On fully nonlinear elliptic and parabolic equations in
domains with VMO coefficients

A DISSERTATION
SUBMITTED TO THE FACULTY OF THE GRADUATE SCHOOL
OF THE UNIVERSITY OF MINNESOTA
BY

Xu Li

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR THE DEGREE OF
Doctor of Philosophy

Nicolai V. Krylov

April, 2013



© XuLi 2013
ALL RIGHTS RESERVED



Acknowledgements

First and foremost, I would like to express my deepest gratitude to my advisor professor
Nicolai V. Krylov, for introducing to me the fascinating field of partial differential equa-
tions and probability, and for guiding me with consistent encouragement and infinite
patience though the years of my graduate studies.

I would like to thank professor John Baxter, professor Mikhail Safonov, professor
Vladimir Sverak for serving as my dissertation committee, for reviewing my dissertation
and giving valuable comments.

I would also like to thank professor Hongjie Dong for giving suggestions on my
research and collaborating with me on this research work.

Last but not least, I would like to thank my wife, Jianji Wang and my son, Lawrence

Li for their love and support.



Dedication

To my parents, Yuhua Jiang and Guanxin Li.

i



Abstract

We prove the solvability in Sobolev spaces V[/'p1 ’2, p > d+1, of the terminal-boundary
value problem for a class of fully nonlinear parabolic equations, including parabolic
Bellman’s equations, in bounded cylindrical domains with VMO “coefficients”. The
solvability in Wp2, p > d, of the corresponding elliptic boundary-value problem is also

obtained. This research work has been published in [§].
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Chapter 1

Introduction

In this research work, we consider parabolic equations

Owu(t, x) + F(D*u(t,z),t, x)

+G(D?u(t, ), Du(t, z),u(t,z), t,z) =0 (1.1)

in subdomains of R¥*! = {(¢,z) : t € R, x € R}, where
RY = {z = (2!, ..,2%) : 2}, ..., 2 € R = (—00,0)}.

Here

0 0

D2’LL = (Diju), Du = (Dlu), DZ = @, Dij = DiDj, 8t = a

We introduce S as the set of symmetric d x d matrices, fix some constants § € (0,1)
and K € Ry := (0,00), and throughout the article we assume that
(Hy) F(u”,t,x) is convex and positive homogeneous of degree one with respect to

u” € S and for all values of the arguments and ¢ € R?
O¢[* < F(u" +&¢% b ) — F(u",t,2) < 67 ¢l

(Hy) G(u" v/ u, t,z), u" € S,u' € R u € R, is nonincreasing in u and for all values

of the arguments (notice v’ and not v")
|G(’LL”, U,, u, t, :L‘) - G(uﬂv Ul» v, t, 1'1)| < K(|u, - U/| + ‘U - U|)7
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G ol u,t, )] < (| + K (|| + |ul) + Gt,2),

where G and y are given functions such that y : R, — R, is bounded, decreasing, and
x(r) = 0 as r — oo;
(Hs) F(u",t,2)+G(u",u/,u,t,x) is convex with respect to v’ € S and for all values

of the arguments and ¢ € R?
O[> < F(u" + £€%,t,2) + G(u" + €6, u, L, )

—F(u" t,z) — G W u, t,z) < 6712

We shall derive a priori estimates only using conditions (H;) and (Hg). It is in
the proofs of the solvability where condition (Hs) plays its role. However, we have the
following

Conjecture. In (Hs) the convexity assumption on F(u” ¢, x) + G(u”, v, u,t, z) with
respect to u” € S can be dropped.

To state our main results, we introduce a few notation. For r > 0, z € R¢, and

t € R, we denote
Bow) = {y € R : [r—y| < v}, Qu(t.2) = (t,¢+7?) x By (a).

If D is a domain in R? and —0o < S < T < oo, we denote the parabolic boundary of
the cylinder (S,T) x D by

9'((S,T) x D) = ({T} x D) U ((S,T] x D).

Finally, for any 7' > 0, we define Dy = (0,7) x D.
The following VMO (vanishing mean oscillation) assumption is imposed on the lead-
ing term in ((1.1)) with a constant 6 € (0, 1] to be specified later.

Assumption 1.0.1. There exists Ry € (0,1] such that for any r € (0, Ry, 7 € R, and
z € D one can find a function F(u") (independent of (t,z)) satisfying condition (Hy)

and such that for any u” € S with [u”| =1 we have
/Q - |F(u” t,z) — F(u")|da dt < 6r®+2, (1.2)

The first main result of the article is about the terminal-boundary value problem

for fully nonlinear parabolic equations with “VMO coefficients” in bounded cylinders.
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Theorem 1.0.1. Let p > d + 1 be a constant, T € Ry, and let D be a bounded C*
domain in RY. Assume that G € L,(Dr). Then there exists a constant 6 € (0,1]
depending only on d, p, §, and the CY' norm of OD such that if Assumption 18
satisfied with this 6, then the following assertions hold. For any g € Wpl’Z(DT), there
is a unique solution u € Wy>(Dr) to such that u — g € Wy>(Dr). Moreover, we
have

HUHW;Q(DT) < NHGHWZ}’Q(DT) + NHQHWPI’?(DT) + No, (1'3)

where N depends only on d, p, §, K, Ry, the C%' norm of 9D, and diam(D) and Ny
depends only on the same objects, T', and x. In particular, Ng =0 if x = 0.

Here I/Vp1 ’Q(DT) denotes the set of functions v defined on Dy such that v, Dv, D?v,
and Ov are in Ly(Dr), and W,2(Dr) is the set of all functions v € Wy*(Dr) such
that if for the function w defined as u(t,z) = v(t,x) for (t,z) € Dp, u(t,z) = 0 for
(t,x) € (—00,T) x R\ Dy we have u € W2 ((—o0,T) x RY).

If F and G are independent of ¢, we also consider elliptic equations
F(D?*u(z),z) + G(D*u(z), Du(z),u(z),z) = 0 (1.4)

in subdomains of R? with Dirichlet boundary condition. In that case Assumption m

becomes the following.

Assumption 1.0.2. There exists Ry € (0,1] such that, for any r € (0, Ry] and z € D,
one can find a function F(u") (independent of x) satisfying condition (Hy) and such
that for any u” € S with |u"| = 1 we have

/ P, 2) — Fu")|dz < 0r°. (1.5)
B, (z)

Our next theorem is about the boundary value problem for elliptic equations with

VMO coefficients in bounded domains.

Theorem 1.0.2. Let p > d be a constant and D be a bounded CY' domain in R?.
Assume that G is independent of t and G € Ly(D). Then there exists a constant
6 € (0,1], depending only on d, p, 6, and the CY' norm of 0D, such that if Assumption
is satisfied with this 6, then the following assertions hold. For any g € WE(D)
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there is a unique solution u € W2(D) to such that u — g € WE(D) Moreover, we
have

Hung(D) < NHGHWg(D) + NHQHWﬁ(D) + No, (1.6)

where N depends only on d, p, 6, Ry, K, the C%' norm of 0D, and diam(D) and Ny
depends only on the same objects and x. In particular, No = 0 if x = 0.

Here Wg(D) denotes the set of all functions v defined in D such that v, Dv, and
D?v are in L,(D), and WpQ(D) = WI} (D)NWZ(D), where Wpl(D) is the subset of W (D)
consisting of functions for each of which there is a defining sequence vanishing on 9D.

In the literature, the interior WpQ, p > d estimates for a class of fully nonlinear

uniformly elliptic equations of the form
F(D?u,z) = f(x)

were first obtained by Caffarelli in [2] (see also [3]). His proof is geometric and is based
on the Aleksandrov—Bakel’'man—Pucci a priori estimate, the Krylov—Safonov Harnack
inequality and a covering argument which can be found in [I7] and [23]. Adapting this
technique, similar interior estimates were proved by Wang [28] for parabolic equations.
In the same paper, a boundary estimate is stated but without a proof; see Theorem 5.8
there. By exploiting a weak reverse Holder’s inequality, the result of [2] was sharpened
by Escauriaza in [9], who obtained the interior WpQ—estimate for the same equations
allowing p > d — e, with a small constant ¢ depending only on the ellipticity con-
stant and d. Very recently, Winter [29] further extended this technique to establish
the corresponding boundary estimate as well as the Wg—solvability of the associated
boundary-value problem. It is also worth noting that a solvability theorem in the space

Wpl,i (@Q)NC(Q) can be found in [6] for the boundary-value problem for fully nonlinear
parabolic equations. In these papers, a small oscillation assumption in the integral sense
is imposed on the operators; see, for instance, [2, Theorem 1]. However, as pointed out
in [29, Remark 2.3] and in [16] (see also [6, Example 8.3] for a relevant discussion), this
assumption turns out to be equivalent to a small oscillation condition in the L., sense,
which, particularly in the linear case, is the same as what is required in the classical

L, theory based on the Calderén-Zygmund estimates. Thus, it seems to us that the

results in 2] 28] O, [6, 29] mentioned above are in general not formally applicable to the
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operators under Assumption or [[.0.2] in which local oscillations are measured in
the average sense so that huge jumps in the Lo, norm are allowed. It is still possible
that the methods developed in the above cited articles can be used to obtain our results.
In our opinion, our method is somewhat simpler and leads to the results faster.

The results obtained in this dissertation contain and generalize the Sobolev space
theory of linear equations with VMO coefficients, which was developed about twenty
years ago by Chiarenza, Frasca, and Longo in [4, [5] for non-divergence form elliptic
equations, and later in [I] by Bramanti and Cerutti for parabolic equations. The proofs
in these references are based on the Calderén—Zygmund theorem and the Coifman—
Rochberg—Weiss commutator theorem. For further related results, we refer the reader
to the book [22] and reference therein.

However, remarkably not all known results related to VMO coefficients and second-
order elliptic and parabolic linear equations can be obtained from the results of the
present dissertation.

The reader can find in [I3] 14] a unified approach to investigating the L, (and
L, — L,,) solvability of both divergence and non-divergence form parabolic and elliptic
equations with leading coefficients that are in VMO in the spatial variables and only
measurable in the time variable in the parabolic case. In the nonlinear setting, it is
an extremely challenging problem whether or not one can treat F’s which are only
measurable in ¢. The proofs in [13| [I4] rely mainly on pointwise estimates of sharp
functions of spatial derivatives of solutions, so that VMO coefficients are treated in a
rather straightforward manner. This approach is rather flexible: it has been applied
to both divergence and non-divergence form linear equations/systems with coefficients
which are very irregular in some of the independent variables. For example, in [10, [I1]
Kim and Krylov established the solvability in Sobolev spaces of non-divergence elliptic
and parabolic equations with leading coefficients measurable in a space variable and
VMO in the other variables; in [7] Dong and Kim considered both divergence and non-
divergence form higher-order elliptic and parabolic systems in the whole space, the half
space and bounded domains with coefficients in the same class as in [13] [14]; see also
the references in [7] for other results in this line of research.

Here we follow the general scheme in [I3], 14] to study fully nonlinear elliptic and
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parabolic equations in bounded domains or cylinders with VMO coefficients. This dis-
sertation is a continuation of [16], in which interior estimates for elliptic Bellman’s
equations were obtained. The key ingredients in our proofs are the Evans—Krylov the-
orem applied to homogeneous equations with constant coefficients and a W2 estimate
for elliptic equations with measurable coefficients, which is originally due to F.H. Lin
[21] and extended to the parabolic case in [I6]. We also remark that as in [9] [6 29], by
making use of a refined Aleksandrov—Bakel’'man—Pucci estimate instead of the classical
estimate, one can extend the range of p in our results to p > d—e¢ in the elliptic case and
to p > d+ 1 — ¢ in the parabolic case, where ¢ is a small constant depending only on d
and 0. These ranges are sharp, as is seen from the example on nondivergence equations
on page 18 in Section 1.2 of [I8] for the elliptic case, and one can show that for the

parabolic case.

Remark 1.0.1. A few comments on the structures of and are in order.
Usually, the last two terms on the left-hand side of are combined into one H =
F+G. However, if we are given a function H(u",u',u,t,x), we can always represent it
as F+G with F = H(u”,0,0,t,2)—H(0,0,0,t,z) and G = H—F. Then usual ellipticity,
convezity in (u;j), Lipschitz continuity, and growth conditions with respect to (u”, v, u)
from the theory of fully nonlinear equations will transform into our conditions even with
x = 0. Our form may look more attractive in the sense that mo convexity condition
with respect to u” is imposed on G. The above decomposition of H lacks however the

requirement that F' be positive homogeneous of degree one. Then one defines

A~ 1 R .
F(u”’ t,l‘) = lim XF(A,UJ”) t7$)7 G - F - F

A—00

and combines G with G. The fact that F is well defined follows from the Lipschitz
continuity and convexity of F in u”. That F s positive homogeneous of degree one is
obvious. Furthermore, for each (t,x), the functions %F()\u”,t, x) are equicontinuous in

u”, and hence converge uniformly on compact sets which means exactly that

1

|u”]

X' t,x) = [Pt x) — F(u t,2)] = 0

as |u"| = oo.
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Remark 1.0.2. There are natural and essentially unique candidates for the functions
F in Assumptions|1.0.1 and [1.0.4. To show them for a function f defined on a Borel

set U C R¥L we set

1
(f)uzM/uf(t,x)dzndt:]{{f(t,:r)dxdt,

where [U| is the d + 1-dimensional Lebesque measure of U. In case U is a Borel subset
of R, we define [U| and (f)y in a similar way. The reader understands that if f also
depends on u": f(u" t,x), then after averaging with respect to (t,z) we will get the
result depending on u” as well, which we denote (f)y(u”). Now it is easy to see that if
holds with an F, then it also holds with

F(u") = (F)q,(r (")

provided that we multiply the right-hand side of by a constant depending only on
d. Thus defined F(u") satisfies (Hy) as long as F does.

Remark 1.0.3. A typical example when it is relatively easy to verify our hypotheses is

given by the following Bellman’s equation:

Opu(t, =) + sup[a” (w, t, x) Diju(t, z) + b'(w, t, x) Diu(t, x)
weN

—c(w, t,x)u(z) + f(w,t,z)] =0, (1.7)

where the set ) is a separable metric space, a = (a¥), b= (b'), ¢ > 0, and f are given
functions which are measurable in (t,x) for each w € Q and continuous in w for each
(t,z).

As usual, the summation convention is enforced throughout the article and the sum-
mation in and in similar situations is performed before the supremum is taken.
Equations of that type appear in many applications and, in particular, in the theory of
optimal control of diffusion type processes they are the so-called Bellman’s equations.

Introduce,

F(u" t,x) = sup aij(w,t,x)u;;, G v u,t,x)
weN

— supa” (w,t, 2 + b (.t 2)uf — cfw, t,a)u + flw, t,2)] - F",t,)
we
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and assume that for any w the function aij(w,t,x)u;'j satisfies (Hy) and the function
bi(w, t, )ul — c(w, t,z)u+ f(w,t,z) satisfies (Hy). Then F and G satisfy (Hy)-(Hs) with
x =0.

One can give several conditions in terms of a¥, which are sufficient for to hold.
For instance, is satisfied if for any r € (0,Ro], t € R, and z € D one can find
functions @ (w) such that the functions a” (w)uf; satisfy (Hi) and for any u” € S with
lu| =1

3 )
oo |sup o (w, t, z)ug; — sup a” (w)ulj| dw dt < 6r*+?

or, since the difference of supremums is less than the supremum of the absolute values
of the differences, if for all i,j

/ sup |a (w, t, ) — a¥ (w)| dedt < Orit2, (1.8)
QT(T7Z)

w

In addition, if Q is a finite set, then one can drop the last supremum and require the
condition to hold for each w. As in Remark[1.0.9, the latter condition holds with some
a if and only if it holds (with slightly modified right-hand side) with a = aq, (..)-

The remainder of the article is organized as follows. We consider elliptic equations
in the half space with constant coefficients in Section and with VMO coeflicients in
Section With these preparations, the proof of Theorem [1.0.2] is given in Section
[2.3] Then we turn to parabolic equations in the whole space with constant coefficients
in Section [3.1] and with VMO coefficients in Section as well as parabolic equations
in the half space in Sections and Finally, the proof of Theorem [1.0.1] is pre-
sented at the end of Section The reader may notice that we could have somewhat
shortened the article by deriving some results for elliptic equations from their parabolic
counterparts. We do not do that because it is much easier and shorter to explain the
main ideas in the elliptic case.

A few times in the article we will be using known results from C?*® theory of elliptic
and parabolic fully nonlinear equations. Part of these results is proved for H concave in
u” and part for convex H. The reader understands that results for concave H are also
applicable for equations with convex H since the transformation H(u”) — —H(—u")

changes the direction of convexity and does not affect the ellipticity condition.



Chapter 2

Solvability of elliptic equations

2.1 Elliptic equations with constant coefficients in Ri

First we introduce a few more notation. Set Ri = {x € R?: 2! > 0}. For r > 0 and

z = (z',2) € RY, denote
B, = B,(0), B.(z')= B,(z!,0),

B (z) = B.(z)NRL, B =B(0), Bf(z')= B (z',0).

T T

Recall that by Du and D?u we denote the gradient and the Hessian of u, respectively.

In this section, we are interested in the equation
F(D*u) = f(x), (2.1)

in the half space R4 with F' = F(u”, z) independent of x. Since F is convex and positive
homogeneous of degree one, it has a representation as in Remark so that we are

dealing with Bellman’s equations.

Lemma 2.1.1. For any u € W3(B;") vanishing on z' = 0, we have

sup |u(x) — xl(Dlu)Bﬂd < Nr?d][+ |D%u|¢ da,

B B;

where N depends only on d.
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1

Proof. Let @ be the odd extension of u with respect to z!, i.e., sgn(z!). By Lemma

8.2.1 in [15], @ € W3. Note that
(ﬂ)BT = 0, (leb)BT = (Dlu)B;r, (Di'&)Br =0 for ¢ Z 2.
The lemma then follows from Lemma 2.1 of [16]. O

Lemma 2.1.2. Let r € (0,00), £ > 2 and let v € C(B},) N CZ(BL) for any p € (0,7).
Assume that v is a solution of in B, with f =0 and v =0 on 2! = 0. Then
there are constants o € (0,1) and N, depending only on d and §, such that
[D2U]CQ(BT+) < N(kr)—27@ sup [v].
OBir
Proof. Dilations show that it suffices to prove the inequality for kr = 1. In this case,
the result follows from Theorems 7.1 of [24] or of [25], which state that
2
<
1

Due to the maximum principle, the lemma is proved. O

Denote by Ss the set of symmetric d x d-matrices o = (") satisfying
SJEf < a¥igie; < 57HEP, Ve e R

Introduce Ls as the collection of operators Lu = a D;ju with a(z) = (a”(z)) € Ss for
all z € R,

We need a slight generalization of the main result of [21] (stated as Lemma 2.3 in
[16]) which can be proved in the same way as in [2I] by using dilations and standard

approximation arguments.

Lemma 2.1.3. Let r € (0,00) and let u € C(B,) N W2(B,) for any p € (0,r). Then
there are constants v € (0,1] and N, depending only on 6,d such that for any L € Ls

we have

v/d
][ |D?ul"dz < N (][ |Lu|ddac> + N~ sup |u).
X 3 9B,
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Lemma 2.1.4. Letr € (0,00) and let w € W (B} )NC(B}}) for any p € (0,r). Assume
that w = 0 on OB;. Then there are constants v € (0,1] and N, depending only on &
and d, such that for any L € Ls,

v/d
][ \DQdeng(][ yLw\ddx> .
B Bf

Proof. Denote f = Lw. Let w and f be the odd extension of w and f with respect to
z'. Denote by L € Lg the operator with coefficients

A (z) = sgn(zh)a (|zt],2') fori=1,7>2o0rj=1,i>2,

dij(ac) - aij(|x1\,x’) otherwise.

Clearly, @ € C(B,) N W2(B,) for any p < r, @ = 0 on dB,, and L& = f in B,. Now

Lemma yields
~ v/d
][ |D*@|"de < N <][ Vs dx) .
B, B,
To finish the proof of the lemma, it suffices to recall the definitions of w and f . O

Everywhere below in this section « is the constant from Lemma [2.1.2] and ~ is the
one from Lemma 2.1.4]

Lemma 2.1.5. Let r € (0,00), £ > 16, x§ > 0. Let u € W2(B/.(z})) be a solution of
©23) in B (z}) vanishing on By, (x}) NORL. Then

f . A o [DPa) = D2uly)P e dy
™ xo ™ :CO

v/d v/d
< Nk ][ |f]9 da + Ng™7¢ ][ |D?u|? dx: , (2.2)
Bl () B (zd)

KT

where the constant N depends only on d and §.

Proof. Dilations show that it suffices to prove the lemma only for kr = 8. We consider
two cases.

Case 1: z§ > 1. In this case, we have B:r/g(x(l)) = Bys(xp) C R?%. Therefore,
inequality (2.2) is an immediate consequence of Lemma 2.4 in [16] since /8 > 2 (cf.

the comment at the beginning of the section).
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Case 2: z§ € [0,1]. Since 7 = 8/k < 1/2, we have

B (z§) C By C Bf C Bf.(x}).
By using a standard density argument, we may assume u € Cg°(B/.(z})). Define
w(x) == u(z) — xl(Dlu)BI. Let v be a classical solution of 1’ in Bf with f =0 and

boundary condition v = @ on dB; . Such a solution exists due to Theorems 7.1 of [24]
or of [25]. Then by Lemmas and

2 2 o 2
]{gma)]{sma) [Dvie) = Drvllde dy < NroiD e )

1/d
< Nr%sup |v] = Nr®sup |u| < Nk™¢ <][ |D2uddx> .
+

OBy aBf Bj

Recall that v € (0, 1]. By Holder’s inequality, we get

\D2 — D*v(y)|" da dy
B (z}) /B (x

v/d
< Nk ][ |D%u|? dz . (2.3)

Next we recall a simple and well-known fact that condition (H;) implies that for
any S valued functions v”(z) and v”(x) there is an operator L = a% D;; € L; such that

Fu"(x)) — F(v"(x)) = a¥ [ui; —vi;](z). Then set w =14 — v in B; and notice that
w € Wg(B;f) NC(B)) for any p <4, w=0on OB, and F(D?a) = f.
It follows by the above that there exists an operator L € Ls such that Lw = f in

B;. By Lemma and the fact that xkr = 8, we get

v/d
][ |D?*w|" dx < Nﬁd][ |D?*w|" dz < Nk ][ |f|? dz
5t a) 5} B (x})

JZB . ]ZB o [Pte) = Dty dedy
r (g r (g

v/d
< Nk ][ |f|9 da .

Combining this with (2.3 and observing that D?u = D?v+ D?w yield (2.2)). The lemma
is proved. ]

and



13

If ¢ is a measurable function in R%, define its maximal function by

M(g)(z) = sup ]{3 )l
(Y

B (y)>x

It is easy to see that, for any » > 0 and x € Ri, we have
Foolade<2f g ()] ds < Mgl (a). (2.4)
B (z) By(x) - -

Next in the measure space R‘i endowed with the Borel o-field and Lebesgue measure
consider the filtration of dyadic cubes € = {C,,,n € Z}, where Z = {0, £1,+2, ...} and

C,, is the collection of cubes
(i12_n, (11 + 1)2—71] X ... X (id2_n, (Zd + 1)2—71,]7 Uy ey tqg € Zy 11 > 0.

For z € Ri introduce

1/~
g¥(x) = sup <][][!9 Wdde) :
Cec:zeC

Notice that if x € C' € €, then for the smallest r > 0 such that C' C B,(x) we have

][][ lg(y 2)|7dydz < N(d ][ ][ 9(2)|" dydz.
B (z) B+(:):

This along with (2.4) and Lemma lead to the following.

Corollary 2.1.6. Let u € WdQ(Ri) be a solution of n Ri. Then, for any x € R‘i

and k > 16, we have
(D?u) (x) < Na MY f| L ) (@) + Nw— MY (Dl Ly ) (&),
where the constant N depends only on d and §.

Now we recall Theorem 5.3 of [16] which is a version of the Fefferman—Stein theorem:

Let p € (1,00) and v € (0,1]. Then for any g € L,(R%), we have

HQHLP(RCZ NHQ ”Lp RZ)s (2.5)

where N depends on p,~y, and d only.
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Theorem 2.1.7. Let p > d. (i) Let u € Wg(Ri) satisfy . Then there exists
N = N(d,d,p) such that
HDQUHLP(Ri) < N”JCHLP(Ri)'

(ii) For any X > 0 and u € WPQ(Ri), we have
Ml e+ 1D%ull 5, ey < NIF(D*0) = Al . (2.6)

where N depends only on d,p, and 9.
(iii) For any f € L,(R%) and X\ > 0, there is a unique solution u € Wg(Ri) of the
equation
F(D*u) — \u = f. (2.7)

Proof. (i) First fix k > 16. It follows from Corollary (2.5), and the Hardy—

Littlewood theorem on maximal functions that
d —
1D2ull, ) < NV £l gmay + Vo[ D%ull . (2.8)

where N = N(d, d,p). Assertion (i) is proved once noting that the inequality holds for
arbitrary x > 16.
(ii) Assertion (i) implies that, to prove (2.6)), it suffices to prove

Aol gty < NIl e (2.9)

where f = F(D?u) — \u.

We may assume that « is smooth in Ri and vanishes for z large and for 2! = 0.
Take an operator L € LLs such that and Lu — Au = f. Then we obtain by Theorem
3.5.15 and the proof of Lemma 3.5.5 in [12] with N depending only on d,p, and 0.

(iii) The proof of the solvability of relies on its solvability in C*T*(R%) with
zero boundary condition (a € (0, 1) is perhaps different from the one above). First we
assume that f € Cg°(R%) and by using classical results (see, for instance, [12] or [26])
find a function v € C?T*(R%) with u(0,-) = 0 satisfying . Simple barriers show
that u(x) — 0 exponentially fast as |z| — oo, z! > 0.

Furthermore, there is a well-known and standard procedure (see, for instance the
proof of Lemma 2.4.4 in [15]) to derive from that

lalwa st ey < Nlulls, @) + NIFlL, g e @€ RE (2.10)
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where N is independent of xz. To start the procedure it suffices to notice that for

nonnegative ¢ € C§°(R?) we have that

F(D*(Cu)) — Mu=(f +g,

where

g = F(D*(Cu)) - CF(D*u),

and by the homogeneity and Lipschitz continuity of F
|9l < NID?(Cu) — (D?u| < N(|Du| + |ul).

Upon combining and the fact that u, f € LP(Ri), we conclude that u € I/Vp2 (Ri),
so that estimate is applicable.

Having done this step we approximate the given f € Lp(]Rﬁlr) in the Lp(Ri) norm
by functions f, € C§°(R%), which would give us a sequence of u,, € Vi/pQ(Ri) with the
Wg(Ri) norms bounded such that F(D?u,) = f,. A subsequence u,s converges then
uniformly on compact subsets of Ri to a function u € Wp2 (Ri). That u satisfies

now follows from Theorems 3.5.15 and 3.5.6 (a) of [12]. This proves the existence of

solutions.
As usual, uniqueness follows from the fact that F(D?u) — F(D?v) = L(u—v), where
L € Ls. The theorem is proved. ]

2.2 Elliptic equations with VMO coefficients in Ri
We are about to deal with the equation

F(D?*u,z) — Mu = f(z) (2.11)
in the half space Ri. Of course, Assumption is supposed to hold with D = R‘i.

Remark 2.2.1. We are going to use the following fact: For any p > 0 there exists
0 =0(u,d,d) >0 such that, if holds with this 6 for any v” € S with |u"| = 1, then

/ sup  |F(u" z) — F(u")|dx < pr. (2.12)
Br(z) u'€S:|u''|=1



16

To prove this observe that one can find n = n(d,d, p) points uy,...,ul, such that, for

any x and any u" with |u"| =1, at least one of |F(u",z) — F(ul,x)| + |F(u") — F(u})]

)

is less than u/(4|B1]). The latter is possible due to the Lipschitz continuity of F and F
inu” (uniform with respect to x). After that it obviously suffices to choose 8 = p/(4n).
We are also going to use the fact that the supremum in is bounded by a

constant depending only on § and d.

Everywhere below in this section « is the constant from Lemma and -y is the
one from Lemma 2.T.4]

Lemma 2.2.1. Let 8 € (1,00), A=0, k > 16, p,r >0, 25 >0, and z € ]R‘i. Suppose
that 0 = 0(u,d,d). Let u € Wg(Ri) be a solution of vanishing outside BEO (2).

Then
fo P - Dl dedy
B (@) B @)
v/d

v/(8d)
< Nx? (][ ’f‘ddx> + Nk <][ |D2u|6d dx) ;ﬂ/(ﬁld)
Bl () B ()

v/d
+NK™7e ][ |D%u|? da ,
B, (x(l))

where N = N(d,6,5) and B’ = 5/(6 —1).
Proof. Introduce
(F)BEO(Z)(U"), if k1 > Ry;

F(u//) —
(F)Bir(x})) (u”), otherwise.

Observe that

where

By Lemma [2.1.5]

]{9 . ]{9 oy D7) = Duly)P e dy
r (Zq r (Zq

v/d v/d
< Nk ][ |f]9 da + Ng™7¢ ][ |D?u|? da: .
Bl (x) Byl (x)
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Notice that by the triangle inequality,

][ |f|%de < N |f|% de + N][ |F(D*u) — F(D%u,z)|? dz.

0) B (z5)

For any x € Ri, denote

hz)=  sup  |F(u,x) - F").
u€S:|u|=1

By Holder’s inequality,

][+ |F(D*u) — F(D?u, z)|* dz g][ hi(z)| D2l dw < J/P T3P
Bm(az(l))

B, (m(lj)

where

Jy = ][ | D2’ du,
Bi:rr(ac(l))

J2:][ W a) Iy o dz <N hz) g+ (., da.
Bl (xh) (5 0 B () SRS
If kr > Ry, then by Remark

Jy < N(m*)d/

. h(z)dz < N(HT’)ng][ h(z)dz < Np.
BRU (2)

B}, (2) a

If kr < Ry, then

Therefore,

1/8
][ |F(D*u) — F(D?u,z)|*de < N <][ | D%u(z)|?? d:n) pt?
Bify () B (xp)

0

and this leads to the desired result. The lemma is proved. O

Corollary 2.2.2. Under the assumptions of Lemma let p > pBd. Then there is a
constant Ny, depending only on 6, 53,d, and p, such that

HDZUHLP(Ri) < NOffd/’nyHLp(Ri) + NO(/id/’YMl/(ﬂ 4 4 R_Q)HDzuHLP(Ri)'
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Indeed it suffices to proceed as in the derivation of ([2.8)).
By taking 28 = 1 + p/d and choosing k and 6 in such a way that

1

No(iidhul/(ﬁ/d) + k7Y < 3

we arrive at the following corollary.

Corollary 2.2.3. Let p > d, u € Wg(Ri) be a solution of with X = 0 vanishing
outside BEO (2), where z € R%. Then there exist 0 = 6(d,p, ) € (0,1] and N = N(d, p,6)
such that if Assumption is satisfied with this 0, then ||D2“”Lp(Ri) < NHfHLp(Ri)'

The next theorem is the main result of this section.

Theorem 2.2.4. Let p > d. Then there exist constants 0 € (0,1] depending only on
d,p,6 and \g depending only on d,p,d, and Ry such that if Assumption[1.0.9 holds with
this 0, then
(i) For any A > X\o and any u € WPQ(Ri) satisfying M, we have
)‘HUHLP(Ri) + HDQuHLp(Ri) < N||f||Lp(Ri)a (2.13)

where N = N(d,p,9);
(i) For any A > 0, there exists a constant N = N(d,p,d, Ro, \) such that if u,v €
W2(RL) and u—v € Wg(Ri), then

lullzgeay < NIFD? ) Ml @) + Nolwaes), (2.14)

Proof. We suppose that Assumption holds with 8 from Corollary
(i) Take a nonnegative ( € C§° which has support in BEO and is such that (P

integrates to one. For the parameter z € Ri define

uz(z) = u(x)((z — x)

and observe that for any = € Ri we have

Pz—x)dz=1. (2.15)

+

Then notice that, by the homogeneity of F', for any z € Ri

F(DQUZ(Z‘),JJ) = fz(l‘) + Auz(x)7
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where

f2(z) = f(2)¢(z — ) + F(D*u.(x),z) — F({(z — 2)D%u, x)

By Corollary and the Lipschitz continuity of F' in u”,
I = DI, g, < NI = I

+N[ID¢(z = )| | Dul Hﬁp(Ri) +N[(ID*¢(z = )| + A¢(z — '))UIIQP(Riy

Upon integrating through this estimate with respect to z € Ri and using 1} we get
1D2al oy < NI, gy + VIl )

p p
+N2(HDU”LP(R1) =+ HuHLP(R‘i))’

where N; = Ni(d,6,p) and Ny = Na(d,d,p, Ry). Furthermore, as in the proof of
Theorem by analyzing the proof of Lemma 3.5.5 of [12], we have for any A > 0

)\HUHL,,(Ri) < N||f”Lp(Ri),
where N depends only on d,p, and §. Hence

Nl

ety HIDR o) < NS

Lp(R%) + NQ(HDU’HZ,(R@ + Hu”ip(Ri))’

and to finish proving (2.13) with N = 2N; it only remains to use the multiplicative
inequalities and choose Ao(d, d, p, Ry) sufficiently large.
(i) Set w = u — v and f = F(D?u,z) — Au. Observe that

F(D*w,z) — \w = f + [F(D*w, z) — F(D*w + D*v,z)] + \v

and |F(D?*w, z) — F(D?*w + D?v,z)| < N|D?v|. Then we see that (2.14)) follows from
the proof of Assertion (i). The theorem is proved. O

The following solvability theorem is a standard result, which however will not be

used later in the paper. The main emphasis here is on the method of proof.

Theorem 2.2.5. Let p > d. Then there exist constants 6 € (0,1] depending only on
d,p,6 and \g depending only on d,p,d, and Ry such that if Assumption holds
with this 0, then for any v € Wg(Ri), A>0, and f € Lp(]R‘i), there exists a unique
u € WpQ(Ri) satisfying and such that u —v € Wg(Ri).
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Proof. We take 6 from Theorem and first we assume that F(u”,z) is infinitely
differentiable with respect to 2 € R? and each of its derivatives is continuous in (u”, )
and Lipschitz continuous in «” uniformly with respect to x (in particular, if in addition
Fy. are differentiable with respect to v” for u” # 0, then Fyx,, = are bounded for u” # 0).
By mollifying F'(u”, z) with respect to u” and using its properties listed above we obtain
a sequence F"(u”, x) of functions infinitely differentiable in (u”,z), converging to F' as
n — 00, convex in u” and such that, for all n and all values of the arguments and ¢ € R?

and v € S, we have
SlEfP < Fy 67 <OTYEPR, |FT = Fyui <1,

—Fp Vi€t — FlL €8T < N ("] + (€],

where N is independent of n. It follows that the function —F(—u",z) — Au is of class
F introduced in [I2] §6.1]. We also take f € C§°(R%) and v € C°°(R?) with compact
support. Then by classical results (see, for instance, [12] or [26]) equation with
boundary condition u = v on ﬁRi has a unique solution w, which is twice continuously
differentiable in R%. As in the proof of Theorem we have that u € sz(Ri) and
estimate holds (with F(D?u,x) — \u = f).

Next, we consider the general situation. Take the function ¢ from the proof of
assertion (i) of Theorem but such that holds with p = 1. For n = 1,2, ...
define

Fo(u",2) = | Fu",z+y/n)(y)dy.

R
Obviously, these infinitely differentiable functions of x are positive homogeneous of
degree one and satisfy (H;) and Assumption with the same parameters as F' does.

Then we approximate f and v in appropriate norms with functions f,, and v, pos-
sessing the properties described above. This yields a sequence of u, € Wg(Ri) with
uniformly bounded WI? (R%) norms and such that u, — v, € I/Vp2 (R1) and

Fn(Dzunax) - )‘un(x) = fn(x)

By embedding theorems there is a u € W]?(Ri) and a subsequence,which is still denoted
by {un}, such that w, — u uniformly on compact subsets of Ri. In particular u = v
on ORY | so that u — v € Wg(R‘i).
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Since f,, — f in Lp(]Ri), we may assume that f,, — f (a.e.). Therefore, if we define

Fo,(u",x) = sup F,(u",z), Eno(u",x) = inf F,(u", ),

n>ng n>ng

then, for any ng, (a.e.)

lim Fyy (D%, ) > lim By (D) = f() + Au(z),

T 2 T 2 _
Jim F,, (D*up,z) < Jim Fo(D*up, z) = f(z) + Au(z).

It follows by Theorems 3.5.15 and 3.5.6 of [12] that for any ng (a.e.)
Fro(D*u, ) > f(x) 4+ Au(z) > E,, (D?u, x). (2.16)

Now observe that, for each u” € S, F,(v”,2) — F(u”,z) (a.e.). Since both parts
are positive homogeneous and Lipschitz continuous in «” with constant independent of
n we also have

Fno(uﬂﬂ .11) - Eno(ullvx) < €no(x)|u//’7

where €,,(x) — 0 (a.e.) as ng — oo. After that to finish proving the existence it only
remains to pass to the limit in (2.16]).

Uniqueness is proved in the same way as in Theorem The theorem is proved.

O

2.3 Proof of Theorem [1.0.2

First we state a generalization of a result of [I6]. The point is that in that paper the

counterpart of our Assumption is formulated as (1.8]) (in its elliptic version).

Theorem 2.3.1. Let p > d. Then there exist constants 6 € (0,1] depending only on
d,p,d and \g depending only on d,p,d, and Ry such that if Assumption[1.0.9 holds with
this 0 and D = R?, then

(i) For any u € sz(]Rd) satisfying (2.11), we have
Mullz, ga) + 1D%ull ey < NI fllL,®a), (2.17)

if A\ > Ao, where N = N(d,p,J), and we have

lellwz ey < Nl Fllwzwa) (2.18)
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if A\>0 with N = N(d,p,d, Ro, \).
(i4) For any A > 0 and f € L,(R%), there exists a unique u € W;(Rd) satisfying
@.11).

We only give a few comments on the proof of this theorem. In case F' is independent
of x the a priori estimate is obtained in [I6] for all A > 0. When F' depends on
x one obtains the estimate for A > Ao and for A > 0 as in the proof of
Theorem After the necessary a priori estimates are obtained, it is stated in [16]
that the solvability theorems are derived in a standard way without giving any specific

details. This standard way is presented in the proof of Theorem [2.2.5

Proof of Theorem[1.0.3. As in the proof of Theorem we first establish (1.6)) as an

a priori estimate and the case of general g is reduced to the case g = 0 by replacing the
unknown function u with u — g. We will see that to obtain the a priori estimate we do

not need condition (Hs).
Observe that Theorems and with A = A\g imply that

HDzUHLp(Ri) < N(HF(DzU)HL,,(]Ri) +lullp,®ey), Yue W (RY),

ID*0]l 1, gy < NUIF (D), gy + [0l ma))s Vo € WH(RY), (2.19)

where N = N(d,p,d, Ro) (provided that 8 = 6(d, p,d) is chosen appropriately).
Now assume that u € Wg(D) satisfies

F(D*u(z), z) + G(D*u(x), Du(z), u(x),z) = 0. (2.20)
We move the term G to the right-hand side and define
f(2) = —G(D?u(x), Du(x), u(x), ).

After that by using the technique based on flattening the boundary, partitions of unity,

and interpolation inequalities allowing one to estimate Du through D?u and v and also

using (2.19)) we obtain that

ID%ull L0y < Ni(llfllz, ) + lullz, @), (2.21)
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provided that 6 is sufficiently small depending only on d, p, §, and the C*! norm of dD.
Here N; depends only on d, p, §, Ry, and the C1! norm of 9D. Below by N; we denote
the same type of constants as Nj. It follows from the definition of f and (Hz) that, for
any s > 0,

£,y < Ix(ID*u)) D?ul 0y + K (| Dul| 1,0y + [l L, (p))

HIGl,(p) < x ()| D*ull () + X[l ocs DI

+E(|[Dull L, (p) + lullz, D) + 1G]l (D) (2.22)

Upon taking s large so that Nyx(s) < 1/2, we get from (2.21)), (2.22), and the interpo-
lation inequality that

lullwzpy < Na(lul o) + G|,y + X2 sIDIP). (2.23)
To estimate the term [|u||z,(py on the right-hand side of (2.23), we rewrite (2.20) as

F(D*u(x),z) + G(D*u(x), Du(z), u(x), z)

—G(D%u(x),0,0,z) = —G(D*u(z), 0,0, z). (2.24)

Note that, by conditions (H;) and (Hsg), there exist L € Ly and bounded measurable
functions b = (b', ...,b%) and c such that the left-hand side of (2.24]) can be represented

as Lu + b'D;ju — cu. Since G is nonincreasing in u, we have ¢ > 0. Therefore, by

Alexandrov’s estimate
Sup [ul, Nl L,y < NIIG(D?u(-),0,0,) L, (D),
where N = N(d,p, d,diam(D)). Again by condition (Hsz), for any s; > 0,

lull,p) < Nlx(I1D*ul)D?ull,p) + NG|z, D)

< N3(x(s1) | D*ull 1 p) + Xl 2o 51/ DIYP + |G|, () (2.25)
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Combining (2.23)) with (2.25]) and taking s; sufficiently large so that NaN3x(s1) < 1/2,
we arrive at

lulwz2p) < Nall Gl p) + Nals + s1)lIxl|zo. I DI'7,

which is (1.6)) in the case that g = 0.

To prove the existence and uniqueness of solutions, we first assume that H := F+G
and g are smooth in x and the domain is of class C?T®. Then, under conditions (Hz)
and (Hs), it is known (cf. the proof of Theorem that there is a unique C?(D)
solution u with a given smooth boundary data. This solution is certainly in WE(D)
and we have an estimate of its W2(D) norm. After that we mollify the original F' and
G in z, mollify g, and approximate D by a sequence of increasing smooth domains
D,, with the C'! norm under control. We take these domains because otherwise after
mollifications F' may fail to satisfy for all x € D. After that it suffices to repeat
the last part of the proof of Theorem [2.2.5] To see that the limiting function u satisfies
u—ge€ Wg (D), we use the fact that u,, g, € W2(D,) with uniformly bounded norms
and the fact that (u, — gn)Ip, € Wz} (D) with uniformly bounded norms. Of course,
while passing to the limits and proving uniqueness we use that for any u,v € WPZ(D)
there is an operator L € Ls and bounded measurable functions b = (b, ..., %) and ¢

satisfying |b] < K, 0 < ¢ < K such that
H(D?*u, Du,u,z) — H(D*v, Dv,v, x)
= H(D*u, Du,u,z) — H(D*v, Du,u, )
+H(D?v, Du,u,z) — H(D*v, Dv,v, )
= L(u—v) + b'Di(u —v) — c(u —v).

The theorem is proved. ]



Chapter 3

Solvability of Parabolic Bellman’s

Equation

3.1 Parabolic Bellman’s equations in R?*! with constant

coefficients

In this section we consider the equation

owu(t, z) + F(D*u) = f(t,x), (3.1)
in the whole space. Due to the same reasons as in Section equation (3.1)) can be
written as a parabolic Bellman’s equation

Opu(t, z) + ilelg[aij(w)Diju(t,m)] = f(t,z).

For r > 0, introduce @, := Q,(0,0). The following is Lemma 4.2.2 in [15].

Lemma 3.1.1. Let p € [1,00). Then there is a constant N = N(d,p) such that for any
7 € (0,00) and u € C°(R¥1) we have

loc

][ \Du — (Du)o, P da dt < Nrp][ (1D%u| + |yu))? da dt,

T T

][ fu(t, z) — (u)g, — 2 (Diw)g, [P dz dt

r

< erp][ (1D%u| + |yul)? da dt.
Qr

25
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The second lemma is a parabolic embedding theorem proved as Lemma I1.3.3 in

[19].
Lemma 3.1.2. Let p > (d+2)/2 and u € Wp>(Q1). Then for any (t,z) € Q1,

ult, )] < Nullyreq,,

where N = N(d, p).
Let v = u(t,z) — (u)g, — *(Dju)g,, then v belongs to WI}’Z(QT) whenever u does.

Noting that
D,-jv = Diju, 8tu = 8,51), DZ"U = DZ‘U, — (Diu)QT,

we get the following corollary by dilations and combining Lemmas and
Corollary 3.1.3. Let p > (d+2)/2 and r € (0,00). Then for any u € Wpl’Q(Qr), we

have

sup [u(t, ) — (u)q, — ' (Diu)q, [P
(t,2)EQr

< Ner][ (|D?u| + |Opul|)? dz dt,
Qr
where N = N(d,p).

Lemma 3.1.4. Letr € (0,00) and k > 2. Letv € C’;’Q(Qm) be a solution of (3.1)) with
f=0. Then there are constants o € (0,1) and N depending only on d and § such that

][ ][ |D?u(t, ) — D*v(s,y)|dxdtdyds < Nk~2"% 2 sup |v].
T T 6/QK/’"

Proof. Dilations show that we may concentrate on the case when r = 1/k. In this case
one routinely derives from Theorem 5.5.2 in [I2] that there exist a, N depending only

on §, d such that for any (t, ), (s,y) € Q1 /2, we have

|D?0(t,2) — D*u(s,y)| < Nz — y|* + [t — s|*/*) sup | (3-2)

1

Thanks to the maximum principle, the lemma is proved. ]
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Remark 3.1.1. By “routinely derives” we mean the following. First observe that we
may assume that

sup |v| = 1.
1

Indeed, if the sup is zero, we have nothing to prove. However if the sup is different from
zero we can replace v with the ratio of v and the sup.

Then we approzimate F(u") by smooth convex functions F"™(u”) so that F" — F as
n — oo uniformly on compact sets and for all values of variables

Ol < B €167 < TYEP, [P — F ug| < 1.

To do that it suffices to mollify F(u") with respect to u”. Then we approzimate v on
d'Q1 uniformly by infinitely differentiable functions ¢™ such that |¢"| < 1. Next, we
apply Theorem 6.2.5 of [12] to find a unique u™ € C1*(Q1) N C(Q1) such that

o™ + F"(D*u") — 2u" =0 in @
and u™ = @™ on I'Q1.
This theorem also guarantees that
u”, Du", D*u™, dyu™ € C12([e,1 — €] x B.)
for any e € (0,1/2). By the maximum principle u" are uniformly bounded in Q1. Since
o + F™(D*v) — Ly = F(D*v) — F(D*v) — Ly

and the latter tends to zero uniformly in QQ1, by the maximum principle u™ — v uni-
formly in Q.

Now we can formally apply Theorem 5.5.2 of [12] and get that the Cl+°‘/2’2+a(Q1/2)
norms of u™ are uniformly bounded and, in particular, for any (t,z),(s,y) € Q1/2, we
have

D2 (t,) — Du(s,y)| < Nijw — y|* + |t — 5//2),

where N depends only on d and §. Since u™ — v uniformly and D*u™ are uniformly

equicontinuous in @2, we have that D?u" — D?v in Q1/2, which yields
|D?u(t,x) — D*u(s,y)| < N(|lz —y|* + |t — 5[*/?)

and this coincides with (3.2)).
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Introduce Ls as before Lemma [2.1.4 but allow the dependence of the coefficients on

(t,z) rather than on x only.

Lemma 3.1.5. Let r € (0,00) and let u € C(Q,) N Wdlfl(Qp) for any p € (0,7). Then
there are constants v € (0,1] and N, depending only on d,d, such that for any L € L;
we have

][ |D?u|7 dxdt < Nv~27 sup |ul”
r o'Qr

v/(d+1)
) (3.3)

+N <][ |Ou + Lu|* da dt

Proof. If we prove with p in place of r for any p € (0,7), then by passing to
the limit we will obtain as is. Hence, we may assume that u € W;fl(QT). As
usual, we may also assume that » = 1. Then we may also assume that the coefficients
a’(t,z) of L are infinitely differentiable in R, Now set f = du + Lu in Q; and
extend f(t,z) for t < 0 as zero. Also set u(t,z) = u(—t,z) for ¢ < 0. Observe
that the new u belongs to W;fl((—l, 1) x By). After that define v(¢,z) as a unique
Wc}fuoc((—l, 1) x B1) N C([~1,1] x By) solution of &v + Lv = f with terminal and
lateral conditions being u. The existence and uniqueness of such a solution is a classical
result (see, for instance, Theorem IV.9.1 of [19] or Theorem 7.17 of [20]). By uniqueness
v =wu in @1, so that owing to Corollary 4.2 of [16],

¥/(d+1)
/\DQu'dedt—/ \D*v[Ydxdt < N / | f19FL da dt
1 Q1 (=1,1)x By

v/(d+1)
+N  sup |u"=N (/ | £t dz dt) + N sup |u].
0'(=1,1)x By Q1 9'Q1
The lemma, is proved. ]

We note that a slightly weaker statement than Lemma can be found in [27],
where for the proof the reader is referred to [2§].

Everywhere below in this section « is the constant from Lemma and v is the
one from Lemma [3.1.5
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Lemma 3.1.6. Let r € (0,00) and K > 2. Let u € Wdlfl(Qw) be a solution to ({3.1).
Then
][ ][ |D?u(t, z) — D*u(s,y)|" dx dt dy ds

< NP N (DR,

where N depends only on d and 9.

Proof. As usual, it suffices to prove the lemma for + = 1. We follow the proof of
Lemma 2.4 in [I6] and, as there, without trouble reduce the general case to the one
that u € Cp°(Q,). Define @ := u — (u)g, — 2'(Dju)q, and let v € Cbl’z(QH) N C(Qx)
be a solution of in Q, with f =0 and v = 4 on 0’'Q,.. Such a solution v exists
by Theorem 6.4.1 of [12]. By Lemma Holder’s inequality, and Corollary we

have
][ ][ |D2u(t, ) — D*v(s,y)|" dx dt dy ds
1 1

< Nx~1@+e) glup lv] < N&=7(|D?u|¢ + \8tu]d+1)zg/:d+l). (3.4)

Let w := @ — v in Q.. Then by the same argument as in the proof of Lemma 2.4 in
[16] or our Lemma we obtain that there exists an operator L € Lg, such that
Oyw + Lw = f. Then by Lemma [3.1.5

]l yDand:cdthnd“][ |D*w|" d dt

1 K

3/(d+1)
< N/ﬁ',dJrQ <][ ‘f‘d+1 dxdt)

and

v/(d+1)
][ ][ |D2w(t,z) — D%*w(s,y)|” < Nx+? <][ | £t da dt>
1/Q1 Qx

By combining this inequality and (3.4) and observing that D?u = D?v + D?w and
|Opul = |f = F(D*u)| < |f| + N|D?ul, (3.5)

we get the desired result. The lemma is proved. O
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The next theorem is the main result of this section. For simplicity of notation set
Ly = Ly(R™), W2 = W2 (R, (3.6)
Theorem 3.1.7. Let p > d+ 1. (i) Let u € Wy be a solution to (3.1). Then
ID%ulz, + 18eullr, < NIIfllz,. (3.7)

where N depends only on p, d, and 6.
(i) For any A > 0 and f € L,, there exists a unique solution u € I/Vpl’2 of the

equation
Oyu + F(D*u) — du = f. (3.8)

Furthermore,
Mullz, + 1D%ulL, + 18w, < N fllz,, (3.9)

where N depends only on p, d, §, and X.

Proof. (i) The estimate of the D?u term on the left-hand side of is derived from
Theorem 5.3 of [16] and Lemma in the same way as Theorem 2.5 (i) of [16] or
Theorem [2.1.7] (i). Of course this time we use the filtration of parabolic dyadic cubes.
The estimate of d;u follows from that of D?u and .

(ii) To prove the a priori estimate (3.9) we replace f with —Au + f in the above
estimates and get

Hence it suffices to prove that

Alullz, < NI[flz,,
which is done in the same way as in the elliptic case. After that, the solvability of (3.8

is proved in the same way as in Theorem [2.1.7] The theorem is proved. O

3.2 Parabolic equations in R%"! with VMO coefficients
In this section, we consider the parabolic equation

owu(t, z) + F(D*u(t,z),t, ) — \u(t,z) = f(t,z). (3.10)
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Everywhere below in this section, Assumption [I.0.1] is supposed to hold with D =

R*! « is the constant from Lemma and ~y is the one from Lemma We use
notation (3.6)) and recall that 6(u, d,d) is introduced in Remark

Lemma 3.2.1. Let 8 € (1,00), A = 0, p,r € (0,00), k > 2, and (tg,r9) € RITL.
Suppose that 6 = 0(u,d,5). Let u € W;fl be a solution of (3.10) vanishing outside
Qr,(to, z0). Then,

/(d+1)
][ ][ |D2u(t,z) — D*u(s,y)|” de dt dy ds < N2 <]f\d>;
N2 (|D2u|ﬁ(d+1))7/(6d+ﬁ) 1/ (')
Qrr
v/(d+1)
+NK™ (| D%y , 3.11
(ID2) (3.11)

where N = N(d,0,0) and ' = 3/(8 —1).

Proof. We will basically repeat the proof of Lemma adapting it to the parabolic

case and the whole space. Introduce

F") = (F)QRO (to,xo)(u”)a if kr > Ry;
(F)Qn'r (u/,)a Otherwise’
and
h(t,z)= sup |F@" t,x)— Fu").
u€S:|u|=1
Note that
O+ F(D?u) = f,
where

f(t,z) = f(t,z) + F(D*u) — F(D?u,t, ).

By Lemma and the triangle inequality,
][ ][ |D2u(t,z) — D*u(s,y)|” dz dt dy ds

< Nd+2 <(|f|d+1)22/ﬂ(f+l) _,_J"//(d+1))



32

d+1
FNK (|D2uyd+1)7/( :

, (3.12)

KT

where N = N(d, ) and

J— |F(D%u) — F(D?u,t,2)|" g, (to,z0)drdt < J{/"7)/7
QNT

with
Jh :][ | D?u|?4HD) dg

Jo = ][ WD Ity A dt < N hlg, (10,00) d dt.
KT QKZ’I‘

If kr < Ry, we have

Jo <N hdxdt < N6.
Qrr

If kr > Ry, we have

Jo < N(kr)~472 / hdz dt
Qrg (to,z0)

< N(m)dQRg*?][ hdxzdt < Np.

QR (to,70)

Therefore, in any case,

1/8
J<N (][ | D?u(z) [P+ da:dt) e

KT

Substituting the above inequality back into (3.12)), we get (3.11)). The lemma is proved.
O

From Lemma by a standard argument using Theorem 5.3 of [16] and the

Hardy—Littlewood theorem, we arrive at the following corollary.

Corollary 3.2.2. Letp > d+ 1, and u € W;fl be a solution of (3.10) with A = 0
vanishing outside Qr,. Then there exist constants N and 0 depending only on p, d, and
0, such that if Assumption|1.0.1]is satisfied with this 0, then

1D*ullz,, + 0wl L, < NIflL,-
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For any T € [—o00, 00), we denote
REF = {(t,z) e R™™ .t > T}
The main result of this section is the following theorem.

Theorem 3.2.3. Letp > d+ 1 and T € [—o00,00). Then there exist 0 € (0,1], de-
pending only on d,d,p and a constant \g, depending only on d,d,p, and Ry, such that
if Assumption is satisfied with this 6, then

(i) For any A > g and any u € Wdlfl (R%H) satisfying (3.10), we have

)‘Hu”Lp(RdTH) + H8tu||Lp(RdT+1) + HDzu”LP(RdTH) < NHf”Lp(RdTH)a (3.13)

where N = N(d, 0, p)
(i) For any X\ > 0, there exists a constant N = N(d,p,d, Ro, \) such that for any
u € WI}’Q(R%'H) satisfying (3.10) we have

Julhype gy < Nl oo (3.14)
(iii) For any X > 0 and f € L,(R&™), there exists a unique solution of (3.10) in
Wl2(pd+l
p (Rp™).

Proof. First we assume T' = —oo. The proof of Theorem [2.2.5|shows that assertion (iii)
follows from (i) and (ii). We suppose that Assumption holds with 6 from Corollary
0.2.2)

Take a nonnegative function ¢ € C* which has support in —Qp, and is such that

(P integrates to one. Fix (s,7) € R™! and define

U(s,y) (t7 l‘) = u(tv ZL‘)C(S —ty— 1‘),

Then ) (t, ) is supported in Qg,(s,y), and

5,Y)
8tu(s,y) + F(u(s,y)7 t, Z) = f(s,y)a

where
fsytx) = f(t,2)0(s —t,y — ) + Flu(sy),t, )

_F(C(S - t7 y—= IL‘)DQU, ta IL‘) - (atC)(S - t7 Yy—= l’)u + )‘u(s,y)'
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By Corollary and condition (Hj),

1¢Cs =y = owllh, +16(s — -y — ) Dull;,
< NG =y = I, + NIID¢(s = -y — )| Dulls,

#1101+ 1031+ AICl) (5 = oy = Juf, -

Integrating the above inequality over (s,7) € R¥! we get
lorully, + D%l < Nu( £, + NPllulls,)

+No(IDull? + ull?),

where N1 = Ni(d,d,p) and Ny = Na(d,d,p, Ry). Now to conclude (3.13)) and (3.14]),
it suffices to use again the proof of Lemma 3.5.5 of [I2] as in Theorem This

completes the proof of the theorem in the special case when T' = —oo0.

For T > —oo, we extend f to be zero for ¢ < T, and then find a unique solu-
tion @ € Wy 2 (R of in R the existence of which is guaranteed by the
argument above. This in turn also yields the existence of a solution of in Rglfl
satisfying or as appropriate. Its uniqueness in I/Vp1 ’Q(RdT'H) follows as usual
from the uniqueness for linear equations (with measurable coefficients) and parabolic

Alexandrov’s estimates. The theorem is proved. ]

We finish the section by proving the following result about the Cauchy problem.
Denote by W,y ((0,T) x R?) the set of functions of class W,2((0,T) x R%) having zero
trace on the plane {(T,z) : z € R?}.

Theorem 3.2.4. Let p>d+ 1 and T > 0. Then there exists 6 € (0, 1] depending only
on d,d,p, such that if Assumption[1.0.1] is satisfied with this 0, the following assertions
hold:

(i) For any v € Wp2((0,T) x RY) and f € Ly,((0,T) x RY), there ewists a unique
solution u € Wy2((0,T) x R%) of in (0,T) x R? with A\ = 0 satisfying u — v €
W, ((0,T) x RY).

(i) Moreover,

HUHWPI’Q((O,T)X]Rd) < N||U||W;’2((07T)><Rd) + NHfHLp((O,T)de)v (3'15)

where N = N(d, 0,p,T, Ry).
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Proof. As in the proof of Theorem it suffices to prove as an a priori estimate.
By considering u — v instead of the unknown function u, without loss of generality we
may assume that v = 0. Furthermore, having in mind the possibility of substitution
@ = e'u, we see that it suffices to consider equation (1.0.1]) with A = 1. We extend u
to be zero for ¢t > T'. It is easily seen that the extended u € Wp1 ’2(Rg+1) satisfies
in RIT with f(t,z) = 0 for t > T. Estimate then follows from Theorem

(ii). O

3.3 Parabolic Bellman’s equations in R with constant

coefficients
In this section, we consider equation (3.1)) in the half space
d+1 . _ d
R =R x RY.
For r > 0,t € R and z = (2',2') € R%, denote

Q,T(t,.%’) = Qr(tvx) mR(—ji-—’—l? Q:_ = Q;j_(ov()% Qﬂ_(xl) = Q;_(valvo)'

The following lemma can be deduced from Corollary in the same way as Lemma
is proved.

Lemma 3.3.1. Letp > (d+2)/2 andr € (0,00). Then for anyu € Wpl’Q(fo) vanishing

on z' =0, we have

sup |u— :El(Dlu)Q+|p < Nr2p][ (| D%u| + |Opul|)P de dt.
(t0)eQif ’ Qf

where N depends only on d and p.

Lemma 3.3.2. Let r € (0,00), k > 2, and v € C(Q},) N 02’2( i) for any p € (0,7).
Assume that v is a solution of (3.1) with f =0 and v =0 on x' = 0. Then there are
constants « € (0,1) and N, depending only on d and &, such that

[DQU]Ca( < N(’{T)_Z_a sup [v].

+
©) Qi
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Proof. Dilations show that it suffices to prove the inequality for kr = 1. We take a
smooth domain D7 such that B;/ 4 C Dy C Bfr . As in Lemma it then follows from
Theorem 5.5.2 in [12] that

D*]air <N  sup |ul.
(D] e ot (O,3/4)><D1| |

Owing to the maximum principle, the lemma is proved. O

The next lemma is a consequence of Lemma and can be proved in the same
way as Lemma, is proved.

Lemma 3.3.3. Let r € (0,00) and let a function u € C(Q;") N W;fl(Q;) for any
p € (0,7) and satisfy u = 0 on &'Q;". Then there are constants v € (0,1] and N,
depending only on § and d, such that for any L € s we have

v/ (d+1)
][+ |D2u‘7 dzx dt < N <][+ |8tu + Lu|d+1 dx dt)
Qr Qr

Everywhere below in this section « is the smallest of the constants called « in

Lemmas (3.1.4] and and ~y is the smallest of the ones from Lemmas and

Lemma 3.3.4. Let r € (0,00), K > 16, and 2} > 0. Let u € W;fl( L(xd)) be a
solution to (3.1)) in Q},(z}) vanishing on QL (x}) N ORI, Then

|D?u(t, z) — D*u(s,y)|" dz dt dy ds
QF (25) Qi ()

v/(d+1)
< Nga+2 ][ | f19FL da dt
B Qite(xd)

0

A/
FNKO ]l D2 dg dt , (3.16)
Qi (xh)

where the constant N depends only on d and §.

Proof. As in the proof of Lemma due to dilations, we only need to consider the
case kr = 8. Again, we consider the following two cases.

Case 1: z§ > 1. In this case, we have Q,.,/g(x() C ]R‘fl and inequality (3.16]) is an
immediate consequence of Lemma since /8 > 2.
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Case 2: z§ € [0,1]. Since r = 8/k < 1/2, we have

Qf (2h) € Qf, € QF € Q) (ah).

By using a standard approximating argument, we may assume that u € C°(Q}, (zd)).
Define 4 :=u — :L‘l(Dlu)Qz. We claim that there exists a function v such that

(i) v € C(Q4), v =1 on 8’@1;

(i) v € C;’Z(Q;) for any p < 4;

(iii) v satisfies in Qf with f =0.

The proof of this claim is obtained as follows. First we take smooth domains D,
such that thl/n C D, C B set Q, = (0,16) x D,, and by applying Theorem 6.4.1
of [12] find unique v, € C;’Q(Qn) N C(Q,,) satisfying with f = 0, and boundary
condition v, = @ on 9'Q,,. Then one routinely derives from Theorem 5.5.2 in [12] (cf.
Remark that there exists 8 € (0,1) such that for any p < 4 the C’l+5/2’2+ﬁ(@;)
norms of v, are bounded for all large n. After that one takes a subsequence of v,, if
necessary, and finds a function v possessing the above properties (ii) and (iii). That v
also satisfies (i) is proved in the same way as a similar statement is proved in Theorem
6.3.1 of [12).

Now Lemmas and and the maximum principle easily yield that

ZZ 7Z |D2u(t,z) — D*v(s,y)| dx dt dy ds
+ (1 + (.1
7 (x6) Y Qr (xg)

2
< Nt D*lon gy, < N7 sup [0
4

1/(d+1)
< Ng™@ <][+(|D2u\ + |Opu]) L dx dt) .
Q

4

Recall that v € (0,1]. By Holder’s inequality,

][ ][+ |D?u(t,z) — D?v(s,y)|" dz dt dy ds

o)

7/(d+1)
< Nk <][+( 1 (|D?u| + [Opu])4 da dt) : (3.17)
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Next for w := @ — v in QF, we have w € W;fl(Q;f) for any p < 4. By the same

argument as in the proof of Lemma [2.1.5] we know that there exists an operator L € Ls
such that dyw 4+ Lw = f in QI. By Lemma and the fact that kr = 8, we get

][+ |D2w|" dx dt < de”][ X |D2wl|" d dt
Qf (=4) Qf

v/(d+1)
< Nlid+2 (][+ |f|d+1 dl’dt)
Q

4

¥/(d+1)
< Nga+2 ][ | f19FL da dt
- Qi (a})

rr (T

and
][ ][ |D?w(t, ) — D*w(s,y)|" dx dt dy ds
QF (25) / Qif ()

v/d+1
< N2 ][ | £+t da dt :
B Qb (zh)

Upon combining this inequality with (3.17)), observing that D?u = D?v + D?w, and
using (3.5)) we get (3.16)). The lemma is proved. O

As in the proof of Theorem [2.1.7] one derives the following theorem from Lemma
the Hardy—Littlewood theorem, and Theorem 5.3 of [16], which we apply to the
filtration of dyadic parabolic cubes belonging to R‘fl. Denote by I/Vp1 ’Q(Riﬂ) the set

of functions from W, ’Z(Rffrl) with zero trace at x! = 0.

Theorem 3.3.5. Let p>d+1. (i) Ifu € W;’Q(Riﬂ) satisfies (3.1) in Ri“, then
HD2UHLP(R‘1++1) + HatuHLp(]Rfjl) < NHfHLP(RdJrH)a

where N depends only on d, &, and p.
(ii) For any f € Lp(RiH) and A > 0, there exists a unique solution u € W;’Q(Riﬂ)
of the equation
Owu(t, x) + F(D*u(t,x)) — Mu(t,z) = f(t,x).

Furthermore,
)‘Hu”Lp(Rfrl) + HD2UHLP(R1+1) + ||atu”Lp(ler+1) < N”f”Lp(Ri‘H)v

where N depends only on d, &, and p.
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3.4 Parabolic equations in RT™ with VMO coefficients

In this section, we consider parabolic equations in R‘ﬁl with variable coefficients

owu(t, z) + F(D*u(t,z),t, ) — \u(t,z) = f(t,z). (3.18)

In the sequel, Assumption is supposed to hold with D = Riﬂ, and the constants
a and 7 in Lemma are taken from Section Recall that 6(u, d,d) is introduced
in Remark 2.2.7]

Lemma 3.4.1. Let B € (1,00), A =0, pu,r > 0, k > 16, 2§ > 0, and (1,2) € Rfl.
Suppose that § = 6(u,d,d). Let u € W;fl(RiH) be a solution of (3.18) wvanishing
outside Q—EO(T, z). Then

][+ ][+ |D?u(t, z) — D*u(s,y)|” dz dt dy ds
Qr (x(l)) r (I(IJ)

v/(d+1)
< Ngat+2 <][ | f|9 da dt)
Qi (xh)

)7/(,3d+/3)

+ N2 (][ | D)) o dt i/ (B'd+A)

Qi ()

v/(d+1)
+NKk™ ][ | D2l dx dt : (3.19)
Q- (xh)
where N = N(8,d,8) and ' = B/(B —1).

Proof. Introduce
" : .
(F)QEO(T%) (u"), if kr > Ry;

F‘(u”) =
(F)Qigr(x}))(u”)’ otherwise,
and
Bta)=  swp [Pt ) - P,
u€S:|u|=1
Note that
dwu(t,z) + F(D*u) = f,
where

f(t, z) = f(t,x) + F(D*u) — F(D?u,t,x).
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By Lemma [3.3:4 and the triangle inequality,

][ ][ |D?u(t, z) — D*u(s,y)|” dz dt dy ds
QF (§) 7 QF (25)

v/(d+1)
< Ngdt+2 |f’d+l da dt + Nd+2 v/ (d+1)
B Qb (=})

v/(d+1)
+NKx™=7 (][ |D2u|% da dt) , (3.20)
Qi ()
where N = N(d, ),

J :][ |F(D*u) — F(D?u,t,2)| " s (o dudt < J0 57
Qi (xh) flot

Here
Jy = ][ |D?u|P Y dg dt,
Qi (xh)

— B'(d+1)
%o

T,2)
Qir Z'(1)) 0’

If kr < Ry, we have

J2<N][ h(t,x)dxdt < Np.
Qi (wh)

If kr > Ry, we have
Jo < N(kr)~972 / h(t,x) dx dt

Qy (72)

< N(m)—d—QRg”][ h(t,x)dzdt < Np.

Qfy (72)

Therefore, in any case,

1/8
J<N <][ |D?u(z) P dy dt> e

Substituting the above inequality back into (3.20)) yields (3.19). The lemma is proved.
O

The proof of Lemma [3.4.1] is just a rather dull repetition of already given proofs of
similar facts. The following corollary is obtained in the same way as similar assertions

were obtained before.
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Corollary 3.4.2. Letp > d+1 andu € Wdlfl (]R‘fl) be a solution to with A =0
vanishing outside QEO (1,2), where (1,z2) € Riﬂ. Then there exist constants 6 € (0, 1]
and N depending only on p,d, and §, such that if Assumption|1.0.1| is satisfied with this
0, then
1D*ullz,, + 0¢ull, < NIIfllz,-

Next we state the main result of this section, which is deduced from Corollary
by modifying the proof of Theorem m By I/Vp1 ’2((T, 00) x R1) we denote the set of

functions of class W, *((T), 00) x R%) with zero trace on x! = 0.

Theorem 3.4.3. Letp > d+1 and T € [—00,00). There exist constants 6 = 0(d, d,p) €
(0,1], and Ao depending only on d, p, 6 and Ry, such that if Assumption holds
with this 0, then

(i) For any A > Ao and u € VDVpl’Q((T, 00) x RY) satisfying (3-18), we have

Ml L, (7,00 xre ) + 105ull Ly ((7,00) xR ) + ||D2UHLZ,((T,oo)xR1)

< N fll L, 7,00y xR )

where N = N(d, 0,p).
(ii) For any X\ > 0, there exists a constant N = N(d,p,d, Ry, \) such that for any
we Wy ((T, 00) x R%) satisfying (3.18)), we have

HUHWPI’Q((T,oo)xRi) < NHfHLp((T,oo)xRi)'

(iii) For any A > 0 and f € Ly((T,00) x RL), there exists a unique solution u €

Wy (T, 00) x RY) of (B.18).

We are now ready to prove Theorem [1.0.1

3.5 Proof of Theorem [1.0.1]

Proof. The proof is similar to that of Theorem in Section with some minor
modifications. As before, we first establish ([1.3) as an a priori estimate and we may
assume that g = 0.

We will see again that to obtain the a priori estimate we do not need condition (Hs).
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Observe that Theorems [3.2.3] and [3.4.3] with A = )¢ imply that

H&quLP(RgH) + HDQUHLP(Rg“) < N(||0pu + F(D2U)HLP(R3+1)
+||UHLP(R61+1))’ Vu € W;}’Q(Rg—H)v

||5tv||Lp(R+xR‘jr) + ||D2”||L,,(R+xR1) < N([|9pw + F(D2U)HLP(R+xRi)

Hlvll,®, xre))s Vo€ Wh2(Ry x RY), (3.21)

where N = N(d,p,d, Ry) (provided that 8 = 6(d, p,d) is chosen appropriately).
Now suppose that u € W, 2(Dr) satisfies

O+ F(D*u,t,z) + G(D*u, Du, u(t, z),t,z) = 0 (3.22)

in Dp. We extend v and G to be zero for ¢ > T. It is easily seen that the extended
u € Wp?(Dso) satisfies (3.22) in Dao. Define

flt,z) = —G(D2u(t, x), Du(t,z),u(t, x),t, x).

After that by using the technique based on flattening the boundary, partitions of
unity, and interpolation inequalities allowing one to estimate Du through D?u and u
and also using (3.21)) we obtain that

10l 2, (o) + 1D*ull 2, Do) < NI f L,y + el (Do)
which is the same as
10sull 2,07y + 1 D%ull L, 0r) < NI lLy ey + 1ullL,D0), (3.23)

provided that 6 is sufficiently small depending only on d, p, §, and the C*! norm of 9D.
Here N; depends only on d, p, §, Rp, and the C! norm of 0D.
It follows from the definition of f and (Hs) that, for any s > 0,

1£ 1|, 0r) < XDl L, D) + X[ Lo sTPDIP

+K(|[Dullr,r) + Il 0r) + 1GlL, ) (3.24)
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Upon taking s large such that Nix(s) < 1/2, we get from (3.23)), (3.24) and the inter-
polation inequality that

lullyr2ep,y < No(lllr,or) + 1GlL, @) + IX[lzosTY/?|DIP), (3.25)

where N is the same type of constant as Nj.
Next, one can estimate the L,(Dr) norm of u by rewriting similarly to
as
O+ Lu + b'Dju — cu = —G(D?u,0,0,t,2)

and using the parabolic Alexandrov estimates. This will lead to an a priori estimate
(1.3) as in the proof of Theorem with N depending also on T'. To see that N can
be chosen to be independent of T', we suppose without loss of generality that D C Bg/s,
where R = 4diam(D), and take the barrier function vy defined on R? from Lemma 11.1.2

of [15], which satisfies in Bp,
vg >0, Lvg+ biDivo —cvg < —1.
Denote v = u/vg. Then v € VOVI}Q(DT) satisfies
A+ Lv+b' D — év = —vy 'G(D?(vov), 0,0,t, x)
in Dr, where
b=+ 2aijv0_1Djvo, c= —vo_l (ng +b'Djvy — cvo) .

It is easily seen that we can find constants K>0andv >0 depending only on d, §, K,
and R, such that

We then write ¢ = ¢+ v so that é > 0. As in the proof of Theorem [2.1.7] (ii), it holds
that
VHU”LP('DT) < N(d7 57 p) “U[)_lG(D2(U0U)7 07 07 t, x)HLp(DT)a

which gives
||uHLp('DT) < N(da 57177 R)||G(D2’LL, 0,0,t, x)HLp('DT)) (326)

owing to the properties of vg. Combining (3.26) and (3.25)), we finish proving the a

priori estimate as in the proof of Theorem [1.0.2
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With the a priori estimate (1.3]) in hand, the existence and uniqueness are obtained
by the same argument as at the end of Section relying on condition (Hsz). The

theorem is proved. O
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