THE CONVERGENCE FOR NODAL EXPANSION METHOD

By

HUANG AIXIANG
AND

ZHANG Bo

IMA Preprint Series # 281

November 1986

INSTITUTE FOR MATHEMATICS AND ITS APPLICATIONS‘

UNIVERSITY OF MINNESOTA

514 Vincent Hall
206 Church Street S.E.
Minneapolls, Minnesota 55455



SWe|qodd 4e|y2(4|g
Ay o(POjJod PuR |OJ4uo) (ew([4d) GW[| ©4[U[JU| ‘UURWe||) °M Pue SP[UO|OD °4
Aydeubodo] wo4iog pue SseAeM
JOJRM-MO| |RYS JO UO[JDRUBfU| ‘UByo) *T°Q pue euog °T°r ‘|NeJe)-Jezdog °g
uo[susuw | eoedg OUO u| SuO|4eNbJ [QODJR[-UO4||WeH jJO
SUO[4N|OS AL[SODS|A JO) j|nsey AjjJde|nbay v ‘sipluebnog -3°d pue uesuer °*Yy
$S820.4d AOMJep 2|pobuj
e 4O SO }Juedodd uo|ie[Aeg ebue eyy o4 uo[4ed||ddy S4| pue uo|4ouny
-ueb|3 jueujwOg Y4 JO BOUBYLS[X] UQ ‘JOUOS °W H Pue Neys *re°s ‘bufwe|q *H°M
sseudO [yl Bu4e||[9S0 Y4 (M Jehe] ufy] e AQ jusweddojujey ‘Ozzeiyng edes|ng

UO[{N|OA] J[4SRYD0OLS BWOS Y4 [M PO4R[D0SSY S|RUO|[4DOUNy UO[jejdedxy ‘moy) *°d
suo[4enb3y Auseuo|in|oAj
JROU| |UON JOJ Sp|Oj|uep [R[{J0U| ‘wewe] <Yy PUC | [OS °*Yy°9 ‘se[0o4 °*)
I@4SAJD P(Nb[] D[4eweN u| SUO[JRU[|DS[] JOJ |OPOW YV “SHOOPPRW *H°l
uo[4enb3 uo[4ed{JqnT Spjouhey ©|q[Ssedduo) eyl ‘UiRSNT W pue 4od{yy *W
le4sAuy pinb(q d1jeys 40 suo(4esnb|juoy wniaq||[nb3l y4oous
40 ALL{1GR4S Oy} 4noQy Jewey Y ‘U[T *H-"4 3 JOJYS|JSPU[N *d ‘4PIeH °Y
uo{ 4enb3z uo[}onpuo) jeey-uo[SNj4|g € JO AdUR4SUO)
40 sjeaJdeju| pue sdwnp Bu[ARH ‘suo[4n|oS Je|[w(S-}|8S ‘4@]||nog o) |nf
*0ousbueAuo)-| pue sew|| bujddojs ‘odson °n yosen jeQ *9 ‘Jexeg °r
*Seor JNg [RW[U|[W }O
enujjuo)y bujuueds suof4eunbjjuoy Auepunog ‘JpPuURJGEp|[H °S PUR JEA[||N9 *Y
S©SS020.d AJRUO(4@4S 4O se|d|ou[dd Suo[4e[Aeg ebue ‘uey[|ed °S pue Aes) °S
*su[ewog pepunoqup uo suojjenby
Jj|oqeded Jepug Joyb|H Jesu|{uoN A|QNOQg JOj S4[NSEY edUBS|[XJ ‘s|udeg °4
S48S XeAua) U| Swyj|Job|y uo|jew|xouddy D[4SPYD04S pPeU[LI}SUOD
UO[SN}}|Q Pe4de|4ey JO s|sA|euy suofqe|Areg ebue ‘s|ndng jned
Y Ul 0 = N(A+V=-) Of UO[4N|OS OA[4[SOd JO ©JNIDNUYS ‘@i8JINKN NIOU[K
v YseN jo seep| pJO ©u4 e(A Ap||enbeu
MORUUIRH [ |OQRIRd §,J6SON JO JOOUAd MEN Y ‘WO00J44S °M°Q pPue seqeq *g-3
SWS [URYDe UO[4BI0| Y ©24N0Sey
3O ASUO([D[ )3 PUR UO[JRZ| |PJ4USIS] [QUO[LBWIOLU| UQ “ZI[MIRY P[UOET]
S|QUO[4OuUn4 uR[uMOJg }JO S|SA|RuUy ‘@P[H |XNAeNR]
Uo[4RZ[w[}dQ 2{4SPY204S pue
SUO[4DUN4 UO[4NQ[J4UOD UO[SUBY JO A||we] Jojeweded OM] ¥ ‘ue[.lg,0 SPwoyj
©)d[dulud whu xRy pUR Spoysen |eJ4dedg ‘O4RuR) O(pPNR|D
S@4ON 8J4N4d67 ‘HO00J4S °g
seowdg |euo|sueu|q e4[ujju|
Uuo dnouo-[wes 4ee Jo Ajjue|nbey pue sej4j|enbeu| dieys ‘ee evir-yni
|8POW Uo[4snqwo) @ wodj Bu(s[Jy Suo|4n|0S eaem Dujjeava) ‘uewdse) plAeQ
AL[D[45@|3 @4]u|4 JO UO[4DuUn4 uOSS|O4 OU) ‘A44eeg PJej| W
uo|Je4|d) BurejdeAQ ey
Y4|M UOZ[JUOH O4[U[JU| UO SOSSEBD0Ud UO|SN}} (g Bu(||oa4u0) ‘Zy|moaRZ[07] O|IY
bufuo(4[puoy s4| pue suo[snyy(Q Pe|| (X ‘ORNZ u|xBuoyz § ue(d W ‘Buog °9
SUO[4PWJOSURY] WOpURY
AQ peINpU| U[RYD AOHJRK PEN|@A-BINSESN @ JO AL[D[pobuy ‘BUf|jieq Y MY
540640 umouy A|BA[SSEIBOUY pue WOPURY Y4|M SWO|QOJd |OJ{UOD‘Z4|MOIRZ|ST @ JY
SU{RYD AOYJBK JO SUO([4Duny uojje|Aeq ebue] eyy ug‘ue(d bujdujw 3 Buog njbueng
l1suo[4enb3 5(4d|||3 Jeeu[]-UON JO; SWe|qoJsq enjep Alepunog eyl ‘uewjeleg °f°|
SUO|4RZ| |QJIOUSS |RUO|SUBW |[(J~N
S4| Pue spoy bujuepuey jo uo|SJu0] ©Y4 BujuIEDUO) SOLON ‘vewjoyeg °re|
so4|sodwo)y 2[doujos|uy
$O ALIA[49MPUOD @A[40844] 6y BU[pUNOg UQ ‘UOL|IW *M°O PUR UYOY *AY
uof4enb3 uo[4ed[Juqn sp(oukey eyi uo ‘40d[uD W
*SMO| 4 O[4SEYD204S O[yduowoewoyuoN buj4onaysuo) ‘Bufjaeqg Yy MY
S(@|Je4ep O[4Se|3 O|doujos|uy
4o} AJjeumiAs jejeiew 4O UO[4ED[4[4UBP| OYL UQ ‘[PRGRJYOW "W ‘U[AOD °S
©JNseel uopey @ O4f {oedsey U4 |m
$O[4[dwde) JOj WOJOBY] UO[4BA[JEQ ¥ ‘OISO *f PuU® OSEN jeg -9 ‘ozze4yng °9

ei4lL  (s)Joupny

orZ
652
8¢¢C
Lec
9¢¢
1174
1474
£l
rAYA

iec

0gc
6cc

8¢
Lee

9¢¢

(Y44
vee

| X44

(444
(Y44

0ce
61C
8ic

LIiZ
9lc
slc

vic
[ T4

(A Y4
[RY4
ole
60C
80¢
Loc
90¢
60¢C
voc
1174

¥

SMRT UO|{RAUIBSUO)

3O sweysAg o[ |oquedAy Joi so[4dy O|J4ewoen Jeeu||UON ‘ep[en meuspuy
suo[jenby uew| |eg-][qooel-uo4 | [WRH O4 SUO[{N|OS

AL[SOOS|A ©U4 JO se[f|ae(nbu|s eys uQg ‘JOUOS °*W °H pue esaeuue) °d

so|qe[Jep A4lJe||w(s Bujsn dn-mo|g Bu|z|Jejoedey) ‘uyoy -y pue ebg <4
sejeuweT] Jeeu| 4o se|jsedoud

SSOUL4OOUWS BWOS ‘[ |[0JR}}R) °7] pue JOJIYe|Jepu() g ‘40d{yd °W
we |qoud bujddey joe|jey

oy4 u| Bujsjuy uojjenb3 esedwy-ebuoy ey4 uQ ‘URu4|GM °d PUR JBN[JO A
swe|qodd 4e|y2[4|Q

pexe|ey Jo4 Aedeq Abueuj pue eJey[t) JOUS|M ‘0ISOW °(| pue OseW jRQ °9

e 4sed MO|4 SNOJS[A MO|S }JO uO[4d[udSeg O[dodsoudep 8y4 ug ‘ujeqsufqny °r
senjeaueb (3

uuRWNeN PUR 48[Yd[J[Qg ueemieq So[4||enbeu| ‘uebiequiem °4°H pPue @U[AeT °Y °H

eunseey [e[peYy @ JO SN|NPOKN Joue[M ey ‘OdSOW ° ‘Oselw jeq °9

¥4 Ul (M4 =y-

JO} SWe|qOJdd 401Yd[J[Q PUR SB4RLS PUNOIY ‘JO[}0|0F "V PUR UOSU[NLY °A°d

swe4sAg wn,+cogwwv_o Jesu([T Joj sjusuodx3 jenbo|4 pue sSuo[{doun - ‘UOSUYOr Yy
uo[jenb3 wnipely snodod jeuo|suew[g-N ©Y4 JO SEJRjJELU| PUB SUO[4N|OS

40 A4[nU[4uo) z4[ydsd[T] “[)SUR|OM *|°N PuUR ‘Zenbzep <o ‘[||e4e}ju) Y]
ededg ©|OyM Y} U] Suo[4enb3j SOM)0L5~Je[ARN 4O

suo[4njog buouys 4oy JojAeyeg o[404duwAsy pue @oueys(x3 ‘@biep eg owujeg °H
Ap[sods|p Bupysjuep

4O poyjen ey4 pue sejues d|joiduAsy ‘sipjuebnog <34 pue bujwe|j “H'M

Q@[PS D[PO[Jed U[ UO[4D8AUC) pue uo[sdeds|g ‘[JNeW °Y Pue ujejsuiqny °f
SSeupepunog UO we|qodd S,POOMe|}4[T] Of JeMsuy uy

seovdg ABOyRJU4S [QUW[U[W Yt|M SWIO4 OWRY ‘UO4[0Y °S PUR U[84S|OyI|eYy

uo[4duosqy Y4|m suojjenby ofjoqueuary Jepuy Jeyb|H Jeeu|juoN

euwos Joj Ssejey J[40jdwAsy puv uo[jebedoud jo peeds ejju|4 ‘sjudeg

JepJyo Jeybly Jeeu| [uou ewos JOj Se|jJedodd eA[4ei|jend ‘s{useg

Seqoy JO SO[URYDeK ‘JO||e) °f Pue $HOOPPEW °f

uo[4enb3 sejJp eq Gemejuoy eyy Joj Spoyjen u[idJe|Rg 84040S(Q A||Nn4 ‘vuog °f

Ayjaejnbey |e[{Jed Pue Ssuo[4ouny d[4eJpend ‘ejuinbe(9 oue|sew
A}[D]4S@|BO3S|A JReu| |UON

|euo[suew|g 8uUQ Ul A4||[qQ[SS[WPY Pue A{[[[qR4S iSUO[}|Surd| eseyq ‘obed *¥
SUe [ QOdd |QUO| 4R [JRA

4O SjuUjOd [@D[4[JD JOJ weJosyl UO[{EDJN)(g ¥V ‘YORQISLNUT °Y PUR MOYD °N-°S

SUO[4RNbJ O[4d[| |3 BWOS JO SUO[{N|OS JO JO[ARYSE |@DOT ‘S$@|[AY O|D[J4ed

sje4sAd) d[4sej3 jo suojjednb[juoy wn(Jaq[|[nb3 ejqe4s ‘ues¥I(J3 *°f
suo[4ew|xouddy 2|po|Jed

4504 Y4|M Swey4sAs Joj se|AD0) O|pobJ3 Y4OOWS JO UO[4DNUSUOD ‘JRYNJGN °W
suoj4eanbjjuoy [e4sAay pinb(T

J[4R4S 4O Ay|ueinbey |@[4ded PUR ©DUEYS|XT] ‘JOIN@|JGPU[YN °Q PV 4pIBH °Y

SP|O4 pue A4[|[qe4S ‘SHDOPPEW °H wyor

80UebJ0AUOD-] PUR UO[JBL[J]) S,JouUe(M ‘OOSOW °N) PUe OSeW jeg °9
[@[4uUe40d |R[PRY @ Y4 [M uo[4enb] uebu|poayos

8Yy4 JO SuO[4N|OS ©y4 Jo se[y|Je|nbujg pejejos| ‘undg) *D) pur zenbzwp <q°r

AJo(4s@|3 ©4[u[d Ul A4[[[GR4S pUewepRH UQ ‘JO43eds °f°g puw uOSAW[S *D°H
sufewog ufyl ul A4[d(4se(3

40 suo[4enb3 eyy jJo spjuw|| uvo[iez[uebowoH ‘sn[|jebOpA W pue ue[we|weg °y
suoj[4enb3y [R[{uUedey}|Q |RUO[{DUNY JO4 SP|Oj|uURK

fUR[JURAU| O] |0quodAH JO SSBUYLOOWS PuUR BJOUS4S[SJed ‘seeyjebey s|n

Ap|D]4Se|e0WIey | "

4O ese) ewe.yx3 ue - shoj|y Adowey edeys u[ Ay[d[{se(eopnesy ‘Je||ny obu|

sJeqqny pue seseg ‘Je| |y obu)
suo|4enbj ebuwube-ue(n3 4o} ©|d[DU[Jd WhW[XRW Oy} pur

uoj[4enb3 o 4d[| |3 JeeU||-UON JO} SWe|qodd en|ep Auepunog eyj| ‘vewjexeg °[°|
s|ejJo4epy d(douajos[uy jJO SSP|) @ JO}

S4Ue([D] 44600 2[4S@|3 8y} uo eduepuede( SNONU{{UOY ‘Y|@4 *S°Y PUR pjouly °Q

°S

°d
|

o4l (S)Joyyny

(Penu[4uod) sjujideayd yw! 4usday

20¢

10¢
00¢

66 |
86 |

L6l
961

S6 |
vl

€61
61

161

681
881

981
(11
¥8l
€81
41
181
081
6L1
8L
Let
9Ll
sLi
vLl
sl

Lt
Wi

oLl
69 |

91
991
91

[



THE CONVERGENCE FOR NODAL EXPANSION METHOD

Huang Aixiang and Zhang Bo (*)

Abstract

In this paper, we prove the convergence of the nodal expansion method, a
new numerical method for partial differential equations and provide the error

estimates of approximation solution .

1. Introduction

The nodal method was presented in 1975, and exlended to the higher-order
approximation in 1977, by H. finneman, F. Bennewitz, M.R. Wegner at el. In the
practical computations for neutron diffusion equations these methods have been

shown very efficient and economical.

The theoretical foundations of the nodal expansion methods were not
established until 1985, we firsi discussed the relationship between the nodal
expansion method and the primal hybrid finite element method, and proved
that the O0-order nodal expansion method was convergeni. The esseniial idea of
nodal expansion method is thal the principal part and the non-principal part of
the linear elliplic equations are approximated by different finite element
subspace respectively. Following this idea, we present a generalized primal
hybrid variational formulation. By taking different test functions and trial
functions, we achieve the aim of dealing differently with the principal part,
and hence, generalized primal hybrid finite element method is derived. We prove
that the nodal expansion methods are special cases of generalized primal hybrid

finite element methods, and thereby establish, the theoretical foundations of

(*) Institute for Computational and Applied Mathematics
Xi'an Jiaotong University
Xian, CHINA



the nodal exapansion method with arbitrary order approximations are established.

2. Nodal Expansion Method and Primal Hybrid Finite Element Method

For simplicity we consider boundary value problem

-du+u="Ff in @ (2.1)
ul. =0 on T = 3q is boundary of @
The nodal expansion method consists of the following step:
1) Let J = -grad u, then (2.1) can be reduced into

J+gradu =0

divd +u =f (2.2)

2) Domain @ s decomposed into N rectangular denoted by Fh. In each

element k, function u 1is approximated by the following polynomials

i+j < n+2 X=Xy Y=y,)
u(x,y) = i,jy=0 Ciy 9 (Fl__) 9; (—hl— (2.3)
where
n order of nodal expansion method
Cij constants to be determined
(hl’hz) the lengths of sides of elements

95 Legendre polynomials of i degree in [0,1]



gp (1) =1

gl(t) = 2t-1

gz(t) = -61(1-t) + 1
g3(t) = 6t(1-t)(2t-1)

gg(t) = 6t(1-t)(5t% - 51 + 1)

gg(t) = 6L(1-t)(2t - 1)(6t% - 6t + 1)

For example, when n = 0, this is called the 0 - order nodal expansion
method. In this case, there exisl six coefficients Cij in (2.3), but
considering symmetry we only selecl five coefficients as solution parameters
which are expressed by average of u in element, and four sides of element
respectively. For n=1 (it is called 1 - order nodal expansion method) there
exist ten coefficients in (2.3), but only seven coefficients are selected as

solving parameter which are expressed by average of u on the element and its

sides respectively, and the moments of u .

3) In order to obtain approximating equations we employ a weighted
Galerkin method
fk W, (div d + u)dxdy = In w, f dxdy L Ve,
(2.4)
fak ﬁi (d +grad u) «n |, ds =0 i=1,2,3,4

Therefore for example n=0, we select w£=1 and

1 on 31k

f
W, = { i=1,2,3,4
0 other sides



(2.4) can be rewritten

fk (div J + u)dxdy = fk f dxdy Yke Fy (2.5)
faik (J + grad u) - D-Iaik dS =0 i=1,2,3,4
or n=1, we may select w, =1, g3 ( - ) 5 93 07i;~) and
1 on 31k a4K
0 .
W = [ i=1,2,3,4
0 other sides y alk K 32k
33k
%
So we have
[ (divd +u)dxdy = [ f dxdy
k k
X-Xk X-XK
f 93 ( (div J + u)dxdy = [ 93 ( ) f dxdy
k hy k h1
(2.6)
T (div 0+ u)dxd Y ¢ e
—_— iv J + u)dx = — X
IK g5( > J y fk 93 > y
f (J + grad u) « n | ds = 0 i=1,2,3,4
aik aik
4) Let us introduce symbols:
¢, - average value of u in K
& = — [ udxdy , |K| is area of K (2.7)
kKo Tkl

wlO’ ¢20’ K WOZ - average value of u on aik respectively



1 1
¥ — [ ude, Y, =— [ udg
10 hy Ty 20" "hy Tax
1 2
1 1
h h
1 33k 1 K
JlO’ JZO’ JOl’ J02 - average value of flux J through aik along
respectively.
J].O:-L f LJ_-D_CU,, JZO—L i'ﬂdz
h2  “ak h2 “ak
1 2
5) By calculation it is easy to get
» 7
1 0 0 0
{(9;59:)} i=0,1,2,3 =] 0 1/3 0 1/5
77 5=0,1,2,3
0 0 1/5 0
0 1/5 0 6/35
— -
0 0 0 0
{(g9:,9%)} i=0,1,2,3 0 4 0 0
17 5=0,1,2,3
0 0 12 0
| 0 0 0 36/5
ey o 994
where g'(tl) = I and
1
(91,9‘]') = fo gi(t) gj(t)dt
Using (2.7), (2.8) and (2.9), the introduction of (2.3) with n =0

(2.8)

X or y

(2.9)

into (2.4)



leads to
12 12 6 6 K
55 ) 0= 5 Uho * ) - " (boy + wg2) = f
1 2 1 2
1 6 Y0 * Y20 )
;I'(wlo - ¥p) ¥ o2 (=% "4 =g =0
1 6 ("0 " ¥
"= (g =) + 5 T ) g = 0
2 h1
Uig * ¥
1 10 20
hy (vg1 - vgp) +'—g (—7——-9) -Jp =0
6 Yo1* Vo2
‘%2"(%)1"1’02)“"? (" 72 ‘¢)+J02 0
2
where fK = 1 [ f dxdy. Replacing the first equation by the sum of the
K

| x|

five equations we have

1 K K
e (K- 0K ) —— (05 - 9K) = f¢
b " Y20 7 Y10 ny o2~ Jon
+

1 ¢ p 6 , Y10 " Y20 k
}Tl— H’lO - ¥p) * B—l ? - b)) - =0
1 k " 6 , Y10 * Y20 e
™ (w19 = ¥oq) "y ( = - ¢,) - Jpp=0 (2.10)
1 k p 6 , Yo1* %o kK
hy on ) i 0T - 0 ) - gy =0
1 k " 6 , Y10 T ¥20 K
F'z— (‘J)O]_ - ‘1’02) - E‘z ( 2 - ¢l< ) = JOZ 0



are continuity equations

ko Ky kp

Y10 T W s Vg T
K K K

2 K 2

Jig =90 5 Jdo1 =

So there exist nine unknowns

ky ‘2

Y02 kil ko
Ky (2.11)

02 5 X

K K K K K K K
®¢» 0100 Y205 Y015 Y020 Y10 » J20 5 Jdo1 5 Yo

K

2 in

an element K,

and (2.11) may

n=1

method of 1 -

and continuily

and nine equations (2.10)

and (2.11) .

be obtained by an interative method.

The solution of (2.10)

we also can obtain algebraic equations of nodal expansion

order

b * %i (350 - Jlg) * %é (Igy = 1) =

ﬁ'(wlg - ¥pp) + Ei( & ; t ") +'§% hi - 19 = 0

-%I(Jﬁo - ¥o) - Ei(fng%}fZQ__ ) *‘%% b1 - g = 0 (2.12)
%g (hgs - vgs) +'§E ( w012+ 2 b ) ¥ fz bas = Jop = O
%E'(¢o§ - 493) "gg (2 ; e b ) *'ﬁé b5 - Jgg = 0

%( 1 +§% i+ 15 G - wy) = (F, g3<X;I“)) /1K|

71/—?( 1 +£§ Jogs + 1 (g = ugf) = (F, 93(%» /K|
equations (2.11).
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Now we construct a special finite element subspace. Let K = {(£.n) ,
0<g<l,0<nx<l } be a reference element and a real

element K can be obtained by affine transformation

L )]

2 K

e
< b3
—

1]

.—|
Iay

r—
= Yy
[ C—

1

where (XnyK) is coordinate of below left vertex of element K. Let us

introduce shape functions in reference element K

Boo (Em) = 1-g5(£) - gp(n) = -1 + 6£ + 6n - 6% - 6n°

b9 (8sm) = = (9,(8) - 91()) = 1 - 4g + 3¢°

10 (&0 5> 92 g 91\& g £

bop (€am) = = (9,(8) + gq(£)) = -25 + 3¢2

2 (2.13)

b1 (65n) = 2 (g5(n) = gy(n) = 1 - 4n+ 307

B2 (£sm) == (gy(n) + g)(n)) = -2n + 3n2

02 (& > 9o(n 97(n n n
and for n=1 we need to add shape functions

= gl b2 = 2 a3(n) (2.14)
The shape functions in real element K are

. -1
¢1'J' = ¢'ij OTK (2.15)

On the other hand, shape functions on 8K are



[1 on alk r-1 on sz
A\ = Ao =
10 0 other sides . 20 | 0 other sides
(2.16)
L [ 1 on a3k s -1 on 34k
01 0 other sides s 02 L 0 other sides

For n=1 , the shape functions on ax are chosen as piecewise constants (2.16)

or piecewise linear polynomials, for example

N 1+ gl(ﬂ) on 31kA r -1 -gl(n) on 32K
Mo * [ S0 =
0 other sides , L 0 other sides
R _(2.17)
1 +9y(g) on 33K F -1 -g1(g) on a4k
fo1 * So2 =
0 other sides , L 0 other sides
Then we can construct finite element subspaces
Xy = {vel®(a); vl ePix, VkeF } (2.18)
Yy = [ve LZ(Q) ; v|k € Pok » ¥ ke Fp } (2.19)
M= fwe T Qg s mlg *+uly =0 on KN K,
kth 1 2
k., k, are adjacent elements (2.20)
1° "2
where F_~ is a rectangulation of @, and

P1k={VIkeH

Pok = { Vvl e Hlk), v

Qo = span

51 = span

A "]. A
VoT ~, VeP}

1(k) sV

span {4505 4105 920> %015 $02 }

A -1 A
VOTk ,vepo}

span {4}

{M0s 2200 210 g2l

"~

{4’003 $10, $20: $019 $02} » Py = span {$00}
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We consider Sobolev spaces
- 2 1
X=1{vel%q); v|k e H'(k), 1 <K <N}

-1 .
M=1{q H 'Q(ak) ; g eH (divy ), qny = ”'ak’ 1 <k <N}

€ I
k=1,N

with norms respectively

v ll2

2
vl
kcgh Lk

tuly = inf {1q1; q e H(div; @), G =m on K, 1<k <N}

where

H(divs @) = {qg e (L%(2))? ; div q e L%(0)}

2 . 2
"q"H(div; Q) = (nquo,Q + 1div quo,Q)l/2

It is obvious that X & X, YV, el’(a), M €M,

From (2.13) and (2.14), the shape functions possess properties

1
L . dx d
k| Ik g o9

[1 i=j=0

0 i#j

1_ i=1,2; m#0, n=0

—
-
S
o
=
il

o5k "ok i=3,4; m=0, n=0

0 other

and the following tables 1,2
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1 1 .
Table 1 . |—k-' (V"’ij’ Vo) _W—I f V¢1-J- V4, dxdy

00 10 20 01 02 11 22

2. -2 -2 ) 2 -2
00 12(h;%+ 1) -6h] -6h"  -6h, -6h, 0 0
10 2 2 g 0 0 0

] 1
-2

20 4hy 0 0 0 0

-2 )
01 4y 2h; 0 0

symmetry
02 4n 2 0 0
2
-2

11 h] 0
22 h-2




Table 2 . —L (4.

00 10 20 01 02 11 22
00 5 IS S S S 0 0
7 10 10 10 10
10 ez 1 0 0o - 1 0
15 30 12/5
20 2 0 0 L 0
15 12/5
01 B 0 _ 1
15 30 12/5
symmetlry
02 2 0 ___1___
15 12/5
11 1 0
42
22 1
42
Now let us define interpolation operators I, and I :
M = X > Xy > Mg U= 850 + V10 $19 * o0 $20 * Y01 %01 * Vo2 %02
(2.21)

Moy = X > ¥y s Top U= &y 8



and likewise, for J e H(div; @),

|
[ 3

=]
1]

=

where O Pygsese Vpos JlO""JOZ are defined by (2.7) - (2.9) . It is obvious

that
L [ W, u dxdy 0 =L [ u dxdy
LS [kl
¥io (1=1,2)
1 / M, u de = [ = 1 [ uds
| 35k | 3;k | 35k | 35k
1’)01 2 (1=3,4)
J;, (171,2)
1 1
[ m, uds = [ udg
laikl 3;k oh |31k| 3;k

\Jo_i_z (1=3,4)

i.e. Mps To, and Mo, satisfy

fk (th U'U)dXdy=0 s fk (H2h U-U) dXdy'—'O (2.23)

[3, (mp u-u)de=0 (2.24)
1

f ) (M, w-u)de=0 (2.25)
3.

1

Remark For n=1 we consider the interpolation function
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“1h U= 9 %0 " %10 %10 * Y10 %20 * Y01 %01 T o2 02 * Vi1 611 t ¥ 490
It is obvious ¢ Y100 ¥pgs VYpp» ¥go can be defined by (2.7), (2.8) and

h? h’

i} _ M
WS o S M dxdy L g = f[ MeTogp dxdy

By Table 1 , we have

2
h1 h2
¥y = LMy, u) 9 ogq dxdy oy, = — [ V(I u) Ve, dxdy
17T 2 " T 11 22 7 Y M 2
i.e. ﬁlh satisfies
f V(th U"U) V¢.i.i dXdy = 0 1.=1,2

k
In addition, nlh also satisfies (2.23) - (2.25).

Now we consider the primal hybrid variational formulation associated with boundary

value problem (2.1)

find (u,A) € X x M such that
au,v) + b(a,v) = f(v) ¥velX (2.26)

b(u,u) =0 VoyueM

where a(e,<), b(es,s) are bilinear forms on X x X and X x M
respectively defined by:

a(u,v) = ) [ W W dxdy + [ uv dxdy
k Q

kcFa
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b(a,v) = ¥ [ Avde
and the linear form
f(v) = [ fv dxdy
Q
the approximation problem associated with (2.26) is as follows

find (uh, Ah) € X, x M, such that

a(uh, Vh) + (A vh) = f(vh) Yov, e X,

b(Uh: Uh) =0

Using Tables 1,2, the introduction of (2.21), (2.22) into (2.27) leads to

the finite element algebraic equations

1 k kK, 1 k Ky .k k K k 2
¢k+h—1(J20‘J10)+—2(J02‘J01) =foo * f10 * oo + o1 + foo
2 2 k K
h h Vin + O
1 1 k K. 6 1 10 ¥ ¥20 K K
e (I 3 ) (wm-tpgo)+g1 (14gg) (=== -4 -39 =hy fg
2 2 k k
h h Yin +t O
1 1 k K, 6 1 10 * Y20 - K
h gz ) (g - wpg) - (14ge) (=== -0 - dy = hy fyy
h2 h2 Py * Y
1 "2 k K. . 6 1 o1 * Y2 - k
. (1+ 35 ) (w01-w02)+h2 (1tg) (== -8) -9y =h, fo;
2 2
h h Yoy +
1 2 Ky 6 (141 (o Y02 K

=
N
—
[y
+
—
nN
~
—
<
o
—_x
]
<
o
N
Ny
(®))
o
nN
]
-
A
~
]
[
o
N
=
N
—h
o
Nx

(2.279

(2.28)
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and
w k, w Ky ¢ ko ) ky
10 20 > Yol 02 (2.29)
K k K K
2 K 2 kK
Jio0 =920 » o1 = g
where f.K =L [ f ¢:: dxdy = [ f §:: dgdn
Wk e Y S
In view of (2.13)
S0 * $10 * B0 * Bgp t dgp = 1 (2.30)
So
Kk
M5 = f

Comparing between the nodal expansion algebraic equations (2.10) and primal
hybrid finite element algebraic equations (2.28) we discover that if terms of
higher - order (hl’ h2) in (2.28) are neglected then (2.28) is equivalent to
(2.10).

For n =1 we define Xh = span { %00> 410> %20° %01- %025 411> ¢22} .

The approximation problem for (2.26) can be expressed as

find (uh, Ay) € ih X Uy such that
alug, V) + b0, vy) = < fyv > ¥y e X (2.31)

b(uy, u,) =0 Vo, €y

Using (2.30) and tables 1,2 we can obtain algebraic equations from (2.31):
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1, kL ke 1 K Kk
S (Jpg - J19) Y (Jog = o1 ) = f
K k
1, K K 6, Y10 * %20 3 kM k K
hy (10 - ¥p0) +— ( 7 " H) ot g;‘wll * 35 (B9 - wyp - 39,)
Lié +.El ) " k -J K = h.f
R R U BT

k 35k k
hy (P10 - ve0) - b Tz T T 30 (Mg - g - 3)

K
35 M K kK
- (gz +i§7§) 11 - o0 = “1fy
K K
K K 6 , Yo1 * Vo2 3% kM k K
ot = vog) + i (= = 4+ v g5 (g1 - wgp - 3)
(32 + "2 ) 0,5 - J. = hof K
hy 12/5 Y22 - Jp1 T Moty
k k
h
1 k K 6 , Yo1 * Vo2 3% kN2 k k
FZ (‘J»’Ol - lf)oz) -FZ_ ( — s - ¢k) +'—1‘£ Y22 ~ 30 (4"’02 R ) 3¢k)
@2y gk
e 1205 22 7 %027 M2foz
1 1, k 1 k k
(——+ =) Y74 + (o = ¥10) = (Fs ¢17) /7 K|
42 h 2 11 12/5 20 10 11

1 1 k 1 k k
=) Voo t—— (Yoo = 1) = (Fi &) / |K]|
12 X 22 " = Yoz T Yo 22

and (2.29) .
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Therefore we need Lo establish a new variational formulation
corresponding nodal expansion method. We will discuss it in next section and it

is called generalized primal hybrid variational formulation.

3. Variational Formulation for the Nodal Expansion Method
Let us introduce the bilinear form X x X s R :

a(u,v) = 7 [ (W w +u I, v) dxdy YueX,veX (3.1)
kth k

and the linear form X + R

fv) = I f oy vodxdy ¥vexX (3.2)
k ‘

Then the variational formulation associated with nodal expansion method of 0-order

can be expressed as the following

find (0, %) € X x M such that

a(u,v) + b(a,v) = f(v) VveX (3.3)
b(U,G)=O ¥ipeM

By virtue of Sobolev's theorem of equivalent norm and Schwartz inequality

we obtain

2 2
C, A0 +|—&—l—2 ( fk qudy)z <Coniy Vy ¢ Hl(k) (3.4)
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in consequence

la(u,v)| <c¢ iy o VI o ¥ u,ve Hl(Q)
|ﬂum)|>c1mﬁ q ¥ ue Hi(q)

In addition, it is well known that bilinear b(e.,.) and X , M satisfy

the Babuska-Brezzi condition. Furthermore, applying (3.4) we have
IF(v)| < 1y, o 1VIy ¥ ve X

ie. F(v) e x* (dual space to X ). According to Brezzi's theory there exists

a unique solution (&, X) of (3.3) and

*

Wy + oaxny < ocoafy (3.5)

Lemma 1 Let K = [ [fdxdy / |k| , ¥keF, . Then ¥ yeX , we have
k k

2
ch® afuy nyn for f e X
X X
|5 (F-F%)ydxdy| < (3.6)
kth k )
ch nfu0 q My for f e L7(q)
Proof For every K € Fh’ we have

| fL (F-F%) ydxdy | = | fk (F-F) (p-vF)dxdy | < ﬂf-fkno’k nw-wkuo’k
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by [6] ch? uful,k iy for f ¢ X

) ¥ pe X
ch ufno,k A2EN for f e L7(Q)

applying the Cauchy inequality the lemma is yielded.

Theorem 1  Suppose (u,A) 1is a solution of primal variational problem

(2.26) and (U,X) is a solution of (3.3). Then

ch? (nfuy + uan,Q) for f e X (3.7)
hu-uny + 1A-Xiy <
ch 1fry o for f e L%(a)
Proof By subtracting the (3.3) from (2.26) we obtain
[ 9(u-0) wdxdy + ¥ [ [(u-0)v + 0(v - Moy, V) ldxdy
keF k keF k
h h
+b(x-X, v) = ¥ [ f(v - m, v)dxdy ¥veX
2h
kth k
b(l-l’ U-U) =0
let w =u-U0, o= A-x» above relation can be rewritten as
a(w,v) + b(o,v) = G(v) VvelX
(3.8)
b(p, w) =0 ViueM

where

G(v) [ (f-0)(v - MoV ) dxdy

kth k
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By Temma 1
ch? uf—Jux vy for f e X
|G(v)| <
ch uf—ﬁ'umz iy for f e LZ(Q)
Therefore, by (3.5)
* chz(ufnx +fig Q) for f e X
uGuX < ’
ch 1fng o for f e L2(9)

Applying Brezzi's theory, problem (3.8) has a unique solution (w,o) and

* Ch? (1fny + g o)
MWy + oty < c 1Gny < ’

Ch nfuo Q

that is (3.7). The proof is completed.

Remark If f e L'(Q), (3.6) and (3.7) are still valid when

*

X

HfHO’Q
replaced by ifu

4. Nodal Expansion Approximation

Assume Xh’ Yh’ Mh are finite element subspaces defined by (2.18) - (2.20)

respectively. Approximation problem associated with (3.3) is the following
find (Gh, A) € Xy x M, such that

é" (lTh’V) + b(;\’hQV) = ?(V) Yve Xh (4'1)

b(l-l’(rh) =0 ¥Y¥ueM



-22-

Using tables 1,2 it is easy to calculate (4.1). The resulting algebraic
equations are equal to nodal expansion algebraic equations (2.10),(2.11), In
other words, nodal -expansion method is also a nonstandard finite element method.
Its corresponding variational formulation and finite element subspaces are just

expressed by (3.3) and Xh’ M, -

In order Lo establish error estimates for the nodal expansion approximation

solution we need following two lemmas

Lemma 2 For u e X, we have

i
(@]

aT'(U—thu, v) = ¥Yve X (4.2)

Proof

S(U-thu, V) y(f V(u—nlhu) « Wdxdy + [ (u-nlhu)HZhvdxdy)
k k

kth
From I,V = constani and (2.23), we have
I (U"thu) HZh VdXdy = (H2h V) f (U"thu)dXdy = 0

k k

On the other hand

[ Wu-mypu) o wdxdy = [ (u-mypu) Wen de - f (u-nlhu)Vzv dxdy
k oK k
it is easy to show ¥ ve X , v2y l¢ = constant. Therefore

. 2 2
fk (u-thu)V v dxdy = (v'v) fk (u-nlhu)dxdy =0 ¥Yve Xn
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In addition

7V e n = 2L = (-l).| —g\i on 8-k(i=1,2)

N . . .
¥ve Xh’ v is a linear polynomial of x on alK, 3y k. So

1]
o

[ (u-mpu) wen dg

3;k

i=1,2

Likewise

1]
o

f (u'nth)W'D_ de

3,k

.i

L1l
w
-
=N

The proof 1is completed.

Lemma 3  The bilinear form b(.,+) and the finite element subspaces Xh’ Mh
defined by (2.18), (2.20) satisfy the discrete Babu¢ka-Brezzi condition
b(Ah,vh)
sup — >y YA eM (4.3)
0#v. eX v, I h™™ h h
h€ h"'X
where constant vy is independent of h .
Proof  In order to prove (4.3) it is sufficient to prove[s] that the
interpolation operators have following proportion
MGV < Coviy (4.4)
b(v-nlhv, “h) =0 You, e M (4.5)

In view of the construction of the subspace Mh and interpolation proportion

(2.23), (2.24) it is easy to gel (4.5).
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On the other hand, applying tables 1,2, we have

2 k k
M VI =7 O3 biag T b * 0 453y 1 éony) was oo dxdy
1h 1,k ko ijx o mnx 5 ijy ke mny ij "mn

I Z. ! Véij Vémn ¥ij Ymn dxdy
k ij mn

2 2 2 2 2
21k [6 (=5 + ——) & +—2= (b5 + o) + 2 (w4t + 45 ) -
h h hy ho

N

o

6 2 2
- (& 10 + & ¥p0) "2 (& wor + & vg2) v Y10 Y20 t 2 Vo1 Yoz ]
1

2 2

=N

4

= —— Ikl Ty - wy) 2 + 3(wyg- ) (wog - )] +
h2
1

4
+';3|k|[“%1' %m)2+:ﬁ¢m‘%)ﬁ%2’ ¢ )]

where Yoo = & > wij = wig . Likewise

2
Myvige =1 1 T 655 gy ¥55 ¥y dxdy
k ij mn

2
= k| o +-T%~ |k | {2(¢10 - wzo)z + 3 (¥ - &) (wpg - &)1 +

1
+ Ig—'|k| (2w - ¢02)2 + 3 (w1 - o) (¥ - ¢)]
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If v|, €D (k) then we have

(11’10 - 11120)2 =

([ Xdxdy)? < U‘LI (22 4x dy
k oX h2 k oX

=
NN

('1’01 - %2)2 <'|‘IS‘|‘ / (ﬂ)z dxdy

2 3
h1 k
(¢10-¢k)(¢20'q() =-ﬂ%T2 fk(V(xk,y)—v(x,y))dxdy . fkv(xk+h1,y)_v(x,y))dxdy
1 X av Xk+hl av
= —, [ ([" —dt)dxdy « [ ([ N gt )dxdy
k]® ko x 3 kK x at
|k |h X, +h
< —1‘“2 Tl fk ! (2% 2 di)dxdy
k| X, at
h
1 v, 2
= = —) "~ dxd
2h, fk (o) dxdy
(vg1 = &) (vgp - &) < "2 [ 292 dxdy
01 k 02 k 2hy Ky

" v|k € Hl(K), due to the density of D (k) in Hl(k) the above
inequalities are also valid. In view of the regularity assumpltion of partition

Fh we have

2 2 1
| Ty, V ll,K <cC |V|1,K ¥ v e H(K)
2
"I, v ";,k < nvuo?k + ch? |V|1,k ¥ v e HY(K)

Consequently, we obtain (4.3). This proof completed.
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Concerning the bilinear form a(.,.) il is clear to yield
|$Kuh,vh)| <M owup iy vy Vougsvy, e X, (4.6)
[a(u,u )] > a 1u % Yu, eX (4.7)
h*“h & Mh X h h :

Theorem 2 There exist a unique solution (Gh,i%) for problem (4.1) and

the following inequalitly is valid

~

u-qﬂx+u%§JM<c { inf Mwhw +

vheXh
+ inf "XL“h"M + inf sup b(i;uh, vip) /vy ) (4.8)
Proof firstly, we have
(RN TIES S/S PR | SIRIET (4.9)

Secondly, by virtue of lemma 2 and (4.6), (4.7)
G-, $12 < (=1, @) O-Ty, @) = &(0=1,,.0, G-v,.)
1hY Iy 1h Y 1h 1nYs h

vheXh

On the other hand, from (4.1) and (3.3), we have

axa:ah, V) + b(ilih, v,) =0 Vv, o X (4.11)

b( s Glah) =0 (4.12)
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By lemma 2 and (4.11)
~y 2 ~ ~ o~ ~ ~
M, U-uply <c a (th u-up Ty u-uh)

~

Cg (GL h [y th G:Gh) = Cb(ilih9 th G;Gh)

= Cb(i"uh, Mhn lT-lTh) + Cb(uh - ;“h s My lT-Jh)

but in view of (4.12)
b(uh, lTh - th lT) = b(uh, lT - ]'[lh lT) + b(uh, lTh -NU)
= b(uh, u - T[lth)

However, from (2.20) and (2.24)
b(uh, J - thG) =0 Y uh c Mh

Therefore

~

b(uh, Uh - thG’) =0
By (4.13)

"th G’ - G’h "X < Cb(;\"‘uh, th lT-lTh) / "H].h J—G‘h "X

<C inf sup b(T-uh, Vi) /vy iy
uhth VheXh

Combining (4.9),(4.10) and (4.16) we have

-G oy <c { inf pi-v, 0 + inf  sup b(X-mps i) / vty )
uhth VhGXh

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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Furthermore, lemma 3 yields that

but

b(xh‘”h’ Vh) = év(l]"mh9 Vh) + b(i‘-uh,vh)
S0

o ﬁh—uh IIM < HlT-lTh Iy + ||')\\"'1lh “M

X=Xy € 0X=pp iy + X, - gy

<Cp nl=lp iy + Co HX-pyly

i.e.

=Xy < ¢ {n0=Gpny + inf aX-pny ) (4.18)

HheMy
Combining (4.17) and (4.18) we can be obtain (4.8). The proof is

completed.

It is easy to prove that { X ,M '} satisfy the condition of lemma 9 in
[8]. Hence for y e Hl(Q)

inf sup  b(w=wps V) / vy <chuyry o (4.19)
My VX, ’

On the other hand, by interpolation theory in Sobolev space

inf uﬁlvhux < inf nﬁlvhux < ch "5“2,9 (4.20)
vheXh VhEsy,

where
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Sy = {vh e C°(R); vh|k e Pl(K)’ Vh‘r =0}e X,
From (4.18), (4.19) and (4.20) we have

Theorem 3 ¥ f ¢ LZ(Q), if problem (3.3) has a solution
(@,%) e (XM?(q)) x M, then

~

=0y + 1X-X 0y < ch uJuZ’Q (4.21)

From theorems 2 and 3 , we can yield

Theorem 4  Suppose (u,r) is a weak solution of boundary value problem
(2.1), (Gh, Rh) is a solution of nodal expansion approximation problem (4.1).
If the solution (&,%) of problem (3.3) satisfies & e HZ(q) for f e L%(q),
then

uu-ﬁhux + ux—ihuM <cyifig g (4.22)

Proof Using the triangle inequality

HU"UhI!X + Il)\-)\hllM < lu=uly + ll)\-)\llM“' ||U-UhIIX + II)\-)\hIIM

By virtue of (3.7) and (4.21) the inequality (4.22) is obtained, theorem is

proved.

Remark Using Nitsch's trick it is easy to get

2
h"O,Q < c¢h ufuo’Q
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