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THE SPECTRUM OF RESTRICTED RESOLVABLE
DESIGNS WITH r =2

RoOLF REEs*

Abstract. We construct restricted resolvable designs for the remaining eighteen orders, thus complet-
ing the spectrum for these designs.

1. Introduction. A restricted resolvable design R,RP(p,k) is a resolvable edge-
decomposition of the complete graph K, into K,s and K, s in which there are k parallel
classes. These designs arise quite naturally in the consideration of certain covering prob-
lems (see [8]). An Ry RP(p, k) is just a proper k-edge colouring of K, and so exists whenever
k> p,or k=p—1and pis even. Necessary and sufficient conditions for the existence of

RyRP(p, k), covering all but eighteen values of p, have been determined in a recent series
of papers [6,7,8]:

THEOREM 1.0. Letp > 1, p ¢ {31,35,37,41,43, 47,49, 53, 55, 59, 61,65, 67, 71, 79, 83, 85, 89 }.
There exists an RyRP(p, k) if and only if [%J <k<p-1andplk—-p+1)=0 modulo

3, with the following exceptions:

(i) p=1 modulo 6 and k = 1’;—1,
(ii) pisodd and k = p — 1,
(iii) p=3 modulo 6, p # 3 and k = p — 2,
(iv) p=3 modulo 6, p # 9 and k = p— 3, and
(v) (p, k) = (6,3) or (12,6).

In this paper we show that the restriction p ¢ {31,35,...,89} can be dropped from the
hypothesis of theorem 1.0, thus completing the spectrum for restricted resolvable designs
with 7 = 2. In section 2 we deal with the orders p = 31, 35, 37,41, 43,47 and 59; in section
3 the orders p = 79,83,85 and 89; and in section 4 the orders p = 49,53,55,61, 65,67
and 71. It will be assumed that the reader is familiar with the terminology, notation and

constructions from [5,6,7]. For brevity, Ry RP will be condensed to RRP. We will make
direct use of the following.

ConsTRrUCTION 1.1. ([6, Construction 2.2]) Suppose that there is a resolvable 2, 3-
GDD of type S with replication number k and that for each s; € S there is an RRP(s;, k').
Then there is an RRP(Zs;, k + k').

CONSTRUCTION 1.2. ([6, Construction 2.4]) Let (X,G,B) be a 2,3-frame in which
hole G; has degree d;, i = 1,...,j. Suppose that for each i = 1,...,7 — 1 there is an
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RRP(|G;| + w, d; + d) — RRP(w,d) and that there is an RRP(|G,| 4+ w,d; 4+ d). Then
there is an RRP(w + X|G;|, d + £d;).

LEMMA 1.3. ([4, section 3C]) There exists an RRP(p,p — 4) for every odd integer
p=>9.

2. p=31, 35, 37, 41, 43, 47, 59.

RRP(31, 18) Point set (Z3 x {1,2,3,4,5,6,7})U {a; : 1 <1 < 10}.

Twelve parallel classes:

a;242s aylzls a12;17 a;0y
a2052¢ a22427 a2030; az2;
azlegly azls2; azlylsy a303
a4070, a4060; aglsl; agly
as212; as0703 as0s as2426
ag0203 ag0114 agle ag0507
; ; ; ;  mod 3
a71314 a717 a72621 a71215
a80415 ag].] (182306 a30217
a912 a92526 090427 a91123
a1023 a102204  @101125  ajole2s
1,062 15,2505 052407 211304
0425
Six classes on Z3 x {1,2,3,4,5,6,7} are
011129 2317 0,05 032517
2114 0525 1,07 1323
021526 0gle ; 2124 0416 mod 3.
1,03 0727 022 1406
150424 1,2 152,

Now construct an RRP(10,6) on {a1,as, ... ,a10 }-
RRP(31,21) Point set (Z3 x {1,2,3,4,5,6,7})U{a; : 1 <i < 10}.

Fifteen parallel classes:

a10304 a;0607 a; 0, 1526
a20205 a2327 azle 132407
a30,06 a30204 az03 041425
aglyls aglrly ag0z 041425
aslsls as50;10s asly 1506
aglaly 5 aglszls ae2y ;
a7252¢ ar212; ar27
ag2427 aglylg agly
a92123 a9242¢ ag0s

ajoly ajoly a102223

2,07 0325



a12s agls
a102 0813

a201 a0,
a214 a907

a327 ajole
as2s5 ajolsly

2 211
a,0s 01,2, ; 4%~ mod 3
a604 1,07
as22 211505
a723 2205
a606 2316
9 0.2 a514 0317
A724 446 1,206
Six classes on Z3 x {1,2,3,4,5,6,7} are
0,1 041
0,04 112 1le
1304 0214
021326 ; ;
01 0617 0315
537 051525 071727
0113 0224 0527
0427 0125 0124
: : d 3.
051 = 0627 = 023 e
02122, 0313523 061626

Now construct an RRP(10,6) on {aj,as,...,a10}.

RRP(31,24). Point set (Z3 x {1,2,3,4,5,6}) U {a;: 1 <i < 13}.

Fifteen parallel classes:

a10,02  agly ayly  aglg a;ly  ag020s
a20304  agls asls  ag2y4 a2y ag030s
a30506 @1024 azly  ajo2s azly  a102e
agly an12s 5 a40203 @126 aq2s a2y
asle @122 as0405 @122 asly  azls
agly  ay32y ag060; @132, agly  ap32;
ar23 132 arly 2314 a70104 2415

ails agly alg ag23

asly ag2y as2¢ ag2q

azls ai00,03 azly  apols

asls  a112;3 i agly  ag10504 mod 3

asly a2y asls 120305

as2s5 a130406 ag24 azls

az0s 022226 a70¢ 012,25



Nine classes on Z3 x {1,2,3,4,5,6} are

0:1; 0114 0,13 0;22 0223
031323 0213 0215 0314 0415
041424 ; 0sle ; 04le ;5 0526 ; O¢ly
051525
061626

0:23 0315 0124 0224
0225 ’ 0214 H 02 16 N 0326 mod 3
0426 0621 0325 0115

Now construct an RRP(13,9) on {a1,as,...,a13}.

RRP(31,27). This design exists by lemma 1.3; however, we shall require an RRP(31,27)—
RRP(13,9) later in the paper and so we construct this design here.
Point set: Z1gU {a; : 1 <i<13}.

Eighteen parallel classes:

0,2,6 a47 (1913

4,12 as8 ayl4

al a9 a11d mod 18
a3  a710 aq216

(135 Cl,gll a1317

Nine classes on Z;3: two one-factors can be formed by developing each of the pairs 0,1
0,3 0,5 and 0,7 mod 18; a ninth one-factor is obtained by developing the pair 0,9 mod
18.

RRP(35,19). Take a resolvable T'D(3,12) and remove a point. Apply Construction
1.1, filling in RRP(12,7)s and an RRP(11,7).

RRP(35,22). Point set (Z¢ x {1,2,3,4}) U {a;: 1< <11},

Fifteen parallel classes:

a10213  a7041y a0y  arly 1113
az2253  ag24d azly agds 3153
a3z4233  a94431 | a3zdy  agds 0223 mod 6
as031s a100112 7 @42y 1033 5234
as2354 a112152 as4; an4s 0324
ag43ds 4132 agd1 012244
a111(3 + )1 astz(3 +1)2 ari3(3+1)3 ajota(3+1)s

ag(l +2)1(2+l)1 a5(1 +Z)2(2+Z)2 (lg(]. +Z)3(2+Z)3 all(i + 1)4(2 +2)4
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for i = 0,2, 4.

Seven classes on Zg x {1,2,3,4}:

012,02
123213
234324
345431
1,03

2214
3351
4,444
4,53
5904

0133
0234

Now construct an RRP(11,7) on {ay,as,...,a;11}-

RRP(35,25). Point set (Z¢ x {1,2,3,4})U{a;:1<¢<11}.

Eighteen parallel classes:

a;0213
a22953
az423;
a40314
a52354
agds33,

a7041,
ag245;
ag443
a100112
a;1219;
4,3,

arly
az24
azd,
asly
as3;
agdy
ar2;
ag3y

Seven classes on Zg x {1,2,3,4}:

0137 0239
1127 152,
4157 4959

0333
1323
4353

0434
1424
4454

0124
2,03

agds
ajo33
aj4s

5193

9294
0,0,23
151534
030424

0133
0234

Now construct an RRP(11,7) on {a;,as,...,a11}.

RRP(35,28). Point set Z5; U {a; : 1 <1 < 14}.

Twenty-one parallel classes:

0,3,7
8,10
11,20
a11
az

a34 a712 01116
a45 0813 a1217
a56 a914 a1318
a69 a1015 01419

a2y agds
az31  ajoly
azd; a;dy
a402 1123
as4; 0132
agd2 1224
a703 3353
a813 3454
012904
0153 .
0254
mod 21

mod 6

mod 6

01214
022242
0344

mod 6

Seven classes on Z5; are obtained by developing the blocks 0,1,6 2,12 and 3,11 mod 21

(note that these blocks cover each residue class

RRP(14,7) on {a1,as,...,a14}-

mod 7 exactly once). Now construct an



RRP(35,31). Lemma 1.3.

RRP(37,21). Point set (Z3 x {1,2,...,9})U{a; : 1 < < 10} Fifteen parallel classes:

a1251¢  a72923 a10407  a72:24 a12328  a70509
a20607 aglsly a20508 aglals a22429 aglely
a3272g  ag0405 a32¢29 aglzlg a3ly04  ag240g
a4lg0y a10241s 5  aslsly a100627 3 a40206 a102213
a52921 010326 052822 0214 a50307 011517
a611 12 0219 a60903 01 19 a61418 2525
1,0g 232518 2714
a11209 ag2507 a12q agly
az02  aj00; a21103  a100809
a32125 1108 (1323 01 12
a40315 0416 a424 1304
as0s 1323 ' asla0s 052 mod 3
a626 1424 CL61507 0525
a70618 1727 a727 1626
(1828 1929 (181729 1828
Six classes on Z3 X {1,2,...,9} are
012227 041728
0:1:24
210619 051829 1,2,04 011425 012408
152,00 1,25 02 032 152625 ;03250  mod 3
021526 0325 ; 62 ° 03171, 031627
121407 160s .
Now construct an RRP(10,6) on {a1,as,...,a10}.
RRP(37,24). Point set (Z3 x {1,2,...,8})U{a; : 1 <7 <13}
Fifteen parallel classes:
a10713 a80617 a121 a80113 a10316 a824
(1208 11 a921 a22325 090214 a21427 a925
az0:13  ajols az27  ayo031s a3051s  a102;
a40213 @112 agls  a;104le  a40ely  an2;
as03ly  @122223 ' a5062 a120517 ' as071y @102
a62405  a@132g as0711  a1324 ae0sls a130226
a7152¢ 0425 a70g1, 292¢ arly 2104
0415



a1 05

a22¢

asz2;3

a424

0521

a622

a71104

ag0225
ag1306
a101407
ay1150s
a12160;
ay30317
1227
1§24

Nine classes on 73 x {1,2,...,8} are

0123 142
1127 241
022, 1525
1203 0626
1305 1607
0408 1727

0,07
1127
2126
0205
1525
2,08

031g
1304
2317
1424
1506
1628

a11,504
a202

a31406

a41507
as2s
ag2¢
ar23

0105
020-0s
030406

ag2g
ag271g
a10210g
a110129

ay224
ay31;05

0216
;010308
040507

Now construct an RRP(13,9) on {a1,az,...,a13}.

mod 3

;0
0

RRP(37,27). Point set (Z¢ x {1,2,3,4})U {a; : 1 < < 13}.

Eighteen parallel classes:

a1011;
az0713
a30314
a40414
as2133
a62232
a743

ag24

ag4y

aio42

1154

a1293

a135132
3152
2344

a133
az44
a3z2;
a2z
;o asds
a641
a71,0,

Nine classes on Zg x {1,2,3,4} are

0124
1144
2,03
3114
415;
0223

1234
253
3213
425,
3343
5404

013
. 023,
" 0333
0434

bl

a81203
ag130,4
a10140;
a;13123
ay123224
515354
ay343
9234

0123
0204

a114
a2,
azl,
agls
;o as2y4
ae33
ar44
a831
a922

0:2:14
o 02224,
" 032343
042444

Now construct an RRP(13,9) on {ay,a2,...,a13}.

7

a1093
a1192
a1291
1394
0132
1143
4,4,
2304
020334

0307
10204
50603

mod 6

mod 3

mod 6



RRP(37,30). Point set Z3; U{a; : 1 <1 < 16}. Twenty-one parallel classes: take the
blocks 0,1,17 and 7,14 together with the sixteen pairs formed by matching off the a;s to
the remaining residues mod 21 in any order. Develop this class mod 21.

Nine classes on Z57:

24i,4+i,12+i 134,16 +1
644,18+ 144,743
i3+ 844,17+i ; 9+i,11+4,194+45 ; 16+4,18+i,5+i
944,15+7  14+i,11+4
1044,194+i 54,20+

for i = 0,3,6,9,12,15,18.
Now construct an RRP(16,9) on {a;,az,...,a16}.

RRP(37,33). Lemma 1.3.

RRP(41,22). Take a resolvable T'D(3,15) and remove four points from a group.
Apply construction 1.1, filling in RRP(15,7)s and an RRP(11,7).

RRP(41,25). Point set (ZgX{l, 2, 3})U{a0, ay,as, bo, b],bz, Cg,C1,C2,0071, 002,003,004, 005}.

Eighteen parallel classes: develop each of the following two classes mod 9 (subscripts
on a,b and c are to be evaluated mod 3)

a03141 00123 a033 00141].2

(113242 00253 a183 0028162

a21102 00301 61273 0037243

b() 22 72 e ¥} 71 b() 11 0048263

b17383 0052;03 ;  b13; 00592

by5343  5;63 by2, 7113
cols 6181 c00151 0232
162 1333 c10353 2949
282 26123

Seven classes on Zg x {1,2,3} are obtained by developing each of 0;0503, 011223, 012243,
013263, 014283, 013161 0253, and 033363 0152 mod 9.

Now construct an RRP(14,7) on {ay, a1, as, by, b1, b2, co, ¢1, €2, 001, 004, 003, 004, 005 }.

RRP(41, 28). Point set (Z¢ x {1,2,3,4})U {a; : 1 <7 < 17}.
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Eighteen parallel classes:

a123  apd: a5y a0d3 a11102  az0l40;

az33 @115 az214; a2 a4y ay;33

azly ajds a3011z  az21;04 az23 a1252

a43s a130;13 a43; ai32; ag1203  ag324

asdy a142103 ;5 a5 a1432 5 as2243  a1434 mod 6
agly  a;5319; ag0213  a1534 agdy  a153;

ard;  ajela2y ar5; a1633 az1304  a1695;

agd; ai72244 ag2344  a174s ag4s aj73;

aglz 3204 ag031y4 ag4y 2153

Ten classes on Zg x {1,2,3,4} :

013242 1314
023343 2124

033444 2223 H 1183 mod 6
043141 5193 2
1112 5254
0134 0333 114y 1343 2151 2504
214 2343 3151 3353 4,01 3214
o1l 9313 0127 0323 1131 49224
022247 042444 * 0233 0435 2355 5334
123252 143454 124y 1444 4303 0244
2559 2454 1333 1294

Now construct an RRP(17,10) on {ay,as,...,a17}.

RRP(41,31). Point set (Zg x {1,2,3,4}) U {a; : 1 <: <17},

Proceed as in the previous design, but replace the first six classes on Zg x {1,2, 3,4}
by the nine classes

0111 4043

2102 5254

3132 0304 0132 3104 0124

4144 1323 ; 0334 ; 0233 ; 2203 mod 6.
5193 3314

1220 2434

Then construct an RRP(17,13) on {ay,as,...,a17}.
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RRP(41,34). Point set Zy4 U {a; : 1 < i < 17}. Form twenty-four parallel classes
by taking the blocks 0,3,9 1,6 and 2,12 together with the seventeen pairs obtained by
matching off the a;’s with the remaining residue classes in Z,4, and developing this class

mod 24.

Ten classes on Z,4 are obtained by developing the blocks 0,1 2,4 3,11;0,4,11 and
0,12 mod 24 (the first set of pairs covers each residue class mod 6 once, while the triple
covers each residue class mod 3 once). Construct an RRP(17,10) on {a;,as,...,a17}.

RRP(41,37). Lemma 1.3.

RRP(43,24). Take a resolvable TD(3,15) and remove two points from a group. Ap-
ply construction 1.1, filling in RRP(15,9)s and an RRP(13,9).

RRP(43,27). Point set (Zs x {1,2,3,4,5}) U {a; : 1 <7 < 13}. Eighteen parallel

classes:

a1031y  a92:4, a;ly05  ag2543 a10; a4
a20415s  a102243 az21301  a102144 azly  arzée
a3z0s1y  a;15334 a31402  a11923s a303  a133;
a4011y  @125435 a31503  a;2933; a40y 2455
as0213 a139531 | a51104 a135432 ~ as05 110215 mod 6
a62344 513y 7 ae2245 55335 | ae31 213435
a7244s5 9234 ar2341 5134 a73s 515243
ag2s54, ag244 agly 252314
agdy 535445
a102s
Nine classes on Zg x {1,2,3,4,5} are
(34 1)ais  Ouly  igie Ol isis
24(3 + Z)4 H 2131 Z3(3 + 2)5 ; 2232 24(3 + 2)1 3
i5(3 + i)5 4157 455,
0313 1411 0414 i5l2 0515 015 0353
2333 25(3 + Z)2 . 2434 21(3 + l)3 . 2535 112 1323 .
4353 T 445, " 4555 314 3343 ’
ig(i + 3)4

(4 2)1(z +4) 0454 21(z +3)1 025,

3G+ 226 +4)s L2 is(i+3), 152,

23(1 + 2)3(2 + 4)3 . 3444 Zg(z + 3)3 i 3245

(426G +4)s 055 b+ 3)s

25(2 + 2)5(2 + 4)5 1525 Z3(Z + 3)4

3545

where in each case 1 € Zg.
Now construct on RRP(13,9) on {ay,as,...,a13}.
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RRP(43,30).

classes:

010314
a22344
a35334
a40415
as244s
69435
az051;
ag2s54;
a9953;

and

for i = 0,2, 4.

Point set (Z¢ x {1,2,3,4,5}) U {a; : 1 <7 < 13}. Twenty-one parallel

a100112
a11214;
a120213
a132243
913,
9233

a102  a100s 25
a255
a3 anls 4335
azd;  apz0; a31
asgly @132 a431
as4s 1,103 a55l
asbs 221 5 CC
a70s 333425 a742
ag2y 44453 az5z
agdy4 559142
4,15

ajols
a1193
ajzly
a1394
2143
2244
2345
244
Io15
0334
3305

mod 6

013204

ait1 (i + 3) ag(i +4)2(: +5)2  an(i+4)s(i +5)4
as(1+1)1(2 + 2), ariz(i 4 3)s
az(i +4)1(0 +5)1 as(i+1)3(z +2)3 aiz(i+4)s(z+5)s
agiz(i + 3); ag(i +4)3(i+5)s (14 1)a(i +2)4
as(t 4+ 1)2(7 + 2)2 a10%4(7 + 3)4 (14 1)s(e 4+ 2)s

Nine classes on Zg x {1,2,3,4,5} are

0113 2144 315 0134 0431
0214 2245 3252 Lily 44
0315 234; 3353 2153 235,
0512 2543 3595 ; 2224 5254
041; 2449 3494 4525 1255

14ds 4415

023335 320305

Now construct on RRP(13,9) on {a1,as,...,a13}.

a12i5(i

+3)s

mod 6.

RRP(43,33). Point set (Z¢ x {1,2,3,4,5})U{a; : 1 <17 < 13}.

Twenty-four parallel classes:

a10112
az0213
az0314
as0415
a50511

a62133 a115142 al;
a72934  a125344 azly
ag233s a139s54h a30s
a92431  S2d3 5 ay2y
a102532 95445 asly

ag32

ar43

11

a334 3104

agls  033s

ajodr  444s

a1193 012224
a1255 022325
a1353  33549;
1,4,



ajly agly 3994
a20s agly 3355
az0;  a1023 3491
a0y annds 3552
as03 ape2; 4413
as24 ajzids 4515
a745 3153 220425

Nine classes on Zg x {1,2,3,4,5} are

0125
1,15
210,
2,03
2304
and
0134
2144
911y
t2(¢ + 3)3(¢ 4 3)4
is(t 4+ 2)s(1 +4)s

ajls ag2; 4355
az2;  agds 131
azly ajpoly 445
7 a433 ands 4553
as0y a3z 010,
ag2s a1324 0334
ardr 4154 312305
2405 314,
1,3, 455,
1333 4353 mod 6
1,34 4454
5135 4555
114, ilg’
3151 e
0,12 hd
gt 2.2?:22
.. 31 3
14(t + 3)s ia(i+3)
i5(2 + 3)s

Now construct on RRP(13,9) on {ay,as,...,a13}.

RRP(43,36). Point set Zo4 U {a; : 1 < i < 19}. Twenty-four parallel classes are
formed by taking the blocks 0,1,6 and 2, 10 together with the nineteen pairs obtained by
matching the a;’s with the remaining residues in Z,4, and developing this class mod 24.
Twelve classes on Z,4 are obtained by developing the blocks 0,9 2,4 3,6 5,15;0,4,11
and 0,12 mod 24 (the first set of pairs covers each residue class mod 8 once and the triple
covers each residue class mod 3 once). Then construct an RRP(19,12) on {a,, as, ..

RRP(43,39). Lemma 1.3.

RRP(47,25). Remove a point from a resolvable T D(3,16) and apply Construction

1.1, filling in RRP(16,9)s and an RRP(15,9).

mod 6

1 € Ls.

RRP(47,28). Point set (Zg x {1,2,3,4,5})U{a; : 1 <i <15} U {bo,b1}.

Eighteen parallel classes (subscripts on b are to be evaluated mod 2):

*

010314 a50213
a20415 agla3y
a30s51;  a75122
a4213; ag0144

a9d5324  a13ds
a10949s  a143d;

a1123 a1552 )
ajp4142  bodz4s
b1253s
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a10215 as0114  @92925 a13323;
a2031;  ae2145 @104143  a145334
az0413  a724  a115155 a15943s5
a40513 agd223  a1244 bo31
b152
a10;  as0s ag2;  aizhidy
az0;  aeds ajods  a14224s
a323 a70325 a111214 a153113 nnod.6
asds  agds  a125355  bp3204
3315 115234 015124
Ten classes on Zg x {1,2,3,4,5} are
012213 0233 415 0131
032415 2355 3242 0.3 0233
0:2511 lads 5235 ; i . 0333 mod 6
05211y 3153 434y 2est4 0434
3494 0535
together with
11(3 4 1) 2+ 4+ 1424
12(3 4+ 1)s 12(2+9)2(4+1)2 3444
0414 3 ’l3(2 + 2)3(4 + 2)3 5404
2434 25(2 + i)5(4 + i)5
4454

where ¢ € Zg.

Now construct an RRP(17,10) on {a1,asz,...,a15} U {bo,b1}.

RRP(47,31). Point set (Zg x {1,2,3,4,5})U{a;: 1< i < 15} U {bo, b1 }.
Proceed as in the previous design (RRP(47,28)), but we change the first seven classes
on Zg x {1,2,3,4,5} to the following ten classes:

0;1s 5;25 0315 ?132 21;2 glzz
1102 1233 5354 1233 3253 5213
2145 2,3, 0444 0324 2344 4304 mod 6
3145 4535 1405 123? 3:5j 521?
4,3, 5523 2455 '
0,1, 12(1 + '1,)4 1124 32(2 + 4)5
2137 3(3414)s 5 314y 13(i+5)a 1 € L.
4151 5101

Then construct on RRP(17,13) on {ay,az,...,a15} U {bg,b1}.
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RRP(47,34). Point set (Zg x {1,2,3,4,5} U{a; : 1 <1 < 17}. Twenty-four parallel

classes:

ayly
azls
azly
aqly
asls
654
a73s

Ten classes on Zg x {1,2,3,4,5} are

together with

Now construct an RRP(17,10) on {ay, az,

010112 a824
az0213  ag3s
a3z031y azo3;
a40415 a1153
as0s1; aj294
a2z 1395
arz23  ap

ag3; a15052,

ag 32
ajp33
a110122
a12022;
a130324
a140425

913223 9531
523324 1;19

ay64s
ayr4s
4,44
9193
4,55
9234

a1532
ayeds
ayrds
o143
9244
3325
3,2,

29 0345
15 1344

9

a133

azly

as3s

as31
as0,

060113

a72224

als
az31
azly
a413
a514
a635
a741

0131
0232
0333
0434
0535

j=1,2,34.5.

533425 0143 0441

543521 0214 0542
0;1, 1,2
233 3;4;
4;5; 9;0;

ag3ds
ag33
a1934
a114s
a1291
a135
a1443

...,017}.

ag0315
ag041y

ay00s1y
a1134
aj24s
a1351
a1432

ays44
a160123

a1553
aedy
ajrdy
47243
9223
5425
552

a170224

0325
0424
052,
1142
9535495

01214
02294,
032343
042444
052545

mod 6

mod 6

RRP(47,37). Point set (Zs x {1,2,3,4,5}) U {a; : 1 < i < 17}. Proceed as in the
previous design (RRP(47,34)), but we change the first seven classes on Zg x {1,2,3,4,5}

to the following ten classes:

0,33
1,0,
2,44
3195
4,23

5132 1304
1,03 4325
2245 5334
4215 1405
9224 9435

0,34
1,44
2,35
4,14
5105

023,
1253
2934
4723
9204

0333
1345
4315
2494
2555

Then construct on RRP(17,13) on {ay,as,...,a17}.

14
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RRP(47,40). Point set Z3q U {a;,1 <1 < 17}.

Form a parallel class by taking the blocks 2,14 3,13 5,11 16,29 18,27 21,22,24
together with the seventeen pairs obtained by matching off the a;’s with the remaining
residues in Z3¢. Develop this class mod 30. Ten classes on Z3, are obtained by developing
the blocks 0,4 1,8 3,11 ; 0,5,16; and 0,15 mod 30 (the first set of pairs covers each

residue class mod 6 once, and the triple covers each residue class mod 3 once). Then
construct an RRP(17,10) on {ay,as,...,a17}.

RRP(47,43). Lemma 1.3.

RRP(59,31), RRP(59,34). Remove four points from a group in a resolvable T'D(3,21).
Fill in RRP(21,10)s and an RRP(17,10), or RRP(21,13)s and an RRP(17,13).

RRP(59,37). Point set (Z;2 X {1,2,3}) U {a; : 1 < i < 23}. Twenty-four parallel

classes:

a1012;  a139123 a;2; a1372
azlids apds azds  a14712;
a32;6; a1563 azb3  a158142
a43,8; a1693 a483 a169,62
a541102 a17113 a5103 a1710182
ag0233 a1891 ag01  a189233
; mod 12
azlads  ay910y arly  a1910253
ag3283  agolly agby  azll273
agllyls a199 aglly  a913193
a106173  az2T2 ajo0z aze4:113
ay171103  a239, aj;3d;  az3d;l;
a128,03 a1292 211503

Thirteen classes on Z12 x {1,2,3} are obtained as follows. Construct an RRP(12,9) on
each of Z15 x {5}, 7 = 1,2 and an RRP(12,7) on Z;, X {3}; together with the 48 pairs
0293, 02103, 0;93 and 0,113 mod 12, form eleven classes. Two more classes are given by
developing each of 0,0,03 and 0;1523 mod 12.

Now construct an RRP(23,13) on {ay,as,...,a23}.

RRP(59,40). Point set (Z12 X {1,2,3}) U {a; : 1 < i < 23}. Twenty-four parallel
classes: as in previous design (RRP(59,37)).

Sixteen classes on Z12 X {1,2, 3} are obtained by constructing an RRP(12,10) on each
of Z12 x {j}, 5 =1,2, and an RRP(12,8) on Z;, X {3}, and using these together with the
120 pairs 0503, 0513, 0293, 0,103, 0,03, 0,23, 093, 0,113, 0,05 and 0;1, mod 12. Then
construct an RRP(23,16) on {a;,az,...,as}.

RRP(59,43). Point set (Z¢ x {1,2,3,4,5,6,7}) U {a; : 1 <7 < 17}. Thirty-three
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parallel classes:

ayly  a103s 012 a10224 @109 32952
azly a;136 0223 a20325 aj127 3555
azls  a;237 0324 a3042¢ a1207 0607
agle a1331 5144 a423  aiz2; 143
asly  @1432 9245 | as33  a1eds 124y
agly 150425 5346 ' agds a1s57  13ds
arly  a16052¢ 5447 a73¢  a1ed7 l4ds
agdz a170627 9541 agdy  a170s 1547
agds 0727 Se4e ag2; 3151 14y
o743 174,
a136  a1592 arlr a5l a125  a140114
az37 1694 azly a2 a2 aislg
az3; a1734 azly ajr4y az2y a1603
a40527 0,03 as2; 0507 a42q a1702
as062; 0204 asly 0424 as2 414245
ag0722 2526 ag2s 0626 ag23 434446
ar3ds 33953 a70123 2747 a2y 9133
agde 1,44 ag02ls 53, agdy 9234
agd7  124s ag03le 5233 agls 5335
a1091 1346 ayo4d2 9334 ay100417 9436
a3z 1447 a1143 5435 a110s1y 5537
a3 154, a1244 9536 a12061; 9631
a1324  le4o ai3ds 5637 a130713 5732
a149s 1743 ajsds 973
together with
ar(1+8)1(24+4)1 as(1+19)6(2+7)s  a11(4+12)a(5+19)s
az(14+9)2(2414)2 ar(1+0)7(2+1)7  ar2(4+14)s5(5+1)s
az(1+19)3(2+14)3 as(4+9)1(5+19)1 as(4+)6(5+1)s
ag(14+9)4(24+19)s ag(d+19)2(5413)2 a(4+)7(5+1)7
as(1+9)5(2+ )5 aio(4+12)3(5+1)s ay511(3 + 1)
for : = 0,2,4.
Ten classes on Zg x {1,2,3,4,5,6,7} are
011224 051627 514234 954631
021325 061722 524335 564732 mod 6
031426 071123 534436 574133
041527 544537
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and

i1(3 4 )2 i6(3+1)7 (1414)s(4+12)s (2+17)2(2+1)s
12(3+1); i7(3 4+ i) (144)5(4+1)s (24+1)3(241)s
i3(3+12)s (1419)1(441)2 (1+12)s(4+14)7 (5+1)1(5+14)a(5+1)r
i4(3+1)s (141)2(441)3 (T+2)7(4+14) (5+1)2(5+1)6

i5(3+1)s (14+1)3(44+14)s (2+0)1(2+12)4(241)7 (54 1)3(5+1)s
for : = 0,2,4, and finally

01 06 0405 020307 mod 6.
Now construct an RRP(17,10)on {a1,as,...,a17}.

RRP(59,46). Point set (Z¢ x {1,2,3,4,5,6,7})U {a; : 1 < < 17}.
Proceed as in the previous (RRP(59,43)) case, but replace the first nine classes on
Zg x {1,2,3,4,5,6,7} by the following twelve classes:

011224 061722 5437 1102 2152 4433
021325 071323 553, 1503 2353 4234
031426 5134 9632 1304 2354 4335
04 15 27 52 35 57 33 ; 1405 2455 44 36 1’I10d 6
05162y 5336 414447 1506 2556 4537
4,46 4344 1607 2657 4633

1;07 2757 473,
Then construct an RRP(17,13) on {aj,az,...,a17}.

RRP(59,49). Point set Z35 U {a; : 1 <: < 23}.

Form a parallel class by taking as blocks 2,16 3,5 4,14 18,35 21,32 25,26,28
together with the twenty-three pairs obtained by matching the a;’s with the remaining
residues in Z3¢. Develop this class mod 36. Thirteen classes on Z3¢ are obtained by devel-
oping the blocks 0,4,9 1,7,14 3,11 5,20 6,22; and 0,18 mod 36 (the first set of blocks
covers each residue class mod 12 once). Construct an RRP(23,13) on {ay,as,...,a3}.

RRP(59,52). Point set Z35 U {a; : 1 <1 < 23}.

Proceed as in the previous (RRP(59,49)) case, replacing the pair 4,14 by 23, 30 in the
parallel class, and the set 0,4,9 1,7,14 3,11 5,20 6,22 on Z3¢ by the sets 0,9 1,7 4,14
11,15 5,20 6,22; and 0,5,13. Construct an RRP(23,16) on {ay,as,...,ass}.

RRP(59,55). Lemma 1.3.

3. p = 79,83,85,89. We construct these designs recursively, in the same fashion as
the bulk of the designs in [6] and [7] were constructed, i.e. we construct frames by applying
weight 6 to group-divisible designs with block size four. Then we ‘fill in the holes’ using
construction 1.2. We begin by recalling Lemma 3.3 of [5]:
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LEMMA 3.1. Let dy,ds,ds,ds be integers, 3 < d; < 6. There exists a 2, 3-frame of type
64 with holes Hy, Hy, Hy, H4 such that hole H; has degree d;, 1 <1 < 4.

We will employ 4 — GDDs of types 3* and 27, according to the following table:

TABLE I
P 4-GDD of type Remarks
79 34 Resulting frames have type 18*;
add 7 ideal points (79 =126 + 7).
83 31 Resulting frames have type 18%;
add 11°ideal points (83 = 12-6 + 11).
85 27 Resulting frames have type 127;
(45 < k < 63) add 1 ideal point (85 =14-6 +1).
85 3t Resulting frames have type 18%;
(63 < k <81) add 13 ideal points (85 = 126 + 13).
89 27 Resulting frames have type 127;

add 5 ideal points (89 = 14 -6 + 5).

Construction 1.2 is then applied, according to table II:
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TABLE II

p; k Input designs Source
79;42 < k <51 RRP(25,15) — RRP(7,6) Remove two points from a group in a
resolvable TD(3,9). Fill in RRP(9,6)s.
RRP(25,18) — RRP(7,6) Appendix
RRP(25,15) Theorem 1.0
79,51 < k<75 RRP(25,15) — RRP(17,3) Appendix
RRP(25,18) — RRP(7,3) Appendix
RRP(25,21) — RRP(7,3) Appendix
RRP(25,15), RRP(25,18),
RRP(25,21) Theorem 1.0
83;52< k<179 RRP(29,19) — RRP(11,7) [7,Section 3]
RRP(29,22) — RRP(11,7) [7,Section 3]
RRP(29,25) — RRP(11,7) Appendix
RRP(29,16), RRP(29,19),
RRP(29,22), RRP(29,25) Theorem 1.0
85,45< k<63 | RRP(13,7)— RRP(1,1) [7,Lemma 3.6]
RRP(13,10) — RRP(1,1) [4,section 3B]
RRP(13,9) Theorem 1.0
85,63 < k<81 | RRP(31,24)— RRP(13,9)
RRP(31,27) — RRP(13,9)
RRP(31,18), RRP(31,21)
RRP(31,24), RRP(31,27) Section 2
89;46 <k <64 | RRP(17,9)— RRP(5,3) There is an NKTS(18) — NKTS(6),
by Brouwer [1]. Remove a point from
the ‘missing’ subdesign.
RRP(17,12) — RRP(5,3) Appendix
RRP(17,10) Theorem 1.0
89;64 <k <85 RRP(17,10) — RRP(5,1) Appendix
RRP(17,13) — RRP(5,1) Appendix

RRP(17,10), RRP(17,13)

Theorem 1.0
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The only designs that are not constructed by table II are RRP(83,k) where k =
43,46,49. These are obtained by deleting a point from a resolvable T'D(3,28) and applying
construction 1.1, filling in, respectively, RRP(28,15)s and an RRP(27,15); RRP(28,18)s
and an RRP(27,18); or RRP(28,21)s and an RRP(27,21).

4. p = 49,53,55,61,65,67,71. Most of the designs corresponding to these orders
will be constructed recursively, using frames as in section 3; however, in this case we will
build our frames by applying weight four to group-divisible designs with block size four.
We will therefore need the following analogue of Lemma 3.1.:

LEMMA 4.1. Let d,,d,,d3,dy be integers, with each d; = 2,3 or 4. There is a 2, 3-frame
of type 4* with holes Hy, H,, Hy, Hy such that hole H; has degree d;, i = 1,2,3,4.

Proof. We begin with an observation. In each of our frames, a hole of degree two will
correspond to two A-factors. Now, up to isomorphism, there is only one way to arrange
two A-factors on 12 points, viz:

ABC AEI
DEF DHL
GHI GKC
JKL JBF

Note that we can break each triple into its constituent pairs and then arrange these pairs

into four 1-factors:
BF FEI BC EF

HL KC HI KL
AC DF JF AI
DE GH GK JB
GI JL DL GC
JK AB AE DH

That is, a hole of degree two can always be converted to a hole of degree four. It is
therefore, necessary only to construct frames with d; = 2 or 3.

di =2;i=1,2,3,4

We use the following incomplete orthogonal array (i.e. a TD(4,6) — TD(4,2)), which

appears in [2] (we have rearranged the columns):

5555 6666[1234 1234|1234 1234|1234 1234

1234 1234|5555 6666[{1423 2314(3241 4132

1423 3241(1342 2431|5555 6666(3124 4213

2431 312413412 4321|1234 2143|5555 6666
By identifying symbol ¢ in row j with the point ; (¢ = 1,2,3,4,5,6; j = 1,2,3,4) and
deleting the points 5;, 6; for j = 1,2, 3,4 we get the following frame:

Holes: 1j2j3j4j ] = 1,2,3,4
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Holey parallel classes:

di=2i=1,23.

Points:

Holes:

Holey parallel classes:

Holey parallel classes:

121324 1;1334 131214 1139233
204344 213344 214224 212,13
332334 314314 312234 314223
49331y 412324 413244 41124
123344 112344 112224 114245
292314 214334 213214 211225
324324 313324 311244 313213
491344 41131y 414234 412233

(Z3 X {1,2,3,4})[J {001,002,003,004}.

{{j} X {1a2’3a4} :j =:Oa1,2} U {{001,002,003,004}}.

0010115 0011304
0090913 0021401
: d
0030314 ! 0031102 mod 3
0040411 0041203
1,2
DU 0l L 0% 02
021222 i 1123 1224 5 1,03 1504
31323
2:03 2,0 2113 2591
04142 103 2904 113 2214
Points: 74 x {1,2,3,4}.
Holes: {{j} x{1,2,3,4}:5=0,1,2,3}.

1,223, 112433 011333

122333 mod 4 _122134 . 021434 )

132434 ’ 132,34 ' 031,34 '

142,34 14233, 04123,
0:2; 0329 2133 233 0;14 031, 142,
3302 3104 5 0222 0424 5 2504 240, ;5 0413
2234 2439 3403 320 1327 1123 2,03

d;i=2;i=1

21
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Points: Z4 x {1,2,3,4}.
Holes: {{;j} x {1,2,3,4}:5=0,1,2,3}.

Holey parallel classes:

113223 112235 0;1 0314 1232 1434
123324 122334
mod 4 ; ;0 3202 3404 5 0213 0414 ;

13342, 132431 1,33 1,3 3;0; 3,0
1,32, 1,23, 333 1131 303 310,

0134 0332 3424 3229 0;23 0224 2313 2414

2404 2202 ; 0433 0231 ; 1303 1404 ;0321 0429

3323 3124 23053 2,04 2111 291, 1,0; 1,0,

d; =3;i=1,2,3,4.

Points:(Z3 x {1,2,3,4}) U {001, 002,003,004 }.
Holes:{{j} x {1,2,3,4} : = 0,1,2} U {{o01, 002,003, 04 } }

Holey parallel classes:

(oo} ] 12 01 14
0011103 00201 00203 01 1121
0021204 00314 00312 0112 0114 021222
; ; ; ; ; mod 3
0031301 00403 00401 0314 0312 031323
0041402 1102 1104 041424
1304 1302

This completes the proof of lemma 4.1. []

We construct our frames by applying weight 4 to 4-GDDs of types 3%, 3% and 4%,
according to the following table.
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TABLE III

4-GDD of type

Remarks

49

53

55

61

65

67

71

34

34

34

35

44

44

44

Resulting frames have type 124;
add 1 ideal point (49 = 12-4 + 1).

Resulting frames have type 124;
add 5 ideal points (53 = 12-4 + 5).

Resulting frames have type 124;
add 7 ideal points (55 = 12-4 + 7).

Resulting frames have type 12°;
add 1 ideal point (61 = 15-4 4 1).

Resulting frames have type 16%;
add 1 ideal point (65 = 16 -4 + 1).

Resulting frames have type 16%;
add 3 ideal points (67 = 16 -4 + 3).

Resulting frames have type 16%;
add 7 ideal points (71 = 16 -4 + 7).

Now apply construction 1.2, according to table IV.
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TABLE IV

p; k Input designs Source
49;27 <k < 36 RRP(13,7) — RRP(1,1) [7, Lemma 3.6]
RRP(13,10) — RRP(1,1) [4,section 3B]
RRP(13,9) Theorem 1.0
53;28 <k <37 RRP(17,9) — RRP(5,3) See Table II
RRP(17,12) — RRP(5,3) Appendix
RRP(17,10) Theorem 1.0
53;37< k<49 RRP(17,10) — RRP(5,1) Appendix
RRP(17,13) — RRP(5,1) Appendix
RRP(17,10), RRP(17,13) Theorem 1.0
55,k = 39,42 | RRP(19,13) — RRP(7,4) [7,Lemma 3.6]
RRP(19,12), RRP(19,15) Theorem 1.0
61;33 <k <45 RRP(13,7) — RRP(1,1) [7,Lemma 3.6]
RRP(13,10) — RRP(1,1) [4, section 3B]
RRP(13,9) Theorem 1.0
65;40 < k < 52 RRP(17,10), RRP(17,13) Theorem 1.0
67;k =42 RRP(19,12) — RRP(3,2) Appendix
RRP(19,12) Theorem 1.0
67,45 < k<57 | RRP(19,12), RRP(19,15) Theorem 1.0
71;37 <k <61 RRP(23,12) — RRP(7,4) Remove a point from a resolvable
: TD(3,8) and fill in RRP(8,4)s.
RRP(23,18) — RRP(7,4) [7, Lemma 4.3]
RRP(23,13), RRP(23,16),
RRP(23,19) Theorem 1.0

The following designs have yet to be constructed, not being covered by Table IV or
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Lemma 1.3:

p =49k = 39,42

p = 55;k = 30, 33, 36,45,48
p =61;k = 48,51,54

p = 65;k = 34,37,55,58

p = 67;k = 36, 39,60
p="TLk=064

RRP(49,39). Point set Zo7 U {a; : 1 <1 < 22}.

Form a parallel class by taking the blocks 0,5,14 1,13 together with the twenty-
two pairs obtained by matching off the a;’s with the remaining residues in Z37. Develop
this class mod 27. Twelve classes on Zy7 are obtained by developing the blocks 0,1,3
2,8 4,14 6,25; and 0,4,11 mod 27 (the first set of blocks covers each residue mod 9
once, and the triple covers each residue mod 3 once). Then construct an RRP(22,12) on

)
{al a2, e ,(122}.

RRP(49,42). Point set Z3o U {a; : 1 <7 < 19}.

Form a parallel class by taking the blocks 2,14 3,13 16,29 18,27 21,22, 24 together
with the nineteen pairs obtained by matching off the a;’s with the remaining residues in
Z3y. Develop this class mod 30. Twelve classes on Z3q are obtained by developing the
blocks 0,4,11 2,8; 0,5 1,9 2,16 ; and 0,15 mod 30 (the first set of blocks covers each
residue mod 5 once, and the second set covers each residue mod 6 once). Then construct

an RRP(19,12) on {a;,az,...,a19}.

RRP(55,30). Remove five points from a group in a resolvable T'D(3,20) and apply
Construction 1.1., filling in RRP(20,10)s and an RRP(15,10).

RRP(55,33). Point set (Z¢ x {1,2,3,4,5,6,7})U{a; : 1 <1 < 13}.

Twenty-four parallel classes:

a10722  agd7r32 11ls a1032¢ agd33s 1144
a20123  agh;33 11y a20427  a9d437 1o4s
a30224 @a105234 1315 a3052; a109531 1346
a40325 @119335 4143 5 a40622 a115632 1447
as042¢ a12543¢ 4247 as0723 a125733 154
ag0527 135537 4446 as0124 135134 142
a7062; 5631 45l a70225 5235 1743
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a;0415
a20516
a30617
a4071;
as0;1,
ag0z13
a70314

a83425 4151
a93526 4252

10362
a11372
a123:2
a;3322
3324

7 4353

1 4494

2 4555

3 4696
4757

Nine classes on Zg x {1,2,3,4,5,6,7} :

012214
022315
032416
042517
05261,
06271,
072;13

513244
523345
533446
943547
953641
963742
973143

012144
02294,
0323543
i 042444
052545
062646
0,37

Now construct an RRP(13,9) on {a;,as,

a131
a242
az4s
asly
as3s
ag3e
ar37
agdy

ag9d;
a10953
a1144
a124s
a139¢
212
2324
252¢

0131
0232
0333
0434
0535
0607

...,alg}.

0727
013204
023305
033406
545557
154614
1le471,
174,15

0,07
. 0,05
’ 0435
0636

mod 6

mod 6

RRP(55,36). Point set Zg x {1,2,3,4,5,6,7}) U {a; : 1 <: < 13}.

Twenty-seven parallel classes:

a;072,
a20123
a30724
a40325
a50426
ag0527

a70621 56

a131
a242
a343
a454
a535
a636
a737
a851

999
a1093
a1144
a129s
a139¢
0727
131
212,

a35732 1116
a95133 1214
aj09234 1315
a119335 4143
a12943¢ 4247
a139537 4446

31 451y

2324
2526
1445
4,57
013204
0,3305
033406
15461,
led71,

a1032¢
a20427
a3052;

i a40629
as50723
ag0124
a70925

a144 apods

azls ap127
a30¢  aj2éy
aqly  ajzds

as2; 0137

ag0z; 0323

arly 1143

agdy 1232

a955 1434

26

agd336
a95437
a19953;
a115632
a129733
a135134
5235

1636
2231
2433
2545
2635
4644
5157
5,253
040507

1,44
1245
1346
1447
1544
1642
1743

mod 6



a1(1+z)5(2+z)5 a6(1+z)3(2+z)3 a11(4+l)1(5+z)1 22(3+2)2
az(1+1)6(2+i)s ar(1+9)a(2+ )1  ar2(4+19)2(5+14)2 23(3+1)3
Cl.3(]. + 2)7(2 + 2)7 ag(4 + 2)5(5 + 1,)5 a13(4 + 2)3(5 + ‘l)3 24(3 + 2)4

(L@ +i) ao(d+ B+ @+DaG+iDn 5B+ "
as(1+14)2(2+1)2 a1o(4+19)7(5+1)7 i1(3 + 1), i6(3 + 1)
17(3+ )7

Nine classes on Zg x {1,2,3,4,5,6,7}:

0,2;14 513244
0223 15 523345
0,24
032416 533446 i 5 !
0425 17 543547 N 273 mod 6

052611 553641 1485

062712 563742 o

072113 573145
01541 12541
2;3i41 5 34+ 7 =1,2,...,7(addition mod 7)
4j5j+1 5j0j+1

Now construct an RRP(13,9) on {aj,az,...,a13}.

RRP(55,45). Point set Z34 U {a;: 1 <: <21}

Form a parallel class by taking as blocks 0,16 2,17 1,3,4 4,9,15 6,14,26 together
with the twenty-one pairs obtained by matching off the a;’s with the remaining residues
in Z34. Develop this class mod 34. Eleven one-factors on Z34 are obtained by developing

the pairs 0,5 0,7 0,9 0,11 0,13 and 0,17 mod 34 (the first five pairs each generate two
one-factors). Then construct an RRP(21,11) on {a1,as,...,as }.

RRP(55,48). Point set Z35 U {a; : 1 <¢ < 19}.

Form a parallel class by taking as blocks 1,17 3,15 4,14 6,12 19,34 20,33 22,31
25,26,28 together with the nineteen pairs obtained by matching off the a;’s with the
remaining residues in Z3¢. Develop this class mod 36. Twelve classes on Z3¢ are obtained
by developing the blocks 0,4,11; 0,5 1,9 2,16; 0,17 and 0,18 mod 36 (the first set of
pairs covers each residue mod 6 once, and the triple covers each residue mod 3 once). Then
construct an RRP(19,12) on {ay,as,...,a19}.

RRP(61,48). Point set Zg x {1,2,3,4,5,6} U {a; : 1 <: < 25}.
Thirty parallel classes:
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a31210
azlals
a32304
aslyls
as5250¢
a2
ar24

a;23
a2y
a32s
a42¢
a541
a635
a731

agls  a1595 agedg a134
ag2¢ a1633 az3ly az3s
a1001  a1734  az442 a33e
a;1de aigds agsds 5 a43,
a1291 aigle 4132 as32
a1392 az3; 0354 ag0,03
a1493 a244 4536 arl3ls
agd;  ayslaly agd, als
agls a16ds  az3ds azlg
a1034 a179¢  az444 azly
a110:04  a1851  azsds 5 aqly
a120205  a1952  2;54 as4s
a13030¢  a2053 3315 agly
ajqlile  a213¢ 4629 ar2¢
arle ag23  ais4;  az2033s
azly  ag2y a1694  a23043¢
azly a102s a175s  az40s53;
agly a4y a189¢  azs063;
asly a4y a2 5326
agds azds  azo0; 159,
ar2; ayjsds a0133 5234

Eighteen classes on Zg x {1,2,3,4,5,6}:

0,1524
021325
031426
04152,
051622

0,34
1124
4,5,
023,
152,
4,5,

061123
3144
3245
334
344y

0333
2343
5313
0434
1424
4,54

354,
3643
9152
9394
5556

0535
2545
o515
06356
1626
4656

0,2,
0223
0324
T 0425
0526
0624

026
i 2903
2405

28

aglyle as4ds
a92125  a160s
a102226 a17151
ainly a8,
aiz43  ay9ds3
a344 a2094
a1s4ds  az10s
ag2; a1593
ag2y a160132
a1023 a170233
a;1ds  a180334
a125¢  a190435
a135;  ag00s53¢
a1494 az14;
mod 6
1,33 545
1,34 5944
1535 5345
1436 5444 '
1531 5544
1632 564,
mod 6

azly
a230
a2423
ag524
4535
0455
5644

Ve
ag3ds
az44s
ags4y
3113
9925
2406



11(3 4 12)s

0;2;4; 4353 (3 +1)116

1;3;5; 0515 : i9(3 +1)a :
=1,2,4,6; . =0,2,4

0313 2535 (3 + 1)224 '

2333 4555 (1 + i)3(2 + i)3

(1+14)5(2+1)s
Now construct on RRP(25,18) on {a1,as,...,a25}.

RRP(61,51). Point set Z4o U {a; : 1 <¢ <21}

Form a parallel class by taking the blocks 0,1,3 2,6,11 4,10,17 5,13 8,18 9,20
7,19 12,28 together with the twenty-one pairs obtained by matching off the a;’s with
the remaining residues in Z49. Develop this class mod 40. Eleven one-factors on 74
are obtained by developing the pairs 0,14 0,15 0,17 0,18 0,19 and 0,20 mod 40
(each of the first five pairs generates two one-factors). Then construct an RRP(21,11) on
{alaaZa---,an}'

RRP(61,54). Point set Z45 U {a;: 1 <i < 19}.

Form a parallel class by taking the blocks 1,21 2,20 3,19 5,17 6,16 8,14 23,40
24,39 25,38 27,36 30,31, 33 together with the nineteen pairs obtained by matching off
the a;’s with the remaining residues in Z45. Develop this class mod 42. Twelve classes on
442 are obtained by developing the blocks 0,4,11; 0,5 1,9 2,16; 0,19 and 0,21 mod 42
(the first set of pairs covers each residue mod 6 once, and the triple covers each residue
mod 3 once). Then construct an RRP(19,12) on {a;,az,...,a19}.

RRP(65,34), RRP(65,37). Remove a point from a resolvable T'D(3,22) and apply
construction 1.1, filling in either RRP(22,12)s and an RRP(21,12), or RRP(22,15)s and
an RRP(21,15).

RRP(65,55). Point set Z44 U {a; : 1 <:<21}.

Form a parallel class by taking the blocks 0,1,3 2,6,11 4,10,17 5,13 8,18 9,20
7,19 12,28 14,32 15,35 together with the twenty-one pairs obtained by matching off the
a;’s with the remaining residues in Z44. Develop this class mod 44. Eleven one-factors on
144 are obtained by developing the pairs 0,14 0,15 0,17 0,19 0,21 and 0,22 mod 44
(each of the first five pairs generates two one-factors). Then construct on RRP(21,11) on
{a1,a2,...,a01}.

RRP(65,58). Point set Zy3 U {a;:1<:<17}.

Form a parallel class by taking the blocks 1,23 2,22 3,21 4,20 6,18 7,17 9,15
24,47 25,46 26,45 27,44 28,43 29,42 31,40 34,35,37 together with the seventeen
pairs obtained by matching off the a;’s with the remaining residues in Z45. Develop this
class mod 48. Ten classes on Z43 are obtained by developing the blocks 0,4 1,8 3,11 ;
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0,5,16; and 0,24 mod 48 (the first set of pairs covers each residue mod 6 once and the
triple covers each residue mod 3 once). Construct an RRP(17,10) on {a;,as,...,a17}.

RRP(67,36), RRP(67,39). Remove two points from a group in a resolvable T'D(3,23)
and apply Construction 1.1, filling in either RRP(23,13)s and an RRP(21,13), or RRP(23,16)s
and an RRP(21,16).

RRP(67,60). Point set Z45 U {a;:1 <1< 19}.

Form a parallel class by taking the blocks 1,23 2,22 3,21 4,20 5,19 6,18 9,15
24,47 25,46 27,44 28,43 29,42 32,39 34,35,37 together with the nineteen pairs
obtained by matching off the a;’s with the remaining residues in Z43. Develop this class
mod 48. Twelve classes on Z45 are obtained by developing the blocks 0,4 1,6 2,11 5,15;
0,8,19; and 0,24 mod 48 (the first set of pairs covers each residue mod 8 once, and the
triple covers each residue mod 3 once). Construct an RRP(19,12) on {ay,az,...,a19}.

RRP(71,64). Point set Zs4 U {a; : 1 <¢ < 17}

Form a parallel class by taking the blocks 1,27 2,26 3,25 4,24 5,23 6,22 7,21
8,20 10,18 28,53 29,52 30,51 31,50 32,49 33,48 34,47 36,45 39,40,42 together
with the seventeen pairs obtained by matching off the a;’s with the remaining residues in
Zs54. Develop this class mod 54. Ten classes on Zs4 are obtained by developing the blocks
2,7 5,12 6,17 0,4,10; and 0,27 mod 54 (the first set of blocks covers each residue mod
9 once). Now construct an RRP(17,10) on {ay,as,...,a17}.
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