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Abstract

This dissertation studies high speed jets in crossflow using numerical simulations. The

complexity of this flow makes detailed measurements difficult, and only limited infor-

mation is provided by past experimental studies. Traditional engineering simulation

tools also have difficulties in simulating such flows. Therefore, the current study: 1)

develops Large-Eddy Simulation (LES) capability and novel subgrid-scale (SGS) mod-

els for high speed flows in complex geometries; 2) realizes multiple methods to generate

realistic turbulent boundary layer inflow condition for unstructured compressible flow

solver; 3) explores the detailed physics of high speed jets in crossflow; 4) investigates

the jet trajectory, entrainment and coherent vortical motions.

Large-eddy simulation capability is developed for the base numerical scheme devel-

oped by Park & Mahesh [1] for solving the compressible Navier-Stokes equations on

unstructured grids. Large-eddy simulations are performed to study an under-expanded

sonic jet injected into a supersonic crossflow and an over-expanded supersonic jet in-

jected into a subsonic crossflow, where the flow conditions are based on Santiago et

al.’s [2] and Beresh et al.’s [3] experiments, respectively. The simulations successfully

reproduce experimentally observed shock systems and vortical structures. The time av-

eraged flow fields are compared to the experimental results, and reasonable agreement

is observed. The behavior of the flow is discussed, and the similarities and differences

between the two regimes are studied. The trajectory and entrainment of the transverse

jet is investigated. A modification to Schetz & Billig’s theory [4] theory is proposed,

which yields good prediction of the jet trajectories in the current simulations in the

near field. Along the jet center streamline, the jet entrainment grow faster compared

to turbulent free jets. In the very far field, the growth rates of jet entrainment decrease

to values that are close to those for turbulent free jets. The Strouhal numbers of rel-

evant flow structures are computed from power spectral densities. Many flow motions

are observed to be correlated in sonic jet in supersonic crossflow. The frequencies in

supersonic injection are observed to be higher than those in sonic injection.

A novel eddy-viscosity model, “dynamic k-equation model”, is proposed for the LES

of compressible flows with complex flow geometries, where the transport equation for
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sub-grid scale (SGS) kinetic energy is introduced to predict SGS kinetic energy, instead

of using Yoshizawa’s model as in standard Dynamic Smagorinsky Model (DSM). The

exact SGS kinetic energy transport equation for compressible flows is derived formally.

Each of the unclosed terms in the SGS kinetic energy equation is modeled separately and

dynamically closed, instead of being grouped into production and dissipation terms, as

in the Reynolds Averaged Navier- Stokes (RANS) equations. A priori test using Direct

Numerical Simulation (DNS) of decaying isotropic turbulence shows that for Smagorin-

sky type eddy viscosity model, the correlation between SGS stress and the model is

comparable to that from the original model. Also, the suggested model for pressure di-

latation term in the SGS kinetic energy equation is found to have high correlation with

its actual value. In a posteriori tests, the proposed dynamic k-equation model is applied

to decaying isotropic turbulence and normal shock/isotropic turbulence interaction, and

yields good agreement with available experimental and DNS data. Compared with the

results of Dynamic Smagorinsky Model (DSM), the k-equation model predicts better

energy spectra at high wave numbers, similar kinetic energy decay and fluctuations of

thermodynamic quantities for decaying isotropic turbulence. For shock/turbulent in-

teraction, k-equation model and DSM predict similar evolution of turbulent intensities

across shocks, due to the dominant effect of linear interaction. The proposed k-equation

model is more robust in that local averaging over neighboring control volumes (CV) is

sufficient to regularize the dynamic procedure. The behavior of pressure dilation and

dilatational dissipation is discussed through the budgets of SGS kinetic energy equation,

and the importance of dilatational dissipation term is addressed.

The proposed dynamic k-equation model is then applied to Mach 2.9 supersonic

turbulent boundary layer, where a recycling-rescaling method for turbulent boundary

layer generation on fully unstructured meshes is developed and applied. Good agreement

is observed between the LES results and available DNS and experimental results.
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Chapter 1

Introduction

1.1 Motivation and background

The term, jet in cross-flow (JIC), refers to a jet of fluid that exits an orifice to interact

with the surrounding fluid that is flowing across the orifice (figure 1.1 a). High speed

jets in crossflow implies that either the jet or the crossflow is supersonic. High speed

jets in crossflow are central to a variety of applications. For example, in scramjet engine

combustors (figure 1.1 c), sonic jets of fuel are injected into a supersonic crossflow of

air. Due to their high speeds, the fuel and the air will reside in the combustor only

for milliseconds. Successful operation of the combustor requires the fuel and the air

to efficiently mix and burn thoroughly before they exit the combustor. Accurate es-

timation and detailed physical understanding of the turbulent mixing mechanisms are

therefore essential to the design of scramjet combustors. Another important applica-

tion of the high speed jets in crossflows is the steering of atmospheric flight vehicles,

which includes thrust vector and attitude/roll control. The thrust vectoring technique

utilizes the forces developed on the wall of the divergent portion of the flight exhaust

nozzle by injecting lateral jet into the supersonic propellent gases. In addition to the

usual jet reaction, it is observed that the transverse jets can cause significantly change

in wall pressure distribution due to the induced shock waves from jet/crossflow inter-

action. Under certain conditions, the resulting transverse force could be as large as the

primary thrust. Therefore, better interpretation of the relation between the resultant

side forces and jet/crossflow conditions is crucial to the success of thrust vector control.

1
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(a) (b)

(c)

Figure 1.1: (a) Schematic of jet into crossflow; (b) Attitude control using supersonic jets

(http://bemil.chosun.com/nbrd/files/BEMIL085/upload/2006/10/%20Patriot%20Advanced%20Capability%20(PAC-3) 01.jpg);

(c) Schematic of scramjet engine (http://en.wikipedia.org/wiki/File:ScramjetEngine.jpg).
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In attitude/roll control (figure 1.1 b), supersonic jet plumes exit the nozzle, reorient

upon encountering the crossflowing freestream and travel downstream; where the jet

and the induced flows can interact with aerodynamic control surfaces. In this case,

understanding the turbulent characteristics in the far field of the jet is important.

High speed jets in crossflow are very complex flows. The complexity of this flow

makes detailed measurements difficult, and only limited information is provided by past

experimental studies. Traditional engineering simulation tools also have difficulties in

simulating such flows. Thus, basic understanding of high speed jets in crossflow is still

lacking, and several important questions are still unanswered. Large-eddy simulation

is currently the most feasible way to simulate such flows. It resolves the large scale

fluid motions and models the small scale (subgrid scale, SGS) motions. Therefore,

accurate SGS models are important to the accuracy of LES. However, most of the

existing SGS models are either developed for incompressible flows or flows with simple

geometries. The compressible version of Dynamic Smagorinsky Model (DSM) is still

the most popular model over 20 years, in spite of some know issues in accuracy and

regularization.

In the light of the practical relevance of high speed jets in crossflow, the primary

objectives of the current study are to:

1. develop the LES capability and novel SGS models for complex high speed flows;

2. provide a high-fidelity simulation database for high speed jets in crossflow;

3. explore the detailed physics of high speed jets in crossflow;

4. answer specific questions concerning the jet trajectory, entrainment, wall pressure

distribution and dynamics of coherent vortical structures.

1.2 Past works on high speed jets in crossflow

Past work on high speed jets in crossflow are well summarized in the review paper by

Mahesh [5]. Several early studies of thrust vector control using high speed transverse jets

have been performed, where the induced pressure fields on the surfaces were measured to

determine the change in the total thrust (e.g. [6], [7], [8], [9], [10]). Most recent studies
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are motivated by the application of high speed jets in crossflow to supersonic combustion

(e.g. [11], [2], [12], [13], [14]). A variety of methods have been used to study high speed

jets in crossflow, such as Schlieren photography (e.g. [6], [2]), planar Mie-scattering (e.g.

[15], [11]), laser Doppler velocimetry (e.g. [2]), laser-induced fluorescence (e.g. [16],

[17], [13]) and particle image velocimetry (PIV) (e.g. [18], [3], [19], [20]). Because of

the complexity of this type of flows, detailed flow measurements are very difficult. Flow

visualization has therefore been used to study the jet penetration, mixing and overall

flow structure in high speed jets in crossflow, and some shock and vortical structures

have been identified. A three-dimensional bow shock and a separation region form in

front of the jet due to the blockage to the supersonic crossflow by the transverse jet. The

separation region lifts the crossflow boundary layer and creates a “ramp”, which further

induces a separation shock (e.g. [15], [2]) ahead of the bow shock. An inclined barrel

shock and Mach disk form at the periphery of the high speed jet plume as the jet exits

the nozzle, expands and interacts with the crossflow. The typical vortical structures

in high speed jets in crossflow are identified similarly to low speed jets in crossflow,

which include: the near-field jet shear layer vortices, the downstream wake vortices, the

horseshoe vortices wrapping around the jet column and the counter-rotating vortex pair

(CVP) in the far field. As noted by Fric & Roshko [21] for low speed transverse jets, the

former two types of vortices are unsteady and can be observed from the instantaneous

flow field; while the latter two are usually observed and defined in the mean, though

they also have unsteady components.

Jet penetration in high speed crossflow has been studied by numerous researchers

[4, 16, 22, 23, 11, 13]. The jet-to-crossflow momentum ratio,

J =
ρjV

2
j

ρ∞U∞
=

γjPjM
2
j

γ∞P∞M2
∞

(1.1)

is recognized as the parameter that has the dominant effect on the jet penetration.

Here, the subscript j denotes the jet exit condition, while the subscript ∞ denotes the

quantities of the crossflow. Compared to the widely used rD scaling in incompressible

jets in crossflow, JD scaling appears to scale high speed jet trajectories best (e.g. [3]).

Here r is the jet-to-crossflow velocity ratio. In most of the experimental studies, power

or logarithm functions with adjustable coefficients are used to fit the experimental data.

However, it is shown (section 3.6) that these coefficients differ a lot between different
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studies, and the trajectory data from different studies show a large level of scatter

even with JD scaling. Papamoschou & Hubbard [23] studied the effect of crossflow

Mach number and jet exit Mach number on the jet penetration. They pointed out that

due to equation (1.1), the effect of Mach number cannot be evaluated unambiguously

while keeping other quantities such as jet-to-crossflow momentum ratio and pressure

ratio constant. Their study showed that the jet penetration increases slightly with

the crossflow Mach number while keeping J constant. Also Ben-Yakar et al. [13]

found in their experiments that molecular weight also play a role in the jet penetration.

Obviously, there are factors other than J that affect the jet penetration, which must be

considered to yield better scaling laws for the jet trajectories.

Among the previous experimental studies, the works of Santiago & Dutton [2] and

Beresh et al. [3, 19, 20] provide relatively more quantitative data. Santiago & Dutton

[2] measured the detailed velocity field induced by a sonic jet injected into a Mach 1.6

supersonic crossflow on the symmetric plane and crossplanes. Beresh et al. carried

out a series of experiments [3, 19, 20] on over-expanded supersonic jets injected into

subsonic crossflow. Based on 7 different flow configurations, Beresh et al. studied the

influence of free stream Mach number and that of jet-to-crossflow momentum ratio on

the penetration of the jet, the turbulent characteristics in the far field downstream of the

jet and the scaling of counter-rotating vortex pairs (CVP) at cross planes. A number of

numerical simulations were performed to compare to Santiago & Dutton’s work [2] (e.g.

[24], [25], [26] and [27]). These numerical studies discussed the presence of large-scale

stuctures, the influence of crossflow boundary layer type and crossflow Mach number,

the dynamics of barrel shock and jet shear layer vorticies, and mixing properties. These

studies are mostly qualitative and emphasize the evaluation of specific algorithm or

subgrid-scale models. In contrast, few numerical studies of supersonic jets injected into

a subsonic crossflow have been reported in literature. Therefore, the quantitative and

detailed study of high speed jet in crossflow is still lacking.

1.3 Past works on large-eddy simulations

Large-eddy simulations (LES) have gained great success in simulating practical flows

where the Reynolds numbers are usually very high. By calculating the large-scale fluid
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motions directly from the filtered Navier-Stokes equations while modeling the unresolved

motions, large-eddy simulations alleviate the Reynolds number restrictions in DNS,

but preserve the ability to present the instantaneous flow characteristics and turbulent

flow structures. Numerous modeling works have been performed on LES. However,

Most of these models are either developed for incompressible flows or restricted to flows

with simple geometries. Relatively fewer models have been developed for compressible

flows. The compressible DSM model developed by Moin et al. [28] is still the most

popular model used in simulations of compressible flows. As opposed to incompressible

flows, the SGS kinetic energy has to be modeled explicitly in compressible LES. The

most commonly used model for SGS kinetic energy is Yoshizawa’s model [29] which

is derived from the multiscale direct interaction approximation [30]. Speziale et al.

[31] showed that Yoshizawa’s model is only applicable to compressible flows with small

density fluctuations, and correlates poorly with the DNS results of isotropic turbulence

at low Mach numbers. They suggested that these limitations could be reduced based on

Favre-filtered fields. In compressible DSM, Favre-filtering is applied, and Yoshizawa’s

model is naturally generalized for SGS kinetic energy. Furthermore, Yoshizawa’s model

is based on the assumption of local equilibrium, i.e. the production of turbulent energy

equals its dissipation, which is not the case most of the time. It has been shown that

Yoshizawa’s model tends to under-predict the magnitude of SGS kinetic energy [1].

An alternative and original approach to derive SGS kinetic energy is by solving its

transport equation. One equation SGS models have been extensively used in incom-

pressible LES [32, 33, 34, 35, 36, 37, 38, 39, 40], and have shown success especially in

the prediction of inhomogeneous turbulent flows. For example, Horiuti [41] showed that

the SGS kinetic energy equation model yielded improved performance than Smagorin-

sky model in the simulation of rectangular channel flow. For compressible LES, works

on one equation SGS models are lacking. Therefore, we develop a compressible version

of the dynamic Smagorinsky model with SGS kinetic energy equation which is termed

“dynamic k-equation model” in the rest of this dissertation.

The localized dynamic k-equation model (LDKM), developed by Menon & kim [40],

is an eddy viscosity model based on the SGS kinetic energy equation for incompressible

flows. Recently, LDKM has been extended for compressible flows and applied to the

LES of a sonic jet injected into a supersonic crossflow [26]. Extra terms were added
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to the SGS kinetic energy equation to account for compressibility effects. Both the

incompressible and compressible SGS kinetic energy equations used in LDKM are sim-

plified/modeled equations which appear to be adapted from the transport equations for

turbulent kinetic energy [42]. A different methodology is used for the dynamic proce-

dure as well. In the current study, the exact compressible SGS kinetic energy equation

is derived formally. Each of the unclosed terms are modeled separately instead of being

grouped into production, dissipation, etc., so that the contribution of each term can be

evaluated individually. For example, dilatational dissipation and solenoidal dissipation

are modeled separately unlike Gènin & Menon [26] who note that modeling them to-

gether is subject to the assumption of low Mach number. Furthermore, all of the extra

SGS terms (besides SGS stress and SGS heat flux) in the filtered total energy equa-

tion [43, 44] are found to reappear in the SGS kinetic energy equation, which allows us

to take them into account without adding extra computational cost. The traditional

Germano identity is applied to the dynamic closure for most SGS terms.

1.4 Overview

In the current study, a novel one-equation eddy viscosity model is developed for the

LES of compressible flows with complex geometry. The proposed model is applied

to the simulations of a variety of flow field, such as quasi-incompressible turbulence,

turbulence with locally high compression regions, turbulence with shock in the mean

and supersonic turbulent boundary layer for validation. Large-eddy simulations are

performed to study the detailed flow physics of the high speed jets in crossflow, where

both a sonic jet injected into a supersonic crossflow and a supersonic jet injected into

a subsonic crossflow are considered. The primary contributions of the current work

are: i) develop LES capability and novel SGS models for high speed flows with complex

geometries; ii) provide a high-fidelity simulation database for high speed transverse jets

in crossflow; iii) explore the detailed physics of high speed jets in crossflow; iv) answer

specific questions concerning the jet trajectory, entrainment, wall pressure distribution

and dynamics of coherent vortical structures.

The dissertation is organized as follows. Chapter 2 introduces the algorithm and the

background of large-eddy simulations. Chapter 3 presents the simulation results of high
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speed jet in crossflow, explores the detailed flow physics, and discusses specific topics

such as wall pressure distribution, jet trajectory, entrainment and the dynamics of co-

herent vortical structures. Chapter 4 shows the development and validation of dynamic

k-equation model for the LES of compressible flows. In Chapter 5, the performance

of the proposed dynamic k-equation model is further evaluated by supersonic turbu-

lent boundary layer, where the recycling-rescaling turbulent boundary layer generator

is realized for fully unstructured compressible flow solver.



Chapter 2

Algorithm

2.1 Governing equations

The Navier–Stokes equations for compressible flows are

∂ρ

∂t
= − ∂

∂xj
(ρuj) ,

∂ρui
∂t

= − ∂

∂xj
(ρuiuj + pδij − σij) , (2.1)

∂ET

∂t
= − ∂

∂xj
{(ET + p)uj − σijui −Qj} ,

p = ρRT

Here, ρ, ui, p and ET are the density, velocity, pressure and total energy, respectively.

R is the specific gas constant. The viscous stress σij and heat flux Qj are given by

σij =
µ

Re

(
∂ui
∂xj

+
∂uj
∂xi

− 2

3

∂uk
∂xk

δij

)
, (2.2)

Qj =
µ

(γ − 1)M2
∞RePr

∂T

∂xj
(2.3)

after standard non-dimensionalization, where Re, M∞ and Pr denote the Reynolds

number, Mach number and Prandtl number. T is the temperature. And µ is the

non-dimensionalized molecular viscosity which obeys Sutherland’s viscosity law [45].

9
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2.2 Numerical Scheme

The numerical scheme is that developed by Park & Mahesh [1] for solving the compress-

ible Navier–Stokes equations (Eq. 2.1) on unstructured grids. The governing equations

are discretized using a cell–centered finite volume scheme. Upon integration over the

control volume (CV), application of the Gauss theorem, and some rearrangement, the

governing equations may be written as

∂ρcv
∂t

= − 1

Vcv

∑
faces

ρfvNAf ,

∂ (ρui)cv
∂t

= − 1

Vcv

∑
faces

[
(ρui)f vN + pfni − σik,fnk

]
Af , (2.4)

∂ (ET )cv
∂t

= − 1

Vcv

∑
faces

[
(ET + p)f vN − σik,fui,fnk −Qk,fnk

]
Af ,

where Vcv is the volume of CV, Af is the area of face, ni is the outward normal vector

at surface, and vN is the face-normal velocity. The solution is advanced in time using a

second–order explicit Adams–Bashforth scheme.

Discretization of the governing equations involves reconstruction of the variables at

the faces from the CV center values. Also, the spatial accuracy of the algorithm is sensi-

tive to this flux reconstruction. The simulations employ a Modified least–square method

(MLSQ) [1] for this reconstruction, the modified wavenumber of which shows better

spectral resolution than the 4th order central difference scheme, at high wavenumbers.

When tested on vortex convection, Taylor–Green problem, decaying isotropic turbulence

and scalar convection, the MLSQ method is found to be more accurate than a simple

symmetric reconstruction, and more stable than a least–square reconstruction. The vis-

cous stress term is split into two parts, i.e. σij = σs
ij+σc

ij , where σ
s
ij = (µ/Re)(∂ui/∂xj)

is the incompressible part, and σc
ij = (µ/Re)[(∂uj/∂xi) − 2

3(∂uk/∂xk)δij ] is the com-

pressible part. Such splitting ensures that the dominant incompressible component only

depends on the nearest neighbors and is therefore more accurate at high wavenumbers,

and devoid of odd-even decoupling.

The algorithm uses a shock–capturing scheme that was originally proposed by Yee,

Sandham & Djomehri [46] for structured meshes and was extended by Park & Ma-

hesh [1] to unstructured meshes, and further localized to reduce unnecessary numerical
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dissipation. The shock–capturing is implemented in predictor-corrector form. Once

the predicted solution q̂n+1 is obtained from qn, the final solution qn+1 at t + ∆t is

determined from a corrector step:

qn+1
cv = q̂n+1

cv − ∆t

Vcv

∑
faces

(
F∗
f · nf

)
Af , (2.5)

where F∗
f is the filter numerical flux. Here, qn and qn+1 are the conserved variable arrays

at time step n and n+1, and q̂n+1 is the set of variables at time step n+1 but prior to

the application of shock–capturing. The predictor step (base scheme) is symmetric and

non-dissipative, and is designed to accurately represent broadband turbulence; while

the corrector step is a characteristic-based filter that is active only in the vicinity of

discontinuities. Therefore, the overall scheme avoids unnecessary numerical dissipation.

The algorithm was evaluated by Park & Mahesh [1] for shock/vortex interaction,

shock tube problem, two-dimensional mixing layer and under-resolved turbulence. For

shock/vortex interaction, the algorithm captures the deformation of vortex and shock

wave accurately. In mixing layer problem, the formation of shocklets as well as the

pairing and merging of vortex are well represented. Importantly, it is observed that

any numerical dissipation is localized to the immediate vicinity of the discontinuity and

the solution away from the shock sees zero numerical dissipation. When applied to an

under-resolved turbulence problem, the algorithm shows minimal effects of numerical

dissipation when the shock-capturing scheme is turned on and off. Moreover, the algo-

rithm is found to work well even on tetrahedral meshes for all the test problems, and

shocks are captured within two grid points in spite of coarse resolution. Further details

about the algorithm are provided in the work of Park & Mahesh [1]. The algorithm

has also been successfully applied to various flows with complex geometries such as

roughness-induced transition in supersonic boundary layers [47] and simulations of high

speed jets in crossflow [48].

2.3 Large-eddy simulation

Numerical simulations that solves the governing equations (2.1) are called Direct Nu-

merical Simulation (DNS), because no flow modeling is involved. Therefore, DNS is

believed to the most accurate and reliable simulation method. To represent all the
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details of a flow field, DNS requires the grid resolution to be high enough to resolve

the smallest motions in the flow, which scale with the Kolmogorov length scale η [49].

According to Kolmogorov’s theory [49], the size of the smallest eddy decreases with

increase of the Reynolds number, i.e. η ∼ Re−3/4. Therefore, the DNS of practical

flows (usually have very high Reynolds numbers) are computationally expensive and

sometimes impractical. Alternatively, one can perform the simulation on a relatively

coarse mesh to revolve the large scale motions and model the small scale (subgrid-scale,

SGS) ones to take into account their effects. Such simulations are called Large-eddy

Simulation (LES).

LES decomposes flow variables into resolved (filtered) and SGS (residual) terms

through filtering operation. For example, any flow variable can be decomposed as

φ (x) = φ̄ (x) + φ′ (x) , (2.6)

where

φ̄ (x) =

∫
Ω
G∆ (x, y)φ (y) dy (2.7)

denotes the spatial filtering of φ (x). G∆ (x, y) is the kernel of the filter which satisfies

the normalization condition

∫
Ω
G∆ (x, y) dy = 1. (2.8)

In practice, especially for unstructured flow solvers, the filter is usually the grid filter

with the filter width ∆ being a measure of local grid size. The filtered quantities are

solved numerically from the filtered governing equations, which provides an approxima-

tion to the large-scale motions in the flow fields. Within the filtered governing equations,

there are SGS stress terms representing the influence of SGS motions on the resolved

field. These SGS terms can not be calculated directly and therefore are modeled in

terms of resolved quantities. Large-eddy simulations (LES) have gained great success in

simulating practical flows where the Reynolds numbers are usually very high. By cal-

culating the large-scale fluid motions directly from the filtered Navier-Stokes equations

while modeling the unresolved motions, large-eddy simulations alleviate the Reynolds

number restrictions in DNS, but preserve the ability to present the instantaneous flow
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characteristics and turbulent flow structures, as opposed to RANS (Reynolds Averaged

Navier-Stokes) which only predicts the mean flow information.

2.3.1 The Filtered Navier-Stokes Equations

For compressible flow, the density weighted (Favre) filtering is applied, i.e.,

φ̃ =
ρφ

ρ̄
. (2.9)

When Favre-filtered, the spatially filtered compressible Navier-Stokes equations take the

form of

∂ρ̄

∂t
= −∂ (ρ̄ũj)

∂xj
,

∂ (ρ̄ũi)

∂t
= − ∂

∂xj
(ρ̄ũiũj + p̄δij − σ̃ij + τij) , (2.10)

∂

∂t

(
ρ̄Ẽ
)

= − ∂

∂xj

(
ρ̄Ẽũj + p̄ũj − σ̃ij ũi −Qj + Cpqj

)
+H, (2.11)

p̄ = ρ̄RT̃ ,

where ρ, ui, p, E are density, velocity, pressure and specific total energy, respectively.

The viscous stress σ̃ij and heat flux Qj are given by

σ̃ij = 2µ̄S̃∗
ij , (2.12)

Qj = κ̄
∂T̃

∂xj
, (2.13)

where µ is the molecular viscosity, κ is the thermal conductivity, S∗
ij is the traceless

strain rate tensor, i.e.

S̃∗
ij = S̃ij −

1

3
δijS̃kk (2.14)

=
1

2

(
∂ũi
∂xj

+
∂ũj
∂xi

)
− 1

3

∂ũk
∂xk

δij ;

and
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τij = ρ̄ (ũiuj − ũiũj) , (2.15)

qj = ρ̄
(
T̃ uj − T̃ ũj

)
(2.16)

are the SGS stress and SGS heat flux, respectively. In Eq. (2.11), the expressions for

E and H are

ρ̄Ẽ = Cvρ̄T̃ +
1

2
ρ̄ũiũi + ρ̄k (2.17)

and

H = − ∂

∂xj

[
1

2

(
ρ̄ũiuiuj − ρ̄ũiuiũj

)]
− ∂

∂xj

[
5

3

(
µ̄
˜
uj

∂uk
∂xk

− µ̄ũj
∂ũk
∂x̃k

)]

+
∂

∂xj

[
µ̄
∂k

∂xj

]
+

∂

∂xj

[
µ̄

∂

∂xi

(
τij
ρ̄

)]
,

(2.18)

where k in equations (2.17) and (2.18) is the SGS kinetic energy defined by

ρ̄k =
1

2
τkk =

1

2
ρ̄
(
ũkuk − ũkũk

)
. (2.19)

Two assumptions have been made to derive the above equations. First, the filtering

operations and derivatives are assumed to be commutative. Second, the kinematic

viscosity ν, specific heats Cp and Cv, and Prandtl number Pr are assumed to be spatially

uniform over the filter width, so that

σij = 2ρνS∗
ij = 2ρ̄νS̃∗

ij = 2µ̄S̃∗
ij = σ̃ij (2.20)

and

Qj =
µCp

Pr

∂T

∂xj
=

µ̄Cp

Pr

∂T̃

∂xj
= κ̄

∂T̃

∂xj
. (2.21)

The SGS stress, SGS heat flux and the first two terms in Eq. (2.18) can not be

computed directly from the resolved quantities. Models for these terms are discussed

below.
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2.3.2 Dynamic Smagorinsky Model (DSM)

Early work on LES (or SGS modeling) dates back to 1960s, with the background of

meteorological applications. The Smagorinsky model [50, 32] is an eddy viscosity model

which contains a model coefficient Cs that must be determined a priori. However Cs

is problem dependent, and in principle should be a function of time and space. To

avoid the need to prescribe or tune the model coefficient, Germano et al. [51] devised

the Dynamic Smagorinsky Model (DSM), where the model coefficient is dynamically

calculated during the simulation using the resolved scales. The dynamic procedure

uses the assumption of scale invariance by applying the coefficient obtained from the

resolved scales to the SGS range. This is referred to as the Germano identity and has

become the basis of several dynamic models. Many variants of Smagorinsky models have

been developed, such as SGS kinetic energy models [32, 33, 34], spectral eddy viscosity

models [52, 53] and structure function models [54, 55, 56]. The reader is referred to the

review papers by Lesieur & Mètais [57] and Meneveau & Katz [58] for past SGS model

developments. Most of these models are either developed for incompressible flows or

restricted to flows with simple geometries. Relatively fewer models have been developed

for compressible flows. The compressible DSM model developed by Moin et al. [28] is

still the most popular model used in simulations of compressible flows.

In the compressible DSM, the H term defined by Eq. (2.18) is assumed to be small

and neglected. The SGS stress and SGS heat flux terms are modeled by

τij −
δij
3
τkk = −2Csρ̄∆

2|S̃|S̃∗
ij (2.22)

qj = −ρ̄
Cs∆

2|S̃|
PrT

∂T̄

∂xj
(2.23)

and Yoshizawa’s formula is used to model τkk = 2ρ̄k; i.e.

τkk = 2CI ρ̄∆
2|S̃|2 (2.24)

where |S| =
√

2SijSij . The model coefficients Cs, CI , PrT are determined dynamically

by the Germano identity, which assumes similarity of SGS quantities between the grid

filter level and test filter level; for any term a = αβ − ᾱβ̄, we assume that on the test

filter level, A = α̂β − ̂̄α̂̄β holds. Here, ·̂ denotes test filtering. The Germano identity
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is then defined by L = A − â = ̂̄αβ̄ − ̂̄α̂̄β. Assume the model for a is a = C · m,

where m is a function of the resolved (grid filter level) quantities; then at the test filter

level, A = C ·M , where M takes similar form as m but is a function of the test-filtered

quantities. Substituting the models for A and a, Germano identity becomes

L = ̂̄αβ̄ − ̂̄α̂̄β = C (M − m̂) . (2.25)

Both sides of equation (2.25) may be calculated from the resolved variables and the

model coefficient C can be solved dynamically as

C =
̂̄αβ̄ − ̂̄α̂̄β
(M − m̂)

. (2.26)

C varies with time and space. Finally, to avoid computational instability, C is regular-

ized using a combination of least-square [59] and volume averaging, e.g. the formula for

the model coefficient of SGS stress Cs is

Cs∆
2 =

1

2

〈
L∗
ijM

∗
ij

〉
〈
M∗

ijM
∗
ij

〉
where

Lij =
̂(
ρui ρuj

ρ̄

)
− ρ̂ui ρ̂uj

ˆ̄ρ
(2.27)

L∗
ij = Lij −

1

3
δijLkk

M∗
ij = ρ̄|̂S̃S̃∗

ij | − ˆ̄ρ

(
∆̂

∆

)2

|̂̃S|̂̃S∗
ij .

Here, 〈·〉 denotes spatial average over homogeneous directions. Expressions for Prt in

the SGS heat flux qj and other details about the compressible DSM may be found in

Moin et al.’s work [28].



Chapter 3

Study of high speed jets in

crossflow using large-eddy

simulations

Large-eddy simulations (LES) are used to study an under-expanded sonic jet injected

into a supersonic crossflow and an over-expanded supersonic jet injected into a subsonic

crossflow, where the flow conditions are based on Santiago et al.’s (1997) and Beresh

et al.’s (2005) experiments, respectively. The simulations successfully reproduce experi-

mentally observed shock systems and vortical structures. The time averaged flow fields

are compared to the experimental results, and reasonable agreement is observed. The

behavior of the flow is discussed, and the similarities and differences between the two

regimes are studied. The trajectory and entrainment of the transverse jet is investi-

gated. A modification to Schetz & Billigs theory [4] theory is proposed, which yields

good prediction of the jet trajectories in the current simulations in the near field. Along

the jet center streamline, the jet entrainment grow faster compared to turbulent free

jets. In the very far field, the growth rates of jet entrainment decrease to values that are

close to those for turbulent free jets. The Strouhal numbers of relevant flow structures

are computed from power spectral densities. Many flow motions are observed to be

correlated in sonic jet in supersonic crossflow. The frequencies in supersonic injection

are observed to be higher than those in sonic injection.

17
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Table 3.1.1: Summary of simulations

Case ID Crossflow boundary layer grid

A1 laminar 13 million

sonic jet in
A2 turbulent

25 million, refinement in

supersonic crossflow case A1 boundary layer only

A3 turbulent 75 million

supersonic jet in
B1 laminar 15 million

subsonic crossflow
B2 turbulent

27 million, refinement in

case B1 boundary layer only

3.1 Simulation Details

3.1.1 Problem statement

The current study considers two of the most common regimes of high-speed jets in

crossflow: a sonic jet injected into a supersonic crossflow, and a supersonic jet injected

into a subsonic crossflow. The flow conditions are based on the experiments of Santiago

& Dutton [2] and that of Beresh et al. [3, 19, 20], respectively. For sonic injection,

the free stream Mach number is M∞ = 1.6 and the Reynolds number based on the

free stream velocity and jet diameter D is ReD = 5.9 × 104. The density and pressure

ratio between the nozzle chamber and crossflow are ρ0j/ρ∞ = 5.5 and p0j/p∞ = 8.4,

which results in a jet-to-crossflow momentum flux ratio of J = 1.7. The boundary layer

thickness, δ99/D = 0.775, is matched at x/D = −5. For supersonic injection, the free

stream Mach number is M∞ = 0.8, the nominal jet exit Mach number is Mj = 3.73,

the jet-to-crossflow momentum ratio is J = 10.2, the density, pressure and temperature

ratio between the nozzle chamber and crossflow are ρ0j/ρ∞ = 47.1, p0j/p∞ = 49.1 and

T0j/T∞ = 1.05, respectively. The Reynolds number is ReD = 3.1 × 104 based on free

stream conditions and the jet diameterD. The boundary layer thickness, δ99/D = 1.553,

is matched at x/D = 26.65 in absence of the transverse jet. Table 3.1.1 summarizes
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the simulations performed in the current study. Both laminar and turbulent crossflow

boundary layers have been considered for each regime. For turbulent inflow cases, grid

refinement is performed in the near wall region to resolve and sustain the turbulent

boundary layer before it interact with the transverse jet. The grid resolution of the

other regions is similar to that of the laminar inflow cases, so that the effect of crossflow

boundary layer type can be evaluated. In case A3 (sonic injection), the mesh is further

refined, primarily outside of the boundary layer wherein the influence of grid resolution

is investigated. Note that, in the experiments, the actually Reynolds numbers are

ReD = 2.4 × 105 and ReD = 1.9 × 105 for sonic injection and supersonic injection,

respectively. In the current simulations, the Reynolds number is reduced, which results

in Reθ ≈ 4500 in the crossflow turbulent boundary layer; so that the crossflow turbulent

boundary layer can be reasonably resolved by the current LES without wall models.

The Reynolds numbers in the current simulations are around 1/4 and 1/6 of the actual

conditions, which is still high. It is therefore assumed that this reduction of Reynolds

numbers should not affect much the overall flow structure and mean flow quantities.

3.1.2 Algorithm

The spatially filtered compressible Navier-Stokes equations for an ideal gas are solved

in conservative form:

∂ρ̄

∂t
= −∂ (ρ̄ũj)

∂xj
,

∂ (ρ̄ũi)

∂t
= − ∂

∂xj
(ρ̄ũiũj + p̄δij − σ̃ij + τij) , (3.1)

∂

∂t

(
ρ̄Ẽ
)

= − ∂

∂xj

(
ρ̄Ẽũj + p̄ũj − σ̃ij ũi −Qj + Cpqj

)
, (3.2)

p̄ = ρ̄RT̃ ,

where ρ, ui, p, E, σij and Qj are density, velocity, pressure, specific total energy, viscous

stress and heat flux, respectively. Here,

φ̄ (x) =

∫
Ω
G∆ (x, y)φ (y) dy (3.3)
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denotes the spatial filtering of φ (x). G∆ (x, y) is the kernel of the filter which satisfies

the normalization condition

∫
Ω
G∆ (x, y) dy = 1. (3.4)

For compressible flows, density weighted (Favre) filtering is applied, i.e.

φ̃ =
ρφ

ρ̄
. (3.5)

In equations (3.1) and (3.2), τij and qj are the SGS stress and SGS heat flux defined as

τij = ρ̄ (ũiuj − ũiũj) (3.6)

qj = ρ̄
(
T̃ uj − T̃ ũj

)
. (3.7)

The compressible Dynamic Smagorinsky Model (DSM) [28] is used, i.e.,

τij −
δij
3
τkk = −2Csρ̄∆

2|S̃|S̃∗
ij (3.8)

qj = −ρ̄
Cs∆

2|S̃|
PrT

∂T̄

∂xj
. (3.9)

Here Sij is the strain rate tensor, S∗
ij = Sij − 1

3δijSkk is traceless strain rate tensor, and

τkk = 2CI ρ̄∆
2|S̃|2, (3.10)

where |S| =
√

2SijSij , and Cs, CI , PrT are model coefficients that are determined

dynamically by the Germano identity [51].

The above equations are solved using an algorithm developed for unstructured grids

by Park & Mahesh [1]. The algorithm employs a least–square method for flux recon-

struction on faces of control volumes (CV), which has better spectral resolution than

the 4th order central difference scheme at high wavenumbers, is more accurate than a

simple symmetric reconstruction, and more stable than a standard least–square recon-

struction. A viscous flux splitting technique is applied, which ensures that the dominant

incompressible component only depends on the nearest neighbours and is therefore more

accurate at high wavenumbers, and devoid of odd-even decoupling. The algorithm uses

a shock–capturing scheme that was originally proposed by Yee et al. [46] for structured

meshes and was extended by Park & Mahesh [1] to unstructured meshes, and further
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Figure 3.1: Computational mesh for sonic jet in supersonic crossflow.

localized to reduce unnecessary numerical dissipation. The shock–capturing is imple-

mented in predictor-corrector form. The predictor step (base scheme) is symmetric and

non-dissipative, and is designed to accurately represent broadband turbulence; while

the corrector step is a characteristic-based filter that is active only in the vicinity of

discontinuities. Therefore, the overall scheme avoids unnecessary numerical dissipation.

Park & Mahesh [1] describe this methodology in detail, including a validation study

using shock/vortex interaction, shock tube problem, two-dimensional mixing layer and

homogeneous turbulence. The methodology has also been shown to perform well in

various complex flows such as supersonic boundary layer transition due to roughness

element [60] and distributed roughness [47], and LES of decaying isotropic turbulence

and shock/turbulence interaction [61].

3.1.3 Computational Mesh and Boundary Conditions

Figure 3.1 shows the computational mesh and domain for the simulation of sonic jet in

supersonic crossflow. Note that the origin of the coordinates is set at the center of jet

exit, and the computational domain extends 40D×20D×30D in the axial, wall-normal
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and spanwise directions (x, y, and z) respectively. Preliminary computations showed

that a domain of this size is large enough that the confinement effects of the boundary

are absent. No-slip and adiabatic boundary conditions are imposed on the walls of the

flat plate and the nozzle. Zero-gradient boundary conditions are applied to the top,

the two sides and the outflow. At the jet inlet, the experimental chamber pressure and

density are specified so that the desired Mach number and thermodynamic conditions

are achieved at the jet exit in absence of the crossflow. A tanh vertical velocity profile is

imposed which satisfies the continuity and no–slip wall boundary conditions. At the inlet

of the crossflow, either laminar boundary layer profile or realistic turbulent boundary

layer is imposed. The inflow turbulent data is generated from a separate simulation of

boundary layer transition (shown in figure 3.2). The inflow generator operates under

the same flow conditions (Reynolds number and Mach number) as in the simulation of

jets in crossflow. The inflow data are then extracted at a location where the boundary

layer thickness matches the experimental condition and stored temporally. The stored

inflow data is then read by the simulation of jets in crossflow. Figure 3.3 shows the

profiles of the mean streamwise velocity and turbulent intensities extracted at x/D = 5

upstream of the jet exit in absence of the jet. Reasonable agreement can be observed

between the simulation of turbulent boundary layer with the proposed inflow generator

and available DNS/experiment results.

Figure 3.4 shows the computational mesh for the simulation of supersonic jet in

subsonic crossflow. In this simulation, the penetration of the jet is 1/3 of the height of

experimental apparatus. For fair comparison, the computational domain has almost the

same dimension as the wind tunnel test section to account for the confinement effect

of the wind tunnel walls. The computational domain extends 100D × 32D × 32D in

the axial (x), wall-normal (y) and spanwise (z) directions respectively, and the origin

of the coordinates is again set to be the center of jet exit. Accordingly, adiabatic slip–

wall boundary conditions are specified for the sides and the top; while the boundary

conditions for the walls of the flat plate and the nozzle, the jet inlet and the inflow are

set similarly to those for sonic injection.

As shown in figure 3.1 and figure 3.4, the computational mesh is unstructured and

consists of hexahedral elements only. Fine grids are used at critical regions such as

the surface of the flat plate, the nozzle wall and the near field of the jet. The grids
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Figure 3.2: Schematic of turbulent inflow generator.
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are then stretched quickly outside of those regions. The resolution is finest near the

jet exit wall, where the grid spacing is ∆r ≈ 0.01D in radial direction, ∆θ ≈ 0.03D in

angular direction and ∆y ≈ 0.01D in y-direction for case A1 and B1 (laminar crossflow

boundary layer). When the crossflow boundary layer is turbulent (case A2 and B2), ∆r

and ∆θ are meshed similarly to case A1 and B2, but ∆y is refined accordingly with the

grid refinement within the crossflow boundary layer, resulting in ∆y ≈ 0.001D. Within

the turbulent boundary layer, ∆x ≈ 0.03D, ∆
(1)
y ≈ 0.001D and ∆z ≈ 0.02D for sonic

injection, and ∆x ≈ 0.045D, ∆
(1)
y ≈ 0.0015D and ∆z ≈ 0.03D for supersonic injection,

resulting ∆+
x ≈ 30, ∆

+(1)
y ≈ 1 and ∆+

z ≈ 20 in wall unit for both cases. Here, the su-

perscript “(1)” denotes the first grid point above the wall of the flat plate. At this grid

resolution, the crossflow boundary layers can be reasonably predicted before they inter-

act with the transverse jet (figure 3.3). In case A3, the grid resolution within the inflow

boundary is similar to that in case A2, but the jet near field is substantially refined.

For example, near the jet exit wall, the grid spacing are ∆r ≈ 0.001D, ∆θ ≈ 0.015D

and ∆y ≈ 0.0005D, respectively. The largest grid spacing is of order ∆r ≈ 1D, as ob-

served in figure 3.1 and figure 3.4. The resulting sizes of the computational meshes are

listed in table 3.1.1 for each case. When laminar crossflow boundary layer is used, the

computational meshes have approximately 13 million and 15 million control volumes for

sonic injection and supersonic injection respectively. With turbulent crossflow bound-

ary layer, a relatively coarse mesh with 25 million volumes was used at first for sonic

injection, which is then refined to 75 million to evaluate the effect of grid resolution.

For supersonic injection, the simulation with turbulent crossflow boundary layer uses

around 27–million grid points.

The time advancement was explicit, and the computational time step is of order

0.001D/U∞ for case A1 and B1; 0.0001D/U∞ for case A2 and B2; and 0.00001D/U∞ for

case A3. The simulations are initialized with preliminary simulations of corresponding

cases, where good representations of the flow fields have already been developed. The

simulations are advanced for 40D/U∞ and 100D/U∞ period of time, for sonic and

supersonic injection respectively, to allow any transients or flow adjustment to exit

the domain before computing time-averaged statistics. The flow statistics are then

collected for more than 80D/U∞ and 200D/U∞ non-dimensional time respectively to

achieve acceptable convergence.
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3.2 Comparison to experiments

3.2.1 Sonic jet in supersonic crossflow

Figure 3.5 compares the contours of mean Mach number and streamwise velocity on

the central (z/D = 0) plane from the different simulation cases in table 3.1.1 to the

experimental results. The most obvious difference between the simulation using laminar

crossflow boundary layer (case A1) and other simulations (cases A2 and A3) or the

experiment is the Mach number distribution within the crossflow boundary layer. Other

than this, all of the simulation results are qualitatively similar to the experimental result.

Close observation shows that the shape and inclined angle of the barrel shock are better

predicted by simulations using turbulent crossflow boundary layer. This trend continues

after grid refinement (case A3), where both the barrel shock and Mach disk are much

better resolved.

Quantitatively, the streamwise and vertical velocity profiles are extracted at four

different downstream locations on the central plane in figure 3.6. Note that there are

more experimental data at x/D = 3 and x/D = 5, which are plotted together to in-

dicate uncertainty of the experiment. Overall, the simulation results show reasonable

agreement with the experimental data, and using turbulent inflow improves the agree-

ment, especially in the far field. Some discrepancies are observed near the wall in the

near field of the jet. Santiago & Dutton [2] note that their resolution in the near wall

region is inadequate for this flow, and they do not observe the downstream recircula-

tion region as observed by other studies (e.g. [15], [62]). The downstream recirculation

shown in figure 3.5 indicates that at locations x/D = 1 and x/D = 2 the near wall

region should have downwash vertical velocity and a relatively smaller mean streamwise

velocity, as shown by the velocity profiles in the current simulations. Also, it is expected

that the turbulent inflow boundary layer yields higher velocity gradients near the wall.

The velocity profiles predicted from the fine grid simulation are close to those from the

coarse grid simulation. However, the improvement owing to better grid resolution can

be noticed from both the time-averaged quantities (figure 3.5) and the instantaneous

flow field (section 3.3) where finer vortical structures can only be resolved with better

grid resolution. Kawai & Lele [25] observed very similar behaviors when they compared
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Figure 3.5: Time-averaged Mach number contours (column I) and u velocity contours

(column II) on central plane: row (a) – Case A1; row (b) – Case A2; row (c) – Case A3;

row (d) – experiment.
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Figure 3.6: Comparisons of (a) streamwise and (b) wall-normal velocities between sim-

ulation and experiment at jet downstream locations x/D = 2, 3, 4, 5. solid lines – fine

grid simulation; dash-dot-dot lines – coarse grid simulation; dashed lines – simulation

using laminar crossflow boundary layer; filled symbols – experiment; hollow symbols –

ILES of Kawai & Lele [25].
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Figure 3.7: Comparisons of turbulent intensities, (a) v′v′/U2
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tween simulation and experiment at jet downstream locations x/D = 2, 3, 4, 5. solid lines
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Lele [25].
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their simulation results with the experiments and during the refinement of computa-

tional meshes. Their simulation results on the finest mesh with turbulent crossflow

boundary layer are shown as the hollow symbols in figure 3.6, which are very close to

the current LES. Note that in the current study, the Reynolds number is approximately

3 times as much as that in Kawai & Lele [25].

Figure 3.7 compares the resolved turbulent intensity profiles between the simulation

using turbulent boundary layer and the experiment. The LES results of Kawai & Lele

[25] are again compared at available locations. Generally, the agreement is good in the

far field. In the near field, there are relatively large difference in quantity. However, the

variations of the intensities along the y coordinate agrees between the current simulation

and experiment qualitatively, and the local peak locations in the curves match between

the simulation and experiment approximately. The current simulation result is very

close to that of Kawai & Lele [25] at x/D = 3 and x/D = 4. At x/D = 2, the current

simulation result appears to agree better with the experiment. Overall, the comparison

observed for the resolved turbulent kinetic energy suggests that the LES grid resolves

most of the energy-containing motions.

3.2.2 Supersonic jet in subsonic crossflow

Figure 3.8 compares the time averaged streamwise and vertical velocity field with the

experimental results. The vertical velocity fields predicted by the simulations show very

good agreement with the experiment. In the simulation with laminar inflow, the low

u-velocity region spreads more than the experiment, blurring the trajectory of mini-

mum u-velocity. Using turbulent inflow improves this distribution of u-velocity and the

agreement with experiment. The peak of the u-velocity deficit indicates the location of

the jet core which has the largest impedance to the crossflowing freestream, while the

peak of v-velocity marks the height of the CVP which induces the v-velocity component

on the symmetrical plane. It can be observed that peaks of the u-velocity deficit are

higher than those of v-velocity, because the kidney shaped CVP is below the jet core

region.

Quantitatively, the mean velocity profiles are extracted at five different locations

downstream of the jet, shown in figure 3.9. Consistent with figure 3.8, the peak of

the streamwise velocity deficit using laminar inflow spreads wider than the experiment
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Figure 3.11: Comparisons of contours of (a) streamline velocity and (b) turbulent ki-

netic energy on the crossplane at x/D = 33.8 downstream of the jet. The in-plane

velocity vector fields are superposed on each contour. In each figure, the left half is the

experimental result, and the right half is from the current LES.

result at each location, which is improved by using turbulent inflow, especially in the

far field. In terms of the vertical velocity, the simulation using turbulent inflow shows

very good agreement with the experiment, while using laminar inflow over-predicts the

trajectory of the jet defined by the heights of peak v. This is reasonable, because the

laminar boundary layer has less momentum near the wall, which makes it easier to be

penetrated [63]. Turbulent crossflow boundary layer can also cause more disturbance to

the transverse jet and accelerate the “break down” of jet due to unsteadiness.

Figure 3.10 shows the intensity profiles at the five downstream locations in figure

3.9. When compared to the experiment, the agreement is very good. At x/D = 21.0,

the simulation over-predicts the turbulent intensities slightly. At x/D = 42.0 near the

wall, locally high level of v′v′ is observed in the experiment, but not in the simulation.

Observed from the distribution of v′v′ near the wall at other locations, it is likely that

the near-wall v′v′ level decreases along the streamwise direction. Therefore, It does not

appear to be physical for this locally high v′v′ to occur near the wall at x/D = 42.0.

Figure 3.11 (a) and (b) compare the mean streamwise velocity and turbulent kinetic



34

Figure 3.12: 3D view of instantaneous density gradient magnitude contours on symmet-

ric and horizontal planes.

energy field with the experiment respectively on the crossplane at x/D = 33.8. In-

plane velocity vector fields are superposed on each figure to show the CVP. The vector

fields look almost identical with the experiment, and the contour fields show good

agreement. Note that all of the statistics are evaluated at far downstream (x/d > 20).

It is encouraging that the current simulations predict such accurate mean and second

order turbulent statistics. In light of the good agreement between the simulations and

experiments, the physics of high speed jets in crossflow are discussed based on the

simulations using turbulent crossflow boundary layer (case A3 and B2) in the following

sections.

3.3 Qualitative instantaneous flow behavior

Figure 3.12 shows contours of density gradient magnitude on the central and horizontal

planes in case A3. The supersonic crossflow travels from left to right and contains

a fully developed turbulent boundary layer. It sees the transverse jet as an obstacle,

and responds by forming of a bow shock and a recirculation region in front of the jet.

The recirculation region further induces a family of compression waves that merge into
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Figure 3.13: Iso-surface of Q criteria colored by streamwise vorticity ωx.

Figure 3.14: (a) Side view of iso-surface of Q criteria in figure 3.13; (b) image from the

experiments of New et al. [64].
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a “separation shock”. The separation shock and bow shock form a λ shape, and are

referred to as “λ shock” by a number of studies (e.g. [24]). Exiting the orifice, the

sonic jet tries to penetrate and expand, and sets up an inclined barrel shock and Mach

disk on its periphery. On the windward side of the jet, the shear layer rolls up into

vortices which detach from the jet boundary and are shed downstream. Coherent flow

structures are observed downstream of the jet after the jet/crossflow interaction. These

coherent vortices appear to be the Kelvin-Helmholtz vortices that originate from two

shear layers. One is the shear layer between the jet fluid that pass through the Mach

disk and that pass through the windward barrel shock; the other is the shear layer due

to the velocity difference between the jet fluid that pass through the Mach disk and the

ambient crossflow. We term the former shear layer as the upper inner shear layer, and

the latter as the lower inner shear layer, to facilitate our discussions in the following

sections. Note that, the inner shear layers and the resulting coherent vortices do not

exist in low-speed jets in crossflow.

Figure 3.13 shows the iso-surface of the second invariant of velocity gradient tensor

(Q–criterion) colored by the streamwise vorticity (ωx), which visualizes the instanta-

neous vortical structures. The flow is highly unsteady, and composed of turbulent eddies

of different sizes. The recirculation bubbles wrap around the jet, and form horseshoe

vortices. Downstream of the jet, there are two symmetric “irrotational” regions on the

sides of the center plane, which contain few turbulent eddies. They correspond to the

expansion and acceleration of the crossflow traveling around the jet. High density gra-

dient magnitudes are observed in those regions (on the horizontal plane of figure 3.12).

The jet plume has very complex structure with different dominant signs of ωx on each

side of the symmetrical plane. Statistically, this becomes the contour- rotating vortex

pair. Also observed is an increase of turbulent eddy sizes downstream of the jet. These

vortical structures are responsible for the mixing of the jet with the crossflow. Figure

3.14 (a) shows the side view of Q–criterion in figure 3.13, but colored by temperature.

Figure 3.14 (b) is an image from the experiment of New et al. [64], which shows a low

speed transverse jet with jet-to-crossflow velocity ratio r = 1.0. It is interesting to note

the qualitative similarity between figure 3.14 (a) and figure 3.14 (b). It shows that the

longitudinal vortices in figure 3.13 are actually part of the shear layer vortex “ring”,

which connects the “shed” shear layer vortices in figure 3.12 with the jet plume.
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Figure 3.15: Iso-surface of the second invariant of velocity gradient tensor Q colored by

temperature T .

(a) (b)

Figure 3.16: Instantaneous flow field of case B2 on the central plane: (a) vertical

vorticity component (ωy) contour, (b) Mach number contour.
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Figure 3.15 shows the iso-surface of Q–criterion colored by temperature for the su-

personic injection case B2. Again, the crossflow travels from left to right and contains

a turbulent boundary layer. The turbulent inflow encounters the transverse supersonic

jet, forming a recirculation region in front of the jet. The separation bubbles wrap

around the jet and stretch along the streamwise direction, forming the horseshoe vor-

tices. Note that the jet penetrates a lot more than the sonic jet due to much higher

jet-to-crossflow momentum ratio. The shear layer vortices roll up on the windward side

of the jet, grow and travel along with the jet, instead of “shedding“ downstream as in

the sonic injection case. These shear layer vortices have more regular ring-type struc-

tures surrounding the jet plume. The up-right cylindrical wake vortices are clearly seen,

and the turbulent length scale in the boundary layer increases after the jet/crossflow

interaction. The jet chamber conditions elaborated in section 3.1.1 develop a jet exit

temperature of T/T∞ ≈ 0.3 at the jet exit, compared to T/T∞ = 1 ∼ 1.1 within the

wall crossflow boundary layer. Due to this large temperature difference, the jet fluid

and crossflow fluid can be approximately identified from the instantaneous temperature.

It can be observed that the temperature of these cylindrical wake vortices is high and

very close to that of the crossflow boundary layer. This agrees with Fric & Roshko [21]’s

observation that wake vortices originate from the separation of the crossflow boundary

layer.

Figure 3.16 (a) shows contours of the vertical vorticity component on the symmetry

plane. It clearly shows that the wake vortices have different signs of circulation. It

appears that the wake vortices with positive and negative ωy arrange alternately most

of the time, as noticed by past studies of low speed transverse jets (e.g. [21], [65]). Figure

3.16 (b) shows the instantaneous Mach number contour on the central plane. In front of

the jet, the flow field resembles an incompressible jets in crossflow in that no bow shock

and separation shock are formed because the crossflow is subsonic. The crossflow is

retarded by the injected jet fluid, forming strong back pressure on the windward side of

the jet which causes the separation of crossflow boundary layer, which can be visualized

by the in-plane streamlines ahead of the jet. At the jet exit, the inclined barrel shock

is clearly seen. Also observed are the shock cells within the jet plume, which cause

pressure changes within the jet plume so that the jet boundary expands and contracts

alternately. Also shown is the strong windward jet-crossflow shear layer, which rolls up



39

µt/µ

Figure 3.17: Instantaneous distribution of eddy viscosity in sonic injection.

µt/µ

Figure 3.18: Instantaneous distribution of eddy viscosity in supersonic injection.

into vortices and causes the deflections of jet boundaries at the windward side of the

jet.

Figures 3.17 and 3.18 shows the instantaneous contours of eddy viscosity normal-

ized by molecular viscosity on the symmetrical plane for sonic injection and supersonic

injection respectively. In DSM, eddy viscosity and eddy conductivity are defined as

µt = Csρ̄∆
2|S̃| (3.11)

κt = Cpρ̄
Cs∆

2|S̃|
Prt

=
Cpµt

Prt
. (3.12)

Here Cp, Cs, Prt and |S̃| are defined in section 3.1.2. It is observed in figures 3.17 and
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Figure 3.19: (a) 3D perspective of the mean flow field of sonic injection; (b) Mean Mach

number contours on the central plane with marked shock system.

3.18 that, high eddy viscosity occurs after the shocks and in regions where energetic tur-

bulent flow structures prevail such as jet plume, shear layer vortices, wake vortices and

boundary layers. The undisturbed freestream, nozzle chamber and expansion regions

have almost zero eddy viscosity. Note that the eddy viscosity in supersonic injection is

larger than that in sonic injection. This is partially because the computational mesh is

finer in sonic injection, so that less fluid motions are subgrid-scale.

3.4 Time-averaged flow features

Figure 3.19 (a) shows the 3D perspective of the mean flow field of the sonic jet in su-

personic crossflow; where the central plane shows mean pressure contours, the near-wall

horizontal plane shows mean Mach number contours, and streamwise velocity contours

are shown on the downstream crossplane. The in-plane streamlines are superposed on

the central– and cross– planes to show the flow patterns and vortical structures. Figure

3.19 (b) shows the mean Mach number, where dark lines are used to mark the shock

waves. Extremely high pressure regions are observed behind the bow shock, and at the

near wall region upstream of the jet, which sets up a adverse gradient near the wall. The

adverse pressure gradient causes the crossflow boundary layer to separate, which further

induces the separation shock in front of and above the major separation bubble. The
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(a) (b)

Figure 3.20: Close views of figure 3.19: (a) upstream of the jet; (b) downstream of the

jet.

Figure 3.21: 3D perspective of mean flow field of supersonic injection superposed by

surface and volume streamlines.
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crossflow accelerates and expands when it travels around the jet, followed by decrease

in pressure (central plane) and increase in Mach number (horizontal plane and figure

3.19 (b)). The Mach number contour on the horizontal plane shows that when traveling

around the jet, the crossflow accelerates to supersonic speeds even very near the wall.

Downstream of the jet, the pressure is extremely low, which induces reverse flow near

the wall. The jet expands and accelerates (Figure 3.19 (b)) as it exits the nozzle exit

and encounters the crossflowing freestream, forming an inclined barrel shock and Mach

disk on its periphery. The streamlines show that the jet bends quickly towards the

crossflow direction after it pass through the windward side barrel shock and the Mach

disk. A source point is observed downstream of the jet on the central plane, which has

also been observed in studies of incompressible jets in crossflow (e.g. [63], [66]). This

originates from the reattachment of the crossflow after it travels around the jet. The

streamlines on the downstream crossplane shows the CVP, as well as another pair of

counter-rotating vortex pair near the wall. The CVP is perceived as the dominant mean

flow structure downstream of the jet.

Figures 3.20 (a) and (b) show a close view of upstream and downstream streamlines,

respectively. Upstream of the jet, a secondary separation bubble is observed which is

referred to as the “hovering vortex” by a number of studies (e.g. [63]), and there is

a stagnation point on the wall. A “saddle point” is found right above the “hovering

vortex”, which appears to be the intersection between the jet, crossflow, primary sepa-

ration bubble and hovering vortex. Downstream of the jet, a large reverse flow region

is observed below the source point. It separates as it approaches the jet exit from the

leeward side, and forms a tiny separation bubble there. Further downstream, a stagna-

tion point is predicted between the reverse flow and the main stream. The shock waves

depicted in figure 3.12 are shown again in the mean Mach number contours in figure 3.19

(b). Additionally, the occurrence of reflected compression waves between the interaction

of barrel shock and Mach disk can be conjectured from changes in the contours of Mach

number and pressure, as well as the curvature of streamlines immediately downstream

of the intersection of the leeward barrel shock and Mach disk. It appears that the upper

reflection wave is induced by the velocity difference between the jet fluid that passes

through the windward barrel shock (supersonic) and the jet fluid that goes through the

Mach disk (subsonic). The lower compression wave seems to be due to the impingement



43

of high speed upwardly entrained ambient crossflow on the low speed jet fluid that goes

through the Mach disk. The reflected downwards compression wave is likely to impinge

on the wall, and causes additional reflection and wall pressure rise (figure 3.23).

Figure 3.21 shows the 3D perspective of the mean flow field of the supersonic jet

in subsonic crossflow. The central plane and horizontal plane show Mach number con-

tours, and the crossplane shows the streamwise velocity contours. Surface streamlines

are plotted to show the in-plane fluid motions. Similar to the sonic jet in supersonic

crossflow, upstream and downstream recirculation regions are observed, as well as the

CVP in the far field. Downstream of the jet, a source point is also observed on the

central plane. The Mach number contours on the near wall horizontal plane show that

the subsonic crossflow accelerates to supersonic speeds as it travel around the jet. The

central plane shows very different shock structure from the sonic injection case. All the

shocks are confined to the jet, and the crossflow appears to be devoid of shocks. As

stated in section 3.3, there is no blow shock and separation shock when the crossflow is

subsonic. The shapes of the barrel shock and Mach disk is very different from the sonic

injection, due to different jet exit condition and jet-to-crossflow momentum ratio. There

are approximately 3 discernible jet cells which decay as the jet evolves, and causes the

jet to contract and expand alternately. Note that near the first jet contraction region,

the downstream fluid appears to be aggressively engulfed, and the streamlines show

suddenly turning towards the jet in that region. The downstream streamlines shows

how the crossflow is entrained by the jet. Immediately downstream stream of the shock,

the streamlines show a tornado-like pattern, which marks the early stage of the forma-

tion of the CVP. The upstream hovering vortex and downstream separation bubble are

also observed in this case (not shown). However, the sizes of these vortices are tiny

compared to those in the sonic injection case or the jet diameter.

3.5 Wall pressure, skin friction and near-wall streamline

Figure 3.22 compares the pressure distribution on the wall between sonic and supersonic

injection cases. Near-wall streamlines are superposed on the wall planes. Both the

distributions of pressure and near-wall streamlines show dramatic difference between

the two regimes. In the sonic injection, the high pressure region in front of the jet is



44
(a)

A1

A1

A2

A2

A3

A3

A4

A4

S1

S1

S2

S2

S3

S3

(b)

A2

A2

A3

A3

A4

A4

S2

S3

S3

Figure 3.22: Streamlines on horizontal plane adjacent to the wall, superposed on mean

pressure field: (a) sonic injection; (b) supersonic injection.
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Figure 3.23: Mean wall pressure distribution along central line: (a) case A3; (b) case

B2.
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Figure 3.24: Near wall v − w streamlines at two different downstream crossplanes:

(a) x/D = 1.5; (b) x/D = 3.0.
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Figure 3.25: Contour of skin friction coefficients for sonic jet in supersonic crossflow.

Figure 3.26: Contour of skin friction coefficients for supersonic jet in subsonic crossflow.
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significantly larger than those in the supersonic injection, even when the high pressure

region due to the bow shock is not accounted for. So is the low pressure region behind

the jet. The value of the highest pressure in case A3 is higher than that in case B2, and

the magnitude of the lowest pressure in case A3 is lower than that in case B2 as well. It

is interesting to note that the back pressure region due to the blockage of the transverse

jet in figure 3.22 (a) embraces the jet exit from the sides and extends to the rear of the

jet. In contrast, in case B2, all the high pressure region is ahead of the jet exit center-

line, which is more similar to the wall pressure distribution in flow past a cylinder.

Figure 3.23 (a) and (b) show the distribution of the pressure and pressure coefficient Cp

for sonic injection and supersonic injection respectively, where Cp = (p− p∞)/(12ρu
2
∞).

The symbols are from the experiments of Everett & Morris [62] and Beresh et al. [18],

respectively. For sonic injection, it is noticed that the maximum pressure downstream

of the jet is at x/D ≈ 4.0 on the center line, which may be related to the impingement

of the downward reflected compression wave (figure 3.19) on the wall. The supersonic

injection does not have similar pressure variation downstream of the jet, as shown in

3.23 (b).

Significantly more flow patterns are observed from the near-wall streamlines of sonic

injection. In both figure 3.22 (a) and (b), labels starting with A and S are used to

mark the attachment lines and separation lines, respectively. In figure 3.22 (a), the

first pair of separation lines, S1, marks the foot of the bow shock. In front of it, the

attachment lines A1 and their extrapolation to the symmetric line approximately marks

the foot of the separation shock. The separation lines S2 are the head of the major

separation bubble in front of the jet due to the adverse pressure gradient, while the

attachment line A2 between S1 and S2 is the tip of the primary separation bubble.

The region between A2 and S2 is where the horseshoe vortices form. Downstream of

the jet, another pair of attachment lines A3 are observed, where the crossflow meet

the reverse flow of the wake. Inside A3, there appear to be sub-level attachment lines.

These are associated with the longitudinal secondary flows near the wall, which can

be shown by the streamlines in crossplanes (figure 3.24). Also, the separation line S3

divide the wake region into reverse-flow-wake region and forward-flow-wake region, and

the attachment lines A4 separates the crossflow and wake region in the far field. Again,

secondary longitudinal motions are indicated by additional lines between lines (A4).
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For supersonic injection (figure 3.22 (b)), there are no separation lines S1 due to the

absence of the bow shock. Therefore, there are also no A1 attachment lines. Other

lines correspond to the ones in figure 3.22 (a), and are labeled similarly. Lines with

the same labels in both figures are due to similar flow mechanism, but are of different

structures and shapes. In both figure 3.22 (a) and (b), there is a pair of “sink” points

located symmetrically about the center line immediately downstream of the jet (within

white dashed ellipse), which have (can only have) positive vertical velocity component

(not shown). Based on figure 3.22, it is fair to conclude that the supersonic crossflow is

much more significantly modified by the transverse jet than the subsonic crossflow is.

Figure 3.25 and figure 3.26 show the contours of skin friction coefficients (Cf ) on wall

plane. Cf is calculated from the gradient of near wall tangential velocity component

(ut), i.e. Cf = µw(∂ut/∂y)|w, where µw is the viscosity near the wall. This definition

is appropriate in that it takes into account both the streamwise and spanwise velocity

components, but it does not apply to the jet exit though certain contour levels are still

shown at the nozzle exit in figure 3.25 and figure 3.26. In figure 3.25, approaching

the jet, the skin friction first decreases because of the recirculation region in front of

the jet. Moving downstream, the center of the primary separation bubble appears to

have relatively large spanwise velocity component; therefore a small high skin friction

region is observed in front of the jet. Immediately upstream of the jet the flow is almost

stagnant, which results in low skin friction there. The supersonic case (figure 3.26)

shows similar behavior in front of the jet, but has less changes in skin friction than that

in the sonic injection case. On the sides of the jet for both cases, extremely high levels

of skin friction are observed, which is due to the acceleration of the crossflow bypassing

the jet. Downstream of the jets, figures 3.25 and 3.26 show very different behaviors.

These complex wake structures in figure 3.22 (a) and 3.24 are again observed in figure

3.25. Inside the near wake region, the skin friction is of moderate level in both cases.

But in this region, the skin friction of case A3 is lower than that in the center of primary

separation bubble; while case B2 shows the opposite trend. There also appear to be a

local maximum of Cf near the jet on the center line of this wake region in case A3, which

is not observed in case B2. This wake region is sightly closer to the jet exit in B2 than

in case A3, which can also be observed figure 3.22. Further downstream of the jet, Cf

increases faster in case A3, and there exist two locally high Cf region symmetric about
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Table 3.6.1: Coefficients for laws of jet trajectory

Fit Researchers a b c

Rogers (1971) 0.387 - 0.557 0.143

power Rothstein & Wantuck (1992) 2.173 - 0.443 0.281

Gruber et al. (1997) 1.23 0 1/3

log
Mcdaniel & Graves (1986) - 0.656 2.077 2.059

Rothstein & Wantuck (1992) -0.6985 4.704 0.6373

the center line around between x/d = 3 and x/d = 5. By comparing with figure 3.22,

this region is right downstream the separation line S3, where the wake has relatively

high spanwise velocity component and starts to accelerate in the streamwise direction.

Downstream of this region, the Cf stays in moderate level within a slim band, which

keeps decreasing along the streamwise direction. Out of this band, the average Cf

appears to be slightly lower than that in the undisturbed crossflow boundary layer.

In figure 3.26, no such regions discussed above are observed. Far downstream, Cf is

higher near the centerline, and the high Cf region keeps expanding along the streamwise

direction. The averaged Cf in the far downstream region appears to be higher than that

of the inflow turbulent boundary layer.

3.6 Jet trajectory

Multiple definitions of jet trajectory exist; e.g. the local velocity maxima [67, 3] or the

local scalar concentration maxima [65, 11, 13]. However, both concentration and velocity

have multiple local maxima [67, 68], which makes the automatic determination of jet

trajectory difficult. Similar to Muppidi & Mahesh [63], this paper defines the trajectory

as the streamline originating from the center of the jet exit (center streamline) on the

time averaged symmetry plane, which describes the path taken by the jet fluid more

accurately and is more feasible in simulations.

The trajectories of the high speed jets in crossflow have been investigated by a
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substantial number of studies, all of which show that the jet-to-crossflow momentum

ratio, J , is the dominant parameter that affects the jet trajectories. Generally, past

work fits the jet trajectory data using a power law of form

y

JD
= aJb

( x

JD

)c
(3.13)

or a log law of form
y

JD
= Jaln

[
bJ
( x

JD
+

c

J

)]
. (3.14)

Here, a, b and c are coefficients that yield the best fit of the related experimental data.

Table 3.6 summarizes the value of these coefficients used in different studies. Figure 3.27

(a) shows the jet trajectories in the current simulations, where the x and y coordinates

are normalized by JD. The experimental data of Gruber et al. [11] and the empirical

correlations from the studies of Rothstein & Wantuck [22] and Mcdaniel & Graves [16]

are plotted together for comparison. It appears that the jet trajectory in the current

simulation of sonic jet in supersonic crossflow agrees the best with the experiments of

Gruber et al. [11]. Noting the diversity of the coefficients in table 7.1, it is not surprising

to see in figure 3.27 (a) that the JD scaling does not collapse various experimental and

simulation data, and the jet trajectories under different flow conditions differ a lot from

each other. However, changing the scaling law to widely used relations for incompressible

flows (e.g.
√
JD) increases this scatter (not shown).

Schetz & Billig [4] analysed the force balance of a jet segment along the jet normal

and axial directions, and derived a differential equation that can be used to predict the

jet trajectory:
dα

ds̄
= −CD(α)sin

2(α)

2.5π

1

J

(
ρ

ρj

)
(2.25 + 0.22s̄)3 (3.15)

where s̄ = s/d, and CD is a drag coefficient determined by

CD = 1.2 + (M∞sinα)7/2 0 ≤ M∞sinα ≤ 1,

CD = 1.06 + 1.14(M∞sinα)−3 M∞sinα ≥ 1.

The jet trajectory can be obtained by integrating equation (3.15) for from π/2 to 0.

Schetz & Billig [4] further assume that ρ does not change along the jet, i.e. ρ ≡ ρj .

Finally, the trajectory derived from equation (3.15) is applied after the Mach disk, before

which the jet is assumed to be a vertical straight line. Schetz & Billig [4]’s method is
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applied to low speed jets in crossflow and compared with the experiments of Abramovich

et al. [69]. The agreement is good for the case with J = 4.75, while relatively big

discrepancy is observed when J = 16.35. In the present study, we apply equation (3.15)

after the intersection of the center streamline and windward barrel shock, owing to the

observation that the center streamline does not pass through the Mach disk, and the jet

bends from the vertical direction rapidly only after this intersection. The dash-dot-dot

curve in figure 3.27 (b) shows the prediction of the jet trajectory of case A3 by Schetz &

Billig [4] ’s theory, which under-predicts the jet penetration. However, the assumption

of ρ ≡ ρj along the jet maybe good enough for low speed jets in crossflow, it is not true

for high speed transverse jets (dashed line in figure 3.27 (b)). Therefore, the density

variation along the jet must be taken into account. We define an effective density ratio:

(ρ/ρj)
eff = ρf/ρb. Here, ρb is the density of the jet immediately behind the barrel

shock, which is the effective jet exit where the jet actually sees the crossflow; and ρf

is the average density far downstream of the jet. The jet density variation in figure

3.27 shows that ρb ≈ 1.6 and ρf ≈ 0.8, which results in (ρ/ρj)
eff ≈ 0.5. Using this

effective density ratio, equation (3.15) predicts the trajectory marked by dash-dotted

curve in figure 3.27 (b), which is much closer to the simulation result. Further we notice

that after interaction with the barrel shock, the center streamline turns suddenly by

approximately 10◦ (top right sub-figure in figure 3.27 (b)). Therefore, equation (3.15)

should be integrated from 80◦ instead of 90◦. This yields the long-dashed curve in figure

3.27 (b), which shows very good agreement with the current LES result, especially in

the near field. We apply the same methodology to the supersonic injection (case B2),

and the predicted trajectory by the proposed modification to Schetz’s method is shown

in figure 3.28 (a). In this case, ρb ≈ 3.6 and ρf ≈ 1, which results in (ρ/ρj)
eff ≈ 0.2778;

and the integration of equation (3.15) starts from 90◦ based on the observation that the

streamline turns negligible angle after the barrel shock, which turns back when entering

the second jet cell. The agreement is very good up to x/D = 6. It is encouraging that

the modified Schetz’s analysis can accurately predict the trajectory of transverse jet in

the near field, though it is based on a number of assumptions [4]. Note that, Schetz &

Billig [4]’s method may not be applicable to the far field, because it does not account

for the effect of interactions between flow structures.
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Figure 3.28 (b) compares jet trajectory from the simulation case B2 with the ex-

perimental results of Papamoschou & Hubbard [23], where the momentum ratio is 8.9

and close to the current simulations. Both the crossflow and the jet have very different

flow condition as in the current simulation, but the trajectories are close to each other,

which indicates again that the jet-to-crossflow momentum ratio J is the dominant pa-

rameter that determines the jet penetration. In Papamoschou & Hubbar [23]’s work,

they studied the effect of crossflow Mach number, and found that increasing the cross-

flow Mach number produces a slight increase in the jet penetration. They attribute this

to the decrease of drag coefficient with the increase of crossflow Mach number (Schetz

& Billig [4]). However, it may also be because that the turning of the crossflow due to

the 3-dimensional bow shock increases with crossflow Mach number in moderate range.

For example, figure 7 in Gènin & Menon [26]’s work shows obvious increase of crossflow

upturning across the bow shock when the crossflow Mach number increases from 1.6 to

2.0. This increased turning gives the crossflow more vertical velocity component which

is favorable to the penetration of the transverse jets. The conjecture is that the same jet

would penetrate more in a supersonic crossflow than the subsonic crossflow. Therefore,

it is reasonable to see that the jet trajectory in the current simulation is lower than

those from Papamoschou & Hubbard [23]’s experiments.

The trajectories in the far field of Mach 3.7 supersonic injection has also been studied

by Beresh et al. [3], where they defined the jet trajectories using the maximum loci of

streamwise velocity deficit and vertical velocity, which are shown as the symbols 2
and 3 respectively in figure 3.29. The curves therein correspond trajectories calculated

from the current simulation. It is shown that the trajectory defined by the loci of the

maximum streamwise velocity deficit is higher than that defined by the loci of maximum

vertical velocity, while both definitions yield lower jet trajectories than the definition

based on the center streamline. The agreement between the current simulation and the

experiment is very good for both definitions of trajectories used in Beresh et al. [3],

which is actually foreseeable from the good agreement in the velocity profiles shown

figure 3.9.
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ment, plotted as a function of the jet length. a) supersonic injection; b) sonic injection.
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3.7 Entrainment

The entrainment of the crossflow fluid by the jet can be estimated by calculating the

jet mass flux across the trajectory-normal planes, i.e.

Qjet =

∫
Ajet

(ρus) dA, (3.16)

where Qjet denotes the jet mass flux, Ajet is the area of jet cross section that is normal

to local jet trajectory, us is the jet axial velocity. It is necessary to distinguish between

the jet fluid and crossflow fluid, so that Ajet can be determined as

Ajet = {
∑
i

Ai | Ai ∈ As, Criterion}. (3.17)

Here As is the plane normal to the jet trajectory, andAi is a facet on As that satisfies the

criterion. Because the passive scalar equation is not included in the current simulations,

other criteria must be established to define the jet boundary. Here, we suggest use the

jet axial velocity as a criterion in the near field, and use the turbulent kinetic energy

in the far field. This choice of criteria is based on the observation that there is large

jet axial velocity difference between the jet and freestream in the near field (e.g. figure

3.21) and large turbulent kinetic energy difference in the far field (e.g. figure 3.11

(b)) between the jet and the crossflow. Since turbulence enhances mixing, the value of

turbulence kinetic energy somewhat indicates the level of mixing between the jet and

the crossflow fluids, which also make it a reasonable criterion to separate the entrained

and undisturbed crossflow.

At a specific trajectory-normal plane, the mathematical expression for the axial

velocity criterion reads:

(us − U∞cos θ) ≥ α (usmax − U∞cos θ) , (3.18)

where usmax is the local maxium of us, U∞ is the free stream velocity, θ is the angle

between us and freestream (x) direction, and α is a threshold coefficient that adjust

strictness of the criterion. The turbulent kinetic energy criterion for the far field takes

the simple form of :

k ≥ βkmax, (3.19)
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where k = 0.5(u′2 + v′2 + w′2) is the turbulent kinetic energy, kmax is its maximum

value on the trajectory-normal plane, and β is the threshold coefficient similar to α.

Figure 3.30 shows the evolution of jet mass flux Qjet and cross-sectional area Ajet along

the center streamline calculated using different threshold for supersonic injection case

B2. α varies from 0.1 to 0.005, while β changes from 0.02 to 0.001. It is observed

that decreasing the threshold value of α and β results in increase of the calculated

mass flux and Ajet. The curves based on the turbulent kinetic energy criterion do not

appear to converge as the cutoff value of k decreases. However, the ‘curves’ calculated

from the axial velocity criterion do show certain trend of convergence as the decrease

of the threshold axial velocity. First, it is reasonable that all the curves start from

Qjet/Q0 = 1.0 at s/D ≈ 0.0. Second, the curves for α = 0.01 and α = 0.005 stay close

with each other even when s/D is large. Furthermore, it is promising that the curves

from the two proposed criteria, with α = 0.005 and β = 0.001 respectively, collapse

between s/D = 5 and s/D = 10, especially for the mass flux. Therefore, the proposed

criteria are considered reasonable, and it is fair to choose α = 0.005 and β = 0.001

as the threshold for the proposed two criteria, respectively. For sonic jet in supersonic

crossflow, similar analysis shows that α = 0.05 and β = 0.01 work the best.

Figure 3.31 (a) shows the entrainment of the supersonic jet injected into subsonic

crossflow calculated from the the proposed method. Due to the observed similarity be-

tween this regime and the low speed jets in crossflow, the Ricou–Spalding correlation

[71] for the volume flux of an incompressible regular jet, Qjet/Q0 = 0.32s/D + 1.0, is

also plotted for comparison. Note that entrainment in the transverse jet is significantly

larger than that in a turbulent free jet, as observed by Muppidi & Mahesh [66] for low

speed jets in crossflow. At s/D = 6, the entrainment is about twice as much; and at

s/D = 10, the entrainment is about three times as much. Moving to very far down-

stream, the entrainment rate starts decreasing after s/D ≈ 35. The entrainment rate

appears to settle at a magnitude that is comparable to the entrainment of a regular jet.

This is reasonable, because the interaction between the jet and the crossflow becomes

weaker and weaker as the jet bends into the freestream direction in the far field. It

is also observed that close to the jet, s/D < 4, the entrainment of jet in crossflow is

slightly smaller than free jet. This behavior is also observed in Muppidi & Mahesh [66]’s

work, where passive scalar is used to calculate the jet entrainment. A small spikes in
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entrainment is observed at s/D = 2 whichever threshold values of α are used (figure

3.30(a)). By comparing with figure 3.21, it is found that x/D = 2 corresponds the lo-

cation where center streamline intersects with the barrel shock. This interaction causes

the jet velocity decreases in magnitude. Equivalently, this yields a decreased thresh-

old value due to equation (3.18), therefore more fluid will be counted as a part of jet,

which causes increase in the calculated entrainment. Figure 3.31 (b) shows the jet area

variation along jet length, where the data for turbulent free jet [70] is also plotted for

comparison. Similar to jet entrainment, the area of the transverse jet grows faster than

that of free jet, and the growth rate decreases after s/D ≈ 35. In the very near field, a

slightly slower grow rate than the regular jet is observed for x/D < 3; while a sudden

increase in Ajet is also observed at s/D = 2 and s/D = 6.

Figure 3.32 (a) shows the entrainment of sonic jet injected into supersonic cross-

flow. The Ricou–Spalding correlation is also plotted for comparison. Far from the jet

exit s/D > 3, the entrainment of the sonic transverse jet behaves similarly to that of

supersonic jet, and is significantly larger than that in a turbulent free jet. At s/D ≈ 1,

there is a spike on the curve, which again appears to be related with the incidence of

the center streamline upon the barrel shock. Between s/D ≈ 1.25 and s/D ≈ 3.0, the

entrainment of the transverse jet is slightly smaller than that of free jet. This may be

associated with the curvature of the barrel shock and the reduced area of barrel shock

cross-section near the barrel shock. The original jet mass flux reduces with this cross-

sectional area due to the conservation of momentum, while the newly entrained mass

flux can not compensate this reduction. Figure 3.32 (b) shows the jet area variation

along the sonic jet length, where the data for turbulent free jet [70] is again plotted

for comparison. A large difference is observed between figures 3.32 (b) and 3.31 (b).

It shows that very near to the jet exit, the area of the jet increases very rapidly, be-

cause the under-expanded jet continues expanding as it exits the nozzle. The jet fluid

is expelled outside of the periphery of the barrel shock due to the high pressure of the

jet, which may interact with the crossflow intensely. The area then decreases as the jet

interacts with the barrel shock, where the jet is under compression. It is interesting to

note that far from the jet exit, the jet cross-sectional area increases similarly to that of

incompressible free jet, and thus slower than that in the supersonic injection.

Figure 3.33 shows the percentage contribution of the leeward side of the jet to the
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Figure 3.34: Locations and labels of flow probes: a) sonic injection; b) supersonic injec-

tion. The background contours show mean temperature on the center and horizontal

near-wall planes.

total entrainment. Close to the jet, both the windward and the leeward sides of the

jet contribute about the same to the total entrainment. In the far field, the leeward

side of the jet consistently contribute more to the total entrainment. The ratio of the

entrainment contributed by the leeward side of the jet to the total entrainment is around

60 % and 70% for sonic injection and supersonic injection, respectively. It indicates that

the leeward side of the jet entrain almost twice as much as the windward side in the

far field. At the jet near field, some oscillation is observed at s/D = 2 in figure 3.33

(a), which is attributed to the interaction with the barrel shock. In sonic injection case,

this ratio decreases first to less than 40 %, which then increases after s/D ≈ 1. This

indicates that in the jet near field, the windward shear layer vortices contribute the

majority to the entrainment, until the CVP forms and grows. Figure 3.33 agrees with

the work of Muppidi & Mahesh [66] qualitatively, and indicates the entrainment due to

the jet windward shear layer is usually less than that due to the CVP on the leeward

side of the jets.
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Figure 3.35: Power spectra densities of flow signals from different probes distributed in

the flow field of sonic jet injected into supersonic crossflow (figure 3.34 (a)).
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Figure 3.36: Power spectra densities of flow signals from different probes distributed in

the flow field of supersonic jet injected into subsonic crossflow (figure 3.34 (b)).
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3.8 Frequencies of important vortical structures

Probes are distributed over the flow field, where temporal signals of the primitive vari-

ables are collected at each time step and stored. The power spectral density (PSD) of

these signals are then calculated and plotted as a function of Strouhal number defined

based on the freestream velocity and jet diameter, i.e. St = fD/U∞. Here, f is fre-

quency. The frequencies (or St) at which the PSD peaks indicates the period of the

dominant fluid motions at corresponding probe locations. Figures 3.34 (a) and (b) show

the approximate locations of the selected flow probes in sonic injection and supersonic

injection, respectively. Black dots denote the probes, which are labeled uniquely. Fig-

ures 3.35 and 3.36 show the PSD of the collected flow signals for sonic injection and

supersonic injection, respectively. Note that only the PSDs of certain variables that

show unambiguous peaks are chosen to be plotted, therefore the PSDs plotted in figures

3.35 and 3.36 might be for signals of different variables as pointed out through the labels

of the ordinates in each figure.

Figure 3.35 shows the PSDs for sonic jet injected into a supersonic crossflow. The

labels of the probes defined in figure 3.34 (a) are used as the legends in each sub-figures.

From the animation of the flow field (not shown), it is observed that as the windward

shear layer vorticies “shed”, both the bow shock and barrel shocks deform and oscillate

accordingly. Figure 3.35 (a), (b) and (c) show the PSDs of flow signals of probes aligning

along the bow shock, windward barrel shock and leeward barrel shock (including Mach

disk), respectively. The PSD curves show that the St for the bow shock motion is

between 0.2 and 0.25, which decreases slightly moving to the far field. The barrel shock

(both windward and leeward) shows peak PSD at St numbers that range from 0.2 to

0.3, but high frequency motions of the barrel shock can be observed in secondary peaks

at high St. The probe around the Mach disk also show multiple slopes, with dominant

low frequency motion of St = 0.15. Figure 3.35 (d) captures the dominant frequency

of “shed” windward shear layer vortices. It is shown that, the dominant St is between

0.25 and 0.3. The downstream probe shows slightly higher frequencies, because the flow

accelerates there. The above St numbers indicate that the deformation and oscillation

of the bow shock and barrel shock are indeed related to the shedding event of the

windward shear layer vortices. By comparing the pressure signal history and animation
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of flow field, Kawai & Lele [25] observed that the shedding of shear layer vortices is

associated with the pressure change within the primary separation bubble in font of the

jet. The dashed dark curve in figure 3.35 (a) shows the PSD of the pressure signal at

(−0.75d, 0.35d) in the primary separation bubble. It is shown that the dominant St is

very close to the numbers listed above, which supports Kawai & Lele [25]’s observation.

Therefore, it appears that all the deformation and oscillation of the shock system and

the shedding of the windward shear layer vortices are connected with unsteadiness of

the primary separation bubble due to the interaction between the jet and the crossflow.

Figure 3.35 (e) shows the PSDs of signals from the upper inner shear layer defined in

figure 3.12 of section 3.3. The dominant St ranges from 0.3 to 0.4, and increases slightly

as the flow evolves and accelerates. Figure 3.35 (f) shows the PSDs of signals from the

lower inner shear layer, which shows higher dominant frequencies with St ranges from

0.3 to 0.6. Near the jet, the dominant St is 0.6. It appears to be related with the

high frequency motions of the leeward barrel shock shown in figure 3.35 (c), where the

secondary peak of the PSD of the signal from intersection of the leeward barrel shock

and Mach disk has a St of 0.7. Moving downstream, the frequencies keep decreasing. At

the last location, the St is 0.35, which is very close to the St of the last probe in figure

3.35 (e). Figure 3.35 (e) and figure 3.35 (f) indicate that the upper and lower inner

shear layer vortices collapse and interact as the jet evolves, resulting in a decreased St

in the lower inner shear layer and increased St in the upper inner shear layer. Figure

3.35 (g) shows the dominant frequency at the boundary of the wake region, which is also

featured sudden decrease of density gradient magnitude as shown in figure 3.12. This

boundary is observed to be quasi-steady in the flow animation, and is shown to have a

low St of 0.15 in the near field and 0.2 further downstream. Figure 3.35 (h) shows the

PSDs of the pressure signals from three different probes on the side of the jets, where

is approximately on the way of the horseshoe vortices. All the PSD curves are very

similar to each other, and there appears to be a small peak of PSD curves at St ≈ 0.35.

This is very closed to the frequency of the primary separation bubble. Probes are also

placed between the wall and the lower inner shear layer downstream of the jet, where

wake vortices locate if they exist. However, no specific dominant frequencies of fluid

motions are observed, which confirms the former observation in section 3.3 that wake

vortices do not prevail under this flow condition.
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Figure 3.36 shows the PSDs of flow signals from supersonic jet injected into a sub-

sonic crossflow. Similar notation in figure 3.35 is used. Figures 3.36 (a) and (b) attempt

to resolve the frequencies of windward jet shear layer rollers. It is shown that the PSD

curves peak at St ≈ 3.0 in the jet near field, and St ≈ 1.5 in the far field. As the jet

evolves, the peaks become less and less obvious, indicating the decay and break-down

of the jet shear layer. Figure 3.36 (c) shows the PSD curves of signals from the leeward

side of jet shear layer. Changes in slopes are seen in these curves, but no unambigu-

ous peaks can be observed. Figures 3.36 (c) and (d) show the St of the upright wake

vortices. It is oberved from these curves that the St of the wake vortices is around 3.5.

It is interesting to note that, at the first location in figure 3.36 (e) (solid curve), no

peak can be found. However, at the first location in figure 3.36 (d) (solid curve), which

has the same streamwise coordinate as the first location in 3.36 (e) but in a higher y

postion, has the obvious peak associated with the wake vortices. This is because (i) the

wake vortices form at certain distance downstream of the jet, (ii) the wake vortices are

inclined to the upwind (−x) direction (figure 3.16); therefore it is possible that when the

wake vortices start to form, they can be seen at a higher location but are not discernible

at a lower location with the same x coordinate. Figures 3.36 (f) and (g) show the PSD

curves of wall pressure signals from upstream and downstream of the jet, respectively.

Changes in the slopes are observed between St ≈ 5 v 10. This may be related with the

frequencies associated the boundary layer sweeping the wall. Close to the jet, increase

in the overall PSD values is observed. Upstream of the jet, when the boundary layer is

undisturbed, the PSD curves of signals from different spanwise locations collapse (fig-

ure 3.36 (g)). Downstream of the jet, the disturbed boundary layer appears to return

faster to the original condition at spanwise locations than at the centerline (figure 3.36

(g)). Figure 3.36 (h) shows the PSD curves for pressure signals from the upstream and

downstream edges of jet exits. Both locations are featured with high frequency changes

in pressure field, with St ≈ 15 at the upstream edge, and St ≈ 30 at the downstream

edge. These maybe related to the acoustic waves associated with jet expansion. It is

interesting to note that the St of the leeward edge is twice of that at the windward

edge. Compared with figure 3.35, the flow motions in the supersonic injection have

higher frequencies. Many motions in sonic injection case are correlated, with a driven

force from the primary separation bubble; while the motions in supersonic crossflow do
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not show obvious correlations.

3.9 Summary

The physics of high speed jets in crossflow have been discussed based on the large-eddy

simulations of two commonly used regimes: a sonic jet injected into a supersonic cross-

flow and a supersonic jet injected into a subsonic crossflow. The experimentally observed

shock systems and vortical structures, such as the bow shock, separation shock, barrel

shock, Mach disk, jet shear layer voritices, horseshoe vortices and the counter rotating

vortex pair, have been successfully reproduced. It is found that the interaction of trans-

verse jet with supersonic crossflow yields great differences than low-speed jet/crossflow

interaction. The supersonic crossflow sees the jet as an obstacle and responds with the

formation of a bow shock in front of the jet. The bow shock causes the separation of

the crossflow boundary layer, as well as pressure increase downstream of the bow shock.

This changes the wall pressure distribution and therefore the near wall flow field sub-

stantially. When the crossflow is subsonic, the interaction resembles the low-speed jets

in crossflow, except that jet cells form within the jet plume if the jet is supersonic and

not perfectly expanded. The jet cells cause the jet boundary to expand and contract

alternately. The windward jet shear layer rolls up into vortices, which shed downstream

periodically in sonic injection, but grow and travel along with the jet in supersonic in-

jection. Downstream of the jet, two secondary shear layers form between the jet fluid

that passes through the Mach disk, the jet fluid that passes through the barrel shock,

and the ambient crossflow fluid. The secondary shear layers yield Kelvin-Helmholtz vor-

tices downstream of the Mach disk. Such vortices do not exist for supersonic injection

into subsonic crossflow or low-speed jets in crossflow. Clear upright wake vorticies are

observed in supersonic injection but not in sonic injection. This is probably due to the

low momentum ratio, so that the jet/crossflow interaction is different [65]. Because of

the low penetration of sonic jet, the jet reorients and interacts with the wall early, which

suppresses the formation of wake vortices. The time averaged flow fields are compared

to the experimental results, and reasonable agreement is observed in both mean velocity

and mean turbulent intensities. The effect of the crossflow flow boundary layer type is

discussed, as well as the influence of grid resolution. It is interesting to find that the
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back pressure region due to the blockage of the transverse jet can extend downstream

of the jet from the sides when the crossflow is supersonic, while it is entirely ahead of

the jet center for subsonic crossflow/jet interaction. The trajectory and entrainment

of transverse jet is studied. It is found that, when scaled with JD, the jet trajectories

from different experiments and simulations show significant scatter. A Modification to

Schetz & Billigs theory [4] is proposed, which yield good prediction of the jet trajectories

for the current simulations in the near field. Along the jet center streamline, both the

entrainment and jet cross-section grow faster than those for turbulent free jets. In the

very far field, the growth rate of entrainment and jet cross-section decrease to values

that are close to those for turbulent free jets. It is found that the jet leeward side

flows contribute more to the total entrainment of the jet, indicating that the CVP is

the primary entrainment mechanism instread of jet windward shear layer vortices. The

Strouhal numbers of important flow structures are calculated using the power spectral

density of the flow variables. Most motions in the sonic injection case are found to be

correlated, and the primary separation bubble appears to be the source of these coher-

ent motions. However in supersonic crossflow, the flow motions do not show obvious

correlations. The frequencies of the flow structures in supersonic injection are observed

to be higher that those in sonic injection.



Chapter 4

Dynamic k-equation model for

the LES of compressible flows

This chapter presents a novel dynamic one equation eddy viscosity model for large-

eddy simulation of compressible flows. The transport equation for sub-grid scale (SGS)

kinetic energy is introduced to predict SGS kinetic energy. The exact SGS kinetic en-

ergy transport equation for compressible flows is derived formally. Each of the unclosed

terms in the SGS kinetic energy equation is modeled separately and dynamically closed,

instead of being grouped into production and dissipation terms, as in the Reynolds Aver-

aged Navier-Stokes (RANS) equations. All of the SGS terms in the filtered total energy

equation are found to reappear in the SGS kinetic energy equation. Therefore, these

terms can be included in the total energy equation without adding extra computational

cost. A priori tests using Direct Numerical Simulation (DNS) of decaying isotropic

turbulence show that for Smagorinsky type eddy viscosity model, the correlation be-

tween SGS stress and the model is comparable to that from the original model. Also,

the suggested model for pressure dilatation term in the SGS kinetic energy equation

is found to have high correlation with its actual value. In a posteriori tests, the pro-

posed dynamic k-equation model is applied to decaying isotropic turbulence and normal

shock/isotropic turbulence interaction, and yields good agreement with available exper-

imental and DNS data. Compared with the results of Dynamic Smagorinsky Model

(DSM), the k-equation model predicts better energy spectra at high wave numbers,

67
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similar kinetic energy decay and fluctuations of thermodynamic quantities for decay-

ing isotropic turbulence. For shock/turbulent interaction, k-equation model and DSM

predict similar evolution of turbulent intensities across shocks, due to the dominant

effect of linear interaction. The proposed k-equation model is more robust in that local

averaging over neighboring control volumes (CV) is sufficient to regularize the dynamic

procedure. The behavior of pressure dilation and dilatational dissipation is discussed

through the budgets of SGS kinetic energy equation, and the importance of dilatational

dissipation term is addressed.

4.1 Dynamic k-Equation Model

The key idea of the proposed dynamic k-equation model is to derive SGS kinetic energy

(or the isotropic part of SGS stress, τkk in Eq. 2.22) by solving its transport equation,

instead of using Yoshizawa’s model (Eq. 2.24). It has been shown that Yoshizawa’s

model for SGS stress correlates very poorly with the results of direct numerical simu-

lations of compressible isotropic turbulence [31], and under-predicts the magnitude of

SGS kinetic energy [1]. On the other hand, the works of Deardorff [33], Schumann [34],

Horiuti [41], Ghosal et al. [39] and Menon & Kim [40] show that using SGS kinetic

energy equation yields better performance in LES of incompressible flows. Therefore,

we extend this idea to compressible flows, and introduce the compressible SGS kinetic

energy transport equation.

4.1.1 SGS Kinetic Energy Transport Equation

The SGS kinetic energy equation can be derived by subtracting the product of the

Favre filtered velocity and the filtered momentum equation from the filtered product of

velocity and momentum equation, i.e.,

[ui × (momentum equation)]− ũi × (momentum equation).
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After reduction and rearrangement (see Appendix A) of the above equation, the SGS

kinetic energy equation can be obtained as

∂ρ̄k

∂t
= −∂ρ̄kũj

∂xj
− τijS̃ij − 2µ̄

[
S̃∗
ijS

∗
ij − S̃∗

ijS̃
∗
ij

]
− ∂

∂xj

[
5

3

(
µ̄
˜
uj

∂uk
∂xk

− µ̄ũj
∂ũk
∂x̃k

)]

+
∂

∂xj

[
τij ũi + µ̄

∂k

∂xj
+ µ̄

∂

∂xi

(
τij
ρ̄

)
+Rqj

]
− ∂

∂xj

[
1

2
ρ̄
(
ũiuiuj − ũiuiũj

)]

+

(
p
∂uk
∂xk

− p̄
∂ũk
∂xk

)
,

(4.1)

where k, τij , qj are SGS kinetic energy, SGS stress and SGS heat flux defined by

equations (2.19), (2.15) and (2.16) respectively. R is the specific gas constant with

R = Cp − Cv. Eq. (4.1) is the exact form of the SGS kinetic energy equation. No

additional assumption has been made beyond those in the derivation of the filtered

Navier-Stokes equations. For convenience, the following notations are used:

fj =
1

2
ρ̄
(
ũiuiuj − ũiuiũj

)
, (4.2)

εs = 2µ̄
[
S̃∗
ijS

∗
ij − S̃∗
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∗
ij

]
, (4.3)
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Π = p
∂uk
∂xk

− p̄
∂ũk
∂xk

. (4.5)

The SGS kinetic energy equation (4.1) reduces to

∂ρ̄k

∂t
= −∂ρ̄kũj

∂xj
− τijS̃ij − εs − εc −

∂fj
∂xj

+Π

+
∂
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∂
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(
τij
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)
+Rqj

]
.

(4.6)

In Eq. (4.6), −∂ρ̄kũj

∂xj
is the convection term; −τijS̃ij is the production term, which

is termed as SGS dissipation for the resolved kinetic energy [72] and represents the
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interscale energy transfer associated with the interaction of the resolved and unresolved

scales; −εs is the solenoidal dissipation, −εc is the dilatational dissipation, fj is the

triple correlation term, Π is pressure dilatation, and the rest are diffusion terms. Note

that the dilatational dissipation term is expanded to yield the approximation:

εc ≈
5

3

µ̄ ˜(∂uk
∂xk

)2

− µ̄

(
∂ũk
∂xk

)2
 . (4.7)

In Eq. (4.6), the SGS stress τij and SGS heat flux qj are modeled in the filtered Navier-

Stokes equations (Eq. 2.1 and Eq. 2.11), and terms εs, εc, fj and Π are to be modeled

for the SGS kinetic energy equation.

Note that when the compressibility becomes negligible, εc and Π approach zero, Rqj

reduces to uj
∂p
∂xj

− ũj
∂p
∂xj

, and −εs +
∂

∂xj

[
µ̄ ∂
∂xi

(
τij
ρ̄

)]
yields −µ̄

(
∂̃ui
∂xj

∂ui
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− ∂ũi
∂xj

∂ũi
∂xj

)
.

Consequently, in the incompressible limit, Eq. (4.1) reduces to

∂ρ̄k
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= −∂ρ̄kũj
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which is the SGS kinetic energy equation for incompressible flows [32, 34] after dividing

by ρ on both sides.

4.1.2 Residual Term H in the Filtered Total Energy Equation

In most of the LES modeling of compressible flows (e.g. Ref. [28], [73]), the residual

term H in the filtered energy equation (2.11) is neglected, partially because there are

too many unclosed terms in H adding to the complexity of modeling. However, for

the proposed dynamic k-equation model we can take into account all of the terms in H

without adding extra computation and modeling cost. Recall the expression for H (Eq.

2.18),
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∂ũk
∂x̃k

)]

+
∂

∂xj

[
µ̄
∂k

∂xj

]
+

∂

∂xj

[
µ̄

∂

∂xi

(
τij
ρ̄

)] .

Compared with Eq (4.1), all the terms ofH reappear in the SGS kinetic energy transport

equation. Therefore, the complete filtered total energy equation will be automatically

closed once the SGS kinetic energy equation is modeled. Using the same notation as

in the SGS kinetic energy equation (4.6), the filtered total energy equation can be

re-written as

∂
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ρ̄Ẽ
)

= − ∂
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ρ̄Ẽũj + p̄ũj − σ̃ij ũi −Qj + Cpqj

)
(4.9)

+
∂

∂xj

[
µ̃
∂k

∂xj

]
+

∂

∂xj

[
µ̄

∂

∂xi

(
τij
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)]
− ∂fj

∂xj
− εc.

4.1.3 SGS Modeling

Similar to the compressible DSM, eddy viscosity and eddy diffusivity models are used

for the SGS tress τij and the SGS heat flux qj respectively. However with the SGS

kinetic energy equation,
√
k is chosen as the velocity scale instead of ∆|S̃|, i.e.

τij −
2

3
ρ̄kδij = −2Cs∆ρ̄

√
kS̃∗

ij , (4.10)

qj = − µt

Prt

∂T̃

∂xj
= −Cs∆ρ̄

√
k

Prt

∂T̃

∂xj
. (4.11)

Here, µt = Cs∆ρ̄
√
k is the eddy viscosity; Cs and Prt are the model coefficients to

be determined dynamically by Germano identity. For convenience, we define ‘eddy

conductivity’, κt = Cp
µt

Prt
, which will be compared with thermal conductivity in the

later section. The closure of energy equations requires models for fj , εs, εc and Π. We

propose the following models for these terms:
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fj = Cf ρ̄∆
√
k
∂k

∂xj
, (4.12)

εs = Cεsρ̄k
3/2∆−1, (4.13)

εc = CεcM
2
t ρ̄k

3/2∆−1, (4.14)

Π = CΠ∆
2 ∂p̄

∂xj

∂2ũk
∂xj∂xk

, (4.15)

where Cf , Cεs, Cεc, CΠ are closure coefficients; ∆ is the nominal filter width; Mt =
√
2k
a

is the SGS turbulent Mach number, where a is the mean speed of sound. Models for fj

and εs are adapted from the models of corresponding terms for incompressible RANS

equations [42]. The model for dilatational dissipation term εc is taken from Sarkar et

al. [74], and the model for pressure dilatational term Π is based on series expansion.

For any term that has the structure of fg − f̄ ḡ, Bedford & Yeo [75] show that

fg − f̄ ḡ = 2α
∂f̄

∂xk

∂ḡ

∂xk
+

1

2!
(2α)2

∂2f̄

∂xk∂xl

∂2ḡ

∂xk∂xl

+
1

3!
(2α)2

∂3f̄

∂xk∂xl∂xm

∂2ḡ

∂xk∂xl∂xm
+ ...

(4.16)

where

α(y) =

∫ ∞

−∞
x2G(x, y) dx (4.17)

and G(x, y) is the kernel of the filter. For a box filter, α = ∆2/24. In practice, α is

approximated by α = C∆2, and C is absorbed in the model coefficient CΠ.

Most of the model coefficients can be dynamically computed through Germano iden-

tity. However, since the model for solenoidal dissipation εs does not scale well across

filters [76], the Germano identity for εs yields very small values of Cεs which consider-

ably under-predicts the magnitude of εs [1], causing incorrect evolution of SGS kinetic

energy. Being modeled similarly, εc suffers from the same problem, and gives insuffi-

cient dissipation to SGS kinetic energy after the shock, which further affects the resolved

quantities through the total energy equation (Section 4.4). To circumvent this problem,

instead of using Germano identity, which assumes similarity of SGS stresses between the

grid filter level and the test filter level, we use the analogy between the grid-filter-level
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SGS stress and the Leonard stress L across the test filter level, as used by Menon &

Kim [40]. Specifically, as stated in section 2.3.2, in Germano identity, for any terms

that are of form a = αβ − ᾱβ̄ and modeled as a = C ·m, it is assumed that on the test

filter level A = α̂β − ̂̄α̂̄β = C ·M holds; so that the model coefficient C can be solved

by equation:

L = ̂̄αβ̄ − ̂̄α̂̄β = C (M − m̂) ,

where L is the Leonard stress term. In contrast, Menon & Kim [40] assume that on the

test filter level,

A = ̂̄αβ̄ − ̂̄α̂̄β = C ·M,

from which the model coefficient C is directly solvable. Applying this methodology to

εs and εc, the resulting equations for Cεs and Cεc are

2

[
¯̂µS̃∗

ijS̃
∗
ij − ̂̄µ̂̃S∗

ij
̂̃
S∗
ij

]
= Cεŝ̄ρK3/2∆̂−1 (4.18)

and

5

3

 ̂
µ̄

(
∂ũk
∂xk

)2

− ̂̄µ(∂̂̃uk
∂xk

)2
 = 2Cεc

̂̄ρ2
γ̂̄pK5/2∆̂−1, (4.19)

where K is ‘sub-test-filter scale’ kinetic energy and of form

K = k̂ +
1

2

(̂̃uiũi − ̂̃ui ̂̃ui) .
Equations (4.18) and (4.19) yield reasonable values of Cεs and Cεc, which appear to give

correct decaying rate of SGS kinetic energy of temporal decaying isotropic turbulence

and reasonable evolution of SGS kinetic energy across shocks. Note that this method

is only applied to the determination of Cεs and Cεc, and the Germano identity is used

everywhere else.
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Figure 4.1: Correlation coefficients for SGS stresses τij : red – τ11, green – τ12, blue –

τ13, cyan – τ22, yellow– τ23, pink – τ33; (a) Mt = 0.2, (b) Mt = 0.4, (c) Mt = 0.6.
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Figure 4.2: Correlation coefficients for SGS heat flux qj : red – q1, green – q2, blue – q3;

(a) Mt = 0.2, (b) Mt = 0.4, (c) Mt = 0.6.
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Figure 4.3: Correlation coefficients for
∂τij
∂xj

: red –
∂τ1j
∂xj

, green –
∂τ2j
∂xj

, blue –
∂τ3j
∂xj

; (a)

Mt = 0.2, (b) Mt = 0.4, (c) Mt = 0.6.
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Figure 4.4: Correlation coefficients for: (a)
∂qj
∂xj

, filled symbols – k-equation model,

hollow symbols – DSM; (b) red – εs, green – εc and blue – Π.

4.2 A Priori Tests

This section presents a priori tests for the SGS models using DNS results of temporal

decaying isotropic turbulence. The DNS employed a pseudo-spectral Fourier colloca-

tion scheme for spatial discretization and fourth-order Runge-Kutta method for time

advancement. The skew-symmetric form of the convection terms is used to suppress

aliasing errors. Details and validation of the numerical method are discussed b Ghosh

& Mahesh [77]. The initial three dimensional energy spectrum is

E(k) =
16

3

√
π

2

M2
t

k0

(
k

k0

)4

exp
(
−2k2/k20

)
, (4.20)

where k0 = 4. This energy spectrum gives initial root mean square (RMS) velocity

fluctuation of urms = Mt/
√
3, initial Taylor microscale of λ0 = 2/k0, and thus eddy

turn-over time of τ = urms/λ0 = 2
√
3/(k0Mt). Three cases are considered here, which

have initial turbulent Mach numbers of Mt = 0.2, 0.4, 0.6 respectively. The initial

Taylor micro-scale Reynolds number is set as Reλ = urmsλ0/ν = 67.6 for all cases.

The simulations are performed on 2π3 cubical domain with 2563 control volumes. The

grid resolution is doubled in each direction compared to corresponding simulations of

Spyropoulos & Blaisdell [78] under similar flow conditions. The DNS data is filtered onto

a 323 grid, and correlation coefficients between the exact SGS terms and their modeled
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values are computed. Here, the box filter is used, since it has a positive definite kernel

which allows positive SGS kinetic energy to be obtained [43]. Figure 4.1 and figure 4.2

show the correlation coefficients over time between the exact SGS stress components,

SGS heat flux components and their models, respectively. DSM (Eq. 2.22 and Eq.

2.23, denoted by hollow symbols) and the k-equation model (Eq. 4.10 and Eq. 4.11,

denoted by filled symbols) are compared as well. For all cases and all components of

the SGS stress and SGS heat flux, DSM and the k-equation model yield very similar

level of correlation, which is known to be low for the Smagorinski model. The shear

stresses are observed to correlate better than normal stresses (Figure 4.1). Shown in

figure 4.2, the correlation coefficients for SGS heat flux appear to be higher in highly

compressible case (Mt = 0.6) than the other two cases (Mt = 0.2 and Mt = 0.4). Figure

4.3 and figure 4.4 (a) show the correlation coefficients for the divergence of SGS stress

and that of SGS heat flux. These divergence terms are more important, because SGS

stress and heat flux appear in the form of divergence in the momentum and energy

equations. These figures show that the divergence of these modeled terms have better

correlation than their components. Again, k-equation model and DSM give very similar

correlation level in
∂τij
∂xj

, while the correlation coefficients for
∂qj
∂xj

in the k-equation model

are a little smaller than, but still comparable to DSM. The correlations for εs, εc and

Π are shown in figure 4.4 (b). It is encouraging that the proposed model for pressure

dilatation Π (Eq. 4.15) correlates very well with the actual values at all three turbulent

Mach numbers. The model for εs also correlates reasonably well with its actual value,

and the correlation coefficients are the second largest among all the SGS terms. For the

dilatational dissipation εc, the correlation coefficients are comparable to those for τij

and qj . The correlation for triple product term is found to be the lowest (not shown).

Among all the correlations, it also appears that only SGS heat flux related quantities

(figure 4.2 and figure 4.4 (a)) show discernable Mach number dependence.

4.3 A Posteriori Tests

As noted in numerous studies (e.g. Ref. [79], [43]), a priori tests of SGS models are cer-

tainly of some value, but need careful interpretation. In order to draw conclusions about

the performance of SGS models, a posteriori tests are performed in the next section.



77

U
0
t/M

K
in
e
ti
c
E
n
e
rg
y

50 100 150 200
0

0.2

0.4

0.6

0.8

1

k−equation, resolved

k−equation, SGS

DSM, resolved
DSM, SGS

CBC, resolved
CBC, SGS

(a)

k

E
(k
)

10
0

10
1

10
210

−4

10
−3

10
−2

10
−1

k−equation

DSM

CBC

(b)

U
0
t/M = 42, 98, 171

Figure 4.5: k-equation model for the CBC decaying isotropic turbulence on 323 resolu-

tion.

The numerical base scheme is introduced in Chapter 2, where minimal numerical dissi-

pation is emphasized. This makes the numerical scheme suitable for the implementation

of SGS models in that almost all of the dissipations will come from the SGS models, so

that the contribution/effect of SGS models can be ambiguously evaluated. Incorporated

into the above numerical scheme, the proposed dynamic k–equation model is applied to

decaying isotropic turbulence and normal shock/isotropic turbulence interaction.

4.3.1 Decaying Isotropic Turbulence

Two cases are considered here. One is a nearly incompressible simulation which is

compared to the experiment of Comte-Bellot & Corrsin (CBC) [80], the other is com-

pressible simulation where the filtered DNS results in section 4.2 are used for validation.

Also compared are LES results using DSM. All Large-eddy Simulations are performed

on a 323 periodic cubical domain, and spatial averaging over homogeneous directions

are applied during the dynamic procedures.

Quasi-incompressible simulation

The experiment of Comte-Bellot & Corrsin is simulated as temporally decaying isotropic

turbulence through time–space correlation. The initial energy spectrum is obtained from
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Figure 4.6: Effect of initial SGS kinetic energy. Solid curves: resolved kinetic energy;

Non-solid curves: SGS kinetic energy.
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Figure 4.7: (a) Decomposition of 3D energy spectra; (b) Ratio of compressible energy

spectra to solenoidal part. k is initialized with experimental condition in k-equation

model.
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the experiment at nondimensional time U0t/M = 42. Initially, the velocity field is purely

solenoidal, while the pressure field is computed from the incompressible Poisson equa-

tion. The density is assumed to be uniform, so the initial temperature field has similar

spectrum as pressure due to the equation of state. SGS kinetic energy is initialized using

Yoshizawa’s model, however, its magnitude is scaled up so that the mean value of SGS

kinetic energy matches the experimental SGS kinetic energy which can be estimated

by integrating the energy spectrum over wave numbers that are higher than the cutoff

wave number. Figure 4.5 (a) shows the temporal decay of kinetic energy, while figure 4.5

(b) shows the energy spectra at different time instants U0t/M = 42, 98, 171 during the

CBC experiment. DSM results under the same conditions are shown for comparison. As

shown in figure 4.5 (a), the results from the dynamic k-equation model are very encour-

aging in that both decay of resolved kinetic energy and SGS kinetic energy agree well

with the experiment. Yoshizawa’s model used in DSM under-predicts the SGS kinetic

energy. Figure 4.5 (b) shows that the energy spectra predicted by the k-equation model

agree better with the experiments, and less energy is piled up at higher wave numbers

compared with DSM results.

Figure 4.6 shows the effects of initial SGS kinetic energy. Figure 4.6 (a) shows

that the initial decay rate of resolved kinetic energy is slightly smaller when a lower

value of initial SGS kinetic energy is specified, since the eddy viscosity is proportional

to
√
k (Eq. 4.10). But this influence is small over a wide range of initial k, so that

the k-equation model has the potential to yield reasonable prediction when the SGS

kinetic energy is not accurate. Note that even with the very small magnitude of initial

k the proposed k-equation model gives comparable prediction of resolved energy decay

with DSM. Also, the SGS kinetic energy always recovers to its “correct” value as flow

evolves. From figure 4.6 (b), it seems that the effect of initial SGS kinetic energy only

shows up at high wave numbers, where the energy cusp is smaller or comparable to the

DSM results. Figure 4.6 also suggests that 1
2

(̂̃uiũi − ̂̃ui ̂̃ui) (scale similarity) is a good

estimation of initial SGS kinetic energy if the actual value is unknown.

Energy cusps are observed in the energy spectra shown in Figure 4.5 (b) and Figure

4.6 (b). Decomposing the energy spectra into compressible part Ec(k) and solenoidal

part Es(k) [81], as shown in Figure 4.7 (a), reveals that the energy cusps are mainly

caused by the compressible part of energy. Because of periodic boundary conditions,
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Figure 4.8: Initial energy spectrum from Eq. (4.20): (a) Time evolutions of kinetic

energy; (b) energy spectra at two different instants: solid lines – t/τ = 2.217, dash-dot

lines – t/τ = 4.434.

initial acoustic transients will never exit the computational domain, and will steepen

up over time. Figure 4.7 (b) shows that at moderate length scales the solenoidal part of

kinetic energy decays faster than the compressible part, and the ratio of Ec(k) to Es(k)

increases over time; however, the compressible kinetic energy accounts for only around

0.1% of the solenoidal energy. At high wave numbers, the ratio of Ec(k) to Es(k) is up

to 30%, and does not appear to change over time.

Compressible simulations

The compressible LES have the same initial spectra (v k4e−k2) as the a priori tests

in section 4.2. Three turbulent Mach numbers of Mt = 0.2, 0.4, 0.6 are considered.

The initial SGS kinetic energy is derived from the filtered DNS results. Figure 4.8

(a) compares the time evolution of kinetic energy with the filtered DNS results, and

DSM results as well. In terms of resolved kinetic energy decay, good agreement can be

observed between LES and filtered DNS for Mt = 0.2 and Mt = 0.4 cases. Mt = 0.6

case suffers from initial transient due to “inconsistent” initial condition [82], and is a

little off from DNS results. Figure 4.8 (b) shows the energy spectra at time t/τ = 2.217

and t/τ = 4.434. Consistent with energy decay shown in figure 4.8 (a), the difference in
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Figure 4.9: (a) Time evolutions of rms density fluctuations; (b) divergence contour

superposed by in plane velocity vectors for case Mt = 0.6 at time t/τ = 1.0.
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Figure 4.10: Initial condition from filtered DNS at t/τ ≈ 1.1: (a) Time evolutions of

kinetic energy; (b) energy spectra at two different instants: solid lines – t/τ = 2.217,

dash-dot lines – t/τ = 4.434.
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energy spectra between cases Mt = 0.2 and Mt = 0.4 is very small, while case Mt = 0.6

differs from others due to initial transients, and the difference is mainly in high wave

numbers. Compared with DSM results, the k-equation model yields similar decay of

resolved kinetic energy. However, the SGS kinetic energy predicted by the proposed

transport equation (Eq. 4.6) agrees with the DNS results much better than Yoshizawa’s

formula in DSM (figure 4.8 (a)). Consistent with the quasi-incompressible simulation

(figure 4.5), the k-equation model predicted better energy spectra than DSM at high

wave numbers, as observed in figure 4.8 (b). Given that DSM is known to perform well

for decaying isotropic turbulence, the improvement of the proposed dynamic k-equation

model is encouraging.

Figure 4.9 (a) compares the time evolution of the RMS density fluctuations with

the filtered DNS results. Good agreement can be observed for simulations at all of the

three Mach numbers. The simulation results using the k-equation model and DSM are

very close. Figure 4.9 (b) shows the contours of velocity divergence on plane z = 3.83

for Mt = 0.6 at time t/τ = 1.0, along with the in plane velocity vectors. In the region

of peak negative divergence, marked by the white circle, a sudden decrease of normal

velocity component is observed. At the upstream CV center, the Mach number is found

to be M1 = 1.238. From the Rankine–Hugoniot relation, the pressure jump ratio for

this Mach number is estimated to be p2/p1 = 1.62. From the simulation, the pressure

ratio is found to be p2/p1 = 1.71, which is very close to the Rankine–Hugoniot relation,

considering the flow is not stationary. This ability of the proposed SGS model to model

turbulence with highly compressible local regions is encouraging.

To access the effect of initial transients, LES was performed using the filtered DNS

field at t/τ ≈ 1.1 as the initial condition. Figure 4.10 shows the kinetic energy decay and

energy spectra. Shown in figure 4.10 (a), the decay of resolved kinetic energy inMt = 0.6

is noticeably improved. Moreover, the SGS kinetic energy from k-equation model also

achieves better agreement with the DNS, while Yoshizawa’s formula in DSM continues

under-predicting the SGS kinetic energy. In figure 4.10 (b), the energy spectra for

Mt = 0.6 collapse with the other two cases after removal of initial transients. Compared

with figure 4.8 (b), all spectra agree with the DNS better at medium wave numbers,

especially at t/τ = 2.217. The remaining difference between the LES and DNS at high

wave numbers and medium wave numbers at t/τ = 4.434 is likely to be related with the
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(a) (b)

Figure 4.11: Eddy viscosity and conductivity for the decaying isotropic turbulence: (a)

CBC; (b) compressible case, where solid lines are eddy viscosity, symbols on dashed

lines are eddy conductivity, and different colors denote different inital Mt.

artificial initial v k4e−k2 energy spectra, because good agreement in both kinetic energy

decay and spectra is observed in incompressible simulations when physical initial energy

spectra from CBC’s experiment is used. Figure 4.10 also shows that the improvement

from the k-equation model is consistent and independent from the initial conditions.

Eddy viscosity and ‘eddy conductivity’

Figures 4.11 (a) and (b) show the time evolution of eddy viscosity and ‘eddy conductiv-

ity’ for quasi-incompressible and fully compressible isotropic turbulence, respectively.

For the quasi-incompressible case, the eddy viscosity contributes up to 70% of the

molecular viscosity, and decreases as the turbulence decays. The eddy conductivity is

approximately constant as the flow evolves, and its value is only around 10% of the

thermal conductivity. For highly compressible cases, the maximum ratio of eddy vis-

cosity to molecular viscosity is less than, but still comparable to, that in CBC isotropic

turbulence; while the maximum ratio of eddy conductivity to the thermal conductivity

is more than twice of that for the CBC case. Large initial transients in µt/µ and κt/κ

are observed as the flows adapt to the initial conditions generated by the 3-D energy

spectrum (Eq. 4.20). It also appears that the eddy viscosity decreases with Mt, while

the eddy conductivity increases slightly with Mt.
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Figure 4.12: Schematic of shock/turbulence interaction problem.

4.3.2 Normal Shock/Isotropic Turbulence Interaction

Shock/turbulence interactions prevail in high speed turbulent flows. It is necessary for

a good compressible SGS model to accurately predict the evolution of the turbulent

flow across a normal shock wave. The schematic of the problem is shown in figure 4.12.

Isotropic turbulence is introduced at the inflow, decays spatially over a short distance

and then interacts with a statistically stationary normal shock. A sponge layer is used at

the end of the computational domain to absorb reflected acoustic oscillations. Spatial

averaging over homogeneous directions (y − z planes) is applied during the dynamic

procedures.

Two cases are considered. The first case has low Re which corresponds to the DNS

of Mahesh, Lele & Moin [83], where the inflow Mach number is M = 1.29, the turbulent

Mach number of the inflow is Mt = 0.14, and the micro-scale Reynolds number is

Reλ = 19.1. The second case corresponds to the DNS of Larsson & Lele [84], which

has higher Re, freestream Mach number M and turbulent Mach number Mt (M = 1.5,

Mt = 0.221, Reλ = 40.0). The two simulations are carried out on the same computation

domain with exactly the same mesh. The domain has the dimension of Lx = 10 in

streamwise direction, Ly = Lz = 2π in the transverse directions. The mesh has 180×322

CVs, which is uniform in the transverse directions and clustered in the vicinity of the

shock in streamwise direction.

The inflow isotropic turbulence is generated using a similar method to Mahesh et

al.s [83]’s isotropic turbulence, which has the initial energy spectrum of Eq. (4.20)
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Figure 4.13: Decaying isotropic turbulence in long periodic box.

Figure 4.14: Validation of inflow turbulence generation and implementation.
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and is allowed to decay temporally until the designated Mt and Reλ are reached.

Then, an instantaneous realization of the flow field is taken and used as the inflow of

shock/turbulence interaction problem using Taylor’s hypothesis. Simulation of isotropic

turbulence is performed on a uniformly meshed long periodic box which has the dimen-

sion of nπ × 2π × 2π (figure 4.13). n is chosen big enough to generate an inflow data

sequence that is long enough to provide unduplicated isotropic inflow turbulence for sev-

eral flow-through times, so that converged statistics can be achieved. For the current

case, n is chosen as 16, which will provide around 5 flow-through time of inflow data and

is proven to be enough for the statistics to converge. This methodology is validated by

temporally and spatially decaying isotropic turbulence as shown in figure 4.14, where

figure 4.14 (a) compares the temporal decay of kinetic energy for isotropic turbulence in

a periodic cube and a long periodic box, starting with the same energy spectrum. Fig-

ure 4.14 (b) compares the energy decay rate of temporally decaying isotropic turbulence

and the spatially decaying turbulence where the inflow isotropic turbulence is extracted

from the temporal case at time t/τ = 1.58. Good agreement is observed for both cases.

Then, the isotropic turbulent inflow is allowed to convect into the computational domain

of shock/turbulence interaction.

Instantaneous field

Figure 4.15 shows instantaneous density contours on the central plane z = 0. The

overlaid contour lines are isopressure lines which shows the shock wave. The upstream

turbulence causes the shock front to distort in the transverse (y and z) directions. The

distortion is found to be stronger at the high Re and high Mt case where the shock front

also breaks occasionally. Downstream of the shock, more small scale flow structures can

also be observed for the high Re case.

Turbulent intensities

Figure 4.16 compares the distribution of averaged turbulent intensities calculated from

the k-equation model with the DNS [83] and DSM results. In figure 4.16 (a) and

(b), the turbulent intensities are normalized by the their values immediately upstream

of the shock, to compare to the DNS. Good agreement is observed between the k-

equation model and DNS results. Note that the turbulent intensities are very high in the
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(a) (b)

Figure 4.15: Instantaneous density fields superposed by isopressure lines on central

plane: (a) low Re; (b) high Re.
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Figure 4.16: Distribution of averaged turbulent intensities for low Re case.
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Figure 4.17: Distribution of averaged turbulent intensities for High Re case. The shock

position has been shifted to x = 0 for comparison with DNS.

immediate vicinity of the shock wave. This behavior is due to statistical intermittency

associated with motions of the shock wave. Due to shock oscillation, the shock jump

would show up as unsteadiness to a fixed probe. Such behavior is also observed in DNS

of shock/turbulent interaction where the shock thickness is resolved [85, 83]. Figure

4.17 compares the distribution of averaged turbulent intensities calculated from the

k-equation model with the DNS and DSM results for the high Re case [84]. All of

the curves in figure 4.17 are normalized by u′u′ immediately upstream of the shock as

in DNS. Overall, the agreement is reasonable. The k-equation model under-predicts

decaying rate of u′u′ in the far downstream. However, considering that the current

LES uses only 1.8× 105 CVs compared to 1.5× 108 CVs in the DNS, the agreement is

quite good. Note that, the DNS inflow is somehow less isotropic than the current LES

inflow due to different inflow generation methodologies. This may be responsible for

the small difference between the LES and DNS in v′v′ at the inflow. Compared with

DSM, u′u′ predicted by the k-equation model is slightly closer to DNS results for low Re

case (figure 4.16 (a)); while for high Re case, the k-equation model results are almost

identical to those of DSM (figure 4.17). This is reasonable, because strong shock and

turbulent interaction is dominated by linear effects [83], so that the contribution of SGS

models at the shock front is less obvious.
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(a) (b)

(c) (d)

Figure 4.18: Evolution of turbulent energies (a) and one dimensional energy spectra:

(b) E11; (c) E22; (d) Ekk (energy spectra of SGS kinetic energy).

Energy spectra

Figure 4.18 shows one dimensional energy spectra of velocity components and SGS

kinetic energy at different locations. In the current simulation, the flow is isotropic

upstream of the shock and axisymmetric downstream of the shock, so that E22(k2) ≈
E33(k2); therefore E33 is not plotted here. Distributions of SGS kinetic energy k is

also plotted in figure 4.18 (a) with vertical black lines marking the locations where

the energy spectra are calculated. As shown, k0x = −1.5 is at the shock upstream;

k0x = 0.9 is almost immediately downstream of the shock; k0x = 3.3 is a location near

the peak value of u′u′ at shock downstream; and k0x = 11.3 and k0x = 19.3 are two far
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Figure 4.19: Comparison of local averaging and averaging over homogeneous directions.

downstream locations.

Note that even the smallest scales have large energy levels. Seen from figure 4.18

(b), across the shock (from k0x = −1.5 to k0x = 0.9), the energy spectrum of E11 is

amplified in medium wave numbers, decreases in small wave numbers and is preserved

at high wave numbers. This indicates a decrease of turbulent length scale in x direction.

From k0x = 0.9 to k0x = 3.3, amplification of E11 is observed to be at higher and smaller

wave numbers. Figure 4.18 (c) shows E22 is more enhanced at small scales across the

shock, which is similar to the observation of Lee et al. [85]. Further downstream, the

spectrum drops over the entire range of wave numbers.

Figure 4.18 (d) shows the evolution of the one dimensional energy spectra of SGS

kinetic energy. Interestingly, the evolution of Ekk shows more activity at small scales.

For example, Ekk is magnified more at high wave numbers from k0x = −1.5 to k0x = 0.9

and k0x = 3.3, and decays faster at small scales from k0x = 3.3 to k0x = 11.3 and to

k0x = 19.3. At k0x = 3.3, the spectrum is enhanced by more than one order of

magnitude, and the small scales possess as high energy as large scales.

Localization

The dynamic Smagorinsky model [51, 28] is known to require regularization to ensure

stability. Averaging over homogeneous directions is most common. Such averaging is not

practical for flows without homogeneous directions or flow solvers that use unstructured
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Figure 4.20: Distribution of mean SGS kinetic energy for high Re case of

shock/turbulent interaction.

girds. The proposed dynamic k-equation model appears to have an advantage over the

DSM in that it is stable during the use of local averaging over the neighboring CVs for the

dynamic procedures. Figure 4.19 compares the results of k-equation model derived from

local averaging and averaging over homogeneous directions. When locally averaged, the

model is slightly less dissipative, so that the decay rate of turbulent energy (intensities)

is slightly slower at the inflow and downstream of the shock. Similar behavior of the

decay rate of turbulent kinetic energy is also observed in simulations of temporally and

spatially decaying isotropic turbulence when local averaging is used, and is considered

reasonable. Local averaging over-predicts the turbulent intensities a little bit more

than homogeneous averaging at far downstream, but the difference is still small. The

robustness of the localized k-equation model may be attributed to two reasons. First,

the performance (in terms of the resolved field) of k-equation model is less sensitive to

k even for initial value problems (figure 4.6). Second, the introduction of k-equation

introduces history effects into SGS kinetic energy, so that the change of k is milder

than Yoshizawa model which is more sensitive to instantaneous flow condition and grid

resolution. As shown in figure 4.20, in the shock near field, where the mesh is clustered

and the interaction is also more intense, much more oscillation in the mean SGS kinetic

energy is observed for DSM than the k-equation model using either local or homogeneous

averaging. The unphysical oscillation of SGS kinetic energy in DSM may well generate

locally small or high eddy viscosity, and cause unexpected numerical instability. The

overall performance of the localized dynamic k-equation model is promising, which

facilitates its application to simulations of complex flow fields on unstructured grids.
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Figure 4.21: Budget of SGS k-equation for the decaying isotropic turbulence: (a) CBC;

(b) compressible case with Mt = 0.6 initially.

4.4 Relevance of dilatational dissipation and pressure di-

latation terms

The pressure dilatation term and dilatational dissipation term are the primary terms

that differentiate the compressible SGS kinetic energy equation from its incompressible

counterpart. To evaluate their relevance, the budgets of terms in the SGS kinetic

energy equation are studied. Figure 4.21 shows the temporal evolution of each term on

the right hand side of SGS kinetic energy equation for decaying isotropic turbulence.

All the terms are normalized by ρu2rms/τ at t = 0. Figure 4.21 (a) is for CBC isotropic

turbulence, and figure 4.21 (b) is for the highly compressible case with initial Mt = 0.6

and Reλ = 67.6. Due to spatial homogeneity, the spatial average of terms in divergence

form in SGS kinetic energy equation is zero, thus these terms are not plotted. Shown

in figure 4.21 (a), the terms εs and −τijS̃ij are the most prominent terms. The term

−τijS̃ij is the SGS dissipation term in the transport equation for resolved kinetic energy

[72], and acts as the production term for SGS kinetic energy. εs is the dissipation term

and is consistently larger than −τijS̃ij , which causes the SGS kinetic energy to decay.

Both the magnitudes of εs and −τijS̃ij , as well as the difference between them, decreases

temporally, which results in a reducing decay rate of SGS kinetic energy as observed

in figure 4.5 (a). Large initial transients are observed for pressure dilatation Π, which

is due to the forced incompressible behavior in the initial condition (inconsistent initial
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Figure 4.22: Budgets of SGS kinetic energy for shock/turbulence interaction.

condition [86]). Similar transient behavior can also be observed for εc, but the magnitude

is much smaller. Figure 4.21 (b) shows that in the highly compressible simulation, these

terms behave similarly to the quasi-incompressible case, except that the production

term −τijS̃ij is higher than the dissipation term εs initially. So the SGS kinetic energy

will increase at the beginning then decay afterwards, as shown in figure 4.8 (a).

Figure 4.22 shows the budgets of SGS kinetic energy equation for shock/turbulence

interaction with high Re and high Mt. All the curves in figure 4.22 are normalized

by ρk/τ at the inlet, where k is the SGS kinetic energy, and τ is the eddy turn-over

time of the inflow turbulence. The whole domain can be approximately divided into

three regions: before shock (k0x < −0.8), intermittency region (−0.8 < k0x < 0.8) and

post shock (k0x > 0.8). Here, we focus on the regions before and after the shock wave.

Before the shock, the flow is essentially spatially decaying isotropic turbulence, and the

relevance of these four terms are similar to temporally decaying isotropic turbulence.

In the near field ahead of the shock, all the terms drop in magnitude due to the clus-

tered mesh. In the vicinity of the shock, all of the terms increase significantly due to

intermittency. Downstream of the shock, the magnitude of production term −τijS̃ij

is higher than that before the shock; while the solenoidal dissipation εs keeps similar

levels as before. It appears that both pressure dilatation Π and dilatational dissipation

εc become more important across the shock. Far downstream, εc and Π decrease in
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Figure 4.23: Effect of dilatational dissipation εc, on (a) the mean density and (b) tur-

bulent intensity.

magnitude, and the four terms behave similarly to decaying turbulence.

From the analysis of the budgets of SGS kinetic energy equation, we see that the

dilatational dissipation term has negligible effect on the sub-grid scale turbulence away

from shock. However, across a shock the dilatational dissipation becomes important.

Also the pressure dilatation term is important during the acoustic transient, but may

have limited effect in the mean. To confirm our observation, we perform simulations

with/without pressure dilatation and dilatational dissipation separately.

For the decaying isotropic turbulence, it is found that turning these two terms on

and off does not make discernable difference to both of the resolved and SGS field (not

shown here), which is consistent with our observation that εc is negligible relative to

εs, and the net effect of Π, which oscillates around zero, is small. For shock/turbulence

interaction, without pressure dilatation model, the results almost collapse with those

shown in figure 4.17. However, without dilatational dissipation, both of the mean and

fluctuation field will be affected. Figure 4.23 compares the mean density and turbulent

energy distributions along the streamwise direction for shock/turbulence interaction

between dynamic k-equations models with and without dilatational dissipation term.

In figure 4.23 (b), it appears that, without dilatational dissipation, the dissipation of

SGS kinetic energy across the shock will not be enough. So, the SGS kinetic energy

after the shock relaxes too slowly to its normal value. High SGS kinetic energy will
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generate larger eddy viscosity and dissipates more of the turbulent intensities after the

shock. Furthermore, through the total energy equation, this effect will be passed on to

the mean flow field as shown in figure 4.23 (a). Though the pressure dilatation term

appears to have less effect on the mean profiles, this trend should not be assumed to

hold for other problems. It does appear to be important instantaneously when acoustic

interactions become significant.

4.5 Summary

A dynamic one equation eddy viscosity model for compressible LES is proposed. The

SGS kinetic energy transport equation is formally derived, and the residual terms in the

filtered total energy equation that are neglected in standard DSM have been revisited.

The unclosed terms are modeled and the model coefficients are determined dynamically.

An algebraic model based on series expansion is proposed for the pressure dilatation

term, and a different dynamic procedure for the dissipation terms in energy equations

is suggested. A priori tests using DNS of decaying isotropic turbulence are performed,

which shows that the proposed dynamic k-equation model has comparable correlation

level in SGS stress and SGS heat flux to DSM model, and the suggested model for pres-

sure dilatation correlates well with its actual value. The proposed dynamic k-equation

model is applied to the decaying isotropic turbulence and isotropic turbulence/normal

shock interaction problems in a posteriori tests. When compared to available exper-

imental and DNS results, the k-equation model shows good agreement. It improves

energy spectra at high wave numbers for decaying isotropic turbulence, and performs

similarly to DSM in shock/turbulence interaction due to the dominant linear effect. In

shock/turbulence interaction, the one dimensional energy spectra of resolved velocity

components and SGS kinetic energy are examined, and the behavior of SGS kinetic

energy across the shock is discussed. The budgets of SGS kinetic energy equation shows

that the dilatational dissipation is important for shock/turbulent interaction, but may

be less important for decaying isotropic turbulence. The pressure dilatation term does

not seem to have noticeable net effects in the mean, but instantaneously its magnitude

is comparable to other dominant terms, especially when acoustic transients are present.
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In addition, the proposed dynamic k-equation model requires less regularization for sta-

bility, and is able to be localized easily without degrading its performance, which is

encouraging for simulations of high speed flows in complex geometries.



Chapter 5

DNS/LES of supersonic

turbulent boundary layer

The flat plate turbulent boundary layer is a classic and important problem. It is the basis

of numerous complex flow configurations such as flow around an airfoil, jets in cross-

flow, compression corner, etc. Its simple geometrical configuration makes it a benchmark

problem for evaluation of numerical algorithms and turbulent models. However, simula-

tions of flat plate turbulent boundary layer become challenging as the Reynolds number

Reθ increases. Here θ is the momentum thickness of the turbulent boundary layer. At

very high Reynolds numbers, wall models must be involved to derive the correct stress

conditions near the wall. RANS and Hybrid RANS/LES (DES) can usually be applied

to turbulent boundary layers with much higher Reynolds numbers (Reθ ∼ 105), with

the sacrifice of turbulent flow dynamics not being captured near the wall. LES models

that are applicable to high Re turbulent boundary layer is highly desirable. In this

chapter, DNS and LES are performed for a Mach 2.9 supersonic turbulent boundary

layer. This chapter discusses the recycling-rescaling turbulent inflow boundary gener-

ation technique for unstructured compressible flow solvers, and evaluates the proposed

dynamic k-equation in Chapter 4.

97
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(a) (b)

Figure 5.1: Schematics of: (a) computational domain and (b) recycling-rescaling method

on an unstructured mesh.

5.1 A recycling-rescaling technique for unstructured com-

pressible flow solvers

5.1.1 Formulation

Figure 5.1 (a) shows the schematic of the recycling-rescaling method. At a reference

downstream location, x = xr, the instantaneous boundary layer data is collected, prop-

erly scaled, and then reintroduced as an updated inflow boundary condition. The

recycling-rescaling technique was introduced by Lund et al. [87] in the simulation of

incompressible turbulent boundary layer on a flat plate, which was then extended to

compressible boundary layer simulations by Urbin and Knight [88], Stolz and Adams

[89] and Xu and Martin [90]. This method decomposes the flow field variables on the

recycling plane into mean and fluctuation components, which are then rescaled based

on the boundary layer thicknesses at the recycling and inflow planes using the law of the

wall and defect law for inner layer and outer layer respectively. In the current study, we

adapt Stolz and Adams’ [89] method to our unstructured flow solver, and consider both

adiabatic and isothermal wall conditions. We further assume that the pressure fluctua-

tion is negligible so that the rescaled temperature profile is related to and can be solved

from the rescaled density profile owing to the state equation for ideal gas. Therefore,

the rescaling equation for temperature is dropped from the original equations of Stolz

and Adams’ [89] work. To be exact, the instantaneous flow field variables at the inflow

can be calculated by:



99

u (xin, y, z, t) = β[γU (xr, γ
ny, t) + (1− γ)U∞

+γu′ (xr, γ
ny, z, t)] + (1− β) [γU (xr, γy, t) (5.1)

+γu′ (xr, γy, z, t)],

v (xin, y, z, t) = β[V (xr, γ
ny, t) + γv′ (xr, γ

ny, z, t)]

+ (1− β) [V (xr, γy, t) + γv′ (xr, γy, z, t)], (5.2)

w (xin, y, z, t) = βγw′ (xr, γ
ny, z, t)

+ (1− β) γw′ (xr, γy, z, t) , (5.3)

ρ (xin, y, z, t) = β[< (xr, γ
ny, t) + γρ′ (xr, γ

ny, z, t)]

+ (1− β) [< (xr, γy, t) + γρ′ (xr, γy, z, t)]. (5.4)

Here, the subscript ‘in’ denotes quantities at the inflow, and the subscript ‘r’ denotes

quantities at the recycling plane. β is the weighting function proposed by Lund et al.

[87], and is used to blend the inner and outer layer. It takes the form of

β (η) =
1

2

{
1 + tanh

[
α (η − b)

(1− 2b) η + b

]/
tanh (α)

}
, (5.5)

with α = 4 and b = 0.2. The expression for γ is

γn =
θr
θin

≈ δ0,r
δ0,in

, (5.6)

where δ0 and θ are 99% boundary layer thickness and momentum thickness; n = 8 for

isothermal wall and n = 10 for adiabatic wall. U(xr, y, t), V (xr, y, t), <(xr, y, t) are

the time averaged streamwise velocity, wall-normal velocity and density profiles on the

recycling plane at time t. Here, a sliding time averaging is used to calculate these mean

flow variables, i.e.

Q (x, y, t) =

(
1− dt

Ts

)
Q (x, y, t− dt) +

dt

Ts
q̂ (x, y, t) , (5.7)

where Q denotes either U , V or <, dt is the time step, Ts is a suitable sampling period

and was taken as Ts ≈ 8 δ0,in/U∞ in Stolz and Adams [89]’s work; q̂(x, y, t) is the
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spanwise average of flow variables at time instant t, i.e.

q̂ (x, y, t) =
1

Lz

∫ Lz

0
q̃ (x, y, z, t) dy. (5.8)

Here, Lz is the width of the computational domain, and q̃ = ρq/ρ̄ denotes the resolved

(Favre-filtered) flow variable. In equations (5.1), (5.2), (5.3) and (5.4), u′, v′, w′, ρ′ are

fluctuations of streamwise, wall-normal and spanwise velocities and density fluctuation

respectively, which are calculated from

q′ (x, y, z, t) = q̃ (x, y, z, t)−Q (x, y, t) . (5.9)

Finally, the dynamic shift/reflection method Morgan et al. [91] is applied to reduce low

frequency streamwise and spanwise correlations observed in the original methods (e.g.

Stolz and Adams [89], Spalart et al. [92] and Morgan et al. [91].

For unstructured computational meshes (shown in figure 5.1 (b)), the rescaling pro-

cedure (equations. (5.1),(5.2), (5.3), (5.4)) and spanwise averaging (equation (5.8))

is nontrivial. This difficulty can be resolved by creating a “virtual” two-dimensional

Cartesian mesh with appropriate y and z coordinates at the recycling plane, so that

the flowfield variables on the recycling plane can be mapped onto the virtual plane

using high order interpolation. Then, the spanwise averaging can be easily carried out

on the virtual plane, as well as the rescaling procedure between the inflow plane and

virtual recycling plane. It is favorable to match the z coordinates of the virtual plane to

that of the inflow plane, so that no additional interpolations in z direction are required

when rescaling. A regular discretization in y direction based on Reθ of the boundary

layer is good enough, since interpolations in wall-normal direction is inevitable even for

structured grids [87]. Further, if the dynamic shift/reflection technique is considered

to reduce nonphysical correlations, interpolations in z direction may be involved for if

the meshes in z direction on the inflow and virtual recycling planes are not uniform.

However, in practice, it is very easy to create a good Cartesian type surface mesh which

is uniform in z direction on the inflow plane (therefore on the virtual plane as well), so

that interpolations in z direction can be totally avoided.
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5.1.2 Validation

DNS of a supersonic turbulent boundary layer are performed to evaluate the proposed

recycling-rescaling method. The flow conditions are based on Bookey et al.’s [93] ex-

periments. The freestream Mach number is M∞ = 2.9, and the Reynolds number is

Re∞ = (ρ∞u∞)/ν∞ = 635000 per unit length. The length of the computational domain

is 4.5 unit length, the height and the spanwise extents are 0.5 and 0.175 unit length, re-

spectively. The inflow starts at x = 4.0, and the wall is located at y = 0.0. The domain

is periodic in the spanwise (z) direction. Zero gradient boundary conditions are imposed

at the outflow (x = 8.5), and at the top boundary, freestream boundary conditions are

imposed. At the top boundary, a sponge layer is imposed to absorb reflected shock waves

and acoustics. At the inflow, the boundary layer thickness is prescribed as δ0.99 = 0.02.

At the wall, an isothermal no-slip boundary conditions are implemented. The wall tem-

perature is kept at Tw = T0, where T0 = (1+ γ−1
2 M2

∞)T∞ is the stagnation temperature.

Sutherland’s law is applied to the computation of viscosity, with a reference tempera-

ture of Tref = T∞ = 110K and reference viscosity of µref = µ∞. The computational

mesh consists of 24 million hexahedral control volumes, which is uniform in z- and x-

directions up to x = 7.0 and stretched in y-direction and x-direction after x = 7.0. The

typical grid spacings are ∆x = 2.5 × 10−3, ∆ymin = 5 × 10−5, ∆z = 9.1 × 10−4, which

results in ∆+
x = 15, ∆+

ymin
= 0.3, ∆+

z = 5.4 in viscous wall units. On this domain, a

supersonic turbulent boundary layer with Reθ = 1000 ∼ 3000 is developed. Muppidi

and Mahesh [47] performed DNS of roughness-induced transition of supersonic bound-

ary layer under similar flow condition and grid resolution, which shows that this grid

resolution is good enough for this turbulent boundary layer to be reasonably resolved.

Instantaneous flow field

Figures 5.2 (a), (b), (c) and (d) show the contours of instantaneous streamwise velocity,

density, divergence and density gradient magnitude, respectively. The turbulent bound-

ary layer is observed to be reasonable from all the instantaneous flow variables. It is

shown that at the inflow, the freestream region above the boundary layer is undisturbed.

A wake leading edge shock is discernible from the density and divergence contours, which
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Figure 5.2: Contours of instantaneous (a) streamwise velocity, (b) density, (c) divergence

and (d) density gradient magnitude.
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Figure 5.3: Evolution of (a) Boundary layer thicknesses and (b) Reθ along streamwise

direction.

is absorbed by the sponge layer imposed at the top boundary. Acoustic waves are ob-

served above the turbulent boundary layer from the divergence contours, which are also

absorbed by the top sponge layer so that they do not reflect back and interfere the

downstream flow fields.

Statistics

Figure 5.3 (a) shows the growth of the thicknesses of the turbulent boundary layer.

The curve for 99% thickness δ is less smooth than the displacement thickness and

momentum thickness, because of its definition. A small transient region is observed

near the inflow, but it is very short. Figure 5.3 (b) shows the growth of Reθ along

the streamwise direction. For the current simulation, Reθ ranges approximately from

1000 to 3000. Figures 5.4 (a) compares the Van Driest transformed streamwise velocity

profiles calculated from the current simulation with experimental results. All of the

profiles comply with the law of the wall, and show good agreement with the experimental

results. Figures 5.4 (b) compares the current velocity profiles with available DNS under

similar flow conditions. It shows that the current DNS results almost collapse on the past

simulations. Figure 5.5 (a) shows the turbulent intensity profiles across the boundary

layer. It is observed that the current simulation agrees well with the DNS of Guarini

et al. [94] most of the time, except in u′u′ between 0.2 < y/δ < 0.7. The intensity

profiles agree well with the experimental results. Figure 5.5 (b) shows the skin friction
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Figure 5.4: Comparison of Van Driest transformed velocity profiles with (a) experimen-

tal and (b) past DNS results.
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Figure 5.5: Comparison of (a) turbulent intensities and (b) skin friction distribution

profiles with experimental and past DNS results.
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Figure 5.7: Evolutions of Cf along x direction: (a) roughness induced transition (Mup-

pidi & Mahesh, 2011); (b) current recycling-rescaling method.
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coefficient distribution along the streamwise direction. It is observed that, Cf calculated

from the current simulation is reasonable, and lays in between available experimental

and simulation data. Figure 5.6 compares mean thermodynamic variables with the

Zheltovodov et al.’s [95] experimental results. Again, good agreement is achieved. Note

that in Zheltovodov et al.’s experiments, the freestream Mach number is M∞ = 3,

therefore small difference in Mach number profiles is observed outside of the boundary

layer. The proposed recycling-rescaling methodology appears to work well in generating

realistic turbulent boundary layer inflow conditions.

Roughness-induced transitions of boundary layer can also be used to provide tur-

bulent boundary layers. The comparison to the DNS results of Muppidi & Mahesh

[47] is therefore also a comparison between two different turbulent boundary layer gen-

eration methods, since the current DNS uses the same numerical algorithm and flow

conditions as in Muppidi & Mahesh (2011)’s work. While the above figures validated

both turbulent generator, some differences between the two set of DNS results are ob-

served. As shown in figure 5.5, the current simulation agrees slightly better with the

past work in that Muppidi & Mahesh (2011)’s calculation: (i) slightly over-predicts u′u′

near the wall; (ii) over-predicts all three Reynolds stress in the outer boundary layer

y/δ > 0.7. Another advantage of the recycling-rescaling method is that it requires a

much shorter length of development for the boundary layer to reach fully developed

status. This can be shown from the evolution of the skin friction coefficients along the

streamwise direction. Figure 5.7 compares the Cf distributions along x between the

recycling-rescaling method and roughness-induced transition method. It shows that it

takes less than 0.5 (4.0 ∼ 4.5) unit length for the turbulent boundary layer to develop

by using recycling-rescaling method, compared to more than 1.0 (5.0 ∼ 6.0) when us-

ing roughness-induced transition. In terms of turbulent boundary layer generator, it is

therefore preferable to use the recycling-rescaling method which is favorable in reducing

the length of computational domain and cost.

5.2 LES of supersonic turbulent boundary layer

In this section, large-eddy simulations of the Mach 2.9 supersonic turbulent boundary

layer discussed above are performed using the proposed dynamic k-equation model
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Figure 5.8: Comparison of Van Driest transformed velocity profiles with past DNS

results at four different Reθ: (a) Reθ = 1450, (b) Reθ = 2400, (c) Reθ = 3000, (d)

Reθ = 4350.
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Figure 5.9: Comparison of the resolved Reynolds stresses with (a) Guarini et al.’s and

(b) present DNS results.

proposed in chapter 5. The flow conditions are exactly the same as in the DNS, so

that the DNS results can be used to evaluate the LES results. The recycling-rescaling

method proposed in last section is applied to provide turbulent boundary layer at the

inflow. Same boundary conditions conditions are imposed at corresponding boundaries.

Boundary conditions are required for the SGS kinetic energy equation. At the inflow,

scale similarity assumption is applied, i.e. k = 1
2

(̂̃uiũi − ̂̃ui ̂̃ui). On the wall, k is set

to be zero. At other boundaries, no-gradient boundary condition is imposed for k.

The computational domain is extended to x = 9 and meshed uniformly in x- and z-

directions. The computational mesh is coarsen based on the above DNS mesh, and the

grid resolution becomes ∆x = 3.3× 10−3, ∆ymin = 2.5× 10−4, ∆z = 2.7× 10−3, which

results in ∆+
x = 22, ∆+

ymin
= 1.5, ∆+

z = 18 in viscous wall units.

Figures 5.8 and 5.9 show the comparison of the profiles of Van Driest transformed

streamwise velocity and the resolved Reynolds stresses with the past and present DNS

results at matched Reθ. Good agreement is observed for the Van Driest transformed

streamwise velocity profiles at all Reθ. All profiles of the resolved Reynolds stress show

that the current LES over-predicts u′u′, and under-predicts v′v′ and w′w′. This is

reasonable for LES of turbulent boundary layer on relatively coarse grids.
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5.3 Summary

In this chapter, an inflow turbulent boundary layer generator based on recycling-rescaling

technique is realized for our unstructured compressible flow solver, and compared to a

naturally transition boundary layer. This method is validated using DNS of Mach 2.9

supersonic turbulent boundary layer. The DNS shows good agreement with available

experimental data and past DNS results. It is observed that with the proposed recycling-

rescaling technique the turbulent boundary layer becomes fully developed faster than it

does in the boundary layer transition due to distributed roughness elements. LES of the

Mach 2.9 supersonic turbulent boundary layer is then performed using the recycling-

rescaling turbulent generator and dynamic k-equation model (section 4). Good agree-

ment in both mean flow quantities and turbulent intensities is observed between the

LES results and DNS data.
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Appendix A

Derivation of SGS kinetic energy

equation

The SGS kinetic energy equation can be derived by subtracting the product of the

Favre-filtered velocity and the filtered momentum equation from the filtered product of

velocity and momentum equation, i.e.,

[ui × (momentum equation)]− ũi × (momentum equation). (A.1)

First, consider term [ui × (momentum equation)]. The momentum equation for com-

pressible flow is

∂ρui
∂t

+
∂ρuiuj
∂xj

= − ∂p

∂xi
+

∂σij
∂xj

.

Multiplying ui on both sides yields

ui
∂ρui
∂t

+ ui
∂ρuiuj
∂xj

= −ui
∂p

∂xi
+ ui

∂σij
∂xj

. (A.2)

Now, consider the two terms on the LHS:

ui
∂ρui
∂t

= uiui
∂ρ

∂t
+ ρui

∂ui
∂t

= uiui
∂ρ

∂t
+ ρ

∂
(
1
2uiui

)
∂t

, (A.3)

ui
∂ρuiui
∂xj

= uiui
∂ρuj
∂xj

+ ρuiui
∂ui
xj

= uiui
∂ρuj
∂xj

+ ρuj
∂
(
1
2uiui

)
∂xj

. (A.4)
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Add equations (A.3) and (A.4), and apply continuity equation, the LHS of equation A.2

becomes

uiui

(
∂ρ

∂t
+

∂ρuj
∂xj

)
+ ρ

∂
(
1
2uiui

)
∂t

+ ρuj
∂
(
1
2uiui

)
∂xj

= 1
2uiui

(
∂ρ

∂t
+

∂ρuj
∂xj

)
+

(
1
2uiui

∂ρ

∂t
+ ρ

∂
(
1
2uiui

)
∂t

)
+

(
1
2uiui

∂ρuj
∂xj

+ ρuj
∂
(
1
2uiui

)
∂xj

)

=
∂
[
ρ
(
1
2uiui

)]
∂t

+
∂
[
ρ
(
1
2uiui

)
uj
]

∂xj
.

(A.5)

The pressure term on the RHS of equation (A.2) can be rewritten as

−ui
∂p

∂xi
= −∂puj

∂xj
+ p

∂uj
∂xj

. (A.6)

Substituting equation (A.5) and (A.6), equation (A.2) reduces to

∂
[
ρ
(
1
2uiui

)]
∂t

+
∂
[
ρ
(
1
2uiui

)
uj
]

∂xj
= −∂puj

∂xj
+ p

∂uj
∂xj

+ ui
∂σij
∂xj

. (A.7)

Applying space filtering to equation (A.7) and assuming the derivative and filtering

operation are commutative yield:

∂ρ̄ ˜(1
2uiui

)
∂t

+
∂ρ̄ ˜(1

2uiuiuj
)

∂xj
= −∂puj

∂xj
+ p

∂uj
∂xj

+ ui
∂σij
∂xj

. (A.8)

Next, consider term ũi × (momentum equation). Recall the filtered momentum

equation:
∂ρ̄ũi
∂t

+
∂ρ̄ũiũj
∂xj

= − ∂p̄

∂xj
+

∂σ̃ij
∂xj

− ∂τij
∂xj

. (A.9)

Following similar steps as above, multiplying ũ on both sides of equation (A.9) and

simplifying yield:

∂ρ̄
(
1
2 ũiũi

)
∂t

+
∂ρ̄
(
1
2 ũiũiũj

)
∂xj

= −∂p̄ũj
∂xj

+ p̄
∂ũj
∂xj

+ ũi
∂σ̃ij
∂xj

− ũi
∂τij
∂xj

. (A.10)

Plugging equation (A.10) and (A.8) into (A.1) yields
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∂
[
1
2 ρ̄ (ũiui − ũiũi)

]
∂t

+
∂
[
1
2 ρ̄
(
ũiuiuj − ũiũiũj

)]
∂xj

= − ∂

∂xj
(puj − p̄ũj)

+

(
p
∂uj
∂xj

− p̄
∂ũj
∂xj

)
+

(
ui
∂σij
∂xj

− ũi
∂σ̃ij
∂xj

)
+ ũi

∂τij
∂xj

.

Adding ∂
∂xj

(
1
2 ρ̄ũiuiũj

)
on both sides of the equation above and rearrange:

∂
[
1
2 ρ̄ (ũiui − ũiũi)

]
∂t

+
∂
[
1
2 ρ̄ (ũiui − ũiũi) ũj

]
∂xj

=
∂
[
1
2 ρ̄
(
ũiuiũj − ũiuiuj

)]
∂xj

− ∂

∂xj
(puj − p̄ũj) +

(
p
∂uj
∂xj

− p̄
∂ũj
∂xj

)

+

(
ui
∂σij
∂xj

− ũi
∂σ̃ij
∂xj

)
+ ũi

∂τij
∂xj

.

(A.11)

Recalling the definition of SGS kinetic energy,

ρ̄k =
1

2
ρ̄ (ũiui − ũiũi) , (A.12)

equation (A.11) becomes:

∂ρ̄k

∂t
+

∂ρ̄kũj
∂xj

=
∂
[
1
2 ρ̄
(
ũiuiũj − ũiuiuj

)]
∂xj

− ∂

∂xj
(puj − p̄ũj)

+

(
p
∂uj
∂xj

− p̄
∂ũj
∂xj

)
+

(
ui
∂σij
∂xj

− ũi
∂σ̃ij
∂xj

)
+ ũi

∂τij
∂xj

.

(A.13)

Equation (A.13) is the SGS kinetic energy equation, which need further simplification

to yield the form of equation (4.1). First, consider the second term on the RHS of

equation (A.13):

puj − p̄ũj = ρRTuj − ρRT ũj

= ρ̄R
(
T̃ uj − T̃ ũj

)
≡ Rqj

(A.14)
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Here qj is the SGS heat flux defined by equation (2.16). Now consider the fourth term

on the RHS of equation (A.13).

ui
∂σij
∂xj

− ũi
∂σ̃ij
∂xj

=

[
∂ (σijui)

∂xj
− ∂ (σ̃ij ũi)

∂xj

]
−
(
σij

∂ui
∂xj

− σ̃ij
∂ũi
∂xj

)
(A.15)

Expanding σij in equation (A.15) yields:

∂ (σijui)

∂xj
=

∂

∂xj

[
ρν

(
ui

∂ui
∂xj

+ ui
∂uj
∂xi

− ui
2

3
δij

∂uk
∂xk

)]

=
∂

∂xj

[
ρν

∂ 1
2uiui

∂xj
+ ρν

∂uiuj
∂xi

− ρνuj
∂ui
∂xi

− ρνui
2

3
δij

∂uk
∂xk

]

=
∂

∂xj

ρ̄ν ∂ 1̃
2uiui

∂xj
+ ρ̄ν

∂ũiuj
∂xi

− ρ̄ν
5

3

˜
uj

∂uk
∂xk



=
∂

∂xj

µ̄∂ 1̃
2uiui

∂xj
+ µ̄

∂ũiuj
∂xi

− 5

3
µ̄
˜
uj

∂uk
∂xk



(A.16)

Here, it is assumed that the kinematic kinematic viscosity ν are spatially uniform over

the filter width, so that µ̄ = ρν = ρ̄ν. Similarly,

∂ (σ̃ij ũi)

∂xj
=

∂

∂xj

[
ν̄

(
ũi

∂ũi
∂xj

+ ũi
∂ũj
∂xi

− ũi
2

3
δij

∂ũk
∂xk

)]
(A.17)

=
∂

∂xj

[
µ̄
∂ 1
2 ũiũi

∂xj
+ µ̄

∂ũiũj
∂xi

− 5

3
µ̄ũj

∂ũk
∂xk

]
.

σij
∂ui
∂xj

= 2µS∗
ij (Sij +Ωij) = 2µS∗

ijSij

= 2µS∗
ij

(
S∗
ij +

1

3
δijSkk

)
= 2µS∗

ijS
∗
ij (A.18)

= 2µ̄S̃∗
ijS

∗
ij
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σ̃ij
∂ũi
∂xj

= 2µ̄S̃∗
ij

(
S̃ij + Ω̃ij

)
= 2µ̄S̃∗

ijS̃ij

= 2µ̄S̃∗
ij

(
S̃∗
ij +

1

3
δijS̃kk

)
(A.19)

= 2µ̄S̃∗
ijS̃

∗
ij

Therefore,

∂ (σijui)

∂xj
− ∂ (σ̃ij ũi)

∂xj

=
∂

∂xj

[
µ̄

∂

∂xj

(
1

2
ũiui −

1

2
ũiũi

)
+ µ̄

∂

∂xi
(ũiũj − ũiũj)−

5

3
µ̄

(
˜
uj

∂uk
∂xk

− ũj
∂ũk
∂xk

)]

=
∂

∂xj

[
µ̄
∂k

∂xj
+ µ̄

∂(τij/ρ)

∂xi
− 5

3
µ̄

(
˜
uj

∂uk
∂xk

− ũj
∂ũk
∂xk

)]
, (A.20)

and

σij
∂ui
∂xj

− σ̃ij
∂ũi
∂xj

= 2µ̄
(
S̃∗
ijS

∗
ij − S̃∗

ijS̃
∗
ij

)
. (A.21)

Plugging equation (A.20) and (A.21) into equation (A.15) yields

ui
∂σij
∂xj

− ũi
∂σ̃ij
∂xj

=
∂

∂xj

[
µ̄
∂k

∂xj
+ µ̄

∂(τij/ρ)

∂xi
− 5

3
µ̄

(
˜
uj

∂uk
∂xk

− ũj
∂ũk
∂xk

)]

−2µ̄
(
S̃∗
ijS

∗
ij − S̃∗

ijS̃
∗
ij

)
.

(A.22)

The fifth term in equation (A.13) can be rewritten as

ũi
∂τij
∂xj

=
∂τij ũi
∂xj

− τij
∂ũi
∂xj

=
∂τij ũi
∂xj

− τijS̃ij (A.23)
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Substituting equations (A.14), (A.22) and (A.23) in equation (A.13) yields

∂ρ̄k

∂t
+

∂ρ̄kũj
∂xj

=
∂
[
1
2 ρ̄
(
ũiuiũj − ũiuiuj

)]
∂xj

− ∂ (Rqj)

∂xj
+

(
p
∂uj
∂xj

− p̄
∂ũj
∂xj

)

+
∂

∂xj

[
µ̄
∂k

∂xj
+ µ̄

∂(τij/ρ)

∂xi
− 5

3
µ̄

(
˜
uj

∂uk
∂xk

− ũj
∂ũk
∂xk

)]

−2µ̄
(
S̃∗
ijS

∗
ij − S̃∗

ijS̃
∗
ij

)
+

∂τij ũi
∂xj

− τijS̃ij .

(A.24)

Rearrange equation (A.24), and derive the final form of SGS kinetic energy equation:

∂ρ̄k

∂t
= −∂ρ̄kũj

∂xj
− τijS̃ij − 2µ̄

[
S̃∗
ijS

∗
ij − S̃∗

ijS̃
∗
ij

]
− ∂

∂xj

[
5

3

(
µ̄
˜
uj

∂uk
∂xk

− µ̄ũj
∂ũk
∂x̃k

)]

+
∂

∂xj

[
τij ũi + µ̄

∂k

∂xj
+ µ̄

∂

∂xi

(
τij
ρ̄

)
+Rqj

]
− ∂

∂xj

[
1

2
ρ̄
(
ũiuiuj − ũiuiũj

)]

+

(
p
∂uk
∂xk

− p̄
∂ũk
∂xk

)
.

(A.25)

Equation (A.25) is considered as the exact form of SGS kinetic energy transport

equation for compresible flows. Only two assumptions have been made for its derivation:

1) the derivative and filtering operations are commutative; 2) the kinematic viscosity is

uniform across filter width, so that it can be taken out the filter operator.


