'S FUNCTION, LAURICELLA AND OTHER
RELATED FUNCTIONS OF MATRIX ARGUMENTS

4.1 Definitions

In this section | first quote the Mathai’'s definitions of the Kampé de Fériet’s

function, the four Lauricella functions and th?b(zn)- function of matrix
arguments.

4.1.1 The Kampé de Fériet’s function
gk Fr:q;k’_{ @) (g G0 _Y]
sim;n sim; : : : :
(ag) By

of matrix arguments is defined as that class of functions for which the M-
transform is the following:

rq;k\ _
M (Fs:?n;n) B IX >OIY >0

I COCRICN)
SN (@) (B )i ()

|X|pl—(p+1) / 2y P2~ (pt1)/2,

—X,—Y]dXdY

S m n r
{17 Cadd 1T BH 776 I @ —pP—9
jglpJ)jglﬁ%}jﬂlﬁongl?lJl}Z

r q k S
{(Mra@MHIT M e R {17 (a;—p;—Pk
IR I R U R

q k
{Mro:=p)Hrfc . -pRrEpyr(p
T 75 =0H [174e j7P2 T PLT P

m n
(11750 11740 @)
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for Re(ol’pz’a]_pl_pZ’F 1’ ’raJ_pl_p21F 1’ S,
bj_pl’J:]-”q’BJ_pl’J: l, ,m’(i_pz ’F l, ’kvj_pz ’
j:11°"an)>(p_ 1)/2

4.1.2 The Lauricella function

(n) — () el e = X -

FA _FA (awR! 1% 1&; ’ﬁ ’ )i1 ’ )%)
of matrix arguments is defined as that class of functions which has the
following matrix transform:

M(FA) = IX1>O"'IXn>O‘X1
xF(n)(a g [?1 G0 X T X A% dxn

FoCPX TTFEb =P ga =py==p{ [1T[P)
J|:|1 c J|:|1|[( PTa =Py~ p,ql'lf)p} (4.2)

P @I T 0N [T e -0
=R

‘pl—(p+1)/2___‘x ‘pn—(p+1)/2
n

4.1.3 F(n):F(n)(al % ’l]-.’.. ’[?‘ Gt )_{L’ - )%)

M(FB ) J‘X 0 J‘X >0‘ ‘pl_(p‘*'l)/Zm‘xn‘pn—(p+1)/2x

F(n)(al... 3, }1 Q\ s )i — )%)dxi.. dxn (4.3)

r (c)|-|{r (a —p)F (b p)r (p)}
J=1

J|:|1{r S@ )b (e =py==pp)
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for Re(aj—pj ’lf_pj pJ Yol s i * > (p D/2;
j:l’...,n_

4.1.4 R =AM @big i ¢+ X T X)
_ p,—(pt1)/2 P~ (pr1)/2
M(F((;n))‘fx1>o"'fxn>o‘ 1‘ 1 ‘x n‘ n

xF(n)(a bc_L G X T xn)dxl... dX
{Hrp(cj)}r (@=py==pyh fb=py=-p

_ A X
n
I'p(a)l' 0 (b){j|;|1|_ p(Cj - pj)}
n
{_ﬂ l'p(p]-)}
)=l
for Re(c p; P, a—p_L—---— B )
>(p-1)/2:j=1. (4.4)
415 F[()”):F[()”)(a,q Bier X m X))
p;~(p*1)/2 p,~(pt1)/2
M(F[()n))zfx1>o"'fxn>o‘ 1‘ ‘ n‘ n
xF(n)(a [1 [% or X T )(n)dxl d)( (4.5)
r (C)l_l{r (b —p)r (p )}I’ (a Py Py
=1

n
@] 0 I e =Py
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for Re(bj—pj Py a P TRy . E P T TRy P (F D/2
j:l’...,n_

4.1.6 TheCD(Zn) - function of matrix arguments
(MM ... b o= X, . —

CD2 —CD2 (bl’ ,bn,c, Xl’ : Xn)

iIs defined as that class of functions which has the following matrix
transform:

M(q)(zn)) = IX1>O"'IXn>O‘X

xd0 (b, b_ici~ X

1‘91—(p+1)/2m‘x n‘pn— (pt1)/2

~ X )dX 5 dX (4.6)

17 N

n
NI RUNCISTR NS

=1

n
[T b I e —py==p )

=1

for Re(tﬁ—pj PO TRy, » (- D/2F k- ,n.

4.2 Further Definitions
In this section | give my definitions of théPg]),E{n) andcblgn) functions
of matrix arguments.
4.2.1 TheLIJ'(A?)- function of matrix arguments
(n) = () e Y =X —

LIJ'A\ _LIJA (a1[3_|_’ 1Bn_11Y1’ 1yn5 Xl’ ’ Xn)
Is defined as that class of functions for which the M-transform is the
following:

M(LP,(A?)) :fx1>o"‘fxn>o‘x

(n) SVINTI VIR
XA (OB B giVyr Y pim Xy m X X - dX

1‘91—(p+1)/2m‘x n‘pn— (pt1)/2

Continued to the next page ... ... ... ... ...
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n-1 n
(B =p) {17 (YT (P}
FIO(O(—pl—---—pn){ilj1 p(Bl Py} jEllp J) P J)

(@)

n-1 n

(O TP LTIy ep

for Re@ —py =+ =P, B; =P, ¥; =P; & iz @)
i=1,---,n—1; j:l;..

4.2.2 ‘(”) = (”) a by 136 X 5 X0)
_ Py (p+1)/2 p,—(pt1)/2
(n)) fx >0 Ix >o‘ ]J ‘ n‘ "

_(n)(a1 a b s X 5 X)dXge dX

n-1
{|-|r (a, —p)}{|‘| r (b -p)} r (c){ﬂrp(p
= (4.8)

RO
{iMNr @y {[]rfby
iEll a jD:L &

forRe(g —p b -pj.c=p =P, P> (P- D/ 2
i =1,---,n; j:]_’... .n—1.

4.2.3 cbg‘) :dJI(:)n)(a,bl,--- B e X X))

P;—(p+1)/2 p,—(p+t1)/2
M(CD([?)) :IX1>O'”IXn>O‘X1‘ 1 ‘x n‘ n

xq)([;])(a’tﬁ_"” ’th—l;C;_ Xl’ - Xn)dXI-- an

Continued to the next page ... ... ... ... ...
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n-1 n
C (. -p0 T X7 AP
:Fp(a—pl—---—pn){iljl p( | p|)} P jEll P J)
r@) n-1 ro(c=py==pp)
P {iEllrp(bi)} P
for Re(a-py = =p, . h-p; .&p; = =p, pj > (4.9)

(P-1)/2i=1:--,n— L j=1;-- ,n.
4.3 The Kampé de Fériet's Function of Matrix Arguments

Theorem 4.3.1:

12:2| CBAB A
I:1:1;1{ . TXY
ERTHETE:

) 0 (0)
MMM =M AT (1 =)

J~(|)J~|O|U|}\—(p+l)/2|v|)\ —(p+l)/2|| ~U ||.l—}\— (p+1)/2,

X

|| _V|Ll A _(p+1)/2|:1(a, B, BI;V;

—u%xu%, —V7V 2yv /V%dUdv

for ReQ A f-A p —A)>(p-1)/2. (4.10)
Proof: From definition (4.1.1) we deduce that,

1:2:2, _ —(p+1)/2 - 1)/
M(Fl:l;l)‘IX>OIY>O|X|p1 (p+1) |Y|p2 (pt1)/2,

12:2{ BB A
ALZ: { A%, -y |dXdy
TS
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O T G0 (@ =py=p I fB-p 3T =P}
@ B N (B A {y=p =p I - 0y
M@ =py)

rp(u _pz)

AU PV GRS G (4.11)

for Re; P, 0 =P =P, B=P1A=PB PN =P o,

Y=P =P H=PpH —P o) > (P~ 1)/ 2
Now taking the M-transform of the right side of eq.(4.10) with respect to the
variablesX, Y and the paramete;sl,p2 respectively, we have,

IX 0 IY >O|X|pl—(p+1) / 2|y|p2_ (pt1)/2,
(4.12)

Fl(a ,B’B' Y- U}é XU}/Z,—V}/ZYV)/Z)dXdY

Applying the transformations,
Xq= U%XU % Y =V y v /VZ(implying thereby dX, =
1)/2 1)/2
[P0 2ax, av, =v| P D &y, and| x|=|U| X | v =|vi|Y)

in the expression (4.12) and then making use of Mathai’'s definition of M-
transform of an Appell's functi0||iF1 we get,

FoME (Pl (PN fa=p =P 3 )
@ BT B (y=P1=P ) (4.13)
FoB=ppl B =Py

Substituting this expression on the right side of eq.(4.10) and integrating out
the variablesU and V in the resulting expression by using a type-1 Beta

U1V P2

integral we finally obtairi\/I(F]:_L_:lz_:;Lz) as given by eq.(4.11).
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4.4 The Lauricella Functions of Matrix Arguments
Theorem 4.4.1:
(n) BV e V=X =
FA (a 1[31’ 1Bn 5y1’ 1yn H X11 H X n)

1 - —
= r (B ) IT>Oe tr(T) |T|Bn (p+1) / qu,(or\-]) (G !Bl " an_l;
p=n (4.14)

Yy Y X g mX T eX T )dT
for Re(Bn )> (p—- 1)/ 2.

Proof: Taking the M-transform of the right side of eq.(4.14) with respect to
the variablele, e X n and the paramete;sl,---,pn respectively, we get

IX1>0"'IX r]>O‘Xl‘pl—(p+1)/2“.‘)( n‘p”_ (p+ 1)/ 2x

(n) VY =X e —
LIJA (G1B]_1 an_11y11 ,Vn, Xl’ y XH—I (415)
—T%X nT}/Z)dxl- --dX n
which on applying the transformation
_ - _i(ptD) /2 _
Y, 172 nT%(wuth dv =[] dx ,and| v, [=[1x | )
and then using definition (4.2.1) yields
n-1 n
oo VU (B ot LT T YT (P}
M@ =Py pn)iljlpuu j:lpJ)pJ)

"p@ TGy (nr )

Substituting this expression on the right side of eq.(4.14) and then
integrating outT in the resulting expression by using a Gamma integral

T/ Pn (4.16)

producesl\/I(F'g\n))as given by eq.(4.2).
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Theorem 4.4.2:

F'g\n)(a’[l,...’[?" ;(i.’.. ,%f )i, - )%)
_ L —tr(S+T1+---+T )x
T_(ar (bl)...rp(bn)IS>0I'li>O ITn>0e "

|qa—(p+1)/2‘T‘bl—(p+1)/2m‘T ‘bn— (pr1)/2

A sy %XT 23y)
—S}ETr%/ZXnTz/ZS}/Z)de'Ii--- dT,

for Re(a,li -,--,bn)> (p—1/2.

Proof: Taking the M-transform of the right side of eq.(4.17) with respect to

the variablele,---,Xn and the parameterpl,---,pn respectively, we

(4.17)

of( iy

have
~(p*1)/2 ~(p+1)/2
IX1>OMIXn>0‘ 1‘91 (p+1) .--‘Xn‘pn (PrD)/2,

F ( ;Cl;—s}é -li% X1T123;/2 ).+ X (4.18)

oy ;cn;—s/]/Z T%/Z XnTnZSJ/Z)dXi-- dX

Applying the transformations

Y =S}éTj}éXj 'I'J}/ZS}/2 whence, o}Y:| |§O+1)/2x
T.

J(p+1)/2 =|#TH)J(

to the expression (4. 18) and then using the M- transfordelFa -function

dxX. and‘\l(

forE L-- ,n;

gives us
~ n T () () T (c ) (@
H_pl_..._pn‘Tl‘ pl.--‘Tn‘ Ph_p 1" p™Y ~p"n p r?(4.19)
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Substituting this expression on the right side of eq.(4.17) and then
integrating out the variableS, T, ,--- ’Tn in the resulting expression by

using a Gamma integral produclUE(F'g\n)) as given by eq.(4.2).

Theorem 4.4.3:
Flgn)(al’"' By By Xy X))
_ 1 —tr(T) (B —(p+1)/2
= IT 0€ | Tn X
rp(Bn) g (4.20)

_(n)(q 0By B Vi X g =X g %x H'}/Z)d'r
for Re¢3n )> (p— 1)/ 2.

Proof: Taking the M-transform of the right side of eq.(4.20) with respect to

the variablele,---,Xrl and the parameterpl,---,prl respectively, we

obtain,
p,—(p+1)/2 p,—(pt1)/2
IX1>O”'IXn>O‘ 1‘ 1 ...‘xn‘ n X

_(n)(a ,an,Bl’... ’Bn—l’y’_xl ’—X . 1— %X IT}/Z)X(421)

Xm---an
On applying the same transformation as in the theorem 4.4.1 and using the
definition (4.2. 2) the above expression yields

{|-|r (0 —p)}{l‘lr(B p)} r(v{ |-|rrgp
T[n '_1n =1 (4.22)

(Moo (Qrepy PV TPTTW
i=1 =1

Substituting this expression on the right side of eq.(4.20) and integrating out
T in the resulting expression by using a Gamma integral generates

M(FI(Bn)) as given by eq.(4.3).
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Theorem 4.4.4:

1
M@ p(by) T @, T p<bn>[51>0 Tn>0

ST+ Ty g (Pr1)/ il - D2 |
O A WO e g gy
_..._Tr]%sz/ans{]yZTz/Z)dSPTl---dSn dT

for Re(a} P > (p- /2, # L- ,n.

Proof. Taking the M-transform of the right side of eq.(4.23) with respect to
the variablele, e X n and the par<';1meteq:$_|_,---,pn respectively, we get

p,—(p+1)/2 p.—(pr1)/2 N
IX1>O...IXn>O‘X1‘ 1 ...‘xn‘ n OF]_( ‘C:
(4.24)

Making use of the transformations

Yi :Ti%sl °X ?}/2 T/VZ’ so that, qv=|, W(pﬂ)/zx
SO o - A 3

in the expression (4.24) and then using the theorem 2.2.3 yields
r r e

Substituting this expression on the right side of eq. (4.23) and then
integrating out the variabIeSl,T ,Sn ’Tn in the resulting expression by

(4.23)

s LT L8 0, (4.25)

using a Gamma integral we obteNAIKFén)) as given by eq.(4.3).
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Theorem 4.4.5:
(M) (@ By ooy = Xoeee —
FC (G;B;yl; 1yn5 xl! 1 x n)

1(O() IT>Oe_tr(T) |T|O(_(p+1)/2w(2n) Bivyr Vs

"o (4.26)

—T%XlT}/Z,---, —T7V 2X nT}/ AdT

for Re@)> (p— 1)/2.

Proof: Taking the M-transform of the right side of eq.(4.26) with respect to
the variablele,---,Xn and the parameterpl,---,pn respectively, we

have
0, —(p+1)/2 P~ (pr1)/2
IX1>O°"IXn>O‘X1‘ ' ‘X “‘ " "
(4.27)
Lp(zn)(B;yl’...,yn;_T%Xir}/Z,...,—T}/ZX nT}/Z)dX I..dX n

Making use of the transformations

Y :T%XjT}/Z, so that, dy =| 1P*D/2 ax and,

Y.
y

ills

forj=1---,n;

in the above expression and then applying the definition (6.5) page 79 of
Mathai [62], the outcome is

n
F (V)T (ONT (B=py—--—
BRI A AN Ll
TP "Pn . (4.28)

CL BT (yi—p)

P =1 P ) J)
Substituting this expression on the right side of eq.(4.26) and then
integrating outT in the ensuing equation by employing a Gamma integral

leads toM(Fc(:n)) as given by eq.(4.4).

74



Theorem 4.4.6:
(n) e _
I:D (aiﬁliu'aﬁniyi X11°“1 Xn)

1 - _
= r (B )IT>Oe tr(T) |T|Bn (p+1)/2¢([;]) (G !Bl " an_l;y;
p=n (4.29)

XX Tiox 172
Xpo=Xp_p~T72X T 2dT
for Re(Bn )> (p—- 1)/ 2.

Proof: Taking the M-transform of the right side of eq.(4.29) with respect to
the variablesxl, e X n and the paramete;si,--- ,pn respectively, we get

P —(p+1)/2 p,~(p+1)/2
Ix1>0"'IXn>O‘X1‘ 1 ‘x n‘ " *
}/ }/ (4.30)
(n) e _ _
ch (G’Bl""’Bn—l'y' xl,..., Xn—]’. T/2X r;r 2)dX i..dx 0

On applying the same transformation as in theorem (4.4.1) and then using
the definition (4.2.3) the expression (4.30) leads us to

n-1 n
M@ =py==p X T §B;=PRT (¥ 17 {0l
=1 =1

T/ Pn (4.31)

n-1
Tp@C ] TRV =Py=-0
Substituting this expression on the right side of eq.(4.29) and integrating out
T in the resulting expression by using a Gamma integral QW@EIgn)) in
conformity with eq.(4.5).

Theorem 4.4.7:
F[()n)(a,bl,--- Bies X T X))
_ 1 —tr(T+Sl+---+S )
- ronle o] n’x
@I by (b )T>0'§>0715,> &

Continued to the next page ... ... ... ... ...
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(TE P DI2g PEDI2 o B2 o

_T%#x ;/VZT 2—...- }/ZS}/ZX 52.9/2V1/2)<;|T<3|:~“1 dS(4.32)

for Re(a,li-,-- I?] P (P /2.
Proof. This theorem can be proved in a similar fashion as theorem (4.4.4)

above. The transformations to be used Yf?maT%Sl 2)% §/2T 2,

fori=1,---,n.Finally M(FI(Dn)) is obtained, as given by eq. (4.5).

4.5 The <D(Dn) andCDg]) Functions of Matrix Arguments
Theorem 4.5.1:
(n) om X s —
CDD (altﬁ-l...lt}]_llci >(11 H Xn)
_ @ [HUp- (D2 _y e a (B /3
M@ (c-a) 0

b b
|+uy2xlu}/2 1--|+uy2xn_y/vz{ "X gy

for Re(a,c- ap (p- 1)/2 and O<U<I.

(4.33)

Proof: Taking the M-transform of the right side of eq.(4.33) with respect to

the variablele,---,Xn and the parameterpl,---,pn respectively, we
obtain,
p;—(p+1)/2 Py~ (pt1)/2
fx1>o"'fxn>o X, K *
T I P R
| +U 2x1u 2 A +U /X P X (4.34)
—tr UXx
( )Xm dX
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Applying the transformations,

Y :U%xju%, with @Y; =[ufP*D’Zax; and

y|=1ux]

forj= ,N—1to the expression (4.34) and then integrating out the
varlablesYl, Yn—l by using a type-2 Beta integral and the varia}bﬁ

by using a Gamma integral we are led to,

Mp(by =Py p(pl)“_r PriPrd Pa hx

r (b
o

U P1™ " Pn
1) I CR) (4.35)
p®Pp)

Substituting this expression on the right side of eq.(4.33) and integrating out
the variableU in the resulting expression by using a type-1 Beta integral

yields M(ng])) as given by eq.(4.9).
Theorem 4.5.2:

oMb, b

2p(p /2 ( )

(2 )p(p+1)/2 Je
‘—b

-b
tr(S)|$—c 1+ xlS—].‘ 1. .«

N ds (4.36)

-1
I +XnS

where S= §+ i% , § andZS are real matricah \‘B'i: é1> (

and it being assumed thats =VV with \1X 03=1:--,n

and i=+/- 1.
Proof. Taking the M-transform of the right side of eq.(4.36) with respect to
the variablele,---,Xn and the parameterpl,---,pn respectively, we
have,
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‘pl—(p+1)/2m‘x ‘pn— (pt1)/
n

ﬂ| X f,‘l‘_bl

I 50k sy

(4.37)
x50
n 1 n
Now observing that,
1+X ST =+ X W | =] Xy ‘forj 4, -n; B[ =3
and making use of the transformations
Y, =VX v with dY; = [PTx; and | ‘ ‘ Y ‘ ')forj SR

and then integrating out the variablé(i,---,Yn by using a type-2 Beta
integral, the last expression renders

(b, —p,)r r (b - r
|Sp1+---+pn p( 17P1) p(pl)“_ p( n P n p‘p d
Substituting this expression on the right of eq.(4.36) and using eq.(2.5.11)

(4.38)

page 49 of Mathai [62] in the resulting expression prodlM(éQJ(zn)), as
given by eq.(4.6).

Theorem 4.5.3:
_ _1/I™B _ _1/™P
V|+Py2xlpy2 -|+P}/2)%P}/Z{

—tr(F’T)mv—(pﬂ) / 2¢(2n) B, -

A

r (V)IT> “’Bn;y; (4.39)

—T%XlT%,---, —T7V 2X nT/V AdT

for Rey)> (p—- 1)/ 2.
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Proof: Taking the M-transform of the right side of eq.(4.39) with respect to
the variablele,---,Xn and the parameterpl,---,pn respectively, we

get,
0, —(p+1)/2 P~ (P+1)/2
IX1>O"'IXn>O‘X1‘ . el i (4.40)
CD(Zn)(B]_""’Bn;y;_T%X]T}/Z’m’_T}/ZX nT)/Z)dX I..dx n

Applying the transformations

Y :T%xiT%with dy; =(T[P*D/Zax; and]|y|=|1[x|.

fori=1,---,n;in the above expression and then using eq.(4.6), we obtain,

n
F O TTHT (B =) T (P}

TP Pn— 1=1 (4.41)

MBI y=py==py

Substituting this expression on the right side of eq.(4.39) and integrating out
T in the resulting expression by using a Gamma integral produces,

n
o |:| {rp(Bi _pi) rp( pi)}
PV Py PR sl (4.42)
AECY
1=
Now taking the M-transform of the left side of eq.(4.39) with respect to the
variablele, e X n and the par<';1meteq:$_|_,---,pn respectively, we get

1‘01—(I0+1)/2m‘x n‘pn— (pr1)/2

fxl>o“‘fxn>o‘x
|+ P_% xlp_%

On using the transformations

z :P_ybg 5 72 with dz =| 5 P*D/2 gx and ;=] ||5H X

_Bl (4.43)

|p|_y

_ _y B,
I+ P7V2>g1 P)/2< dX-- dX_
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fori=1,---,n; in the above expression and integrating out the variables
Z:L,---,Zn by using a type-2 Beta integral the outcome is the same as in

eq.(4.42) above.
Theorem 4.5.4:Cases concerning transformation and reducibility:
(n) Com _
q)D (alql...lt}—‘_llcl >(11 H Xn)
—tr(X,.) -b —b (n)
= 1... n-1 —
-e n ‘|+X1‘ ‘I'l'xn_]J q)D[C aybla ' ( )
_ _ _ 4.44
cexy B Y. ¥
b _iG(I+Xy) 72X (1+X ) /2 (LX) 2 A
(X9 %,X n

q)([?)(a’ti’... ’th—l;C;_ Xioo (- + X5 )ﬂ])

i (4.45)
=® (b ++ b g0 X X))
o0ty bl (- B b %)
r (el (c-b.—---—Db —a
(i _plpteThy 19 (4.46)
Mpc=ar j(c=by=-=b )

(@ cm by == by 7 Xp)
Proof. (i) To prove the result in eq.(4.44) we define m}%) function

through an integral representation:

q)([?)(a’q’... B _qicm X X))

r,(©) _
P I(I)|U|a (p+1)/2|| _U|C— a (/23

Fp(a)rp(c— a)
b
| +X 2Ux1 2

for Re(a,c- ay (p- 1)/2 and O<U<L

(4.47)
-b
n-1 _
| +X éizyx )ni% e tr(an)du
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Now the result in eq.(4.44) follows from eq.(4.47) by applying the
transformationl —U =V and by observing that,

|+xiy2(| —V)xiy2 {1 ) T i}@x i/%l X ) e

for i=1,---,n—1; and then suitably interpreting the resulting expression in
the light of eq.(4.47).

:‘ +Xi"

(i) The result in eq.(4.45) follows by putting(lz---:Xn_]_:X in
e(.(4.33) and then using eq.(3.16).
(iii) This result can be obtained by Iettir)}(g:L - =, X n—-1" -1 in

eq.(4.33) and then utilizing the eq.(2.3).
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CHAPTER V

THE LAURICELLA- SARAN AND THE SRIVASTAVA'S
TRIPLE HYERGEOMETRIC FUNCTIONS OF MATRIX
ARGUMENTS

5.1 Definitions: The Lauricella-Saran Functions

Lauricella, in 1893, had studied the multiple hypergeometric functions. He
also gave the properties of the four triple hypergeometric functions

F'&S), Fés),Fc(:S) and 63) and conjectured the existence of ten other such

functions, where all these fourteen functions are complete and of the second
order. Saran [93] in 1954 introduced and studied the remaining ten
functions, thus completing the Lauricella’s conjectured set of functions. This
section contains my definitions of the ten Lauricella-Saran functions of
matrix arguments.

5.1.1 The Lauricella-Saran triple hypergeometric functléIJ:a of matrix

arguments

e=Fe@.a.a.9.b .big.6.67 % ¥ 2)
iIs defined as that class of functions which has the following matrix
transform:

M(FE) = Ix >0 IY >0 IZ>O|X

2P P 2R @89 . g0 g0 % K B
dxdYdz (5.1)

_Tp@ 7Py 7Py T (PP YT fb5e 5P 4
(@) ) T 0y
Fp(cl) Fp(cz)r p(CS)r p(o]?l' p(o X Fgo 3

rp(cl_pl) rp(cz_pz)r p(CS_p:?

|pl—(p+1)/2|y|pz— (pt1)/2,
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for Re(§ =Py =P~ Pg: B=P 1,057 570 3,67 P 1650
C3_p3’pllp 21p 3)> (p_ 1)/2

512 F=Fe(@.3.3.8.%.9:¢.9.67 % ¥ 2
M(Fe) = 0y o lzolX PP 2y P2 (PP 5

2P P R .. 16,0 .95 % % B

dXdYdZ

_TpyPyPp=P T P P 3T b 5P )
ro@) o) T by

Fp(Cl) Fp(CZ)F p(p 1)F p(p QF dp :))
rp(Cl_pl) rp(CZ_ p2_p3)
for Re(ﬁ_pl_pz_p?);bl_pl_p 3’b2_p Zicl_p 1
Co =Py ~P3P1P 2P 9> (P~ 1/ 2. (5.2)

>-13 =Fe@3.3.4.5.5:6.6.65 X ¥ 2)
M(FG) = x>0y >0 fz>o|x|p1_(p+l) / 2|Y P2~ (p+ 172,

2P PR @ G o % R B
dxdydz (5.3)

_Tp@ PPy P T bl fo 5P J
FCY M) T b))
Fpbg=pg) T e T e oy p ), Py
Fpbg)  Th(e=py Fh(Co=Py=P 3
for Re(3 =Py =Py~ P3:B=P1:057P 2.b5P 367 P 4,
Co =Py P3P P 2P 9> (P~ 1)/2.
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514 F=R@.% 3 b b pip s g X ¥ D
M(F) = I 0 Jy 50 [zsoXIPL P 2y P2 (D75

2P PR @308 5 b5 5 g % % B
dXdYdz

_ Fp@ =Pl p@y=p =P g (P 7Pl (b s5p Qx
(@) M@y () " pby)
Mo T el peglh (P g (Pl (P

rp(cl_pl) rp(cz_pz)r p(C3_p3)

for Re(q =Py &P P3: R P 7P 305 P 5GP 3.

Cy) =P C37P 3PP 5P 9> (P~ D)/ 2. (54)
5.1.5 Fm=fv@.3.3.b.B .big.5 .6- X ¥ 2)

M(FM) = IX>OIY >OIZ>O|X|p1_(p+1)/2|Y|p2_ (Pt 1)/2X

2P PR @8 8 5. fig g 5 % % B
dXdydz

_Tp@ P p@y~P P Il (P 7P 3 fb 5P
@) INCPY M p(b) INCPY
Fp) T pl el fp Jr,(Pg)
Fp(€1=Py) Fp(C=Py=P3)
for Re(q =Py & ~P P 3. B P P 3 B5P 5GP g
Cr =Py Pz PP 2P 9> (P~ 1)/2. (5:5)

5.1.6 PN @3 .a.h.8.bi¢.5 .6 % ¥ 2)
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M(F) = 0 fy 50zl P2~ 2y P2 (Pr T

2P PII2R @3, 8 g g 5 % % B
dXdYdz
_ rp(al—pl)r p(aZ_p 2)_ p(ag_p 3)_ p(bfp ]__p :.2)(
Fp(al)rp(az)' p(ag)_ p(bl)

Fp(bz—pz)r p(Cl)r p(CZ)_ p(O ¥ F‘O J 603)

rp(bz)r p(Cl_pl)r p(c 2_p 2_p :.?
forRe =R =Py ~P3 B=Py §Py 5P 5P g ;)
>(p-1)/2, i=1,2,3. (5.6)

SLT Fp=Fpaay.8.h,.8.0:6.6.G5 X ¥ 2)

IVI(FP) = IX>OIY>OIZ>O|X|p1_(p+1)/2|Y|p2_ (Pr ) %

2P PR @ a8 0G5 60 % K B
dXdydz

_ Fo@=P=PaIl @y=pof bfp 7P Qx
M@ @) (by)
Fp(bo =Pl )l e o o J b}
F o) (& =Pl (=P y=P 3
forRe (§ =Py ~P3:87P 2. 47P 1P 2. B5P 3.GP 5.
02—p2—p3,pi)> (p—-1/2,i=12,3. (5.7)

5.1.8 Flr=Fr(8.8,,3.8.B .8 :¢.6 .6 X ¥ 2)
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M(FR) = [y 50 7501 4y P2 (P78 5

2P P R a8, . G0 55 % % B
dXdydz

B Fp(al—pl—pg)r p(az_p 2)_ p(bl_p iP :.?
) @ (@) (by) i
Fplby =Pl el ek o o J o3
F o)l (& =Pl (=P y=P 3
forRe (§ =Py ~P3:&7P:47P 7P 3.057P 5.GP 5.
Co =Py~ P3P P P 9> (P~ 1)/ 2. (5.8)

5.1.9 Fg=Fs(a.85.8,,0,0,,0,56.9.65 % ¥ 2)
M(Fg) = 50 fy >0zl XL P v P27 (P15

2P P 2R a8, . g GG % K B
dXdydz

_ Fo@ =Pl p@y=p =P gf ((bip ]}x
M@ p@y) (o)
TpPa =Pl yBgmpl fe ¥ pJ P 3
M0 (B3)T 5(C1 =P =P =P J
forRe (§ =p; . 3=Py=P3.9-P1.0B7p 5.b5p 5.GP 4
~Py ~ P3P > (P-1/2,1=1,2,3. (5.9)

5.1.10 F=FK(@E.3.3.0.8.b:¢.6.65 X ¥, 2
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_ —(p+1)/2 -(pt1)/2
M(FT)—IX>OIY>ofz>o|X|p1 (p+1) |Y|p2 (P72,

|Z|pg—(p+1)/2FT(al,aZ a0 b6 e X Y B
dXdYdz
i} rp(al—pl)rp(az—p Pl p(bl_p 7P Jr [gb 5P ﬁx
(@) INCPY m 0y r o0))
I G CEV IS PV
Mp(7P17P27P Y
for Re(§ =Py ,8,-P, P3P 7P 3:05P 5
CL=P1=Po =P 3PP P 9> (P~ /2.

(5.10)

5.2 Definitions: The Srivastava Functions
5.2.1 The Srivastava functidf A of matrix arguments
Hy =H, (@bbiccr X- Y 2)
iIs defined as that class of functions which has the following matrix

transform:
_ —(p+1)/2 —-(pt1D/2
M(H 0) = fy 50y 50 zoX P P* D/ 2y P2~ (P05

2Pz~ P2y (@,b,bic.cr X Y- 2)dXdYdz

:rp(a—pl—p3>rp(b—p1—p2)rp(b'—pz—pg N

()
. S (oP) LI (SN LI (3
rp(C _pz_pg) P P P

for Re (a=py; —p5.b-p; =Py b —py,—pPgC—pCop =P o
PpPo:P3) > (P—1)/2. (5.11)

87



522  Hg=Hg@bbig.c .+ X Yr 2)

_ —(p+1)/2 —(pt1)/2
M(HB)_IX>OIY>OIZ>O|X|p1 () |Y|p2 () %

ZP3™ P24 @ b,bic ¢ g+ X- Y- Z)dXdYdZ
To@=p=p)T (b=py=P )T (b=p 7P g T o)
Mp(@) " (b) rp(b') M (=P

r.(c,) r.(cy)
P2 P3¢ o) (pr

(5.12)

for Re (a—pl—p3 ,b—pl—p2 ,b—p2—p3,t“1—p 1S P 2:CP 3,
P1:P5:P3)> (P~ D)/2.

523  Ho=H(@bbicm X~ Y-2)

|pl—(p+1)/2|y P2~ (p+1)/2,

C

M(H ) = Ix >0 IY >0 IZ>O|x

ZP3™ P2y @ b,bicr X~ Y- 2)dXdYdz

_ Fp@=py=pa) I y(b=py=p )T (b=p 5-p g)x
Fp(a) r 0 (b) Fp(b ) (5.13)

p(©

"p
Fp(€=P1=Py=PJ

PPl P (P 3

forRe (&=p; —p5.b-p;=P,.b=p =P 3C—p;—P, Py,
P1:Po:P3)> (P—1)/2.
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5.3 This section contains a number of results for the Lauricella-Saran
functions. We prove only some of the results, others can be proved on
similar lines.

Theorem 5.3.1:
@a.3.8.5 hig 657 % ¥ D)
_ Fp(cl)r p(CZ)r p(C3) )
Fp(al)rp(bl)l' p(bz)' p(Cl— alb' p(CZ_ bé) p(c§ bl)
lololguPa P 2|2 (D 3w ™ (7 D72,
R G VI e e G

b
| —W|C3‘b1‘(p+1)/2‘| a0t v a2

|+(|+vy2vvy2}_%(| +U/v&u %ﬁ_%w/ZW/IZx
(I +uy2xuy2)_y2(| +V /VS(V )/8 _/y{aszdde

forRe(q- 4.6~ .G~ §.3.5.59 ( /2
Proof: Taking the M-transform of the right side of eq.(5.14) with respect to
the variablesX, Y, Z and the par<';1mete;$_|_,p2,p3 respectively, we get,

—(p+1)/2 —(p+1)/2
50y 50 JzsoXPL~ PR 2y (P2~ (PF /2,

|+uy2xuy2_b1| +vy2vv /Vz{_azx
(v 2 3 T w0 R0 e e e

X

(5.14)

Z|p3—(p+1) /2

Continued to the next page ... ... ... ... ...
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(I +uy2xuy2)_y2(| +V )/3(V )/2 _/Y{adedez (5.15)

Applying the transformations,

xlzu%xu%,vlzv}/&v )/Zz = }/Qv /Y)z_/yzx
(1 +Uy2xuy2)_}/2w)/zw)/2(| +U /Y&U /Y;_/sz
(I +vy2vvy2) _)/2, so that, Z = (I+ Yl)_}/2(|+ xl)_)/zw/yzx

zw%u +X,) _%(, +Y) _7V2, dx = [(P*D/ 4,

dv, =v[P*D/2qy 4z, =| +Y]J_(p+1)/2‘l +X {(pﬂ)/ 2

|W|(p+1)/2dz; and,‘ >§_‘:| Uiy ‘ Y]J:|\4|Y|,‘Z]J:‘I+Y]l_lx

-1
\| +x1\ wiz|
to the expression (5.15) and integrating out the variamEsYl,Zl by
using a type-2 Beta integral produces,
r F (b,—p,—p
o, oP)N p(b1=P =P 3 p(pgx

PV P2)w
(o =pg)

(5.16)
rp(az_pz_p3)r p(p 3)
which on substituting on the right side of eq.(5.14) and integrating out
U,V and W by using a type-1 Beta integral Ieadsl\t’t:(FK) as given by

eq.(5.4).
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Theorem 5.3.2:
@3.3.9.5.5:6.6.55 % ¥ 2
_ Fp(cl)r IO(02) )
M0y (b (e b (c5 by by
¥ iR T B
—ufa P (DI Ly o @ B By (B /%

| +u%xu% +V7V2Yv }/2+W /VZW /y{alolUdVdW

forRe(cl—ki,cZ— bZ_ b\,’litélé% p /2.

Theorem 5.3.3:

Fe@a.8.0.5.5:¢.6.45 % ¥ 2)

1 _ _
- Slusoe P2 s - U202
p'&1 (5.18)

L|J2(b2; Cs,Cai™ U}é YU}/2 ,— U}/ZZU}/Z)dU

for Re(al > (p- 1)/ 2.

(5.17)

Theorem 5.3.4:
Fe@a.q.0.0.814.9.9% % ¥ 2)
_ 1 —tr(R1+R2) al—(p+1)/2><
M@ p(bl)j R.> J R,> 0° ‘ Rl‘

(5.19)
RO Ry 2R

of (¢

Pa(byicyi= 1% YRZ - R}z/z R/lvz ZF{Z R{Z JdR{dR,
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for Re(al,li)> (- /2.

Proof: Taking the M-transform of the right side of eq.(5.19) with respect to
the variables X,Y,Z and the parametpﬁ_spz,p 3 respectively, we have

|X|p1_(p+1)/2|y|p2_ (p+ 1)/%Z|p3_ (B 1)/%(

R{Z YR/ll/Z . (5.20)

IX>0IY>OIZ>O
oh(i¢ ?‘Rz%RlyZXR}l/ZR/ZZ”’ 30

—R%é R:I}_/2 ZRf/2 R}Z/2 )aXdydz

2¢2

Making use of the transformations

=R DX PR Y R PR 22 £ R R

in the expression (5.20) and then writing the M-transforms of the
E anddD3 - functions leads us to

01
(e P e 5P )
rp(cl - pl)r p(b 2)

R "2 T3R,[ PLT
(5.21)
INGPY N CE

Fh(Co=Py=PJ
Substituting this expression on the right side of eq.(5.19) and then
integrating out the variableBl and RZ in the resulting expression by using

a Gamma integral giveM(FF) as given by eq.(5.2).

Theorem 5.3.5:
Fe@ 2308155, % ¥ 2)

_ Fp(Cz) j(|)|T|b2_(p+1)/2|I __|_| G- bz‘ (p 1)/%<
Fp(bz)r p(02— b2)

Continued to the next page ... ... ... ... ...
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E : b~ (1+ T}/ZYT}/Z)_/J/ZX

Yoyt 2 _
| +T/ YT F 4[al, bl’ C1:Co

X(I +Ty2YT}/2) _%, I +T )/&T }/3 _/y@ T) /g y (5.22)
(1 —T)%(I +T}/2YT}/2) _/VZ]dT

for Re(bz,rz— b2)> (- D/2.

Proof: Taking the M-transform of the right side of eq.(5.22) with respect to
the variables X,Y,Z and the parametpﬁ_spz,p 3 respectively, we get

|X|p1_(p+1)/2|y|p2_ (p+ 1)/%Z|p3_ (r 1)/%(

Ix >0 IY >0 IZ>O

I+T}éYT}/2 1 ; b2;— (I+ T}/ZYT)/Z)_/l/Zx

F.a,, b,;cChm
471717172 (5.23)

(I +T%YT%)_}/2, I +T}/2YT/V3_/Y%I -T) /YZ X
(I —T)%(I +T}/2YT}/2) _}/Z]dXdeZ

The application of the transformations

oo s ar A g a er e
N N A

to the above expression and then writing the M-transform ch4arfunction

and integrating ouia(:L by using a type-2 Beta integral yields

TpPo)l p@yP1P P gl o)
M@ (b)Y (€=p o (€5 bsp 9 (5.29)
I R A Gk - A

T P2|1-T[P3
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Substituting this expression on the right side of eq.(5.22) and then
integrating out the variable T in the resulting expression by using a type -1
Beta integral yieIdéx/I(FF) as given by eq.(5.2) above.

Theorem 5.3.6:
Fv@a.3.8.8.0:¢.6 .65 % ¥ 2)
Mo(el 5(e5)
T @) jO [b,F [ af (€5 by by

1 LuP2~ D 2y b= (0 D/2r 4= (0 D/

X

b
=TGP 1)’1| THoxr 2

1-U -v|C2 P2 By (P 1)/1| 00 2

(I +T%XT%)_%V}/ZZV}/2(I +T /V3<T /3 —/y{az X

dudvdT
where, T= T> 0,6 & I, U= U> 0,\ V> 0, (5.25)

O<U+V<Iand for Re(§ 5_)9 £ 5 5,— P>) b /2.

Theorem 5.3.7:

i (31,32,82,9,5 Rigs5m % % D)
—tr(R)|R|b1_(p+1)/21|i(al;(i;— F}é XF}/Z X

(5.26)
1(a2 5:Co Y,—RyZZR}/2 )dR
for Re(ti > (p—- 1)/ 2.

r (b IR>O
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Theorem 5.3.8:
Frie.a,.3.0.5.8:5.¢.65 % ¥ 2)

Fp(al)r p(az)' IO(cl— y- a,

b
x|l U -v[G ™3 1)/1‘ +U%XU%+V y&v/VZ{ 1

-b
|+vy2vvy2 ?

dudv
for Re(ei,a2 ¢~ 8- 3 > (p 1/2; where,y 0V O
and O0< U+ V<.

(5.27)

X

Theorem 5.3.9:
e@aa.h.b Big.6.67 % ¥, 2)
_ IRCHINCHY )
Fp(bl)r p(b2)r p(bg)' p(Cl— bl)' p(02— b2— bg

J'(|)J'|OJ'|O|U|b1—(p+1)/2H L‘é+ b3_ (p 1)/%'1 %— (p 1)/%
1-ufa P (PP D2 g G by by (B D/

| +U%XU }/2 +(I —T)%S}/ZYS)/ZX
{ —T)}é +T}/23}/ZZS}/2T/'% E dudSdT (5.28)

|| _T|b2—(p+1)/2
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where X U< |, X & |, & Kk |, and for Rejgb 2b 3b ,
Cl_bl’CZ_ b2— b3)> (- 1)/ 2.

Theorem 5.3.10:
k@ %585 .0i8.5.57 % ¥ 2)
_ Fp(cl)r IO(02)F IO(C3) 3
M@ @) (0, e af (5 b (3 ay)
ololouP” "D 3v| & (7 Dl B P Dk
i-uf PP/ Ly g & (B D/g

| +T%YT}/2 | +uy2><u }/2
A A T A Ay %g-/f{"lx

for Re((‘l— q.6- 5 G~ 3.3 .3 ,9>) tb 1/2.

Theorem 5.3.11:
NG 2300006 .67 % ¥ 2)
_ 1 ~tr(R +R
M@)o (byr p(bZ)IRfOI Rp>dR> f

R Ry e DlTR?Jbz_(pﬂ)/Z 1h@ge: (630
RYZRAZIO (ayic, RYRY - R Ry2ZR 2R )

dedRZdF\’3

c,—b—(p+1)/2 2
-T2 -2

+R

2*R3).

a,—(p+1)/2
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for Re (%,Ia,téy (r /2.
Theorem 5.3.12:
Fp@y a3, 19,957 % ¥ 2)

_ 1 —tr(R1+R2) R al—(p+1)/2><

b ~(pr1)/2 R}/ Fzy2 XR}/Z R}/Z (5.31)

Ry of(icpm

®,(ay.byiCy; R%YR/];Z"R};ZZR{Z JdR dR,

for Re (61 IR)> (- D/2.

Theorem 5.3.13:
Fs@p8p,3.0 .0 .36.G.65 % ¥ 2)
1
= (8)-+]
@ j@ oo (b)) (byR>0 RG>0

e—tr(R1+...+ RS)‘ Rl‘al— (pt 1)/2‘ RZ‘ - (pr 1)/2)(

. ‘bl—(p+1)/2‘R4‘b2—(p+1)/2

R, ot D12

Rs

il el
—Rg/zRé/zZRé/ZRé/z)dem dR

forRe(zi,aZ,t_,Z,l% ,e} (p 1)/2.

(5.32)

Theorem 5.3.14:
Fa@aak.b g5 57 % % 2

Continued to the next page ... ... ... ... ...
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1 _ _
g OO - U2 XU 2
Y

®,(by,bsic,0- U}éYU}/Z,— U}/ZZU)/Z)dU (5.33)

forRe (a)> (p- 1)/2.

Theorem 5.3.15:
fR@.2%.4.9.5 4:5.9.67 % ¥ 2)
_ 1 —tr(R1+R2) R al—(p+1)/2><
rp(al)rp(bl)IRfofRfoe "

‘Rz‘bl_(pﬂ)lz RZZ Rlyz XR}l/Z R/ZZ E y(apbyicd5.34)

oF (5Cpm

-Y, —R%éRf/ZZRf/ZR}Z/Z)dedRZ
for Re (61 IR » (- /2.

Theorem 5.3.16:
Fo@aah b g5 5% % ¥ 2)

_ 1 ~tr(S+T) gb,—(p+1) /2,
(o) p(b3)fs> o> ¢° .

|T|b3_(p+1) / 2L|J1(a’ bl; C_I.’CZ = X szé Y5}/2 (5.35)

—T%ZT}/Z)deT

for Re(b2 ,b3)> (p- /2.

5.4 Some results are being given in this section for the Srivastava’'s triple
hypergeomeric functions of matrix arguments.
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Theorem 5.4.1:
HA(a,b,b C,c+ X Y- 2)

_ 1 —tr(S+T)|qa—(pr1)/ 2 ¢ - (B 1)/
_Fp(a)rp(b)IS>OIT>Oe A )|T|a o Z‘E*r M

oF(icmT 25/ 2xs"2 T)/Z)lFl[tS e (@282 (5.36)

+T}éZT}éﬂdeT

for Re(a,by> (p- 1)/2.
Proof: Taking the M-transform of the right side of eq.(5.36) with respect to
the variables X,Y,Z and the parametpﬁ_spz,p 3 respectively, we get

IX>OIY>OIZ>0|X|p1_(p+1)/2|Y|p2_(pJr 1)/%Z|p3_ (B 1)/%<
OFl( ,C;— T 25}/2 XSJ/Z T}/Z)lFl[b c = (59/2 ygyz (5.37)

+T%ZT}/2)]dXdeZ
Applying the transformations,

XlzT%S}/ZXS)/ZT}/Z,les/l/ZYS/yZ,Zl: T/YZZT 2;

and writing the M-transforms of thﬁFl and thelFl functions yields,
[ @ O (b=p -

l'p(C' ~Py =PI p(C=p ol p(bl) (5.38)

Mo @) 09

Substituting this expression on the right side of eq.(5.36) and integrating out
Sand T by using a Gamma integral leads M(HA) as given by

eq.(5.11).

T P17P3|g7P17P2

99



Theorem 5.4.2:

) 1
T J(@r (oY (5 )I51>°I32>°[%>
‘a—(p+1)/2‘ ‘b-([} l)/T%b (p+1)/2

TS,

S, (5.39

S22 X2 S R (1§ F ¥R/
ofal ?‘33;‘3{2315/223%%%)‘@%%

for Re(a,b,b p (B 1)/2.

Theorem 5.4.3:
HC(a, b,b;c- X-Y-2)

SIS,

) 1
) I (@ (oF p(B )Isfojsf 0[%>

a—(p+1)/2‘52‘ b (o 1)/T%bl—(p+1)/2x

s
S5 X922 8742 ¥§2 42
e g g

for Re(a,b,b)> (P /2.

(5.40)

Theorem 5.4.4:
Hp(@,b,b:q .G .g+ X5 Y& 2)

Continued to the next page ... ... ... ... ...
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_ 1 —tr(S+T)ga—(p+1) /2« b (7 1)/
_rp(a)rp(b)IS>OIT>Oe (ST ga-(Pr1)/3 40 (o D/2

oFy( ;(:1;—T}é5/]/2 XSJ/Z T}/2 Wo (b GGy T;L/Z YT;l/2 : (5.41)
27572 )dSdT

for Re(a,by> (p- 1)/2.

5.5: This section deals with some transformation cases and cases of
reducibility of the Lauricella-Saran triple hypergeometric functions of
matrix arguments.

Theorem 5.5.1:A transformation theorem:

@305 0:G.9.9% % ¥ 2)
(i):||+x|_alFG[a1,a1,a1,cl— b .by.byiG .G G X_)%x (5.42)
X(1 +X) _%, ~1 +X) _y (I +X) _7V,2 € +X) _/VZU ) _)]/2
a9 8iG.9.55 % % 2)
=1+ Y[ PLFGlay agap by .G by bybyiq GG
(ii) —(I +Y)_%X(I +Y) _y2,(| +Y) _7V2((| #) _)/,2 (5.43)

(1 +Y) _%(Z =Y)(I +Y) _}é]
where, 7= Y> 0.

Folepa g 0 g6 .65 % ¥ 2)
(i) =|l+X +Z[“1Flay ay.3,q by by & by Big. GG
(I+X +Z)_%X(I +X +Z) _}/2, l +X +Z) _}/%Y Z) X
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(1+X +2) %,(| +X +2) }/ZZ(I +X +Z) }/%
where, Y- Z> 0.
Proof: To prove this theorem we defineFG through an integral
representation:

@3.3.9.5.5:6.6.55 % ¥ 2

] rp(epr ,(cy) ]
M0y (b (e by (c5 by by

¥ iR T L

—ufa P (DA Ly o @ B By (B /%

|+x%ux%+v 7V3/Y /V2+z }/ﬂvz /y{aldUdVdW
forRe(cl— q,cz— bZ_ b\,’lité ,%% P D/2.

which has been obtained from eq.(5.17) by using the assumptions of

symmetry which have earlier been used by Herz [22], page 478, and Mathai
[60], page 516, and Mathai [62], page 54.
(i) This result can be had from eq.(5.45) by observing that

| +xy2uxy2+v }/R/Y /V2+z )/Hvz /A%
| =(1 +X) _%x %U U)X }/?I ) _/VZﬂ X) _}/Zx
Y%VY}/Z(I +X) _)/2+(| +X) _/VZ /VWZ /y@ #X) _/1%

and applying the transformatiddl =|—-U, and interpreting the expression

thus obtained in terms of eq.(5.45).

(i) We apply the transformationé/lzl -V —W,W1:W to eq.(5.45)
and observe that

(5.44)

(5.45)

“[1+x
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|+xy2uxy2+v }/m -V WY /V2+z )/w% /’%
=[1+Y ][I +(1 +Y) _%x szX }/%I 1) _}/2-(I ) _)/Zx
Y%VlY}/Z(I +Y) _7V24(| +Y) _/VZZ <) }/9\/ Z ) /y@ ) _/%

and suitably interpret eq.(5.45) to see this result.
(i) This result is a combination of the previous two results. The

transformations to be used atbl =| —U,V1:V,W1:I -V -W along

with the observation

|+x%(| —Ul)xwayX/i( )/2+z )/a V W)z /,%
| —(I +X +z)_y2xyZJi<% X Z) —/v2+

=[1+X +Z|

(1+X +2) _%(Y -7) }/Z\/l(Y ~7) )/2(| X +Z) _/VZ
—(1+X +Z)_%Z}/2\le}/2(l +X +2) _)/2

Theorem 5.5.2:A case of reducibility:
Gera Ry Bigg g X )
=Fy(a, by, byt 033G .65 X5 V) |

Proof: We put Z=Y in eq.(5.17) and on the basis of symmetry
assumptions (as used earlier by Herz [22] and Mathai [60]) observing that

|+Uy2xuy2+v7v2vv )/2+W /VX’W /A%

Continued to the next page ... ... ... ... ...
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= |+Uy2xuy2+(v +W) 7V2Y(v +W))/2{

then applying the transformations,

V1:V,W1:V +W,; with, dVPle dvdw, and, & \5_< V\{L< l;

and integrating ouVl by using a type-1 Beta integral and finally employing
eq.(3.14), this result is achieved.

Theorem 5.5.3:A limiting case:
o(Ii_r?()oFG(0(,0(,0(,bl,b2,b3;cl,c2 ,cz;_;( _oT _5 )
_ Fp(cl)r p(CZ) 3
Fp(bl)r p(b2)r p(b3)' p(cl— bl)' p(c 5 b 5 b:‘?
”J'|U|b1—(p+l)/2|v| tb— (pt 1)/%\N| %— (p 1)/; (5.47)
U P (P DI2 y w & B By (B D3
e—tr(UX +VY +WZ) dudvdw

for Re(C_L_bl’Cz_ b2— b3,b1,b2,b3)> (p /2.

Proof: This result is obtained from eq.(5.17) by an application of eq.(1.23)
to it.

Theorem 5.5.4:A case of reducibility:
lim F~(a,0,0,b,,b,,b,; XY
a_)oo G ) ) ) 11 21b31(\-11021%5a ’a 1(]
= 1R (0:¢i=X) {F(b 5+ bge - Y)

Proof: Setting Z=Y in eq.(5.47), then applying the transformations,

Wl =V, W2 =V +W,; and integrating oqu by the help of a type-1 Beta

integral and utilizing eq.(2.3) the desired result can be had.

(5.48)
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Theorem 5.5.5:

lim FG(O( a,a,

im N
&~tr(X) X_Y _ 2z
rJgFWwaHQ%i%% % 7 )

tr(Y)

. M R 0,00, by 6= by by G GG

Yz,
a ao
(l)

(5.50)
XY @z,
a G a
X Y Y
lim F~(a,0,a,b,,b,,byic 0,005 —= v— 57— )
iy o © 12b3°1°2°2a a o) sen
=e‘”‘Y’1F1<b1;cl;— X){F (5 by bgicyY)

aIITmFG(a a,a, 2 b3 ¢.C cz—é —i 5 )

V) = —tr(2)
(iv) =e a|l_r:noo|:[ddablb2C‘2 b2 Q,’cl<‘202(552)

X (Y-2) Z
@ o
= U(X+Y) i F [o,a,0, C - bl G- b3,b3;cl,02,c2;
(v) o~ (5.53)
XY (Z Y)
a CX ]
0D QLIRS S SRS
(vi) o~ (5.54)
X (Y-2)Z
« @ o

Proof: To prove this theorem we will use eq.(5.47).

()  This result is obtained by the application of the transformation
| -U = Ul to the above equation.

(i) We utilize the transformations
V1 =l -V —W,W1:W; with, dVPle dvdW; in eq.(5.47)
to see this result.
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(i)  This result is obtained by putting =Y in eq.(5.50), afterwards

employing the transformatioNV2 =(I —Vl) %Wl(l —Vi }/2
followed by integrating out o’lW2 by using a type-1 Beta integral

and interpreting the consequent expression in the light of eq.(2.3).
(iv) To deduce this result we apply the transformations,

V1:V,W1:I -V =W, to eq.(5.47), and suitably interpret the

ensuing expression as per the same equation.
(v)  This result follows by employing the transformatioUi =l-U,

V1:I -V —W,W1:W; to eq.(5.47).

(vi)  We have this result in a similar fashion as eq.(5.53) is deduced.

Theorem 5.5.6:A transformation theorem:
@23 8.5 hig.5 .57 % ¥ 2
= +X| Ly ley -ay,a,.2 . .0 8146 G 659
(I +X)_y2X(I +X) _yZ, Y, <1 +X) ‘Y Z(1 +X) _/V]Z

Proof: In order to prove this theorem we first define the functl%w
through an integral representation:

@23 .8.5.5:¢.6 6% % ¥ 2
r (cl)r (02)F (c3)
T o (@) @) p(0,) (e af (c5 bg
Iololgufy P2y 1”%T| > 1”%

-uf PPy G & (0 /g

| +Y%TY% 2 | +x}/2dx y2+

|| _-|-|C2—b2—(p+1)/2

Continued to the next page ... ... ... ... ...
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0+ 72y Yo For Farr Mt v Py /Y)z_/r{blx

dudvdT (5.56)
for Re (q,ak l% £ .5 Eg— §>) o 1/2.

The desired result simply follows by the application of the transformation
U1: | -U, to the above equation and interpreting the consequent

expression in accordance with eq.(5.56).

Theorem 5.5.7:

lim Fo( aaa; P
0 g, T %28 11Ty o & (5.57)
=Py, %iG XY= 2)
g R0 hg g % YD)
0 :||+x|—b1|:T[c1—a1—a2,a2,a2,bl,bz,q;rl,ti,g; 558)

(I +X) _%X(I +X) _}/2, Y, 1 +X) _}/?Z X)(I ) _)/F

where, Z- X> 0.
Proof: (i) The result stated here is the limiting case of eq.(5.27)and an
application of eq.(3.17).
(i) To prove this result we first define the functizﬁ} through an integral

representation:

Frapd &0, 0ig g .65 % ¥ 2)

= "p) J”U|81—(IO+1)/2‘V| a- (F 1/2
Fp(al)rp(az)' IO(cl— - a,

b
x[I -U -v[ 83 (P 1)/11 X ux 1247 }/X/Z}/Z{ '

Continued to the next page ... ... ... ... ...
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—b2
dudVv

I+Yy2VYy2

for Re(a!L & .6~ 3§~ 3 Y (p 1/2; where,>tJ 03V (5069)

and O< U+ V< |
The desired result is obtained by applying the transformations

U1 =|1-U-V, Vl =V, to the above equation and observing that,

| +X/2(] —Ul—VfX}/Z+Z}/X/Z_}/2{
=[1+X]|lI =(1 +X) _yzx yb X y@ +X) _}/2+
(1+X) _%(z ~X) yZvl(z X) %y X) _/VZ{

and interpreting the result so obtained in the light of eq.(5.59).

X
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CHAPTER VI

THE EXTON’'S TWENTY ONE QUADRUPLE
HYPERGEOMETRIC FUNCTIONS OF MATRIX
ARGUMENTS

6.1 Exton [18] in 1972 defined and studied some properties of the
hypergeometric functions of four variables. Prior to him no specific study of
the quadruple hypergeometric functions had been made, except the four

Lauricella functions F£4),Fé4),Fc(:4) and 64)and some of their limiting

cases. In the present chapter | have defined these twenty one quadruple
hypergeometric functions for the matrix arguments case and established a
number of results for these functions.

6.2 Definitions
The following are the definitions of the Exton’s twenty one quadruple
hypergeometric functions with matrix arguments.

6.2.1 The Exton’sK:L function of matrix arguments,

Kl:Kl(a,a,a,a;b,b,b,c;die £ g X, ¥, £, T)

iIs defined as that class of functions which has the following matrix
transform:

M(K9 = x50 ly >0 /z50/r>0X |p1—(p+1)/2[Y P2~ (p+1)/2,

ZIP3~(P+D/ 2pp 4= (P+ 1)/2K1(a,a,a,a;b,b,b,c;dle .

-X,-Y, -Z,-T)dXdYdzdT

Tp@=py=Py=pa=p Yl ((b=p =P 5P T =P )

"p®) ro®) r©

"p@ INCUERINCY

I‘p(d-pl-p4) r p(el_ P5) rp(eZ_pB)

PPl (P IT (P fp )

x (6.1)

X
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for Re (&-py =Py, =P3=P4.B-P1=P =P 3.6 P 4,
d-p;—P4.€=P5.€=Pgp P (P /2, whereA 1 4.

6.2.2 KZ:Kz(a,a,a,a;b,b,b,c;i:i 9 Q ,Q—; X, ¥ Z 1)

MK ) = fx>0ly >0/zs0lT>0% pLm(P+D)/ 2y 1po~ (PHD) /2,

|Z|p3—(p+1)/2|.|.|p4—(p+ 1)/2K2(a,a,a,a; b,b,b,c;

d d2 d3 d4, XY~ Z~-T)dXdYdzdT

Tp@=py=Py=p3=P YT ((b=p =P ;=P T fCc=p gx
i M@ () p(©)

ICH I AN CTA R SN CT I N
oAy =P T (d=pp) T (dg=p T (=0 )

Fo(P)l pP T (P T P )

forRe (a=p; —P5 P3P 4.0-P =P 5P 5.6 P 4, (6.2)

di ~p, .0 )>(p—-1)/2, where, ¥ 1;- ,4.

6.2.3 K3:K3(a,a,a,a;l1,li lé 5 1§56 .6 .65 X ¥, Z T)
M(K 9) =i 50 fy 50 Jz50 o P12y P2 (P D12
|Z|p3—(p+1)/2|.|.|p4—(p+ 1)/2K3(a,a,a,a;53 .55

C1:C5,Cr. G X~ Y ~Z~-T)dXdYdzdT

Continued to the next page ... ... ... ... ...

110



_ Fp(@=P1=Py=P3=P YT bp =P JT (b 5p 5P AX
@) Mo (0) NCPY

ey 5(c)

r r r r
(01—91—94)|'p(cz—p2—p§ p(pl) p(p2) p(p:s) p‘pz} (6.3)

=

P
forRe (a=p; =P, P3P 4.0=P 7P 5.05-0 5P 4.CTP TP 4
02—p2—p3,pi)> (p—21)/2, where, ¥1,---,4.

624 K, =K, aaaah.bh.B.B;cd.d . € X ¥ 2Z T
M(K ) = Iy 5oy 50 lzsolrsoX PP/ 2y Po (PFD/ 2,

ZP3 P 2P~ (P D% (@,a,8,ah b 1 1

c,dy,d,,C~ X~ Y~ Z~ T)dXdYdzZdT

_Tp@mP =Py~ Pg=P T b P P T b 5P 3P AX

M@ INCY I CPY

Mh(© IR CPY,

Fp(C=P =P (A1 =po) T (dy=p g

Fo(P)l pP T (P T P )

for Re(a—pl—pz—p3—p4,ti—pl—p 2,b2—p 3P 4CP TP 46.4)

dl_p2’d2_p3’pi)> (p— /2, where,# 1;- ,4.

6.2.5 K5:K5(a,a,a,a;l1,li,lé l} ¢6 .8, X, ¥ Z T)
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M(Kg) =y >OIY>ofz>ofT>o|X|p1_(p+1)/2h( P2” (P2

ZP3 P 2P~ (PP D% (a,a,8,a0h b 5 b

C1:C51C3.Cy 1~ X~ Y~Z~-T)dXdYydzdT

Tp@=py=Py=pa=p )Yl (bymp P T (b 50 5p )
@) Mo (0) BNCPY

Fp€)  Tpy)  Thleg) Ty
T (1P T (Co=Po) T (Ca=p T fC 4 pzp

Fo(P)l pP T (Pl P )

for Re(@=p; =P5=P3=P 40P 1P 5,05 5P 407 P ¢,

Cy=PpiCa=Pg:Cu=P 4P i)> (- 1)/2, where,d 1 4. (6.5)

6.2.6 K :K6(a,a,a,a;b,b,f 5 e, d,d,d; X, ¥ Z T)

6
— -(pt1)/2 -(ptY/2
M(Kg) = x>0y >0lzs0lr>oX L P/ 2y o= (Pr D)/ 2
|Z|p3—(p+1)/2|-|-|p4— (pt 1)/2K6(a,a,a,a;b,b,i: 5 ;e,dd,d;
-X,-Y, -Z,-T)dXdYdzdT
_ Fp@=P=Py=p3=P YT ((b=p P JI fcip gx
Mh(@) () NCY
Fh(C=py) T (€ r (d)
FpCo) T (e SN Cly p2 Py~ p4)
(Pl P 2)F dP 3l 4P 4
for Re(@-p; =P, ~P3=P 4. b"P17P .G P 3,
Cp =P, €=P,d=P =P 3=P 4P )> (P~ 1)/2, whered 1, ,&.6)
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6.2.7 K7:K7(a,a,a,a;b,b,f 5 ;EI 9 fl ,9—; X, ¥ Z T

M(K 7) - IX >0 IY >0 IZ>OIT>O|X |p1—(p+1) / ZIY |p2— (pr 1)/ 2

|Z|p3—(p+1)/2|-|-|p4—(p+ 1)/2K7(a,a,a,a;b,b,i: 5

dy,dy,dy,dy = X~ Y- Z- T)dXdYdzdT

_ Fp(@=P1=Py=P3=P YT (b=p =P JT p(cl—p gx
@) o (b) 0(€)

Fp(Co=py) T Hdy F 0(d2)

Fp(Co) T h(dh=py=p I (d =P 5 pzp

Fo(P)l pP T (Pl P )

for Re (a—pl—pz—p3_p4,b‘p1_p2’(1_p 3’C2_p 4’

d; =Py =P3d5=P 5P 4P > (P~ 1)/2, where, 1 4.

(6.7)

6.2.8 K8:K8(a,a,a,a;b,b,f 5 ;d,f ,d,Ze—; X, ¥, Z T)

—(p+1)/2 -(pt1)/2

M(Kg) = Iy 50y s0lzs0lrsgi 1P 2y P2 (P02
|Z|p3—(p+1)/2|-|-|p4— (pt 1)/2K8(a,a,a,a;b,b,f & de dge s
-X,=Y,=Z,-T)dXdYdzdT
_ Fp@=P1=Py=p3=P YT ((b=p P JI 1P gx
r(a) r (b) r (Cl)
I'p(CZ—p4) r (d) r ( ) r (92)

Moo Tpld=py=pg) T (e1 P (e p4)
I 2)F dP 3l 4P 4
forRe (&=p; =P5=P3=P4.0-P1=P 5. G P 3.C5P 4,
d=p;=P3.€=P5.8&=p 4P P (p- 1)/2, whereF 1 4. (6.8)
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6.2.9 :Kg(a,a,a,a;b,b,f 5 5 dd; X, ¥, Z T)

K

9
M(Kg) =y 0l s0lz50lrsoi PP 2y [P2™ PP DI5
|Z|p3—(p+1)/2|-|-|p4—(p+ 1)/2K9(a,a,a,a;b,b,i: 5
e,,&,,d,dr Xi Y Zr T)dXdYdzdT
_Tp@7Py 7Py mPgmP YT bmp P T p(Cl‘p 3

M@ My (b) 0(C1)

27Pp) Tpe) T (e2) r (d)

Fp(Co) T h(e=p) Ty(ep=p )T (d- p3 p4)
Fo(P)l pP T (P T P )
for Re (a=p; =P, =P3=P 4P P17 P 5. P 3:C5 P 4,
€ =P €~ Podpg=p 4P > (P 1)/2, whered i .4.(6.9)

I'p(c

6.2.10 KlO:Klda,a,a,a;b,b,E S ;_dL (i % ’91_; X, ¥ Z T
M(K19 = fx>on>ofz>ofT>o|X|p1_(p+1)/2h( P2 (/2
|Z|p3_(|0+1)/2|T|p4_(pJr 1)/2K10(a,a,a,a;b,b,f 5

d ,d,,d,,d, = X~ Y~ Z~-T)dXdYdzdT

293 %"

:Fp(a—pl—pz—p3—p4)r oP=P Pl p(cl—p gx
(@) Mo (0) o€

Fp(Ca=py T d) Ty Ty

X
Mo(ey) T =p)T (dy=p )T (dap 3
Continued to the next page ... ... ... ... ...
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28D oo (o (ogr
INCORT p(PI pPIT (P 3l P 4
forRe (a-py =Py =P3=P 4 0Py 7P 5. G7P 3.5 P 4{6:10)

di—pi,p|)>(p—1)/2, where, ¥ 1;- ,4.

6.2.11 KllzKlfa,a,a,a;q,bZ,%,bAr;c,c,c,d; X, ¥ Z T)

M(K1) = fxs0 fy 0 fzsofrsoX P17 P D 4y P27 (P D15

—-(p+1)/2 -(ptY/2 : : :
|Z|p3 (p+1) |-|-|p4 (p+1) Ky@aaah B .g.hcced
-X,=Y, -Z,-T)dXdYdzdT
_ Fp(@=P1 =Py = P3P YT [bp Pl b 5p Qx

(@) M) T b))

Mobz=pa) T by=p ) T, @
Mobg) T b)) ToE=py=py=p T (d=p )

IR GV G N )

for Re (a-p; =P, —P3=P,4.B-P; .CP;= P> P35,

d-p,.p;)> (P~ 1)/2, where,+ 1 ,4.

(6.11)

KK e a a6 5 6 X Y 2 D
M(K,5) = Ix>ofy>ofz>ofT>o|X|p1_(p+1)/2P{ |p2— (pr1)/2
ZP3PHDI2rp= (P D2 a,a,0,a0h .5 . .
C1:G:Coi Gy 1 X~ Y~ Z-T)dXdYdzdT

Continued to the next page ... ... ... ... ...
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_ rp(a_pl_pz_pg_p4)r p(bl_p ]?r p(b 2_p

(@) I GV CPY,
r (b3 p3)l' (b4 p4) I' (cf r p(C
Fplbg)  Tplby) TP e )l p(cngpg
Fo(P)l pP T (P T P ) (6.12)

for Re (ap; =P, =P3=P,4.0-P1.b5-P 5. b5 P 5,050 4.
CL=P1~P2Cy ~P3 PP > (P~ 1)/2, where, & 1;- 4.

6.2.13 K :Kls(aaaa'litb % 4;ccg g—' X, ¥ Z T)

M(K19) = 0 ly 50 Jz50 =X P17 P* 2y P2~ (P72
|Z|p3 (p+1)/2|-|-|p4 (Pt 1)/2K13(a,a,a,a;11 B .5 g
c,C, d_l. , d2 = X~ Y~ Z~-T)dXdYdzdT

_Fp(a—pl—pz—pg—p4) lillrp(bi—pi)r o) bx
M@ iz Tp®)
p© INCVRINCPY

rp(C_pl_pZ) rp(dl_pg)rp(dz_pzp
for Re (&=p; =P, —P3=P4.B-p; P, .&P;—P, .4-P 5,
2 p4)>(p 1) /2, where, ¥ 1;- ,4. (6.13)
6.2.14 K14:K14a,a,a,03;b,(‘1,c2,b;d,d,d,d; X, ¥ Z T)
_ —(p+1)/2 -(pt1)/2
M(K14)_IX>OIY>0IZ>OIT>0|X|p1 (p+1) [Y|p2 (P 1) X
—(p+1)/2 -(pt1)/2 : : :
P3P 2P~ (P D2 (@,a,a,,:b.6 ¢ ,bid,d,d,d
=X, =Y, =Z,-T)dXdYdzZdT
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Fp(@=P1=Py=P3) T [(b=p=p JT fcip JI fCc 5p gx
Fp(a)rp(c Fp(b) r IO(c r IO(c

3) 1) 2)
RGN

Fp(d=P1=Py=P3=P )

(Pl p(P T (Pl (P 4 (6.14)

for Re (a—pl—pz—ps,b—pl—p4,<“1—p 2P 3:GP 4
d—pl—pz—ps—p4,pi)> (p—1)/2,where, i= 1;-- ,4.
6.2.15 K15:K1§a,a,a,b5;bl,b2,b3,b4;c,c,c,e; X, ¥ Z T)
_ —(p+1)/2 -(pt1)/2
M(K15)_IX>OIY>0IZ>OIT>0|X|p1 (p+1) [Y|p2 (Pt 1) %
-(pt1)/2 -(pt1)/2 : :
|Z|p3 (p+1) |T|p4 (pt1) Kig(@.a,a,5 4.5, .1 .1 ;
C,C,C,C— X~ Y~ Z~- T)dXdYdzdT
Mo(@=py=py=pgT ((bep 4){ 4T {brp i)rp(p-)}x

@ TGy | T m)

p(©

M(€=P =P, P3Py

forRe(a—p; =Py, —P3.l5=P 4.6 P17 P 5P 5P 4.07P 0, %6.15)
>(p-1)/2, where, & ;- ,4.

6.2.16 6~ K188 838,05 Xo Y5 27 T)

IVI(K16> :IX>OIY>OIZ>OIT>O|X|p1 (p+1)/2[Y |p2—(p+ D72

Continued to the next page ... ... ... ... ...
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|Z|p3—(p+1)/2|-|-|p4—(p+ 1)/2K16(a1, a,,85,8 ;b;
-X,-Y,-Z,-T)dXdYdzdT
_ M@ =P1=P T @y=p =P Il fagzp 5p pr
(@) M play) NCTY

Fp(@g=P37P Y I (o) )

Fp@g)  T0=P1=P =P 5P Y
FoPl pP T (Pl (P 4
for Re (§ =P =P &P ~P3837 P P g3 P3Py
b—pl—pz—p3—p4,pi)> (p—1)/2, where, ¥ 1;- ,4.

(6.16)

6.2.17 Ki7=Ki4aanaqb,byi00 Xe Y5 25 1)
= —-(p+1)/2 -(ptD/2
M(K17)_IX>OIY>OI2>0IT>0|X|p1 (p+1) [Y|p2 (p+1)/2,
—-(p+t1)/2 -(pt1/2 _
|Z|p3 (p ) |T|p4 (p+ ) K17(al,3-2,a3,ki,b :
c;—X,—Y,—-Z,-T)dXdYdzdT
_Tp@mPmP) T @y P I fagP 5P 3
rp(al) Fp(az) r p(as)

Fob =P )T 5(boy=p Y M40

Folby) T b)) Th(e=p1=Py=pP3=Py
FoPIl pP T (Pl P )
forRe(d —p; =P8~ P17P 3.8 P 5P 3.07P 4, (6.17)
b2—p4,c—p1—p2—p3—p4,p i)> (p— 1/2, where,+ 1,- ,4.

X
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6.2.18 Kig=K daanagbybyicr Xo Ys Z7 )
_ —(p+1)/2 -(pt1/2
M(K19) =l 50y 5075005 P17 P* 2y P2~ (P D/
—(p+1)/2 - 1)/2 .
23~ P24 DI (2 a,,a5. b 1,
c;—X,-Y,-Z,-T)dXdYdzdT
_ M@ =P1=PIT @y=p P JF fasp 5P gx

X

Moy =P T y(05=p Y ™ {©)

Folby)  Tuby) Th(E=p1=py=p3=Py
FoP)l pP T (P T (P )
forRe(d =p; =P8 "P17P 4:37P 5P 3.0 P 3, (6.18)
b2—p4,c—p1—p2—p3—p4,p i)> (p— 1/2, where,+ 1,- ,4.

6.2.19 K19:Klg(aIaZ’bl’bZ’bB’b4;C;_ X Yy Z7 T)
3 —(p+1)/2 -(pt1)/2
M(K19) = x>0y >0lzs0m>0X L P72y o (D2

ZP3~ (P 2Py~ (PrD/2 a,.b,, b, by, b

K1gl@y:82:Py. 05, 03.0,5C;
-X, =Y, =Z,-T)dXdYdzdT
_ M@ =P1=P)T @ay=p Pl {bip I (b 5p gx

Continued to the next page ... ... ... ... ...
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Fp3=p )T (by=py " © )

Fhby) Ty T ye=p=p P 5Py
Fp(pl)r IO(p S IO(p el F;p A (6.19)
forRe(q =P =P &Py 7P 3P 5.B5P 5.b5P 4.

by =P C=P1=P =P 3P 4P 1P P 3P N> (P~ D/2.

6.2.20
KZO:KZdalal,bs,b4;b1,b2,a2,a2;c,c,c,1-:; X, ¥ Z T)

MK 20 = IX >0 IY >0 IZ>OIT>O|X |p1—(p+1) / ZIY |p2— (Pr 1)/ 2

P3=(P+D)/211p 4~ (pt 1)/ 2 : :
|Z| 3 |T| 4 Kzo(al’alibgsb41b1;b2,az ’aZ’
C,C,C,C— X~ Y~ Z~- T)dXdYdzdT
_ Fp@=P1=P )T f@y=p g=p JF (bip T (b 5p gx
Fo(b3=pa) Ty =P y) o) )
Fplog) Ty T C=pimp P gP Y
SN U CPVE CR IR G|
for Re(g -p;=P5.8=P 3P 4.B-P,P; .
C=p =Py ~P3~ P, > (pP~1)/2, where & 1;- 4. (6.20)

21b31b4’C1Clcie’ Xl \L’ Zl T)

|pl—(p+1)/2[y P2~ (bt 1)/ 2,

6.2.21 K21: K Zfa,a, b6’ b5; bl’ b

M(K 59 = Ix>0ly >0/z>0lT>0X

Po—(p+tD)/ 2|+ p ,—(pt1)/2 . .
|Z| 3 |T| 4 K21(a,a,b6,b5,bl,b2,b\,),b4,
C,C,c,c— X~ Y~ Z~-T)dXdYdZdT
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_ Fp(@=p1 =) T (0=p YT [b5=p JI b 5P gx

rp@ o) Ty T by
Mo(b,=P )T bg=P T (b5 ) r o)
rpby) Ty T by T (cprpzpgp)
X (PYT (P (P 3T 4P ) (6:21)

for Re(a_pl_pz l%_pB ’%_p4’q_p|pl ’

C—Py =Py =P3~P,) >(P-1)/2, where F L;- 4.
6.3 A number of results are being proved in this section regarding the
functions defined in the previous section. At least one result will be stated

for each of the above functions and proofs of only a few representative
results are being given, other results follow similarly.

Theorem 6.3.1:
Kg@aaap.p.b .5 if.5.5.45 % % Z T
1 _ —
o OO 2, (g - 82 162
rp(a) (6.22)

—S%YS}/Z)LPZ (by;c3.¢, 8y2 z&yZ—, 52 ng )dS

for Re(a)> (p- 1)/2.
Proof: Taking the M-transform of the right side of eq.(6.22) with respect to
the variables X,Y,Z,T and the parametepf, PoP3P 4 respectively, we

get,

—(p+1)/2 —(pt1)/2
IX>OIY>OIZ>OIT>O|X|p1 (p+1) i (pr D72,

ZP3 PP (P D12y (b ic) $2x52. (629

—S%YS}/Z)LPZ (by;c3.6 1 83/2 z&yZ - 52 ng )dXdYdzdT

Applying the transformations,
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xlzs%xs%,vlzs%vs/%,zl: 3;/2252 = éYZ TéIZ :

with, dx, =P/ 2 ax,ay, =|$P* D2 qy,dz =| sF D/ 24z,

dT, =|§PD 2 aT; and | ¥ = 6 X|. Y= B ¥].4=| b .

‘Tl‘ =|9|T]; to the above expression and then writing the M-transforms of

the two invoIvedLIJZ- functions, we obtain
Fp(bl—pl—pz) r p(Cl) r IO(cz)
Tpb) T pE=P)T Cop )
"0 Tps) Tbypgpy)
Fp(cg—pg)rp(c4—p4) r IO(bz)
FoPIl (P T (Pl P )

Substituting this expression on the right side of eq.(6.22) and then
integrating out S in the resulting expression by using a Gamma integral
gives M(K5> as given by eq.(6.5).

X

H_pl_pz_p 3_p 4

(6.24)

Theorem 6.3.2:
Kip@aaal b b g g g5 .67 % % 2 1)
) Mol ()
Fp(bl)rp(bz)r p(bS)' p(b4)' p(cl— bl— bd)' p(Ci b§ bz?
(UL P Ay B (P D 3w B (P /%
94~ (P D12y -y G- by (B D/Z

1 -w -gf27 P37 P4~ (Pr Y 2}, cuPaxu P2y oy 2

Continued to the next page ... ... ... ... ...
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—a
+W}§ZW}/2 + S)/ZTS)/Z{ dudvdwdsS

for Re(lq G 11— l& 6 %— 91 > (p /2, wheresi -1, 4.
Proof: Taking the M-transform of the right side of eq.(6.25) with respect to
the variables X,Y,Z,T and the parameteprf, PoP3P 4y respectively, we

(6.25)

obtain

—(p+1)/2 —(p+1)/2
I 5oy 50 lzsolrsoXPL P 2y Pom (Pr D/ 2,

ZP3~ (PO 2P 4= (P D)/ ﬁl FUP0 72 v Fary P26 26

—a
+W%ZW}/2 +S}/2T5;/2{ dXdYdzdT

On making use of the transformations,
Xq= U%xu%,vlzv%\(v /VZZ 1=W /1/2W /1/,2T 1:8/25/12

in the above expression and then integrating )Of[l’tYl’Zl’T] by using a

type-2 Dirichlet integral yields
Tp®T 0T P 3 fp )

r (a) (6.27)

U P [v[ P2 P3P 4P

Fp(@=P1=Py=P3=P Y
Substituting this expression on the right side of eq.(6.25) and then

integrating out the variables U,V and W,S in the resulting expression by
using a type-1 Dirichlet integral generaMs(KlZ) as given by eq.(6.12).

Theorem 6.3.3:

Kig@pagiag,ay by Xv Y Z5 )

Continued to the next page ... ... ... ... ...
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—tr(Sl+ SZ )‘ S-L‘az —(ptd)/ 2><

) rp(a2>1r Ja50/s,> 6
‘52‘a3—(p+1)/2¢2(81’a ;b;_{z X{Z‘ %2 Y%Z . (6.28)
5729 2- 2752 g s

for Re(a2 & > (p- 1)/2.
Proof: Taking the M-transform of the right side of eq.(6.28) with respect to
the variables X,Y,Z,T and the parameteprf, PoP3P 4 respectively, we

have

~(p+1)/ 2 P o= (Pr1)/2
Ix>0ly >0Jzs0M>0XI1 (p+1) Y[P2 (pr 1)/ 2,

2P DI 2p g P D12 4 5 ;b;_%V xs,yZ 6.29)

—52% Ysé]/Z ,—gyZ zs{yZ— év 2 Té/ 2 )dXdYdzdT

Making use of the transformations,

L2082 v n e 5 - 2 sl :éyzéz.
XY =S RS Y= S57YSy%, 29= 519257, TF 55 TS

in the above equation and then applying the following transformations in the
resulting expression so obtained,

X2 :Xl,YZZX 1+Y iz 2:Z ’lT 2:Z fT; with, dX d_I_Y T

dX2dY2, and, le d'E: dZ2 d'I'2 - where, © )§< \é and

0<Z,<T,,

a type-1 Beta integral, and afterwards writing the M-transform dfiza

(6.30)
followed by first, integrating out 0X2 and Z2 by utilizing
function in the consequent expression leads us to,

§[PiPsls P2 P4 TP T P37 fp 3
FRCHINCH

Continued to the next page ... ... ... ... ...
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rp(b_pl_pz_pg_pzp
Putting back this expression on the right side of eq.(6.28) and integrating out
Sl and % by employing a Gamma integral generallsé(sKlG) as given by

eq.(6.16) above.

(6.31)

Theorem 6.3.4:
Kll(a,a,a,a;g l} % Q ,;c,c,cd; X, ¥, Z T)

(S48,

T (bl) T (b, ISl>0 IS>

SOV OV - §2 262 62

et ddirg.

for Re (t? > (p- /2, E L ,4.
Proof: Taking the M-transform of the right side of eq.(6.32) with respect to
the variablesX,Y,Z, T and the parameteqsl,pz,p:g,p 4 respectively, we

achieve

Ix>0ly >0 fz>ofT>o|X|p1_(p+1) 12y Py (PH 1)/ 2,

ZP3™ (P 27Pa= (P D/ 2y (a;c,d - gyZ x:iyZ (6.33)

—52% Yséj/Z - %yZ zgyZ - Si/Z T§1/2 )dXdYdzdT

The application of the transformations

X, S%XS/VZY s/y2Y87V22 JZZéYZT éYZTéIZ(634)

to the above expreSS|on foIIowed by the use of another set of
transformations,
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X2—X1,Y2 X1+Y 1Z 2—X 1+Y 1+Z with, dX dle% T

dX dYZdZZ’ where, X X2< Y2< Z,:

and then first integrating OLXZ and Y2 one-by-one and in order by using
a type-1 Beta integral, afterwards, invoking the M-transform o\ﬁPg
function gives
5 P[5, rp(plz“'rp(pél)r g2 PP 4 JOr g9
o @ p(@=p )X (c=p1=P 5P 3
Substituting this expression on the right side of eq.(6.32) and integrating out

Sl ,84 by the help of a Gamma integral givM(Kll) as given by

eq.(6.11).

(6.35)

Theorem 6.3.5:
a;.bg, by, b,5,85,8,5c,,0€ X, ¥, Z, T)

KZO(al’ 3:04:0y,
~tr(S,++S,)_

T (bl) T by ISl>0 IS>

‘Sl‘bl‘(p+1)/2.,.‘s4‘ 0, = (¥ 1)/2¢2(a1,a2 o %/2 X{Z(e.%)

Shidhodead e

for Re (Iq > (p- /2, E X 4.

Theorem 6.3.6:
K21(a,a,b6,h5;bl,b2,t1,,,b4;c,c,c,e; X, ¥ Z T)

1 —tr(R+g S)
= 6 IR>ofsl>o"‘f%> =L x
r.(a) Hrp(bi)
=1

Continued to the next page ... ... ... ... ...
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|R|<':1—<|o+1)/2{ﬁI ‘Sl‘br@*lﬂz}o.i( ;C;_{z R2 XR2 §y2
=1
RS §282 28280 §292 TR P

6
e
=1

for Re(a,li))> (- D/2,# L. ,6.

Proof: Taking the M-transform of the right side of eq.(6.37) with respect to
the variablesX,Y,Z, T and the parameteqsl,pz,pB,p 4 respectively, we

obtain
—(p+1)/2 — 1)/
IX>0IY>0IZ>OIT>O|X|p1 (p+1) |Y|p2 (pt1)/2,

PPV 2 e o g2 RIXR252
Sidteids. fedradede e

xdXdYdzdT
The application of the transformations

X, :SI%R%XRquV2 Y, = 5/2y2 R}/Z YR)/Z%/Z ,
2152822522 = §242 74282 ;win

X, = ‘sﬂ(p+1)/2| R|(p+1)/2 X, dY, = ‘ Sﬁ (p* 1)/ﬁ F{{(p+ DI2 4y

dzlz‘s6‘(p+1)/2‘%‘(p+ 1)/2dz,d1i:‘ %(I& 1)/ZT §l(p+1)/2 ot

and. | 3| = 9| R* =[Sl A Y} 4= | S B 1=| o 9 I

to the last equation followed by the use of the eq.(2.4) produces,
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. T {nrp(p)}r ©
{H‘S‘ }‘%‘ 4| "3 RPL pzr e (6.39)

Replacing this expression on the right S|de of eq.(6.37), subsequently
integrating out the variables of integration by using a Gamma integral

generateM (K 21) in agreement with eq.(6.21).

Theorem 6.3.7:

K13(a,a,a,a;g,l} % Q'c Cfl 9—; X, ¥, Z T

r (C)F (dl)
T (bl)r (b2)r (b3)l' (b4)' (c- by by (d— be)
r (d

—(p+1)/2 - (pr 1)/
: (d LS V| (D3
w| 3 (p+1)/2|q )~ (P 1)/zh_W| d- b (p 1)/3
|—S|d2_b4_(p+1)/2||—U—V|C_b1_b2_(p+1)/2x

|+uy2xuy2+v}/2vv /V2+W /VZW /248/25/{{1

dudvdwdsS (6.40)

for Re (tib2 % , € 9— l% (j!— l:\;) % Q>) b 1)/2.
Proof: Taking the M-transform of the right side of eq.(6.40) with respect to
the variablesX,Y,Z, T and the parameteusl,pz,ps,p 4 respectively, we

have

~(p+1)/ 2y - (p+1) /2
IX>OIY>OIZ>OIT>O|X|p1 (p+1) Y P2 (P72,

|Z|p3—(p+1) / 2|T|p4— (pt1)/2,

Continued to the next page ... ... ... ... ...
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% (6.41)

|+Uy2xuy2+v7v2vv )/2+W }/ZW /245/25/{61

dXdYdzdT
Applying the transformations

Xq= U%xu%,vlzv%\(v /VZZ 1=W /1/2W /1/,2T 1:8/25/12
to the above expression and then integrating out the vari?(lil,e‘ér Zl’Tl
by employing a type-2 Dirichlet integral we achieve
(a—pl—pz—pg—p4)x

Ak
U PV P2|w[ P3P 4R

(@) (6.42)
FoP)l pP T (P T P )

Substituting this expression on the right side of eq.(6.40) and integrating out
W and S by using a type-1 Beta integral and and V by a type-1
Dirichlet integral we are led tM(Klg) as given by eq.(6.13).

Theorem 6.3.8:
Kog@a,a,a;b,b.L .5 e 2 .de X, ¥, Z, T)

1 _ _
T @S0 PP, g g ¢ & xe2
p (6.43)

—S%YS}/Z)CD (c, ;d;—?:?/ZZg/Z—, 5/2 ng )dS
2.9

forRe (a)> (p- /2.

Theorem 6.3.9:
K7(a,a,a,a;b,b,f 5 ;P 5! fl ,QI—; X, ¥ Z T

TS,

AL pm
Mo (e (e3> %> 0%

Continued to the next page ... ... ... ... ...
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‘S-L‘b—(p+l)/2‘sz‘ G- (p 1)/T%JC2—(p+l)/2LP , (a;q- ,C& ;

Sench-drds. donde o upop o

for Re (b’i 'S » (pr /2.

Theorem 6.3.10:
Kl(a,a,a,a;b,b,b,c;dle o A X, ¥, Z, T)

_ 1 —tr(R1+ R2) a—(pt 1)/2x
rp@r p(b)IRfOIRz> 0" R

Rl OV i 2 YR 2R

OFl(;

—R;é R]}_/ZXRf/ZR}Z/Z)d Rld R2

(6.45)

of (i

for Re (a,bp (p- 1)/2.

Theorem 6.3.11:
Kg(a,a,a,a;b,b.£ .4 ;de . dge-; X, ¥, Z, T)

_ 1 —tr(R1+R
@ O () Ry 0R IR 6

‘Rl‘a— (pt+ 1)/2‘R2‘ b- (pr 1)/TR3‘C1_(D+1)/2><

ofa(iepim Rzyz Rlyz YR/lyZ R/zy2 YF(Coiesi R1y2 TRlyz K

deddeF\’3

+R

2*R3)

(6.46)
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for Re (a,b,f > (p /2.

Theorem 6.3.12:

ife.a2.ah. 5 g 5§ g5 50 X ¥, 2 )
_ 1 Oe—tr(S)|$a—(p+1)/2¢2 (b_|_'b2 G+ Slé Xg/Z ,

_ s
@) (6.47)

—S%YS}/Z)CDZ (b3,b4;c2;—8y2 zsyZ—, 5/2 ng )dS

for Re(a)> (p- 1)/2.

Theorem 6.3.13:
Ki4@2,28,¢:b6 ¢ bdddd X ¥ Z T)

r (@)
M@, (Y j(d-a b

)[(!)IIO|U’a—(p+1)/2|V| b-(p+1)/2,

-b

X

j—ufma (D3 _y ¢ a b (p 1)/F+U o o

I+U%YU% |+U}/2ZU}/Z{_C2|+v/1/g| -U) /YZx

X

(I +U%XU%)_}/2T(I +U }/&u )/3 _%(I —U)%V}/Z

dudv

(6.48)
for Re(a,b,d & b» (p 1)/2.
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Theorem 6.3.14:
Klo(a,a,a,a;b,b,f 5 ;£I Q §I ,gl—; X, ¥ Z T)

1 Oe—tr(S)|$a_(p+1)/2.|J2 (b ,d, > 5]4 xé/Z :

3 IS>
r
p( ) (6.49)

—syZ\(syZ)lFl(cl;olg;—se,yZzsyZ)lli(c2 14y~ %VZ ng )dS

for Re(a)> (p- 1)/2.

Theorem 6.3.15:
K2(a,a,a,a;b,b,b,0'1d fl Sd ,fl—; X, ¥, Z T

_ 1 —tr(R1+ R2) —(pt+ 1)/2x
T @r 0 Ry>0/Ry> 0 "

‘Rz‘b—(p+1)/2 OFl( ;dl;_ R}Zé Ri/z XRi/Z R}Z/Z X

oF( 105 R? Rlyz YR)l/Z R/ZZ )oh(:d3
—R%éRf/ZZRf/ZR)Z/Z)lFl(C; dyr Ri/Z Tl%é)dedRz

for Re(a,bp (p- 1)/2. (6.50)

Theorem 6.3.16:
Klg(al, 8.2, bl’ b2 , b3 , b4 cs X Y+ Z+ T)

1

y IR1>O"'(6)"'IS4>OX
Fp(al)rp(az){iglr IO(bi)}

Continued to the next page ... ... ... ... ...
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—-tr(R,+R,+

4
17Ro {Z S} _
o ‘ ‘81 (p+1)/2‘ 2‘82 (B /2
{H\S.\b “’””2} o R B2 KR 2R)?

Sialids drdinid we
sl

for Re(ei,a2 li‘) » 1—1/2; where, F ;- ,4.

Theorem 6.3.17:
Kll(a,a,a,a;li t% % Q .c,c,c,d; X, ¥, Z T)

Fp(©
T o ()T (b, (b3)|' (c- b

V| 2—(IO+1)/2|W| by- (p+1)/2,

|-U -V -w[B BBy (pr 1)/ 2,

|+U%XU}/2+V}/2YV }/2+W }/ZW /Y{afia,bél;d;

(I +uy2xu}/2+vyzvvy2 +Wy2zw}/2)_}/2Tx
(I +uy2xuy2+vy2w )/2+w )/zw /Yg_/y%lUdVdW

b, —(p+1)/2,
- I03)fH|U| 1

(6.52)
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where, U= U> 0.V= V> O.W= W> 0,6¢ U W WK I,
andforRe(?,E Q ,€ Jl_)— 9— g% P /2.

Theorem 6.3.18:
K13(a,a,a,a;l_:i 5 % Q ;c,c,fl ,9—; X, ¥ Z T

1 _ —_
-l O 20, 4 by - 82 x82
0 (6.53)

—S%YS}/Z)lFl(bS;dl;—E’;J/Z ZSJ/Z ) § (b ids é/Z T/gz )dS

for Re(a)> (p- 1)/2.

Theorem 6.3.19:
Kip@aa.ah.b g g g.5.67 % ¥ 2 T

4
“tr(z §)

}IS]_>OM(4)"'IS4> Oe

1

4
{l’l Fp(bi)

X

1
{iﬁl\%\b‘_(pﬂ)/z}% 249§ Xﬁyz- gz w{z (654
et el o
=1

for Re(q )> (p—- 1)/2, where, 1, ,4.

Theorem 6.3.20:
K15(a,a,a,b5 ;l1 tﬁ % 91 ;C,C,C,€; X, ¥, £ T)

Continued to the next page ... ... ... ... ...
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)
Fp(a)rp(b5)|' p(C_ a by

|—U|C_a_(p+1)/%l _V|e— a g— (» 1)/2

-b -b
|+u%xu% |+uy2vu)/2{ ? +U)/2U/1% 3>< (6.55)

)U|U|a_(p+1)/21v| k- (/3

- bl

-b
| +v%(| —U)}/ZT(I -U) %\//VZ{ 4dUdV

for Re(a,k% ,C & g > (p 1/2, where<O U |an&0 <V.

Theorem 6.3.21:
Ky@aaah.b.g.gicd.gd € X ¥ Z T)

_ 1 —tr(Ry+R,+ RS)x
M@ (X p<b2)IR1>0I Ry ARy &

‘Rl‘a_(ml)/z‘Rz‘ h- 1)/:‘zR 3Jb2—(p+1)/2x

oha(idym Rzy2 Rlyz YR/lyZ Fgé) of( 9y

—R:,%éRf/ZZRf/ZRé/Z)dedRZdR?’

for Re(a,lh .b » (B D/2. (6.56)
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Theorem 6.3.22:
K17(a1,a2,a3,bl,b2;07 X5 Y+ Z7 T)
1
M@ p@,) (@g) (byf p(szRfO 5,0

3
—-tr(x R, +§+S)) _ _
etré1 i3S {ﬁl‘Ri‘ai (p+1)/2}‘§‘11 (- 1)/2,

b,—(pt+1)/2
)| 2 oh(icm F%é R1y2 XRlyZ RZZ

{ﬁdRi}dﬁdg
=i
forRe(al,aé,%,E_),E% p D/2.

(6.57)

Theorem 6.3.23:

- L &S,
G (0,15°0/%,> 05> 6

‘Sl‘al—(m 1)/2‘ Sz‘ h- (» DlT %Jbz—(p+1)/2q)2 (8, 11650

S Px 2 292 §2v5 2 §2257 g s

for Re(al l1 l} > (p1)/2.

136



Theorem 6.3.24:
Kll(a,a,a,a;t_:ﬂ l& 9, Q .c,c,c,d; X, ¥, Z T)

1 _ _
T _@)'s0° O R (4 by by o & %62
p (6.59)

—s%vs%,—s/yZzs%i F(y id 52 ng )dS

for Re(a)> (p- 1)/2.

Theorem 6.3.25:
Ki4@2,3,Gb,G . bidddd % ¥ 2 T)

SO,

- e fssolss d
Fp(b)rp(cl)r p(c2) §>0'S,>0 5S>
‘Sl‘b—(p+1)/2‘82‘(“1—(p* 1)/7%102—(p+1)/2¢2(a’%;d; 660

S X2 S2vS T 7287 2147 g o o

for Re(b,& p2)> (p—-1)/2.

Theorem 6.3.26:
K15(a,a,a,b5 ;11 ké I% 91 ;C,C,C,€; X, ¥, Z T)

_ 1
T B b b b0 05> d g B
SO, {ﬁ S -<p+1>’2}¢2 @ o

o s dicde, St o
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for Re(q )> (p—- 1) /2, where,s 1. ,4.

Theorem 6.3.27:

Kg@a,a,ah b.§ §if5 5 i X ¥ 2T
- + b,—(p+1)/2
£ USSP,

) rp(bl)lr 6,520l
‘Sz‘bz_(pﬂ)lztpz(a;cl,cz = %é Xg/z— %2 T%/Z ,  (6.62)
‘%%Y%%— %]/ZZ{Z )d§ dS

for Re (l1bZ > (p- /2.

Theorem 6.3.28:
Ke(@a,a,ab,b,c .5 jedds X ¥, Z T)

o (8 5* ),
P BT e (65705705 6

‘b—(p+l)/2‘82‘¢“1—(ﬁ 1)/T%JC2_(p+l)/2LP2(a;e,d; 663

5
5204 25 2vg 2 7282 2752 g e o
for Re(b,i S P(p-1)/2.

Theorem 6.3.29:
Kll(a,a,a,a;l_:ﬂ I% % Q .c,c,c,d; X, ¥, Z T)

Continued to the next page ... ... ... ... ...
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(O @)

T (pr (b (b (b (d-bJ (o by by by
iy PR 2y B (B Dig) B (0 D%

P4~ (PO _yoy-w|® A BBy (B D%

[ —S|d‘b4‘(p+1)/2{| cU2x0 2 v Fan P2
—a
wi2zw 2 +5)/2TE;/2{ dUdVAWdS

where, U=U >0,V=V >0 W=W >0,0< U+ V+ W< I,
0<S< I, and for Re(ib € 1b— é)— Bb € 4b>) tp 1)/2,
i=1....4.

(6.64)

6.4 Some transformation relations and cases of reducibility are being
discussed in this section.

Theorem 6.4.1:A case of reducibility:
alleKlz(a’ a,a, q; bl’ b2, b3, b4; C1:C1:C5,Cy;
: -X =Y Z -T
(1) ) (6.65)

a a a a
=®,(by,byiC = X=Y)P 5(b g b iCom Zm T)
alleKlz(a’ a,a, a; bl’ b2, b3, b4; C1:C1:C5,Cy;

(i xR 2 (6.66)

a o o a
=4 1(b1+ b2;cl;— X) 1F1(b3+ b4;c2;— Z)
Proof: (i). This result follows by putting = a in eq.(6.25) and replacing
X by X/ a, etc. and then proceeding to the limit@as- o keeping in mind
the eq.(1.23), and finally using the theorem 3.2.6 in the resulting expression.
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(i). Replacing the two<D2- functions in eq. (6.65) by their integral

representations as given by eq.(3.17), we get
lim Klz(a,a,0(,0(;bl,bz,bg,b4;cl,cl,c2,02;

a - o0
X Y Z T
a o da o
_ Fp(cl)r p(C 5)
rp(bl)rp(bz)r p(bg)r p(b4)' IO(Cl— by bJ F‘Ci bz b))
x””|u|b1—(P+1)/2|V|b2— (pr 1)/{\N| b- (p 1)/% (6.67)

§P4~ P02 y- v 9 B R (P D%
|| W _S|C2_b3_b4_(p+1) / Ze—tr(UX +VY ‘WZ +ST) %
dudvdwds
The result in eq.(6.66) is obtained by putting Y=X and T=Z in eq. (6.67) and

then applying the transformations,

U1= U,V1=U +V,W1=W,Sl

dWldS_L: dwdsS, where, 0 < P: 1\# [,0O < W 18 l;
to it and then integrating ouUl andV\i in the resulting expression by

=W+ S; with dUldV1= dudv,

using a type-1 Beta integral which leads to the desired result in the light of
eq.(2.3).

Theorem 6.4.2:A case of reducibility:
. X =Y Z -T
im K, {0, a00b,b,bsb,iccd, dy— — 5— 5
0 oo 14 p 0o bz byc.Cd) 05 = 5 = s 68)
= 1F1(b3;d1;_ Z)]_Fl(b4;d2;_ T Z(bl’bZ; c: X5 Y)
. -X X Z -T
im K, {0, a00b,b,bsb,iccd, dy— — 5— 5
Do 14 RPILERVIE R Dol s 69)
= 1P (031017 2)1Fy (b 42 d o T) Fy(bF bocr X)
Proof: (i) This result is a limiting case of eq.(6.40), in which use of
eq.(1.23) and eqgs.(2.3) and (3.17) has been made.

140



(i) The result stated here is a particular case of eq.(6.68), which can be
obtained by putting =X in the said equation.

Theorem 6.4.3:A case of reducibility:

. _ . X Y Z T
aIITooKll(a’ 0(,0(,0(,bl,bz,bs,b4,c,c,c,d,a o, )
Mp(©)
= x . F(b,;d—-T)x
| Mo (B (0N (bl (c= b= by by 17104 )
O (uP @72y b D/ 3y b (@ I3 ©-10

I-U-V _W|C—b1— by—by= (p+ 1)/ Z,~tr(UX+VY +WZ)
dudvdw

for Re( ,c-b; b, = bgy)> (p- 1)/2,i= 1;-- ,3.

-X X T

O o a (6.71)

: —X
im K., .o a00ab,b,b,yb,;cc,c,d
(i) O o0 171 1727374 o
= 1R (0,:di=T) R (by+ byt baic X)

Proof: (i) This result is a limiting case of eq.(6.64) in which use of eq.(1.23)
and ed.(2.3) has been made.

(i) Putting Z=Y =X in eq.(6.70) and applying the transformations,
W1:U,W2: U+V,W3:U+V +W,; to it and then integrating out
W1 andV\é one-by-one and in order by using a type-1 Beta integral

followed by the application of eq.(2.3) leads to this result.

Continued to the next page ... ... ... ... ...
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Theorem 6.4.4:A transformation theorem:
Kij(a.a,a,ab.b .8 ,b ccced X ¥ Z T

=l +X|_aK1£a,a,a,a;c— h- b- b.b .. ;cccd;

O 1+ 2X(1+X) 241 %) R 20 X) 2 672
—(I +X) _yZ(z ~X)(I +X) _}/2, <1 +X) _7V F(l +X) _/V]Z
where, Y= X> 0and 2 X 0.
Kll(a,a,a,a;ki lé 9, lﬂ .c,c,cd; X, ¥, Z T)
:|I+Y|_aK1£a,a,a,a;bl,e— h- b- bbb jcccd;

(ii) —(|+Y)_%(X =Y)(I +Y) _y2,(| +Y) _7V (1 ) _XZ (6.73)

—(1+Y) _yZ(z ~Y)(I +Y) _}/2, «1 +Y) _}/ Il +) _/V]Z

where, Z— Y> 0and X Y> O.
Kll(a,a,a,a;ki lé 9, lﬂ .c,c,c,d; X, ¥, Z T)

:|I+Z|_aK11[a,a,a,a;l1,l§ e b- b- B .hccoed
i) —(I +Z)_%(X ~2)(1 +2) _%, <1 +2) _}/2(\( ~Z)(1 +2) _/VZ (6.74)
(I +z)_y22(| +2) _}/2, ~1 +2) _}/2r(| +2) _/VZ]

where, X— Z> 0and ¥ 2 O.
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Kll(a,a,a,a;t_:ﬂ l& % Q .c,c,c,d; X, ¥, Z T)

=l +T|_aK11[a,a,a,a;l1,l§ by & b cced
(iv) _ _ _ _ (6.75)
—(1+T) %xa +T) % ~l +T) )/2v(| +T) )/2

—(I +T)_%Z(| +T) _}/2,(| +T) _7V 2T(1 +T) _/VZ]

Kll(a,a,a,a;l_;z l% % Q .c,c,cd; X, ¥, Z T)

=l +X +T| %K  fa,a,a,a;c- §- b~ by ,b by .d b ;
c,c,c,d;(I+ X+ T)_}é X(1+ X+T)_}/2,—(I + X +T)_}/2(Y —-X) x
(V) (6.76)

(1+X +T) _%, 1 +X +T) _}/Z(Z =X)(I +X +T) _}/2

(1+X +T) _%T(I +X +T) _}/%

where,Y —X >0 and Z- X> 0.
Proof: To prove this theorem we define the functidﬁwi:L through an

integral representation, which is obtained from eq.(6.64) by the use of the
assumption of symmetry of the hypergeometric function in its matrix
arguments as has earlier been done by Herz [22] and Mathai [60,62]:

Kll(a,a,a,a;l_:ﬁ l} 9, Q ,c,c,cd; X, ¥, Z T)

) o () )
rp(bl)rp(bz)r p(bs)l' p(b4)' IO(d— b J IO(c— by b5 by

Py Pr D72y B (B D73 B (B D%

P4~ (PO 2 oy —w| S R B By (B DI

Continued to the next page ... ... ... ... ...
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[ —S|d‘b4‘(p+1)/z{| ex20x 2 oy Fary 22

-a
+Zy2WZ}/2 + T}/ZST}/Z{ dudvdwdsS

where, U= U> 0,V= V> O,W= W> 0,& U W WK I6.77)
0<S< I, and for Re(ib € 1b— é)— ? € 4b>) tp 1)/2,

I =1---,4.
(i) This result is obtained by the application of the transformations
U =l-U-V-W,V,=V,W_, =W, toeq.(6.77) and observing that

1 1

|+x%(| —vl—wix%w/v&}f )/242 XZ\/%/YZ
| —(I +X)_}/2X)/2Jf(/l/%l +X) _/1/2+

+T%ST 2/ =]1+X|

(I +X)_%(Y -X) %\/fv X) }/%| X) _}/Z{I X) _}/Zx
(Z—X)%WI(Z—X)}/Z(I +X) _7V24(| +X) _/VET )/QT /1/@ +X) _/?

then interpreting the resulting expression ais(fl as per eq.(6.77). The

results in eq.(6. 73) and (6.74) follow similarly.
(iv) On observing that

e e o e
| +(1 +T) _%X }/ZUX }/%I +T) _)/2+(| +T) _/1/& /1/2x

Continued to the next page ... ... ... ... ...
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VY%(I +T) _yZ +(1 +T) _7V22 )/&vz }/% +T) _/YZ—
(1+7T) _%T}/Z(I —S)T7V2(| +T) _/VZ{

and applying the transformatio:Sl =|-S, the result of eq.(6.75) is
obtained by a suitable interpretation of the consequent expression in the light
of eq.(6.77).

The result of eq.(6.76) is a combination of the results of eqs.(6.72)

and (6.75). Two similar results of the type of eq.(6.76) in the variables
Y and T and Z and Rlso exist.

Theorem 6.4.5:A case of reducibility:

Kll(a’aialayg ’E ’% 1Q 1C’01C1d5 x’ ¥1 ¥’ T)

(1) (6.78)
:FG(a’aiaﬂQ 19 ’E+ % ldiclei :F1 X’ Y)
Kll(a’aialayg ’E ’% 1Q 1C’01C1d5 ¥’ ¥1 ¥’ T)

(i) (6.79)

Proof: (i) In eq.(6.64) we puEZ =Y and observe that,

I+U%Xuy2+v}/2vv }/24\/\/ /VX/W /Y2+S/Y23/XZ_
|+Uy2xuy2+(v +W)}/2Y(V +W) /VZJS)/aS/Yz

then applying the transformationé(lzv,lev +W,; and integrating

a4

out Vl by using a type-1 beta integral and comparing the resulting

expression with eq.(5.17) produces this result.
(i) This result follows by puttingK =Y in eq.(6.78) followed by the use of
eq.(5.46).
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CHAPTER VII
g (K)E(n) o (K)Ee(n) !
THE EXTON'S |E” & (5JER’ AND THE CHANDEL'S

((l%E(g) FUNCTIONS OF MATRIX ARGUMENTS

7.1 Exton [17,18] has given two functio k;E([r;) and EgEg]) which,

according to him are the generalizations of certain of the quadruple
hypergeometric functions discussed by him in [18]. Chandel [5] has also

given a similar function((g E(g). The purpose of this chapter is to define

and study these three functions for the case of matrix arguments.

7.2 Definitions

7.2.1 The Exton’s((l:% Eg]) function of matrix arguments

Kk Kk o
QED = (QED @by by sees X 5 X))

iIs defined as that class of functions which has the following matrix
transform:

" {(k)E(m

DD }:jxl>o...jxn>0‘xﬂpl-(p+1)/2m‘x n‘pn'(p”l)/z

k o
e @y oy ot g X g ax,
_Tp@=P == jByp T B P [T f6)
(@ (BT (b J (c=p == )
FoPy) TPy
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for Re(@a=py =+ =P, 1€ Py~ =P C=P 1™ "Pp
bi ~p, .0 )>(p—-1)/2, where,# 1;- ,n.

K K o
22 B = WeD@a.g b e x5 %)

9 o 2 o7

K
XG)ED @3] i i e T %, ) aX,
_Tp@mP = =P @ =Py g = =P T (PP g
Fp@r @) (b)) hep o =p )
PGPl P I O I CEVERIN G

X (7.2)

for Re(@-py =+-=Py ,C Py~ =P 1@ Ppy1™ P p
bi ~p .0 )>(p—-1)/2, where,# 1;- ,n.

7.2.3 The Chandel’g(l% E(n) function of matrix arguments,

(K)e(n) — (K) () =X =

MEc = MEc (@a.big 6T X 7 X))
Is defined as that class of functions for which the M-transform is as depicted
below:

[(k)E(m

1)-C :| IX >O...IXn>O‘X]Jp1_(p+1)/2---‘X n‘pn_(ml)/z

e g o g =505 0%
rp(a—pl—---—pk)rp(é—pk+1""‘pn)_ pO=P P )

(@ @Y (6 (=P )T y(cP )

Continued to the next page ... ... ... ... ...
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rp(cl)rp(cn)r p(p 1)r p(p I‘?

for Re(a—pl—---—pk ,b—pl—---—prl 8Py TP o(7:3)
C—p.h )>(p—1)/2, where,+ 1;- ,n.

7.3 Nine results are being established in this section, three for the function

((IBE%‘) , four for the function%gEgl) and two for the function
(k) ()
(1) —C -
Theorem 7.3.1:
k o
((ng%])(a’b_L’ ,[:}1 'C,C~ )i’ - )ﬂ1)
) Mp©r )

X

M) (b F (e= b=~ b, J p(c';— by = b)

foos(-f|uy 1OV 2y | BT P DIE

|-U, —-..—U ‘C_bl_m_bk_(ml)/zx

1 k

C-by ,——b —(p+1)/ |7 A
|—uk+1—---—un‘ k+1 n 1|+u1xpl +

—a
+Un XnUn dUl ddeUk+1 dUn

7.4
forUi>0,0< Li+o--+ Uk<|,0< Uk+1+---+ Un<|, and (7.4)

forRe(§ .- h——= b &= pi—— R ¥ (B D/2% & .n.
Proof. Taking the M-transform of the right side of eq.(7.4) with respect to

the variablele,---,Xn and the parameterpl,---,pn respectively, we
have,
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IX1>0"'IX r]>0‘X1‘F>1—(p+1)/2“.‘)( n‘p“_ (p+1)/2,

_a (7.5)
|+u1y2xluf/2+...+un%x #{2 dX ;-dX

Applying the transformations,Yi :Ui%xiui}/% fori =1,---,n:to the
above expression and integrating oh(ﬁ(i =1,---,n), in the resulting

expression by using a type-2 Dirichlet integral, we obtain

r (@)

which, on substitution on the right side of eq.(7.4) and integrating out the

‘Ul‘_pl“"un‘_pn (7.6)

variables Ul,--- : Uk andUk+1,---, Un by using a type-1 Dirchlet integral
- (K)(n) -
yields M [ (1)ED as given by eq.(7.1).

Theorem 7.3.2:
k s
((JgEg‘)(a’ti;.. ,bn ;C,C+ )i, 0 )%)

1 _ - k
(a)IU>Oe tr(U)|U|a (p+1)/2q;(2 )(b]_’ ’q( 'C;

T
p

—u%xlu%,---,—u%x ku/VZ)q:(Z”_k)(b

—u%xkﬂu%,---,—u%x nu)/Z)du

for Re(a)> (p- 1)/ 2.
Proof. Taking the M-transform of the right side of eq.(7.7) with respect to

the variablele,---,Xrl and the parameterpl,---,prl respectively, we

get,
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1‘91—(D+1) 2 --‘X ‘pn— (pr1)/2

X
IX1>O IXn>O‘ n

q)(zk) (bl,... ’ bk;c;— U}é Xlu}/z gt U}/ZXkU)/Z)X (7.8)
¢(2n_k)(bk+l’“. ’ bn;c; — U}é Xk+1U}/2 R LJ}/ZXnLJ}/Z)X

dXg - dX dX o eedX

On making use of the transformation‘éi, = U%xiu%, fori=1,---,n;

and eq.(4.6) in the last expression leads to

U P17 Pn
(7.9)

Putting back this expression on the right side of eq.(7.7) and integrating out

U by using a Gamma integral generaﬂs&% (BEg])} as given by eq.(7.1).

Theorem 7.3.3:

k .c,C

D) @by sy 1005 X = X))

_ I I e 1 n" x
ERCHRNNT U0 U,=0

o2 WO e 2200

..._Uk%xkuz/%—u}/zx U)/2 —---—Un%x nU}n/Z) X

k+1" k+1” k+1

dUl dUn

for Re(li l:g1 > (p- 1)/2.
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Proof: Taking the M-transform of the right side of eq.(7.10) with respect to
the variablele,---,Xn and the parameterpl,---,pn respectively, we

get,
s b PO 2 PO,

LIJZ(a;c,c‘: - LﬁyleUi/z—— Ui/zxku)k/z,—u/y

1 e (71D
Un XnUn )Xm dX
Applying the following transformations in succession
(i) Yj :Uj%xjuj%, forj =1,
i Zl_Yl’ZZ:Y1+Y 2---,Z k:Y1+---+Y l;(and,
R T LT e TS R T T PSE L

to the above expression, then integrating out the variﬂﬁl_es-,zk_l and

Zk+1"”’zn—1 one-by-one and in order by using a type-1 Beta integral

and on writing the M-transform of‘elt’2 function, we achieve

(@=py =+ =PI p(eF ©).
I (@I (c=py = pk)

U Ptfuf P2

(7.12)
ENCHRE

(€ =Py 7Pp)
Putting back this expression on the right side of eq.(7.10) and integrating out

- - (K) =(n)
Ul’ ,Unby employing a Gamma integral producM;[ (1)ED as
given by eq.(7.1).
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Theorem 7.3.4:
k ' .
G @a.g e o e p)
_ rp(c)
TPy Fpbp) pe=by==by)

b,—(p+1)/2 b - 1/2
Ul‘l(p ) ‘U W~ (D2

"

c-b,—-—b_—(pt1)/2
|_Ul_..._Un‘ by n X

—a
|+uly2xlul%+...+u{?x kui/z( /YZ+

2
U Y 1

_a'
dU:I_---dUn

7.13)

] ( .
where, UI = L1l > 0and & P+---+ H< | and for Rq(b :
c—bl—---— bn)> (p— D /2;i= L-- ,n.

Proof: Taking the M-transform of the right side of eq.(7.13) with respect to
the variablele,---,Xn and the parameterpl,---,pn respectively, we

have,

IX1>0"'IX n>0‘X1‘p1_(p+l)/2""x n‘pn— (pr1)/2

—a
|+U1y2xlul%+...+ui/2x kui/z( x (7.14)

_a'
dX i--dX n

g

2 2
I+U k+1X k+1U k+1+
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Making use of the transformationy,j :Uj%xjuj%, forj=1---,n; in

the last expression, subsequently, integrating O(_uL,---,Yk and
Yk+1’ Yn by the help of a type-2 Dirichlet integral we are led to,

Mp@=Py = =Py (@ =Py g™ =P )
Fp(a)rp(a) (7.15)

‘Ul‘_pl“"un‘_pn

Substituting this expression on the right side of eq.(7.13) and integrating out
i 1 Diri - (K) =(n)
Ul’ ,Unby using a type-1 Dirichlet integral we ha‘M[(Z)ED as
given by eq.(7.2).
Theorem 7.3.5:
(KeMiaan.e b o X -
(Z)ED (aaait]_’ 191501 )i’ ’ )$~|)
_ 1 —tr(U+V) | ja-(p+1)/2
- ~Jusolv>0® ( )|U| e/,
r@r,@)

|v|a" P 260 b, b e U2 xluy2 e UP2x ku/yZ,(7.16)
—v%x Y % oy =V y g v }/%szdV

for Re(a,a > (p 1)/2.
Proof: Taking the M-transform of the right side of eq.(7.16) with respect to
the variablele,---,Xn and the parameterpl,---,pn respectively, we

get,
IX1>O"'IX n>0‘x1‘p1_(p+l) / 2---‘x n‘p“_ (p+1)/2,

Continued to the next page ... ... ... ... ...
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CD(Zn)(bl,--- by ic uyZ xlu}/Z - u}/Zka/yZ,
(7.17)
—v%x Y % oy =V %X Y )/gdx 1 dX

Applying the transformations,
Y, :U%xiu%,vj :V}/&jv}/?fori =, -, k;j =k +, - n;
to the last expression and then using eq.(4.6) yields,

UPL Pk VP P
ro(op-T (b))

 © (7.18)

P
r ()T (p

Substituting this expression on the right side of eq.(7.16) and integrating out

U and V by using a Gamma integral generald (k)E(n) as given by
(2)D
eq.(7.2).

Theorem 7.3.6:

Kk -
(HED @, e X 7 X))

_ ) 5”|U|a-(p+1)/2|v| a- (B 1)/2,

r (a)r (a)’ (c- a a

. b
|—U—v|C‘a‘a‘(p*1)/+ +uy2xpy2
S0 i,y
I +U/2X U/ 2 | +V/ XV 2{

Continued to the next page ... ... ... ... ...
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_bn
dudv

|+vy2xnvy2

where, U= U> 0,V= V> 0, and @ W ¥ land (7.19)

ﬁn‘Re(a,é,e- a-'a% p /2.
Proof. We take the M-transform of the right side of eq.(7.19) with respect to
the variablele, ---,Xn and the parameterpl,---,pn respectively in

order to get

IX1>O"'IXn>O

-b
I +Uy2X1U}/2 1---
I +V%X k+1\/yZ

On using the transformations

Y, :U%xiu%,\(j :V7V2><jv/V2fori =, --k,j =k #, - n;

Xl‘pl—(p+1)/2“_‘x n‘pn— (pr1)/2
_bk

| +U yZX Y /VZ X (7.20)

-b
+V y& H’)/Z{ ndx pax

Dy

in the above expression and integrating Mit---,any using a type-2
Beta integral gives,

U P Pk V[ P+ Pn
M) (b)) (7.21)

Replacing this expression on the right side of eq.(7.19) and integrating out
U and V by utilizing a type-1 Dirichlet integral producM[%gEg‘)} as
given by eq.(7.2).
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Theorem 7.3.7:

K .

e @a.g s by o g7 p,)

_ 1 —tr(U1+---+U )x
T (bl)...rp(bn)IU1>O IUn>Oe "

‘ 1‘b1‘(p—1)/2,,.‘u ‘bn‘(rr 1)/2¢2(a,6{;c;—ul%xluly2(7.22)

—~-—U}éX U}é l}}éx /}é—un—U%?XrP%?)x

k+1 k+1 k+1

dUl---dUn

for Re(q l% > (p- /2.

Proof: This theorem can be proved in a similar manner as the theorem 7.3.3.
Theorem 7.3. 8
(k) (n) LN
1 tr(U+V) | U|a— (ptD/2,,
T @l (@ )

|v|a ~P D2y Mipie, e - uyZ xluy2 . u/y2x ku/yZ,(7.23)
—v%x Y % oy =V y g v }/%szdV

for Re(a,a > (p- 1)/2.
Proof: The theorem can be proved like the theorem 7.3.5 with the aid of
definition 6.5 page 79 of Mathai [62].

—Jusolv=0®

Theorem 7.3.9:
k
WED@a bige g+ %o %)

Continued to the next page ... ... ... ... ...
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) 1
Fp@ry@ry o

U (P /2y a- (p /3y b (173

o ;Cl;_W% U/]/leuwa/VZ)--- oF( % (7.24)

—W%U}/ZXKU}/Z\N)/Z)O ;—W/VZ\//YQ( k+1v/y&v/13

-tr(U+V+W
Jusolvsolws0€ F(UHVHW)

P Chen

for Re(a,a ,b>(p-1)/2.
Proof: Taking the M-transform of the right side of eq.(7.24) with respect to

the variablele,---,Xn and the parameterpl,---,pn respectively, we

obtain
p,—(p+1)/2 p,—(pt1/2
IX1>O'”IXn>O‘X1‘ 1 ‘x n‘ n X

oF( ;cl;—W% U%xlu}/Zw)/Z)... Ficy
_W%U%Xkuy w2 wia k+1v/av/;

Applying the transformations

Yi :W%U}/inu}/AN)/Z,YJ. :W)/x//y&jv /w /1;2

fori=1,---k;j=k+1,---,n;
to the last expression and writing the M-transforms Ofdﬁf functions we

(7.25)

of{ i Chr1i™

are led to
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U1 "PK V[ PK+1™ T Pjw[P1 TP nx
ro(c))---r (c.) (7.26)
r(c - 1)---F IO(cn— TPy TPy
p*1l Pq p*’n P n)
On substituting this expression on the right side of eq.(7.24) and integrating

out U,V and W by using a Gamma integral producMs[((IBE(g)} as
given by eq.(7.3).

7.4 | discuss some transformation relations and cases of reducibility in this
section. The assumptions of symmetry of a function of matrix arguments in
its arguments, as assumed by Herz [22] and Mathai [60,62], are also
assumed to be true here.

Theorem 7.4.1:

lim ((E;E([r)])(a,b b 'C,(':;_Xl _Xn )

a—-oo

(@ p(c)
(BT (b (6= by=-= by T (€= by == b))
—(|o—1)/2”_‘U ‘bn—(p— /2

I...(n)...j‘ul‘bl

n

c—h,—-—b, - (p+1)/2
|—U —...—U ‘ bl k (p+ ) X
1 Kk
c—b, ,,——b —(pr1)/2

— ————— k+1 n

IV Un‘ y

—tr(U, X, +-+U_X

e r(Ul 1 n n)dul...dun
for Ui >0,0< U_L+---+ Uk < 1,0< Uk+1+---+ Un< I, and (7.27)
forRe(§ .- h—-= b &= p—— R ¥ (B D/2% & .n.

Proof: This result is a limiting case of the theorem 7.3.1 in which use of
eq.(1.23) has been made.
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Theorem 7.4.2:A case of reducibility:
im (e b, b sec i = e (9

o oo (1) D
Y (n-K)-- ] (7.28)
= Fog -t bk;c;— X)x (F(by, +---+ b iciY)
Proof: We putX1 =...=X K =X and Xk+1_' =X n =Y in eq.(7.27)

and apply the following sets of transformations on its right side,

Vl Ul,V22U1+U2---,Vk:U1+---+U l%and,
Wi mUpirWom U1tV oo Wi (s U e 7o+ U
and integrate out the varlabléﬁ_,---,vk 1and Wl’ --,Wn_ k=1 one-by-

one and in order, in the consequent expression and use eq.(2.3) to see this
result.

Theorem 7.4.3:

I|m %E;Eg])(q,q,b ...b -C;_Xl . _xn)

p(©
T o(By)-+T (0 )r o€~ by= = bp)

WOV (2

‘I —U _..._Un‘C—bl—---—bn—(pu)/zx

[+(n)e %

(7.29)

e—tr(U1X1+---+U nxr?dul--- au,

where,q': Lf> 0 and & iJ+---+ H< IandfcRe(q,
c—bl—---—bn)> (p— 1/2;i= L-- ,n.
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im EM@,a,by b= o () =)

(ii oo (2 a a (7.30)

= 1Byt e X)
Proof: (i) This result is a limiting case of the theorem 7.3.4 in which use has
been made of eq.(1.23).
(i) By putting Xl =...=X n =X in eq.(7.29) and applying the
transformatlons,\/:L = Ul’V2 =U 1+U 2---,V n: U l+--- +U I;]to it and
integrating out Vl’ ---,Vn_1 one-by-one and in order, in the resulting
expression by employing a type-1 Beta integral and using eq.(2.3) this result
can be had.

Theorem 7.4.4:

lim (k)E(n)(a,e{,a ;e gl ;C;_Xl ' )

(1) CX_>00(2) D a " (7.31)
=P,(@,a;cm X = X =X 7= X))
1 —X _x

lim %E;Eg])(a,aﬂ o PG 0(1 3 O(n )

a—-oo
(i) (7.32)

-~ im F[Baa{-c-_(xl+"'+xk) X gt X)) ]

B_)oo 1 1y “ 1 V) B y

Proof: This theorem is a limiting case of the theorem 7.3.6 and the result in
eq.(7.31) then follows by the use of eq.(3.17) while, that in eq.(7.32) follows
by the use of the theorem 4.8 page 65 of Mathai [62].

Theorem 7.4.5:A transformation theorem:
(K) =(n) iR e X
(1)ED (aabl! ’bnicici )i’ ) )ﬂ~|)

AR, aip o oo
ERL[a,c b1 bk,bz,---,b c,C;

=+, " GED n’

(I +X1)_%X 1(I +X i_% 1 +X a_}/%X 2—X )il X )1_}{2

Continued to the next page... ... .
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---,—(I+X1)_y2(xk—Xf(l +X i_% <1 +X EL_}/B( i 1%
(I +x1)_%,---,—(| +xi_y2x {1 +X i_}% (7.33)

Where,)ﬁ— )i> O fori= 2;-- k.

k . | 3 .
(DED @byl sees X X))
=y e by by o by g

b_sc.c - (I+ xk)_% (X =X (T +X ) _yz, D lg_}/zx e

(X

X +X ) _%,u X ) _%x {1 X) _7V,2

k-1~
1+X,0 2y QB0 X 1 g 2

where, X = X > 0 fori= L k- 1.

((E;Eg)(a,bl;.. b c.cx X X))

X by 6 By
bn;c,c' —(1+ xk+1)_%xl(l +X k+f_y2,---,-(l +X k+i_y2><

X, (1 +X ) _%,a X 47 %x gl X k+)l_y,Z (7.35)

_%(x

1+ X 20X X 40X )3
where, )ﬁ - >$<+1> 0 for = k+ 2;-- ,n.

—-(I+X (|+Xk+1)_%’°"’

K+ k+2 X ke
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k S
((1;E%])(a’b1"" boicer Xy X))

=li+x [ CE Dby, b

AF D c—-b

n-1 k1 IOn;C’IC;

—(I +Xn)_y2xl(l +X r?_}/z oy Al +X r)I_}/Zx

Xk(l +Xn)_y2, Il +X r? _}/Q(X k+1—X ')](I X }1_}/2 -+; (7.36)
—(|+xn)_%(x n-1 X r)(I +X P]_yz,(l +X %_%an

(4% ) 2
where, )3 - )% > 0 for = k+ 1;-- ,n 1.

K o
((1;E%1)(a,bl;-- ,bn 'C,C+ )i, T )ﬁ-')
-a (|,
[t g
""bk’bk+1""’q<+j—1’c_ Q1™ " By ’t?<+f*1"” R

c,c' —(1+ Xi +Xk+j)_%(xl —xi)(| +xi +xk +j) _}/2,

|+Xi +X

X X)) _%(xi—l P AHX X ) _yz’
(|+Xi +Xk+j)_%xi(| +Xi +Xk+j) _}/21 £l +Xi -|Xk -|1) _}/2

X(Xj 4 TXP0 XX L) _%, 5 Al X b

i+1
(Xk —Xi)(l +Xi +Xk+j) _}é, I +Xi +Xk+j) _}/Zx

Continued to the next page ... ... ... ... ...
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(Kpeag =X e PUHXG X _yz, A ) %

(X X O +xi+xk+j)_y2,(| XX 2,

k+j-1

Be Be
Kia X+ X4 g 75 AT X yy) 7o

(X DX +X '%,

k+j+1_X

—(I+X +X )%(X —Xk l)(I +X +X }é
where, >§q Xi >0, forg=1;--,i- 1’>$n )ﬂ > 0, form= i+ 1,

-,k;xr—X >0, forr=k+1,--- ,k+ j—1;XS—Xk+.>O,

K+ J (7.37)

fors=k+ j+1.--,n; andfor¥ £ kandd § A k.
Proof. To prove this theorem we first define t&l% Eg) function through

an integral representation:

k A
((ng([r;)(a b_|.’ ,bn 'C,C+ )i, T )%)

] NCINCY ]
(BT (b (e~ by=--= by T (€= by == b))
b, —(p-1)/2 b -(p1)/2
fros()-f|u OV 2y | PR
c—b,——b, —(pr1)/2
|_U1_..._Uk‘ b1 Kk X
c-b, ——b_—(p+1)/2
|_Uk+1_..._un‘ K+1 n X

Continued to the next page ... ... ... ... ...
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—a
|+x1y2Uf<1yZ+...+xn%U 3({2 du ;-dU gu | ;-dU

for Ui >0,0< Li+---+ Uk < 1,0< Uk+1+---+ Un< I, and (7.38)
forRe(h ,c- h—--= b .- p —— R ¥ (p /27 % .n.
To obtain the result in eq.(7.33) we apply the transformations
U1: | _Vl__VKU 2:V2,U n:V n

to eq.(7.38) and by observing that,

|+x1%(| -V ==V X 1%+x }2/%/ % )2/2++x %?/ X, ynZ

| (I +xi_y2>< %/% {% X )1_}/26 X )1_%x

:‘|+x1‘

(xz—xl)%vz(x X i%(' X )1_%“““*(' X )1_/V2x
(X, —xl)%vk(x k—xi%u X i_)/24(| X )17Vx Z%lx
y | +xi_y2 +...+(|+x1)_y2xn%\/@<{lv%| +X )1_)/2{

2
Vk +1X k+1(

where, )? - >i> 0, fori= 2,-- k.

and then suitably interpreting the resulting expression in the light of
eq.(7.38).
Similarly the result in eq.(7.34) follows from eq.(7.38) by the use of
the transformations
Ul :V]_’ U 2:V2 e U k: | —Vl—...—V kU It 1:V K- ’l’ U r]:V h
To obtain the result in eq.(7.35) the transformations are,
Ul :Vl,..., U K :Vk’ U k+1: | -V k+1—...—v "
U2 = Vs U =V
while, those for the result in eq.(7.36) are
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Up=Vp U sV Y - Ve 7V

The result in eq.(7.37) is a combination of the above two categories of
results. It is obtained from eq.(7.38) by the application of the
transformations
Up=VpuUisg=Vieg 1 i1

Yk Ve Ykernn S Ve Vi 1T Vi e Vi = Vi ™

_Vn’Uk+j+1:Vk+j+1,"',Un:Vn; whereI< i< kand ¥ § nr Kk;

Uu.=1-V

i~ VUi =V

and by observing that

+x.%v. x% +...+x5/3/l2< 5/2+x }/%_L/ X /1/2 ok

I+ i+ i+ K+ k+1
g P2 220 v v X (2 2
ik jaVier 2% kb1 P! Viear 7V X0 X ke

2
Vk+j+1xk+j+1+"'+Xz/2\/r?<ny2
=X XXX L) yZ(x1 -X) yz\/l(xl—X} 7V2x

(1 +xi +Xk+j)_}é +.- (1 +Xi +Xk+j) _}/%Xi 4 —Xi) }/le 1 X
(xi_l—xi)%(l XX ) _%%l X Xy _y&i%?"?(i%"
(1 +Xi +Xk+j)_}é +(1 +Xi +Xk+j) _}/%Xi 4 —Xi) }/Q/I 4 X

(Xi +1

_Xi)%(l +xi +Xk+j) _% +oeot (1 +Xi +Xk+j) _}/Z(Xk —Xi) }/Zx

Continued to the next page ... ... ... ... ...
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Vk(Xk—Xi)%(l +Xi +Xk+j) _}/2+(| +Xi +Xk+j) _}/Zx
X k+]}/%l +X i+X k+] _}/2+...

(X

k+1(X k+1

VY.
k+1 Xk+j) v

1 +X, +xk+j)_y2(x X4 %\/

K+~ TER

(Xk+j_1—xk+j)y2(| X X ) _yz_a L) —)V&k%% y

% 7 72
Vk+jxk+j(| +X; +Xk+j) +(1+X; +Xk+j) X

X

Xk+j)}/2x

— 2 —
Kprjrr “ %k’ VierjnKk+ja

(|+Xi +Xk+j)_}é +. 4 ( +Xi +Xk+j) _}/%xn _Xk+j) }/Zln X

(Xn_xk+j)%(| +Xi+xk+j) }/2
Where,xq— )ﬁ >0, forg= 1. ,t+ 1;)§n— )|(> 0, formr + 1,

°--,k;Xr -X, ..>0, forr=k+1,--  k+ j—1;xs—xk+. >0,

K+] J
fors=k+ j+1.--,n;andfor¥ £ kandd § A k.

Theorem 7.4.6:Special cases:

0 e _ (O .
Bl tyie o G @ o
_Xl,...’—)(n) :Fg])(a,bl,"' ,bn ,C Xl, i xn)

(ii) gBE(DZ)(a,bl,bz;c,b;— X X%F K(ahg.b c.c %= %(7.40)

(1)
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HED @b b, byicc X7 X7 Xg)

(iii) o (7.41)
=Fs(@,a,a,b.B ,§ ;c.c.e X= X- X))
(S)E(A')(a, b, ,b,,b, cc X Y= & T)

w OFD @b | (7.42)
:Kll(a,a,a,a;li E I% Q ;C,C,c,e; X, ¥, Z T)
(O)E(n)(a,b; see = ;o0 — X )

" OFC @D G T X 7 %, (7.43

:F((:”)(a,b;vl;-- G X T X))
(vi) gBEg)(a,é,b;i ST )&,— XZ): F2 (b,a,'a;f 67 )i—, )(2(7.44)
MEC @a.big . gt 47 X7 X3)
=F_(bb,baa,aic . £ ¥~ %= %)

Proof: (i) This result follows by puttink =0 in egs.(7.1) and (7.2) and
then comparing the result with eq.(4.5).

(i) This result is obtained by putting =1 and n= 2in eq.(7.1) and then
comparing the result with eq.(3.2).

(i) To obtain this result we puk =1 and n= 3in eq.(7.1) and compare the
result with eq.(5.3).

(iv) The result in eq.(7.42) can be had by puttikge3 and n= ¢ in
eq.(7.1) and comparing the consequent expression with eq.(6.11).

(v) On putting k =0 in eq.(7.3) and then comparing the outcome with
eq.(4.4), this result can be inferred.

(vi) By putting k =1 and n= 2in eq.(7.3) and comparing the outcome with
eq.(3.2), we achieve this result.

(vii) Putting k=1 and n= 3in eq.(7.3) and comparing the consequent
result with eq.(5.1) we obtain this result.

(vii) (7.45)
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CHAPTER VIII
THE GENERALIZED HORN’S FUNCTIONS OF MATRIX

ARGUMENTS
In this chapter | shall define the two Horn's functi(%g Hgn) and

(k) Hgn) for the matrix arguments case and shall also establish some results

for both of these functions.

8.1 Definitions
8.1.1 The Horn’s functiorgk) Hgn) of matrix arguments

(k)Hg') - (k)Hg”)(a,karl,.-- b X X))

iIs defined as that class of functions which has the following matrix-
transform (M-transform):

M[(k)Hgn)] :IX >OMIX >O'><

(k)H(n)(al bk+1" bn C_xl T K JaXg

T (a)r oBprg) T 0T (ep = =p y
rp(bk+1 pk+1)"'rp(bn Pl p(C)_ p(O T p(Or)
for Re(a= Dy = =20, =Ppyq1= " P Pre1 Pre 17
b, —p,.C=P1= PP )> (P~ D/2, = L. 1.

]Jpl_(pﬂ)/z”'k ‘pn— (pt1)/2
n

n

(8.1)

512 QR = @by, 1o by 6y Xy = %,
k _ P—(p+1)/2 p.—(pr1)/2
M ¢ )HZ”)] —fx1>o"‘fxn>oF<]J 1 #( n‘ n

x(k)Hgn)(a,bk+1,--- B G G X 7 X )dXge dX

Continued to the next page ... ... ... ... ...
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T @r (bk+1) T b Cmp )T (6P )
rp(lok+1 pk+1)°"rp(bn_pn)r p(C]?"'r p(C e
oy e ) ®2)

for Re@= @y =+~ Py "Pag ™ P B Prr1
bn _pnaci_pi 1p| )> (p_ 1)/21 = 11 , N.

8.2 In this section we prove three theorems- two for the func{thHgn)

and one for the functior{k)Hgn). It is interesting to note that all the

theorems of this section hold good for the case p=2 only and all these results
are different from the corresponding results in the scalar case.

Theorem 8.2.1:
(k)Hgn)(a’bk+l’m ,b C- Xl, - X
r (C)
r [(a+1)/2]r (bk+1)---r p(bn)x

1
Mlc=byyqy = —by— (a* 1)/2]I

‘Uk+1‘bk+1_(p+1)/2...‘un‘ G- (r1)/2

ce(n=Kk+1)---x

c-b, . —-—b_—(pr1)/2
_ e +1
1=Upyy=mUy " x

V(@D 2 (P D2y & Ry 'P.‘ (& 1)d—(p+1)/2

+U%X [%J}/Z X

Continued to the next page ..........cccovvvvvennn.
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+U%X U}/Z) —1x

2y
41+ U 20X UG 2+

(I—U —---—U )%V%(X +.. X QV}/Z(I -U
-=U )%(HU%XHP% +-
---dUndV

k+1

~(2a+1)/4
for Re[(a+ 1)/2,h 1 v+ b & Py~ = R- @ 1)/2]

du
>(p—-1)/2 and for p= 2, where'lyﬂ: Iy+1> 0, r%J: I;.J
>0 and L{(+1+---+ Lh< l.

Proof: Taking the M-transform of the function involvirvgl, ---,Xnon the

k+1 (8.3)

right side of eq.(8.3) with respect to the variabléi,---,xnand the

parameters,)l, Py respectively, we have,

IX >0"'Ix >0‘ 1‘p1_(p+1)/2...‘xk‘pk_(p’fl)/Zx

‘pkﬂ (p+1)/2 ‘ n‘pn—(p+1)/2x

ol

k+1

I+Uy2

2 4.
k+1x k+1U k+1+

I+4(I+Uy2 it +.--+un%x AJ%Z)‘R

k+1x k+1U k+1

(| _Uk+1—...—Un)%V}/2(X 1+...+)( QV }/Zx

Continued to the next page ... ... ... ... ...
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..._Un)%“ +Uéf( k+P}/2 +...

(I=Upi1- ki 1
-1
+un2xnu n2) dX g-dX @X | geedX

Making use of the transformations

Y,=X,Y =X ,+X Y . =X +---4X Y J:U}Jé(Lf J?

17727717727 kK 1 k
for j=k +1,---,n; with le dYk = Xm ka and
(pt1)/2
dy. :‘Uj‘ de for j=k +1,---,n;(on using eq.(6.6)

]
page 95 of Mathai [57]) anb 1*:‘ M ﬁ(:‘ Y- if ,

O<Y1<Y2<...<Ykand Yj> O for j= k+ 1:-- ,n;
we can have

Uk+1‘_pk+l...‘un‘_pn I"'”Y]Jpl_
Y2_Y1‘92-(p+1)/2_ ‘ ]ka—(p’f iz

(p+1)/2_

MY -
P (PDI2 | o= (PrD)/2
Yk+1‘ ‘Yn‘ n X

(8.5)

| +Y

+---+Yn‘_a‘l (LAY | gAY r)u_l"

..._Un)%v}/ZYkV}/m -U K+ - U a)/Zx

1 —(2a+ 1)/4d g J
(F+Y g Tt ) ‘ YdY @Y, qoedyYy

Integrating out the variableg,, - -, Yk—lby using a type-1 Beta integral

k+1

(I=Upi1- 1

and then making use of another transformation
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2y =AYy Y KU g ) T

V%(I —Uk+l—---—U n)yZ(I +Y k+1+"'+Y % _1, with

_ p(ptD)/2 v [(p+D)
dz, =4 ‘I+Yk+1+ +Yn‘ x

(P+1)/2, \(p+1)/2
1=Up ==V V| dY , and

‘Zk‘:4p‘|+Yk+1+"'+Yn‘_2‘l U= U VIV
the expression (8.5) yields,

4_p(p1+...+pk) rp(pl)"'r p(p k) ‘U
Mo(py e tpy) I k+

‘_pk+l...‘un‘_pn X

(Pt t0L) | ~(py+ D))
1=Up—muy | 1 TR TP

‘p1+---+pk—(p+1)/2
k

Izk>0IYk+1>0m(n_ k)"'IYn>O‘Z (8.6)

oL . —(p+1)/2 0 —(p+1)/2‘ — (2& 1)/4
X‘Yk+l‘ k+1 ...‘Yn‘ n | +7 k‘

(a2, ==, )
l+---+Yn‘ 1 K4z | dY, ,qdY,

Integrating out the variabIEkby using a type-2 Beta integral and the

x‘|+Yk+

variables Yk +1,---,any using a type-2 Dirichlet integral, the above
expression produces

4_p(p1+"'+pk)rp(pl)"'rp(P n)‘U . ]l—pkﬂ.__‘u J_p” y

I —U e —U _(pl"'"""pk) |V|—(p1+...+pk) y

k+1 n (8.7)
Tp@= Dy = Dy =Py Py)

r [(2a+1)/4-p,——p, ]
pl2a+ Df4=py==py rJRa+ D47 @ == By
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Substitution of this expression on the right side of eq.(8.3) gives the
following expression,

4—p(p1+--- ) [(2a+1)/4- P~ "'_pk]

r [(2a+ 1)/4]

KT ey~ r(p)p

T aol =BT llar DI <bk+1> IENCe)
h(©)
K+1)---|x
M olc=byrg —---—b —(a+1)/2]I (k2]

Paor 172,

by 17P 1~ (PF)/2
U +1‘ k+1 "k+1 ...‘Un (8.8)

c-b, .~ —b —@E.+ +p > (p+1)/2
_ —_— +1 n 1 k
1-Up 4y Un‘ x

V|(a+1)/2— O+t > (pr1)/2,

|-V O™ BT @ D2 (B Digy | du dv
Integrating out the variableblk+1,---, Un and V by using type-1 Dirichlet

integral and a type-1 Beta integral respectively and observing that
4_p(p1+"'+pk) Fp[(a+1)/2—p1—..._pk]x
Fp[(a +1)/2] p[(2a+ 1)/ 4]
Fp[(2a+ 1)/4—p1—---—pk]:
by using eq.(6.13) page 84 of Mathai [62], simplification of the expression
(8.8) finally yields,M[ (k)H gn)] as given by eq.(8.1).

(8.9)
, for p= 2,

Continued to the next page ... ... ... ... ...

173



Theorem 8.2.2:
(k)H:(g“)(a,karl,.-- bses X = X))

n
Fp(©

= X

INCORIRNT )r J(C by == by

f---(n- k+1)“'”Uk+1‘ k+1 (p+1)/2m‘un‘ Sl (S

c=b, . —-—b —(pr1)/2
_ —_— +]1 n
1-Up 4y un‘ X
—a
) 2 o u
U S X ke ki T YRR Y

SRl@+1)/2,(2a+ )/4e P q---b;
‘+U%?X nU}n/Z)_l(l _
TS
(|+U%X % 1t +u%x ,y%) “Hau |, (8.10)

K+1 k+1
where Re(R+l o ’H e Q+1_m_ Hj P 1)/2, H‘l:

Uk+1>0,---,Un: Un> 0 and0 < Uk+1+---+ Un< | and p= 2

Proof: Taking the M-transform of the right side of eq.(8.10) with respect to
the variablele,---,Xn and the parameterpl,---,pn respectively, we

_ 2 2 ..
S Gl ) I

-=U )%(X +"'+Xk)(| -U k+1

have,
IX1>O“'IX n>()‘ 1‘p1_(p+1)/2...‘x k‘pk_ (pt1)/ 2><

P O P e

‘ k+1 kt+ 1
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—a
..+un%xnun% Fl@a+1)/2,(2ar 1)/4;e b, -

b iea(ls UL 2. ox ph2y
bn’ 4(H'Uk+1 k+1 k 1" e UEX U )
(I—Uk+1—---—Un)%(X +...+X k)(I -U k1 (8.11)
Yoy ko -
Un)%(l-'-u k+_|L_J + +U}/2X I%J}n/% ]]X
Xm---kaka+l---an
Applying the transformations
X Xy UKy P2
YpEXGY o =X 4K oY =X b XY U j3(Lf i

for j=k +1,---,n; then from eq.(6.7) page 95 of Mathai [57], we have,

(p+1)/2
Yy

le---dYk:dX ka,aIso dY d)ﬁ for

k+1,---,n and < ¥< E< k and T> OF kK 1 ,n).

Using these transformations in the expression (8.11) and then integrating out
the varlablesYl,- S Yiq one-by-one and in order by using a type-1 Beta
integral, we are led to

(p1> TPy
Mo(Pp++p)) IY >0

Upeaa] P o [P 2P -k e+ 1)

o,

‘—a

X[y >0‘Yk‘p1 ‘pk+1_ (Pt1)/2
n

‘Yn‘pn —(p+1)/2‘| FY gt Y

SRl@+)/2,(2ar 1)/4e b == R ;

X

+1+...+Yn)_1(| y k+1_m_U r?}/ZY X

Continued to the next page ... ... ... ... ...
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(1-Up4q U ) 2004+ g+ +Y ) hay dY |, o-dY (8.12)
Now using the following transformation in the expression (8.12),

2y, =40 +Y) g+t Y ) H -0 U F?%Y 5

—_— —_—.e e = cee _1 i =
(I Uk+1 Un)%(l+Yk+1+ +YP} ,W|thde—

4p(p+1)/2‘| LY, +Yn‘—(p+1)x

1+...
(p+D)/2
_Un‘

‘l—uk+1 dYkand‘Zk‘:APx

-2
Y 0 ) U g0
and then writing the M-transform of thfFl' function and integrating out

the variablesYk TR Yn by using a type-2 Dirichlet integral, we have
_p(p1+°"+pk) _pk+1 _pn
4 rp(pl)"'rp(pn)‘uk+{ ‘UA %

=Py *Py)
|=Up g~ —U [ L KT Jea+n/4-py—-=p Ix

Fp[(a+1)/2—p1—---—pk] 3 (8.13)
rpl2a+ /4T j(a= == 2, T l(ar D/2]
Tp@= == Dy =Py 7P T p(C By g7 by)
Mp(C= By = =By =Py~ =Py)

Substituting this expression on the right side of eq.(8.10) and integrating out
the variablesUk+1,---, Un in the resulting expression by using a type-1

Dirichlet integral and using eq.(8.9) we haid] (k)H:(gn)] as given by
eq.(8.1).
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Theorem 8.2.3:

(k)HE].n)(a’bk+l’.“ ’bn ;Cl.,.. ’%;— )(l’ - X
o) T pCp)

= X
rp(bk+1)”'rp(bn)r p(Ck+ 1 Pl p(C n P
b, ..—(p+1)/2 b - 1)/2
I"'(n_k)"'”Ukﬂ‘ k+1~(P+D) ‘U h™ (P D/2

‘Ck+1_bk+1_ (p+1)/ 2...‘| -
1

n\
‘cn— b~ (B D)/2
n

+U%X Uy2

2y
|+ UL X VGt

X

F@+ 112,28 Didip g~ 46 il %1 {2 +

+U%X U}/Z)_ —4(I+U%1X k+P}/2 +.
+U%X uyZ) Iy (1 +U %i( " y% + (5.14)
+U%X U}/Z) k+1

where p= 2, and € }J< Iforj k 2. nandfor Re( .

’bn’ck+1_ bk+1"" G~ bn)> (p- /2.
Proof: We take the M-transform of the right side of eq.(8.14) with respect to
the variablele, e X n and the paramete;sl,---,pn respectively to get,

IX1>0“'fx n>0‘ 1‘91—(p+1)/2“_‘x k‘pk— (pr1)/2

Continued to the next page ... ... ... ... ...
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‘pkﬂ (p+1)/2 ‘ ‘pn-(p’fl)/Zx

Xk+1
|+U5élxk+1ul}<il +uy2xryy2 F(k)[(a+1)/2,

(2a+1)/4;q ;- . + Ak Lffl >i<+1l'{2 *

k1
%x u%)‘lx |+U%f( k+Pé1+
%x u%) dX ;-dX @X (, oodX (8.15)

Making use of the transformatlons

Y, :4(I+Uy2 uy +u%x uyZ) X

kX kY it
(I+Uky_|2_1 k+1uky1 +uy2x ry%) Lo

YJ UJ%XJUJ}/ZJ—kﬂ ,N; so that,

Y, ZAQ Y g Y TR Y ey ) T

_ p(p+1)/2 PHD) o i oq ke
dy. =4 ‘I+Yk+1+ +Yn‘ dX . i =1, k;

(p+1)/2
-‘ j‘ dxj,j:k+1,---,n; and

J
V| =P [+, g e 2K =L ek ‘Yj‘:‘UjHXj‘,

j:k +1,---.n
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in the expression (8.15) and then using the M-transform ongp-

function in the resulting expression and integrating out the variables
Yk+1’ any using a type-2 Dirichlet integral, we have

4_p(p1+"'+pk)rp(91)"'rp(P n)‘Uk+ {—pkﬂn_‘u J_p” y
rp(cl)---rp(ck)r p[(a+ D/2-py=---p k]x
Fp(cl—pl)---rp(ck—pk)r p[(a+ 1)/ 2]
rp[(2a+1)/4—p1—---—pk] )
rp[(2a+1)/4]'p(a— D= Py)

rp(a— a)l—...— Z)k—pk+1—...—pn)

Using this expression on the right side of eq.(8.14) and integrating out the
variablesUk+1,---, Un in the resulting expression by using a type-1 Beta

(8.16)

integral and using eq.(8.9) finally yieldd| (k)H Eln)] as given by eq.(8.2).

8.3 Now we proceed to prove four more results for the generalized Horn's
functions of matrix arguments. The results which are being established in
this section are valid for all finite values of p.

Theorem 8.3.1:
(k)H:(g”)(a,karl,.-- bse X X))

& tr(S)) g (p* 1)/2¢gn—k+1) YT

.
S>0
@) (8.17)

-
p
—S(x1+..-+xk)S',—S}é xk+1sy2 - 8y2 X 8y2 1ds

forS=S> 0andRe(@ (B 1)/2.
Proof: We take the M-transform of the right side of eq.(8.17) with respect to
the variablele, e X n and the paramete;ﬁ,---,pn respectively to get
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IX >0"'IX >O‘X1‘p1_(p+1)/2,,,‘x k‘pk_ (p+ 1)/2x

P41~ (PHD) /2 P~ (PrD/2 (n-k+1
‘ k+1‘ K+l ‘ n‘ " q)gn ' )[b k+21 " (8.18)

b iCimS(X +-+ X, )S ,—3]/2 ><k+lsy2 T &yZ X 5y2 1

dXy -+ dX  dX e dX

Applying the transformations

Y] :SXié'a”dT: E’}é X Syz with dY=| ng+1) 4x qY=
|q(p+1)/2dxjan4 Y‘:|$2‘ >i<‘ H‘:H# >J<‘ fori= 1. K

and j= k+ 1;-- , nthe expression (8.18) yields

|q—2(p1+---+pk)—pk+l— ‘p (p+1)/2

”IY 50y >0‘

v ‘pk—(p+1)/2‘ ‘pkﬂ (p+1)/2 ‘ ‘pn— (r-1)/2

x‘ K

Yk+1 (8.19)
(n—k+1) b G (Yo SV, e -
P37 Oy PG (Yt Y)Y s Y )
dY,--dY,dY, ,,--dY,

Now, applying the transformations,

Zy=Xp L=ty oo Ly SY b tY g2 =Yy

for j=k +1,---,n then from eq.(6.7) page 95 of Mathai [57] we have
le---dYk = dZ de, also, dY- d% for g kt 1,-- ,nand

O<Zl<22<‘ k’Z >O(J_k+1 .n)
which render the expression (8.19) as below
- oo —_— —_— e —_ +1 /2
S 2(pt 4P )Py q pnf“'(n)"'”Zl‘pl (p+1)/2

z, _Zl‘Pz‘(p+1)/2,,,‘Zk_Zk_]ka—(p+ /2,

Continued to the next page ... ... ... ... ...
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P~ (PHD/2 pn—(p+1)/2 (n—k+1)
24 2n) 3 B LS

(8.20)
OniCGm = Gaq 7 2 ]dzl 42,42y 1+ 92,
Integrating out the variableZl, k—l one-by-one and in order by using

a type-1 Beta integral and then using the following definition of M-

transform of acbgn)- function

M(q)gn)) :fx1>o“'fxn>o‘x

oMy, a iom X i - X )dXy - dX
To(ay=py) T (@ =p )F (T po DELEN I
p(@y) Mp@y) T pepy=p )
for Re(az—pz i TP P T TP P P n)’ (p /2
the expression (8.20) yields,
|q—2(p1+---+pk)—pk+1—---—pn M O T p(p e
Fp(c)rp(bk+1—pk+1)---r p(b n P n) (8.22)
By T pO =P g=--=p )

Substituting this expression on the right side of eq.(8.17) and then
integrating out S in the resulting expression by using a Gamma integral

producesM[ (k)H:(gn)] as given by eq.(8.1).

]Jpl—(p+1)/2“_‘x n‘pn— (pr1)/2

(8.21)

Theorem 8.3.2:
(k)Hgn)(a’bkﬂ"” bses X 7 X))

_ 1 |
M@ (B g) T (0 S

g (N=k+1)--x

Continued to the next page ... ... ... ... ...
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_tr(S+T +...+T ) _ 1)/ 2 b —(p+1)/2
frosge e g R et T

[T ‘ n~(Prh/2 FLiC=S(X+ -+ X |)S

s (T}é X % ¥ +T}/2X T}/Z)s/yZ]olsolTkF i

k+1 k+1 k+1
for Re(a,qﬁl;-- l% » (P /2.

Proof. Taking the M-transform of the right side of eq.(8.23) with respect to
the variablele, e X n and the paramete;ﬁ,---,pn respectively, we get

‘pl—(p+1)/2u_‘x k‘pk_ (pr)/2

(8.23)

IX1>0"'IXn>O‘ 1

P .1~ (p+1)/2 p—(pr)/2 _
‘Xk+1‘ K+l ‘X ‘ " g 176 7SXyt -+ g 00

X,)S - s% (/2 X -+ Tn%XnTnyZ)SQ/Z]X

k+1 k+1 k+1
dX 1---dx dX

KX 0%,
Applying the transformations

ey o T 2
Y1 EXpY 52X 4K 5o Y ZX e X ijTjg(-l]j’
for j=k +1,---,n; with le---dYk: Xm---ka, also, d}/:

(p+1)/2
\Tj\

Y =X

dxj forj=k+1,---,n and & i(< \é<---< Y(

and YJ > 0 (j= k+ 1;-- ,n),to the expression (8.24) and integrating out

Yl’ Yk_las in theorem 8.3.1 by using a type-1 Beta integral we obtain
FpPrt¥py)

‘p1+. . .+pk—(p+1) / Z‘Yk_'_l

Continued to the next page ... ... ... ... ...

‘Tk+1‘_pk+1 ---‘Tn‘_p” ij 5o (N—k+1)-

Pra=(PFDI2

Iy i >o‘Yk
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p,~(ptD)/2 _ !
‘Yn‘ n F:Ci-SY, S - syZ (Vg 1+ Yn)S;/Z K 6.5

0
dy, dv, ., -dY

Now applying another set of transformations,

Z, :svks';zj = s%\gsyZ with dz =| 8% dy dz=

|q(p+1)/2de; and‘ %‘:| $2‘ \Id H:| ﬁh{‘ for g K 1;- ,n;

to the expression (8.25) and using the theorem 2.2.3 we get

rp(pl)... r p(p n)‘T " {_pk+l ‘T J_pn x
rp(C) (8.26)

g 2P T PR Pre1 TPy
roe=py==pp)

Substituting this expression on the right side of eq.(8.23) and then

integrating out the variable§,Tk+1,--- ,Tnin the resulting expression by

using a Gamma integral produckt (k)Hgn)] as given by eq.(8.1).

Theorem 8.3.3:
(k)HSLn)(a’bkﬂ’m ,bn L Xl D Xn)

1 — — :
— et TOIFT P R (g - xSy
P

o':1(?ck?'sxké)1':1(bk+1;‘7k+1;'23]/2Xk+1gz )x (@.27)

1F1(bn;cn;—5}é XnS;/Z )dS

for Re(a)> (p- 1)/ 2.
Proof. Taking the M-transform of the right side of eq.(8.27) with respect to
the variablele, e X n and the par<';1meteq:$_|_,---,pn respectively, we get
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J‘X >O"'IX >0‘ 1‘p1_(p+1)/2...‘xk‘pk_(p*'l)/Zx

‘pkﬂ (p+1)/2 ‘ ‘pn—(p+1)/2
n

e ioxs )

‘ k+1 (8.28)

oFl(?Ck;_Sxké)l'i(bk+1;ﬁ<+1;‘g/zxkrlgz )

c —-S2 2
1Fl(bn,cn, S}/XnSy )Xm kadXkFl an
Applying the following transformations to the above expression

Yi :SXiS',Yj =Sy2>3 syZ; with din|$0+1 dx .y =] gpr1)/2

dxj; and‘\(‘:|$2‘ )I(‘ T :|# >J(‘ ; fori= L-- Kk, F kK L. n;
and then writing the M-transforms of ﬂ@d:l and 1 Iifunctions we obtain,
VP VO r,(cy) r,c.)
H 201~ =P PP p- p-n

rp(cl_pl) rp(cn_pn)

rp(bk+1_pk+1)m " prp

(8.29)

r T
NG r (b pPY T plP

On substituting this expression on the right side of eq.(8.27) and integrating
out the variable S in the resulting expression by using a Gamma integral, the

outcome isM[ (k)H Eln)] as given by eq.(8.2).

Theorem 8.3.4:Special Cases-

(O)H:(g”)(a,bl,.-- b e X X))

n
=F[()n)(a,bl,--- Bses X X))
O @by g 167 X 7 %)

(if) (8.31)

:F'g\n)(a,q,... BT T X))

(i) (8.30)
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Proof: (i) This result is obtained by putting =0 in eq.(8.1) and then
comparing the result with eq.(4.5).

(i) Similarly, this result can be had by puttidg=0 in eq.(8.2) and then
comparing the outcome with eq.(4.2).
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CHAPTER IX

THE GENERALIZED SRIVASTAVA H{) AND H{)
FUNCTIONS OF MATRIX ARGUMENTS

9.1 1 have already discussed the Srivastava’s triple hypergeometric functions
HB and I—b of matrix arguments in chapter fifth of this thesis. This

concluding chapter of the present thesis is aimed at describing the Srivastava
functions H(Bn) and n)’ which are the generalizations of the

HB and I—b functions discussed earlier, for the case of matrix arguments.

First | will define these functions for matrix arguments and then prove three
results concerning these two functions.

9.2 Definitions:

9.2.1 The Srivastava functidrll(??) of matrix arguments,

H(Bn) = H(Bn)(ql’...,qn;yl’... ’yn;—xl,... ’—X I‘)

is defined as that class of functions which has the following matrix-
transform:

M {H (Bn)} - IX1>0"'IXn>O‘X

(n) . . _
HB (al’...’an’yl’...’yn’ Xl” Xn)d)(ld)(

1‘91—(p+1)/2___‘x n‘pn— (prD/2

n

PP PP T (A PP b
M@ p@ )T o )y =p )T v 7P )

N R I (NI CR RS R I

for Re(al—pl—pn,d 2_p1_p 2---,0 n—p A 1_p ny i_p ip P

>(p-1)/2, where, & 1;- ,n.
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9.2.2 HO =W (o yiX =X )
Py~ (p+1)/2 P~ (Pr1)/2
]l R S e I

Hg)(ar...,an;y;_xl,...,—x JdX p-dX

Ty =py=p )T (@ =P P 3T o = TP )
(@l o) fa )T fy=p =p

IR

=Pgy:P;) > (P=1)/2, where, & L ,n.

X (9.2)

9.3 In this concluding section of the thesis | prove three results- one for the

function HI(??) and two for the functiorh-lg?) of matrix arguments.

Theorem 9.3.1:
(n) . " _
HB (al’...,an’yl’...’yn’ Xl” Xn)
1 tr(T1+---+Tn)
T o (O (@ )T (an?fT >0 IT >0°
—(pt1)/2
1 2 [T

0 1( ’yl’ %T}/ZX T}/ZT)/Z) (j):iy /VZT/YZX '5 2

for Re(c;(i )> (p— 1)/ 2; where,+ 1,- ,n.

Proof. Taking the M-transform of the right side of eq.(9.3) with respect to
the variablele,---,Xn and the parameterpl,---,pn respectively, we

—(p+1)/2 - ‘G n~ (P 1)/2)(

(9.3)

have,
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x50 x>0l [reTI2 e pnm (D12,

oF (=T %T%X T}/ZT}/Z) E{v 2—T/1/2T/Y2X 5/2(9 4)
y)- of(Vy~Tg }/ZT%X T%T}/Z)dx

Making use of the transformatlons

leTz%leleT{VZr/ZVZ,Y Z:Té/i’r/& E/%/IZ
Y, :Tl%TnyZX r]TnyZleZ;

in the last expression and using the M-transform BFf\function, we get
P1Php TP1P2 PpiPn
‘Tl‘ ‘TZ‘ ""Tn‘ 8
vy oy (9.5)

.
Fn-p) T fy,-py PP P

which is to be substituted on the right side of eq.(9.3), followed by
integrating out of Tl,---,Tnby using a Gamma integral to achieve

M [H (Bn)} as given by eq.(9.1).
Theorem 9.3.2:

Hg])(al’...,an;y;—xl’...,—x n)

—Jr o]
F(O( r(qn)T>O T>O

ST 4T )

‘ 1 (p+1)/2 -‘T

‘ 1 n

Continued to the next page ... ... ... ... ...
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SN S
Tr%éTl}é)dTl- o dTn (9.6)

for Re(O(i )> (p— 1)/2; where,+ 1,- ,n.
Proof: This theorem follows in the same manner as the previous theorem,
except that the use of eq.(2.4) is to be made here.

Theorem 9.3.3:
(2m)y ... X e —
He (g b V=X g =X 5
1
= (m) X
rp(al)rp(a 9T p(a om iIT1>O ITm>O
T8 DL

‘Tm—JJO(Zm— 3 (P Z‘Tm‘a 2m-1 P/ Zcb(m)(d 29 4

vttt st e
y _T}/Zf( 2m- g}/z T%X 2m E}r/%

43’ m

% T%X 2&({2)& {-dT

172
Tm X2m—1 m
for Re(al, g a 2m_1)> (- /2.

~tr (T, ++T o, —(p+1)/ 2
U m)‘Tl‘ 1~(P*+D)

(9.7)

Proof. Taking the M-transform of the right side of eq.(9.7) with respect to
the variablele, X2m and the parametelpsl,---,pZm respectively, we

obtain

py—(pt1)/2 Pom~ (PH1)/2
IX1>O“'(2m)mIX2m>O‘X_L‘ 1 ...‘xzm‘ 2m X

Continued to the next page ... ... ... ... ...

189



<D(m)(0( g 0 yi=T %x T}/Z T7V2x E/VZ

m 1 (9.8)
‘Tm%xzm— 2T¥2’ ‘T%ZX om I/:wz‘T{Zx 2}1&%2) X

Xm- --dX om
Applying the transformations

Z, T%X T}/ZZ —T7V2x J/VZZ —T}/%( E/VZZ —T/Zx
X4T3y2’“"z ‘T%i( 2rm 5% Tt 2m ET%n%( ZmTZ}/Zm
2ot o o T2 T X o8 £

to the last expressmn followed by the use of another set of transformations in
it,
Up=2pUo=29t23U57 23U F2 42 5V om 3
Yom-2=%2m3t%2m 2Y 2om T4 2m 'Y 2m% 2m™?

With,dU dU = ledZ2 du dU4— dZ3dZ o, dU bm 3dU2m >

dZ2rn 3d om- 2,dU om- PU = dZ om gZ om where, € Ui U2,
<U o< U < U

O0<Ug<Uyr0<Upn 3<Uopy o om =Y 2om

then integrating out then variables Ul’ U3,--- , U2m— 3 U om 1in the

U 32 om 13

2m

ensuing expression by employing a type-1 Beta integral and afterwards
using the eq.(4.6) leads us to

‘Tl“pl‘pzmhz“p 2P 3...‘Tm“p 2m 2P 2m &

Fp(@o =P 7PN (O 4=P 3P )T (0 5P o TP 2?n(9 0
@ T (@ )T (@ 507 V=P =P o)

OO 5P P o)
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Substituting this expression on the right side of eq.(9.7) and then integrating
out the variablesTl,---,Tm in the resulting expression by using a Gamma

integral produces
Fp(@ =P =Pl & 4=P 5P f T (0 57 P o TP o
M@l (0 T (& T (y=p = o)
T r r "pl17P17P 2w
p(al) p(a?)"' p(a om 1

(9.10)

rp(GB_pZ_pQ”'r p(a om 1P 2m 2P om )
which is M [Hgm)} as can be seen from eq.(9.2) when interpreted for the

casen =2m.
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