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Introduction

We study pure bending of a flat, linearly elastic three dimensional plate
with rapidly varying composition. A uniform coercivity-condition and a
uniform boundedness-condition are placed on the constitutive elastic law, but
we require no special structure in composition, such as periodicity or quasi-
periodicity. It is shown that all limiting vertical displacements, coming
from the equations of 3-d elasticity with plate-thickness approaching 0, must

necessarily satisfy a fourth order equation of the form

(1) (M )y = F

aas asyéayéw

on the (plate-) midplane £ . The existence of a limiting equation of the
form (1) is well known for plates with slowly varying composition [3,14,16];
recently Caillerie has studied plates with rapidly varying periodic composi-
tion [2]. The analysis presented here extends those results to plates with
arbitrary variation in composition. For the periodic case there is an (essen-

tially) unique limiting rigidity tensor M In addition to the particular

aBys®
form of the local variation it only depends on the limiting ratio of the

thickness and the length scale of variation. The tensor may be ex-

MaBYG
pressed in terms of energies of certain periodic cell problems.
Without structure assumptions about the local composition it is no longer

possible to give explicit formulas for the M We believe that in inter-

aBYy§”
esting cases it may be possible to find upper and lower bounds for its eigen-
values much in the same way as has been (at least partially) done for certain
composites [5,12,13,19].

The problem studied here is also closely related to the problem of plates

with rapidly varying periodic thickness considered in [7-10]. If voids are

thought of as occupied by a material of zero strength, then a plate with



rapidly varying thickness may in principle be thought of as a flat plate with
rapidly varying composition. Due to our coercivity-condition, voids are not
permitted in the flat plates considered here; they represent an added diffi-
culty which we, at this point, technically do not know how to handle without
extra assumptions about the local structure of the composition. Some of the
ideas of TI'-convergence may be relevant to this problem, since they have suc-
cessfully been applied to study limits of non-coercive functionals in other
circumstances [1].

Plates with rapidly varying composition are of interest in structural
optimization; in certain design contexts they are known to be stronger than
plates with only slow variation in composition. We refer the reader to [10]
for a more detailed discussion of the relation between an optimal design prob—
lem and plates with rapidly varying composition (in that particular discussion
the variation in composition has the form of a rapidly varying thickness).

The approach taken here is a variation of the method of H-convergence
introduced by Murat and Tartar [15,17]. One major difference is that in this
case both the dimension of the domain in which the limiting equation is satis-
fied as well as the order of the limiting equation differs from that associ-
ated to the equations with rapid variations. In the analysis this difference
is probably most apparent in the construction of the isomorphism from
H—Z(Q) to :2(9), which is the candidate for the resolvent of our limiting
operator.

The organization of this paper is as follows. In the first section we
briefly provide some preliminaries concerning the equations of 3-d elasticity,
and in addition we give a precise statement of the convergence result to be
proven later. It is very convenient to rescale the thickness variable of the

plate to the interval (-1,1); the three dimensional equations are now all in



the same domain - but they become singularly perturbed as the old thickness
parameter approaches zero. In section 2 we apply Korn“s and Poincaré’s
inequalities to the solutions of the rescaled equations, and this leads di-
rectly to estimates of various expressions and then to statements about weakly
convergent subsequences and the structure of their limits. A major part of
any convergence argument, using the method of H-convergence, is to construct
the isomorphism which is the candidate for the resolvent of the limit
operator. In this case such an operator must necessarily map H-Z(Q) onto
;2(9) and it turns out that it may be constructed from the three dimensional
equations by restricting attention to external loads that are uniform through-
out the thickness. Section 4 contains the final step of the convergence argu-
ment, namely the verification of the right constitutive relationship between
curvature and bending moments. This is accomplished by integration by parts
of the energy bilinear form. The trial-functions are the solutions to the
three dimensional elastic problem with the prescribed loads, and the test
functions are picked so that they satisfy the three dimensional elastic equa-
tions with an external load which 1is uniform thoughout the thickness, and so
that they furthermore have constant curvatures in the limit as the thickness
approaches zero. It is possible to select such test functions because of the
aforementioned isomorphism. This last part of the proof is a variation of
Tartar”s div-curl lemma, which again is a special case of the so-called method
of compensated compactness [18].

1. Preliminaries and statement of the main result

We shall write x = (xl,xz,x3) for vectors in BR3 and X = (xl’x2) for
vectors in R2. Latin indices will usually range from 1 to 3, and Greek ones
from 1 to 2; the summation convention applies whenever indices are repeated.

We write 3, = 3/3x, and 3,, = 82/axiax . The three dimensional flat plate

i i ij h|



of thickness 2¢ 1s given by

R(e) = {x: x€ 0, |x3| < e}

2

where Q is a smooth bounded domain in R® and € denotes a small parameter,

with say 0<e<l . We shall denote by 3+R(e) and

d_R(e) the upper and lower faces of the plate

B ,R(e) = {x: x€ @, %3 = £ ¢}

and by SOR(E) we denote the outer edge of the plate

BOR(E) = {x: X€ 39 , |x3|

Associated with any displacement u = (“1’“2’“3)

tensor

_ 1
eij(g) = —2--(81uj + Bjui)

and the corresponding stress tensor

oij(t_x) N bijkz e (v .

<e} .

of R3 is its strain

We are concerned with spatially inhomogeneous materials and so the components

bijkjl of the elastic tensor will be bounded measurable functions in X. Fur-

thermore, these functions are permitted to depend on the thickness parameter

and (except for certain symmetries) they will only be restricted by the fol-

lowing two requirements:

€
(2) Pijre (¥ €50 > G izj ley;
2, 1/2
(3) (0 165, ® e 1) ““ec,( T |
R ) 20 b 1%

a.e. in R(e) for any symmetric 2x2 tensor e , with constants ¢;>0 and C,



that are independent of € . Note: throughout this paper ¢; and C,
always refer to these same constants whereas the letters ¢ and C will de-
note generic positive constants (independent of € ).

Remark 1

One simple example of rapid variation in composition, which falls within

the framework of our study and which has received quite a bit of attention, is

the case
be (x) = b1 (x/e)
1jke X 1jke ' X ’
where bijkl(z) is periodic in y and satisfies (2), (3) (cf. [2]). We also

mention the work in [7-10] about plates with rapidly varying periodic thick -

ness:
R(e) = {x : x€ 0, |x3| < eh(x/e?)} , Ocace .

If we denote hmax = max h then formally, at least, such a plate corres—

ponds to an inhomogeneous material

€ _ 41 a
bijkl( ) bijk2(5/€ » X4/€)
with
c lya [<h(y)
bl (y) = ijke 3
1jke 0 |y3|>h(x)

occupying the flat domain

|

{)_( P X €Q, |x3l < Ehmax

The possibility that may vanish on R(e) 1is technically a significant

€
bijkl
extra difficulty which we shall not include in our analysis of arbitrary,

rapidly varying composition. l__J

We always assume that the elastic tensor obeys the symmetries

' 6



€ _ L€ _ L€ _ L
(4) Py T Pyake T Pijer T Preiy

and that the horizontal planes are planes of elastic symmetry, which means

(cf. [11])

€ €
(5) bGBY3 o , ba333 o .
Finally we assume that b° 1s even with respect to xq

€ €
(6) Pijra (%) = Pyype(Xmx3)

The equations of elastostatic equilibrium for the clamped, vertically

loaded, three dimensional plate R(e) are

] 0 1=1,2
=3, [0, . (u)] = in R(e)
J 13 ezFe i=3
. 0 i=1,2
(7) oij(g )vj = 3 e on atR(e)
e f i=3
t
€
u =0 on BOR(e)
where v = (0,0,t1) denotes the outward normal to aiR(e). The loads are

scaled in order to insure that ge stays bounded as € goes to zero. For con-
venience we shall assume that F~ 1is even in x3 and that fi(z) = ff (x) ;
the common boundary load is denoted fe(z) . Because of the linearity of the
problem, this represents no loss of generality in the limit e+0 , as the
energy corresponding to odd loading is negligible compared to that of even
loading for an elastic law with the symmetries (5) and (6) (cf. [8]). Notice

that from the assumptions about the loads and (5), (6) it follows that

€

Y1

€ €
» u, are odd, uy is even



€

€ €
008 » Ogq are odd, 9.3 is even

with respect to X3 ; Xe will denote the space of all admissible displace-

ments that obey these symmetries:

X_ = {u et (R ¢ u |

. 0, u ,u, are odd and uy 1s even in x3}

= 9
BOR(E) 1°72

where H! (R(e)) 1is the space of (vector valued) functions with square
integrable first derivatives. The problem (7) now has the following varia-

tional formulation
gee Xe and

dx + 253 / £° v dx

(v)dx = e / Fov 3
9 R(¢)

€
® AT R(E)

R(e) 3

for any v € X, -
Unless explicitly stated otherwise we shall always assume that
9) FFe L'R@e) , £ € Li@)
with

F(x,e9) » F(x,y) in 152 x (-1,1)) , and
(10)

fe(g) +> fo(z) in LZ(Q)
as €*0 (the regularity assumptions on the loads can be somewhat relaxed -
see Remark 4 - but we do not feel that this serves any purpose in the present
context.)
Since we are not imposing any requirements on the structure of the rapid

variation in the bijkl » we will not in general obtain convergence of ge



as € approaches zero. Instead our main result concerns convergent

subsequences (which corresponds to the compactness property in the theory

of T'-convergence, cf. [4]).

Theorem

Let {ek}:=l be any given sequence converging to zero. There exist a

subsequence {ek(l)}2=l - for simplicity denoted {e£}£=1 - and a tensor-

valued function M (x) such that
aByd "~

i)

MGBYG - MBGYG - MaBGY - MydaB
ii) o
MaByG lies in L () with
2 2
Magys(Ptoptys > 5 ¢ L ltggl © and
a,B
241/2 2 2,1/2
(L Mg (0t |7 < 3 ¢, I lt,l")
“a.B aBy$ Y8 3 2 a8 aB
a.e. in 2 , for any symmetric 2x2 tensor ¢t .
i1i) ©

82 81 €

For any even external load F . and any boundary 1loads

£ =f " =f 2 , satisfying (9) and (10), the solution

+ -
€

to the problem (7), u 2, as €,

to
(-xy2 1900+ = 132,900, ()

where w € HZ(Q) solves the problem

o

= in Q
aaB(MaBYsast) n
w = QE = (0 on 30 .
an

approaches zero converges



The effective load Fo(z) is given by

1
FO(x = [ Folx,ydy + 2£°(n) ,
-1

where F° and f° are the limits from (10). The
convergence is in the weak topologies:

2 1
u, (5,e£y)—h w(x) in H'(Q x (-1,1))

€
l—-u l(x,e y)— -y w(x) in Hl(Q x (-1,1)) .
El a “~R o~

Remark 2

It is possible to prove a similar theorem without the symmetry requirement

€ €
15k " bklij (i.e. without assuming that b

€

that b 13ke

is a symmetric operator

on 2x2 tensors). Of course, the resulting tensor M will not possess this

aBy$s
symmetry either., The coercivity estimate stays the same, but the operator
2
(c,)
2/3 C,, is replaced by 3 . We consider the
1

symmetric case, since it is the only physically interesting in the context of

norm estimate for MaBYG’

elastostatics. |__J
Remark 3

It follows immediately from the statement of our theorem that

€ € o
7%— / ¢ u32 dxy—= w(x) in i Q) ;
L -e
L
L)
it is actually shown in the proof of the theorem that 7o f u, dx3 con-
o L -e

verges strongly towards w in Hl ) . . r-_|
Remark 4

As stated earlier, the assumptions (10) on the loads are not the weakest

10



possible. For the solution of (7) (or rather of (8)) to make sense it is
necessary and sufficient that the functional

3
v+ 52 / Fov dx + 2¢ [ £y dx

R(e) 3 R(e)
is in the dual of {véHl(R(e)) P v |a = 0, v is even in x,} , with the
OR(e) 3
integrals representing appropriate duality pairings.

Define a rescaled functional FE as follows:

CFS v = et / Fev(g,x3/e) dx + 2f fev(z,x3/e)d§ .

R(e) 3+R(s)

F® 1s then an element of the dual of {VGIH(R(I)) : vla R(1) = 0, v is even

0
in x3} and our theorem still holds provided FE& converge strongly in this dual
space. The effective load F® is given by the functional

<Fo,w> = <lim Fe,w) ,
e+0
where the function w(x) in the second expression is interpreted as a function
of all three variables (xl,xz,x3) = (5,x3) (only independent of x3). We note
o

that it is not possible to obtain all elements of the dual of HZ(Q) as effec-

tive loads by this construction. The solution to the limit problem

=FO©
aaB(MaByéaYGW) in Q
’
w = dw . 0 on 39
n

o
may be defined variationally for any F© in the dual of HZ(Q) , but for

certain (very unsmooth) F°, w is not related to solutions of the 3d equations

of elasticity through the limiting process discussed in this paper. | l

11



2. The rescaled problem - a priori estimates and limit behaviour

In this paragraph we study a rescaling of the problem (7) to the fixed
domain R(1) = Qx(-1,1). Independent variables in R(1) will be denoted (x,y)

and we define the new dependent variables as follows

1 €
Tu (x,ey)

€
Ua (%, a

Ug(,{(,}') = U§(5,€Y)

™ |—

LGy = 2 ey () (x,ey)

™ |—

Zij(}s,y)= oij(ge)(g,ey) .

The strain tensor of QF respective to the variables (g,y) is given by

aB a3

(11) ’
€ 2_¢€
eE38 ’ € E33

and from an application of Korn”s inequality in the domain R(1) (cf. [6]), it

now follows that

il <c (7 s a2 +e2 7 uEs 2
R0 s BLiean o P Llean
(12)
) 1/2
+ e IE I )
L2 Ra))

(remember HF vanishes on 3gR(1)). By rescaling the system (7) we see that

€ 1 3 €
% lag "% 3y la3 = O
1 1)
(13) - 15 7 5 I3; = F(x,e9) in R(1)
€
lay =0 L2' I35 = t£°(®) on 3,R(1),

12



or in a variational form

2
(14 [ 1 Iog 2ap@® * £ I3 003 *+ 5 I3, eg®] axay
€

€
= [ F (x,ey) Vqdxdy + 2] f€V3d5
R(1) 3, R(1)

1
for any V € X, = {ve @) : !JBOR(I) =0, V,,Vy are odd and V3 is even
in y}. Here we have used the notation e(V) for the strain of the displacement
field V(x,y) relative to the variables (x,y).

Lemma 1

The norms

il , 1ES .| , and
= wlwray) 13120
"ze I are all bounded by
B2kan
C(1F* (.61 +E, )
L7(R(1)) L7(Q)

Proof:

Inserting V = EF into (14) and using the formula (11) for e(gF) we get

(15) f Zi Eij dzdy = f Fe(?\(’,ey)U; dgdy + Zf er§d5 .
R(1) R(1) 3,R(1)

The coercivity of the elastic tensor and the estimate (12) now leads to

2 € € €
e, ¥ MESN < c(IFs(x,eyl +IE5) )yt
Py Ylean L2(r(1)) 2(a) 1! (R(1))
< C(1F°(x e, + 1£° , 1 1ES u22 )72
L2(r(1) @ 1,5 9 fean

13



so that

(16) (7 E 112 ¢ c(1FE (x e ) + £ , ).
i,]

1] L°(R(1)) LY(R)

The desired estimates follow directly from (16) in combination with (3) and
(12). |__J
Remark 5

Based on Lemma 1 and the formulas for E§3 and E§3 we get that

3 € € € €
(17) le—U_ + 3 U_I < Ce(IF (x,ey) + IfN )
By o a3 20 L2(r(1)) L%(a)
(18) 12— uE) < ce?(1FS(x,ev)1 + 1£50 )
ay 3.2 =0 2 2 .
L°(R(1)) L7(r(1)) L7(Q) ]

According to our assumption (10) Fe(g,ey) converges in LZ(R(I)) and £ in

LZ(Q) ; Lemma 1 now gives that HHFH 1 . uEi,H 9 and
H (R(1)) I LR
I Zi,u ? are bounded independently of ¢. From any sequence {ek}m=1
I L4r@1))

converging to zero it is thus possible to extract a subsequence {El}z-l such
that

€2 o 1
(19) U "— U in H (R(1))

€ o 2

AN

(20) Eij Eij in L7(R(1))

SQ_A o] 2
(21) Zij Zij in L7(R(1))
as €, approaches zero.

Lemma 2

The third component of g?, Ug, is independent of y and belongs to

14



°2
H “(2) . Furthermore

UOl = -y 8aU3 and
o o
EGB——yaGBUS .
Proof:
From (18) we get that %;-Ug =0, Ug is therefore independent of y. From (17)
940 _ _ o o} o _ o
we get 3y Ua aau3 and since Ua is odd with respect to vy, Ua = -y aaU3'
€g €oy _ 1 g €2
EaB = eas(g_ ) = -2--(30‘UB + BBUa ) converges as a distribution towards
l—(a u,® + 3, 0° ) = -y UJ; on the other hand it also converges towards
2 ‘°a B B a ag"3’ g
o

= -y 3 ,UJ. We already know that U° € Iil(Q)

o
EaB’ and consequently Ea «8l3* 3

B

with Ug = 0 on 3. From the fact that -y aaug = Uz € Hl(R(l)) we conclude

°

that Ug € w@ NH o _

(2) . 1t only remains to prove that %;-U3 0 on 23Q,

where 9/9n is the outward normal derivative.
€ >
Since Ual = 0 on aOR(l) = 30 x (-1,1) and Ual converges weakly towards

o—‘

3
necessarily implies that 9 Uo = 0 on 38 and so L U2 = ns Uo =0
y 1mp a 3 ’ an "3 a’a’3

UZ in Hl(R(l)) , it follows that —yaaU UZ =0 on 90 x (-1,1) . This

on ofl.,

If v(x,y) is a function on R(l) then we define

1
W = 3 | vzwdy .
-1

o

€
- 2
From (19) and the fact that Ug is independent of y it follows that U3 —_— U3

in

Hl(Q); this result may be slightly improved:

Lemma 3
=F o °
U3 converges strongly towards U3 in H (Q) as €, approaches zero.

15



Proof:
We may write
= € 1 1 €
3,05 () = 3 {1 3,U5(x,y)dy

1
1 3 €
= 7 /(e E§3 (x,y) - 3;00‘ (x,y))dy

cES @ -1 (1 (xD -0 (x,7D)

From the estimate of IES_I in Lemma 1 it therefore follows that
a3 .2
L°(R(1))
(22) 5 U.S(x) +1 (v8(x,1) - U%(x,-1)) + 0 in L2(Q) as € » 0.
a3 '~ 2 a ~ o~

€ €
We also know that Ua;_:-uz in HI(R(1)), and this implies that Ual (x,%1)

converge weakly in HI/Z(Q) , and thus strongly in LZ(Q) , towards
Ug(g,tl) = 7 aaUg(g) . It follows immediately from (22) that

€
s (T, *

o 2
WU - U3) + 0 in L9(Q) ,

o
which shows that U32 converges strongly towards Ug in Hl(Q), as €

approaches zero. |__J

1 e
Integration in y on both sides of (21) gives | zag dy — | 223 dy
-1 -1

1
in LZ(Q). It turns out that [ 223 dy = 0, and furthermore that it is pos-
-1
1 €
sible to find the weak limit of é—- | Eag dy in H 1(Q) (our notation for the
o L -1
dual of Hl(R) .

Lemma 4

1 e 1
1 L -1 o
E; {1 za3 dy converges weakly in H "(Q) towards BB Il y EaB dy as ¢,

approaches zero.

16



Proof:

Performing an integration by parts and using the first and third equa-

tions in (13) we obtain

1 1 € 1 1 3 €
€ {l za3 dy = - € {1 y 3;. 2a3 dy
1 €
(23) = f_lyas zaB dy

1
=38fYZ§BdY-

€ 1 € 1
Since ) 1_).20 in LZ(R(I)) we know that [ y )) . dy — [y 20 dy in
afB afB ) aB ) afB
2 1 1 € ! o -1
L7(R) and therefore — [ Y S dy=> ) [y 30 dy in H () .
€ -1 a3 B 21 af
1

The tensor - f y 228 dy will play a significant role in the con-
-1

_

struction of the tensor Ma it eventually turns out that

1
) _ o
{1 y zaB dy = MaBY63Y6U3° At this point we only observe that

Bya;

1 1
(24) =0, 228 dy = fl Fox,y)dy + 26%(x) in @,
..1 -

where F° and f© are the limits of Fe(x,ey) and f°€ respectively (cf.
(10)). To get (24) one uses (23) and the second and fourth identities in (13)

to write

1 1
€ 1 €
_aaB {1 y ZGB dy Iy aa {1 Za3 dy

1 1
| 0 € €
(25) = €2 {1 dy 233 dy + {1 F (E’Ey)dy

1
2f€(5) + f Fe(z,ey)dy.
-1

17



Passing to the limits in this identity as € approaches zero along the

sequence {el};=l we are led to (24),

Remark 6

So far we have obtained a number of convergence results for subsequences

€ € €
2,E1§ and zi; corresponding to a specific set of loads (Fe,fe) converging

=]

to (F°,f°). Since the appropriate norms of the differences between the

Ue’s, the E°“s and the Ze’s corresponding to different loads (Fe,fe)

and (Ge,ge) are bounded by C(H(Fe-GE)(g,ey)N 2 + er—geu ? )
L°(R(1)) L7(Q)

(Lemma 1), it follows that we may pick the same index sequence {e 3o for

27 2=1
any loads (Fe,fe) that converge to this (Fo,fo) in the sense of (10).
LZ(R(I)) x 12(Q) 1is a separable Hilbert space; let {(F;’fg)}g=1 be a

basis. Following the previous argument we may for each N find a subsequence

C

=1 = & hea

so that the convergence results listed above hold for solutions to the problem
(7) for any (Fe,fe) converging to (F;,fg). By taking the diagonal sub-

sequence of all the {eg}:=l we obtain a subsequence { }:=l for which the

convergence results hold simultaneously for all N. Since linear combinations

€2

of the {(Fg,g;)};=1 are dense in L2(R(1)) x LZ(Q), and since appropriate

€. €e.

€
norms of the differences between the U "“s, the E "“s and the 2.

s, in

the limit, are bounded by the norm of the difference between the limits of the

loads in L2(R(1)) x LZ(Q) (Lemma 1), it follows that the convergence results

of this section hold for the fixed subsequence {e,}

o=l for any loads

(F°,£°) that converge in the sense of (10).

18



3. An auxiliary isomorphism

If the homogenized limit operator is to have the form aaB(M ) then

o aBYGayé
it must necessarily be an isomorphism between H 2(Q) and H-Z(Q) (our nota-

o

tion for the dual of H 2(Q)). We shall now study in more detail a particular
case of the boundary value problem (7), where the exterior load is independent
of X3 and € and where the boundary loads vanish. We show that, in the limit

o
as €, approaches 0, this naturally leads to an isomorphism between H 2(Q)
and H—z(ﬂ) . We owe the initial suggestion, that it might be easier to

obtain an isomorphism using vanishing boundary loads, to L. Tartar. For the

remainder of this paper {ez};;1 always refers to the "universal" subsequence

of {Ek}:=1 selected by the diagonalization process discussed in Remark 6.
Let G be in L2(R) and let v°€ X_ be the solution to
€ 0 i=1,2
€ = =
(26) oij(x )vj =0 i=1,2,3 on B*R(e)
€
v =0 on BOR(e) .
As before we introduce rescaled variables:
Ve(x,y) = L€ (x,ey)
a XY e o ~?
V;(g,y) = v;(gg,ey)
B - Lo (O)x,ep)
ij e ij— "~
Ee = Lo vSix,ey)
ij e 1ij— "~

19



From the analysis in the previous section we know among other things that

) o 1
Va© » Vy o in B (Q)
o )
as €, approaches zero. We furthermore know that V3 € H“(Q) .
Lemma 5
2
For any G € L (Q)
o2 o
v, < Cc [ GV, dx and
3 0, a 3~
HT(Q)
ucu2_2 < c [evid .
H “(Q) Q

Proof
The identity corresponding to (15) in this case (Fe(z,ey) = G(ﬁ)' £€ = 0)

reads

~

f ij Ei. dx dy = f G V§ dx dy
R(1) J R(1)
because of the coercivity assumption (2) and the fact that G is independent of

y it follows that

(27) ¢, 1 "Eze"zz <c ] "Eij"zz <2 [@ Vsedz .
a,B L7 (R(1)) i,] L (R(1)) Q
From Lemma 2 we know
~€2 o 2
AN
Eyg y aa8v3 in L°(R(1)) .

Passing to the limit in (27) along the sequence {el}, and using the weak lower

20



semicontinuity of the norm, we thus obtain

2 o 2 o 2 o
5 13 Vol =c, ) lyd V. <2[6v,d
3¢ 1 y £
o,B af '3 LZ(Q) 1 o8 aB '3 L2(R(1)) Q 3
This proves the first inequality of our statement, since ( 2 ] -ﬂ2 )1/2
a8 aB LZ(Q)

o
is one of the equivalent norms on H 2(Q) .

The identity corresponding to (25) in the present situation reads

l ~
€
aaB [ v zaB dy = -26(» *

-1

Consequently

2
o

1 pes 2 e 2
< Cc Yn [y)-.dyl <C Yoy .
a8 -1 B2

(28) G
Q) a8 B LZRa))

2(q)

~E ve
The E1j and zij are related by

~

€ € ~€
and this in combination with (3) and (28) leads to

2 ~e 2
nGH-_ < C } nE/ .
() 1,5 S 12eay

The last inequality of (27) then gives
ucuz_2 < ¢ [eV,fax ,
H “(Q) Q

which in the limit as € approaches zero along the sequance {62}:=1 yilelds

the desired second inequality. r_ I
o
2
We define an operator from LZ(Q) into H "(Q) by : G ~» Vg . It

follows directly from the two inequalities in Lemma 5 that

Gl _ < Hvyng < C IGI

2 3 2 >
H () Hz(Q)

H “(Q)

21



i.e., the above operator may be extended as an injective and bounded linear
. -2 o2
operator 8 : H “(Q) » H “(Q) . From the second inequality in Lemma 5 it
_2 02
now follows, using the Lax-Milgram Lemma, that S maps H “(Q) onto H“(Q) .
In summary:
The operator G » Vo may be extended as

3

(29) an isomorphism S between H-Z(Q)
° 2
and H “(Q) .

Let Gy , 1=1,2, be two elements of LZ(Q) , and let 'X?i) denote the solution

of (26), corresponding to G = Gy » i=1,2. According to the variational

formulation (8) and the symmetry of the elastic tensor bijkl
2 € €
€ f G vE dx = o,.(v ) e,.(v ) dx
= | (v ) e, (vo ) dx
_ 2
= € f 1),3 dx .

and thus in the limit, as € approaches zero along the sequence {El}m=1 , we
obtain
(30) [ 6, SG, dx = [6, S ax .

Q Q



By continuity the identity (30) is satisfied for any G GH-Z(Q)

1 y 1., we

have shown that § 1is selfadjoint.
Finally let us consider the operator that takes (G € LZ(Q) to the tensor
1 To 2 ~E Te
- {1 y ZaB dy € L°(®) . The Ey and zij are related by
€ _ € ~E
13 = Piyre(%oEy) By
and using (3) and the last inequality in (27), we thus get

1 ~ ~
2 € 2
Tl oy 3 ayl <c ¥ oy u
a8 -1 % T k) ote TP L2Ra1))

(31) < cJ uEs 2
1,5 9 12ka))

< C f G V_%dx .
Q 3o~

Because of the weak lower semicontinuity of the norm it follows, by passing to

the limit in (31) along the sequence {82}:=1 , that

1 ~
(32) Yoy ZZB dyl g <c g6 Vg dx .
a,B -1 L7(Q) Q
We just proved that llVgllo2 < C IGI -9 and from (32) we therefore get
HO(Q) H “(Q)
1 vo 2 2
Y[y zaedyﬂ 5 < cen ) ,
a,B -1 L7(Q) H “(Q)
or
1 o
(33) The operator G + - y zuB dy may be extended as a
-1
bounded linear operator from H_Z(Q) into LZ(Q) .
We shall refer to this extension as T .

afB

23



4, The Proof of the Main Result

We already proved that the rescaled displacements

€ € € €
2 1 '3 1 2 ')
v = (; u " (x,e,y), Ty, (x,6,9) , u, (g,ezy))

converge weakly towards
o o o
(-y3,05(0 , -ya,U5(0 , Uy(®)

(o]
in Hl(R(l)) , with uge HZ(Q).

In this section we verify that there exists a tensor M (independent

aByé§
of the loads Fe,fe), with the properties i) and 1i) listed in our theorem,

for which
1 o o
(34) } {1 Y lag 47 = Mygrg 31403 -
From (24) we know that
1 o L o o
3,8 {1 Y Log 4y = {1 FOx,y)dy + 2£%(x)
and by combining with (34) we therefore get that Ug satisfies
o ! o o
3as(”asysay5"3) = {1 F (x,y)dy + 2£°(x) in Q
o _ 9 .0 -
with U3 = 3 U3 0 on a0 .

Except for a change of notation (replace Ug by the simpler w) this will

complete the proof of our theorem.

Our verification of the existence of the tensor MQBYG proceeds by the
method of compensated compactness (cf. [18]); specifically we adapt the so-
called div-curl lemma of L. Tartar to the present problem. _ge as previously
denotes the solution of (7) (or(8)) with loads F°® € LZ(R(E)) and

€

f, = £ =fe€ LZ(Q) , and V¥° denotes the solution of (26) with G € L2(R) .
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€ _€

E.’ Eij’ E
€ €

to u  and v respectively. Let ¢ be an arbitrary but fixed function

€

€ ~E TE
13 and v E zij denote the rescaled variables corresponding

b ij ’

in D(Q) , we shall then compute the limit of

Zij Eij ¢ dxdy = f ze E;j ¢ dxdy

R(1) r(1) 1

in two different ways as € goes to zero along the sequence {el}:-l .
Inserting the test field ¢!F into (14), and using the fact that e(!ﬁ)

has the form (11), with E replaced by E® , we get

[ 13 Ejy e dxdy = [ F(xey) V5 ¢ dxdy+2 [ £V ¢ dx
R(1) R(1) 3+R(l)
1 € €
(35) - [ Y vE e g dxdy - = [ J5.vE 5 ¢ dxdy
R(1) YOY 8 ET Eegy 33 v

(other terms vanish because ¢ 1is independent of y). From (19), compactness
and Lemma 2 we get that

€y 2
Vb > vg¢ in L°(R(1))

62 o 2
V3 (5,1)¢ > V3¢ in L (Q)

€
L o 2 .
VY 36¢ + y aYv3 36¢ in L7(R(1)) ;

2 52 €0 2
at the same time F , I and zaB are all weakly convergent in L“ (indeed

the first two converge strongly). We therefore conclude that as € ap-
proaches 0 along the sequence {El}z=l , the first three terms on the right

hand side of (35) approach

1 1
(36) [ (] PGydy + 26%x)) vae ax + [ [ ylody @ V3 350 dx .
a -1 7 a =1 Y A

25



The last term - + | 2$3 5 2 ¢ dx dy requires special attention. Using
€

R(1)
Poincare “s inequality on vertical lines and the fact that
3 vE€ = 2 ~e
3— 3 €” Eq, (cf. (11)) we get
1 € €
| = [ 1., ) 9_¢ dxdy|
eray Y3
E Tt
< E'"E P Wy = Vil o,
L7(R(1)) L7(R(1))
1 € 9 €
< CcC= Ij I = v
= 200y P 3260y
€
= Ce ) .0
2Ra)) 53 LR
and since both Hz 3 9 and HE§3H 9 are bounded this last term
L7(R(1)) L7(rR(1))

is of order €& . It thus suffices to study the limiting behavior of

1 € =€ € =€
-= [ I.V.3 ¢ dx dy = [-= [ ¥,dy V.o ¢dx .
€ R(1) Y3 '3 Q e 1 Y3 3 y" T~

€ o
According to Lemma 3 Véz converges strongly in HI(Q) and according to Lem-

€

€ 1
ma b = ) . dy converges weakly in H1(Q) towards ? [y 2.4y,
g -1 °¥3 § 2, ')

€y
1
hence f . f ZY3 dy V 3Y¢ dx converges to
1 ) 0
37y - N [y 276 dy V3 3 ¢ dx
9) -1
as €, approaches 0. Collecting the terms in (36) and (37) we get
IS B ¢ dxdy
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1
= FO o o (o}
é Vi 6 dx + é Ily Zyé dy 3 Vy 8¢ dx

1
- [ ° ay Vv°
{2 5 {1 y EYG y 3 a.Y ¢ d?s

We integrate the last two terms in the right hand side by parts to remove
derivatives from ¢ . Using the fact that ¢ vanishes on 3R and the

identity (24) we thus obtain

e ~%e
(38) lim / Ei‘ Eij ¢ dx dy

1
= - o (o}
= é {l y ZYG dy 3 V5 ¢ dx

Exchanging the roles of HF and XF in the above argument we would similarly

obtain

- - é [y I,gdy 2,05 06dx .

Because of the symmetry of the elastic law:

~€ ~NE € €
R({) i Eyy ¢ dgdy = [ Qg Ejyedxdy

and it then follows from (38) and (39) that

1
o (o]
é - {1 y Ijsdy 3. V3 ¢dx

1 ~
= f - f y 236 dy ayGUg ¢ dx .
9] -1
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In terms of the operators S and T defined in the previous section, this

may be stated

40) [y

dy 3_, S(G) ¢ dx
Y6 ~
Q -1

Y§

o
= é T yG(G) 8Y6U3 ¢ dx

The identity (40) has so far only been verified for G in LZ(Q) (and any
¢ € D(Q) ), but because of the continuity of the operators S and 1-Y5
(cf. (29),(33)) it follows immediately that (40) holds for any G in H_Z(Q) .
Let Q°CC Q and pick Vv € D(Q) with %=1 in @ , S 1is an isomorphism
between H_Z(Q) and 32(9) (cf. (29)); insertion of G = S -1(1/2xa xew)

into (40) yields

1
o _ -1 o
(41) I- {ly Lag &7 ¢ 45 = [ T 5(S7Q1/2 x xgh) 2,405 ¢ dx

for all ¢ in D(Q°) (here we use that Y=l on supp(¢), ¢ € D(2°) . Since

Q°CcCc Q 1is arbitrary we conclude from (41) that there exists MaBYG(g) with

1
o _ o
7 lag & = Magys®  3y4U5
as stated in (34). MaByG is given by
(42) M - 7 ( s'Exx9)) in @
aBy§ Y6 2 "a’B ’
where ¢ 1is any element of D(Q) ¢+ ¢=1 in Q° . It is clear from the

formula (42) for MGBYG that it obeys the symmetries

Magys = Meays T Magsy ¢
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By taking the Ug (and 236) , that correspond to loads F€ = F(5)€ LZ(Q),

£=0 and inserting in (40) we obtain

(43) é T §(F) 3 S(6)6 dx = é T 5(6) 3 (S(F dx

Because of continuity (43) holds for all F, G élfq(n). Pick
F = S 'lcl x x,¥) and G = S dx x ¥) with $=1 in Q7 , it then
2 "a’B 2°p" 0 ’

follows from (42) and (43) that

-1,1
M 8p0 Tpo( S T (Gxy %g¥))

-1,1
= Tas( S (Expxow))

M
poafB

in Q@° . Since Q° 1s arbitrary this verifies the last symmetry of MaBYG
2

At this point we only know that MGBYG € Iﬁoc (2) ; we now verify that

the MaBYG are indeed L” - functions. Consider the identity (38) corres-

ponding to F° = G(x) and £€=0 , and replace ¢ by ¢2:

f Eez ~Eg 2
(44) lim E ¢” dx dy
€*0 r(1y "YU
1 ~o o 2
- - {1 Y lg 9 PggVy 47 dx .

consequently
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-1 e 2 2
C, [ 1 1I;,1° ¢° dx dy
2Ry 1,3 Y

e o~ 2
<L E, P .

(45) c,

"
Holder”“s inequality gives

L~ 2 2
[0 1] ylggdvl® ¢%ax
a,B 1
2 o (2 .2
< 5 [ 1 110f 7 ax dy
3 R(1) a,8 OB

and therefore in combination with (45) it gives

1 ~
3 -1 o 2 2
>C, [ 1 | [ yl..dyl® ¢%dx
272 5 4p o1 "ok

1 ~
[ v 1agdy 2,95 ¢ dx

1 ~
(L D1y T al® e AL T pa el

a,B 2 a,B

From this we conclude that

1 ~
[0 1T v avl? ePax < (3c,)7
R -1 Q

a,B @ o,B
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or in terms of the operators S and T

) [ ) | T..) 2p2ax < (2 ¢.)? 3 .s(6)|2e%ax .
2 o | 0B ["e7ax < (3¢,) é a§8| apS(@) | "¢7dx

-1,1
If we pick G = S (5 xyxé tyﬁw) for some constant symmetric 2x2 tensor

t and some Y € D(Q) , y=1 in Q°CC Q , then

-1,1 - -1 1
T’ae( S (2 X Xs tYGw)) 7’aB( S 65 xYxsw)) tys

Magys Tys

in Q° . 1Inserting in (46) we get for any ¢ € D (Q7)

2 2 2 2 2 2
1) [T el dfax <« (Be)? T fe ) slax
Q" a.B aByS "vy6 3 72 2 a8 aB ~
= 1 2y 1/2
(since S (G) 5 xYthYétp ) . (47) says that (GZB IMaByG ty&‘ )
9
is an L2 multiplier of norm <« %—cz( Z lta8|2) 1/2 , consequently

a,B

(1} lMaByGtY6|2) 12 4g in 1) and

a,B

2y 1/2 _ 2 2y 1/2
(I Mgys tsl®) M2 < Fey T 1eggl?)

a,B

a.e. In 7 . Since Q°CC Q@ 1s arbitrary this proves that M € L.7(2)

aByéS
and it also verifies the second inequality in ii). It remains to show that

€
MaBYG is coercive. Due to the coercivity of bijkf, (cf. (2))
~E 2 TE  ~e
° 123 Egy 17 < Ijy Eyy ’
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so

~ 2 2 e ~e 2
e, f T IES, |° e dxdy < [ I5 BT, ¢° dx dy .
1 R(1) 1,] 1 R(1) 13 4

Passing to the limit in € along the sequence {€2}2=1 , using the relation

~

EZB = -y aaevg (Lemma 2), the identity (44) and the weak lower semicon-

tinuity of the norm, we get

2 2 2 ~0 (2 .2
L LoyT T 1 avs 1t efaxdy < e ) |E:j| ¢° dxdy
R(1) a,B R(1) 1,]

Because of the constitutive relation (34) (which has already been verified)

this yields

2 2 2
34 é ) Iaasvgl ¢ dx

vy o Ve ¢%dx

or in terms of the operator §

2
3,85(6) 3.63(6) ¢7dx .

(48) g'cl é zs laaBS(G)|2¢2d5 </ MaBYG

a Q

If we pick G S —l(%-xYxé tst) for some constant symmetric 2x2 tensor

t and some ¥ in D(Q) , Y=1 in Q°CC Q then

aaB S(G) = taB

in Q@ . Inserting in (48) we get for any ¢ € 2(Q7)
2 2 2 2
e [ Tt 1° ¢“dax < [ M t o°dx
371 2" .8 aB Q- aBy$s S
32
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from which it immediately follows that

2
Fe, 1 ltyg Mougystag Tys
a,B

a.e. in ©° . Since Q°cc @ 1is arbitrary this establishes the first

|2

inequality in ii). We have thus completed the proof of our theorem.
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