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Abstract

We investigate the smoothing effect of the parabolic part of a quasilinear evolutionary equation
on its solution as time evolves. More precisely, the following initial-boundary value problem with

Dirichlet boundary conditions is considered:

% = Apu + f(z,t,u(z,t)) for (z,t) € Q x (0,T);
(P) u(z,t) =0 for (z,t) € 9Q x (0,T);
u(z,0) = uo(x) for z € Q.

Here, A, stands for the negative Dirichlet p-Laplacian defined by Ayu = div(|Vu|P~?Vu) for 2 <
p < oo. The reaction f : Q2 x (0,7) x R — R is a Carathéodory function satisfying the growth
condition

- f(x,t,8) <alé]? +bE] forae zeQandallte (0,T), E€ER,

where a > 0 and b > 0 are some constants and g € [p, p*) is subcritical; p* = Np/(N —p) if p < N
and p* € (p,00) is arbitrary if p > N. We assume that € is a bounded domain in R" and the initial
values satisfy only ug € L"(Q) for some r > (¢ — p)N/p, r > 2. If u: Q x [0,T) — R is any weak
solution of problem (P), such that the norm |[u( -,t)|/1rq) < ¢ = const is bounded for all 0 < ¢ < T,
we show that u(-,t) € L*(Q) for every ¢t € (0,T). Moreover, we obtain also an a priori bound on

the norm ||u(-,t)||pee(q) < C: = const for all times ¢ € [, T), where € > 0 is arbitrary.

Keywords: Dirichlet p-Laplacian; degenerate quasilinear parabolic problem:;
L*°-smoothing effect; logarithmic Sobolev inequality;

ultracontractive C%-semigroup
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1 Introduction

The smoothing effect of the linear part of a semilinear parabolic equation is a well-known phe-
nomenon that has often been used to obtain the existence and/or uniqueness of solutions to
various semilinear parabolic problems. In the most abstract setting of a functional differential
equation in a Banach space X, the smoothing effect is expressed by an analytic semigroup of
bounded linear operators on X. In the special case when X = L2(Q) (2 ¢ RY open) and e~
(t > 0) is a Markov semigroup on L?(f2) generated by —H, where H is a positive definite, selfad-
joint operator on L2?(2), the smoothing effect may be expressed through the following property

—Ht

of the semigroup e called ultracontractivity:

(u.c.) for every time ¢t > 0, e"#! is a bounded linear operator from L2(f2) to L>().

This property was introduced in the papers by E. B. Davigs [10] and E. B. DAVIES
and B. SIMON [12] and extensively studied in the monograph by E. B. Davigs [11, Chapt. 2,
pp. 59-81]. A simple example, when (u.c.) is satisfied, is the positive Dirichlet Laplacian
H = —A in L?(Q). Surprisingly enough, we are able to apply similar methods, in particular
the logarithmic Sobolev inequalities from [11, Chapt. 2, § 2, pp. 63-71], studied much earlier by
L. GROSS [20], in order to show that also the nonlinear semigroup of contractions e®»! (t > 0)
on L?(), generated by the negative Dirichlet p-Laplacian A, has an analogous smoothing

property (ultracontractivity) whenever 2 < p < oc:

(u.c.!) for every time t > 0, e®¢t

L=(Q).

maps bounded sets from L2(€2) into bounded sets in

As usual, A, stands for the negative Dirichlet p-Laplacian defined by A,u =
div(|Vu[P~2Vu); we consider only 2 < p < co. We assume that € is a bounded domain in
RY. The same method, based on logarithmic Sobolev inequalities, has been used earlier in
CIPRIANI and GRILLO [8] to show the following much weaker result [8, Theorem 1.1, p. 213]:
Let 2 < p < N and r > max{2, p(p—2)/(N —p)}. Then for every time ¢ > 0, e»! maps bounded
sets from L"(92) into bounded sets in L°°(£2). On the other hand, they require  C R to be a
domain of only finite N-dimensional Lebesgue measure. Recently, DEL. PINO, DOLBEAULT, and
GENTIL [14] applied this method to a related Cauchy problem in 2 = R¥ for any 1 < p < cc.

More generally, we will show an analogous “L"-to-L*°” smoothing effect (r > 2 - a suitable

number) for the following quasilinear initial-boundary value problem:

% =Apu+ f(z,t,u(z,t)) for (z,t) € Q x (0,T);
(1.1) u(z,t) =0 for (z,t) € 9Q x (0,T);
u(z,0) = up(z) for z € Q.



We assume that the reaction f(z,t, &) satisfies the following measurability and growth conditions:

(fl) f: Q@ x (0,7) x R — R is a Carathéodory function, i.e., for every £ € R, the function
f(C, .8 Qx(0,T) — R is Lebesgue-measurable, and, for almost all (z,t) € Q x (0,7,

the function f(z,t, -): R — R is continuous.

(£2) f satisfies f(-,-,&) € Li (2 x (0,T)) for every £ € R and the growth condition

loc

(1.2) - fx,t,8) <algl?+0¢| forae ze€Qandallte (0,T), £ €R,

where @ > 0 and b > 0 are some constants and ¢ > p is a subcritical exponent to be

specified later.

The initial values are assumed to satisfy only ug € L"(2) for some r > 2. Assuming
suitable restrictions on p, ¢ and r, which are sharp, we are interested in obtaining an a priori
L*>°(2)-bound for any weak solution u : € x [0,7") — R of problem (1.1) for all times ¢ € (0,7).
More precisely, if the norm [[u(-,t)| ;r@) < ¢ = const is bounded for all 0 < ¢ < T', then we
establish an a priori bound on the norm [[u(-,)||r~@) < C: = const for all times ¢ € [¢,T),
where € > 0 is arbitrary. This result (Theorem 2.1 below) extends earlier results by J. F1Lo [16],
G. M. LIEBERMAN [24, pp. 561-562], and M. M. PoRrzio [25] (see also E. DIBENEDETTO [15,
Chapt. V, Theorem 3.2, p. 121]). There, a completely different method of proof is used, based
on local estimates and Moser’s iteration technique. In contrast, we apply the method discovered
by L. Gross [20, p. 1066].

2 The main result

Recall that 2 < p < 0o and Q is a bounded domain in RY. Let p/ = p/(p — 1) be the conjugate
exponent; hence 1 < p’ < 2. We denote by W_l’p/(ﬂ) the dual space of the Sobolev space
I/VO1 P(Q)) with respect to the duality induced by the standard inner product in L2(2). The
reader is referred to the monographs ADAMS and FOURNIER [1], KUFNER [21], and KUFNER,
JoHN and FucCik [22] for general facts about Sobolev spaces and weak solutions.

Given any initial values ug € L%(Q), a function u : Qx (0,T) — R is called a weak solution

of problem (1.1) if it satisfies the following conditions:

(ul) The L?(£2)-valued function ¢ +— u(t) = u(-,t) : [0,T) — L2() is continuous, i.e., u €
C([0,T) — L?(f)), and satisfies the initial condition u(0) = ug. In addition, we require
also

ue L <(O,T) = Wol’p(ﬂ)) AW ((o,T) - W*LP/(Q)> .



(u2) The superposition function (x,t) — f(x,t,u(z,t)) : Q x (0,7) — R is locally Lebesgue-
integrable, i.e., f(-, -,u) € LL (2 x (0,T)).

loc

(u3) The equation

/Qu(x,t) ¢(z,t)de — /Ot/ﬂu(x,s) % dzds

(2.1) = _/Ot/ﬂwu‘p_Q(VU'Vcb)dxds
+/OtAf(x737u<x75))¢(m,s) da ds

is satisfied for all ¢ € (0,7') and for all test functions ¢ : Q x [0,T] — R of class C'! with
a compact support contained in Q x (0,7), i.e., » € CL(Q x (0,T)).

Given 1 < p < N, we denote by p* = Np/(N — p) the critical Sobolev exponent for the
imbedding Wol’p(ﬂ) — LP(Q). If N < p < oo, we take p* € (p,00) arbitrary and as large as
needed.

Throughout the rest of this article we impose the following restrictions on the numbers p,

g and r: We assume p, q,r € [2,00) and

(2.2) p§q<min{p*,p(1+%>}.
We set
def N
(2.3) Tpyq = (¢—p) E

and observe that, owing to p < ¢ < p*, we have 0 < r, , < q. Therefore, without loss of gener-
ality, in all our results below we may restrict ourselves to the case r,, < r < ¢. Consequently,

(2.2) may be replaced by

(2.4) max{p,r} <qg<p (1 + %) )

It is easy to see that (2.4) implies (2.2). All our results below remain valid if r is replaced by
any number 7 > r while p and ¢ are held fixed. In case rj,, > 2, we may choose r arbitrarily

close to 7y, 4.

The following theorem is our main result.

Theorem 2.1 Let p,q,r € [2,00) verify (2.4). Assume that [ satisfies hypotheses (f1) and
(f2). Let u be a weak solution of problem (1.1) such that

(2.5) Ju(-t)|lr@) < c=const <oo forall 0 <t<T.
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Then we have u(-,t) € L*(Q) for every t € (0,T). Moreover, if € € (0,T') is arbitrary, there

exists a constant C. > 0 such that

(2.6) lu(- ) Le() < Ce for all times t € [e,T).

Proof. The proof is given in Sections 3 through 7 below. The article concludes with

Appendix A which contains the antiderivatives of a few important elementary functions.

The conclusion of this theorem remains valid under somewhat weaker hypotheses on the

function w described in Remark 2.4 below.

In Porz1o [25], Theorem 2.1 was proved only for » = 2 and by a completely different
method; see also the monograph by DIBENEDETTO [15, Chapt. V, Theorem 3.2, p. 121]. Under

this restriction, condition (2.4) reads

(2.7) p§q<p<1+%>.

This restriction on the exponent ¢ in the growth condition (1.2) is much too strong in case the
a priori bound (2.5) is available for some 7 > 2. In F1L0 [16] and LIEBERMAN [24, pp. 561-562],
Theorem 2.1 was proved under the same hypotheses as ours (2.4) for p < N, whereas for p > N
both authors needed a condition stronger than (2.4), namely,

(2.8) p<qg<p+r with p+r<p<1—|—%).

We postpone a more detailed discussion on these differences, optimality of condition (2.4), and

possible generalizations to other degenerate parabolic problems ([16, 24, 26]) until Section 9.

In the stationary case, i.e., when the functions v and f in Theorem 2.1 are independent
from time ¢, our theorem renders the following slight improvement of a result due to ANANE [3,
Théoreme A.1, p. 96].

Corollary 2.2 Let p,q,r € [2,00) verify (2.4). Assume that f: Q xR — R is a Carathéodory
function such that f(-,€) € L (Q) for every & € R, and the following inequality holds in

loc

analogy with (1.2):
- f(xz,8) <al|?+b|&|  for a.e. x € Q and all £ € R.

Assume that u € Wol’p(ﬂ) satisfies f(-,u) € L{ (Q) and

loc

/ |Vu|P~2(Vu - V¢)dx = / f(z,u(z))pde  for all ¢ € CL(Q).
Q Q

Then u € L>(2) and there exists a constant Co > 0 such that ||ul| Lo ) < Co, where Cy depends
solely upon a, b, N, p, v, and the norm ||lu| .- (q)-



The corresponding analogue of Remark 2.4 applies to this corollary as well.

Some remarks are in order.

Remark 2.3 As far as the definition of a weak solution of problem (1.1) is concerned, while still

requiring conditions (ul) and (u2), we may replace (u3) by the following equivalent condition:

(u3’) The equation

d 9¢
29 T Qu(gc,t) ¢(z,t)de — /Q u(z,t) B dz
Q Q

is satisfied for almost every ¢ € (0,7") and for all test functions ¢ : © x [0,7] — R of class
C' with a compact support contained in Q x [0,T], i.e., ¢ € CL(Q x [0,T)).

By the density of the space of test functions C!(Q2x[0,77]) in the Fréchet space C’ ([0,T) — L2())
and in the Banach spaces LP ((0, T) — Wol’p(Q)> and W7’ (( ,T) — )), we conclude
that equation (2.9) entails

ou

[ S o)== [ [Fupr(Yu- Vo) da

(2.10)
+/Qf(m,t,u(x,t))¢($)dx

for almost every ¢ € (0,7) and for all ¢ € CL(Q).

Remark 2.4 It will become clear from our proof of Theorem 2.1 below that the conclusion of
this theorem remains valid even if condition (u2) is replaced by the growth condition (1.2) and

condition (u3) is replaced by the following weaker one:

(u3”) The inequality
/ — u(x,t) ¢p(x)dz + / \VulP~2(Vu - V(ug)) dz
Q

(2.11)
< / Fatu(e, ) u(z, £) (z) da
Q

holds true for almost every ¢ € (0,T) and for all ¢ € C'(Q) satisfying ¢ > 0 in Q.

The corresponding statement applies also to Corollary 2.2.



Remark 2.5 The growth condition (1.2) is too weak to guarantee the existence of a weak solu-
tion to problem (1.1) in Theorem 2.1. The following stronger condition however does guarantee

the existence, locally in time, for any initial data ug € L"(Q2):
(2.12) |f(z,t,6)| < alé|T ' +b forae ze€Qandallte (0,77), £ €R,

where a > 0 and b > 0 are some constants and 7" € (0,7 is small enough. This claim follows
from a combination of Theorem II1.2.6, p. 140, in BARBU [4] and the proof of Theorem 3.10.1,
p. 189, in VRABIE [27]. An alternative approach from BOCCARDO, MURAT, and PUEL [5, 6]
or CIrRMI and PORzIO [9] based on a priori L*>*-bounds for any solution can be adapted also to
the present setting to obtain local (in time) existence. In our present article we establish such

a priori bounds. We leave the details to the reader.

3 Ultracontractive C'-semigroups (p = 2)

The idea of using the logarithmic Sobolev inequalities in order to establish an “LP-to-L9” smooth-
ing effect (1 < p < ¢ < o0) of an analytic semigroup of bounded linear operators on L?(),
modelling a diffusion process in an arbitrary domain Q@ ¢ R¥, is due to L. GRoss [20, p. 1066],
the proof of Theorem 1. In the paper of DAVIES and SIMON [12], this idea was developed fur-
ther: An equivalence relation was established between the “L?-to-L>” smoothing effect of the
semigroup e H* (t > 0) on L%(Q), termed ultracontractivity (see (u.c.)), and the corresponding
logarithmic Sobolev inequality for the (infinitesimal) generator —H of this semigroup. To de-
scribe this phenomenon in details below, we use the monograph by DAvigs [11, Chapt. 2, pp.
59-81].

Let e (t > 0) be a symmetric Markov C%-semigroup on L?(Q) with the generator —H.
The reader is referred to [11, Chapt. 1, § 4, pp. 21-25] for the definition and basic properties of
a symmetric Markov semigroup. In particular, H is a positive definite, selfadjoint operator on
L?(9). Assume that the semigroup e~ (t > 0) is ultracontractive with
(3.1) le | 12 poo < MO forall t > 0,
where M : (0,00) — R is a monotonically decreasing continuous function. Here, [le || ;2 1o
denotes the norm of the bounded linear operator e~ from L?(Q2) to L>(Q). Let @ denote the

quadratic form associated with the operator H,

/Q(Hf)?d:c, f € dom(H),

def

Q) =

where dom(H) stands for the domain of H. The domain of @ is the Friedrichs energy space
Quad(H). Then 0 < f € Quad(H)NLY(Q)NL>®(Q) implies f2log f € L'(2) and the logarithmic

Sobolev inequality

(3.2) /Q 12 log f dw < £ Q(f) + M() 1 2y + 1 Bz 108 111120
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is valid for all € > 0. This result is taken from [11, Theorem 2.2.3, p. 64].

For each t > 0, e~ is an integral operator on L?(9),
(3.3) (e~ f)(x / K(z,y:t)f(y)dz, ze€Q, fe L),

with a nonnegative kernel K : Q x Q x (0,00) — R, by [11, Lemma 2.1.2, p. 59]. Moreover, if

Q C RY has finite N-dimensional Lebesgue measure ||y, then the kernel has the representation

(34) 0< K(z,y;t Zexp —Ent) ¢n(x) ¢n(y)

where the infinite series converges uniformly on © x Q X [a, 00) for any a > 0; see [11, Theorem
2.1.4, p. 60]. Here, Eq1,FEs,...,E,,... are the eigenvalues of H, repeated according to their

multiplicity, with the associated eigenfunctions ¢,, (n =1,2,...).
For the Dirichlet Laplacian H = —A in L?(Q) we have
(3.5) 0 < K(x,y;t) < (4wt)~N/? e~ @4 for 2y e Qand t >0,
see DAVIES [11, Example 2.1.9, p. 63]. Consequently,
(3.6) le™ ¥ pa_poe < (d4mt) =N/
which yields, by [11, Lemma 2.1.2, p. 59],
(3.7) e | 2 1o < (87t)™N*  for all t > 0.

Hence, inequality (3.1) holds with M (t) = —(N/4) log(8nt) and, whenever 0 < f € WOI’Q(Q) N
LY(Q)NL>®(Q), then also f2log f € L'(Q) and the logarithmic Sobolev inequality (3.2) becomes

N
5.9 /Qf2 log fdz < e/Q IV f*dz — - loa(8me) 1£11Z2 (0
111720 log 1/ 2@

for all e > 0. It is an easy exercise to show that if inequality (3.8) holds for e = 1 then it holds
for all £ > 0 as well. Indeed, one may use the substitution = = ¢1/2y in RN as the constants in

this inequality are independent from the domain Q C R¥.

Finally, given any 2 < r < oo, from inequality (3.2) one can derive

/gr loggdxga/(Hg) e+ = M( )HQHLT
0 Q

+ 1912 () log llgllLr (@)

(3.9)

for every g € Dy ey Usso e THLY(Q) N L>®(Q))4; see the proof of Lemma 2.2.6 in [11, p. 67].
As usual, ' = r/(r —1) and X; = {f € X : f > 0} denotes the positive cone in an ordered
Banach space X.



For the Dirichlet Laplacian H = —A in L?(Q2) inequality (3.9) becomes

N 167me
/Qgr log gdx < 5/ Vg2 g™ 2de — — 10g< ) HQHTLT(Q)

+ 191l () 1og ll9ll ()

(3.10)

for all 2 < r < 0o and for every g € Dy = [J,, e (L1(Q) N L>®(Q))4. This inequality follows
also directly from (3.8) by setting f = g"/?

4 A time-dependent norm of the solution

We wish to apply the logarithmic Sobolev inequality (3.10) to inequality (2.11) with the test
function ¢ replaced by the new, time-dependent function |u(-,t)|2® where o : [0,T) — R, is
a continuously differentiable function with the derivative o’(t) > 0 for all 0 < ¢ < T. As usual,
we set Ry = [0,00). The function g will be specified later, in Section 7.

We need the following technical identity which is essentially due to GROSS [20, Lemma
1.1, p. 1065]; see also CIPRIANI and GRILLO [8, Lemma 3.2, p. 220] or DAVIES [11, Lemma 2.2.2,
p. 64].

Lemma 4.1 Let r: [0,T) — [2,00) be a continuously differentiable function, where 0 < T <
oo. Assume that g : [0,T) — L2(Q) wverifies condition (ul) in place of u and, in addition,

g(t) € L>(2) for every t € [0,T) and the norm [|g(t)| () is bounded in [0,T). Then the

r(t)

function t — ||g(t)|| is locally absolutely continuous in [0,T) and satisfies

Lr)(Q)
d T t r -
G101 00y =r®) [ a2 g(t) g (1) o
(4.1) @
® [ lo(or toglg(0)] da
for a.e. t € (0,T).
Here, we have used the notation ¢'(t) = %(-,t). As usual, we identify the spaces

LY[0,T) — LY(Q)) = L' (Q x [0,T)) and similar ones.

Let u be any weak solution of problem (1.1). By Remark 2.4, u satisfies inequality (2.11)
with the test function ¢ € C1(Q), ¢ > 0 in Q, chosen as follows:

First, let n € N={1,2,...} be arbitrary, but fixed. For (z,t) € Q x [0,T") define

-n if u(z,t) < —n;
(4.2) u™ (z,t) o u(z,t) if |u(x,t)| < n;
n if u(z,t)>n

10



With a help from [19, Theorem 7.8, p. 153], it is easy to see that also u(™ verifies condition
(ul). Hence, there exists a sequence of functions {¢,

) %, C C(Q2x[0,T]) such that
0< w,gbl)(x,t) <ne® for all m =1,2

. and (z
° u¢(

1) € Q2 x[0,7T);

— u™ |u(™|2 as m — oo, in the Banach space

C([0,T"] — L*(Q)) N L <(O,T’) = Wol’p(Q)) for each T" € (0, T)

1/)( )(ac t) — [ul™(z,1)|°®) as m — oo, pointwise for almost all (z,t) € Q x [0,T)

We replace ¢ in inequality (2.11) by 1/17(7? )( .
arriving at

Ou u™ (2, ) [u™ ()2 da
o Ot

[ o )
Q
Q

for almost every t € (0,7) and for alln = 1,2 . By our definition of (™), combined with [19
Theorem 7.8, p. 153], the last inequality finally reads

), for a.e. t € (0,T), and then let m — oo, thus

(n)
81& ul™ () [u™ (z,8)2® da
Q

n / V™) P2 {Wm) -V(|u(")|9u(”))] da
Q

= / Fla,t,u™ (2, 8) u™ (2, 1) [ul™ (2, 1)]20
Q

for almost every t € (0,7 and for all n = 1,2

Finally, in Lemma 4.1 let us take ¢(t) = 2+ o(t) for 0 < ¢t < T. We apply Lemma 4.1 to
the first term on the left-hand side in (4.3), the identity

V([u™[2u™) = (1 + o)|u™ ]2 Vul™

to the second one, and the growth condition (1.2) to the term on the right-hand side, thus
arriving at the following estimate:

(n t 2+Q(t
2—|—g dt/’“ z1)|
)
/ u® o \un)lgdxqti/\ (m)|2+e Jog [4™)| da
0 ot
< —(1+9)/ V™) P [l ")lgdx—i—/ lu ”>y@<ayu<n \q—i—blu(”)\) dz
Q Q

Q,(t) / |u(n)|2+g log |u(n)| dx
2+ o(t) Jo

11



for a.e. t € (0,7).

In order to simplify our notation, we drop the upper index “(n)” in u(™ (x,t) and write only
u(z,t) instead, assuming only that the function u verifies condition (ul), |u| <nin 2 x [0,7)
for some n € N, and inequality (4.4) holds for a.e. ¢t € (0,7"). Hence, the last inequality reads as
follows (cf. CIPRIANI and GRILLO [8, Lemma 3.5, p. 223]).

Lemma 4.2 For each n = 1,2,..., the function u = u™ verifies condition (ul) and the
mequality

2+Q dt/ lu(z, t))?+e® dz 4 (1 / |VulP |u|® dz
(4.4)

< 4 74} d 2+e d
< [ 1ule a0l a4 20 [ 22 tog fulaa

holds for a.e. t € (0,T).

The two summands on the right-hand side of (4.4) will be estimated next, in Sections 5
and 6. Recall that o : [0,7) — Ry is a continuously differentiable function with o’(t) > 0 for
all 0 <t <T.

5 L'-estimates for » > p > 2

Recalling our hypothesis (2.4), let us denote g 9 (> 0) and consider any p € [9g,00). We
introduce the abbreviations

q—2
p(1+x)—q

def —2 def
(5.1) E=E()“ 9 and  Eo %< E(po) =

p(1+32) - g

Clearly, we have 0 < E < Ey < oo and E(p) \,0 as o / 0.

We begin by estimating the integral [, |u|7"2dx on the right-hand side of inequality (4.4).

Lemma 5.1 Let a € (0,00) and let p,q,r € [2,00) verify (2.4). Then there exists a constant
C1 > 0 such that the estimate

1 —p)E
(52) o [ Juirteds < 10+ o) [ [VuPlul?do -+ Jul L

holds for every u € WIP(Q) N L (Q) and for all o € |09, 00).
0

Proof. We use inequalities of Gagliardo-Nirenberg-type; see, e.g., ADAMS and FOURNIER
[1], Chapt. 5, or A. FRIEDMAN [17], Part 1, Theorem 9.3, p. 24. We treat only the case ¢ > 2,

12



leaving a number of obvious amendments for ¢ = 2 to the reader. Recall that 2 < p < g < p*.

There exists a constant ¢, , > 0 such that the following inequality holds, whenever 2 < R < p <

Q<q

(5.3) [vlle@) < pg IIVUHLP(Q IIUHLR(Q) for all v € Wy ()
where
def (11 1 1 1\°!
5.4 0= (-2 ) (= -2+ —) .
(54) (R Q) (R p T N)

Notice that 0 <6 < 1 (with § >0 if R < Q) and

Now we rewrite inequality (5.3) as

0Q/p (1-0)Q/R
(55) /\U\Qqu (/ \W\p@) (/ \U\Rdx>
Q Q

for all v € Wol’p(Q).

Next, let us take any o € Ry and u € Wol’p(Q) N L>°(2). We substitute

2 2
QZQ‘Fg:p.Q‘FQ and R — +§:p.ﬂ
L+ p+o I+ pto

together with v = |u|?/Pu in inequality (5.5), thus arriving at

0p(q+0)/(p+e)
/ lul9te dx < cg(gw)/(pﬂ) <1 + Q)
(5.6) e P
6(q+o)/(p+e) (1-0)(a+0)
< ([ 19 ulea) Il
Q
where, by equation (5.4),
1 q—2 1 q—2

(5.7) = . 5T = . .
g+to 1-222(1-%) q+o p(1+$>_2
Again, notice that 0 < 8 <1 (6 > 0 because g > 2) and

1 1-2 1-9
- =6. N_|___
q+o pto 240

We have E > 0 owing to ¢ > 2. Observe that the reciprocal exponent of the integral on the
right-hand side of (5.6),

1+ﬂ>—2
def P+ o0 p( N 1
5.8 = = =1+ =1+ =,
(58) (g + o) q—2 q—2 E

13



satisfies

1+ %) — 1
P>P0dif1+wzl+—>l
-2 Ey
Its conjugate exponent is given by
P -2
(5.9) Pl= =1+ q2 —14+E
L (14 BE)
and satisfies N 5
P'gP':70:1+q;:1+Eo<oo.
"R p(1+%)—q

Below we will need also the exponent

p)(g—2)

Z +Q> =q+o+(¢—pkE.
—q

(5.10) (1-0)(g+ 0P =q+o+

We estimate the right-hand side of (5.6) by Young’s inequality using the pair of conjugate
exponents (P, P'), for any 0 < ¢ < oo,

/|u|q+9dx§
Q

€7PI/P +o+(q—p)E
= (1+2)" [ 19l ule o+ S el VE

Here, formulas (5.8), (5.9) and (5.10) have been employed. We choose

(5.11)

Cp(g+@)/ (p+o)

(5.12) e= 4QS§:%5>)/Z+@> (1 + %) N

and observe that
a cgf;ﬁr@)/ (p+o) 8;#

(5.13) _ HLE (o cp<q+g>/<p+g>)”E ((1 - g)(f - E_1)>E (1 + g)pE
<3 (4acg§g+9>/<p+@>)1+E (1 + %)pE <0y < o0

with a constant C independent from g > gg. The last claim follows from

pE <1+€> _ @—2)p+o

P p<1+$)—q

where

N p+r—2
2+0 < p’ 1+ L) -
p 1+T —q p N q




combined with

1/[1+(e/p)]
<1+—> — 1 aspoN\,0orp " .
p
Finally, applying (5.12) and (5.13) to the right-hand side of (5.11) we arrive at (5.2) as desired.

Using Holder’s inequality we find

(1+0)/(2+0) 1/(2+e)
/ lu|'tedx < </ |u|?+e dm) (/ dac)
(5.14) 9 a

1 2+ 1+
= 1Y ull 2, 0

where [Qy = [, dz denotes the N-dimensional Lebesgue measure of Q C RY. Finally, we
combine inequalities (5.2) and (5.14) to get

/ | (aful? + bluf) dz
1 +o+( E 1/(2+ 1
(5.15) <3+ 0) [ IVl fult o+ 22D + DI el

1 E
<1140 / Vul? [ul? do + Oy [l 525 PP + Oyl 132,

where

Cy = b(max{|Q|y,1}) % > 0.

6 Logarithmic estimates for p > 2

Now we estimate the second summand on the right-hand side of (4.4). Recall that ¢: [0,T) —
R, is a continuously differentiable function with o’'(¢) > 0 for all 0 < ¢t < T. We treat the
semilinear case p = 2 first.

Lemma 6.1 We have

|>T¢ log |u| dz:

1 No 24
6.1 < —(1 2luled —— 1 ¢
(6.1) < 30+ o) [ [Vl e da + g o (ol
/
4 2
+ 5 ) 108 2o

for every u € Wol’p(Q) NL>®(Q) and for all 0 <t < T.
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Proof. We use the logarithmic Sobolev inequality (3.10) to estimate
/ lu|?*¢ log |u|dz < 6/ \Vu|? [u? dz
Q Q

N 16me %+0 240
2240 log <2 + g> HUHLQ“’ QT H7“”HL2+@(Q log [|ul| z2+e()

(6.2)

for any 0 < € < 0co. Now we take

_@2+o)(l+o)

0
40'(t) ~

and use the expression
16me  4n(1+ o)

= >0
2+0 ?'(t)

to get inequality (6.1). m

The lemma below for p > 2 will be used later with e : [0,7") — (0,00) being a continuous

function rather than a constant.

Lemma 6.2 Let 2 < p < 0o. Then there exists a constant Cg > 0 such that the estimate

/ |u|?*¢ log |u| dz
Q

/

2+0p
1

<10+ 0) [ Vul? fult da
4 Q

(63) / J(p—2)
+Ch -9 [
(2+0)(1+0)¥? Lare(@)
240 o 240

+¢=(0) ¢ [lullz2%o () + [ull72¥e () 10g [ull L2+e (o)

240

holds for every u € Wol’p(Q) N L>®(Q) and for all 0 <t < T and 0 < € < co. Here, we have
denoted

def N 167e
4 = — I R,.

Proof. Again, we begin with inequality (6.2). The first term on the right-hand side is
estimated by Young’s inequality,

2 -2
Vul? < = |Vl + £== 2 @2
p p
for any 0 < n < oo, which entails

/\vuy ujedz < 2 77/ VP Juf d + 2 32/ 0-2) /\uy@dx

16



Setting

and recalling ¢/(t) > 0 we arrive at

2+
4i (1+0) /]Vu\p\ulgdx
(6 5) +p 2 Q/ <£> —2/(p— 2)( QI >2/(p—2)/ |u|9dx
' 2 2+0\8 (2+0)(1+0) Q
1

Z(1+0) /yvu\p\uy@dx

p— ]e\ 2/(P=2) J p/(p—2)
+ “ (2= 2dz.
2 <p> ((2+@)(1+9)2/p> /sz|u| !

The last integral is estimated similarly as in (5.14),

o/(2+0) 2/(2+e)
/ lu|?dz < (/ |u|?te dac) (/ dac)
(6.6) Q Q Q

2/(2+
= 1Y ull 2o

,4;

Next, from inequalities (6.2), (6.5) and (6.6) we deduce
/
L/ lu|?*¢ log |u| dz
2+0Ja

—(1—!—9)/ |VulP |ul? dx
Q

2/(p—2 -2
+p—2 § /(p—2) o p/(p )‘9’2/(2@) HuHQ
2 \p (2+0)(1 +0)*7 N Lire@

N o 16me o
— . 1 e
2 2+o7 ° (2 + g> Izt

Q/

+ 5= Il g g oo
for any 0 < £ < co. Finally, we arrive at inequality (6.3) by taking the constant
_9 2/(p-2)
Cs = 2 (p) -max{|Q|n,1} >0

and the function ¢, : Ry — R as defined in (6.4).

7 Estimates for the time-dependent norm

Now we estimate the entire right-hand side of (4.4). We take p : [0,7) — Ry continuously
differentiable with ¢/(t) > 0 for all 0 < ¢t < T and ¢ : [0,7) — (0,1/87] continuous, but
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otherwise both ¢ and e arbitrary, to be specified later. We treat only the case p > 2, leaving a
few necessary modifications for p = 2 to the reader: The estimate (6.3) needs to be replaced by
(6.1) and the constant ¢ below (0 < ¢ < 1/87) by 40.

We add the estimates in (5.15) and (6.3) and apply the result to the right-hand side of
(4.4), thus arriving at

1
2teq (1 Plyled
E dt/]u\ 7t 5 —l—g/\Vu! jufe dz

+o+( E 1+
< Cullul 5208 + Collull 3o )

(71) 6(7f) Ql(t) p/(p—2) 0
+C‘°’<(2+g)(1+9)2/p> Ieleveqo)

+ 0 (000 € O 352 o) + S 352, o g e

for a.e. t € (0,T). Finally, using the identity

1 d
L e

240 dt

1+e

2+
[l p2te ) - dt||u||L2+9(Q) + d

0
éf;—é HUHL2+QG])10g|Vl”L2+e@x

for a.e. t € (0,T), from inequality (7.1) we derive

oy Sgllulzossiny + 500+ 0) [ [VuPlul?ds

(7.2) <0 uuufé?:% +Cy Huum @
2

o <<2 +€S)<1Q f)@z/p)p/(p Jul oy T 9o (00) & (1) Ul 732, )
for a.e. t € (0,T). Here, we have denoted
(7.3 2=2(0)" 0+ (4 p)B(o) = g + DD

P (13) o
def q—p)qg—2

(7.4) and Zy = Z(oo) =q+ # .

Notice that, by (5.1), for all p > gg one has 0 < E(p) < Ey < oo which implies ¢ < Z(p) < Zj
< oo as well. It is easy to see that inequality (7.2) entails

1 d oy 1

= 0 (u +—1+Q)/ VulP Jul® dx
5 3 <H HL2+@(Q)) 5( Q\ [” ul

<

Z
Ct [ull 755 0y + C2 [l 2+0(e)

c / p/(p—2)
+ s ((2 + ;izf—g)&))wp) + S0’3(15)(9(75)) Ql(t) ||u”%2+0(g)

for a.e. t € (0,T).
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It remains to show that the norm v/(t) o (-, )| L2+o () (0 <t <T) stays bounded for
all 0 <t < S, where S € (0,T) is a suitable number and the upper bound on v(t) (0 <t < 5)

depends solely on an upper bound on
U ey max {[[u(-,0)|| ), 1}-
Then also
(7.6) lul s )z @) < liminf [lu(-, )] p2+ow @) < 00

as desired. In fact, we will be able to take S arbitrarily small, 0 < S < 7. Subsequently,
applying condition (2.5), we may replace Uy by

0<t<T

max{ sup HU('vt)HLT(Q)’ 1}

and the initial condition for u(-,t) at ¢ = 0 by that at t = to for any tg € [0,T7 — 5), thus
obaining u(-,s) € L>(Q) with [[u(-,s)| (o) uniformly bounded for S < s < T.

Our strategy in estimating v(t) (0 < ¢ < S) is based on a suitable choice of the functions
e(t) and o(t) in inequality (7.5). But first we weaken and simplify this inequality as follows. By

an argument with sub- and supersolutions applied to (7.5) for the square norm ||u( -, )| %2 el ()
we have
(7.7) (-, )12 2100 @ < U(t) for every 0 <t < min{T,Tiax},

where U : [0, Timax) — R4 is the solution of the initial value problem

1 d -~
3 EU() (C1+ Cy

)
(gt \"

(78) +C3<< g<1+g>2/p>
+so€<t<<>> T for 0<t < Toay:

U(O) _ UO : max{“u( 7O)H%T(Q)a 1} >1,

(t)Z o(t))/2

\

with [0, Tihax) being the maximal time interval of existence (0 < Thax < o0). This means that
if Thax < 0o then
U(t) oo as  t /" Thax.

Since we are interested in S small enough only, we may replace T' by min{7', Tyyax } without loss
of generality, i.e., we may assume T < Tp.x. Notice that, by our hypotheses ¢/(t) > 0 and
0 < 8me(t) < 1, combined with C; > 0 (Lemma 5.1), we have U’(t) > 0 for all 0 < ¢ < T, and
therefore also U(t) > 1 for all 0 < t < T. Thus, in inequality (7.7), we are allowed to use the
function U(t) = U(t)'/? which yields

(7.9) (s Ol p2rew @) S U(t)  for every 0 <t <T.
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Furthermore, by (7.2) or (7.8), the function U (t) satisfies

(
LUy = (€1 + Co) U () Ao

dt
HOLIGEE
(7.10) rolgigiogm) VO

+ e (0) ) Ut) for 0<t<T;

def
U(0) = Uop = max {||u(+,0)|[ (), 1} > 1.

\

As above, our hypotheses ¢/(t) > 0 and 0 < 87e(t) < 1 guarantee U'(t) > 0 and U(t) > 1 for all
0<t<T.

Next, we compute the solution of problem (7.10) by the change of variable o = o(t) > 0¢

in U(t) = U(p(t)) for all t small enough, say, 0 < ¢t < T, provided € = &5 : [0,T) — (0, 00)

and o = g5 : [0,T) — R4 are chosen as follows, where 0 < § < 1/87 is a constant: The function
def .

e is the superposition (t) = £(o(t),U(t)) defined for every 0 <t < T, where

of | s U21Z(e)-pl/p if 0o < d U > 0;
(7.11) o) L osem s e
sU2a-p)/p if p=o00andU > 0.

Recall that Z(p) \, q as ¢ /" 00, by (7.3). Hence, € : [gg, 0] x (0,00) — (0,00) is continuous.
The function g is constructed in a more complicated manner depending on U. We take the pair
of functions (g, U) to be the unique solution of the system of coupled equations (7.10) and the

following one,

d 1
(71 ot =5 Ut)? D722+ 0)(1+ 0P for 0 <t < Thoy

e(0) =0 (=r—22=0).

Similarly as above, [0,7},,) is the maximal time interval of existence (0 < T .. < T), i.e., if
T}ax < T then

max

ot) /oo as t /Ty,

We set formally o(t) = oo for T/ .. < t < T. Hence, the function € : [0,7) — (0,00) is

continuous and satisfies 0 < 8me(t) <1 forall 0 <t < T.

Naturally, we wish to show that there exists a number 0 < §<1 /8w such that indeed
T'.. < T whenever 0 < § < §. This will guarantee (7.6), i.e.,

max

(713) (e Sy < liminf lu(-, ) oo ) < Hminf U(1) = U(S) < o0

with S = T". < T whenever 0 < § < 4.

max

Lemma 7.1 Let 0 < § < 1/87 be arbitrary and set

C=C1+0Cy+C5>0.
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Given the choice of e(t) = &(o(t),U(t)) for every 0 < t < T, the pair of functions (0,U) :
[0,7) — Ry x (0,00) satisfies equations (7. 10) and (7.12) for all 0 < t < T} (< T) if and
only if U(t) = U(o(t)) holds for all 0 <t < T/, where U : [pg,00) — (0,00) is the (unique)

solution of the initial value problem

d -~ _é ~
"9 = |@r gt 90V
(7.14) + % U(o) -logU(o)  for oo < 0 < o0;

U(00) = Up = max {|[u(-,0)] (), 1} = 1,
and o is the (unique) solution of

d
(7.15) a 2
0(0) =

1.
p U0)? @722+ 0)(1+ 0P for 0<t < Tl
20

> 0.

It is easy to see that problem (7.14) is equivalent to the following inhomogeneous linear

problem for the unknown function V' (p) & log U (o):

(d o)
1 V(o) = Gt o0t o + ¢s(0)
N[Z(p) —
(7.16) 7])[(2(5_)@2}7] V(p) for gg < o < o0;
V(o) = Vo = max {log [u(-,0)|| (), 0} > 0.

Proof of Lemma 7.1. In order to apply our choices, equations (7.11) and (7.12), to problem

(7.10), we first calculate the expression

/
T oyl g = VOO 0 si <,
0 0

and then insert it into (7.10), thus arriving at

d 1 ~
T U =|C+502+a0+ 0)*P ooy (o(t))| U(t)? D=1
(7'17) for0<t<T

max7

U(0) = Up = max {Ju(-,0)|| o), 1} = 1.

By the standard theory for systems of ordinary differential equations, the system of equations
(7.12) and (7.17) for the pair of unknown functions (g, U) of time ¢, with e(t) = &(o(t),U(t))
for every 0 < ¢ < T, possesses a unique solution on a maximal interval 0 < t < T . for some
T! .« € (0, 7).

max
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We apply (7.11) and (7.12) again, to get

N[Z(o(t)) — pl

o BV

vy (0(t)) = ws(o(t)) +

R
(24 0)(1 + 0)?/P

respectively, and consequently, problem (7.17) becomes

1 d Cé
) V0= CEIEWEL + @s(o(t) | U(t)
(7.18) N{[Z(o(t) — p] o - -
3 + 20 U(t)-logU(t) for 0 <t < T

U(0) = Up = max {JJu(-,0)|[r@, 1} > 1.

As the function o(t) satisfies o/(t) > 0 for all ¢ € [0,T},,,), we are allowed to replace the time
variable ¢ in problem (7.18) above by p, thus turning it into the new independent variable for
an equivalent initial value problem, namely, problem (7.14). Finally, problem (7.15) is obtained

from (7.12). m

8 Proof of Theorem 2.1 (completed)

Our next goal is to show that

(8.1) (e(t),U(t)) /" (00,Uss) ast / Ty,

where 1 < Uy <ooand 0 < TV . < T, whenever § > 0 is small enough, say, 0 < § < 6 for some

max

0 < 6 < 1/8r. This claim can be derived from equations (7.14) and (7.15) as follows.

Problem (7.14) is equivalent to the inhomogeneous linear problem (7.16) with the coeffi-

cients

det N[Z(0) —p ¢o

Ao M2 )
p(2+0) 2+o)(l+e

defined for gy < o < oo. Recall that the expressions ¢;s(g) and Z(p) have been defined in (6.4)

and B(p) o

27 ws(e)

and (7.3), respectively. The antiderivatives of ps(0) and A(p) are calculated in Appendix A. As
we take only 0 < § < 1/87, we have A(p) > 0 and B(p) > 0 together with

/OOA(g)dg<oo and /OOB(g)dg<oo.

©o Qo

It follows that

0< V(o) < Vi exp (/Q:A(a) da> + /Q:exp (/TQA(U) da> B(r)dr
< (VO 4 /:O B(r) d7> exp (/:O Ao) da) = G5(Vo) < o0

22
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for all g9 < p < co. The constant ég(V@) > 0 depends solely upon N, |Q|n, p, ¢, 7, 6, and the
upper bound Uy = exp(Vp) > 1 on the initial norm

[u(-,0)[ ) < Uo.
So we have verified Uy, < exp (ég(Vo)) < 00 as desired in (8.1).

It remains to show that o(t) /" coast / T} ... From problem (7.12) with U(t) > Uy > 1

ax*

for 0 <t < T} .\, we deduce
4 o(t) > ! 2401+ 0% for 0<t<T,,.;
(8.3) dt 0
0(0) = 0.

Now let o = ps : [0, Tmax) — R be the solution of the corresponding initial value problem

— o) ==248)1+0)*" for 0<t< Tmax;
(8.4) 3 o) =5@2+0)1+0) or 0 < me:
0(0) =0,
where [0, Tmax) is the maximal time interval of existence (0 < Tonax = ~max75 < 00). It is easy

to see that Tmax,(; =4- Tmax,l < oo whenever 0 < § < 1/8r. The number Tmax’l depends solely
upon p. We compare equations (8.3) and (8.4) to conclude that T} .. < Tma&g =94- Tmax,1

max
whenever 0 < 6 < 1/8w. Thus, fixing
5 = min {T/Tmax,l, 1/87r}

v . < T whenever 0 < § < 6. Moreover, we get 7" — 0+ as § — 04. This

proves (7.13) with S =T/ .. < T arbitrarily small, 0 < S < T.

max

we can achieve 77 N

Returning to the original notation in Lemma 4.2, u = u(™ with n € N fixed, (7.13) reads

(8.5) ™ (-, 8)|| oo (@) < lim jnf [ul™ (- )| 2o ) < lim inf U () = U(S) < oc
with § = T7,,. < T whenever 0 < § < 4. Notice that the initial condition Uy for U(t) at t = 0,

starting from problem (7.10), can be taken independent from n € N,
def
Up = max {[u(-,0)|[r), 1} > 1.

This choice makes the function U(t) of ¢t € [0,7) independent from n, as well. The conclusion
of Theorem 2.1 follows immediately from (8.5) by taking any n > U(S); namely, then one has
u(-,8) =u™(-,8) in L=(Q).

Notice that, applying condition (2.5), we may replace Uy by

Up & maX{ sup |[lu(-,t)| L), 1} ;1< Up <max{c, 1},

0<t<T
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and the initial condition for u(-,t) at ¢ = 0 by that at t = to for any tg € [0,7 — 5), thus
obaining u(-,s) € L () with

[u(-,8)llee (@) S U(S) <oo  whenever S <s <T.

Recall that S > 0 may be chosen arbitrarily small, but the function U : [0,7) — (0, 00) will
depend on this choice at every time t € [0,7"). m

9 Discussion

The condition

<r(1+5)
q<p N

in (2.4) seems to be sharp for Theorem 2.1 to be valid. This claim can be inferred from the
parabolic interpolation inequality (3.1) in DIBENEDETTO [15, Chapt. I, Prop. 3.1, p. 7] which
corresponds to our inequality (5.6) derived from the Gagliardo-Nirenberg inequality (5.3). For
p = r = 2 the optimality of this condition is discussed in [15, Chapt. V, Remark 3.1, p. 122].

Condition (2.8) imposed in F1Lo [16] and LIEBERMAN [24, pp. 561-562] for p > N is
stronger than our (2.4) for the following reason: In [24, Lemma 3.3, p. 557], on the right-hand
side of inequality (3.6), the power N/p in the factor (fQ |VhP dx)N/p for p > N is simply
too high to yield an optimal result as compared to our choice of 8 in the Gagliardo-Nirenberg

inequality (5.6).

The method presented in our proof of Theorem 2.1 provides an analogous result also for
a class of so-called doubly nonlinear parabolic equations with sources studied in C. CHEN [7],
F1Lo [16], LIEBERMAN [24], and PORz10 [26]. This class contains degenerate parabolic problems

treated in our present work. We will publish the details elsewhere.

Last but not least, our logarithmic estimates in Section 6 would have been somewhat

simpler if we had employed a sharper version of a logarithmic Sobolev inequality, namely,

L1 0gs1) o < 2o (cp / IVfl”dfv> provided [ |7z =1,
Q p Q Q

obtained recently in DEL PINO and DOLBEAULT [13] for 1 < p < N, and in AGUEH, GHOUSSOUB,
and KANG [2] or GENTIL [18] for any 1 < p < co. Here, £, is a positive constant that can be

_ N
Ep:£<p—1>” ;m( Ly +1) >”/ |
N\ e r(nestan)

computed explicitly,
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A. Some antiderivatives

We have used the following formulas for the function ¢.(g) of ¢ € R4, defined by (6.4), and for

its antiderivative ®.(p) as well, where

(A1) D (o) def _ NV [log (167T€> - 1} for p € Ry

2(2 + o) 2+ 0

We compute

2 d d
— - — ®.(p) = log(16me) —[(2+0) !
N 1 <(0) = log(16me) dg[( +o)7]
d -1 d —1
——[2+0) log2+0)] - —I[2+0)"]
do do
(A.2)
= —log(16me) ! + ! log(2 + o)
2+0? (2+0)7
2
=~ velo)
Notice that N 16
D (00) = — [log ( ﬂg) - 1] with g9 = r — 2
2r T
and
(A.3) D.(00) & lim ®.(o) = 0.
0—00
We have employed also the expression
16me /e V/2(2F0)
(A.4) exp (Pc(0)) = < 5 +/Q > for o € Ry.
Finally, we have used also the antiderivative of the function
def Z(0) —p _ 1+ E(o)
¢(Q) - (2 + Q)Q - (q p) (2 4 Q)Q
q—p (¢ —2)(¢ —p)N/p

_l’_
2+0? (2+0°2+e—(¢g—p)N/p]
of p € Ry. Recalling eq. (7.3) we compute its antiderivative ¥U(p) as follows. We have 9(p) =
d% U(p) where

det p—2  plg—2) o _(g=p)N
qj(g)_2+g+N(q—p)lg<l )

- 512 " %_—Z)) o L(zﬁ 0) (p (1 i $> B q)] |
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