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Abstract

We consider the classical Cauchy problem for the 3d Navier-Stokes equation
with the initial vorticity wy concentrated on a circle, or more generally, a linear
combination of such data for circles with common axis of symmetry. We show
that natural approximations of the problem obtained by smoothing the initial
data satisfy good a-priori estimates which enable us to conclude that the orig-
inal problem with the singular initial distribution of vorticity has a solution.

We impose no restriction on the size of the initial data.
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Chapter 1
Introduction

In fluid dynamics, vortex flow is one of the fundamental types of fluid and gas
motion. The most spectacular form, called concentrated vortices, is character-
ized by local circulation of fluid around a core [AKOO7]. Among all vortical
structures, vortex rings with closed-loop cores are perhaps the most familiar
to our daily experience such as the well-known smoke rings of cigarettes and
the vortex rings observed in the wakes of aircraft. Actually vortex rings are
plentiful in turbulent flows of liquids and gases, but are rarely noticed unless
the motion of the fluid is revealed by suspended particles. A striking feature of
a vortex ring is that it moves in a direction that is perpendicular to the plane
of the ring, in general changing its shape and propagation speed as it proceeds.

The fascinating vortex-ring structure has also been observed in many other
physical systems. In [MK96, MK97|, Malevanets and Kapral numerically
observed stable links and knot structures in bistable chemical media (using
particle simulation of the FitzHughNagumo model), including linked smoke-
rings. In block copolymers, Pochan et al. [P04] produced a morphological
phase of toroidal supramolecule assemblies using a triblock copolymer. In a
quantum fluid, a vortex ring is formed by a loop of poloidal quantized flow
pattern. It was detected in the superfluid helium by Rayfield and Reif [RR64]

and more recently in Bose-Einstein condensates by Anderson et al. [AO01].
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It should be emphasized that the size, origin, and mechanism of quantized
vortex rings are quite different from those in normal fluids since they exemplify
superfluid properties (cf. [BO8, [BD09, D91]).

Here we are mainly concerning about the vortex rings in classical fluid
mechanics. The simplicity of their generation and observation sparked inter-
est of many researchers in mechanics and physics for more than a century
[A09] [SL92, MGK11]. It should be mentioned the celebrated work [H1858]
of Helmholtz, which laid the theoretical foundations of the entire vortex dy-
namics and, in particular, of the theory of the motion of vortex rings in an ideal
(inviscid) incompressible fluid. Following Helmholtz’s work, many other inter-
esting results on vortex rings (in ideal fluids) are obtained, such as Hill’s spher-
ical vortex, the existence of steady vortex rings of permanent shape (proved
by [E70, [EB74], see also [Ni80, [AS89]), and the formula for the propagation
speed U of vortex rings (obtained by Kelvin in 1867),

Un = (log B8R _ 1) for o >>1, (1.1)
€ 4 €

where k is the strength of the ring, € the radius of the cross-section and Ry the
ring radius, see [F70, [S92].

In this thesis, we consider vortex rings in viscous fluids. More precisely,
we consider the classical Cauchy problem for the Navier-Stokes equation in
R? x (0, 00):

u+diviu®u)+Vp—vAu = 0

} in R® x (0,00), (1.2)

divu = 0
u(-,0) = wug in R?. (1.3)
We will consider the initial data wuy with vorticity wy = curlug which is

supported on a circle. In terms of the Geometric Measure Theory, wq is a
1-current of strength s supported on a smooth circle v. This means that for

any smooth compactly supported test vector field (or, more precisely, 1-form)



© = (1, P2, P3) we can write

/ wo - pdr = /f/cpl-(x) dx; , (1.4)
R3 5

where the last integral is the classical curve integral (summation over the re-

peated indices is understood). We will use the notation
Wo = K(S'y (15)

in this situation. The initial velocity field is recovered from wy via the Biot-

Savart law
1 T—Y) \w K r—y)Nd
uO(x):__/ (z —y) 30(1/) dy:__/( y) 4y (16)
i Jw oy Ey
We note that such ug has infinite kinetic energy:
Lo
—|uo|” dx = 400 , (1.7)
R3 2

due to the contributions from the immediate neighborhood of . The initial
datum of this form and its regularized variants are usually referred to as a vortex
ring. Their study goes back to Kelvin. If 7 is the circle (rqcos@,rysiné,0)
(with —7 < 6 < 7) and kK > 0, we expect from Kelvin’s calculations and the
regularization due to the viscosity that at time ¢ the ring xd, will “fatten” to

thickness ~ v/t and will be moving up along the z—axis at speed roughly

K a
log —— | 1.8
T 08 (1.8)

where a is a suitable reference length.

Our goal here is to establish the existence of such a solution, although we
will not verify rigorously the detailed behavior suggested by Kelvin’s calcula-
tions. Our estimates will be less precise. On the other hand, our method will
be quite robust, and can handle not only one vortex ring, but also a finite or

even continuous combinationﬂ of such as long as they have a common axis of

L with coefficients of the same sign
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symmetry. The last condition is crucial, our method relies on the rotational
symmetry of the situation.

It is instructive to compare our problem with the situation of parallel recti-

linear vorticies. When the initial vorticity is supported on a line [,
wo = KOy, (1.9)

the solution of the problem is given simply by the “heat extension” of the initial

data. When [ is the x3— axis, one has the text-book solution
w(z,t) = (0,0, ko (2, 29, 1t)) | (1.10)

z2+z2
L o——mt  is the 2d heat kernel. The non-linear term

where I'y(21, 2o, vt) = amvt

vanishes identically on these solutions. Uniqueness is a subtle problem. The

uniqueness has been proved in the class of the solutions of the form
u = (uy(xy1, T2, t), us(xq, x2,t),0) (1.11)

(2d Navier-Stokes solutions), see [GWO05| (GGLO05], but uniqueness among the
3d solutions seems to be open.

When the line [ is replaced by a collection of parallel lines I; and
wo =Y ki, (1.12)

or possibly
wo = / by, dp(i) (1.13)

where 1 is a probability measure, one no longer has explicit solutions. The
existence problem becomes more difficult and was solved only in the 1980s
in [C86l, IGMOS8S|, see also [BA94, [K94]. Uniqueness is again a subtle issue
and is known only in the class of 2d solutions, see [GGO5].

Another class of existence results was obtained in [GM89] for small data,

see also [T92]. In those papers the authors proved both existence and unique-
ness (in suitable classes of functions) of the Cauchy problem ((1.2)), (|1.3]) for



example in the case when the initial data ug is
Wo = KOs , (1.14)

where 7 is a smooth closed curve and & is sufficiently small (with the notion of
smallness depending on 7). These results are proved by perturbation theory,
and also follow from later works based on perturbation theory, such as [KTO01].

Our main result in this thesis is the following:

Theorem 1.1. Let v be a circle, Kk € R and wy = kd,. Then the Cauchy
problem , for the initial data ug given by wy has a global solution
which is smooth for t > 0. The initial condition is satisfied in the following
weak sense: for any ¢ € CF° (RS; RS),

lim [ w(z,t) - p(r) de = / wo(x) - p(x) dx | (1.15)

t—0 R3 R3

where w = curlu is the vorticity field.

Remarks

1. Our method can be used to show that the same results hold when
wo = [ K(7)d, du(7y), where p is a probability measure supported on the set
of the circles with a given axis of symmetry, and x(y) > 0 is an integrable
function with respect to pu.

2. The sense in which the initial condition wug is assumed is somewhat weak,
see (1.1). A more precise analysis than ours is needed to determine optimal
convergence of w(-,t) — wp as t — 0.

We now outline the main ideas involved in the proof. By using the following

transformation
u(z,t) = vu(x,vt), p(x,t) — vp(x,vt) (1.16)
we can change the first equation in (1.2)) to

u+div(u®@u)+Vp—Au=0. (1.17)
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Therefore, without loss of generality, we can assume v = 1. Let us work

with the vorticity equation (obtained by taking the curl of the Navier-Stokes
equations)

wr + uVw — wVu = Aw (1.18)

which simplifies significantly for the axi-symmetric velocity fields with no swirl

which we will be considering. The precise definition is as follows.

Definition 1.2. (Axi-symmetric vector field). A vector field u in R® is awi-

symmetric if there is a coordinate frame in which it can be written as
u=u.(r,2)e, + ug(r, z)eg + u,(r, 2)e, , (1.19)
where
e, = (x1/r,x2/7,0), ey = (—xz2/r,z1/r,0), e, =(0,0,1) (1.20)

and (1,0, z) are the usual cylindrical coordinates associated with the frame. The
components u,, ug and u, are independent of 0. The component ug is referred
to as the swirl component of the vector field u (in the given frame). If ug

vanishes, we say that w has no swirl.

It is easy to check that the curl of an axi-symmetric vector field u = u,e, +

u,e, with no swirl is of the form
w=curl u= (4, —u,,)eg , (1.21)

which has only the ey component, where u,, denotes the partial derivative
Ou, [0z, etc. We will seek the solution of (1.18]) in the form w = wy(r, z,t)eq
and the velocity field in the form u = u,(r, z,t)e, + u,(r, z,t)e,. The vorticity

equation (|1.18)) simplifies to

@) re()-a()+1E). om

The right hand side of (1.22)) can be interpreted as the Laplacian in R =

{(y1,...,9s,2)} on functions which depend only on r = \/y? + - -- + 42 and z.
Therefore the quantity “* satisfies a maximum principle, see Lemma



There are three main ingredients of the proof:

1. Nash-type estimates for the quantity ¢ based on equation (1.22) and the
'

div-free nature of the field u. These estimates give a good decay of wo(t)

L2 (R?)
in terms of t~* for suitable a > 0, even when the initial condition for wy is a

Dirac distribution, see (4.29)).

2. The use of the conservation of the vorticity lux and momentum, which
are respectively the quantities [ wy(r, z) drdz and [ r?wy(r, z) dr dz.

3. Weighted inequalities for axi-symmetric fields with no swirl, such as
3

1
1 We

1
ol e sy < € lrecnll, e (1.23)

r sy e lloems)

Step 1 is achieved by applying of Nash’s techniques [N58] for estimates of
equations with div-free drift. In our case they cannot quite be used directly, due
to the singular behavior of the coefficients of % (%) near the z—axis which
give extra terms in the Nash-type estimates. Fortu’nately, the terms have a
good sign, see the second term on line 6 in in the proof of Lemma 4.9,
Inequality seems to be of independent interest, and it gives information
about u in terms of wy, the quantity for which we have the most control.

Combining the results 1-3, we can then proceed along similar lines as
[GMOS8S|. The uniqueness of the solutions from the above theorem seems
to be a difficult open problem. We conjecture that it is possible to prove
uniqueness in some natural classes of axi-symmetric solutions without swirl,
but uniqueness in the class of all reasonable 3d vector fields may be much

harder to prove and one might perhaps even have counter-examples. We plan

to consider these topics in a future work.
e Chapter 2 introduce a subcritical theory for Navier-Stokes equations.

e In Chapter 3 prove some weighted inequalities for axi-symmetric vector

fields with no swirl.
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e Chapter 4 describe some a-priori estimates for natural approximate so-

lutions and prove the main result: Theorem [L.1]



Chapter 2

A subcritical theory for

Navier-Stokes equations

In this chapter, we introduce a subcritical theory for Navier-Stokes equations,
which plays an indispensable role in proving the main result: Theorem [1.1}
Although the contents of this section are classical, we can not locate a satis-
factory version in the literature. We give a detailed exposition of this theory
for future reference. Let us consider the Cauchy problem for the Navier-Stokes
equation in R™ x (0,7):

w4+ div(u@u) + Vp—vAu = 0 inR* % (0,7), (2.1)
divu = 0 o |

u(-,0) = wug in R™. (2.2)
The main result of this chapter is the following.

Theorem 2.1. For any div-free initial data uy € LE(R™) with p € (n,00), the
Cauchy problem and has a unique solutionu € C ([0, T (up)), LE(R™)),
where T(ug) > 0 is so-called maximum existence time and it is determined by
wg. This solution is smooth in R™ x(0,T(ug)) and satisfies the Navier-Stokes
equations in the classical sense. If T'(ug) < oo, then limyp(ug)— [[u(t)| 2 gny =

0.
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Moreover for any nonnegative integers k,h and any 0 < 7 < T < T(uy),
the following estimate holds

|Vivy <C, (2.3)

tu“LgOLg(R" x[7,T]) =

where C' depends only n,p, k,h,7,T, and ||u||C([0 T)L2E))-

2.1 Estimates for the heat extension

Let I" be the heat kernel in R™:

1 z|2
[(x,t) = 26_% : (2.4)
(4mt)>
Let G be the Gaussian distribution in n-dimension:
1 22
G(z) = ﬂe_% : (2.5)
(4m)2

Let F' be the heat extension of f:

Flat) = 00+ 1) (@) = [

:/HG(z)f<x—\/Ez> dz

Lemma 2.2. For any nonnegative integers k, h, 1 < p < q < oo andt > 0,

the following estimate holds

_h—k_mn(1l_1
IVEVEEO gy S 752670 £ ey - (27)
Proof . It is easy to check that
2
VAT (2,0)] S th 5" exp (—C%) (2.8)

for a suitable constant C' depending on k, h and n. By (2.8) and Young’s

inequality,
IVaVEE O] g
= ||VEVIT (-, ¢) *

< riaG)

|VEVIT (-, 1)) (2.9)

4(R") ~ ’ L1 (R™) ||f||L§(R")

AN e gy -
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1_ 1,1
Wherel—ka—r—i—p. OJ
Remark 2.3. In view of , we have (in the case of ¢ =p)
s R R ( ‘ < o 2.10
RN O] O F{ PP (2.10)

We next prove t"3 VAV belongs to C (0, 00) ; LE(R™)) if f € L2(R™) for
1<p<oo.
Lemma 2.4. Assume f € LP(R") for 1 < p < oo. Let F' be the heat extension
of f. Then for any nonnegative integers k and h, th+§V?V’;F belongs to
C([0,00); LE(R™)) and as t — 0+,
F(t)— in  LP(R"™) ,
(k )= f (R™) 2.11)
thTeVIVER( ) =0 in LE(R™) if h#0 or k#0.

Proof . By (2.6) and integration by parts, we obtain the spatial derivatives
of F

VEF(z,t) :/ G(2)VEf (x - \/%Z) dz

n

_ (_\1/]_5),6 / o) (VA) VE (v VE) 42 (21)
= [ Via)f (o Vi) d
t2 Jrn

Since F' is the heat extension of f, the time derivative V; of F'is the same as

A, of F' and hence by (2.12)), we obtain

VIVER( 1) = g [ NG (2 VEE) dz . (213)

t"t2 Jgn

Thus,
PHEVIVEE( ) = [ AMNEG(2)f (x - \/Ez) dz . (2.14)

Rn
By Minkowski’s inequality, we have

|55 VIE R 5) = A VEVER (1

LZ(R™)

< [ |abvEG)||r (= vae) g (- Vi) (219)

dz .

L (R™)
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Noting that ||f (- —+/s2) — f (- — V12) HLQ(R") < 2| fllzzny. by Lebesgue’s
dominated convergence theorem and the mean-continuity property of L? inte-
grals (1 < p < o), we can conclude that the LHS of (2.15) goes to zero as
s — t, which implies "2 V*V*F € C ([0, 00) : L2(R™)). In particular, we have

EVIVER(L ) = f | A'WEG(2)dz in LE(R") as t—0, (2.16)

]Rn

which is (2.11]). O

2.2 The mild solutions and bilinear form

By div-free condition, we rewrite Navier-Stokes equations (2.1)) as
0
ur+ Vp — Au = —— (uu) . (2.17)
6J}k
We transform Navier-Stokes equations ([2.1)) into its integral form. Denoting
the Helmholtz projection of vector fields on div-free fields by P, we have the

well-known representation formula

we.t)= [ M-t [ [ Tyi-P (s ()} () s
(2.18)

This can be written more concretely in terms of the Stokes kernel

2

8$7;an

Kij(z,t) = <—5Z-JA + ) O(x,t) , (2.19)

where the “generating function” @ is defined in terms of the fundamental so-

lution G of the Laplace operator and the heat kernel I' by
Bz, t) = / Dz — 5, t)Galy) dy = (5Ca) () | (2.20)
where e? is the solution operator of the heat equation. Let

0 0 tA
a_mKij(t) = %o ) (e"2Ga) . (2.21)

Kin(t) = N
Uk( ) ( i 83:1(91'3
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It is easy to see that
e Kij(t) = Kijp(t +7) . (2.22)
Using , we can rewrite as

wi(z,t) = /n C(x—y, t)uei(y) dy—/ /n Kiji(z—y, t—s)ux(y, s)u;(y, s) dyds ,
’ (2.23)

We set
B(u,v);(x,t) = — Kiji(z —y, t — s)ui(y, s)v;(y, s) dyds
/Ot / - k (2.24)
- /0 Kt — 5) * (un(s);(s)) () ds .

We use U to denote the heat extension of the initial data ug. The equation

(2.23) can be written as
u=U+ B(u,u) . (2.25)

By definition, a mild solution is a function u satisfying (2.23) or (2.25). The

kernel K satisfies the following estimates:

(2.26)

1
I+n+1

(]a:\Q +t)

For any T" > 0, n < p < oo and nonnegative integer N, let X, v be the

VLK (2, t)] S

Banach space equipped with the norm

N
l
— N e v ‘ , 2.97
(P I [ (2.27)
where
||w||c([o,T];L§(Rn)) = ek ||w(t)||Lg(Rn) : (2.28)

The following lemma shows that B : X, 7 x X, n7 — Xp nr is bounded.

Lemma 2.5. Let T > 0, n < p < oo and N be a nonnegative integer. Then

for any u,v € X, nr, the following estimate holds

1_n
1B(u, 0)|lx, v, < MT27% lully Mol (2.29)

p,N,T

where My is independent of u, v, T but depends on n, p and N.
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Proof . Pick an arbitrary i € {1,--- ,n}. Fixt € (0,7]. Fixl €{0,--- ,N}.
We split (2.24)) into two parts:

Then
t2V! B(u, v);(t)
=2 /0 VLKt — 8) # (un(s)v(s)) ds — t5 / Kt — 8) %V, (ug(s)v(s)) ds

= [1 + [2
(2.31)

By Minkowski’s inequality, Young’s inequality, Holder’s inequality and ([2.26]),

we have

L[
il S ¢ [ 9Kt = ) 5 (05)25(5) g

A\

ds

. [
13 lez t — p . P
L IVER e =) Bl (2.82)

LT (®"

|~
SIS

N

_l+1+n/p
' / (t = 5)" 5 Ju(5)l g 105(5) oy 5
0

_n 1 _n
2 lully, o vl o ST 2 lullx, o l0llx s

D=

St

since n < p and t < T. We consider I,. Observe that V. (uz(s)v;(s)) is a finite
sum of some terms of the form V2uy(s)V2v;(s) with l; +1y = [. Therefore, by

the triangle inequality and Hélder’s inequality, we obtain

1
519 (s (5D 8 gy S Nl i 01l v (23

for every % < s <tsincet < T. By Minkowski’s inequality, Young’s inequality,
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(2:26) and (2:33), we have

t
1
ez St [ (e = 5) = V' 0(5)055)) ey

t
1
<t [ K= 2y |9 ()l 5y ds
¢ L2t ®rm) Lz (R™)
bl e *
t
1A _1
St [ 1K =9l s ds el Dol (2:34)
§ x
t _1+n/p [T é
< [ =0 () dshl ol

2

n 1_n
B ully, o Il o ST 5 il o 0l o

NI

St

In view of (2.31)),(2.32)) and (2.34)), we get

|

which implies by the arbitrariness of ¢, t and [. However we have one
more work to do. We also need to show that B is indeed a map from X, x 7 X
Xp
i€ {l,---,n} and any [ € {0,---, N}, the mapping ¢ — t2V.B(u,v);(t)
belongs C ([0,7T]; L2(R™)). This can be done by using the ideas of obtaining
and of proving Lemma . This work is routine and we omit it. 0

ST 5 |Juy

e S B T

(2.35)

tVLB(u, 0)i(t)|

.~ into X, yr. This amounts to prove that for any u,v € X, yr, any

2.3 Local well-posedness in X, y.r

For any nonnegative integer N, any p € (n,o0) and any initial data ug € L2(R™)
(not necessarily small), we will use a fixed point argument to show the exitence
and uniqueness of a mild solution in the space X, xr for some 7' > 0, namely

there exits a unique function v € X, y 1 satisfying the equation

u=U+ B(u,u), for 0 <t <T, (2.36)
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where U is the heat extension of uy. By Lemma , Ue X, nr forany T' > 0

and moreover by ([2.10]), we have
10llx, v < Mo ol o ey (2.37)

where Ms is independent of T" but depends on n, p and N. In this section, we
write X, v simply as X¢. Let M; be the constant in . For each T'> 0
such that

AM M [l oy T2 % < 1, (2.38)

we let Pr be the quadratic polynomial:
1_n
Pr(R) = MiT?" 2 R* — R+ My |Juol| 1p gy - (2.39)

Under the condition (2.38)), Pr has two different roots,

L /1= 4M My [Jugl| ey T

Ry = — , (2.40)
2ML T2 2
and
1 n
1= /1 =AM My [Jugl| ey T2
rp = L ED . (2.41)
2M T2 2
It is easy to see that
rT S 2M2 ||u0||L§(R") . (242)

Note that the bound on RHD of is independent of the choice of T'. For
R >0, we use B (R; Xr) to denote the open ball {v € X, V], < R} and
B (R; Xr) to denote the closed ball {veXr, [Vl x, < R}. The first conclu-
sion is about the local existence of a solution to (2.36).

Lemma 2.6. For each T > 0 satisfying , the equation has a

unique solution w = ug in the ball B (Rr; X7). Moreover, this solution u lies
in B (rp; X7) and satisfies the following estimates

_N
2

ijxvu(t) HL’;(R") < 2M, ||U'0||L§(]R") t (243>

for0 <t <T.
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Proof . Let S: Xy — X be the operator defined by

S(v) =U + B(v,v) (2.44)

We claim that if 7 < R < Ry, then S maps the closed ball B (R; X7) into
itself. Indeed, it is easy to see that if rp < R < Ry, the polynomial Pr(R) <0
and as a result, for every v € B (R; Xr), we have, by Lemma and 1)

1_n 2
15l x, < NUllx, + 1B (v, 0)llx, < M l|luoll gy gny + MT="20 [0k,
(R™)

o (2.45)
< My |Jugl| ppgny + MiT? 2 R* < R,
which proves the claim.
Next we claim that if R < —Y—+ = R,, then S |m is a contraction

2MLT?2 2p
mapping. Indeed, for any vy, vy € B (R; Xr), by Lemma ,

1S (v1) = S(v2)|l x, = [ B(v1,v1) — B(vz, v2)| .
1_n 1_n
< MT27% (Jloglly, + lvally, ) lor — vally, < 2MyRT272 |joy — vol . -
(2.46)

Noting that rp < R, < Rp, by Banach fixed-point theorem, there is a unique
a fixed point u € B (rr; Xr), that is,

u=S(u) =U+ B(u,u) . (2.47)

By the definition of X1 = X, yr and (2.42)), we have

which implies ([2.43)). We last claim that S has no fixed point in B (Ry; X1) \
m, which implies that u is the unique solution in B (Rp; Xr). Assume
not, let w € B (Rr; Xr)\ B (rr; Xr) be a fixed point of S. Since rp < [w] x, <
Rr, Pr (||w||XT) < 0 and hence we have, by Lemma ,

N
i ViVUHC( < ullx, <rr<2M; HUOHLQ(R") ’ (2.48)

[0,T];LE(R™))

lwllx, = 15W)llx, < IUllx, + [1Bw, w)llx,

o (2.49)
1 n 2
< My fuo|| pp ey + MAT2 2 flwlly, < wlly, -
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We get a contradiction. 0

Let u(- + 7)(z,t) = u(x,t + 7). The following result implies that the mild

solutions has semigroup properties.

Lemma 2.7. Let u be a mild solution in Xp with initial data ug. Then, for
every 0 < 7 < T, u(-+ 7) is a mild solution in Xp_, with initial data u(T),

namely,

u(+7)=Uu(r)+Bu(-+71),u(-+71)), (2.50)
where U (u (7)) is the heat extension of u(T).

Proof . We first show u(- 4+ 7) € Xr_,. For each [ € {0,---, N} and any
0<t,s<T—r71, we have

S%vau(s +7)— téViu(t +7)
LE(R™)
) s 1) — () iVt
= S T u\s T) — T u T
s+ T r t+ 7 r
LE(R™)
< (s+7)2V,u(s+ 1) — (t+7)2Vu(t+7)
S+ T S+ T
LE(R)
1 1
+H< i )2(t+ )2Veu(t + 1) ( t )2(t+ )2V u(t +7)
T U T) — T U T
5+T * t+7 v
LEZ(R™)
l 1
< VA — (¢ 2V u(t
S|+ Vouls +7) = (E4 Vot + 7)),
l l
2 t o\ 2
+‘< ; ) —( ) (t+7)iVu(t +7)
s+ T t+7 LE(R™)

1 1
<[5+ n)EVhuts + 1) — @+ Ve )|+ () = () el
- m v LP(R™) S+ T t+T1 Xr 2

(2.51)

which implies that the mapping t — t2 V. u(t+7) belongs to C ([0, T — 7] ; L2(R™)).
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t%VfEu(t +7) H

N
-+ Dl = |
=0

|t + ittt + 1)

o([0,7—7|LER™))

I
WE

l l l
t2(t+7)°2 t+7‘5Viut+TH 2.52
N G RN IR

=0

WE

< - |
- l C([O,Tfr];Lg(Rn)) — HU/HXT

Il
o

Hence, u(- + 7) € Xr_,. Next, we show that u(- + 7) is a mild solution with

initial data u(7). Since u is a mild solution with initial data uy in Xz, for any
0<t<T-—7andanyie€{l,---,n}, we have, by (2.23) and ({2.22)
wi(- 4+ 7)(t) = ui(t + 1)

ety /0 T Kt £ 7 — ) % (ua()uy(s)) ds

ety /O " Kige(t+ 7 — 8) % (ue(s)uy(s)) ds — / T Kt 47— ) % (un(s)uy(s) ds

BTy, / (B Ko — ) * (un(s)uy(s)) ds — / Kot — ) % (ug(r + 7Yy (r + 7)) dr
By / Ko7 — 5) # (un(s)u / Kot — 1) % (un(- + 7))y (- +7)(r) dr

=e'Puy(7) / Kije(t — ) * (up(- + 7)(r)u;(- + 7)(r)) dr
(2.53)
Hence u(- + 7) is indeed a mild solution with initial data u(7). O

The uniqueness statement in Lemma [2.6] together with the semiflow prop-

erty in Lemma can be used to obtain the following statement.

Proposition 2.8. For each uy € L2(R"), the equation has at most one

solution in Xrp for any T > 0 (not necessarily small).

Proof . Let v; and v, be two different solutions of (|2 - in X7 with the same
initial data ug. By Lemma [2.4] and Lemma [2.5] we have

|lvi(t) — uo||Lg(Rn) — 0 as t—0+ . (2.54)
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which implies
[woll e gny < [luillx, for i=1,2. (2.55)
For any 0 < 7 < T, it is obvious that v; (i = 1,2) are also solutions of
in X, and by Lemma , , and , we have

1_n 2
lvill x, < UL, + 1Bvi vi)llx, < Mo [Juoll pp gy + MaT2 2 [Juil[,

. ) ‘ (2.56)
< M, HUiHXT + MiT2 2% Hv,-HXT for i=1,2.
1+\/174M1M2||U0HL17(R7L>T%7%
Since the root R, = — > L — 5 oc0as 71— 0+,
2M T2 2P 2M T2 2P
we can find a t; =1t (||vl||XT : ||112||XT) > 0 satisfying (for i = 1, 2)
1_n 1_n
AMM: |l p ey t1 ™ < AMiMp max ([[on]lx, s 02y, )t ™ <1, (2.57)

and My i, + Mty P il < R
which, combining with , implies v; € B (Ry,; Xy,) for i = 1,2 (The first
condition in is just to make true). By Lemma , V1 = Vg in
R™ %[0, t1].

Next, we consider vy (- + ¢1) and ve(- + ¢1). By Lemma [2.7, they are both
mild solutions in X7_;, with the same initial data vy(t1) = ve(t1). By ,
llvs (- + 151)HXT7]51 < ||lvillx,- Therefore, one can use the foregoing argument to
show that vi(- + t1) = va(- + 1) in R" x[0,¢;]. Hence v; = vy in R” X[ty 2t1].
It is not hard to see that one just need to continue this argument finite times
to reach T O

Corollary 2.9. Let u; and ug be two solutions of in Xp, and X,
respectively, with the same initial data. Assume Ty < Ts. Then u; = ug in
R™ x [0, Tl] .

Lemma 2.10. Let 0 < Ty < Ty. Let uy be a mild solution in Xp, with initial

data ug. Let ug be a mild solution in Xr, with initial data uy(Ty) for some
Ty > 1T — To. Deﬁne

w(t) = { uy(z,t) in R" x [0, 7]

(2.58)
(5] (x,t—To) in R" x [Tl,TO—l—TQ] .
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Then w is a mild solution in Xgy1p, with initial data ug.

Proof . By Lemma [2.7, ui(- + Tp) is a mild solution in Xr,_7, with initial
data u1(7p). Then by Corollary us = uy(- + Tp) in R™ x[0,T7 — Tp).
particular, us(x,Th — Tp) = uy(x, 7)) and hence is well-defined.

We first prove that the function u defined in is in Xy 4p,. Firstly,

In

for every [ € {0,--- , N}, the mapping t — t2V. ( t)isin C ([0, T7; LE(R™)).
We distinguish two cases:
Case 1: 0<t<T)and s —t,or,t =T and s — T)—. Then
l l 1 l
2Vhu(-,s) — t2 V(¢ = ||s2V5iu(+,8) — t2Vhuy (-t —0
s2Vou(,s) —t2Viu(-,t) e s2Vouy (-, 8) — t2Viuy (-, t) e
(2.59)

since u; € Xry.

Case 2: T <t <Ty+T5 and s — t, or, t =717 and s — T1+. Then

s3VLu(.,s) — 5V uf-, )\ STV (5 — Ty) — t3Vhus (-t — Tp)

LE(R™) - ‘

— <3—T0) s—TO)év;uQ(.ﬁs—To)—(lt_tTO)é
=

l
L t 2
) (s —Tp)2 Vius(-, s — Tp) — (t T)
— 1o

—Ty) - (th(J)é

‘ -

(t — To)% leU/Q(,t — T())

(s — TO)é V;uQ(-,s —To)

IN

S—TO

1
t 2 Ly
(t—T()) (s = Tp)2 V us(-s
l
S 2 t
< _
- <S—T0) (t—T0>
i
()
t—"1Ty

H(s T Vius(ey s — To) — (t — To)? Vius(-,t — Tp)

(t —Tp)? Vius(-t — Tp)

Lz (R™)

L (R™)

Lg(R™)

Lz (R™)
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since uy € Xp,. Secondly, we have

N
l
U = t2Viu ‘
| ||XT0+T2 lz:;’ “lle(j0. o+ 1) LE (R)
= max t%Viu(-,t))
— 0<t<To T LE(R™)
N
! )
= Z max ( max ||£2V5uy (-, t)‘ , max  |[t2Viuy(-,t — TO)’ )
p 0<t<Ty LE@R™)  T1<t<To+T» LE(R™)
N
! !
< Lol o ‘ IV (- 1 — ‘
_;Oglt% t#Van(.9) @y e I (|2 Vet = To) LE(R™)
N " L
J— pE— L l . —_—
= ||Ul||XT1 + lz_;ﬁsrt%%ﬁb (t - To> (t = To)2Voua(-t TD)‘ LE(R™)
To+Tp\ 2
0+ 12
<l + (757) el -
(2.61)

Hence u is indeed in X7, +7,. Next we show that u is a mild solution with initial
data uy. We distinguish two cases:

Case 1: 0 <t < Tj. Since u; is a mild solution in Xp, with initial data wu,

for any i € {1,--- ,n}, we have, by (2.23)) and (2.58)),
t
i) = i (t) = eug; — / Ko (t — ) = (ur(s)ur(s)) ds
0 (2.62)
= ePug; — / Kiji(t — s) * (ug(s)u;(s)) ds ,
0

Case 2: 11 <t <Ty+ T Since uy is a mild solution in X7, with initial data
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UI(TO)a for any S {]-7 o an}v we havea by " and "

us() = u(t — Tp) = ety (Ty) — /0 U Kt = Ty — ) * (usp(s)usy(s)) ds

To
ze(tiTO)A |:€T0AUOZ‘ — Kz’jk(T(] — S) X (U1k<5)ulj (S)) d8:|
0

—/T Kijp(t = 1) * (ugr(r — To)ug; (r — Tp)) dr

To t
= ug; — Kiji(t — s) * (u1g(s)ug;(s)) ds — Kiji(t — 1) * (ugk(r — To)ug,(r — Tp)) dr
0 T
To (,}1
:€tAU0i — Kljk<t — 8) * (ulk(s)ulj (S)) ds — Kz]k(t — T) * (UQk<T — To)UQj(T — T(])) dr
0 To
t
— / Kzgk(t — T) % (U2k<7“ — TQ)UQJ‘(T‘ — Tg)) d?"
T
To T
—ePug; — Kiji(t — s) * (ug(s)uq;(s)) ds — Kiji(t — ) * (wig(r)ugi(r)) dr
0 To
¢
— / Kz]k(t — T) X (UQk(T — T())UQJ'(T — Tg)) d?”
Ty
Ty t
=eug; — Kiji(t — s) * (u1g(s)ug;(s)) ds — / Kiji(t — 1) * (ugg(r — To)ug,(r — Tp)) dr
0 T
t
=P ug; — / Kiji(t — s) * (ur(s)u;(s)) ds
0
(2.63)
Hence u is a mild solution with initial data wuy. 0]

We end this section by defining the maximum existence time of the mild

solution in the space X7 = X, yp. Let

Tn(ug) =sup{T > 0: equation (2.36)) has a solution in X, xr with initial data ug} .
(2.64)
By Lemma [2.6] T (up) > 0 for any uo € LE(R") with p € (n, 00).
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2.4 The mild solution in X, o7 = C ([0,T]; L2(R"))

and proof of Theorem (2.1

By the definition of the maximum existence time Ty (ug) of the mild solution
in X, yr and Proposition , it is clear that T, (ug) > T, (up) if N3 < Ns.
Actually, they are equal.

Proposition 2.11. For every uy € LE(R™) with p € (n,00) and every positive
integer N, we have Ty(ug) = Ty (up).

Proof . Fix an initial datat ug. We write Ty(uo) and Ty (ug) simply as Tp
and Ty, respectively. If Ty = oo, then Ty = oo since Ty > Tyy. The assertion
is true. We consider the case of Ty < oco. We assume Ty > Ty. We take
aT € (Ty,Ty). By the definition of Tj, equation has a solution wu in
Xpor =C([0,T]; L2(R"™)) with initial data ug. Take an € € (0, Ty) such that

AM My |lully &% <1, (2.65)

where M; and M, are the constants in and , respectively, both of
which depend only on n, p and N. By the defintion of T}, equation has
a solution v in XPJV,TN—% with initial data wuy. Since X, NTn-2 C Xp707TN_§
and Ty — £ <Ty < T, by Corollay, u=vin R" x [O,TN — %} In view of
, we have

AM My [0 (T — 2/3) || gy €2 % < 1, (2.66)

By (2.66) and Lemma 2.6, there exists a mild solution w in X, v, with the
initial data v (Ty — 2¢/3). Let

,t in R" x [0,Ty — £,

Sl = U il b (267)
w(x,t—TN+§) in R”X[TN—%TN+§} )

By Lemma 2.10} f is a mild solution in X, nry+¢ with initial data ug, which

leads to a contraction, since T is the maximum existence time of the mild

solution with initial data wuy. O



25
By Proposition the maximum existence time Ty (ug) is independent
of N. In the sequel, we use T'(ug) to denote this time of uy. We summarize

our previous results as the following statement.

Corollary 2.12. For any initial data ug € LE(R") with p € (n,00), there
exists a unique mild solution u € C ([0, (uo)), LE(R™)) to equation (2.36]).
And this solution u belongs to X, y1 for any nonnegative integer N and any
0<T < T(up).

The following statment says that if T'(uo) is finite, then [|u(t)|| 1p gny Will
blow up as t — T'(ug)—.

Proposition 2.13. Let ug € LE(R") with p € (n,00). Let u be the solution in
Corollary [2.19 with uq as initial data. If T(ug) < oo, then

tim [u(t) 5 = o0 (2.68)

t%T(’LLo

Proof . Assume not. Then there exists a strictly increasing sequence t, 1
Sgg Hu(tn)HLg(Rn) < M, (2.69)

for some 0 < M, < co. Take a 0 < T < T'(up) such that
AM, MyM,T? % < 1 | (2.70)

where M; and M, are the constants in (2.29)) and ([2.37)), respectively, both of
which depend only on n and p (in this case N = 0). Take a t,, > T'(ug) — T
By Corollary 2.12, v € X, 04,.,- By (2.69) and (2.70), we have

AM My |[utn) || o ey T2 72 < 1. (2.71)

By Lemma , there exits a mild solution v € X, o with u(t,) as initial data.
Let

() = { u(x,t) in R" x[0,t,41] , (2.72)

v(z,t—t,) in R" X [tpy1,tn + T .
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By Lemma w is a mild solution in X, ., 47 with initial data ug, which
leads to a contraction since T'(ug) < t, +T. U
We now prove Theorem [2.1 All assertions in Theorem [2.1] have been cov-

ered by Corollary and Proposition except the estimate ([2.3). We prove
the estimate (2.3). Let k be a nonnegative integer and let 0 < 7 < T < T'(uyp).

We first consider the spatial derivatives VEu. We will use the local-in-times
estimates (2.43) and the semigroup property (Lemma 2.7)) of the mild solution

to get estimates over the time interval [7,T]. Let

M(T) = ||u||C([0,T},L§(R")) : (2.73)
Note M(T) < oo since T' < T'(ug). Fix a T} such that

4M1M2M(T)T§_% <1, (2.74)

where M; and M, are the constants in (2.29)) and (2.37)), respectively. Both
M, and M, depend only n, p and & (in this case N = k). Let

1
o=3 min(7, 7%) . (2.75)
For each s € [7, T}, by (2.73)), (2.74) and (2.75]), we have
AM My [|u(s — o)l ppgny T ™ < 1. (2.76)

By Lemma and ([2.76)), there exists a mild solution v in X, 5 7, with u(s—o)
as initial data. Note that we must have T, + s — 0 < T'(ug). By (2.43) and

(2.73)), we have

IV )| Lo gy < 2Ma [[uls — ) pany 2 < 2MpM(T)E 2 (2.77)
for 0 < t < T,. In particular, since 0 < o < T}, we have
_k
“Viv(a)"Lg(Rn) < 2MyM(T)o ™2 (2.78)
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On the other hand, by Lemma and Corollary [2.12] u( + (s — 0)) is a
mild solution in X, ;. with initial data u(s — o). By Corollary we have
u( + (s — 0)) = v in R" x[0, T}] and hence by (2.78

IVau(s)|

= [IVE0(0)]] 1y gy < 2MM(T)o 2 (2.79)

LE(R™

By the arbitrariness of s, we thus obtain the following estimate

IMES

|V <2MoM(T)o™ 2 | (2.80)

UHL;”LZ(]R{" x[,T7)

which implies (2.3)) in the case of h = 0. In view of ({2.18]), we have
ou=Au+ (0, —A)u=Au—P (5,i (uku)) , (2.81)
Lk

where P the orthogonal projection onto the subspace of divergence-free vector

fields, which is a singular integral operator of convolution type. It is easy to

see that (2.3) can obtained from (2.80)) and (2.81) by induction. Theorem

is thus proved.



Chapter 3
Weighted inequalities

In this chapter, we present some weighted inequalities. We will have a-priori

bounds on three quantities related to the vorticity: |[|rwl| s gs), ||%HL1(R3),

H%H Lo (B9)’ and our aim is to obtain further estimates on the velocity u from

these bounds.

Proposition 3.1. Let f: R* — R be such that I fll £1 rsy» HHL;(R% and

H%HLOO(Rg) are finite, where v = \/x2 +x3. Then for every 1 < p < 2, f €
L2(R*) and

1 1 1
»T2 =3

1 P

”f”Lg(R?*) < ||Tf||z;<R3)

f

r

!
r

L3(R?) Lgo(R?) ‘

Proof . We first prove the two cases of p = 1 and p = 2 and then use

interpolation to prove the other cases. We can write

1
[stae= [ it
R3 R3 T2

201N :
<([orinae) ([ ar) =ity e

which proves the case p = 1.

i =
r Y

L} (R%)

28
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Next we consider

(L) - (frotha)

f : !
<([ |t KON
Lo (R3)

which proves the case p = 2.

Let 1 < p < 2. We have

‘ f||?

LR (R3)

2 4 2-2
HfHLg(RS) < ||f||z;(R3) ”f||L%(pR3)

1 2-1
1 1
S(Wﬂgw) 3) (Wﬂgw)
R?)

e
P P
= 11y e |2 .

92
R3))

L (R?) L2 (R?) '

O

Remark 3.2. Under the assumption of Proposition one can not control

1l L2 gsy for p > 2. It is not hard to exhibit counterezamples.

Corollary 3.3. Assume that w is a vector field on R® such that

<00 . (3.1)

w
< ) — < ) -
||7’W||L§(R3) >0 H r ‘ LL(R?) > H r HLgO(R3)

Let u be the vector field constructed from w via the Biot-Savart Law,

1 T—1y
u(z) = i 3 X w(y) dy . (3.2)
T Jrs |z =yl
Then for any 2 < ¢ <6, u € L1(R*) and
Wil 21
< i q - q
lolagcusy S Irelyesy |7y (21 (33)

Proof . By Proposition and (3.1)), for any 1 < p < 2, we have

11 11
Wllp~ 2 w P

1
ol zpesy < llrwll?,, (3.4)

R3)

rilpi@s) e llpeomsy
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Then by the classical Hardy-Littlewood-Sobolev inequality (see for instance
[S93|, [T'86]), one can get,

1 1 1
TR S 3y, I € (1,3 d —-=--—-,
lullss@e) S Iwlliz@e) . for p€(1,3) and === =2
which, combining with (3.4]), implies ({3.3)). O

Remark 3.4. By interpolation, the a-priori bounds imply

w
—‘ < 00, forall 1 <p<oo.
,

Lg(R?)

What can we say about the full gradient Vu from the above bounds and ?
This question is related to the theory of singular integral operators with weights.

Here we will only consider this question for vector fields which are axi-symmetric.

It is natural to ask whether we can control other LZ(R*) norms of u except
% < ¢ < 6 under the assumptions of Corollary The inequality |) below
indicates what can be expected in this situation. We prove this inequality as
a warm-up for the proof of our main inequality ((1.23)).

Proposition 3.5. Assume f = f(z1,22,2) = f(y/23+23,2): R® = R s

smooth and vanishes at infinity. Assume in addition that [|rV f|| 11 gs), VTf} L)
v ‘ ¢
and H7||L20(R3) are finite. Then we have
viIE VAP
1
iz 95T [S2 2 )
z 1(R3 r 3
Lz (R?) L3 (R?)

Proof . Assume |f(r, z)| achieve its supremum at (rg, zo), that is,

”fHLgO(]R?’) = |f(r0, 20)| -

By the boundedness of VTf, V f must vanish at r = 0 (the z-axis). In particular,
V.f = 0 along the z-axis. Thus, f(0, z) = 0 by the assumption that f vanishes
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at infinity. Therefore, without loss of generality, we can assume ry > 0. By the

fundamental theorem of calculus and the Holder’s inequality

1
1 oo sy = 1 f (ro, z0)| = | f(ro, z0)?|?

20

(L
(f / Wfrz\dﬂ@fvm>\w)

(/ /ﬁ 'affzﬂlaﬂT@P—)mwaﬂm,ﬂda
<

<(

N =

o0

,S(/Oo’ f(ro, 2)|10.f (10, 2)| dz>2

O f(r,2) dr

0.500.2) )

o=

=

/ / r 10, f(r, 2)|? |0, £ (r. z)|%> 10: f(;;o, )\dz)%
/ / P10, £(r,2)|2 |0:f (r, 2)]2 drdz) (Sz wf
([ s we) ([ wseonw) (ot

=

1 Vf i Vf 3
5 ||va||zl(R3) - — .
’ L) 117 o)
0
In light of (3.5)), one might ask whether the following inequality is true.
Wz
<
LTS o N )

We do not know whether is true for general vector fields, but we will show
that it turns out to be true for the class of axi-symmetric vector fields with no
swirl, which is enough for our purposes here. We will use the axi-symmetric
Biot-Savart Law. To introduce it, we start from the so-called axi-symmetric

stream function.
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In cylindrical coordinates, the class of axi-symmetric vector fields with no
swirl is in the form v = wu,.(r, 2)e, + u.(r, z)e,, see Definition , and the

divergence-free condition divu = 0 turns out to be
(rup)r + (ru) . =0,

which means that
U, = _w,z ) ru, = w,r

for a suitable function ¢ = 1(r, z), called the axi-symmetric stream function,

similar to the 2d situation. Hence

1 1
Up = __w,za Uy = _¢,r . (37)
T r

It is easy to check that the curl of an axi-symmetric field v with no swirl is in
the form

curlu = wyey
with wy = u,, — u,,. Therefore, we obtain
1 1 1
L@/JZ = __w,rr + _21/},T - _@Z),zz =Wy .
r r r

The inverse operator L~! is given by

00 00 = 27
(T, Z) :/ / ﬁ/ cosp dp we(r, z) drdz.
—Jo AT Jo [

r2 4+ 72 —2Frcosg + (2 — 2)2}

=

(3.8)
For the axi-symmetric stream function and the derivation of ({3.8]), we refer the
readers to [S11]. For completeness, we give a derivation of (3.8). We recall a
simple formula. For a vector field A = Ayey, we have
1
curl A = —Ay e, + — (rdy) e . (3.9)
r b
For a div-free, axi-symmetric vector field u = u,(r, 2)e, + u,(r, z)e, with no

swirl, we look for a vector potential A such that

curlA=wu, divA=0 (3.10)
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and in view of (3.7)) and (3.9)), one can take

A="e, (3.11)
r

By (3.10), we have

wpeg = w = curlu = curlcurl A = —AA 4+ V(divA) = —AA (3.12)
Thus,
1
Alz) = (-A)"'w= | ————w(y)d .

@ = (A= [ ey (3.13)

Letting (f, 9, 2) and (r,0,z) be the cylindrical coordinates of x and y, respec-

tively, by elementary trigonometry, we can write

|z —y| = \/7“2+7*2—27“fcos (9—@) +(z—2)? (3.14)
By (BT1), (B13) and (F14), we obtain

dj(f ?) ( sin @, cos § 0)

_/ / /27r rwp(r, z) (—sin b, cos0,0) dbdrdz
4 7’2 + 72— 2rFcos (0 — 0) + (z — 2)?
_/ / / ng r,z) (—sin (go + Q_) Ccos (gp + 5) O) dpdrdz

47r\/r2 - 7"2 — 2rrcos + (z — 2)?

— (= cos, —sind,0) / / /_ rwg(j' ,2) snigp dpdrdz
—o0 J 0 —0

Am/12 + 72 — 2rFcosp + (2 — 2)2

oo o] 2r—0
+ (—sind, cos ,0) / / / 7 rup(r,z) cos ¢ dpdrdz

47r\/r2 + 72— 2rFcosp + (2 — 2)2

rwy(r, z) sin @ dpdrdz
( cosf, —sin ), O
r /12 + 72 = 2r7cosp + (2 — )2

2
+ (—sind, cos4,0) / / / rwy(r, z) cos ¢ dpdrdz

4[24+ 72 — 2rfcosp + (z — 2)?

2
= (—sinf, cos,0) / / / rw(r, 2) cos p dipdrdz

Amta/12 + 72 — 2rFcos p + (2 — 2)?

(3.15)
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/ / /27T rwy(r, z) cos v dpdrdz (3.16)
A2 + T2 — 2rFcos p + (2 — 2)?
which implies ({3.8]).

We can express ([3.8]) somewhat more explicitly as

[ee] o0 /= T d
7) = / / il Sk s - wy(r, z) drdz
—c0 J0 2m 0 [ —7)2+ 2—2)2} 2

2(1 — cos ) + T

rr

_ /Z/OOO \g:«?F((r—W;(z—z)?) wolr, 2) dr dz,

Therefore,

(3.17)
where the function F' : (0,00) — R is defined by
T cosp dp
F(s): = T (3.18)
0 [2(1 —cosyp) + s]?
Let S . .
G(F, %71, 2) = WF<(T_T) + (2= 2) > . (3.19)
2m rr
Then

z :/ / G(F,z,r,z) wy(r,z)drdz .
—o0 J0

By (3.7) and (3.19), we get

//{_%aa_f Zﬂ“,Z)]wg(r,z)drdz

(T e

18G
(7, 2) / / [r o (7, 2,7, z)} wy(r, z) drdz

:/ / Z(r,z,r,z)wy(r,z)drdz ,
—o0 J O

(3.20)

(3.21)
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where

1
Z(r zZ,r,z) = %%(r, Z,r,2) .

The formulae (3.20)) and (3.21]), representing the relations between w,., u, and
wy, represent the azi-symmetric Biot-Savart Law. We calculate the kernel &
Let > = (r — 7)2 4 (2 — 2)%. Let £ = £(7,2,7,2) = —=. Then by (3.19), we

NG
have
G727, 7) = 5o F(€) = 2o H(E
(R R - 27_‘_5 - 271_ )
where H(t) = @ Direct calculation shows that
F(t?)  0¢ r—r 1
/ _ 142y _ - \" J 5 .
H(t) =2F"(t) = —5—, 52 f( = 277) : (3.22)
10G 1 r—rrH( 1 r
=100 LT rHO) | ) - LewoY
r or 2w ra2r2 5 47 r2 (3 23)
~ LT ey L (e —2emen)] |
T Far: 4 73
In the sequel, we are mainly interested in & at (7,2) = (1,0). We write it
down explicitly:
1 — -1 2 2
200 (02
2 r
—1)2 2 _1)\2 2 12 2
+£ F<(r 1) +z)_2(r 1)? +z F,((r 1) +z>
4m r r r
(3.24)

At the first glance, comparing with the usual Biot-Savart Law , the axi-
symmetric Biot-Savart Law and look more complicated and have
no advantages. But and indeed capture some features of axi-
symmetric fields with no swirl. Although the function F' in cannot be
expressed in terms of elementary functions, it has nice asymptotic properties
near s = 0 and s = co. By , it is obvious that

el (5) (3.25)

S
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However, F' actually has a slower blow-up at s = 0 and a faster decay at s = oo
3

than (3.25) as: |F(s)| S logt near s = 0 and |F(s)| S <%) * near s = co. We

will use the following simple properties of F'.

Lemma 3.6. For every non-negative integer k, the kth-derivative of F' satisfies

1
|[F® ()| <n el (3.26)
for all s € (0,00).
Proof . By (3.18),
s [ T

Hence ((3.26]) is true for the case of k = 0. The ﬁrst derivative of F' is

F’(s)——l/ﬂ cos @ dp
2 Jo [2(1 — cos ) + 5]

Njw

Therefore,
1

3 -
2

s
d
IS [ =5
0o S2 S
Hence the case of k = 1 is also true. The remaining cases can be proved

similarly. 0

Lemma 3.7. There exists an absolute constant 0 < ¢y < 1 such that for all
s € (0,g9), the kth-derivative of F satisfies

1
|F(s)] S log= <, —, forevery 7> 0, if k=0,
5 (3.27)
|[F®P ()| <k = if 0 <keN.
Proof . F(s) has the following expansion near s = 0.
1
F(s) = <logg>(ao+a13+a252 o)+ (bg +bis+bys -0, (3.28)

with ag = % and by = log8 — 2. Hence

1 1 1
F(S)=§log;+log8—2+0<slogg>, s— 04 . (3.29)
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The estimates (3.27)) follows easily from the above expansion. We now derive

(3.28) by doing the direct calculations with the integral (3.18)).

F(s):/ﬂ cos p dp :/” 1—231112% dgpz/g 1 —2sin® dy
T I T
0 [2(1 = cosep) + s> 0 [4sin*£ + s]? 0 [sin®¢+ 2]2

Wl

:/ 1_2Sin2¢1d90a UQZE,
0 [sin2 0+ 02] 2 4
(3.30)
or
2 14207 2
F(s):/ legp—Q/ \/sin® ¢ + o2 dyp, 02:2. (3.31)
0 [sin2 w+ 02} 2 0
The leading term as s — 0 is
3 dy
[ o
0 [sin2 v+ 02] 2

We write

B d > cospd 2 (1—cosyp) d
/ % 1:/ 90901+/( so)sf' (3.33)
0 [sin®¢ + 0?]? 0 [sin®¢ + 0?]? 0 [sin® ¢+ 0?)?

The first integral can be written as

bodt /i dt 1
— = —:log—+log<1+\/1+02>
/0 Vi2+o2  Jo VI2+1 o (3.34)
1 2
:log—+log2+0(0), c—0.
o

The second integral in (3.33]) can be approximated as

31— 1 !
/ ﬂdgm-O(a?log—):10g2+0(0210g—)> o—=0.
o singp o ’
(3.35)

For the second integral in (3.31]) we can write

LI P 1
2/2 sinfp+o02dp=2+0 (02 log —) : (3.36)
0 o
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We thus obtain (3.29). Proceeding in a similar way, one can show

8 3 15 1 31
—log — [1 4+ —g— = 24 ... —9_ — 2., _
F(s) og\/§< —|—16s 001’ + ) 2 168+2048S + (3.37)

O

Lemma 3.8. There exists an absolute constant Ny > 1 such that for every

non-negative integer k, the kth-derivative of F satisfies

1

|[F® ()| < e (3.38)
for all s € (Ny, 00).
Proof . F(s) has such an expansion near s = oo,
F(s) = gsi - 37”5 +0O(s7%)
Then follows easily from this expansion. U

The estimates in Lemmal[3.7 and Lemma[3.8 are local. But those restrictions

can be easily removed with the aid of Lemma As a consequence of Lemma
3.6 Lemma [3.7 and Lemma [3.8] we have

Corollary 3.9. For every non-negative integer k, the kth-derivative of F' sat-

isfies

T
—
V)
-
AN

3
=3
=
VRS
/~
VAR
~
\‘
~~
W | =
~
SIS
/N
W | =
~
nlw

1
), forevery0<7'<§, if k=0,

) emn((5) (D)) wo<ken
for all s € (0,00).

With the aid of Corollary controlling L®(R?) of u via the a-priori
bounds ({3.1)) becomes tractable. We need the following technical lemma.
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Lemma 3.10. Let f : R* — R be such that 11l g2y < 00 and || £l oo w2y < 00
Let K : R* = R be such that |K(z)| < ﬁ for some positive constant C,
some point xo € R? and for all x € R%. Then

K(x)f(z)dx

R2

1 1
< 2V2mw(C Hszl(R2) HfHIQ/OO(Rz) ’

Proof . For any p > 0, we have

C C
K)f@dd < [ o p@lder [ ) de
R? lz—z0|<p ‘.’ﬂ - $0| |z—z0|>p ’.17 - Z’o’
C
<2rCp Hf||L°°(R2) + ; ||f||L1(R2) ‘
After minimizing the last term, we can get the desired result. O

Since an axi-symmetric vector field v with no swirl is of the form u =
u, (1, 2)e,+u. (1, 2)e., to estimate the L°(R?) norm of u, it is enough to estimate
the L> norms of u, and wu, over the rz-plane Q := {r > 0,z € R}. We will use

the following simple identities.

w w

r

W

r

Ie®?)

HerL}C(RS) =27 H'f’QweHLl(Q) ) =27 HWGHLl(Q) )

r LL(R%) L=(Q)

We first estimate the r-component wu,..

Proposition 3.11. Let u, be given by the formula with wy satisfying

w1y < 005 ol iy < 005 || =2 < o0
fllL1 () 0l o) "l o) ‘
Then )
9 1 1 Wy || 2
ol < o Il el |22 0 339)

where Cy is an absolute constant.

Proof . The estimate (3.39)) is invariant under the scaling and the translation

in the 2z variable

(1, 2) = upr (A, Az + 20), wa(r, 2) = Awp(Ar, Az + 20)
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for every A > 0 and every 2, € R, and therefore it is enough to prove

H(,L)Q 2

L=(Q)
By (3.20)

(1,0) / / —~ (r_li +Z2>w9(r,z)drdz. (3.41)

We split the right hand side of (3.41)) into two parts. One is on the region

| (1,0)] S [|r? weHL1 IweHL1 (3.40)

1
11:{§§T§2,—1§Z§1}

and the other on the complement I, = Q\ 1.
On I, by Corollary (3.9 . using |F'(s)| < 1), the kernel of can be

estimated as

z L ((r—1)%+2% 12| r 1 _ 1
W\/FF( r )’5\/?(7'_1)2+Z2§ (7’—1)2“‘22_'(7“72/)_(170”.

Therefore, by Lemma and the fact that » ~ 1 on I;, we obtain

//1 wf/FF,((T_ 122 +Z2> wo(r, 2) dr dz
- ‘// wf/FF/<(r_ 122 +Z2) wo(r, 2) X1, dr dz

1 1 1 1
5 ||w9||[2,1([1) ||W0||zoo(11) S HT2W9||21(11) HwGHzl([l)

(3.42)

wo || 2

r e

where 7, is the characteristic function of I;.

On I, by Corollary , (using |F'(s)| < <§> ), the kernel of (3.41)) can be

estimated as

() =) e

njo

1
which is square-integrable on I,. Therefore, noting that |wy| = re |(,u9\i ]wgﬁ |w‘9%| =
by Holder’s inequality, we obtain

(r—1)%+ 22 Wy
wy(r,z)drdz| < ||r w w ‘ .
e () sttt ot 2L

(3.43)
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Clearly, (3.41)), (3.42) and (3.43)) imply (3.40). The proposition is proved. O

To estimate u,, we need the following technical lemma.

Lemma 3.12. Assume that wy is a function on ) satisfying

2 0
el 1y < 000 Nepllingey < o0, |57 e
Then
[t ards 5 el g ool |2
we(r, 2 raz 3 ||mwe wo r .
] [(T—1)2+Z2]% LY(Q) LYQ) || p Lo ()
(3.44)

We remark that the integral domain €2 of the right hand side of (3.44) can
be replaced by {r > 2}, where {r > 2} is shorthand for the set {r > 2,z € R}.

But (3.44)) is enough for our purpose.
Proof . We can’t use the Holder’s inequality directly to get (3.44)) because on

the region {r > |z|}, the weight [(7«71)1;:22]% ~ [(Pl)iHQ]%, which is not square-

integrable on that region. We introduce some notations. Let d? = r? + 2% and
f(r,z) = M To prove 1) it is enough to show

o0 oo 3 1 1 1
| g a1 o Il 1l 345)

=—00

By Cauchy-Schwartz inequality, we have

1 1
HTQfHLl(Q) < Hrngzl(Q) ||Tf||zl(§2) :

Therefore, to prove (3.45)), it is enough to prove

00 0 3
r o ok 1
/Z:OO /r:2 |f| @d?ﬂ dz 5 ||T f||zl({r22}) ||f||z°°({7"22})7 (346)

since {r > 2} C Q. We may assume that f is a function supported in {r > 2}
and vanishing elsewhere in €2, otherwise, we can just replace f by fx{>2}.

Under this assumption, it is enough to prove

3
T
Hf &

LY()
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For A\ > 0, let f\(r,2) = A2f()\r, A\z2). Clearly, fy is supported on {7“ > %} It

is easy to check that for every A > 0, we have

.3 .3
fxﬁ fﬁ

N poo () = A2 11l oo ) - ||T2f/\HL1(Q) =X Hrzf”Ll(Q) :

L1(Q) ‘ L1(Q)

We find Ag > 0 so that || fx, || o) = ||r2f)\0||L1(Q). By calculation,

HrszLl(Q) !
M=|——7""""" .
11l oo 0y

To prove (3.47)), it is enough to prove

S Hr2f>‘0||L1(Q) + ||f>\o||Loo(Q) . (3.48)

3

.
o=
G P

We distinguish two cases 0 < \g <1 and A\g > 1.
Case 1. 0 < A\ < 1.
By definition, f), is supported on {7" > %}, which lies in {r > 1}. On the
. r3 2 .
support of fy,, it is clear that Z; <1 < r* and hence 1) is true.
Case 2. )\ > 1.

In this case, we have

© S 00 2 3
T
5/ / |f)\0| drdz + ||f>\0||Loo(Q)/ / ﬁdrdz
L1(Q) —o0 J2 S %

SJ Hr2f>\0||Ll(Q) + “f)\oHLOO(Q) :
Therefore (3.48)) is true. The lemma is proved. O

3
r
f)\()%

We now estimate the z-component u,. The work for w, is similar to that
for u, in Proposition but some part have to be treated differently.

Proposition 3.13. Let u, be given by the formula with wy satisfying

||7"2w9HL1(Q) < 00, |lwsllp1 gy < o0, ”ﬂH <00 .
r Lo (@)
Then )
9 1 1 we || 2
fillim < CallPenllbg Il | 2[5 0 69

where Cy is an absolute constant.
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Proof . Since the estimate (3.49) is invariant under the scaling and the trans-

lation in the z variable, it is enough to prove

(3.50)

(L0 S [rwel o ol [ 2]

By (3.21),
-(1,0) / / Z(1,0,r, z)wy(r,z)drdz , (3.51)

where 2°(1,0,r,2) is given by (3.24)) as
1— -1
s (L)

Tre r
+£ F((r—1)2—|—z2)_Z(T—1)2+22F,((r—1)2+z2>
47 r T T

=2 2) + 25(r, 2) .
(3.52)

We split the right hand side of (3.51)) into two parts. One is on the region
1

and the other on the complement I, = Q\ 1.
On Iy, by Corollary [3.9, 25 can be estimated as (using |F’(s)| < 1)

~Y

11— r < !
A T T 2 S ) — o))

and [F'(s) S (1))

D=
Nl

and Z5 can be estimates as (using |F(s)| < (%)

%5(r,2) 5ﬁ[((r_1;”2)%”_122+Z2(<r_1§2+zz>g] STa—mol

Therefore, by Lemma and the fact that » ~ 1 on I;, we obtain

’/ Z(1,0,r, z)wy(r, z) drdz
I

(3.53)

wo || 2

1 1 1 1
5 ”weHzl(ll) ||w9HZOO(]1) S Hr2w9||21(h) Hw9”£1(h)

rollpe(ny
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5
On I, by Corollary 2 can be estimated as (using |F'(s)| < (%) %)

[1—r| r z 1
Hi(r,2)| < < b
2=\ oy ) Sropre

which is square-integrable on I5. Therefore, by Holder’s inequality, we obtain

1
we || 2

r

(3.54)

1 1
5 ||712w0Hz1([2) ||w6||21(12)

‘/ Z(r, 2) we(r, z) drdz
Ip)

Loo(ly)

Unfortunately, the foregoing argument of 27 does not work for 25 because %5

is not square-integrable on the region I;. By Corollary m, the best estimate
3
for 25 on Iy is (using |F(s)| < (1)2 and |F'(s)| < (%) 2)

o

s 5ﬁk“—1;2+z2)3+(r_122+z2(<r—1§2+z2> ] o )1;2+Z2J3 |
3.5

To overcome this difficulty, we split the region I, into two parts, “good” part
Iy := Ln{r <2} and “bad” part Iy := I, N {r > 2} = {r > 2}. By (3.55),
%5 is clearly square-integrable on I5; and therefore by Holder’s inequality, we
obtain

1
Wo || 2

(3.56)

1 1
S H’”zweHil(zm “w@Hil(Im)

'/ | Zalnz)w(r,2)drdz

T LOO(IQ1)

On the “bad” part I, by Lemma and ((3.55)), we have

o] 0 2
< / / |lwe(r, 2)]| d —drdz
z=—o00 Jr=2 [(7” —1)2 + 22]5

‘/ Ino Z5(r, 2) we(r, z) drdz

1
2

2 |1 i “o
5 HT’ CL)9H31(Q) H("‘)HHLl(Q) H? Loo (@) .
(3.57)
Clearly, (3.51)), (3.52), (3.53), (3.54), (3.56) and (3.57) imply (3.50). The
proposition is proved. 0

The following proposition concerns the decay as |z| — oo.
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Proposition 3.14. Let u = u,e, + u.e, with u, given by and u, given
by and with wy satisfying

||7“ weHLl < o9, ”WOHLl < 00, < 00.

[
Then for every e > 0, there exists a R > 0 such that for every x € R® with

|z| > R, we have

1 1
’|T2w9||[§,1(§2) ||W0”E1(Q) €

In particular, we have

lim |u(z)] =0.
|z|—o0

Proof . We can assume

We

HT2WGHL1(Q) > 0, ||W9||L1(Q) >0, H_ -0

r HLoo(Q)

otherwise, u = 0 and the assertions are obviously true. For any € > 0, we can

find a R > 0 so that wy: = wpXx{r24.2>r2) satisfies

84

16(C7 + C)2 [r2wll 11y [ 223w

[will 1) < )

where C} and Cy are the constants from Proposition [3.11] and 3.13] Let wy =

wy — wi. Let u; and uy be the vector fields constructed from w; and wq via

(3.20) and ({3.21)), respectively. Clearly, u = u; + us. By Proposition and
3.13] we have

e any < \/C2 + Gl g len 1 || £

We can also express us in terms of wo via the Biot-Savart Law in Cartesian

<5-  (358)

coordinates
( ) 1 T —
Us(x) = ——
2 47T R3 |x — yl

3 X waepdy .
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Since wsy is supported in the ball Bg(0), for any |z| > R, we have

1 1
i ||W2||L;(R3) B 1||Tw2||L1(Q) ||7“2w9||21(9) HWQHEI(Q)

B (e Y (P ey (P O

(3.59)

Clearly, (3.58) and (3.59)) imply the first assertion. The second assertion follows

immediately from the first one. U

Remark 3.15. In the statement of Proposition the R depends not only

on the norms

W
[ P T P =3 (3.60)

but also on the distribution of wy. For example, let wy(r, 2) = Xq1<r<a|z|<1}- Let
wy(r,z) = we(r, 2z — 29). Let u® = ue, + ue, be the vector field constructed

from wy° via and . Obviously, we have

20

r

HrzwgoHLl(Q) - ||T2w0HLl(Q)7 ||ngHL1(Q) - Hw9||L1(Q)7

Leo(Q)

L= ()
w?(r,z) = up(r,z = 2), w(r,2) = u.r,z = 2) |

but u and {uZO}ZOEJR do not have a uniform decay since the profile of u* s just
the translation of that of u by zo in the z-direction. Nevertheless, they have
the uniform decay rate in the r-direction. Actually, we can prove the following
result that for any 0 < e < % and any © € R® with r = \/m > 1,

Ju(z)] < 10_ , (3.61)

r2

where the constant C' depends only on € and the size of the norms in .
But it s not clear whether 1 optimal.



Chapter 4

A-priori estimates and proof of

the main result

4.1 A-priori estimates

In this chapter, we present the a-priori estimates for natural approximate so-
lutions obtained by regularizing the initial data, and prove the main result of
this thesis: the existence of globally smooth solutions for vortex rings, before
which, we introduce the notations used. The superscript “(¢)” indicates the
quantity (scalar or vector or tensor-valued) is induced by regularized initial
data. Sometimes we use a function f = f(r,z) defined on [0,00) x R as a

function defined on R? in the following way:

f(x1,29,2) = f(\/x%%—x%,z), for (z1,79,2) € R?.

Let us get back to our problem. The initial vorticity is
Wwo = KO , (4.1)

where k € R and ~y is a circle. Without loss of generality, we assume that = is
(rocosB, rosiné, zg) for some rg > 0, 29 € R and —7 < 0§ < w. Then (4.1)) is

47
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equivalent to, in the sense of distribution,
Wo = Kdry,20€0 (4.2)

where d,, ., is the Dirac mass at (rg,29) in the rz-plane. We will search a
solution in the class of axi-symmetric velocity fields with no swirl, which have
the form

u=u.(r, z,t)e, +u,(r, z,t)e, . (4.3)
The related vorticity fields have the form
w = wp(r, z,t)eq (4.4)

with wp = u,, — u,,. Note that a solution of the form (4.4) is formally com-
patible to the initial condition (4.2)). The equation for wy is

Uy 1
Onop + Urtp,r + Ustpz — "Wy = Wor + —Wor = —5Wo + Wozs (4.5)
which can also be written as:
Uy 1
Owwg +u - Vwy — W = Awy — W s (4.6)

_ 9 10, 10 & i RS
where A = 75 + 5~ + 5557 + 55 is the scalar Laplacian in R”, expressed
in the cylindrical coordinates. u - Vwy = wjwy1 + uswy 2 + uswp, . is equal to

Urwp r +Uywp . In terms of wy, the initial condition (4.2) can be formulated as:

wy(r, 2,0) = Kdyry 2o - (4.7)
But we will not use either (4.5) or (4.6) in our method because these two

equations have a vortex-stretching term —+=rwy. It is easier to work with the

quantity 7 = wy/r, which satisfies

3
o + UpT) + UT) 2 = Nrr + ;7777‘ -+ Nzz (48)

or

2
n+u-Vn=An+ U (4.9)
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Remark 4.1. For a smooth vector field u, the apparent singularity of n = we/r
1s only an artifact of the coordinate choice. The quantity n is actually a smooth

function, even across the z-axis, as long as u is smooth, see [LWQ9J.

4.1.1 Regularized initial data

In terms of 7, the initia data (4.7]) reads:
wy(r,z,0) KO,

no(r, z):=n(r, z,0) = = 0% — £5T0720 ) (4.10)

r T To

The last equality of (4.10) holds in the sense of distribution. If we take an
arbitrary test function ¢ = 9 (r, 2z), then

(%2.) = (s ) 20230 (%5 0).

To

Let ¢ : R? — R be the standard mollifier such that ¢ € C5°(B;(0)), ¢ > 0 and
Jg2 @(y) dy = 1. And Let ¢ (yl, yg) = 2p(£, £2). Here and in the sequel, we
assume 0 < ¢ < 2. We define 77 by

) (r, 2 )3:(¢(€)*7IO)(T72):%5_2 (T;TO,Z;%) . (4.11)

Clearly, for every 0 < & < 7, 770) has a compact support which stays away

from the z-axis at least 3. It is easy to check

mlel < o <3mlnl
T |k 27 |k|
PRl <= S0 =9’ < | < =0+ 0) < S Il g
(4.12)
Remark 4.2. Note that Hn((f) C~ sl 7“277(()5)” _ ~ |&]r§. The bounds
L L

for Hn((f) H depends only on the strength |k| of the ring Koy, .,eq but the bounds

for
independent ofs and will serve the a-priori bounds. The inequalities in

are dimensionally consistent.

21, )H depends on both the strength and ro. Nevertheless, they are both



50
Corresponding to 5, the initial vorticity field w” and velocity field u"

are

() (&) 1 r—y

w=rn ey and ul?(x):= x W (y) dy | (4.13)

A Jaa o -y

respectively and w((f) has compact support.

4.1.2 Approximate solutions for regularized initial data
Obviously the velocity uéa) in (4.13) is axi-symmetric and swirl-free. And for

each €, u((f) € HF(R?) for any k > 0 and satisfies
dival? =0,  curlul® =W . (4.14)

Remark 4.3. We don’t have a uniform bound for H*(R*) norms of u(()a), not

even for the L2(R*) norms of ul.

We use the result of [L68,UY68, LMNP99] to get a global-in-time smooth

solution for initial data u((f). Their result is stated as follows, where we use the

version of [LMNP99].

Theorem 4.4. Let T € (0,00) be arbitrary, and let ug € H2(R?), divug = 0

be axi-symmetric and swirl-free. Then there exists a unique axi-symmetric and
swirl-free solution u to the Cauchy problem (1.9), satisfying

ue LFH? (R*x(0,7)) NL{HS (R*%(0,T)), w € L{H, (R*x(0,T))
(4.15)

Moreover, this solution is smooth.

Since the initial data u(()a) satisfies the assumption of Theorem , there ex-
ists a unique global-in-time smooth solution u(®) for 3d Navier-Stokes equations

satisfying the initial condition

u(0) = uf | (4.16)
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And moreover u(®) is axi-symmetric with no swirl, that is, in cylindrical coor-
dinates,

u® = u(r, 2, t)e, +ul(r, 2, t)e. .
We shall show that a subsequence of {u(‘f)} ,, converges to a smooth so-
0<€<7

lution with the ring kd,, . ey as initial vorticity. Corresponding to u'®), the

vorticity field w(® and the scalar quantity 1®) are

N
|

<
~
%

W(E) — Curl U(E) — (U(E;Z _ u(5)>69 and 77(5) = ,U/T,— s (417)

Ty z,r

respectively. As a result of (4.13)), (4.14), (4.16) and (4.17), w® and 7 satisfy
the initial data in (4.13))

w&(0) =W, 1@ 0) = . (4.18)

By (4.9) and Remark , 1) is a smooth solution of the following equation:

2
0+ u® v = Ap© 4 “n© . in R® x (0,00) . (4.19)
/]a )

4.1.3 A-priori estimates for approximate solutions

The following lemma says that 1) enjoys the strong maximum priciple, which

is crucial for our arguments of obtaining the a-priori estimates.

Lemma 4.5. If & > 0 (or, <0), then n©)(r,z,t) > 0 (or, < 0) for any r >0,
z€R andt > 0.

Proof . We just prove the case of kK > 0. The case of kK < 0 can be proved
similarly. We can not apply the maximum principle directly to since
the coefficient of %n(f )
symmetric function v(r) defined on R™ is Av = v”(r)+"1¢/(r), the right hand
side of can be appropriately interpreted as the Laplacian in R® and we

can recast (4.19) in R®> x (0,00). To this end, we introduce some notations.

is singular. Recalling that the Laplacian of a radially
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Define

N (@1, 29, 23, 34, 2, 1): =0 <\/x% +xd+ 2k + a7 2, t) ,

~ (&
U( )($1,$2, T3, Ty, Z7t)

=) <\/x% + a3+ 2f + 23 2, t>ér + ul® <\/x% + a3 + a3 + 23, z,t)éz :

where

r:¢ﬁ+x%ﬂg+ﬁ,@:(ﬂﬁﬁﬁiﬂgo,@z(aaaaﬁ.

Then by (L11), (LI8) and (I19), we have

i+ 0 - Vsi© = A, in R x (0,00)
7€) (0) >0, and Z0 in R®,

where,

o o0 o0 0 0 > 0? 0? 0? 0? 0?
3 5

v5:<8x1’812’8x3’8:€4’$ :3x%+8x§+8x§+8xi+@'

By strong maximum principle, we get
7® >0, in R®x(0,00),

which implies

n® >0.

Thus the lemma is proved. 0

One of the important a-priori estimates is the conservation of momentum.

Lemma 4.6. (Conservation of momentum). For all t > 0, we have

27
Hrw(é‘)(t)HLglc = Hrw(é)(O)HL% < Tﬂ k|78 . (4.20)
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Proof . By w® = ey, (4.20) is identical to
27w
4
The “inequality” part of (4.21) follows from (4.12)) and (4.18). It remains to

prove the “equality” part, which is actually the conservation of momentum.
Since the initial vorticity field w((f) in 1} is smooth and compactly sup-

ported, the vorticity field w(®) remains Schwartz (smooth and having fast decay

Hrzn(a)(t)HLé = Hr?n(a)(())||Li < k|72 . (4.21)

in all spatial derivatives) for all the time. Therefore the momentum can be de-

fined by using the vorticity as

%/3 (x X w(g)(a:,t)> dx
R

and moreover, the momentum conserved globally in time, that is

1 1
Z (e) S (e)
2/RS<:E><w (z,t)) dx 2/Rs<x><w (:v,O)) dr, forallt >0, (4.22)

which can be checked by the vorticity equations (|1.18]), integration by parts
and Schwartz property of the vorticity field w®).
By w® = rnEey,
zx w =z x e,
=(r1, 72, 73) X (—9027)(5)79617}(5),[))

(e)

:<—x1m377 ,—JZQZL‘gT](a),TQ’I](E)) )

Noting that the first two components are odd in x; and xs, respectively, we

/Rg <l' X w(s)(x,t)> dr = (0 .0, /RB 20 (z,t) dm) , (4.23)

which, combining with (4.22), implies

thus have

/ P20 (2. 1) dr — / P20 (2,0 de,  forallt>0.
R-?)

RB
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Finally by Lemma n®)(x,t) is nonnegative if x > 0 (or, nonpositive if
k< 0) for all points (z,t) € R* x[0, 00) and therefore we can get

/ ’rQn(E)(a:,t)} dx :/ ‘7“27](8)<£L‘,0)| dx .
R3 R3

We get (4.21) and the lemma is proved. O

Remark 4.7. The lemma says ||7“w(5)(t)HL1 < k| 3. (4.29) implies the total

momentum of the fluid flow is in the z-direction. This is due to the special

structure of axi-symmetric velocities with no swirl.

The following lemma claims that the L; norms of @ are uniformly bounded

from above, which thus gives us the second a-priori estimate.

Lemma 4.8. For allt > 0, we have,

r

< 3m|K| .
Ly

Proof . By w® = rn©ey, it suffices to prove
”77(8)“)“@10 <3m|k|, forallt>0.

We just prove the case of k > 0. The case of K < 0 can be proved similarly.
By Lemma n®) > 0, Direct calculation shows that

d g d 13
dt Hn( )<t)HL;(R3) = %/Rg 77( )<$1,9€272,t> dxy drydz

2 2
— / (An(e) — 0. vn© —n(f)) day ds dz = / 20 day day dz
R3 T b b

rR3 T

:47r/ / nff)(r,z,t) drdz = —477/ n©(0,2,t)dz <0 .
—o0 JO

[e.9]
—00

Thus Hn(a) (t)H ;1 is decreasing in time. Combining this with (4.12), we get

I )

1w < OO, = 7)), <sxlal
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The lemma is proved. 0

By Nash’s method, we will now get uniform estimates of the L? norms
of #, for all 1 < p < oo, which also serve as our a-priori estimates. This
generalization has been further generalized in [F'S86]. The key point in the
(e

proof below is that the drift term %7]7 ) has a good sign.

Lemma 4.9. For every 1 < p < oo, we have,

r

<t 2079, te(0,00) , (4.24)

L:

where the constants C, are independent of .

Proof . Note that ([£.24) is valid for p = 1 with C; = 37 |x| by Lemma [4.§
Again by w® = rney, it suffices to prove

Hn(E)(t)HLg S Optig(lii)a le (07 OO) ' (425)

Under the spirit of the energy method, for p = 2" with nonnegative integers
n, we define
EP) (t):=[|n® (1)

p

- [t
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For p = 2™ with n > 1, direct calculation yields that

dBy d P d » 1
_ __ 4 NP g — — L ((s))d:_/ ((e)) 9 g
di di Rg‘” = V) s L\ e

_ / p<n<e>>“ ( Ayl + 27755’ _ u<€>vn<8>) I
R3
:_/ {p[n@]p An© 4 2 [(n( ))p] —u(E)V[(n(E))p]}dx
R3
_/3p(p - 1) [n(s)]p |Vn(5 dx — 47r/ / 6) p drdz
R

dx — 4w /_Oo [(77 )p] ::Zo dz

_ /R pp- ) [,7@)] *wn|

[ =1 |29 [0

ip—1) / p
> vi(n®

==/, [(77 )2]
Recall the Nash’s inequality [N58| P936]

[ 1vup i > M(/R |u|>§</RS |u|2)g | (4.27)

For p = 2" with n > 1, by Nash’s inequality, we get the following iteration

scheme from ({4.26]),

dEF _ 4(p—1) ik
_ > (8) 2
. — D /Rs V[(n ) } dr

2 ([ ot ]) (),

4(]7_1) (e) _% € %
- M(Ep/2> <E1§>>.

We first prove (4.25) for p = 2" with nonnegative integers n by induction.
Assume (4.25) is valid for ¢ = 2% with & > 0. Let p = 21, By (4.28), we

have,

(¢) _4 5 _4 5
_dgi S A - 1)M<E<a>> s <E<a>>3 i 1>M<th—§<q—1>> g <E<a>>3 ,
p

(4.26)

2\ 3
(n©)2




o7

—
B’ ,
%[(E(e))—ﬁ} _ dt _> 4(p—1) MO8 $2(a-1) A(p — 1)M0q*?ptp—2 :
t (EZ()E)> 3 p p
—

3

Hence (4.25)) is valid for p = 2! with C, = ;’%}) %C’q. In fact, C,, is uniformly

bounded from above.

3 >2k§—2 3(k+1) ( 3 )Zyi’ﬁ2z 3(i+1)
SM

Cp = <8—M 2 2k 12 Czk < 20+2 Cl = Coo .

[ e < Ct ™

For other p, we can prove (4.25) by interpolation. Therefore the lemma is
proved. U

Remark 4.10. From the proof of Lemma we see the constants C), in

linearly depends on Cy = 3 |k|. In particular,

3 )Z 2,-%22 3(i+1)

Coo= (57 w2 Oy S Il

r

(4.29)

< Ot 2 < ||t 2,
LOO

x

which gives us the third a-priori estimate, where M 1is the absolute constant in

Nash’s inequality .

Remark 4.11. If the fluid is inviscid, then n'®) satisfies

m+u® V=0, in R*x (0,00) . (4.30)
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Since n®) is conserved along particle trajectories, n'® keeps its sign in later

time. We still have the uniform estimates of the L. norms:

IO, = IO Ol = ||

< 3m|k| .
Il

T

However, the argument in Lemma[{.9 yields: for any 1 < p < oo,

I )|

i = O] =[],

which will blow up as € goes to 0. Therefore we lose uniform controls of the LP

norms in the inviscid case.

We now use the weighted inequalities of the previous section and the three
a-priori estimates from Lemma [4.6] Lemma [4.8 and Remark to get further

estimates on vorticity, the gradient of velocity, velocity and pressure.

Lemma 4.12. For 0 <t < 0o, we have the following estimates:
i) forany 1 <p <2

@ @) 5 < I8l rot~3(-3) (4.31)

i) for any 1 <p <2
[Vu© )], < i ot 3 073). (4.32)

iii) for any 2 < ¢ <6
[ @) 4 S ] rot~ (=) (4.33)

iv) for any 1 < ¢ <3
@0 S Il r2e (d0), (4.34)

@ @)]], S |6t t (4.35)
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Proof .
i). By Proposition , for any 1 < p < 2, we have
| w0 |
€ € 3 W ! w g
Hw( )(t)’ w S ||rw( )(t)‘ z; =L, | (4.36)

Then (4.31) is an easy consequence of ([4.36), Lemma4.6| Lemma4.§land (4.29)
in Remark (.10

ii) By divu®=0, curlu®@=w® = (!9 w{? w{) and Fourier transform,

one can get

RlRQW§€) — R1R3W§E) RQRQWéE) — RQRgU)gE) R2R3W§8) — Rgnggs)
Vu® = | RiRw'® — RiRiw\?  RyRyw'® — R Ryl RyRyw'® — Ry Ryw!®

RiRwS — RiRow®  RiRywl? — RoRow'®  RyiRswl™ — RyRaw'!®
where R;, j = 1,2,3 are the classical Riesz transformations, which are well-

defined and continuous on L2(R?) for all 1 < p < oo, see for instance [S93)
T86). Therefore

V@Ol S Ol -

which, combining with (4.31)), implies (4.32)).
iii) By Corollary , for any % < q <6,

1_1 2_1
q 6 3 q

T

r

1
2
Lt

x

Jue)

i S [l )]

(4.37)

Ll

Then (4.33)) is an easy consequence of (|4.37)), Lemma , Lemma and

(14.29).
iv) Recall the pressure p(®) and the velocity u(®) = <u§€), uga), u§5)> satisfy the

Lge

following equation (which can be easily obtained from Navier-Stokes equations

and divergence-free condition divu(®)=0):
Ap© = —9;0,(uu)) . (4.38)
Then by (4.33), we can use the Riesz transformation R; to solve (4.38) to get

P = Ry Ri(u ) .
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Hence
€ € 2
PO O] S ([ @) 20 -
which, combining with (4.33)), implies (4.34)).
v) By Proposition and (3.13]
L @O 0@ ()2
@), < (@@ |22 <20 (4.39)
& @ r r
Ll Ly

Then (4.35)) is an easy consequence of (|4.39)), Lemma , Lemma and
(4.29). O

By Lemma and the subcritical theory of Navier-Stokes equations, we
can control the spatial and time derivatives of the velocity and pressure of any

order pointwise.

Lemma 4.13. For any k,h > 0 and for any 0 < s < T, we have the following

pointwise estimate

[ VEViu®)]

<C,  |Vivip <C,

(e)
CQ 4 (R? x[s,T1) ) ||ngt(]R3 x[s,T]) =

where C' is independent of ¢ and depends only on k,h,s,T,|k|,ro.
Proof . This lemma is a consequence of the subcritical well-posedness theory
of Navier-Stokes equations. Fix 0 < s < T. By (4.33]), we have the following

subcritical estimate
@ @)|,0 S 16l ot (4.40)

since L5(IR?) is a subcritical space for Navier-Stokes equations with respect to
the scaling

u(z,t) — Au(Az, A\*t), p(z,t) — Np(Az, \°t) .

By Theorem , there exists a local-in-time unique solution v®) for Navier-
Stokes equations with 1) (%) as initial velocity in the space C' < [%, T*) , Lg(R3)>

for some % < T* < 0o. v® coincides with u® on the time interval [%, T*) by
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weak-strong uniqueness. The decay property (4.40) implies 7% = co. Hence
u® =0 for all ¢ € [£,00). Again by Theorem , ul®) satisfies

|VEV u <C, (4.41)

©)
: HL;OLQ(]R?’ x[s,T7])
ul®) (§> . Then by Sobolev embedding, we

LZ’

prove the first estimate. The second estimate is a consequence of (4.41)) and
(£.38). O

where C' depends only k, h, s, T,

The estimate (4.33) in Lemma [4.12 imply the set {u(s)}0<€<m has weak
2

compactness in Lebesgue spaces. To show the strong convergence of {u(e) }o<s<%°’
we need to establish certain uniform weak continuity of u(®) as functions of time
t. To this end, we use the standard method, the Aubin-Lions Theorem, see
[C86., L98| [T77]. We state the theorem in a general setting, see Chapter 111
of [T'77].

Let Xy, X, Xy be three Banach spaces such that

XoC X C Xy, (4.42)

where the injections are continuous, X; is reflexive, i = 0,1, and the injection
Xo — X is compact. Let T" > 0 be a fixed finite number, and let ag, a; be two

finite numbers such that a; > 1, 2 = 0, 1. We consider the space

d
 — {v Lv € L (0,T; X,) d—;f e L (0, T; Xl)} . (4.43)
The space % is provided with the norm
dv
oy =ollsoor + | , (441
Lo1(0,T;X1)

which makes it a Banach space. It is evident that

Y CL*0,T;X), (4.45)

with a continuous injection. Actually this injection is compact.
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Theorem 4.14. (Aubin-Lions) Under the assumptions to the
injection of % into L* (0,T; X) is compact.

Proof . See [T77]. O
Let H;2(R?) be the dual space of H2(R?).

Lemma 4.15. Let 0 < T < 00. Then we have
' ou®)

ot
where the constant C' is independent of € and depends on T'.

<C, (4.46)

Lt% (o,T;H;Q(u@))

Proof . Let ¢ € H2(R?). By Navier-Stokes equations and Lemma [4.12] we

have

(e)
(20)

) (—diV(u(E) ® u(g)) — Vp(s) + AU(E), ¢)
< | @u®, V)| + |(p"), dive)| + [ (u', Ag)]
[w )| zr OO 22 190020 + 109 O o1 19622 + [0 D] 2 1812

_oy 3 4 3 _94 3
SR rgt ™ e V6] s + |6l gt |V g + k]t (62

where

1 1 1 3 1 1

_+_+_:17_<p1ap2s67_+_:171<Q1SS’

Pr P2 D3 2 @ G2
One can take, for example,

12 6
frnd —_ — B :6 = - :6 .
pP1=D2 5 Ps3 y 41 5 q2

Then by Sobolev embedding, we have for 0 <t < T,

(e)
(o)

_3 _3 _1
SIKP gt 2 IV ell g + 87 15t 7 1Vl g + |k]rot ™ (|61l

S(I6P e+ el rot ) 16
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Hence
ou®)
5 (t)

< |k rgt_% + || rot i .
Hz?

1

Finally integrating with respect to time from (0,7") yields the desired result.
0

8
is precompact in L} (0, T;L? (R3)) )

z,loc

Lemma 4.16. Forany(0 <T < oo, {u(a)}

70
0<e< D)

Proof . By Lemma [£.12] one has
Hu(a)(t)Hng < |5l ot 7, HVU(a)(t)”LE < [l rot 76

which implies
8
5

u® € L7 (0,7 W (R%)) . (4.47)

Then (4.47)), Lemma and Theorem imply the desired result, where
8 ,
we use Xo = Wo'>(R?), X = L2 (R¥), X; = H-2(R*) and g = &, oy = 2. O

x,loc 5 4

4.2 Proof of Theorem [I.1]

(4.33) implies
[ @) 2 S Iklrot ™5 (4.48)

which in turn implies

{u(s)} is a bounded set in LtgLi (R*x(0,T)), forany 0 <T < oo .
(4.49)
Arzela-Ascoli’s Theorem, Lemma , Lemma and allow us to
extract a subsequece of {u(a),p(e)}, still denoted as {u(a),p(g)} such that for
a smooth vector field v and a smooth scalar function p, for any nonnegative

integers k, h and for any 0 < T < 0o, we have

8
u® S uin L7 (0, T3 L2 (RY)) |

xz,loc

. (4.50)
u® = in LJL2(R?*%(0,7)) ,
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and
VAV = VAV locally in R? x (0, 00) |

(4.51)
VEVEpE) = VEVED  locally inR® x (0, 00) |

which imply the limit (u, p) is a global-in-time smooth solution of Navier-Stokes

equations in R? x (0, 00) and u is axi-symmetric with no swirl.
We prove the initial condition (1.15)). Take a ¢ € C§° (]R3; R3) with Bg(0)

as its support. By Navier-Stokes equations, we have

T
/ / {(u(a) ® u(e)) - Veurlp + ul® - Acurlga} dz dt
0 JR3

(4.52)
— [ @) pla)de [ @) o) ds
R3 R3
We claim that we are able to pass to the limit in (4.52) to get
T
/ / {(u ® u) - Veurlp + u - Acurkp} dx dt
o J&? (4.53)

— [ w1 o) do = [ kb ea- o da
R3 R3

To this end, it suffices to check the nonlinear term in (4.52) and (4.53). By
[EA9) and ([E50), we have

T T
/ / (u(e) ® u(e)) - Veurlpdx dt — / / (u ® u) - Veurlp dx dt‘
0o JR3 0o JR3

S =l ]

112 (BrO)x(0.1)) (

which goes to 0 as ¢ — 0. Thus (4.53)) is obtained.
Fatou’s lemma and (4.48]) imply

lu()ll 2 S Iklrot ™5 . (4.54)

L] oo
L?LE(H@X(O,T)) * HUHLE%L%(R3><(07T))> [Veurlpl| o ,
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Hence in view of (4.53)

/ w(z, T) - p(x)de — / KOry.20€0 - P dx
R3 R3

T
/ / {(u ®u) - Veurlp + u - Acurlgp} dx dt' (4.55)
0 JR®
T 2 9 1 T 1 2 9 1 3
5/ || rgt™2 dt +/ |kl ot 2 dt S |k rgT? + |k| T4,
0 0
which implies ([1.15)). Theorem [1.1|is thus proved.

Remark 4.17. Theorem 18 also true if we replace the initial condition by

finite many vortex rings

W(-,0) =Y Kib,ze0 | (4.56)
i=1
where all k; > 0 (or, all k; < 0), or more generally, by
w(-,0) = ey , (4.57)

where 1 s a positive or negative finite measure with a compact support in the

rz-plane. Without any modification, the preceding proof for single vortex ring

also works for the cases of and .
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