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ABSTRACT

The Poisson function is introduced to study in a simple ten-
sion test the lateral contractive response of compressible and
incompressible, isotropic elastic materials in finite strain.
The relation of the Poisson function to the «classical Poisson’s
ratio and its behavior for certain constrained materials are
discussed. Some experimental results for several elastomers,
including two natural rubber compounds of the same kind studied
in earlier basic experiments by Rivlin and Saunders, are compared
with the derived relations. A special <class of compressible
materials also is considered. It is proved that the only class
of compressible hyperelastic materials whose response functions
depend on only the third principal invariant of the deformation
tensor is the class first introduced in experiments by Blatz and
Ko. Poisson functions for the Blatz-Ko polyurethane elastomers
are derived; and our experimental data are reviewed in relation

to a volume constraint equation used in their experiments.



1. INTRODUCTION

Isotropic, linear elasticity theory is characterized by two
important physical constants: Young’s modulus and Poisson’s
ratio. It is well-known that their definitions are based wupon
the simple tension testl; and, for a specific homogeneous,
isotropic and linearly elastic material, both may be found from
this experiment [1, §69]. We recall that Poisson’s ratio is
determined from kinematical measurements alone; and when the
material is known to be incompressible, it has the value 1/2.

In isotropic, nonlinear elasticity theory, the traditional
material constants play a less important role, but their wuse in
characterization of the mechanical properties of highly elastic
materials certainly is of no lesser importance. However, in this
case, the material response generally is not described by con-
stants; rather, it is represented by three scalar-valued
functions BF = Br(11,12,13) of the three principal invariants Ik
of the Cauchy-Green deformation tensor B so that the principal
Cauchy stress components tk are determined by

2 2

t, = By * Byn * B3 s k=1, 2,3, (1.1)

[See 3, §47.] Herein xz the squared principal stretches, are the

k’

This does not preclude the use of other testing methods for
the determination of these basic moduli. However, the Poisson
ratio is defined in terms of strains in a simple extension
produced by simple tensile loading. Although the same thing
may be done in a simple compression experiment, a compression
test usually is avoided because of eccentric 1loading and
stability problems. Of course, compression data sometimes may
be obtained by other means [2, p.270].



principal values of B; and T = -1, 0, 1. For an incompressible

material, every deformation must satisfy the constant volume con-

straint relation

1/72 _ _ .
Iy = Nxghg T 1 (1.2)

and the constitutive relation (1.1) is replaced by

€, = -p + B)xo + B a5, k=1, 2,3, (1.3)

in which p is an unknown hydrostatic stress, and the two response
functions BF = ﬁr(Il,Iz) depend on the invariants indicated.
The determination of the response functions for particular
materials is a principal problem in experimental mechanics. of
course, it is reasonable to expect that the response functions,
or combinations of them, ought to be related in some limit sense
to the classical moduli of the linearized theory; and it is nat-
ural to ask how the usual physical parameters may be character-
ized in the general theory. The connection of the response
functions with the Lamé constants is made in [3,§50]. This note
concerns the definition of the Poisson function and its relation
to the classical modulus known as Poisson’s ratio.

The Poisson function is defined in §2; and its connection

with the simple tension experiment and its behavior under certain

constraints are described there. Some experimental results are
then presented for demonstration in §3. Experimental data for a
urethane elastomer, a certain blend of natural and synthetic

rubbers, and two natural rubber compounds of the same kind used

in early experiments by Rivlin and Saunders {[2], are compared



with the universal Poisson function obtained for incompressible

materials. Although every incompressible material has the
universal constant, natural state limit value 1/2, the converse
is shown generally to be false. A specific application to

compressible materials is illustrated.

It is proved in §4 that the only class of compressible
hyperelastic materials whose response functions depend on only
the third principal invariant of the deformation tensor is the
class first studied in experiments by Blatz and Ko [4]. Their
constitutive equation for foamed, polyurethane rubber is shown to
be related to the micro-structural theory of foamed rubbers due
to Gent and Thomas [5] and to the well-known controversial,
classical molecular theory of elasticity [6]. Poisson functions
are derived for the Blatz-Ko polyurethane materials; and our
demonstration data are reviewed in relation to an ad hoc Blatz-Ko
constitutive equation of volume control in simple tension. It is
shown that the natural state Poisson’s ratio for every Blatz-Ko
material is simply the ratio of the true 1lateral contractive
strain to the true extensional strain for finite deformations and
hence may be readily evaluated from measurements of corresponding
stretches over the entire range of elastic extensibility of the
material in a simple tension experiment. Discussion of some

additional related literature is reserved for the end.

2. THE POISSON FUNCTION
It is easy to show from the constitutive equation for
isotropic, linearly elastic solids that a simple tension produces

a simple extension provided that the shear modulus M, * 0 nor o,



and Poisson’s ratio v, * -1 nor . In fact, on physical grounds,
one usually requires o > M, > 0 and 1/2 2 v, > 0; and, in any
case, v_ > -1 is necessary for material stability [1,§70]. The

corresponding result for isotropic, nonlinearly elastic solids is
not as transparent. Therefore, to begin, it is necessary to

recall Batra’s theorem [7] that for every isotropic, compressible

or incompressible elastic material, a simple tensile loading

t = T, t = t =0 (2.1)

Xg = X ] T g (2.2)
provided that the empirical inequalities

By >0, B <O (2.3)

hold [3, §51]. Actually, the same result obtains under the
weaker condition that the Baker-Ericksen inequalities [3] hold.
With Batra’s result in hand, let us assume that a compress-
ible material characterized by (l.1) and (2.3) is subjected to a
simple tension (2.1). Then the familiar Young’s modulus is
defined as the slope of the axial stress/axial stretch function
T = t3(x) evaluated at » = 1. However, its determination in-
volves the further assumption that either of the identical trans-—
verse stress equations (2.1)2’3 may be solved uniquely for the
lateral stretch as a function of the axial stretch. In other

words, (2.1)2 may be interpreted in a simple tension test as a



restriction on the response functions that defines a relation

between the longitudinal extension » 2 1 and the lateral contrac-

tions xl = xz ¢ 1. Hence, their ratio,
SEEY,
a(x) = > (2.4)

defines one kind of lateral contraction function that derives

from (2.1)2 and (1.1). Subtraction of the second equation from
the first in (1.1) and use of (2.3) shows that in simple tension
0 < a(x) ¢ 1. There exists the possibility that for some
response functions the same equations may exhibit several
solutions for xl(x). We consider only those elastic materials
for which xl(x) may be determined uniquely. When this is so, we
say that the extension is simple. Thus, if the empirical

inequalities are met, it is in this sense that a simple tension

produces a simple extension in every compressible, homogeneous

and isotropic elastic solid. In linear elasticity theory (1],

for example, the null relations (2.1)2 3 yield a unique
3

expression for the ratio of the principal transverse contractive
and longitudinal engineering strains in terms of the Lamé
constants; and this classical squeeze-stretch ratio is commonly
known as Poisson’s ratio [1, 6].

Recalling that the three principal engineering strains ek

are related to the principal stretches by €k = N T 1, we may

define the Poisson function v(x\) as the ratio of the lateral

contractive strain to the extensional strain measured in a simple

tension experiment; that is,



€ 1 -
R 1 _ 1 - sa(xn)
vix) €q g — 1 - N — 1 ! (2.5)

wherein (2.2) and (2.4) have been used in the last relation.
Then, for general homogeneous and isotropic elastic solids,

Poisson’s ratio v, is defined as the value of this function in

the undistorted, natural state where » = 1:
v = limit v(n). (2.6)
o
x » 1

It follows similarly by Batra’s theorem that for the incom-
pressible material (1.3) a simple tension produces an extension
(2.2); and the constraint (1.2) determines uniquely the function

-1/2

xl(x) = %N (2.7)

Thus, a simple tension produces a simple extension in every
incompressible, homogeneous and isotropic elastic solid, provided
the empirical inequalities (2.3) hold. We have seen that the
condition (2.1)2 is essential to the determination of the Poisson
function (2.5) for an isotropic and compressible elastic mater-
ial. On the other hand, in view of (2.7) and the arbitrariness
of the stress p in (1.3), the condition (2.1)2 in the case of an
incompressible material is irrelative to the determination of the
Poisson function, which may be found from the kinematics alone.
By use of (2.7) in (2.5)2, we obtain for every incompressible,

homogeneous and isotropic material the wuniversal Poisson



function2

v(xn) = ———11—/2 i (2.8)

b N DN

Hence, we may conclude by (2.6) that for every incompressible,
isotropic material Poisson’s ratio has the unique value vy = 1/2.
The converse, however, is false, as we shall see in a moment. It

may be mentioned that the lateral contraction function (2.4) for

the incompressible case becomes a()) = x—3/2; hence, «(l) = 1 in
the natural state.
The value of Poisson’s ratio v, is defined by (2.6); hence,

it does not necessarily follow that v, = 1/2 implies that the
isotropic elastic material need be incompressible. We shall
illustrate this by a counterexample of a compressible, isotropic
material whose Poisson function has the constant value Vo T 1/2.
For this purpose it is useful to recall the results of
experiments by Bell [11] for certain homogeneous and isotropic
metals in finite (plastic) strain. These data support the

following constraint in a variety of deformations:

=N + Xy + Xg = 3. (2.9)

The function (2.8) and its limit value have been described in
different ways by others [8-9]. However, of these, only
Posfalvi [10] derived them in the context of the simple
tension test for general incompressible, homogeneous and
isotropic hyperelastic materials; but Pbésfalvi does nothing
with the results. We thank Dr. Joseph D. Walter, Assistant
Director of the Firestone Central Research Laboratories, for
bringing to our attention the references [9] and [10].



A similar constraint trB = 3 has been investigated recently by
Ericksen [12] in a study of a constitutive theory for elastic
crystals. Details of +these applications need not concern us
here. Rather, let us consider a homogeneous, isotropic elastic
material for which the constraint (2.9) may hold: and let it be
subjected to a simple tension to effect, under suitable restric-—
tions on the response functions, an extensional deformation
(2.2). Then use of (2.2) in (2.9) yields the unique simple exten-—
sion relation le(x) = 3 - X > 0, which also implies 1 ¢ 5 < 3.
It thus follows by (2.5)2 and (2.6) that the Poisson function for
this special class of constrained, compressible, homogeneous and

isotropic elastic materials is a constant:

vn) = 3= v, (2.10)

for all x € [1, 3). If, additionally, the material were assumed
incompressible so that (1.2) also must hold for every admissible
deformation, it may be seen that only the trivial deformation

PN PN = x3 = 1 would be possible. For sufficiently small

1 2
deformations, however, the constraint (2.9) approximates the
incompressibility constraint; hence, for small strains, the
material behaves initially 1like an incompressible, isotropic
elastic solid.

It is interesting to observe that in every extension (2.2),
whatever may be the tractions required for its control 1in an
incompressible material, the Poisson function (2.8) is indepen-

dent of the elastic response and is valid whether the material be

isotropic or not. However, this fact must be viewed with caution.



Control of the deformation (2.2) plainly depends on the nature of
the constitutive equation for the stress; and if the homogeneous
deformation (2.2) is assigned, this stress distribution may be
readily determined. But if the stress is given, conditions need-
ed to assure that the deformation (2.2) is possible, as demon-
strated above, must follow from careful examination of the con-
stitutive equation for the prescribed 1loading situation. In
particular, in a simple tension (or compression) test, the
kinematic condition (2.2)2 plainly cannot be expected to hold for
arbitrary directions in an incompressible, anisotropic material.
In such a material, even equal biaxial loading may not produce
(2.2). For an isotropic material, we are assured by Batra’s
theorem that simple tensile loading will effect the deformation
(2.2). Therefore, the formula (2.8), though universal for the
deformation (2.2), must be viewed indirectly with regard for the
nature of the material and of the loading needed to control the
deformation. Parallel remarks apply to the Bell constraint (2.9)
and the associated value (2.10) for the Poisson function valid in
every equi-biaxial deformation (2.2).

On the other hand, contraction functions certainly may be
defined in terms of other experiments; and, for distinction,
these may be named apparent Poisson functions Vas For an in-—
compressible material, the apparent Poisson function will be the
same as (2.8) in any experiment for which (2.2) holds; but the
loading needed to control the deformation will be determined by
the particular constitutive equation for the material. 1In equal
triaxial extension of a cube of any incompressible material, the

only solution is the trivial solution xl = xz = x3 = 1; hence,



10

for this case (2.8) yields the apparent value va(x) v, T 1/2.
We are reminded, however, that nonuniqueness of a pure homogen-
eous deformation is possible in all around tension of an incom-
pressible material. Rivlin [13] has shown, for example, that for

a uniform tension T > 0 on all faces of a cube of neo—Hookean

n

material for which Bl = Ky, is constant and B-l 0, seven pos-

sible states exist. The trivial state N] T hg T Xg = 1 is always
a solution for which v, = 1/2. This state is stable provided that

T/“o < 2. The state X T Xg 0 < Xg T X < T/uo, and two others

obtained by <cyclic permutation of the xk’s, are stable
equilibrium solutions; and the apparent Poisson function is the
same as (2.8). The remaining three solutions are unstable.

Although each solution has the same apparent Poisson function
(2.8), it can not be measured in these wunstable states. Other

examples may be easily constructed.

3. SOME EXPERIMENTAL RESULTS

Experimental data obtained from at least two specimens of
each of three considerably different elastomers are presented
here. One is a polyether, polyurethane elastomer; another is a
carbon-black reinforced, sulfur-cured blend of natural and
synthetic rubbers; and a third variety is a natural gum rubber.
The procedure for obtaining the axial and transverse stretch data
is straightforward. Specimens having straight sides of length 42
mm and width of 6 mm were die stamped from thin sheets of uniform
thickness of 1 to 3 mm. Each sample was quasistatically elon-
gated in a tensile loading frame. The test was stopped periodi-

cally to allow measurement of the specimen width to the nearest
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0.01 mm with a Gaertner traversing microscope equipped with a
digital readout; and, at that time, the elongation was measured
to the nearest 0.1 mm with a linear variable differential trans-
former fastened to the loading actuator. These techniques per-
mitted reasonably accurate determination of the transverse and
axial stretches suitable for demonstration purposes here. For
the sake of clarity in diagrams presented below, not all the data
values collected will be shown.

It is seen that the Poisson function (2.8) for an incom-
pressible material is a monotonically decreasing function for
which 0 < v(x) € 1/2 in simple tension. The graph of (2.8) is
shown in Figs. 1 and 2 together with tensile test stretch data
for the three kinds of elastomers described above. It 1is seen
that the wurethane follows the universal function very nicely,
particularly for axial stretches X > 1.5, roughly. Although the
data for the carbon-black reinforced blend of natural and
synthetic rubbers, as shown in Fig. 1, follows the trend of the
universal graph, its deviation at the larger deformations is
evident. Two compounds of natural gum rubber of the same3 kind
used in the basic experiments by Rivlin and Saunders [2, p.285]
were fabricated from their recipes provided for compounds
described as A and B. Fig. 2 shows that our compound A is
exceptional in its <comparison with the kinematical relation
(2.8), while our compound B, though well-behaved, falls below and
virtually parallel to the master curve. The scatter in the data

There was a minor difference; the antioxidant nonox used in
[2] was replaced by another hindered phenol type antioxidant,
tradename American Cyanamid A02246.
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for small deformations was typical for all the samples; and we
feel no need to provide explanation for it. The dotted curves
shown in Figs. 1 and 2 have an analytical basis which will be
explained in the next section; it suffices to mention here that
these curves approximate the best fit for the data. The exten-
sion data obtained by Rivlin and Saunders for their compound A
also is shown in Fig. 2. It is found that these data, for the
same reason noted later, fit the universal relation (2.8). Our
data for the same material is essentially coincident with theirs,
except at small deformations, as noted before.

The same data may be viewed differently in Figs. 3 and 4,
which emphasize the incompressibility relation (2.7) in simple
tension. The data are to be compared with the line whose slope
is one. The response appears to be about the same as described
for Fig. 1 and 2, except that the small amount of scatter evident
for the smaller stretches appears diminished in Figs. 3 and 4.
It is quite clear from both graphs that the data for the urethane
and the natural gum compound A fall reasonably close to the
kinematical function described; therefore, these materials are
virtually incompressible. The special rubber blend and the
natural rubber compound B exhibit almost incompressible response
that we shall examine again further on. The data for the Rivlin-—
Saunders compound A also is shown in Fig. 4. However, it must be
mentioned that Rivlin and Saunders did not confirm by any tests
in [2] that the incompressibility constraint actually was obeyed
by either compound they studied. Since they used the incompress-
ibility condition to compute from measured values of X alone the

values for 12 provided in Table 6 in [2]; it is not surprising



15

1.0
x URETHANE
O RUBBER BLEND
X
080 |-
0.60 |-
2 |
X| = _)\'
040 -
O
0.20 | ’Xy
0 | ] | |
o 0.20 040 060 0.80 1.0

.)\‘l

Fig. 3. Comparison of stretch data for two elastomers with
the incompressibility condition )\2' =\""ina simple
tension test. See (2.7).



16

0.80 |-

0.60 |-

040 -

0.20

NATURAL RUBBER (Rivlin- Saunders [2])
x COMPOUND A
O COMPOUND B

A RIVLIN-SAUNDERS DATA:COMPOUND A

Fig. 4.

0.20 040 0.60 0.80 1.0

Comparison of stretch data for two rubber compounds
with the incompressibility condition A2=X\"" in a simple
fension test. See (2.7). Data by Rivlin and Sounders [2]
for compound A also is shown.



17

that our calculation of values of X1 corresponding to their
tabulated values for » and I2 results in their data falling smack
on the line in Fig. 4. The same applies to Fig. 2. The represent-—
ation of our stretch data in the universal plot in Fig. 2, how-
ever, is a genuine experimental result that demonstrates the in-
compressibility of the natural rubber compound A. The response of

compound B is another matter that will be discussed later.

4. EXAMPLE FOR COMPRESSIBLE RUBBERS

Let us consider a class of compressible, isotropic hyper-
elastic materials with strain energy function W = W(Jl,Jz,JB) per
unit undeformed volume, and whose response functions in (1.1)
depend on J3 alone: BF = BF(JS)' Herein we have introduced the

invariants

= = = — —]' = 1/2 -—
Jp = Iy = trB, J, = 1,/T5 = trB C, Jg = 1'% = detF. (4.1)
Then the following relations will be obtained for this

hyperelastic material [3, §86]:

oW

£ o 2_ oW (4.2)

T ! B_(J ) = - .
3 aJl 1*73 J3 an
Bearing in mind the assumed functional dependence, it may be seen
that these relations will hold if and only if ZaW/aJ1 = o and
ZaW/an = P are constants. Thus, introducing these in (4.2) and

writing aW/aJ3 = W3(J3), we obtain the response functions
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Bp = Wy(Jg), B = 3‘—3 By =~ 5 (4.3)
3
It is known that Bl(l) - B_l(l) = a+ B = Moo the wusual
constant shear modulus in the undistorted, natural state of
the material (3, §50]. Thus, upon introducing « = “of and
B = “0(1 - f), where f is another constant, and substituting

(4.3) into (1.1),

equation for our compressible,

This equation was first

by Blatz and Ko [4].

ical inequalities (2.3)

if and only if Ho > 0

noted in [4]; however,

we reach the general form of

the constitutive

hyperelastic material:

Mo (1 = )
B-—73—8
3 3

(4.4)

introduced in an altogether different way
It may be seen from (4.3) that the empir-

are satisfied for the Blatz-Ko material

and 0 < f < 1. These conditions were not

they are essential in the biaxial deforma-

tion problems described there.

Experiments by Blatz and Ko [4] on a

foamed, polyurethane

functions

B0 = Ho

where Bl was considered negligible so that f =

and W3 = u_ = 32 psi.

(o]

the following constitutive

polyurethane rubber:

certain compressible,

rubber revealed the specific response
0 < Bl << 1, B_l = —uo/JS, (4.5)

0, very nearly,

Thus, in general terms, (4.4) reduces to

equation for the Blatz-Ko foamed,



19

_ -1 -1
T = u (L -J5" B DL (4.6)
For the simple tension (2.1), (2.2) holds and J3 = x%x. It
follows that (4.8) yields
T G B VL N NN O RN (4.7)

The extension, therefore, is simple. Application of (2.5) deliv-

ers the Poisson function

1 - x—1/4

vixn) = -1 - (4.8)

We thus find by (2.6) that the foamed, polyurethane rubber (4.6)
has a Poisson ratio Vo = 1/4, which is, in fact, the experimental
value found by Blatz and Ko. However, they made no connection of
their data with (4.8); rather, they used a clever ad hoc rule
described below to determine Vo

The linearized form of (4.6) will be considered next. First
we note that E0 = 5“0/2 is the usual Young’s modulus for this
model; and for a sufficiently small engineering strain €, it can

be easily shown that
B =1+ 2¢, J =1+ e, (4.9)

in which e = tr¢ describes the small change in volume per wunit
initial volume. Then, to the first order in ¢, (4.6) becomes

2E

T = 5> [el + 2¢]. (4.10)
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We thus recover the linearized, uni-constant equation for general
isotropic, foamed elastic materials derived by Gent and Thomas
[6] from a simple micro-structural model consisting of a network
of thin extensible rubber cords connected by rigid joints. It
may be noted that (4.10) is the same equation obtained from
linear, isotropic elasticity theory with v, = 1/4, i.e. with
equal Lamé constants xo = po; it is the constitutive equation of
the controversial 19th century rari-constant elasticity model
that evolved from molecular theories of elasticity due by Poisson
and Cauchy [8, 16]. On the contrary side, we are reminded of
Wertheim’s many experiments on metals for which he claimed a
universal average value Vo = 1/3. The rari-constant theorists
and experimentists were careful always to exclude from the uni-
constant theory unusual materials that they believed ought not to
be treated as elastic; caoutchouc was an example often cited [8,
16]. It is strangely coincidental that Gent and Thomas [5] found
in their experiments on foamed natural rubber the average value
v, = 1/3, as compared with their predicted wuniversal value of
1/4.

There is a third empirical condition, BO < 0, that also
should be respected [3,§51]. We see from (4.5)1 that the Blatz-
Ko foamed, polyurethane rubber model fails to satisfy it [14].
It is possible, of course, that this results from the fact that a
foamed rubber is not a homogeneous, materially uniform and iso-
tropic continuum. Nonetheless, the test data share good agree-
ment with this model. It should be emphasized also that the data

for the Blatz-Ko compressible, solid polyurethane rubber material



21

described below support all of the empirical inequalities.

It is also interesting, though apparently not well-known,
that in the construction of their more general constitutive
equation (4.4), which essentially is designed to reduce to the
Mooney—-Rivlin model when vy = 1/2, Blatz and Ko [4] invoked the
following additional ad hoc constitutive assumption of volume

control in a simple tension:

_ o
J3 = N . (4.11)

It follows by Batra’s theorem that SRR

hence, (4.11) yields the unique relation

2 in the simple tension;

-V

N (%) = x °. (4.12)

Therefore, the extension is indeed simple. This must hold in a
simple tension of every Blatz-Ko material (4.4) for which (2.3)
holds. Thus, the Poisson function for every such material is
given by

1 -

vin) = ~-1 - (4.13)

It is readily seen that for small strains (4.12) may be
linearized to €1 = - vo€3; hence, the constant exponent Vo in
(4.11) to (4.13) is the classical Poisson ratio for the material.
O0f course, the same thing derives from (2.6). Thus, the occur-
rence of Poisson’s ratio v, = 1/4 in (4.7)2 and (4.8) is not
coincidental. Notice also that for this case the value vy T 1/2

reduces (4.11) to the incompressibility condition (1.2) in simple
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tension.

A material whose response in a simple tension test fails to
obey the rule (4.12) can not be a candidate for the Blatz-Ko
model. Therefore, when attempting to model the constitutive
behavior of an elastomer, the experimenter may find it helpful to
first confirm the volume control relation (4.12) by plotting a
graph of log(l/xl) against log %, which is a straight line of
slope V. For illustration, the tensile test data for the
elastomers considered earlier are plotted accordingly in Figs. 5
and 6. A least squares fit of the data with straight lines
through the origin shows in Fig. 5 +that the urethane has a
Poisson ratio v, = 0.493, while the rubber blend satisfies Vo T
0.468. Similar tests on a second urethane and a second rubber
blend, which differed from the others only slightly in their
formulation and processing, yielded the same basic response with
the respective values Vg = 0.463 and vy = 0.459.

The data for the Rivlin-Saunders natural rubber compound A
are shown in Fig.6. However, as noted earlier, because they
measured only x and, in effect, used the incompressibility condi-
tion to compute xl, one should expect, as seen in Fig. 6, that
their converted data should follow perfectly the ideal line for
which v, T 0.5. It is seen, however, that our corresponding data
for the natural rubber compound A also enjoys excellent correla-
tion with the volume control relation for incompressible materi-
als. The compound A yielded, among all the elastomers we studied,
the best fit correlation with v, = 0.499. The natural rubber
compound B, on the other hand, produced in our tests the best fit

Vo = 0.466. The values of v, found in this manner were then used
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in (4.13), and the corresponding best fit graphs of their Poisson
functions v(x) were plotted in Figs. 1 and 2. Of course, the
curves for the urethane and the rubber compound A lay so close to
the master curve that we let this curve represent their behavior,
as shown therein. Although the elastomers for which vy * 0.5,
approximately, may thus be viewed as candidates for a Blatz-Ko
constitutive model, considerable further evaluation would be
necessary to establish this.

Based upon their volume control relation (4.11), Blatz and
Ko graphed the straight line of logJ3 against logx and from its
slope 1 - 2vo determined for their foamed, polyurethane rubber
the value v, 0.25; but they apparently were unable to apply the
same method to their solid, polyurethane rubber. By an altogether
different and unrelated argument, they arrived at the value vy, T
0.463. We encountered no serious difficulties in our graphical
evaluations of ratios of similar value for other varieties of
rubber based upon (4.6). Evaluation by Blatz and Ko (4] of the
tension data for their solid, polyurethane showed that f = 1 and
M, = 34 psi. Thus, in general terms, the reduced form of the

Blatz—Ko constitutive relation (4.4) for their solid polyurethane

rubber may be written as

B, (4.14)

subject to the further empirical inequality Bo = W3(J3) < 0.
Finally, it may be observed that the true strain e in any

direction k is defined by ey = log xk. Consequently, the volume
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control relation (4.12) may be rewritten as

v, = - =, (4.15)

which reveals that in finite strain Poisson’s ratio for every
Blatz-Ko model is the ratio of the true lateral contractive
strain to the true extensional strain. Therefore, Figs. 5 and 6
actually are plots of the true transverse strain e, versus the
true axial strain eq in a simple tension test. This simple fact

has apparently gone unnoticed by others.

5. CONCLUSION

The tensile test possibly is the most important among all
simple experiments wused to characterize the phenomenological
behavior of solid materials; and its application to rubbery mat-
erials provides an excellent opportunity for instruction in some
interesting aspects of nonlinear elasticity. With this objective
in mind, some data for the so-called Poisson’s ratio (sic) as a
function of engineering strain for an unspecified rubber material
was illustrated by Coakham, Eastwood and Evans [15]; however,
they provided no explanation or discussion of the phenomenon.
This almost casual indication of a substantial variation in the
lateral contraction ratio for rubber in finite strain prompted,
we feel, an inaccurate critique by Lindley [8] a year later.

Lindley observed correctly that Poisson’s ratio is a
material constant, hence independent of the strain from the
natural state. But his subsequent remark that its definition is

valid only for small strains, so that its use is inappropriate at
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large strains, is imprecise. He naturally assumes that regard-
less of the nonlinear constitutive description of the material,
the transverse strains in a simple tension test must be equal;
and based wupon this assertion and the incompressibility of
rubber, which he justifies in terms of the bulk modulus rather
than the volume constraint for infinitesimal strains, he provides
an equation in terms of (possibly) finite engineering strains
that characterizes reasonably the data shown in [15]. We agree
with Lindley that the experiment in [15] and in our own Figs. 1
and 2 above, 1is an inappropriate method for evaluation of
Poisson’s ratio for natural rubber, though it may be an excellent
demonstration in support of its incompressibility. However,
since Poisson’s ratio v, ~ 1/2 for every incompressible,
isotropic elastic material, these data obviously are not intended
for this evaluation in the first place.

The fact that one can indeed define a Poisson function, or
some other lateral contraction function, that accurately demon-
strates the variation in the lateral contractive response of
elastomers over a wide range of deformation in a simple tension
test, as shown in Figs. 1 and 2, apparently is unappreciated by
Lindley [8] and ignored by Coakham, Eastwood and Evans [15]. of
course, not every elastomer need be incompressible; and based
upon the Blatz-Ko volume control relation (4.11), it is seen in
Figs. 5 and 6 that in special circumstances the kinematical data
for finite deformations may be plotted in a manner that does
allow for easy evaluation of their Poisson’s ratio in the natural
state. In fact, our equation (4.15), demonstrated by rough

experiments, refutes Lindley’s remark that use of Poisson’s ratio
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is appropriate only for small strains. Moreover, Anand [17] has
found that (4.15) arises naturally in a linear theory of iso-
tropic elasticity that uses the true strain e = 1og§1/2 as a
deformation measure for moderately large strains. He showed that
Hencky’s constitutive equation for the Kirchhoff stress shares
good agreement with a variety of experimental data for moderately
large deformations defined by stretches of roughly 1.3 to 1.4.
Although it may be tempting to adopt (4.15) as the definition of
Poisson’s ratio for large deformations, we caution that this rule
applies only to the class of materials for which (4.12) holds in
a simple tension test. The Blatz-Ko material (4.6), in view of
(4.7)2, the linear Hencky model ([17], by definition, and all
others for which (4.12) may be valid, belong to this class. The

definition (2.5), on the other hand, extends to all isotropic

elastic materials that respect the empirical inequalities.

Finally, we are reminded that in numerical work involving
elastomeric materials which often are assumed ideally
incompressible, a value of Vo close to 0.5 commonly is used to

avoid computational difficulties. But it may be useful to first
evaluate the actual lateral contractive response for the special
elastomeric material of interest. 1Indeed, it may happen that a
plot of the kind used in Figs. 5 and 6 may provide useful data
for a more appropriate and realistic estimate of Poisson’s ratio

for elastomers studied in numerical work.



Acknowledgement: Prof. M. F. Beatty gratefully acknowledges
support of this work through grants from the National Science
Foundation and the University of Minnesota, Institute for
Mathematics and its Applications where the work was largely
completed while he was on leave as a Senior Fellow during 1984-
1985. The authors wish also to thank the Firestone Tire and
Rubber Company for permission to use in this report experimental

data generated at the Central Research Laboratories at Akron.



(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

30

REFERENCES

A.E.H., Love, A Treatise on the Mathematical Theory of

Elasticity. 4th Ed. Dover Pub., New York (1927).
R.S. Rivlin and D.W. Saunders, Large elastic deformations

of isotropic materials, VII. Experiments on the deformation

of rubber. Phil. Trans. Roy. Soc. Lond. A 243 (1951), 251-

288.

C. Truesdell and W. Noll, The Nonlinear Field Theories of

Mechanics. Fl&gge’s Handbuch der Physik III/3, Springer-
Verlag: Berlin, Heidelberg, New York(1965).
P.J. Blatz and W.L. Ko, Application of finite elasticity

theory to the deformation of rubbery materials. Trans. Soc.

Rheology 6 (1962), 223-251.
A.N. Gent and A.G. Thomas, The deformation of foamed elas-

tic materials. J. Appl. Polymer Sci. 1 (1959), 107-113.

I. Todhunter and K. Pearson, A History of the Theory of

Elasticity and of the Strength of Materials. Dover Pub.

Inc., New York, 1960.
R.C.Batra, Deformation produced by a simple tensile load in

an isotropic elastic body. J. Elasticity 6 (1976), 109-111.

P.B. Lindley, Poisson’s ratio and the incompressibility of

rubber. Bull. Mech. Engng. Educ. 6 (1967), 186-187.

W.E. Claxton, Stress-strain equation for rubber in tension.

J. Appl. Physics 29 (1958), 1398-1406.




[10]

(11]

(12}

[13]

(14]

[15]

[16]

(17]

31

6. Pésfalvi, Zur Bestimmung der Poissonschen Zahl von gum-—

mielastischen Stoffen. Kautsch. u. Gummi Kunstst. 35

(1982), 940-941.
J.F. Bell, Continuum plasticity at finite strain for stress

paths of arbitrary composition and direction. Arch. Ration-—

al Mech Anal. 84 (1983), 139-170.

J.L. Ericksen, Constitutive theory for some constrained

elastic crystals. IMA Preprint Series #123, January 1985,

Institute for Mathematics and its Applications, University
of Minnesota, MN.

R.S. Rivlin, Stability of pure homogeneous deformations of

an elastic cube under dead loading. Quart. Appl. Math. 32
(1974), 265-272.

M.F. Beatty, A lecture on some topics in nonlinear elastic-

ity and elastic stability. IMA Preprint Series #9399, Sept-

ember 1984, Institute for Mathematics and its Applications,
University of Minnesota, MN.
J.W. Coakham, W.M.K. Eastwood and W. Evans, Introductory

experiments in materials science for engineers. Bull. Mech.

Engng. Educ. 5 (1966), 145-155.

J.F. Bell, Mechanics of Solids, I. The Experimental Foun-—

dations of Solid Mechanics. Flﬁgge’s Handbuch der Physik

VIia/l, Springer-Verlag: Berlin, Heidelberg, New York
(1973).
L. Anand, On H. Hencky’s approximate strain-energy function

for moderate deformations. J. Applied Mech. 46 (1979), 78-

81.



we{qody Sujddey

40438148y oy4 ul buisiay vojienby sueduy-ebuoy eui up ‘vewy{eN g pue IOX[10 °A
swe{qoid +mb:wwguo

pexe{sy Joj Aedeq Abueu3 pue ejue4|du) JoUB|N ‘0D A pu oK 180 °9
sadyoyds 0 >mLL< wopuey

@ 4Std MO|J SNODS|A MO{S 4O uO}jd{uoseg D{dODSOUDRK ©Uf UD "uleisujemy °f
san{eAusb|3

uuewnaN pue {oiydjdjq uoemieq Soj4jijenbau| ‘sebiequiep ° 4°H PuUR SUAST °Y °H

oJnseo |elpey © 4O SN|NPOlK JOus|M Byl ‘0OSON °fi ‘osey (8@ °*9

4 ut (M4 =y-
JO} SWS[QOJd 481Yd[J[Q PUR SO4R4S PUNCIY ‘JOI48{ed Ve PUB VOSUIYY *A°d C6|
SWo4SAS {e|4usJdey)|q Jesuy Jo4 Ssjusuodxy fenboi4 pue Suo[jouni-w ‘wesuyorey zel
uocijenb3y wnipep SNOJOH {RUO|SUBW|J-N SY4 JO Sedejuaju| pue Sucl4niog
40 A}[NU4uOD Z4[YDSd[T] “INSURiOM |°N pue ‘ZeAbzep < ‘Iffesejje) cyeq (6|
eoedg e|oym ey4 u] suojjenbz mwxo+mpgmh>mz 30
suoj4njog Buouys Joj dojaeyeg d(4o4duhsy pue odueysix3 ‘eb|OA eQ oeJjeg °*H 061!
Ap}soOdS|A Bujysjuep
JO pPOyjep eu4 pue sejues dl4oidudsy ‘sipjwebnog *3°g pue Bujwely *H'M 681
R[pely D|POjJed U] UO|4D8AUOCD pul UO|[SJBdS|Q ‘4R °Y PUR u[o4sSulqRy °f 881
SS8UpapuUNog UC We|qOdd S,pOOMa|44|] O4 Jomsuy uy ‘Pujg °1 /S|
seoeds Abejed4S [RW]UIW Y4lM SwIO4 sweg ‘Je4fey *S pue ujeisieyd|ey °*S 981
uoj4diosqy uy4im suocjjenb3 ojfjoqeded Jepdp JeybH Jesauf]uon
awos Joj sejey o|404dwAsy pue uo|jebedouy jo peeds ajjuj4 ‘Sjuleg °4 cg|
Jepuo Jeyb(y Jesuf|uou ewos JO) SejjJuedodd eAj4eilieny “‘Sjudeg °4 $8|
S8qOY JO SD{URYDSW ‘JO{eX °f PuR SYIOPPeN °f (8|
uoj4enb3 sajJdp oq Bomeido)y By4 J0j SPOY{dK UldJejen e4eudsig ANy ‘ewog °f Zg|
Ajjaeinbey {e|4sed pue suof4ound ojjedpend ‘equjnbalg ovejsey |g|
A}1D|4SE{80DS| A JeSU|{UON
jeuojsuswiQ SuQ Uj A4|1}GiSSIWpY pue A}[[Qe4S :suojijsued] eseyq ‘obed *¥ 08|
swejqodd {euojje]dep
4O S4U|Od {@D]4]JD JO) WeJOBY| UO[4edUNilg V ‘YOBQISLBRT] °Y PUG MOYD °N-°S 6/ 1
suof4enb3 5[4d}{{3 BwWOS JO SUOL4N{OS JO JOlAeyeg {eD07 ‘SO8]|AY O|d|44ed 8L |
sie4sAu) of4se|3 4o suciiesnbijuoy wniiql]nb3 oiqeis ‘ueswdJ3 °f LLI
suo|jew|xodddy >}po}Jed
$SB4 Y4{m swaysAS 4oy S©]AD0) 21pobu3 yiOOWS 4O UO|4LONJISUOD ‘JRNRJISN °*W 9L |
suoj4eanbjjuoy {e4sAa]y pinbi
S14e4S 40 Ajrae(nbey felideg pue 8oUS4SIX3 ‘JSJYS|{JISPU|XN °Q PUR {PSRH *¥ G|
UOLJE41D Bulded oAl eouabusauop-J pue coﬁLm+_wm~MuLM”M_”+wwwmwum.mmvcu n“"t.q¢M¢wm MM"
. - '~ 1
U4 U4 UOZ[JOH S4[U[JU| UC S8558D0Ug UO|SNny4[Q Buj|{oijuoy ‘z4[mosez|e] OlIY {17 1214U040d 10[PeY @ U4l uO|4enb3 Jebu|poayds
Bujuol4|puol S4| Pue SUCISNY4|Q PelliX ‘oRyZ wixBuoyz 3 ue(d °W ‘BuOY *9 ¢z  BU4 JO SUOI4N{OS By} 40 sej4fJeinbulg paje{os| ‘JRep D pue zenbzep °I°f ZL|
SuojjewJojsuedy Apgoi4se(3 e4fuiq ul A411{qe4S pJewepeH UQ ‘J040dS °f°S pue wOSAW|S *J°H LI
wopuey AQ peonpu| ujeY) AONJRp panjep-ednseey e 40 A4|0|poba3 ‘Bujf{seg *M MY ZIZ sujewog ujyl u} A4foj4sel3
49bue] umouy Ajea|ssesboud pue wopuRY Y4lM SWO|QOUd {0J4UOD ‘ZY|MCIRZ|S] Ol |I|T 40 sucjjenby ey jo sqjw}i uojieziuebowoy ‘sni{ebOA °p pue uejweiweg °Y O/!
Sujey) AOMJeRl 4O Suo|4dung uoj4eiasg ebue eys ug’ueld bujdujw 3 bwog mibueng |z suocjjenby {ej4usuejs}q {RUOI4OUNS JOJ SP{OJjueh
I suoj4enbl 2§4dj{{3 Jesu|]-UON JOj Swe{qodd enjep Adepunog oyl ‘wewiexeg °r*| 60z juejueAauj djfoquedAy JO Ssseuyjoows pue edueis|sdied ‘seeyieben sin 69
Suoj 4Lz} |RJoUBg {PUO}SUuBW|(-N Aj{otdsejaoudssy]
sS4} pue spoy Bujuepuey jo uoisuol ey4 Bujuueduo) sejon ‘wswiexeg °r°| 807 JO ose) awedyx3y ue - sho||y Auowsy odeys uj Aj|d|jsejeopnesd ‘Jef{nw obu] g9 |
S84 [sodwo) O}doJs4os|uy sJseqqny pue seseg ‘sefi{nw obuy ;9|
3O ALLA14ONpUO) BA[400443 oyt Bujpunog uQ ‘UOL| W *M°9 PUR ¥WOX °*A°YH LOT suoj4enb3y ebuesbe-uoin3z Joy o|d|dufig whw[Xen syj pue
ucjjenby uoj4ed(uqn spioudey aus ug ‘40dI¥D W 90Z uojienbl D14d{({3 Jeeu|{-uON JO; Swe{qolg enfep Ausepunog oyl ‘wew{eweg °f°] 99|
*SMO{4 J{4Seyo04s O] ydiowoswoyuoN Bujjonuisuo) ‘Bujiseg *¥eA°YH GOC s{ejJ4ejep O}dou4OS|uy JO SSe{) e JO}
sfejJo4ep O}4Se{3 D{dou4osjuy S{UB|D}J}E0) O14Se|] SYy4 UO eduspuadag SNONULLUOD ‘YiR4 *S°Y Pue PiOUSY °Q G9|
40 AujouwwAS {@|Jo4ep JO UOL4RD|J[{uUBp| OU{ UQ ‘|PeqRION W ‘UImOD °S V0Z Swe4SAS Of{oqeded U] SudejiRd 8{qe4sesen Up ‘Jebiequiepm *4°H 19|
oJnses)y uopey © 04 4d2dsey y4im suoj4enb3 Axsujyseajg-ojowedny oyl :shojly Auseuig e4niig
se|4|oede) JOj weJoBY] UO|4eA|Jeg ¥ ‘OOSOW °Q PuUR OSey {RQ °9 ‘OZZe44RE *9 0T JO UO|4eI|}IP||0OS {PUOI4D8d]Q U] SB14}1][qe4Sul [R[dejuoju| ‘UeHOD-¥D1AOK °V €9 |
SMRT UO|4RAJSSUOD suojsusw|Q ededS {RJSASG U| SME{ UO|LBAIBSUOD
3O swe}sAs 2]{oquedAy 4o} SO|4dp O)Jjowoeg ueeujjuoN ‘epfen mespwy 7oz Jeieds @ Of Suoj4n{og 40 JojAeyeg eu|]-obie| ‘sdi{fiyd °Q pPue uewneg °d 79|
suoj4enby uew||eg-{qooe[-uo4||wey O4 SUO|4N{OS S2|SAyd wnnuj4uo) u| swe|qodd {edjweudq ewos ‘Ai4eeg °3 PRI{IIN 19!
A}|SOOS|A @yf 40 seji|Jenbuls BY4 UQ ‘JONOS W °H PR ESIRUWED °d |07 suojjenby fe|juedse}siq
se|qejJep AjjJequfs bujspy dn-mojg bujz|ieqoeuey) ‘wyoy ¥ Pve 8619 °A 00z AJRU|PUQ JRBU|T JO SUO[4N]OS 4O SJO0Y Y4-U SY] ‘@ARGIS *A PUe S|JJBH °*V°M 09|
sejeujweT Jeeu|T JO sef4Jod0ug seweg oA(4eJ400d00) U] Bujujebieg pue SEd (U ‘GWRZ °N PUR 4OUNeE °3J 66|
SSeUYLOoUS SWOS ‘[]1648548D *T PUB JeuyoiJepuld °a ‘409180 W 661 Swd|Qo4d ©|2e45q0 O|loqeded Joj sejew]}s] JOueim ‘CIso °f Pue {0418 °W 8C|
o4l (S14044ny # of4lt (S)Joyny - §

(POIU[JUOT) SIUII081d YN {Uedey

86|
L6l
961

G661
145



