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ABSTRACT

The max-pressure control is a distributed control algorithm that has the property of sta-
bilizing the total queue length in the network theoretically. In spite of its good properties,
some assumptions or requirements of the max-pressure control make it hard to be applied to
traffic networks in reality: such as the data collection of queue length information for each
movement and fixed route choices. Besides, traditional max-pressure control algorithms are
only designed for signal-controlled intersections and are not applicable for signal-free in-
tersections. Therefore, this thesis proposes max-pressure control algorithms and tests their
performances in traffic networks while relaxing some of the assumptions used in existing
studies. This thesis first explores mild assumptions for weight functions to incorporate al-
ternative data sources in max-pressure control. This thesis also proposes an autonomous
intersection management (AIM) algorithm considering pedestrians using the max-pressure
control. Besides, the performance of max-pressure control is tested when road users’ route
choice is considered using dynamic traffic assignment, and a routing guidance algorithm is

also developed to modify road users’ route choices and to improve network efficiency.
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Chapter 1

Introduction

Traf c congestion is one of the signi cant problems in the urban traf ¢ system. The slow
travel speed increases the travel time and reduces the progress of road users. In traf ¢c con-
gestion, vehicles need to accelerate and decelerate frequently, which increases the green-
house gas emissions and air pollution in the city. In 2017, the traf c congestion in peak
hours resulted in a total cost of $305 billion to U.S. drivers, which is equivalent to a cost of
$1,445 to each driver (Pyzyk, 2018). Traf c control plays a vital role in enhancing traf c
safety and mitigate traf c congestion in the network. There are many applications of traf ¢
control, such as ramp metering and speed limits on freeways, and traf ¢ signals at inter-
sections. For urban traf c, intersections are the main bottlenecks and contribute to most
delays of vehicles. Reducing vehicle delays at intersections will signi cantly improve traf-

c ef ciency in traf c networks. in this thesis, intersection control is studied to improve

traf c ef ciency and to mitigate traf c congestion in urban road networks.

1.1 Intersection control

The basic principle of intersection control is to separate vehicles from different directions
temporally or spatially to avoid con icts within an intersection. Intersection control starts

from the stop-sign control based on the rule of rst-come- rst-served. Traf c lights later
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serve as the indicator of the right of way. Vehicles in speci c directions are allowed to
move when the light turns green for them. In xed signal timings, the lengths of green
light intervals are calculated in advance, which needs to be manually calibrated to traf c
data. The signal timings of the xed traf ¢ signal for different times in a day are usually
different, but they are only updated every 3-5 years. With the development of traf c de-
tectors, real-time traf ¢ data collected by detectors, such as loop detectors, video cameras,
and radar detectors, provides the information for intersection control. Based on real-time
traf c data, adaptive intersection control updates signal timings at isolated intersections or
interconnected intersections on an arterial or in an area. Some frameworks of adaptive sig-
nal control have also been developed and applied to city-wide networks, such as SCOOT
(Huntetal., 1981), SCATS (Sims and Dobinson, 1980), RHODES (Mirchandani and Head,
2001), OPAC (Gartner, 1983), and etc.

Traditional traf c detectors have a limited detection range because they are installed
at xed points, so they are categorized as Eulerian sensing (Xia et al., 2017), whose ob-
servations come from a xed observation location. The disadvantages of these detectors
are obvious: the inductive-loop sensors are easy to break, and the video cameras have low
accuracy during adverse weather. The new communication technologies, such as vehicle-
to-vehicle (V2V), and vehicle-to-infrastructure (V2I) technologies, bring new methods to
collect traf c data. These detectors capture the trajectories of observations moving with
traf c ow, which is known as Lagrangian sensing. Advances in vehicular communication
technologies bring the evolution of intersection controls because of more available traf ¢
data, and intersections that are not equipped with traf ¢ detectors can also implement adap-
tive intersection control. For traditional adaptive intersection control, existing algorithms
that use vehicle trajectory data can optimize the order and the activation time of phases.
With the rapid development of autonomous driving technologies in recent years, there are
also algorithms proposed for signal-free intersection control to coordinate non-con icting

trajectories at the intersection (Dresner and Stone, 2004) and to adjust driving speeds or
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accelerations of vehicles based on existing traf ¢ signals so that vehicles can pass the in-

tersection smoothly and avoid stopping for the red light (Ma et al., 2017).

1.2 Centralized and distributed controls

In most cases, controlling an isolated intersection may not have a signi cant effect in miti-
gating congestion for a network. When the queue at a downstream intersection is too long
and extends to upstream intersections, queue spillback occurs, which may lead to gridlock
of the network. Only after the queue at the downstream intersection is cleared can the queue
at the upstream intersection be cleared. Coordinated traf c control allows several intersec-
tions on an arterial or in a zone to cooperate so that vehicles can smoothly pass through
multiple intersections without stopping for red lights. When multiple intersections are co-
ordinated, simple intersection control systems are preferred because applying complicated
intersection controls to a large area is expensive and dif cult to maintain.

With the expansion of the city size and the increase of traf ¢ volumes on the road, more
and more complicated algorithms are developed to compute "optimal” signal controls for
intersections using various data sources. When the algorithm is applied to a city-wide
network, it needs to coordinate a large number of intersections. The coordination between
intersections should be supported by an appropriate control structure. There are two main

types of control structures: centralized control and distributed control.

1.2.1 Centralized control

In a centralized control system, a central controller makes all decisions, so it needs the
information of the entire system. If there is a traf ¢ network using a centralized control
system, the central controller that connects with all intersections in the area needs to col-
lect the traf c data from all intersections. After the data collection, the central controller

constructs models and determines all controls for intersections, which is able to perform
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a global task, such as minimizing the total vehicle delays. Most frameworks of adaptive
control systems use centralized control. Centralized control systems is not always used
in a large network, but can also be applied to small regions. Individual corridors can use
centralized control system to coordinate intersections along the corridor and help vehicles
pass through the corridor smoothly.

This control structure needs stable connectivity to ensure information communication,
which restricts the size of the system. In addition, a malfunction of the controller can
lead to the breakdown of the entire system as the central controller makes decisions for all

nodes.

1.2.2 Distributed control

Unlike a centralized control system, a distributed control system has multiple controllers.
Each controller has its own control area and collects data from a limited number of nodes.
Each controller makes its own decision but the interaction between controllers is admitted.
Aggregating all decisions of controllers makes up the decision of the entire system. For

a distributed control system, it is not as easy to reach global optimality as a centralized
control system because each controller operates independently, unless the system structure
is well-designed.

The ideal condition for a traf ¢ network using a distributed control system is that con-
trollers at each intersection collect the traf ¢ data from upstream or downstream intersec-
tions and compute the intersection control by themselves, and minimize the total delay or
maximize the total throughput of the network.

With the expansion of cities and the increase of traf c volumes, intersection control al-
gorithms should be applied to more and more intersections. Comparing centralized control
systems and distributed control systems that can perform global tasks, centralized control

systems may face scalability problems in terms of computation time and model complexity.
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Distributed control needs less information transmission between intersections and smaller

computation time, which is more suitable to large networks.

1.3 Max-pressure control

This thesis focuses on applying a distributed controller called the max-pressure controller
to traf c networks. As a distributed control algorithm, it is suitable for controlling a large
network, in which each intersection uses the traf c data from the current intersection and
adjacent intersections and calculates the optimal intersection control by itself. It is also
proven to maximize the total throughput and stabilize the total queue length of the network
theoretically (Varaiya, 2013; Le et al., 2015).

The max-pressure control was originally used as a scheduling policy in communication
and power networks (Tassiulas, 1992), and was originally called "back-pressure” control.
This control policy was used to activate servers to serve speci ¢ queues at nodes in multi-
hop radio networks. It was rst applied in traf ¢ networks in two studies (Wongpiromsarn
et al.,, 2012; Varaiya, 2013). These two studies used “back-pressure” (Wongpiromsarn
et al., 2012) and “max-pressure” (Varaiya, 2013) respectively, and their algorithms mainly
differ in the queuing model and the way they de ned the weight or pressure of a turn-
ing movement. In this thesis, the word “max-pressure” is used to represent both types of
controls.

A movement is the basic unit in the model for the max-pressure control, it is de ned as
a pair of lanes or links, for exampl§;j ). The weight of each movement in most existing

studies is de ned as follows:

X
w; (t) = X (1) Xjk (t)pik (1) (1.1)

+
k2

The weight of movemerti;j ) is the queue length of movemsdittj ) minus the average
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Figure 1.1: Downstream movements

gueue length of movements on downstream likks J+ For example, in Figure 1.1, the
downstream movements of moveméinf ) are movement§; k1), (j;k»), and(j; k). A

traf c signal phase is the time when multiple vehicle turning movements can move. The ob-
jective is maximizing the total value of the tei@ w; (t)s; (t) for all turning movements,
whereQj is the capacity of the turning moveme(itj ) ands; (t) is the signal activation

of the turning movemertt;j ) at timet. The controller at each intersection calculates the
optimal intersection control that maximizes the objective function of the intersection in
(1.2), wheres, is the intersection control for intersectionandS, is a set of intersection

control.

8 9
<X

s =argmax . Qywy ()3 (1), (1.2)
C ) ’

The general process of using the max-pressure control for each intersection is:
1. Collect traf ¢ information (for example, queue length information)

2. Calculate the weight or pressure of each movement and the weight of each phase

3. Activate the phase with the maximum pressure value for a xed time interval or
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assign green times proportionally to each phase in a cycle

1.4 Problem statements and contributions

Although the max-pressure control has some good properties theoretically, some assump-
tions or requirements of the max-pressure control make it hard to be applied in traf c
networks in reality: such as the data collection of queue length information for each move-
ment and xed route choices. Besides, traditional max-pressure control algorithms are only
designed for signal-controlled intersections and are not applicable for signal-free intersec-
tions. Therefore, the objective of this thesis is to propose max-pressure control algorithms
and test their performances in traf ¢ networks while relaxing some of the assumptions used

in existing studies. This thesis mainly includes the following four topics.

1.4.1 Using travel time in the max-pressure control

The rst topic looks for a replacement for the queue length information used by the max-
pressure control. The data collection of queue length information requires loop or video
detectors to be installed at each approach. Data quality greatly affects the ef ciency of
max-pressure control. However, sensors require maintenance, and their accuracy is lim-
ited by adverse road or weather conditions. If max-pressure controls can use reliable on-
line traf ¢ information which does not require the installation of sensors in the eld, the
cost of implementing the max-pressure control will be greatly reduced and there will be
a larger possibility for the max-pressure control to be used at intersections without sensor
infrastructure investments. As traditional max-pressure control uses queue lengths and its
gueue length stability has been proven in many studies (Varaiya, 2013; Xiao et al., 2014),
an inevitable problem in using travel times is that it is uncertain if max-pressure control
can maintain queue length stability. Ideally, the travel time function should represent the

available data as accurately as possible. Simultaneously, the travel time function should
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be carefully designed so that it maintains the analytical stability properties of the max-
pressure control so it is necessary to nd suf cient yet realistic assumptions for the travel

time function to retain favorable stability properties.

1.4.2 Integration of autonomous intersection management with max-

pressure control considering pedestrian access

The second topic tries to integrate the max-pressure control with the autonomous intersec-
tion management (AIM) algorithms (Dresner and Stone, 2004), which represent signal-free
intersection control algorithms to coordinate non-con icting trajectories of vehicles at the
intersection. With the advances in autonomous vehicle technology, vehicles can be pre-
cisely controlled by computers. Once vehicle trajectories are determined, vehicles can
follow these assigned trajectories and avoid collisions without the safety buffers of traf c
signal phases.

Most AIM models do not consider pedestrian access, but pedestrians may still require
intersection access due to the costs of constructing separate right-of-way for pedestrians
(e.g. tunnels or bridges) in the future. Having pedestrians at intersections controlled by
AIM brings a lot of unpredictable risks. If an AIM-controlled intersection calculates ve-
hicle trajectories only based on vehicle information and does not consider pedestrians, the
calculated vehicle trajectories are not compatible with intersection access for pedestrians.
To minimize the vehicle delay at the intersection, AIM models leave small gaps between
vehicles. It is hard for pedestrians to nd a safe gap for them to cross the street. The
detectors on autonomous vehicles enable vehicles to react to jaywalking pedestrians, but
the resulting unplanned stop causes the temporary breakdown of the intersection traf c.
Therefore, it is reasonable to add crosswalk activation in AIM to incorporate pedestrians
in intersection control. When one or multiple crosswalks are activated, vehicles whose

trajectories do not intersect with the activated crosswalks are allowed to move. As acti-
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vating crosswalks in AIM reduces the throughput of vehicles at the intersection because it
blocks vehicles with con icting trajectories, the max-pressure control can be applied here

to maximize the network throughput of the total combined vehicle and pedestrian ow.

1.4.3 User equilibrium analysis with max-pressure control

The third topic explores the performance of max-pressure control when the route choice of
road users is not xed. Most existing studies assume a constant average turning proportion
from one link to another when designing and testing the effect of max-pressure control,
which indicates that route choice behaviors of road users are xed regardless of travel times.
However, this assumption may not be realistic when road users react to the intersection
control by picking the path with the smallest travel time, which is composed of the travel
time on the link and waiting time at the intersection. When intersection control is used in
practice, the route choice behavior of road users may offset its control effectiveness. For
example, the ef ciency of a xed-time traf ¢ signal can be greatly affected if most travelers
switch from an entry lane with a long green light time to another entry lane with a short
green light time. With travelers' route choice behaviors, the performance of an intersection
control algorithm may not be as good as it is expected.

Traf ¢ assignment is used to analyze the performance of max-pressure control under
varying route choices. Itis the last step in the four-step method, which determines the path
that each traveler uses to reach the destination and calculates the traf c ow or the travel
time on each road. The result of the traf c assignment helps traf ¢ planners to nd the
bottleneck of a traf c network or evaluate the performance of a traf ¢ control algorithm.
Moreover, it is unknown if there is a user equilibrium in a network with max-pressure
control. The user equilibrium is de ned as the state when no traveler in the network can
reduce his or her travel time by unilaterally changing his or her path. The existence of the

user equilibrium has been validated with real traf ¢ networks for many other intersection
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control algorithms but not for the max-pressure control. Therefore, using dynamic traf c
assignment and calculate the route distribution of travelers, we can test the performance of
the max-pressure in a realistic way. Besides, it is also worth testing the effects of model
convergence on the performance evaluation when there are differences in the travel cost of

used paths.

1.4.4 Routing guidance algorithm based on the max-pressure control

The fourth topic is interested in the application of the distributed controller on modifying
road users' route choices. Road users' route choice and intersection control are two main
factors that affect the ef ciency of the traf c network. These two factors also have an
interactive relation. For example, the signal timing of xed-time controllers is calculated
based on the traf c volumes of traf c movements passing through the intersection, such as
the Webster's method (Webster, 1958). After implementing the calculated signal timing,
the route choice of road users may change based on new experienced travel times. The
modi ed route choice may result in worse overall network performance (Smith, 2015). If
intersections are able to affect the travelers' route choice, it can possibly improve the overall
performance of the network. For human-driven vehicles, it is nearly impossible to control
route choices. For autonomous vehicles, this task is much easier. Besides, it is interesting
to explore if the network performance under the control of the proposed algorithm can be
better than the user equilibrium motivated by travelers' self-interested choices, which stand
for a realistic result of traf c assignment when each traveler chooses the shortest path.

The relation between the four research topics is shown in Figure 1.2. The rsttwo topics
are based on the assumption of xed route choice behaviors, while the last two topics are
based on varying route choice behaviors. The rst topic explores a replacement of queue
length information as the input of the max-pressure control. The third topic evaluates the

performance of the max-pressure control following Wardrop's rst principle. Both the rst
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Figure 1.2: Research topics

11
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topic and the third topic assume traf ¢ networks with human-driven vehicles. The second
topic converts signal control to signal-free control for autonomous vehicles. The fourth
topic explores algorithms to modify the route choice of road users. Both the second topic
and the fourth topic assume traf ¢ networks with autonomous vehicles.

This thesis mainly focuses on answering the following questions related to mentioned

four topics.

1. What form of travel time functions can be used for the max-pressure control and

maintain network-level properties of the max-pressure control?

2. How can the max-pressure control be integrated with intersection controls for au-

tonomous vehicles and consider pedestrians on the road?

3. How do route choice behaviors affect the performance of max-pressure control in a

large network?

4. How can the max-pressure control be applied to route vehicles and improve the ef -

ciency of traf ¢ networks?

1.5 Thesis organization

The remainder of the thesis includes these chapters: Chapter 2 brie y introduces the rele-
vant literature about the max-pressure control, the autonomous intersection management,
traf c assignment problem with intersection control, and the routing guidance algorithms
with max-pressure control. Chapter 3 includes the network model, the signal control, and
the de nition of the stability region. Chapter 4 illustrates the assumptions that travel time
functions should follow to maintain the theoretical network queue length stability. It also
shows the analytical results and the results of numerical experiments. Chapter 5 proposes

an AIM algorithm with max-pressure control considering the pedestrian access and proves
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the stability of the proposed algorithm. Chapter 6 uses the dynamic traf c assignment
to evaluate the performance of max-pressure control. Chapter 7 prepares a network in
a microscopic simulation software and compared the performances of different types of
max-pressure control with other distributed controllers in a network with realistic settings.

Chapter 8 proposes a routing guidance algorithm based on the max-pressure control.



Chapter 2

Literature Review

This chapter introduces the existing studies related to relevant topics, including the formu-
lation for the weight and the pressure, the validation for the network-level properties of the
max-pressure control, autonomous intersection control, traf c assignment model consider-

ing the intersection control, and routing algorithm with max-pressure control.

2.1 Weight/pressure functions in max-pressure control

Among studies that applying the max-pressure control to traf ¢ networks, two types of
gueuing models are used, which calculate the queue evolution for a link (Wongpiromsarn
etal., 2012) and for a turning movement (Varaiya, 2013) respectively, as shown in equations
(2.1) and (2.2a). In equation (2.X,(t) is the queue length on linkat timet, 1;(t) is the
number of arriving vehicles at time andO;(t) is the number of exiting vehicles at time

t. In equation (2.2a)x; (t) is the queue length of moveme(itj ), y; (t) is the number of
vehicles exiting the queue of moveméni ), andd;(t) is the number of arriving vehicles

on entry linki, which is assumed to be independent identically-distributed random variables
with respect td. p; (t) is the proportion of vehicles on linkgoing toj, whose average

value is assumed to be xed.

Xi(t+1)= x(t)+ i) Oi(t) (2.1)

14
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X
Xj(t+1)= x; () vy )+ y()p(t) 8i2Lish2 ;)2 [ (2.2a)

h2

Xj (t+1) = x5 (t) (1) + di(t)p; (t) 8 2Lenryj 2 | (2.2b)

As queue models determine the form of weight functions, there are two forms of weight
functions used in the literature. Some studies follow the form of the weight function in
Wongpiromsarn et al.'s study, which is the difference of pressure functions on the upstream
and downstream links of a turning movement (Gregoire et al., 2014a,b; Zaidi et al., 2016).
As shown in equation (2.3¥;(t) andx; (t) are queue lengths or other traf c states for link
i and its downstream link respectively. This form is used in most studies that call their
control policies as “back-pressure control”. In these studies, the pressure of the turning
movement is rst determined, then the weight of each phase is determined. Gregoire et al.
(2014a) used a linear pressure function with a strictly positive slope. Gregoire et al. (2014b)

later designed a convex normalized pressure function.

Wy ()= X0 X () (2.3)

The second type of weight function was rst proposed by Varaiya (2013). He formu-
lated the weight as the difference between the queue of the current turning movement and
the weighted average queue length of downstream turning movements, which is shown in
equation (1.1). In equation (1.1 (t) andx (t) are queue lengths or other traf c states

of turning movemen(i; j ) and downstream turning movemditk ) respectively. Many
studies follow the same form of the weight function in Varaiya's study (Xiao et al., 2014;
Le et al., 2015; Pumir et al., 2015; Le et al., 2017; Hsieh et al., 2017; Rey and Levin,
2019; Lioris et al., 2016; Kouvelas et al., 2014), which is the traf c state of the current
turning movements minus the weighted average traf ¢ state of downstream turning move-
ments. The pressure calculation is after the weight calculation of each link or turning

movement. Xiao et al. (2014) proposed a weight function that included the capacity of the
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turning movement. Le et al. (2015) and Pumir et al. (2015) both developed cyclic phase
max-control policies. Le et al. (2015) proportionally assigned the available green time to
prede ned phases based on their weights and Pumir et al. (2015) solved a linear program
with a constraint of minimum activation time to obtain the optimal control. Hsieh et al.
(2017) considered the switch-over delay between phases. Le et al. (2017) incorporated a
utility function that was able to react to drivers' route choices. Then the optimal signal
control was determined by solving a minimization problem including both the utility func-
tion and the weights of available phases. Li and Jabari (2019) designed a position weighted
max-pressure control policy. The weight function needed the input of the traf ¢ density
distribution of a link. Rey and Levin (2019) proposed an intersection control algorithm
that integrated autonomous intersection management (AIM) with the max-pressure control
considering both autonomous and legacy vehicles. Table 2.1 shows different weight and
pressure functions in existing studies. To help with the understanding of the form of these
weight and pressure functions, notations in difference papers are uni ed and the uni ed

notations are shown in Table 2.2.
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2.2 Network-level properties of the max-pressure control

One of the main properties of max-pressure control is its queue length stability, as de ned

in equation (2.4). The queue length is stable if the expected value of the total queue length

is bounded.
2 3
1 X X
lim sup — E4  x;(t)d<1 (2.4)
T!1

t=0 (i:j )

Some studies proved the stability of the control algorithm analytically under the as-
sumption of in nite queue capacity (Varaiya, 2013; Le et al., 2015; Hsieh et al., 2017) or
nite queue capacity (Xiao et al., 2014; Li and Jabari, 2019). Some studies showed the
gueue length became stable using simulation (Lioris et al., 2016). Existing studies proved
the stability of queue length considering only vehicle queues, but Chapter 5 proves the
network-level queue length stability considering both pedestrian and vehicle queues.

Due to the challenges in establishing analytical proofs of stability, some studies used
only simulations to evaluate performance. Lioris et al. (2016) used simulations to test the
ef ciency of adaptive max-pressure control on a road section with 16 intersections and 76
links. Queue lengths were shown to be bounded in the simulated examples. Sun and Yin
(2018) applied the max-pressure policy of Varaiya (2013), the cyclic phase max-pressure
control of Le et al. (2015) and a modi ed non-cyclic max-pressure model in the simu-
lation. Their simulation results showed that Varaiya's policy resulted in network gridlock.
The modi ed non-cyclic max-pressure policy outperformed the cyclic max-pressure policy.
Kouvelas et al. (2014) applied the max-pressure control on an arterial road with 4 intersec-
tions. The pressure calculation in their study considered both the link storage capacity
and the link queue length. The duration of each phase was calculated by proportionally

assigning the available green time based on the weight of each phase.
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2.3 Input data for the max-pressure control

Most relevant studies relied on queue length information, but Wu et al. (2017) proposed a
control policy using vehicle delays. The weight of turning movengemt) was de ned as

the sojourn time of the head-of-line vehicle in quéu¢). They claimed that their delay-
based control addressed the problem of excessive delay of some queues in queue-based
control. The uid limit model was used to prove the delay-based control was through-
put optimal, but the complex nature of vehicle delay and the effects of rst-in- rst-out
behavior resulted in signi cant limitations on their data inputs. They primarily used the
sojourn time of the head-of-line vehicle as a proxy for the queue length, which is hard to
collect because the head-of-line vehicle needs to be tracked all the time. Unlike Wu et al.'s
study that proposed one form of the input data, Chapter 4 in this thesis requires only mild
assumptions for a function to be used in the max-pressure control while maintaining the
gueue stability of the network. The conclusion can help to determine the feasibility of

different data resources to be used in the max-pressure control.

2.4 Autonomous intersection management (AIM)

AIM is a type of signal-free intersection control algorithm. Its application is based on
the autonomous driving technology to precisely control vehicles' movements and V2l or
V2V technologies to transmit messages between intersection controllers and approaching
vehicles. AIM algorithms coordinate vehicles with con icting trajectories to avoid crashes.
As AIM algorithms consider minimizing vehicle delays or vehicle gaps as their objectives
and allow vehicles with con icting trajectories to move in the same time interval, they are
more ef cient than traditional intersection controls, as highlighted by many studies in their
simulations (Fajardo et al., 2011; Li et al., 2013; Kamal et al., 2015; Wu et al., 2015; Levin
and Boyles, 2016; Fayazi et al., 2017).
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Dresner and Stone (2004) considered an intersection with autonomous vehicles as a
multi-agent system and proposed a reservation-based approach to coordinate the reserva-
tion of tiles at the intersection for vehicles. Initial studies focused on con ict-free protocols
for vehicle trajectory reservations (Dresner and Stone, 2006) with extensions to emergency
vehicle and human vehicle access (Dresner and Stone, 2007a,b). AIM was also used to
manage inter-connected intersections in a network (Hausknecht et al., 2011) or other types
of intersections, such as roundabouts (Bento et al., 2012). The effects of AIM under the
context of dynamic traf c assignment was also explored (Zhu and Ukkusuri, 2015).

AIM was formulated with multiple models, such as linear programming (Jin et al.,
2012), mixed-integer linear programming (Zhu and Ukkusuri, 2015; Fayazi et al., 2017;
Levin and Rey, 2017), mixed-integer nonlinear programming (Mirheli et al., 2019). Other
studies formulated this problem in a model predictive control framework (Kamal et al.,
2013, 2015) or as a dynamic optimization problem (De Campos et al., 2017; Wuthishuwong
and Traechtler, 2013; Mirheli et al., 2018).

Different models of AIM provided different outputs. Some models calculated vehicle
arrival times at con ict points or depart times and exit times at the intersection (Jin et al.,
2012; Levin and Rey, 2017), while some models gave the number of vehicles allowed to
move (Zhu and Ukkusuri, 2015). The objectives of these models included maximizing
the total throughput (Fayazi et al., 2017; Levin and Rey, 2017), minimizing total travel
times (Jin et al., 2012), minimizing fuel consumption (Zhang et al., 2016), and minimizing
potential risk (Kamal et al., 2015).

AIM is originally designed for an intersection with 100% autonomous vehicles so that
vehicles can follow the controller's instructions. There are studies that consider AIM with
human vehicles that are not equipped or partially equipped with V2V and V2I communi-
cation facilities and do not have autonomous driving modules (Dresner and Stone, 2007b;
Bento et al., 2013; Qian et al., 2014; Levin and Boyles, 2016). As human drivers are sub-

ject to high control uncertainty, these studies considered the vehicle dynamics of human
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vehicles and intersections used traf ¢ lights to communicate with human vehicles. Due
to the challenges of incorporating human vehicles in AIM, Chapter 5 focuses on the case
where all vehicles are autonomous and can communicate with the intersection manager.
Existing studies of AIM optimized vehicle trajectories with all autonomous vehicles or
a mix of autonomous and legacy vehicles under various objectives, but none of them con-
sider pedestrians in their model. Chapter 5 proposes an AIM algorithm with pedestrians.
Furthermore, Chapter 5 goes beyond adding a simple pedestrian phase to AIM by allowing
simultaneous activation of crosswalks and non-con icting vehicle movements. Adding the
crosswalk activation may change the performance of the AIM, which is originally designed
for improving vehicle ef ciency. For example, the activation of crosswalks may prevent the

controller from activating con icting vehicles.

2.5 Intersection control and user equilibrium

The third topic in this research is about user equilibrium with max-pressure control. In
traf c assignment, the travel time and the traf c ow on each link are calculated. User
equilibrium is a widely accepted rule for the traf c assignment. Based on Wardrop's rst
principle, a user equilibrium is achieved when no road user can reduce his or her travel
cost through unilaterally changing his or her route. In user equilibrium, all used paths
connecting the same pair of origin and destinations have the same travel times. When
adaptive intersection controls are applied, the traf c assignment calculation becomes more
complex because of the interaction between the intersection control and the route choice
behaviors of road users. When road users switch from paths with large travel times to
shorter travel times, the traf c assignment changes. Adaptive intersection controls react to
the change in the traf c assignment by updating intersection controls, which changes the
travel times of road users and leads to further changes in the traf ¢ assignment.

There are some studies on combined traf ¢ assignment and intersection control prob-
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lem, but these studies did not focus on max-pressure control. For traditional signal controls,
the combined traf c assignment and intersection control problem with traditional intersec-
tion controls were explored in many studies. Allsop (1974) was one of the rst that de-
signed traf ¢ control when considering the effect of traf c assignment. The calculation of
traf ¢ control parameters incorporated the traf c assignment variables. Smith (1979) gave
an example in which Webster (1958)'s method did not maximize the travel capacity of a
network with three one-way links because changes in route choice reduced the effective
network throughput. In existing studies about the combined traf ¢ assignment and inter-
section control problem, some studies created a bi-level optimization model and solved it
by using iterative algorithms (Meneguzzer, 1995; Taale, 2008). Meneguzzer (1995) for-
mulated a network equilibrium problem with asymmetric cost functions which considered
both intersection operation and user-optimal route choice. The diagonalization algorithm
was applied to solve the model. The algorithm was then applied to a test network of sub-
urban Chicago and the result showed that user equilibrium was achieved in this network.
Xiao and Lo (2015) built a day-to-day traf ¢ dynamic model to incorporate both day-to-
day route choice adjustments and traf ¢ signal adjustments. They showed the importance
of identifying the xed points for designing intervention strategies. Li et al. (2015) inte-
grated vehicle route guidance with traf ¢ signal optimization. The model was established
as a space-phase-time hyper-network. A Lagrangian-relaxation-based optimization frame-
work was used to decouple the problem. The model was tested on medium-size networks
and the results showed the high ef ciency of the solution algorithm.

Other studies solved the model as a global optimization problem. Chen and Ben-Akiva
(1998) formulated the combined problem as a one-level Cournot game, a bi-level Stack-
elberg game, and a Monopoly game. Gartner and Al-Malik (1996) proposed a combined
model for signal control and route choice. The signal control models used ow variables
as the input and the traf c assignment used travel times on both links and intersections

and considered symmetric intersections between adjacent links. Aziz and Ukkusuri (2012)
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presented a mixed-integer program that used a travel time function incorporating the inter-
section delay and phase lost time. Ukkusuri et al. (2013) proposed a bi-level optimization
model that included the network loading, the dynamic user equilibrium, the signal control
models. The problem was formulated as a Nash-Cournot game and a Stackelberg game.
The algorithm was tested in two small networks. Smith (2015) proposed a pressure-based
Po policy to calculate the stage green-times that took in vehicle delays at intersection en-
try lanes. The policy was proven to maximize the capacity in the vertical queuing case
and the network was able to converge to equilibrium. Smith and Watling (2016) compared
the responsive control polidyy with modi ed max-pressure controls proposed by Varaiya
(2013) and Le et al. (2015) by applying three controls on a one-node network. The forms
of the original max-pressure control policies in studies of Varaiya and Le et al. were mod-

i ed to tin their network model. They showed that both max-pressure controls failed to
maximize the throughput but th#& policy could.

The study of Smith and Watling (2016) was the only one that explored the user equi-
librium in a network with max-pressure control. They used a small network with one in-
tersection to analyze the stability and convergence of the traf c assignment. Besides, their
modi cation to the original max-pressure controls was signi cantly different from that in
studies of Varaiya (2013) and Le et al. (2015) as the weight functions were fully changed.
As the weight function plays an important role in the properties of the max-pressure con-
trol, modifying it may lead to the wrong conclusion.

Le et al. (2017) is the only one that includes the effect of road users' route choice
behavior in the design their max-pressure control policy. Instead of maximizing the inter-
section total pressure, their control policy aimed to minimize the inequality of traf c in the

network, represented by a Gini index function.
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2.6 Routing guidance algorithms based on max-pressure
control

The fourth topic in this thesis on routing guidance algorithms based on max-pressure con-
trol. Max-pressure routing guidance algorithms were originally proposed for reducing de-
lays of data packets of traditional max-pressure algorithms in communication networks.
Because the traditional back-pressure algorithm (Tassiulas and Ephremides, 1990) explores
all possible routes connecting the origins and destinations, it may send data packets to long
routes, which increases travel times and delays, although it has proven queue length stabil-
ity. The max-pressure routing guidance algorithms are able to guide vehicles to use shorter
routes.

There are some proposed max-pressure control algorithms considering routing guid-
ance in communication networks. Ying et al. (2010) proposed a shortest-path-aided max-
pressure algorithm that categorized packet ows by the length of routes used by these
ows, and route length constraints were considered in the model. Bui et al. (2009) pro-
posed a max-pressure algorithm to reduce delays of the traditional max-pressure control.
This study constructed virtual queues for ows with all origin-destination pairs. The serv-
ing rate of each link was calculated based on the weight of each ow. In communication
networks, delays are mainly generated at servers (nodes) and the travel time between nodes
is constant, so studies in communication networks use the number of nodes in a route to
approximate the length of the route. However, in traf ¢ networks, delays are produced at
nodes and on links. Delays on traf c links result from vehicular interactions, so the travel
time of a route can not be simply represented by the number of intersections this path
passed through.

There are other studies for traf c networks. Zhang et al. (2012) proposed a max-
pressure routing algorithm considering road users' expected travel time. Zaidi et al. (2016)

created virtual queues for each traf c ow with the same origin-destination pair and the
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virtual queue information was used to calculate the phase activation. In this study, the
routing probability was calculated after the optimal phase was determined. Gregoire et al.
(2016) proposed a mixed-integer program to calculate the optimal phase and the optimal
moving directions of vehicles on each link. The split phasing was used, and all vehicles
on the same link will be allowed to move at the same time. In the study of Van Kampen
(2015), vehicles' route choices were calculated before the calculation of the optimal phase.
To calculate the turning proportion, this study rst de ned utility functions for selected
routes and calculated proportions of each route that connecting the current link to the des-
tination node. In the routing guidance algorithm of Le et al. (2017), a utility function that
measured the inequality of traf ¢ within the network was added to the objective function.
The pressure function was designed for the split phasing, in which all movements from the
same upstream link need to move together.

Among existing studies of routing guidance algorithms based on the max-pressure con-
trol, some studies determined the optimal phase and the turning proportion separately
(Zaidi et al., 2016; Van Kampen, 2015) because weight functions used in these studies
did not incorporate the term of turning proportion, which used the form shown in equa-
tion (2.3). For other studies that determined the optimal phase and the turning proportion
simultaneously, a phase weight function was used to incorporate the turning proportion
term. However, the form of the weight function was only designed for split phasing, which

restricted the application of these models to other phase settings.



Chapter 3

Network Model

This chapter introduces the main part of the network model used in the following chapters.
Network models used in the following chapters might have some differences but their basic
frameworks are the same. The network model in Chapter 5 includes both vehicles and
pedestrians, while network models in other chapters only consider vehicles. However, these
networks have apparent similarity for vehicles, which will be introduced in this chapter,
including the network structure, the model for ow evolution, the intersection control. As
the de nition of the stability region is highly based on the network model, the stability
region in four studies in this research also have similar forms, which is also included in this

chapter.

3.1 Network structure

Consider a networks = (N ;L) including a node sell and a link seL.. The link set is
further divided to three subsets: the entry link kgfqy, the internal link set i, and the

exit link setL ¢ Entry links are source links where vehicles can enter the network and
exit links are sinks where vehicles can leave the network. Internal links are links that are
either source links nor exit links, which do not connect with any source node or exit node.

It is assumed that every link has a free- ow travel time of one time step. A long link can

26
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Figure 3.1: An example of the network

be divided into several shorter links whose travel time is the free- ow travel timieand

i represent the sets of outgoing links and the incoming links of ilinkspectively. A
pair of links represents a movement. For exam@]¢,) denotes the movement going from
link i to link j . When vehicles in a movement cannot be served in time, the queue will be
generatedM is the set of all movements in the network.

Letd;(t) be the demand entering the network on lifkL ¢4y, and letd(t) be the vec-

tor of demands. For evely2 L eny, it is assumed thad; (t) are independent identically-
distributed random variables with respectttod = E[d(t)] is the vector of average de-
mand rates on all entry links. Lef(t) be the vector of turning proportions for all turning
movements at time p; (t) is the percentage of vehicles on lingoing to linkj at timet.
Similarly, itis assumed that; (t) are independent identically-distributed random variables.
Letp be the vector of average turning proportions of all turning movements, in vgjich
is the average turning proportion for vehicle on linto link j . The capacity, which is the

maximum service rate of each turning movement, is denoteg;hy
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3.2 Flow propagation

The store-and-forward model of Varaiya (2013) is used to represent the propagation of

traf ¢ ows in the network.

X
Xj(t+1)= x5 () y;(t)+ y()py(t) 8i2Liwsh2 ;;j2 {7  (3.1)

h2

Xj (t+1)= x5 (t) (1) + di(t)p; (t) 8i2Leny] 2 | (3.2)

Equation (3.1) represents the ow propagation for internal links(t) is the queue length
for movementi;j ) at timet. For internal links, queue lengij (t+1) evolves via conser-
vation of ow. For entry links, the third term in equation (3.1) is replaced by the entering
demandd;(t). As shown in equation (3.3y; (t) is the number of vehicles or pedestrians
that exit the queue at tinte which is the minimum between the queue lengjtit) and the

capacityQ; of movemen(i;j ) when the signal is activated, i.g; (t) = 1.

yi (t) = min fQy s; (1) X (t)g (3.3)

3.3 Expectation of average ow

To evaluate whether a demand vector can be address by an intersection control, the expecta-
tion of the average ow is calculated rst. This is the average ow only when the network

is stable, and this average ow cannot be realized when the network is unstable. A vector
of average turning proportions of all turning movemenind a vector of average demand

rates on all entry linksl = E[d(t)] can determine the average ow for all links and for all
turning movements. As shown in Figure 3.1, once the average demanti oatentry link

i and the turning proportions of downstream movem@ptsp;, are known, the average

ows on downstream turning movementg,;f;, are known. The relation between the
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average ow, the demand rate, and the turning proportion is shown in equations (3.4).

d| 8| 2 L entry (3.48.)
X
fj= fip 8j 2 L im (3.4b)

3.4 Intersection ow model

This section does not talk about the intersection control algorithm in detail but instead rep-
resents the intersection control in the network model. The activation of turning movement
(i;J ) is denoted bys; (t) 2 f 0;1g. Lets,(t) be a matrix denoting the signal control at
intersectiom. All turning movements activated in intersection control masi&) should
not con ict with each other.s(t) is a network control matrix, which includes control for
all intersections. Les = fs(t);8t 2 f 1;:::; Tgg denote a network control sequence that
includes signal controls for all intersections from the start to the end of the time horizon
T. s, is the intersection control sequence for intersectiorLet S be a set including all
feasible network control matrices for all intersections, wiSledenotes a set including
all feasible intersection control matrices for intersectionGiven an intersection control
sequence, the average activation rate of a turning movement can be calculated as follows:
1 X
sj = Iim — S (1) (3.5)

T T
t=1

We de ne the convex hull of all feasible control matrices@snv(S). Conv(S) is used
to connect intersection control sequence with the long term activation rate for all turning
movements, which could be fractional numbers betw@&and1.

We uses to denote a vector of average activation rates of all turning movements in
a network. By Proposition 2 of Varaiya (2013), if a network control sequence only uses

network control matrices 15, then its corresponding long term activation rate will be in
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the convex hulConv(S).

3.5 Network stability

The network-level queue length stability is a property of max-pressure control. This section
provides a framework of proving the stability of the max-pressure control.

The stability of the max-pressure algorithm is related to the network dechand the
average activation ratescorresponding to any network control sequeBcéAn average
demand vectod and an average turning proportion vegtocan uniquely determine the
ow vector including the average vehicle arrival rate for each turning movement (denoted
by f), whose calculation is given in equations (3.4).

The average ow represents the average demand for movemehor link i be stabi-
lized by some signal timing sequences. Notice that equations (3.4) do not guarantee that
ow rates of f will actually be realized. These ow rates are only achieved when the net-
work is stable. Regardless of the stability, demand for entry links can be converted into
demand for turning movements via equations (3.4). If the network is to be stabilized, the
demand for each turning movemehtmust be served with adequate capacity.

To make a network control sequergstabilize a demand vectdr, the average capacity
given to each turning movement should be suf cient to accommodate the average vehicle

arrival rate:
sj Qi  fij (3-6)

The average activation ratg of turning movementi;j ) is shown in equation (3.4). A
demand vectod is stabilizable if it can be stabilized by a network control sequedice
when its corresponding average activation atésin convex hullConv(S). The stable

region of demand is a set in which every demand vector can be accommodated by some
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network control sequenceswhose related average activation ratess in Conv(S). Let
D° denote the interior of the stable regi@n When there is a demand vectr2 D °,
the ow patternf corresponding to it satis e§;p; < s; Q;, which is also equivalent to

fipj + = s;Q; for some > 0.

De nition 1. The traf c network is strongly stable if the queue length remains bounded in
expectation (Neely, 2010):
1X?
limsup = Efjx(t)jg< 1 (3.7)
T
Strong stability implies that the queue length of the system under control does not grow

without bound in the long run.



Chapter 4

Max-Pressure Control Using Travel
Time Functions

Traditional max-pressure control algorithms use the queue length information collected by
traf c detectors installed in the eld, such as the loop detectors and video cameras. These
detectors are expensive to maintain and may have low accuracy or a limited detecting range.
Besides, the max-pressure cannot be applied to intersections without these detectors. On-
line traf c information from geolocalisation or navigation apps provides another type of
data resource that may be applied in the max-pressure control, such as the travel time in-
formation. However, it is unknown in what form can the travel time information be applied

to max-pressure control. The study introduced in this chapter explores the requirement for

a travel time function to be used in max-pressure control to maintain network stability.

4.1 Max-pressure control policy with travel time functions

This chapter uses the same network model introduced in Chapter 3, but the weight function
is different from the one mentioned in Section 2.1. Travel time measurements are used in
the max-pressure control policy by de ning a travel time function to calculate the weight

of turning movements. There are several advantages of applying travel times instead of

gueue lengths to the max-pressure control. It guarantees the fairness of different turning

32
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movements at the intersection. A turning movement with lower queue lengths will not wait
as long when the travel time function is used. The data collection of travel times, which can
be accomplished by smartphones on vehicles, do not need loop or video detectors which
are expensive to install and maintain.

We de ne j (t) as a function related to the travel time of turning movenignt) at
timet. For the purposes of proving stability, we require that functip(t) is a continuous
and monotone increasing function of the queue length. (Btbe a vector function which
includes all values ofj (t) for all turning movements. Intuitively, a long queue length
should correspond to a long delay for a vehicle in the queue.

According to Little's law, the average queue length is equal to the average intersection
travel time multiplied by the average ow rate, which indicates that intersection travel
times and queue lengths are correlated on average. The equation for the weight of a turning

movement is given by:

X
wi () = (1) ik (O Pk (1) (4.1)

+
k2 |

The equation used to calculate the weight takes the same form as that in Section 2.1,
which is the traf ¢ state for the target turning movement minus the weighted average traf ¢
state for the downstream turning movements. The optimal intersection cehftlis

calculated by equation (1.2).

4.2 Network stability with travel time function

In this section, the assumption for a travel time function to maintain the network queue-
length stability is proposed. The queue length stability is de ned in equation (3.7). The
evolution of vehicle queues can be described by a discrete time Markov chain with the

state vectok(t). Letv(x(t)) Orepresent a Lyapunov function. The one-step conditional
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Lyapunov drift can be de ned as follows:

( x(®), EXx(t+1)) v(x(®)jx(1)] (4.2)

Lemma 1. For a given Lyapunov function(x (t)), assume/(x(0)) is a nite value. If there
exists a constant8 < 1 and > 0 such that the Lyapunov drift satis es equation (4.3)
for all time intervalt and all possible values 0{(t), then the traf c network is strongly

stable.

(x(®)) B jx(1)] (4.3)

Proof. We could add up both sides of the inequality (4.3) for all time steps fren® to

t =T 1and taking expectations, then we can get:

X1 X1
(x@®) = (ENMx(@E+1)jx®O] EMX(©)ix(®)])
t=0 t=0 % 1
= Evx(M)]  EDNX@O)] TB Elix(®i] (4.4)

t=0
Then we can get:

1 X!

?

O O+ TEMXO) TEMXT) ©+ TEMXO) (@5)
t=0

When taking the limit oft ! 1 on both sides, the second term on the right hand side
becomes zero, then we can get:
)’( 1

imsup~ x(0)j = (4.6)
o T
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Based on Lemma 1, when the state has a large value, the Lyapunov drift will be a neg-
ative value and the Lyapunov function will decrease. In this thesis, the Lyapunov function
is de ned asv(x(t)) = '_P i (U)X (1).

we decompose théul_)yzgpunov drift as follows:

( X(t2))= Ev(t+1) v(B)ix(1)]

X
= g4 (i (t+1) 5 (O)x; (D)ix(t)>

2 (i )2M 3
X -
+E4 (i (t+1) x5 (1) 5 (Djx(t)2
2(i;j )2M 3

+

X
E4 (g (t+1) O (t+1) Xy (0)ix(1)°
(i )2M

= 1+ 2+ 3 (47)

1, 2, and 3 are proved to be bounded or followed the form in equation (4.3) using
the properties of function; (t). The uppers bounds or simpli ed form of;; ,, and 3

are includes in Lemmas 2, 3, and 4, based on which Proposition 1 is proposed.

Lemma 2.
2 3

X
;= E4 (g (t+1) GO (t+1) x5 (D)X KiKjMj
(i )2m

Proof. 3 is transformed as follows:

2 3
X
E4 (i (t+1) O (xy(t+1) xy (0)ix(0)3
(i )2Mm
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2 0 1 3
X X
= E4 (jt+1) (1)@ y )+ yhi P ()A jx(t)°
(i )2L in L h2
2 : 3
X
+ E4 ((t+1) ) yy () + dyj (1) jx()> (4.8)

(|,] )2L entry L

Let Qij denote this upper bound for the capacity of turning moveniien) and letd =

arg may; fd; (t)g denote the largest demand rate going to an entry link.

0 1 8 9
X < X =
@ v, (1) + ynipj (DA max, Qy; Qni. ;8 2L (4.9)
h2 | ' h2 | ’
n )
( yj(M)+ dj(t) max Qij ;d\ij ;81 2 L entry (4.10)

n =) 0

Therefore,(x; (t +1)  Xx; (1)) max Qij; h2 | th;aij = K;. To nd a bound
for the term( j (t +1) i (1), itis necessarX to rglate functiori]o(t) with x; (t) as
xj (t+1)  x;(t) is bounded by the terrmax Q;; | Qn:d; . As we assume
function j (t) is a continuous and strictly increasing functiorxgf(t), ( j (t + 1) i (1))

is also bounded. L&, to denote the upper bound. Lipdj denote the total number of

turning movements. Therefore,

2 3
X
;= E4 (i (t+1) GO0 E+1) x5 (D)x(1)D KK oM
(i5j )2m
O]
Lemma 3.
2 3

X . X . .

,= E4 (xj (t+1)  x; (1) § (Qix(t)° z j i

(i )2m (i )2m
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Proof. At rst, - is transformed as follows:

2 3
X
E4 (xp (t+1)  xy (1) 5 (B)ix (1)
(i )2™m
0 1 3
X X )
= g4 @ y; (1) + yni P (DA 5 (D)jx (1)
()20 in L h2 2 3
X
+ E4 (yi () + di () 4 (Dix(1)D
(i )2L entry L
2 0 1 3
X X
-E8 7 vl 0+ RO 0Kix®8
(i5j)2m k2 |
2 3
X
+ E4 d; (1)  (£)jx(t)>

(i3 )2L entry L

: P .
Sincew; (t) = j (1) k2 * ik (t)pik (t), we obtain:

2 3
X
E4 (i (t+1) X (1) § (Djx(1)° =
(i )2m
3
X | X
E4 yi () wi (1)ix(t)° + dj (1) (4.11)
(i )2M (i3 )2L entyL

The second term of equation (4.11) can be transformed to obtain wejgh.

X X X X
dj (1) = dip i (1) = fipy i (1) fipk j (1)
(i )2L enwy L (i )2L enuy L (i5j)2™m (hk)2L int L
0 1
X

X X
fipi i (1) @ fipi A Pk k(1)

(i )2M (Bk)2Line L (if)2M
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X
= fipy wi (1) (4.12)
(i )2M
After rewriting the second term in equation (4.11), we can combine two terms in equation

(4.11), after which the intersection control can be included.

X X
fipy wy (t) E [y (£)jx(t)] w (1)
(i )2m (i )2m «
= (fi  Elyy (XD wy (1) (4.13)
(i )2M

As the demand vectat is stabilizable, i.ed 2 D°, s; Q; > fj from equation (3.6). We

introduces;; (t)Qj; in equation (4.13) to obtain equation (4.14).

X
(fi  Elyy (Dix(®)]) wy (1) =
(i5j )2m X
[(Fiy s (DQy) + (s ()Q;  Efyy (DIX(OD] wy (1) (4.14)
(i5j)2™m

Inequalitiess;; (t) Q;; E[y; (Djx(t)] andw; (t)  x; (t) always hold. The relation
betweers; (1)Q; andyj (t) is affected by the value ofj (t), as shown in equation (4.15).

(si (DQ;  Elyj (t)JéX(t)]) w; (1)

2 fx i‘
=_ PO (4.15)
C(si()Q;  Elyy (Dix(D)]) wi (t);  otherwise

Therefore,P iiyzm (Si (DQ  Elyy (1)ix()]) wy (t) (whenx; (t) < Qj ) is bounded:

X
(si (1)Q;  Efyy (1)jx(1)]) wy (t)

(i )2M
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X
(si (Q;  Elyy (Dix(1]) xi (1) (4.16)
(i )2m
Whenx; (t)  Qj, the term in equation (4.15) is zero. When(t) < Qj, the term is a

positive value. Therefore:

X X
(si (DQi  Elyy (1)ix(1]) i (t) Q; (4.17)
(i )2m (i )2M
The term(f; s (t)Qj; ) wy (t) is affected by the intersection control policy. If the max-
pressure control is used, the phase with largest pressure is activated at every time step. As

the demand is feasible, there should be a stationary cantoostabilize the network, and

the relation between the average service rate and the average ow rate should be

8
2 fij + ; if Wi > 0

Sij QI] = S (418)
-0 otherwise

Let s; (t) be the calculated optimal control for turning movemg@nt) at timet, which is

included in the optimal contra’(t). Then we have:

X X
fipg  sf (DQy wy (1) [fipy s (1)Qy Iw;
(i5j)2™m (i5j)2™m
= w; (1) + fipy wy (t)
(ij)2M w0 (i)2M Swj <0
X - -
= wi; (t) fipy jwi (1)
(I,] )ZM TWjj >0 (I,] )ZM s Wij <0
X

max (0; wj (t)) jw(t)j (4.19)

i2L int[L entry
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Because the weight is a linear function dft), then we can nd > O that satis es:
w(®)i M
Then equation (4.19) becomes:

[Fimg sy (0)Qy Tw (1) j (1) (4.20)
(i )2m
Then, the upper bound for, is derived as in equation (4.21).

2 3
X X
,= E4 (i (t+1)  x (1) 5 (B)ix(t)D ; i ® (421
(i )2m (ij )2M

O]

P
The formoftheterm ;). Qﬁ j (1) issimilarto the right hand side of equation
(4.3) for the Lyapunov drift. The only difference is that the term, ,, Qﬁ ] ()]
is related to function instead ofx. However, if is a function ofx and is monotone

P
increasing withx, then ),y Qﬁ j (1)) should have the same formBs  jx(t)].

Lemma 4.
2 3

EY T (D) O OROSOS K
(i )2m
Proof. s?(t) is a vector including all optimal controls for turning movements. The expected
value of the queue length difference of two time steps is derived conditional on the average
service rate. The average demand vectbis feasible so the average ow ratg satisfy
the relationf;; < s; Q; for stationary controg; in Conv(S). sis the stationary control.

At rst, we look at the expected value of the difference in the queue length. As the average
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service rate is larger than the average demand rate, the expected value of queue lengths

between two time intervals should decrease, which is shown in equation (4.22).

b (t+1)  x; (Dix();s] 0 (4.22)

Assuming is an increasing function of x, then the control sequesi@an reduce the

average value of function.

E[;(t+1) 4 (@®)jx()] O (4.23)

In max-pressure control, the value of the objective term using the optimal control sequence

s’ should be larger than any other control sequenttet can address the demand.

0 1
X X
s; Qj % ij (1) Pik jk (t)g
(i )2M k2 |
0 1
X X
Sjj Qj %ij (t) Pk ik (t)g (4.24)
(i )2m K2 ,+
0 1

P P
The terms; (1)Q; in  s; ()Q; @ (1) P (t) x (YA can be replaced by
ij k2 *

0 1
. P P
yij (t) and the difference between two termss;; (t)Q; @ ; (1) ik (1) i (A and
0 1 1] k2 r
P P
yi (1) @ i (1) ik (t) jk (t)A can be proved to be bounded.
ij k2

i

Asyi (1) = min (x; (t);s; (1)Qj ) ands; (1)Q;  y; (1) O, we get:

Si (0)Q; i (1) = s (1)Q;  min(x; (t);s; (1)Q;) O (4.25)
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The activation of turning movemesy is highly related to its weight. If weight; (t) <

0,s; =0. If weightw; (t) 0,s; 2f0;1g. 0 1

P P
Therefore, we can get a range for(s; ()Q; i (1)) @ ; (1) ik (1) & (DA,
ij k2 [
which is shown in equation (4.26). The lower bound for the difference is 0.

0 1

X
(i (DQ ¥4 (1) @ ()
(ij )M k2 !
8
2=0; if w; (1) < 0_ y; (1) = s (1) Q;j

X
Pk (1) i (t)g

(4.26)
0; otherwise

P
The terms; (1)Q; is less thanQ; and the term j (t) Pik (t) jk (t) is less than
k2

]
j (t). As (t) is a monotone increasing function ®{t), we can nd a constant to
satisfy j ()] | x(ty. Whenx; (t)  Qj, sj{t)Qj V;(t) = O, therefore the term

P P
(s (M)Qy i (1) @y () pi (1) ik (A only collects the values when; (t)

ij k2 |

Xj (1) Qj.As j(t) Qi we can get the upper bound as shown in equation (4.27).

0 1

X
(si (DQ; i () @ (1)

(i )2m k2

X X 2
o () 1 (DK ok, @4.27)
: i

Whens; (1) Qj yii (), the queue; (t) is larger than the capaci®; . If function
is monotone increasing witk, the maximum value of; (t) can be calculated ag (Qj;; )
given the maximum value fotp(t), which isQ . 1

P P
We can rewrite  s; (t)Qj @ i (1) Pik (t) ik (t)A as follows:

1] k2 i
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0 1
X X
sij (1) Qj % i (t) Pk (t) K (t)g =
(i )2M k2
0 1
X X
ik (1) ?@Sjk Qi P Sij (1) Qj g (4.28)

ik i2

0 1

P P ) .
The range for the term (1) @sy (1)Qic  Pix si (1)Q; A can be derived in
jk i2

equations (4.29).

0 1 0 1
X X X X
ok (1) %Dyj'k (t) P Yi (t)g ok (1) %Dsjk Qi Pi sij (1) Qjj g
jk i2 JkO 1|2 j
X X
KOBO e VO + Ks (4.29)
jk i2

i

If the optimal control sequence is inserted in equations (4.29), we can get the relation
betweers; Q; andy; in equations (4.30) , wheng is the ow when the optimal control

sequence is applied.

0 1 0 1

X X X
KOBLO e YO OB O m S 0Q X
jk i2 jk i2

j 0 1
X

X

X
jk(t)%yf’k(t) Pk Vi ®X + Ks (4.30)

ik i2 i

Similarly, for the stationary contra that can address the demand, we can get a similar

relation, as shown in equations (4.31).
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0 1 0 1

>_(k ik (1) %yjk (t) P X Yi (t)g %k ik (t) %Sjk (1)Qik P X si (1)Q; &
j i2 | JO 1i2 j

: ik () %ij () P 5 Yi (t)g + K3 (4.31)

jk
J i2 i

P P
We get an upper bound for i () yj?k () P y,J° (t) consider the relation
ik [
betweers’ ands, as shown in equation (4.32).

? X ?
k() Yic(t) P yi (1)

ik i

X
k(M si(MQw Pk S (Q +Ks

ik i

X
k() sk(MQk Pk Si (1)Q; + Ks
ik i !

X
k(@ vk pe y(t) + Kz (4.32)

ik i

Therefore, we get the relation betweghandy:

X , X , !
k@ Yie®  pk®) oyt
jk [
X X
k@® v opk® oy t) + Kz (4.33)
i i

Sincexj (t+1) Xk (t) =y (t)+ p (1) P yi (1),
! #
X o,
E ik (D) (X (E+1) X (1) js™(1)
i
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" #
X
E k(O X (t+1)  xp(t)js + Kz (4.34)
ik
Since j (t)Xjk (t) is xed at time stegt (with respect tqt + 1)),
" # " #
X ., X .
E k(Ox (t+1)js’(t) E k(OXk (t+1)js + K3z (4.35)

ik ik

Because we assume that(t) is monotone increasing with respectd@ (t), then:

" # " #
X X
E K (E+)xp (Djs’()  E ik (t+ 1) X (D)is + Ks (4.36)
ik jk
Then:
" #
X =
E ((t+1) k() xp (D)js(t)
jk " #
X
E ((+1) k@) xK()js + Ks (4.37)
ik
" #
By equation (4.23)E P (t+1) (D)X ()]s 0, so:
i
" y 4
E (x(t+1) () Xk (Djs’(1) Ks (4.38)
i

]

Proposition 1. if d in D°, the queue length is stable under the max-pressure control.
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Proof. Based on Lemmas 2, 3, and 4, we get:

2 3
X
1= E4 (i (t+1) 5 O)x; (Dis™®  Ks (4.39)
2(iij )2M 3
X X o
»= E4 (i (E+1)  x; (1) 5 (1) A (9] (4.40)
X (i5j )2M (i5j)2™m
3= (§(t+1) 3O+ x3(1) KiKzMj (4.41)
(i5j)2™m

P
Let K = KiKojMj + (i yom Qﬁ + K3, we can use this constant to obtain an upper

bound on the Lyapunov drift, as shown in equation (4.42).
Ev(t+1) v(t)jx()] K ] (b)), 8t2f11,2:::;Tg (4.42)

According to the de nition of strongly stability in equation (4.3), we canBet K, and

= , whichyields:
Ev(t+1) v(t)jx(t)] B i ()] (4.43)

Because we assumeg (t) is monotone increasing with respect to the queue length
Xji (t), we can nd a positive coef cient which satis es (t) x(t). Then equation
(4.43) can be transformed into equation (4.44). According to Lemma 1, the stability can be

proven.

Ev(it+1) v@®ix(® B j®] B jx(1) (4.44)
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4.3 Properties of travel time function

In Section 4.2, we proved the stability of the queue length when the travel time function
j (1) is a continuous and monotone increasing functior;aft). Equivalently, this means
that when the average serving rate is larger, the queue length decreases, the travel time
decreases. The travel time functign(t) should also be de ned in a way that is similar to
the travel times available from explicit data. Equation (4.45) shows one form of the travel

time function that satisfy all assumptions and is also related to the travel times.

ey = Xi (D)
i (1) Qi (0 (4.45)

In equation (4.45)Q; represents the maximum service rate of turning movertigh}
andx; (t) is the queue length, 5@1% can be considered as an approximation of the time
required to empty the queue. Ag(t) is a monotone increasing function with respect to
Xj (t), the max-pressure control maintains the the maximum stability property by Proposi-

tion 1.

4.3.1 Travel time function

Besides function (4.45), there are functions that represent the delay for a turning movement,
but most of these functions are not monotone increasing with the queue length. However,
we do not rule out the possibility of achieving maximum throughput when using these delay
functions. To de ne the delay function, we categorize vehicles in qug€) based their
delays, denoted by; (t). The delayl ranges froniLlto 1 . Letx{l- (t) be the number of
vehicle in queue; (t) with a delay oft . The termP !1:1 Ix i!j (t) represents the total delay

for vehicles in a queue, which is the summation of the product of different values of delays

and the numbers of vehicles with corresponding delays. As shown in equation (4.46), the
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average delay of vehicles in quef{ig ) is the total delay divided by the queue length.

P
- X i (1)
i (1) = XM (4.46)

It is obvious that the travel time function is not an increasing function with respegt(t)
because the direction of its change over time depends on the proportion of vehicles with
different waiting times. For example, at timesuppose queug; j ) has two vehicles with
waiting times of three time steps, zﬁy (t) = 2. Attimet, the average delay for the queue
is!y(t) = 3—22 = 3. Attimet + 1, suppose that one vehicle leaves the queue and two
vehicles enter the queue. Two new vehicles both have a waiting time of one time step while
the vehicle already present at the previous time step has a waiting time of four time steps,
soxif (t+1) =1;x} (t+1)=2. The average delay at tinte- 1 is ! j (t +1) = &* = 2.
Here the queue length increases by one vel{icjelt) = 2 ! x; (t + 1) = 3) but the
average delay decreases by one time fitgift) =3 ! !;(t+1)=2).

4.4 Numerical experiments

In this section, we study the effects of using different functions in the max-pressure control.
Although maximum stability was established analytically, the differences in the coBstant
could affect the average delay. The experiment uses the Downtown Austin network which
has 171 zones, 546 intersections, and 1237 links. The simulation is run under 30 total
demand rates ranging from 500 vehicle per hour to 35000 vehicles per hour. We assume that
the proportion of demand for each origin-destination pair remained xed despite increasing
total demand rates. The network was calibrated to match Austin traf ¢c data in 2011 by the
Network Modeling Center with a calibrated morning peak demand rate of 28111 vehicles
per hour. The simulation time for each run is set to be 3 hours. During the simulation, the

total queue length in the network for each 15-min time interval, average vehicle travel time,
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and average vehicle delay are recorded.

In simulations, we assume that routes are assigned to vehicles before their departure and
that route choice is xed. The average probability of each path to be picked by vehicles
is calculated in advance based on dynamic user equilibrium solved with xed intersection
control. We use the path probabilities from dynamic user equilibrium (Chiu et al., 2011)
because traf c ows are more evenly distributed among paths, which is more realistic.
However, because the store-and-forward queueing model assumes xed average turning
proportiong , we do not solve dynamic traf ¢ assignment with max-pressure control. Dy-
namic traf c assignment is only used to nd realistic valuesor

The turning proportion of each turning movement is calculated based on the probability
of each path. Led,s be the total average demand between onigamd destinatios. Let
be the set of all paths. The probability that path2 picked by a vehicle from to s is
denoted . The path owh can be calculated with = ds . Let ; 2 f 0; 1gindicate
whether linki is on path . Then the average turning proportion of a turning moverpgnt

can be calculated using the path ow:

|

After calculating the average turning proportions of each turning movement, four func-

tions are used in simulation experiments to calculate the weights of turning movements:

the queue lengthx;; (t)
Xij ()
Qj (1)
P ]
) X i (1)
the average delay functioht——~—

" X (1)

the travel time function

P
the total delay function: x| (t)
-
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The queue length and delay information are collected in real time during the simulation
based on the information of all waiting vehicles. The optimal intersection control is calcu-

lated in every time step using the collected information.

4.4.1 Queue length stability

If the max-pressure control is able to stabilize the queue length, the queue length will uc-
tuate around a constant value after the simulated network has become suf ciently saturated.
Otherwise, the queue length will continuously increase from the beginning to the end of
the simulation. Figure 4.1 shows an example of a stable queue and an unstable queue.
The total queue IengthF; @i)zm Xij (t) are recorded in experiments using the travel time
functionx;; (t)=Q; with demand rates of 23000 and 35000 vehicles per hour respectively.
Under the demand rate of 23000 vehicles per hour, the total queue length is constant at 800
vehicles after 400 seconds in the simulation. Under the demand rate of 35000 vehicles per
hour, the total queue length is always increasing.

Figure 4.2 shows the variation of total queue length in the network. In this gure, sce-
narios using the queue length function and the travel time functip(t(=Q; (t)) stabilizes
the queue length. Scenarios using the total delay and the average delay functions cannot
stabilize the queue length, and the average value and the variance of queue lengths in these
two scenarios are also larger than the scenarios using the queue length function and the
travel time function. Aftel8000seconds, differences between the total queue lengths of
scenarios using the queue length function and the travel time function and scenarios using

two types of delay functions becomes larger.

4.4.2 Average travel time

Figure 6.11 shows vehicle average travel times when using different functions in the max-

pressure control. As the demand increases, vehicles spend more time on the link and at
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Figure 4.1: An example of stable queue and unstable queue

Figure 4.2: Queue lengths of scenarios with four functions tested
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Figure 4.3: Average travel times of scenarios with four functions tested

the intersection, so the average travel time of vehicles increases. Because all these four
scenarios use the same turning proportions, the link travel times of vehicles before they
stop at the intersection are the same. Therefore, their only difference is the waiting time at
the intersection, which can be re ected by the vehicle travel time. The average travel time
of the scenario using the average delay function is larger than all the other scenarios when
the demand is larger than 23000 vehicles per hour. The max-pressure controls using the
queue length function, the travel time functiog (t)=Q; (t)), and the total delay function

have similar average travel times.

4.4.3 Total queue length

Figure 4.4 shows the total queue length in the network with different demand rates. When
the demand increases, the total queue length shows a similar trend as the average travel
time. An increase of the demand rate results an increase of the vehicle waiting time at the

intersection, so the total queue length at the intersection increases. The scenario using the
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Figure 4.4: Total queue lengths of scenarios with four functions tested

average delay has larger total queue length than other three scenarios when the demand is
larger than 27000 vehicle per hour. The scenario using the total delay has slightly larger to-

tal queue length than scenarios using the queue length function and the travel time function
(3-@)-

Both the average travel times (Figure 6.11) and the total queue length (Figure 4.4) in-
crease with the demand rate because the average service time of the system and the number
of vehicles in the system are highly related. However, in Figure 6.11, the corresponding
demand when the curve of the average delay increases with a larger speed than other curves

is 22000 vehicles per hour while that demand in Figure 4.4 is 25000 vehicles per hour.

4.4.4 Data collection for weight calculation

This section discusses the data collection for road sections that are not equipped with loop
detectors or video cameras so that the queue length cannot be directly measured. Most

online traf ¢ information is collected based on crowd-sourced GPS data. For example,
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Google Maps use the anonymized traf ¢ data collected from drivers who are using Google
Maps on smartphones. Using this method, we can obtain measurements for travel speeds
or travel times rather than traf c densities or queue length because only part of vehicles is
detected. However, these data are aggregated by links so it is hard to get the travel time or
the travel speed for each turning movement separately.

Compared with all the other functions, the input data for the average travel time function
is most easy to get. If only the online traf ¢ information is available, we can get the travel
time of a path that includes the turning movement, and then gets travel times of two routes
that end before the intersection or starts after the intersection. The average delay at the
intersection can be calculated by using the total path travel time subtracting by travel times
of two shorter paths. If the intersection is able to get the trajectory data from vehicles
with data collection equipment, traf ¢ state estimation algorithms can be applied to get the

average travel time for a turning movement.

4.5 Conclusions

To incorporate the travel time measurement in the max-pressure control, this section iden-
ti es suf cient assumptions for a travel time function to stabilize the queue length and
proved stability under these assumptions. These assumptions are relatively mild, i.e. the
travel time function should be a continuous and monotone increasing function with respect
to the queue length. We propose a travel time function including the queue length and the
capacity which is a reasonable approximation of the vehicle travel time at the intersection.
Two other functions that represent the total delay and the average delay are considered in
the analytical discussion and numerical results, but these two functions are not monotone
increasing with respect to the queue length.

Simulations are used to test the properties of the max-pressure control with four func-

tions: the queue length functioq (t), the travel time functiorg?j%, the total delay func-
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tion, and the average delay function. The vehicle travel time, the total queue length in the
network are recorded during the simulation when the demand rate increases from 500 to
35000 vehicle per hour. Based on the simulation results, the max-pressure controls using
the queue length function and the travel time function have a larger stable demand than
the max-pressure controls using the average delay and the total delay functions. When the
demand rate is in the feasible region, the max-pressure controls using these four functions
show similar performance, which means they have similar total queue lengths and travel
times. When deciding which of these four functions to use in the max-pressure control,
we prefer the one with smaller total queue length, smaller total travel time, and larger sta-
bilizable demand rates. If there is little difference between the effect of the max-pressure
controls using these four functions, using travel times in max-pressure control is an effec-
tive alternative when the queue length data is not available.

Although this section assumes constant turning proportions for each turning movement,
in reality route choices depend on travel times. Future work should compare travel times
and queue lengths in max-pressure control in networks considering the route choice be-
haviors of road users and developing methods to obtain the user equilibrium in a network
with the max-pressure control. Experimental validation of max-pressure control based on
travel times (e.g. using Google Maps data with max-pressure signal timing on actual roads)

would advance the implementation of max-pressure control.



Chapter 5

Autonomous Intersection Management
with Pedestrians based on Max-Pressure
Control

Traditional max-pressure control activates a phase with several movements and notify vehi-
cles through traf c signal lights or transmitting messages using V2I technology. When all
vehicles are enabled with autonomous driving technologies, signal-free intersection con-
trol algorithms can directly control vehicle movements. For example, AIM algorithms
coordinate trajectories of vehicles to prevent collisions and improve intersection ef ciency.
However, AIM algorithms omit pedestrian access. As coordinated vehicle trajectories are
close in time and space, pedestrians can hardly cross an intersection controlled by AIM
algorithms if there are no underground tunnels or pedestrian overpass. A convenient way
to provide pedestrian access is to add crosswalk activation to the existing AIM algorithm,
which will reduce the overall ef ciency of vehicles. The addition of the max-pressure con-
trol maximizes the throughput of the combined pedestrian and vehicle ows. This chapter
introduces the study on the integration of the AIM algorithm and the max-pressure control
considering pedestrian access. The effects of vehicle and pedestrian demands and pedes-

trian waiting time limit on intersection ef ciency are tested in this chapter.
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5.1 Network model

Consider a traf ¢ network consisting of a road network for vehicles and a sidewalk network
for pedestrians. These networks interact at intersections where crosswalks and vehicles can
conict. To distinguish the vehicle network and the pedestrian network, superscripts are
added to the notations used in the network model proposed in Chapter 3. For example,
vehicle network is represented Bfe"(N ve", Lve")  and pedestrian network is represented

by GPeY(N Ped |_Ped) - Similar to Chapter 3, the link set can be classi ed into three subsets
Lentys Lint, andL ey representing the entry, interval, and exiting links respectively. It is
assumed that every link has a free- ow travel timeldime step, which means the vehicle

link and the pedestrian link may have different lengths if vehicles and pedestrians have
different travel speeds.

In this section, it is assumed that an intersection is divided into several con ict regions
where trajectories of vehicle movements intersect with each other. Con ict regions are
incorporated in the traf c ow model for AIM, which are used to constraint the number of
vehicles with con ict trajectories passing the intersection. Cdie the set of all con ict
regions at an intersectionG; is the set of con ict regions on the trajectory of turning
movement(i;j ). Let § denote the relation between turning movemgyjt) and con ict
regionc. If turning movementi;j ) intersects with con ict regiore, § = 1. Otherwise,

i =0.

The pedestrian networ@{N Pe¢ |_Ped) consists of the set of pedestrian nodiéas
and the set of pedestrian link$, The pedestrian link set includes sidewalks and cross-
walks. In Figure 5.1, the pedestrian links in green are sidewalks, such asibks d, e,

f, g, andh. If two sidewalks are directly connected, pedestrians do not need to wait when
they walk from one to another. For example, the sidevikconnected with sidewal&
and pedestrians at sidewddkan walk to sidewalk without stopping. The pedestrian links

that intersect with vehicle links are crosswalks, such as linksk, andm. Pedestrians
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Figure 5.1: Pedestrian network
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need to wait for the activation of a crosswalk to cross the street. For example, pedestrians
at sidewalkbshould wait at crosswalkk if they want to go to sidewalk until the pedestrian
signal turns green. LatV denote the set of all crosswalks. A pair of adjacent pedestrian
links can de ne a pedestrian movement. A pedestrian movement whose direction is to-
ward a crosswalk is restricted by the actuation of the crosswalk. For example, pedestrian
movemen{b; K) is restricted by the pedestrian signal on crosswadbkit (b; g is not.
Considering the interaction between crosswalks and vehigfess used to indicate
if the trajectory of turning movemeitt; j ) intersects with crosswalk. If they have an
intercept, " =1, otherwise, [" = 0.

!ij 1ij

5.1.1 Queue evolution

The queue evolution in this network also follows the same form of the point queue model
proposed in Section 3.2. The superscrj$ added to variables to indicate the mode type,
as shown in equations (5.1), (5.2), (5.3), and (5.4).

If the link is an internal or exit link, then the queue evolution follows equation (5.1).

X
Xj(t+1)= xj(t) yj(t)+ Y (DR (1)
h2

8i 2L, [L 4w 2 {;z2fvehped (5.1)

exit

If the link is an entry link, then the queue evolution follows equation (5.2).
XE(t+1)= xE (1) yi()+ EOp; () 8 2L%,;j 2 [iz2fvehpedy (5.2)

The vehicle owyj (t) is calculated at every time step based on intersection control.

yio(t) = min - Qy (1)sy*"(t); X (1) 8i;j 2.LYe" (5.3)
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For pedestrian moveme(itj ), if both link i and linkj are sidewalkss®®

i is alwaysl. If

linkj isa crosswalksfjmd(t) depends on the intersection control. All pedestrian movements
heading for the same crosswalk have the same pedestrian signal control, \Aﬂ{j?&h);
sh(t) = SP°4t);8j 2wW;8h;i2 | ;h6i.

n (0}
Yy = min - Qy (St xy (1) 8ij 2L (5.4)

5.1.2 Estimating the pedestrian queue length

Unlike automated vehicles, which are assumed to communicate wirelessly with the in-
tersection, pedestrians may only be able to indicate their presence through the crosswalk
button. Consequently it is dif cult to count the number of waiting pedestrians, which re-
quires an estimation of the waiting queue. The estimated pedestrian queue length is used
to calculate the weight for pedestrian turning movements in the max-pressure control and
activate crosswalks.

The activation of crosswalin is represented by, (t). When the pedestrian signal is
activated at time, sPY(t) = 1. OtherwisesP*{t) = 0. The activation of the pedestrian
signal is related to the pedestrian queue, and we want the pedestrian queue length to be
bounded. To estimate the pedestrian queue, the pedestrian waiting time should be recorded.

Let Ny (t) be the waiting time of pedestrian at crosswalksince the last actuation of

the pedestrian signafy, (t + 1) can be updated with equation (5.5).

8
2 )41 FLY)Z0A L xp(t)> 0

M+ D= (t) Peq(t) P|2m im (t) 5.5)
- 0; ifsrt)=1_ |, xm(t)=0

If the pedestrian signal is not activated at the last time step, and there are waiting pedestri-
ans, then the waiting time will increase by one. If the pedestrian signal is activated at the

previous time step or if there is no pedestrian going to cross the road, the waiting time is
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set to be 0. Based on this model, the waiting time of a pedestrian queue is determined by
the pedestrian with the longest waiting time.
After the estimation of the pedestrian waiting time, the estimated pedestrian kﬁi&ue

can be calculated using equation (5.6).
d _ d i
R+ 1) = () 9 + () (5.6)

Because of the dif culty to directly measure the queue length at crosgwétle estimated

value instead of the actual value of the queue length is used. In equation (5.6), the estimated
pedestrian queufe,f]?e‘j(t+1) is the estimated pedestrian qudﬁ,-’j&d(t) added to the estimated
pedestrian entering ovyi‘j”(t) and minus the estimated pedestrian exiting 9§if(t). The
estimated entering ow ie‘,’i‘j”(t) = 7 (t)u; . 1) is the waiting time since the last activation

of the pedestrian signal at crosswallandu; is the mean arrival rate of pedestrians that

are from pedestrian linkto crosswalk and is assumed to be exogenous. The estimated
exiting ow is y2U(t) = min(’ij’ed(t); Qi s}“e"(t)), which is the minimum value between the
estimated pedestrian queue Iengi‘]?ﬁd(t) and the product of the capacity and the crosswalk
control sJPEd(t). If the crosswalk is not activated, the estimated exiting ow is zero. If

the crosswalk is activated and the estimated pedestrian queue length atdoee not

exceed the capacity, all potential pedestrians can cross the street at the current time step.
Otherwise, the number of supposed pedestrians that can pass the street is restricted by the
capacity. We assume that the expected value of the diﬁere%ce between the eistimated queue
length and the actual queue length is bounded by 0, i.e. E jxfj’ed(t) kﬁ’ed(t)j I,

In the perspective of queuing theory, the average queue length should be the product of
the arrival rate and the waiting time. As the estimated queue length is calculated using the
measured waiting time and the average arrival rate, the expectation of the estimated queue

length and the actual queue length should be equal in the long term.
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5.2 Max-pressure control policy

As max-pressure control has the property of maximizing the throughput at the network-
level (Varaiya, 2013), this chapter uses a max-pressure algorithm to calculate how many
vehicles at the intersection should be served at every time step and the actuation of the
crosswalk. The weight function is de ned in equation (5.7) for both vehicles and pedestrian

movements.

X
wi (1) = Xj (1) X (Opic (t)  z2f veh pedy (5.7)

+
k2

The calculation of the weights for pedestrian queues uses the estimated queue length
in equation (5.6). The difference between the weights calculated by the actual and the
estimated pedestrian queue length is also assumed to be bounded, W]vié-}Ffj(iS
Wi ()]

After calculating the weight for each movement, a mixed-integer linear program is used
to calculate the intersection control strategy, as shown in equation (5.8). In this program,
the intersection is divided into several con ict regions and each of them has its capacity.
Figure 5.2 shows an intersection with four con ict regions (A, B, C, and D). The trajectory
of a vehicle will pass one or several conict regions. We @&eto denote the set of
con ict regions passed by vehicle moveménj ). For example, the northbound left-turn
movement passes through con ict regions A, C, and D. The capacity of con ict region
is Q. and is determined by the capacities of turning movements that pass through con ict
region, which isQ. = max ; jc2c; of Qij 9. The total amount of vehicles passing through

a con ict region per time step is restricted by the capacity of the con ict region.

X

X
max wie(t)y; (1)  + wPEI(t)sPed(t) QPed(t)  (5.8a)

(i )2Mm n2w :m2 ,

sty QO SEKiv ) 8Gi)2M8n2w;8m2 ,  (5.8b)
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: Vi) i Qe 8c2C (5.8¢)
(i3 )2M
yi () X (1) 8(i;j) 2 M (5.8d)
sPed(t) 2 0; 1g 8n2W;8m2 (5.8e)
shed(t) = spe(t); sm;l2 ,;m6| (5.8f)
yi(t) O 8(i;j)2M (5.80)

The max-pressure control aims to optimize the total presgyreepresents the number of
vehicles in turning movemert; j ) that is allowed to move, which should be constrained
by the capacity at the con ict region and the waiting vehicles at the entry appra&h.
controls the activation of pedestrian movemg@nt n). The value fors; in equation (5.3)

can be calculate usirgy = y; =Q; . Let shdenote the max-pressure control at intergection
P P
i i i - ve edgpedyped
rin the network, which is, =arg max — ;yom Wj Wi+t mnyow W ShriQle!
Yij iSmn
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Figure 5.2: Con ict region model of AIM
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5.3 Stability region

To derive the stability region of the demand, the average ow rate of both vehicle and
pedestrian movements should be calculated using the average demand and average turning
proportion that is de ned in Section 3.1. The calculation of the average ow rate for each
movement is de ned in Section 3.3.

The activation of a movemef(i; j ) at time stef is represented bg; (t). For vehicles,
sj (t) is a fraction between 0 and 1, which represents the percentage of time used for
activating turning movemeri;j ). For example, ifs; (t) = 0:5 and the time step i80
seconds, then turning moveméni ) is allowed to move fol5 seconds in this time step.
For pedestrians, it is a binary variable whose value is eifdh@rl because it is assumed
that the pedestrian can use the entire time interval if the pedestrian signal is activated. The
turning ow or pedestrian owy; (t) is the minimum between the product of the capacity
and the movement activatid®y; s; (t) and the current queue length (t). Equation (5.9)
shows the constraint applying to the activation of movements at an intersection. The sum
of s; should be less than or equal to 1, because the sum of percentages of time occupied

by any turning movement should be less than or equal to 100%.

* si() j L8c2C (5.9)
(i )2m
Except for variables for movement activation, the notations for matrices of intersec-
tion control are the same as what are de ned in Section 3.4. For any given intersection
control sequence, the long-term average time used for serving turning movemeéand
pedestrian movemeit; j ) is calculated by equation (3.5). The requirement for intersec-
tion control to accommodate demand is given in equation (3.6). Th2 seid its interior

D° are the same as those in Section 3.5.
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5.3.1 Stability of the control algorithm

This section considers the queue length stability for the combined ow of vehicles and
pedestrians, which is de ned in equation (5.10). The stability is proved when max-pressure

control is used.

2 3
1 X X
lim sup — E4 xj ()9 < 1 ;8T 2f0;::;1g (5.10)
T t=0 (i )2L veh[L ped
Lemma 5. If E jxPed(t) RPe9 1 then expectation of the the difference between the

optimal solutions of two programs with objective functiéhsnd O for an intersection is

also bounded, wher® = max P i wi‘j’ehyij + P mn (xPed P Okﬁgdpno)ymn andO =

max Wty 4L OE XS Yim.

Proof. The general form of the mixed integer program in equation (5.8) can be expressed

as:

max hly + ¢ sped
st: Ay + GSP¢ b
y O
sred 0
y 2 RMi

SPed 2 £ 0; 1gW)

In the general formy is a vector including decision variablgg for all vehicle turning
movement.SP*¥is a vector including decision variabl&ge® for all crosswalks. Changing

the weights of the pedestrian queue is actually changing the aogtie objective function.

The vectorc is replaced byc+ cwith ¢ i‘}ed. If adding c does not change

the optimal solution, the® = . Even if adding c does change the optimal solution,

jO &jis also bounded because all constraints build a feasible set which can be enclosed
by a polyhedron. As the size of the polyhedron is limitg, Oj can always be bounded

by a value, denoted by O
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Proposition 2. If the demand vectat 2 D °, this max-pressure control is stabilizing.

If the max-pressure control is stabilizing, the queue length for each turning movement
and at each crosswalk will remain bounded in expectation. Equivalently, the control is

throughput optimal.

Proof. To calculate the queue length at titne 1, we apply the point queue model shown
in Equations (5.1) and (5.2).

Xij (t+1) = X (1) rr>1(in (Qj sij (1); X5 (1))

+ min (Qnisni (t); X (D) P (1) 8i 2 L) 2 [ (5.12)
h2

Xij (t+1) = x; (1)  min(Qy s ();x; (1)) + di()py (1) 8i 2Lenrysj 2 {7 (5.13)

Then we get the difference in the queue length between two consecutive time steps:

Xj (t+1)  X; ()? = min(Qj s;j (t); X (1))

+ min (QniSni (t); Xni (1)) Py (t) 8i 2Lin;j 2 [ (5.14)

i
h2

min (Qj sj (1); x;j (1)) + di(t)py (1) 8i 2 Lenuysj 2 7 (5.15)

Let X (t) be a vector including all queue lengths of all vehicle movements and pedestrian
P
movements. The used Lyapunov functionXs(t)j? = iiyzm (Xi (t))%. Then the Lya-

punov drift is derived in equation (5.16)

X+ jXOPF=iX@®+ 2§ X@OPF=2X@®" + j 2 (5.16)
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The rst term in the Lyapunov drift is:

X X
X = 2 Xj (t) min (Qy sj (1); X (1))
i2L jo *
X X X
+2 Xij (t) min (Qni sni (1); Xni (t)) Py (t)
h2 P2l j2 ¢
X' x _
+2 Xij (1) (- min (Qj sjj (t); X (1)) + di(t)p; (1))

i2L entryj 2 *
' 0 1

X X X

=2 min (Qij Sij v); Xij (1) % Xij (t) + Pik (t)xjk (t)g
i2L int[L entry j 2 |+ k2 J+
X X
+2 di(t)py ()x (1) (5.17)

i2L entryj 2 |+

Then the random variableis replaced with its mean valye

EX(®! X ()]

X X . .
= E [min (Qj sij (t); i (1)) ( x (1)) j X (1)]
i2L int[L entryj 2 ! 0 1

X X X

+ E [min (Qy sy (1:x; () IX OB proxi (D
2L el enuyj2 ¥ k2 [

X X _

+ E [dh (t)py X (1) ] X (1)] (5.18)

i2L entry j 2 |+

The turning proportion and the downstream queue length are taken out of the expectation

term:

E [min (Qj sj (t); Xj (1)) P (D)X (DX (1)] =
E[min (Qj sij (1); i (1)) IX (D)]pj Xjic (1) (5.19)
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P
By the de nition of the pressure, x;; (t) + |, + Pk Xjk (t) = w; (t), so we obtain:
J

EX (M) jX (tgg «
= E[min (Qj sj (t); Xij ) jX (t)Iw (t) + dipy xj (t) (5.20)

i2L intlL entry i2L entry

The last term in equation (5.18) is reformulated as:

X X
dipy xij (t) = fij x5 (t)
i2L entry i2L entry
X
= fipy X (1) fi Pik Xjk (t)
i2L int[L entry j 2L int 2 3
X X X X
= fipi X (t) 4 fipi®  pXik ()
i2L int[lL entr i2 & Q2L inL en
i [L enty 122 i2L il entry K 3
X
= fipy 4x; (t) Pik Xjk (1)
i2L intL entry k2 |+
X
= f i pij Wij (521)
i2L il entry
Therefore,

E [X (t))(' X ()]
= fipij E [min(Qij Sij ;Xij (t))JX (t)] Wij (t)
i2L int[lL entry
= fipy  Qj S (1) wy (t)
i2L intlL entry X
+ Qi s (t)  E[min(Qy sjj (t); Xi (1))]X ()] w (t)

i2L im[L entry

Q is the average value of the random varia®led is the maximum value d®. For vehicle
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ow (| J) Qvehsveh(t) — yi\j/eh(t) Xyeh(t) somin Qvehsveh(t) Xveh(t) vehsveh(t)
Then, QI*"'sfe"(t) Que"sye(t) wy (1)  Qi°'wy (t)  Qy*"Q;. For pedestrian ow
(irj ), sp*(t) 2 f 0; 1g. To get the upper boundf*{t) is pulled out.

h
QY1) E min(Q*%s Ioecl('[);X'Oecj('f))JX(t) wi (1)

= Q* E mun(Qn’e",xr}ed(t))Jxa) s WEt)

h i
er?enxij (t) fj’ed, QpeOI E min(QfJ’ed,xE’ed(t))jX(t) = 0. Otherwise, Qpeo'

E mm(Q‘;ed,xrjed(t»jX(t) = xi (1), andx; (OW() QT Q}™.

Therefore,
X . | X
Qi s (t)  E[min(Qj sij (t); x; (1) X (O] w (t) Q; G
i2L int[L entry i2L int['— entry

At each time step, an intersection control masiigt) is selected from the set of signal
control matrices. The max-pressure algorithm can get an intersection control matrix with
the maximum pressure

8 9
< X X =
s =argmax_ sij Qj Wi+ SnQwPed (5.22)
SIS (i y2m n2w

As demand vectad is in the stability region, the relation between the arrival rate and the
intersection control has the relatibyp; + = s; Q; for both vehicle turning movements

and pedestrian ows, where> 0. Inequality (5.23) holds because of Lemma 5.

2 3 2 3
E4 X f o ven )5 + £ § X f ped()
[fipy  Qy sy (DIw~ (1) + [fmPmn Qmn Sp(D)]Wia (1)
i2L X\eth[l- gﬁ?ry m2L ﬁﬁd[l- gﬁ?ry



5.3. SIABILITY REGION 71

3 2 3
X h X d d
E4 oy Qj Sewie(t)5 + EJ [P Qun SPEWES(1)5
i2L vehL veh . maL P Bed 3
X h X d d
E4 o Qy siewie(t)5 + EJ [FrPon Qo SPEWP(1)5
i2L Ve yeh, m2L PeqL Bed

+jN P9 (5.23)

s"Eh andsPed correspond to the average actuation rates of the turning moveinghand

the crosswalkh of stationary control. Iﬁ/vi‘j’e"(t) > 0, then turning movemen(;j ) will

be activated. So the average actuation rate for the period when turning movgment

is activated times the turning capacity has the rela(mrs}feh > fipy + becausesﬁeh
should satisfy thaQ; si®" > f ;p;. Otherwise, whemi*" 0, Q; si®" = 0 because
turning movementi; j ) is not actuated based on max-pressure algorithm. Similarly, for
crosswalkn, whenwPed > 0, the average actuation rate times the capacity have the relation

Qmnsi®= fip; + . Otherwisew*™ 0, Q; sf*'=0.

X
[fipy  Qy si (1w (1)
i2L int[L entry
X X
maxfw® 0g+  fip; maxf wj®" Oy
] X ] X
maxf WP 0g+  fpmn maxt WP Og
mn mn
JWI\J/ehJ JWped
As we assume thagkPed(t)  gPed(t)j !, andjwpPed  wred and based on Lemma 5,
we have
X N .
g Qisi (OIwy () Jwi™]  jwie] + N P (5.24)

i2L int[L entry
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The formula used to get the presswras a linear function of the matriX that represent
P . ,
the queue length, so we can nd; , > O such that ;,, w;*" 1jX veh(t)j and

P
mnaw WEES X Peqt)j. Therefore, we have

W RS + N Peg
X)) X P + N PO
X
Q; Qi X)) X PD)) + NP (5.25)

i2L int[l— entry

Let =min( 1; »)andlet = jNP%j , we have:

X
EfX (D) jX(t)g Q; Qy JX(1)j + (5.26)

2L int[L entry

Forj j?, we have:

X
j il =1 minfQj;s; (1), x; (t)g+ minf Qg Sk (1); Xni (t) gy (1))
h2 |
X
maxt®;; Ong 8i2Lpngj2 | (5.27)
h2 |

Jogi=1 minfQy sy (t);x; (t)g+ fj (1))
maxf Qij ;&j g 8i 2 I—entry;j 2 | (5-28)

whered; represent the maximum value of the demand.

Let 8 9 8 9
< = < X =
1 = max ;J(eh; Qx(ieh; ijeh. = max i?ed; Eied; a?j)ed
' h2 ' ' h2 '
P . ) 5 . .
Therefore, iJoil® N1 $+Np 3 , whereN  is the total number of vehicle movements
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andN is the total number of pedestrian movements.

J'X(t+01)i2 i X@iE=2xmh + | 1'21

X
2@ Qi Qi XM+ A+NyI+N, 2= X()j (5.29)
i2L int[L entry
P
where =2 , . Q;Qy + Ny 2+ Nz 3+ ; = .Nowwe have:
EjX(t+1)j% j X®%X(t) X ()] (5.30)

If we sumfromt=11toT,

xT xT
E jX(t+1)j% j X(t)j%X(t) ( IX (1)) (5.31)
t=1 t=0
IIXT #
EjX(T+1)j% j XQj3X(@) T E iX (1)j (5.32)
t=0
IIXT #
E iX ()] T +E jX)j*? E jX(T+1j*? T +E jX(@)j* (5.33)
t=0
" #
xT 1
—E iX (1)j =+ E X (5.34)
t=0

]

5.4 Intersection control: AIM- ped

In Section 5.2, the max-pressure algorithm is proposed based on the con ict region model
of AIM (Levin and Boyles, 2015) and the proposed stability properties are also based on

this model. When applied to microscopic simulation, the con ict region model of AIM has
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Figure 5.3: Con ict point model of AIM

some limitations. This model only considers the capacity constraint at each con ict region
but does not consider the order of arriving vehicles at the intersection. Therefore, the
vehicle behavior in this model may violate the rst-in- rst-out assumption in some con ict
regions. For example, if there are three through vehicles from northbound, westbound, and
southbound approaches respectively. Assume the intersection has four con ict regions,
so each pair of these three vehicles share a con ict region at the intersection. Using this
model, it is hard to incorporate time-dependent con ict avoidance within each time step.
To add pedestrians to the microscopic simulation with AIM, we create a new algorithm
called AIM-pedby combining the max-pressure control algorithm proposed in Section 5.2
with the trajectory optimization of Levin and Rey (2017) .

In the model of Levin and Rey (2017), two intersecting vehicle trajectories form a
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con ict point. Figure 5.3 shows the con ict points on the trajectories of northbound left-
turn, through, and right-turn movements at a standard intersection with four two-lane ap-
proaches. The original objective function used in their study is to minimize the exit time
of the last vehicle at the intersection. The constraints are used to ensure vehicle trajectories
are collision-free. In AIMped we control vehicles individually rather than controlling the

ow of turning movements and constraints relating vehicles to crosswalks are added to the
existing constraints. The objective function is modi ed to maximize the total pressure:

X X
max wyehzveh 4 yyhedQpedzped (5.35)

v2V n2w

In equation (5.35), the decision variables zf# andzP®9, which control the movement
of vehiclev, and the actuation of crosswalk V andW represent the sets of vehicles and
crosswalks respectively.

We rst show the constraints borrowed from the study of Levin and Rey (2017). Con-
straint (5.36) requires the calculated departure time of vetiitdee larger than its earliest
possible arrival time, at the intersection.,, is the rstcon ict point in the path of vehicle

v, thent,( , ) represents the moment when vehiclenters the intersection.
tw(,) & 8v2V (5.36)

Constraint (5.37) guarantees that if two vehiclesndv® share the same entry lane, (=

), then the vehicle that reach the intersection earlier should also enters the intersection
earlier. e, is the earliest time of vehicle to reach the intersection angl , ) is the time
when vehiclev enters the intersection,( , ) is the time that vehicle occupies the entry

point of the intersection on its path.

t( )+ v(y) tw( ) 8viVP2V i |, = e <eyw (5.37)
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Constraint (5.38) calculates the time that vehiclgpends at con ict point, denoted by
v(0). Ly(c) is the distance that vehicle travels aroundt andd,( , ; ) is the travel
distance of vehicler along its path.w is the backward shock wave speed of the related
fundamental diagram of this road, ands the set of con ict points on the trajectory of

vehiclev. The derivation of this constraint is included in Levin and Rey (2017).

Lv(© , L@t (V) ()
w (i v)

v(c) = 8v2V;8c2 , (5.38)

Constraints (5.39) and (5.40) both control the vehicle travel times. Constraint (5.39)
sets the upper bound and lower bound of the vehicle travel time through the intersection.
ty( §) t.( ) isthe time that vehicle uses to pass through the intersectiop.andU,,
are the maximum and the minimum speeds respectively. Constraint (5.40) calculates the
travel time through each con ict point,(c) is the time that vehicle arrives the con ict
pointc. dy( ,;c) is the travel distance from the entry point to conict point c. This
constraint requires that the average travel speed between the entry point and any con ict
point on the path should equal the average travel speed between the entry point and the exit

point, which pushes the vehicle to keep a constant speed.

% WD)t y) % gv 2V (5.39)
tv(gi( vt\;/(c)V) _ tv(df()v;tvvf)v) 8v2V;8c2 | (5.40)

In constraint (5.41), if vehicles andv® use the same entry lane,( = o) and vehicle
v arrives earlier, then vehich® can only enter each shared con ict pomafter vehiclev
exits. In constraint (5.42), for two vehicles with con icting trajectories, variablgsand
voy are used to represent the order of vehicles entering con ict moititvehicle v enters
rst, wo(€) = 1 and ya(c) = 0. Otherwise, ywo(c) = 0 and yo,(c) = 1. Constraint

(5.43) sets the range of arrival times of two vehicles at each con ict point with con icting
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trajectories.M o is a large number. One vehicle can only enter the con ict poiwhen

the other vehicle have passed and variablesets the passing order. If,o(c) = 1, then
vehiclev enters the con ictc earlier than vehicle® then the right hand side equals@p
and the constraint becomggc) + (c) tyw(c). If o(c) = 0, the constraint becomes
ty(c)+ v(c) Mo, which means there is no restriction on the arrival times of two vehicle

at the con ict point.

t(©+ (0 tw(©Q 8viVP2V: , = e <en8c2 ,\ (5.41)
wo(©Q+ w(Q=1 8v;vW2V: 6 sv<v®8c2 ,\ (5.42)
t(©+ v(©) two(© (@  wi(Q)Myo 8viVP2V: , 6 8c2 ,\ o
(5.43)
wo(c) 2f0;1g 8v;VP2V: | 6 8c2 ,\ o (5.44)

To integrate the trajectory planning model with max-pressure control, additional con-
straints are introduced to control the activation of vehicle movements and crosswalks. Con-
straint (5.45) controls the activation of crosswalks and vehicle moven@ftandz/®" are
binary variables indicating the activation of crosswalknd vehicle movememt ) indi-
cates whether the trajectory of vehielntersects with crosswalk which is determined in
advance. If crosswalk is activated and the trajectory of vehislés con icting with cross-
walk n, then this vehicle is not allowed to move at the current time step. Constraint (5.46)
relates the activation of two vehicles on the same entry lane. If the preceding vehicle is
not allowed to move, the following vehicle is not allowed to move either. Constraint (5.47)
plays an important role in relating the max-pressure control with the trajectory planning
model because it builds the relationship between decision variableghe current time
and tisthe length of the time interval. When vehielés not allowed to move at the cur-
rent time interval and!®" = 0, then constraint becomeg J)+ ( J) t+ t+ M,,

which means the exit time of vehicleof the intersection is not restricted in the current
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time step and vehicles that are allowed to move at the current time step have priority over
vehiclev. If z/®" = 1, then the constraint becomg$ )+ ,( ) t+ t, which means

the exit time of vehicler should be in the current time interval.

zreh 1 ZPdn 8y2V;8n2W (5.45)
Z8" oz 8viW2V i, = o6 <ew (5.46)
t(V)+ W) t+ t+(@ zZOM, 8v2V (5.47)
z#h2f0;1g 8v2V (5.48)
zP*92f0;1g 8n2W (5.49)

Compared with model (5.8), AIMpedhas a smaller convex hull that contains all pos-
sible intersection control matrices because it has more constraints. If we generate a control
policy based on the convex null mentioned in Section 5.3, this control policy may not be
feasible in AIM. If we sum up the number of vehicles on the same turning movement to get
yj ands; and create a feasible set that has the same form as the feasible set in model (5.8),
feasible set of model (5.35) is smaller than model (5.8). Therefore, the largest demand that

can be accommodated by model (5.8) and Apetiare different.

5.5 Numerical experiments

The numerical experiments are composed of two parts. In the rst part, we test the effects
of the pedestrian demand on the ef ciency of the vehicle network when there is no limit
for the pedestrian waiting time. In the second part, one constraint related to the maximum
pedestrian waiting time is added to Alpedmodel to test its effects on intersection perfor-
mance. For both experiments, simulations with different pedestrian and vehicle demands

are conducted. A multi-layer network is used in the simulation, as shown in Figure 5.4.
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Figure 5.4: 7-by-7 grid test network
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5.5.1 Vehicle network

The rst layer is the vehicle layer consisting of a 7-by-7 grid of intersections. Any two
adjacent intersections are connected by a pair of directed links that are 1800 feet long.
These directed links represent a two-way road that connects two adjacent intersections.
What is not depicted is that each of these directed links is segmented into 4 intermediate
links of equal distance (450 feet). These intermediate links are required for the assumption
that each link has a free ow travel time of 1 time step. Throughout the edge of the grid
reside vehicle centroids, denoting either a vehicle origin or destination, adjacent to every

intersection on the edge of the grid.

5.5.2 Pedestrian network

The second layer of the network is the pedestrian layer consisting of sidewalks, crosswalks,
and pedestrian nodes as depicted in Figure 5.4. The second layer overlaps the vehicle layer.
For every vehicle intersection there resides four pedestrian nodes, each of which is con-
nected by a crosswalk. In Figure 5.4, vehicle na@ad pedestrian nodés; 1b;1c;and1d
correspond to the same intersection. The solid lines connecting each pair of these four
pedestrian nodes are crosswalks. Each crosswalk is controlled by a signal, which if acti-
vated, all pedestrians who are waiting on this crosswalk can move, and any vehicles who
have turning movements that con ict with this crosswalk cannot move. Crosswalks are
either active or inactive for an entire timestep of 15 seconds. Any two adjacent groups of
four pedestrian nodes are connected by a pair of undirected links that are 1800 feet and
overlay the directed vehicle links that connect adjacent intersections. These two undirected
pedestrian links represent two sidewalks on both sides of a road. Pedestrians can move in
both directions on either sidewalk, but cannot cross the road from one sidewalk to another.
A pedestrian can only switch links, or sidewalks, by reaching the end of its current link

and either traversing a crosswalk or entering another link directly that is not blocked by a
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crosswalk (jaywalking is not modeled). Like vehicle links, pedestrian links are also seg-
mented into intermediate links. Pedestrian links are made up of 40 intermediate links of
equal distance (45 feet). We assume that a pedestrian will be able to traverse 45 feet in a
timestep of 15 seconds at a speed of 2 miles per hour. At the corner of every intersection is

a pedestrian centroid, denoting either a pedestrian origin or destination.

5.5.3 Simulation parameters

The simulation time is 3 hours with a timestep of 15 seconds. Vehicles and pedestrians
continually enter the network at varying demand rates. The vehicle demand ranges from 2
to 18 vehicles per hour per origin-destination pair and the pedestrian demand ranges from
0 to 10 pedestrians per hour per origin-destination pair. Upon creation, each vehicle and
pedestrian has a speci ed origin centroid and a speci ed destination centroid. For every
vehicle, a random shortest path is generated and followed until the vehicle reaches its des-
tination. For every pedestrian, a shortest path is selected from all predetermined paths and
followed until the pedestrian reaches its destination. Every pedestrian origin-destination
pair has 5 predetermined paths and when a pedestrian is generated, it will randomly pick
one path from the 5 possible. Due to the large number of possible pedestrian paths, and the
typical lack of congestion on sidewalks, we restrict the set of possible pedestrian paths to 5
per origin-destination.

Two sets of simulations are run. One set is run using estimated pedestrian queue lengths
kﬁ-’ed as described earlier in the paper, and results are shown in Section 5.5.4. Another
set is run using actual pedestrian queue lengths mﬁ?f’]equal to the actual number of
pedestrians waiting for the speci ¢ turning movement froto j , and results are shown in
Section 5.5.5. For every time step, mixed-integer linear programs are created and solved
for each of the intersections using CPLEX. Simulations are run on a computer with Intel

i7-8700 CPU and 16 GB RAM. Computation times are analyzed in Section 5.5.6 and the
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(a) Vehicle delay (b) Pedestrian delay

(c) Vehicle queue length (d) Pedestrian queue length

Figure 5.5: Simulation results with the vehicle demand of 10 vehicles per hour per O-D
pair and the pedestrian demand of 4 pedestrians per hour per O-D pair

con ict rate is analyzed in Section 5.5.7.

5.5.4 Results with estimated pedestrian queue lengths

The simulation is run over a time period of three hours and vehicle delay, pedestrian delay,
vehicle queue length, and pedestrian queue length are all bounded. Vehicle delay, pedes-
trian delay, and vehicle queue length become stable after around 500 seconds, or about
8 minutes into the simulation, as shown in Figure 5.5(a), (b), and (c). Pedestrian queue
length becomes stable after 4000 seconds, or 67 minutes into the simulation, as shown in
Figure 5.5(d).

In Figure 5.6(a), we can see that an increase in pedestrian demand results in an increase

in average vehicle delay. This behavior is expected because a high relative pedestrian de-
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mand would result in a higher priority for pedestrians to move at an intersection and thus
a higher delay for vehicles. An increase in vehicle demand has more of a mixed effect on
average vehicle delay. When vehicle demand is low, increasing vehicle demand decreases
average vehicle delay, and when vehicle demand is high, increasing vehicle demand in-
creases average vehicle delay. This could be because of a balancing act between two main
factors that drive vehicle delay at an intersection: queue length and vehicle weights. When
vehicle demand is low, queue lengths are low and as a result vehicle weights are low. Ve-
hicles will be given low priority compared to pedestrians and vehicle delay will be higher.
However, when vehicle demand is high, queue lengths will tend to be higher and so will
vehicle weights but since only a certain number of vehicles can move in a timestep there
could be situations where vehicles are given high priority to move but will still have to wait
for multiple timesteps because queues are long, resulting in higher delay.

Figure 5.6(b) describes the relationship between average pedestrian delay, vehicle de-
mand, and pedestrian demand. As a trend average pedestrian delay increases as vehicle
demand increases. This is explained by the fact that more vehicles at an intersection give
lower priority to pedestrians, increasing the delay. Figure 5.6(b) also implies that as pedes-
trian demand increases, pedestrian delay decreases, regardless of whether or not pedestrian
demand is high or low. This is because if a crosswalk activates, all the pedestrians wait-
ing on that crosswalk can move. As a result, there's no con ict between pedestrian queue
lengths and pedestrian weights as there is with vehicles.

Figure 5.6(c) shows the trend that the average vehicle queue length increases with the
vehicle demand. The effect of pedestrian demand on vehicle queue length is not signif-
icant. We would expect that a higher pedestrian demand would increase vehicle queue
length, since more pedestrians would result in higher priority for pedestrians at intersec-
tions and thus a higher likelihood that vehicles will not move and a vehicle queue will
accumulate. However, pedestrian demand seems to have a minimal effect on vehicle de-

mand in Figure 5.6(c).
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Figure 5.6(d) describes the relationship between average pedestrian queue length, ve-
hicle demand, and pedestrian demand. Increasing pedestrian demand increases average
pedestrian queue length, and increasing vehicle demand has a similar effect.

Figure 5.6(f) describes the relation between the difference between actual and esti-
mated pedestrian queue lengths, vehicle demand, and pedestrian demand. The difference
between actual and estimated pedestrian queue lengths increases as pedestrian demand in-
creases. This is because in our simulation using estimated pedestrian queue lengths, the
estimated pedestrian queue length for every turning movement is constant. However, for
higher pedestrian demand, once a crosswalk is activated, the ow of pedestrians to down-

stream links will be much higher than the constant estimated pedestrian queue length.

5.5.5 Results with actual pedestrian queue lengths

In Figure 5.7(a), the effect of pedestrian demand and vehicle demand on the vehicle delay
is similar to that in Section 5.5.4. An increase in the pedestrian demand results in larger
vehicle delay. An increase in the vehicle demand reduces the vehicle delay when the vehicle
demand is small but increases the vehicle delay when the vehicle demand is large. When
the vehicle demand is between 10 and 14 vehicles per hour per OD pair, the change in
the vehicle demand does not signi cantly affects the vehicle delay. Compared with the
vehicle delay in Section 5.5.4, the average vehicle delay here is larger because the estimated
pedestrian queue length is lower than the actual queue length which gives higher priority
to pedestrians in the intersection control.

In Figure 5.7(b), an increase in the pedestrian demand reduces the pedestrian delay
and an increase in vehicle demand increases the pedestrian delay. Pedestrian delay is on
average higher in Figure 5.6 than in Figure 5.7. This is because our estimated pedestrian
gueue length for an intersection is lower than the actual pedestrian queue length, as shown
in Figure 5.6(f).
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(a) Vehicle delay (b) Pedestrian delay
(c) Vehicle queue length (d) Pedestrian queue length
(e) CPLEX calculation time () The difference between the actual and the

estimated pedestrian queue lengths

Figure 5.6: Simulation result using estimated pedestrian queue length
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In Figure 5.7(c), increases in the pedestrian demand and the vehicle demand both in-
crease the vehicle queue length. Compared with Figure 5.6(c), the effects of pedestrian
demand on the vehicle delay is more signi cant in Figure 5.7(c).

Figure 5.7(d) describes the relationship between average pedestrian queue length, ve-
hicle demand, and pedestrian demand. An increase in the pedestrian demand results in
an increase in the pedestrian delay. An increase in the vehicle demand also increases the

pedestrian delay but the effect is not signi cant.

5.5.6 Discussion of computation times

Figure 5.6(e) and Figure 5.7(e) describe the relation between CPLEX computation time,
vehicle demand, and pedestrian demand. It is the average CPLEX computation time for
one time step and one intersection in the simulation. As shown in Figure 5.6(e) and Fig-
ure 5.7(e), CPLEX computation time is close to zero when the vehicle demand is small and
spikes upwards for high vehicle and pedestrian demand. This is because the high vehicle
and pedestrian demands increase the vehicle queue lengths, and every vehicle creates sev-
eral additional variables in the mixed-integer program that CPLEX needs to solve. Vehicles
with different moving directions create different numbers of variables in the mixed-integer
program which related with the number of con ict points they would pass through. As the
proposed algorithm is a distributed algorithm, we only need the CPLEX computation time
for an individual intersection to be smaller than the step size if we want to implement it in
real-time. In the simulation, the average CPLEX computation time per intersection under
all demands is far smaller than the time step size (15 seconds), which indicates that the

algorithm can possibly be used in real-time.
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