NUMERICAL ANALYSIS OF THE CAHN-HILLIARD EQUATION
AND APPROXIMATION FOR THE HELE-SHAW PROBLEM,
PART I: ERROR ANALYSIS UNDER MINIMUM REGULARITIES *
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Abstract. In this first part of a series, we propose and analyze, under minimum regularity
assumptions, a semi-discrete (in time) scheme and a fully discrete mixed finite element scheme for
the Cahn-Hilliard equation us + A(eAu — e~ ! f(u)) = 0 arising from phase transition in materials
science, where ¢ is a small parameter known as an “interaction length”. The primary goal of this
paper is to establish some useful a priori error estimates for the proposed numerical methods, in
particular, by focusing on the dependence of the error bounds on e. Quasi-optimal order error
bounds are shown for the semi-discrete and fully discrete schemes under different constraints on the
mesh size h and the local time step size k., of the stretched time grid, and minimum regularity
assumptions on the initial function ug and domain 2. In particular, all our error bounds depend
on % only in some lower polynomial order for small . The cruxes of the analysis are to establish
stability estimates for the discrete solutions, to use a spectrum estimate result of Alikakos and Fusco
[3] and Chen [15], and to establish a discrete counterpart of it for a linearized Cahn-Hilliard operator
to handle the nonlinear term on the stretched time grid. It is this polynomial dependency of the
error bounds that paves the way for us to establish convergence of the numerical solution to the
solution of the Hele-Shaw (Mullins-Sekerka) problem (as € \, 0) in Part II [26] of the series.
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1. Introduction. This paper is the first part of a series (cf. [26]) which de-
vote to error analysis of a mixed finite element approximation for the Cahn-Hilliard
equation and convergence analysis of the numerical solution to the solution of the
Hele-Shaw (Mullins-Sekerka) problem. While Part IT [26] of this series focuses on the
approximation of the Hele-Shaw problem under some stronger regularity assumptions,
this paper mainly concerns the error analysis of the mixed finite element method for
the Cahn-Hilliard equation under minimum regularity assumptions on the domain
and the initial data. Specifically, we shall propose and analyze a semi-discrete (in
time) method and a fully discrete mixed finite element time-stepping method for the
Cahn-Hilliard equation (the super-index € on u® is suppressed for notational brevity)

ur + A(eAu — %f(u)) =0 inQr:=0Qx(0,T), (1.1)
% = %(EAU - %f(u)) =0 indQr:=90x(0,T), (1.2)
u=uwp inx {0}, (1.3)

where Q ¢ RY (N = 2,3) is a bounded domain with a C*! boundary 9Q. T > 0 is a
fixed constant, and f is the derivative of a smooth double equal well potential taking
its global minimum value 0 at v = +1. A typical example of f is

f(u):=F'(u) and F(u)= i(u2 —1)%.
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The existence of bistable states suggests that a nonconvex energy functional is as-
sociated with the equation (see the discussion below). In order to achieve broader
applicability, in this paper we shall consider more general potentials which satisfy
some structural assumptions (see Section 2), and our analysis will be carried out
based on these assumptions. We like to remark that nonsmooth potentials have also
been considered in the literature for the Cahn-Hilliard equation, for that we refer
to [21, 18, 6, 7] and the references therein.

The equation (1.1) was originally introduced by Cahn and Hilliard [12] to describe
the complicated phase separation and coarsening phenomena in a melted alloy that is
quenched to a temperature at which only two different concentration phases can exist
stably. Note that the equation (1.1) differs from the original Cahn-Hilliard equation
(see [12]) in the scaling of the time so that ¢ here, called the fast time, represents £
in the original formulation.

In the equation, u represents the concentration of one of the two metallic compo-
nents of the alloy mixture. The parameter € is an “interaction length”, which is small
compared to the characteristic dimensions on the laboratory scale. The two boundary
conditions in (1.2), the outward normal derivatives of u and eAu — e~1 f(u) vanish
on 02, imply that none of the mixture can pass through the walls of the container
Q; the first condition is the most natural way to ensure that the total “free energy”
of the mixture decreases in time, which is required by thermodynamics, when there
is no interaction between the alloy and the containing walls. The evolution of the
concentration consists of two stages: the first stage (rapid in time) is known as phase
separation and the second (slow in time) is known as phase coarsening. At the end
of the first stage, fine-scaled phase regions are formed, which are separated by a thin
region, usually considered as a hypersurface called the interface. At the end of the
second stage, the solution will generically tend to a stable state, which minimizes
the energy functional associated with (1.1). For more physical background, deriva-
tion, and discussion of the Cahn-Hilliard equation and related equations, we refer to
[12, 8, 2, 11, 30, 31, 4] and the references therein.

It is well-known that the Cahn-Hilliard equation (1.1) is a gradient flow with the
Liapunov energy functional

Jw)i= [ 6(wds and () = 5IVul + ZF(u). (1.4)

Here, the energy density ¢.(u) is a nonconvex function. It is also known [1] that
the elliptic operator Lo (u) := A(eAu— e~ 1 f(u)) associated with the Cahn-Hilliard
equation (1.1) is the representation of the Fréchet derivative J!(u) of J.(u) in the
space H~1(Q).

Another gradient flow for the same Liapunov energy functional in (1.4) is the
Allen-Cahn equation

ut—EAu—&—éf(u):O, (1.5)

which was originally introduced by Allen and Cahn [4] to describe the motion of
antiphase boundaries in crystalline solids (see [12, 31, 25] and references therein). It
is also known [1] that the elliptic operator L ac(u) := —eAu+e~1 f(u) associated with
the Allen-Cahn equation (1.5) is the representation of the Fréchet derivative J!(u) in
the space L2(€2). On the other hand, the Cahn-Hilliard equation is known to conserve
the total mass because its solution satisfies % Jou(z,t)dz = 0, but the Allen-Cahn
equation does not conserve the total mass.
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In addition to the reason that the Cahn-Hilliard equation is widely accepted as a
good model to describe the phase separation and coarsening phenomena in a melted
alloy, it has also been extensively studied in the past decade due to its connection to
an interesting and complicated free boundary problem which is known as the Mullins-
Sekerka problem arising from studying solidification/liquidation of materials of zero
specific heat, which is also known as the (two-phase) Hele-Shaw problem arising from
the study of the pressure of immiscible fluids in the air [32, 2, 16, 13, 11, 29, 28]. It was
first formally shown by Pego [32] that, as € \, 0, the function w := —eAu+ e~ f(u),
known as the chemical potential, tends to a limit, which, together with a free boundary
I := Up<i<r (T x {t}), satisfies the following Hele-Shaw (Mullins-Sekerka) problem:

Aw =0 in Q\ Ty, t€[0,7T], (1.6)
ow
o= 0 on 90, t € (0,17, (1.7)
W= 0K onTy, te€l0,1], (1.8)
170w
V= 5 [%} r, on Ft, t e [O,T] s (19)
1—‘0 = POQ when t =0. (110)

Here

x and V are, respectively, the mean curvature and the normal velocity of the interface
Iy, n is the unit outward normal to either 092 or I'y, [g—:]rt = ‘95“—7: - 65“—7:, and
wt and w™ are respectively the restriction of w in Q; and €, the exterior and
interior of T'; in Q. Also u — +1 in QF for all t € [0,T], as € \, 0. The rigorous
justification of this limit was successfully carried out by Alikakos, Bates and Chen [2]
under the assumption that the above Hele-Shaw (Mullins-Sekerka) problem has a
classical solution. Later, Chen [16] formulated a weak solution to the Hele-Shaw
(Mullins-Sekerka) problem and showed, using an energy method, that the solution
of (1.1)-(1.3) approaches, as € \, 0, to a weak solution of the Hele-Shaw (Mullins-
Sekerka) problem. Also, using an energy method, Stoth [35] established a global
(in time) convergence result for the case of three-dimensional radial symmetry and
Dirichlet boundary conditions.

It is clear that the study of the Cahn-Hilliard equation (1.1) is of great value for
understanding phase transition and for investigating the Hele-Shaw (Mullins-Sekerka)
(free boundary) problem by taking advantage of the fact that the solution of the
Cahn-Hilliard equation is known to exist for all times [24]. In particular, this is
attractive from the computational point of view. Due to the nonlinearity in the Cahn-
Hilliard equation, its solution only can be sought numerically. The primary numerical
challenge for solving the Cahn-Hilliard equation results from the presence of the small
parameter ¢ in front of the nonlinear term in the equation. Recall convergence of the
Cahn-Hilliard equation to the Hele-Shaw (Mullins-Sekerka) model only when e is
small. On the other hand, the equation becomes a singularly perturbed fourth order
“heat” equation for small . To resolve the solution numerically, one has to use small
(space) mesh size h and (time) step size k, which must be related to the parameter
. Numerical approaches are often based on a mixed formulation of (1.1)-(1.3) which
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involves the chemical potential w,

ur = Aw in Qr, (1.11)
wzéf(u)—sAu in Qr, (1.12)
ou Ow

5 = E =0 on 0f) X (O,T), (113)
u(z,0) = uo(x) Vze. (1.14)

We refer to [24, 9] and refererences therein for more discussions on well-posedness and
regularities of the Cahn-Hilliard and the biharmonic problems.

In the past fifteen years, numerical approximations of the Cahn-Hilliard equa-
tion with a fized € have been developed and analyzed by many authors. Elliott and
Zheng [24] analyzed a (continuous in time) semi-discrete conforming finite element
discretization in one space dimension. Numerical experiments of the method in one
space dimension were reported in [21]. Elliott and French [23] proposed a (continu-
ous in time) semi-discrete nonconforming finite element method based on the Morley
nonconforming finite element method [10, 17]. Optimal order error estimates were
also established for the nonconforming method under the assumption that the solu-
tion is smooth. Elliott, French and Milner [22] proposed and analyzed a (continuous
in time) semi-discrete splitting finite element method (mixed finite element method)
which approximates simultaneously the concentration v and the chemical potential
w. Optimal order error estimates were shown under the assumption that the finite
element approximation uy, of the concentration w is bounded in L°°. Later, Du and
Nicolaides [19] analyzed a fully discrete splitting finite element method in one space
dimension under weaker regularity assumptions on the solution u of the Cahn-Hilliard
equation, and established optimal order error estimates by first proving the bounded-
ness of up, in L. Copetti and Elliott [18] considered the Cahn-Hilliard equation with
a nonsmooth logarithmic potential function. A fully discrete splitting finite element
method was proposed and convergence of the method was also demonstrated. In one
space dimension, French and Jensen [27] analyzed the long time behavior of the (con-
tinuous time) semi-discrete conforming hp-finite element approximations. Recently,
extensive studies have been carried out by Barrett and Blowey, and others on the
finite element approximations of the Cahn-Hilliard system for multi-component alloys
with constant or degenerate mobility, we refer to [5, 6, 7] and the references therein
for detailed expositions.

We like to point out that the results of all papers cited above were established for
the Cahn-Hilliard equation with a fired “interaction length” . No special effort and
attention were given to address issues such as how the mesh sizes h and k depend on
¢ and how the error bounds depend on e. In fact, since all those error estimates were
derived using a Gronwall inequality type argument at the end of the derivations, it is
not hard to check that all error bounds contain a factor exp(%), which clearly is not
very useful when € is small.

Unlike the numerical works mentioned above, the focus of this series is on ap-
proximating the solution of the Cahn-Hilliard equation (1.1) for small £, which is the
case for both applications we are interested in: simulating the second stage of the
concentration evolution process for general regularities (Part I), and approximating
the solution (including the free boundary) of the Hele-Shaw (Mullins-Sekerka) prob-
lem via the Cahn-Hilliard equation (Part II). The primary goal of this paper is to
develop a semi-discrete (in time) and a fully discrete approximation based on a mixed
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variational formulation for the initial-boundary value problem (1.1)-(1.3), and to es-
tablish useful error bounds for general regularities, which show growth only in low
polynomial order of %, for the proposed schemes under some reasonable constraints
on mesh sizes h and k. To our knowledge, such error estimates for the Cahn-Hilliard
equation have not been known in the literature. In addition, such error bounds serve
as the basis for computing the solution of the Cahn-Hilliard equation and the solution
of the Hele-Shaw (Mullins-Sekerka) problem.

The subsequent analysis applies to a general class of admissible double equal well
potentials and initial data ug € H?**¢, £ = 0,1 that can be bounded in terms of
negative powers of ; see the general assumptions (GA;)-(GAj3) in Sections 2 and 3.

Our fully discrete scheme, based on a mixed variational formulation for u and the
chemical potential w, is defined as

(U™ ) + (VW™ Vi) =0 Vi € Vi, (1.15)

1

e (VU™ Von) +  (JU™) = W™ 0n) =0 Voy, € Vi, (1.16)
with some starting value UY € V. Here Vj, C H'(£2) denotes the continuous piecewise
linear finite element space. We consider this discrete system on the equidistant mesh
J}, and also on the stretched mesh J2 := {t,,}}_ of local mesh sizes

+ 1)k2 for 0 < tyaq < to
A = L =10, 1.1
1 { ko, for ty11 > to, (117)

with the basic mesh size kg, and some positive constants v and £y = O(1). Notice
that both meshes require asymptotically the same amount of computation cost (cf.
Section 3).

We assume that there exist positive constants mg and o; for j = 1,2, 3 such that

1
mo = ), up(z)de € (-1,1), (1.18)
€ 1 90
Teluo) = 5 || Vo 32 + — | Fluo) | 2 < Ce™>, (1.19)
1
| w§ | e := || — eAug + - Fu) ||ge <Ce™2+t £=0,1. (1.20)

We now summarize our main results in this paper. Let 0 < § < % be an arbitrary
number. On the equidistant time mesh J} = {t,,}}_, and for ug € H%(2), we show a
convergence rate O(k%_ﬁ ) for the implicit Euler semi-discretization (see Theorem 3.4),
which can be improved to O(ky ) on the stretched time mesh J2 = {t,, }M_, (see
Theorem 3.6). Theorem 4.3 contains error estimates for the fully discrete approxima-
tion of (1.1)-(1.3) on J7?, using the continuous piecewise linear mixed finite element.
The results in Theorems 3.4 and 3.6 are obtained under general regularity assump-
tions for (1.1)-(1.3). Moreover, mesh constraints, which relate €, kg and h and under
which the above convergence rates hold, are explicitly formulated. The constraints
indicate that small values of 3 severely restrict the size of k.

In the case that ug € H3(£) and either Q is a convex polygonal domain for N = 2
or the boundary 02 is of class C%! for N = 2,3, we show quasi-optimal order in k
and optimal order in h convergence on the equidistant time mesh for the fully discrete
mixed finite element approximation, see Corollaries 3.5 and 4.4.
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The analyses to be given below study the effects of temporal and spatial dis-
cretization independently for given initial data ug € H*(S2), £ = 2, 3; the complexity
of initial data (captured in terms of the parameters o;, for i = 1,..4), growth (p > 2)
and degree of the nonmonotonicity (6 > 0) of f, and the value £ > 0 are all taken
into account here to draw conclusions for a robust numerical scheme which necessar-
ily relates the different scales ¢ and kg, h, under the premise to derive error bounds
that depend only polynomially on % This scenario not only gives practically relevant
error bounds for quantities of interest in materials science (i.e., concentration) but
also paves the way to approximate the Hele-Shaw (Mullins-Sekerka) problem via the
Cahn-Hilliard equation in the second part [26] of this series.

The main result for (1.15)-(1.16) and general f is given in Theorem 4.3, here we
present it in a simplified form.

THEOREM 1.1. Let {(U™ W™)M_, solve (1.15)-(1.16) on J:T° = {tm}M_,
and for ug € H>4(Q), £ = 0,1. Suppose that Ty, is a quasi-uniform triangulation
of Q, allowing for inverse inequalities and H'-stability of the L*-projection in the
continuous linear finite element space. For any fixred 0 < § < %, if the mesh sizes
ko, h and the starting value U° satisfy some appropriate constraints (see Theorem 4.3
and Corollary 4.4 for the precise descriptions), then there hold

| o
() max u(tn) = U™ -

- m |12 % ~ 228 —v 2 _—v
(D b lutn) = U™ 32)" < C{kyT e 4 n2e2
m=1

1

(ii) (f: o | () = U™ |31 < C{koi et heT
m=1

where C' = C’(T,Q,Ui,p,d,ﬂ;ln(%)) is homogeneous in the last argument, and v; =
vi(oi,p,8,0) for j =1,2. Here, it is understood that ko =k for J}.
To establish the above error estimates, the following three ingredients play a
crucial role in our analysis.
e To establish stability estimates for the discrete solutions of the semi-discrete
(in time) and the fully discrete schemes.
e To handle the (nonlinear) potential term in the error equation using a spec-
trum estimate result due to Alikakos and Fusco [3], and Chen [15] for the
linearized Cahn-Hilliard operator

Lo = A(eA — éf’(u)[) , (1.21)

where I denotes the identity operator and w is a solution of the Cahn-Hilliard
equation (1.1); see Proposition 2.2 for details.
e To establish a discrete counterpart of above spectrum estimate.

We remark that, using a similar approach a parallel study was also carried out
by the authors in [25] for the Allen-Cahn equation and the related curvature driven
flows. On the other hand, unlike the Allen-Cahn equation which is a gradient flow
in L2, the Cahn-Hilliard equation is a gradient flow only in H !, which makes the
analysis for the Cahn-Hilliard equation in this paper more delicate and complicated
than that for the Allen-Cahn equation given in [25].
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The paper is organized as follows: In Section 2, we shall derive some a priori
estimates for the solution of (1.1)-(1.3), where special attention is given to the depen-
dence of the solution on € in various norms. In Section 3 we consider the backward
Euler semi-discrete (in time) scheme for the Cahn-Hilliard equation and establish
some stability estimates for the semi-discrete solution. We then obtain a sub-optimal
error bound, which depends on % only in a low polynomial order for small ¢ as is
summarized in Theorems 3.4-3.6. The spectrum estimate plays a crucial role in the
proof. In Section 4, we propose a fully discrete approximation obtained by discretizing
the semi-discrete scheme of Section 3 in space using the lowest order Ciarlet-Raviart
mixed finite element method. Optimal order error bounds, depending on % only in a
low polynomial order, are shown for the fully discrete method in Theorem 4.3. The
main ideas are to establish some stability estimates for the fully discrete solutions,
and more importantly to prove a discrete counterpart of the spectrum estimate of
[3, 15].

2. Energy estimates for the differential problem. In this section, we derive
some energy estimates in various function spaces in terms of negative powers of ¢ for
the solution u the Cahn-Hilliard equation (1.1) for given ug € H*t4(Q), £ = 0, 1. Here
J = (0,T), and H*(Q) denotes the standard Sobolev space of the functions which
and their up to kth order derivatives are L2-integrable. Throughout this paper, the
standard space, norm and inner product notation are adopted. Their definitions can
be found in [10, 17]. In particular, (-,-) denotes the standard inner product on L?(2).
Also, ¢, ¢4, C, C, C’j are generic positive constants which are independent of € and the
time and space mesh sizes k, kg and h.

In addition, define for r > 0

H(Q) = (H"(Q)*,  Hy"(Q):={weH"(Q); <w,1>=0},
)

where < -,- >, stands for the dual product between H"(2) and H~"(f2); we denote
L3(Q) = HJ(Q). For v € LE(Q), let v1 := —A~1v € H(Q) N L3(£2) be the solution to

—Avy =v in Q,
%—O on 0f)
on ’

and define A~3v as
A" 2y = Vo, = -VA~ 1.

We make the following general assumptions on the derivative f of the potential
function F:

General Assumption 1 (GA;)
1) f=F', for F € C*R), such that F(+1) =0, and F > 0 elsewhere.

2) f'(u) satisfies for some finite 2 < p < % and positive numbers ¢&; > 0,
i=0,..3,

61|u|p_2—60 < f’(u) §62|u|p_2+63.
3) There exist 0 < 1 <1, 92 > 0 and § > 0 such that for all |a| < 2

(f(a) = f(b).a=b) =7 (f'(a)(a—b),a—b) —y2|a—b**.
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Remark: Tt is trivial to check that (GAj)2 implies
—(f'(wv,v) <é vz, YveL*(Q), (2.1)

which will be utilized several times in the paper.

Ezample: The potential function F(u) = % (u® —1)2, consequently, f(u) = u3—u,
is often used in physical and geometrical applications [4, 12, 8, 2, 16]. For readers’
convenience, we verify (GA;);-(GAq)s for the case in the following. First, (GA1);
holds trivially. Since f’(u) = 3u? — 1, (GA1)2 holds with ¢; = é; =3 and ¢y = 3 = 1.
A direct calculation gives

fla) = f(b) = (a=b)[f'(a) + (a = b)* = 3(a — b)a] . (2.2)

Hence, (GA1)3 holds with v; = 1,72 = 3, and 6 = 1. Also, (2.1) holds with &, = 1.
In order to trace dependence of the solution on the small parameter € > 0, we
assume that the initial function wug satisfies the following conditions:

General Assumption 2 (GA»)
There exist positive e-independent constants mg and o;, 7 = 1,2,3 such that
(1.18)-(1.20) hold.

LEMMA 2.1. Suppose that f satisfies (GA1), and ug € H?(Q) satisfies (1.18)-
(1.19) in (GAz). Then, the following estimates hold for the solution (u,w) of (1.11)-

(1.14):
. 1
(i) —/ wdz =mg € (-1,1), Vt>0,
12 Jo
o0 2
.. £ 1 f() || ut(s) ”H—l ds
(ii) ess Sllp{i I Vu||2L2+g | F(u) ||L1}+ N = J-(uo),
" S5 1 Fuw(s) |32 ds
(iii) / || Au(s) ||2d5 < Qe (201+3) 7
0

e fo Nu(s) 122 ds

(iv) esssup ||[A7 |7 + < O g~ max{201(p=1)+p+1,202}
[o ]
(0:5] ey I Aw(s)[l7. ds
(v) ess sup || Aul2 < Cpue).
0,00

(vi) ess sup 7(t)|| e ||F-1 + 5/ 7(8)|| Vg |22 ds < Ce=n1t3) |
[0,00] 0

o0
(vil) ess sup 7(¢)| us ||%2 + E/ 7(s)|| Auy ||%2 ds < O g~ max{201(p—1)+p+4,202+1} ,
0

0,00]

i) [ 1A o) [ ds < O,
(ix) /OOO ()| A7 uge(s) |31 ds < C pale)

where

p1(5) = max{201(p—1)+p+3,201+3,2(c2+1)} ,

p2(5) — e max{2(c1(2p—3)+p+1),202+14+201 (p—2)+p} ,
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and T = 7(t) = min{t, to}, for any fived small number 0 < ty < 1.

Proof. (i) The assertion follows immediately from integrating (1.1) over € and
using the boundary condition (1.2).

(ii) This assertion is the immediate consequence of the basic energy law associated
with the Cahn-Hilliard equation

d — [l e (®) 13-
4 Jo(ut) = 2.3)
=l Vw(t) 2.,
where
Te(u) == / [£|Vu|2 + éF(u) dz Vt>0. (2.4)
Q

(iii) Multiply (1.11) by u, (1.12) by —Auwu, and add these equations. Integration
by parts on the nonlinear term and (2.1) lead to
1d 1 C
S lule el Aule < =2 (/)| Vul) < 2 Tula.

The assertion then follows from (ii).
(iv) We formally differentiate (1.11)-(1.12) in time,

Ut — A’LUt = 07 (25)
1
W= < F(u)uy — e Auy . (2.6)
Testing (2.5) with A~2u,, (2.6) with —Awu,, and using Young’s inequality we get
1d 1 _
SN A e el e = =2 (s, A ) (2.7
1
< = !/
<0 fw)

A

€ c _
< gluelze+ I () IZs A7 e [1Ze
The last term in (2.7) can be bounded by

1 _1 1/ 2(p—2 ~ 1
S IP @I 1A Fu 3 < 5 (@ luli 2 + &)l A 3uwlf. (28)
Coming back to (2.7), and integrating over [0, c0) then gives the result.
(v) We multiply (1.11) by w, (1.12) by —Au, and use (2.1) to get

8
ellAullz, < - || A” UtHLz—g(f'(U)Vu,VU) (2.9)

—_

=M

800
— A w7 + — 1 VuZ:

The assertion follows from (ii) and (iv).
(vi) Testing (2.5) with —7A~tu,, (2.6) with 7u;, and using Young’s inequality

give
1d 1 _1 T
S (Tl l3es) +em I Va3 < 5 1A w2 = 2 (/) [ )
2dt €
<3 ||A bu |2, + HUt 122
< 1 &r

7|\wt||%z+(5+2g e -+
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We then obtain (vi) from (ii).
(vii) Multiplying (2.5) by Tus, (2.6) by —7Au, leads to

1d 1 T
ga(TH uy ||%2) +e7 || Aug |3 = §|| ug |72 + Z (f"(w)ug, Auy) (2.10)
1 Cr
< §|| ug |7, + — | f"(w) llza || Ve || 2 || Aug || 22
1 Cr
< §|| ug |72 + = |/ (w) |75 || Ve [|72 + 2 || Aug |32

Using an argument similar to (2.8), the fact that H'(Q) — L3*=2)(Q) and (vi) we
get the assertion (vii).
(viii) Testing (2.5) with A~%uy and (2.6) with —A~3uy leads to

_ 2 _
A g |72 < € [lue |72 + - (f'(w)uy, A Su)
2 _
< e ue 3+ 200 lle e g | A% 2o
C 2 ~ 1 _
< (@ ||u||L«32p D+ (@)2) e e + 5 | A2t 3

The assertion (viii) then follows from H(Q) < L2*®=2)(Q) and (ii), (iv).
(ix) Multiplying (2.5) by —7A 3uy, (2.6) by —TA"%uy; gives

_3 ed _1 T _ € A _1
ol ARy |3+ 52 (7] A7 Fu ||%2):—g<f'<u>ut,A 2uie) + | A du |2
(u)

S 92 1f" ) 125 e 122 + 5 || A" Fug |72 + 5 || A5 |3 (2.11)
Then, the above inequality, (iv) and (ii) imply the assertion. O

The above estimates are derived under the minimum regularity assumption ug €
H?(Q). They show the strong dependency of the solution on negative powers of
€ in high norms. On the other hand, we show in the following that the estimates
will improve drastically if the initial data ug € H3(Q2) and the boundary 92 € C*!
are considered. Alternatively, the subsequent results also hold for convex polygonal
domains in the case N = 2.

LEMMA 2.2. Suppose that f satisfies (GA1), and ug € H3(Q) satisfies (GAz),
and O is of class C*'. Then the solution of (1.11)-(1.14) satisfies the following
estimates:

1

(i) 9] ude =mg € (—-1,1), Vt>0,
Q

o0
(i) ess sup || u||3-1 + 5/ | Vg |25 ds < O g~ max{2o1+3.203}
0

[0,00]

(iii) ess sup || Vu % + 8/ | u(s)||%s ds < C e {2on(p=1FpHa}
0

0,00
) [ 1A [y ds < Cae).
0

where

ﬁ2 (E) — e max{201(2p—3)+2p+2,201 (p—2)+202+p+1,203—1}
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Proof. (i) The proof of assertion (i) is trivial.

(ii) Tt is same as step (vi) in the proof of Lemma 2.1 except for omitting the time
weight.

(iii) We multiply (1.11) by —Au, (1.12) by A%u, and integrate by parts.

1d 1

1
< 1@zl Vel

3
%6 + 5 || VA’U, ||%2 .

The assertion follows from integration over times 0 < s < oo and applying (iii) of
Lemma 2.1.

(iv) This estimate follows directly from (2.11). O

We conclude this section by citing the following result of [3, 15] on a low bound
estimate of the spectrum of the linearized Cahn-Hilliard operator Lo gy in (1.14). The
estimate plays an important role in our error analysis.

PROPOSITION 2.3. Suppose that (GA1) holds. Then there exists a positive con-
stant Cy such that the principle eigenvalue of the linearized Cahn-Hilliard operator
Loy in (1.14) satisfies for small e > 0

2 L1
- 13 || V'Kb ||L2 +15 (f (U)l/fa 77[]) Z _CO;
0£YEH! () | A== ||2,

)\CH =

or equivalently

2 1(p
oy e VM@)o

2 -
LS I Ve lze

3. Error analysis for a semi-discrete (in time) approximation. We start
this section with a weak formulation of (1.11)-(1.14): Find (u(t),w(t)) € [H'(Q)]?
such that for almost every ¢ € (0,7)

(ug,m) + (Vw, V) =0 Ve HY(Q), (3.1)
E(VU7VU)+§(f(u)7v) = (w,v) YveHY(Q)), (3.2)
u(z,0) =up(z) Vae. (3.3)

Note that (us, 1) = 0, that is, the mass (u(t),1) = (u§, 1) is conserved for all ¢ > 0.
A semi-discrete mixed formulation via implicit Euler method on the time mesh
Ji = {tm}}_; reads: Find {(u™, wm)}M € [H'(Q)]? such that for every 0 < m <

m=1
M
(deu™ T m) + (V™ V) =0 Vne HY(Q), (3.4)
e (Vu™ Vo) + é (f(u™ ), v) = (W™ v) Vve HY(Q), (3.5)

with u® = ug. Here J} := {t,,}M_, is a quasi-uniform partition of [0, 7] of mesh size
k:= L. Also, dyu™tt = (umt! —um) /k.
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It turns out from the subsequent analysis that this scheme on the time mesh J}
only performs sub-optimal (see Theorem 3.4) for general regularities (see Lemma 2.1)
and quasi-optimal (see Corollary 3.5) under additional assumptions on regularity of
the problem (see Lemma 2.2). The reason for the sub-optimal convergence in the case
of general regularities is the lack of an estimate for A= uy in L?(J, H~1(2)).

In order to construct an optimally convergent time discretization scheme for
(1.11)-(1.12) in the case ug € H?(f)), we suggest to compute iterates u™*! of (3.4)-
(3.5) on a stretched mesh J? := {t,,}2_. of local mesh sizes

[ (m+1)k2, for 0 <ty < to,

Fmt1 = { ko, for tm41 > to, (36)

with the basic mesh size ko and some positive constants v, and £y = O(1); see (Chap-

ter 10 of [33]). Obviously, this grid structure is very fine near the origin, with increas-

ing mesh size at increasing times, and requires O(kq 1) iteration steps to overcome

the critical time interval [0,%]. It will be proved in Theorem 3.6 that the benefit of
using the stretched mesh J,f is that it results in quasi-optimal error bounds.

For equidistant meshes, the scheme (3.4)-(3.5) has been used mostly in the liter-
ature (see [25, 19] and the reference therein). However, a verification of an estimate
that corresponds to (ii) of Lemma 2.1 for the semi-discrete solution is not immediate,
since (GA1); has no evident discrete analogy. The necessity of this result will be clear
in the subsequent error analysis, for that we make the final general assumption on f
which applies to both meshes J! and JZ:

General Assumption 3 (GAj)
Suppose that there exists ag > 0, 0 < 3 < 1, and ¢4 > 0 such that f satisfies for
any 0 < ky, < &% and any set of discrete (in time) functions {¢™}}_, € H'(Q)

m=0

4
15 > o (1| ded™ -1 + e Vud™ |32 (3.7)

m=1

| F(6%) |pr Ve< M.

o | S

4
F2 3 B (), ™) + E4T() 2

m=1

A direct consequence of (3.7) are the following stability estimates for the scheme
(3.4)-(3.5) to be valid on both meshes J! and J?. Moreover, additional estimates in
strong norms are shown for the stretched mesh, which indicates its stabilizing effect.

LEMMA 3.1. For ky,, < &% and ug € H*(Q), the solution of the scheme (8.4)-
(3.5) satisfies the following estimates on both meshes J,i and J,f.

1
(1) 9] u™dr =mg € (-1,1), Vm >0,
Q
1
.. m |12 - m
(i) max Lo V™ 3+ 2 | F@™) o }

M
3 b { V0 [ ™ [+ o || V™ 3} < 260 T (00),
m=1

M
(i) Y kel Au™ |72 < Cem G
m=0
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Moreover, there hold for J}

M

(iV) max ” A~ ldtum ||L2 + ek Z || dyu™ ||L2 < C«Efmax{2a1(20 1)+p+1, 202}
m=1
<
) mas 1807 < O,
and for J?

M ~,
>l dzum 13-

m=1

i) max {lldu [Fo + o) Va 2} + 2

S N’|ow

ek} x
g IV e} 45 3 bl V™ I

<C{s (201+3) ( )57{201@71”%;}}7

M
(i) mmax Ll de [+ ) Aum 3} + Z{ndfwniz+a||Adtum||%z}

m=1

M
e k1 ~
—|—§ E km || Adiu™ ||%2 <Cepr (5) )

where dy ™t = % {emtt — ™}, and

1 1 :
pi(e) = max{ln(k_o) e~ (QDE-2+) [ —Qor+3) 4 ln(k_o) e~ Qo= 4rr3))

+C{572((01+U2)+1) + 57(20'1(1)72)+201+ZD+1)}7 1 (5‘)} .

In addition, under the assumptions of Lemma 2.2, there also holds for the mesh J}

M
(viii)  Joax |du™ 32 + ek Y || Vdeu™ |7, < Cemmax2ontd2ost = (38)
m=1
M
(ix) 0eniXut IVu™ |2+ ek Y um|[fa < Cem BorlemDipia), (3.9)
m=0

Proof. The proof of (i) is trivial, setting n = 1 in (3.4). To see (ii), we choose
(n,v) = (W™ dyu™*t) in (3.4)-(3.5). The assertion then follows from (GAjz) and
the inequality || diu™ ™ || g-1 < || V™| 2.

The proof of (iii) is similar to that of (iii) in Lemma 2.1. We choose (n,v) =
(u™ 1, —Ay™*t1) in (3.4)-(3.5) and arrive at
L doll ™ |2 Kmia m+1 2 € m+1 |2 Lo my m+1 |2
Ll B 2 4 S A = L (), T )

é
= | Va7

IN

The assertion then follows from (ii).
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To show assertion (iv), we first apply the difference operator d; to (3.4)-(3.5),
(Zu™ ) + ¢ (Vd,gw"”rl Vn) =0 VneHY(Q), (3.10)
e(Vdyu™ ™, Vo) + (d fuw™ ™), 0) = (dpw™ v) Yoe HY(Q). (3.11)

For (n,v) = (A72dyu™ —A~1d;w™*1), using the Mean Value Theorem on
dy f(u™*1) leads to

—dt||A Y™t ||L2+ AT ™ [T + e || dew™ |72 (3.12)
2
=z (f/(g)dtumﬂ, Afldtumﬂ)
8 m — m
< 5 Il deu e + = || SO | A7 dpu™ 176

Here, ¢ is a value between u™ and v™*!. For the following step, we introduce v~ €

H(Q) such that ﬁ Jou™tdz = my, as the solution of

(A7 du®, ) = (—e Au® + é ), ©), (3.13)

for all o € {x € H'(Q); (¢,1) =0}.
Then, summation over 0 < m < M, and Cauchy’s inequality, together with (ii)
imply the result.

(v) We test (3.4)-(3.5) by (—A~tym*l ym+l)

)
m—+1 (|12 1 —1 m—+1 (|12 2 1/, m—+1 m+1 |2
AR < 2 AT R = 2 (), Va2

the assertion follows from (2.1), (ii) and (iv).
Finally, the estimates (viii)-(ix) can be shown using similar arguments to those
in the proof of (ii)-(iii) of Lemma 2.2 with some straightforward modifications.

We now analyze solutions {um}i\::o which are obtained from the mesh J2. The
estimates (i)-(iii) remain valid for the mesh J?. Instead of (iv) and (v), we find the
stronger results (vi) and (vii). Rewrite (3.4) as

dyu™ — (m 4 DkoAw™ = 0. (3.14)
(vi) We apply d, to this equation and find
querl - kaAtherl —Awm™tl =9,
We test the above equation with —A~'d;u™t! and find the counterpart of (3.12)

ko

|| A= dyu™ 122 + = || A3 2y 125 + emko | Vdeu™ 2. (3.15)

N~

~ ki
2 Al Va7 + 5—0 | Vi |

7€) dtu’”*l )4t

9 9

e ( (f' (™t V™t VAT du™ )
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Here, ¢ is a value between u™ and ™1, Using (2.1), the last line can be bounded
by

comk ~ C ~
= ™ R LS @) (o | Ve 2 | VAT ™

< Emko Omko

I Vdeu™ (172 + VA= dpu™ |12

Ty f’(um“) e [ Va™ ™ ||L2 I VA= dpu™ [ s
9

Let 6 > 0. Using (2.8) the last contribution is bounded by

co

~ _ ~ =
=2 (02 I umtl Hz(p 2 4 03) I AT ||%2 + L— [ dyumt? ||2L2

L3(p—2)

<(Cé 57{(2‘71+1)(1072)+2al+%} " Smko

| Vdew™ (|7, + —— | VA~ dpu™ |32

komd? |

We insert this into (3 15) and multiply by ko, finally sum over m from 1 to £ (< M).

Note that | Zm L= —Ini; | <1, and
M
1~ 1

Dk | A2 dpu™ 3, = Z Ko (kom)® | A= 2 dpu™ |22
m=1 m=1

M

1
< 3 | AR |3
m=1

From (i) and discrete Gronwall’s inequality, we find for the choice 6% = In( o

|,_.
~—

1 L5 02 3 - 72 2 € v 7 2
SIAT Rt |3+ 2 3 A B e+ S Y kil VA [
m=1 m=1
€ ek m
+§||v 2, + =2 0 Z | Vdu™ |3, (3.16)

<cfemenay m(k1

)6,{201(p,1)+p+.§}} IS R A
0

By (ii), the last two terms can be bounded by £72°

from the scaling of the stretched mesh JZ,

1. We benefit at this point again

0
A3 2, < KB ARt ||, < O

(vii) We test (3.14) with dyu™t!. In the sequel, ¢ is a value between u™ and
m—+1

U
Lo s g2 kO 72, m+1 m+1 12
5 dt” dtu ||L2 2 || d ||L2 + Emko || Adtu || (317)
ek
5 ol Aum e+ S | Ad
1

"R (@, M) - 1

. . (f-l(um—i-l)vum—i-l, vcztum—i-l) ]
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We multiply by ko, sum over m from 1 to M, use the upper bound from (2.8) and
the estimate

1 ~
B [ f’(um) s [| V™ ||z || Vdiu™ || Lo

m smko m
< S ) eV e + S5 | ada |
C _ mn2(p—2 B m amko m
< e (@1 15562 + ) | Vu ||%2+ | Adpa™ |13
< ¢ E*(201+1)(P*2)*3+ Emko ||AdtUmHL2
mko
to get from (3.17)
1 - k2o
Jimax Ll da [+ || Au |} + ZQ{H Pum |3 (3.18)
9 ~ 9 M ~
+3 1 A s} 5 3 kol A |
1 1
< 5 {llde 32 + ¢ A ||L2}+Cg*{2m<f’ 240+ (- )
0

+— Z ko | F(€) 125 1| dew™ |12 -

The logarithmic term comes again from the bound | Z
term in (3.18) is estimated by

—In4; | < 1. The last

mlm

M
C ~ 7. m
= D ko (Gl 50,2 + @) | Vo™ |3 (3.19)
m=1
< cm(i) (201 +1)(p-2)+3) {57<2a1+3> n 1n(i) 57@01@71”%%)} _
- ko ko

The last inequality follows from an elementary calculation.

The first two terms on the right hand side of (3.18) are bounded because of the
structure of J?. Therefore, we come back to (3.14), taking m = 0 and testing the
equation with dyu lead to

k ~
| deut [|25 + —dt|| Aut|2, = —?0 (f'(")Vu', Vdu)

Co 1
< L Tul e+ 2 I o |V g [ VO e

Similar to (2.8) and (2.9), using (GA3) the above inequality is continued by

2¢
= HVU [ t s ||f( DN7s | Vu® |76 (3.20)

260 2(p—2 -
| vl ||L2+ — (Il 1385 + ) | A I

< 0{872(al+1) I 57(201(p72)+p71)}{87(2014»2) T 57(2a'1+1)} _
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Using (3.20) and (3.19), we find the following upper bound for (3.18)

Cln(i) 5—<<2ol+1)<p—2)+3){5—(2al+3) n 1n(i
ko kO

+C{ —2((1+02)+1) | (201 (p— 2)+2al+p+1)}

) 5—(201(p—1)+p+%)}

This concludes the proof. O

3.1. Verification of (GAj3) for the case f(u) = u® — u. For the reader’s
convenience, we verify (GAj3) and show the following estimates for this specific case.
The results are valid for both meshes J} and J?. Note that k,, := k on the mesh J}.

LEMMA 3.2. For k < &® (resp. ky, < &3 for J2), the solution {(u™,w™)}M_, of
(3.4)-(3.5) satisfies for both meshes J\ and J?

M
Jmmase Lol Vum [F 4 = [ P o + Z_lkm{z | A2 |3
km Kem m Km m
7 (o= g IV 2+ 5 (w2 = 1) 72 ] < Te(u®).
Proof. Rewrite f(u™*1) as follows
1
flum) = 5 (| w2 1) ([um ) + kmdtum“) . (3.21)
Then
1
oo (F@™h), du™ ) ( TR <1 dy(| 2 1)) (3.22)
2e T 2
km m m
+2 (| +1|2—1,|dtu +1|2>
1 m+1 2 m |2 m+1 2 km m+1 12
> o (Jum P =1 (u —1),dt(|u 1)) = S
1 m m km m
> oo dil [w™ P =17 + = de(wm P = 1) 7 = Sl ™ e
The last contribution is decomposed as follows,
k

k
R e P PN P2
< by artaum g+ o Gare .

Multiplying (3.7) by k,, and summing over m from 0 to M we obtain (3.7) with
ap = 3,73 = %, and ¢4 = 2.

The proof is completed by testing (3.4) with w™*!, (3.5) with d;u™*!, and ap-
plying (3.22). O

The above derivation also suggests to consider the following variant scheme of
(3.4)-(3.5):

(deu™ ) + (V™ Vi) =0, (3.23)
1
e (Vu™ Vo) + = {lu™ P+ ™ PP =2 {u™ + u™ T} 0) = (™, v) (3,24)



18 Xijaobing Feng and Andreas Prohl

for all tuple (n,v) € [H*(€)]. It turns out that this new scheme has better stability
properties than the scheme (3.4)-(3.5) does, as shown by the next lemma.
LEMMA 3.3. The solution {u™}M_ of (3.23) satisfies for any k >0 (ko > 0)

m=

M ek
1 m m
> kn{ll A~ du™ |32 + S | V™ 13- |

m=1

€ m 1 m
+ max {51V e+ S F@) o | = Ze().

Proof. After testing (3.23) with w™*!, (3.24) with d;u™*!, the only term which
needs special care is

1
.A = E ({| u™ |2 4 |um+1 |2 _ 2}{um 4 uerl},dtuerl)

appearing on the left hand side of the equation. We apply a binomial formula twice
to reformulate this term as

1
A= o ({um P [ P =2} do| ™ P)
1
= o (Hwm P+ a2 = 23, d w2 - 1])
1 m
= il P -1

The proof then is completed by taking summation over m. O

Remark: Note that Lemma 3.3 holds under no constraint onto choices of k. How-
ever, despite of this advantage of scheme (3.23)-(3.24), we prefer scheme (3.4)-(3.5)
for its simpler structure and generality for different f. On the other hand, it would
be interesting to also analyze the scheme (3.23)-(3.24) and compare the two schemes
numerically.

3.2. Error estimates for the scheme (3.4)-(3.5). In this subsection, we
present the error analysis for (3.4)-(3.5) under the assumptions (GA1)-(GAj), starting
with the mesh J!. As is shown in Subsection 3.1, the stability result of the time-
discrete scheme imposes some constraint on the time step size k. In fact, in order to
establish convergence of the discrete scheme (3.4)-(3.5), this constraint needs to be
strengthened according to the following convergence theorem, which is the first of two
main theorems in this subsection.

THEOREM 3.4. Let {(u™ w™)}YM_, solve (3.4)-(3.5) on an equidistant mesh
JE={tm}M_ of mesh size O(k), and ug € H*(2). Suppose (GA1)-(GAs) hold, and
1 <8< 25 Let pi(e) and pa(e) be same as in Lemma 2.1, and

p3(€) = pa(e) [pr(e)] T IR 2 42),

P, 9) = (1404 S

ps(e, N) = [p1(e)] N [pa(e)] ",

p6(N, B) = 5[(4 —N)G— B(8 +2(4— N)(s} -
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For fized positive values 0 < 8 < %, let k satisfy the following constraint
k< Cmin{=?,e%0, [y, N)] 7, [ps (e, N)) ) (3.25)

Then there exists a positive constant C = C'(uo; 1,72, Co, T, Q) such that the solution
of (3.4)-(3.5) satisfies the following error estimate

M
o Lax | u(tm) —u™ || g1 + (k Zl{k e (u(tm) —u™) 13-

1
2

57 ||V (ultm) = u™) 32 })

Proof. The proof is split into four steps: the first step deals with consistency
error and shows the relevancy of the condition (GA1)s imposed on f. Steps two and
three use Proposition 2.3 and stability properties of the implicit Euler-method to
avoid exponential blow-up in e ! of the error constant. In the last step, an inductive
argument is used to handle the difficult caused by the super-quadratic term in (GA1)s.

Step 1: Let e™ = u(t,,) —u™ € L3(Q) and g™ := w(t,,) — w™ denote the error
functions. Subtracting (3.4)-(3.5) from (3.1)-(3.2) respectively, we obtain the error
equations

(die™ ) + (Vg™ 1, V) = (R(uws;m),m) (3.26)
(Ve Vo) + 1 (F(ultn)) — F@™H),0) = (0" 0) (3.27)
which are valid for all (1,v) € [H(2)]?, and
tm
R(u;m) = —% (s — tm—1) uee(s)ds. (3.28)
tm—1

We choose (1,v) = (=A~te™Tt emT1) and find
1 —_— m k —_= m m
5 el A7EM e+ S| AR A [ Ts ]| Ve (3.29)

—1—2 (f(u(tm+1)) - f(um-l-l)’em-i-l) _ (_A—IR(utt;m),em-i-l)'

From (ix) of Lemma 2.1,
M
B AT R m) |3 (3.30)
m=0
M t 2 t
1 m+41 (S _ tm) m-41 4 9
<= 2 tm _
< kn;)[/t o) [/t () A uge(s) |31 ds
< Ckpale).
To control the last term on the left hand side of (3.29), we use (GA1)s,
1
= (Fultmsr) = F@ 1), ) (3.31)

2! 72
> L (f (ultmen)) et et ) = LB ezl
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Step 2: We want to use the following spectrum estimate result (see Proposi-
tion 2.3) to bound from below the first term on the right hand side of (3.31)

SIVOIR+ 1 (Fw)o0) > ~Coll A dol3, YoeH'©@),  (332)

where Cy > 0 is independent of €. At the same time, we want to make use of the
H~1(Q) norm of —A™'R(us;m) in order to keep the power of 1 as low as possible
in the error constant. The latter requires to keep portions of || Ve™ ! ||2, on the left
hand side of the error equation (3.29). To this end, we apply (3.32) with a scaling

factor y1(1 — %), which together with (3.31) and (3.29) gives

1 i k 1. m € kP m
5 el A7EM e + S AR e + S [L =1 = )] | Ve

71 kP
2e

kﬁ —1 m+1 2
§0071(1—7)||A e 172
=8

3

(f (w(tmyr))e™ ™ em™ ) (3.33)
¢ m41112+6 -1 2
—|—;||e HL2+5+C | AT2 R (use; m) || 771 -

From (2.1), the second term on the right hand side can be bounded as

kP oy kP
-ne (f/(u(tmﬂ))@mﬂaem“) < | e™ |3, (3.34)
2e 2e
~ '71k6 I 715k5 m
< Gl | AR 2+ TET vemt 2,

Then, we obtain from (3.30) and (3.34) after summing (3.33) over m from 0 to £ (< M)

4
1 _1 ki, 1. € K? m
SHATE G 4k Y {S N A ™ e + (1= (1= )] [ Ve [}
m=0
¢ 1
< (C(m + mlk%*) B A2 2, 4+ Ok pa(e) (3.35)
m=0

14
Ck s
T Z lem™ 13
m=0

Note that k& = O(s%) in the coefficient of the first term on the right hand side in
order to avoid exponential growth in % of the stability constraint arising from discrete
Gronwall’s inequality.

Step 8: We now need to bound the super-quadratic term at the end of the in-
equality (3.35). First, a shift in the super-index leads to

1 C
S etz < S (em I3 + B [ et ) (3.36)

For the first term on the right hand side, we interpolate L?>*% between L? and H?2,
and using (v) of Lemma 2.1 and (v) of Lemma 3.1, we infer

Lo m 246 m 22 om ) A m (1246
e 28 <Ol Ae™ I3 el = +lem 257) (3.37)

) SEA=N)E .7 m X8

<Cllem ™ (lae™ |5 +lem %)

8+(4—N)s
2 s

N6
< Cpi(e)=le™[|pe
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Since [, e™dz = 0, the above inequality is continued by

1 m 1 _Ns Ly, g EENS m 1 2 4 N)§
e <0 [Ca@ At T | [y Vel T | (339

for some v > 0 to be fixed in the sequel.
The subsequent analysis deals with 0 < ¢ < 3 8N, which is the more involved

case. It is crucial to recover a super-quadratic exponent for || A=ze™ ||z in Step 4.
We come back to (3.38) and to look for az > 0 such that

a 84 (4 —N)é kB m
Ve e © "< 2 L=t = )] Ve [z
which implies
S+MU-N)B 16
8 N T8+ (4—-N)s’

and then set

=Cenk®.
We use these choices in (3.38), together with Young’s inequality, to find after a short
calculation that (3.38) is continued by

8+(4—N)s +8(4 N)S )

1 s e ame
~ e 12 < O [eR7] T py (o) T | AEem T (3.30)
€

kP m
+gl=m = )] Ve IIZ: .

3
Similarly, the second term on the right hand side of (3.36) can be bounded as

k2+5
| dee™ 7225
< O adiem st 1 et 15T 1 et 230) (3:40)
gCW”H@wwwiﬁww@Amwww@f+WMW“H§)
< Ck2+(4fN)5 pl( ) 8 Hdtem-’_l H2 8+(4 N)J

1 _ 84+(4—N)s
S C |:_ k2+(4 4N)5 pl(E)T || vdtem+1 HL2 3
Y

(4 N)§
|yl atdems 5]

We look for o« > 0 such that

(4 NS,

8+ k
VAT e T < T AT e

This implies

S+(U-ND o 16
8 N T8+ (4—-N)s’

and

8+(4—N)§
16

’7:



22 Xijaobing Feng and Andreas Prohl

Hence, an upper bound for (3.40) is

k 8+(4—N)5 8—(4—N)$
TIATEdem |7 + kT LI I
Q8H(A-N)S
xp1(e )m H Vdemtt Iy a—N)s

84+(4—N)§
= ORI (o) || Ve 5T + 5 A ddem B,

38H@=N)s o (4—N)s N5
< C k’s=@=n)s 8—(A—N)o pl( )S—(4—N)6

REPIRCES 372 k
< mae{ || Ve [T | Ve 3+ 7 [ A3 die

< ORI e SRR ()T | Vo™ [+ % | A Edie™ [

Finally, combining these results with (3.35), and using (vi) of Lemma 2.1 and (ii)
of 3.1 we get

J4
1 1 k 1l m € kB m
ShaTte |k Y {1l A de™ |+ S [1—m (= )] | Ve 2. |
m=0
14
1
< (O(m + aovlk%*) k Z |A=2e™ 12, + C kP poe) (3.41)

8+(4—N)s

(4—N)
+C [Ekﬁ}_s—qu)é s (4 N)(S k Z H A—— m H ) m)

—N)§ {(2al+1)(4 N)S

+Ck2+48 @R ¢ +2(a1+2)}

pa(e) 7

Step 4: We now conclude the proof by the following induction argument which is
based on the results from Steps 1 to 3. Suppose that for sufficiently small time steps
satisfying

k< Cminfed, 200, [pg(2)) 7, [ps (e, )] VY (3.42)
and 0 < B < %, there exist two positive constants
C1 = Cl(tfa Qv uo, Uiap) ) Co = CQ(tE; Qv U, 04, P OO) )

independent of k and &, such that the following inequality holds

1o m 71€k m
max S At ||L2+k2(—|m Bdpe™ |32 + Lo || Ve |32
m=1
<c kP p2(€) exp(cztg) . (3.43)

The last two constraints in (3.42) arise as follows. The first of them comes from
controlling the last error term in (3.41)

(4=N)s (201 +1)(4—N)$§ 2N§
A SRR 20 ) [, (0] TR < S 415 (o) expleat).
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Note that the exponent in the second sum on the right hand side of (3.41) is bigger
than 2, hence we can recover (3.43) at the (£ + 1)th time step by using the discrete
Gronwall’s inequality, provided that

8+(4—N)s (4=N)s

[ekP] 53 P1(5)$’6N>5 [kl_ﬁm(fﬂprm < %kl_ﬁ p2(e) exp(cates1)

which gives the last constraint in (3.42). The proof is complete. O

Remark: (a). Theorem 3.4 is stated for 0 < § < ﬁ, which covers assumption
(GA;) for the case N = 2,3. For N = 2, the error estimate is valid for all 0 < ¢ < oo,
the above proof can be adapted and simplified for the case § > ﬁ. Note that in
this case the crucial requirement of super-quadratical growth is already met in (3.38),
then we can immediately jump to Step 4 to proceed. Finally, the case § = ﬁ is
again easy to take care, thanks to Lemma 2.1 and 3.1.

(b). In addition to the spectrum estimate of Proposition 2.3, the stability estimate
(v) of Lemma 3.1 is critical to the analysis.

(c). It is natural to estimate the error of (3.4)-(3.5) in the norm of £°°(J}}; H1(£2))
N2 (JE; HY(R)), its structure allows to test with —A~'e™+! which then interferes
with limited regularity property of us and cuts convergence rate in (3.30) down to
sub-optimal order. As to be demonstrated in the sequel, using stretched meshes J ,f
will help to attain a quasi-optimal order for the Euler method (3.4)-(3.5).

(d). A straightforward idea to benefit from the damping property of (1.1) is to
multiply (3.29) by a time-weight 7,41 := min{¢,,+1, 1} before summation; this would
give an optimal convergence rate Ck?pa(e) in (3.30) thanks to (ix) of Lemma 2.1.
On the other hand, this would require to control the error {e™}M_, in the norm of
02(JE; H~1(Q)) by using a (parabolic) duality argument. This strategy does not seem
to be successful in the present analysis where we focus on non-exponential dependen-
cies on % of involved stability constants.

(e). It is clear that the smaller 3, the better the error bound, since the exponent
of k is closer to % Small values of (3, however, restrict admissible time steps to small
sizes.

(f). The proof of Theorem 3.4 suggests the following numerical stabilization
technique for the Cahn-Hilliard equation (3.4)-(3.5)

(dyu™ ) + (V™ V) =0 Ve HY(Q), (3.44)

e(1+ ];—Z) (Vu™ ", Vo) + é (f(w™h),0) = (W™ v) Vve H'(Q), (3.45)

where ¢; > 0 for ¢ = 1,2. We will not go into further discussion of these methods
here.

For given more regular initial data ug € H?(Q2) and domains Q (see assumptions in
Lemma 2.2), the convergence rate can be improved to Ck'~?p,(¢). The key ingredient
for proving that is to use (v) of Lemma 2.2 to improve on the estimate (3.30).

COROLLARY 3.5. Let {(u™, w™}M_, solve (8.4)-(3.5) on an equidistant mesh
JE = {tm M of mesh size O(k), for ug € H3(2), and 9 of class C*' (or a convex
polygonal domain when N = 2). Suppose (GA1)-(GAs) hold, and 1 < 6 < ;25. Let
p; be same as in Theorem 3.4. For fized positive values 0 < 3 < %, let k satisfy the
following constraint

k< Cmin{ed, e [pg(e, M), [ps e, W) (3.46)
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Then there exists a positive constant C = C’(uo; 1, Y2, Co, T, Q) such that the solution
of (3.4)-(3.5) satisfies the following error estimate

M
m m 2
Jmma [ult) = ™ s + (k Z_l{k i (ultm) — ™) |3

1

17 |V (ultn) = u™) 22 1) < R [a(e)]

For ug € H?(f2), the error bound given in Theorem 3.4 is not optimal, the crucial
step where we loose accuracy by one order of magnitude on the time step k is (3.30),
since we are only provided with a bound for \/7(A) " uy € L?(J; H(€)); see (ix)
of Lemma 2.1. The following result reflects the stabilizing effect of the mesh J2 in
this respect. Note that the proof of Theorem 3.4 only requires (iv)-(v) of Lemma 3.1
which are replaced by (vii) in the case of the mesh JZ.

THEOREM 3.6. Suppose that the assumptions and shorthand notation of Theo-
rem 8.4 hold. Define

~ 4(4—N)o 1-1
N0 =[5+ 5= )

Ge(N,B) =& [2(4 — N)§ — B(16 + 3(4 — N)5]
For fized positive values 0 < 8 < %, let ko satisfy the following constraint
ho < C min{e¥, 6%, [pa(e, )], [ps(e, NPT (347)

Let {(u™, w™)}M_ be the solution to (3.4)-(3.5) on the mesh J defined in (3.6).
Then there holds the following improved error estimate

M
Jmasutn) = e+ (Zlkm{km | difultm) = u™} [

1
2

8V {uttn) —um 2 1) T < O™ [pa(e)]

Proof. The proof follows the steps of that of Theorem 3.4. We only sketch the
necessary modifications in the following.

Step 1: On the stretched mesh J?, the residual R(us, m) can be bounded as
follows

M M

—1 2 1 tm1 1 2
m§::1 Bt I| A" R (g, m) |21 = m§::1 — | /tm (5~ tm) A () ds| |
M t t
1 m+1 1 m+1
< E / —(s— tm)2 ds/ 7(s) || Aflutt(s) ||§{,1 ds
1 Em+1 J4,, s tm

1 tmt1 ] )
< (s —
< Cogl?nagxM{ - / . (s —tm) ds}pg(fs)

2

k
<(C m
<O max = pa(e)

tm

1 2
< Ckj max M

<Ck?
1<meM tm pQ(E)—C OPQ(E),
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thanks to (ix) of Lemma 2.1. This improved upper bound for the residual replaces
(3.30) in the proof of Theorem 3.4.
Step 2: This step is the same.
Step 3: We use (vii) of Lemma 3.1, instead of (v) to bound maxo<m<as || Au™ || 2.
Then (3.38) and (3.39) are replaced by
1 8+(4—N)$§ (1+ _(4-N)s )

- ”em ”iﬁfd <C [Skﬁ] 8—(a—N)o ﬁl(f)ig (A—N)s || A__ m || 5 @—N)s

- (3.48)

€ k?n m |12
+§[1—71(1—7)] [Ve™ |72
Again, the argument applies for values § < ﬁ. Instead of (3.40), we now have

246
L || dge™ 752,

CK2H Ns 8-y
5L (] Adye ! ||L42 de™ o T

Ck2+51
P | gemir 2

I /\

+ H d em-i—l ||2+5)

IN

s Ns Ns
(1ade™ 15 + | dee™ %)

(4—N)s _
3+45 =75 _ (2014+1)(4—N)s

SChpyy e EEETR 01(5)8*?“{%5 | V™ |72

k
+ 2 | A E e

Finally, (3.41) is replaced by

ek

kﬁ
_||A Ze ||L2+Z{ m||A 2dtem||L2+?[1—’71(1——)} ||V€m||L2}

< (Comr + aomkie )kanA Ml OB pa(e)  (3.49)

d—|—0[ 5= (4 N)& Z ko Ekﬁ § (i Jz\Vr)g || A,_ m||2(21+8 a- N)é)

“—N)s —N)$ s
‘C k§+48,<4w>6 5_{%%(01%)} [71(6)] SN

Step 4: The inductive argument now reads: Suppose that for sufficiently small
basic time step ko satisfying

Ko < C min{e¥, 6%, [pa()] "™, [ps(e, )], (3.50)
and 0 < 8 < %, there exist two positive constants

1 =0 (tfa QJ Uo, Uiap) ) Cy = Co (téu Qa Uo, 04, P; CO) )
independent of ky and e, such that the following inequality holds,

J4

kB

max | AEem 3+ 3 o (2 A [ + 25 e 1) 3.51)
m=1

0o<m

< ¢ kg_ﬁ pg(s)exp(égtg) :
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We employ the following necessary criterion

4_(4=N)s (207 4+1)(4— N)é __2N§ C
k§+ S—@=N)5 —{== @-N) +2(01+2)}[ 1(5)] EERRRELS %kg_ﬁ p2(5)’ (3'52)

which implies the third condition in (3.47).
Finally, we need to make sure that

_ 8+(4—-N)s 2N§ 1+ (4—N)s

’
Z o akﬁ E(A-N)5 [51(5)]m[1€§—ﬁp2(5)} S—(@—N)o
m=1

C1,9- .
< Elkg Bpg(a) exp(cmﬂ).

This completes the induction argument and the proof, too. O

4. Error analysis for a fully discrete mixed finite element approxima-
tion. In this section we propose and analyze a fully discrete mixed finite element
method for (3.4)-(3.5) on the meshes J} and JZ. The lowest order Ciarlet-Raviart
mixed finite element method (cf. Chapter 7 of [17] and [34]) for the biharmonic prob-
lem is used for spatial discretization. Like in Section 3, special emphasis is given
to analyze the dependence of the error bounds on % Throughout this section, we
assume that ug € H2(Q) and 99 is of class C11, and that (GA1)-(GAj3) are satisfied.
Sub-optimal error estimates for the fully discrete scheme on J| and improved quasi-
optimal estimates (for N = 2; with slightly deteriorated rate for N = 3) on J? are
established, see Theorem 4.3 and Corollary 4.4.

We recall that the fully discrete mixed finite element discretization of (3.4)-(3.5)

is defined as: Find {(U™, Wm)}Zzl € [Sh}2 such that
(d U™ ) + (VW™ Un,) =0 Yo, €8, (4.1)
1
£ (VUerl, Vvh) + z (f(Uerl) 'Uh) (Werl 'Uh) Yo, € Sp, (4.2)

with some suitable starting value U°, and a quasi-uniform “triangulation” 7j, of Q.
Where S}, denotes the P; conforming finite element space defined by

Sy = {vh €CQ) vk € PI(K), VK € 771}

The mixed finite element space S x Sy is the lowest order element among a
family of stable mixed finite element spaces known as the Ciarlet-Raviart mixed finite
elements for the biharmonic problem (cf. [17, 34]). In fact, it is not hard to check
that the following inf-sup condition holds

(Vion, Vi)

inf sup > Co
0£nn€Sh 0zyes, || Vn L | 1n || a1

for some cg > 0.

Also, we note that (d,U™%1 1) = 0, which implies that (U™ 1) = (U°1) for
m =20,1,-, M — 1. Hence, the mass is also conserved by the fully discrete solution at
each time step.

We define the L2(f2)-projection Qy, : L*(Q) — Sy, by

(@nv —v,mn) =0 VneS, (4.3)



Numerical analysis of the Cahn-Hilliard Equation I: Error Analysis 27

and the elliptic projection Py, : H1(Q2) — S), by
(V[th — U]7 V?]h) =0 Vnh € Sy R (4.4)
(Ppv—v,1)=0. (4.5)

We refer to Section 4 of [25] for a list of approximation properties of Py. In the sequel,
we confine to meshes 7;, that allow for H!'-stability of @y, see [14] for their further
characterization.

We also introduce space notation

g‘h = {’Uh ESh;(Uh,l) ZO},

and define the discrete inverse Laplace operator: —A; ! : L23(Q) — Sy, such that
(V(=A, ), Vi) = (v,m0)  Vim € Sh- (4.6)

LEMMA 4.1. For J, = J} or JZ, the solution {(Um,Wm)}ZZO of (4.1)-(4.2)
satisfies

1 1
i — [ Umda= = | U°d =1,2,--- .M
(l) |Q|‘/§Z :L' |Q|‘/§Z x? m b b b b

(ii) || dtUmHH71 SO” va ||L27 m = 1’27... ’M’
i) max {e1 VU B+ 2 I F@™) 1}
0<m<M L= ¢

M
+3 km(|| VW™ |2, + ek || VU™ |\%2) < CT.(UY),
m=1

M
() Dkl dU™ | < CT(U°).

m=1

Proof. The assertion (i) is an immediate consequence of setting np, =1 in (4.1).
For any ¢ € H'(Q), from (4.1), (4.3), and the stability of Qp in H*(Q) (cf. [14]
and references therein) we have

(dtUmu ¢) = (dtUmu Qh(b) + (dtUm7 (b - Qh¢)
= (VW™ VQn¢) < C [ VW™ || 2| Vo L2 .

Assertion (ii) then follows from

d,U™,
U™ g = sup \G20)

L= o v
orperm N6l

To show assertion (iii), setting n, = W™+l in (4.1) and v, = ;U™ in (4.2)
and adding the resulting equations give
ed
2dt

Ekarl
2

1
+-(FUT), d U =0.

VW™ s + S | VU™ |72 + IVd: U™ 12 (4.7)
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The statement then follows from (GAs) and (ii) after multiplying (4.7) by kp41 and
taking sum over m from 0 to £ (< M —1). Assertion (iv) is an immediate consequence
of (ii) and (iii). O

Remark: In view of (i) of Lemma 2.1 and (i) of Lemma 4.1, in order for the scheme
(4.1)-(4.2) to conserve the mass of the underlying physical problem, it is necessary to
require (U° — u§, 1) = 0 for the starting value U°. This condition will be assumed in
the rest of this section.

As is shown in [25] in the context of the Allen-Cahn equation, in order to estab-
lish error bounds that depend on low order polynomials of %, the crucial idea is to
utilize the spectrum estimate result of Proposition 2.3 for the linearized Cahn-Hilliard
operator. In the following we show that the spectrum estimate still holds if the value
u(tm), which is the solution of (1.1)-(1.3) at t,,, is replaced by the elliptic projection
Ppu™ of the solution ™ to (3.4)-(3.5) at t,,, and the nonlinear term is scaled by a
factor 1 — e, provided that the mesh sizes kg and h are small enough. As expected,
this result plays a critical role in our error analysis for the fully discrete finite element
discretization.

We define for ¢™ € L3(Q) N H?(Q), 0 <m < M, and ¢ = ¢(),

A 5—N N-1
Cile{e™hizo) = max | @™ o~ < e max([| V™ |55 [ Ag™ [ + 119" [122)
“k “k

Ci(e) = max{él (e, {u™_), Ch (e, {ultm) o) } (4.8)

= [o(e)] &,

< pr(e,N) = ce~ 2 +D)

Ca(e) = | max I"0)]. (+9)

and Cs be the smallest positive e-independent constant such that (cf. Chapter 7 of
[10])

max || u™ — Ppu™ || o (g;n0) < C h | In h|¥ max || u™ || g2 (4.10)
Ji Ji

< Gy h*T kT [p(e)]®.

PROPOSITION 4.2. Let the assumptions of Proposition 2.3 hold and Cy be same
as there. Let {u™}M_. be the solution of (3.4)-(5.5) and {Pyu™}M_, be its elliptic
projection. Suppose that the assumptions of Theorem 3.6 are valid. Then there holds
for smalle >0 and any 0 <m < M

e || Vi lI7. + == (f/ (Pau), )

0zveL2(€) | Vw |3,
Aw=y,FW=0

h,ko —

> —(1-¢)(Co+1),

provided that ko and h satisfy for some ¢ = ¢(2)

4

BT |Inh| T < (02(5) Cs [pl(g)}%)_laz, (4.11)

ko < {2 [ (S ) F) T ()
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Proof. Step I: From the definitions of Cz(g) and Cs5, we immediately have

mae | Py || < max{ | ™ g + || P = u™ |1 } < 2max || u™ |1
¥ 7 7

if h satisfies (4.11).
It then follows from the Mean Value Theorem that

max || f'(Ppu™) — f'(u™) [[p < sup  [f"(§)] max || Pyu™ — u™ || Lo
I3 €]<2C1 (e) I3

Co(e) Cs = || *7 [f1(2)] ? (4.13)

2
52

<
<

Using the inequality a > b — |a — b| and (4.13) we get
F{(Pwu™) = f/(u™) = || (Pau™) = /(™) || oo (4.14)
> f(u™) - €.

Step 2: By a Gagliardo-Nirenberg’s inequality we get for any 0 <m < M

|z

N
(i) — ™ o < elluttm) —um 155 (] dultn) 22+ A2} T (@15)
A - — N
< clultm) = u™ |70 {1l Valtn) 22 + 11 Va™ 2} * [51(e)]®
4,
~ 4N
<c[m@E)]® {6*(2a1+1) po(e) k(Q)fﬁ} o
thanks to Theorem 3.6.
If ko satisfies (4.12), we find by the Mean Value Theorem and (4.15) that
max | /(™) = f'(u(tm)) 2= < sup  |f"(E)] max || u™ —u(tm) ||~
T l<2C1 (e) T
N 2-3 45T
< cOae) [pi(e)] ™ {5_(201“) p2(e) kq
<e?,
which implies that
Fw™) > f(ultm)) — 2. (4.16)
It follows from (4.14) and (4.16) that
F(Pou™) > f(ulty)) — 26°. (4.17)
In addition, since g—;‘: =0 on 90 we have
1/ ¢ 1-¢
1913 = (Ve V) < (5 Vel + 25 [ Vul3) . (a18)

Substituting (4.17) and (4.18) into the definition of )\}éz‘) we get
(1—o)[ell VO II7e + 2 (f (u™)i, )]

CH = ozyer2@ | Vw2,
Aw=yp,FL=0

—(1—¢)2.
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The proof is completed by applying Proposition 2.3. O

The main result in this section is stated in the following theorem.

THEOREM 4.3. Let {Um,Wm}nAfZO solve (4.1)-(4.2) on Ji, = J% and on a quasi-
uniform triangulation Ty, of 2, allowing for inverse inequalities and H*-stability of
the L?-projection in the continuous linear finite element space. Suppose that the as-
sumptions and notation of Theorem 3.6 hold. For 0 < 3 < %, N =23, and v > 0,
define

N—1

pr(e, N) i= ce~ D%~ ZIGIE
vy =max{1—¢",m}, foranyr>1,

7T(h, ko, e, N) — h4{h2v + 1n(ki)ﬁl(5) h2 + % E*(2a1+6) [P7(€, N)] 2(20*2)} )
1

0

Let ko, h and U° satisfy the following constraints
1). ko<C min{g%,a% [pa(e, MY OV0)

2). ko < {62(014-1) [p2(5)}—1(5_2 [ﬁl(g)]‘%)

=
ot
o~
o
L3
™
&
Z
=
—

C
3

3). AT AT < (Cale) Cs [pa(e)]7) 2,

_o2g 8+(4—N)$s _(4=N)s

—a_ _2Ns  \ —1
4). ko 8—(Ad—N)o (W(h,ko,E,N) + kg_ﬁp2(5)> 8—(4—N)s < (8 [51(5)} 87(2471\7)5) 7
5. (U°1) = (ug,1) and [|U° —ug||g-1 < Ch*>T||ug || g.

Then the solution of (4.1)-(4.2) satisfies the error estimates

1
2

M
() max fultn) = U™ [la- + (Z_l B2 di(ultn) = U™) 1)

—

M =
(3 Fmllultm) U™ |32)°
m=1

1
<C (h4€—(2a1+3) + w(h, ko, e, N) + k((f*ﬁ)pz(&_)) 2 ,

1
2

M
(i) (D2 kol V(utin) = U™) 132 )
m=1

1
<C (h257(2"1+4) + w(h, ko,e,N) + k:((f_ﬁ)pz(s)) °.

Proof. As in the proof of Theorem 3.6, here we divide the proof into four steps.
Also, in the proof we make use of the facts S, C H*(Q) and u™ — U™ € L3(2). New
difficulties that enter the analysis are (i) a different treatment of the super-quadratic
error term is used: instead of interpolating L2+°(Q) between L%(Q2) and H?(R), we
carry this out elementwise. (ii) the discrete spectrum result of Proposition 4.2 is in
place of that of Proposition 2.3.

Steps 1 & 2: Let E™ :=u™ — U™ and G™ := w™ — W™. We subtract (4.1)-(4.2)
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from (3.4)-(3.5) to get the error equations
(deE™ mp) + (VG™ V) =0 Yoy € S, (4.19)
e (VE™, Vup) + é (F™) = FU™), o) = (G™,vn) Yon €Sn.  (4.20)
Introduce the decompositions: E™ := @™ 4+ & and G™ := A™ 4+ U™, where
0" =y — Pu™, O™ = Ppu™ -U™,
A" = w™ — Pybw™ "= Ppw™ — W™,
Then from the definition of P, in (4.4)-(4.5) we can rewrite (4.19)-(4.20) as follows

(™ ) + (VU F) = (O™, 1) (a.21)
(VO™ Vup) + é(f(Phum) — F(U™),n) = (U™ o) + (A™,vp)  (4.22)
2 (™) = F(Pr™), ).

Since E™, ™ € L%(Q) for 0 < m < M, setting n, = —A; @™ in (4.21) and
vp, = @™ in (4.22) and taking summation over m from 1 to £ (< M), after adding the
equations we arrive at

k2
—|| VA2, + Z VA O™ 2, (4.23)

m=1

L
+ 3 b (VO™ |2+ < (f(Phu ) - fum),em))

m=1

— ZE: km(—(dtGm, —ATE™) 4 (A™ qfn))

m=1
4
1 m m m -
m=1

The first sum on the right hand side can be bounded by taking into account the
character of the stretched mesh.

4
Z km{(dt@m, AZTe™) + (A’”,(I)m)} (4.24)

cikm{ o)1 0™ s + e ™ I

m=1

1 1 &1
52(1 5 ka|\v¢m|\m+[1n(k )l glgnvql@mn%z

We make use of the following approximation properties in H ~! of the elliptic projec-
tion Py, for k = 0,1 (cf. [20])
[u™ = Bpu™ |1 < CR7F [[u™ || -
[de(u™ — Ppu™) |-+ < C B2 | dgu™ [| g2—n
| de(w™ — Pyw™) -1 < Ch*~F | w™ || s .
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Thanks to Lemma 3.1 (vii), we can bound the right hand side of (4.24) by

c{m(ljo) p1(e) hS + df%‘f)ﬁ)hﬁ} (4.25)

020D S e s ()] Y L jvagien
2(1-¢) " Lz ko Zam h L2-

Because of the inequality at the beginning of the proof of Proposition 4.2, the
second sum on the right hand side of (4.23) can be bounded by

¢ ¢
1 1
- km ™ P - km ™mem, em 4.26
DWAUTIECYEREREDY ) (120
¢
) 2(1 — 5) 2 / 2
q)m m m o
<3k ne IV I+ € s 107 e €™ I |
el-—e—-m) 2 2 2(1-¢) —(20146) 2(p-2)
< TN NT Ve pt 2278 o N .
< Z_ 987 [+ € om0 [pr(e, N)]
By (GA1)s, the last term on the left hand side of (4.23) is bounded from below by
12
2N ke (F(Pru™) — F(U™), ™ 4.2
EmZ:l (F(Pau™) = f(U™), ™) (4.27)

4
1
> g mZ:l km ('71 (fl(Phum)(I)mv (I)m) - ’72” o H?zris) .

Substituting (4.24)-(4.27) into (4.23) we arrive at

4
lioa- B oAty g
SI9AT 2+ 3T 2 v tg,er | (428)

m=1

1—¢ / m m m
3 m(a||V 2 — (' (Paum)e™, @ ))

J4
< Crlh koo, N) + 2 Z k| @™ (17405

1\ = 1
+[1n(k—0)} > — VA TO™ |3,
m=1

We could bound the last term on the left hand side from below using Proposi-
tion 4.2, however, this will consume all the contribution of || V®™ [|7, on the left
hand side. On the other hand, in order to bound the super-quadratic term on the
right hand side in Step 3 below, we do need some (small) help from this || VO™ ||2,.

For that reason, we only apply Proposition 4.2 with a scaling factor ( — %),

kB
(1= ) (el vem 3 + 2= (7 (Paum)am, ™) ) (1.29)
B
> (- Sy a0 ) vaen .
> —(Co+ 1) VATIO™ |2, .
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The leftover term is controlled by

71 kP

(f'(Phu™)®™, @™) (4.30)

71€k - 71

—— Vo™ li: +é || VA" 7.

Combining (4.28)-(4.30) we finally get

”Y1€k

ﬁ” Vo (|7

14
1 km p—
S IVATIO! 32+ > ko |2 VAT ds@™ |2 +

m=1

< Cw(h,ko,e,N) + Z o || @™ | 257, (4.31)

()] +eomr=} 30 L vagien .

where we have used the fact that 0 < ¢ < 1 and | VA vy, |12 = || VA, top || 12 for
any vy, € Sp.

Step 3: Notice that the structure of (4.31) is exactly the same as in (3.35). Hence,
we can follow the argumentation of Step 3 in the proof of Theorem 3.4 with the
following modification: the estimates (3.37) and (3.40) (up to second to the last
inequality) are performed for every K € 7p; by convexity of the function g(s) = s,
for ¢ > 1 and s > 0 we can afterwards recover estimates for Q = | J K which involves
a uniform constant C. We refer to Section 3 of [26] for the details of a similar
type argument. Finally, we make use of the properties of —A,:l and @™ € Sy, for
0 < m < M. Consequently, we can reduce (4.31) into the following form which
corresponds to (3.41),

£
1 _ km — m 71Ek o™
AL PR DL ol A A e AL
m=1

< otk )+ { ()] vt} 3 Lyvagion s,

8+(4—N) (4—N)$

+C [Pl 8= (4 N)a Zk Ekﬁ 3= (4 N)a ” VAT l(I)mHL2 5—(4— N)é)

244 (4—N)$ (201 +1)(4—N)§

+C ko 8—(d—N)s _{W+2(Ul+2)} [51(6)] % . (432)

Step 4: We conclude the proof by an inductive argument based on (4.32). Suppose
that for

ko < C min{g%“g%’ [ps(&_)]ﬁz;(Nﬂ)7 [p5(€,N)} ﬁG(N,B)} (4.33)

and 0 < B < %, there exist two positive constants

él — El(t€797u070'i7p)7 62 — 52(t6797U070i7p§ 00)7
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independent of k and e, such that the following inequality holds

¢
m km — m 71€km m
ma <e§ VA ™ |2, + Z:lkm{T VA o™ |2, + | ven 3.}
<& ( (h, ko, e, N)k2~ (5)) exp(catr) (4.34)
Criterion (3.52) then gives the third condition in (4.34).
We also need to make sure that
il _8+(A-N)s aNs 14 U=NS
Z ko [Ekg@} 8—(A-N)o [ﬁl(g)} S (4—N)o (F(h,ko,E,N) + kg_ﬁpg(ﬁ)) S—(A—N)o
m=1
c1 _
< 5( (h,ko,e, N) + kg Bpg(s))exp(cm_ﬂ) : (4.35)

This completes the induction proof of (4.34).

Finally, the assertion (i) follows from applying the triangle inequality on E™ =
O™ + ®™ and Theorem 3.6. The assertion (ii) follows in the same way. The proof is
complete. O

Remark: (a). The proof clearly shows how the three mesh conditions arise. The
first entry in condition 1) reflects the subtle interplay between accuracy requirements
and smallness of the time-steps kg; the second entry is for the stability of the time
discretization (see (GA)s). The remaining entries in 1) account for the super-quadratic
nonlinearity of f (see (GAj1)s). The conditions 2) and 3) are to ensure the discrete
spectrum estimate (see Proposition 4.2). A slight coupling of temporal and spatial
discretization parameters is given by 4), which deteriorates as [ gets smaller.

(b). Clearly, both U® = Qpug and U = Pjuyg satisfy the condition 5) with v = 1.
The L? projection Qpug has the advantage of being cheaper to be obtained compared
to the elliptic projection Ppug. Also, we note that the first identity in 5) is necessary
in oder for the fully discrete scheme (4.1)-(4.2) to conserve the mass.

We conclude this section and the paper with a corollary which addresses the case
up € H3(Q2) and 9Q € C*!. The subsequent corollary extends Corollary 3.5 to the
fully discrete case (4.1)-(4.2), allowing for the equidistant mesh J}.. Its proof follows
the lines of that for Theorem 4.3; the only exception is that the estimates (4.24) and
(4.25) become easier since the estimates (v) and (viii) of Lemma 3.1 can be utilized.
We leave the details of the verification to the interested readers.

COROLLARY 4.4. Let {Um,Wm}nAj:O solve (4.1)-(4.2) on a quasi-uniform mesh
J} and a quasi-uniform triangulation Tp, of Q. Let the assumptions of Corollary 3.5

hold and the notation of Theorem 4.8 be valid. For 0 < 8 < = , v>0and N =2,3,
let

2(1—¢)

#(h e, N) = {02 + pa(e) + R
A

o~ (20146) [P7(5, N)]z(pﬂ)} ,
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suppose that k, h and U satisfy the following constraints

1). C’ {55 gxo [pg(s,N)}f“(Nﬁ)’ [p5(5,N)]ﬁ6(Nﬁ)},
2) { D [ (8)]_1(6_5 [ﬁl(s)r%>ﬁ}ﬁ,

3). | < (02(5)03 [pl(s)}%)_la%

(4=N)s
8+(4—N)s

S—(d—N)J __2Ns _\—1
1), KOS (e, N) + K2 P pa(e)) T < (e[m@)] T )
5). (U°1) = (ug,1) and ||U® —ug||g-1 < Ch* || ug | g2

Then the solution of (4.1)-(4.2) satisfies the error estimates

M 1
() max Jultn) = U™ g+ (kY2 kldo(ultn) = U™) [5-)°

. :
+(k Y Nultm) = U™ |32)
m=1
<C {h4£_(201+3) + w(h,e,N)+ k(()%ﬁ)pg(a)} ,
i) (k Z | ¥ ultm) = U™) |32

<C {h28_(201+4) + w(h,e,N)+ kébﬁ)pg(a)}

=

=

=
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