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Abstract

In ferromagnets, scattering processes between magnon modes have been an active plat-

form for the investigation of nonlinear wave interactions and chaotic dynamics for over

six decades. Despite this rich history, questions remain regarding the nature of these

interactions. In this regard, three-magnon scattering of the ferromagnetic resonance

(FMR) mode is of particular appeal: the threshold FMR magnon population at which

scattering occurs is distinctly low, enabling its investigation over a wide range of ex-

citation powers. This particular scattering process requires the availability of magnon

modes at half of the frequency of the FMR mode. This requirement is readily ful�lled

in magnetic �lms of micrometer thickness, as the associated dipolar interactions lead to

a dip in their magnon dispersion.

Existing studies of three-magnon scattering have largely focused on its in
uence on

the magnon populations and on the steady-state behavior. A comprehensive under-

standing of its transient behavior (i.e. how it evolves in time as it approaches steady

state) is missing. Similarly, little is known about the in
uence of three-magnon scat-

tering on the magnons’ phases. This is largely the case for other magnon scattering

processes as well. There is also a lack of a formal understanding of the relationship

between the forward and backward three-magnon scattering processes, i.e. between

splitting and con
uence. These gaps are, in part, owing to the fact that there is a lack

of a comprehensive time- and phase-resolved experimental investigation of the three-

magnon scattering process. Magnon scattering processes are most commonly investi-

gated through diode-based techniques, which are relatively insensitive and lack phase

resolution. They are also most commonly investigated through Brillouin light scattering

spectroscopy; this technique is typically employed for large excitation powers, and its

phase-sensitive implementations have not been applied to three-magnon scattering.

Motivated by the above, I have assembled a time- and phase-resolved homodyning

spectrometer that is operable over six orders of magnitude in microwave power. This

spectrometer demonstrates a time resolution of 2 ns, and its sensitivity enables measure-

ment of the transient behavior down to an excitation power of 10 �W. Upon measuring

the resonance peak of the FMR mode, I observed satellite peaks near that of the FMR
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resonance. Such satellite peaks are observed in the literature as well. I found that they

originate from the excitation of magnon modes with �nite in-plane wavevectors, due to

the inhomogeneity of the microwave �eld throughout the sample. To address this inho-

mogeneity, I created a microstrip waveguide with a signal line width of approximately

3.4 mm, such that it is appreciably wider than the 2 mm-wide sample. This ensures

a highly uniform microwave �eld and, therefore, the highly isolated excitation of the

FMR mode. Isolating the excitation of the FMR mode in this manner enables a clear

interpretation of the measured transient behavior, and contributes toward the strong

agreement observed between my experiment and my semianalytical model.

With the above developments, I have investigated the transient behavior of the FMR

mode during this scattering process over �ve orders of magnitude in power. In addition

to my observing the expected transient behavior, in which the scattering monotonically

suppresses the FMR magnon population to its threshold value, I �nd a second nonlinear

in which the FMR magnon population exhibits transient oscillations about its threshold

value. I �nd that both these oscillations and the timescale of the initial transient peak

are highly dependent on the excitation power. At high powers, I �nd a third nonlinear

regime in which the scattering generates 180� phase shifts of the FMR magnons. More-

over, I �nd that both these phase shifts and the transient oscillations reappear upon

removing the microwave excitation (i.e. after turn-o�).

To supplement the experiment, and to understand my �ndings, I have derived a

simpli�ed semianalytical model of this scattering process based on the Landau-Lifshitz-

Gilbert equation. Upon linearizing my model, I found that the oscillatory regime cor-

responds to a transition of the nonlinear regime’s �xed point from a stable node to a

stable spiral. I also extracted the predicted scaling of the oscillation frequency with the

microwave �eld amplitude. Upon extracting the associated scaling of the experimental

data, I found it to be in quantitative agreement with the predicted scaling over several

orders of magnitude in power. To investigate the 180� phase shifts observed in the ex-

periment, I generalized my model to allow for phase dynamics by omitting the standard

assumption of harmonic time dependence. Numerically solving this generalized model,

I found that it predicts these 180� phase shifts. In order to derive the equations of

motion of the magnon populations, one begins with the generalized model and assumes

harmonic time dependence. Remarkably, when accounting for the 180� phase shift in
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this harmonic approximation, I found that the phase shifts correspond to reversals in

the scattering direction: in the magnon populations’ equations of motion, the phase

shift switches the sign of the scattering terms such that the scattering is now driving

the FMR mode instead of damping it. These reversals explain the observed transient

oscillations after turn-o�: even without the excitation �eld, the FMR population may

still oscillate via reversals between the forward and backward scattering process.

These experimental and theoretical developments further the state of the art of the

investigation of magnon scattering processes. The �ndings of my investigation provide a

more comprehensive understanding of the transient behavior of this scattering process,

and reveal the nontrivial interplay between three-magnon scattering and the magnons’

phases.
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Chapter 1

Introduction

1.1 Overview

The collective spin excitations of magnetic materials are spin waves: sinusoidal vari-

ations in the spins' phase of precession. Classically, spin waves have an amplitude

proportional to the de
ection angle. This amplitude is quantized by the population

of spin-1 quasiparticles referred to as magnons, the phase of which corresponds to the

phase of precession.

Magnon modes are strongly coupled to each other due to the spins' dipolar interac-

tions. Furthermore, in certain high-crystal-quality magnetic garnets, magnons exhibit

lifetimes two to three orders of magnitude greater than their period of precession. These

features cause magnon modes to readily undergo parametric instabilities above a thresh-

old population, such that the magnons are converted to other modes via scattering

processes. This scattering primarily corresponds to three- and four-magnon scattering

processes, generating pronounced nonlinear behavior such as solitons, auto-oscillations,

and chaotic dynamics [4, 5]. Because of this, magnon scattering processes in these

garnets have been an active platform for investigating magnetism and nonlinear wave

interactions for several decades. Because of the magnetic garnets' power and signi�-

cance as a testbed in this regard, Kittel had famously referred to them as \the fruit
y

of magnetism" [4]. Moreover, due to their long magnon lifetimes and the associated non-

linear behavior, garnets have made their way into several computing-, microwave-, and

magneto-optics-based applications such as bubble memory, frequency-selective power

1
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limiters, and optical isolators, respectively.

Despite the rich history of investigating magnon scattering that was enabled by

these materials, now spanning over six decades, fundamental questions remain. His-

torically, investigations of these processes have largely focused on questions regarding

their in
uence on the magnon populations and the steady-state behavior: the scatter-

ing processes occur as a magnon mode exceeds a threshold population; how does this

threshold vary with magnetic �eld? Beyond this threshold, how do the steady-state

magnon populations behave? Do they remain at a constant value? If so, how does this

value change with the excitation power? If not, does their steady-state behavior exhibit

auto-oscillations/chaotic dynamics? Conversely, it is less understood how magnon scat-

tering processes in
uence the magnons' phases and how they behave as they approach

steady state (i.e. their transient behavior). It is also not well-understood what mecha-

nisms govern the scattering direction (whether magnons of mode A scatter to mode B

or vice versa). Knowledge of instabilities provides the intuition that a highly populated

mode will convert to a lowly populated mode, but a more formal understanding remains

elusive.

To this end, I developed a time- and phase-resolved homodyning spectrometer that is

operable over six orders of magnitude in excitation power. I also derived a semianalytical

model of three-magnon scattering of the ferromagnetic resonance (FMR) mode. The

FMR mode corresponds to the zero-wavevector magnon mode: all spins precess with

a uniform phase. Being the mode at zero wavevector, it possesses a distinctly low

threshold population for three-magnon scattering. I leveraged this, and the wide power

range of my homodyning spectrometer, to investigate the scattering process over �ve

orders of magnitude in power. Due to my experimental and theoretical advancements,

my investigation demonstrates qualitative and (in certain cases) quantitative agreement

between my time-resolved measurements, micromagnetic simulations (all performed by

Dr. Tao Qu), and the numerical solutions of my model. Note that the use of free

parameters in my model is limited to the adjustment of the applied microwave �eld, such

that its value relative to the instability threshold matches its experimental counterparts.

Qualitative agreement in this regard has been highly elusive in previous investigations.

This is likely due to experimental complications, primarily the in
uence of satellite

modes due to microwave �eld inhomogeneity, and that previous theoretical e�orts often
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rely on phenomenological approaches.

Given the strong agreement between my experiment and my model, this investiga-

tion enables a comprehensive understanding of the population and phase dynamics of

this scattering process. My �ndings in this regard provide new insights into magnon

scattering. In particular, I observe a secondary nonlinear regime in which the magnon

populations exhibit transient oscillations that vary with excitation power. Upon lin-

earizing my model, I �nd that this regime corresponds to a transition of the nonlinear

regime's �xed point from a stable node to a stable spiral. I �nd that these oscillations

are surprisingly robust against the four-magnon scattering processes that arise at high

powers. Furthermore, my setup's time-resolution and phase-sensitivity enables the ob-

servation of scattering-induced, transient 180� phase shifts of the FMR magnons at high

powers. My model's numerical solutions predict these phase shifts. Remarkably, when I

account for these phase shifts in deriving the magnon populations' equations of motion,

I �nd that they are reversals in the three-magnon scattering direction (i.e. reversals be-

tween the forward and backward scattering process). These phase shifts reappear after

removing the excitation, for which case their being scattering reversals is more directly

evident: they coincide with pronounced oscillations despite the lack of excitation and,

surprisingly, the FMR population increasesafter the excitation is removed.

The results discussed above, and the experimental and theoretical techniques to

obtain them, comprise the body of this thesis. This introduction recounts the funda-

mentals of magnetization dynamics, using the same theoretical approach as that used

in my semianalytical model discussed above, and then discusses magnon scattering pro-

cesses while concluding with the motivations for my work.

Chapter 2 begins with a discussion of the magnetic material I investigate, with

the following sections providing an overview of my magnetic �eld con�guration, of my

advancements regarding the homogeneity of the microwave �eld pro�le, and of homo-

dyning spectroscopy and my associated apparatus. It then discusses technical details

regarding the steady-state and time-resolved measurements. What follows is an analy-

sis of the saturation of the steady-state FMR magnon population due to three-magnon

scattering, comparing it with that expected from theory; the observed agreement be-

tween the two demonstrates the reliability of my experimental results. Afterward, it
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provides an overview and a discussion of the experimental data from both the steady-

state and time-resolved measurements. It concludes with a discussion of the observed

behavior as the FMR mode frequency is raised to and above the critical frequency at

which three-magnon scattering is suppressed.

Chapter 3 provides the derivation of my semianalytical model, including the various

simpli�cations I employ to obtain equations of motion that are readily analyzed and

numerically solved. It then discusses my approach to linearizing the simpli�ed equa-

tions of motion, and the results that follow. It then discusses the evaluation of the

thermal magnon populations, given the classical approach of my model. Afterwards

it details how my model, for which the thermal populations act as the initial values,

was numerically solved. Example datasets from the numerical solutions are provided as

well. Lastly, I discuss the procedure and the results for numerically solving my gener-

alized model in which, to investigate the scattering-induced phase dynamics, I omit the

assumption of harmonic time dependence.

Chapter 4 begins with a comparison of the transient behavior measured from my ex-

periment with that obtained from numerically solving my semianalytical model. Having

established strong agreement between the two, it then details my analysis of the popula-

tion dynamics (i.e. the nonlinear oscillatory regime, which hosts transient oscillations)

and the phase dynamics (i.e. the phase shifts and scattering reversals). It concludes

with a discussion of the dynamics observed after removing the excitation.

Chapter 5 provides a summary of my experimental and theoretical work, and the

�ndings from my investigation of three-magnon scattering of the FMR mode. It then

discusses the impact of these �ndings on the research �eld, and where future work is

necessary. It concludes with a discussion of magnetic materials of interest for employing

my assembled homodyning spectrometer, and the need for experimental work towards

the electrical excitation and detection of sub-micrometer wavelength magnons. These

points are the motivation for my current work.

Chapter 6 begins with a summary of my most recent experimental upgrades, re-

quired for the investigations in my current work. It then discusses my e�orts toward

employing my homodyning spectrometer for the detection of magnon propagation in

sub-nanometer-thick, large-damping Co/Pd multilayers with perpendicular magnetic

anisotropy. It concludes with a discussion of my e�orts, through microwave simulations
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Figure 1.1: A schematic of a free electron (purple) with a spin~S, undergoing Larmor

precession from the torqued~S=dt exerted by a magnetic �eld ~H . The spin precesses at

the frequency ! L and maintains its initial de
ection angle � relative to ~H .

and the nanofabrication of coplanar waveguides, toward furthering the state of the art

of the electrical excitation and detection of sub-micrometer-wavelength magnons.

1.2 Larmor Precession

In introducing collective spin excitations, I will �rst review the Larmor precession of a

free electron's spin. Applying a magnetic �eld ~H to a magnetic dipole moment~� applies

a corresponding torque~� , which aligns ~� with ~H via the Zeeman interaction:

~� = ~� � ~H: (1.1)

In the case of the dipole moment being that from an electron's spin angular momentum
~S, the dipole moment corresponds to

~� = � g
e

2me

~S = � 
 ~S: (1.2)

Consequently, the applied torque� takes the form

~� =
d~S
dt

= � 
 ~S � ~H: (1.3)
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In the above, g corresponds to the electron spin's g-factor,e is the elementary charge

constant, me is the electron's mass, and
 > 0 is the corresponding gyromagnetic ratio.

In principle, the torque is unable to align a free electron's spin with ~H as this alignment

does not conserve energy and angular momentum. Hence, the electron spin maintains

its initial de
ection angle � and precesses at the Larmor frequency! L = 
H (see Fig.

1.1). The expression for! L may be derived upon assuming harmonic time dependence in

Eq. 1.3 such that ~S � Sei! L t . Indeed, in a real system, the electron spin will eventually

align with ~H due to the existence of damping pathways which allow energy and angular

momentum to be conserved. This will be discussed in Sec. 1.5.

1.3 Landau-Lifshitz equation

In a magnetic material, the collective magnetic excitations may be understood as an

extension of the picture of Larmor precession to a collection of electron spins. In this

case, one must consider not just the applied �eld ~H , but the �eld contributions arising

from interactions between the spins. When examining low-wavevector magnons (as is the

case in my work), these contributions are primarily the magnetic �eld ~Hd from dipolar

interactions between the spins and the magnetic �eld ~Hex from the exchange interaction

between the spins. Another common contributor is an anisotropy �eld ~Han , which may

arise from either surface, interface, or magneto-crystalline anisotropy in a sample. This

contribution is typically negligible in the case of the samples used in this thesis, barring

my recent work on magnetic multilayers with perpendicular magnetic anisotropy (see

Sec. 6.2). The sum of these �eld contributions is denoted as the e�ective �eld ~Hef f

about which the spins precess:

~Hef f = ~H + ~Hd + ~Hex + ~Han : (1.4)

Further details on the dipolar and exchange interactions will be discussed in Secs. 1.3.2

and 1.3.3.

When examining collective magnetic excitations, it is common to consider the unit

vector of the material's magnetization ~m(~r; t ) = ~M (~r; t )=Ms rather than the spin an-

gular momentum distribution ~S(~r; t ). M s corresponds to the material's saturated mag-

netization. Incorporating the above changes into Eqn. 1.3 yields the Landau-Lifshitz
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Figure 1.2: A diagram of a spin wave. The spins have a spatial variation in the phase of

their precession� , and a uniform de
ection angle � . ~k denotes the direction over which

the spatial variation occurs.

equation, which is the prototypical equation for classical magnetization dynamics:

d~m
dt

= � 
 ~m � ~Hef f : (1.5)

Lastly, I will note that the sample is typically modeled as a continuum rather than

a crystal lattice. This is a reasonable approximation when looking at small magnon

wavevectors, and it greatly simpli�es the theoretical treatment.

1.3.1 Magnons

Before proceeding to the dipolar and exchange interactions, I will �rst brie
y discuss the

collective excitations of a spin ensemble. When considering a locally 
ipped spin, the

exchange interaction causes it to propagate such that the misalignment is delocalized

throughout the material. In turn, the eigenfunctions of the spin ensemble correspond to

spin waves: the spins' phase of precession� varies sinusoidally throughout the ensemble,

whereas the spins' de
ection angle� is uniform (see Fig. 1.2). This is discussed in more

detail in Ref. [6].
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Figure 1.3: A diagram of the sample and the geometry of its unit magnetization~m and

the applied �eld ~H .

The spin waves' wavenumber is that corresponding to the wavelength of the varying

phase of precession. The wavevector's direction indicates the direction over which the

phase varies. Mathematically, the spin wave modes correspond to the Fourier modes of

the circularly-polarized magnetization m� = mx � im y , wherex and y are perpendicular

to the static magnetization ~M s = M s ẑ (see Sec. 1.4 for more details). The spin wave

amplitude corresponds to the de
ection angle� , with the local spins' de
ection being

quantized by � Sz = ~=N (where N is the number of spins in the ensemble). Hence,

the spin wave amplitudes' quanta correspond to wavelike spin-1 quasiparticles. These

quanta are referred to as magnons. The magnons' phase corresponds to the phase of

precession, and the magnon population corresponds to the de
ection angle� .

1.3.2 Dipolar interaction

The dipolar magnetic �eld ~Hd is that which arises from the magnetization (and geom-

etry) of the sample, treating the local magnetization as a dipole moment. This �eld

corresponds to the familiar demagnetization �eld. However, it also has dynamical com-

ponents due to the magnetization precession. In the work discussed here, the sample

has a thin �lm geometry and its magnetization is saturated and aligned with an in-plane

applied �eld ~H (see Fig. 1.3). Note that my approach here is largely the same as that
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in Ref. [7].

The dipolar tensor D(~r � ~r� ) relates the dipole moment ~� at position ~r� to the

magnetic �eld ~Hd(~r) it produces at position ~r, such that

H �
d (~r) = �D �� (~r � ~r� ) � � (~r� ): (1.6)

Given this, invoking the standard de�nition of the magnetic �eld from a magnetic dipole

yields

D �� (~r) =
1

4�r 5 (r 2� �� � 3r � r � ); (1.7)

where� �� is the Kronecker delta. The total dipolar �eld at ~r corresponds to the integra-

tion over the �lm volume, while taking the �lm's lateral dimensions to be in�nite, with

the sample's magnetization ~M (~r� ) acting as the local volume density of the magnetic

dipole moment:

H �
d (~r) = �

Z

f ilm
D �� (~r � ~r� )M � (~r� ) d~r� : (1.8)

At this point, Fourier analysis is employed in order to express the dipolar �eld ~Hd as

a plane-wave expansion. Regarding the inverse Fourier transformation of the dipolar

tensor, it is found that

D �� (~r) =
1

8� 3

Z
k� k�

k2 ei~k�~r d~k: (1.9)

Moreover, to perform the integration in Eq. 1.8 over all of space rather than only over

the volume of the �lm (to simplify the Fourier analysis), the shape function S(~r� ) is

implemented. It is de�ned as

S(~r� ) =

8
<

:

1 if ~r� is within the �lm,

0 otherwise.
(1.10)

Note that this de�nition of S(~r� ) yields

S(~k) =
Z

S(~r� )e� i~k�~r � d~r� =
Z

�lm
e� i~k�~r � d~r� ; (1.11)

such that S(~k) may be evaluated based on the sample geometry. IncorporatingS(~r� ),

one obtains

H �
d (~r) = �

Z
D �� (~r � ~r� )S(~r� )M � (~r� ) d~r� : (1.12)
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Figure 1.4: A plot of the demagnetization factorsGk (kd) and (1 � Gk (kd)).

Applying the Fourier transformation and, subsequently, the convolution theorem to

Eq. 1.12 yields the product D �� (~k)S(~k) on the right-hand side. This product is then

re-expressed as the demagnetization tensorT (~k), such that

T �� (~r) =
1

8� 3

Z
k� k�

k2 S(~k)ei~k�~r d~k: (1.13)

Further evaluation of Eq. 1.12 yields the expression

H �
d (~r) = �

Z
T �� (~k)M � (~k)ei~k�~r d~k; (1.14)

from which it can be seen that T relates the sample's magnetization to the associated

dipolar �eld at ~r.

For S(~k) in the case of a thin �lm geometry, inserting Eq. 1.13 into Eq. 1.14 yields

the dipolar �eld

H �
d (~r) = � 4�

Z �
Gk

k� k�

k2 + (1 � Gk )� �x � �x
�

M � (~k)ei~k�~r d~k; (1.15)

Gk = 1 �
1 � e� kd

kd
; (1.16)

where d is the �lm thickness [8].
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