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Propagation of Cracks in Elastic media

Avner Friedman* and Yong Liu'

0. Introduction

In this paper we study a quasi-stationary model of crack propagation in 2d elastic
medium. The model is introduced in §1. The stress function ¢ satisfies the biharmonic
equation away from the crack I'(t), the free boundary conditions are

0¢
b= 3 = 0
from both sides of I'(t), and
X(t) = @(| X(t) DJ(X(2)) (0.1)

where X (t) is the moving tip of the crack, i.e., the moving end-point of I'(¢); the other
end-point of I'(t) is fixed at the boundary. Here ®(s) is a rather simple explicit function,
and J(X) is the so-called J-integral. The J-integral depends on the stress tensor in a global
way.

The dynamic condition (0.1) expresses the physical fact that as the tip of the crack
propagates, energy flows from the stress field in the body to the crack tip.

In §2 we compute the J-integral explicitly in terms of ¢. In §3 we establish some results
on biharmonic functions in a domain D\I'y where D is the strip {(z,y); z € R, —a < y < a}
and T'y = {(z,0); —oo < z < 0}; we study the Dirichlet problem as well as the singularity
at the tip (0,0). These results are needed in the following sections.

In §4 we construct a travelling wave solution to the crack propagation problem in D.
The solution is symmetric in y, and the crack propagates along the z-axis, from z = —oo,
at a uniform speed. The rest of the paper is concerned with a small perturbation about the
travelling wave solution. In §5 we introduce the linearization of the nonlinear perturbed
problem. This linearized problem is studied in sections 6-9. In §8 we prove global existence
and uniqueness. In sections 8 and 9 we show that if (2(¢), y(t)) is the tip of the crack for the
linearized problem, then §(0+) > 0 (we also compute §(0+) explicitly). The proofs require
some auxiliary estimates and these are proved in sections 6, 7.
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1. The crack model

Let Q be a domain in IR?, representing a homogeneous elastic body. Let u = (u;),
€ = (¢;) and 0 = (0;;) denote the displacement vector, the strain tensor and the stress
tensor, respectively. The linear elasticity equations for homogeneous isotropic material
consist of the constitutive law

E v
%=1 (fij + Efkk&j) (1.1)
and the equilibrium conditions 5
a—sz','j = 0, (12)

provided no body forces are assumed. Here E is the Young modulus, and v is the Poisson
ratio, and the strain-displacement relation is given by

1
6,']' = 5 (U,’,j + ’I.Lj,.') ) ’U,,"j = ajui. (13)

Suppose there is initially a crack in €2, given by a non-intersecting curve I’y with initial
point on 9N and terminal point (the “crack tip”) Xo = (o, yo) inside . Under external
forces the crack tip will generally propagate, and we shall denote it by X(t). The crack
propagation problem consists of finding the displacement u and path X(t) such that

Oij i = 0 in Q\F(t) (14)

where
') =ToU{X = X(s), 0<s<t}, (1.5)
oijn; = 0 on I'*(t) (no traction on I'*(t)) (1.6)

where T'*(t) means both sides of I'(t), and (n;) is the normal to the curve,
u; = f; on 0§, oin; = g; on 0,0 (1.7)
where 9 is a disjoint union of 9,12, 9,2, and
an appropriate dynamical equation holds for X(t), X(0) = X,. (1.8)

The dependence on ¢ appears only through the dynamical equation for X (2); the elas-
ticity equations are taken to be time-independent. Thus the model we consider is “quasi-
stationary.”

To obtain explicit formula for (1.8) we begin with the energy criterion given by Griffith
[7]. Accordingly, when a crack is extended, there is a flow of energy from the stress field in
the body to the crack tip. This energy is then stored on both faces of the newly enlarged
crack, and

G=v (1.9)

where G is the energy release rate at the crack tip and %’y is the stored fracture energy
(which in the 3d case is also called the surface energy).



There is no satisfactory theory for determining v from basic principles. It is believed
that crack propagation proceeds in two stages. In the first stage the speed v of the crack
tip increases until it reaches a limit v.,, and in the second stage the crack tip continues
to move with the uniform speed v.,; we refer to Freund [4] for very detailed explanations
and for references. We also refer to a recent work by Slepyan [12] based on a variational
principle which explains what happens at the limit speed.

Here we shall deal only with the first stage (i.e., v < vo, ). For some materials [4, p.417],

Vo + 0\
7:70( )

Vo — V

where m is a positive integer, and m, 7y, v depend on the material. For simplicity we

shall henceforth take m = 1, i.e.,
Voo + v

b
Voo — U

7= (1.10)

all our results, however, extend to the case of any m > 0.

We next turn to the energy release rate G. Following Rice [11], G can be described in
terms of the J-integral, which we proceed to define. Let P be any point in 2 and let A be
any smooth non-intersecting curve in () surrounding P. The J-integral is defined by

JA(P) :/A(Wfi—é'-Du) (1.11)

where 7 is the outward normal, W is the strain energy density given by

1
W = 50’,']'6,']' (1.12)

and
5= (S,‘) = (a,-,-nj) (113)

is the traction vector.
By the divergence theorem one can easily verify (cf. [8]) that

/(Wﬁ—é’-Du):O
;

if 4 is any curve in Q such that the region enclosed by v does not contain cracks.

Consider now the case where P is the crack tip X(t), and A is a closed smooth non-
intersecting curve with initial and terminal point on the crack I'(¢) such that it does not
intersect T'(t), except at its endpoints. Denote the diameter of A by | A |. We take any
family of such curves A with diameter which converges to zero, and let

-

(P) = lim JA(P). (114)

Under some smoothness assumptions on u and X (t) it was shown by Gurtin [8] and Ohtsuka
[10] that the limit in (1.14) exists and (motivated by the work of Rice [11]) that the energy
release rate G at the crack tip P can be expressed by the J-integral as

G=¢-J(P)



where € is the direction of motion of the crack tip, i.e.,

X(t)

= o X (1.15)

Combining this with (1.9) we have

_X(@)

X0 - J(X (1) =7 (1.16)

A necessary condition for (1.16) to hold is that

| J(X (@) 12 73 (1.17)
if | J(X(t))|< v, the crack does not propagate.
If
| T(X(0) =, (1.18)
then (1.16) implies that
X(t) = J(‘X;(t)) | X(0) |- (1.19)

Stump and Le [13] have recently developed a variational principle and used it to establish
that

| J(X(@0) 1<

always holds; furthermore,

f| J(X()) |< 7 then there is no propagation,whereas

|
if | J(X (1)) |= v then the crack tip propagates in the direction %f(X(t)) (1.20)
Combining this with (1.10) we conclude that
(i) If | J(X(2)) |< 70 then the crack does not propagate;
(i) If | J(X(t)) |> 7o then the crack propagates with speed v(t) and direction
X(t)/ | X(t) | determined by
(X (1)) | - .
o(t) = 0o LIEO  Z10)e iy (1.21)
| J(X(®) | +70
and . .
X(t) = 2 Yoo = ¥ )J(X(t)) (1.22)

Yo voo ()

_ Equation (1.22) is the dynamical equation sought in (1.8), but we still need to compute
J(X(t)) more explicitly. This will be done in the next section.



2. Computation of J

In plane elasticity, (o;;) satisfies

doay; | 0oy,

9 3y =0 (2.1)
and 9 9
021 022
5ot e =0. (2.2)
Equations (2.1) and (2.2) imply that there exist functions %, and 4, such that
0 0
011 = aiyl, 012:—%1 (2'3)
0 0
091 = ¢2 = —iz. (2.4)

B_y’ 032 = oz

Since 0,2 = 091,

Oy | Oty
— — 0 .
92 + 3y ) (2.5)
so that there is a function ¢ such that
0¢ 0¢
= )’ Py = e (2.6)
¢ is called the stress function. We can express the o;; in the form
82(]5 82¢ 82¢
oy = o7 012 = ~ 920y’ T2 = 53 (2.7)
The stress tensor 0 = (o;;) is uniquely determined by ¢ up to an arbitrary linear
function.
We rewrite (1.1) in component form:
oy = E [(1 = v)enr + v(exr + €33)]
11 - (1 + 1/)(1 _ 21/) 11 22 33/
E
Ogg = A+ (1 =2) (1 - v)exn + v(err + €33)], |
E
O33 = (1 + y)(]_ — 21/) [(1 - l/)€33 + I/(€11 + €22)], (2.8)
019 = ——€19, 013 = ——€13, O3 = E
12 = 1+ov 12, 013 = 1+v 13, 023 = 1+V€23-
Conversely, the strain tensor is given in terms of the stress tensor by
1
€1 = E[Uu — V(022 + 033)],
€9 = E[Uzz — v(o11 + 033)],
1
€33 = E[Uss —v(o11 + 022)], (2.9)

5



14+v 14+v 14+v

€12 = E 012, 613:_E 013, €23 = E 023.

Substituting (1.3) into the equilibrium equation (1.2) and applying the divergence we
find that
Adivu = 0. (2.10)

In the case of a plane deformation, the last component u3 of the displacement u is zero,

while the components u; and u, are functions of z and y only, and so €3 = 0, 013 = 095 = 0.
By (2.7) and (2.8),

E
Ap=011+0y = EDE 2l/)(fu + €22)

E .
= Groa-ayt

and therefore (2.10) becomes

A¢ =0 in Q\I'(2). (2.11)
Next we derive boundary conditions for ¢. We begin with the free traction condition
ofn; = o5n; =0 on I(1). (2.12)
By (2.7),
oyn; = ngnl - —62—¢n2
0y? 0zdy
where 7 = (ny, —n;) is the tangent vector to I'(t).
Similarly, , ,
If ¢ € C1(Q), then (2.12) is equivalent to
V¢ = const. along T'(t). (2.15)

Since the stress o only depends on the second derivatives of ¢, any linear addition to ¢
will not change o.
Let us prescribe a surface force &= (s1,2) on 992. Then by the same calculations as in

(2.13), (2.14),
s =0 .n.__ﬁ(_é_‘i’> s _a.n'_i(8_¢>
TN T T or\oy) TP T T 9r \oe )
Hence ¢, and ¢, are determined up to a constant.
We assumed that the crack initiated at the boundary 0Q2. Hence once we fix the con-
stants for ¢ and 0¢/0n on I'(t), this uniquely determines ¢ and d¢/dn on 3. In view of

(2.15) we can take
94 _
on

¢ = 0 on I'(?). (2.16)



Then the boundary conditions on 92 becomes

¢ = f, g—i =g on 00 (2.17)

where f, g are prescribed functions.

Next we shall compute the J-integral defined by (1.11) in terms of the stress function
o.

By (2.8) and (2.9),

P vE
BT 1+v)( -

21})(611 + 622) = 1/(0'11 + 0'22) = VA¢. (2.18)
It follows by (2.9), (2.7) and (2.18) that

€1 = %[0522 —v(d11 + vAP)]

1+ 9? 92
= EV[(l = V)22 — véri] (¢11 = B_z(f’ P22 = 8_:22) ) (2.19)
1
€2 = E[d’u — (o + vAP)]
1
= ;V[(l — V) — voal, (2.20)
. 1 0?
€2 = — 2V¢12 (¢12 = (?a:gy) . (2.21)
By (1.1) and (1.12), the strain energy density is
E v
W = §(T—|-—1/) (eije,-j + 1—_—2136,','61']')
E v
= m [631 + fgz + 26'{)2 + I—_E/‘(fn + 622)2]

Using (2.19)-(2.21) we then have

14+v

W==E

{10= )6 = vl +1( = V) = w6l + 268 + T2 l(1 - V)26 - v )

from which we easily compute that

1+v
2F

W = {(1 = v)(AB)® — 2¢11¢22 + 262, }. (2.22)

Next we evaluate §- Du. We begin by expressing the displacement vector u in terms of
o.
By (2.19) and (2.20),

ou, 14+v

Bz MTTE

[—¢11 + (1 —v)Ad] (2.23)



and
Ou, 14w

oy 2T TE

[~ 22 + (1 - v)AS].

(2.24)

Denote by (A¢)° the harmonic conjugate of A¢, and define the holomorphic function

Ue) = [(as+i(Be))e)dz
= p(z) +1iq(2).
Then p and g are harmonic functions, and

p _ 94

0z ~ Oy =49,
dp _ _0q :
3y~ oz = —(Ag¢)°.
Substituting (2.26) into (2.23) and into (2.24), we get
ou,  1+v Op
b2 - E ( ¢11+(1_V);9;>
d
o Jus 1+v

73? =F (“¢22+(1‘V)g§)~

By integration we then have

Z(=¢1+ (1= v)p) + h(y)

U, =

E

and

U =

where h and k are arbitrary functlons.
By (2.21) and the last two equations,

1+v B 1 (0u; | Ouy
—p Pe=ar = ‘(a—y+97>
l+l/ Op Oq

b+ 50-0) (5 + 52

Recalling (2.27) we find that
W(y) + ¥(z) = 0.

Consequently A'/(y) = —k’(z) = const. and thus
h(y)=ay+b, k(z)=-az+ec.

)+ @)+ k(@)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

The form of h and k indicate that they represent a rigid displacement and can thus be
disregarded in the analysis of deformation. We shall therefore take h = k = 0 (without

affecting the physical problem). Then (2.30) and (2.31) become

(g + (1= 0)),

Uy =

(2.32)



We now compute

.§'-D1u

Recalling that

we have

14+ v

Uy =

(=2 + (1= v)q). (2.33)

s1Dyuy + 83 Dyus

L2 {sl=gu + (1= G+ sil~duo + (1~ 1)(A9)]).

S1 = 00y = $a2ny — G179,

Sy = 0Oginj = —d1an1 + G110,

1+v
E

{(#22n1 — prama) (=011 + (1 - v)AP) +
(=121 + d11m) (=12 + (1 — v)(A¢)%)}

{=d11822m1 + P11drany + (1 - v)s1 Mg +
$iam — bridrana + (1 — v)sy(A¢)°}

(G~ pudadn + (1= )86+ :(A9))). (234)

1+v
E

We now compute the first component of the J-integral by using (2.22) and (2.34):

where
Similarly,
S Dgu =
Hence
where

J}\ = /(Wn1—§-D1u)
A

- 12‘E”2 /A {(Ad)’ny — 25 8) (2.35)

3 = (A¢, (L9)"). (2.36)

$1Douy + 2622
LY sil=b12 = (1 =)D + sl =6 — (1~ 1)A4]}

1_2‘1/'{(¢?2 — $11¢22)n2 + (1 = v)(=31(Ad)° + s:A0)}. (2.37)

o= /(an—é'-Dzu)
A
1

= /A {(Ag)?n, — 25 8°) (2.38)

& = (—(Ad)°, Ag). (2.39)

9



Having computed J we can now state the free boundary problem in terms of ¢:

Problem (P)

Let  be a domain in IR? with smooth (say C*t*) boundary and let Ty be a C4t* curve
in Q with one end-point on 92 and the other, Xy, in Q. Given continuous functions f, g
on AN and positive constants vy, v, find functions ¢(z,y,t), X(t) = (z(t),y(t)) for t > 0
such that

A2 =0 in Q\T(t) (2.40)
where
I'(t) =ToU{X(s); 0<s<t}, X(0)=X,, (2.41)
¢ = f, % =g on 012, (2.42)
¢=0, g% =0 on I'(¢) (from both sides), (2.43)
. (1) v~ (1)
(o) = DAL W), o) =] X(0) | (2.44)

where J(X (1)) is defined by (1.14) and (2.35), (2.38). We observe that if | J(X(®)) < 7o,
then (2.44) implies that X (t) = 0.

3. The biharmonic equation in a strip

Let
D={(z,y); z€R, —a<y<a} (a>0), (3.1)
FO = {((E,O), —0o <z < 0}, DO = D\FO' e

Consider the elliptic problem,

A% =F in Dy, (3.2)

1/):@:0 on 0D,.
on

Lemma 3.1. If F is in L(D), then there ezists a unique bounded solution v of (3.2)
in HE (D), and
1%Ly < Cl|F||L(D) (3.3)

where C is a constant independent of F'.

Proof. Consider first the case when F' has compact support, and introduce the functional
J(v) = / | Av |2 _2/ Fu, ve HX(Dy).
Do DO

One can easily show that J(v) attains a minimum, and that any minimizer 4 is a solution
of (3.2); we use here the fact that [1]

10[l220, < C/D | Av 2. (3.4)

10



Observe that J(3) = min J(v) < J(0) = 0, so that

/DIA¢ < 2/DF¢- (3.5)

To prove uniqueness suppose that 1, is another bounded solution and set v = ¥ — ;.
Then Av = 0 in Dy. By a Phragmén-Lindelof type theorem of Lax [9] (see also [6]) v
decays exponentially as 2 — +oo. By elliptic estimates [2] the same is true for the first
three derivatives of v. Hence, if we integrate by parts in

Av-Av (Dp=Dn{ z|<R),
Dr
we obtain [, vA%v plus boundary integrals (on |z| = R) which decay exponentially to zero
as R — oco. It follows that [, | Av |?= 0, so that ¢ — ¢ = v = 0.
The above results are valid also if we replace HZ(D,) by HZ(D).
Consider next the case of general F, and let

F}':FX_M }Fm:Er'n_l Ey

j=-m

where x; = x;(z) is the characteristic function of {j < = < j + 1}. Denote by ém the
bounded solution in H%(D) of
A%, = F,, in D,
b = % =0 on 0D
on

and by ¢; the corresponding solution for F;. Then

B = S 0.
From (3.4), (3.5),

IN

1650y < C / | Ag; P< 2C /D 6;F,

1
< 5 [@)r+om
2Jp
where
M = ||F||L>(D)-

Hence
$sll 2y < CM. (3.6)

Applying the theorem of Lax [9] in half-strips DN {z > j+ 1} and DN {z < j} and
using (3.6), we get
165 (€5 Ml rzonge=eyy < CMe NI (XA > 0).

The same estimate holds for j < £ < 7+ 1, by (3.6) and elliptic estimates. Summing over
7 and using also elliptic estimates, we get

| Digm(z,y) |<KCM (0<j<2). (3.7)

11



Consider now the solution %,, of (3.2) corresponding to F = F,,,. Since the boundary
condition for ¥, are not invariant in z (throughout D,), the proof of (3.7) cannot be directly
extended to %,,. We shall, instead, proceed to estimate the difference

";Z'm = @bm - q;m-
Clearly
A%, =0 in DN {z > 0},

7 _azﬁm_
’lpm—-a—n—o on 8Dﬂ{:c>0}

and, by interior-boundary estimates,
[$mllca(niice<2)) < Clldmll=(pnio<s<sy)-
By the theorem of Lax [9] (or [6]) and elliptic estimates, we then have for z > 3,
| Dipm(2,9) I Clldmllze(pnioce<sne™ (0<5 <2, A>0).
Recalling (3.7) we conclude that
| DI%n(2,9) IS C [[[¥mll=(os) + M] e + CM (0< 5 < 2) (3.8)

if z > 3. In the same way we can estimate (3.8) for z < —3 ( with a different A > 0).
We shall next estimate ||9m||Lo(Ds)-
Take R > 3 and let € C®(Q) be a cutoff function such that

0<p<1lin D, n=11in Dsg, =0 in D\D3p

and c c
| Dn |< E, |D277 |< Ik

Substituting £ = n*4,, into
/ A¢m . A{ = / me
D D

we get
/ N (Dtp)? = — / 2AYm VT  Vep + DT - ] + / Fon 4.
D D D

writing Vn* = 493V, An* = 129? | V) |2 +49° An and using the Cauchy-Schwarz inequal-
ity, we find, after some simple calculations, that

4 2 £ 2 2 4
Lot avn s gz [ (0 i)+ oM [ 0w,

Hence c
/D | B < =5 /D (| Voo |? +2) + CR2M?. (3.9)

12



Let 7 be another cutoff function in C*(Q) such that
0<7<1lin D, 7=11in Dg, 7=0 in D\D,pg

and c c
i< = < =.
By (3.4),
1l < € [ 1 G I

Expanding A(7%,,) and using the Cauchy-Schwarz inequality, we find that

c
Wl < C [ 180+ [ (1T [ 492)
D2r D2r
c
_ ﬁ/u (| Vb |2 +92) + CR2M?, by (3.9).
Choosing R large we then have
2C
Womlicom < 2 [ (| Vm P +92) + 20R2M?. (3.10)
Dn{R<|z|<3R}

Using (3.8) to estimate the integral on the right-hand side, we obtain

C
1%mllFra(pry < Ez‘”’/’m”iw(pa) + CrM°. (3.11)
Now, by Sobolev’s embedding

mllLoo(Ds) £ CllYmlla2(Ds)s

so that (3.11) yields
|YmllEr2(pny < CrRM?

if R is large enough. It follows, in particular, that
|%m||Loe(ps) < C M.
Using this in (3.8) we find that
| Ym(z,y)[< C”F”Lw(u)-

By elliptic estimates we can now take a subsequence %, which converges to a solution
¥ of (3.2), ¢ is in H? (D) and (3.3) holds. The uniqueness of the solution % is proved as
before. O

Lemma 3.2. Consider the elliptic problem:

A2¢ =0 in D(),
_s 9 _
v=1f =y on oD, (3.12)
Y= o =0 on I'y from both sides.
on

13



If the first four derivatives of f and the first three derivatives of g are bounded, then there
ezists a unique bounded solution of (3.12) in HE (D), and

loc

¥l Loy < C (|| fllcsapy + ll9llcsony) (3.13)

where C is a constant independent of f, g.

Proof. Choose a function 1, which satisfies

0
bo=1f, 22— on oD
on
and whose first four derivatives are bounded by the right-hand side of (3.13), and apply
Lemma 3.1 to ¥ — 9. O

Later on we shall also need an extension of Lemma 3.2 to

AQ’lﬂ =0 in Do,
_s 9 _
Yp=1f 5. =g ondD, (3.14)
Y

=0, B h on Iy from both sides.

Lemma 3.3. Assume that h is uniformly bounded and belongs to C*(T,), where % <

a < 1. If f, g are as in Lemma 3.2 then there exists a unique bounded solution of (3.14)
in HZ (D), and

1%l ey < C [lIAllLe=re) + | fllcapy + l1gllescon)) (3.15)
where C' is a constant independent if h, f, g.
The proof depends upon the construction of a special solution to
A% =0 in R*\T,, (3.16)

ox _

=0, =
X ) 8y

h on Ty (from both side).

Lemma 3.4. Suppose that h is a bounded function on Ty which belongs to C*(T,),
0 < a < 1. Then there ezists a bounded solution x of (8.16) such that x € C*(R?) and

Ixllz=ivicry) < CrllhllLo(o), (3.17)
for any R > 0. If further o € (1,1), then x € HZ (R?).
Proof. The function

1 [>® z;h(—7?)
w(wlayl) = ;/—oo (?11 — n)z +II)%

is harmonic in {z; > 0}, and
w(0,1) = A(-17).

14



By the conformal mapping
z2 = Z% (Z =+ ly, 21 =2+ lyl) (3.18)
we get harmonic function
W(z,y) = w(z, 5)
in R*\T, satisfying the boundary condition
W(z,0+) = h(z) if =z <0.
We shall prove that the function

x(z,y) = yW(z,y) (3.19)

satisfies all the assumptions of the lemma.
Clearly x is biharmonic in IR*\T, and vanishes on T'y. Since 8,x = W + yd, W, in order
to prove that d,x = h on I'; we only need to show that

w
y%y——»O if y—0,z<0. (3.20)
By (3.18) |
| VW |<C | Vw | r~3 (3.21)
where z = rcosf, y = rsinf. Since h € C*, w € C*(IR?) and, consequently,
C
| Vw [< —=. (3.22)
Ty
It follows that -
|y < O 8  ortcos? Lo
773" cosl~ ¢ 2

if y > 0, z < 0. This establishes (3.20) as well as the fact that x € C'(R*) (since
O x = yo, W).

The estimate (3.17) follows from the integral representation for w. It finally remains to
show that if > 1 then x € H2 (R?).

In view of the relations

Xzz = yWas, Xzy = nyy + W, Xyy = 2Wy + yWyy,
all we need to show is that

VW € L2 (R?), and yW;; € L2 (IR?). (3.23)

loc loc

To prove the first assertion we use (3.22) in (3.21) to get

*_—_<c

e

(N0

VW < C

z! cos2(1-) &
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Hence, for any disc Bgr = {r < R},

R ™
/ IVWIZSC’/ 7“1+°’dr/ i—<ooif a>1.
Br 0 2

— cos2(1-°‘)%

Next, we have
| yWis 1< Clyl [| D*w | v+ | Vo | 7]

and, by elliptic estimates,
C

xf‘“

| D*w |<

It follows that

a—2

|yVViJ |<C

1-a 8
COSs D)

and 0
/ | yW;; |2< C’/ _1+adr/_1r —cos2(1 Y < 00. 0O

Proof of Lemma 3.3. Apply Lemma 3.2to ¢ — x. O
We conclude this section with a brief analysis of the behavior of solutions of (3.12) near
(0,0).

Lemma 3.5. Let 1 (z,y) be a solution of (3.12) which belongs to HE.(D) and which is
an even function in y. Then

82w(w 0) is in C*°(Ty) (3.24)

and
0%y

W(z,O) = —G(z)|z|"% in T, (3.25)

where G(z) is in C=(Ty).

Proof. We use polar coordinates and write ¥ = 9(r,8). By [14] ¢ has a convergent
series expansion about (0,0) in Do N Bg, for any R > 0 such that B lies in D:

x k
Y(r,0) = 52,721 [q cos(§ + 1)8 + by, cos(g —1)6]
where

k
ay cos(g- + 1)1 + by cos(§ - 1)r =0,
(3.26)
k .k k .k B
(5 + 1)ay sm(§ + )7+ (5 — 1)by s1n(§ - 1)r=0.

(If ¥(z,y) is not even in y then the expansion includes also sine terms) . Note that since
¥ € HE (D), the expansion does not include terms with k smaller than 1.

16



If we compute

O [is%1 cos® £ 136] at y=o 0

357 [1‘ cos(2 )| at y=0, z <
and use (3.26), we find that all terms in 9%¢/dy? with k odd vanish at § = +r. This proves
the assertion (3.24). The proof of (3.25) is similar: all the terms in d3¢/dy® with k even

vanish at § = 7. O
4. A travelling wave solution

In this section we solve a crack propagation problem in the strip D; the crack will be
given by

I'(t) = {(z,0); —oco < & < zo(t)}, 0(0) =0, (4.1)
and the stress function is a bounded function ¢, satisfying:
A%y =0 in D\T(2), (4.2)
_ 0o _ '
¢0 = M, a—n =0 on (9D, (4.3)
0
do = 0, % ~ 0 on T(t); (4.4)
here z((t) is to be determined by (2.44).
We take
do(z,y,t) = U(z — vot, y) (4.5)
where U is the bounded solution in HZ, (D) to
A2U =0 in D\Fo,
ou
U=M, T 0 on 0D, (4.6)
U=0, 8—U =0 on Iy
on

and T is as in (3.1); the existence and uniqueness of U was established in Lemma, 3.2.
Clearly ¢, satisfies (4.2)-(4.4) and therefore it only remains to show that vy, can be chosen
so that (2.44) is satisfied.

Physical interpretation of the boundary conditions: It is easy to verify that

oo — M if  — o0 (4.7)
and oM 3M
o — —F|y|3 + Fyz if 2 — —o0. (4.8)

The traction vector is given by

5 (32¢0n1 _ P b 0 nl) (49)
0y? 0zdy 7 Ox? 0zdy ’
and 12M, . 6M
5o(—00) = ( 2yl - ?,o), 55(00) = 0. (4.10)
On the other hand 3, = 0 on 8D, i.e., there is no traction on y = +a. Thus the crack
propagates due only to force §5(—o0) which is applied at z = —o0.

To determine v, we need first evaluate the J-integral at the tip Xo(t) = (zo(t),0).

17



Denote by A = A* U A~ UA; UA, the path shown in Figure 1; A, lies in {y = —b} and

A, lies in {y = b}:

y
A+
Al D
+ Ae
7 [ = —~ = x
I'(1) o _\—:(((u)
0 A
A
x=-b x=b
Figure 1

Since J-integral is path-independent, we have

R ] Y

AuL%

where L* is shown in the figure. Observing that n, = 0 on A%, L*, and

L ¢ a¢o)>_ A
30—( 61'(83/) Br(ay =0 on A*UL*,

we can further write
—v? _—

From (4.9) and

B, = (A(bo, (A¢o)c)

(4.11)

(4.12)

(4.13)

(4.14)

we have o o
//;30‘50=— ¢0 ¢o+/ ¢0(A¢o)°—11+12
Integrating by parts in I, and using the Cauchy-Rlemann equations, we find that
° 9 0
b= - [ ey [ nra
= 6¢0 7+ (Ado)dy — / 6¢0 (A¢o)dy —0 as —b— —0
—s Oz 0z
where the last step follows from (4.8). From (4.8) we also get
a 2 2 2
I - 2 blim (8 ¢o) _ _2/ ( 12M 61:,4) dy = _24(11;4 ’
0 —b—-o0

18



24M2

if —b— —.

/ (Ago)ny — —

More simply, from (4.7) we find that

/ (A¢0)2n1 - 2/ goéo -0 as b — oo.
A, A

Collecting these results, we get

12(1 — v?)M?
B(xo(n) = ZLZVIM (4.15)
We next evaluate
-v? L =
Ta(Xo(1)) = 2 _ { /A (Bn)ny -2 /A » so-‘bo}; (4.16)

here B
5 = (—(Ago)*; Ago).
Since n, = 0 on AU A, and 5, = 0 on A* U L%, we get

2
v {/ (A¢0)2n2+/ (Dgo)Png — 2 50-<1>g}.
Ax Lt AUA,

Observing that ¢, is even function in y we deduce that the jump of A¢, across L is zero
and that

Jo(Xo(1)) = 1

Ai(A¢o)2n2 =0.

Consequently,

1-02 o =
B(Xo(t)) = —— /A 58
Next, by (4.9),

0o

A'a a A¢O J1+J2

- 2
/A 5.8 [ 2 ¢°(A¢o) +

and J, —» 0 as —b — —oo, by (4.8). As for Ji, we can integrate by parts and proceed
similarly to the analysis of I; in (4.14):

- 0
i< -f %‘f"’ 5 (Bdo)d / 9 9 5y (Ldo)dy
= - / 960 9 75 (Bo0)dy - | ‘?a‘ﬁ" —(Ado)dy — 0 as —b— —co

by (4.8). Similarly one can show that

/ G085 — 0 if b— oo,
A.
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so that altogether
J2(Xo(t)) = 0. (4.17)

From (2.44), (1.17) and (4.15), (4.17) we see that &,(t) > 0 and
(I J1(Xo(?) | =70)+

v =&) = v G )
_ o, 2 - VOYM?/Ea®) — v0)y _ ;
= oo T u2)M2/Ea3)+70+ = (4.18)
It follows that
zo(t) = vt and yo(t) = 0. (4.19)

We summarize:

Theorem 4.1. There exists a unique bounded travelling wave solution to the special
Problem (P) defined by (4.1)-(4.4), where the stress function ¢, is given by (4.5) and the
crack propagates along the z-azis in accordance with (4.19), where v, is defined by (4.18).

5. The linearized problem

We consider a small perturbation of the travelling wave solution constructed in Section
4, and wish to analyze the resulting linearized problem. We take a small ¢ > 0 and define
the perturbed boundary conditions:

b= M + ¢, %%:0 on 8Dt = {y = a}, (5.1)
_ . 99 _ = .
b = M, e 0 on 9D~ ={y = —a}; (5.2)

the initial conditions are the same as for the travelling wave solution.
Denote by T (t) = Ty U {X(s), 0 < s < t} the perturbed crack. Then ¢, and I'c(2)
satisfy:

A%, =0 in D\TI.(2), (5.3)
_ o 9% _
¢ =0, e 0 on I(?), (5.4)

and X(t) = (ze(t),ye(t)), the tip of T'.(¢), travels according to the law (2.44).
We assume that

e = do + €6 + o(e), (5.5)
X(t) = Xo(t) + €X(t) + o(e) (5.6)
where (¢g, Xo(t)) is the solution constructed in Theorem 4.1. Note that
S| =0 F = x0= G0, (57)
By (5.6) we have
I(t) — I'(t) uniformly as € — 0 (5.8)
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where I'(t) = {(z,0); —oo < z < vot}.
Away from I'.(t) and I'(¢),

0= A%, = A% + eA%p + o(e) = eA2¢ + o(e)

and, in view of (5.8),

A2$ =0 in D\L(t).

Clearly, also
9¢

¢=1, — =0 on D™,
on

¢ =0, 8_(;5:0 on 0D".
on

Next,

0 = ¢e(Xe(8),t) = Pe(zc(8), ye(s),t) for s < t.

Differentiation of (5.12) with respect to € yields

0= d¢. n 0¢. 0z 04 Dy,
~ 0e Oz O Oy Oc’

Letting € — 0 we get

0= ¢+ 52(5) + S24(s) on T(1),

and, since V¢, = 0 on I'(2),
¢ =0 on I(2).

Also, from the condition
Vée =0 on I'((t),

we have
0=

%q;‘(xe(s),ye(s),t) for s < t.

Differentiating with respect to €, we get

9 8p. 0% Dz,  0°¢. Oy,

0= Oy 8¢ ' Bzdy Be = Oy? Oe’
and, therefore, as € — 0, |
99 . 8% 940
0= 3y 8m8yx(s) + 3y y(s) on T(1).

Since 9%¢y/0zdy = 0 on T'(t), this yields

Qg__<m%
oy oy?

Next we derive the motion law for X(t).
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(5.12)

(5.13)

(5.14)

(5.15)



Denote by A the path shown in the Figure 1. Then

Ji(X(2) = 12_EV {/A(Aqﬁe)%l +/F* (t)(Ach)znl —Q/As:-q?e}

where ', ,(t) = T(t) N {z > —b}.
Since n; = 0 on dD and 3, = 0 on 0D, we have

1-2

@)= [ @ermt [, @erm-2[ sedf. (516)
2F AUA, (1) AlUA,
We can easily verify (cf. (4.7), (4.8)) that

€ 5 3¢
9 = —4_a§y+4a

y+M+—;—as T — 00 (5_.17)
and

_[2(M + €)/a3]y3 + [3(M + €)/a2]y2’ y >0
b { [2M/a®]y® + [3M/a®]y?, y<Q T (5.18)

By the method in §4, as —b — —o0,

. a AN
2 3 i :
/A,(Asbe) - Q/A, Serdem / . ( dy? ) W

12M2  12(M +¢€)* 24 24
= + ( 6) :—M2+§€+0(€).

a3 ad ad

Similarly, as b — oo,

- 4 N . 82 € 2
[srn-2] 26 [ m (58) -0

Using these relations in (5.16), we get

nOx0) = 50+ M L [ (s od. (519

Recall that ¢o(z,y) = ¢o(z, —y) and, consequently, d*¢,/dy* and A¢, are continuous
across the crack I'(t). This formally justifies the relation

Ap. — A¢y from either side of T'y(2). (5.20)

Along T, ,(t) we then have
(B¢ )’ = —(Dge)*e(s)

—e(Ade) (X (5), 1) (i(s) + o(1))
—€(Ado)*(v0s, 0, 2)(§(s) + o(1)),

Il

and we conclude that

/F (B89 = ofe) (5.21)
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Substituting this into (5.19) we find that

12(1 — )M

JI(XE(t)) = JI(XO(t)) + Fa3

€+ o(e). (5.22)

We next evaluate J5(X(t)), which we can write in the form

T(X.(1)) = 12“E” { /A (D) ns + /F (897 =2 /A s;-i»g}. (5.23)

We can write

where (cf. (4.9))

L (0% Od D4y 0%
° = (6y2 " Beay " Bz 3x8yn1> (5.24)
. (0% 0% a?¢ 0%¢
5= (a_yz’“ 920y™ 02"~ Bwdy ) (5.25)
and .
o = (=(A¢o)°, Do), (5.26)
& = (~(Ag), A9). (5.27)
Then we have
2 —
Ta(X. (1)) = —2 { /A (Dbo)ng + 2¢ /A (Do - Ad)ny — 2 /A 5 - 8¢
Y /A (50847 82+ /P ib(t)(&p()?nz} + o(c). (5.28)

Denote by [(A¢.)?] the jump of (A¢,)? across T ;(t) (“plus” above I, ;(¢) and “minus”
below I’ ;(t)). Using this convention we can write

[ @s0mm=— [ [(867)als), (o), Diuls)ds
l"c_b(t) —b/vo

= —vof(e)(1 + o(€)) (5.29)
where t
19=[ (B¢ eds),uls), s
—b/ve
Since 5
[A¢o](vos,0,t) = 0 and [gA%(Uos,O,t)] =
we have

Femo = [ t,,,.,[, {Adniesdions, 0,0+ o [ 564] (o, 0, 0009} s
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Recalling that ¢o = 0¢,/0y = 0 along I'(t), we deduce that
92 3
roy=2 GE{isa+ 58w} as

/Uo ay

Since f(0) = 0, we have f(¢) = f'(0)e+o(¢). Using this in (5.29) and substituting the result
in (5.28), we arrive at the formula

J2(X () = Ja(@, y)e + o(€) (5.30)

where

J2(¢’ y) =

1"”2 {/(A%-Aqs)nz—/A(50-5°+s*-<1?g)}

Having computed J,, J, at the tip X (¢), we now express Xe(t) by (2.44):

. V(1) Voo — ve(2)
$5(t) Yo voo+vf(t)J1(Xf(t))’ (532)

Ve(t) Voo — ve(2)
Yo Voo + Ve(t)

Ye(t) = Jo(X(2))- (5.33)
By (5.22), (5.32),

Ve(t) Voo — V(1) Vo Voo — Vg 12(1 — 12)M
Ji(Xo(t
0 Voo + Ve(t) {(Xo®) + 7 Yo Voo + Vo Ea3 ¢

vo + €2(t) + o(€) =

so that
Ve Voo — Ve o Vo Voo — Vo J1(Xo(1))

0 Voo + Ve J1 Yo Voo + Vg M

ei(t) = Ji(Xo(0)) |
where (4.15) was used. By (2.44)

€+ o(e)

Voo +’U0

Ji(Xo(1)) = 70 (5.34)

Voo 0

and, therefore,

ot (4 [2553]

: }E+ %e—}—o(e).
Noting that (dv./de)|._, = 2(t), it easily follows that

Ji(Xo(1)) () 2 _ 2 9u o Yo
Yo (v + vo)z(voo 0 = 2Veot0) + 51

i(t) = y

Using (5.34) once more, we get

(1)

. Vo
t) = 2 _pi-2 + =
z(1) 2 vg(v°° vy Voo Vo) 7R
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or

vE — v
P(t) = 2=—2.
(1) 205070
Since z(0) = 0 we finally obtain:
02 — 2
)= == 04
w( ) 2’1)00’00

As for y(t), from (5.33) and (5.30) we get

Vo Voo — Vo

Yo Vo + Vo

y(t) = J2(,y)

where J5(¢,y) is computed from (5.31) and (5.24)-(5.27).

We summarize the formulation of the linearized problem:

Problem (L).

Given positive constants vy, veo, M such that

12(1 — v2)M?
~ Ba

(i.e., #o(t) > 0; see (4.18)), find functions ¢ = ¢(z,y,t) and y(t) such that
A’ =0 in D\I(t)

where I'(t) = {(z,0); —oo0 < & < vpt},

¢p=1, @20 on 0Dt

on
$=0, a—('b:O on 0D,
on

2
¢ =0, Z—Zj(vos,o,t) = - (88;;0) (v08,0,t)y(s) on I'(t)

and o
. 0 Vo — Vo
§(1) =
() 70voo+v0

Jo(é,y), ¥(0)=0

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

where J,(¢,y) is defined by (5.31), and (¢, vot) is the travelling wave solution constructed

in Section 4.

Once the linearized problem is solved, we can compute z(t) from (5.35).

6. Preliminary analysis of the linearized problem

We first simplify the functional J;(¢,y) defined in (5.31). By (5.24), (5.25), 5, = §=0

on 8D so that
/(§0-<I>°+§’-<I>3):/ (50- 8+ 5. 82).
A AJUA,

25
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By (5.24) (5.26),

0?
& = [ [ZR-bu)s81-bp)
Integratmg by parts,
a 82¢0

~,9)20(~b, )] dy

0 82 o 2
" Chera = [ FR@ora+ / ey
Y 080 9
= - [ ey [ G aerd
[T 908 06y 0
= Tl et By a0

by the Cauchy-Riemann equations.
Also, by integration by parts,

a2¢0 0 (9¢0 a 6¢0 a
/_a<(9:v A¢)( by = [ R ngdy— [M TR Agay.

Introducing the notation

. (0 8
v-(2.2). 2

/A 8o+ $° = \ (Vo - VAP)N,
where the right-hand side is defined by

we get

0 a
A (Végo - VAP, = [ (Voo VAP, +/0 (Voo - VAG)N, (6.3)
and (n,,ny) is the outward normal.
Similarly,
/ 5.8 = / (Vé -V Ado)ns
A A
and

/ (5, 8¢+ 5-85) = /A (Vodo - VAG + Vo - VAo )ns.
Ar T

Using all this in (6.1) and substituting the result into (5.31), we obtain

2
T(dy) =~ { [ @088 [ (V°¢O-VA¢+V°¢-VA¢o)n1}

vo(l—zﬂ) / . ‘92"5" {[ ¢>]+[83¢°] (s)}(vOSOt)ds (6.4)

Since Ve¢y = V¢ = 0 on D, we can also write

1—1/2

J2(¢7 y) =

{ / (Ao - Ad)ny — /A (Vigo - VAP + V- VA¢0)n1}
”"(1 — V") / o ‘924’0 {[A¢] + [‘?;0] y(s)} (v05,0,)ds.  (6.5)
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By Lemma 3.5
0%¢o

By (v0s,0,t) = K(s,t) is C* function in (s,1), (6.6)
and 53
a;;“] (v08,0,1) = —G(s,1)(t — 8)~3 (6.7)

where G(s,t) is a C*® function in (s,t). The singularity of [0%¢o/8y%](ves,0,1) at s = ¢
will cause difficulties when we try to analyze the last integral in (6.5). To overcome these
difficulties we shall work with a new function 1, defined by

b= b+ S0 (6.8)
Then
A% =0 in D\I(%), (6.9)
P =1, %’g ‘%" y(t) on D, (6.10)
9 a2 0 _
P =0, 3;//) (9;) y(t) on 0D, (6.11)
0 0?
w=0, 3 = S0 - u(s) on T, (6.12)
and
(1) = o= (,y), u(0) =0 (6.13)
where
2
j(’ﬁ, y)= LY { A(t)(ACbo'Aw)M—/A (VC¢0-VA¢+VC¢-VA¢0)7L1}

E o0y 0y

”"(1 V) / K(s, t){[Aw]JrG( 1) (() )(3)}d5,

here A(t) consists of the four segments
ODEN{-b<z<b+uvt}, {z=-b,|yl <a}, {x =b+ v, |y| <a}.
For any T > 0 and 0 < a < 1, introduce the space
Cs*e10,T] = {y(s) € C™*[0,T], y(0)=0}.

with the usual C'** norm.
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Take any y in Cy**[0,T], extend it by zero to —oo < s < 0, and define

o) = (522 (v08,0,0(0) - (). (6.19)

Then h is Lipschitz continuous in s € (—00,?] and in C'** for s # 0. By Lemma 3.3 there
exists a unique bounded solution % to (6.9)-(6.12). We define J(%,y) by (6.14), and a
function §(t) by

Vo Voo — Vo

ay(t) - ;(;voo + v

J(¥,9), §0)=0. (6.16)
Defining a mapping M by
y=My (6.17)
we shall prove (in the next two sections) that M has a unique fixed point. This will establish
existence and uniqueness of solution to the linearized problem.

7. Auxiliary estimates

Take 0 < T < 1. For any § € (0,a) we surround the interval {0 < 2 < vpt, y = 0} by a
rectangle
D;={-6<z<uvt+é, |yl <éb}

and set
D4 = (Dn{-R <z <vt+R})\(Ds UT(2)).
By Lemma 3.3
1%l Loy < C(1+ [Iyllcop,m), (7.1)

and by elliptic estimates we then also have

1¥llcapg) < Crs(1+ [19llcopm) (7.2)

where Cp ; is a constant independent of T'. Since y(0) = 0,

ly(®)| < Tllyllcio,r (7.3)

so that
1¥llcsany) < Crs(1+ Tllyllero,m)- (7.4)

We next proceed to estimate [A](vos,0,t) for —b/vy < s < t. For any fixed t € [0,T],
let

b=9-x
where x is defined by Lemma 3.4 with h given by (6.15) (as a function of s). By Lemma
3.4,
IXllz=(py £ Cllyllcop,m (7.5)

so that, by (7.1), also )
1%y < C(1+ ||yllcoro,m)- (7.6)
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Since ¥ € H2, (D) we have [14]:

loc
7 o k41 k k . k . k
P(r,0) = L2737 [ay cos(§ +1)0 + by cos(E - 1)0+ ¢ sm(§ - 1)0+ d; s1n(5 +1)8] (7.7)
for (7, 8) in the disc Bs(t) with radius 6 and center at the tip (vot,0), where the coefficients
ag, ... are defined by
2

ar = X
rditl

/ «Z)(a,e)cos(ng 1)6d8, ... ;
§ is any positive number in the interval (0,a) (so that Bs(t) C D). It follows that
|ar| < C8~ GV P]| o)

the same bound holds for by, ¢, d.
Noting that

k

| Ag(r,m) = Agp(r, =) |< C(les| + [dil)r™ + CERLyr 3~ (Jax] + [bil + lee] + [di]),

for r < % we get

)
ft——<s<t. (7.8)

- . 1
| [5)0n8,0,0) 1< Clbllmeoy (1+ == ) i ¢~ 5

Next, by elliptic estimates we get

- ~ . b 0
| 1A% (208, 0,8) | C(L+ [Ixlles + IWlleopo.my + [Wllzee)) i — - < s <t - (7.9)

Vo

where the C? norm of x is taken over the intervals dD*, DN {z = —b} and DN {z =
vot — §/8}. From the integral representation formula for x we easily obtain

lIxlle2 < Cliylicoo,m-

Using this in (7.9), combining the result with (7.8), and recalling (7.6), (7.3), we obtain:
Lemma 7.1. The following inequality holds:

[ [A01(005,0,8) £ OO+ VElyllonpim) (1+ 7= ) +1 [AX(@s,0.0 . (710)

To estimate [Ax](vos,0,t) we shall use the notation of Lemma 3.4, replacing however
Ty by I'(t). Thus the origin in the z-plane is replaced by 2, = vot +¢- 0,

2 =(2— Zo)%, W(z,y) = w(z1, 1), (7.11)

and

1 ~
w(0,91) = W(2} + )|, = h(—v—oyf +1t,t) = h(y) (7.12)
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where 92
h(s,t) = Wéo(vos,ﬂ,t)(y(t) - y(s)), —o0 <s<t. (7.13)

Clearly h € C'** except at s = 0 (since y(0+) might not be equal to zero). This means
that
w(0,y,) € C*** except at y; = £/vot.

Lemma 7.2. Let w be bounded solution of

A =0 in R*n {z > 0},
w(0,y) = h(y), yeR

where h is a bounded C'** function in R\{0},

h(y) = holy| if |yl < 2R (R > 1),
Ihllco@m) < Clho| R
Then
2R
Tyl
where C is a positive constant independent of hy, R.

| 02(0,y) |< Clhollog = for [y| < R
Proof. By scaling we may assume that R = 1. The function { = W — hy|y| satisfies:

A¢=0 in (R*n{z>0})\{y =0},
¢(0,y)=0in |yl < 2.

Extend ¢ as an odd function into {z < 0}. Then the extended function is harmonic in the
strip {0 < |y| < 2} and

Cy(2,04) = G(2,0-) = =2hq if = #0.
By Lemma 4.2 of [5] we deduce that

| ¢(0,9) |< Clho|(14 | log [y] |)

and the lemma follows. O o )
We now break h into two functions: hg+h; where hy contains the jumps on the derivative

of h at y; = £/0t:

hoi) = K(Voo) (i — Vood)s — B(v/ant=)(3n ~ v/oud)-
71/(—\/@4')(3/1 + Vvot); — B (—v/vot—)(y1 + Vvot) - (7.14)

if |y1| < 4/ 0T + Vb and hg remains bounded at infinity. We can wriEe w = wy + w; where
w; is the bounded harmonic function in IR\{z > 0} with w;(0,y1) = h;(y:). Clearly

hollgrte tvmmicy<ry < Crmax{| b'(£v/vot%) [}
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and hy; € C'+*(IR).

From the relation 9 1
Y] - _Z Ny 4 t.t
h'(y1) voylh( 2 +t,t)
we deduce that

17l corevamtvem < CVT|yllorors (7.15)
since |y:| < v/voT. Similarly we can estimate the Holder coefficient of A’ and thus get:

IBllctor-vamivmmm = llloo-vasvamm + 1R loovastvamn + 17 oot vast,vemm
< CVT|yllcrsepp,m (7.16)

where we used the fact that A(0) = h(t,t) = 0 and, therefore,

1alicor-yast.ymen < TIF llcor- oty
For |y;| > /vot, y(s) = 0 so that

2
) = (32 + 0o, 0,)5(0).
Consequently, )
|lBllc1+e fvmsicimicry £ Crly(t)| < CrT|lyllcrom- (7.17)

From the form of Ay in (7.14) and from (7.16) it follows that |R}| is bounded by the
right hand side of (7.16). Since further ho is piecewise linear, the estimates (7.16), (7.17)
hold for the function h; = A — ho and (since h; is continuously differentiable)

hller+er-r,m) < CRVT|lyllcrtoo 7).
Then, by C*+ estimates for harmonic functions,
IVwillze(Br) < CR [||711||C'+°[-2R,2R] + ||w1||L°°(1R)] < CrVT|yllcr+ego,m1-

- As for Vwy, it can be estimated by Lemma 7.2. Using also (7.14), (7.16) and (7.17), we
find that )

Recalling that Ax = 2W, and estimating W, from relations (7.11), (7.12) (cf. the proof
of Lemma 3.4), we find that
1
o)
s

if —b/vy < s <t. Combining this with Lemma 7.1 we conclude:

| Vwo(0, 1) |< CVTyllorseoy (1+ log

ly? — vot|

| 8X(05,0,0) < CVTllorsoomy (14

Lemma 7.3. The following inequality holds:

[89)(00s,0,)| < € (14 VT yllorsernn) (1+

log ﬁ‘) (1 + \/%) (7.18)
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for —b/vy < s < t, where C is a constant independent of y.
We next establish:

Lemma 7.4 The function ¢(z,y,-) is continuously differentiable in t, and

1%l LoD xio,1) < Cllyllerom (7.19)

where C' is independent of T'.
Proof. Introduce the function v, by

Yi(z,y,t+ At) = P(z + voAt, y,t + At).
From (6.9)-(6.12) we deduce that the function
1
Yar = E(‘/)l -v)
satisfies

A%pa, = 0 in D\I(2),

82 0
Uar =0, obas = a7 { (e, 0, 0lu(t+ ) - y(0]} on 9D%,
Yar =0 on I'(2), (7.20)
g = a7 { G, 0,000+ A0 = y(s + A1) — y(0) + y(s)]} on T

In the boundary conditions we have used the fact that
¢0('U05 - ’U()At, 0, t+ At) = ¢0(’Uo$, O,t).

Denote by xa: the function x introduced in Lemma 3.4 for the boundary data

0
h(vos) = '(:)—ydfm(vosa 0,1),

and let
Q;LAt = Yar — Xat-
By Lemma 3.2 )
¥allz=w) < Cllyllcro.m- (7.21)

By elliptic estimates we also have
[badlere@ < CDlyllertepn (0<a<1)

for any closed subdomain Q of D which does not contain the tip (wvst,0). Near the tip we
have an expansion similar to (7.7) and, by (7.21), the coefficients are bounded by

—(k
C8~G*Vlyllcrpmy .
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It follows that )
||¢At”01+a(3%(t)) < C||y||cl[0'T] fo<acx 5 (722)

From (7.21), (7.22) we see that any sequence At — 0 has a subsequence such that
Yaulst) = ¥*(-, 1) in Cit(D) (7.23)

for any 0 < a < %, for some function 1,5*.
On the other hand from the proof of Lemma 3.4 we can deduce that

Xat — X" in C},.(D)
where x* is the bounded solution to
A’ =0 in R*\I[(2),

ax* 0?
=0, 20 = SR (1) - ()] on 1)

Combining this fact with (7.23) we find that, for a subsequence At — 0,
Yar(+,t) — ¥"(+,t) uniformly in compact subsets of D (7.24)
where 1’ is a bounded solution to

A’P* =0 in D\T(1),

* a’l/}“l _ 82¢0 /
P* =0, 9y = (ay2>(z,:|:a,t)y(t) on 9D%, (7.25)
oyt (02
¥ =0, a_f/ - (W"’;’) (vos, 0, D[Y'(t) — /(s)] on T(1).

By Lemma 3.3 * is the unique bounded solution of (7.25), and

19" (s t)l| 2=y < Cllyllcrfo,1)- (7.26)

Therefore (7.24) holds for all At — 0.
By uniqueness for (7.25) we also deduce that ¥*(z,y,t) is continuous in ¢. Since

Y = vy + 9, in D,
we further conclude that
0%z + P1llL=(0) < Cllylloroy.
Similarly one can show that v, satisfies

A%, =0 in D\T(2),

0y, 3¢
P, =0, 2y = (amagz) y(t) on OD%,
Y =0 on I'(t),
a¢x = a3¢0 1 82¢0 /
0y (awyz) [y(t) — y(s)] - v_o ( 3y ) y'(s) on T(t)
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and %, is continuous in ¢; furthermore

192, )llz=0y < Cliyllerom.

Combining this with the results for ¥*, the assertion of the lemma follows. O
From Lemma 7.4 and elliptic estimates it follows that 9 is smooth in (z,y,t) for (z,y) €
D,0<t<T,and

d

— A\ = . .

ETiatd A, (7.27)
We conclude this section with one more lemma;:

Lemma 7.5. The following estimate holds:

l[A"pt](’UoS, 0,t)| S C (1 + ||yllcl+a[0,7']) (1 + llog |S||) (1 + %) (728)

Jor —b/vo < s <'t, where C is a constant independent of T (Recall that T < 1.).
Proof. By (6.9)-(6.12) and Lemma 7.4,

A%, =0 in D\I(t),

e B () 0+ (58) 0 o o

%, =0 on I'(?),
2= (g ) w0 - )+ (52) (@) on 1)

Considering t as a parameter, we can apply the proof of (7.18) to 9, since the boundary
conditions are Lipschitz continuous. Since however the present function A is

0.0 = () ) - w6 + (52

and it does not generally vanish at the tip (i.e., h(%,t) # 0 in general), we do not get as in
(7.18) a factor v/T in front of

) y'(1),

Iyllcr+eto,r). O

8. Existence and uniqueness

For any y € C'**[0,T] we have defined (My)(t) by (6.17). Using Lemma 7.1 we easily
find that

[M)(#)] < ¢+ VTllyllereppm)- (8.1)
We next proceed to estimate the C* norm of M(y). Let 0 < ¢; < t, < T. By (6.16),
[M@)() = M)(E)| < T 1)) - T, 0)(2)].
Using (7.1), (7.2) we easily find that

M) (1) - M@)(©)] < € A+ lyleom) [t — ta] +1 (8:2)
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where

I= |/“ K(t,) [[Aw](vos,tl) - G(tl)wl ds
—b/vo

(ty — 8)2
b y(t2) — y(s)
_ /_b/vo K(t,) [[Aw](vos,tz) - G(t, ) ()} ] 3| (8.3)

and
K(t]) = I((tj,S), G(tj) = G(tj,S), [A’I,b](’vos,tj) = [A’l,b](’UoS,O,tj).

We can write

I<L+DL+1s (8.4)

where

I = /, K (t)[A9](vos, 1) = K (t2)[ A9 (vos, 1) ds,
IZ - /—b/v
ta

I3 =[

Using Lemmas 7.3, 7.5, we easily get

L] < C (14 [lyller+om) Viz = 1.

y(t) —y(s) y(t2) — y(s)
K(t)G(t)——5— (= 3)? K(t:)G(t))——5~ (tr =5}

[A9](v0s, 12) + G2 >y(éi)_ S(S)

ds,

Next,

I, = drds.

(i — (1 — y(t2 + 7(t — t2)) — y(s)
[I((t2+ (t: = )Gl +7(t — ) Y= ]

b/Uo
Applying the derivative d/dr first to KG and then to the quotient, we find that

|t — 1]
(ty — ta) — s)%

ty 1
L < Cllyllcom(ts — t)F + Cllyller / / ydrds
2 < Clllewon(tz = t)* + Clivlleon || - f 7

so that

I < Cllyllcromviz =t
Finally, by Lemma 7.3
ta 1
Iy < C (14 ylloweiom) | llog | ——zds
Ce (1 + |19llerseppm) (t2 — t1)7~¢

for any € > 0.
Combining the estimates on the I; and recalling (8.3), (8.4), we get the Holder estimate

[M@)(1) = M)(E)] < Co (U yllorsopom) [t — (8.5)
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forany0<6<%.
Choosing a € (0,3) we deduce from (8.1) and (8.5) that

M maps Cy*°[0,T] into itself. (8.6)

We next prove:
Lemma 8.1. If T is small enough then M is a contraction.

Proof. Let y;, y, be two functions in C3**[0,T] and denote by 1, and 1, corresponding
bounded solutions of (6.9)-(6.12). Let y = y; — y2, ¥ = 91 — 5. By the proof of (8.1) we
get

[M(Wllcoto 1 £ CVT NIyl cretom)-

From (8.5) with 2¢ = 1 — & we also have

IM@)llcetor) < CT |yl creeqo 1y

and, since M(y)(0) = 0,

M@)o < CTIM(Y)lcopor-

Combining these estimates we see that

IM(31) = M(y2)llcr+apo,m) = IM(Y)llcr+epor) £ CT Y1 = yallcr+eqo,r)
and the lemma follows. O

Theorem 8.2. There exists a unique bounded solution of (6.9)-(6.14) for allt > 0,
with y € C'*2[0,T] for allT >0 (0 < a < 1).

Proof. From (8.6) and Lemma 8.1 it follows that M has a unique fixed point in C*+¢[0, T
if T is small enough. A step-by-step argument establishes uniqueness for 0 < ¢t < ty of
solutions with y € C'*°[0, ¢,]; here ¢, is any positive number.

A step-by-step argument can also be used to prove global existence. Indeed, a quick
look at the proofs of Lemmas 7.1 and 7.3-7.5 shows that the lemmas remain valid for all
0 <t < T with constants C' which depend on T'. Thus if a solution y(t) is already known to
exist for 0 < ¢t < T and to belong to C'**[0,Ty], we can extend it to a larger interval, say
0 <t <T,+ 4, by repeating the previous existence proof; we only need to slightly change
the definition of § in (6.16), by taking

9(To) = y(To);

the constant § depends on Ty, but it remains uniformly positive for T, is any bounded
interval. O

Theorem 8.3. The initial velocity of the crack tip is upward; more precisely,

. 6V3M Vg Voo — Uy 1 — 12
Y = h = — .
y(0+) g3 Po WRere po Yo Voo + 00 E

(8.7)
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In the remaining part of this section we shall prove:

Lemma 8.4.

o) = B2, (8.8)

In §9 we shall prove that §(0+) > 0, and this together with (8.8) complete the proof of
Theorem 8.3.

Proof of Lemma 8.4. By (6.5) and (5.41) we have

#(04) = po { Jioreig (B0 B0m = [ (V009064 V0. V) n} (8.9)
where I',(0) = {(z,0); —b < < 0}. Define a function ¢” by

¢T(wv y) = d)(.’lf, _y)°

Then ¢ + ¢” = ¢o/M. By elementary calculation, if we replace ¢, by ¢ in the right-hand
side of (8.8), then each integral is equal to zero. Hence,

3(04) = Mpo{ /A (Dd)Pns + /F (0)[(A¢)2]n2 P /A g«i}

Since the integral

/ [(Ag)my — 253}

Y

along any closed curve v is independent of 4 provided v does not intersect I'(0), we then
obtain

3(0+) = Mpolim / {(Ag)n, — 25 &) (8.10)
e—0 9B,

where B, is the disc {22 + y% < €2} and 0B, is its boundary.
To compute the right-hand side of (8.9) we use the representation (7.7) in B, and the
conditions ¢ = 9,¢ = 0if y = 0,2 < 0. Then we get

1
¢ =r’l? [a(cos %0 + 3 cos 50) + B(sin 20 + sin %0)] + O(r?). (8.11)

It will be convenient to use complex variables:

_ T
z=z+wy=re’,

2 _1(2_8y 0 _1( 0y

9z 2\9z Oy/)’ 0z 2\0z Oy)’
92

= Y5z07

so that
AN

We can then rewrite (8.10) in the form

¢ = AZ? + AZ? 4 B2z'? + B2'%z + 0(|2]%)
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where ) )

Also
96 _ 3, 1 sz Lg -2 ¢ 0
and
A¢ =2Bz Y2 4 2B 4 O(1). (8.13)
Hence

/aB (Ad)ny = 4/,93 (B2 + B22~1 + 2B ") na)dz| + O(e).

Using the relations

z=¢e’, ny=sinf = 2—( e’ — e
i

we easily compute
/ (Ad)Pn, = 2i(B? — B*)2r + O(c) = 12a87 + O(e). (8.14)
8B,

To evaluate the integral with §- ®° in (8.9) we write

§ = (@ 0—82—¢sm 2¢ 0— ¢ 0)
© = o a0y "% 322 "~ ooy

- Ga () (5)
fo7:5 == [ G (5) o+ 55 (52) oo e

By integration by parts,

It follows that

L 96 0 9 0
/an'Q - / {a 60(A¢)+a 80A¢}d0
8B €

where we have used the Cauchy-Riemann equations
0 10 . 10 0 .
5;&¢ = ;%(Ad)) ) ;%Afﬁ— 37‘(A¢) :
Now, by (8.11)

0¢ 0¢ 0¢ 3 1/2 1:1/2 s1/2 n_1/2 1 /5 —1/25 =—1/2
e E+5Z— —2-(Az + Az )+Bz + Bz +§(Bz zZ+ Bz z)+0(|z|),

0¢ (0 0¢ 3. 151/ . =1/ B 1/2 i -1/2> _ ps-1/2
5y =1 (& - E) = 5i (Azl/2 — At 2) +1 (le - Bz )+§ (Bz Z — BZ z) +0(]2]),
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and by (8.12)

i) 0z - | __ __ -
A¢ = —A¢ a-M'E = —Bz 'z Y2 — Bz 1272 L O(|2|7Y),
0 a e .
Aqb = ¢ Aqﬁ = —iBz7Y% 4 {Bz"Y? £ O(1).

Substituting these expressions into the rlght-hand side of (8.14) we obtain, after simple
calculation,

I, = —9afm + O(e), I, = 3afm + O(e).
Hence

/ §-8° = —6afr + O(e)
dB.
and together with (8.13) we get, from (8.9),
9(0+) = 24 M poafir. (8.16)

To compute a we consider the function ¢ = ¢+¢”. From (8.10) we deduce the expansion

¢ = 2r*2a(cos §0 + 3 cos 16‘) + 0(r?),
= a(2*?+ z3/2) + 3a(z‘1/2 + 2122) + O0(|2|?).
Since ¢ = ¢o/M, the computation of the J-integral in (4.15) gives
2

_ o o2 2| 1201-07)
Jl—ll_rfcl) 5E aBg{(A@ ny — 238 @}_———Eas . (8.17)

On the other hand, proceeding as before to evaluate the limit of the integral in (8.16) we
find that

/ (A@)’ny — 7207, / 5.6 - —36a°r as € — 0,
4B. dB.

so that, by (8.16),
a? = L .
6rad
Next we consider the function ¢* = ¢ — ¢”. We compute the J-integral in two ways.
First we take the integral along the curve A shown in Figure 1 and let b — co. We then
obtain, analogously to (4.15),

(8.18)

9(1 - 1/2).

Ji = Ea3

(8.19)

Next we compute J; from the formula

1= *2 . B
lim —— /aBt{(AqS) n - 288}

J1 =
Noting that in B,

¢ = 2B73%(sin gﬁ + sin %9) + 0(r%?),
= —if(2%? = %) —iB(23'? — 2?3) + O(|2|*/?),
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we obtain
oB (A¢")’ ny — —867%, / § & - —128%1 as € — 0,

8B,
so that
2
Jy = 8 =Y
Comparing with (8.18) we find that
9
2 _
B = (8.20)

Finally, substituting (8.17) and (8.19) into (8.15), the assertion (8.8) follows. O

9. y(0+) >0
For any —0o < A < b, let
Dy =Dn{z<b}, Ty={(z,0); < A}.
Consider the following problem:

A2¢: 0 in Db\T‘_)‘,

¢=1, ¢, =0 on 0D,\{z = b},

¢=1, ¢ =0 on {z = b},

¢=0, ¢, =0 on T, (from both sides).

(9.1)

By the analysis of §3 one can establish the existence of a unique bounded solution
¢ = ¢rp in HZ,(D;) of the system (9.1). Furthermore ¢,; € C°(D,) and then also, by
a standard argument, ¢, , is continuous in (z,y, A,b) for (z,y) € D;, —0c0 < A < b < o0.
Since, near the tip (A, 0),

brp = 20,7302 (cos —2-0 + 3 cos —;—0) + O(r?) (9.2)

where (r,8) are polar coordinates about (A,0), we conclude that

ayp is continuous with respect to (A, b). (9.3)

Lemma 9.1. a,; # 0 for all —co < A < b < oo.

Proof. The proof is based on arguments used in proving Lemma 8.4. Set, for simplicity,
® = ¢ and let @ be the bounded solution in H} (D;) of the system which is identical to

loc

(9.1) except for the boundary condition on {z = b}:
¢s = 0; foee =0 on {z =b}.

As in the case of the J-integral one can show that the integral
[ @6 2dm - 8+5-9)
y
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is equal to zero if 7 encloses a region in D which does not contain cracks.
Let Ay, be the curve A} U A7 U Aj, UL shown in Figure 2 when L* converge to the

interval {(a: 0); —c < & < A}.

y
T y=a
Aoe
Ay D
c b
L+C Be
— A\
4 ~ x
L
I ¢ (A,0) '3
: Koo
Ab,c
X=-C x=b
Figure 2

Since ¢ is even in y, we have
é = 2ar3/? (cos g() + 3 cos %0) + O(r?)

near (A,0). Proceeding as in the derivation of (8.17), we find that
J = lim {(A¢ Ad)ny — (5-®+3- 5)} = 7270y 4. (9.4)
=0 J3B,(2,0)

-®+
On the other hand, by the path independence property of the integral mentioned above,

we also have

J= {(A¢ Ad)ny - (3 $+§-q‘>)}.

Ab,c

Since ny = =0on A,fc UT,, we have

J= {@p- 2 - 8+5.8)]
Ay, VAT
—2/G(A¢-A$)(—c,y)dy+2/ ( ‘f A+ 9 ¢A¢)( —c,y)dy

7 2 (2o ) (=e,y)dy

_2/0 ( 82¢ (A¢)c
+ [ (g 80,01y - / (Gi2a8+5200) G

i 2 a6y ) (b,9)dy

' (32 (ady +
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where we have used the fact that ¢, ¢ are even and (Ag)°, (AP)° are odd with respect to
y.

Observe that 82¢>/ 0y* = A¢ = 0 at z = b. Integrating by parts and using the boundary
conditions on ¢ and ¢, and finally taking —¢ — —o0, we get

1o (58) o [ (2209 0 [ (2 84) o
:2/0 <—§y+§>2dy: %.

Combining this with (9.4), the assertion of the lemma follows. O
Set

6=0b- /\’ ¢)5((L', y) = ¢z\,b(z + b7 y)' (9'5)

Lemma 9.2. There holds:
|#s]lz < C

where C is a constant independent of A, 6.

Proof. If the assertion is not true then there is a sequence ¢; — 0 such that
M; = |19y, - oo

and, since ¢, is bounded as  — —oo, there is a point (z;,y;) in DN {z < 0} Nn{y > 0}
. such that
M; = ¢5;(2;,9;)

(we assume for definiteness that sup |¢s;| = sup ¢s,). Since ¢s(z,y) is even in y, we can
take y; > 0.
Consider first the case where
z; — 0, y; /~a, and |—m—|—>oo (9.6)
j

and introduce the functions
¢i(z,y) = ’A%%,(lf”ﬂm,yj + |z;ly).
Then ¢;(—1,0) =1 and
|¢;l <1 in D; = {(z,y); = < 0,~y;/lz;| <y < (a—y;)/|z;]}-

By elliptic estimates, ¢; — ¢ uniformly in compact subsets of I—R—? where R? = {(z,y) €
R?, z < 0}, and & is the solution to

A$=0 in R2
(]_S = 0’ (5:::.1: =0 on {(B = 0}. (9‘7)
Also
$(—1,0) = 1. (9.8)
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Since |¢| < 1, by scaling we deduce that
Dig(z,y) = O(r™7) if r — o0.

Using these estimates we find that

0=/ o0%p= [ 1A + I,
R2 n{r<1/¢} R2 n{r<1/e}

where I, — 0 if ¢ — 0. Consequently ¢ = 0, which is a contradiction to (9.8).
In the case where
y;/|z;| remain bounded as z; — 0,

we work with the sequence
1
$i(z,y) = E¢’6,-(|$j|93a |z;1y).

Let 4 = lim —6;/|z;| € [-00,0]. Then ¢ satisfies (9.7) in R2\T,, and on T, we have
¢=¢,=0. )
_ If p=0or —oo, one can verify, as in the case of (9.6), that ¢ = 0. If —co < p < 0, then
¢ = O(7*?) near (p,0) and, by scaling,
Dig(z,y) = O(F*9) if +—0

where 7 is the distance to (u,0). We then deduce that ¢ = 0 by integrating ¢A2¢ over
(R2\T,) N {e < ¥ < 1/e} and taking ¢ — 0. On the other hand, ¢;(—1,y;/|z;]) = 1.
By assumption, we may set § = limy;/|z;| € [0,00). Since ¢; — ¢ in C2,(IR2), we get
#(—1,y) = 1, which is a contradiction.

Similarly we can treat the case where z; — 0, y; — a.

Finally, if |z;| remains uniformly positive, then we use the scaling

¢j(x’y) = Miqu‘s"(z - zjay)’

and derive a contradiction in a simpler way. O
Lemma 9.3. For A close to b, o, > 0.

Proof. Let
P5(z,y) = ¢s(6z,6y).

By Lemma 9.2 and elliptic estimates,

®;, — ®; uniformly in compact subsets of R

where ®, is a bounded solution of

A2¢0 =0 in IR,z_\F_l,
9%®,

q)o = ]., W =0 on {fl) = 0}, (9.9)
b, =0, (?_@2:0 on I'_;.
oy
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As in the proof of Lemma 9.2, one can verify that this bounded solution to (9.9) is
unique and, consequently

®; — ®, in C%,(R?). (9.10)
Observe that near (—1,0),

&, = 20,7°/? (cos g() + 3 cos %0) + O(r?)
where

Qs = a,\,b63/2.

Hence, in order to complete the proof of Lemma 9.3 it suffices to show that, near the tip
(_la O)a
1
®o(z,y) = aord/? (cos 30 + 3 cos 50) + O(r?) with ap > 0. (9.11)

Let w be the bounded solution to

Aw =0 in R2\T_,,
w=1 on {z =0},
w=0 on I'_; (from both sides).

By the maximum principle, 0 < w < 1. Further, near (—1,0)
w = a,ri/? cosg— + 0(r%/%) where a; > 0. (9.12)

Indeed, this follows from the fact the function @(z) = w(2? — 1) is harmonic in Re(z) > 0
and vanishes on Re(z) = 0.
Next let v be the bounded solution to

Av =0 in R2\T_,
v=0 on {z =0},
vt = (1 +:c)wf on Ffl

where v, w® are defined in {y20}. Note that (1+z)w is in C*(I'%,) for any 0 < < 1/2.
We next introduce the function

é1 = (14 2)w+ yv.
It satisfies:

A2¢1 =0 in IR?_\T_I,
¢ =1 on {z =0},
0°¢

57 2w, on {z =0}, (9.13)
¢1 :0, % =0 on F—l-
dy
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Observe that ¢; € C*(IR?) and ¢; grows linearly at oo ( since w and v are bounded).
Further,

$1=a;(14+2)*?*+0((Q+2)*?) if y=0,-1< 2z <0. (9.14)

We note by the maximum principle, that w, > 0.
To get rid of the 2w, in (9.13) we shall construct two auxiliary functions: ws,, the
bounded solution to

Awy, =0 in R2\T_,,

L B =0
2+ 5o yay = —w, on {z =0}, (9.15)

wy =0 on I'_; (from both sides)

and vy, a linearly bounded solution to

A'Ug =0 in IR2_\T_1,
vy = —ywy on {z =0}, (9.16)

vy = 2(1+ ) (%)i on T'%,.
We construct w; by solving truncated problems in R? N {22 + y? < p?} with
wy =0 on z? + y? = p?,
and observe, by the maximum principle, that
—A<w; <0 (A=sup|wg).

We also construct v, by truncations, and use the Phragmén-Lindelof theorem to deduce
that
|va| = O(r) as 7 — oo.

Using conformal mapping and the maximum principle we prove, as in (9.12), that near
the tip (—1,0)

6
wy = ayr/? cos 5 +0(r3?) where a, < 0. (9.17)

Since w, is bounded, (9.15) gives

1
w2+y% =O(—~) if |yl — oo
ay =0 |y|
and, by integration,
lo .
|wo(0,y)| < C’% if |y| — oo.

Therefore, by the Phragmén-Lindeldf theorem, for any € > 0,

14 7€

in R?
1+7r

lwq| < C
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from which we deduce that

+
a“"") < C(1+|2|) on T,

z(1+z) (a—y

Therefore (again by the Phragmén-Lindel6f theorem), v, is bounded sublinearly:
lva] < C(147¢) in R2.

Now let
¢y = z(1 4 z)w, + y*wy + yv,.
Then
|¢2] < C(1+71*€) in R2

and, as easily seen, ¢, = O(73/?) near the tip (—1,0) so that
¢ € H (R2). (9.18)
The function ¢, satisfies

A%py =0 in R2\T_,,
¢2 =0 on {z = 0},

0%,
Fr —2w, on {z =0},
¢, =0, %:O on I'_;.
Oy
It follows that the function )
=0+ ¢

satisfies the system (9.9). Furthermore, using (9.14), (9.17) we find, by restricting the
expansion near (—1,0),

& = ar®? (cos 30 + 3 cos %0) + O(r?)

to {(z,0), —1 < z < 0}, that
a=a;—ay>0.

Thus if we can prove that & = ®, then assertion (9.11) follows and the proof of Lemma 9.3
is complete.
Set ® = ® — §,. Then

Azé =0 in IRE_\T_],

. 9?9
¢ =0, 8w2=00n {z = 0},
@zO,a—(I):OonI‘_l.

oy
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Take odd extension of ® across z = 0. This extension is biharmonic in
R; =R*\{(z,0); 2 < —lorz > 1},
and
® = 0(r'*e) if r — 00, ® € H2,(R?).
Let
1 7y, -
Vi(z,9) = 5/ Ad(z,s)ds.
0

Since A® = O(r~/?) near (+1,0), the integral is well defined in IR2. It is clear that

0
'a—?;AVQ =0

and, consequently,
AVy = bo(z) in RRE.

Settin
g . e
Vite) = [ [ buls)asde,

the function V = V, — V; is harmonic in ]Rg. One can easily verify that the function

W=2%-yv

is also harmonic in RZ, and N
®=yV+W in R

the function V is bounded by O(r¢) as r — o0, and V(0,y) = 0. By the Phragmén-Lindelof
theorem we deduce that V — 0 at co. It follows (by the maximum principle) that V' = 0.
Since W is harmonic and W = W, = 0 on {(z,0); z < —1} (since the same is true for ®),

it follows that W = 0. Hence ® — &, =® =0. O

We shall now prove the same result for 8, ;, where j, ; is defined by the expansion near

(A, 0),
1
Yap = 20x,70? (sin g@ + sin 50) + 0(r%/?),
and v, ; is the bounded solution in H2 (D,) to

AZ’l/I =0 in Db\T,\,
Y=1, ¢, =0 on 8D \{z = b},

Y =-1, ¥, =0 on 9D, \{z = b},
_ 1 3 3 — —_
Qp - _'ﬁy + %:% w:cz: =0 on {iL‘ - b},

=0, ¥, =0 on T[,.
Notice that ¥y, is odd in y. Asin (9.3),

B, is continuous with respect to (A, b).
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Lemma 9.4. 8,, # 0 for —oo < A < b< 0.

Proof. Let 9 be the bounded solution in H?2_(D,) satisfying (9.20) except for the bound-

ary conditions on {z = b} which are replaced by

Pr =0, Pre = 0.
Near (A, 0),
¥ = 20r3/? (sin 30 + sin %0) + 0(1'5/2).
As before,
J = lim {(mp Ad)ny — (56 +
e~ JaB.(2,0)

and (by the path independence of J-integrals)

iy

J = {(mp-m;)nl — (8-

Ay,

R ‘f’)} = 167'-:6,\,bﬂ~>

+35§.

(9.22)

If we perform integration by parts in the last integral and let —c — —o0, we obtain

J=2 / (8%82 ) —00,y)dy + _:(A@b-AJJ)(b,y)dy

0y? 0y?

-[ (ng¢+a¢A¢)@y)

_/ (‘W 9 A+ ot a¢ 9 A¢> (b, y)dy.

Oz Oz

Using the boundary conditions at z = b, we find that

1
j=2

’
a3

and upon comparing with (9.22) we conclude that 8, # 0. O

The proof of Lemma 9.2 shows that

|¥apllze < C

where C is independent of A, b. We shall need, however, also a gradient estimate:

Lemma 9.5. There holds:
IVl < C

where C is a constant independent of A, b.

Proof. Let )
bz, y) = ap(z,y) - <——y

2a3
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and extend ¢ into {z > b} by odd reflection. Then

A%*p =0 in D\{T,UT.,},

=0, ¢, =0 on 4D, (9.25)
v = ] =3/2a on T, |
v=0 @by—{ 3/2a  on I,

where I'* , is the reflection of 'y about z = b.
As easily verified (see [3]) the function

g = VI~ (M)
is subharmonic in D\(T, UT",) and, therefore,

q(z,y) < sup g+ sup g(£o0,y). (9.26)
a{D\(TAuT_,)} lyl<a

By the boundary conditions in (9.25) we see that the right-hand side of (9.26) is bounded
by a constant C independent of A, b. Since 3(z,0) = 0 (9 is odd in y), (9.26) implies that

|Vip(z,0)| < C, A<z <2b— A\ (9.27)

We write 9 in {0 < y < a} in the form yW + 9); where W is a bounded harmonic
function satisfying the boundary conditions:

W(z,0) = "Z’y(wvo)v W(z,a) = 0;

then ¢, is a bounded biharmonic function satisfying:
.9 -
¢1:a—¢1=0 at y=0,
)

1,211 and i?,zwl are smooth at y = a.

0y

Using (9.27) to estimate V(yW) and using elliptic estimates to estimate Vb;, we find
that

IVYllLeoniy>op) < C,
from which the assertion (9.23) readily follows. O
Lemma 9.6. For A close to b, 85, > 0.

Proof. Let 6 = b— X and choose a coordinate system with (b,0) at the origin. Consider
the blow-up sequence

¥y(z,y) = $9(60,69). (9.28)

Using Lemma 9.5 and elliptic estimates we deduce that

U; — Uy in C°(R%) (9.29)

49



where ¥, is a solution to

and

AW, =0 in RI\T_,,
2y,

‘I’O = 0, —6—"3-2— =0 on z= 0, (930)
. 0% 3 .
¥y =0, By - % on I'_; (from both sides),

sup |[V¥,| < C < oo.
R?

Since ¥ = O(r) as r — 00, it follows, from the proof that &, = ®,, that such a solution is

unique.

Let w is the unique bounded solution to

then, by uniqueness,

we have

Aw=0 in R?\T_,,
w=0on =0,

w= —2% on I'_; (from both sides,);

¥, = yw. (9.31)

By the maximum principle w > —3/2a, and therefore

A

3 .
Uo(z,y) = yw(z,y)+ 2qY >0 in {y > 0}. (9.32)

Since ¥, is biharmonic in RZ\T_;, odd in y, and

Y,

i‘O:Fy-

=0 on P_l,

U, = 26,13 (sin g0 + sin %0) + 0(r%?)

near (—1,0) and, by (9.32),

Introducing the function

- 3
Us=Us54+ —y
2a

and its expansion near (—1,0):

we then have

U, = 28,132 (sin gﬂ + sin %0) + 0(7‘5/2)

ﬂg-—"ﬁ0>0 if 6§ — 0.
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On the other hand, from (9.19), (9.24), (9.28), (9.29) and (9.31), (9.32) we deduce that
Bs = Brpb'/?,
and therefore 3, , > 0 if A is close to b. O
We have proved so far that
ay, and fB,, are continuous in (A,b) for —oo < A < b < 00, and never vanish,
and ay, > 0, By > 0if b — A is small. It follows that
axy >0 By >0 forall —oo < A< b< 0.
Taking A = 0 and b — oo we deduce that
a=limag, >0, B=1mpB, > 0.
Recalling (8.17), (8.19) we see that a > 0, 3 > 0 and thus, by (8.15), y(0+) > 0. O
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