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ASYMPTOTIC BEHAVIOUR FOR AN EQUATION
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Abstract. We investigate the asymptotic behaviour as t — oo of the nonnegative weak solution to the
Cauchy problem for the equation of superslow diffusion

up = (e"l/“)m; forz € R,t>0
with nonnegative initial function ug € L*°(R) N L}(R),uq # 0. We prove that asymptotic separation of

variables takes place if we make the change of variables v = e=1/% and n = x/logt. The precise result
says that as t — oo

1
tv(n logt, t) — -2-(a2 -1y,

and the convergence is uniform in n € R. The constant a > 0 is exactly one half of the initial energy:

a= % f uo(z) dz > 0. This implies that u evolves for large ¢ towards a mesa-like profile of height 1/(logt)
and width = 2a logt.
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Introduction. In this paper we investigate the asymptotic behaviour of the solution
to the Cauchy problem for the equation

(0.1) U = (¢(u))zz in @ =R x (0, 00),
with diffusion law of the exponential type:

(0.2) Bu) = ¢ foru> 0, $(0) =0,
and the initial condition

(0.3) u(r,0) =up(2) in R.

The initial function ug satisfics



Equation (0.1), (0.2) for u > 0 is an example of equation of superslow diffusion, so-called
because the diffusivity ¢'(u) = e~'/“u~? vanishes at u = 0 faster than any power of u.
A large class of such equations has been studied in [F]. Existence and uniqueness of a
continuous nonnegative weak solution of (0.1)—(0.3) is well-known. The solution is smooth
at any point of positiveness. See a full list of references given in [K].

In order to state our main result we introduce the change of variable v = ¢(u), i.e.,
(0.5) v(z,t) = e /@D,
Then, 0 < v(z,t) < 1in Q, and v(z,t) solves the quasilinear equation
(0.6) vy = v (logv)? vy, in Q.

The asymptotic behaviour of v(z,t) is exactly described by the following result.

THEOREM 1. Under hypotheses (0.4) we have

1
(0.7) tlim tv(n(logt),t) = Fu(n) = 5((12 — %),
uniformly for n € R, where a is one half of the initial energy:

(0.8) o= %/uo(x)d:c > 0.

If we translate this result (0.7) to the function u(z,t) by means of the inverse trans-
formation

1
0.9 )= ——4—8m—
0.9) we,?) logv(x,t)’
we get the asymptotic formula:
(0.10) tlim (logt)u(n(logt),t) =1
—00

uniformly in any set {|| < ¢}, where ¢ = const € (0, a), while for || > a we have
(0.11) tlim (logt) u(n(logt),t) = 0.

Thus, in terms of the initial variable u(x,t) we observe a mesa-like behaviour. Notice that
the only parameter which appears in the formulas is the normalized length of the support
of u, namely 2a. This parameter is easily calculated from the law of conservation of mass
Ju(z,t)dz = const, since for large t it follows from (0.10), (0.11) that [u(z,t)dz ~ 2a.
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Hence, ||ug||; = 2a. Any further information about the asymptotic spatial structure of the
solution as t — oo is lost in the u variable.

It is interesting to compare Theorem 1 with the asymptotic behaviour of the solution
to the initial-boundary value problem for equation (0.1), (0.2) in a bounded domain. In
collaboration with R. Kersner we have proved in [GKV] that for the one-dimensional
problem posed in (—[,1) x (0, 00), where [ > 0 is a fixed constant, with conditions

(0.12) u(z,0) = uo(x) in (=1,1), wo € L=, ug > 0,ug #0,
(0.13) u=0forz==xlt>0,

the following behaviour holds uniformly in (—1,1):
(0.14) tlim t(logt)?v(z,t) — Fi(z).
—00

Two differences appear. Firstly, the rate of decay is t~!(logt)™2 and not ¢! as in (0.7).
Secondly, the particular asymptotic profile is determined by the length of domain and not
by the initial function. However, it is remarkable that the family of asymptotic profiles is
the same for the Cauchy and the initial-boundary value problems. This was not true for
the porous medium equation uy = (u™),, for a fixed 0 < m < oo, see references in [K],
[GV].

We also obtain a precise result on the asymptotic behaviour of interfaces of every
compactly supported solution to the Cauchy problem (0.1)-(0.3).

THEOREM 2. Assume that (0.4) holds and also that uy has a compact support. Then
ast — oo

s4(t) =sup{z € R: u(z,t) >0} = a-logt+ O(1),
s_(t) =inf{z € R: u(z,t) > 0} = —a-logt+ O(1).
After stating our main result, let us make some comments before proceeding with the
proofs. Thus, in order to understand the appearance of the asymptotic profile F,(n) it

is convenient to view our result in terms of the rescaled function 6 corresponding to our
asymptotic formula (0.7), which is defined by

(0.15) 6(n,7) =(2+t)v(n log(2 + 1t),1),

where 7 = log(2 +1t) : [0,00) — [19,0), 79 = log 2 (the number 2 plays no special role; any
number T > 0 would do). Then 6(n, 7) solves the Cauchy problem

1 1
(0.16) 6. =0C,7)=A(0) + ;(9,,17 — 260(log 6)8,,) + ;9(10&; 6)%6,,
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in R x (79, 00), with initial condition

(0.17) 8(n,70) = Bo(n) = 2exp{—1/uo(n log2)}.

The autonomous part of the operator in the right-hand side of (0.16) has the form
(0.18) A(8) = 66, + 6.

It is easily seen that the functions F,(7n) given in (0.7) are precisely the radially symmetric
and nonnegative weak solutions of the stationary equation A(f) = 0 which are monotone
nonincreasing in |n|. Therefore Theorem 1 amounts to proving the convergence of the
solution 6(n, ) as 7 — oo to the corresponding stationary solution

(0.19) A(F)=0inR, F>0, F=F(j)),

which is uniquely determined by the total mass of the initial function, see (0.8).

It is interesting to note that the function
(0.20) V(z,t) =t F,(z/logt),

describing by (0.7) the asymptotic behaviour of the solution v(z,t) as t — oo, satisfies the
nonautonomous quasilinear parabolic equation

T

0.21 = (logt)*vv,, —
(0.21) ve = (logt)vvss —

v:l??

which looks quite different from (0.6). Thus, (0.20) is only an aepprozimate self-similar
solution of equation (0.6).

As for equation (0.1), (0.2), the function U(z,t) = (—log V(z,t))~!, which is an ap-

proximate self-similar solution to (0.1), (0.2), is in fact an explicit self-similar solution of
the quasilinear equation

_1 T
(0.22) uy = (logt)?u? (e -14>” — 7 logtux'

We finally remark that a simple rescaling allows to extend our result to the more
general equation uy = (¢(u)),, with ¢(u) = ae=%/* a,b > 0.

1. Preliminaries. Explicit Solution. The weak solution to the problem (0.1)-(0.3)
is a continuous nonnegative function which is smooth at any point where u > 0 and has a
continuous heat flux —(e~1/*), on interfaces {u = 0}; see for details the list of references
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in the review [K]. We also note that for the solution of nonlinear equations of the type
(0.1) the law of conservation of mass holds, i.e., if the initial mass is finite

(1.1) /uo(:v)d:r =E; >0,
then
(1.2) /u(:c,t) dz = E, for any t > 0.

In view of (0.5), this implies that
T dz T dx
43 [ (eten) = [ () =5t

The proof of our result is based on a careful use of a family of explicit solutions which

can be found in [BMFF], [Ki]:

1
(1.4) vi(z,t;c) = 9_t(02 —w?)y,

where ¢ > 0 is a fixed arbitrary constant and the function w = w(z,t;¢) € [0,¢) is
determined by the equation

(1.5) |z| = ®(w,c) = (2 + log(2t))w + (¢ — w)log(c — w) — (¢ + w)log(c + w).
Since the function ®(w,c) in the right-hand side satisfies
®! = log(2t) — log(c? —w?) >0

for fixed ¢ > 0 and t > ¢?/2, equation (1.5) uniquely determines the function w(z,;¢) €
[0,¢) in terms of & € [0, z.(t;¢)), where

2
(1.6) z«(t;c) = clogt + clog ( c ) ,

2¢?

which is equivalent to ¢(logt) as t — oco. Then (1.4) is an even, continuous and nonnegative
function defined for z € R, ¢t > ¢%/2 and satisfying

(1.7) vi(z,t;¢) = 0 for |z| > z.(t;¢),
(1.8) ve(z,t5¢) > 0 for |z] < z.(¢;¢),
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and

2

(1.9) sup v4(,t;¢) = v4(0,t;¢) = S <1 for t> c?/2.
zeR 2t

Going back to the variable v by means of (0.9), we get the explicit compactly supported
solution

1

@19 0 5) = o i)

of equation (0.1), (0.2). Indeed, one can calculate from (1.4), (1.5) that

1 { z.(t) — |z|

exp{~1/u.(2,t;¢)} = < [log(24(t) — |

B |}(1+o(1))

near the interfaces z = +x,(¢;c), and hence exp{—1/u,} € C', which implies the continu-
ity of the heat flux on the interfaces. There holds [Ki]

(1.11) lus( t;e)|l@wy =2¢  for +  7/2.

It is curious that at to = ¢?/2 the function u.(z,t.. -+ hehaves near z = 0 like |z|~2/3,
which of course is an integrable singularity, but not « o-function.

We begin with some simple propertics of our explicit solution.

LEMMA 1. For any fixed ¢ > 0

1 1
1.12 Sz, t¢) = ~F, — ) a
(1.12) ve(2,t;¢) " (17)+O(t logt) ast — 0o

uniformly for n € R.

Proof. Using (1.5) yields

log(2e2t/(t + 2))w N (¢ —w)log(c — w) — (¢ + w)log(c + w)
log(t + 2) log(t + 2)

In| =
for w € (0, c¢). Hence,
w(z,t;c) = |n|+ O(1/logt) as t — oo in {|z]| < z.(t;¢)},

which by (1.4) completes the proof. []



LEMMA 2. For any fixed 0 < ¢; < ¢y there holds

ve(T,t;5c2) > v, t5¢1)

1
(1.13) for z € {|z| < z«(t;ca)},t > 2c3.

Proof. First we note that

(1.14) %x*(t; ¢) > 0 for t > 2¢2.

Using (1.4), we get

d 1
(1.15) zv*(m,t; c) = ;(c —w-w),
and (1.5) yields that w!(z,#;c) is well defined in {|z| < z.(t;c)} for t > ¢*/2. One can see
that

, log(c + w) — log(c — w)
(116) = o050 Togle —w) ~ Togte T

<1

for w € (0,¢),t > 2¢?. This together with (1.15) implies that ¢ —w - w’ > 0 for w € (0, c),
and hence by (1.15)

(1.17) div*(a:,t;c) > 0 for z € {|2] < z.(t;¢)}, t> 2%
c

Using (1.14), (1.17), we get (1.13) completing the proof. [

2. First Estimates. Let u(z,t) be the solution of the problem (0.1)-(0.3). Assume

now that ug has a compact support in an interval [—b, b]. We begin with an upper estimate
of this solution.

LEMMA 3. There exist constants ¢; > 0 and t; > c%/2 such that
(2.1) v(z,t) < vi(z,t1+te1) in R x(0,00).

Proof. By the comparison theorem [K] we obtain that (2.1) will be valid if
(2.2) v(z,0) < v (z,t1;¢0) in R.

Using properties (1.6)—(1.9), we have that (2.2) holds if

(2.3) ty > c}/2,
2
(2.4) sup v«(,t1;¢1) = s BN supv(z,0) = M; € (0,1)
z€R 2t1  zer



and

62t1
zu(ti;c1) =clog| w5 | >

2
2cy

Iy = sup{le| : = € suppv(z,0)}.

1 1

Then (2.3), (2.4) hold, and (2.5) implies the inequality

e? 1
Cq lOg g‘ 1+E >>lla

which is valid for any ¢; > 0 large enough. [

(2.5)

Choose t; as follows: .

Our next estimate is a lower bound.

LEMMA 4. There exist constants ca > 0 and to > cg/Z such that
(2.6) | o(z,t) > va(z,tjcs)  in R x (ty,00).

Proof. By well known properties of the weak solution u(z,t) [K] there exists t, > 0
such that u(0,t2) > 0 and u(z,t2) € C(R). Choose arbitrary small ¢ > 0. Then from
(1.6)—(1.9) one can see that inequality

v(z,t3) > ve(z,t2;¢2) in R

holds, and hence by the comparison theorem [K] estimate (2.6) is valid.

If we now perform the change of variables (0.15), then from Lemmas 1, 3 and 4 and
properties (1.6)—(1.9) of the explicit solution we get the following weak form of the asymp-
totic behaviour, which in particular determines the rate of stabilization to 0 of u(z,1t).

LEMMA 5. Ifug satisfies (0.4) and has a compact support, then there exist 7, > 0 and
constants 0 < ¢_ < c4 such that

(2.7) F(nye-) <8(n,7) < F(pjeq) in R X (74, 00).

As a consequence of these estimates we can also control the growth of the support of
the solution u(z,t) as t — oo.



COROLLARY. There exist t, > 0 and 0 < C_ < C4 such that fort > t,

2t
{|w| < C_log (9602 )} C suppu(-,t) C

(2.8) o2
and
¢! ¢\
- == < ~+ )
(2.9) {log % } < ilégu(:v,t) < {log % }

3. A Sharp Estimate. We establish here a sharp lower bound.

LEMMA 6. There holds

a2

3.1 lim t supv(xz,t) > —,
(3-1) L tsupo(at) 2 5

where a is given by (0.8).

Proof. Step 1. Assume also that ug has a compact support. By well-known properties
of the weak solution to the Cauchy problem (0.1)-(0.3) there exists t = t; such that the
support

(3.2) suppv(z,t1) = (I-,14)

is a connected interval and 0 € (I_, [} ). By Aleksandrov’s Reflection Principle (see [GNN])
the solution v(z,t) is a monotone function with respect to z in (—oo, —b) U (b, 00) for any
fixed t > ¢5.

Step 2. Fix now an arbitrary small ¢ > 0. We replace v(z,¢;) by an approximation
Ue(z) such that
1) 0e(z) < v(z,t;) in R and 9.(z) = v(z,t;) in (- +¢,14 —¢),
i) [(u(z,t1) — te(z))dz < 2¢, and
iii) ld%f)e(x)i > 1 near the endpoints of its support.

Construction. Consider the right-hand side * > 0. It is clear that we can choose
Iy € (I4 —€/2,14) such that
v
/u(m,tl)dat <e/2.
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To the left of I; we draw the line y(z) = M(l; — z). This line intersects the graph of
v(z,t,) for the first time in a point I < I;. If M > 1 is large enough, we have I > 1 —¢

and
Ly

/u(m,tl)d:c <e.
I

For such an M we define

ve(z) =v(z,t;) i 0<z <y,
v(z) =y(z) if I <z<U,

The same construction holds for the left-hand side = < 0.

Step 8. Denote v.(z,t) the weak solution of the Cauchy problem in R x (¢;,00) to the
equation (0.6) with the initial function v.(z,t1) = 0(z) in R. Let

1
Ce = %/ﬁe(x)da: = 3 /ue(w,t)d:v for every t > tq,

so that a — ¢ < c. < a. Since by construction ¥.(z) < v(z,t;) in R, from the comparison
theorem [K] we have v (z,t) < v(z,t) in R x (¢1,00).

We consider now the family of explicit solutions {vi(z—zo,t+T;c.), o € [-b,b],T > 0}
having the same mass ¢, as u.(z,t). For afixed t > t; we denote by N(t;z9,T) the number
of sign changes in R of the difference w(x,t;2,T) = v.(z,t) —vi(z —z0,t+T; c.) or, which
is the same, the number of intersections in R of the functions v.(z,t) and vi(z—z0,t+T; c.).
Then by a well-known property, see e.g. [A], [GP1], [M], [Sat] and references therein, we
conclude that N(t; z¢,T) does not increase with time and, in particular,

(33) N(t,xo,T) < N(tl,l'o,T) for t>t;.

Notice that by known properties of regularity of the weak solution at a point where it is
positive [K], and by using results of [A], [KP], we may conclude that for t > ¢ every zero
of the difference in the domain of positiveness of both solutions considered is an isolated

point. Since, by the properties of the explicit solutions given in Section 1, we have for an
arbitrary fixed z¢ € [—b, b]

C2

2t + T)

ve(z —x0,t1 + Thce) & as T — oo

uniformly in any compact in z € R, by using the property iii) of the function v.(x,#,), we
have that for every z¢ € [—b,b] and T large enough
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This together with (3.3) yields the inequality
(3.5) N(t;zo,T) <2fort >t.
Fix arbitrary zo € [—b,b] and T = T, large enough. We now prove that for ¢ > ¢,

(3.6) sup ve(z,t) 3 sup vi(z — xo,t + To; ce).
z€R z€ER

Assume for a moment that this is true. Then

2
c
—z0,t + Toj¢e) = vu(0,t + To; ¢e) = =,
ilé%v*(w zo,t + To;ce) = v4(0,t + To;ce) 5t + Ty
and (3.6) implies that
2
lim t sup v(z,t) > lim t supv.(z,t) > -=.
t—oo zER t—oo z€ER 2

Since € > 0 is an arbitrary, we obtain the desired result (3.1). Hence, we have to prove
(3.6).
Step 4. Suppose (3.6) is not valid and

« =sup{7 > 0: (3.6) holds for all t € [t1,t1 + 7|} < oco.

Let z, € [—b,b] be a point of maximum of the function v.(z,%«) and hence by a definition
of t. we have

2

Ce
(37) ve(w*,t*) = m

Consider the explicit solution v.(z — z4,t + Tp;c.). By construction we have

W(T, b Tu, T0) = Ve(T,t4) — Vu(@ — Tuytu + To;¢ce) =0 for z = z4,

we(z,t24,T0) =0 for z =z,

(3.8)

Suppose first that = = z, is the point of tangency of the functions v.(z,t,) and v.(z —
Ty, ts + To; ce), i.e., the difference w(x, t4; x4, To) satisfying (3.8) does not change sign in a
small neighborhood of the point z = z,. Since these have the same masses we get

(3.9) N(ty; @y, To) > 1.

Indeed, if (3.9) is not valid and N(t.; x4, To) = 0, then by the Strong Maximum Principle
[Fr] it follows that, since v, # v, for arbitrarily small § > 0 either v (z,t, + ) < vi(z —
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Ty, tx+To+6;ce) or ve(z,ta+8) > va(@— 24, tx+To+9; ¢c.) in the domain of positiveness of
both functions, contradicting the equality of masses. Hence, there exists at least one point
of intersection, i.e., a point 1 where the difference w changes sign, and z; # z.. Assume
without loss of generality that the difference w(z,t,;z«,Tp) < 0 in a small neighborhood
I, = (z«—r7,z.+7) of the point ¢ = z, with r < |21 — z,|. Then by using the continuous
dependence of the function vi(z — z«,t« + To;c.) with respect to a small perturbation of
the value of Ty, we obtain that for any small § > 0 there exist at least two points of sign
change for perturbed difference w(x,t.; z«, To + 6) in I, one to the left of z = z, and to
the right, and also an intersection point which lies not far from z;, and anyway is outside
I,.. Therefore, for small § > 0 we have

(3.10) N(tye; 24, To + 6) > 3.

This leads to a contradiction with (3.5) for t = t,, 29 = 24 € [-),b] and T = T, + é.
Now, if the maximum 2 = z, is an nflection point for the difference w(z,t.;z4,T)
satisfying (3.8), namely that it changes sign in any neighborhood of the point z = z,,
then we use the idea given in [GP1], [GP2]. Assume without loss of generality that
w(z,ts; Tx, To) > 0 in a small left-hand neighborhood of = z, and w(z,t.;z4,Tp) < 0 in
a small right-hand one. Then it is easily seen that for any A > 0 small enough there holds

(3.11) Nty ze — X\ To) > 3

(see a similar detailed analysis in [GP1], [GP2]) contradicting (3.5) for t = t,,x¢ = T, — A

and T = Ty and completing the proof of Lemma 6 in the case of compactly supported
data.

Step 5. If ug is not compactly supported, the proof is made by approximation from

below with compactly supported functions. [

4. Semiconvexity. For the proof of Theorem 1 we need also the following lower
estimate of the second derivative of the solution.

LEMMA 7. Let u(x,t) be a solution of (0.1)-(0.3). Then for every € > 0 there exists
T. > 0 such that

1+e
4.1 op > ——
(4.1) Yz = Tilogt)?

in the domain {(z,t): 2z € R,t > T.}.
Proof. By approximation we may assume that u, is continuous, bounded and positive

in R. Then v(z,t) is a classical solution of equation (0.6). Differentiating it twice with
respect to x we obtain the equation satisfied by z = v,,:

z; = v(logv)?2,, + 2[(logv)% + 2log v]v, 2.+

(4.2) 2 2 2 2
;(logv + 1)wiz + ((logv)® + 2logw) 22
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Following the method of [AB] we want to try an explicit subsolution for this equation. If
we try z = —1/p(t), with ¢ > 0, we easily check that a sufficient condition is that

(4.3) @'(t) < 11:2%;z ((log v(z,1))? + 2log v(z, 1)) .

Now, for large t > 0 from Lemma 5 we have v < const /¢, hence (logv)? + 2logv >
(logt)?(1 — £) for € small if ¢ is large enough. Therefore, an admissible choice is

(4.4) #(t) = (1= 2)(t = T)(log?)’

if t > T for some large T'. Since with this choice z will be a subsolution of equation (4.2) in
D = {(z,t): z € R,t > T} with 2(z,T) = —o0, we conclude from the Maximum Principle
that

Vge 2 2 1in D,

hence the conclusion in the limit. [J

Remark. The sharpness of estimate (4.1) is checked by looking at the explicit solution
v«(z,t; ), for which we have the estimates

. 1 1
(i) (v*)mz_w—i—o(t(logt)e‘) as t— 00,

1

(it) (v4)22(0, ¢ ¢) = T g3t/ %)

for t>c?/2.

5. Proof of Theorem 2. We now prove, under the additional assumption that ug
has a compact support, explicit estimates of the support of the solution

supp u(:z:,t) = (5—(t)’3+(t)),

which is a connected interval for large ¢, say t > ;.

We take the function U(z,t) = u.(z —d4,t+T';a), where a is one half of the energy of
uo, T > a?/2 and dy = s4(t1) + @.(T;a), so that the support of U(z,0), (5-(0), 5+(0)),
lies to the right of the support of ug. Then, by the shifting comparison principle [V] (see
similar results for quasilinear heat equation with source proved by intersection comparison
in [SGKM, p. 248]) we have a comparison of the interfaces of u and U, i.e., for ¢t > t;



A similar argument by shifting to the left gives

s+(t) 2 —d_ 4+ z.(t + T a),
S_(t) Z —d—— - x*(t +T;a)?7

where d_ = s_(t1) — 2+(T;a). In view of the formula for z.(t + T';a) we have

s4+(t) =alogt+ O(1),
s_(t) = —alogt+ O(1),

which completes the proof. [

6. Proof of Theorem 1. Consider the Cauchy problem (0.16), (0.17) for the quasilin-
ear parabolic equation which is a perturbation of the autonomous (“stationary”) equation

(6.1) 6, = A(8).
By Lemma 5 the evolution trajectory {6(:,7),7 > 7.} is uniformly bounded, and hence,

by a general regularity result [DB1], [DB2], it is compact in Cp(R). We now prove that
w-limit set, given by the formula

w(bo) ={f € Co(R) : f >0 and there exists {r;} — oo such that
0(-,7;) — f(:) as § — oo uniformly in R},

is precisely

(6.2) w(o) = {Fa(")},

which indeed yields (0.7).

Choose an arbitrary f € w(fy), so that there exists a sequence 7; — oo such that
(6.3) 6(-,7j) — f(:) as j — oo uniformly in R.

Applying Aleksandrov’s Reflection Principle and passing to the limit 7 — oo we have
f = f(In|) and f does not increase in || (see a detailed argument in [KV], Section 5).

We now prove that f(a) = 0. Suppose for a contradiction that f(a) > 0 and hence by
continuity

(6.4) mes supp f > 2a.
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Using the conservation law (1.3) for the rescaled function § with 7 = 7; yields

T logh =
(6.5) / [1_M] dn = Eo = 2a

log Ty
—00

for j = 1,2,... It follows from (6.3) that for given small ¢ > 0 there exists j. > 0 such
that

(6.6) 6(-,75) > (f(-) —€)+ in R for any j > je.
Therefore (6.4), (6.6) imply that for any € > 0 small enough
(6.7) mes supp (-, 7j) > messupp(f(-) —€)4+ > 2a

for j > je. Combining (6.5)—(6.7) yields the estimate

70[1 — L‘?g_e(ﬂﬂ] - dny > 70[1 _ log((f(n) — €)4) -1 o

log ; log 7;

(6.8)

— messupp(f(-) —€)+ > 2a as j — oo,

contradicting the conservation law (6.5).

Thus, f(a) = 0 and messupp f < 2a. Using Lemma 6 yields

CLZ

(6.9) f(0) > —-.

Rewriting estimate (4.1) for the function 6(n,7), integrating this inequality twice and
passing to the limit 7 = 7; — 0o, we obtain

(6.10) Fn) > 5(7(0) — %)y

By using (4.1), we may also conclude that f,, > —1 a.e. Since F,;(n;a) = —1in [0, a], from
(6.9) and (6.10) we have that the difference z(n) = f(n) — F,(n) satisfies 2 > 0, 24, > 0
a.e. in [0, a], and since z(a) = 0, one can see that z,(a) < 0. Assume for contradiction
that z # 0 and hence z,, > 0 in a set of nonzero measure in [0, a]. Then integrating the
inequality zy, > 0 over (0, a) yields

zy(0) < zy(a) <0

— )

contradicting the symmetry condition at the origin. This completes the proof. []
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7. Final Remarks. It is interesting to consider our equation (0.1), (0.2) as some kind
of limit of the porous medium equation (PME) u; = (u™),, as m — oo. Thus, the PME
admits a family of explicit self-similar solutions (the Barenblatt solutions) which decay in
time according to

2
(7.1) um(z,t) < a,,1||tt0|ll"1+1t_#ﬁ,am, > 0,

while their support is confined by the interfaces %s,,(t),

mor 1
(7.2) sm(t) = em|luol|7 T 7 ¢ > 0.

Moreover, these estimates are true for every nonnegative solution while initial data are
compactly supported [V]. Put now v = «™ (in analogy to (0.5)) and let m — oo to obtain
a formal expression for the upper bound in the limit

(7.3) Voo(2,t) < aoolluol|?t ™Y,

which agrees with Theorem 1. Agreement with Theorem 2 for the interfaces necessitates
replacing ¢'/(m+1) in the limit by logt (and not by 1), then obtaining

(7.4) Soo(t) = coollunl|1 log t.

On the other hand, a rigorous limit m — oo in the equation u; = (¢m(u)),, leads to
the so called “mesa problem” studied by several authors, cf. [CF], [EHKO], [FH], [Sac].
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