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Project Summary

A number  is said to have the constant-sum property if for every possible partition of , there exists disjoint subsets of the first  integers, such that the sum of the elements in each subset have the same remainder when divided by  (This means they are congruent with some constant integer  modulo ).

For the case when  is odd, Kaplan, Lev, and Roditty [1] proved in 2009 that there exists a constant-sum partition for  if and only if only there exists no more than one singleton set. For the case when  is even and split into an odd number of subsets, Freyberg [2] proved in 2019 that an -sum partition exists for  if and only if there exists no more than one singleton subset. 

This leaves open the case when  is even and each subset has an even number of elements. My UROP project focused on the case when n is even and broken into groups that each have even cardinality, that is, they each have an even number of elements.

Results

Alongside Professor Freyberg I developed a method to generate an even-cardinality constant-sum partition for any given even  and even  between 2 and , the necessary constraints for any constant-sum partition.

The first step is to decide on a number . This  should be an even number congruent with 0 (MOD 4), since these are the only numbers for which there are open cases in the constant-sum partition problem. Then, select an even number .

The next step is the find the smallest possible constant sum  for a given number of partitions of a number . To do this, simply start at 1 and check if a chosen value multiplied by the number of partitions equals  modulo . If your chosen value does not, then increment by 1 until you find one that works. The set of possible t values for a given n and p can be described with set notation as follows: {}. If you reach  without finding a value that meets these requirements, then it is safe to conclude that there does not exist a constant-sum partition for a given  and .

Now, with our , , and  determined, we can move on to generating our constant-sum partition. We do so by generating 3 sequences and combing their outputs into pairs of numbers. The required definitions are below:

Let 
Let , , and 

We use these sequences to fill out a chart as shown below with an example. For this example, we will use , , and .
For the purposes of this chart % denotes the modulo function.

	
	 % n
	 % n
	
	
	

	0
	0
	6
	0
	0
	6

	1
	18
	12
	0
	18
	12

	2
	12
	18
	1
	13
	17

	3
	6
	0
	1
	7
	23

	4
	0
	6
	1
	1
	5

	5
	18
	12
	1
	19
	11

	6
	12
	18
	2
	14
	16

	7
	6
	0
	2
	8
	22

	8
	0
	6
	2
	2
	4

	9
	18
	12
	2
	20
	10



The 10 pairs we use to start out our 10 groups are shown by the two right-most columns in the above chart. This leaves 4 numbers left to be grouped, which can conveniently be grouped into pairs that sum to  as shown: , . To any of our ten groups we can append {3, 21} or {9, 15} without changing the sum modulo 24. With this one chart, we have all the information we need to create a 6-sum partition of 24 into any possible arrangement of 10 even-cardinality groups. This method works for any possible constant sum, but 6 was chosen for simplicity.

In addition to the goal of this UROP project, I also discovered an easy way to create partitions with up to 2 odd-cardinality groups. The method is as described above, but upon completion you can move the number 0 from its group to another. Since it’s 0, the sum of both affected groups will not change, but they now both have odd cardinalities.

In discussion with Professor Freyberg we managed to prove that there does not exist any constant-sum partition of  and . It was also shown for  and . It’s been shown to be true up to  with I suspect that this holds for any  and , but have not yet proven the claim. With what’s already been shown, we eliminated over half of the infinite number of open cases when  and .

Evaluation of Educational Objectives

I believe that I have exceeded my educational objectives by going beyond the research question posed in my proposal. Not only did I develop a method to effectively construct constant-sum partitions of even cardinality, but I also discovered a method to generate constant-sum partitions with 2 odd-cardinality groups, and proved that there does not exists a constant sum partition for over half of the cases when  and .

This research project has given me opportunity to do real mathematics research. I’ve gained valuable experience that will certainly be beneficial to my future career in software development. It has developed my ability to logically think through complex problems that will certainly come up in the future.

Reflection

[bookmark: _GoBack]I enjoyed working on this project and will likely continue to think about the remaining open cases well into the future. Professor Freyberg was extremely helpful and available when I needed assistance. He allowed me to work on the project by myself, providing helpful insight and goals for me to work towards. Overall, I am satisfied with my UROP experience and thank the selection committee for giving me the opportunity to work on and experience real-world mathematics research.
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