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Suppose A : R* — R™ is C! and satisfies the monotonicity condition : for some

A >0,
(A(P) = A(@)(Pi-Q) 2 A | P-Q (1)
for all P,QQ € R". Let G : R* — R be a smooth nonnegative uniformly strictly

convex function. Suppose @ C R" is an open bounded domain with C? boundary

and up € C*(Q) with G(Duo) < M in Q for a fixed constant M. Moreover, assume
that G(0) = 0 is the minimum.

Set K = {v € Lip(Q) : v = uo on 9N and G(Dv) < M on Q} and let u € K be

the solution of the following variational inequality :
/ A;(Du)(D;v — D;u)dz > 0 (P1)
Q

for all v € K. The existence and uniqueness of the solution u to (P1) are easy to

prove from the monotonicity of the operator. We will show the following theorem.
Theorem 1

u € W2P(Q)

for all co > p > 1 and in particular that u € C*(Q) for all 1 > a > 0. Furthermore
suppose that there is v € K such that
G(Dv) < M,
then
u € Wer.

So we have the following lemma.

Lemma 1 Suppose that Q) is a bounded domain with C* boundary and ug is C*(Q).
Suppose that F; R™ — R is C? and satisfies the strong ellipticity condition

Frp, (Pt 2 X[ € |*
for some X and for all £, P € R"™. Then the minimizer of
Iv] = | F(Dv)d
(o] = | F(Dv)da
with respect to {v € Wy®(Q) 4 uo; G(Dv) < 1} is CH(Q).
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In [7] L. C. Evans considered the problem of solving a linear second order elliptic

equation with the gradient constraint
G(Du) =| Du|< g

where g is C?(Q0). He proved the solution u has W2 regularity. In [12] R. Jensen
showed W?2?P regularity for the solution to a linear second order elliptic equation
with a constraint F(z,u, Du) < 1 where F(z,z,p) is strictly convex in p. We also
recall that L. Caffarelli and N.M. Riviere[3] proved W2 regularity for elasto-plastic
problems using a priori estimate near free boundary.

With G(Du) =| Du |*< M, H. Brezis and G. Stampacchia [2] and C. Gerhardt
[8] proved WP regularity for quasilinear second order elliptic equations.

Here we extend WP regularity to quasilinear elliptic equations with gradient
constraints such as

G(Du) < C

where G is a uniformly strictly convex function and C is a constant. Furthermore
W2 regularity under those general setting seems new.

We consider a double obstacle problem using a viscosity solution idea for Hamilton
Jacobi equations as in [12]. Using a regularity result for viscosity solutions we prove
W?2P regularity for the double obstacle problem. Then following the truncation
idea of DeGiorgi we can prove W2 regularity for the double obstacle problem in
a relatively easy way compared to [1] or [3]. In fact we prove W% regularity for
obstacle problems with semi concave or semi convex obstacles. Hence we even extend
W2 regularity results for obstacle problems in [1] to non-smooth obstacles. Finally
considering a maximum principle we show that the solution to the double obstacle
problem is the solution to (P1).

Set

wt(z) = supv(z)
veK
and

w(z) = ngf\ v(z)



and

J={veW?Q):w” <v<w'}

We recall the following facts that

G(Dw¥) =M
almost every z € (0 and
?wt 0w~
— < <
acz < (C and acz <C (2)

in the sense of distributions for any unit vector { € R" for some constant C. (See
(14, page 133].)

Let R be so large that {Q : G(Q) < 2M} C B(0,R). We approximate A by
A € C?! such that

zi(P) = Ai(P)

if | P|< R and
Ai(P) = pP;

for some large p if | P |> 2R, and
[A(P) - A@QIP-Q>C | P-Q

for all P,Q € R" and for some C'. Such an approximation was given by H. Brezis

and G. Stampacchia in [2].

Theorem 2 There exists a unique solution w € J of the double obstacle problem
/Q A (Dw)(Dyv — Dw)dz > 0 (P2)

for allv € J. Moreover w € W*?P(Q) for all1 <p < oo.

We prove this by the penalty method. Let 8;(¢) € C* be a monotone increasing
function such that gy = 01if ¢t <0, 10t > £,(¢t) > 0if ¢t > 0, 10 > B(t) > 0 for all
t and B, > 0 for all ¢t. Similarly let B5(t) € C*® be a monotone increasing function



such that By(t) = 0if t > 0, =10t < B,(t) < 0 if t < 0, 10 > B,(t) > 0 for all ¢ and
B;’ <0 for all ¢.
Let u¢ be the W2 solution of

L(u®) = —D;(Ai(Duf)) + -i-ﬂl(u‘ —wt) + %ﬂz(uf —w ) =0 (3)

and u¢ —ug € Wy*(Q). Existence and uniqueness of such a W2 solution u is proved
by P. Hartman and G. Stampacchia [11] from the fact that 3, and $; are monotone

and A is coercive. We note that

% | €< Aup,(P)&G < v [ €]

for all P,¢ € R™ and for some v > 0. So by a difference quotient argument we see
that u¢ € W2*(Q). Since ug, is a solution of a linear strictly elliptic equation with

bounded coefficients in 2, we see that u ,k=1,...,n is C2%(Q) by De Giorgi-Nash

loc

theorem. Since 9Q is C? and ug is C?, from boundary regularity theory we have
ut € C(Q)

forall0 < a< 1.

Lemma 2
| u lwreo@)< €
for some C independent of e.
Proof. Suppose C is a constant such that
C 2| w* [|ze=) -
Since C > wt > w™, we see that
L(C) = <A(C —w*) >0

and C is a supersolution to (3). Since C' > u€ on 912, by the maximum principle we

conclude that

C >u



for all e. Similarly we see that
ut > C'

for some constant C’ and for all €. So we have that
| uf(z) |< Co

for all z € ) and for some Cy independent of e.

Next we prove that

” Du‘ ||Loo(Q)S C

for some C independent of e.

First we show that there is a constant C' independent of € such that
| Duf(zo) |< C

for all zo € 09.
We construct a barrier ¢t by using a distance function d(z) = dist(z, 90). Define
Qs = {z € Q;d(z) < 8§} for all § > 0. Since IN € C?, d € C*(Qy) for some small

6[10]. Moreover we see that

| Dd(z) |= 1
and

| Ad(z) |< Cy
for all z € Q5. We take Cy > 1 so large that
Co + Ci+ || wt lwi.eo ) + || o [|[w2.o(@)< Co

where Cj is independent of €. Let § < 10302 and p > 10R + 10%7-. Define ¢t by

ot = uo+ pd — pdi.

So we see that

¢+2p6—p5%—0221%p5—022802



for all z € 905 \ 90. We have that
| Dy* [> p| Dd | — | Dug | —gpaé | Dd|>9p— Cy > 10R

for all z € Q05 and

At = Aug + pAd — §pd%Ad - §pi1 | Dd |?
2 2" d3
3 1 3
< ~3P51 + 5/"5%02 +pC2+C2 <0

for all z € Qs and o™ is superharmonic in 5. Now we see that since | Dp* |> 2R,
—Di(Ai(Dy™*)) = —plAp* > 0.
Let QF = {z € Q;u® > w*}, then

—_— (u€ — +
—D;i(A;(Du%)) + Pilu® —w?) _ 0
€
in Q. Since f; > 0, we get
—D;(A;(Duf)) <0

in QF. Since u¢ < ¢* on 9(QF NQs), we conclude that from the maximum principle
€ P € p

for all z € Q.
In the similar way we can construct ¢~ such that for some §' > 0
" <uf
for all z € Ry and
o~ (2) = uol2)
for all z € 0Q.



So we have that ot Ny 5
gt dp~
T @) < G0 < (@)

for all € and for all z € 92 where 7 is the outward normal vector at z and, hence

| Du(z) < C

for all z € 00 and for some C independent of e.
Now we estimate | Du® | in 2. We assume that | Du® | attains its maximum at
ro € Q and | Duf(zo) |> 2C,. Otherwise | Duf | is bounded. We differentiate (3)

with respect to z; and we have that

By

(o, (DU e + 20, w4+ 2, —wg) =0 (@)

Let ¢ be a nonnegative C3°(f2) function. We apply uf, ¢ as a test function to (4),
then

Y €\, € € A € €
/Q Ai'Pj (Du )ua:kz:guxka:jC + Ainjuzk:vju:kal‘i

B34 pur - Duc - DI+ 22 Dut P - Dut Dura o

Since u¢ € CY*(Q) and | Du‘(z0) |> C, >| Dw(zo) |, we see that
| Du® |*> Du® - Dw*
for all z € B(zo,7) N Q for some r > 0. Since ;, 8, > 0,
/Q A; p.(Du)[| Dus Py, Card < 0

for all ( € C°(©2 N B(zo,7)),{ > 0. So we can assume that | Du® | attains its
maximum on 9(B(zg,7) N Q). Continuing this process, we prove that | Du¢ | attains
its maximum on 99 and

| Dut [< C

for all z €  and for some C independent of €. O

Once || u® ||w1.» is bounded independently of €, we show in the proof of theorem

2 that

Bi(u¢ —w™) Ba(ut — w

”)
lzea) + |l ey < C
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for some constant C' independent of e. Consequently from L? theory
| v lwzp@)< C

for some constant C' independent of e.
Proof of Theorem 2. Let p>1 and v = [14,(u¢ — w¥)]P~1, then v € W, ?(Q) and

v is a legitimate test function. We have from (3)
— 1 /
(p=1) [ AP Dast ~ D) u(u” — w22 — w)de

1
+ [ 128wy e =0 ®)
By subtracting

- A + 2w — D:w?t & 10—2ﬁ_1

(p 1)/QA,(Dw J(Daut = Dw*) | 2 P2 Lo

from both side of (5), we have
—= = B 1p_s By / A

— : & _A. + 2 — D) | 2 2 2o
(p 1)/Q(Al(pu) A(Dw)) (D = Daw*) | 2 P72 Bdat [ | By

= —(p — 1),/QZi(Dw+)(Diuc — D,~w+) | % |p—2 'ﬂe—ldill

Since §; > 0 and

(p=1) [ (A:(Du) ~ A Dw)) (Dt — Do) | 22 p=2 Bz >,

we have
P < —(p— A + ut — Dawt & P-2é1_
/| P do 1)/ﬂAl(Dw J(Diu® = D) | = P “da
_ / Di(A N2 ﬂl P! de. (6)
Since Pt
w
—<
a¢? s¢C

in the sense of distributions for any unit vector ( € R™ for some constant C, we

assume wt has second derivative for all z € 2. Hence we have

[ DD | 2t de = [ Ap (Dot 12
Q € Q J €
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Since [wF,; ] is a symmetric matrix, we can write
Aip(Dwh)wk, = Ai p,(Dw)Qu(x)Qje(z) A(z)
for some orthogonal matrix Q(z) where Ay (z) is a diagonal matrix such that

A[k(:l,‘) = /\1(-7:)5“:-

Since -

86202 <c,
we see that

A(z) < C

for each [ = 1,...,n and for a.e. z. Also from the monotonicity condition (1), we

have
0 <A <A p(Dwt)Qik(z)Qjk(z) < C
for some C. So we have

App;(Dwt)w} = A; p(Dw)Qu(e)Qsx(z)An(z) < C

for a.e. x and for some C. Hence using Young’s inequality on (6) we have

12 < 0 Aupy (0w |,
Similarly we have
122 < 0 1) Fup, (Du) |
Hence we have
~Di(A(Du) = = 2 B2
and
I 1< OOl Ain (D0l + I Az, (D7) ) ©

for some C which is independent of €. Hence by the L? regularity theory [9] we have
| v [lwzr@)< C( < llp + | v lwrea))
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< CO(I Aip(Dw*) lp + 1| Aipy(Dw) [lp + || u [lwiee)

for all p > n where C is independent of e.

Since || u¢ ||w2» is bounded independently of e,
U™ — 4

weakly in W?? and

~

Ut >

strongly in W'? for some sequence {u‘"} for each fixed p.
By standard arguments, we see that @ is the unique solution to (P2). O

The following remark is useful in proving W2 regularity.
Remark 0.1 Sending p — oo in (7) we have
|1 Di(Ai(Du))l|rge, < C
for some C independent of e.

Now we prove that & € W?*, Indeed we work under weaker assumption that

wt(z) > w(z) for all z € N.

Theorem 3 We have i € W™,

loc

Proof. We follow the truncation idea of DeGiorgi. In fact we need only to prove

that

[l < C

for some C independent of €. Define
I ={zeQ:u(z) >wt(z)}

and

I ={z € Q:u(z) Sw (z)}.

10



First we assume that B(zg,2r) C Q\ (I7U 7). In this case we know that 3, and

B, are zero in B(xo,2r). Hence from usual elliptic theory we have

|[u|[w2.0 (Bgo,r)) < C

for some C independent of e.

Now assume zo € I**. Since w™ > w™ (), there exists r independent of € such

that
B(zo,2r)N 1= 0.

Let ¢ € R™ be a unit vector. Now if we differentiate (3) twice along ( direction, we

have

~Di(Aip, (DU aice)s)) — Dilor(Aup,Juce,) + 2 [ —

ﬂ" . .
—I—?l[uc — wz][u( — wZ’] =0.

Now for simplification we set v = ug,. From the fact that B, >0 we have

!

— D;(A; p,vs;) < Di(gi) — %[U — wf] (8)

in B(zg,2r), where we define

Note that from theorem 2 we have
geL?
for all p € (1,00). We also recall that
wi; < Co

for some Cy. Let k > Cy be a large number and n € C§°(B(zo,2r)) be a nonnegative
cutoff function. Now we take ¢ = (v — k)*n? as a test function in (8). Hence we

have

Ai‘pj vzjvx,.n"’d:c +2 Ai,Pj Ul‘jnl‘i(v - k)+'l7d:1:

/{v>k}nB(zo,2r) {v>k}NB(z0,2r)

11



By N
— wkl(o - k)*nda.
v>k}NB(zo,2r) € ['U w(C](v ) nar

< - gi((0 ~ k*)unde — [

{v>k}NB(zo,2r)
Now we estimate the last term. Since v > k > () in the support of ¢ and wzrc < Cl,

we have

B
- — k)*n*de > 0.
/{v>k}ﬂB(xo 2r) € [’l) wCC](v ) n-ar 2

Thus after using Young’s inequality we can write
[ 1D(@ - kylrtde < € [ (o= by Dn)de +C [ lgPntde
for some C independent of e. This is enough to prove that
v< C (9)

in B(zo,r) for some C independent of ¢(see lemma 5.4 in [13]). Now we need to show
that v is bounded below. This is achieved by using equation. Since from remark 0.1

we note that
||D;(Ai(Du))||Le < C

for some C independent of e. Hence we have
A; pug; z; 2 C

for some C. Note that A; p; is a strictly positive matrix. After a suitable coordinate

transformation we assume that {us,.,} is a diagonal matrix. Hence we have
Z)‘iu(a(i <C (10)
=1

for some C' independent of ¢, some strictly positive A;,7 = 1,...,n and some orthonor-

mal vectors (;,z = 1,...,n. From (9) and (10) we also have
v>C

in B(zq,r) for some C. We can argue in the same way when z, € 1™ and complete

the proof. O
With an obvious modification we have the following lemma which shows that
a one sided bound for the second derivatives of the obstacles is enough for W2

regularity for the solutions of obstacle problems.
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Lemma 3 Suppose that ¢ is semi convex, that is,

82

st 2 C

in the sense of distribution for all unit vector ( € R" and for some C. We also

assume ug > 9 a.e. in ), where ug € W3(Q). Suppose u € WH2(Q) is a solution

to

/QA,'(Du)(Dv — Du)dz >0

for allv € {v e Wy*(Q) + ug: v >1p}. Then we have
u € WE=(Q).

loc

Remark 0.2 The proofs for theorem 2 and theorem 3 also show W** regularity for

double obstacle problems with smooth obstacles.

Remark 0.3 Indeed we have an example that solutions of obstacle problems are

more regular than the obstacles.
We recall the following lemma which may not be well known[6].
Lemma 4 Suppose v € W22(Q) is a solution to
D;(Ai(Dv)) =0,
then G(Dv) is a subsolution to
D;(A; p,(Dv)Djw) = 0.

We show the solution of (P2) is the solution of (P1) by using a maximum principle
on G(Dw).

Theorem 4 The solution w of (P2) is the solution of (P1) so that w € K and
/ A;(Dw)(D;v — D;w)dz >0
Q
for allv e K. Thus w=u and u € W2P(Q) for all p > 1.

13



Proof. To show that w is the solution of (P1) it is enough to show w € K, i.e. that
G(Dw) <M
since K C J.
Let I be the coincidence set, i.e., I = {z € 0 : w(z) = wt(z) or w(z) = w™(z)}.
Then I is a closed subset of € since w*,w™ and w are continuous.

Hence w satisfies
/QZ,-(Dw)D,-qu:c =0
in Q\ I for all ¢ € C*(02\ I).
Also we see that from Sobolev’s embedding theorem w € C*(2) for all 0 < a <

Since wt(z) = w™(z) = w(z) for all z € 9N and w™(z) < w(z) < wt(z) for all
z € (1, we have that N
ow™(z) < Ow(z) < ow™ ()
on — Onp — On
for all z € 0) where 7 is the outward normal vector to 90 at = € 9. Clearly
owt(z) Ow(z) Ow (z)
or — or  or
for all tangent vector 7 to 0N at = € 9. So we have that for each z € 9N

Dw(z) = tDw*(z) + (1 — t)Dw™(2)
for some 0 <t < 1. Since G is convex, we have
G(Dw(z)) < tG(Dw*(z)) + (1 - t)G(Dw™(z)) = M
for all z € 00.
Moreover we see that
G(Dw)=M
for all z € I since w(z) = w*(z) or w(z) = w™(z) for all z € I and w? is differen-
tiable at z if wt(z) = w(z)[4].

So by lemma 4 G(Dw) has a maximum principle

sup G(Dw(z)) < sup G(Dw)< M
z€Q\I z€d(\I)

and we prove that w is the solution of (P1). O
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