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Introduction
We study the pointwise regularity of local weak solutions of parabolic
obstacle problems of the following type
uzy q.e.

ou .
—5E+Lu>,0 in Q

Ju >
L - =0
ot Lu, u -y

where y is a given arbitrary Borel function in Q, @ = @x{0,T), and L is an operator

of the form
N
L =~ ;_ I,D (ai'Dx)
e Y

By u>2y d.e. we mean that u> ¢y except sets of capacity zero with respect

to the capacity introduced in Sec. 1.

The continuity of u at an arbitrarily given point z, = (x_, to) €Q is obtained

0
as a consequence of an estimate of the quantity

2 1/2

_ 2
V(r) = 08¢, ’r)u+< IDqu G dxdt
0
Q(z), 1)

zZ
(G 0 is the Green's function of the paraholic operator with singularity at zO) which

also provides an estimate of the modulus of continuity of u at Zye
These estimates, given in Theorems 4.1 and 4. 2, are expressed in terms
of a function

wo(r, R)

which we call the Wiener modulus of y at Zg and is defined in Sec. 3.

In Sec. 2 we also show that the solutions of parabolic obstacle problems,
whose existence has been proved by F. Mignot and J.P. Puel [10] for a.e. obstacles
and by M. Pierre [14] for gq.e. obstacles under suitable boundary conditions, both
are local solutions in Q in the sense of the present paper. The result of this paper

extends an estimate given in the elliptic case by [8, 12, 13].
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For general parabolic equations a Wiener condition for the regularity of
weak solutions at boundary points of the domain was given by W.P. Ziemer [16],
and estimates, similar to those obtained in the present paper, were obtained in
[5]. We note, however, that the eapacity considered in [5, 16] is stronger than

the one used in the present paper, where we have to deal with supersolutions.

Let us finally remark that our results provide a pointwise condition for the

Holder continuity of u at Zq which holds, in particular, if ¢ is Holder continuous

at ZO.




1. Notation aﬁd Preliminaries

4

By $2 we denote a (bounded) open set in RN, N >3, and by B{x, 1}, xeRN,

T > 0, we denote the open ball

B{x,7) = {yEBNljy-—x|<r}.
For a given T> 0 we put
Q = Qx(0,T)

.[...
and for every z = (x, 1) GRN 1 and r > 0 we define

Q(z,r) = B(x,71) x(t—rz, t+r?7

Blx, D% (t-12, t)

H

Q (z,1)
QG-(Z’ n = Blx, ) x(t -rz, t —661'2)
where 0 <6 < 1/6.

Let E be a compact subset of Q; we define the capacity of E relative to Q

by setfing

capQE = iuf{ |DX¢ l2 dxdt. ﬁecg)(Q), $ > 1 on a neighborhood of E}
Q

It turns out that capQE is a Choquet capacity, see Appendix, and it can be extended

by the standard procedure to define the (external) capacity cap . E for an arbitrary

Q
subset E CQ.

For the properties of this capacity, which are relevant in what follows, we

refer to the Appendix.

1
By H ’p(Q), 1 < p<+w, we denote as usual the Sobolev space of all functions

WE Lp(Q) with distribution derivatives DX we Lp(Q), normed by
i

A 1/p
"W”HI’p ) @W”ip ' ;"Dxiwuip)



’p(sz) the closure of C (Q) in H ’p(ﬂ We then define H (Q) 1 2(Q)

1, 2(9)

a.nd by H
H (Q)

>

0

By L (0 T; H (9)) (L (0 T H (Q))) we denote the space of all functions
w(x,f) such that w(.,)e€H (Q) (HO(Q)) for a.e te(0,T) and t-—=>w(-,f) is square-
integrable in (0, T) with values in H (Q) (HO(Q)).
By Lm(O, T; LZ(Q)) we denote the space of all functions w(x,t) on Q such
that w(.,t) eLz(Q) for a.e. t€{0,T) and “w(-, t)“ o 18 {essentially) bounded
L

on (0, T).

For given functions aij € Lm(Q), i,j=1,...,N, satsifying the conditions

(1. 1) lajj(x,t)l €A Vixt a.e €Q .
N
(1.2 Z aij(x, t)‘g"iEj }llE‘z Vix,t) a.e. €Q
i,j=1

for some constants A > ) >0, we consider the (formal) operator

P=2-) D (aixD ).
3 XN 1) X,
i,j=1 i j

We define in HI(Q) the bilinear forms

N

a(t; u,v) = E : a (*,0D uD vdx,
L ij X, X,
i,j=1 0 j i

2 1
and for ueL™(0, T; H (€2)) we define Pu in the distribution sense in Q by setting

N
1.3 P S - § o
(1.9 (Pu, $) u 5y dxdt o aiij.quigﬁdxdt V;ﬁeco Q .

Q Q@

Given z = (x,1) we denote by G% = G(z,w) the Green's function for the
operator P in a large cylinder QO = QO X (-TO,_TO), with homogeneous Cauchy-
Dirichlet boundary conditions, [1]. In [1] it is shown that G(W), w = (y,¢), can
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be estimated as follows

2
1 . 1x-yl ) 1 X -Vl
" |t-s|e"p<"’ lt-sl "2 1t-gl ex"(”’z tt~sl>
for arbitrary v€$ and s <t, GHw) = 0, s>t, v,, 'Y'l and v, Yo 7'2 being suitable

positive constants which depend only on N, A, A,

By Gs, p > 0, we denote the "regularized" Green's function, which is the

(unique)} solution in L2(-T H (Q )) of the problem

0’ To?
N
zZ A
G D¢+ D GD dxdt =
0 t;ﬁ i§j=1; aij x % x-;é t ¢ dxdt
Q, g Q, ) Q(z, p)

for every ﬁECSO(QO), with the "initial" condition GZ(X, TO) =0 for a.e. x€§20,
where we denote

vdxdt = TQT vdxdt , Q! = meas. (@) .

Q Q
By Moser's theorem G‘zo is Holder continuous in Q and as p - 0+ we have
G (w) —GHw) for every w # z and uniformly on everv compact set of QO {z};

Moreover Gp —G” weakly in H (’Q {z }) and in L ( T (%})



2. Local Weak Solutions

+
Let ¢ Rn 1—> {-, +0) be a given Borel function, defined up to sets of

capacity zero, which we assume to be essentially bounded from above in the capacity

sense.

With notation from Sec. 1, we now consider a function u satisfying the

following conditions:

(2.1) uzyae, ueLl®0,;1i0)n1%0,T; o)
(2.2) u is a supersolution for P, that is,

(Pu,$) >0  VgeC@ 430

(2.3} For every (f)ecgo(Q), ® > 0 and every constant d such that d> ¢ q.e.
in {z|®(2) >0}, we have
t
§||(u-d)+cbl|22 (0 - PP |- [*dxds +
LD 0 Jo
t
+\ a(s, u(s), (u-d)+¢2(s))dx =0.
0

We then say that u is a local (weak) solution of the obstacle problem formally stated

in the introduction.
Let us now state an "energy inequality' statisfied by every supersolution u.

Lemma 2,1. Let uELz(O,T; Hl(ﬁ)_) be_such that (2. 2) holds; then for every
Qe CSO(Q), ¢ >0 in Q and every constant d€R we have

t
2
(2.4 Sla-a¢l, -\ \ Dodiu-07 P axas +
LA
0 vQ2
t
+ a(s, u(s), (u-dJ_()Sz(s)) ds €0 .
0




The proof is based on the approximation of u in Q'ccqQ, Q'= Q' x(Tl,Tg),

0T, < T2 < T, by a seguence of supersolutions un of P in Q7,

b

un€L (Tl’ T2; Hl(Q')) ﬂHl(Tl,Tz; H—I(Q')) which converges to u in

2
L (Tl' T2; Hl(Q')) as n-=>+m, see lemma 2.2 below. The inequality (2. 4) for
every u  and ¢ with supp(@)c Q' is proved in a standard way, by choosing in (2. 2)
$ = (u-d)—(l)z, which is admissible as it is seen by a simple density argument; then

the inequality (2. 4} for the given u is obtained in the limit as n ~>+o.

Lemma 2, 2. Let u be a supersolution of P in Q. Then for every Q'ccQ,

QI =01 X(Tl’TZ)’ there exists a sequence
uneLz(Tl,ng Hl(Q'))(\Hl(Tl,Tz; H_I(Q')), u supersolution of P in
Q', such that u —>u in L2(T1,T2; HI(Q')).

Let xECgo(Q) with x = 1 in O and e cg"(o, T) with 7= 1 in (T ,T,).

Let u be a supersolution of P in Q; for every n= 1,2,... let us define

u to be the solution of the problem

N
-1 -1 -1
n Pu+tu =yru+n Drxu-2n 7 (a.ta,)D xD u-
n n f i,3=1 1 31 Xi xj

N
-1
-n Tu § Dx(ai‘D X
S e

un(-,O) = {, un]c':)ﬂ:O .

2
We can easily prove that un+ XTu strongly in L (Q) and weakly in L2(0, T; H(l)(fz))-

El

moreover
Pu , >0
€ un 56} =
o
for every ;5600 @Q", ¢>0.

Let now Vn be defined by the problem

-1
- + R = N = i .
I Dtvn( s X) vn( , ¥ = yru(-, % , vn(O,x) 0 a.e. in

>

we have v ->x7u in L2(0, T; Hcl)(ﬂ)).



Define Wn =u - Vn for every n. We have

where
N N
=D - + -
g XU 27 .2_ (aij aji)Dx.xDx.u " E :D (a D )()EL Q) ;
i,j=1 1 7 i,j=1 % ]
therefore
Ldy g2
(2.9) 2 l[wn" 2 * aG:, un(t)' Wn(tD € gwndx ’
Q
We observe that
gwndxdt-éo
Q
) 2
and a(t; vt w (t}) -0 in L0, T) .
n n

From (2.5) we have w —>0inL (0 T; H (Q)) then u —>xmu
L (0 T; H (Q)) and the result is proved. M

From (2.3) and lemma 2.1 we obtain the following "energy inequality" for

local solutions of our problem:

Corollary 2.1, Let u satisfy (2.1}, (2.2}, (2.3 and let (b,d be as in (2.3). Then

we have

t t

5 lw-0d)®, -\ | DPolu-daxat+ \ als;ue), (w-adXe) ds < 0.
L) 0 JQ 0

The remainder of this section, which is not essential for what follows, is

devoted to showing that the weak solutions of an a.e. obstacle problem in the sense




of Mignot-Puel [10], as well as the weak solution of a q.e. obstacle problem in
the sense of Pierre _[14], are both local weak solutions according to the definition

above.

(a) The a.e. obstacle

Let ¢ be q.1.s.c. and such that there exists v0€L2(0, T:; VI Hl(O, T; VY,
Vo > Y q.e. in Q, where Hé(Q)CVCHI(Q) is as in [10_]. A function u is a weak
solution of the obstacle problem in the sense of Mignot-Puel, if u is the minimum

golution of the problem

T

(2.6) (D, v-uys o+ ale, u, v-u] dt > 7 [vo '“0“22
, t L)

VV€L2(O,T;V)0H1(O,T;V'), vy a.e, in Q
ueLz(O,T;V) s u>y a.e. in Q,

Under the above assumptions on iy there exists a Mignot-Puel solution of
the a.e. obstacle problem and this is obtained as the limit in L2(Q) strong and in

2
L (0, T; V) weak of the soluiions u, of the following penalized problems:

. .
<Dtu£’ Vgt a(*,u,v+ ¢ B(ue)vdx =0 Vvev
Q
(2.6.) © =
U= g

where S(u;) = -(uE-d)J".
We now prove that u satisfies (2.1}, (2.2, (2.3).

By standard methods we can prove that the solutions u_ of the penalized

€
problems (2. 6;) are uniformly bounded in Lm(O, T; LZ(Q)), therefore

ae L0, Ts LA,

The function u being quasi~continuous, see Appendix, and ¢ being q.l.s.c.,

from u> ¢ a.e, in Q we obtain u> ¢ q.e. in Q, hence (2.1} holds.



We observe that u. is a supersolution for P in Q, therefore u is also a

supersolution of P in Q and (2. 2) holds.

Using the approximation lemma 2.2, we obtain

£
1 +.12 +12
2.7 > u-a) @ 1 - D (u-d) |"dxdt +
2 ” v "Lz(ﬂ) t@@ l u ] t
0 2
i
+ \ as;u(s), (u—d)+@2(s)) dx > 0
0

vdeC (@), $>0, der.

Moreover, by using the approximation by penalization, we have also

t
@8  5lu-a'6)®, - \ Ddo|w-atPax+
L) 0
i
+ \ al(s; uls); (u-d)+d)2(s)) ds £ 0
0

where (I), d are as in (2. 3).

From (2.7), (2.8) we have that (2. 3) holds for u.

(b) The g.e. obstacle

Here we use the notation of [1 4].
Let Hé(Q)C.Vc Hl(Q) be as in [14]. By T €L2(0, T; V) ﬂHl(O, T; VY we

denote the solution of the Cauchy problem with init?al data Uy € Lz(Q) and by (Pa

the class of parabolic potentials relative to a(t; u,v) (for the definition of parabolic

potentials, see [14]).
For ue fPa we define

0= ian-eSS-(P){v[v q.cont. (P}, v > u a.e.}

10




where q.ess.(P) (q.cont.(P), q.e.(P)) means q.ess. {q.cont., q.e.} with respect
to the capacity introduced by M. Pierre, [14], denoted below by (P)-cap. By £{u)
we denote the measure associated with the potential u as in Prop. I-1 of [14] Finally

we denote by ¢ the q.u.s.c. (P) "regularization" of ¥ as defined in Prop. IV-2 of [14].

2 1
By assuming N > {D(O) and that there exists V0€L (0, T; VInH (0,T; VY
with o > ¢ q.e., it is proved in [14] that there exists a function ue@a-l* Ty such
that 0
A ~ e
uzyae. (P, a(0) = U ﬁ=u—7u +Tu

(ﬁ—@)dﬁ(u—'ru )y =0
Q 0
and that such a u is unique. We say that u is a weak Pierre solution.
Now let u be a weak Pierre solution of the obstacle problem. Since
ue@a+'r ,» we have ue LOO(O, T; LZ(Q)). Moreover, since o >/$ q.¢e.(P), it follows

u
0
from Prop. IV-2 [14] that u> ¢ gq.e.. Thus {2.1) holds.

Furthermore, ue€ 6’3:%- fru is a supersolution, hence (2. 2) holds.

Let now ¢ be in CSO(Q) with ¢ >0 and d > ¢ q.e. on the set {zl P{z) > O}.
We will prove that d }(p\ g.e. on {z| P(z) > 0}. The set {zl O(z) > 0} is open,
therefore we can consider a sequence An of compact sets such that
(P)-cap{{z | () > 0} -An}-—>0, A ©Q. We observe that v
hence, from Prop, IV-2 of [141, o 2(2 q.e. (P).

0 is g.cont.(P),

Consider now n_e Cg)({QJ > 0}) with n,=1in A . We have
1. + . . .
Voun (1 ﬂn)v0 nndzw g.e.. Since v, is g.cont. (P}, then Vo o 18 also

g. cont. (P), therefore by Prop., IV-2 [14], we have o 1 >,{D\ q.e. (P). Thus

d>y q.e. (P} in A . It follows that d> ¢ g.e. (P} on {z| {(z) > 0}.

We remark that £(u- T ) is a positive measure, then, by taking into account

Coroll, I-2 of [14], we obtain

11



(G-a9%at-7 ) >0 .
Q 0

Moreover,

(&-d)*@zde(uwu)s (ﬁ_ibcpzde(u-vu).gc (&-Ddgtu-7 ) =0,

0 Q 0 Q 0

therefore

(ﬁ-d)+d)2d£(u-7u) =0,

Q 0
We consider now we fPa+'ru with theLz(O, T,VY. From Prop. I-1 of
0
[14] we have
t
+ .2 . + .2 )
(2.9 ((th, (wn—-d) ¢ >V‘,V + a@, wi(s), (Wn-d) ¢ (s)) ds
0
t
+
= (w - dee(w-'r )
n Uy
0V

where w €L2(0, T: V)N H1(0, T; LZ(Q)), W -> w in L2(0, T; V)N Hl(O, T;V". Going

to the limit as n ~—+w in (2.9), after some easy computations we obtain

t
210 7 |w-a'¢)*, -\ \ pod|w-aPaxat+
e ) Jo
t t
+\ a(s, wle), (w- ¢Xs)ds = (w-0" 62 de(w-7 )
0 0 Vo "o

Using now the approximation result of Prop, II-7 [14], and the lemma II-5
[14] we can prove that (2. 10) holds also for W q. cont. (P).

12




From the Remark of p. 1192 [14], we can now consgider a sequence

wne 63&+ T of quasi-continuous functions, such that \?rn 40 g.e.{P), where
0

W =(“7/—\'r)+-r . For every fixed p, we have
n n 0 0
t t
+:2 +.2
0 £ lim sup & -d ¢“ded{w -7 ) < limsup (W -d) O delw -7
n n u p n u
n-=+w 0 Vo 0 n->+m 0

Therefore from lemma II-5, [14], we obtain

t t
(\?.rp - d)-i_(f)2 deu- T ) > lim sup (V?rn— d)+(132 d¢ (wn- T )

0 JO 0n—>+000!\.2 0

From the monotone convergence theorem, we have

t t
) ~ 2 . ~ ot
0 < liminf (w - ¢"de(w -7 ) £ limsup (w -d delw -7 ) <
n=->+m n n u0 n =+ n n u0
0 V2 0 vQ
f t
+. 2 +22
< lim W - ¢"dglu-7 ) = (i-a) ¢“de(u-7 ) =0,
p—>+o P ) Y%
0 vQ2 ova
then
t
A +
1im (w -d) (]>2dg(w -r ) =0,
n nou
n =-+o 0 Vo 0

We observe that from Th, -2 [14], we can suppose Wn +u in LZ(Q) and
2
in L7(0, T: V} weakly. It follows then from (2.7) and (2. 10) that (2. 3) holds for u,

and the result is proved. |§

13
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3. A Wiener Modulus for ¢

+
Let a function ¢: RN 1 —> (-, +o) be given, defined up fo sets of capacity
] N+1
zero {g.e.) in R* .
N+1
Let z, = (xo,to) be a fixed point in R

Let #€{(0,1/6) be given; for arbitrary € >0 and r > 0 we consider the

level sets
(3.0 E(e,9 = Eyly,z,61 = {z = (x,8 €Qylzy, )| x, 0 >
=z SupB(X.O,I'/Z) x{t, t0+ 1'2/4) w‘E} ,

where the supremum is taken in the q.e. sense, and the relative capacities

Al
(3.2 sery = 6,.(¢,z.,€,1) = He,x)
6 0 N
o. R
N
where
{3.3) ANe,r) = Ae(w, zO,E,r) = capQ(zO, o) E(g, 1)
= 0,1).
and O = CaPo(0 ) Q(0, 1)
We then define the function
wc(r,R) = “’o(‘/” Zos r,R)
for arbitrary ¢> 0 and 0 <r <R by setting
R
(3.4 wG(r,R) = inf{;)>0’wexp 8(ow, p} Qf_ > 1} .
T

This is well defined, since &(g,p) is not decreasing in €, and we have

r/R £ w(r,R) <1

We call wo_(r, R) the Wiener modulus of ¢ at the point Zqyr

14




Remark 3.1. In some applications, as for instance to monotone obstacles ¢, i.e.,
hx, B > Yx',t") whenever x £ x' in RN and t<t', it is convenient to introduce an

additional scaling factor m > 1 in the above definition of the Wiener modulus. This
is done by replacing the ball B(xo,r/ 2) in the definition (3. 1) of the level sets

E{e,r) by a ball B(xo,r/m). This factor m is fixed together with ¢ and ZO and is
independent of 8,¢,r,R. M

Let F = {¢> -oo}. With notation
Q" (z,.0 = Q(z,WNF if ca @z, M NF) > 0
ng 8“0’ pQ(ZOJ 29) 0:p
F - , _
Q" (z4,P) = Qplzy,P) if capQ(ZO, 20) (Q(xo,p}n F) =0

p > 0, we define for arbitrary 0 <r <R

F
R ca‘pQ(zo,2p)(Q (z4:0) 4
W(r,R) = WF(r,R) = exp |- £ .
N p
T GN'0

Then the following estimate of wg(r,R) holds, which can be proved as in the elliptic
case, see [13].

satisfies the estimate

Proposition 3. 1. The Wiener modulus wg(r,R) of ¢ at z,

(3.5 r/R < wg(r,R) < min{l, max [W(r,R), 0'-1 OSCQ(ZO,R)Q . w:]} .

Let us consider some important special cases.

+
Let ¢y = - 0 on some neighborhood of 2, in RN 1; then
wc(r,R) =r/R .
Moreover, if ¢ is continuous at Z, by choosing
o = R ose 17

T Q(ZO,R) Al
we ohtain again

w (r,R} = r/R .

15



In the case 8(g,p) = 8(p) we have easily from the definition of the Wiener

modulus

R
wa(r,R) = exp{~\ &p) %) .

T

Finally, if ¢ is continuous on F, as in the case of ""thin cbstacles,' and

is such that capQ (

Z

0 Zos 2R) (Q(zo’ p) N F) > 0 for every p > 0, then by choosing

(3.6) c = WF(r,R)'1 W

°%Q(z,,R) OF

we obtain from (3. 5}

(3.7 @ (r,R) § W (r,R) .

16



4, The Wiener Estimates and the Results

In this section we consider a given "obstacle" ¢, that is, a function

(4. 1) v RN+1—> (-, +00) ,

N+1
defined up to sets of capacity zero in R , and we fix arbitrarily a point

N+1
ZO - (XO, to) GR L]
We then consider an arbitrary local solution u in a cylinder Q = Q(zO,R 0) as

defined by (2. 1), (2.2), (2.3).

Our goal is to estimate the quantity
,2 2y 1/2
= » = +
vir) V{u, 23 T) OSCQ(Zo’ 9 u lDu G ~dxdt

Q(zo, )

as r~>»0 in terms of the Wiener modulus of ¢ at a given z_. We shall prove the

0"
following results.

Theorem 4.1. There exists 0 0 €(0,1/6) such that for every 9 €(0,6 0) and every

o>0

B
Vit L CV(R)wg(r,R) +kcrm0(r,R), 0<r<6R, R <R0,

where C is an absolute constant, 6_ and k are constants depending only

0
on N,2, A and 8> 0 is a constant depending only on N,X, A and 0.

In particular we remark that the constants in Th. 1 do not depend on
W, Z o’ Q, u and they depend on the coefficients aij only by the ellipticity constant
and sup, |aijl. Let us point out that w (r,R) depends on 6, via the sets (3.1).

The proof of Th. 1 is given in Sec. 7.

Let Z(R) be defined by

1/2
Z(R) = mf{é{‘(N-ﬂ) Iu-dlzdxd1> ;d >y in Q(ZO;R)}'

Q(ZO:R)

17



Theorem 4. 2. There exist constants ¢ and K such that

V{cR) < KZ(R) ,

in particular

V(R) K{RB(N-FZ)/ 2]]11]] + max( supess v, 0)}

2
LQ( ZO,RO)) Q(ZO,RO)

R<cR 0’ where the constants ¢ and K depend only on N, A, A,

The proof of Th. 4.2 is given in Sec. 5.

Let F be the set {y> -m} and W(r,R) = WF(r,R) as in Sec. 3; the

following result is an easy consequence of Th. 4.1 and (3. 6}, (3.7 of Sec. 3.

Corollary 4.1, We have, with the same constants C, 6 0’ k and B as in Th, 4.1,

0<rg<HR, RgR

Vi) < CV(R)W(r,R)B + koch <R,

(25, R) Ar?¥

for every 0 <6 <90.

Remark 4.1. The Coroll. 4.1 can be applied in particular to the case of the equations

(¢ = -00), of paraholic potentials of a2 givenset F (Y =1 in F and ¢ = ~co in

N+
R 1\F) and of obstacles which are continuous at zo on F,

The condition in the following corollary extends an analogue condition

considered in [7] and can be applied in particular to the case of obstacles which
are decreasing in t, and monotone in x as in [’?J

Corollary 4.2. Suppose there exist constants 6 € (0,90), a> 0 such that

“atzg, 20 (E.0) > acapQ(zo, 20)Q(zg-7)

for every p,w> 0; then there exists a constant v = UN,),A,6,0) > 0 such that

V() < CVRMx/R )T

for every r< BRO; in particular u is Holder continuous at z

0
Finally from Theorems 4.1 and 4. 2 we obtain the following result for local

golutions of parabolic equations, where we define
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2
Aq(zo) = {(x,ﬂlto-t>q|x-x0| }-, q>0 ;

Corollary 4.3. Let u be a local solution of the parabolic equation Pu = 0 relative

to the operator P in Q(z then we have
-1
2 +
< ]Dxu[ dxc19< ]D ul dxdf) < c(r/R)N P ,
(zo, N Aq( 2y Qe . R)
0<r< 292R

where 8 and 8 are as in Th. 4.1 and ¢ is a constant depending on q,N,), A, 8.

We will prove this result in Sec. 8.
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5. Estimates of Caccioppoli ~De Giorgi Type

In this section we consider an arbitrary local solution, that is, a function

satisfying (2. 1), (2.2), (2.3) of Sec. 2; moreover, we fix a point z_ = (xo,to)e Q.

(]
Since u is a {local) supersolution, u is locally bounded from below in Q. More-
over, since i is assumed to be g.e. bounded from above in Q, u is also locally

bounded in Q, as can be shown by a simple adaptation of the truncation method

for equations, see, for instance, [9] Therefore u is locally bounded in Q.

We sghall pfove now the following:

2, ot R2/4) g.e. Then for

the following estimate holds for a suitable ¢ > 0:

Lemma 5.1. Let d > in B(xO,R/Z)x (t, - 66R
EeQ(zO,R/cD, R<R

0’
t
]DxulzGdedt + |u-d|2(z) <
[-30R° B(x,R/8
t
< crZ |u~d]2-@5+ UR—N/Z(GE) 1z,

£-30R? UB(R,R/3\B(%; R/16)
+o l®RN26H3/2, o-R'N>dxdt

T-30R°
cR ™2 u-d|? 6% axat
‘£-59R2 B(R/4; D

P

where 8 €(0,1/6) and the constant C depends only on N, A, A,

Let 1 =r{x}) and 7= 7{t) be such that

n=1 x€ B(x; R/8)
n=0 x ¢ B(X;R/4
0gngl x€B{X; R/4)

20



ID n| < C/R
X
. 2
T =1 t>1-36R
- 2
T=20 t<t-5R
2 2
0gTgl t-5R"<t<t-36R
a
€
T CO(R)
lDtTIsCBR"2

22 7
By replacing @ =n'r Gz with p < BRZ, and d as above into (2, 3), by Corollary 2.1

we have
2 22 % 1 2.2 2
5.1 D G dxdt + 7= -
(5.1 D uf"n" p &t + T lu-d|"n"r" dxdt
Q(z,R) Q(z,p)
El-p2
< c{ |u—d12]Dxn|szxdt+
1-56R° (z,R/4
Frp?
+ [u-d|2n-rz ID nI[D Gzldxdt+
) X xp
t-R” VB(%,R/4%
t-30R°
+ ]u-d]2 IDtTleZ) dxdt} y
“5-5932 B(X,R/%

where by C we denote constants which depend only on N, X, A. Passing to the

limit as p — 0 we have for qg.e. z
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(5.2 D uf*n* 76" + [u-af* (@ <

Q(z,R)
t
< c%‘z ]u-dszi dxdt +
1'5-5@32 (x,R/9 -B(x,R/8)
i-36R°
+r%1 ]u-d!zcrE dxdt +

£-56R> B(x,R/4)

)

- 2

+ hu-d [P D, nf lnxezldxdt} .
t-R” JB(%,R/ 9

Let us consider now the last term on the right hand side of (5. 2); we have

T
(5.3 [u-d |2 nr” lenJ IDXGE] dxdt <
i-R? B(X,R/4
t

< or /2 e [u -dlz |DXGE ]2 % 312 gat
iR® JB(E,R/9\B(Z,R/9)
N t
+2 -2 .
+a g 2 la-d? (65 2 axat
£-50R 2 B(R/4; X} ~B(R/8; ®

where o> 0.

The term containing |DXGZ 12 can be estimated by Lemma 5, 2 below; we
then obtain

(5. 4) u-al? nPr IDXGElz(GE) /2 axat <
‘t-Rz B(x,R/4 - B(x,R/8
t
<c [R-z lu-al%cH Y2 gt +
T-R% B(%x,R/3) -B(%,R/16)
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|D_uf’n’G" axdt +
2

T-R” JB(X,R)

t
s~ /2% [ ~af axat

- 2 _ -
t-56R~ JB(X,R/3) - B(x,R/16)
From {5.2), (5.3), (5.4, by choosing ¢ > 0 suitably we have
t

(5.5) |Dxu]2 nz'rzGdedt-i- W|u-d|2('i) £
R JB(%,R)
t
<C [R'z |u—d]2<GE+ cr1='.“N/2(GrE)1/2 +
t-36R° (%,R/3) -B(X,R/16)

o w2532, oR'N)dxdt ¥
1’;'-39R2
-1 -9

+6 R ha-d)® cZaxdt .

£-56R 2 B(%,R/4)

The result of Lemma 5.1 can be easily obtained from (5. 5).

Let now w be such that

where i€ CSD(B(:T{,R))
& =0 in B(X,R/16) and for x¢B(%,5R/16)
©=1 in BER/H -BEFR/Y

0<Wg,
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We complete the proof of Lemma 5.1 by proving the following

Lemma 3.2, Let the conditions of Lemma 5.1 be satisfied. Then the following

estimate holds:

-

t
wz"rz[u -d]lexGEIZ(GZ) -3/2dxdt
r? JB@E,R) |

<C [R'Z 72 [u-dAGH M2 gat
ir? B(%,R/4 -B(x,R/16)

t

N/2 2

[Dx:ulsz nz'r dxdt +
i-r? JB(z,R)

t
L g~ N/242) la-d*7% axat

-R? JB(%,5R/16) - B, R/16)

+R

From the definition of the regularized Green's function we have easily, for p < 1/18,

. |
s oo

~DG - 5 :D (a,D_G%), wr( Gz)l/zl“‘d|2>=0
e i e °p

T N

=G%+5, 6> 0.
P

© Nl

where 6G

Then, u being a local solution of our obstacle problem, We have, after

some computations,

=8
(5.6) (6G:')1/2Dt'rm2|u-d|2dxdt- ”(6(}5)1/%2 |u-d]2” 0 (t-6) -
TR JBE R) L™(B(x,R)}
N _ nt-6
.1 E : a. D G'D GX G’)"B/zwz-rziu—d]zdxdﬁ
2ij=1 _ 9 1]x.pxip6p
t-R” vB(%,R)
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+ § {2a._D G*D ww*rz]u—d|2( GZ)"1/2..
S ij xi P xi 5 p

t-R” JYB(x,R)

~2a_( Gz)l/zD wD (u-~dw{u-dridxdt > 0
ijd p Xi xj

From (5.6), by similar estimates as in the Appendix of [5:] , the result follows. M
We now prove the following

Lemma 5.3. Let the conditions of Lemma 5.1 hold and 8 6(0,60]; then we have

t0 Z
|Dxul2G O dxat + supl/:2R ]u-d|2 <
t0-6R2 B(xo,ﬂl/ ZR) Qz, 67 °R)
-1 - - (N+
< Cexplca ™ g~ 3N/ 4~ (+2) Ju-a|? dxdt +
Q(zy,R)
t4-26R
+ o (BN/4+ Dg-(N+2) |u -d|2 dxdt
2
t,~60R B(xO,B/SR)
where C, 8  are constants dependent on N, X, A.

0

We obtain the result by estimating G” as in Sec. 1 and taking the supremum
for 'z'eQ(zo,Gl/zR).
From Lemma 5.3 the inequality of Th. 2 follows by choosing 6 =6 o

From Lemma 5.3 we also obtain

Z

(5.7 IDxulzG 0 axat + su[i/2 ]u-d]2 <
Qlz,, 6 %) Az, 07"R)
2
< Cexplco™he™N/4 _suwp |u-df"+

Q(zO,R)
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3N t-26R
-{=+1D
-{N+
rep t g2 [u-dlzdxdt
1-60R> B(x,, 3/8R)
We choose now 3 such that inf u g 3 sup U and d = a+£, E>O
Q(z ,R) Q(ZO,R)
(d can be chosen as in Sec. 6 below). We observe that
2
(5.9 sup [u-d 4( ose d)) - Ce? >
Qlzy, 61/ %) ,01/2%% 2y
= i— ( osc )2 - Cf_z
Q(z 2] /ZR
2
(5.9 sup ]u d] < 2( osc (u- d}) +Ce” .
Q(ZO,R) QR, =z )

Then from (5.7) we obtain

P A
Lemma 5.4. Let us consider a constant d = d +¢ with inf ugdg sup u,

Q(ZO,R) Q(ZO,R)

€ > 0 and let us suppose that d satisfies in addition the assumptions of

Lemma 5.1, Then if 6 6(0,60), we have

(5. 10} ]D U| G dxdt+( osri/2 >2\<
Qz, 0™ %R) Az, 0%/ “R)
& CeXp(CG—l)B_gN/LL( osc u)2+
(z ,R)
0
3N i -29R2
<y 0 ,\
+ce % Tpm(NH2 [u _d]2 dxdt + K1(6)52

2
t,=66R" JB(x,, 3/8R)

where C are constants depending only on N, A, A and Kl(ﬂ) depends also on

on 8.
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6. A Poincaré's Inequality for Local Solutions

In this section we will prove a Poincaré’s inequality for a local solution,
involving only the spatial gradient: this inequality will be used in Sec. 7 in the
proof of Th. 4.1.

Let u be a local solution, satisfying (2.1), (2.2), {2.3) of Sec. 2 in
2
B(xg, R (t-R”, t +R) and neCo(B(xy, B/M, 0<n<l, n=11n Blx,,3/8 B),
ijn]g CR-1 and denote

E(d/,zo, £,R) = E

E = En{t}

(The set Et is defined a.e. in t and, E being a Borel set, Et is a Borel set in RN.)

We choose now K(f) € [infE u, supE \}] to be a measurable function such that
t

if E: = {(x,t)] (ulx, t) -K(t))+ = 0} and Ef = {(x, t)l (ulx, t} ~K() = 0}, we have

1
(6.1) N- capEt > lN-capli: N-capE

2
4 t t

1
> Py N-cap Et

N
a.e. in {, where N-cap is the Newtonian capacity in R~ (the proof of the existence
of such a function can be obtained by the same methods used in [8] for the elliptic

case, taking into account that u is quasi-continuous). From (2.3} we have

(6.2) su

(o -k) 0|, <
SE(tO—GBR s tO—GRz) ”@ ’ ) n“L2

t,-OR
gC []l(u(t) -I<:(1:))+I[22 + ]DXu ]zdxds + 52]

LBGR/D) ), g2 Blx,,R)

where C is a constant depending only on N, X, A and te(tO-Rz, to-SeRz).

By Lemma 2.1 we have also
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(6.9 sup [Gtor -x6) nff, <
L

-60R2 { -
srs(i:0 60R <, t0 6R

ty-6R
\:”Gl(t) K(t)) " 2 + ID uﬁdxds*-f%] .

(B(x LR/2) b _60RZ JB (x R)

We apply now in (6.2} and (6.3) the elliptic Poincaré's inequality, [’?], and

we obfain
2
(6.4) sup ”(U.(s) K(’t)) " <
se(tO-GGR , tO-BR L (B(x ,3/8R)
2
r*N 2 fo™" 2 2
< Cl—— !IDxu” 5 (t) + ]Dxu[ dxds + £ :}
N-capEt L (B(xo,R)) ¢ _R2 Blx,R)
0 0
(6.4,) sup o (at) -R(9)” I, <
selt, -66R2, ty" ~6R?) L7(B(x,, R/8))
2N 2 foom” 2 2
e X SR oo+ €
N—capEt L (B(R; xo) tO-RZ B(x R)
where C is a constant depending only on N, A, A.
We consider now 3 defined by
1
d = sup{K‘ N-capEtdt > 7 ©ap E} .
2
{te(to-.R ; t0-6932), K(1) < K}

By the definition of d and by remarking that K(t) and N-capE ¢ are measurable

in t {(see Appendix), we have

N-capE, > L capE

t” 4
{t e(ty- R2,t0- 6 6R)), KB < dt
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N-capE, > 1 capE .,
9 n t” 4
{te(t -60R", to-e}'{?), K(t) > d}

A
We integrate now (6. 41) on the set {tE(tO-RZ), ty =6 GRZ), K(D <d}; we find

(6.5) sup, “(u(s) -3)+ ”2 0 <
selt ~66R", t -ORZ) L.7(B(x ., 3/8R))
0 0 0’
t ~OR°
-1 0 2 2
<cC 66(E,R) [Dxul dxds + ¢ }
2
t0-R B(XO,R)

Analogously from (6. 42) we obtain

(6.6) sup , ”(u(s) -d)_ "]2_,2 <
se(t -60R", t -eRz) (B(x.,3/8R))
0 0 0
¢ -6RZ
-1 0 2
< C[&e(E,B) ]Dxufzdxds+f},
tO—R2 B(x.,R)

From (6, 5) and (6. 6) we then have:

Proposition 6.1. Let £ > 0 be arbitrary. Then there exists a constant d such that

2, t +R2/4)

d> Ux, 9 - ¢ in B(x,,R/2)x(t,-66R 0

and

2
t . -6R

2
tO—-GGR B(XO, 3/8R)
2 a\ 0 2 2
< CR78,(€,R) leu[ dxdt + £

2
tO R B(XO, R)

where C is a constant depending only on N, A, A.
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7. Proof of Theorem 4,1

We now give the proof of Theorem 4,1,

By Lemma 5.4, we know that u satisfies the inequality (5.10)., We now

apply the Poincaré's inequality, as given in Prop. 6.1 and we obtain

(7.1 [D u] G dxdt~i-(Q OSCI/Z

atz, 0% (2,67 °R)

gCexp(—-CB-l)G-SN/‘l( osc u)2+

Q(ZO,R)
2
'(§4E+D 1 o™ 2 2
+C8 — [Dxu] dxdt + K (6)€
R%ER )y 5% Jnex,R)

where C are constants depending only on N, X, A.

Now, by using the estimates on the Green's function [1], we obtain the

following estimate:

(7.2) |D u[ G dxdt+< osc 12 )zs
Qlz, 91/23) Qlzy,6 7' °R)
t —OR .
2 1 0
(6)( osc R)u) + 02K3(9)59(E,R) leulzG dxdt +
t,-R B(x,,R)

2
+ CSK4(6) £

where Cl’ 02, C3 are always constanis depending only on N, A, A, and

K (6) = exp(-co e N/4
-1 -.(§+1)

KB(B) = exp(~-C0O 8@

Ks(g) _ e-31\1/4 .
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We now prove the following estimate:

There exists 8 1 > 0 depending only on N, X, A, such that for

Lemma 7.1,
96(0,91) if

(7.3 v26Y/ %Ry 3 2c K06

then we have

1/
v¥e Y %) ¢ — (e)a TRV ®

where V(R) is as in Sec. 4.

Let
P(r) =( osc u)Z
Q(zo,r}
2 %o
Wy = [DXu[ G dxdt .
Q(ZO,R)

Let {7.3) hold. From {7.2) we have
~1 1/ 1
(2o x (08, €R) (oY %) +ute™ BR) <

< (14 0K (0K ()8, (€, R) BR) + u(R)
Then

l(: 1/ 2R) + (e 1/ 2R) <

(1+c C,K (K08, (£, R)) .
b® + —73
(Hz C K (0)8,(€, R)) 1+277°C K, (0) (¢ ,R)

H#{R}

We observe that
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if 0<C <1 and 0<o <1/3; then if we choose 6 such that 0 < 271

0< 201K2(9) < 1/3 we have the resuilt.

CZKS(G) <1 and

By similar arguments as in the elliptic case, [8], we obtain from Lemma

7.1 the following:
1 f
Lemma 7.2. Let 96(0,91), then for r £ 6 /2R we have

R
vi ¢ ¢ exp<23 85(€,0) %)vz(n) +2C.K (6)€7

T

where

C.K.(6)
L 2737 g, ol
4 4+CK,(0)

and C> 0 is an absolute constant.

We now conclude the proof of Th. 4,1,

From Lemma 7.2 we have

R
V(r) € Cexp <B 59(€,p) ng) V(R) +K5(9)E' .

Choosing now £ = o*wo(r,R) +1n, n>0, we obtain

R
V(r) £ Cexp GB 8,00 (r,R) + 1, p) gf) V(R) + K (6 (o0 (e, R) + 1) ;

then the resultof Th. 4.1 follows by letting n—>0.
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8. Proof of Corollary 4. 3

We observe that from the definition of Aq( zo) we have
1 2 %o
(8.1) - IDXulzdxdt < eg ]Dxu] G dxdt .

N
T Q(zo,r) N Aq(zo) Q(zo,r)

From Corollary 4, 1 we have

2 %o B 2
(8.2) IDxu] G "dxdt £ c¢(r/R)"V(BR) O<r<6“R

Q(zo, )

From (8. 1), (8.2) and Th. 4. 2 we obtain

1
[ o]
2
—lﬁ- leu]dedt < (r/R)B -_Ng;é Iu-uRl dxdt ,
f Uz, VN A (2)) Qzy,R)

where Un denotes the average of u on Q(zO,R).

By applying now Poincare's inequality for the local solution u of the parabolic

equation as proved in [5], we obtain

| D_u 2 dxdt <e (r/R)NJrﬁ lDXu 2 dxat
Q( %y )N Aq( zo) Q(zo, 2R)

where ¢ depends on q, N, A, A, 6.
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Agp_gndix

We will study here some properties of the capacity defined in Sec. 1.

From the definition we have, if P_C P2 (P 1,P parabolic open cylinders)

1 2

and ECcEC P1C P2,

(A.1) capplE > capPZE

Proposition A.1, Let EcEcP. If cap L E= 0, then cap _E =0.
—_ - RN 1 - P

+
Suppose at first E compact. Then there exists a sequence {ws} L C;D(}RN ]'),
with WS = 1 on a neighborhood of E, such that

lim w =0 in LAR,H'RY) .
s
s = 0

Now let éGCSO(P) with gﬁ = 1 on a neighborhood of E. We have

2
lim w¢ =0 inL ('rl, Tos Hé(B)) ;
s—>+m s

then ca.pPE = {,

Let now E be an arbitrary set with cap N+1 E =0 and E CP. Then there

R
exists a sequence of open sets ASCASCACKCP (A fixed open set in P) such
that
lim cap A =0,
+
s—=+om RN 1's

If ca.pPAS > 6> 0 there exists a sequence of compact sets {KS} such that

() lim cap K =0 (b cap K > 6/2 .
N+1
s>+w R 8 P s

4
From (a) there exists a sequence {ws} c CSO(RN 1) with w, = 1 in a neighborhood

of Ks such that
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(A.2) lim w =0 in LZ(R; Hl(RN)) .
5=+t s

Let now de Cg)(P) with 4 =1 in R. We then have

(A.3) lim ecap K =0 .,
s~>+tw P8

From (b} and (A.2) we have a contradiction, and the Proposition is proved.

Let now Dc D cB, By NucapB D we denote the usual Newtonian capacity
and we put ET =ENn{t= 'r}. We then have the following result:

Proposition A.2, Let EcCP compact: then

P

capPE = N-capB(E_r) dr .

™1
From the definition of capPE we have

9

(A. 9 cap,E > N-capP(ET) dr .
5

IfE=D x[__sl, 52], Dc B compact, ¥ n> 0 there exists we CSO(B) such that

IDXW|2 dx - n g N-cap,D < ]wa fzdx
B B

w = 1 in a neighborhood of D.

Let p(t) be such that éeCO(sl-n, sz—n), [sl-n, 52+n:|c]'rl, T, [, =1
in [s,-n/2, s,+n/2].

Liet us consider the function
glx, ) = w(xd(D) .

We have g(x, = 1 in a neighborhood of E and ge CO(P). Therefore

35



9

capPE < |ng[2dxdt £ (71-1'2)(N-capBD+n)+ 2n IDXw]2 dxdt.

Tl B

Thus we have

(A.5) capPE R (Tl-Tz)N-capBD .

From (A.4), (A.5) we obtain

capPE = (T —1'2)N-cap D.

1 B

We come back now to the general case.

. . . - -
We consider the union Vr of the cubs ]k/r <X < (]k Dfr, i /r <t (30 /v,

> J
0
jk, j 0= 1,2,..., which have in the interior a point of E; we have
Vrc P r>rT
E= N Vr , Vr decreasing in r
r

v decreasing in r .

E = A\
T Q r,7°’ r,T

From the right continuity and the subadditivity of capy, and N-c:a.p]3 we have

T T,

2 2
. E = - = - =
(A.6) cap,, Infr capPVr < Infr N capBVr’ 'rdT Iner capBVr, Td’r

i ™

)

= - E
N capB Td‘r
"

From {A.4), (A.6) we have the result.

Proposition A.3., Let E cECP be an open set, then

79

capE = N-cap'ETd'r

71
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The proof is analogous to the one of Prop.A.4 and it will only be sketched

below.

We prove first the result in the case of open cylinders. Then we approximate
E by a union of open cylinders containing the set E with the exception of a subset

of E of capacity zero, which corresponds to a countable sequence of value of t.

Proposition A.4. Let ECEcP be an arbitrary Borel set. Then

capE = N-cap E_rd'r .

Let us consider an increasing sequence of compact sets KSC. E. We have

{A.7) supscasz = capE

Let &(t) = supN-capKSt; we easily obtain

(A. 8 8 < N-capE, = &( .

Consider now a decreasing class of open sets AS:‘J E. We have:

{A.9 infs ca.pAS = capFE

Let &(t) = ian—capAS’t. We easily obtain

(A.10) 5(t) > N-capE, = &(t) .

From (A.7), (A.9) we have &(t) = 80 a.e. in JT].’ 72[ therefore
st = 8(t) = (0 a.e. in ]-rl,'rz[

and the result follows.

L "=B'x Jr, 7 [cPrcPp.
et now ]71, 72[ cP
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2
Proposition A.5. Let v, D veL (P"; then v_is quasi-continuous in P' (for capP);

moreover, if {v } is a sequence such that
n
lim vn=-'v, limDvn=DXv
n>m n>mw X

then v, >V quasi-uniformly in P!,

We prove the first part of Prop. A.5; the proof of the second part is analogous.

There exist ¥V £ > 0 an open set V in ]1", 1"2[ such that mes V < ¢ and
2
v(t, *) is bounded in L°(BY for t G}rl, Ty [-V. From the results of [16] on the
I'-capacity, v is quasi-continuous for the [*-capacity, therefore it is also g.c.

for the capy,. Since
(A.11) cap(VAB") = N-capBB‘ dr £ aN-capBB'

v

the quasi-continuity of v follows.
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