ON THE BARENBLATT EQUATION
OF ELASTO-PLASTIC FILTRATION

By

Shoshana Kamin
Lambertus A. Peletier

and

Juan Luis Vazquez

IMA Preprint Series # 817
May 1991



On the Barenblatt equation of elasto-plastic filtration

BY

SHOSHANA KAMIN
SCHOOL OF MATHEMATICAL SCIENCES
RAYMOND AND BEVERLY SACKLER
FACULTY OF EXACT SCIENCES
TEL-AVIV UNIVERSITY
TEL-AVIV, ISRAEL

LAMBERTUS A. PELETIER
MATHEMATICAL INSTITUTE
LEIDEN UNIVERSITY
P.O.Box 9512 2300 RA LEIDEN, THE NETHERLANDS

AND

JuaN Luis VAZQUEZ
DEPARTAMENTO DE MATEMATICAS
UNIVERSIDAD AUTONOMA DE MADRID
28049 MADRID, SPAIN



Introduction
We consider the equation
(E) ur+vluel =Au, 0<|y/<1

in @ = {(z,t) : = € RN ¢ > 0}. This equation arises in the theory of an elastic fluid
in an elasto-plastic porous medium, under the assumption that the porous medium is
irreversibly deformable, and was studied by Barenblatt and his collaborators, see [B],
[BK], or the recent book [BER]. There the equation is written in the form

(14+79)s for s>0

(E) F(uy) = Au» with  F(s) = { (1—7)s for s<0.

Equation (E) can also be written as

, max {Li(u),L2(uv)} i v<0
(E”) Ut = . .
min{Li(u),L2(uv)} if >0,
where Ly(u) = Au/(1—+) and La(u) = Au/(1++). Written in this form it is a particular
case of the so-called parabolic Bellman equations of dynamic programming. We refer to
the paper oy Evans and Lenhart [EL] for more on these equations and relevant literature.

Existence of solutions for equation (E) in N = 1 was shown by Kamin [K1] for the Cauchy
Problem. The same author also showed [K2] that for 7 3 0 there exists no fundamental
solution. i.e. no solution taking the Dirac mass as initial data. Barenblatt and Sivashinski
[BS] have constructed in the one-dimensional case a selfsimilar solution of this equation
with a singularity at £ = 0, ¢ = 0. This solution has the form

(0-1) B(z,t) =t~ f(), n=z/t'/?,
where a < 1if y<0,a=1ify=0and a >1if ¥ > 0 and behaves asymptotically
(0.2) f(n) = 770‘—16—”2/4 as 1n — 0.

The solution is constructed by inatching explicit parabolic cylinder fuctions. They also
found that @ > 1 when v > 0, a < 1if v < 0.

Here we consider an arbitrary space dimension N > 1 and show that for every v € (—1,1)
there exists a unique value of a = a(y) > 0 for which (E) has a solution of the form (0.1)
that decays exponentially at infinity. We also show that this solution is unique up to
multiplicative constant in the class of selfsimilar solutions with exponential decay. We
show that when v # 0 the similarity exponent a(vy) is anomalous, which means that it
differs from the usual o = N of the heat equation. Moreover, we prove the following
properties of a(v):
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(i)  a(y) is a strictly increasing and continuous function of 7,

(i1) limla('y) = max{N — 2,0}, lim1 a(y) =oc.
y—— y—

and of course for the heat equation, v = 0, we get a(0) = N.

The construction of the solutions is carried out in Section 2. In doing this we also prove
that for every 0 < a < a(v) and every A > 0 there exists a unique solution of the form
(0.1) which takes on initial data u(z,0) = A |z|~%. This solution does not have fast decay
: indeed, it decreases like O(|z|~%) as |z| — oo for every fixed ¢ > 0. The investigation of
the range covered by a is performed in Section 3. Section 1 covers the basic existence and
uniqueness theory in several space dimensions.

For the heat equation a basic conservation law states that the mass of a solution M(t) =
Ju(z,t)dz is invariant in time. This does not happen for equation (E) when v # 0.
Indeed, integration of the equation with respect to z gives

M
(0.3) =y /RN e dz .

Therefore, the mass of a solution increases in time if ¥ < 0 and decreases if v > 0. This
implies that for the selfsimilar solution (0.1) the exponent « has to be less than N in the
former case, larger than N in the latter. It then follows from (0.1) that

(0.4) / B(z,t)dz = Ct" 7=,
RN

It follows that B is a fundamental solution only if v = 0. It is very singular (VSS) if
v > 0, in the sense that the mass of the initial singularity is infinite. On the other hand,
B is a mildly singular solution (MSS) (i.e. the mass of the initial singularity is 0) if v < 0.

Recently, Goldenfeld and his collaborators [GMOL] have used renormalization group
techniques to find the dependence of a and the solution on v near v = 0.

In Section 4 we use these selfsimilar solutions with exponent a(7) to obtain the asymp-
totic behaviour as ¢ — oo of the solution of the Cauchy Problem with nonnegative initial
data which decay fast as |z] — oco. This answers a conjecture stated by Barenblatt in his
book [B, pages 55-59; see also Foreword]. As the selfsimilar solutions with a < a(y) show
the decrease condition on the initial data is important, and solutions with data decaying
slowly as |z| — oo will have different asymptotic behaviour.

Our asymptotic result proves not only convergence towards Barenblatt profiles as t — oo,
but it also shows that the ratio between u(z,t) and B(z,t) tends to a constant value
¢ > 0. In Section 5 we discuss the properties of the nonlinear functional J : ugy — ¢, which
generalizes the Mass Conservation Law valid for the Heat Equation to the values v # 0.
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The situation described above could reflect some general phenomenon. Indeed, selfsim-
ilar solutions with a singularity at the origin, 2 = 0, ¢t = 0, of the very singular and mild
types have been recently found by Bernis, Hulshof and Vazquez [BHV] in a different model
of elastoplasticity, us = |tzz|™  uzy. For m # 1 this is also an equation of non-divergence
type where the law of conservation of mass does not hold. In this case VSS occur to m > 1
while MSS occur to 0 < m < 1. In that paper the connections with the porous medium
equation are explored. Very singular selfsimilar solutions were considered before in [BPT]
and [KP] ia the study of nonlinear heat equations of the form u; = Au — u?, with p > 1.

1. Existence and uniqueness of a solution

We set our Cauchy problem with nonnegative data in the space Co(R¥) of continuous
functions which tend to zero as |z| — oo.

THEOREM 1.1. For every ug € Co(RYN) such that ug(z) > 0 there exists a unique classical
solution u(z,t) € C([0,00) : Co(RN)) of equation (E) with u(0) = u,. The solution
u Is twice continuously differentiable in z and once in t, and u and its derivatives are
Hélder continuous functions in Q. Moreover, the maps ug — u(-,t) form a semigroup of
contractions in Co(RY) (endowed with the sup norm).

PROOF: Uniqueness. It is based on the following property of L*-contraction, which can
be proved by the usual Maximum Principle techniques.

LEMMA 1.1. Given two classical solutions u; and uy of equation (E) with initial data ug;
and uge. we have for every t > 0

(1.1) sup {u1(z,t) — uz(z,t)}4+ < sup {uoi(z) — uo2(z)}+.
z€RN T€RN

In particular, the sup-norm of the difference of two solutions decreases in time and the
Maximum Principle holds: if ug; < ug2 then for every t > 0 we have uq(-,t) < ua(-,1).

This property is well-known and referred to in the literature as the m-accretivity of the
operator A(u) = —®(Au) (® = F~!) defined in some convenient subspace of Cop(RY).

Existence. Using the Theory of Nonlinear Semigroups of Crandall and Liggett, see [C], the
property of L°°-contraction can also provide with the existence of a solution u € C([0, c0) :
Co(R™)) which solves equation (E) in some mild sense, see for instance [BC]. In this way
we obtain a semigroup of contractions in Co(R¥). The idea is to discretize the equation
implicitly in time, solve the resulting sequence of elliptic problems and then pass to the
limit according to the Semigroup Generation Theorem. We then have to prove that the
solution is actually a classical solution of (E).

A more standard approach to the existence of a solution is the following.



(i) First, we approximate the problem by smoothing the nonlinearity F' into F, and the
initial data uo into uge, so that a classical solution u, is known to exist. We can also reduce
the domain to

Qe ={z :|z| £1/e} x (0,00)

and impose zero boundary data along the lateral boundary {|z| = 1/e, ¢t > 0}. Then we
obtain estimates on the solution u. and its derivatives. These estimates will depend only
on v and on the sup norm of the initial data, being thus independent of €. This allows us
to pass to the limit and obtain a solution of (E), which turns out to be smooth.

(ii) Estimates. It is clear that for every (z,t) € Q. we have

(1.2) u(z,t) < lltoelloo < “u0”oo =M.

We write u instead of u. in the sequel for convenience. We begin with an energy estimate.
We distinguish two cases: v > 0 and v < 0. If ¥ > 0 we obtain the estimate in the standard
way. We multiply the equation F(u;) = Au by u(z,t){(z)?, where ( > 0is a C§° cut-off
fuction, and integrate by parts to obtain

L@@zt | [ [Vu(e, ) ¢e)de di
] L]

1 t
gg/ug(a:)d:c—l-Q/ /uC[Vu-VC|dmdt.
0

This means that |Vu| is uniformly bounded in L? on compact subsets of Q. When v < 0
we obtain the same kind of local L? bound for Vu by multiplying F(u:) = Au by f(u)¢?,
where f(u) is a nonnegative, bounded and decreasing function of u in the interval I =
{0 <u< M} Let g(u) = [, f(s)ds. We get

(1.3)

J[1vul -rcdade+ i [[ i dsdes [ oo da

(1.4)
< /g(u(x,t)) ¢*(2)dz —|—2//Vu - V(¢ f(u)Cdz dt.

If we take for instance f(u) = M — u, we have f'(u) = —1 and g(u) < M?/2 in I.
This gives the desired L? bound for Vu. Next we obtain a bound for u; and Au for all
v € (—1,1). We multiply equation (E) by us(z,t)(*(z) and integrate to obtain

/Tt/utF(ut)C2 dz dt+%/|Vu(x,t)|2(2(g;)dx

(1.5) t
<5 [Ivue P C@de+2 [ [l 9u-velcaz i,

Using the fact that sF(s) > (1 —|vy|)s® we obtain an estimate for u, and so also for Au, in
L} .(Q¢). These two estimates imply that for every initial data ugy € C’O(RN) the solutlons
u. will have the following uniform local bounds:

S



|Vu(-,t)| in L% _ for every fixed t > 0 and Au in L} (Q.).

In order to obtain boundedness and compactness in Holder spaces we write the equation
for v = Au :

(1.6) ve = Ad(v).

We have shown that for every compact subset K of Q the family {ve}e<e, is bounded in
L?(K). Note that we can write equation (1.6) in the form

(1.7) vt = (ai02;)

with a;; = ¢(v)8ij , c(v) = (1 +v) " ifv > 0, ¢(v) = (1 —v)7' if v < 0. Using the
continuity results of Moser [M] we conclude that v, is uniformly bounded in some Holder
space C**/2 on compact subsets of Q.

(iii) Passing to the limit to obtain a solution of (E) with initial data in Cy is standard. #

From step (ii) of the above proof we may also conclude the following result about com-
pactness that will be of use later in the study of the asymptotic behaviour.

LEMMA 1.2. Every family of solutions of equation (E) which is uniformly bounded and
continuous in a compact subset K of Q) is uniformly bounded in C’:j;"’l"'uﬁ(.f{).

2. Self-similar solutions

In this section we investigate the existence and uniqueness of nonnegative self-similar
solutions of the equation

(2.1) F(u;)=Au in Q=RN xRt

taking on initial data

(2.2) u(z,0) =0 forz#0.

We work in any space dimension N > 1 and the constitutive function is given by
(2.3) F(s) = s+ 7]sl, s€R, |y €(0,1).

We shall look for solutions of the form

(2.4) u(z,t) =t~ f(p), 5= fol/VE, a>0.

This yields upon substitution into the differential equation the following ODE for the
function f:

" N-1 ! 1 ! :

f +—77—-f = ;F(-(f' +af)) for n>0.
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In view of the regularity of u(z,t) at the origin for ¢ > 0, we must have f'(0) = 0 and, if
z # 0, we require in view of (2.2)

limu(z,t) = [2[™* lim n%f(n) = 0.

Finally, because the differential equation and the conditions at the origin and infinity
are not affected by a multiplicative constant, there will be no loss of generality if we set
f(0) = 1. Thus, we shall be investigating the problem

(2.5) f'+E2f = JF(=(nf'+af), f>0, 0<n<oo,
@ (26) f(O)=1, f'(0)=0,
(2.7) n*f(n) >0 as n—oco.
We prove the following result.

THEOREM 2.1. For any v € (—1,1) there exists a unique a(vy) > 0 such that Problem (I)
has a solution.

As remarked in the Introduction this corresponds to a selfsimilar solution of equation
(2.1) with a singularity at (z = 0,t = 0).

Our analysis allows also to construct nonnegative and decaying selfsimilar solutions for
other exponent choices.
THEOREM 2.2. For every a such that 0 < o < a(7) there is a unique positive solution of
(2.5)-(2.6) satisfying
(2.8) lim n*f(n) = A

n—00

for some constant A € (0,00). On the contrary, for a > a(y) the solution of (2.1)-(2.2)
reaches the axis f =0 at a finite distance n > 0.

The solutions of (2.5), (2.6), (2.8) given by Theorem 2.2 for 0 < a < a(y) do not take
the initial condition (2.2). In fact, for such solutions

(2.9) ug(z) =C|z|™%.

The proof of these results will proceed via a series of Lemmas, which at the same time
will provide detailed information on the behaviour of the solutions. It will be convenient
to write the differential equation (2.4) as a system of first order equations and carry out a
shooting technique in the phase plane, with a > 0 as a shooting parameter. Thus we write

(Ia) { fi=9
g' =19+ 3F(=ng - af),

The initial data (2.6) are now written as

(2.10) F(0)=1, g¢(0)=0.



For every « € R, (Ia) has a unique local solution f(n, o) which satisfies (2.10). We shall
show that it is possible to choose « in such a way that the corresponding solution can be
continued for all » > 0 and that the condition (2.7) at infinity is satisfied.

Proceeding as in Brezis, Peletier & Terman [BPT], we introduce some notation, defining
regions in the phase plane. Let

S={(f,9):0<f<1, g<0}
Lr={(f9)€S:9>-Af}
bh={(f,9)€S:9=-Af},

where ) is a positive number.

LEMMA 2.1. Let (f,g) be the solution of (Ia) which starts at the point (1,0). Then (f,g)
enters S and can only leave it through the negative g-axis {f =0, g < 0}.

ProOF: If we let n — 0 in (2.5) we obtain in view of (2.6)

N F7(0) = %F(——a) - (—1;27—)‘-’-

Because o > 0 this implies that f(0) < 0 and hence that g(n) = f'(n) < 0 for n
small. Since the vector field points into S along the positive f-axis and along the half-line
{f =1, g <0} and the origin is an equilibrium point, orbits can only leave through the
negative g-axis. #

In the next lemma we prove a conditional invariance property of the sets L.

LEMMA 2.2. For any A > 0 there exists a time 7y > 0 such that if (f(no),g(no)) € L for
some 19 > n then (f(n),g(n)) € L for all n > no.

PROOF: Along the top line of £ and along its right-hand side, the vector field points into
L. Hence, it remains to investigate the vector field on £). There we have g < 0 and

dg N-1 1 a
= IR(p-Z=

(2.11)
(observe that for ¢ < 0 we have F(—gs) = —gF(s)). Hence, since f' = g < 0, the vector
field wiil point into £ if
N-1 1 a
o _§F< _:\-)<_>"

This will be so if o
- = 2
F( /\) > 2\

that is, if

2\ + a
I+ A
Thus, along £y the vector field points into £ as well when 1 > n,, so £ is invariant when
n>n  #

n>ny=



LEMMA 2.3. For every A > 0 there exists an ay > 0 such that if 0 < o < ay, then the
corresponding solution ( f,g) will remain in Ly for all n > 0.

PROOF: Because (f,g) = (1,0) is an equilibrium solution of (Ia) when a = 0, it follows
from continuous dependence on parameters that for any given A > 0, there exists an a) > 0

such that (f,g) remains in £ for 0 < n < 7. Since, by Lemma 2.2, (f,¢) cannot leave
Ly after 7y, it must remain in £y for all n > 0. #

Lemma 2.3 implies that if a is small enough, f(7) > 0 and f'(n) < 0 for all n > 0. One
would then expect that f(n) — 0 as n — co. This is confirmed by the next lemma.

LEMMA 2.4. Suppose that for some value of &, f(n, ) > 0 for allm > 0. Then f(n,a) — 0
as n — oo.

PRrOOF: Because f' = g < 0, f is decreasing. Since it is also bounded below
lim f(n) exists = f.
n—00

Suppose f > 0. The equation for g says that
N -1

1
g + 9=§F(—ng—af)-

Now, it may be observed that for every a,b > 0 we have

Fla—b) <(1+|yDa—(1—|y]o.

Hence N-1 (1+d))
' — g
o+ (g

where § = (1 — |y|)af/2 > 0. We now deduce from an elementary computation (see also

[BPT]) that

)g<—5,

6<0

2
1+ |y

so that f' is not integrable over (0,00) and f(n) — —oco as n — 00, a contradiction. #

lim ng(n) <
n—00

Having shown in Lemma 2.4 that if f remains positive it must go to zero, we show in
the next lemma that it can only do so along two directions in the phase plane: along the
positive f-axis and along the negative g-axis.

LEMMA 2.5. Suppose f(n) > 0 for all n > 0. Then

(2.12) either lim M =0 or lim =—%=—c0.

n—co f(n) n—oo f(n)

PROOF: We first show that the limit in (2.12) exists. Let

(2.13) lim sup g(n) _ LT and liminf g(n) =L~

n—oo f(M) n—oo f(n)



for some Lt, L~ € [—o0, 0], and suppose to the contrary that L™ < LT. Then there exists
a sequence of points {7} such that 7z — co as k — oo and

g(mx) Lf 4L )=L* k=123,....
Fng > 3+ )

Because by Lemma 2.2, £_1+ is ultimately invariant, it follows that

(2.14) lim in ff( 3 > L*.

However, by assumption L~ < L*. Therefore (2.14) contradicts the second limit in (2.13).
Thus, let
lim 9(n) = L.
n—oo f(n)

Then, because f(n) > 0 and g(n) < 0 for all n > 0, we know that —oo < L < 0. Suppose
that —oo < L < 0. Then we deduce from the system of equations and I'Hopital’s rule that

g'(n)
L= nh—»“iom ~ Jm 3 3F(’7 +

L)
if the limit on the right hand side exists. And indeed it does and it is minus infinity, so
that we have a contradiction. This completes the proof. #

As in [3PT] we call orbits staying in S for which ¢g/f — —oc0 as n — oo fast orbits and
orbits for which g/f — 0 slow orbits. The remaining possibility for an orbit of (2.5)-(2.6)
is to hit the axis f = 0 at a point n > 0, < oo and then change sign.

It is precisely the fast orbits which will be solutions of Problem (I). Indeed, if f() > 0
for every n > 0 and

then for every M > 0 there exists an ny; > ®such that

f((;’))< M i >

This means that
f(n) = O(e_M”) as n — co.

The solution f(n) therefore satisfies the condition (2.7) at infinity. We shall see later that
slow orbits do not satisfy condition (2.7) but (2.8).

The existence of a fast orbit follows now readily from a topological argument. Indeed,
let

A={a>0: f(n,a)>0 for all > 0 and lim —27%:—00}.
n—00
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At ={a>0:f(n,a)>0 forallp >0 and lim %zﬂ,
n—oo f(n

and
A = {a > 0 :thereisan 7 < ocosuch that f(no) = 0}.

These sets are disjoint, and as we have observed, they exhaust the parameter set 0 < a < oo
(2.15) ATUA UA=(0,00).

If we prove that both AT and A~ are nonempty open sets, then it will follow from (2.15)
and the connectedness of the half-line (0, c0) that A is a closed nonempty subset of (0, o).

LEMMA 2.6. A% is a non-empty open set.

PROOF: The result is a consequence of Lemmas 2.3-2.5 above. Thus, Lemma 2.3 says
that for all sufficiently small o the orbit will live in the region £, for some A > 0. For
any such an orbit a necessarily belongs to A% since by Lemma 2.4 f will be positive for
all times and by Lemma 2.5 the limit g/f will be necessarily 0. Continuous dependence
with respect to parameters also shows that if an orbit is inside £ and we slightly perturb .
a, the perturbed orbit is also in such region for the same n. Moreover, £ is ultimately
invariant. Hence A™ is open.

Next we show that A~ is non-empty as well.
LEMMA 2.7. There exists a number & > 0 such that (&,00) C A™.

PROOF: We use a scaling argument, writing

§¢=+Van and z(£) = f(n)

Problem (2.5), (2.6) becomes in these new variables

N -1 1
(2.16) z" + : z' — sF(—gz' - z) =0, z>0, z(0) =1, 2'(0) = 0.

If we now let o — oo, we formally obtain the reduced problem

N -1 1-—-
(2.17) 2" + : z' + 27z:0, z>0, z(0) =1, 2'(0) = 0.

It is well known that the solution of this latter problem has a finite zero. Since (2.16) is
a regular perturbation of (2.17) it follows that the solution of (2.16) also has a finite zero
when « is large enough so that in that case a € A7. #

The proof that A~ is also an open set is again a simple consequence of the continuous
dependence of the solutions with respect to parameters. As a consequence, the set A is
not empty. This ends the proof of existence.
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In order to get a more precise picture about the sets A*, A~ and A we introduce the
change of variables
—nf'
7 and y(t) ==,
which will turn out to be very useful in the sequel. In terms of y and t equation (2.1)
becomes

(2.18) t=

e

1
(2.19) y' = H(t,y;0) = —F(y —a) + {y" — (V - 2)y}.
The initial conditions (2.6) give y(0) = 0. It then follows from the equation that

The solutions will be confined to the region y > 0, ¢ > 0. Solutions changing sign in the
(f,n)-plane correspond here to solutions blowing up in finite ¢ > 0. Fast orbits correspond
to solutions such that y(t)/v/t — oo as t — oo, while slow orbits correspond to solutions
such that y(¢)/v/t — 0. Then the last term in (2.16) vanishes as t — co and we easily see
that for a slow orbit

y(t) > a as t— 0.

We will come back later to the precise behaviour of fast and slow orbits. We are now more
interested in the variation of the (y,t) phase plane with the parameter a. Indeed, we see
that

0H/0a > 0.

This immediately implies that the solutions y = y(t;a) of (2.19) with y(0) = 0 depend
monotonically on a. Combining this with the above description of slow, fast and changing
sign orbits we immediately conclude that whenever o’ € AT, o € A and o/ € At then
a' < a" < o', In other words

LEMMA 2.8. There exist a; and aq such that 0 < a7 < ap < co and
At =(0,0q) A=[ay,a3] A™ = (ag,00).

The uniqueness part of Theorem 2.1 will consist in proving that a; = a;. Before doing
this we pause to consider in more detail the asymptotic behaviour of fast and slow solutions

LEMMA 2.9. With the above notations if f corresponds to a fast orbit, then there exists
a positive constant A such that

o— 1+ 9
(2.20) f(n) = An~Nexp(-—Ln®) {1+ 0"} as 71— oo
and
149, au1 1+ L,
@21)  f) = - Nexp(=2007) (14072} as g - oo,
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hence
(2.22) y(t) = 201 + ) ¢(1 + 0(%)).

PROOF: Because g/f — —oo, equation (2.5) becomes for large 7
N -1 147

f” + fl +
n 2

(nf'+af)=0,

or, when we set n = ﬁ and f(n) = f(£) and omit the hat again,

N -1 1 o
ny oy Zepr S
Fl b St + 5
We can now complete the proof following [BPT] or use standard results about Whittaker
functions [AS, p. 505]. For N =1 this is explicitly computed in [BS]. #
For slow solutions we have

LEMMA 2.10. Let f correspond to a slow orbit. Then there exists a positive constant A
such that

(2.23) fm)=An"*{1+0(n"?)} as n—oo
and
(2.24) f'(n) = —aAn™*{1+0(n7?)} as n— co.

PROOF: We already said that equation (2.19) can be written as
y'=—F(y—a)+e(),

where ¢(t) — 0 as t — oo , and that
y(t) = a as t— oo.

Thus, in fact
e(t)=0@"") as t— oo

and we conclude from the same argument that
yt)=a+ 0@t ") as t— co.

In terms of the original variables this becomes

-J%:-—%+O<nl—3) as 17— o0.

The assertion now follows upon integration. #
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COROLLARY. The slow orbits do not satisfy the initial condition (2.7). Indeed,
lim n%*f(n)=A>0
n—aco

so that the corresponding solutions of (2.1) satisfy

%1_1{(1) u(z,t) = Alz|™°.

We proceed now with the promised uniqueness proof for fast orbits.

LEMMA 2.11. There exists only one value of a for which Problem (I) has a solution.

We give two proofs of this result.

First proof. Suppose Problem (II) has two solutions f; and f, corresponding to two different
values of a: a1 < ag. Because

" (1 _7)ai .
; = —-————— =1,2
1(0) 21\" b 3 <

it follows in view of the initial conditions (f;(0) =1, f/(0) = 0) that
(2.25) f1(n) > fa(n) for n > 0 small.
On the other hand, by Lemma 2.9,

(2.26) fi(n) < fa(n) for n > 0 large.

Thus, the graphs of f; and f; must intersect. By (2.26) it is possible to choose a constant
k > 0 such that kf; > fi everywhere on [0, c0). Let

ko =inf{k > 0: kfa(n) > fi(n) for all n > 0}.
it follows from (2.25) that ko > 1. Writing 2(n) = ko f2(n) we have

z(n) > fi(n) forall >0

and in view of (2.26) there exists a point ny > 0 where
z=f1=0, (¢—f1)'=0, (2-fi))">0.
If we subtract the equation for f; from the one for z we obtain
(2.27) (2= f1)" - %F(—(Uoz' + a2z2)) + %F(-(Uof{ +aifi1))=0
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But
(noz' + az) — (nofi + a1 f1) = (a2 — ar)fi > 0.

Hence, because F is strictly increasing, the third term in (2.27) is smaller then the second

one. Because the first term in nonnegative, (2.27) cannot be satisfied. This proves the
uniqueness.

Second proof. We work in the (y,t)-plane. Let y; and y, be the solutions corresponding to
a; < ap and let w =y —y;. By the monotonicity of H(¢,y,a) with respect to o we have
w > 0. The equation for w when ¢ is large so that y; and y, are large is

Y1 + Y2 N -2
w—
2t 2t

Thanks to the asymptotic behaviour of the y;’s given by Lemma 2.9 we get

(2.28) w'=(1+7) (a2 —a1) = (L+7)w+

w

w'm(1+7w+ (1+y) (a2 —a) > (1 +7)w

which means that w > O(e(*7?) as t — co. This contradicts the linear growth estimate
for y; in Lemma 2.9. #

The dependence of a(7) on v is investigated in the following result

THEOREM 2.3. The exponent a of the fast orbit is a strictly increasing and continuous

function of v. Moreover, a(y) > N — 2 for every v € (—1,1). Finally, a(0) = N, so that
a > N if and only if v > 0.

PROOF: (i) Monotonicity. Take two parameters v; and 7, in (—1,1) with y; < 72 and let
a; and oy be the corresponding exponents for the fast orbit as obtained in Theorem 2.1.
We want to prove that a; < as.

We argue by contradiction using the representation (2.16). Indeed, let y;(t) be the
solution to y' = H(t,y;vi, ;) with y4,(0) = 0. We observe that the slope function H is
monotonically increasing in « and decreasing in 4. Therefore, since v; < 2, if we suppose
that ay > ag we conclude that y; > y, for every ¢t > 0. However, we know that the
asymptotic behaviour is given by

yi(t) = 2(1 4+ 7i)t,

cf. (2.22). This establishes that a; > as.

Let us go back to equation (2.19). We observe that at the points ¢ > 0, where y = a we
have

(2.29) y' = H(t,a50) = - {a— (N -2))

which means that solutions can enter the region {(¢,z):t > 0,y > a} only if @« > N — 2.
Therefore, a fast orbit can exist only if & > N — 2.
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(ii) continuity. This is a consequence of uniqueness and monotonicity plus regularity that
allows to take limits. Thus, given any v € (—1,1) we take limits in equation (2.6) as v
tends increasingly or decreasingly to 7. More or less standard arguments show that in
both cases we obtain a solution of (2.16). Moreover, if the limit values for o are different
we obtain two solutions with different a for the same v = 7o.

(iii) Finally, we observe that in the particular case v = 0 we recover the classical heat
equation and, as is well-known, the fast orbit reads

(2.30) () = exp(- )

with a(0) = N. #

We note another consequence of formula (2.29): an orbit of (2.19) which enters the
region {y > a} cannot go back to the values y < . It follows that for our fast orbits
the sign of @ — y changes exactly once. This has an interest since the definition of the
constitutive function F' changes according to the sign of

N -1
h — Af — fll + fl-
n

and for solutions of (2.5) with f > 0, f' < 0 we have sign(h) = —sign(a — y). Summing
up we have

LEMMA 2.12. For any solution of Problem (I) with |y| < 1 the Laplacian of f has exactly
one sign change, i.e. there exists n; = 11(y) > 0 such that Af < 0if0 < n < n,, while
Af >0 formn <n < oo.

In view of the formula u(z,t) = t~*/2f(z/\/t) this means that u; < 0 for |z| < n1v%
and u; > 0 if |z] > n;v/%. This result will be needed in Section 3. As a curiosity, for the
heat equation (y = 0) we have 7, = /2.

3. The limits as v tends to 1 or —1

We discuss in this section the behaviour of the selfsimilar solutions constructed in Section
2 as vy approaches the extreme values 1 and —1, where the equation ceases to be parabolic.
Unless stated otherwise by selfsimilar solution we will understand the unique selfsimilar

solution of (E) with fast decay in z, as constructed in Section 2 and o will denote its
exponent a(7y).

We begin with the limit v — 1.

16



THEOREM 3.1. As v converges to 1 we have a — co.

PROOF: (i) We already know that as v increases to 1 the exponent « increases. Hence,
there exists the limit

(3.1) & = lim «

y—1

and this limit can be either infinite or a finite number larger than N.

In order to exclude the latter possibility we take solutions for 74 close to 1 so that
a &~ & < oo and use the representation y = y(t;+, ) introduced in (2.19), where we recall

that y = —nf'(n)/f(n) and t = n*/4. Aslong as 0 <y < a, i.e. in an interval 0 < t < 1.,
we have

(3.2) v'=(1=e-y)+ (= (n-2)
with initial value y(0) = 0, while for ¢ > ¢, we have
(33) y'= (147 -y)+ 5y - (n—2))
It follows clearly from (3.3) that in the region D where

2 _ —
(3.4) y>a and t>¢(y) = v~ —y(n —2))

2(1+7)(y —a)

the trajectories of equation (3.3) have a negative slope. Hence, if a trajectory enters such
a region it is trapped inside and eventually y(¢) — a as t — oco. This means that the our
solutions do not enter D. As a consequence t. has to less than min{(y) : @ < y < oo}.
Now, it is clear from (3.4) that this minimum depends continuously on « so that it stays
bounded when a stays bounded. We conclude that if we assume that & is finite then ¢,
stays bounded as v — 1.

However, we can obtain a bound from below for ., by studying equation (3.2). Indeed,
it is easy to show that the line y = ct is supersolution of (3.2) in the interval 0 <t < a if

c>(1——a)a+§(ca+2—N),

for example if
c = i*ﬁl_;vm and

Both ¢ and a depend on v, but as v — 1 then ¢ converges to 0 while a tends to co. Since
our solution will satisfy

a =

(3.5)

&=

y(t) <et for 0<t<a.

We conclude that ¢, > a, hence t, cannot be bounded. All possibilities for & being finite
being excluded, it follows that & = co.  #

The situation for vy — —1 is as follows
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THEOREM 3.2. For N > 2 we have
(3.7) Jim a(y)=N -2,

while in one space dimension the limit is 0.

PROOF: Since « decreases as y decreases to -1 and a > 0 there exists the limit lim,_,_; o =’
a; >0. Alsoa; > N -2, a>0.

Let us investigate what happens for y > a. Equation (3.3) becomes in the limit vy = —1

(3.8) y' = %(y2 — (N —=2)y).

For N == 1 or 2 any solution of (3.8) which takes values in the region y > 0 necessarily
blows up in finite time. This can checked by explicit integration. The same is true in
dimensions N > 3 for the solutions which enter the region where y > N — 2.

Let us see what happens if N =1 or 2 and a; > 0. Then, for v & —1 we have equation
(3.2) as long as 0 < y < a. The slope at 0 is y'(0) = (2(1 — ¥)a)/N, which tends to
4a1/N > 0 as v — —1. Moreover, it is easy to see that in a neighbourhood of the origin,
0 <t < a, a function of the form ¥ = ct is a subsolution of (3.2) if 0 < ¢ < ¢;, and a
and c; can be chosen independent of v &~ —1, hence we may pass to the limit and find a
nontrivial solution of the equation

y? — (N -2)

(3.9) y' =2(a; —y)+ 5 :

O<y<a

which should be continued for y > a3 with a solution of (3.8). As we said, such a solution
would blow up in finite time, ¢ = ¢,. By continuity with respect to the parameters, the
solution for @ = a3, ¥ & —1 would attain a very high value of y for t ~ t,. Given
the form (3.3) of the equation in that region, such a solution would necessarily blow up, a
contradiction. This proves that a; = 0 for N = 1 or 2. We remark that the same argument
implies that the solution y = y(¢;7) has to tend to 0 everywhere in R* as v — —1

Assume now that N > 3 and a3 > N — 2. A similar analysis of equation (3.2) in the
region 0 < y < a; allows to conclude that, in the limit o — a; we get a positive solution
of (3.9) in some interval 0 < t < t; with y(¢;) = a;. Thsi is continued for t > ¢; with a
solution of (3.8), which necessarily blows up since a; > N — 2, and the blow-up argument

is extended to ¢ &~ —1, @ = a3 by continuity, thus arriving at a contradiction. Hence
Q) = N -2 #
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4. Asymptotic behaviour

In this section we consider a solution u(z,t) of the Cauchy Problem for equation (E)
with initial data

(4.1) u(z,0) = uo(z),

which are assumed to be continuous, nonnegative, uy # 0, and such that

(4.2) ug(z) = O(e™*") as |z| —

for some A > 0. We want to show that the large-time behaviour of u is precisely described

by a certain multiple of the selfsimilar solution with fast decay B(z,t) constructed in
Section 2. Actually, we prove

THEOREM 4.1. Under the above assumptions there exists a constant ¢ > 0 such that
(4.3) t*?u(z,t) — c¢B(z,t)| > 0 as t— oo

uniformly on sets of the form {|z| < Ctjf}, C > 0. Here « is the time-decay exponent of
B, defined in (0.1).

The probf will be organized into a series of partial results. We begin with the following
information on the change of the profile of B with time.

LEMMA 4.1. For every t and 7 > 0 we have

: . B(z,t+1)
(4.4) .‘ch—>rrolo B(z,t)

PROOF: We have B(z,t) = t~*/?f(n) with n = 2¢7*/? and f such that

a1 —n?
f)mn® e/t as n oo,

B(z,t+1) ([t a3 23T .
B(z,t) N(t—i—r) P (4t(t+r)>' #

COROLLARY 4.1. For every t and 7 > 0 there exists ¢ = ¢(t,7) such that

Hence

(4.5) B(z,t) < cB(z,t+71) forevery z € RV

and ¢(t,7) > lasT—0. #

More precise information about the change of the selfsimilar profiles with time is given
by the following consequence of Lemma 2.12
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LEMMA 4.2. There exists Ry = Ry(t,7) > 0 such that B(z,t + 7) > B(z,t) for |z| > Ry
and B(z,t + 1) < B(z,t) for 0 < |z| < Ry. Moreover, there exists n; > 0 such that as
T —0

(46) R](t,T) — 771\/1?

We now proceed with the study of the evolution of a solution u under the assumptions
of Theorem 4.1. The basic idea is to adapt a solution c¢B as closely as possible to our
solution u.

LEMMA 4.3. For every time delay 7 > 1/(44) there exists a constant ¢ > 0 (depending
on u and r) such that

(4.7) u(z,t) < cB(z,t+71)
for every z € R and every t > 0. If ug has compact support then 7 can be arbitrarily

small.

PROOF: ‘We compare the functions u(z,t) and c¢B(z,t +7),¢c > 0. If 7 > 1/(4A) and c is
large enough the latter will be larger than the former in R at ¢t = 0, hence the conclusion
by the Maximum Principle. #

We can now define for ¢t and 7 > 0 the optimal upper bound
(4.8) C(t,7) =inf{c > 0: u(z,t) < cB(z,t+ 7) for £ € RV}
As a consequence of Lemma 4.3 C(t,7) is finite for 7 > 1/(4A4). It is a simple consequence

of the Maximum Principle that C(¢,7) is a decreasing function of ¢ for fixed 7. Therefore,
there exists the limit

(4.9) C(oo,7) = lim C(t, 1)

t—o0

and this limit is nonnegative. To continue we also need an estimate for u from below.

LEMMA 4.4. For every t; > 0 there exists ¢(t1) > 0 such that

(4.10) u(z,t) > c(ty)B(z,t)

ifzeRY and t > t;,

PROOF: Without loss of generality (the equation is translation-invariant) we may assume
that uo(0) > 0 so that by continuity there exist e, 7 and § > 0 such that u(z,t) > § for

all [z] <€, 0 <t < 7. We now consider the domain S, = {(z,t) : |z] > £,0 < t < t;}
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with 0 < ¢; < 7 and compare u and ¢B in this domain. It is easily checked that v > ¢B
on the parabolic boundary of S, if ¢ = ¢; is small enough. Therefore, u > ¢; B in 5., and
consequently

u(z,ty) > ¢y B(z,t;) for |z|>e€.

On the other hand, we may easily find a constant c; > 0 such that the inequality u(z,t;) >
c2B(z,t1) holds in the ball |z| < €, since the ball is bounded and u(z, ;) is positive there.
Taking c(t;) = min{c, ¢z}, the result follows in the case t; < 7.

Note finally that now that the inequality is established for ¢; = 7, the Maximum Principle
implies that it will hold for ¢; > 7 with the same constant. #

Again, by the Maximum Principle the family {c(t)} is monotone nondecreasing in t,
hence there exists the limit

c(o0) = tl_i_’ngoc(t).

After all this preparatory work we may now proceed with the core of the proof. We
introduce the rescaling operator 7}, with parameter £ > 0, which acts on solutions of (1.1)
according to the formula

(4.11) | (Tru)(z,t) = k*u(kz, k*t)

to produce a new solution of (1.1). Moreover B is invariant under such a transformation.
Let us abbreviate 7xu = ug. Given a solution u(z,t) under the assumptions of Theorem
4.1 we consider the family {ui(z,?)} for £ > 1. By known compactness of the solutions
of (1.1) we may extract from every sequence in this family a convergent subsequence (on
compact subsets of Q) and the limit

Uz, t) = lim uy,(z,t)
j—oo

is again a solution of (1.1). Note that

-

F .

We will prove below that U = ¢B for some ¢ > 0. The main technical difficulty will arise

from the “tails of the solutions”, namely from the behaviour of the solutions for large z,
which makes comparison tricky.

(4.12) To(B(z,t + 7)) = B(z,t +

LEMMA 4.5. Let U be the limit of a subsequence {uy; } as above. Then for every v > 0
(4.13) ¢(00)B(z,t) < U(z,t) < C(co0,7)B(z,t) in Q.
PRrOOF: We have

up(z,t) = k*u(kz, k*t)
< C(k*,7)k*B(kz, k*t +71)
= C(k*t,7)B(z,t + (1/k?)).
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Now let k = k; — oo to obtain the upper bound. The lower bound is obtained in a similar
way. #F

We now consider the set S of all sequence limits {U} of subsequences {uy; } and introduce
the following optimal constant
(4.14) 'C, = inf{c >0: there exists U € S such that U(z,t) < cB(z,t)in Q }.
By Lemma 4.5, ¢(00) < C < C(o0,7) and hence Cy is a positive and finite constant. The
proof of Theorem 4.1 will consist in showing that C. is precisely the constant for which

the asymptotic formula (4.3) is satisfied.

A basic ingredient in the subsequent proof is the following approximation result.

LEMMA 4.6. Let U € S be a sequence limit such that
(4.15) U(z,t) < CB(z,t+0) in Q
for some C and o > 0. Then for every € > 0 there exist T > o and t; > 0 such that

(4.16) w(z,8) < (C+e)Bla,t +7) for t>t.

PROOF: Given ¢ > 0, bt Corollary 4.1 there exists 7y = 79(¢) > 0 small enough such that

(4.17) Bz, 1+0) < SFE

B(z,1
ol (z,1+0+T)

£
2

for 0 < 7 < 71. On the other hand, we know from Lemma 4.3 that there exist 72 and C)
such that for every z € RY and ¢t > 1

(4.18) u(z,t) < CoB(z,t + 12).
Besides. given s > 0 there exists R = R(s) such that for |z| > R we have for every r € (0,1)
(4.19) CoB(z,1+7r)<CB(z,14+¢q) with ¢+1=(14+r)(1+s).

even if C < Cy. Therefore, for every |z| > R(s) and every k£ > 1 we have from (4.18) and
(4.19)

T2

(4.20) urp(z,1) < CoB(z,1+ 2

) < CB(z,1+73)

with 73 = (14+ 7k~ 2)(1 +s)— 1, so that 73 > s and tends to s as k — co. Let usfix s = ¢
and assume that k£ > kg is so large that 73 < o + 75.

V]
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Let us now take a small § > 0 and work in the remaining ball {|z| < R}. We can find
ki1 > ko sufficiently large (depending on R and §) so that

luk, (2,1) = U(z,1)| <6 if - 2] < R.
Hence, by the assumption (4.15), putting 6 = $min{B(z,1) : |z| < R}, we get
g, (2,1) <6+ U(z,1) < 6+ CB(z,1) < (C + %)B(x, 14 0).
Using (4.17) we arrive at

(4.21) ug, (z,1) < (C +¢€)B(z,1+ 73)

if |z| < R. Combining this with (4.20) we conclude that the inequality is true in RY.
Undoing the rescaling we get for every z € RV

u(z,t1) < (C+¢e)B(z,ty + 1),
where t; = k? and 7 = kir;. By the Maximum Principle the comparison extends to ¢ > t;.

#

An important consequence follows from Lemma 4.6.

COROLLARY 4.2. Let U be any sequence limit, U € S. Then for every (z,t) € Q we have
(4.22) U(z,t) < CyB(z,t).

PROOF: By definition of C., given € > 0 there exists a sequence {uy; } with limit U such
that

(4.23) U(z,t) < (Cy +¢)B(z,t)

for every (z,t) € Q. Therefore, by Corollary 4.1 if & > 0 is small enough we have for
z€RY and t > 1

(4.24) U(z,t) < (Cy +26)B(z,t +0).
Apply now Lemma 4.6 with C' = C, + 2¢ to obtain for t > t;
u(z,t) < (Cyp+3¢)B(z,t+ 7).
Observe that this means that for any k > 1 we have
(4.25) T up(z,t) < (Ch +3¢)B(z,t + TE ).
if ¢ > t1/k2. This means that any limit U taken along any subsequence will satisfy
(4.26) U(z,t) < (Cx + 3¢)B(z,1).
Since ¢ is arbitrary the conclusion follows.  #

The second ingredient consists in showing that the upper bounds either correspond to
exact equality or otherwise they can be improved as time goes on.
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LEMMA 4.7. Let v be a nonnegative solution of (1.1) and assume that for some constant
Co and some time tq > 0 we have

(4:27) ’U((l?,to) S C()B(l',to) and ’U(il),t()) ¢ C()B((II,t()) .
Then for every t; > to there exist 7 > o and 6 > 0 such that

(4.28) v(z,t) < (Co —8)B(z,t+71) if RN t>1;.

PROOF: We begin with the observation that under the hypotheses (4.27) we have u(z,t) <
CoB(z.1t) for every t > to thanks to the Maximum Principle in its classical form. Moreover,
the Strong form of the Principle implies that v(z,t) will actually be strictly less than
CoB(z,t) at every (z,t) such that ¢ > .

Fix t; > to and take Ly > 2n;4/%; with n; as in Lemma 4.2. Thanks to the above remark
there exists a ;7 > 0 such that

(4.29) v(z,t1) < (Co — 6;)B(z,t;) for |z| < Ly.
By continuity we can choose a 7 > 0 so small that
(4.30) o(z,t) < (Co — (61/2))B(a,t1 +7) for |z| < L.

Fix 7 small enough. By our choice of L; we have for some é; > 0 small enough
(4.31) v(z,t1) < CoB(z,t1) < (Co — 8) B(z,t; +7) for |z|> L.
Putting & = min{6:1/2, 62}, we can conclude from (4.30) and (4.31) that

v(z,t1) < (Co —68)B(z,t1 4+ 1) in RV,
and the Maximum Principle allows us to extend the inequality to ¢ > ¢;. #
The last step in the proof consists in showing that S reduces to a point.

LEMMA 4.8. For every sequence limit U we have U(z,t) = C,B(z,1t).

PRroOF: Consider a sequence limit U € S. By Corollary 4.2 we have U(z,t) < C.B(z,t).
If U # C,B then Lemma 4.7 applies to show that there exist € and ¢ > 0 such that

(4.32) U(z,t) < (Cy — €)B(z, t + 0)

for every t > 1. Then by Lemma 4.6 we obtain a time ¢; and a delay 7 > o such that for
>t

(4.33) u(z,t) < (Cy — g)B(x,t +7)
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and this gives a contradiction, since if (4.35) were true it would imply that any subsequence
limit would satisfy

(4.34) U(z,t) < (Cy — -;)B(x,t),
against the very definition of C. #

Once we have proved that every subsequence limit coincides with C,B(z,t), the whole
family {ux} must necessarily converge towards C.B (uniformly on compact subsets of Q).
This is precisely the meaning of formula (4.3). The proof of Theorem 4.1 is complete.

REMARK: A careful inspection of the proof shows that in fact the limit constants C(oo, 7)
(for 7 > 1/(4A)) and ¢(o0) coincide with C,. Therefore, for every € > 0 there exists t; > 0
such that

(4.35) (Cv —€)B(z,t) < u(z,t) < (Cx+€)B(z,t + 1)

for every z € RY and t > t;.

5. Discussion of the asymptotic result. A conservation law
Theorem 4.1 states that for large times any nonnegative solution of equation (E) hav-
ing the right decay rate on its initial data will look like the Barenblatt solution B(z,t).

However, the result says more, namely that there is a precise constant ¢ such that

tlim t*M /2y (z,t) — eB(z,t)| = 0

uniformly in z € R". This well-defined asymptotic constant allows us to define a functional
J : X — RT in the space of initial data

X={feCRM): f>0and f(z) = O(e‘AMZ) for some A > 0}
by means of the formula
(51) J(uo) =c,

where c is the constant given by Theorem 4.1. It is well known that in the heat equation
case, ¥ = 0, the constant c is just the mass of the solution

(5.2) c= / uo(z) dz .

(We normalize the fundamental solution to have unit mass). In this way the asymptotic
constant is given by a conserved quantity expressed in simple terms as a function of the
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initial data. Now, we do not know of any conserved quantity expressed in closed form for
equation { E) when v # 0. Such fortune is not to be expected since the equation represents
a kind of constrained dynamics with nonholonomic constraints.

Moreover, the functional J expresses a conservation law for equation (E), since obviously
we have the same asymptotic constant for all the family of data corresponding to different
stages of the evolution of a solution. To be specific, if u is a solution with data ug € X
and we put u(t) = u(-,t) then

J(u(t)) = J(ug) forevery ¢t>0.

It follows easily from the Maximum Principle that J is an ordered operator, i.e. f > g,
with f.g € X implies J(f) > J(g). It is also clear that

(5.3) JAf)=AJ(f) forevery A>0.

We would like to know as much as possible about the functional J. For instance, J is a
linear operator when for v = 0, but it is not for v # 0. Let us prove this important fact
that reflects the essential nonlinearity of the equation.

THEORE4 5.1. J : X — Ry is a sublinear operator if v < 0, while it is superlinear if
~ > 0. J is not a linear operator whenever v # 0.

PROOF: Assume that v > 0,.u; and u, are two solutions of the equation with initial data
f anf g respectively, and let u = u; + uy. Using the fact that |ug ; + us 4| < |uy | + |ug )
we get

(5.4) ur + v|uy] < Au.

Therefore, u; + u, is just a subsolution of the equation, and the solution with initial data
f+g will have an asymptotic constant not less than the sum of the constants corresponding
to f and ¢. In other words,

(5.5) J(f+9)2J(f)+J(g) if v>0.
A similar argument proves that
(5.6) J(f+9) <)+ J(g) if ~v<O.

Let us now construct an example to show the strict nonlinearity of the functional when
v # 0. For simplicity we work in one space dimension though the argument is easily
generalized. Let us also call ¢ = a(y) — 1, the anomaly. We take as basic initial function

(5.7) fl@)=1 if |z| <1, f(z)=0 otherwise.

Let u be the corresponding solution and ¢ = J(f). Consider now the scaled function
g(z) = f z/2). The corresponding solution v is then related to u by

(5.8) v(z,t) = u(%, % .
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It follows from the asymptotic formula and (5.8) that
(5.9) J(g) = }i.fg‘ot““)”v(o’t) — olte tan;ot(1+e)/2u(0’t) =21 J(f).

Now, it is clear tfrom the special form of f and g that g(z) = f(z - 1)+ f(z + 1) =
fi(z) +-f2(z) and also that J(f1) = J(f2) = J(f). We thus obtain

(5.10) J(fr+ f2) =2°(J(f1) + J(f2)).

Since € > 0 for ¥ > 0 and € < 0 for v < 0, the correct inequality always follows. In fact,
the careful reader will have observed that the initial functions we use are not continuous.
But, since a slight modification of the functions and the scaling parameters permits to
construct a close example with continuous functions, and since this only encumbers the
computation, we have preferred to omit such unessential details.  #

An interesting question is that of efficiently computing J(f). We have already used the
fact that for any given data uo the quantity J(ug) can be obtained as

(5.11) J(uo) = lim 1402y (2. 1)

for any fixed z > 0, if we normalize the Barenblatt solution B(z,t) so that B(0,1) = 1.
We can also use the integral formula

(5.12) J(ug) = — lim / 12 [*u(z, ¢) dz
C] t—o

with € = a(v) — N, which generalizes (5.2). Observe that the integral expression in the
second member is invariant in time for the Barenblatt solution. ¢, is precisely its value for

B.
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