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Abstract

We consider a one-dimensional body and assume that the total stored energy fun-
ctional depends not only on the local strain field but also on the spatial average of
the strain field over the body, weighted with an influence kernel. We investigate the
problem of minimizing the total stored energy subject to given end displacements. The
general existence theory for this problem is reviewed. Then, we narrow our study and
concentrate on certain fundamental aspects of nonlocal spatial dependence by restric-
ting our consideration to the case of a convex local energy and an exponential-type
influence function for the nonlocal part. We find explicit solutions and show their
characteristic properties as a function of the parameter that measures the extent of in-
fluence in the nonlocal kernel. We then study in detail the behavior that results when
the total stored energy functional looses its coercivity. In this case, issues concerning
the local and global stability of extremal fields are considered.
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1 Introduction.

Consider a one dimensional body B represented in its reference configuration by the point
set

B:=(0,]) C R,

where IR represents the set of all real numbers. Let x € B denote a material point of
B and let a deformation of B be given by a continuous mapping y(-) € C(B,IR). Then,
u(z) := y(z) — z is the associated displacement field for all z € B and we let e(-) := u/(+)
denote the strain field. A common hypothesis in the theory of materials is to assume that B
supports a certain total stored energy functional E(:) : D — IR U {oco} where D is a given
class of continuous displacement fields in C(B, IR). In such theories, the stable equilibrium
states of the body B are then supposed to be those displacement fields that minimize E(-)
over D subject to given boundary conditions. In this work we are interested in the fixed
displacement problem, for which A € R := {x € IR : z > 0} is given, and we seek a
displacement field ug(-) € A~ (B) such that

E(u) =  min E(u), (1)
where
As(B) :={u(:) e D: /Be(a:) dr = A and e(z) > —1 for a.e. x € B}. (2)

Here, we require e(z) > —1 to ensure the invertablility of the deformation y(-). The particular
functional form of the total stored energy functional E(-) will invariably affect the class of
displacements D over which the minimum is sought. Any useful set D must be rich enough
to guarantee existence of an energy minimizer, while at the same time be sufficiently focused
to allow application of direct methods in the calculus of variations.



A variety of forms for the total stored energy functional F(-) have been considered in
recent years. In [6, 8]', the body B is assumed to be elastic and the total stored energy
functional consists of the integral over B of a sole nonconvex integrand composed with the
strain field e(+). In that case, the set D may be taken to be the Sobolev space W1?(B), 1 <
p < o0, and the problem (1) generally leads to highly nonunique minimizers. In fact, for
certain A > 0 there are minimizers that oscillate wildly between two different values of
strain on subsets of the body B that are fixed only in measure. A method of removing such
indeterminateness is to modify the total stored energy functional so as to include a penalty
regularization that participates in the minimization and, in a sense, forms the basis of a
selection criterion. This approach has been employed in two different, but related, attempts
by Gurtin, Slemrod and Carr [3] and by Walter [13]. In the first, higher order gradients
are introduced into the total stored energy functional, thereby creating a penalty (through
increased energy) for the formation of regions where rapid changes in the strain field occur.
In the second approach, the dependence of the total stored energy on a localized gradient is
generalized and replaced by dependence on the spatial average of the strain field weighted
with an influence kernel. This approach requires less hypotheses on the local smoothness
of admissable strain fields and, in a first order approximation for smooth fields, is arguably
reducible to the gradient model. We shall adopt the nonlocal approach here.

Specifically, we suppose that the total stored energy functional for B, is of the form

Bs(u) = /B (W(e(2)) - e(x) /B fs(z — 2)e(z)dz}dz, (3)

where e(z) := /() for every z € B. Here, W(-) represents the local pointwise contribution
of the strain field to the total stored energy of B. This portion of Fjs(:) usually is referred
to as the bulk or local energy (Figures la and 1b). In general, W(-) : R — Rt U {co} is
assumed to satisfy

Hypothesis 1 (Bulk Energy). W(:) : R — R" U {oo} is a continuously differentiable
function such that

()
lim W(e) = lim W'(e) = oo, (4)

e—00 €—00

(i) 3a, b€ (0,00) such that 0 < a < b < oo and W(-) is convex on (—00,a] U [b, o0).

1The work of [6] concerns the question of coexistent phases in Gibbsian thermostatics and thermodynamics
and is more general than implied here. In particular, it addresses the elementary thermoelastic bar problem
for nonconvex energies.
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Figure 1b. The derivative W’(e) of the bulk stored energy W (e).

The second term in (3) represents the nonlocal part of the constitutive assumption and
expresses the spatial strain dependence via an influence function fs(-). Given z € B, the



function fs(x — 2) in (3) serves as a weight on the relative influence of the material strain
e(z) at a point 2 in a 6-neighborhood of . Specifically, f5(-) behaves as a weighted identity
approzimation and is assumed to satisfy

Hypothesis 2 (Spatial Energy). For 2 <p < oo, fs(-) € LY(IR) is a nonnegative, mono-
tonically decreasing even function with the following properties:

(i) 3@ > 0 such that /m, fs(x)dx = @, V6> 0 (fized total spatial influence),

(1) || fs(z — )||q.8 = O, uniformly Yz € B as § — oo,

(111) Vé(-) € LP(IR), /IR fs(x —y)o(y) dy — ap(z) in LY(IR) as 6 — O (identity approz.),
where 1 < q¢ < 2 satisfies 1/q+ 1/p = 1.

The requirement that fs(-) is monotonically decreasing in Hypothesis 2 reflects the idea that
the ability of a point z € B to affect the local stored energy at a point x € B decreases as
the distance between the two points increases. The parameter § € (0, 00) is a measure of
the localization of the influence; a particular choice for the influence function should reflect
the view that for small §, a large percentage of the mass of the function fs(-) is concentrated
at the origin. Figure 2 illustrates a possible influence function that is compatible with this
hypothesis. This is the essence of statement (iii) in Hypothesis 2.

1.2

fs(z)

0.4 -
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Figure 2. A possible influence function: fs(z) := %e{ ((5) ) ! for |z| < 6 =0.3, 0.8.



To more clearly distinguish the difference between the local and nonlocal parts of the
total stored energy functional, it is instructive to introduce an' alternative form of (3). For
this, we let fs(-) be as in Hypothesis 2, define

= /Bfg;(lf — 2) dz, (5)

and suppose that e(-) € LP(B). Then a simple application of the Fubini-Tonelli theorem and
the evenness of fs(-) allows us to rewrite Es(-) as

= [Weew) - as@ @) + 5 [ fole - 2)el@) — e(z))dz) da. (6)

The spatial kernel in (6) now is clearly seen to be zero on any strain field that is constant.
In fact, the nonlocal convolution in (6) is exactly that portion of the energy functional
that penalizes the total stored energy for strain fields that exhibit nonconstant behavior.
Moreover, if u(-) € WP(B) is given, independent of §, then it follows from the total stored
energy (3) and Hypothesis 2, (ii) and (iii), that

hm Es(u / W (u — au/(v)* dw (7)

and

hm Es(u / W(u (8)

We wish to consider the following fixed displacement minimization problem: Given A €
IR* and p € [2,00), determine uo(-) € ALP(B) such that

Es(uo) = eﬁ%‘,{l(B)Eé( w), (9)

where

ALP(B) = {u(-) € W"P(B) : /Bu’(a:) dr = A and e(z) > —1 for a.e. z € B}, (10)

and W'?(B) is the usual Sobolev space of functions such that for some p € [2,00), both
the function u(-) and its generalized derivative u/(:) = e(:) are elements of LP(B). We say
that a displacement field u(-) : B — IR is admissable if u(-) € ALP(B). In order to assure
that there exists a minimizing sequence for (9) which posesses a weak limit in ALP(B), we
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must.make two assumptions. The first is a coercivity hypothesis on the total stored energy
functional Ejs(-). This hypothesis provides for a uniform bound on any minimizing sequence
{tn}nenw C W'P(B), and thereby ensures that such a sequence is precompact in W1?(B). In

that case, there is a subsequence {un, }rew that converges weakly to some uo(-) € Whr(B)
[5, 9]. Specifically, we require Es(-) to satisfy

Hypothesis 3 (Coercivity). 3 p € [2,00), 01 > 0 and d; € IR such thatVe € R

W(e) — Blel* > oylel? +dy (11)
where

B := sup as(x).
zeB

In order to guarantee that a solution of (9) is also locally invertible (i.e., e(z) > —1 for
a.e. ¢ € B), and consequently residing in ALP(B), we also assume the following

Hypothesis 4 (Stiffness). The bulk energy function W(-) : IR — IRT U {co} has the form

W()eR" : ee(~1,00)
W(e) = : (12)
00 : e € (—o0,—1]

where, in particular,

ligll Wi(e) = — I}I—nl W'(e) = oo. (13)

The stiffness hypothesis penalizes a deformation y(-) by assigning an infinite amount of bulk
energy when distinct points in the reference configuration B occupy identical positions in the
deformed configuration y(B). Therefore, if W (-) satisfies Hypothesis 4, any displacement field
u(-) € WhP(B) which satisfies |Fs(u)| < oo, necessarily has the property that u'(z) > —1
for a.e. x € B. In the remainder of this section, we require W(-) to have the form as given
in (12).

The question of existence of a solution to (9) is difficult to answer if the bulk energy W (-)
is nonconvex. This is because, in this case, the first portion of the energy functional (3) is not
generally weakly lower-semicontinuous (w.l.s.c.) on WhP(B). However, since fs5(-) € LI(B),
it follows from slight modifications of known theorems [5, 9, 14], that the nonlocal portion
of Es(+) is weakly continuous on W?(B). This observation, and an awareness of classical
approaches in existence theory [5, 7], directs us to consider the auxillary relazed problem.
Let



W+(e) := sup {g(e) : g(e) < W(e) Ve e IR and g(+) is convex },

and define
Er(u) = /3 (W*(e(z)) — e(z) /B fs(z — 2)e(2)dz)da. (14)
The relaxed problem associated with (9) is then to determine uy € AL?(B) such that

E§(ug) = EI/Itllin(B) E5(u). (15)
u€AJP

Regarding (15), since W*(-) is convex, the local portion of (14) is now w.ls.c. on W2 (B)
[5, 9], and therefore, the relaxed energy E;(u) is as well. Consequently, we may prove [9]
the following

Theorem 1 (Relaxed Existence)? Let (4), (11), and (12) hold for some p € [2, 00) and
let fs(-) € L1(IR) satisfy Hypothesis 2. Then,

i) inf Ej(u)=:0)=1,:= inf Es(u) € IR,
6), B =G = et B

(1) 3 uo(-) € ASP(B), and a sequence ui(-) € ALP(B) such that
(a) up — ug in WiP(B),

(b) E§(uo) = lim Ey(uy) = L.

The derivation of the classical Euler-Lagrange equations as necessary conditions for pro-
blems (9) and (15) becomes a nontrivial matter when the stiffness Hypothesis 4 is assumed.
Two difficulties are encountered in the classical derivation. The first is that given a function
u(-) € ALP(B) and a possible variation u(-,€) := u(-) + en(:) for n(-) € WL=(B), it is not
immediate that u(-,€) € ALP(B) when ¢ is sufficiently small. In particular, it is not clear

2We note that the hypothesis on f5(-) is only a sufficient condition; it 1ﬁay be weakened. In particular,
aside from evenness, all that is needed from Hypothesis 2 is that fs(-) € LI(IR). Moreover, if we relax
definition (10) to include noninvertible deformations, replacing A1>’P (B) by

AYP(B) = {u(-) € WHP(B) : /Bu’(x) dz = A},

then Theorem 1 also holds as stated, provided we drop the stiffness Hypothesis 4.



that e(-,€¢) > —1 for a.e. £ € B holds for ¢ — 0. Fortunately, this problem can be circum-
vented with a clever choice of variations [1]. The second problem is more serious. Since
we do not know that e(-) is bounded below away from —1, there is no reason to believe
that W'(e(-,¢)) € L'(B) as e — 0. This presents a serious obstacle to the necessary step
of interchanging the differentiation of (3) with respect to € and the first integral operation.
For the purely local problem with no spatial dependence, this difficulty was circumvented in
[1, 2], and in [9] we determine necessary and sufficient conditions, similar to those in [1], to
ensure that this process may be undertaken. These conditions are given in the following

Theorem 2 (Euler-Lagrange)? Let (4) and (12) hold for some p € [2,00). Let fs(-)
satisfy Hypothesis 2, and assume that 3M, C > 0 such that |W'(e)| < Clel?, Ve € [M, c0).

Suppose ug(-) € ASP(B) is such that Es(ug) = l,. Then, the following three conditions are
equivalent:

(i) 3eo > 0 such that

/ (W (uh(2))] dz < oo,
{—1<u6<—1+€0}

(i) 3o € IR such that for a.e. z € B

W (eo(z)) — 2 /B fs(z — 2) eo(2) dz = o, (16)

(111) essinf eg(z) > —1 and esssupep(z) < oco.
T€EB z€B

Observe that if the hypotheses of Theorem 2 hold and wug(-) is a solution of either (9)
or (15), then, because of (16), eo(-) must necessarily be nonconstant. This property is an
immediate and obvious departure from solutions of problem (1) when the energy functional
is purely local, even including higher order gradients [3, 6, 8]. In these works, it is shown
that when A/l & [a,b], the global minimizer for (1) is a constant.

In solving (9), we have found [9] that a further necessary condition for minimizers of
Fs(-) results as a direct consequence of (i) in Theorem 1:

2As in Theorem 1, the stated hypotheses may be relaxed. Specifically, regarding (4), (12), and Hypothesis
2, we essentially need f5(-) € LY(IR), and W(-) : IR — IRU{oo} to be continuously differentiable to guarantee
the truth of the theorem. Also, if we relax definition (10) to include noninvertible deformations, replacing
ALP(B) by AY?(B) (see footnote in Theorem 1), then conclusion (iii); does not apply and conclusions (ii)
and (iii); in Theorem 2 follow as direct implications of the stated hypothesis, except that in the formal
statement of Theorem 2 we should require |W'(e)| < Cle|? for every |e| € [M, 00), and exclude (12).



Corollary 1 (Weierstrass Condition). Let uo(+) be as in Theorem 1 and suppose that
the hypotheses of that theorem hold. Then, for ae. x € B, V) € (0,1) and V €1, ¢y €
IR such that eg(z) = Nep + (1 —N) ey, ’

Wi(eo(z)) < AW(a) + (1= X)W(e). (17)

In particular, the Weierstrass condition requires that any solution of (9) must posess a
strain field eo(-) whose range nontrivially intersects (—1, a] U [b, c0) almost everywhere in the
body B (see Figures 1a and 1b). This places a restriction on the type of strain discontinuities
a solution ug(-) may support. These restrictions are called jump conditions and, for simple
discontinuities, are summarized in

Corollary 2 (Weierstrass Jump Conditions). Let the hypotheses of Theorem 2 and
Corollary 1 be satisfied. Suppose that xq € B 1s such that

eo(zo —0) = e1 # ey = eg(xo +0)
holds. Then,
(i) W(er) = W(ea) =: 7,
(ii) Tler — e3) = Wi(er) — W(es).

This corollary implies that a simple discontinuity in a minimizing strain field must occur at
the Maxwell stress, denoted by @ here and in Figures 1a and 1b.

In the remainder of this paper, we shall restrict ourselves to a specific convez bulk energy
W(-) and an exponential influence function fs(-). This approach isolates the nonlocal pro-
perties of the body from any effects that could be attributed to a nonconvexity in W(.),
and allows us to solve problem (9) explicitly. We believe that this opens a clear pathway to
understand the fundamental effects of nonlocal spatial dependence.

2 The particular model: A necessary differential equa-
tion.

We now focus on the minimization problem (9) in the case that the bulk energy W(:) is a
positive definite quadratic form with minimum at zero. We also assume an exponential form
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for the nonlocal influence function fs(-) which satisfies Hypothesis 2. Thus, in the remainder
of this work we take W(e) = ke?, where k > 0, and define

folm) = Fe ¥ (18)

for all n € IR, and nonzero a,§ € IR*. Since W(-) does not exhibit any singular behavior
at ¢ = —1, we will take the class of admissable displacement fields for the minimization
problem (9) to be as in (10) ezcept that the condition of e(x) > —1 for a.e. z € B is omitted.
In this case, the stiffness hypothesis (12) is not relevant, and in the remainder of this work we
replace (9) by the following minimization problem: For p € [2, 00), determine u,(-) € AY?(B)
such that

Es(uo) = Lo Es(u), (19)
where
AW (B) = {u(-) € WYP(B) : /B W(z)dz = A} (20)

Since |W'(e)| < 2ke? for every |e| > 1, and fs(-) € LI(IR) for every ¢q € (1,00), Theorem 2
then implies that if u(-) € A(B) is a solution of (19) for p = 2, then u(-) € A"*>°(B) and
there exists o € IR such that the following Euler-Lagrange integral equation holds:

T(z) := 2ke(z) — 2/6]‘5(3: —2)e(z) dz =0 for ae. z € B. (21)

It is clear that any solution u(-) of (19) may be adjusted on a set of Lebesgue measure
zero so that it still solves (19) and satisfies (21) for every point & € B. Thus, for all z € B,
it follows that '

g

e(z) = %/0 folz — 2)e(2) dz +% /Il fole = 2)e(2) dz + 5, (22)

and because of the form of fs(+) in (18), we see that u(-) must be at least of class C3(B),
thereby justifying the following argument: Observe that by differentiating (21) and use of
(18) we readily obtain

T'(z) = 2ke'(z) + % /Oz fs(x — 2)e(z) dz — % /zl fs(x — 2)e(z) dz.

11



Again; by use of (21) we see that

T'(z) + %T(x) — 2ke(z) + %2/6@(9,«) - % : fi(@ — 2)e(2) dz. (23)
and
, 1 , 1 4 o
T'(2) ~ 5T() = 2kd(@) — ;2ke(a) + 5 /0 fs(a — 2)e(z) dz. (24)

Finally, by adding (23) and (24) together and differentiating once more, we find

%(T’(z)) — oke'(z) + % £5(0) e(z) — 52_2 | " (o — 2)elz) de, (25)

which, because of (18), (21), and the fact that T = o, produces the following ordinary
differential equation for e(-) :

¢'(z) + %(2“62_ k) e(z) = —#. (26)

This ordinary differential equation represents a necessary condition on any solution of
(21), and it is easily solved by standard methods, yielding a two parameter family of solutions.
These parameters combine with o to give three free constants at this stage in the solution
to the minimization problem (19). In the next section, this nonuniqueness will be removed
by returning to the original Euler-Lagrange equation (21) to gain sufficient conditions for
its solvability. Of course, it is also essential to note that any solution u(-) € A»°(B) of (21)
is required to satisfy the fixed displacement condition

/Be(w) dr = A. (27)

If we apply the standard Taylor expansion argument of “approximation”, as was proposed
and advanced by van der Waals [12], to the nonlocal part of the functional (6) we are guided
to replace the functional in (6) by the gradient model

Ef(u) = /B{W(e(ﬂC)) — as(z)e’(z) + bs(x)[e ()]} da (28)

at the lowest non-trivial order of approximation, where

bs(z) := %/B(z —z)?fs(z — 2) dz. (29)

12



If 6 is sufficiently small it can be shown from (5), (18) and (29) that as(z) ~ 2a and
bs(x) ~ 2a6® except near the boundary of B. In any case, for W(e) = ke?, the Euler-
Lagrange equation associated with the minimization of (28) subject to the constraint (27) is a
regular second order ordinary differential equation for e(z) containing an unknown Lagrange
multiplier constant. The natural boundary conditions will require e’(z) = 0 on 8B, and
these, along with (27), will determine the three constants of this theory. Since the more
complete nonlocal theory does not require €'(z) to vanish at the boundary 0B, we expect
that at least in a neighborhood of 0B the “approximation” will break down. Moreover, if
W (-) is nononvex, there is strong evidence [10] to suggest that similar breakdowns of the
boundary layer type occur even in the interior of B. Later, we give examples of the nonlocal
theory for convex W (-) which show that large strain gradients do occur at the boundary 95.
If, in (28), as(x) and bs(z) are simply replaced by constants then for convex W (-) the strain
field that minimizes (28) subject to (27) is constant.

3 The structure of admissible extremals.

The differential equation introduced in (26) has solutions whose form depends on the sign
of the expression 2a — k. Here, we show that in each of the three cases k > 2a, k = 2a, and
k < 2a, the solutions of (26) are compatible with the Euler-Lagrange equation (21), if and
only if a certain 2 x 3 system of linear equations for three arbitrary constants is satisfied.
These equations, coupled with the fixed displacement condition(27), yield a 3 x 3 linear
system whose solutions are guaranteed to solve the Euler-Lagrange equation (21).

For the remainder of this work, it is convenient to introduce the material parameter w > 0
defined by

, (30)

2 _ |k—2a
A

and to let ¢, ¢; € IR denote the arbitrary constants that are contained in the general solution
of (26).

Case (1) k > =2a: Here, (26) implies that

o
e(z) = ere®® + e + oo (31)
and this, with (18) and (21), yields
2ac 2acy aoc > -z
T(=) = 0+<1+w5+1—w5+k—2a ¢’

13
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—2abc; + 2acy — %a = 0,

oa /.,

(2al + 2a6)c; + 2ac, — iR (& + 2680 + 26%) = o (36)
2 3
- ley — —
201 + (e 12]{)520 A.

Any solution (c1,cz,0) of this system, when coupled with (34), necessarily solves (21) and
the associated fixed displacement condition (27).

Case (3) k < 2a: Proceeding as before, we see that when k < 2a, the general solution
of (26) is

g

e(r) = c¢; sinwxr + ¢y COSWZ _
(z) = @ 2 Yok~ 20)

(37)

Upon substituting (37) and (18) into (21) and preforming a significant amount of tedious
integration and simplification, we get

T(.’L“) = o0 + <k01 — kwbey + ﬁg) e’

+ (k coswl — kéwsinwl) cleng_ll

+ ((k) sinwl + kwb COSCUZ) Cy + (16:;201)0) emgl

= o. (38)
As in the previous two cases, it follows that the coefficients of e and e™ % in (38) must

vanish. This, together with the fixed displacement condition (27) applied to (37), then gives
the following system for determining c;, ¢z, and o:

a
kCl — kw(502 + (]C——Qa)g = O,
(k coswl — kdwsinwl) ¢
+ (ksinwl + kwé coswl) ca + (k—a—Qa)a = 0, (39)
sinwlc n 1 —coswlc N [ s = A
w w > T 2(k — 2a) B ’

15



As in the Cases (1) and (2), any solution of this system, when coupled with (37), necessarily
solves the Euler-Lagrange equation (21) and the fixed displacement condition (27)

For easy reference, it will be convenient to denote the coefficient matrices of the linear

systems (33), (36) and (39) for the Cases (1), (2), and (3), respectively, as A; where i =
1, 2, 3. Then, by defining

0 C1
d:=| 0 , c:=1| ¢ |, (40)
A o

the relevant linear systems for the respective Cases (1), (2), and (3) may be written in the
compact form

Aic =d for 1=1,2,3. (41)

In view of (41), if we wish to exhibit a unique solution of (21) and (27), then we must be
assured of the existence of the inverse matrices A; !for 4 =1, 2, 3. In the next section, we
see, unequivocally, that A; ' exists for the Cases (1) and (2), i.e., 4 = 1, 2. However, some
interesting existence and stability questions arise for the Case (3), i.e., i = 3. These issues
will be considered in Section 5.

4 Analysis of minimizers in the Cases (1) and (2):
k > 2a.

In this section we study the existence and uniqueness of solutions to the minimization pro-
blem (19) for the Cases (1) and (2). To begin, we note that in these two cases the coercivity
hypothesis (11) is satisfied, for p = 2, by the stored energy functional (3) with W (e) = ke?
and f5(-) given by (18). To see this, we first observe that (5) and (18) yield

z—1

as(z) = 2a —a(ed +e 5 ). (42)
Thus,

x—1

k—as(z) = (k—2a) + a(e® +e 5 ), (43)
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and since a(e? +6Lz5;12) is bounded below away from zero on B, it follows that for W(e) = ke?
the coercivity hypothesis (11) holds for p = 2. Further, since W(-) is convex and fs(:) €
L(B) for every ¢ € (1,00), Theorem 1 implies that there exists a solution u(-) € AM2(B) of
the minimization problem (19) if £ > 2a. Theorem 2 then implies that u(-) € A4*°(B), and
also that u(-) satisfies the Euler-Lagrange equation (21); thus it must have one of the smooth
forms generated in Section 3. To determine whether any of these forms actually solves the
minimization problem (19) for Cases (1) and (2), we must then solve (41) for i=1, 2. From
Theorem 2, we note that since any solution u(-) € A“P(B) of (19) must necessarily reside
in AY*(B), and A"*(B) C A'7(B) when p € (0,00), then I, = Iy, for every p € (2, 00).
Therefore, any solution u(-) of (19) for p = 2 actually solves (19) for every p € [2, 00]. Thus,
for the remainder of this work we will assume without loss of generality that p € [2, o0],
keeping in mind that our initial analysis required p = 2.

Case (1) k > 2a (¢ = 1): In this case, a straightforward calculation using A, as defined
in (41), and inferred from (33), gives

detA;, = 2ad? (—1+e“"+(5w+e“"6w)

(2—26""+lw+e""lw—l5w2>
e 2a—k)w(-1+6w)’ (1+6w)

(e’wl6w2—252w2+2el‘”62w2)
+ .
el (2a —k)w(=14+6w)*(1+6w)’

Then, because of (30) and the inequalities @ > 0, kK > 0, we see that dw # 1, and it
follows that the denominator of (44) is strictly negative. Also, since w > 0, the first term
of the product in (44) is nonzero as well. Now, let G(w) be defined as the numerator in the
second term of the product in (44), and note that, equivilantly,

Gw) = (e —1)(Iw? + 2w*6?) + Y(w), (45)

where ¥(w) = (lw — 2)e" + lw + 2. Then, it follows that ¢(0) = 9'(0) = 0, and that
" (w) > 0 for every w > 0; thus, ¥(w) > 0 on (0,00). Combining this with the positivity
of G(w) — Y(w), we see that G(w) > 0 for every w > 0. Therefore, the determinant of A;
is nonzero for every w > 0 and A7! exits and is unique for every w > 0 when k£ > 2a.
Thus, ¢ = A7'd uniquely solves (41), and with (40) we conclude that (31) generates the
unique solution of (19) for every p € [2,00]. Specifically, while the computation of A7' is
long and tedious, because of the simple structure of d, it is straightforward to determine c,
i.e., ¢, co and 0. We find
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2aw

a = _kG(w)A’
2aqw e
Co = — kG(w) A, (46)
2 (k- 2a)w <1+e“"—6w+el“’6w>
g =

G(w)

When (46) is substituted into (31) and simplified, we obtain the following minimizing
field for (19) in the Case (1):

dwalA w [
el cosh{w(z — 5)} + 2(k+2a)'

e1s() = — (47)

Clearly, ey s(+) is smooth and symmetric about = = [/2 for all § > 0, and it follows from
(30), (46)3, and (47) that e; s(-) > 0 on B if and only if A > 0.

It is of interest to consider the asymptotic behavior of (47) as § — 0; i.e., as the spatial
dependence of the material becomes more locally concentrated. To do this, we first recall
from (30) that w™! = O(6) as § — 0. Then, (45) yields

Gw)w le™ =1(1 4+ bw) + Ow™), (48)

and with (30) and (46) we obtain

B —2qe W A
T R0 + bw) + Ow )
o = —2o A, (49)

k(1 4+ éw) + O(w™1))

2 (k - 2a) (1+e) + 6w (1 - e“""))A
(1 + bw) + O(w™1)

Then, using (31), we find

2 ze(0,0)
ero(r) = }g% e16(r) = ,
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Which, of course, also follows from (47). We note, from (30), that the discontinuity exhibited
in (50) at the boundary points is nontrivial, approaching a maximum of A/l as k | 2¢ and
a minimum of 0 as £ — oo. In order to manifest this behavior as 6 — 0, the strain field
e1,s(-) of (47) supports high gradients in localized regions near 8 while exilibiting nearly a
constant value of A/l in the interior of B for small positive §. These high gradient boundary
layers become sharply focused in the limit § — 0 as seen in F igure 3.

1.2

Tel s@)l g

0.6 .

0.4 '

Figure 3. The minimizing strain field of (47) for £ = 3a and for various values of the
influence parameter 6.

It is straightforward to show [9, 14| that fs(-) given in (18) satisfies Hypothesis 2 with
@ = 2a. Therefore, using (7), for u(-) € A"P(B), we observe that

Eo(u) := lim Fs(u) = /B (k - 2a)u/(2)? de. (51)

The unique solution of the minimization problem (19) for the functional Ey(-) is well known
for the case k > 2a ; it is the constant strain field A/l [6, 8]. Thus, we conclude that the
limit of e; 5(+) as § — 0 coincides with the minimizer of Ey(-) over A'P(B) everywhere except
for x € OB. This assertion also holds if we replace Ey(:) with the analagous gradient model
of Gurtin, Slemrod and Carr [9].

Now, we wish to show that the asymptotic behaviour of the minimizing displacement
field uy 4(-) € AYP(B) associated with (47) respects that of the functional Ej in the limit as
6 — 0, in the sense that
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%1_I}I(l) E&('U,Lé) = EO(%I_I;I(I) Ul’g). (52)

To do this, we first observe, from Theorem 2, that if u(-) € AV?(B) solves the Euler-Lagrange
equation (21), we have

Es(u) = /B{/cu’(vr:)2 — u'(z) /z;fé(x_ 2)u'(z) dz} dx
= %/Bu'(x) dz
1

Then, recalling (49)3, we see that

Az
lim Bs(u16) = (k - 20) —, (54)

which allows us to conclude (52).

Note, from (46);, that for a given displacement A the stress o is linear in the gross
displacement A. If we temporarily rewrite (46); as

o = @) A, (55)

for a fixed [, k, and a, then it readily follows that 0¢/d6 > 0. Thus, for a given gross
displacement A > 0, if the material is replaced by one of lesser spatial influence (i.e., if § is
decreased) then the level of stress necessary for equilibrium is decreased. We conclude that
a focusing of the spatial dependence through the influence function fs(-) by reducing the
value of § acts as a softening agent in the effective stiffness modulus of the material® (see
Figure 4). The limiting value of o as § — 0 is 2(k — 2a)A/; exactly the value predicted by
solving (19) for Ey(-).

In the limiting case 6 — oo, the identity approximating property of the spatial influence
function fs(-) is essentially nullified by (ii) of Hypothesis 2 on the spatial energy. This
asymptotics identifies the limiting form of the minimizing displacement field as the effect of
spatial dependence is “turned off”. Analogous to the previous discussion, we find

3Similarly, for a fixed I, a, and é, we have that 9¢/0k > 0, and therefore when the material is replaced
by one of greater elastic stiffness k the level of stress necessary for equilibrium is increased. This hardening
effect is illustrated in Figure 4 by the uniform raising of the stress-influence graphs as k is increased relative
to a.
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. A
615{.1051,6(33) =7 (56)
and
: A
61_1_’1{.10 Es(uy6) = Eoo(T), (57)
where, according to (8), we have defined
Fw(u) := /Bku’(m)2 dz (58)

for u(-) € AY?(B). In this case, no discontinuity appears at the boundary points of B in
the limit. This is due to the diminishing magnitude of the nonlocal spatial term in Fjs(-) as
o — o0.

45 T T T T

35 | Case k =3a - .
30 L Case k = 5a — |
Case k = 10a —

l 25 —
20
15 F _

10 -

e~
©-
[l
NS
o

~[>

Figure 4. The normalized effective stiffness modulus ¢(8) of (55) for the cases k = 3a,
k = 5a, and k = 10a.

Case (2) k = 2a (i = 2): Here, we recall 4, as defined in (41), and inferred from (33),
to obtain
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o a®l(l + 26)(1% + 616 + 1262

Clearly,l detA; # 0 and A;! exists and is unique for every § > 0. Hence
¢ = Ay "d uniquely solves (41), and with (40) we find that (34)

of the minimization problem (19) for every p ¢ [2, 00]. We fin
given by

, as in Case (1),
generates the unique solution
d that c, i.e., ¢, ¢y, and o, is

6
“ = Erens g et
66(1 + 26)
K BT 6P 1 128> (60)
2
o 24k6 R

B+ 6126 + 12167

When this is substituted into (34) and simplified we find that

62,5(1‘) =

1262 + 616 + 212 — 6(x — )2 A
2 ( 2)7 (61)

12 + 616 + 1262

is the minimizing strain field for (19). Because A > 0, it is clear from (61) that ey () > 0
on the entire body B. As in Case (1), we note that ey s(+) is smooth, symmetric and even
about x = /2.

The asymptotics for this case behave somewhat differently than in the previous case.
‘First, the limiting strain field in B as 6 — 0 is not a constant field as it is in Case (1), but
rather it is a positive, inverted parabola, symmetric about x = [/2. Specifically, we have
from (61) that

37 — 12(z — §)*A
T

E (62)

e20(z) = %i_I}(l)@Q)g($) =

From (61), we see that the maximum strain for any given 6 > 0 is achieved at z = [/2
and, according to (62), this value increases to 3A/2[ at ¢ = 0. Similiarly, the minimum
positive strain is achieved for x € JB and this value decreases to 0 at § = 0 (see Figure
5). Recalling (7), we note that in this case Fo(u) = 0 for all u(-) € A"P(B). Thus, every
displacement field u(-) € A"(B) is a solution to the minimization problem (19) for Ey(-),
including the constant solution A/l as in Case (1). In this case (k = 2a), the effect of
localizing the spatial influence by letting 6 — 0 produces a negating effect on the coercivity
of the functional Ejs(-) that is induced by the bulk energy W(-). This competition appears
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to act as a selection mechanism in choosing the particular limiting strain field e, o(+). The
fact that Eo(-) = 0 is respected in the energy asymptotics is seen via (53) and (60’), ie.

%1_1:[(1) Eg('ngyg) = Eo((lsl_r)% ’U,Q,g) =0. (63)

To continue, we observe from (60); that the stress o is linear in A. Moreover, similar to
the behavior as found in Case (1), here we find the same softening behavior in B due to the

localization as & — 0 of the nonlocal influence. In this case, however, the limiting effective
modulus is zero.

Figure 5. The minimizing strain field of (61) for £ = 2a and for various values of the
influence parameter 9.

In the alternative limit § — oo of zero spatial dependence, the limiting strain field and
total stored energy are identical to those recorded in (56) and (57) for the Case (1).

5 The minimization problem in the Case (3): k < 2a.

Contrary to the straightforward analysis in Cases (1) and (2) given above, this case presents
a number of difficulties to determining a minimizer of problem (19), if, in fact, one exists.
The most pressing problem is that for k£ sufficiently less than 2a, an unavoidable violation
of the coercivity hypothesis (11) occurs, thereby disallowing the application of Theorem 1
and its consequential conclusion of existence. Moreover, due to the highly transcendental
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nature of the elements of the coefficient matrix As, as defined in (41) and inferred from (39),
even the determination of an extremal field of the form (37), that solves the Euler-Lagrange
equation (21) becomes problematic. In fact, when k < 2a, we shall obtain a positive, strictly
decreasing sequence {6, }ncm, of values of the influence parameter 6§, corresponding to certain
zeros of detAs, such that for each n, limy_; |Es(uss)| = oo, where ug4(-) € AYP(B) is any
extremal field that solves (21). Moreover, when § = 3n, we show that there does not exist a
field u(-) € AYP(B) that satisfies (21). Also, by studying (21) as a Fredholm integral equation
of the second kind, we shall identify a second sequence of values of the influence parameter

6, corresponding to other zeros of detAs, which completely characterize the extremal fields
u(-) € A'?(B) that do solve (21).

5.1 General extremal fields: Existence and asymptotics.

First some remarks concerning coercivity which, according to the coercivity hypothesis (11),
is related to the aggregate sign of k—as(+) on the body B. Recalling (43), we see that k—as(-)
is bounded below away from zero on (0,[/) whenever 2a — k < 2ae®. This is equivalent to
the condition that

-2 k 1
- —In(1-=—)) = (0,=).
6 E (07 l ln( 2CL) ) (07 6* )

(64)
Thus, 6* is the greatest lower bound to the set of all § > 0 such that the functional E(-) is
coercive. It follows that when § < é*, the coercivity Hypothesis 3 fails and, as a consequence,
the existence theorem, Theorem 1, cannot be applied to such a situation. This, of course,
does not mean that a solution of (19) does not exist for & < 6*, but rather, the loss of
coercivity motivates a more delicate and detailed analysis of the existence question. We
begin with some preliminary asymptotic limits.

From (39) and (41), we easily find that detAs has the form

detA; = 8a> — (8a* + il:;—Z(Z(L — k) coswl — (4alw (k — a) — 8a*6w) sinwl. (65)

Of course, the system (41) has a unique solution ¢ = Az'd for ¢, ¢y, and o when the above
expression is nonzero. To explore this possibility, we note from the definition of w in (30)
that detAs; has an infinite number of zeros in any neighborhood of § = 0, and that these
zeros possess a limit point at § = 0. Further, we note that for r :=1{ /9,

a(detAg)

k a
= 4a%(4= + 16— —1 66
5> a*(4= + 16, —16), (66)

r=0 k
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which vanishes only when k = 2a. Since (detAz),—o = 0, we then may conclude that whenever
0 < k < 2a there exists a 6 > 0 such that for any ¢ € (6, 00), detA; does not vanish. Hence,

for ¢ sufficiently large and finite, (41) is uniquely solvable for c. In any case, when detAs # 0,
we find

2aAw(2abw(l + coswl) + 2asinwl)

“T det A, ’
4adwsin(%)(2abw cos(4) + 2asin(4))
“ - detAs ) (67)
s = 2k(2a — k)wA(4adw coswl — 2a(6%w? — 1) sin wl)
- det Ay :

We denote the resulting extremal strain field of (37) by e3 5(+) and its associated displacement
field in A"P(B) by u34(-).

In the limiting case 6 — oo, we know from (30) that w = O(1/6), and from (65) we
obtain

k — 2a
wé

detAs = ( 4al + 8a26wl) w + O(w?). (68)

This, with (67) and the form for ess(+) given in (37), then justifies the conclusion that for
every T € B,

A
= (69)

e3.00(T) 1= 611'120 ess(z) =

While this result follows the same pattern as that observed earlier in the Cases (1) and
(2) corresponding to k > 2a, when an attempt is made to evaluate the limit of e3s(-) as
6 — 0, we encounter problems. One complication is due to the large number of zeros for
detAs present in any neighborhood of zero, and another is that lims_,ow = oo. These two
facts, coupled with (67) and (37) indicate that the extremals of (21) will possess a highly
oscillatory spatial behavior and unbounded character with respect to 6 as 6 approaches 0.
This is what we see in Figure 6.
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Figure 6. Solution of the Euler-Lagrange equation (21) and the fixed displacement
condition (27) for k£ = a.

With a view toward obtaining a complete characterization of the fields u(-) € A'P(B)
that solve (21) in the present case when k < 2a, we observe that (21) is a Fredholm integral
equation of the second kind, which naturally suggests that we first analyze the associated
homogeneous problem. For this purpose, let ¢(-) € L'(B), and define

£sb(z) = /B fslz — 2)p(2)dz . (70)

Then, for o =0, (21) becomes

e(z) = —£se(x), (71)
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and from (37) and (39) we see that the general solution of (71) is of the form

e(xz) = cicoswr + cysinwz, , (72)
where the pair (¢, ¢o) must nontrivially solve the system
kcy — kwée, = 0,
(73)

(kcoswl — kwésinwl)e; + (kwbdcoswl + ksinwl)e, = 0.

Clearly, a necessary and sufficient condition that this be the case is that detA = 0, where A
is the coefficient matrix for (73). Since

detA = (26wcoswl — (6*w? — 1)sinwl)k?, (74)

it follows that detA = 0 if and only if

wl=Mn-4Hr : k=a;neN
(75)
tanwl:m%éw?— : k#a

Recalling (30), we see that (75) places a restriction on the parameters k, a, §, and [ in order
for (71) to be solvable; we say that the ordered set A := {k, a, 6, [} € IR* is an eigenset if
its elements combine so as to satisfy detA = 0. It will be convenient to separate the possible
eigensets into the following two types: A is a Type I eigenset if

k .
Ae {{k,a, b1} : sinwl = —E&u and coswl = —;(52(,02 - 1)}; (76)
a
A is a Type II eigenset if
: k koo o
A e {{k, a6 1} : sinwl = aéw and coswl = 2—(6 w® = 1)} (77)
a

Note that in the case k = a, where dw = 1 according to (30), this separation corresponds,
respectively, to the choice n = even or n = odd in (75).

In general, then, (71) is solvable if and only if A is an eigenset. In that case, (73) requires
ker A = span{(éw, 1)}, and so the solution (72) must have the form
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e(z) = c(bwcoswz + sinwz). (78)

Moreover, we see from (76)-(78) that

e . 0 : AisaTypel eigenset
/Be(x) dz = ;{&usmwl —coswl + 1} = . (79)
2% : Ais a Type II eigenset

Let us now require e(-) to satisfy the fixed displacement condition (27). It is clear from
(79) that when A is of Type II, (71) has a unique solution which satisfies (27) for every
A € IR and that solution is identically zero if and only if A = 0. Explicitly, we have

A
ess(z) = %(&u coswx + sinwx). (80)

When A is a Type I eigenset, we conclude from (79) that there is a one prameter family of
solutions of (71), all satisfying the zero fixed displacement condition (i.e., A = 0), of the
form given in (78). We note, from (53) and the fact that here we are setting o = 0, that the
total stored energy of the family (78) is zero, independent of c;.

Having completely solved the homogeneous problem, (21) with ¢ = 0, and characterized
those fields that satisfy the fixed displacement condition (27), we now use these results to
completely analyze the case ¢ # 0. Thus, we now consider

e(z) = —£se(z) + —, (81)

coupled with the associated fixed displacement condition (27). Recalling the expression for
detAs in (65), we see that

0 : Ais a Type I eigenset
detA; = . (82)
16a> : Ais a Type II eigenset

Thus, if A is a Type II eigenset, there is a unique solution of (81) of the form (37), (67),
which satisfies the fixed displacement condition (27) for every A € IR; that solution is
nonconstant, and is identically zero if and only if A = 0. In any case, however, by (67)3 it
follows that ¢ = 0, and this reduces (81) to the homogeneous case (71). Unfortunately, when
{k, a, 6, I} is not an eigenset, the general problem of determining whether or not detAs is
zero is algebraically complicated and not readily solvable. Recalling the general form for As
as implied by (39) and (41), we instead have the following
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Lemma 1. The linear equation

A3C - d, (83)

as defined in (39) and (41), has a solution ¢ = (c1,ca,0) for d = (0, 0, A) # 0 if and only
if either A = {k, a, 6, I} is a Type I eigenset or detAz # 0.

Proof. Let A # 0 and suppose that x = (21,23, 23) € ker AT. Then, (d,x) = Az; and (83)
will have a solution if and only if 3 = 0. Here (,-) is the usual inner product on IR3. Thus,
with ATx = 0 it readily follows that

z3=0&1z + 29 = 0, (84)
and, if x # 0, that
bw + sinwl + dwcoswl = 0, (85)
and
1 — coswl + dwsinwl = 0. (86)

But, according to (76), this implies that A is a Type I eigenset. On the other hand, if
ker AT = {0}, then x = 0, and we must have detA; # 0. Thus, we conclude that

dL ker AT & {A is a Type I eigenset or detAs # 0} (87)

to complete the proof. O

Since we are interested here in the situation o # 0, and since ¢ must vanish if A is a
Type II eigenset, then according to this lemma, we need only consider the two possibilities:
Either detAs # 0 and A is not an eigenset, in which case the unique solution of (81) and the
fixed displacement condition (27) is given by (37) and (67), or A is a Type I eigenset. For
the latter case, we know that detA; = 0 and we see from the definition of Az in (39) and
(41), and w in (30) that

k —kéw k——aj(-i
Ay = | B kb eo | (88)
k6 kbSw l
a a  2(k—2a)
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Performing a standard Gaussian reduction and simplifying we arrive at two results for the
case when A is of Type . First, by (37), (39), (41) and (88), the general solution of (81) and
the fixed displacement condition (27) is given by the one parameter family

: 2aA A (59)
e(z) = cy(bwcoswz + sinwz) — mcoswx + 3 5
Secondly, we find
2(k — 2a)A
T T v 26 90
? [+ 26 (90)

Recalling that k < 2a, we see that the stress is of opposite sign to the displacement, which is
contrary to physical reasoning and suggests that such an equilibrium state would be unstable.
It is of interest to observe from (53) and (90) that when A is a Type I eigenset, the total
stored energy Ejs(u) for an extremal u(-) € A"?(B), as implied by u'(z) = e(z) and (89), is
non positive, finite, independent of ¢z, and bounded below.

5.2 Stability analysis.

In order to better understand the instabilities in the material model for £ < 2a, we next
observe the following elementary properties of Type I eigensets. Suppose that the three
parameters 0 < k < 2a and [ > 0 appearing in the ordered set A = {k, a, 6, [} are given and
fixed. Then, a brief inspection of the definition in (75) and (76) implies that there is a strictly
decreasing sequence p; := {6(n)}new of positive, real numbers such that each collection
{k, a, 8ny, I} is a Type I eigenset. Moreover, p; is bounded above, and lim,_,« 6»y = 0.
Thus, 01y € pr is the largest member of the sequence. Similiarly, if instead we hold , a,
and ¢ fixed in the ordered set A, then there is a strictly increasing sequence ¥; := {len) tnew
of positive, real numbers such that each collection {k, a, 8, I(,)} is also a Type I eigenset. In
this case, Ny is bounded below by [(1) with lim,_ ln) = oo. Identical observations based
upon (75) and (77) also hold for Type II eigensets, whose relevant sequences we denote by
orr = {6™}new and Ny := {I™M},c, respectively. It so happens that for every n € IN,
we have 6,y € (61, 6() and I,y € (IM,1+V), which roughly stated says that “between”
any two Type I eigensets there is a Type II eigenset.

It is clear from (82) that detAs vanishes at Type I eigensets but not at the eigensets of
Type II. On the other hand, it follows from (30), (65) and (76) that

a2 db B 6(2n)

1 d(detAs) 4(2a — k) (
5:5(71)

2+ L) > 0, (91)
b(n)

Thus we see that for each n € IV there must be a S(n) € (O(nt1), O(ny) such that detAg(S(n)) =
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0. By (53), (67)s, and (74) we know that if uss(-) € A'P(B) is an extremal such that
detAs # 0, then

20kwA?(2a — k)detA
detA3 '

Ea(u&g) = (92)

Since detA is continuous in & and detA(é(,)) # 0, we may conclude from (91) and (92) that
for every n € IN,

lim Eé(Ugyg) = +00. (93)
6'—’6(11)

This highly irregular behavior of an extremal field, and our earlier conclusion concerning
the boundedness of Fs(-) on extremals when A is a Type I eigenset, suggests that there is a
bo € (0, 6(1y) such that for every 6 < &y, the functional Fs(-) will cease to be bounded below

in AYP(B). If this is the case, then the material will be globally unstable when § < §,. This
is the essence of

Theorem 3. Let 0 < k < 2a and ! > 0 be given. Then, 36, € (0,61)) such that V6 € (0,6),

it A0 = 0 o9

Proof. Let 0 < z; < 23 < 23 <[ be given. Define
AL T €[z, 3)
ex(z) =< d(A) :  z € (3,24 , (95)
0 . xEeEB-— [.’L'l,l'g]

zvhe)re A € IR, and ¢()) is determined so that (95) satisfies the fixed displacement condition
27), i.e.,

Mzy — z1) + 6(N\)(z3 —Z9) = A. (96)

Hence, if we let u,(-) € A"P(B) be such that u}(-) = ex(-), then with the aid of (95) and (6),
for the particular model of Section 2, we find that

Bs(w) = (k - 2a)a) + (k — 2a)8[¢(\)]?

— 208 (M(e78 = 1) + [pV)*(eF — 1)) - 2a620(N) P, (97)
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where o := 1y — 21, =23 — T2 and Ps := (1 — e % — e+ e‘ggz_ﬁl). Upon using (96)
we see that
4abalN, _s 2a(k — 2a)A  2a0AP;
Es(uy) = c(k,a,0,6,640) +{ 7 (78 — 1) — 3 -3 1A
(k — 2a) , L
+ {(k — 2a)a + —ﬂ——a — 2ab(e”¢ — 1)
2060, _s 2a06 Ps
i (75 — 1) + 5 } A2, (98)

where c(k, a,a, 8,6, A) is a real constant. Now, for simplicity, we assume that o = 8 =1/2.
Then, the coefficient of A? in (98) reduces to the form

46 20, _ 1
h(6) = al{(% —2) - R d - 1)+ (e H - 1)), (99)
and we see that
. , k
6hm h(6) =kl >0 (lslrr(l) h(6) = (; —2)al <0, (100)

for every 0 < k < 2a, and that h'(6) < 0 for every 6 € (0, 00).

In the remainder of this proof, we shall show that there is a single positive root 8§y of
h(6) = 0 which is less than é(;) and such that for any ¢ € (0,6), h(6) is negative. Then, for
any such ¢ it will follow from (98) that Fjs(u,) is unbounded below in the limit as A — oo,
as claimed in (94).® Specifically, let us consider h(6)/(al) from (99) as a continuous function
g(, ) of the two variables (k/a,l/6) € Q := (0,2) x (0,00) C IR?. Then, it follows from (100)
that the point set Qo := {(k/a,l/6) : h(§) = 0} consists of a single, plane curve that separates
Q into two disjoint, connected, open sets; namely Q. := {(k/a,l/6) : g(k/a,l/§) > 0} and
Q_:={(k/a,1/6): g(k/a,l/6) < 0}, where Q = QoUQ,; UQ_. The pointset € is determined
by a simple numerical computation, and this is shown in Figure 7. For fixed parameters
0<k<2aand!>0andé € (0,8), the function h(§) is indeed negative. Similarly, we may
use (30) to write (76) in terms of the variables (k/a,l/6) € Q and obtain the plane curve Q)
that corresponds to the eigenset {k, a, 6¢1), I} of Type I which contains the largest member
(1) in the decreasing sequence ;. We also have shown this in Figure 7, where it is clear
that for fixed parameters 0 < k < 2a and [ > 0 we have 6, € (0, 61)).0

3Certainly, for k and a such that 0 < k < 2a and @, 8 > 0, one may use (98) to numerically determine the
maximum value of §y such that (94) holds for a field of the form (95). This computation is easily completed
when k and a are given. We performed a number of numerical computations for various choices of the
parameters o and 3, all of which indicated that the value of §; is maximized when o = § = [/2. We have
no formal proof of this, however.
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Figure 7. Admissible values of {/6 and k/a for (1) the curve Qq defined by A(§) = 0 from
(99); (43) the curve Q1) which defines the mazimal Type I eigenset {k, a, 61, [} from (30)
and (76); (iti) the curve Q, determined by the coercivity condition (64) for 6*.

Given k, a, and [ such that 0 < k < 2¢ and ! > 0, Theorem 3 provides sufficient conditions
on the parameter § > 0 to ensure that the total stored energy functional Fj(-) is unbounded
below on AM?(B). Superimposed on Figure 7 is a graph, which we denote by Q., of 1/6* vrs.
k/a from the coercivity condition (64). Recall, 6* is the greatest lower bound to the set of all
positive § where the functional Es(+) is coercive. From this figure we see that for fixed k, a,
and [, as 6 runs through a decreasing sequence, the functional Ejs(-) first looses its coercivity
at 6 = ¢* and then, after passing § = §, < 61y < 6*, it is unbounded below on AbP(B). In
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the remainder of this work we shall investigate the sign of the seconq yariati?,n of 125() in
an attempt to determine the stability character of Es(-) in the “sta,b.lhty gap” [bo, 6%, ie.,
between € and Q, in Figure 7. We begin by considering this quest}on for the case when
A = {k, a, 6, 1} is a Type I eigenset corresponding to either the maximal 6 = §(1) in gy or,
equivalantly, the minimal [ = l(1y in R;. These values lie on the curve Q) in Figure 7.

First, suppose u(-) € AY(B) is a solution of the minimization problem (19), and intro-
duce the set of null fields

ALP(B) = {n(-) € AY(B) : A = 0}. (101)

Then, for every € > 0 and null field 7(-), we see that u(-) := u(-)+en(-) € A¥P(B). Necessary
conditions for u(+) to solve (19) are

8E5(u€)
Oe

62 E5 (ue)
O¢?

> 0. (102)

e=0

e=0

The first condition in (102) reduces essentially to the statement of Theorem 1 and the

necessity of the Euler-Lagrange equation (21). Given 7(-) € Ay?(B), we observe that the
second condition in (102) reduces to

82E5 (ue)

52E5(U,77) = He2

= 2 [ (k@) - W@ L@} dz >0, (103)

e=0

where the expression §2Fs(u;n) denotes the second variation of the functional Fs(+) at u(-) in
the direction 7(-). We say that a solution u(-) € A?(B) of the Euler-Lagrange equation (21)
is locally stable if for every 1(-) € Ay?(B) we have 62Es(u;n) > 0. If instead 62Es(u; ) < 0,
then we say that the given displacement field is unstable. We emphasize here that the
positivity of the second variation of Fs(-) at a field u(-) does not necessarily guarantee that

the field u(:) is globally stable in the sense that it is a solution of the complete minimization
problem (19).

To determine those 6 > 0 for which there is a null field n(-) with the property that
62Es(u;n) < 0, we minimize the second variation (103) over the class of null functions
AyP(B). Since 62Es(u;n) is a positive scalar multiple of the original total stored energy

Es(-), we have, by Theorem 2, that if n(-) € Ay?(B) is an extremal of the second variation,
then there exists a pu € IR such that

n(z) = % /B folw = 2y () dz + L (104)

Now suppose A = {k, a, 6, [} is a Type I eigenset. Then, by our previous discussion concer-
ning (71)-(80) we know that there is a nontrivial null function n(-) € Ay”(B) such that n(-)
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solves (104) when p = 0. It is then immediate from (103) that in this case 62E5(u; n) = 0
This extremal function n(-) can now be used as the building block for a classical “Jacobi-
type” stability argument. Recalling the sequences p; = {6m)}tnew and ¥; = {ln)}nemw
corresponding to Type I eigensets, we have the following

Theorem 4 (Jacobi). Let 0 < k < 2a and 6 > 0 be given. Let Iy > 0 be the minimal
element of Ny, so that {k, a, 6, l(1y} is a Type I eigenset, and let | > lyy. Suppose that Es(-)
denotes the total stored energy functional for the body B := (0,1), and that u(-) € A*?(B)
satisfies the Buler-Lagrange equation (21). Then, 3n(-) € Ay?(B) such that

6*Es(u;n) < 0. (105)
Proof. From the previous discussion concerning (71), there is a 7(-) € Ay” (Bqy) such that
/ 1 !
@) =+ [ filo -2 () dz (106)
Bay

for every z € By, where By := (0,l1)) C B. Let 7(-) € Ay”(B) be defined such that

n'(z) : ze(0,ly))
() = (107)
0 . T € [l(l), l)
Then, using (103), (106) and (107) we see that
8Es(w;f) = 2 {kn*(z) — 7'(2) fs(x — 2)n'(2)dz } dx = 0. (108)

By B

While (108) shows that 6*Fjs(u; -) evaluated at 7(-) € Ay?(B) is zero, we will now show that
6*Es(u; ) is not minimized at 7(-) over the set Ag?(B). This will establish (105)

To carry this out, we suppose, for contradiction, that i(-) is a minimizer of 62Es(u; )
over AgP(B). Then, the first variation condition (104) requires A(-) to satisfy

(@) = ¢ [ e =2 dz + o (109)

for all z € B and for some real constant p. Because of (107), this yields the following
necessary conditions:
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1
7(z) = —/ sz — 23f(2)dz + p Yz € By, (110)
k JBg,

and

g fs(x—2)n'(2)dz + p =0 Vz € ln,l). (111)
m

Using (106), we then see that p = 0, so that if 7(-) is to be a minimizing field, then (111)
must hold with p = 0. But, by analogy between (71) and (106), and the general solution
(78) of (71), we know that 7/(-) must be of the form 7'(z) = ¢(bw coswz + sinwzx), where ¢
is an arbitrary constant. Thus, carrying out the relevant integration using (18), we find that

/B fs(x — 2)n'(2)dz = —kbwee™ T # 0. (112)
M

Since this contradicts (111) for p = 0, we conclude that 7(-) does not satisfy the first variation
condition (109), and therefore it cannot minimize §2F;s(u;-) over Ay?(B). In light of (108),
the proof is completed. O

In physical terms, Theorem 4 says that when all other parameters are fixed with k£ < 2a,
if the length [ of B is large enough (> [(1)) then an extremal of Es(-) in A'P(B) is unstable.
Alternatively, if all other parameters except the influence parameter § are fixed, as above,
then such an extremal is unstable if § is small enough (< 64)). This is the content of

Corollary 3. Let 0 < k < 2a and [ > 0 be given. Let 64y > 0 be the mazimal element of the
sequence g, so that {k, a, 6n), l} is a Type I eigenset, and let 0 < 6 < 6¢1y. Suppose that

u(+) € AP(B) satisfies the Euler-Lagrange equation (21) for Es(-). Then, 37(:) € Ap?(B)
such that

6*Es(u;n) < 0. (113)

Proof. Let v € (0,1) be such that 6 = ¥6() and observe from (21) that u'(-) = e(-) is
supposed to satisfy

e(z) = 'Il{_:/Bfé(-T —z)e(z)dz + @ Vz € B, (114)

for some o € IR. Let 7 := x/v and Z := z/v and define é(z) := e(yz). Then, recalling (18),
we may rewrite (114) in the form
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G))

/ foy(@ — 2)é(2)dz + « (115)

By

for every z € (0,1), where [ := [/ and B := (0, I) D B. Thus, by applying Theorem 2 we
see that é(-) satisfies the Euler-Lagrange equation for the functional

By, (w) = [ {keé*(z) — e( / fém 2)e(z) dz} dz (116)

Bz

defined for all u(-) € A"P(By). Since {k, a, 81, I} is a Type I eigenset and, in the present

case, B C B fory € (0,1), we may conclude using Theorem 4 that thereis a n() € Ay P(By)
such that

8% Es,, (13 m) < 0, (117)

where 4(-) € A" (B(p), with @'(-) = &(-), satisfies the Euler-Lagrange equation (115). Finally,
by recalling (18) and making a standard change of variables of intergration in the expression

By (i57) = 2 [, (@) = (@) [ fuoy(o =D dspde, (119
Bay

we observe that

BBy (i) = = [ {P) = () [ folo - i (2) d} o,

1
= ;62E5(u; ), (119)

where 77'(z) := 7/(z/7) for every x € B. Then, since it is clear that 7(-) € A;?(B), we see
from (117), (119) and the fact that v > 0, that (113) holds. O

The previous theorem and corollary prove that if k, a, and [ are given such that 0 < k£ < 2a
and [ > 0, and if 0 < 6 < (1), where §(1) is uniquely determined from (75) and (76) as the
largest element of g, then the extremal strain fields derived in Section 3 and given by (37)
cannot correspond to local minima of Es(-) over AYP(B). Similarly, if the material paramters
k, a and 6 > 0 are given such that 0 < k < 2a and 6 > 0, then the model becomes unstable
if the reference length [/ of the body B is chosen sufficiently large (I > [)). Given such
suitable arbitrary values of k, a, and [, we observe from Figure 7 that () is strictly less than
6*. Thus, as ¢ runs through a decreasing sequence of values, the functional Fs(-) first looses
coercivity at 6* and then for all 6 < 4(;) we now know, according to Corollary 3, that the

37



model is unstable. The value of § = éy, corresponding to the curve {2y in Figure 7'Where the
model shows global instability, is less that 61y and the ordering 6y < oy < 6*' is natural.
The “stability gap” referred to above in which the stability character of Es(-) is gnkgown
has now been narrowed to those 6 in the interval [61), 6*], i.e., between €)(;) and 2, in Figure
7. In fact, we will now narrow this gap further and show that the mazimal member 6V of
the sequence pr; corresponding to Type II eigensets {k, a, o) [} provides a lower bound
such that for all § > 61 the second variation 62Fjs(u;-) at the solution u(-) € A"(B) of
the Euler-Lagrange equation (21) is positive. Moreover, we will see that 6 is below 6* and
above §(1y so that the remaining “stability gap” is again narrowed to those ¢ that belong to
the interval (81, 6().

We observed earlier, following (104), that the second variation §%FEs(u;-) vanishes in a
particular direction at § = é(1), and that there is a direction in which it is negative for every
6 < 6). Based upon an approach discussed in a remark at the end of this paper, it is
possible that the “stability gap” can be further narrowed and, in fact, possibly eliminated.
For arbitrary k, a, and [ such that 0 < k¥ < 2aand [ > 0, we show that thereisa ¢ € (é(y), sW)
such that the second variation is strictly positive on Ag?(B) for every 6 € (6,00), thereby
narrowing the “stability gap” to [§(1),0) C [61), 6V)]. To proceed, we examine the eigenvalue
problem for the homogeneous problem (21) (i.e., 0 = 0), with a goal toward using the
equivilancy between the eigenvalue problem and its associated minimization problem to
conclude the positivity of the second variation 62Es(u; -) on an extremal field u(-) € A(B).

Consider, for A € IR and ¢(-) € L*(B),

8(z) = > Lag(a) (120)

for all z € B. By analogy with the Euler-Lagrange equation (21) in Section 2, we conclude
that a necessary condition for ¢(-) to solve (120) is that ¢(-) satisfy

8'(z) + %(zm ~k)é(z) =0 VzeB. (121)
The general solutions of (121) contain two arbitrary, real constants c; and c,, and separate
into three classes depending upon the sign of 2a)\ — k. Let C; denote the upper left 2 x 2
submatrix of A;, as inferred from equations (33), (36), and (39), and defined in (41), except
that everywhere in A; we replace a by a). Then, by the discussion in Section 3, it is clear
that solutions of (121) solve (120) if and only if the coefficient matrix C; has a nontrivial
kernel, where here the subscript i = 1, 2, 3 refers to the cases 2a)\ < k, 2a) = k, and
2aX > k, respectively. We easily see from the linear systems (33) and (36) that if 2a\ < k,

then kerCy = kerCy = {0}. Therefore, a solution of (120) is possible only if 2aA > k.
Thus, by introducing £ > 0 through ‘

1 (2
K=o (%A - 1) : (122)



we recall from (73) and (74) that ker C3 # {0} if and only if

26k cos kl = (6%k* — 1) sin &l. (123)

In this case, similar to our analysis in the first half of this section, we infer that there is
a strictly increasing sequence of eigenvalues & := {A\n}nemw, having a minimum element,
denoted by ), and satisfying lim,_,., A\, = 00. Moreover, we may separate the members of

S into two distinct classes depending upon whether n is odd;

. k ko oo
= : = 6 — 1 24
{smml a)\fcé ; coskl 20)\(/{ )}, (124)
or whether n is even;
inkl = —“ k8 1 coskl = —— (k262 — 1) (125)
sinkl = —— ; = 55 .

The eigenfunctions for (120), which we denote by ¢,(-), are therefore of the form

On(2) = cp(knb cos Kpx + sin K,T) (126)

where £, has the obvious definition from (122). Also, we conclude from (122), (124), (125)
and (126) that

0 . niseven
/B¢n(w) dr = } (127)

Z%L : mis odd
n

Since 2a)\, > k > 0 for every n € IN, it follows that & C (0,00), and therefore, the linear
Hilbert-Schmidt operator £4(-) is symmetric and positive definite [4]. We may assume with-
out loss of generality that for every n € IN, the eigenfunctions ¢,(-) have been normalized
so that ||¢n|l2 = 1, and in this case we have ¢2 = (la\,/k + 6)~'. Consequently, since the
eigenvalues )\, are distinct, we have that (¢;, #;) = 6;;, where é;; is the ususal Kronecker
delta, and (-, -) denotes the usual inner product on L?(B) [4]. Then, if we define

D, :={p(-) € L*(B) : (p,¢x) = Ofork=1,---,n—1}, (128)

it follows from the extremal properties of eigenvalues for operators of this type [4, 11] that
for every n € IN and nontrivial p(:) € D,,
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k
0 < (£Lsp,p) < =llpllz, (129)

where equality holds if and only if p(-) o ¢,(-). Now, we recall the sequences p; ane p;y

which characterized, respectively, the Type I and Type II eigensets {k, a, 6(n), [} as defined

n (30), (75), (76) and (77) for n € IN. Then, according to (122) and (123) the sequence of

eigenvalues  possesses the following elementary properties relative to gp; and p;7, which we

state without proof.

Lemma 2. Let 0 < k < 2a and | > 0 be given, and choose Oy € pr and 6§ € prr. Then,
(1) if n € IN is fized, A, strictly increases as a function of 6,

(Z) 6= (5(m) S Ao =1,

Then, using (129), we have the following

Theorem 5. Let 0 < k < 2a and | > 0 be given, and suppose that u(-) € A"P(B) is a
solution of the Euler-Lagrange equation (21) for § > 60). Then, for every n(-) € Ay*(B),

62 Es(u;m) > 0. (130)

Proof. Suppose § > (1), choose 7(-) € Ag”(B), and assume without loss of generality that
I7’]l2 = 1. Then, by (103), (128) and (129), we observe that

PEs(win) = 2 [ () - /(@) £sr/ (@)} da
> 2 (o) - (o)l @)} do
1 v
= 201 - ). (131)

By Lemma 2, we may then conclude that 6 Es(u;n) > 0. However, by (129), we see that the
inequality in (131) is strict unless 7'(-) = ¢;(-), and this cannot happen since 7(-) € Ay?(B)
and ¢, (-) satisfies (127),. O

In Figure 8 we show all of the information contained in Figure 7 and in addition we illu-
strate a graph, denoted by Q) of 1/6() vrs. k/a for the Type II eigenset which corresponds
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to the maximal value of § = 6(). Earlier, we observed that 6() < 6 and this is certainly
confirmed in Figure 8. More insightful, however, is the observation that () < &*, where,
recall, §* defines the coercivity limit in the sense that Es(-) is coercive only if § > ¢*. Because
of Theorem 5, this means that for k, a and [ given such that 0 < k < 2a and [ > 0, and for
any 6 > 61y the solution u(-) € ALP(B) of the Euler-Lagrange equation (21) is locally stable,
even though for 6 € (6(V,6*] the existence theorem, Theorem 1, for the minimum problem
(19) does not apply. With this result, we have narrowed the “stability gap” to those 6 in
the interval [6(1), 6M), as is shown in Figure 8.

40 T T T

30 ]

Qp —

] Qq)

5 20 _
15 F B
10
5 [
0

0

Figure 8. Stability diagram showing loss of coercivity (1, the stability gap bounded by the
dotted curves Q(;y and Q) the loss of local stability ),
and the loss of global stability €.
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In this gap we have not determined the stability character of Ejs(-).

Remark in closing: A possible approach to the remaining problem of characterizing the
“stability gap” is to use the eigenfunction theory developed above in an attempt to either
increase from ¢(;) the threshold for local instability, or to decrease from 61 the threshold
for local stability. In particular, suppose u(-) € A"P(B) is a solution of the Euler-Lagrange
equation (21), and define null functions n(-) € Ay*(B) by

n(a) i= [ {bion(6) + w(e)} e, (152)

where b, € IR, ¢1(-) is the eigenfunction associated with A;, and w(-) € D;. Then, the
definition of Ag”(B) coupled with (122) and (127) implies that w(-) has nonzero mass, and

that L o)
e
by = 2m1( p +6) /Bw(x) dzx (133)

holds. By substituting (132) and (133) into the second variation (103), and recalling (120)
and (129), we observe that

2
PEs(win) = o ([w@ds) + Kl - (Lo, w) (134)
> o ([ w(:c)d:c>2 + R — 2wl (135)
il 1 B )\2 29
where
_ k.1 lak 20

It then follows from Lemma 2 that, given k, a, and [ such that 0 < k£ < 2a and [ > 0, the
expression oy, given by (136) is nonpositive for all § € [§1), 6] In this case, we conclude
from (135) and the Cauchy-Schwartz inequality that

1
8°Es(u;n) > (oal + k(1 - /\—2))|IUJ||§ (137)

must hold for every § € [§.1), 6] and w(:) € D;. Moreover, with the aid of Lemma 2, we
see that there is a 6 € (§(1), 6("') with the property that for every 6 € (§,6(")] the expression
oxnl + k(1 — A1) is positive. Therefore, since L*(B) = D; @ {a¢:(-) : o € R}, we may
conclude from Theorem 5 that

62 Es(u;n) > 0 (138)
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holds for every 7(-) € A;”(B) and 6 € (8, 00), and therefore, the extremal field u(-) € AYP(B)
of (21) is locally stable. For the particular choice of material parameters k = q and | = 1,
this analysis yields a marked improvement on §1) as a lower bound for local stablility. For

this case, we have

6" = (2n2)7! ~ 0.7213,

W = 2~ 06366 (139)
A 2~ 02122

® = 3 = 02122

and, by numerical analysis of the expression oxl+k(1=2;") in (135), we find that § ~ 0.35.
This means that for any § > 0.35 the extremal field u(-) € A"P(B) that solves the Euler-
Lagrange equation (21) is locally stable. Earlier, we had found this to be true for any
6 > 6M and so an improvement has been accomplished. To completely answer the question
of stablility for the remaining “stability gap” [6(1), 0], a more thorough study of (134) should
be completed, but we do not attempt this here.
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