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Abstract

Distribution estimation lies at the heart of statistical learning. Given the probability distribu-
tion of a set of random variables it is possible to compute marginal or conditional probabilities,
moments and design optimal estimators. In this dissertation, we reveal an interesting link be-
tween multivariate statistics and tensors and propose a novel framework for joint Probability
Mass Function (PMF) estimation given limited and possibly very incomplete data samples.
We show that any joint PMF admits a naive Bayes model representation with a finite-alphabet
latent variable. If the latent alphabet size is under a certain threshold, then the joint PMF of
an arbitrary number of random variables can be identified from three-dimensional marginal
distributions. We develop a practical and efficient algorithm that is shown to work well on
both simulated and real data. We also extend our approach to mixture models of continuous
variables. We consider the special case of mixture models whose component distributions factor
into the product of the associated marginals and propose a two-stage approach which recovers
the component distributions of the mixture under a smoothness condition.

The second part of the dissertation focuses on the problem of nonlinear function approx-
imation. In practice, when labeled data are available we are often interested in methods that
directly model the relationship or the conditional distribution function between the features and
the target variable. It is desirable to develop methods that are expressive enough to capture a wide
class of functions and at the same time are scalable and efficient. We show that the canonical
polyadic decomposition model offers an appealing solution for modeling and learning a general
nonlinear function. We formulate the problem as a smooth tensor decomposition problem with
missing data and prove that under certain conditions correct nonlinear system identification is
possible. We extend our method to multivariate functions of continuous inputs by proposing a
generalization of the canonical polyadic decomposition from tensors to multivariate functions.
The merits of our approach are illustrated using several synthetic and real multivariate regression

tasks.
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Chapter 1

Introduction

1.1 Background and Motivation

Machine Learning (ML) and Artificial Intelligence (AI) have gained increasing attention and
experienced tremendous growth over the past decade. ML techniques harness the power of
user generated data to learn, discover hidden patterns, provide actionable insights and make
predictions. ML and Al have had significant impact in many diverse areas including healthcare,
finance, retail, transportation and online entertainment. One of the main ML applications
in healthcare is the identification and diagnosis of diseases [78]. ML techniques can assist
physicians and improve accuracy in early detection and diagnosis by modeling the relationship
between medical features and the absence or presence of a specific decease. ML had already
a significant impact in content platforms which rely heavily on user generated data to improve
their services [36[]. For example, based on a user’s rating history as well as the history of other
users ML techniques are being used to understand and predict user preferences, pertaining to
news, movies or music and improve recommendations. E-commerce websites analyze complex
and highly unstructured text data corresponding to user feedback to obtain deeper insights into
customer opinion [30]]. Finally, in the context of transportation systems, ML techniques are
used for traffic congestion identification and prediction [21]]. There are important questions and
challenges that arise in the aforementioned applications. Real data are often high-dimensional,
noisy, unstructured or incomplete which pose significant challenges on how to store, process,
analyze and extract useful information. For example, healthcare data is often characterized by

relatively few training instances and a high-dimensional feature space. Recomender systems data



2
are highly incomplete because users interact only with a small portion of the available entities.
Text data are high-dimensional and unstructured combining a vast amount of terms.

This dissertation studies principled ML approaches for learning from high-dimensional and
potentially incomplete data. We focus on two fundamental ML problems namely distribution
estimation and nonlinear function approximation. Distribution estimation lies at the heart of
statistical learning and is a fundamental problem in unsupervised ML. Having access to the
true joint probability distribution function of a set of random variables, allows us to calculate
the conditional and marginal probability distributions of arbitrary subsets of variables, their
corresponding expectations, sample new data points and it enables optimal estimation in terms
of mean-square error and minimum probability of error. On the other hand, when labeled data
are available we are often interested in methods that directly model the functional relationship
between the features and the target variable, e.g., the conditional expectation of the target variable
given the features (supervised ML). Nonlinear function learning is the problem of identifying
the unknown nonlinear mapping between the input and output of a system given a finite number
of observed input-output pairs. We focus on both theoretical and practical aspects of the two
studied problems. We study conditions under which it is possible to provably recover the true
data generating distribution or the nonlinear relationship between input and output data. We
develop expressive models which are intuitive, interpretable and provide algorithmic solutions
which are scalable and efficient.

Our main building blocks are tensors and tensor decomposition. Tensors are high dimensional
generalization of matrices. Tensor data arise in numerous domains e.g., medical images [81}(117],
knowledge bases [[109]], spatio-temporal data [56|] and discrete functions [[61] can all be naturally
modeled using tensors. Tensor decomposition is a powerful tool for analyzing multi-way data
and had major successes in applications spanning machine learning, statistics, signal processing
and data mining [66,90,98|]. Tensor decomposition have been applied in many diverse machine
learning applications e.g., modeling large multi-dimensional and multi-relational data [54}/112],
in recommender systems [[115[], in community detection and clustering to model user interactions
across different networks [89]], in knowledge base completion and link prediction [72,/109] and
crowdsourcing [[108]]. Tensor decomposition has also been used in deep learning, for speeding
up and compressing neural network models [[73}80L86].

In Chapter [3]and chapter ] we focus on the problem of distribution estimation. In chapter [3]

and chapter[6] we turn our attention to the supervised case and the problem of learning a nonlinear



function of input-output data. Our contributions are summarized in the next section.

1.2 Contributions

1.2.1 Chapter [3— ‘Kolmogorov Extension’ for Finite-alphabet Random Vectors

The problem of joint Probability Mass Function (PMF) estimation can be stated as follows:

M

m—1> find an estimate of

Given a set of independently and identically generated data-points {x, }
the true underlying data distribution. Without structural assumptions joint PMF estimation is
often considered mission impossible — the number of unknowns grows exponentially with the
number of variables. But who gives us the structural model? Is there a generic, ‘non-parametric’
way to control joint PMF complexity without relying on a priori structural assumptions regarding
the underlying probability model? Is it possible to discover the operational structure without
biasing the analysis up front? What if we only observe random subsets of the variables, can we
still reliably estimate the joint PMF of all? In this work, we reveal an interesting link between
tensors and multivariate statistics. Any joint PMF can be represented by a naive Bayes model
with a bounded number of latent states (rank of the joint PMF) and the rank can be interpreted as
a measure of statistical dependence of the associated random variables. Exploiting tensor algebra,
we prove that under certain conditions the joint PMF of an arbitrary number of random variables
can be recovered from three-dimensional marginal distributions. The result is reminiscent of
Kolmogorov’s extension theorem — consistent specification of lower-dimensional distributions
induces a unique probability measure for the entire process. We propose a novel framework for
joint PMF estimation based on coupled tensor factorization and perform synthetic and real-data
experiments on movie recommendation and data classification to showcase the effectiveness of

the approach. The results of this chapter are reported in [57.59]].

1.2.2 Chapter d — Learning Mixtures of Smooth Product Distributions

In chapter[d] we focus on the problem of joint Probability Density Function (PDF) estimation
extending our results to continuous variables. Specifically, we study the problem of learning
a mixture model of non-parametric product distributions. The problem is well-studied in
the parametric setting, i.e., when the component distributions are members of a parametric

family — such as Gaussian distributions. In this chapter, we study multivariate mixtures of
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non-parametric product distributions. We propose a two-stage approach which recovers the
component distributions of the mixture under a smoothness condition. Our approach builds
upon the identifiability properties of the Canonical Polyadic Decomposition (CPD), in tandem
with Fourier and Shannon-Nyquist sampling staples from signal processing. We demonstrate
the effectiveness of the approach on synthetic and real datasets. The results of this chapter are

reported [60].

1.2.3 Chapter [5|— Supervised Learning via Tensor Completion

In chapter 5] we focus on the problem of nonlinear function approximation. Function approxima-
tion from input and output data pairs constitutes a fundamental problem in supervised learning.
We show that identifying a general nonlinear function y = f(z1,...,zy) from input-output ex-
amples can be formulated as a tensor completion problem and under certain conditions provably
correct nonlinear system identification is possible. We model the interactions between the N
input variables and the scalar output of a system by a single N-way tensor, and setup a weighted
low-rank tensor completion problem with smoothness regularization which we tackle using a
block coordinate descent algorithm. We extend our method to the multi-output setting and the
case of partially observed data, which cannot be readily handled by neural networks. Finally,
we demonstrate the effectiveness of the approach using several regression tasks including some
standard benchmarks and a challenging student grade prediction task. The results of this chapter

are reported in [[61}/62].

1.24 Chapter 6| — Canonical Decomposition of Multivariate Functions

In chapter [6] we propose a generalization of the Canonical Polyadic Decomposition (CPD) from
tensors to multivariate functions of continuous variables. We approximate a compactly supported
multivariate function using a tensor of truncated multidimensional Fourier series coefficients
and propose a hidden tensor factorization formulation for learning a low-rank CPD model of
the Fourier coefficients tensor. In contrast to prior work, our method is quite general as it can
model any compactly supported multivariate function that can be well-approximated by a finite
multidimensional Fourier series, and under certain conditions it guarantees that the unknown
function is uniquely characterized by the given input-output data. Furthermore, our model

naturally allows stochastic gradient updates allowing it to scale to larger datasets. We develop
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two optimization algorithms and demonstrate promising results on synthetic and real multivariate

regression tasks. The results of this chapter are reported in [58].

1.3 Thesis Outline

* In Chapter 2] we review necessary background on tensors and tensor decomposition. We
introduce the Canonical Polyadic Decomposition (CPD) a powerful tensor model and

discuss its identifiability properties.

* In chapter 3] we focus on the problem of joint Probability Mass Function (PMF) estimation
from limited and partially observed data. Exploiting tensor algebra, we prove that under
certain conditions the joint PMF of an arbitrary number of random variables can be
recovered from three-dimensional marginal distributions. We propose a novel framework

for joint PMF estimation based on coupled tensor factorization.

* In chapter[d] we study the problem of learning a mixture model of non-parametric product
distributions. We propose a two-stage approach which recovers the component distribu-

tions of the mixture under a smoothness condition.

* In chapter [5] we show that identifying a general nonlinear function from input-output
examples can be formulated as a tensor completion problem and under certain conditions
provably correct nonlinear system identification is possible. We setup a weighted low-rank
tensor completion problem with smoothness regularization which we tackle using a block

coordinate descent algorithm.

* In chapter[6] we propose a generalization of the CPD from tensors to multivariate functions
of continuous variables. We approximate a compactly supported multivariate function
using a tensor of truncated multidimensional Fourier series coefficients and propose a
hidden tensor factorization formulation for learning a low-rank CPD model of the Fourier

coefficients tensor.

* In Chapter 7| we present conclusions and discussion on future research directions.



Chapter 2

Notation and Tensor Preliminaries

2.1 Notation

We use the symbols x, X, X for vectors, matrices and tensors respectively. We use the notation
x[n], X[:,n], X[:,:,n] to refer to a particular element of a vector, a column of a matrix and a
slab of a tensor. Symbols o, ®, ®, © denote the outer, Kronecker, Hadamard and Khatri-Rao
(column-wise Kronecker) product respectively. The vectorization operator is denoted as vec(X),
vec(X) for a matrix and tensor respectively. Additionally, diag(x) denotes the diagonal matrix
with the elements of vector x on its diagonal. The set of integers S = {1,..., N} is denoted
as [N] and |S| denotes the cardinality of the set S. Uppercase letters (e.g., X) denote scalar

random variables.
2.2 Canonical Polyadic Decomposition
An N-way tensor X € RI1>*12XxIN i a multi-dimensional array whose entries are indexed by

N coordinates. A polyadic decomposition expresses X as a sum of rank-1 components

T

R
X:Zaioazo---oaN 2.1)
r=1

where a” € R, If the number of rank-1 components is minimal then the decomposition is
called the Canonical Polyadic Decomposition (CPD) of X" and R is called the rank of X" [98]].

By defining factor matrices A,, = [af,--- ,a’}] € R»*! the elements of the tensor X' can be

6



Figure 2.1: Illustration of the canonical polyadic decomposition of a three-way tensor.

expressed as
R N
Xlit, ... in ZH nlin, 7 (2.2)

We use the notation X’ = [Ay, ..., Ay] to denote the tensor synthesized from the CPD model
using these factors. The CPD model is one of the most popular tensor models mainly due to its
simplicity and its uniqueness properties. The CPD model is universal i.e., every tensor admits a
CPD of finite rank and it is unique under mild conditions [98]. Sometimes one wishes to restrict

the columns of A,,’s to have unit norm (e.g., as in SVD). Therefore, the tensor can be represented

as i v
Xliryig, .. in] = > Alr] ] Anlin, 7], (2.3)

r=1 n=1
where ||A, [, 7]||, = 1 foracertain p > 1,V n,r,and A = [A[1],..., A[R]]T with | Allp = Ris

employed to ‘absorb’ the norms of columns. An illustration of a three-way tensor and its CPD is
shown in Figure Under such cases, we denote the N-way tensor as X = [A, Ay, ..., An].
We will refer to the decomposition of X into nonnegative factors A € Rf, A, € RﬁlXR as
nonnegative decomposition.

The following definitions will prove useful in the rest of the paper. We define the mode-n

matrix unfolding of X as the matrix X (™ of size [[Y—; Iy X I,. We have that X[i1,is, . .., in] =
X ™[}, i,], where .
g_1+z i — 1)Jp, with J, = kHlI
k;ﬁn m¥n

In terms of the CPD factors, the mode-n matrix unfolding can be expressed as

XM = (;9 A]-) diag(A\)AL, (2.4)
JFN
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where © A; = AN © - O A1 © A1 ©---© A;. We can also express a tensor in a

i#n
vectorized form X[iy, 2, ..., in]| = x[j], where
N k-1
j=14 (ix—1)Jp with Jp = ] Im.
k=1 m=1

In terms of the CPD factors, the vectorized form of a tensor can be expressed as

vec(X) = (glA]) A (2.5)
j=

The n-mode product of a tensor X € R/ ¥ >IN with a matrix V € R»*/ is denoted by

X X, V,and is given by
In
(X Xn V)[il,...,in_l,j,in+1,...,iN] = Z X[Z'l,...,iN]V[Z'n,j],
in=1

i.e., each n-th mode fiber is multiplied by the columns of V
(X x, V)M = x("v, (2.6)
If X = [A,Aq,..., Ay], then by combining (2.4) and we have

Xx, V=[NAy,...,.VIA,, ... AN]. (2.7

2.3 Uniqueness of Canonical Polyadic Decomposition

A distinctive feature of tensors is that they have essentially unique CPD under mild conditions,
even when R is much larger than I1,...,Iy. Let us first formally define what we mean by

essential uniqueness of rank decomposition of tensors.

Definition 2.1. (Essential uniqueness) For a tensor X of rank R, we say that a decomposition
X =[A1,...,AN], A, € RI"¥E s essentially unique if the factors are unique up to a common
permutation and scaling/counterscaling of the columns. This means that if there exists another

decomposition X = [Ay, ..., AN], then, there exists a permutation matrix I1 and diagonal
matrices A, such that A,, = A, TIA,, and Hle A, =1L
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Note that if a tensor has an essentially unique nonnegative CPD, then the only ambiguity

N

is column permutation of the column-normalized factors { A},

which simply amounts to
a permutation of the rank-one ‘chicken feet’ outer products (rank-one tensors) in Fig. [2.1]
that is clearly unavoidable. There is no scaling ambiguity for nonnegative column-normalized
representation X = [, Aq,..., Ay], where there is obviously no sign ambiguity and all scaling
is ‘absorbed’ in A.

Regarding the essential uniqueness of tensors, let us consider the three-way case first. The
following is arguably the most well-known uniqueness condition that was revealed by Kruskal in

1977.

Theorem 2.1. [70] Let X = [\, A1, Az, As], where A} € RIVE Ay € REXE A3 € RIBXE,
Ifka, + ka, + ka, > 2R + 2 then rank(X) = R and the decomposition of X is essentially

unique.

Here, ka denotes the Kruskal rank of the matrix A which is equal to the largest integer such
that every subset of ko columns are linearly independent. Theorem [2.1]implies the following

generic result: The decomposition X' = [, A1, Ao, As] is essentially unique, almost surely, if
min(/y, R) + min(/2, R) + min(I3, R) > 2R + 2. (2.8)

This is because ka, = min(/,, R) with probability one if the elements of A,, are generated
following a certain absolutely continuous distribution. More relaxed and powerful uniqueness

conditions have been proven in recent years.

Theorem 2.2. [22], [27] Let X = [A, A1, Az, As], where Ay € RIVE Ay ¢ REXE
Az e RBXE [0 < Iy < I3, I} > 3and R < I3. Then, rank(X) = R and the decomposition of
X is essentially unique, almost surely, if and only if R < (I — 1)(Iy — 1).

Theorem 2.3. [22] Let X = [\, A1, Ay, As], where A} € RIVE Ay € REXE A3 ¢ RIBXE
I, < Iy < I3. Let o, B be the largest integers such that 2% < I, and 28 < I IfR < got+f—2
then the decomposition of X is essentially unique almost surely. The condition also implies that

ifR< %, then X has a unique decomposition almost surely.

There are many more different uniqueness conditions for CPD. The take-home point here is

that the CPD model is essentially generically unique even if R is much larger than I1, I2, I3 — so
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long it is less than maximal possible rank. For example, in Theorem[2.3] R can be as large as

O(I115) (but not equal to I115), and the CPD model is still unique.



Chapter 3

‘Kolmogorov Extension’ for

Finite-alphabet Random Vectors

3.1 Introduction

Estimating a joint Probability Mass Function (PMF) of a set of random variables is of great
interest in numerous applications in the fields of machine learning, data mining and signal
processing. In many cases, we are given partial observations and/or statistics of the data, i.e.,
incomplete data, marginalized lower-dimensional distributions, or lower-order moments of the
data, and our goal is to estimate the missing data. If the full joint PMF of all variables of interest
were known, this would have been a straightforward task. A classical example is in recommender
systems, where users rate only a small fraction of the total items (e.g., movies) and the objective
is to make item recommendations to users according to predicted ratings. If the joint PMF of the
item ratings is known, such recommendation is readily implementable based on the conditional
expectation or mode of the unobserved ratings given the observed ratings. A closely related
problem is top- K recommendation, where the goal is to predict the K items that a user is most
likely to buy next. When the joint PMF of the items is known, it is easy to identify the K items
with the highest individual or joint (‘bundle’) conditional probability given the observed user
ratings. Another example is data classification. If the joint PMF of the features and the label
is known, then given a test sample it is easy to infer the label according to the Maximum a
Posteriori (MAP) principle. In fact, the joint PMF can be used to infer any of the features (or

subsets of them), which is useful in imputing incomplete information in surveys or databases.

11
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Figure 3.1: Applications of joint PMF estimation. Top: recommender systems: given partially
observed ratings of a user on movies, we would like to infer the unobserved ratings. Bottom:
classification problems: given medical features of people, we would like to infer if a person has
heart disease.

Despite its importance in signal and data analytics, estimating the joint PMF is often consid-
ered mission impossible in general, if no structure or relationship between the variables (e.g., a
tree structure or a Markovian structure) can be assumed. This is true even when the problem size
is merely moderate. The reason is that the number of unknown parameters is exponential in the
number of variables. Consider a simple scenario of 10 variables taking 10 distinct values each.

The number of parameters we need to estimate in this case is 10'°

. The ‘naive’ approach for
joint PMF estimation is counting the occurences of the joint variable realizations. In practice,
however, when dealing with even moderately large sets of random variables, the probability
of encountering any particular realization is very low. Therefore, only a small portion of the
empirical distribution will be non-zero given a reasonable amount of data samples — this makes
the approach very inaccurate.

In many applications, different workarounds have been proposed to circumvent this sample
complexity problem. For example, in recommender systems, instead of trying to estimate the
joint PMF of the ratings (which would be the estimation-theoretic gold standard), the most
popular approach is based on low-rank matrix completion [49,68,83]]. The idea is that the users

can be roughly clustered into several types, and users of the same type would rate different movies

similarly. Consequently, the user-rating matrix is approximately low rank and this is used as prior
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information to infer the missing ratings. In classification, parsimonious function approximations
are employed to model the relationship (or the conditional probability function) between the
features and the label. Successful methods that fall into this category are support vector machines
(linear function approximation), logistic regression (log-linear function approximation) and more
recently kernels and neural networks (nonlinear function approximation) [13]].

The above mentioned methods are nice and elegant, have triggered a tremendous amount of
theoretical research and practical applications, and have been successful in many ways. However,
these workarounds have not yet answered our question of interest: Can we ever reliably estimate
the joint PMF of variables given limited data? This question is very well-motivated in practice,
since knowledge of the joint PMF is indeed the gold standard: it enables optimal estimation
under a variety of well-established criteria, such as mean-square error and minimum probability
of error or Bayes risk. Knowing the joint PMF can facilitate a large variety of applications
including recommender systems and classification in a unified and statistically optimal way,
instead of resorting to often ad-hoc modeling tools.

In this chapter, we show that if the joint PMF of any three variables can be estimated, then
the joint PMF of all the variables can be provably recovered under relatively mild conditions.
The result is reminiscent of Kolmogorov’s extension theorem — consistent specification of lower-
dimensional distributions induces a unique probability measure for the entire process. The
difference is that for processes of limited complexity (rank of the high-dimensional PMF) it
is possible to obtain complete characterization from only three-dimensional distributions. In
fact not all three-dimensional PMFs are needed; and under more stringent conditions even
two-dimensional will do. The rank condition on the high-dimensional joint PMF has an
interesting interpretation: loosely speaking, it means that the random variables are ‘reasonably
(in)dependent’. This makes sense, because estimation problems involving fully independent
or fully dependent regressors and unknowns are contrived — it is the middle ground that is
interesting. It is also important to note that the marginal PMFs of triples can be reliably estimated
at far smaller sample complexity than the joint PMF of all variables. For example, for user-movie
ratings, the marginal PMF of three given variables (movies) can be estimated by counting the
co-occurrences of the given ratings (values of the variables) of the three given movies; but no

user can rate all movies.

Contributions Our specific contributions are as follows:

e We propose a novel framework for joint PMF estimation given limited and possibly very



14
incomplete data samples. Our method is based on a nice and delicate connection between
the CPD [20,40]] and the naive Bayes model. The CPD model has been used to model and
analyze tensor data (data with more than two indices) in signal processing and machine learning,
and it has found many successful applications, such as speech separation [85]], blind CDMA
detection [[100], array processing [99]], spectrum sensing and unmixing in cognitive radio [33]],
topic modeling [6]], and community detection [5]]. Nevertheless, CPD has never been considered
as a statistical learning tool for recovering a general joint PMF and our work is the first to
establish the exciting connection El
e We present detailed identifiability analysis of the proposed approach. We first show that, any
joint PMF can be represented by a naive Bayes model with a finite-alphabet latent variable —
and the size of the latent alphabet (which happens to be the rank of the joint PMF tensor, as we
will see) is bounded by a function of the alphabet sizes of the (possibly intermittently) observed
variables. We further show that, if the latent alphabet size is under a certain threshold, then the
joint PMF of an arbitrary number of random variables can be identified from three-dimensional
marginal distributions. We prove this identifiability result by relating the joint PMF and marginal
PMFs to the CPD model, which is known for its uniqueness even when the tensor rank is much
larger than its outer dimensions.

e In addition to the novel formulation and identifiability results, we also propose an easily
implementable joint PMF recovery algorithm. Our identification criterion can be considered
as a coupled simplex-constrained tensor factorization problem, and we propose a very efficient
alternating optimization-based algorithm to handle it. To deal with the probability simplex
constraints that arise for PMF estimation, the celebrated Alternating Direction Method of
Multipliers (ADMM) algorithm is employed, resulting in lightweight iterations. Judiciously
designed simulations and real experiments on movie recommendation and classification tasks

are used to showcase the effectiveness of the approach.

3.2 Problem Statement

Consider a set of N random variables, i.e., {X,,}"_,. Assume that each X, can take I,, discrete

values and only the joint PMFs of variable triples, i.e., Pr(X; = i;, X}, = i, Xy = iy)’s, are

!"There are works that considered using CPD to model a joint PMF for some specific problems [6]. However, these
works rely on specific physical interpretation of the associated model, which is sharply different to our setup — in
which we employ the CPD model to explain a general joint PMF without assuming any physical model.
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Figure 3.2: Lower-dimensional marginals as projections.

available. Can we identify the joint PMF of {Xn}flvzl, ie., Pr(Xy =i1,..., Xy =in), from
the three-dimensional marginals? This question lies at the heart of statistical learning. To
see this, consider a classification problem and let X; ..., Xy_; represent the set of observed
features, and X the sought label. If Pr(X; = 41,..., Xxy = iyn) is known, then given a

specific realization of the features, one can easily compute the posterior probability

Pl’(il, ce ,iN)

SN Pr(is, ... ino1,in)

Pr(iN|i1...,iN_1): y
and predict the label according the MAP principle (here Pr(iy, . .., i) is shorthand for Pr(X; =
’il, ce ,XN = ZN) and likewise Pr(iN]il PN 7iN—1) for PF(XN = iN’Xl = il PN ;XN—l =
in—1). In recommender systems, given a set of observed item ratings X7 ..., Xy_1 one can

compute the conditional expectation of an unobserved rating given the observed ones

In
E(Xnlit, ... ino1) = Y inPrlinlis, ... in-1).
in=1
At this point the reader may wonder why we consider recovery from three-dimensional
joint PMFs and not from one- or two-dimensional PMFs. It is well-known that recovery
from one-dimensional marginal PMFs is possible when all random variables are known to be
independent. In this case, the joint PMF is equal to the product of the individual one-dimensional
marginals. Interestingly, recovery from one-dimensional marginals is also possible when the

random variables are known to be fully dependent i.e., one is completely determined by the
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Figure 3.3: Bayesian network of three variables.

other. In this case, the joint PMF can be recovered if each one-dimensional marginal is a unique
permutation of the other.

However, complete (in)dependence is unrealistic in statistical estimation and learning practice.
In general it is not possible to recover a joint PMF from one-dimensional marginals. An
illustration for two variables is shown in Figure Pr(i1,72) can be represented as a matrix,
and Pr(i1), Pr(i2) are ‘projections’ of the matrix along the row and column directions using
the projector 17 and 1, respectively: Pr(iy) = 1‘122:1 Pr(iy,i2) and Pr(ig) = 21‘111:1 Pr(i1,i2).
In this case, if we denote P the matrix such that P(i1,i2) = Pr(X; = 41, X2 = i), then
rank(P) = r > 1if X; and Xy are not independent. From basic linear algebra, one can see that
knowing 17P and P1 is not enough for recovering P in general — since this is equivalent to
solving a very underdetermined system of linear equations with (I; + I3) x r variables but only
I + I equations.

What if we know two-dimensional marginals? When the given random variables obey a
probabilistic graphical model, and a genie reveals that model to us, then estimating a high-
dimensional joint PMF from two-dimensional marginals may be possible. An example is shown
in Figure[3.3] If we know a priori that random variables X; and X are conditionally independent
given X3, one can verify that knowledge of Pr(X; = i1, X3 = i3) and Pr(Xg = i9, X3 = i3)
is sufficient to recover Pr(X; = i1, Xo = 12, X3 = i3). However, this kind of approach hinges
on knowing the probabilistic graph structure. Unfortunately, genies are hard to come by in real
life, and learning the graph structure from data is itself a very challenging problem in statistical
learning [67].

In our problem setup, we do not assume any a priori knowledge of the graph structure, and in
this sense we have a ‘blind’ joint PMF recovery problem. Interestingly, under certain conditions,

this is no hindrance.
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3.3 Naive Bayes Model: A Rank-decomposition Perspective

We will show that any joint PMF admits a naive Bayes model representation, i.e., it can be
generated from a latent variable model with just one hidden variable. The naive Bayes model
postulates that there is a hidden discrete random variable H taking R possible values, such that
given H = h the discrete random variables { X,,})\_; are conditionally independent. It follows

that the joint PMF of {X,,}_, can be decomposed as

R N

Pr(iy,ig,...,in) = »_ Pr(r) [] Pr(inlr), (3.1)
r=1 n=1

where Pr(r) := Pr(H = r) is the prior distribution of the latent variable H and Pr(i,|r) :=

Pr(X,, = in|H = r) are the conditional distributions (Fig. [3.4). The naive Bayes model

in (3.1) is also referred to as the latent class model [120] and is the simplest form of a Bayesian

network [67]]. It has been employed in diverse applications such as classification [[84], density

estimation [79]] and crowdsourcing [24], just to name a few.

An interesting observation is that the naive Bayes model can be interpreted as a special
nonnegative polyadic decomposition. This was alluded to in [[77,97] but not exploited for
identifying the joint PMF from lower-dimensional marginals, as we do. Consider the element-
wise representation in and compare it with (3.1)): each column of the factor matrices can
represent a conditional PMF and the vector A contains the prior probabilities of the latent variable
H,ie.,

A fin, ] = Pr(in|r), Alr] = Pr(r). (3.2)

This is a special nonnegative polyadic decomposition model because it restricts 17X = 1. There
is a subtle point however: the maximal rank R in a canonical polyadic decomposition model is
bounded, but the number of latent states (latent alphabet size) for the naive Bayes model may
exceed this bound. Even if the number of latent states is under the maximal rank bound, a naive
Bayes model may be reducible, in the sense that there exists a naive Bayes model with fewer
latent states that generates the same joint PMF. The net result is that every joint PMF admits a
naive Bayes model interpretation with bounded R, and every naive Bayes model is or can be

reduced to a special CPD model. We have the following result.

Proposition 3.1. The maximum R needed to represent an arbitrary PMF as a naive Bayes model
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Figure 3.4: Naive Bayes model.

is bounded by the following inequality

N
< mi I,|. .
R < mkln H 3.3)

n=1
n#k

Proof: Let X € Rfj *I2xIs denote a joint PMF of three random variables i.e., X[i1, iz, i3] =

Pr(X1 =iy, X2 = 12, X3 = i3). We define the following matrices

A= [X[:7:71]7' o 7X[:?:7I3H’
Ay = [Ilzxfza t 7II2><12] = 1:}; ®II?><12’

A3 = IIgXIg ® 1£7

where A € Rfijh,Ag € RfXIQI3,A3 € fohh and have used notation X[:,:, i3] to
denote the frontal slabs of the tensor X'. Additionally, I;, 1, denotes the identity matrix of size
I, x I, and 17, is a vector of all 1’s of size I,,. Then every frontal slab of the tensor X can
be synthesized as X[:, :, i3] = Ajdiag(As][is,:])AL. Upon normalizing the columns of matrix
A such that they sum to one and absorbing the scaling in A, i.e., A} = Aldiag()\) we can
decompose the tensor as X' = [, Kl, A, As]. The number of columns of each factor is I513.
Due to role symmetry, by permuting the modes of the tensor it follows that we need at most
min(1y I, I513, I;I3) columns for each factor for exact decomposition.

The result is easily generalized to a four-way tensor X' € Rfrl xIzxIsx1q by noticing that each

slab X'[:, 1, :, 4] is a three-way tensor and thus can be decomposed as [\, 1&171'4, AgiAsy
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as before. We define

A:[)\IT’... ,A};]T,
A = [31,1, aE 31&1,14]7 Ay =1[Az1, -, Aap,],
Ay=[As1, -, Asp], Ay=1I,®17,.

The four-way tensor can therefore be decomposed as [\, ;&1, Ay, A3, Ay]. Due to symmetry, the
number of columns of each factor is at most min(/1[o 13, IoI31y, I11314, I11214). By the same
argument it follows that for a N-way tensor the bound on the nonnegative rank is Jnakm(]_[]Z\;:Hlc I,).

The proof of Proposition employs the same type of argument used to prove the upper
bound on tensor rank. The main difference is in the normalization — latent nonnegativity follows
from data nonnegativity “for free” since the latent factors used for constructing the CPD are
either fibers drawn from the joint PMF itself, or from identity matrices or Kronecker products
thereof. While the proof is fairly straightforward for someone versed in tensor analysis, the
implication of this proposition to probability theory is significant: it asserts that every joint
PMF can be represented by a naive Bayes model with a bounded number of latent states |H]|.
In fact, the connection between a naive Bayes model and CPD was utilized to approach some
machine learning problems such as community detection and Gaussian Mixture Model (GMM)
estimation in [S]]. However, in those cases, the hidden variable has a specific physical meaning
(e.g., H = r represents the rth community in community detection) and thus connection was
established using a specific data generative model. Here, we emphasize that even when there
is no physically meaningful A or presumed generative model, one can always represent an
arbitrary joint PMF, possibly corresponding to a very complicated probabilistic graphical model,
as a “simple” naive Bayes model with a bounded number of latent states R. This result is very
significant, also because it spells out that the latent structure of a probabilistic graphical model
cannot be identified by simply assuming few hidden nodes; one has to limit the number of hidden
node states as well.

We should remark that although any joint PMF admits a naive Bayes representation, this
does not mean that such representation is unique. Clearly, R needs to be strictly smaller than the
upper bound in to guarantee uniqueness (cf. Theorems [2.1{2.3)). Fortunately, many joint
PMFs that we encounter in practice are relatively low-rank tensors, since random variables in the

real world are only moderately dependent. This leads to an interesting connection between linear
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Figure 3.5: Rank and independence.

dependence/independence and statistical dependence/independence. To explain, let us consider

the simplest case where N = 2. In this case, we have

R
Pr(iy,ig) = Y Pr(r)Pr(iy|r)Pr(ig|r). (3.4)
r=1

The two-way model corresponds to Nonnegative Matrix Factorization (NMF) and is related to
Probabilistic Latent Semantic Indexing (PLSI) [42], [35]. For the two-way model, independence
of the variables implies that the probability matrix is rank-1. On the other hand, when the
variables are fully dependent i.e., the value of one variable exactly determines the value of the
other, the probability matrix is full-rank. However, low-rank does not necessarily mean that the
variables are close to being independent as shown in Figure [3.5] There, a low rank probability
matrix (rank = 2) can also model highly dependent random variables. In practice, we expect
that random variables will be neither independent nor fully dependent and we are interested in
cases where the rank of the joint PMF is lower (and ideally much lower) than the upper bound
given in Proposition [3.1]

As a sanity check, we conducted preliminary experiments on some real-life data. As
anticipated, we verified that many joint PMFs are indeed low-rank tensors in practice. Table (3.1
shows interesting results: The joint PMF of three movies over 5 rating values was first estimated,
using data from the MovieLens project. The joint PMF is then factored using a nonnegative CPD
model with different rank values. One can see that with rank as low as 5, the modeling error in
terms of the relative error || X — X|| /|| X || is quite small, meaning that the low-rank modeling

is fairly accurate. The same applies to two more datasets drawn from the UCI repository.
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Table 3.1: Relative error for different joint PMFs of 3 variables.

Rank (R)
5 10 15
INCOME 21x1072 55x1073 5.1x1073

MUSHROOM 4.3 x 1072 24x1072 1.9x 1072
MOVIELENS 1.8x 1072 7.5x1073 4.1 x 1073

3.4 Joint PMF Recovery

3.4.1 General Procedures

The key observation that enables our approach is that the marginal distribution of any subset of
random variables is also a nonnegative CPD model. This is a direct consequence of the law of

total probability. Marginalizing with respect to the k-th random variable we have that

Iy, R I N
Z Pr(il, R ,iN) = Z Z Pr('f’) H PI’(Zn’T)
n=1

ie=1 r=114i=1
R N Iy R N
= Pr(r) [] Prlinlr) > Pr(iglr) = > Pr(r) T] Pr(inlr),
r=1 n=1 =1 r=1 n=1

since Zfszl Pr(in|r) = 1.
Consider the model in (3.1)) and assume that the marginal distributions Pr(X; = i;, X}, =
ir, X¢ = iy), denoted Pr(i;, i, i) for brevity, Vj, k,£ € [N], £ > k > j are available and

perfectly known. Then, there exists an exact decomposition of the form

R
Pr(ij ik, ie) = > _ Pr(r)Pr(iz|r)Pr(ix|r)Pr(ier). (3.5)

r=1
The marginal distributions of triples of random variables satisfy Xji, = [X, A, Ay, A/], where
{A,}N_| and X are defined as in (3.2) and they satisfy Ay, > 0, A, > 0, A; > 0,17A, =17,
1TA, =17, 1TAj =17 X > 0,17X = 1. Based on the connection between the naive Bayes
model of lower-dimensional marginals and the joint PMF, we propose the following steps to

recover the complete joint PMF from three-dimensional marginals.
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Procedure: Joint PMF Recovery From Triples

[S1] Estimate Xj;, from data;

[S2] Jointly factor Xy = [A, Aj, Ay, Ag] to estimate X\, A, Ay, A, V j, k, ¢ using a
CPD model with rank R;

[S3] Synthesize the joint PMF X via Pr(iy,ia,...,ix) = 25:1 Pr(r) Hf:[:l Pr(in|r), w/
Pr(in|r) = Aplin, 7], Pr(r) = Alr].

One can see from step [S2], that if the individual factorization of at least one X, is unique,

then the joint PMF is readily identifiable via [S3]. This is already very interesting. However, as
we will show in Sec. we may identify the joint PMF even when the marginal tensors do not
have unique CPD. The reason is that many marginal tensors share factors and we can exploit this

to come up with much stronger identifiability results.

3.4.2 Algorithm: Coupled Matrix/Tensor Factorization

Before we discuss theoretical results such as identifiability of the joint PMF using three or higher-
dimensional marginals, we first propose an implementation of [S2] in the proposed procedure.
For brevity, we assume we have estimates of three-dimensional marginal distributions, i.e., we
are given empirical estimates F/’\r(Xj =1, Xy = i, X¢ = 1p), Vj, k.0 € [N], £ >k > j,
which we put in a tensor Xjiy i.e., Xjpe[is, ig, i) = PAr(Xj =iy, X = i, Xp = iy).

The method can be easily generalized to any type of low-dimensional marginal distributions.
Under the assumption of a low-rank CPD model, every empirical marginal distribution of three
random variables can be approximated as follows

R

Pr(ij ir,ic) = Y Pr(r)Pr(i|r)Pr(i|r)Pr(idr). (3.6)
r=1

Therefore, in order to compute an estimate of the full joint PMF, we propose solving the following

optimization problem
{A?}l,’iil,k zj: g g; % 1Xke = [A Aj, Ak, A7
subjectto A >0, 17X =1, (3.7)
A,>0,n=1,...,N,
17A, =17, n=1,...,N.
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Algorithm 3.1 Coupled Tensor Factorization Approach

Input: A discrete valued dataset D € RM*N
Output: Estimates of {A,,}V_; and A
Estimate X o Vj, k,£ € [N], £ > k > j from data.
Initialize {An}g:1 and A such that the probability simplex constraints are satisfied.
repeat

for all n € [N] do

Solve optimization problem

end for

Solve optimization problem (3.10)
until convergence criterion satisfied

R e A U T o S e

S

The optimization problem in is an instance of coupled tensor factorization. Coupled
tensor/matrix factorization is usually used as a way of combining various datasets that share
dimensions and corresponding factor matrices [|1,/12]. Notice that in the case where we have
estimates of two-dimensional marginals, the optimization problem in corresponds to
coupled matrix factorization. The optimization problem per se is very challenging and deserves
developing sophisticated algorithms for handling it: first, when the number of random variables
(V) gets large, there is a large number of optimization variables (i.e., { A,,}\_,) to be determined
in —and each A, is an I,, X R matrix where I,, (the alphabet size of the n-th random variable)
can be large. In addition, the probability simplex constraints impose some extra computational
burden. Nevertheless, we found that, by carefully re-arranging terms, the formulated problem can
be recast in convenient form and handled in a way that is reminiscent of the classical alternating
least squares algorithm with constraints.

The idea is that we cyclically update variables {An}fl\[:1 and A while fixing the remaining
variables at their last updated values. Assume that we fix estimates X\, A,,, Vn € [N]\ {j}. Then,

the optimization problem with respect to A ; becomes

) 1 2
rrliljn g E 5 HXjké - [[)‘a AjaAkaAé]]HF
k#j L£]
% i G

subject to A; >0, 1TA]~ =17,

Note that we have dropped the terms that do not depend on A ;. By using the mode-1 matrix
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unfolding of each tensor Xjz,, the problem can be equivalently written as

mlnzz 2HXW (Ay © Ay)diag(A ATH

A k#j ¢
7 (3.9)

subject to A; >0, 1TA]- =17,

which is a least-squares problem with respect to matrix A ; under probability simplex constraints
on its columns. The optimization problem has the same form for each factor A,, due to role

symmetry. In order to update A we solve the following optimization problem

mind > > L Ivee(Xjee) — (Ar © Ak ® AAIL

i k>j >k (3.10)
subject to A>0,1"x=1.

Both Problems and are linearly constrained quadratic programs, and can be
solved to optimality by many standard solvers. Here, we propose to employ the Alternating
Direction Method of Multipliers (ADMM) to solve these two sub-problems because of its
flexibility and effectiveness in handling large-scale tensor decomposition [|31L/47]]. Details of the
ADMM algorithm for solving Problems (3.9)-(3.10) can be found in the Appendix [3.8.4] The
whole procedure is listed in Algorithm[3.1] As mentioned, the algorithm is easily modified to
cover the cases where higher-dimensional marginals or pairwise marginals are given, and thus

these cases are omitted.

3.5 Joint PMF Identifiability Analysis

In this section, we study the conditions under which we can identify Pr(iy,...,iy) from
marginalized lower-dimensional distributions. For brevity, we focus on three-dimensional as
lower-dimensional distributions, and even though many more results are possible, we concentrate
here on the case I,, = I Vn € [N] for ease of exposition and manuscript length considerations.
Similar type of analysis applies when Iy, ..., Iy are different, however the analysis should be
customized to properly address particular cases. Our aim here is to convey the spirit of what is
possible in terms of identifiability results, as we cannot provide an exhaustive treatment (there

are combinatorially many cases, clearly).
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Obviously, if Xj; is individually identifiable for each combination of 7, k, ¢, then, Pr(i;|r),
Pr(ix|r), Pr(ig|r), and Pr(r) are identifiable. This means that given three-dimensional marginal
distributions, Pr(iy, ..., iy) is generically identifiable if R < % assuming that I, = I Vn €
[N]. This can be readily shown by invoking Theorem equation (2.8)), and the link between
the naive Bayes model and tensor factorization discussed in Sec. Note that R < % is
already not a bad condition, since in many cases we have approximately low-rank tensors in
practice. However, since we have many factor-coupled Xj;,’s, this identifiability condition can

be significantly improved. We have the following theorems.

Theorem 3.1. Assume that Pr(iy|r), Yn € [N] are drawn from an absolutely continuous
distribution, that Iy = ... = Iy = I, and that the joint PMF Pr(i1, ... ,ix) can be represented

using a naive Bayes model of rank R. If N < I then, Pr(i1,...,in) is almost surely (a.s)
identifiable from the Pr(i;, iy, i¢)’s if

R<I(N —2)

If N > I then, Pr(iy,...,iN) is a.s. identifiable from the Pr(ij, i, i¢)’s if

R< <LN§_1jll>2

The proof is relegated to Appendix [3.8]

Theorem 3.2. Assume that Pr(iy|r), Yn € [N] are drawn from an absolutely continuous

distribution, that Iy = ... = Iy = I, and that the joint PMF Pr(i1, ... ,ix) can be represented
using a naive Bayes model of rank R. Let o be the largest integer such that 2% < L%j 1. Then,
Pr(i1,...,in) is a.s. identifiable from the Pr(i;, iy, i¢)’s if

R S 40[—1
which is implied by

(L)L +1)°
16 ‘
The proof is relegated to Appendix [3.8] The rank bounds in Theorems [3.1}{3.2] are nontrivial,

albeit far from the maximal attainable rank for the cases considered. Recalling that higher-order

R <

tensors are identifiable for higher ranks, a natural question is whether knowledge of four- or
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Table 3.2: Rank bounds for generic identifiability (I = 3).
Number of Variables (V)
6 10 20 40 80
Triples 4 7 27 105 410
Quadruples 10 36 179 729 2916

higher-dimensional marginals can further enhance identifiability of the complete joint PMF. The

next theorem shows that the answer is affirmative.

Theorem 3.3. Assume that Pr(iy|r), Yn € [N] are drawn from an absolutely continuous

distribution, that I} = ... = Iy = I, and that the joint PMF Pr(iy,...,iN) can be repre-
sented using a naive Bayes model of rank R. Further assume that S = [N] can be parti-
tioned into 4 disjoint subsets denoted by S1, . . . , Sy such that the four-dimensional marginals

Pr(ij, ik, ie,im), Vj € S1,Vk € S,V € S3,Ym € Sy are available. Then, the joint PMF
Pr(i1,...,in) is a.s. identifiable if

R < I?|83|S4l,
2R(R — 1) < I*|81(|S|(I|S1] — 1)(I]S2| — 1).

The proof is relegated to Appendix 3.8

The conditions of Theorem 3.3]are satisfied for much higher rank than those of Theorems 3.1}
[3.2)as shown in Tables[3.2}{3.3] The results related to the four-dimensional marginals are obtained
following Theorem [3.3]via checking all possible partitions. The caveat is that one may need many
more samples to reliably estimate the four-dimensional marginals. Nevertheless, the theorems
that we present in this section offer insights regarding the choice of lower-dimensional marginals
to work with — such choice depends on the size of the alphabet of each variable (/) and the

number of variables (/V) as well as the amount of available data samples.

Remark 3.1. The above results rely on Theorems [2.2] [2.3] and concern the identifiability of
a generic choice of parameters; i.e., the parameters are assumed to be drawn randomly from
a jointly continuous distribution. At this point one may wonder whether this is a realistic
assumption in practice. For example, in some latent model identification problems a hidden

variable has specific physical meaning and an observed variable may not depend on the state of
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Table 3.3: Rank bounds for generic identifiability (/N = 6).
Alphabet size (I)
6 10 20 40 80
Triples 24 40 105 410 1620
Quadruples 45 131 544 2220 8966

the hidden variable for one or more of its values. Consider a Hidden Markov Model (HMM)
where we denote the observed variable at time ¢t as X; and the hidden state is S;. The conditional
distribution A,[i, s] := Pr(X; = i|S; = s) may be the same for two different values s; and s,
of the hidden state ;. In such a case, the Kruskal rank of matrix A; would be equal to 1, thereby
rendering the deterministic identifiability condition (Theorem [2.1)) useless. Do note, however,
that in our setting the latent variable H does not necessarily have a physical interpretation; the
CPD is just a convenient ‘universal’ parametrization of the joint PMF. Therefore the conditional
distribution of an observed variable may be the same for two values of the hidden state, but it
may still depend on the value of the ‘virtual’ global latent variable H, and hence recovery of the

the joint PMF using lower-dimensional marginals could still be possible.

3.6 Numerical Results

In this section, we employ judiciously designed synthetic data simulations to showcase the
effectiveness of the proposed joint PMF recovery methods. We also apply the approach to
real-data problems such as classification and recommender systems to demonstrate its usefulness

in real machine learning tasks.

3.6.1 Synthetic-Data Simulations

We first evaluate the proposed approach using synthetic data. We consider a case where N = 5
random variables are present, and each variable can take I,, = 10 discrete values. We assume that
the joint PMF of the 5 random variables can be represented by a naive Bayes model whose latent
variable H can take R values, where R is set to be {5, 10, 15}. We generate matrices A,, €
R%*% | that model the conditional probabilities i.e., Ay [in, 7] = Pr(i,|r). A vector X € R is
also generated for the latent random variable H such that A[r] = Pr(r). The elements of each A,

and the vector X are drawn independently from a uniform distribution between zero and one, and
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each column is normalized to sum to 1. The ground-truth joint PMF is then constructed following
the naive Bayes model, i.e., Pr(iy,...,i5) = X[i1,...,i5] = Zf”:l Alr] fo:l A, lin,r]. We
assume that the observable data are two-, three- and four-dimensional marginals of the joint
PMEF. Under such settings, we can verify if the proposed procedure and algorithm can effectively
recover the joint PMF, if there is no modeling error and the joint PMF does have low rank. We
run 20 Monte Carlo simulations and compute the mean relative error of the factors as well as the

mean relative error of the recovered tensor which are defined as follows

A, A II
MREfact ( Z H ‘A ”F HF) )

|X — X|r
MRE, =E | ———— |,
( X

where II is a permutation matrix to fix the permutation ambiguity, and X, Kn are the estimated
joint PMF and the corresponding conditional PMFs.

Table [3.4] shows the mean relative errors for estimating the conditional PMFs and joint PMF
using the different types of input under different choices of rank. Consistent with our analysis,
one can see that using marginal distributions of triples or quadruples of random variables (i.e.,
three- and four-dimensional marginals) we are able to recover the joint PMF of 5 random
variables. Here recovery with high accuracy has been demonstrated; exact recovery is also
possible in certain cases, see [98]. However, using pairs (i.e., two-dimensional marginals) is not
as promising. Recall that our identifiability result is built upon the identifiability of third- and
higher-order CPD models. These nice identifiability results in general do not hold for matrices —
which explains the sharp performance difference between using the pairs and higher-dimensional
marginals. Pairs can work, however, when the conditional probability matrices are sufficiently
sparse, and under more stringent constraints on the rank R.

The above simulation serves as sanity check — if the available data and the model perfectly
match with each other and we have noiseless marginal distributions, the proposed approach
can indeed recover the joint PMF. In practice, we usually do not have exact estimates of the
lower-dimensional marginal distributions. Next, we provide a set of more realistic simulations

where we estimate the marginal PMFs using sample averages from the observed data.
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Table 3.4: Mean relative factor and tensor error when lower-dimensional marginals are perfectly
known.

Rank MREj¢,¢ MRE,
Pairs 0.277 0.148

R=5 Triples 1.18 x 1077 4.58 x 1078
Quadruples 3.39 x 1078  1.19 x 1078
Pairs 0.440 0.187

R =10 Triples 3.58 x 1077 8.70 x 1078
Quadruples 1.26 x 1077 2.58 x 1078
Pairs 0.466 0.184

R =15 Triples 6.77 x 1077 1.52 x 1077
Quadruples 1.78 x 1077 3.57 x 1078

rank = 5

rank = 10

rank = 15

— Oracle MLE
-©-MLE non-parametric
Pairs

— Oracle MLE
“5-MLE non-parametric
Pairs

—Oracle MLE

-©- MLE non-parametric
Pairs

->¢ Triples

<4 Quadruples

-> Triples
<4 Quadruples

- Triples
<3 Quadruples

107 10 10t 10° 100 107 1 10° 10 10° 100 10 107 10° 10* 100 100 107
Number of samples Number of samples Number of samples

Figure 3.6: Mean relative error of the estimated joint PMF under different number of available
samples (fully observed data).

Fully-observed data

We follow the same way of generating the ground-truth joint PMF as in the previous simulation.
Then, drawing from the joint PMF, we generate a synthetic dataset of M five-dimensional
data points. The data is generated as follows: for each data point, we first draw a sam-
ple h,, according to A; i.e., a realization of the hidden variable H. Then the data point
(vector) s, = [sm[1],...,sm[N]]T is generated by drawing its elements independently from
{AL}M: b)Yy, i.e., syu[n] is drawn from {A,, }[:, hyp]. This is equivalent to synthesizing the
five-way joint PMF tensor and drawing an outcome from it (cf. the naive Bayes interpretation).
We use the generated 5-dimensional data points to estimate lower-dimensional marginals
and run our ADMM algorithm to recover the full joint PMF. We repeat for a total of 10 Monte
Carlo simulations. Figure [3.6|shows the tensor mean relative error of the estimated joint PMF

under different dataset sizes M. We also include the performance of two additional methods for
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rank = 5 rank = 10 rank = 15
—— Oracle MLE ——Oracle MLE ——Oracle MLE

-5~ MLE non-parametric -©-MLE non-parametric -5~ MLE non-parametric
10 Pairs 104 Pairs 0% Pairs
< -% Triples N =% Triples e =% Triples
S <% Quadruples b Tels <% Quadruples 4 ~ :ﬁ‘ <} Quadruples

107 10° 10* 10° 10° 107 10* 10* 10* 10° 10° 107 10% 10° 10* 10° 10° 107
Number of samples Number of samples Number of samples

Figure 3.7: Mean relative error of the estimated joint PMF under different number of available
samples.

estimating the joint PMF. Given the full data together with ‘oracle’ observations of the hidden
variable H, we perform Maximum Likelihood Estimation (MLE) of the naive Bayes parameters,

denoted as oracle MLE, which is done simply by frequency counting

count(r)
M

count (i, r)

PF(T’)ML = s Pr(in|r)ML =

count(r)

where count (i, r) is the number of times that X,, = 4, and H = r appear together in the
dataset and count(r) the number of times H takes the value r. We also include the MLE of
a non-parametric approach in which we use the empirical 5-dimensional distribution as our

estimate i.e.,
count(iq,...,iN)

M

Pr(il, e ,iN)ML =

One can see that the estimation performance of our method is similar under different rank values
and approaches that of oracle MLE using three- and four-dimensional marginals. In addition, as
expected, the recovery accuracy steadily improves as the size of the available dataset increases.
On the other hand, when using two-dimensional marginals the performance improves until it
reaches a plateau at approximately M = 10°. The ability to recover the joint PMF using pairs of

random variables is obviously limited by identifiability of matrix factorization.

Missing data

We repeat the above experiment when some of the dataset entries are missing. We randomly
hide 20% of the data and compute estimates of two- three- and four-dimensional marginals using

only the available data. We run the ADMM-based algorithm and repeat for 10 Monte Carlo
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simulations (Fig[3.7). The estimation performance of our method is again similar under different
rank values and approaches that of oracle MLE. As expected, we observe a slight decrease in
performance which is due to the less accurate estimation of the lower-dimensional marginals. In
this case, the MLE non-parametric method takes into account only the fully observed samples.

Note that when empirical estimates of the lower-dimensional distributions are used and the
number of samples is limited, three-dimensional distributions may give lower relative error
compared to the four-dimensional ones. This shows that in some cases using lower-dimensional
distributions can be more beneficial than higher-order ones in terms of parameter estimation
accuracy. Actually, this is not very surprising since it can be shown that empirical lower-
dimensional marginals are always more accurate than higher-dimensional ones when estimated

given the same data [43]].

3.6.2 Real-Data Experiments

In real applications, the ground-truth joint PMF and the conditional PMFs are not known.
Nevertheless, we can evaluate the method on a variety of standard machine learning tasks to
observe its effectiveness. In this subsection, we test the proposed approach on two different
tasks, namely, data classification and recommender systems. Note that both tasks can be easily
accomplished if the joint PMF of pertinent variables (e.g., features and labels in classification)
is known and thus are suitable for evaluating our method. Note that the rank of the joint PMF
tensor, or, R = ||, cannot be known as in the simulations. Fortunately, this is a single discrete

variable that can be easily tuned, e.g., via observing validation errors as in machine learning.

Classification Task

We evaluate the performance of our approach on 7 different datasets from the UCI machine
learning repository [[76]. Five of the selected datasets correspond to binary classification and
two to multi-class classification. For each dataset, we represent the training samples using its
discrete features so that the PMF-based approach can be applied. We split each dataset such that
70% of the data samples is used for training, 10% used for validation and 20% for testing.

For each dataset, we let X v be the label and X7, ..., Xy_1 be the selected features. We
estimate lower-dimensional marginal distributions of pairs, triples and quadruples of variables

using the samples in the training set. Then, we use the marginals to estimate Pr(i,,|r), and Pr(r).
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Table 3.5: Dataset information.

Dataset N R

INCOME 8 [1,20]
CREDIT 9 [1,20]
HEART 9 [1,10]
MUSHROOM 22 [, 20]
VOTES 17 [1,10]
CAR 7 [1,15]
NURSERY 9 [1,15]

9

After applying the proposed approach for estimating the joint PMF, we predict for each data
point of the test set the corresponding label using the MAP rule. The MAP estimator of the label

I(sm) of the m-th observation s,,, = [s,;,[1],...,8,[N — 1]]7 in the test set can be written as

Imap(sm) = argmax Pr(in|sm[1],. ..
iNE{l,...,IN}

aSm[N - 1])7

where I is the number of classes. Equivalently, using the Bayes rule the above can be found by

R

lmap(Sm) = argmax
’iNE{l,...,IN}r 1

r)Pr( 2N|7‘

||::]2

For each dataset, we run 10 Monte Carlo simulations with randomly partitioned training, valida-
tion and test sets and observe the average result. As mentioned, we do not know a priori what is
an appropriate rank for our model. Therefore, for each dataset, we fit models of different rank
values and choose the one which minimizes the misclassification error of the validation set as in

standard machine learning practice.

Table 3.6: Misclassification error on different UCI datasets.

Binary

Method INCOME CREDIT HEART MUSHROOM VOTES

CP (Pairs) 0.177+0.004 0.134+0.019 0.151+0.023  0.010+£0.007  0.046+0.024
CP (Triples) 0.175+£0.003  0.129+0.018 0.147+0.031  0.006+£0.002  0.043+0.024
CP (Quadruples) | 0.171+0.003 0.123+0.018  0.138+0.029  0.002+0.001  0.042+0.020
SVM (Linear) 0.179+£0.004  0.146+0.027 0.170+0.053 0+0 0.038+0.025
SVM (RBF) 0.174+0.004 0.136+0.018 0.187+0.055 0+0 0.079+0.024
Naive Bayes 0.209+0.005 0.140+0.018 0.166+0.026  0.044+0.005  0.096+0.022
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Table 3.7: Misclassification error on different UCI datasets.

Multiclass
Method CAR NURSERY
CP (Pairs) 0.128+0.021  0.101+0.009
CP (Triples) 0.089+0.016  0.069+0.011

CP (Quadruples) | 0.074+0.015 0.061+0.007
SVM (Linear) 0.065+0.006  0.063+0.004
SVM (RBF) 0.026+0.008  0.006+0.001
Naive Bayes 0.151+0.016  0.097+0.007

We use 3 different classical classifiers from the MATLAB Statistics and Machine Learning
Toolbox as baselines; linear SVM, kernel SVM with radial basis function and a naive Bayes
classifier. For SVM classifiers, we use both the original data encoding as well as the one-hot
encoding which usually is more suitable for discrete data and report the best result among the
two. Note that the baseline naive Bayes approach is very different from ours: the baseline method
assumes that the features are independent given the label, while we assume that the label and
the features are independent given an unknown latent variable. The former is a very strong
assumption that is rarely satisfied by real data, but our assumption holds for an arbitrary set of
random variables provided R is large enough, as we showed in Proposition [3.1]

Table shows the classification errors obtained on the datasets. One can see that our
approach outperforms the naive Bayes classifier which assumes that the features are independent
given the label. Several observations are in order. First, using higher-dimensional marginals,
the proposed approach gives better classification results compared to using lower-dimensional
ones. This is consistent with our analysis in Sec. [3.5]— higher-dimensional marginals lead to
stronger overall identifiability of the joint PMF. One can see that for all the datasets under test,
using four-dimensional marginal distributions gives the best classification accuracy compared to
the three- and two-dimensional ones. Second, for the five binary classification experiments, the
proposed method works better than (on three datasets) or comparable to the baselines. This is
quite surprising since our method does not directly optimize a classification criterion as SVM
does. The result suggests that the proposed method indeed captures the essence of the joint
distribution and the recovered joint PMF can be utilized to make inference in practice. Third,
for the multiclass datasets, the proposed method yields accuracy that is less than the SVM
methods. This also makes sense: when Xy has a value set whose cardinality grows from 2 to

5, the joint PMFs of X and X;, X; for 4, j < N require more samples to estimate accurately.
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This also shows an interesting sample complexity-accuracy trade-off of the proposed method.
Nevertheless, the method still works comparably well with the linear SVM, which supports the

usefulness of the joint PMF estimation method.

Recommender Systems

We also evaluate the method for the task of recommender systems using the MovieLens
dataset [|39]. MovieLens is a dataset that contains ratings on 5-star scale, with half-star in-
crements, by a number of users. In order to test our algorithm we select three different subsets
of the full dataset and round the ratings to the next integer. Initially, three different categories
(action, animation and romance) are selected. From each category we extract a user-by-rating
submatrix by keeping the 20 most rated movies and form the 3 datasets for our experiments.
Note that the constructed three datasets have many missing values, since not all users watched
and rated all movies. The task of recommender systems is to recommend unwatched movies to

users based on prediction of the user’s rating given the available data.

Table 3.8: RMSE and MAE of different algorithms on MovieLens dataset.

MovieLens Dataset 1 MovieLens Dataset 2 MovieLens Dataset 3
Method RMSE MAE RMSE MAE RMSE MAE
CP (Pairs) 0.802+0.003 0.608+0.003 | 0.795+0.002  0.611+0.002 | 0.897+0.003 0.702+0.002
CP (Triples) | 0.783+0.002 0.591+0.002 | 0.785 £0.002  0.599 +0.002 | 0.887+0.002 0.691+0.002
CP (Quad.) | 0.778+0.002 0.588+0.002 | 0.786+0.002  0.600+0.002 | 0.884 +0.002 0.689 +0.002
Global Avg 0.945+0.001 0.693+0.001 0.906+0.002  0.653+0.002 | 0.996+0.002 0.798+0.001
User Avg 0.879+0.002 0.679+0.001 0.830+0.003  0.625+0.002 | 1.010£0.002 0.768+0.002
Movie Avg 0.886+0.002 0.705+0.001 0.889+0.002  0.673+0.002 | 0.942+0.002 0.754+0.001
BMF 0.797+0.002 0.623+0.002 | 0.792+0.002  0.604+0.002 | 0.904+0.003 0.701+0.003

We aim at estimating the joint PMF of the movie ratings. In this case, each random variable
X, represents a movie, and it takes values from {1, ..., 5}, i.e., the ratings. Consequently, the
joint PMF is a twenty-way tensor which has 52° elements. The 3 partially observed datasets
are used in order to estimate lower-dimensional marginal distributions of pairs, triples and
quadruples of the variables (movies). We use the estimated PMF to compute the expected
value of users’ ratings that we do not observe given the ones we observe. More specifically,

let s, = [Sm[1],- .., Sm[N]] be the ratings of the m-th user and s,,,[N] = 0 i.e., the user has a
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missing rating. The conditional expectation of the movie’s rating is given by

In
Sv =Y inPr(inlsm[l],...,sm[N —1]).
iv=1

As a baseline algorithm, we use the Biased Matrix Factorization (BMF) method [68]], which is
a commonly used method in recommender systems. The BMF method is essentially low-rank
matrix completion with modifications. Additionally, we present results obtained by global
average of the ratings, the user average, and the item average as baselines for predicting the
missing entries. For each dataset we randomly hide 20% ratings that we use as a test set, 10%
ratings that we use as a validation set and the remaining dataset is used as a training set. We
run 10 Monte Carlo simulations using our approach and the BMF algorithm. We select the
parameters of both methods based on the RMSE of the validation set.

Table shows the performance of the two algorithms in terms of the RMSE and Mean
Absolute Error (MAE). One can see that, for the three datasets under test, the proposed method
and the BMF method output clearly lower RMSEs and MAE:s relative to the naive methods
using averaging. In addition, the proposed method slightly outperforms BMF on all of the three
datasets. Note that BMF is considered a state-of-art method for movie recommendation, and it
incorporates application-specific custom features, such as user bias and movie bias to achieve
good performance. The proposed method, on the other hand, only uses basic probability to
handle the same task — it is completely application-blind. This suggests that the joint PMF
modeling and the proposed algorithm are both quite effective. Last, we also observe accuracy
improvement when we increase the dimension of the marginal distributions used in the approach.

Again, this performance may come from the identifiability gain as we analyzed in Theorem[3.3]

3.7 Chapter Summary

We have taken a fresh look at one of the most fundamental problems in statistical learning — joint
PMF estimation. Due to the curse of dimensionality, naive count-based estimation is mission
impossible in most cases. One popular approach has historically been to assume a plausible
structural model, such as a Markov chain, tree, or other probabilistic graphical model, and do
inference using this model. We showed that a very different ‘non-parametric’ tensor-based

approach is possible, and it features several key benefits. Foremost among them is guaranteed
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identifiability of the high-dimensional joint PMF from low-dimensional marginals, which can be
reliably estimated using counting from much fewer examples, even if there are (many) samples
missing from each example. This ability to infer a unique higher-dimensional joint PMF by
specifying lower-dimensional ones is reminiscent of Kolmogorov extension, which is intuitively
very pleasing.

We have also proven two more results that appear fundamental and close to the heart of
probability and learning theory: i) every joint PMF can be interpreted as a naive Bayes model;
and ii) probabilistic graphical models, which are very popular in statistical and computer science,
are never identifiable if one simply limits the number of hidden nodes; one needs to bound
the number of hidden states as well. Our non-parametric approach can reveal the true hidden
structure, instead of assuming it; and this alleviates the risk of up-front bias in the analysis.

On the practical side, our approach is appealing since lower-dimensional marginals can
be more reliably estimated from a limited amount of partially observable data. We have also
provided a practical and easily implementable algorithm that is based on factor-coupled tensor
factorization to handle the recovery problem. Simulations and judicious experiments with real
data have shown that the performance of the proposed approach is consistent with our analysis,
and approaches or exceeds that of state-of-art application-specific solutions that have come out

after years of intensive research, which is satisfying.

3.8 Appendix

3.8.1 Proof of Theorem 3.1l

Each three-dimensional marginal satisfies Xjr, = [A, Aj, Ay, Ay], where A, > 0, A;, > 0,
A;>0,1TA, =17, 1TA;, =1T7,1TA; =17, X > 0, 17X = 1. Consider a partition of the
set S = [N] into three disjoint sets S1, S2, S3 and define the following factors

A =[AT ... AT T

u1? TS |
A fr— T .. T T
A=A, ’AU\52|] 3.11)
Ay=[AT ... AT 1T

wy’ W ss
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with uy € §1, vy € S, wy € S3. Then, we can construct a single virtual nonnegative CPD model

XM = (A5 ® Ay)diag(A)AT, (3.12)

where A; € Rﬂsl‘XR,Kg IS Rﬂ82‘XR,1§3 € Rﬂ‘%'XR and X € Rﬂsl‘X”SQ'XI“%'. We have
used a subset of the available information to synthesize a virtual single nonnegative CPD model
of size I x Ip x I3, with I}, := I|Sk|. Therefore, we can apply identifiability results of three-way
tensors. We observe that the sizes of the different modes of the virtual tensor depend on the way

we partition the variables. We distinguish between two cases and apply Theorem [2.2]

1. (N < I): We partition the variables into three sets such that Iy = I,Io = I and I3 =
(N—2)I. Clearly we have that I3 > I, I; and I3 < (I; —1)(I2—1). According to Lemma[2.2]
tensor X’ admits unique decomposition for R < min (Is, (I; — 1)(Iy — 1)) = (N — 2)I.

2. (N > I): In this case we can partition the variables into three sets such that Is = (I} —

1)(I3 — 1). We can always have that I; = I,. The equality is satisfied when |S;| =
V(NI-1) . = . . .

|Sa| = ¥=—F—. According to Lemma [2.2f tensor X" admits unique decomposition for

R < min(I3, (I ~ 1)(Iy — 1)) < (Y521 - 1)2,

3.8.2 Proof of Theorem

As above, but this time choosing [Si| = [Ss| = |[§],
Theorem 2.3

S3| = N — 2|S1| and invoking

3.8.3 Proof of Theorem 3.3

Consider a partitioning the variables into four disjoint sets similar to the three-way case. We

obtain a single nonnegative CPD of the following form

XM = (A0 A3 0 Ay)diag(M)AT,

I|S1|xI|S: I|S3|xI|S. .
+‘ LXT|S2|x TS x 1184l - A gourth-order tensor can be viewed

which is a fourth-order tensor X € R
as a third-order tensor of size I|Si| x I|Sa| x I?|S4||S3| with a specially structured factor matrix.

We can write the mode-1 unfolding of the tensor X as

XM = (A3 © Ay)diag(A)AT, (3.13)
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where Az = 1&4 O] ;‘;3. Lemmas cannot be applied in this case because of the Khatri-Rao

structure of one factor. We will use the following result

Lemma 3.1. [52] Let X = [A1, Ag, A3], where Ay € RIVE Ay € RI2XE A3 € RBXE [f
rank(As) = R and rank(Mz(A1) © Ma(Aj)) = (g) then rank(X) = R and the decomposi-

tion is essentially unique.

M, (A) denotes the (1) x (5) compound matrix containing all 2 x 2 minors of A. The
generic version of Lemma 3.1]states that if R < I3 and 2R(R — 1) < I1(I; —1)I5(I> — 1), then
the decomposition of X is essentially unique, a.s. [105]]. We know that a Khatri-Rao product of
two matrices is full rank almost surely [51}, Corollary 1]. For the three-way tensor in (3.13) we
have I} = I|Sy|, Iy = I|Ss| and I3 = I%|S3||S4|. Applying the generic version of Lemma

we obtain the desired result.

3.8.4 Algorithm

We reformulate optimization problem (3.9) by introducing an auxiliary variable Kj. The problem

can be equivalently written as
min f(Aj) +7(A;)
AjA; (3.14)
subjectto A = K?

where

A= % Xk~ (Ar© Ap)diag(A)A, Hi ,
7

r(A) is the indicator function for the probability simplex constraints C = {A | A > 0,1TA =
17}

0, AeC

oo, A¢C

r(A) =
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Optimization problem (3.14)) can be readily solved by applying the ADMM algorithm. We solve
for A; by performing the following updates

where

NG - T T T
AT — (@ + 1) 1<Vj+p(A§)+U§. ) )

J

(
U;

J J

A(T+1) — Pe (A(‘r) . A(T+1)T + Ugﬂ) :

T+1) _ UgT) + A§T+1) . ;&gfr—i—l)T7

Gi=M\N)e> > QQu,

k) CE]
oSk
) 1
v, =diag(A) > > Qfx!))
ki (2]
s
Qi =Ar O Ay

Pc is the projection operator onto the convex set C and 7 denotes the iteration index. Various

methods exist for projecting onto the probability simplex, e.g., see [[114]]. Note that in order

to efficiently compute matrix G; we use a property of the Khatri-Rao product; Q%ﬁng =

(ATA,) ® (AL A}). Efficient algorithms also exist for the computation of matrix V; which is a
sum of Matricized Tensor Times Khatri-Rao Product (MTTKRP) terms [8},[102]. Similarly, we

can derive updates for A. At each ADMM iteration we perform the following updates

where

AT =@ (Ve (A7 +u)),

A p (A -3 ).

™) — g A+ {0

G=> > Q},;Qu;

J k>j >k

V= Z Z Z Qﬁjvec()(jkg),

7 k>j >k

Quj =Ar©OALOA;



Chapter 4

Learning Mixtures of Smooth Product

Distributions

4.1 Introduction

Learning mixture models is a fundamental problem in statistics and machine learning having
numerous applications such as density estimation and clustering. In this chapter, we consider
the special case of mixture models whose component distributions factor into the product of
the associated marginals. An example is a mixture of axis-aligned Gaussian distributions, an
important class of Gaussian Mixture Models (GMMs). Consider a scenario where different
diagnostic tests are applied to patients, and test results are assumed to be independent conditioned
on the binary disease status of the patient which is the latent variable. The joint Probability
Density Function (PDF) of the tests can be expressed as a weighted sum of two components, and
each component factors into the product of univariate marginals. Fitting a mixture model to an
unlabeled dataset allows us to cluster the patients into two groups by determining the value of
the latent variable using the Maximum a Posteriori (MAP) principle.

Most of the existing literature in this area has focused on the fully-parametric setting, where
the mixture components are members of a parametric family, such as Gaussian distributions. The
most popular algorithm for learning a parametric mixture model is Expectation Maximization
(EM) [25]]. Recently, methods based on tensor decomposition and particularly the Canonical
Polyadic Decomposition (CPD) have gained popularity as an alternative to EM for learning

various latent variable models [6].

40
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In this chapter we propose a two-stage approach based on tensor decomposition for recovering

the conditional densities of mixtures of smooth product distributions. We show that when the
unknown conditional densities are approximately band-limited it is possible to uniquely identify
and recover them from partially observed data. The key idea is to jointly factorize histogram
estimates of lower-dimensional PDFs that can be easily and reliably estimated from observed
samples. The conditional densities can then be recovered using an interpolation procedure. We
formulate the problem as a coupled tensor factorization and propose an alternating-optimization

algorithm. We demonstrate the effectiveness of the approach on both synthetic and real data.

4.2 Background

4.2.1 Learning Problem

Let X = {X,,})_; denote a set of N random variables. We say that a PDF fx is a mixture of R

component distributions if it can be expressed as a weighted sum of R multivariate distributions
R
fX(xlw"axN):ZwaX|H(x17”'7xN|r)7 (41)
r=1

where fy|y are conditional PDFs and {w,}E | are non-negative numbers such that Zle wy =
1, called mixing weights. When each conditional PDF factors into the product of its marginal

densities we have that

R N
fr(@y,.oan) =Y we [ Fxom(@nlr), 4.2)
r=1 n=1

which can be seen as a continuous extension of the CPD model. A sample from the mixture model
is generated by first drawing a component 7 according to w and then independently drawing
samples for every variable {X,,}»_, from the conditional PDFs f Xn|H(:|7). The problem of
learning the mixture is that of finding the conditional PDFs as well as the mixing weights given

observed samples.
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4.2.2 Related Work

Mixture models have numerous applications in statistics and machine learning including clus-
tering and density estimation to name a few [[82]. A common assumption made in multivariate
mixture models is a parametric form of the conditional PDFs. For example, when the conditional
PDFs are assumed to be Gaussian, the goal is to recover the mean vectors and covariance
matrices defining each multivariate Gaussian component and the mixing weights. Other common
choices include categorical, exponential, Laplace or Poisson distributions. The most popular
algorithm for learning the parameters of the mixture is the EM algorithm [25]] which maxi-
mizes the likelihood function with respect to the parameters. EM-based methods have been
also considered for learning mixture models of non-parametric distribution by parameterizing
the unknown conditional PDFs using kernel density estimators [[10}/75]], which lack however
theoretical guarantees.

Tensor decomposition methods can be used as an alternative to EM for learning various
latent variable models [6]]. High-order moments of several probabilistic models can be expressed
using low-rank CPDs. Decomposing these tensors reveals the true parameters of the probabilistic
models. In the absence of noise and model mismatch, algebraic algorithms can be applied to
compute the CPD under certain conditions, see [98]] and references therein, and [44] for the
application to GMMs. Tensor decomposition approaches have been proposed for learning mixture
models but are mostly restricted to Gaussian or categorical distributions [38,/44L50]. In practice,
mainly due to sampling noise the result of these algorithms may not be satisfactory and EM can
be used for refinement [96,|121]]. In the case of non-parametric mixtures of product distributions,
identifiability of the components has been established in [2]]. The authors have shown that it
is possible to identify the conditional PDFs given the true joint PDF, if the conditional PDFs
of each X, across different mixture components are linearly independent i.e., the continuous
factor “matrices” have linearly independent columns. However, the exact true joint PDF is never
given — only samples drawn from it are available in practice, and elements may be missing from
any given sample. Furthermore, [2] did not provide an estimation procedure, which limits the
practical appeal of an interesting theoretical contribution.

We focus on mixtures of product distributions of continuous variables and do not specify

a parametric form of the conditional density functions. We show that it is possible to recover

!The term non-parametric is used to describe the case in which no assumptions are made about the form of the
conditional densities.
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mixtures of smooth product distributions from observed samples. The key idea is to first transform
the problem to that of learning a mixture of categorical distributions by decomposing lower-
dimensional and (possibly coarsely) discretized joint PDFs. Given that the conditional PDFs are
(approximately) band-limited (smooth), they can be recovered from the discretized PDFs under

certain conditions.

4.3 Approach

Our approach consists of two stages. We express the problem as a tensor factorization problem
and show that if N > 3, we can recover points of the unknown conditional CDFs. Under a
smoothness condition, these points can be used to recover the true conditional PDFs using an

interpolation procedure.

4.3.1 Problem Formulation

We assume that we are given M N-dimensional samples {x,,}_; that have been generated
from a mixture of product distributions as in Equation (4.2). We discretize each random variable
X,, by partitioning its support into I uniform intervals {A! = (df{l, d%)}lgg 1. Specifi-
cally, we consider a discretization of the PDF and define the probability tensor (histogram)
Xli1,...,in] £ Pr(X; € A, ..., Xy € AIV) given by

R N
Xli1,...,in] = Zwr H /N" Ixo a1 (Tn|r)dzy,
r=1 n=1 n

P (4.3)
=> w, [ Pr(Xn € Alr
r=1 n=1

H=r).

Let Ap[in, 7] £ Pr (X, € Al
a CPD with non-negative factor matrices {A,,}_; and rank R, i.e., X = [A\,Aq,...,Ap].

H =7), A[r] £ w,. Note that X' is an N-way tensor and admits

From equation it is clear that the discretized conditional PDFs are identifiable and can be
recovered by decomposing the true joint discretized probability tensor, if N > 3 and R is small
enough, by virtue of the uniqueness properties of CPD [98]].

In practice we do not observe X but we have to deal with perturbed versions. Based on the

observed samples, we can compute an approximation of the probability tensor X’ by counting
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how many samples fall into each bin and normalizing the tensor by dividing with the total number
of samples.

The size of the probability tensor grows exponentially with the number of variables and
therefore the estimate will be highly inaccurate even when the number of discretization intervals
is small. More importantly, datasets often contain missing data and therefore its impossible
to construct such tensor. On the other hand, it may be possible to estimate low-dimensional
discretized joint PDFs of subsets of the random variables which correspond to low-order tensors.
For example, in the clustering example given in the introduction some patients may be tested on
a subset of the available tests. Finally, the model of Equation is just an approximation of
our original model, as our ultimate goal is to recover the true conditional PDFs. To address the

aforementioned challenges we have to answer the following two questions

1. Is it possible to learn the mixing weights and discretized conditional PDFs from miss-

ing/limited data?

2. Is it possible to recover non-parametric conditional PDFs from their discretized counter-

parts?

Regarding the first question, we have shown in Chapter [3]that a joint Probability Mass Function
(PMF) of a set of random variables can be recovered from lower-dimensional joint PMFs if the
joint PMF has low enough rank. This result allows us to recover the discretized conditional PDFs
from low-dimensional histograms but cannot be extended to the continuous setting in general
because of the loss of information induced from the discretization step. Next, we discuss and

provide conditions under which we can overcome these issues.

4.3.2 Identifiability using Lower-dimensional Statistics

In this section we provide insights regarding the first issue. It turns out that realizations of subsets
of only three random variables are sufficient to recover Pr (X, € Alr| H = r) and {w, }1L,.
Under the mixture model (4.2)), a histogram of any subset of three random variables X ;, X}, X,
denoted as Xji,, with Xjpeli;, ix, ] = Pr(X; € A;j,Xk € AZ’“,Xg € Aé") can be written
as Xjpolij, i, ie] = SO0 N[r]A;[ij, 7] Aglin, 7] Aglig, 7], which is a third-order tensor of rank
R. A fundamental result on the uniqueness of tensor decomposition of third-order tensors was
given by Kruskal and is discussed in Chapter [2] (Theorem [2.1)). The result states that if X’ admits
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a decomposition X' = [A, Ay, Ay, As], with ko, + ka, + ka, > 2R + 2 then rank(X) = R
and the decomposition of X is unique.
When the rank is small and the decomposition is exact, the parameters of the CPD model
can be computed exactly via Generalized Eigenvalue Decomposition (GEVD) and related
algebraic algorithms [26}74,98].

Theorem 4.1. [74] Let X be a tensor that admits a decomposition X = [\, A1, Ag, As],
A, e ROXR A, € REXE A ¢ RBXE X\ € RE and suppose that Ay, Ag are full column
rank and ka, > 2. Then rank(X') = R, the decomposition of X is unique and can be found
algebraically.

More relaxed uniqueness conditions from the field of algebraic geometry have been proven
in recent years (see e.g., Theorem [2.3). Theorem [2.3]is a generic uniqueness result i.e, all non-
identifiable parameters form a set of Lebesgue measure zero. To see how theorems [2.3|can be
applied in our setup, consider the joint decomposition of the probability tensors Xz¢. Let 51, So,
and S3 denote disjoint ordered subsets of [NV], with cardinality ¢; = |S1], c2 = |S2|, and ¢3 =
|S3|, respectively. Let ) be the 1 X ca X c3 block tensor whose (7, k, £)-th block is the tensor X,
Jj €81,k € Sy, £ € Ss. Itis clear that the tensor ) admits a CPD ) = [, Kl, Kg, ;&3]] where
Ar = [AG e AT Az = A0y A )] As = (AL ) AT
By considering the joint decomposition of lower-dimensional discretized PDFs, we have con-
structed a single virtual non-negative CPD model and therefore uniqueness properties hold.
For example, by setting S = {1,..., L%J -1} 8 = {L%J, oo, N—=1},853={N} we
have that

YW = : ® : diag(A\) AT,
AN_1 Al_bj—l

2

According to Theorem the CPD can be computed exactly if R < (L%J — 1)1. Similarly,
it is easy to verify that by setting ¢; = ¢ = L%JI, ie,a = Llogﬂ[%J I)], the CPD of Y is
generically unique for R < 22(@=1) according to Theorem The later inequality is implied by

N 2
R< (gl which shows that the bound is quadratic in N and I.
Remark 1: The previous discussion suggests that finer discretization can lead to improved

identifiability results. The number of hidden components may be arbitrarily large and we may
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still be able to identify the discretized conditional PDFs by increasing the dimensions of the
sub-tensors i.e., the discretization intervals of the random variables. The caveat is that one will
need many more samples to reliably estimate these histograms. Ideally, one would like to have

the minimum number of intervals that can guarantee identifiability of the conditional PDFs.
Remark 2: The factor matrices can be recovered by decomposing the lower-order proba-

bility tensors of dimension /N > 3. It is important to note that histograms of subsets of two
variables correspond to Non-negative Matrix Factorization (NMF) which is not identifiable
unless additional conditions such as sparsity are assumed for the latent factors [32]]. Therefore,

second-order distributions are not sufficient for recovering dense latent factor matrices.

4.3.3 Recovery of the Conditional PDFs

In the previous section we have shown that given lower-dimensional discretized PDFs, we
can uniquely identify and recover discretized versions of the conditional PDFs via joint tensor
decomposition. Recovering the true conditional PDFs from the discretized counterparts can be
viewed as a signal reconstruction problem. We know that this is not possible unless the signals

have some smoothness properties. We will use the following result.

Proposition 4.1. A PDF that is (approximately) band-limited with cutoff frequency w. can be

; . x
recovered from uniform samples of the associated CDF taken g apart.

Proof: Assume that the PDF fx is band-limited with cutoff frequency w. i.e., its Fourier
transform F(w) = 0, V |w| > we. Let Fx denote the CDF of fx, Fx(z) = [*_ fx(t)dt.
We can express the integration as a convolution of the PDF with a unit step function, i.e.,
Fx(z) = [7 fx(t)u(z — t)dr. The Fourier transform of a convolution is the point-wise
product of Fourier transforms. Therefore, we can express the Fourier transform G(w) of the CDF
as

G(w) = 7é(w)F(0) + ]:j(:}), (4.4)
where (+) is the Dirac delta. From Equation (@.4)), it is clear that the CDF obeys the same

band-limit as the PDF . From Shannon’s sampling theorem we have that

o

Fx(z)= Y Fx(nT)sinc <$ _T”T> : 4.5)

n=—oo

where T' = wlc The PDF can then be determined by differentiation, which amounts to linear
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interpolation of the CDF samples using the derivative of the sinc kernel. Note that for exact
reconstruction of fx an infinite number of data points are needed. In signal processing practice
we always deal with finite support signals which are only approximately band-limited; the point
is that the bandlimited assumption is accurate enough to afford high-quality signal reconstruction.
In our present context, a good example is the Gaussian distribution: even though it is of infinite
extent, it is not strictly bandlimited (as its Fourier transform is another Gaussian); but it is
approximately bandlimited, and that is good enough for our purposes, as we will see shortly.

In section4.3.2] we saw how lower-dimensional histograms can be used to obtain estimates
of the discretized conditional PDFs. Now, consider the conditional PDF of the n-th variable

given the r-th component. The corresponding column of factor matrix A, is
Anlsr] = [Fx, i (dplr) = Fx, s (dp]r), . 1 = Fx,(dy )"

Since, F, i (dy|r) = 0, we can compute F, p(di|r), Vi € [I —1],n € [N]. We also know
that Fy, | (zn|r) = 1, Va, > dl. Therefore, we can recover the conditional CDFs using the

interpolation formula

L
) x— kT
Fyg(znlr) = > Fx,g(kT|r) smc( - ) (4.6)
k=—L

where T' = di, — d’~! and L a large integer. The conditional PDF f X,|i can then be recovered

via differentiation.

4.3.4 Toy example

An example to illustrate the idea is shown in Figure Assume that the PDF of a random
variable is a mixture of two Gaussian distributions with means p; = —6, ps = 10 and standard
deviations o1 = o3 = 5. It is clear from Figure {4.1] that F(w) ~ 0 for |w| > w. = 0.8 and
therefore the PDF is approximately band-limited. The CDF has the same band-limit, thus, it
can be recovered from points being T' = wlc ~ 4 apart. In this example we have used only 10
discretization intervals as they suffice to capture 99% of the data. We use the finite sum formula
of Equation (4.6)) to recover the CDF and then we recover the PDF by differentiating the CDF.
The recovered PDF essentially coincides with the true PDF given a few exact estimates of the

CDF as shown in Figure 4.1}
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Figure 4.1: Illustration of the key idea on a univariate Gaussian mixture. The CDF can be
recovered from its samples if T < 5.

Figure 4.2 shows the approximation error for different methods when we do not have exact
points of the CDF but estimate them from randomly drawn samples. We know that a histogram
converges to the true PDF as the number of samples grows and the bin width goes to 0 at
appropriate rate. However, when the conditional PDF is smooth, the interpolation procedure
using a few discretization intervals leads to a lower approximation error compared to plain

histogram estimates as illustrated in the figure.

4.4 Algorithm

In this section we develop an algorithm for recovering the latent factors of the CPD model

given the histogram estimates of lower-dimensional PDFs (Alg. 4.T). We define the following
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Figure 4.2: KL divergence between the true mixture of Gaussians and different approximations.

optimization problem

N N N

min. ZZZD< ks [A AjaAkvAZ]])

{An}LA T ks ook
st. A>0,1"x=1 4.7)
A,>0,n=1...N
17A,=1", n=1...N

where D(+, -) is a suitable metric. The Frobenious norm and Kullback-Leibler (KL) divergence

are considered in this work. For probability tensors X', ) we define

X[Z‘la i27 7/3]

Dk (X,Y) 2 Z Xl[iy, ig,13]log Vi1, iz, i3)

11,12,13

S L2
Drro(X, V) £ > (X[ir, iz, is] — Vi1, iz, is]) "
11,12,43
Optimization problem (&.7) is non-convex and NP-hard in its general form. Nevertheless, sensible

approximation algorithms can be derived, based on well-appreciated nonconvex optimization
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Algorithm 4.1 Proposed Algorithm

iInput: A dataset D € RM*N

2: Estimate X Vj, k, £ € [N], £ > k > j from data.
3: Initialize {A, })_; and A.
4: repeat

5. foralln € [N] do
6

7

8

9

Solve opt. problem (4.8)) via mirror descent.
end for
Solve opt. problem (#.10) via mirror descent.
: until convergence criterion is satisfied
10: for all n € [N] do
11:  Recover fy, g by differentiation using Eq.
12: end for

tools. The idea is to cyclically update the variables while keeping all but one fixed. By fixing all

other variables and optimizing with respect to A ; we have

min, ZZD( 0 ( Ag@Ak)dlag(A)AT), (4.8)

k#] L5
>k

where C = {A | A > 0,1TA = 1T}, Problem is convex and can be solved efficiently
using Exponentiated Gradient (EG) [65] — which is a special case of mirror descent [9]. At each

iteration 7 of mirror descent we update A7 by solving

1
A7 = argmin( Vf(AT '), Aj) + —Ba (A, AT}
Ag ave ( f( ) J> s <1>( J J )
where By (A, A) =®(A) - @(K) —(A— A, V@(K)) is a Bregman divergence. Setting ®

to be the negative entropy ®(A) = 3, . A(i, j) log A(4, j), the update becomes

AT = AT @ exp (—nTv f (A;*1)> , 4.9)
where @ is the Hadamard product, followed by column normalization A7[:, 7| = 1‘?2:[’:]“]
The optimization problem with respect to A is the following
min. D (vec( ]kg) (Ag OA,OA; ))\) (4.10)

AeC
j7k7€
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The update rules for A are similar
AT =X"@exp (- Vf(AT)). (4.11)

The step 1, can be computed by the Armijo rule [[11].

4.5 Experiments

4.5.1 Synthetic Data

In this section, we employ synthetic data simulations to showcase the effectiveness of the
proposed algorithm. Experiments are conducted on synthetic datasets {x,, }}/_, of varying
sample sizes, generated from R component distributions. We set the number of variables to
N = 10, and vary the number of components R € {5,10}. We run the algorithms using 5
different random initializations and for each algorithm keep the model that yields the lowest cost.
We evaluate the performance of the algorithms by calculating the KL divergence between the
true and learned model, which is approximated using Monte Carlo integration. Specifically, we
generate {X,, } %/:1 test points, M’ = 1000 drawn from the mixture and approximate the KL

divergence between the true and learned model by

a
Dk, (fx,fx) ~ ﬁ > log fa(xmr) / Fx ().
m/=1

We also compute the clustering accuracy on the test points as follows. Each data point x,,,/ is first
assigned to the component yielding the highest posterior probability ¢,,, = arg max, f|x (c|Xm ).
Due to the label permutation ambiguity, the obtained components are aligned with the true
components using the Hungarian algorithm [[71]]. The clustering accuracy is then calculated as
the ratio of wrongly labeled data points over the total number of data points.For each scenario,
we repeat 10 Monte Carlo simulations and report the average results. We explore the following
settings for the conditional PDFs: (1) Gaussian (2) GMM with two components (3) Gamma and
(4) Laplace. The mixing weights are drawn from a Dirichlet distribution w ~ Dir(ay, ..., a;)
with a, = 10 Vr. We emphasize that our approach does not use any knowledge of the parametric
form of the conditional PDFs; it only assumes smoothness.

Gaussian Conditional Densities: In the first experiment we assume that each conditional



52

] Number of components R =5 5 Number of components R = 10
13 Alg-KL ) 13 Alg-KL
08 O 3 Alg-Frob v €3 Alg-Frob
g \ EM GMM 8 1.5+ \ EM GMM
= E]“ = Y
Soe B = | o
.g N E 1 R CQ
T 0.4 0, & R
= [ ROY = & Y-
e ~ Sso N 0.5 3
02 BB Bing
- ‘--—'-@:: Y ) RATTEES AR
0 : : 0 : :
0 5000 10000 0 5000 10000
Number of samples Number of samples
Figure 4.3: KL divergence (Gaussian).
1 Number of componentsC}R =5 o Number of components R = 10
_ - e e e 1
8 12 Q@ © a .% ----- O - et 9
$ 008 Sogg | O - ETTTT Er
;5 . ;5 ’
3 < 0.96 ©-©
o0 0.96 e /
= g LA
E) E 0.94 @
2 0.94 3 Alg-KL 2 3 Alg-KL
&) {3 Alg-Frob g 0.92 0 Alg-Frob
EM GMM EM GMM
0.92 ‘ : 0.9 ‘ ‘
0 5000 10000 0 5000 10000
Number of samples Number of samples

Figure 4.4: Clustering accuracy (Gaussian).

PDF is a Gaussian. For cluster r and random variable X,, we set fx, g (zn|7) = N (tinr, o2.).
Mean and variance are drawn from uniform distributions, p,,,. ~ U(—5,5), 02, ~ U(1,2). We
compare the performance of our algorithms to that of EM (EM GMM). Figure .3 shows the KL
divergence between the true and the learned model for various dataset sizes and different number
of components. We see that the performance of our methods converges to that of EM despite the
fact that we do not assume a particular model for the conditional densities. Interestingly, our
approach performs better in terms of clustering accuracy as shown in Figure[4.4] We can see that
although the joint distribution learned by EM is closer to the true in terms of the KL divergence,
EM may fail to identify the true parameters of every component.

GMM Conditional Densities: In the second experiment we assume that each conditional
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Figure 4.6: Clustering Accuracy (GMM).

PDF is itself a mixture model of two univariate Gaussian distributions. More specifically, we set
Ixal u(zp|r) = %./\/' (Mf(mlr), 0%)2) + %./\/’ (/«L'S?r), aﬁfrﬂ). Means and variances are drawn from
uniform distributions ,u%lr) ~U(0,7), 07(1%)2 ~U(1,4), M7(12r) ~U(-T7,0), 07(127)2 ~ U(1,4). Our
method is able to learn the mixture model in contrast to the EM GMM which exhibits poor
performance, due to the model mismatch, as shown in Figures .5 4.6

Gamma Conditional Densities: Another example of a smooth distribution is the shifted
Gamma distribution. We set fy, g (zn|r) = m(:ﬁ — ) exp(— ") with a = 5,
tnr ~ U(=5,0), Bnr ~ U(0.1,0.5). As the number of samples grows our method exhibits
better performance, significantly outperforming EM GMM as shown in Figures 4.3

Laplace Conditional Densities: In the last simulated experiment we assume that each
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Figure 4.8: Clustering accuracy (Gamma).

conditional PDF is a Laplace distribution with mean p,, and standard deviation o, i.e.,
Ixna(@nlr) = ﬁ#om exp (W) A Laplace distribution in contrast to the previ-
ous cases is not smooth (at its mean). Parameters are drawn from uniform distributions,
pnf ~ U(=5,5), o2 s ~ U(5,10). We compare the performance of our methods to that of
the EM GMM and an EM algorithm for a Laplace mixture model (EM LMM). The proposed
method approaches the performance of EM LMM and exhibits better performance in terms of

KL and clustering accuracy compared to the EM GMM for higher number of data samples, as

shown in Figures 9] 4.10]
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Figure 4.9: KL divergence (Laplace).
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4.5.2 Real Data

Finally, we conduct several real-data experiments to test the ability of the algorithms to cluster

data. We selected 7 datasets with continuous variables suitable for classification or regression

tasks from the UCI repository. For each labeled dataset we hide the label and treat it as the latent

component. For datasets that contained a continuous variable as a response, we discretized the

response into R uniform intervals and treated it as the latent component. For each dataset we

repeated 10 Monte Carlo simulations by randomly splitting the dataset into three sets; 70% was

used as a training set, 10% as a validation set and 20% as a test set. The validation set was used to

select the number of discretization intervals which was either 5 or 10. We compare our methods

against the EM GMM with diagonal covariance, EM GMM with full-covariance and the K-means
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Figure 4.11: Clustering accuracy on real datasets.

algorithm in terms of clustering accuracy. Note that although the conditional independence
assumption may not actually hold in practice, almost all the algorithms give satisfactory results
in the tested datasets. The proposed algorithms perform well, outperforming the baselines in 5

out of 7 datasets while performing reasonably well in the remaining.

4.6 Chapter Summary

We have proposed a two-stage approach based on tensor decomposition and signal processing
tools for recovering the conditional densities of mixtures of smooth product distributions. Our
method does not assume a parametric form for the unknown conditional PDFs. We have formu-
lated the problem as a coupled tensor factorization and proposed an alternating-optimization
algorithm. Experiments on synthetic data have shown that when the underlying conditional PDFs
are indeed smooth our method can recover them with high accuracy. Results on real data have

shown satisfactory performance on data clustering tasks.



Chapter 5

Supervised Learning via Tensor

Completion

5.1 Introduction

The problem of identifying a nonlinear function y = f(x1,...,xy) from input-output exam-
ples is of paramount importance in machine learning, dynamical system identification and
control, communications, and many other disciplines. In machine learning in particular, most
of the supervised learning tasks are nonlinear system identification problems. For example,
binary/multiclass classification, where the goal is to predict a discrete variable denoting the
class label of each realization, and regression/prediction, where the goal is to predict real or
complex valued variables. Algorithmic advancements, availability of vast amounts of data and
increasing computational power have led to the development of state-of-the-art prediction models
with unprecedented success in various domains such as image classification, speech recognition,
and language processing. Kernel methods, random forests, neural networks and deep learning
are powerful classes of machine learning models that can learn highly nonlinear functions and
have been successfully applied in many supervised machine learning tasks [41]. Each of the
aforementioned methods can be well suited for a particular problem, but may perform badly for
another. In general it is seldom known in advance which method will perform best for any given
problem.

In this chapter we present a simple and elegant alternative for nonlinear system identification

based on low-rank tensor decomposition. We show that the CPD model offers an appealing

57
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Figure 5.1: Nonlinear system identification as tensor completion.

solution for modeling and learning a general nonlinear system using a single high-order tensor.
Tensors have been used to model low-order multivariate polynomial systems: a multivariate
polynomial of order d is represented by a tensor of order d — e.g., a second-order polynomial
is represented by a quadratic form involving a single matrix [95]]. However, such an approach
requires prior knowledge of polynomial order, and assuming that one deals with a polynomial of
a given degree can be highly restrictive in practice. Instead, what we advocate here is a simple
and general approach: a nonlinear system having N discrete inputs and a single output can be
naturally represented as an N-way tensor where the tuple of input variables [X,,[1],. .., X [/V]]
can be viewed as a cell multi-index and the cell content is the response of the system y,,,. Given
a new data point, the corresponding tensor cell is queried and the output is used as the predictor.
Note that only a small fraction of the tensor entries are observed during training, and we are
ultimately interested in answering queries for unobserved data points (Figure[5.T). This motivates
the use of low-rank tensor models as a tool for capturing interactions between the predictors and
imputing the missing data.

Both experimental [[107]] and theoretical studies [50,/69}/104] have shown that exact tensor
completion from limited samples is possible under certain conditions. The implication of our

simple but profound modeling idea is very compelling, since:

* The CPD can model any nonlinearity (even of co order) for high-enough rank — because
every tensor admits a CPD of bounded rank. Even for low ranks, it can model highly

nonlinear operators such as products or sums of the signs of the input variables.

* Provably correct nonlinear system identification is possible from limited samples. If
the associated tensor describing the nonlinear operator is low rank, then it can be fully
identified.
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Figure 5.2: Traditional approaches.

* In practice, tensors corresponding to real-world systems may not be low-rank; neverthe-
less even if a system is not exactly low rank, our approach will identify the principal
components of the unknown nonlinear mapping, in a sense that will be clarified in the

sequel.

Even though tensor recovery can be guaranteed under a low-rank assumption, tensor decom-
position can often benefit from additional knowledge regarding the application by incorporating
constraints such as non-negativity, sparsity or smoothness [98]]. In our present context, smooth-
ness is a desirable property for applications where we expect that small perturbations in the input
will most probably cause small changes in the output of the system. Therefore, we propose
augmenting the CPD tensor completion problem with smoothness regularization on the ordinal
latent factors.

Contributions: We model a general nonlinear system using a single high-order tensor
admitting a CPD model. Specifically, we formulate the problem as a smooth tensor decomposition
problem with missing data. Although our method is naturally suited to handle discrete features, it
can also be used for continuous valued features [[60] and be enhanced using ensemble techniques.
Additionally, leveraging the structure of the CPD model, we propose a simple yet effective
approach to handle randomly missing input variables. Finally, we discuss how the approach
can be extended to vector valued function prediction. The proposed approach requires little
parameter tuning, and can model complex nonlinear functions. We propose an easy to implement
Block Coordinate Descent (BCD) algorithm and demonstrate the performance in UCI machine
learning datasets against competitive baselines as well as a challenging grade prediction task,

using real student grade data.
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5.2 Related Work

Tensors have been mostly used to model low-order multivariate polynomial systems. A mul-
tivariate polynomial of degree (order) d can be represented by a tensor of order d. For exam-
ple, a second-order polynomial is represented by a quadratic form involving a single matrix
ie., f(x) = x’Wx while a third order polynomial is represented using a 3-way tensor i.e.,
f(x) =W x1 x X2 x x x3 (Figure . The number of parameters grows exponentially with
the order of the approximation making this approach computationally demanding. One way to
reduce the number of parameters is to assume that the coefficient tensor is low-rank.

Polynomial Networks (PN) and Factorization Machines (FM) utilize mainly third-order CPD
models in order to parameterize the polynomial coefficients with applications in recommender
systems and link prediction [[14}|15,95]]. Such approaches require prior knowledge of polynomial
order, and assuming that one deals with a polynomial of a given degree can be restrictive.
Additionally, even when dealing with the simplest possible approximation model which is rank-1,
the number of parameters grows linearly with d meaning that this approach cannot model high-
degree polynomial functions. Similarly, another tensor model, known as the Tucker model, has
also been used for parametrization of polynomial functions in a chemogenomics data prediction
task [92]]. Finally, a tensor train model [88]] has also been used in multivariate polynomial
regression [87]]. Unlike CPD, the model parameters of Tucker and tensor train models are not
identifiable.

Output-only (‘blind’) identification of linear systems has also been considered from a tensor
point of view. Specifically, identification of Finite Impulse Response (FIR) systems using only
output examples has been shown in [[17,|111].

Our work is radically different from existing approaches. We model a general nonlinear
system using a single tensor of order equal to the number of inputs and propose using a high-
order tensor completion approach for system identification. One of the earliest applications of
tensor decomposition with smooth latent factors has been fluorescence data analysis [19,[31]].
Recently, it is has been mostly proposed in the area of image processing. Specifically, CPD and
Tucker models with smoothness constraints or regularization have been used for the recovery
of incomplete 3- and 4-dimensional image data [48],|118]]. To the best of our knowledge, tensor
completion (with or without smooth latent factors) has not been considered yet as a tool for

general nonlinear system identification.
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5.3 Proposed Approach

5.3.1 Canonical System Identification (CSID)

We are given a training dataset of M input-output pairs D = {(x1,v1), (X2,%2), - .-, (Xar, yar) }-
Let us assume that all predictors are discrete and take values from a common alphabet 7 =
{1,...,I}. The scalar output y,, is a nonlinear function of the input x,,, distorted by some

unknown noise

Ym = [ (Xm[1], ..., X [N]) + €.

The nonlinear function f : {1,..., I}V — R can be modeled as an N-way tensor X where each
input vector [x,,[1], ..., X%, [/V]] can be viewed as a cell multi-index and the cell content is the
estimated response of the system ,,. We are interested in building a model that minimizes the
Mean Square Error (MSE) between the model predictions and the actual response.

However, it is evident that it is impossible to infer the response of unobserved data without
any assumptions on X. To alleviate this problem we aim for the principal components of the
nonlinear operator by minimizing the tensor rank. Assuming a low-rank CPD model, the problem

of finding the rank- R approximation which best fits our data can be formulated as

M
1 )
v, 37 m§_1 (Ym = X (xm[1], -, xm[N]))

N
+> pllAnlE 5.1)
n=1
R
st. X = ZAl[:,T] ©-- O AN, T,
r=1

where p is a regularization parameter. It is convenient to express the problem in the following

equivalent form

1 2 &
e L RCE e v

R
subjectto X = ZAl[:,r] © - O AN[, T,
r=1



62
where W is a tensor containing the number of times a particular data point X = [iy, ..., 4,]7
appears in the dataset and ) is a tensor containing the mean response of the corresponding data

points. The equivalence between Problems (3.1)), (5.2) is straightforward

M 2
min 3 (ym = Xl (1), 2 N])) &
minlz Z (ym—X[il,...,iN])2(:>

min. Z S (g = Vlitse i) + Vin, - in] = X, in]) &

The set S;, ... i, contains the indices the data point [i1, ..., N]T appears in the dataset. Often-
times, datasets contain both categorical and ordinal predictors, the later, being either discrete or
continuous. In the presence of ordinal predictors a desirable property of a regression model is
having smooth prediction surfaces i.e., small variations in the input will cause small changes in
the output. As an example consider the task of estimating students’ grades in future courses based
on their grades in past courses, an important topic in educational data mining as it can facilitate
the creation of personalized degree paths which will potentially lead to timely graduation [94]].
The predictors correspond to the grades in [V past courses that a student has received and the the
predicted response is the student’s grade in a future course. We are interested in building a model
that maps an N-dimensional discrete feature vector to the output response. Adding a smoothness
constraint or regularization will guarantee that the model will produce similar outputs for two
students that differ slightly in their past grades as they are likely to perform similarly in the
future. Therefore, we propose augmenting the CPD tensor completion problem with smoothness
regularization:

. 1 2 N )
i g7 [Ve -2+ 3 A

n=

N
+ ) il TnAL |5 (5.3)

n=1

R
st X =) A[,r] 00 Ax[,7],
r=1

where the matrix T, is a smoothness promoting matrix typically defined as T,, € RUn—1)xIn
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with T, [i,i] = 1and Ty [i,i+1] = —1or T,, € RU=2xIn with T, (i,4) = —1, Ty, (4,i+1) =
2 and T, (i, +2) = —1. We set u,, = 0 for categorical predictors and p,, > 0 otherwise.
Penalizing the difference of consecutive row elements of a factor A,, guarantees that varying
the n-th dimension and keeping the remaining fixed will have a small impact on the predicted
response. Another appealing feature of the proposed smoothness regularization is that it can
potentially measure feature importance. Note that the effect a variable will have in the prediction
is minimized if each column of the corresponding factor is a constant number. Irrelevant features
are more likely to have factors that vary slightly. On the contrary, factors associated with
predictive features will have more variations and induce a larger penalty cost.

Remark: CPD can model any nonlinear operator for high-enough rank, but even for low

ranks, it can model highly nonlinear operators such as
N
fi(z,...,zN) = H sign(zy,),
n=1

N
fo(zi,...,zN) = Z sign(zy,).
n=1

Comparing these equations with Equation (2.2)) we can verify that the former corresponds to a
rank-1 CPD model, while the later to rank V.

5.3.2 Tensor Completion: Identifiability

In this section we briefly review existing probabilistic and deterministic theoretical results
on tensor recovery from a few samples. This is important because, using our approach of
casting system identification as tensor completion, the results below directly yield new results
on nonlinear multivariate system identification - even for systems of unbounded nonlinearity
degree. Recovering a tensor from samples depends mainly on how the samples (X1, ..., Xx)
are generated — randomly or systematically, and if randomly from what distribution — as well
as the operational A,,. Practical experience suggests that the generic sample complexity for
randomly drawn point samples is proportional to the degrees of freedom O(RN) in the model.
This has been proven for randomly drawn linear (generalized, aggregated) samples, but not yet
for point samples [16].

An adaptive sampling method with an estimation algorithm has been proposed by [69]
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that provably recovers an N-th order rank- R tensor using O(IRVN=%5,N=1 N log R) samples
where p is a coherence bound on the factor matrices. Later, [50|] proposed a method that can
recover an N-th order rank- R tensor with orthogonal factor matrices and random sampling using
oIV /2 SRS log* I ) samples. A necessary condition for these methods is that the rank needs
to be less than the maximum outer dimension although a CPD model can be unique even if
rank exceeds this bound. Probabilistic results on tensor completion have also been proven for
incomplete tensors that have low mode-n ranks under certain incoherence conditions, relying on
minimization of the sum of nuclear norms of the tensor unfoldings [34]. For R < I, the result
in [[119] can be used to show that for uniform random point samples, the sample complexity for
our low-rank model is O(v/ RIV/?log I).

Deterministic conditions based on a specific sampling strategy, namely fiber sampling, have
been given by [[104]. Necessary and sufficient conditions are provided which are dependent on
the sampling pattern, assuming that the rank is low enough. The authors propose an eigenvalue
decomposition algorithm and demonstrate exact recovery of low-rank incomplete tensors even
when, less than one percent of the tensor entries are available. The authors have also extended
the results in the case of not fully observed fibers. Finally, several regular sampling strategies

are investigated and generic identifiability conditions are provided by [53].

5.3.3 Algorithm

The work-horse of tensor decomposition is the so-called Alternating Least Squares (ALS)
algorithm. ALS is a special type of BCD which offers two distinct advantages: monotonic
decrease of the cost function, and no need for parameter tuning. In this section, we propose an
ALS approach to tackle Problem[5.3]

Tensors W, Y despite being high-dimensional, are in general very sparse and optimized
sparse tensor formats can offer huge memory and computational savings [[103]]. The idea of
ALS is that we cyclically update variables {A,,}V_; while fixing the remaining variables at their
last updated values. Assume that we fix estimates A, Vn € [N] \ {k} we need to solve the

following optimization problem

min|[W® @ Y& - W @ (QuAD)|
k (5.4)
+ pll ARl + il TrAk 7,
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where Qi = (On£rAn), W = VW with the square root computed element-wise. Equivalently,
we have

I 9
min Hdiaug(vAv’-C ) (y’-C - Qkak) H
A kz:l AT e (5.5)

+ pllAnllF + sl Te A7

where vAvfk = W(k)[:, ix), yfk = Y®)[: 3] and aF = AyJig,:]”. Note that we do not need to
k

instantiate Q because only the non-zero elements of the sparse vector ?vik contribute to the cost
function. The non-zero elements of vAvfk correspond to the observed data points for which the
k-th variable takes the value i, and therefore we need to compute the corresponding rows of the
Khatri-Rao product. Problem[5.5|can be optimally solved by finding the solution to a set of linear
equations obtained after setting the gradient to zero e.g., using the conjugate Gradient descent
algorithm [11]]. Simpler updates can be obtained by fixing all variables except for a single row of
the factor A . Let us fix every parameter except for the ix-th row of Ay
N ST 2
min —||diag(w;, ) (y;' — Quai|l; + pllay|3
i (5.6)
k|? k|2
+ Mk ‘ ) + pk ‘

k k
a1~ A1 — 5’

The solution for ai-“ is given by

a) = (Qf diag(w)’Qk + (p + 2u)T) !

T3 2k k k 5.7)
(Qp diag(w;)“y; — pr(ai_q +aiiq))

which results in very lightweight row-wise updates. BCD algorithms usually offer faster conver-
gence in terms of the cost function compared to stochastic algorithms for small or moderate size
problems. For large-scale problems on the other hand, Stochastic Gradient Descent (SGD) can
attain moderate solution accuracy faster than BCD. The merits of both alternating optimization
and stochastic optimization can be combined by considering block-stochastic updates [[116]]. In
this work, we propose an easy to implement ALS algorithm as our main goal is to present a fresh
perspective on the nonlinear identification problem through low-rank tensor completion. Further
algorithmic developments are underway, but beyond the scope of this first submission. Next, we
show how the proposed approach can be extended to handle partially observed and multi-output

regression tasks.
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5.3.4 Missing Data

It is quite common in general to have observations with missing values for one or more predictors.
For example, in the grade prediction task described in the introduction, the predictions for a
student rely on the student’s performance achieved in previously taken courses. Consider a

student-grade matrix D € RM*N

where our goal is to predict the N-th course. The matrix
will be in general sparse since each student enrolls in only few of the available courses, and the
selected courses vary from student to student.

Common approaches for handling missing data include (1) removal of observations with
any missing values, (2) imputing the missing values before training e.g., by replacing them with
the mean, median, or the mode, and (3) directly handling the imputation by the algorithm. Let
O = {o1,...,0or} and M = {mq,...,mp} denote the indices of the observed and missing
entries of a single observation respectively. Instead of ignoring observations with missing entries
we aim at computing the expectation of the nonlinear function conditioned on the observed
variables i.e., we set

f(x0) = Ex, jxo [f (X0, XM)]

- Z Pr(xm|x0) f(x0,%XMm)- (5.8)

Estimating the conditional probability Pr(x x(|x0) is not possible since the number of parameters
grows exponentially with the number of missing entries. Given the low-rank structure of
the nonlinear function we propose modeling the Probability Mass Function (PMF) using a
nonnegative CPD model which is a universal model for PMF estimation [57]]. For the sake of
simplicity, we adopt a simple rank-one joint PMF model estimated via the empirical first-order
marginals [46[]. Without loss of generality assume that the first 7" predictors are known and the

remaining missing, then, the expectation can be computed very efficiently

=
2
S

= Ex \(xo [f (X0, XM)]

[
=

Wy ey 0Ty 5y ooyt XTp1 PT41 " XT4L PN

T N
[T Avlin,r] J] PrAxL.7].

1n=1 n=T+1

(5.9

Il
M=

ﬁ
Il

In this case, we minimize the squared error between the target value and the conditional expecta-

tion of the function. The modification can be easily incorporated in the ALS algorithm. Rich



67
dependencies between the variables can also be captured using a higher-order PMF model, but

we defer this discussion to follow-up work due to space limitations.

5.3.5 Multi-Output Regression

The proposed framework is quite flexible and can easily be extended to vector-valued functions
f:{1,...,I}Y — RX. When there is no correlation between the output variables of a system,
one can build K independent models, one for each output, and then use those models to
independently predict each one of the K outputs. However, it is likely that the output values
related to the same input are themselves correlated and often a better way is to build a single
model capable of predicting simultaneously all K outputs. We can treat each different model as
an N-way tensor and stack them together to build an (/N + 1)-way tensor. The new tensor model
can be described by N + 1 factors associated with the IV predictors and an additional mode of
]T

dimension K, X = [Ay,..., Ay, V]. The vector-valued prediction for [i1,...,inx]" is given

by X[i1,...,in,J] = Zil Vij, 7] Hﬁle A, [in, r]. In matrix form we have
X[il,... ,iN,:] = (Al[il,:] ® - @AN[iN,S]>VT

No modification is needed for the ALS updates. Depending on the application one may or may

not need to apply smoothness regularization on V.

5.4 Experiments

We evaluate the proposed approach in single output regression tasks using several datasets
obtained from the UCI machine learning repository [[76]. Our proposed approach is implemented
in MATLAB using the Tensor Toolbox [7] for tensor operations. We then assess the ability of
our model to handle missing predictors by hiding 30% of the data as well as its ability to predict
vector valued responses. For each experiment we split the dataset into two sets, 80% used for
training and 20% for testing, and run 10 Monte-Carlo simulations. Finally, we evaluate the
performance of our approach in a challenging student grade prediction task using a real student
grade dataset. For each method we tune the hyper-parameters using 5-fold cross-validation. We
compare the performance of the different algorithms in terms of the Root Mean Square Error
(RMSE).
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Table 5.1: Comparison of RMSE performance of different models on UCI datasets without

missing data.

Dataset RR SVR (RBF) | SVR (polynomial) DT MLP (5 Layer) CSID
Energy Eff. (1) 2.91+0.17 2.68+0.17 4.09+0.49 0.56+0.03 0.48+0.06 [50] 0.39+0.05
Energy Eff. (2) 3.09+0.19 3.03+0.21 4.14+0.44 1.86+0.19 0.97+0.14 [50 0.57+0.09

C. Comp. Strength 10.47+0.42 9.724+0.38 11.30+0.36 6.57+0.82 4.92+0.63 [50 4.67+0.50
SkillCraft Master Table | 1.68+1.61 0.99+0.03 1.22+0.05 1.03+0.04 1.00+0.03 [10] 0.91+0.02
Abalone 2.25+0.10 2.19+0.08 3.90+3.43 2.35+0.08 2.09+0.09 [10] 2.23+0.09
Wine Quality 0.76+0.02 0.69+0.02 1.01+0.39 0.75+0.03 0.72+40.02 [10] 0.70+0.02
Parkinsons Tel. (1) 7.51+0.11 6.66+0.14 7.89+0.88 2.40+0.26 3.60+0.18 [100] 1.33+0.10
Parkinsons Tel. (2) 9.75+0.15 9.14+0.17 10.04+0.43 2.60+0.38 5.01+0.19 [100] 1.79+0.17
C. Cycle Power Plant 5.51+0.09 4.13+0.09 8.00+0.19 3.98+0.13 4.06+0.11 [50] 3.76+0.15
Bike Sharing (1) 36.45+0.46 | 32.67+0.81 34.93+0.97 18.89+0.36 | 14.81+0.44 [100] | 15.17+0.44
Bike Sharing (2) 122.65+2.87 | 113.18+1.73 117.254+2.01 42.06+2.06 | 38.69+1.24 [100] | 36.93+1.19
Phys. Prop. 5.19+0.03 4.91+1.26 6.49+1.15 4.40+0.04 | 4.20+0.05 [100] 4.21+0.04

Table 5.2: Comparison of RMSE performance of different models on UCI datasets with 30%

missing data.

Dataset RR SVR (RBF) | SVR (polynomial) DT MLP (5 Layer) CSID
Energy Eff. (1) 3.01+0.15 3.38+0.27 6.88+0.63 2.57+0.49 2.49+0.48 [10] 2.17+0.25
Energy Eff. (2) 3.26+0.16 3.57+0.30 6.65+0.48 2.64+0.28 3.02+0.36 [10] 2.48+0.22

C. Comp. Strength 10.33+0.61 11.394+0.48 13.16+1.17 9.90+1.05 10.01+0.54 [10] 9.69+0.79
SkillCraft Master Table | 1.79+1.63 1.05+0.03 1.61+0.33 1.08+0.03 1.10+0.04 [10] 1.05+0.01
Abalone 2.27+0.07 2.31+0.08 3.12+0.79 2.42+0.07 2.28+0.07 [10 2.40+0.13

Wine Quality 0.76+0.02 0.73+0.02 0.93+0.21 0.78+0.02 0.76+0.03 [10 0.78+0.02
Parkinsons Tel. (1) 7.52+0.11 6.91+0.13 8.12+0.11 3.10+0.22 5.90+0.28 [10] 4.98+0.12
Parkinsons Tel. (2) 9.76+0.18 9.38+0.21 10.68+0.23 3.59+0.81 7.67+0.18 [10 6.58+0.18
C. Cycle Power Plant 5.51+0.09 6.16+0.15 10.45+0.31 5.294+0.36 5.33+0.07 [50 5.04+0.12
Bike Sharing (1) 37.40+0.52 | 35.50+0.31 36.85+0.38 25.41+1.5 | 21.51+0.83+ [50] | 23.89+0.19
Bike Sharing (2) 123.81+1.26 | 127.06+1.55 130.20+1.13 71.93+1.18 | 64.03+1.66 [50 75.65+1.51
Phys. Prop. 5.18+0.02 7.53+0.67 7.87+0.83 5.08+0.03 4.99+0.09 [100 4.70+0.03

Table 5.3: Comparison of RMSE performance of different models on multi-output regression.

CSID

Dataset RR MLP (1 Layer) MLP (3 Layer) MLP (5 Layer) DT
En. Eff. (2) 2.70+0.19 2.82+0.08 [50] 2.73+0.11[100] 2.67+0.11[10] 2.19+0.19 | 2.01+0.14
Park. Tel. (2) | 12.19+0.09 | 7.59+0.21[250] 6.54+0.06[250] 6.18+0.42[250) 3.37+0.39 | 2.85+0.22
B. Shar. (2) | 127.75+3.32 | 64.12+6.49(250] | 43.60+1.95[100] | 42.25+1.22[100] | 46.21+1.20 | 45.29+1.47

5.4.1 UCI Datasets

We used four different machine learning algorithms as baselines, Ridge Regresion (RR), Support
Vector Regression (SVR), Decision Tree (DT) and Multilayer Perceptrons (MLPs) using the
implementation of scikit-learn [91]. For RR, SVR and MLP we standardize each ordinal feature
such that it has zero mean and unit variance. Categorical features are transformed using one-hot
encoding. For DT no preprocessing step is required. For our method, we fix the alphabet size

to be I = 25 and use Lloyd-Max scalar quantizer for discretization of continuous predictors.
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For the MLPs, we set the number of hidden layers to 1,3 or 5 and varied the number of nodes
per layer 10, 50, 100 and 250. We observed that in most cases the MLP with 5 hidden layers
performed better than the 1 or 3 layer MLP and that further increasing the number of layers did
not improve the performance.

Table 5.1 shows the RMSE performance of the different methods when there are no missing
predictors on the datasets. The number inside the square brackets denotes the number of nodes
for each layer of MLP. We highlight the two best performing methods for each dataset. Our
approach performs similarly or better than best baseline in most of the datasets. Note that both
decision trees and our approach rely on discretization of continuous predictors however, adding
the smooth regularization plays a significant role in boosting the RMSE performance for our
method.

Next, we evaluate our approach on partially observed datasets. We randomly hide 30% of
the full dataset and repeat 10 Monte-Carlo simulations. Before fitting the data to the baseline
algorithms we replace each missing entry of an ordinal predictor with the mean and for each
categorical predictor we use the most frequent value (mode). For our algorithm we use a rank-1
approximation of the joint PMF tensor estimated from the training data. Table[5.2]shows the
performance of the different algorithms in this setting. Again, our approach similarly or better
than best baseline.

Finally, we test our approach in predicting multi-output responses against RR, DT tree and
MLPs. Table[5.3|contains the results for three datasets. Similarly to the single output setting our

approach performs the same or slightly better compared to the baseline methods.

5.4.2 Grade Prediction Datasets

Finally we evaluate our method in a student grade prediction task on a real dataset obtained from
the CS department of a university. The predictors correspond to the course grades the students
have received. Specifically, we used the 20 most frequent courses to build 20 independent single
output regression tasks each one of them having 34 predictors. Grades take 11 discrete values
(A-F) and due to the natural ordering between the different values smoothness regularization was
applied on all factors. We used the Grade Point Average (GPA) and Biased Matrix Factorization
as our baselines. Low-rank matrix completion is considered a state-of-art method in student
grade prediction [3,(94]. Note that in the matrix case each course is represented by a column

while in the proposed tensor approach, each course is represented by a tensor mode (Figure [5.3).
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Figure 5.3: Low-rank matrix completion (left) canonical system identification (right).

Table 5.4: Comparison of RMSE performance on student grade data.

| Dataset | GPA [ BMF | CSID | [ Datset | GPA | BMF | CSID |
CSCI-1 [ 0.52+0.02 [ 0.48+0.03 | 0.48=0.03 CSCI-11 | 0.68+0.06 | 0.66+0.04 | 0.67+0.03
CSCI-2 | 0.56=0.02 | 0.55+0.02 | 0.55+0.03 CSCI-12 | 0.58+0.04 | 0.51+0.04 | 0.48+0.01
CSCI-3 | 0.48+0.04 | 0.48+0.04 | 0.48+0.05 CSCI-13 | 0.670.03 | 0.55+0.05 | 0.54+0.03
CSCI-4 | 0.53+0.03 | 0.52+0.04 | 0.51+0.03 CSCI-14 | 0.70£0.06 | 0.62+0.03 | 0.65+0.07
CSCI-5 | 0.430.02 | 0.43+0.02 | 0.42+0.02 CSCI-15 | 0.56:0.03 | 0.56+0.06 | 0.57+0.03
CSCI-6 | 0.63+0.03 | 0.58+0.03 | 0.57+0.03 CSCI-16 | 0.52+0.03 | 0.51£0.03 | 0.50+0.02
CSCI-7 | 0.57+0.02 | 0.58+0.01 | 0.56+0.02 CSCI-17 | 0.60+0.02 | 0.58+0.05 | 0.59+0.05
CSCI-8 | 0.52+0.02 | 0.49+0.03 | 0.47+0.02 CSCI-18 | 0.57+0.03 | 0.56+0.05 | 0.55+0.04
CSCI9 | 0.61£0.03 | 0.60+0.05 | 0.57+0.03 CSCI-19 | 0.68+0.04 | 0.70+0.04 | 0.61+0.04
CSCI-10 | 0.58+0.04 | 0.56=0.04 | 0.56=0.04 CSCI-20 | 0.61%0.06 | 0.58+0.02 | 0.63+0.04

Table [5.4] shows the results for the different algorithms. Our approach outperforms BMF in 11

tasks, performs the same in 4 and worse in 5.

5.5 Chapter Summary

In this paper, we considered the problem of nonlinear system identification. We formulated the

problem as a smooth tensor completion problem with missing data and developed a lightweight

BCD algorithm to tackle it. We have proposed a simple approach to handle randomly missing

data and extended our model to vector valued function approximation. Experiments on several

real data regression tasks showcased the effectiveness of the proposed approach.



Chapter 6

Canonical Decomposition of

Multivariate Functions

Currently, the most popular methods for approximating nonlinear functions rely on neural
networks. Despite their huge success, it is not well understood yet why they work so well,
are difficult to interpret, and do not offer insights regarding the structure of the function being
approximated. The universal approximation theorem [43]] states that a feedforward neural
network with a linear output layer and at least one hidden layer can approximate any continuous
function on a compact set, provided that the number of hidden units is large enough. However,
it is not guaranteed that the neural network will actually learn the true function; not only
because training is a hard non-convex problem and the optimization algorithm may fail, but
more importantly because the neural network may learn a different function which is also able to
reproduce the training examples (i.e., one that agrees with the sought one over the training set).
Two different networks that have fitted the training data equally well, may differ substantially
on samples that have not been observed [37]]. This is because the sought function may not be
identifiable from the given input-output data. This motivates the study of models that possess
identifiability guarantees, and learn unique mappings between the input-output data pairs. In this
work, we take a step towards this direction and propose a novel method for learning a nonlinear
function based on the Canonical Polyadic Decomposition (CPD), also known as Parallel Factor
Analysis (PARAFAC) [40] of N-way tensors.

Tensor decomposition has been successfully applied in many fields such as machine learning,

71



72
data mining, signal processing and statistics [63},/90L/98]]. The CPD has been successful in model-
ing large multi-dimensional and multi-relational data [|54}|112]], understanding large knowledge
bases [[72}/109] and building recommender system models [55]. Tensor decomposition has also
been used in deep learning, for speeding up and compressing neural network models [[73}86].
CPD is a powerful tool, that can help us build identifiable and parsimonious models which
can approximate complex nonlinear functions [61]]. Learning parsimonious models leads to
significant reduction in the number of parameters, and identifiability of the parameters can offer
important insights regarding the inner structure of a function.

In this paper, we tackle the problem of learning a nonlinear function, using a low-rank CPD
model of a finite multidimensional Fourier series expansion of the unknown multivariate function.
If a function is compactly supported and sufficiently smooth, then it can be well approximated
using a finite sum of orthogonal complex exponentials. Finite orthogonal series expansion has
been mainly used in univariate or bivariate regression tasks where an expansion based on cosine,
wavelet or polynomial functions is used to predict a single output variable [29]]. However, when
dealing with multivariate functions with N >> 2, the approach quickly becomes infeasible from
the computation and memory point of view, since the number of series coefficients scales as
0] (K N ), where K is the number of coefficients associated with each variable and NN is the
number of variables. To remedy this problem, we propose to decompose the N-way Fourier
series tensor using CPD. This yields a generalized canonical polyadic decomposition (GCPD)
representation of compactly supported multivariate functions. We present two methods for fitting
the resulting model and evaluate our approach on several regression tasks. Our approach has the

following important properties:

* Expressiveness: Our model is quite general, as it can model any compactly supported
multivariate function that can be well approximated by a finite multidimensional Fourier
series. The basis functions imply smoothness of the function so that the model is able to
generalize, while the tensor rank and the number of Fourier coefficients are used to control
the expressiveness of the model. Specifically, the rank and number of coefficients let us

control the approximation error, which is bounded for a broad class of functions.

* Efficiency: The complexity of predicting the output response given an input vector scales
linearly with the dimension of the input, which makes our approach suitable for large-scale

problems.
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* Identifiability: Under certain conditions, our approach guarantees that the unknown
function is uniquely characterized by the given input-output data i.e., there is a single
set of parameters that describes the nonlinear mapping between the input-output pairs.

Identifiability of the parameters is necessary for model interpretability.

6.1 Related Work

Polynomial Networks (PN) and Factorization Machines (FM) are related approaches which
rely on low-rank parameterization of the coefficient tensor of multivariate polynomials [[15},95].
The core model of the two approaches is the Polynomial Regression (PR) model. Polynomial
regression is usually limited to low-order interactions since the computational complexity
scales as O (N d), where d is the degree of the polynomial, rendering it impractical even for
small number of variables. Both PN and FM use low-rank CPD models to break the curse of
dimensionality. Their main difference is that FM uses a subset of all possible feature interactions,
which makes the optimization problem multi-convex, and allows for a simple coordinate descent
algorithm to be applied. FM has been extended to higher degree polynomials (d > 3) and
has been very successful in sparse high-dimensional data regression tasks [[14]]. Other tensor
decomposition models, such as the Tensor Train (TT) [88]] and the Tucker model [110], have
also been used for parameterizing polynomial functions [[87,92]. In [28]] a tensor-based method
was proposed that computes a decoupled representation of a vector-valued polynomial function.
The proposed method builds a tensor that contains as frontal slabs the Jacobian matrix of the
function, evaluated at a set of points and extracts a simpler function representation based on
univariate polynomials. Its identifiability properties have been studied in [23]].

Tensor decomposition has also been used for learning more general functions. For example,
a TT decomposition approach has been proposed for learning a multidimensional Fourier series
expansion of a function [[113]]. The authors have proposed a simple block coordinate descent
algorithm with linear complexity on the input dimension. TT decomposition depends on the
ordering of the input variables and has been shown to possess structure similar to that of a
recurrent neural network [64]], which is not desirable for non-sequential data. In addition,
unlike the CPD, the model parameters of the TT decomposition are not identifiable, i.e., the
parameterization is not unique and there exists a different set of parameters that can synthesize

the same tensor.
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Recently, a single high-order CPD model was used for modeling nonlinear functions with
finite-alphabet inputs [61]]. The problem was formulated as a tensor completion problem with
smooth latent factors. The proposed approach cannot be directly applied to continuous inputs
without a discretization step, which results in performance degradation when the discretization
is coarse, or high complexity and poor generalization when the discretization is very fine.
Generalizations of the CPD to multivariate functions of continuous inputs have been proposed
in [101,/106]. The authors assume a low-rank model of the multivariate function where each
component belongs to a reproducing kernel Hilbert space (RKHS). However, it is not clear
what class of functions this model spans, and whether this is a valid assumption for a general
multivariate function.

In this chapter, we propose a novel approach based on a generalized canonical polyadic
decomposition suitable for modeling compactly supported multivariate functions with continuous
inputs. Our model is very general since it only requires that the multivariate function has compact
support and continuous derivatives. A drawback of the models in [[101}/106] is that the complexity
depends on the number of training samples, which can be very high. For example, in the ALS
algorithm developed in [[106]], the authors propose solving a kernel regression problem for each
component at each ALS iteration, which is computationally very expensive. On the other hand,
our approach is simple and computationally efficient — a parsimonious model that naturally lends
itself to stochastic gradient updates, as we will see.

Last but not least, our use of multidimensional Fourier series to convert a continuous mul-
tivariate function approximation problem to finite multidimensional tensor decomposition is
pleasing, being near and dear to our signal processing fundamentals. Note that unlike conven-
tional uses of multivariate Fourier series, which are typically limited to 2-D or 3-D signals, our
approach entails N-D Fourier series with N that can easily run in the order of 30 — 100, and
much higher in modern applications. Our judicious use of CPD modeling enables us to tackle

problems in this regime with relative ease.

6.2 Background

In this section, we review necessary background on Fourier series that will prove useful for

developing our method.
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Figure 6.1: Fourier series representation of a function of three variables. Tensor X' € REXKXK
contains the Fourier coefficients and vectors v, va, vg the values of the (cosine) basis functions
for the input x € R3. The output is computed using the n-mode product.

6.2.1 Fourier Series

Fourier series can be used to represent a large class of periodic functions. A function f : R — R
is periodic with period T, if f(x + T') = f(z) Va € R. One class of periodic functions that can
be represented using a Fourier series, is square integrable functions f € Ly i.e., functions that

have finite energy over a single period

112, = /T (@) Pdz < oo, ©.1)

Theorem 6.1. (e.g., see [[93][p. 10]) Every periodic function f € Lo has a unique representation
of the form
. 1 A
fle) = 3 e o”, o = /T f(z)eibnrdg,

keZ

where wgy 1= 2% and (S f) :== Zfsz a0 converges in Lo to f, ie.,
lim [}k f — 1, = 0.
K—o0

Fourier series can also be used for modeling non-periodic functions with compact support.
Consider a univariate function f(-) supported on the interval [0, 1]. Note that restricting the

domain of the function on the interval [0, 1] can be done without loss of generality for any
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compactly supported function, by appropriate shift and scaling of the input. The function
f(-) can be extended to [—1,1] as an even or odd function, by defining f(z) = f(—x) or
f(z) = —f(—=z) for x < 0. The new function can then be made periodic with period 7" = 2, by
demanding that f(z) = f(z +2) = f(x — 2). This is called the even (odd) periodic extension
of f(-) and it can be shown that it is expressed by a Fourier cosine or sine series respectively.

Using the even periodic extension we have
oo
f(z) =ap+ Z apV'2 cos(kr), (6.2)
k=1

using orthogonal basis functions ¢g(x) = 1 and ¢y (z) = /2 cos(krx), k > 0.
Similar to the univariate case, a multivariate function f : [0, 1] — R, can be represented

using a tensor-product basis as

Z Z a H Ph, (x (6.3)

k1=0 N
where k = (ki,...,kyn) € NV is a multi-index . The idea of a series estimator is to approximate
f () by a truncated series with cutoffs K7,..., Ky i.e.,

Ki—-1 Kny—-1

= > - Z aka (6.4)

k1=0

Note that Equation (6.4)) defines an inner-product between two tensors. Let us define tensor X'
holding the Fourier coefficients with X' [k1, ..., kx| = ax and arank-1 tensor V = [vy,...,vy],

where v, [k,] = ¢, (x[n]). Then, the inner between these two tensors is given by

X V) =(vy®@ - @vi) vee(X
(X, V) = (v 1)” vec(dX) 65)
:XX1V1--'><NVN.

A visualization is shown in Figure[6.1] for a function of 3 variables.
Theorem [6.1] can be extended to multi-dimensional Fourier series as well. However, conver-
gence of the Fourier series does not automatically imply that a truncated Fourier series will be a

good approximation for f(-). The approximation error between the function and the truncated
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Figure 6.2: Generalization of the CPD to compactly supported multivariate functions. A com-
pactly supported function f : [0, 1] — R is represented using a sum of R rank-1 components.
Each rank-1 component is given by the product of three univariate functions.

series depends on how fast the Fourier coefficients tend to zero. The smoother the function is,
the faster its Fourier coefficients and the error tend to zero as it is illustrated by the following

theorem.

Theorem 6.2. [93][p. 164] Let p € N. If the partial derivatives g—ill LN f(x) of f(-) exist

" dzN

and are absolutely integrable for all 1, . . ., Bn with Zﬁle Bn < p then

lim (1 + |k[[5)ax = 0. (6.6)
[[kl[2—o0
In other words, oy decays faster than the sequence W Finite orthogonal series expansion
2

is mainly used in univariate or bivariate regression tasks where one has to estimate the Fourier

coefficients from input-output data pairs.

6.3 Proposed Approach

In this section, we give a detailed description of our approach. Specifically, we present our model
in Section and present two different ways for training the model in Sections
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6.3.1 Generalized Canonical Polyadic Decomposition

Our goal is to learn a high-dimensional compactly supported function f : [0, 1]V — R from M

input-output pairs {X,, ym }M_;
ym:f(xm)+wmv mE[M]7

where w,,, represents noise. The output y,, may correspond to a continuous value we want to
estimate (regression) or a discrete class label (classification). Initially, we assume that the data
points {x,,, }/_, are uniformly and independently sampled from the unit hypercube [0, 1] and
W ~ N(0,02).

We propose using a truncated cosine series expansion with cutoffs K1 = --- = Ky = K.
Orthogonal series approximation is mainly used when NV is small. When dealing with functions
of many variables the approach becomes impractical even for small K, since the number of
parameters grows exponentially with V. Even if we are able to compute the series coefficients,
the variance of the estimates can be high when M is small. More complicated estimation
procedures are required in this case involving for example, hard or soft thresholding of the
coefficients [29]. One way of dealing with these problems is to further restrict the class of
functions, using for example, additive models of univariate functions [29,/4 1]

Instead, we propose a novel approach based on low-rank tensor decomposition. Specifically,
we propose fitting a low-rank CPD on the /NV-way cosine series coefficient tensor. Let us assume

a rank-R CPD model for the coefficient tensor X
R N
Xk, kn) =Y ] aplkal, (6.7)
r=1n=1

where a’, € RX. Substituting Equation (6.7) in Equation (6.4)), we have

k1=0 kn=0r=1n=1
. K-l (6.8)
- Z Z H ay [kn|vn[kn] aj [ki]vi[k1],
r=1 ko,....ky=1n=2 k1=0

Jnr(x[1])
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where v, [k,| = ¢, (x[n]). We note that Equation can also be understood using the
mode-n multiplication property in Equation (2.7). By carrying out the computations in this

manner, the expression for f(-) is greatly simplified to

R
Fx) =D fre(x]) - S (x[N]). (6.9)

Each univariate function in Equation (6.9) can be expressed as
K—1
far(X[n]) = a) [kn]valkn] = v AL, 7], (6.10)
kn=0

i.e., each component f,, .(-) is a expressed using a truncated Fourier cosine series. Comparing
Equations (2.2) and (6.9) we can see that our model is a generalization of the CPD to compactly
supported multivariate functions. Any compactly supported multivariate function can be modeled
using a countable tensor of Fourier coefficients. Continuity allows us to truncate this tensor to
a finite one by choosing the number of Fourier coefficients. The CPD model is universal, i.e,
any finite coefficient tensor X" admits a CPD with finite rank, which implies that any compactly
supported multivariate function that can be expressed (approximated) as a finite multivariate
Fourier series can be modeled (approximated, respectively) as in Equation (6.9). The proposed
generalized canonical polyadic decomposition is visualized for a function of three variables in
Figure[6.2]

Employing this model, we circumvent the curse of dimensionality, as the number of parame-

ters drops from O(K™) to O(K N R). The output of the model given the input vector x is given

via (6.9), (6.10) as
T=CWIAL® - ®vEAN)1 = (@), vIA,)1. (6.11)

The complexity of computing the response of a new data point is O(N K R), which makes our
model suitable for high-dimensional data. The number of coefficients K controls the desired
smoothness of the function and the rank controls the expressiveness. Next, we propose two

different methods for learning the model.
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Algorithm 6.1 FSA-LR & WFSA-LR
Input: X,y, R, K
// Initialization //
if R < K then
{A, } _, < CP-GEVD(&X)
end if
repeat
// Training the model //
forn =1to N do
Solve for A, via (6.14)
end for
until termination criterion is satisfied
// Refinement step //
repeat
forn =1to N do
for k =1to K do
Solve for A, [k, :] via (6.16)
end for
end for
until termination criterion is satisfied

6.3.2 Direct Optimization

Let us denote the training set by X = [x1,...,xy/]7 € RM*N andy = [y1,...,ym]? € RM.

Our aim is to compute a low-rank representation of the Fourier series coefficients. The Fourier

ag = /01"‘/01 f(x) ok (x)dx

where ¢y (x) = H,]Ll b, (x[n]). Assuming that {x,,}M_, are uniformly sampled from the

coefficients oy are given by

unit hypercube, a natural estimator for each coefficient ay is

tﬁs

X[k, ... k] = 6 Ymbiec(Xm). (6.12)

m:

Equation (6.12) is an unbiased estimator for the coefficients i.e.,

Elax] = E[(f (%) + w)dk(x)] = ax.
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Having obtained an estimate for each coefficient, a straightforward approach is to approximate

X using a low-rank CPD model by minimizing the squared error

(Anin ] - [A1,..., AN]R[F - 6.13)

We refer to this approach as Fourier series Approximation with Low-Rank constraint (FSA-

LR). Optimization problem involves a multilinear form, and the most popular approach

for tackling this kind of problem is via Alternating Least Squares (ALS) [98]]. The idea is to

cyclically update the variables while keeping all but one fixed. The updates for each factor matrix
A, are given by

A, arg min [X™ — (O A AT|2. (6.14)

When the tensor rank is small, CPD can be computed exactly. For example, if the factor
matrices are full column rank, the CPD can be computed using a Generalized Eigenvalue
Decomposition [40,74]. In practice, X will never be low-rank due to noise. Nevertheless, in
many practical applications, the associated tensors can be well-approximated using low-rank and
the output of GEVD provides a good initial estimate.

When M is small, we expect the variance of the coefficient estimates to be large. Therefore
we use a refinement step, by weighting each coefficient inversely proportional to its variance. An

estimate of the variance can be obtained using the training set

M

—~ 1

Gty = 7 > (X[k1, . k] — ymdi(xm))?
m=1

----- M
Let us define the tensor W as W[ky, ..., ky| = 8,;11_“ kx - ‘We refine the estimate obtained
from (6.13) by solving
Juin Ve (¥~ [A1,...,AN]R)[%. (6.15)
nin=1

This is a weighted tensor factorizataion problem. Similarly as before, we can tackle the weighted
tensor decomposition problem with an ALS algorithm. The optimization problem can be
equivalently written as
_ 2
min ‘
{An F

’X(n) ~ WM @ (©iznA;) AL
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Figure 6.3: Toy example on learning a rank-1 bivariate function.

A simple update rule can be obtained by fixing all except for a single row of A,,. The update for

each row is given by

A [k, ] < argmin 2ok, — Qn g, 8nk, |17, (6.16)

An,kn

where
Zng, = X[ knl, Qi = diag(W [ kn]) (OiznA,) -

We refer to this approach as Weighted Fourier Series Approximation with Low-Rank constraint
(WFSA-LR). The full procedure is shown in Algorithm|[6.1]

Toy Example: An example to illustrate the effect of the weighted low-rank decomposition
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is shown in Figure We generate M = 100 data points {x,, ym}%zl according to

Ym = f1(Xm[1]) f2(xm[2]) + wim,

which is a product of univariate functions and corresponds to a rank-1 model. The functions

f1(+), f2(+) are defined on the interval [0, 1] as a mixture of Gaussians
fu(@) = TN (@3 1, 08 ) + S5N (23 pi2m, 03 )

where s, € {-1,1}.

The true function is shown in Figure[6.3.2] Figure[6.3.2]shows the output of the function
for 100 uniformly sampled data points, distorted by white Gaussian noise. We use these points
as our training set and compare Fourier Series Approximation (FSA) learned without assuming
low-rank against FSA-LR and WFSA-LR with rank R = 1. Figure [6.3.2] shows the funtion
learned without assuming a low-rank solution. WFSA-LR filters the noise and produces a
smoother estimate as shown in Figure [6.3.2] (where ‘plain’ FSA-LR is not shown to save space).
The improvement was also numerically verified by computing the Mean Squared Error (MSE)
at 300 unseen points. The MSE of the different methods is 0.067 (FSA), 0.039 (FSA-LR), and
0.027 (WFSA-LR).

The downside of FSA-LR and WFSA-LR is that every Fourier coefficient needs to be
estimated (but not necessarily stored, as it can be estimated on-the-fly during computations).
Additionally, in order to have unbiased estimates of the coefficients, we require that the samples
are uniformly drawn from the unit hypercube, something that we cannot guarantee in applications.

In the following, we bypass both these restrictions.

6.3.3 Hidden Tensor Factorization

An alternative approach is to fit the coefficients directly on the training data by minimizing
the error between the true and predicted response. Let us define matrices V,, € RE*M a5
V., [k,m] = ¢r (x™[n]). Recall that each output response can be viewed as an inner product
between two tensors as in Equation (6.3). We propose solving the following optimization

problem
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. 1
iy lly - @V (e a1,

N
+> ol AnlE,
n=1

where we have used the vectorized representation of the tensor X’ and p is a regularization
parameter. We observed that adding this regularization term enhances the generalization ability
of our method in pracice. The problem is conceptually similar to a linear least squares problem,
but with a tensor rank-constrained solution [[16]]. Moreover, the measurement matrix has a very
special structure, as each row corresponds to a rank-1 tensor. We refer to this approach as Fourier
Series Approximation via Hidden Tensor Factorization (FSA-HTF), because we do not directly
observe the full tensor. Instead, we aim at recovering the CPD model from rank-1 measurements
of the "hidden’ tensor. Because of the special structure of the measurement matrix, we can avoid

instantiating the tensor and the Khatri-Rao product. In scalar form we have

1 & 2
min > (ym — (@021 (Valm] An)) 1)

AN, M 2~

N
+ ol Al
n=1

Similarly as before, we can develop a simple ALS algorithm. Fixing all variables except for A,

we have

M
1 R . 2
min Mmz::l (m = Vs m]” AnQul:, m)) ©.17)

2
+ oAl

where Q,, € RF*M ith
Qn = (®izn(A]V))). (6.18)
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Optimization problem (6.17) is a least squares problem. Setting the gradient equal to zero we

have the following set of linear equations

M

% 3 (Vb m] " AuQuli,m)) Vil mlQL [ m]

(6.19)
| M
+pA, = i Z Yy V[;, m]QT [:,m].
m=1
We solve the system of linear equations using conjugate gradient descent [|11]]. Conjugate
gradient is an iterative algorithm with a complexity of O(K RM) per each iteration.
When the number of samples M is large, we propose using Stochastic Gradient Descent
(SGD). At each step we update all factors simultaneously by first sampling a batch & C
{1,..., M} of size | F| and taking a gradient step i.e,

A, +— A, —aG,, (6.20)
where « is the stepsize and G, is the gradient with respect to the sampled points

G = 57 (Voo )T A Qs m]) Viule, m)QL [, )

1 M
+ pA,, — m Z ymV[:,m]QT[:,m].
m=1

Each step of SGD has a complexity of O(N K R|F|). For the termination of both algorithms
we compute the MSE on a validation set and stop if a limit on the number of iterations has been
reached, or the validation MSE has not improved in the last 7" iterations. The full procedures are
shown in Algorithm [6.2] and Algorithm [6.3|respectively.

Initialization: It was empirically observed that random initialization was not effective in
real data experiments for FSA-HTF. The algorithm exhibits better performance when starting
from a smoother and simpler model. Therefore, when training FSA-HTF with ALS, we generate
factor matrices A,, € RX0*F where K is a value smaller than K. If the current MSE on the
validation stops improving, we augment factors A,, by adding an extra row. The algorithm is
terminated when no improvement is observed on the validation set and Ky = K. When training

FSA-HTF via SGD, factors A,, are initially set to zero except for the first Ky rows. For all
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Algorithm 6.2 FSA-HTF (ALS)
Input: X, y, X.al, Yval R, Ko, K, maXiter
Initialize {A,, € REoXF}N
repeat
forn =1to N do
Compute Q,, via (6.18)
Solve for A, via
end for
Compute MSE,,; using X1, Yval
if Ko < K and MSE,,; has not improved then

forn =1to N do

A
A, OTn

end for
Ko=Ky+1
end if
until maxje, is reached or MSEy,; stops improving

experiments we set Ky = 2.

6.3.4 Uniqueness of the proposed model

In this section, we briefly discuss conditions under which the proposed model is identifiable i.e.,
there exist unique factor matrices A,, that synthesize the tensor X. This is important because it
tells us when it is possible to recover the underlying nonlinear function, and hence learn the true
mapping between the input and output pairs.

If the function f(-) can be written as a finite multidimensional Fourier series, then under
certain rank conditions on the Fourier series coefficient tensor, the decomposition is unique.

Specifically, given a decomposition of the Fourier coefficient tensor X = [Aq,..., Ax]r, if

N

> ka, 2R+ N -1,

n=1
then the factor matrices are unique up to common permutation and scaling/counterscaling of
their columns [98]]. Here, ka denotes the Kruskal rank of the matrix A, which is equal to the
largest integer such that every subset of ko columns are linearly independent. For generic A,

and maximal « such that K > 2%, it holds that the decomposition of X is almost surely unique if
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Algorithm 6.3 FSA-HTF (SGD)
IHPUt: X’ y, Xval, Yval R’ K’ ’]:‘
Initialize {A,}Y_,
repeat
Sample | F| data points
forn =1to N do
Update A,, via
end for
Compute MSE,,; using X1, Yval
until maxje, is reached or MSEy,; stops improving

R < 2(N-1)(u—1) [22]. The upshot is that under certain rank conditions on the Fourier coefficient
tensor, it is possible to recover a unique representation of the multivariate function from a finite
set of input-output measurements.

Remark: We should mention that the above identifiability results are derived for tensors
under an exact low-rank decomposition. In practice, the Fourier series coefficient tensor will not
have an exact low-rank decomposition mainly due to noise and/or limited number of samples.
However, practical experience is that many real-life tensors can be well-approximated using
low ranks and the uniqueness results often carry even in the approximate case — as we will also
demonstrate in the experimental results section. Even when the low-rank assumption does not
strictly hold, our approach is a very reasonable “principal component” approximation and can

identify a controllable approximation of the true function.

6.4 Experimental Results
In this section, we evaluate the proposed approach on synthetic and real datasets.

6.4.1 Synthetic Data: Low-rank GCPD Model

As a first sanity check, we consider a function which can modeled using a low-rank generalized

canonical polyadic decomposition model similar to Equation (6.9).

R N
ym = Y _ | Frrmln]) + wm. (6.21)

r=1n=1
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Figure 6.4: MSE on datasets generated using a mixture of products of univariate functions (top
row) and a 1-Layer neural network using ReLU (bottom row).

Each function f;, (-) is defined on the interval [0, 1] as follows

2
For() = 30 SN (38 0%)
i=1
where s7',. takes the value +1 or —1 with equal probability, xi7, ~ U(0.1,0.4), 3, ~ 1(0.6,0.9)
and o', ~ U (0.2,0.5). We set N =5, R = 3 and generate 1000 data points that are uniformly
sampled from the [0, 1] interval. We generate the corresponding outputs using Equation (6.21).
We use 85% of the data as the training set and the remaining as the test set. We compare 6
different approaches; FSA (without low-rank assumption), FSA-LR, WFSA-LR, FSA-HTEF,
a feedforward neural network with sigmoid activation function and a feedforward neural net-
work with ReLLU activation function. The parameters of the different models, i.e., number of

coefficients, rank, number of layers and number of nodes for each layer are tuned using 5-fold
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cross-validation. We repeat the above procedure 10 times and report the average results.

We first compare the performance of the methods while varying the Signal-to-Noise Ratio
(SNR). Figure[6.4] (top left) shows the MSE on the test set as a function of the SNR. As expected,
the performance of WESA-LR is slightly better than FSA-LR. Both perform better than plain
FSA but after a certain point they reach a plateau. FSA-HTF performs the best, as it generalizes
better and is able to learn the true function. We observe that the choice of the nonlinear function
is crucial as it highly affects the performance of the neural network. Specifically, the neural
network with the sigmoid activation function performs the worst and fails to generalize to the
test set. On the other hand, the neural network with the ReLLU activation function performs
reasonably well and its performance increases as we decrease the noise variance.

Next, we compare the methods while keeping the SNR fixed and increasing the number of
training samples. We set SNR = 5 and fix the number of test samples to be 500. We vary the
number of training samples from 500 to 15000. Figure [6.4] (top right) shows the MSE on the test
set as a function of the total number of samples. Both FSA-HTF and the neural network with the
ReLu activation function are able to learn the function using approximately 1000 samples. The
performance of all methods improves as we increase the number of samples and we observe that

using 15000 samples, all approaches except for FSA, perform similarly.

6.4.2 Synthetic Data: 1-Layer Neural Network

Here we consider a function which is not necessarily low-rank. We generate 1000 data points
according to a neural network with 1 hidden layer with 20 nodes and ReLLU activation function.
We set the input dimension N = 5. Specifically, the input-output data pairs are generated
according to

y = wi ReLU(Wx), (6.22)

where W1 € R?9%5 w, € R20. We use 85% of the data as the training set and the remaining as
the test set. The parameters of the different models, i.e., number of coefficients, rank, number
of layers and number of nodes for each layer are tuned using 5-fold cross-validation. For
the two neural networks, we make sure that the true parameters are also examined during the
cross-validation. We perform 10 Monte Carlo simulations and report the average results.

We compare the performance of the methods while varying the SNR. Figure (bottom
left) shows the MSE on the test set as a function of the SNR. As before, we observe that FSA,
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Table 6.1: Datasets information.

| DATASET | N | M

QSAR AQUATIC TOXICITY (QSAR) 9 546

ENERGY EFFICIENCY (EE) 8 788
AIRFOIL SELF-NOISE (ASN) 6 1503
SKILLCRAFT MASTER TABLE (SMT) | 18 | 3337
ABALONE (AB) 8 4177
CYCLE POWER PLANT (CPP) 4 9568
SUPERCONDUCTIVTY (SC) 81 | 21263
PHYSICOCHEMICAL PROPERTIES (PP) | 9 | 45730

FSA-LR and WFSA-LR quickly reach a plateau. The neural network which uses the correct
activation function and agrees with the model that generated the data, performs the best. Note
that misspecification of the activation function hurts the performance. The neural network which
uses a sigmoid activation function performs much worse. FSA-HTF performs reasonably well
and its performance increases as we decrease the noise variance.

Next, we compare the methods when keeping the SNR fixed SNR = 5 and increasing the
number of training samples (Fig. (bottom right)). The MSE drops as the number of samples
increases for all methods. FSA-HTF and the two neural network approaches perform similarly
when we increase the number of samples to 15000.

The above experiments serve as a sanity check that our method can indeed learn a function
which admits a low-rank model, but can also learn functions that are not known to be low-rank —
such as a neural network with random weights. Moreover, we see how important is the choice of

the activation function and how it can affect the performance of a neural network.

6.4.3 Real Data

Next, we evaluate the proposed approach on several regression tasks using datasets obtained
from the UCI machine learning repository [76]]. The name and dimensions of each dataset are
shown in Table[6.1] For real data experiments we evaluate only FSA-HTF since real data are not
uniformly and independently sampled, hence violating the conditions assumed by FSA-LR. We
compare our approach against various standard baselines: Linear Regression (LR), Polynomial
Regression (PR), Support Vector Regression (SVR) with a Gaussian kernel, a Neural Network
with ReLU activation function (NNET) and a Decision Tree (DT). We also compare our method
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against two other tensor methods, namely AMP [[106]] which assumes a low-rank generalized
canonical polyadic decomposition model where each component belongs to a RKHS; and our

own earlier CSID method [61]] which leverages a low-rank CPD model but requires the input

data to be discrete (or discretized).

Table 6.2: MSE performance of standard baseline models.

| DATASET | LR PR | SVR(RBF) |  NNET DT

QSAR | 141+031 | 1414044 | 1.19£0.30 | 1.42+0.55 1.64 40.37
EBE[1] | 815+113 | 0.76+0.08 | 4.6940.68 0.31+0.08 0.30 £ 0.03
EE[2] | 1039+1.84 | 287+0.36 | 7.36+1.66 2.03+0.71 3.21+0.26
ASN | 23274174 | 1595+1.21 | 11.09+1.60 | 6.61+1.24 6.45+0.35
SMT 1.03+0.06 | 1.02+£0.09 | 1.01+0.05 1.03 +0.06 1.06 4 0.04
AB 491+030 | 454+012 | 4444021 | 4.33+022 | 529+0.22

CPP 19.574+0.50 | 17184041 | 1560+0.51 | 16.08+0.50 | 14.85+0.97

SC 315.93+6.76 | 171.52+5.41 | 213.60£6.71 | 125.12+8.13 | 130.56 +8.35

PP 27.10+0.27 | 25.054+1.06 | 21.24+£042 | 17.55+0.38 | 19.244+0.23

Table 6.3: MSE performance of CPD-based models.

| DATASET | AMP [[106] | CSID [[61] | FSA-HTF (THIS PAPER) |

QSAR 1.65+£0.50 | 1.48+£0.17 1.38 £0.53
EE [1] 0.31+0.06 | 0.184+0.02 0.16 £ 0.10
EE [2] 0.46 £0.10 | 0.34 £+ 0.06 0.24+0.09
ASN 8.73+1.29 | 3.05+0.53 4.01+0.32
SMT 0.99+0.05 | 0.9840.06 0.94 + 0.06
AB 4.75+£0.3 4.95+0.21 4.524+0.30
CPP N/A 15.25 4+ 0.45 15.00 + 0.66
SC N/A N/A 127.76 + 11.86
PP N/A 18.21 +0.45 16.77 £0.35

For each dataset we split the data into two sets; 85% used for training and 15% used for
testing. The parameters for each method are chosen using 5-fold cross-validation and we report
the average MSE of 5 Monte-Carlo simulations. When training the PR model, we test 2nd and
3rd order polynomials for all datasets except for SC due to the high computational cost. For the
neural network model, we vary the number of layers from 1 to 5 and the number of nodes for
each layer from 10 to 500. For FSA-HTF we vary the number of coefficients per mode from 5 to
50 and the rank from 5 to 30. We used alternating least squares for all datasets except for SC and
PP for which we used SGD due to the larger number of samples. All the baselines except for
CSID were implemented using the sklearn library [91].

The performance of the standard baseline models is shown in Table[6.2]and the performance

of the tensor based models in Table Among the standard baselines, the NNET approach
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works the best followed by the DT. The linear and polynomial models do not perform as well as
they are usually too restrictive in practice, especially for larger datasets. Overall, we observe that
the performance of our proposed method is very satisfactory, outperforming the baselines in 4
datasets and performing comparable to the winning method in the remaining ones. Our method
outperforms the neural network in the smaller datasets (QSAR, EE, ASB and SMT) but also in
two of the larger datasets (CPP, PP).

Compared to the tensor methods, FSA-HTF performs better in all except one dataset. AMP
is a more complex method which assumes that each component f,, ,-(-) belongs to a RKHS. It
requires solving a kernel regression for each n and r at each step with a complexity of O(M?3)
making it not suitable even for datasets of moderate size. We did not run AMP for the larger
datasets (CPP, SC, PP) since the computational complexity was very high and the algorithm did
not terminate in a reasonable amount of time (> 1 day of training including cross validation).
CSID is more suitable for datasets with discrete input as it requires a discretization step otherwise
which leads to performance degradation. As shown in table it perfoms worse than FSA-HTF

in all but one datasets which may be due to the function not being sufficiently smooth.

6.5 Chapter Summary

In this chapter, we proposed a generalized CPD representation of functions which follows
from compactness of support and continuous differentiability. Our method approximates a
compactly supported multivariate function using a tensor of truncated multidimensional Fourier
series coefficients and under a low-rank assumption in the Fourier domain, provides correct
identification of the unknown function. We proposed two learning algorithms: one that explicitly
constructs and decomposes the Fourier tensor (WFSA-LR), and another that learns the CPD
model indirectly, without instantiating the Fourier tensor (FSA-HTF). In the synthetic data
experiments, we observed that when the true function is indeed low-rank, WESA-LR requires
more data but eventually both methods converge to the same solution. For real data, FSA-HTF is
more suitable since the conditions assumed by WFSA-LR are violated. Our algorithm FSA-HTF
demonstrated promising results on real multivariate regression tasks with tensors of high-order

using very low ranks.



Chapter 7

Thesis Summary and Future

Directions

In this dissertation we studied the problems of distribution estimation and nonlinear function
approximation. We developed tensor-based approaches which are principled, intuitive and come
with identifiability guarantees. We addressed important and challenging problems that arise in

real world applications and provided thorough experimental examination.

7.1 Summary

In chapter 3| we revealed an interesting link between tensors and multivariate statistics. We proved
that it is possible to identify higher-dimensional joint probabilities from lower-dimensional ones,
provided that the higher-order probability tensor has low-enough rank. We presented detailed
identifiability analysis and provided a computational identification algorithm that is shown to
work well on both simulated and real data.

In chapter [ we studied the problem of non-parametric mixture model estimation. We built
on the results of chapter 3| and developed a two-stage approach which recovers the component
distributions of the mixture under a smoothness condition. We conducted both synthetic and real
data experiments and showed that when the underlying conditional PDFs are smooth our method
can recover them with high accuracy. Using real data, we showed that our method can work well
in data clustering tasks.

In chapter |5 we showed that identifying a general nonlinear function from input-output

93
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examples can be formulated as a tensor completion problem. We provided conditions under which
correct nonlinear system identification is possible. We extended our method to the multi-output
setting and the case of partially observed data. Finally, we demonstrated the effectiveness of the
approach using several regression tasks including some standard benchmarks and a challenging
student grade prediction task.

In chapter[6] we extended the results of Chapter [5]to multivariate functions of continuous
variables. We proposed a generalization of the canonical polyadic decomposition from tensors to
multivariate functions and showed that under certain conditions our model guarantees identifi-
cation of the unknown function from input-output data pairs. We developed two optimization
algorithms and demonstrated promising results on synthetic and real multivariate regression

tasks.

7.2 Future Directions

* Ensemble tensor models for supervised learning: In Chapter [5| we formulated the func-
tion approximation problem as a tensor completion problem. We have shown that it is
possible to enhance the performance of the proposed algorithm termed Canonical System
Identification (CSID) by utilizing ensemble learning techniques such as bagging and
boosting [62]. A drawback of these methods is that they rely on discretization of the
input features which is determined a priori and it is common for all input features. Our
plan is to reformulate the random forest method [18]] and propose adaptive algorithms for
determining the discretization. We also intend to explore different tensor models such as
the Tensor Train (TT) model.

* Non-parametric Multivariate Density Estimation: In chapters [3|and ] we studied how to
learn a joint distribution given i.i.d samples. In chapter [3| we assumed that the random
variables of interest are discrete. In Chapter 4] we extended our method to continuous
variables for a special probabilistic model — a mixture of product distributions. In this
direction we intend to explore a wider class of probability distributions and develop more

scalable algorithms. Ongoing work in this direction have been reported in [4].
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