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Abstract. In this paper we study the system of partial differential equations governing the nonlinear
thermomechanical processes in non-viscous, heat-conducting, one-dimensional solids. To allow for both
stress- and temperature-induced solid-solid phase transitions i the material, possibly accompanied by
hysteresis effects, a non-convex free energy of Ginzburg-Landau form is assumed. Results concerning the
well-posedness of the problem, as well as the numerical approximation and the optimal control of the
solutions, are presented in the paper, in particular in connectlon with the austenitic-martensitic phase
transitions in the so-called “shape memory alloys”.
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1. Introduction. In this paper we consider thérmomedhanical processes in non-
viscous, one-dimensional heat-conducting solids of constant density p (assumed normalized
to unity) that are subjected to heating and loading. We think of metallic solids that do
not only respond to a change of the strain ¢ = u, (u stands for the displacement) by
an elastic stress ¢ = o(¢), but also react to changes of the curvature of their metallic
lattices by a couple stress p = u(e.). Thus, the correspondmg free energy F is assumed in
Ginzburg-Landau form, i.e.,

(1.1) | F =Fle,e,6),

where @ is the absolute temperature. In the framework of the Landau theory of phase tran-
sitions, the strain ¢ plays the role of an “order parameter”, whose actual value determines
what phase is prevailing in the material (see [3]).

Since we are interested in solid-solid phase transitions, driven by loading and/or heat-
ing, which are accompanied by hysteresis effects, we do not assume that F(e, ¢,,8) is a
convex function of the order parameter ¢ for all values of (e,,8). A particularly interesting
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class of materials are the metallic alloys exhibiting the so-called “shape memory eﬁ"ect” |
- Among those there are alloys like CuZn,CuSn, AuCuan,Ang and, most important,
- TiNi (so-called Nitinol). In these materials, the metallic lattice is deformed by shear, and
the assumption of a constant density is justified. The relation between shear stress and
shear strain (o —e-curves) of shape memory alloys exhibit a rather spectacular'tempei'atnm-
- dependent hysteretic beha.wor (see (2] for an account of ‘the properties of shs,pe mermory
. alloys):

¢ fF

Fig 1. Typical ¢ — e-curves in shape memory alloys W1th tempera.—
ture @ increasing from a) to c).

In addition, for sufﬁc1ently small shear stresses o a.ncther hysteresm occurs in the
e —6- dmgrams o -
' €

Fig 2. €~ @ curves in shape memory slloys for different values of o.




On the microscopic scale, this hysteretic behaviour is ascribed to first-order stress-
induced (fig. 1a,b) or temperature-induced (fig. 2) phase transitions between different con-
figurations of the metallic lattice, namely the symmetric }ngh-temperature phase “austen-
ite” (taken as reference configuration) and its two oppositively oriented sheared versions
termed “martensitic twins”, which prevail at low temperatures {cf., [6], [7]).

The simplest form for the free energy F which matches the experimental evidence given
by figs. 1,2 quite well and takes interfacial energies into account is given by (cf., [4], {5])

(1.2) F(e,€5,0) = —Cv0log(6/6:) + Cv6 + C + k(6 — 6;)e? — Ko€' + Kk3e® + % e,

where C'v denotes the specific heat, C is some constant, §; and 8, are (positive) tempera-
tures and &y, k3, K3,y are positive constants. A complete set-of data for the alloy AuCuZns
is given in [5]. Note that within the range of interesting temperatures; for 8 — 8,, F is
not convex as function of e. '

In the sequel, we assume F in the somewhat more general form (with positive &1, kz,7)
(1.3) Fe, €5,0) = —CyBlog(8/82) + Cyb + C + ki8Fi(e) + k3 Fa(€) + % &,
where F] and F; satisfy the hypothesis:
(H1) Ry, F; € C*(R); Fi(e) > ¢1je] ~¢2, Ve€eR, with i)ositive cénstz;nts €1,Ca.

The dynamics of thermomechanical processes in a solid are g'overned by the conservation
laws of linear momentum, energy and mass. The latter may be ignored since p is constant
for the materials under consideration (we assume p = 1). The two others read

(1.4&) _ U — Ozt fie=f, _
(1.4b) ' et+ gz — 06— [ezg =g .

Here the involved quantities have their usual rneahings namely:. o-elastic stress, u-couple
stress, u-displacement, f - density of loads, e - density of internal energy, ¢ - heat ﬂux, g
-density of heat sources or sinks.

We have the constitutive relations

OoF or oF
(1.5) o= B¢ ,u-—aez,e Fﬂae,

and we assume the heat flux in the Fourier-form

(1.6) g = -k, , where £ >0 is the heat conductivity.
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'Notlce that (1.6) 1mp11es that the second principle of thermodynamlcs in form of the
'Clausms-Du.hem inequality is automatically satisfied. - - ... :

" Inserting (1.3), (1.5), (1.6) in the balance la.ws and assummg a one-darnensmna.l sample -
of unit length, we obta.m the sysf,em o B S —

. (1.7&) ' _ . u” —'(Klﬂp'(f) + Kze(ﬁ)) + ‘}’u:u:z:: = f '
(i.?b') ' Cvb, *'NleFl(f)ft - Reu = g, -
(1.76) €=Uy , '

to be satisfied in the space-time cylinder Qr, where T > 0 Q = (0, 1) and for t >'

In addltlon, we -prescribe the initial and boundary 'conditions :

o (17d) u(z,0) = ug(z),u(z,0) = ui(x), 6(z, 0) 90(:0) reQ,

: (1.7¢) o u(0,t) = v, (0,8) = u(1,¥) = uzz(1,8) =0, t € [O,T],
- (1.7 62(0,t) =0, —rb,(1,t) = B(8(1,t) — 6r(t)), t € [0, 7],

where > 0 is a heat exchange coefficient, and 6 stands for the outside temperature at
T =1 ‘ ‘ '

In the following sections we state some results conce_m_ing ‘the ‘well-posedness of the
system (1.7a-f), including a convergent numerical algorithm for its approximate solution.
- To abbreviate the exposition, all constants in (1.7a-f ) are a.ssumed to equal unity; this will

have no bearing on the mathematical analysis. :

Wel]-posedness We consider (1. 7a-f). In add1t10n to (Hl) we generally assume: -

(H2) ug € H“(Q) = {u € H{(Q)|u(0) =u(1) =0 = u“(O) = u"(l)},
uy € Hl(n) NH2(Q); 6 € HX(Q), 6o(z) >0, Vazell

(H3) 64(0) =0, 6r(0) = 8o(1) + % 05(1) > 0 (compatibility). |

- (H4) f,g € H'(0,T; H*(Q)), 6ér € HY(0,T), where g(x,t) > 0 on Qr and 6p(t) > 0
on [0,T). . L S

'We have the reéult'

THEOREM 2.1. Suppose (H1)~(H4} hold. Then (1 7a—f) has a unique so]utmn (u,8)
which satisfies

| (2.ia) u € WH(0,T; L* (Q)) n WH(0, T; I}l(ﬂ) n H-Q(Q)) N L>=(0, T; H4()),
(2.1b)  6€ H'(0,T; H'(Q)) N L*(0, T; H(N)),
(2.1¢) 6(z,t) >0, on Q.



Moreover, the operator (f,g,6r) — (u,8) maps bounded subsets of H*(0,T; H'(Q)) x
H'(0,T; HY(R)) x M into bounded subsets of X x Y, where M := {z € |H'(0,T)| 2(t) > 0
on [0,T], z(0) = 6o(1)+845(1)}, X:= W2>(0,T; L?(Q))ﬂ-Wl_""’((}, T; H{(Q)nH ()N
L*>(0,T; I?‘(Q)) and Y := H(0,T; H'()) n L2 (0, T; H3(QY)), respectively.

Proof. The existence result is easily obtained by combining the Galerkin approximation
employed in the proof of Theorem 2.1 in [9] with the a priori estimates derived in the proof
of Theorem 2.1 in [12}; the uniqueness is a direct consequence of the subsequent Theorem
2.3. Fma.lly, the boundedness of the mapping (f, ¢,0r) — (u 8) follows from the above-
mentioned a priori estunates o

A sharper exxstence result with regards to the smoothness propert1es of the solution
(u,6), has been established in [12}:

THEOREM 2.2. Suppose that, in addition to (H1)-(H4), the following assumptions on
the data of (1.7a—f) are satisfied: '

(2.2) uo € H3(), w € HY(Q), 6 € HA(Q),
fu € L*(Qr), g € L*(0,T; H*(Q)), 6r € H*(0,T).
Furthermore, suppose that 8, satisfies compatibility conditions of s‘ufﬁciently high or-

der. Then (1.7a—f) has a unique classical solution (u,8), and all the partial derivatives
appearing in (1.7a~c) belong to the Hélder class C* e/ 2(Q;;r-), for some a x € (0,1).

Proof. See Theorem 2.1 in [12]. O

We now derive a sta.blhty result with respect to the data (f, g, fr) which guarantees
the uniqueness of the solution (u, 8).

THEOREM 2.3. Suppose the general hypotheses (H1), (H2) and 0(0) = 0 are satisfied.
We consider the variational problem




ew fue t#(f p dx‘—;/ ul(x)so(z 0)ds - ] j u,w,d.f, ar

Q :
V{p € Hl(o T Hl(m) n (o, T, HYQ)) , ,0"s,t'--§ T ..

 (23b) ] / [6em — gn = Guzuzm+9w=]dm dr
o 0
t

+ [ - e dr=0, Vre 2OTE®Q), 0<t<T,

: (2.3c) 8(z,0) = 6p(z) , u(z,0) =wuo(z), z€Q.

Suppose the data (f1), g(') 8(')) t =1,2, satlsfy (H3) and (H4), and suppose that -
(u(') 9(’)) are solutions to (2.3a—c) corresponding to the data ( f(') g9, 9(')) t = 1,2, such
that vl € W= (0, T; HI(Q))nL""(O T, H3(Q)), 0(0 € H1(0 T; LZ(Q))an(o T; HI(Q)),
i=1, 2 Then there is some C > 0 such that '

(2.4) ~ sup (Ilut(.t)”z+lluu(t)!|2+l|9(t)||2)+ / / idedt
: t€(0,T) o A
+ fﬂ?(l,t) dt < C(|l6rilta o + lolZ2(ar) + 1122 ),
where § = 8 — 6y = 4 _ 4@ g1 = g0 _ g® § o ;) = fD 5o g0 _ 40,
REMARKS. |

1. Here (and throughout) we have omitted the a.rguments of the mvolved functions if
" no confusion may arise.

2. || . || denotes always the L?(§2)-norm.

' 7 3. Obviously, any solution (u 8) of (1.7a~f) with (2. la,b) solves (2.3a—c); consequently,
the solution of (1. Ta—f) is unique.

4. From the upcoming proof it will become evident that a correspondmg stability
- result holds with respect to the initial data u,, ul, 6o; we restrict ourselves to the
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data (f,g,6r) as they are the natural candidates to serve as control variables if the
system is to be controlled from the outside.

Proof, Let ¢ = ) i = 1,2 and € = ¢ — ¢, In terms of the variables (u,6)
introduced in the assertion, (2.3—c) can be rewritten as

(2.5a) /uf(m typlz, t)de — ]/u;tpt dz dr +'['/('r.¢=,,,<,;;~;,;E — fo)dzdr
+ 0// ( (), D) - ( (2),9(2.))) ¢y dz dr =0,

Ve B (0,T; H\(Q)) n L*(0, T; H*(Q)), 0<t<T,

t t
(2.5b) ff[ﬂm —-gn+ 9,:1;,,]. dz dt + f (6(1,7) = Op(r))n(1, 7)dr
0 Q 0 ' :
t .
+ / / (8PP — gD M My dzdr =0, Ve L2(0,T;HN Q) 0<t< T,
0 0
2.5¢ 6(z,0) =u(z,00=0, z €.
(2.5¢) (z,0) = u(z,0)

Next observe that, owing to our assumptions, u;(,),ug,'g and 8¢} belong to C(Qr),i =

k
1,2. Thus, due to (H1), expressions of the form g— Fi(e), 1<k <4,j=1,2,i = 1,2,

are bounded. Moreover u() € L*®(fr),i = 1,2. In the sequel, C;,? € N, always denote
positive generic constants. We proceed in two steps:

STEP 1: Let § > 0 be given (to be specified later). We insert ¢ = u, in (2.5a), integrate
by parts and use Young’s inequality to arrive at the estimate

¢
1 1 1
(2.6) 5 (O + 5 lluaeOI” < 5 1flZ2ar) +C'1/l|ﬂt(7)|]2df
42
+5//‘ ( GRNp- E (6(2),9(2_))) dzdr.
Now
(2.7) e ( (e 9‘”)—@- (e‘”,e‘”)) = 6. F{(£V)

+ 69 (F{(€D) = F(eD)) + F (V)
+ uB(Fy () = F{(eD)) + F{ (<))
+ ul0® (F(e?) - Fi(e) + 69 F ().
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Consequently, invoking the mez’m va,lue theorem, :

w0 ]| m) [

¢

<C _[/(9’2’ + |(9§,.2)|2e2 +ul, + 6 l+. €®)dz dr.
But
. . . IV
(29) ] [le@pedza < j T mm,nom(r)mdr
0

<G f e o dr,

- since 8® € L*(0,T; H()). Now observe that u(0,t) = 0 = u(1,t).

-t € [0,T) there is some zo(t) € (0,1) such that u,(zo(t), ) = 0. Thus,
(2.10) (2,7 < fluea(r)|, O<T <t z€R

- Summmizing, we have shown the estimate

Hence, to any

1) O + eI < Ca Wl + G [Pl

+Co- 6+ (6.7 + 10O + lueatr) .

STEP 2: Next we substitute n=2=8 into (2.5b) to obtain ?ia'Youhg"s inequality: -

(212) 5 I8 + / lexyPar +5 [ ar

=3 / “9@ l”df+ 5 lolliaary + 5 16rllZaezy + 4,




where

[ 660D — 62D D)gy dr

f

°\- Fo— °\.« O~

(2.13) A

D

d | '
— [0(6V D) — gD e®uD|drdr

SO

8,(6W Myl — D@Dy (ygdr

I

/ 9(99)6(1)11?) + G(I)uilz)ugl)
Q-

— 8@y, _ D u@u)dzdr.
Since Ugz=0,1 = 0, the first integral vanishes; the other terms have to be treated individu-

ally.
a) We have, since 8(9 (), u L°°(QT), i=1,2,

(2.14) I =] [/8,,(9(1)6(1)1151) - B(Z)e(z)ugz))da:d'r{

. _
|]/9 [Ge(l)u(l) + B(Z)eu?) + 8PPy Jde dr|

¢
/fﬂzdmdr+c7f/(92 + € + u?)dz dr.
O .

b) Next we estimate

t
(2.15) || := ]//0(6,(,1)6(1)15&1) - 9&2)6(2)u52))dxd1'|
0 @ | |

1
| / / 916,V u” am ul? 4 6@ e® ]d:r:df|
0 ‘

56//62dzdr+08//(92+e -!-u?)da:dr
0

+Cy f / 182262 dz dr.
0




. Recalling Nu‘enberg s inequality in one space dimension (cf [1]), we have with suxtable
oy > 0,00 > 0: .

(2.16) | 87|z eo 0y < ca 1B2(2I] 16T +aall(nIIF
- - S0 + CrollO(TIE
| Smce 62 € L= (0, T L2(Q)) th1s unphes tha.t

(217) / [ |8(2)|292dmdr< ] ||e(r)]|mm||a<2)(r)” dr

) <Cloéffﬁzdzdr+011/fﬂzdmdt

- _Whence
(2.18) Ly <C116 j 160 )12dr
+Cr ] OO + Jwa(PI + Nl ).
[H] p a
¢) Finally we have .

219)  |Ll:= [ [ [ o0®uBu - 6?u@u®)dedr|

0

°\.“ 'd_k\_“ _

G[Gu(l)um + 9(2)1&'”-3149) + _0(2) (Z)ut]dxdr

L

j (B + s + Jes(r)Pdodr.
0
Summarizing the inequalities (2 12), (2.14), (2.18) and (2 19), ‘we have shown that

(2.20) = "453(15)”2 ["9 (r)||2df+ ]92(1 T)d'r
S C_'14'5/||_9z(4f)||2d"'.+§ ||9”L=(n,-) t3 ”91‘"1,2(0 )
+Cua [UODIP + fows(IIP + e,

10




Adding (2.11) and (2.20), adjusting § > 0 sﬁfﬁciently small, and invoking Gronwall’s
lemma, we have finally proved the assertion. []

3. Optimal Control.  We now turn our interest to-opti:mal control problems associ-
ated with the system (1.7a—f). It is of considerable interest in the technological application
of shape memory alloys to control the evolution of the austenitic-martensitic phase transi-
tions in the material; in this connection, a typical object is to influence the system via the.
natural control variables f,g,6r in such a way, ‘that a desired distribution of the phases
in the material is produced. Since the phase transitions '_a,re' characterized by the order
parameter ¢, it is natural to use € as the main variable in the cost functional. We consider
the following control problem: ' '

(CP)
i - |
Minimize J(u,6 f,g,6r) = [ / Ly (o,t, us(x, ), 6(, 1), f(2, ), g(c, t)) dwdt

0 Q

T ' .
+ L2(t:61‘(t))dt + [ Ls (3auz($aT)$g(3$T))d$’
[Erteoryie+ [ (et

Q

subject to (1.7a—f) and the side condition (f, g,6r) € X, where X denotes some nonempty,
bounded, closed and convex subset of H' (0, T; HI(Q)) x {g € H'(0,T; H'(2))|g(z,t) > 0
on Q7} x M.

For L; : R® - R,L; : R?2 5 R, L; : R?® = R, we assume:

(H5) (i) Ly, Ly, L3 are measurable with respect to the variables (z,t), resp. t, resp. z, and
continuous with respect to the other variables. -
(ii) L, is convex with respect to f and g.

(iil) Ly is convex with respect to fr.

These assumptions are natural in the framework of optimal control; a typical form for
J would be

3.1) J(,6; £,9,0r) = Billus = TellZaay) + Bll6 ~ Bllzaqar)
+ Balluz (-, T) — @l® + Ba]l6C, T) — 6|2
+ Bl fllL2caz) + BellgliZeary + Brllorliiao, 1)

with 8; > 0, but not all zero, and functions %.,8 € L*(Qr), i, 8 € L?(Q), representing the
desired strain and temperature dmtnbutmns dur:ng the evolution and at t =T,

There holds
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THEOREM 3.1. Suppose (HI)—(H5) are true, then (CP) .has a solution (u 6; f,g, 91")

Proof Let {(f2s gn, 6r ,,)}CUC denote a rmmm:zmg sequence a.nd let (u,,, ,,) denote
 the solution of (1.7a~f) a.ssoc:ated with ( f,,,g,,,ﬂp,,,) n€ N Smce Xis bounded we may
assume that L :

B2 _ﬁ,J, mmwnmmTHmm'
' gn — 7, wea.kly in H? (o,T; HI(Q))
O — er, weakly in H‘(o ).

Due to the weak closedness of the convex and closed set XK, ( £, 9, 9p) € fK Let (u 9) denote
the associated solution of (1.7a—f). Now, owing to the boundedness of X and Theorem 2.1,

{(%y,85)}nen is a bounded subset of X x Y. Therefore we may assume that for:some
~ {u,8) € X XY there holds ' '

A
un,z —* Ug,

(3.3a) 6, — 6, uniformly on 7,
_ Un et — Ui,
Un,px —F Upz, s 2 S
(3.3b) ot — e, weakly in L*(Q7),
Un,zzzr — Uzszz, .
- as well as |
a C _en,z -+ g:n . .
. (3.3¢) Ons— 6,  weaklyin I*(Qr).

gl’l Iz —* 8$$1

- Passing to the limit 28 n < 0o in the equations (1. 7a—f) shows that (u, 9) solves (1 Ta—
f) for the data (f,7, 91-), e, u="1u,0=08. Hence (u [ f,g,ﬂp) is admissible, and, in
view of (H5),

. (3.4) J(%,0;f,7,60r) < hm inf J(un,ﬂn,fn,g,,,ép n)

Thus (%,6; f,,8r) is a solution of (CP).

REMARKS,

5. The above way of arguing follows the lines of [10] where a related result was derived
for a much more restricted free energy F.

6. It is natural to look for necessary conditions of optunahty for the optimal controls
~ of (CP). A corresponding result has not yet been derived.

" 7. The problem of the automatic self-regula.tlon of the system via a fixed feedback
" control regulatmg the boundary temperature 6r has been considered in [11].
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4. Numerical Approximation. In this section we follow the lines of [8]. We assume
the free energy in the special form (see (1. 2)) '

,1':'
(4.1) F(e,er,0) = —-910g6+6+ Be —-—e +-e +%e .
Let
1 1
(4.2) F{)(é 0)_—92,_2.44-6 eb.

Then, for €; # €3,

Fy(e1,8) — Fo(es,6) | _1
(4'3) . '__61 — €3 _— 2

8(ex +€2) + ‘I’(Ehéz)a

where ¥(e;,€2) is a polynomial of degree 5 in €, €2.

We are going to construct a numerical scheme for the approximate solution of (1.7a~f).
To this end, we assume that (H1)-(H4) and (2.2) hold, so that Theorem 2.2 applies.

NowletKNMerechosen Weputh'—rM,t(M)—mh 0<m< M, and
M =4 0<i<N, |
Deﬁne

(4.4) Yy = {linear splines on [0,1] correspondmg to the pa,rtxtmn {x( )},_o of [0,1}},
and let

(4.5) . Zy = span{z1,..., 2K},

where z; denotes the j- th elgenfunctlon of the elgenva.lue problem

(4.6) 2= Az, in (0,1),2(0) = z"(O) =0= z"(l) = z(l)

We introduce the projection operators

(4.7) Py =H 4(0,1) — orthogonal projection onto Zx,
Qx = H?(0,1) — orthogonal projection onto Z,
Ry = H'(0,1) - orthogonal projection onto Yy,

and the averages

mh . . mh
(48) f@=3 [ feni, g@=3 [ s,
(m=1)h ) (m—1)h
mh
8y = % | On(t) dt.
(m=1)k
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‘We thenkt_:onsider the discrete problem _ -
L (DM,N,K) Find u™ = Ef—;i a‘fék, Ek«-o ﬂ,""yim?_ - ‘

1<m <M, such that

' ' m—1 | ,m-2 S
(4.92) f [ - 2u = t+u -6+ em-l(u +u"‘ ‘)£z
+ ‘I’(u:l, u":"l)fz + u:;-s::z - fﬂﬂdx = 0.3 ‘. v 56 ZK’
: gm — gm-1 1 m1 (u:;}z - (ﬂ:z-l')i.‘
L 8e) /= R

+67 0, —~ ym] dz +(8™(1) - fF, M)n(l) 0 v 7€ YN,
o u® — y—! ,
(4.9¢) u® = Py(u®), + = Qu(u), 0 = Ry(6o).
The following-' result has been shown in [8]:

l THEOREM 4.1. Suppose (H1)~(H4) a.nd (2.2) are true and Iet N be sm‘ﬁc;ently Ia.rge
: Then there exist consta.nts C'1 > 0, Cz > 0, which do not depend on M, N, K, such that
for W < 1 < 01 the discrete problem (DM N,k ) has a solution which satisfies

(4102)  67(2)20, Vzel, 0<m<M,
(8106)  max {“

(4.10c) 0 B, {llf>""[|2+l9”'(1)l2

112

um

h 3
gm 1|

m

}5.025

+_u

Izx

<G

Proof. See Theorem 2.1 in [8] 0
- It now easy to derive convergent approximate solutions. To this ehd, let ¢ :N =N
~ denote some strictly increa.si’ng function. We put N = tp(K }and M _-—'-'. 2N? (which implies

: 3 ]]‘}2 < ;I) and take K € N large enough. Let {(u K,G%)}m_l denote corresponding

solutions of (D, k) with the above choice of N and M.,
We define the linear interpolations

- (am) u(@,t) = (Mt — m +1)u(z) + (m — Mt™ Y(z),
- Bx(z,t) = (Mt—m+1)0 (:z:)-l-(m Mt)é'“ ),
-1
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Then (4.10b,c) imply that, for any sufficiently large K € N,

-

(4.12a) | IIU_Kll

(4.12b)

wieo (0,7 HI(Q))nL"-“ (0,75 HS(Q)) <G ’

188l oo o) < 2

From standard compactness a.rguments we conclude the emstence of some (@, 6) such that,
for some subsequence, '

(4.13a) ug, — i, weakly —* in VV1 °°(0 T, HI(Q)) and
weakly — in L°°(0 T; Ha(ﬂ))

(4.13b) "0k, — 0, weakly in H(0,T; L*(Q)) and
weakly — in L (0, T; H'(?)),

8 o .
(4.13¢) 3z UEn 5 U _jxmfom}}y on {7, '_
0k, =8, uniformly on Q7.

1t is easy to see that the limit point (4, 5) is a solution of the variational problem (2.3a—c).
By virtue of Theorem 2.3, i = u, 8 = 6, where (u, 4) is the (unique) solution of (1.7a-f).
It follows that the whole sequence (ug,6x) converges to (u,8) in the sense of (4.13a-c).

THEGREM 4.2. Suppose (H1)-(H4) and (2.2) are true, and assume that to K € N we
define N = ¢(K) and M = 2N?, where ¢ : N — N is any strictly increasing function. For
sufficiently large K € N, let (ug,8x) be defined by (4.11). Then {ug,6x) converges in
the sense of (4.13a—c) to the solution (u,8) of (1.7a—f).

REMARK..

8. Results concerning the order of convergence have not yet been established.
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