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Abstract

This dissertation aims to establish a comprehensive analytical framework for dynamic

homogenization of wave motion at arbitrary frequency in (i) “perforated” periodic con-

tinua, and (ii) periodic origami-inspired structures described via “bar-and-hinge” com-

putational paradigm. For a given spectral (i.e. frequency-wavenumber) content the body

force acting on the structure, the “activated” Bloch eigenstates of the lattice are iden-

tified and classified depending on the multiplicity of participating energy levels. In the

vicinity of an isolated dispersion surface (single energy level), an effective field equation

with homogenized source term is formulated (via projection onto the dominant Bloch

eigenstate) to obtain the leading- and second-order approximations of both macroscopic,

i.e. “mean”, and microscopic wave motion. When the activated spectral neighborhood

features more than one dispersion surface, the zeroth- and first-order systems of effec-

tive field equations with homogenized source terms are formulated, covering a variety

of topological configurations such as Dirac points, avoided crossings, and near-Dirac

points. On setting the source term to zero, the featured system of equations degenerates

to a low-order algebraic eigenvalue problem that accurately captures the local geometry

of (a cluster of) dispersion surfaces. The proposed homogenization framework is veri-

fied by comparing the asymptotic approximation of the dispersion relationship with its

numerically-evaluated counterpart and deployed to approximate the total and effective

motion in: (i) two-dimensional (2D) Kagome lattice featuring nearly-hexagonal Neu-

mann exclusions, (ii) 2D square lattice of circular Dirichlet obstacles, (iii) 2D Miura-ori

origami structure, and (iv) 1D Miura tube. Specifically, the asymptotic model is shown

to approximate the dispersion relationship in the neighborhood of isolated dispersion

surfaces and tight clusters thereof with equal fidelity. It is also found that the homog-

enized model is capable of accurately capturing the body-force induced waveforms in a

lattice, both in terms of macroscopic i.e. effective motion and microstructural motion

when higher-order models are considered.
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Chapter 1

Introduction

1.1 Dynamic Homogenization

Dynamic homogenization of periodic media such as composites, phononic crystals, and

metamaterials serves to (i) deepen insight into the underpinning physical phenomena

such as wave directivity, stop bands, and negative refraction [8, 21, 47], (ii) reduce the

burden of multi-scale numerical simulations, and (iii) aid the “microstructural” design

catering for applications such us cloaking [15], vibration control [11], logic circuits [28],

or seismic shielding [1]. To survey the lay of the land in terms of homogenization

strategies, it is generally convenient to distinguish between competing frequency and

wavelength regimes.

In the low-wavenumber, low-frequency (LW-LF) regime, one assumes the separation

in scale between some finite wavelength and the vanishing lengthscale of medium peri-

odicity, which then provides a perturbation parameter for the two-scale homogenization

method [5, 17, 12, 43] and the Bloch-wave expansion (BWE) approach [3, 39, 44] to-

wards establishing a macroscopic i.e. effective description of the medium. In this regime,

a non-asymptotic effective medium model introduced by Willis [45, 35, 46], that links in

coupled form the momentum and stress to particle velocity and strain, has also gained

notable traction in the literature [72, 47].

In principle, the two- (or more generally multiple-) scale homogenization frame-

work applies equally to the low-wavenumber, high-frequency (LW-HF) regime where

the lengthscale “`” of medium periodicity vanishes in the limit, while the dominant

wavelength is kept at O(1) irrespective of the vibration frequency. In this case, eigen-

frequencies of the unit cell problem grow as O(`−1), which justifies the customary “high

frequency” designation. In this vein, Allaire and Conca [4] introduced the Bloch wave

1
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homogenization method, which is essentially a combination of BWE and two-scale con-

vergence analysis [2]. The subject of LW-HF homogenization via multiple-scale expan-

sion has since been pursued in a number of studies, with applications to e.g. Maxwell

equations [42] and Navier equations [10].

In the finite-wavenumber, finite-frequency (FW-FF) regime, the wavelength and the

unit cell size may be of the same order. For this class of problems, the “high frequency

homogenization” (HFH) treatment introduced by Craster and co-workers [53] loosely

exploits the small size of the unit cell relative to dimensions of the periodic domain

to establish a two-scale analysis of the homogeneous wave equation in periodic media.

The method yields zeroth- i.e. leading-order effective description of the medium, in the

vicinity of simple and multiple eigenfrequencies, that is shown to capture dynamic phe-

nomena such as anisotropic wave motion [8, 16] and all-angle negative refraction [19].

In more recent studies, the HFH has extended to deal with zero-frequency stop-band

media, i.e. those with Dirichlet inclusions [7, 30], and to periodic media with Neumann

inclusions [6]. From the mathematical viewpoint, the existence of FW-FF effective

differential operators was formally established by Birman and Suslina [13, 14], who con-

sidered the behavior of periodic systems near the edge of an internal band gap. On the

engineering side, an effort was also made to extend the Willis’ homogenization approach

to finite frequencies and wavelengths [36] by introducing additional kinematic degrees

of freedom; however the uniqueness of such effective model remains an open question.

Recently, a systematic framework for homogenization of the scalar wave equation in the

FW-FF regime was proposed in [23]. This study, catering for rectangular lattices, makes

use of PWE to secure a “tight handle” on the wavenumber, and defines the perturbation

parameter as a distance in the frequency-wavenumber space in order to obtain effective

medium description in the vicinity of simple, repeated, and and nearby eigenfrequencies.

As a means to deal with finite (non-zero) wavenumbers, the authors in [23] make use

of the so-called multicell technique [20, 22], which essentially restricts the applicability

of their model to the apexes of the first Brillouin zone and its quadrants in R2 (resp.

octants in R3). In essence, such restriction on the wavenumber ensures that the ger-

mane Bloch eigenfunctions have constant phase over the unit cell, which lends itself to

an immediate proof that the effective medium properties are real-valued there. Unlike

the HFH approach, this study also includes a homogenization treatment of the source

term, which (as it turns out) is also subject to asymptotic corrections; see also [3, 72]

in the context of LW-LF homogenization.

In a broader context, a closely related problem is that of multiple scattering of low-

frequency waves by periodic or aperiodic arrays of obstacles. For instance, the dispersive

behavior of two-dimensional lattices of sub-wavelength Dirichlet scatterers in acoustic

media was studied in [41] via the method of matched asymptotic expansions and Fourier
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series. Concerning the multiple scattering of scalar waves, an effective wavefield and

transmission condition across a distribution of inertial inclusions along a smooth contour

was obtained in [32] using the method of meso-scale approximation. Similar results were

obtained in [49] for a cluster of inhomogeneities and Neumann exclusions, and in [48]

for inclusions with impedance boundary conditions. Analogous mathematical models

were obtained for scatterers in thin plates by way of the Kirchhoff-Love model [38, 31],

and within the linear elasticity framework [25].

1.2 Origami Structures

Origami, the ancient Japanese art of paper folding (see examples in Fig. 1.1), has be-

come a source of artistic and technologic inspiration and a keen subject of studies for

architects, engineers, mathematicians and scientists for its unique scalability, programa-

bility, deployability and configurability properties. This class of structures have rapidly

found applications ranging from nano to large scales in science, engineering and architec-

ture with examples including medical stents [62], artificial muscles [70], sandwich panels

fold cores [54], energy absorbing structures [80], vibration control [89], emergency shel-

ters [73], sound barriers [83], inflatable structures [82], and large spacecraft structures

[50]. Origami-like engineered structures have also been found to exhibit the so-called

metaproperties that are not observed in conventional structures and natural materials

[63], for instance auxeticity (negative Poisson’s ratio), infinite shear stiffness or negative

bending stiffness [85], unidirectional flexibility in the deployment direction [57], Pois-

son’s ratio sign switch [79], strain reversal in origami tubes [86, 59], superflexibility [61]

or supratransmission [88].

In general, the full-resolution deformation of origami structures can be assessed

numerically via nonlinear dynamic finite element (FE) simulations where origami panels

are discretized using shell elements [76]. However the essential deformation of origami

structures can be captured, at a fraction of computational cost, by using a discrete model

[55, 52], where: (i) the folding and bending elastic potentials are assigned respectively

to the fold lines and panels’ diagonal lines, and (ii) an isometric deformation is assumed

for the elemental triangulated panels. In a departure from such multi-rigid-body model

toward more flexible origami description, a “pin-jointed” framework was proposed by

Schenk and Guest [81] to study the folding mechanisms and global stiffness of folded

sheets, where the in-plane stiffness of origami quadrilateral panels is modeled with five

elastic bars that link four pin-joints on the panels’ vertices. The folding mechanism of the

origami sheet and internal bending of the panels were taken into account via rotational

linear springs placed respectively on the fold and diagonal lines of the panels. This model

enabled the identification of folding modes using a stiffness matrix approach (vs. the
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(a)

(b) (c) (d)

Figure 1.1: Origami paper creations: (a) cranes; (b) whales; (c) butterflies; (d) Miura-
ori pattern (folded by OOI).

earlier kinematic approach); yet, it suffered from a non-symmetry and non-isotropy of

the in-plane deformation of origami panels [58]. A similar approach was considered by

Wei et al. [85] to derive analytically (resp. evaluate numerically) the in-plane stretching

and out-of-plane bending of a periodic Miura-ori structure based on the analysis of the

unit cell (resp. full structure). A bar-and-hinge element with an additional diagonal bar

was proposed in [56] to symmetrize the in-plane response of individual panels; however, a

key limitation on their bending approximation was identified. Building upon the earlier

works, Filipov et al. [58] developed and studied numerically a simple yet effective bar-

and-hinge approximation framework where the isotropic in-plane stretching and sheering

of the origami panels are captured with eight bars that link the panels’ vertices to each

other and to a central node, while the folding of the origami creases and bending of its

panels are modeled with elastic hinges distributed along the peripheral and diagonal

bars. The later model was found to be scalable and to allow for the description of

large panel deformation. For instance, Liu et al. [65] studied the finite deformation of

non-rigid origami structures using bar-and-hinge model within a nonlinear mechanics

framework. The model was shown to be numerically efficient in describing the global

folding kinematics, bending curvatures and multi-stability of origami structures when

compared to a shell-element based FE model. On the downside, the bar-and-hinge

model discretizes the origami structure by following the intrinsic geometry of its panels,

which limits its approximation of local stresses [58]. However, the local deformation

and stress approximations can always be improved by refining the origami (polygonal)

panels triangulation [65]. In such model, material properties of the origami structure

(the bar and hinge stiffnesses) can be either informed analytically from the plate theory,
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calibrated numerically [58], or assessed experimentally [69, 77] by examining the statics

of folding and in-plane deformation of thin sheets.

Unlike the statics and slow-rate kinematics of origami structures, the dynamic behav-

ior of origami structures remains an open research question [84]. In this regime, Yasuda

[86] unveiled a rich linear and nonlinear wave dynamics of origami-based structures by

studying Tachi-Miura-polyhedron and triangulated-cylindrical origami structures. More

recently, Liu et al. [64] proposed a five-step approach to fabricate a Miura tube whose

fundamental frequency and displacement amplitude can be extremized by by optimizing

its geometrical properties (folding angle, unit cell dimensions, and number of unit cells).

On the computational side of the problem, Wu et al. [84] considered a multi-degree-of-

freedom dynamic model of origami tubes to describe their transient free-deployment by

assuming rigid folding of the origami panels, assigning an elastic potential energy to the

folds and investigating the effect of physical and geometrical properties. In the dynamic

regime, a simplified bar-and-hinge paradigm can be generally adopted to reduce com-

putational cost of full FE simulations of an origami structure toward evaluating e.g. its

natural frequencies, band gaps, or global forced motion. Yet, even if the later model is

deployed, the problem size (in terms of the number degrees of freedom) scales up quickly

with the number of unit cells used to construct large origami structures and diminishing

wavelength. Therefore, a more efficient framework is needed to capture the essential

dynamics of origami structures while reducing the cost of numerical simulations. One

viable approach to achieve both goals is that of dynamic homogenization.

The existing literature on the homogenization of periodic origami-like structures can

be classified chiefly by (i) the dynamic regime of study (namely static, low-frequency,

or high-frequency regime), and (ii) the mechanistic framework adopted to model the

origami panels. In the static regime, Lebe and Sab [66] derived analytically the upper

and lower bounds of the effective transverse shear moduli of a chevron folded paper

using the Reissner-Mindlin plate theory for the panels. They equally pursued a homog-

enization analysis of periodic thick plates [68] using the bending-gradient plate theory

[67]. On the other hand, when an origami structure is modeled using the bar-and-hinge

paradigm, the existing literature on trusses can be deployed to study its dynamic prop-

erties. Concerning the latter subject, Craster et al. [53] extended the homogenization

theory of discrete periodic lattices to high frequency and propagating wavelengths that

are commensurate with the size of the unit cell. Targeting the same dynamic regime,

Nolde et al. [74] formulated the effective equations that govern two-dimensional nets,

while Makwana and Craster [71] derived continuum-based homogenized equations that

capture the dispersion of waves in discrete hexagonal lattices and honeycomb struc-

tures. A finite wavelength-finite frequency (FW-FF) homogenization framework was

proposed by Guzina et al. [23] to describe the effective wave motion in periodic media
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with orthogonal Bravais lattices in the spectral neighborhood of simple, repeated, and

nearby eigenfrequencies located at the origin or vertices of the first Brillouin zone. More

recently, Oudghiri-Idrissi et al. [75] extended the FW-FF homogenization framework to

“perforated” periodic continua supported on general Bravais lattices by considering the

spectral neighborhoods of an arbitrary wavenumber within the first Brillouin zone and

eigenfrequency clusters of arbitrary size. On the application side, Pratappa et al. [78]

made use of the Bloch-wave framework and bar-and-hinge model to design tunable pe-

riodic origami acoustic metamaterials by optimizing the geometry and folding state of

the unit cell [56, 58].

By building upon the FW-FF homogenization approach [23, 75], we aim to better

understand the wave motion in origami structures by providing an origami-specific, dy-

namic homogenization framework that leverages the bar-and-hinge paradigm [58] (see

Fig. 1.2). Such formulation specifically aims to: (i) capture the essential dynamics of

the problem, (ii) analytically illuminate the origami behavior near spectral singulari-

ties (e.g. Dirac points), (iii) reduce the computational cost, and (iv) aid the design of

programable and tunable (periodic) origami structures.

Discretization Homogenization

Periodic origami structure Discretized origami structure Effective homogeneous medium

Figure 1.2: Homogenization of periodic origami structures via the bar-and-hinge model.

1.3 Outline

In Chapter 2, we consider homogenization of the scalar wave equation in periodic me-

dia at finite wavenumbers and frequencies, with the focus on continua that are (a)

supported on an arbitrary Bravais lattice in Rd, d>2, and (b) endowed with “perfora-

tions” subject to homogeneous (Neumann or Dirichlet) boundary conditions. Making

use of the Bloch wave expansion, we pursue this goal via an asymptotic ansatz fea-

turing the “spectral distance” from a given wavenumber-eigenfrequency pair (situated

anywhere within the first Brillouin zone) as the perturbation parameter. We then intro-

duce the effective wave motion via projection(s) of the scalar wavefield onto the Bloch

eigenfunction(s) for the unit cell of periodicity, evaluated at the origin of a spectral
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neighborhood. For generality, we account for the presence of the source term in the

wave equation and we consider – at a given wavenumber – generic cases of isolated,

repeated, and nearby eigenvalues. In this way we obtain a palette of effective models,

featuring both wave- and Dirac-type behaviors, whose applicability is controlled by the

local band structure and eigenfunction basis. In all spectral regimes, we pursue the

homogenized description up to at least first order of expansion, featuring asymptotic

corrections of the homogenized Bloch-wave operator and the homogenized source term.

Inherently, such framework provides a convenient platform for the synthesis of a wide

range of intriguing wave phenomena, including negative refraction and topologically

protected states in metamaterials and phononic crystals. The proposed homogenization

framework is illustrated by approximating asymptotically the dispersion relationships

for (i) Kagome lattice featuring hexagonal Neumann exclusions, and (ii) square lattice

of circular Dirichlet exclusions. We complete the numerical portrayal of analytical de-

velopments by studying the response of a Kagome lattice due to a dipole-like source

term acting near the edge of a band gap.

In Chapter 3, we establish a dynamic homogenization framework catering for lin-

ear elastic wave motion in periodic origami structures. The latter are modeled using

a “bar-and-hinge” paradigm where: (i) the folding of the structure and bending of the

origami panels are modeled via elastic hinges, and (ii) the in-plane deformation of each

panel is modeled with elastic bars. Using so formulated discrete model of a periodic

origami structure, we pursue finite wavenumber-finite frequency (FW-FF) homogeniza-

tion of the wave motion over a spectral neighborhood of simple, repeated, and nearby

eigenfrequencies at an arbitrary wavenumber within the first Brillouin zone. For com-

pleteness, a source term acting on the nodes of the discrete structure is considered,

expanded in Bloch waves and included in the analysis, and periodic (internal) homo-

geneous Dirichlet boundary conditions are systematically considered. We express the

leading-order (system of) effective equation(s) in the considered spectral neighborhoods

and we approximate asymptotically the corresponding Bloch dispersion relationship.

We illustrate the developed framework by comparing numerically the Bloch dispersion

relationship to its asymptotic approximation for (i) a 2D-periodic Miura-ori structure

and (ii) a 1D-periodic Miura tube. We conclude the numerical illustration by presenting

the effective motion of the 2D-periodic Miura-ori structure near the edge of a band gap

and within a band pass. The dissertation is concluded in Chapter 4 via summary and

outlook.



Chapter 2

Spectral asymptotics of waves in

periodic continua

In the present chapter, we generalize the FW-FF homogenization framework in [23] to

enable treatment of periodic media in Rd, d> 2 that are supported by generic Bravais

lattice and may contain “voids” that are subject to homogeneous Neumann and/or

Dirichlet boundary conditions. The scalar wave equation under consideration bears

relevance, for instance, to the description of anti-plane shear waves in two-dimensional

composites, transverse electric (TE) or transverse magnetic (TM) fields in photonic

crystals, and acoustic waves in three-dimensional phononic crystals. In a departure

from the preceding work, our analysis further (a) permits expansion about an arbitrary

wavenumber-eigenfrequency pair within the first Brillouin zone; (b) allows for spatially-

varying (as opposed to constant) Bloch-wave representation of the source term, and

(c) pursue the homogenized description near simple, repeated, and nearby eigenvalues

up to at least the first order of asymptotic correction. We illustrate the proposed

homogenization framework through the study of (i) Kagome lattice featuring hexagonal

Neumann exclusions, and (ii) square lattice of circular Dirichlet obstacles. We complete

the numerical portrayal by studying the response of a Kagome lattice due to a dipole-like

source term acting near the edge of an internal band gap.

8
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2.1 Preliminaries

2.1.1 Geometry

Consider an infinite periodic medium in Rd (d > 2) affiliated with a Bravais lattice

R =
{ d∑
j=1

njej : nj ∈ Z
}
, (2.1)

featuring the basis ej ∈ Rd, j = 1, d. Letting hereon j ∈ 1, d implicitly unless stated

otherwise, we denote by xj the contravariant components of the position vector x ∈ Rd

with reference to the lattice basis ej , and by rj ∈ Z the contravariant coordinates of

the lattice point r ∈ R. Next, let

Y0 = {x : 0 < xj < 1}

denote the “elemental parallelepiped” of the lattice attached to the origin, and let

Y N, Y D ⊂ Y0 denote a pair of disjointed open sets, each representing a union of 1-

connected sets as illustrated in Fig. 2.1. With such definitions, one may define the

support of the periodic medium as

S = Rd \
⋃
r∈R

(
r + Y N ∪ Y D

)
, (2.2)

whose unit cell of periodicity is given by

Y = Y0 ∩ S. (2.3)

Here it is useful to observe that Y is connected set thanks to the foregoing restrictions

on Y N and Y D. We further define the domain boundaries ∂Y (N), ∂Y (D), ∂Y ′, ∂SN and

∂SD respectively as

∂Y (N) = ∂Y ∩ ∂Y N, ∂Y (D) = ∂Y ∩ ∂Y D, ∂Y ′ = ∂Y \ (∂Y (N) ∪ ∂Y (D)),

∂SN =
⋃
r∈R(r + ∂Y (N)), ∂SD =

⋃
r∈R(r + ∂Y (D)), (2.4)

such that ∂Y = ∂Y ′∪∂Y (N)∪∂Y (D) and ∂S = ∂SN∪∂SD. In physical terms, subtraction

of Y N ∪ Y D from Y in (2.2) accounts for the “holes” featured by the periodic medium.

Accordingly, the boundary conditions defined on ∂SN and ∂Y (N) (resp. ∂SD and ∂Y (D))

are considered only if Y N (resp. Y D) is a nonempty set. Examples of 2D and 3D unit

cells geometries as defined above are illustrated in Fig. 2.1. To facilitate the analysis,
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we will also make use of the short-hand notation

∂Y ′jm = {x ∈ ∂Y ′ : xj = m}, m = 0, 1. (2.5)
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Figure 2.1: Examples of the unit cell indicating the lattice basis vectors ej as well as
boundaries ∂Y ′, ∂Y (N) and ∂Y (D) in: (a) R2, and (b) R3.

For further reference, we denote by ej ∈ Rd the covariant lattice basis that spans

the reciprocal space Rd and satisfies ej·ei = 2πδij (i, j = 1, d) where δij is the Kronecker

delta; by

R∗ =
{ d∑
j=1

nje
j : nj ∈ Z

}
(2.6)

the reciprocal Bravais lattice; by kj the covariant components of wave vector k ∈ Rd

tied to the basis ej ; by r∗j ∈ Z the covariant coordinates of the lattice point r∗ ∈ R∗;
by Y ∗0 the reciprocal of Y0 defined by

Y ∗0 = {k : 0 < kj < 1},

and by

B =
{
k ∈ Rd : k · κ 6 1

2‖κ‖2, κ=
d∑
j=1

nje
j , nj∈ {−1, 0, 1}

}
(2.7)

the first Brillouin zone of the lattice. We also denote by |D| the volume of a finite

domain D ⊂ Rd and by v = (1 − |Y ||Y0|−1) the porosity of the periodic medium S.

With such definitions, one may note that |B| = |Y ∗0 | = (2π)d|Y0|−1.
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2.1.2 Function spaces

In what follows, we will deal with mappings of type g : D 7→ C for some D ⊆ Rd, and

their tensorial generalizations. To help set up the table for discussion, we first define

the space

L2(D) =
{
g :

∫
D
g g dx <∞

}
, (2.8)

and we introduce a generalized inner product over Y , namely

(g,h) = |Y |−1

∫
Y
g :hdx, g∈ (L2(Y ))d

m
, h∈ (L2(Y ))d

n
, m, n > 0, (2.9)

where

(L2(Y ))d
m

= (L2(Y ))d×d×...×d (m times),

and “:” stands for the usual product, the inner product, and the min(m,n)-tuple tensor

contraction when m = n = 0, m = n = 1, and max(m,n) > 1, respectively. In situations

when g : S 7→ C is Y -periodic, we will also make use of the periodic function spaces

L2
p(Y ) = {g : g|Y ∈L2(Y ), g(x+r) = g(x) ∀x∈S, r∈R},

L2
p0(Y ) = {g∈L2

p(Y ) : g|∂Y (D) = 0}, (2.10)

H1
p0(Y ) = {g ∈ L2

p0(Y ) : ∇g ∈ (L2(Y ))d}.

2.1.3 Wave equation, boundary conditions and Bloch wave expansion

Consider the time-harmonic wave equation in S at frequency ω, namely

− ω2ρ(x)u−∇·
(
G(x)∇u

)
= f(x) in S, (2.11)

where f ∈L2(S). In what follows, we assume the coefficients 0 < G <∞ and 0 < ρ <∞
to be Y -periodic, piecewise-continuous, and bounded away from zero. In this case, we

note that L2
p0(Y ) equivalently defines the class of “kinematically-compatible” periodic

functions satisfying (ρg, g) < ∞. To complete the formulation of the problem, we

assume that u satisfies homogeneous Neumann and Dirichlet boundary conditions on

∂SN and ∂SD, respectively. In other words, we let

ν ·G∇u = 0 on ∂SN, (2.12)

u = 0 on ∂SD, (2.13)
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where ν is the unit outward normal on ∂SN. For generality, we note that (2.11) pertains

to a wide class of physical processes including: (i) anti-plane shear waves (when d = 2)

in an elastic solid with mass density ρ and shear modulus G, (ii) transverse electric

(TE) or transverse magnetic (TM) waves (when d = 2) in a dielectric medium endowed

with permittivity ε = G−1 and permeability µ = ρ−1, and (iii) acoustic i.e. pressure

waves (when d = 2, 3) in a fluid characterized by the mass density % = G−1 and bulk

modulus κ = ρ−1.

At this point, we can deploy the results in [37, 12] to demonstrate (see A.1 for

details) that any g ∈ L2(S) permits the Bloch wave expansion (BWE) as

g(x) = |B|−1

∫
ks+B

g̃k(x)eik·x dk, (2.14)

where ks ∈ Rd is an arbitrary shift vector, and

g̃k(x) =
∑
r∈R

g(x+ r)e−ik·(x+r) (2.15)

belongs to L2
p(Y ). This motivates us to consider a relatively broad class of source terms

given by

f(x) = |C|−1

∫
ks+C

f̃k(x)eik·x dk, ks ∈ B, (2.16)

where C ⊂ B and f̃k ∈ L2
p(Y ) for k ∈ ks+ C. Since C ⊂ B, it is clear that (2.16) is

nothing but a restriction of (2.14) which implicitly defines a subset of L2(Rd). The

main motivation behind (2.16) is to spectrally localize f , and thus u, to a neighborhood

of some ks ∈ B, which then greatly facilitates the asymptotic treatment. For future

reference, we note that (2.16) covers the special cases where: (i) f̃k(x) = ρ(x)f̂(k,x)

with f̂(k, ·) ∈ L2
p(Y ), and (ii) f̃k(x) = 1 (with Y N = Y D = ∅) as in the related

asymptotic treatments [23, 72] that rely on the plane wave expansion.

Claim 1 Assuming f ∈ L2(S), the Fourier integral representation

f(x) =

∫
Rd

F(k)eik·x dk, (2.17)

is referred to as the plane wave expansion (PWE) of f . The relationship between

BWE (2.14) and PWE (2.17) is given by

|B|−1f̃k(x) =
∑
r∗∈R∗

F(r∗+ k)eir
∗·x. (2.18)
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Further, when F(k) is compactly supported within ks + B, relationship (2.18) simplifies

to

|B|−1f̃k(x) = F(k), (2.19)

see A.2 for proof.

Remark 1 For φ ∈ L2
p(Y ) and f ∈ L2(S), function g(x) = φ(x)f(x) ∈ L2(S) and its

BWE is given by (2.14), where g̃k(x) = φ(x)f̃k(x) and f̃k is given by (2.15).

By the linearity of (2.11), we can account for (2.16) by focusing our analysis on the

reduced field equation

− ω2ρ(x)u−∇·
(
G(x)∇u

)
= f̃k(x) eik·x in S. (2.20)

Thanks to the periodicity of ρ and G and the fact that f̃k ∈ L2
p(Y ), (2.20) admits a

Bloch wave solution ũ(x)eik·x, where ũ := ũk is Y -periodic and solves

−ω2ρ(x)ũ−∇k ·
(
G(x)∇kũ

)
= f̃k(x) in Y, (2.21)

subject to boundary conditions

ũ|∂Y ′j0 = ũ|∂Y ′j1 ,
ν ·G∇kũ|∂Y ′j0 = −ν ·G∇kũ|∂Y ′j1 ,
ν ·G∇kũ|∂Y (N) = 0,

ũ|∂Y (D) = 0, (2.22)

where ∂Y ′jm (m = 0, 1) are given by (2.5), ∇k = ∇ + ik, and ν is the unit outward

normal on ∂Y . For brevity of notation, the dependence of ũ on k and ω in (2.21) and

thereon is assumed implicitly.

2.1.4 Eigenvalue problem

For k ∈ Rd and u, v ∈ H1
p0(Y ), we have

(
∇k ·(G(x)∇ku), v

)
= |Y |−1

∫
Y
∇k ·(G(x)∇ku(x)) v(x) dx

= −|Y |−1

∫
Y
G(x)∇ku(x) · ∇kv(x) dx

+|Y |−1

∫
∂Y
ν · (G(x)∇ku(x))v(x) dx

= −(G(x)∇ku,∇kv) (2.23)
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thanks to the divergence theorem and boundary conditions (2.22). As a result, we

find from the variational formulation that the operator (−ρ−1∇k·(G∇k))−1 from L2
p0(Y )

to L2
p0(Y ), subject to the germane boundary conditions, is self-adjoint and compact. Ac-

cordingly, (2.21)–(2.22) are affiliated with the eigensystem {λ̃n(k)∈R, φ̃n(k)∈H1
p0(Y )},

that satisfies

− λ̃nρ(x)φ̃n −∇k ·
(
G(x)∇k φ̃n

)
= 0 in Y, (2.24)

subject to the boundary conditions

φ̃n|∂Y ′j0 = φ̃n|∂Y ′j1 ,
ν ·G∇kφ̃n|∂Y ′j0 = −ν ·G∇kφ̃n|∂Y ′j1 ,
ν ·G∇kφ̃n|∂Y (N) = 0,

φ̃n|∂Y (D) = 0. (2.25)

Note that the sequence {φ̃n} is complete in H1
p0(Y ) and ρ-orthogonal. We normalize

the eigenfunctions so that ‖φ̃n‖ = 1, whereby

(ρφ̃n, φ̃m) = (ρφ̃n, φ̃n) δnm. (2.26)

For given k ∈ Rd, periodic medium S thus permits the propagation of “free” Bloch

waves φ̃n(k)ei(k·x−ωnt) at eigenfrequency ωn(k) = (λ̃n)
1
2 . The set of all wavenumber-

eigenfrequency pairs (k, ωn) defines the Bloch dispersion relationship of the medium.

The latter is periodic in the reciprocal space, and is described completely by the first

Brillouin zone B of the lattice. By the completeness of φ̃n in H1
p0(Y ), the solution ũ of

(2.21)–(2.22) can be expanded as

ũ(x) =
∞∑
n=1

αnφ̃n(x). (2.27)

Provided that ω2 6= λ̃n ∀n ∈ Z+, (2.27) yields

ũ(x) = −
∞∑
n=1

(f̃k, φ̃n) φ̃n(x)

(ρφ̃n, φ̃n)(ω2 − λ̃n)
, (2.28)

thanks to (2.21) and (2.23). Then, by the linearity of (2.11), the total solution is

expressed as

u(x) =
1

|C|

∫
ks+C

(
−
∞∑
n=1

(f̃k, φ̃n) φ̃n(x)eik·x

(ρφ̃n, φ̃n)(ω2 − λ̃n)

)
dk. (2.29)
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For future reference, we note that the weight of the nth Bloch eigenmode in (2.29) is

inversely proportional to the spectral distance |ω2 − λ̃n|.

2.1.5 Scaling

In what follows, we seek a homogenized description of (2.21)–(2.22) in a spectral neigh-

borhood of the wavenumber-frequency pair(
ks, ωn(ks) = (λ̃n(ks))

1/2
)
∈ B × R, n ∈ Z+,

and we assume all quantities to be a priori normalized by some reference “mass density”

ρ0, “shear modulus” G0 and lengthscale `0. On making use of the short-hand notation

λ̃n = λ̃n(ks) and ωn = ωn(ks) hereon, we next introduce the perturbation parameter

ε = o(1) defining the spectral neighborhood as

k = ks + εk̂, ω2 = λ̃n + εσ̌ω̌2 + ε2σ̂ω̂2,

σ̌, σ̂ ∈ {−1, 0, 1}, σ̌ σ̂ = 0, |σ̌ + σ̂| = 1. (2.30)

Remark 2 Through the design of σ̌ and σ̂, frequency separation parameters ω̌ and ω̂ are

meant to be used in the “either or” sense, depending on the driving frequency (when f̃k 6=
0) and the local geometry of germane dispersion surface (when f̃k = 0). Specifically

when f̃k 6= 0 whereby ω is given, we have

ω2 − λ̃n =

{
O(ε) ⇒ |σ̌| = 1, σ̂ = 0

O(ε2) ⇒ σ̌ = 0, |σ̂| = 1
. (2.31)

When f̃k=0, on the other hand, it will be for instance shown that for dispersion surfaces

with locally parabolic (resp. conical) sections, the frequency in those k-directions scales

as ω2
n(k)−λ̃n= ε2ω̂2 (resp. ω2

n(k)−λ̃n= εω̌2). Since such information is not available

beforehand, the idea is to substitute (2.30) “as is” into the field equation (2.21), and then

to identify the appropriate frequency scaling (by letting either σ̌ = 0 or σ̂ = 0) depending

on the local eigenfunction structure. In order to bring the analyses of both forced (f̃k 6=0)

and free (f̃k=0) wave motion under a common umbrella, we will uniformly start from

the agnostic scaling law (2.30) throughout the remainder of this work.

In the context of (2.30), we are now in position to pursue the ansatz

ũ(x) = ε−2
∞∑
m=0

εm ũm(x), (2.32)
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via the asymptotic expansion of (2.21)–(2.22), see also [72, 23]. For completeness, we

note that the presence of the factor ε−2 in front of the series is motivated by (2.28)

and the smallness of |ω2 − λ̃n(k)| suggested by (2.30). On inserting (2.30)–(2.32) into

(2.21)–(2.22) and letting f̃k = O(1), we obtain a cascade of field equations over Y ,

namely

O(ε−2) : −λ̃nρũ0 −∇ks·
(
G∇ks ũ0

)
= 0, (2.33)

O(ε−1) : −λ̃nρũ1 −∇ks·
(
G(∇ks ũ1 + ũ0 ik̂)

)
−G(∇ks ũ0)·ik̂ − σ̌ω̌2ρũ0 = 0, (2.34)

O(1) : −λ̃nρũ2 −∇ks·
(
G(∇ks ũ2 + ũ1 ik̂)

)
−G(∇ks ũ1 + ũ0 ik̂)·ik̂

−σ̌ω̌2ρũ1 − σ̂ω̂2ρũ0 = f̃k, (2.35)

O(εm>1) : −λ̃nρũm+2 −∇ks·
(
G(∇ks ũm+2 + ũm+1 ik̂)

)
−G(∇ks ũm+1 + ũm ik̂)·ik̂

−σ̌ω̌2ρũm+1 − σ̂ω̂2ρũm = 0, (2.36)

along with the sequence of boundary conditions

ũm|∂Y ′j0 = ũm|∂Y ′j1 ,
ν ·G(∇ks ũm + ũm−1 ik̂)|∂Y ′j0 = −ν ·G(∇ks ũm + ũm−1 ik̂)|∂Y ′j1
ν ·G(∇ks ũm + ũm−1 ik̂)|∂Y (N) = 0,

ũm|∂Y (D) = 0, m > 0, (2.37)

where ũ−1 ≡ 0. In the sequel, we say that tensor g∈(H1
p0(Y ))d

q
, q>1 satisfies the “flux

boundary conditions” if

ν ·g|∂Y ′j0 = −ν ·g|∂Y ′j1 ,
ν ·g|∂Y (N) = 0. (2.38)

2.1.6 Averaging operators and effective solution

Let nq ∈ Z+ (q = 1, Q) collect the “nearby” dispersion branches ωnq(k) traversing the

vicinity of (ks, λ̃
1/2
n ), where we aim to pursue ansatz (2.32). With such setup in mind,

we introduce the averaging operators 〈·〉nq and 〈·〉nqρ and the “zero mean” Sobolev space

H̄1
p0(Y ) as

〈g̃〉nq = (g̃, φ̃nq), (2.39)

〈g̃〉nqρ = (ρφ̃nq , φ̃nq)−1(ρg̃, φ̃nq), (2.40)

H̄1
p0(Y ) = {g̃ ∈ H1

p0(Y ) : 〈g̃〉nqρ = 0, q = 1, Q}. (2.41)
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For completeness, we note that our definition (2.41) of the “zero mean” Sobolev space

H̄1
p0(Y ) is different from that in [23] which postulates 〈g̃〉nq = 0 in lieu of 〈g̃〉nqρ = 0,

and from that in [53] where the functions {g̃, ϕ̃q(q = 1, Q)} are assumed to be linearly

independent. For g̃ = ũ, we will use the short-hand notation

umq(εk̂) := 〈ũm〉nqρ , q = 1, Q. (2.42)

On the basis of (2.32) and (2.42), we can adapt the definition of effective solution [23]

at wavenumber ks+ εk̂ as

〈ũ〉nqρ (εk̂) =
∞∑
m=0

εm−2umq, q = 1, Q (2.43)

which then provides the basis for computing the (set of) effective solution(s) near ks in

the physical space as

〈u〉nqρ (x) = |C|−1

∫
C
〈ũ〉nqρ (εk̂) ei(ks+εk̂)·x d(εk̂), x ∈ Rd. (2.44)

Remark 3 In situations where Q= 1 and n1 = n which corresponds to the case of an

isolated branch, 〈·〉n, 〈·〉nρ , and um1 will be conveniently denoted as 〈·〉, 〈·〉ρ and um,

respectively. In this case, (2.43) and (2.44) reduce to

〈ũ〉ρ(εk̂) =
∞∑
m=0

εm−2um, 〈u〉ρ(x) = |C|−1

∫
C
〈ũ〉ρ(εk̂) ei(ks+εk̂)·x d(εk̂). (2.45)

For future reference, we also define the symmetrization operators {·} and {·}′ on

tensors τ ∈ Cdn , n > 2 as

{τ}p1,p2,...,pn =
1

n!

∑
(q1,q2,...,qn)∈Πn

τ q1,q2,...,qn , (2.46)

{τ}′p1,p2,...,pn =
1

(n− 1)!

∑
(q2,...,qn)∈Πn−1

τ p1,q2,...,qn , p1, p2, . . . , pn ∈ 1, d, (2.47)

respectively, where Πn is the set of all permutations of set 1, n.

Remark 4 In the context of (2.30), we first recall the multicell homogenization i.e.

“folding” technique [7, 20, 23, 22] which enables evaluation of the effective properties of

a periodic medium at rational wavenumbers ks =
∑

j qje
j ∈ B, qj ∈Q. A leading-order

expansion about an arbitrary (rational or irrational) wavenumber ks∈ B was implicitly
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considered in [30], via multiple scales approach, near simple and repeated eigenfrequen-

cies. With reference to (2.42), we specifically pursue explicit (first- or second-order)

effective descriptions governing umq (m = 0, 2, q = 1, Q) at an arbitrary wavenumber

ks∈ B near simple, multiple, and nearby eigenfrequencies.

Remark 5 When fk = 0 identically, the applicability of any effective model for given

perturbation vector k̂ also implies its validity for αk̂, α6O(1) thanks to the arbitrariness

of ε = o(1) in (2.33)–(2.36). When fk 6= 0, on the other hand, this implication holds

as long as the point (ks+αεk̂, ω) does not lie on the germane dispersion branch, i.e. as

long as ωnq(ks+ αεk̂) 6= ω. To provide a focus for the analysis, we hereon (i) identify

the wavenumber perturbations by their direction k̂/‖k̂‖, and (ii) for fk 6= 0 we restrict

our consideration to k̂ ∈ Kε, where

Kε = {k̂ ∈ Rd : εk̂ ∈ C, ω(m)
nq

(ks + εk̂) 6= ω}, q = 1, Q, (2.48)

where ω(m)
nq (k) denotes the mth order approximation of ωnq(k) affiliated with umq in (2.42).

2.2 Simple eigenvalue

2.2.1 Leading-order approximation

With reference to the eigenvalue problem (2.24)-(2.25), the solution of (2.33) in the

vicinity of a simple eigenfrequency ωn is expressed as

ũ0(x) = u0 φ̃n(x), u0 ∈ C, (2.49)

where u0 = 〈ũ0〉ρ as stated before. Then, by inserting (2.49) into (2.34) and integrat-

ing ((2.34), φ̃n) by parts via the boundary conditions (2.37) with m = 1, we obtain the

averaged O(ε−1) statement as

− (θ(0) ·(ik̂) + σ̌ω̌2ρ(0))u0 = 0, (2.50)

where

θ(0) = 〈G∇ks φ̃n〉 − 〈G∇ks φ̃n〉 ∈ iRd, ρ(0) = 〈ρφ̃n〉 ∈ R+. (2.51)

On substituting (2.49) in (2.34), one finds by the linearity of the problem that

ũ1(x) = u0 χ
(1)(x)·(ik̂) + u1φ̃n(x), u1 ∈ C, (2.52)
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where u1 = 〈ũ1〉ρ and χ(1) ∈ (H̄1
p0(Y ))d uniquely solves the unit cell problem

λ̃nρχ
(1) +∇ks·

(
G(∇ksχ(1)+ φ̃nI)

)
+G∇ks φ̃n −

ρ

ρ(0)
φ̃nθ

(0) = 0, (2.53)

subject to the boundary conditions (2.38) with g =G(∇ksχ(1) + φ̃nI) and I denoting

the second-order identity tensor.

We next consider the O(1) field equation (2.35). On recalling (2.49) and (2.52), we

can integrate ((2.35), φ̃n) by parts aided by the boundary conditions (2.37) with m = 2

to obtain the averaged O(1) statement

−
(
µ(0) : (ik̂)2 + σ̂ω̂2ρ(0)

)
u0 − (θ(0) ·(ik̂) + σ̌ω̌2ρ(0))u1 = 〈f̃k〉, (2.54)

where

(ik̂)m = (ik̂)⊗ (ik̂) . . .⊗ (ik̂) (m times),

and

µ(0) = 〈G{∇ks χ(1)+ φ̃nI}〉 −
{(
Gχ(1) ⊗∇ks φ̃n, 1

)}
. (2.55)

Claim 2 For any ks∈ B, effective tensor µ(0) is real-valued, i.e. µ(0) ∈ Rd×d. See A.4

for proof.

Claim 3 For wavenumbers ks = 1
2(
∑

j nje
j), nj ∈ {−1, 0, 1}, which include the origin

and apexes of the first Brillouin zone B, Bloch eigenfunction φ̃n(x)eiks·x is real-valued

up to a constant multiplier eiϕ0. As a result, in such cases we find that θ(0) = 0.

See A.4.2 for proof.

Claim 3 motivates us to consider separately the situations when θ(0) 6= 0 and θ(0) = 0,

which we address next.

Effective model for non-trivial θ(0)

As can be seen from the foregoing analysis, presence of the source term in the O(1)

statement (2.54) requires that its O(ε−1) predecessor (2.50) be satisfied identically.

When f̃k 6= 0 and ω2− ω2
n = O(ε) whereby |σ̌| = 1 due to (2.31), we must have u0 = 0

in (2.50) thanks to Remark 23 which guarantees that the multiplier (θ(0)·(ik̂) + σ̌ρ(0)ω̌2)

is non-trivial. As a result, (2.54) yields the leading-order effective equation

− (θ(0) ·(ik̂) + σ̌ω̌2ρ(0))u1 = 〈f̃k〉. (2.56)

A similar treatment can be pursued for the situation when ω2− ω2
n = O(ε2), in which

case |σ̂| = 1. This case is not addressed for the reasons of brevity.



20

In the absence of the source term f̃k, on the other hand, the existence of a non-

trivial wavefield solving (2.50) and (2.54) independently requires that |σ̌| = 1. In this

case, (2.56) with 〈f̃k〉 = 0 furnishes the leading-order asymptotic approximation of the

dispersion relationship and group velocity near (ks, ωn>0) as

ω2
n(k) = ω2

n −
1

ρ(0)
iθ(0) ·(εk̂), cg =

dωn(k)

dk
=

−1

2ωnρ(0)
iθ(0) (2.57)

respectively, where ωn (without an argument) refers to ωn(ks) as stated earlier. Ge-

ometrically, (2.57) describes the nth dispersion (hyper-) surface locally as a (hyper-)

plane, where cg signifies its “steepest slope”.

Effective model for trivial θ(0)

When f̃k 6= 0 and ω2− ω2
n = O(ε2), we have that |σ̂| = 1 thanks to (2.31). In this case

the O(ε−1) statement (2.50) is satisfied identically, while its O(1) companion (2.54)

produces the effective equation

−
(
µ(0) : (ik̂)2 + σ̂ρ(0)ω̂2

)
u0 = 〈f̃k〉, (2.58)

With reference to Claim 3, (2.58) in particular describes the response of a periodic

medium near the origin and apexes of the first Brillouin zone. The nature of such

response depends on (i) the sign definiteness of µ(0), and (ii) the sign of ω2 − ω2
n. For

example, when µ(0) is sign-definite oppositely to the sign of ω2−ω2
n, the effective medium

is “dissipative” in that ω resides inside a band gap [23] terminating at ωn.

When f̃k = 0, on the other hand, from (2.50) and (2.54) we find that a non-trivial

solution is possible only if σ̌ = 0, i.e. |σ̂| = 1. In this case (2.50) is again satisfied iden-

tically, while (2.54) provides the leading-order approximation of dispersion relationship

and group velocity near (ks, ωn>0) as

ω2
n(k) = ω2

n +
1

ρ(0)
µ(0) : (εk̂)2, cg(k) =

1

ωnρ(0)
µ(0) · (εk̂). (2.59)

2.2.2 Second-order correctors

With (2.49) and (2.52) in place, one can make use of the averaged statements (2.50)

and (2.54) to solve the O(1) field equation (2.35) in terms of ũ2 as

ũ2(x) = u0χ
(2)(x) : (ik̂)2 + u1χ

(1)(x) · (ik̂) + u2 φ̃n(x) + η(0)(x), u2 ∈ C, (2.60)
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where χ(2) ∈
(
H̄1
p0(Y )

)d×d
is a source-independent cell function, while η(0) ∈ H̄1

p0(Y )

solves the unit cell problem entailing f̃k as detailed in A.3.

Remark 6 Cell function η(0) depends implicitly on εk̂ via f̃k = f̃k(x). In situations

when f̃k(x) = F (εk̂)φ(x), the solution of (A.7) is given by η(0)(x) = F (εk̂)ζ(0)(x),

where ζ(0) uniquely solves

− λ̃nρζ(0) −∇ks·
(
G∇ksζ(0)

)
= φ− ρ

ρ(0)
〈φ〉φ̃n, (2.61)

with G∇ksζ(0) satisfying the flux boundary conditions (2.38).

Claim 4 The following identity holds:

(Gη(0),∇ks φ̃n)− 〈G∇ks η(0)〉 = (f̃k,χ
(1)). (2.62)

See A.4.1 for proof.

We next consider the O(ε) field equation (2.36) with m = 1. On substituting (2.49),

(2.52) and (2.60) into (2.36), integrating ((2.36), φ̃n) by parts via the boundary condi-

tions (2.37) with m = 3, and exploiting Claim 4, we obtain the averaged O(ε) statement

−θ(1) : (ik̂)3u0 −
(
µ(0) : (ik̂)2 + σ̂ρ(0)ω̂2

)
u1 − (θ(0) ·(ik̂) + σ̌ω̌2ρ(0)) u2 = M1(k̂),(2.63)

where

θ(1) = 〈G{∇ksχ(2) + I ⊗ χ(1)}〉 −
{(
Gχ(2) ⊗∇ks φ̃n, 1

)}
,

M1(k̂) = −(f̃k,χ
(1))·(ik̂). (2.64)

Claim 5 For any ks ∈ B, effective tensor θ(1) is imaginary-valued, namely θ(1) ∈
iRd×d×d. See A.4 for proof.

Proceeding with the analysis, we make use of the solutions (2.49), (2.52) and (2.60)

in conjunction with the averaged statements (2.50), (2.54) and (2.63) to solve the O(ε)

field equation (2.36) with m = 1 in terms of ũ3 as

ũ3(x) = u0χ
(3)(x) : (ik̂)3 + u1χ

(2)(x) : (ik̂)2 + u2χ
(1)(x) · (ik̂) + u3 φ̃n(x)

+η(1)(x)·(ik̂) + σ̌ω̌2η(2)(x), (2.65)

where u3 ∈ C; χ(3)∈
(
H̄1
p0(Y )

)d×d×d
is a source-independent cell function, while η(1)∈(

H̄1
p0(Y )

)d
and η(2) ∈ H̄1

p0(Y ) solve the respective unit cell problems involving f̃k as

described in A.3.
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Next, in order to “average” the O(ε2) field equation (2.36) with m = 2, we insert

the solutions (2.49), (2.52), (2.60) and (2.65) into (2.36) and integrate ((2.36), φ̃n) by

parts using boundary conditions (2.37) with m = 4. In this way, we obtain

−µ(2) : (ik̂)4u0 − θ(1) : (ik̂)3u1 −
(
µ(0) : (ik̂)2 + σ̂ρ(0)ω̂2

)
u2

−(θ(0) ·(ik̂) + σ̌ω̌2ρ(0)) u3 = M2(k̂, σ̂ω̌2) (2.66)

where

M2(k̂, σ̂ω̌2) = σ̂ω̌2
(
〈G∇ksη(2)〉 − (Gη(2),∇ks φ̃n)

)
· (ik̂)

+
(
〈G{∇ksη(1) + η(0)I}〉 − (G{η(1)⊗∇ks φ̃n}, 1)

)
: (ik̂)2, (2.67)

µ(2) = 〈G{∇ksχ(3) + I⊗ χ(2)}〉 −
{(
Gχ(3)⊗∇ks φ̃n, 1

)}
. (2.68)

Claim 6 For any ks∈ B, effective tensor µ(2) is real-valued, i.e. µ(2) ∈ Rd×d×d×d. See

A.4 for proof.

Claim 7 We have the following identities

(Gη(2),∇ks φ̃n)− 〈G∇ks η(2)〉 = (ρη(0),χ(1)), (2.69)

〈{G∇ksη(1) + η(0)I}〉 − (G{η(1)⊗∇ks φ̃n}, 1) = (f̃k,χ
(2))

+ 〈f̃k〉
ρ(0)
{(ρχ(1)⊗ χ(1), 1)}+ 1

ρ(0)
{θ(0) ⊗ (ρη(0),χ(1))}, (2.70)

see A.4.1 for proof.

With the effective equations (2.63) and (2.66) featuring u2 and u3 in place, we next

evaluate the second-order counterparts of (2.56) and (2.58) depending on the triviality

of θ(0).

Effective model for non-trivial θ(0)

When the source term f̃k 6= 0 and ω2− ω2
n = O(ε), we have |σ̌| = 1 due to Remark 2.

In this case, we evaluate the weighted sum (2.56) + ε(2.63) + ε2(2.66) to obtain

−ε2θ(1) : (ik̂)3u1 − ε2µ(0) : (ik̂)2 u2 − ε2(θ(0) ·(ik̂) + σ̌ω̌2ρ(0)) u3 − ε µ(0) : (ik̂)2 u1

−ε(θ(0) ·(ik̂) + σ̌ω̌2ρ(0)) u2 − (θ(0) ·(ik̂) + σ̌ω̌2ρ(0))u1 = M ′2(εk̂, εσ̌ω̌2),(2.71)
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where the effective source term is given by

M ′2(εk̂, εσ̌ω̌2) = 〈f̃k〉(εk̂)− (f̃k,χ
(1))·(iεk̂) + εσ̌ω̌2

(
〈G∇ksη(2)〉 − (Gη(2),∇ks φ̃n)

)
· (iεk̂)

+
(
〈G{∇ksη(1) + η(0)I}〉 − (G{η(1)⊗∇ks φ̃n}, 1)

)
: (iεk̂)2.

This yields the second-order effective equation

−
(
θ(1) : (iεk̂)3 + µ(0) : (iεk̂)2 + θ(0) ·(iεk̂) + εσ̌ω̌2ρ(0)

)
〈ũ〉ρ ε3

= M ′2(εk̂, εσ̌ω̌2), (2.72)

where “
ε3
=” denotes equality with an O(ε3) residual.

In the absence of the source term, we find from (2.56), (2.58), (2.63) and (2.66)

that a non-trivial effective solution in terms of um = 〈ũm〉ρ (m = 0, 3) is possible only

if |σ̌| = 1. In this case, (2.72) with f̃k=0 i.e. M ′2 = 0 can be shown to describe a cubic

approximation of the dispersion relationship near (ks, ωn>0) as

ω2
n(k) = ω2

n −
1

ρ(0)
iθ(0) · (εk̂) +

1

ρ(0)
µ(0) : (εk̂)2 +

1

ρ(0)
iθ(1) : (εk̂)3. (2.73)

Effective model for trivial θ(0)

Assuming that the source term f̃k 6= 0 and ω2−ω2
n = O(ε2) whereby |σ̂|=1, we obtain

the second-order effective equation by evaluating the weighted sum (2.58) + ε(2.63) +

ε2(2.66), namely

−ε2µ(2) : (ik̂)4u0 − ε2θ(1) : (ik̂)3u1 − ε2
(
µ(0) : (ik̂)2 + σ̂ρ(0)ω̂2

)
u2 − ε θ(1) : (ik̂)3u0

−ε
(
µ(0) : (ik̂)2 + σ̂ρ(0)ω̂2

)
u1 −

(
µ(0) : (ik̂)2 + σ̂ρ(0)ω̂2

)
u0 = M ′′2 (εk̂), (2.74)

where the effective source term is given by

M ′′2 (εk̂) = 〈f̃k〉(εk̂)− (f̃k,χ
(1))·(iεk̂)

+
(
〈G{∇ksη(1) + η(0)I}〉 − (G{η(1)⊗∇ks φ̃n}, 1)

)
: (iεk̂)2. (2.75)

This yields

−
(
µ(2) : (iεk̂)4 + θ(1) : (iεk̂)3 + µ(0) : (iεk̂)2 + ε2σ̂ω̂2ρ(0)

)
〈ũ〉ρ ε3

= M ′′2 (εk̂). (2.76)

Claim 8 For ks = 1
2(
∑

j nje
j), nj ∈ {−1, 0, 1}, which includes the origin and apexes
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of B, Bloch functions φ̃n(x)eiks·x, χ(1)(x)eiks·x, χ(2)(x)eiks·x and χ(3)(x)eiks·x are real-

valued up to a constant phase factor eiϕ0. Consequently, θ(1) = 0 which in particular

motivates our pursuit of the second-order approximation. See A.4.2 for proof.

When f̃k = 0, on the other hand, we deduce from (2.56), (2.58), (2.63) and (2.66)

that |σ̂| = 1 in order to have a non-trivial solution. As a result, one finds that (2.76)

with M ′′2 = 0 furnishes a quadratic approximation of the dispersion relationship near

(ks, ωn>0) as

ω2
n(k) = ω2

n +
1

ρ(0)
µ(0) : (εk̂)2 +

1

ρ(0)
iθ(1) : (εk̂)3 − 1

ρ(0)
µ(2) : (εk̂)4. (2.77)

Remark 7 In the special case where f̃k(k,x) = 1 and ks = 1
2(
∑

j nje
j), nj ∈ {−1, 0, 1},

effective equation (2.76) reduces, thanks to Claim 3, Claim 7 and Claim 8, to

−
(
µ(2) : (iεk̂)4 + µ(0) : (iεk̂)2 + ε2σ̂ω̂2ρ(0)

)
〈ũ〉ρ ε3

= M ′′′2 (εk̂), (2.78)

where

M ′′′2 (εk̂) = 〈1〉 − (χ(1), 1)·(iεk̂)

+
(
〈G{∇ksη(1) + η(0)I}〉 − (G{η(1)⊗∇ks φ̃n}, 1)

)
: (iεk̂)2. (2.79)

We note that (2.78)–(2.79) can be reduced to the FF-FW effective model [23] upon: (i)

accounting for the “unfolding” of Y according to the multicell homogenization approach

[7, 20] and (ii) using 〈ũ〉 instead of 〈ũ〉ρ to define the “mean” motion.

2.3 Repeated eigenvalue

Let ωn be an eigenfrequency of multiplicity Q>1, and let nq (q= 1, Q) be the indexes

of associated eigenfunctions.

Remark 8 In what follows, we assume p, q, s ∈ 1, Q, unless stated otherwise. Further,

we will use the short-hand notation
∑

q for
∑Q

q=1.

2.3.1 Leading-order approximation

With reference to the eigenvalue problem (2.24)-(2.25), the solution of (2.33) in the

vicinity of a repeated eigenfrequency ωn can be decomposed as

ũ0(x) =
∑
q

u0q φ̃nq(x), u0q ∈ C, (2.80)
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consistent with the definition (2.42) of u0q. Then, by inserting (2.80) in (2.34) and

integrating ((2.34), φ̃np) by parts via the boundary conditions (2.37) with m = 1, we

obtain the averaged O(ε−1) statement∑
q

(
θ(0)
pq · ik̂ + σ̌ω̌2ρ(0)

p δpq
)
u0q = 0, p ∈ 1, Q, (2.81)

where

θ(0)
pq = 〈G∇ks φ̃nq〉np − 〈G∇ks φ̃np〉nq and ρ(0)

p = 〈ρφ̃np〉np . (2.82)

For convenience, system of equations (2.81) can be expressed in the matrix form as

(A(0)(k̂) + σ̌ω̌2D)u0 = 0 where A(0)
pq (k̂) = θ(0)

pq · ik̂ and Dpq = ρ(0)
p δpq. (2.83)

Remark 9 Effective vectors θ(0)
qq are imaginary-valued, i.e. θ(0)

qq ∈ iRd. Coefficient ma-

trix D∈ RQ×Q is diagonal, and A(0)∈ CQ×Q is Hermitian.

On the basis of (2.80)–(2.81), we can solve the O(ε−1) field equation (2.34) in terms

of ũ1 as

ũ1(x) =
∑
q

(
u0q χ

(1)
q (x) · (ik̂) + u1q φ̃nq(x)

)
, u1q ∈ C, (2.84)

where χ(1)
q ∈

(
H̄1
p0(Y )

)d
solves uniquely the unit cell problem

λ̃nρχ
(1)
q +∇ks·

(
G(∇ksχ(1)

q + φ̃nqI)
)

+G∇ks φ̃nq −
∑
s

ρ

ρ(0)
s
φ̃nsθ

(0)
sq = 0, (2.85)

subject to the flux boundary conditions (2.38) in terms of G(∇ksχ(1)
q + φ̃nqI).

We next consider the O(1) field equation (2.35). On recalling (2.80) and (2.84) and

integrating ((2.35), φ̃np) by parts via the boundary conditions (2.37) with m = 2, we

obtain the averaged O(1) statement

−
∑
q

((
µ(0)
pq : (ik̂)2 + σ̂ω̂2ρ(0)

p δpq
)
u0q + (θ(0)

pq · (ik̂) + σ̌ω̌2ρ(0)
p δpq)u1q

)
= 〈f̃k〉np , (2.86)

where

µ(0)
pq = 〈G{∇ksχ(1)

q + φ̃nqI}〉np −
{(
Gχ(1)

q ⊗∇ks φ̃np , 1
)}
. (2.87)

We rewrite (2.86) in the matrix form as

−(B(0)(k̂) + σ̂ω̂2D)u0 − (A(0)(k̂) + σ̌ω̌2D)u1 = f0 where B(0)
pq (k̂) = µ(0)

pq : (ik̂)2

and f0p = 〈f̃k〉np . (2.88)
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Claim 9 Matrix B(0)∈ CQ×Q is Hermitian. See A.4 for proof.

Eigenfunction basis

For a fixed direction k̂/‖k̂‖, let P ∈CQ×Q denote the matrix of eigenvectors associated

with the generalized eigenvalue problem

A(0)v = τDv. (2.89)

In this setting, we conveniently introduce the “recombined” eigenfunctions ψ̃q as

ψ̃q =
∑
s

Psq φ̃ns , q ∈ 1, Q. (2.90)

Then, by taking the eigenfunctions {ψ̃q} as the projection basis in (2.80) and (2.82)

instead of {φ̃nq}, we find that

A(0)(k̂) = diag(0, . . . , 0, τN0+1, τN0+2, . . . , τQ) (2.91)

where τq = θ(0)
qq · ik̂ and 0 6 N0 6 Q is the number of trivial diagonal entries of A(0).

Claim 10 For ks = 1
2(
∑

j nje
j), nj ∈ {−1, 0, 1} which include the origin and apexes

of the first Brillouin zone, Bloch eigenfunctions φ̃npe
iks·x have constant phase and can

be taken as real-valued. In this case, vector θ(0)
pq ∈ Rd and θ(0)

pp = 0, whereby A(0) is

imaginary-valued and skew-symmetric. Consequently, the nonzero eigenvalues of A(0)

consist of pairs {τ,−τ} whose respective eigenvectors are complex conjugates of each

other. See A.4.2 for proof.

In this setting, we also define the sub-matrices B̄(0)(k̂) ∈ CN0×N0 and D̄ ∈ RN0×N0 such

that

B̄(0)
pq = B(0)

pq and D̄pq = Dpq, p, q ∈ 1, N0.

WhenN0>0, we denote by P̄ the matrix of eigenvectors of the generalized eigenvalue

problem

B̄(0)v = τD̄v, (2.92)

and we define the eigenfunction basis ψ̃′q as

ψ̃′q =

{ ∑N0
s=1P̄sq ψ̃s, q 6 N0

ψ̃q, q > N0

. (2.93)
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Remark 10 Eigenfunctions ψ̃′q (q = 1, Q) are ρ-orthogonal in the sense of (2.26),

see A.4 for proof. For simplicity of discussion, we hereon relabel ψ̃′q as φ̃nq . In this

setting, we have

B̄(0) = diag(µ(0)

11 : (ik̂)2, . . . ,µ(0)

N0N0
: (ik̂)2). (2.94)

Additional scaling

Depending on the perturbation direction, certain non-zero diagonal entries of A(0)(k̂)

in (2.91) can become vanishingly small, namely τq = o(1) for some q. In the context

of Section 2.2.1, for instance, this situation would correspond to directions k̂/‖k̂‖ for

which θ(0) ·(ik̂) = o(1). To account for such situations, we decompose A(0) as

A(0)(k̂) = diag(0, . . . , 0, τN0+1, . . . , τN︸ ︷︷ ︸
O(ε)

, τN+1, . . . τQ︸ ︷︷ ︸
O(1)

) = Ȧ
(0)

(k̂) + εÄ
(0)

(k̂) (2.95)

Ȧ
(0)

(k̂) = diag(0, . . . , 0, τN+1, . . . τQ︸ ︷︷ ︸
O(1)

) ∈ RQ×Q, (2.96)

Ä
(0)

(k̂) = diag(0, . . . , 0, ε−1τN0+1, . . . , ε
−1τN︸ ︷︷ ︸

O(1)

, 0, . . . , 0), ∈ RQ×Q (2.97)

and we carry over thus incurred O(ε) residual in (2.83) to (2.88) as

(Ȧ
(0)

(k̂) + σ̌ω̌2D)u0 = 0, (2.98)

−(B(0)(k̂) + Ä
(0)

(k̂) + σ̂ω̂2D)u0 − (Ȧ
(0)

(k̂) + σ̌ω̌2D)u1 = f0. (2.99)

On the basis of (2.98)–(2.99), we next pursue a family of first-order effective field

equations (in prescribed direction k̂/‖k̂‖) as controlled by: (i) proximity of the driving

frequency ω2 to λ̃n (see Remark 2), and (ii) the nature of A(0)(k̂) according to (2.95)–

(2.97).

Effective solution for full-rank A(0) when Ä
(0)

= 0

We first consider the case where rank(A(0)(k̂)) = Q and Ä
(0)

= 0. With reference

to (2.91), this specifically implies that τq = θ(0)
qq · ik̂ = O(1), q = 1, Q. Letting further

f̃k 6= 0 and ω2− ω2
n = O(ε) so that |σ̌| = 1 by Remark 2, we find from the O(ε−1)

statement (2.98) that u0 = 0 thanks to Remark 23. From (2.99), we then obtain the

leading-order model

− (A(0)(k̂) + σ̌ω̌2D)u1 = f0. (2.100)

In the absence of the driving source f̃k, the existence of a non-trivial solution
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to (2.98)–(2.99) also requires that |σ̌| = 1. As a result, (2.98) constitutes a general-

ized eigenvalue problem (GEP) whose eigenvalues

ω2
nq(k) = ω2

n −
1

ρ(0)
q
iθ(0)
qq · (εk̂), (2.101)

describe the leading-order, linear dispersion relationship in direction k̂.

Effective solution for near-trivial A(0)

When A(0)(k̂) = εÄ
(0)

i.e. Ȧ
(0)

= 0, we consider the situation where f̃k 6= 0 and

ω2− ω2
n = O(ε2) so that |σ̂| = 1. In this case (2.98) is satisfied identically, and we find

from (2.99) that the leading-order solution u0 solves

− (B(0)(k̂) + Ä
(0)

(k̂) + σ̂ω̂2D)u0 = f0. (2.102)

In the degenerate case when A(0) = εÄ
(0)

= 0, (2.102) becomes

− (B(0)(k̂) + σ̂ω̂2D)u0 = f0. (2.103)

In this case we conveniently let Psq = δsq in (2.90), and we have N0 = Q whereby

B(0) = B̄
(0)

becomes diagonal according to (2.94).

When f̃k = 0, the existence of a non-trivial solution requires that σ̌ = 0 i.e. |σ̂| = 1.

In this case, the leading-order approximation of the dispersion relationships ωnq(k),

q = 1, Q is obtained by solving the eigenvalue problem (B(0) + Ä
(0)

)v = τDv. When

Ä
(0)

vanishes, the solution is given explicitly by

ω2
nq(k) = ω2

n +
1

ρ(0)
q
µ(0)
qq : (εk̂)2, (2.104)

thanks to the fact that B(0) is diagonal in this case.

Effective solution for partial rank A(0)

We next assume that A(0) has a partial rank, i.e. 0 < N0 < Q. Letting f̃k 6= 0 and

ω2 − ω2
n = O(ε2), we have |σ̂| = 1. Thanks to the fact that A(0) is diagonal due

to (2.91), the last Q − N components of u0 must vanish by enforcing (2.98) to the
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leading order. By virtue of this result and (2.99), we find that

−
N∑
q=1

(B(0)
pq (k̂) + Ä(0)

pq (k̂) + σ̂ω̂2Dpq)u0q = f0p, p ∈ 1, N, (2.105)

u0p = 0, p ∈ N + 1, Q. (2.106)

When f̃k = 0, we enable a non-trivial solution to (2.98)– (2.99) in terms of u0 by

taking |σ̂| = 1. In this case, (2.105) with f0p = 0 constitute a GEP yielding the leading-

order approximation the first N dispersion branches ωnq(k), q=1, N .

Letting f̃k 6= 0 and ω2 − ω2
n = O(ε), on the other hand, we have |σ̌| = 1 whereby

u0 = 0 thanks to (2.98). From (2.99), we accordingly find that u1 solves

− (Ȧ
(0)

(k̂) + σ̌ω̌2D)u1 = f0, (2.107)

to the leading order (specifically, we discard the O(ε) residual in (2.99) by supersed-

ing A(0) with Ȧ
(0)

). Assuming f̃k = 0, we are now left with exposing the leading-order

behavior the last Q−N dispersion branches ωnq(k), q=N+1, Q. In this case we must

set |σ̌| = 1 because all dispersion branches permitting the σ̂-description are already given

by (2.105) with f0p = 0. This yields the sought approximation via (2.107) with f0 = 0

as

ω2
nq(k) = ω2

n −
1

ρ(0)
q
iθ(0)
qq · (εk̂), q = N+1, Q. (2.108)

2.3.2 First-order correctors

With the aid of the averaged O(ε−1) statement (2.86), one may solve the O(1) field

equation (2.35) as

ũ2(x) =
∑
q

(u0q χ
(2)
q (x) : (ik̂)2 + u1q χ

(1)
q (x)·(ik̂) + u2q φ̃nq(x)) + η(0)(x), u2q ∈ C,

(2.109)

where χ(2)
q ∈

(
H̄1
p0(Y )

)d×d
and η(0)∈ H̄1

p0(Y ) are the cell functions specified in A.3.

Claim 11 We have the following identity

(Gη(0),∇ks φ̃nq)− 〈G∇ks η(0)〉nq = (f̃k,χ
(1)
q ), (2.110)

See Appendix section A.4.1 for proof.

On substituting (2.80) and (2.84) into (2.36) with m=1, integrating ((2.36), φ̃n) by

parts via boundary conditions (2.37) with m = 3, and exploiting the result of Claim 11,
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we obtain the averaged O(ε) statement

−
∑
q

(
θ(1)
pq : (ik̂)3u0q+

(
µ(0)
pq : (ik̂)2+σ̂ω̂2ρ(0)

p δpq
)
u1q+(θ(0)

pq ·(ik̂)+σ̌ω̌2ρ(0)
p δpq) u2q

)
= f1p,

(2.111)

where

θ(1)
pq = 〈G{∇ksχ(2)

q + I⊗ χ(1)
q }〉np −

{(
Gχ(2)

q ⊗∇ks φ̃np , 1
)}
,

f1p = −(f̃k,χ
(1)
p ) · (ik̂). (2.112)

We can conveniently rewrite (2.111) in the matrix form as

−A(1)(k̂)u0−(B(0)(k̂)+ σ̂ω̂2D)u1−(A(0)(k̂)+ σ̌ω̌2D)u2 = f1, A(1)
pq = θ(1)

pq : (ik̂)3.

(2.113)

Remark 11 At this point, we recall the decomposition of A(0) according to (2.95)–

(2.97), and the fact that (2.99) accordingly incurs an O(ε) residual, manifest in the

term −εÄ(0)
u1, that carries over to the next order of asymptotic approximation.

On accounting in (2.113) for the O(ε) residual stemming from (2.99), we obtain the

averaged statement

−A(1)(k̂)u0 − (B(0)(k̂) + Ä
(0)

(k̂) + σ̂ω̂2D)u1 − (Ȧ
(0)

(k̂) + σ̌ω̌2D)u2 = f1. (2.114)

which allows us to compute the first-order correction u1 (resp. u2) of the leading-order

model u0 (resp. u1). With reference to section §2.3.1, we pursue such task for three

canonical situations driven by the nature of A(0). Before proceeding, we conveniently

denote by 〈ũ〉ρ the effective solution vector collecting the left-hand sides in (2.43), which

gives

〈ũ〉ρ(εk) =
∞∑
m=0

εm−2um. (2.115)

For brevity, we focus our attention on the effective equations only, noting that the

respective approximations of the dispersion relationship can be uniformly obtained by:

(i) setting the source term in the effective equation to zero, and (ii) solving the resulting

GEP.



31

Effective solution for full-rank A(0) when Ä
(0)

= 0

Assuming rank(A(0)) = Q and A(0) = Ȧ
(0)

, we let f̃k 6= 0 and ω2− ω2
n = O(ε). In this

case |σ̌| = 1, u0 = 0, and by (2.114) the first-order order corrector u2 solves

−B(0)(k̂)u1 − (A(0)(k̂) + σ̌ω̌2D)u2 = f1, (2.116)

where u1 is given by (2.100). Thanks to (2.115), we can now evaluate the weighted

sum (2.100) + ε(2.116) in order to obtain the first-order effective model, namely

− ε B(0)(k̂)u1 − ε(A(0)(k̂) + σ̌ω̌2D)u2 − (A(0)(k̂) + σ̌ω̌2D)u1 = f0 + εf1, (2.117)

which yields

− (B(0)(εk̂) +A(0)(εk̂) + εσ̌ω̌2D)〈ũ〉ρ ε2
= f0 + εf1, (2.118)

where the components of f0 and f1 are given respectively by (2.88) and (2.112). For com-

pleteness, one may note that (2.118) carries the same structure as its simple-eigenvalue

counterpart (2.72) when truncated to the first order.

Effective solution for near-trivial A(0)

When A(0) = εÄ
(0)

, f̃k 6= 0 and ω2− ω2
n = O(ε2) i.e. |σ̂| = 1, the leading-order model

is given by u0 solving (2.102). In this case we discard the second-order correction u2

in (2.114), which then yields

−A(1)(k̂)u0 − (B(0)(k̂) + Ä
(0)

(k̂) + σ̂ω̂2D)u1 = f1. (2.119)

From the weighted sum (2.102) + ε(2.119), i.e.

−εA(1)(k̂)u0−ε(B(0)(k̂)+Ä
(0)

(k̂)+σ̂ω̂2D)u1−(B(0)(k̂)+Ä
(0)

(k̂)+σ̂ω̂2D)u0 = f0+εf1,

(2.120)

we obtain the first-order effective model

− (A(1)(εk̂) +B(0)(εk̂) + Ä
(0)

(εk̂) + ε2σ̂ω̂2D)〈ũ〉ρ ε2
= f0 + εf1. (2.121)

When Ä
(0)

= 0, (2.121) carries the same structure as its simple-eigenvalue counter-

part (2.76) after truncation to the first order.
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Effective solution for partial rank A(0)

When rank(A(0)) < Q, f̃k 6= 0 and ω2− ω2
n = O(ε), the leading-order solution u1

satisfies (2.107), while the first-order corrector u2 solves (2.116). On the other hand,

when ω2−λn = O(ε2), the leading-order model u0 is given by (2.105)–(2.106), while its

corrector u1 satisfies

−
N∑
q=1

(B(0)
pq (k̂) + Ä(0)

pq (k̂) + σ̂ω̂2Dpq)u1q = f1p +
∑N

q=1A
(1)
pq (k̂)u0q, p ∈ 1, N, (2.122)

−Ȧ(0)
pp (k̂)u1p = f0p +

∑N
q=1B

(0)
pq (k̂)u0q, p ∈ N + 1, Q.

(2.123)

In this case, we obtain the first-order model as 〈ũ〉ρ ε0
= ε−2u0 + ε−1u1, where the scaled

summands are directly computable from (2.105)–(2.106) and (2.122)–(2.123) upon re-

placing k̂ and σ̂ω̂ respectively by εk̂ and ε2σ̂ω̂.

2.4 Cluster of nearby eigenvalues

We conclude the general analysis by letting the driving frequency be near a cluster

of nearby eigenfrequencies {ωnq}, q = 1, Q depicted in Fig. 2.2. This situation was

originally considered in [23] in an effort to handle the “short asymptotic range” exhibited

by single- and repeated-eigenfrequency models within (k, ω) regions characterized by

closely spaced dispersion curves. Our goal is to extend the analysis in [23] by: (i)

permitting expansion about an arbitrary point (ks, ω), ks ∈ B and (ii) exposing the

first-order correction of the leading-order model.

We let Q̄ be the number of distinct eigenvalues within set {ωnq}, and we denote

by (ks, ωn0) for some n0 ∈ {nq} the origin of asymptotic expansion in (2.30). In this

setting, we conveniently redeploy the scaling parameter ε = o(1) to quantify the “small-

ness” of distances between the neighboring eigenvalues by letting

λnq = λn0 − εγq, q = 1, Q. (2.124)

Remark 12 Note that the logic behind such use of ε is consistent with previous develop-

ments. Specifically, in sections §2.2 and §2.3, we defined the size of the “asymptotic box”

surrounding (ks, ω) as either O(ε)d×O(ε) or O(ε)d×O(ε2) depending on (a) the driving

frequency when f̃k 6= 0, and (b) the flatness of the n dispersion branch for f̃k = 0. In

the present case, by (2.124) we ensure that such “asymptotic box” captures all (relevant)



33

n1
<latexit sha1_base64="zFxaaeeVl3VEeUPo6a6MTXCv8CE=">AAACFXicbZBNS8MwGMfT+TbnW9Wjl+AQPIzRbm7qbejF4wT3Al0paZZtYWlaklQYpV/Ci1/FiwdFvAre/DZmWwXdfCDw4/9/nuTJ348Ylcqyvozcyura+kZ+s7C1vbO7Z+4ftGUYC0xaOGSh6PpIEkY5aSmqGOlGgqDAZ6Tjj6+nfueeCElDfqcmEXEDNOR0QDFSWvLMUtKbXeKIoe8mVvnSqtRq9ZJVtmY1hVrVrldS7tmpZxZ/DLgMdgZFkFXTMz97/RDHAeEKMySlY1uRchMkFMWMpIVeLEmE8BgNiaORo4BIN5ktlMITrfThIBT6cAVn6u+JBAVSTgJfdwZIjeSiNxX/85xYDS7chPIoVoTj+UODmEEVwmlEsE8FwYpNNCAsqN4V4hESCCsdZEGHYC9+eRnalbJdLVduz4qNqyyOPDgCx+AU2OAcNMANaIIWwOABPIEX8Go8Gs/Gm/E+b80Z2cwh+FPGxzfDXJrB</latexit>

n2
<latexit sha1_base64="6LIg1Qvz7uGydx4qDU2l3HQaQHs=">AAACFXicbZBNS8MwGMfT+TbnW9Wjl+IQPIzSdm7qbejF4wT3AlsZaZZuYWlaklQYpV/Ci1/FiwdFvAre/DZmXQXdfCDw4/9/nuTJ34soEdKyvrTCyura+kZxs7S1vbO7p+8ftEUYc4RbKKQh73pQYEoYbkkiKe5GHMPAo7jjTa5nfucec0FCdienEXYDOGLEJwhKJQ30StLPLunxkecmlnlpObVavWKZVlYzqFXtupOygZMO9PKPYSyDnUMZ5NUc6J/9YYjiADOJKBSiZ1uRdBPIJUEUp6V+LHAE0QSOcE8hgwEWbpItlBonShkafsjVYdLI1N8TCQyEmAae6gygHItFbyb+5/Vi6V+4CWFRLDFD84f8mBoyNGYRGUPCMZJ0qgAiTtSuBhpDDpFUQZZUCPbil5eh7Zh21XRuz8qNqzyOIjgCx+AU2OAcNMANaIIWQOABPIEX8Ko9as/am/Y+by1o+cwh+FPaxzfE4ZrC</latexit>

n3
<latexit sha1_base64="S/p8/boNSTWc3vC6WSSSJ++etlo=">AAACFXicbVBLSwMxGMzWV62vVY9eFovgoZRsWqzeil48VrAP2C5LNk3b0Gx2SbJCWfonvPhXvHhQxKvgzX9j+jho60BgmJkv+TJhwpnSEH5bubX1jc2t/HZhZ3dv/8A+PGqpOJWENknMY9kJsaKcCdrUTHPaSSTFUchpOxzdTP32A5WKxeJejxPqR3ggWJ8RrI0U2KWsO7vEk4PQz2AZogtUc0uwjNAVgsiQKqrCCpyIoDIJ7KJJzOCsEndBimCBRmB/dXsxSSMqNOFYKc+FifYzLDUjnE4K3VTRBJMRHlDPUIEjqvxsttDEOTNKz+nH0hyhnZn6eyLDkVLjKDTJCOuhWvam4n+el+r+pZ8xkaSaCjJ/qJ9yR8fOtCKnxyQlmo8NwUQys6tDhlhiok2RBVOCu/zlVdJCZbdSRnfVYv16UUcenIBTcA5cUAN1cAsaoAkIeATP4BW8WU/Wi/VufcyjOWsxcwz+wPr8Acybmsc=</latexit>

n4
<latexit sha1_base64="e12CGrjuCu8TLMpJg8K8S+nFXVc=">AAACFXicbVBLSwMxGMzWV62vqkcvi0XwUEo2Xazeil48VrAP2C4lm6ZtaDa7JFmhLP0TXvwrXjwo4lXw5r8xbfegrQOBYWa+5MsEMWdKQ/ht5dbWNza38tuFnd29/YPi4VFLRYkktEkiHslOgBXlTNCmZprTTiwpDgNO28H4Zua3H6hULBL3ehJTP8RDwQaMYG2kXrGcdueXeHIY+CmsQHSBak4ZVhC6QhAZ4iIXVuFU9Nxpr1gyiTnsVeJkpAQyNHrFr24/IklIhSYcK+U5MNZ+iqVmhNNpoZsoGmMyxkPqGSpwSJWfzhea2mdG6duDSJojtD1Xf0+kOFRqEgYmGWI9UsveTPzP8xI9uPRTJuJEU0EWDw0SbuvInlVk95mkRPOJIZhIZna1yQhLTLQpsmBKcJa/vEpaqOJUK+jOLdWvszry4AScgnPggBqog1vQAE1AwCN4Bq/gzXqyXqx362MRzVnZzDH4A+vzB84gmsg=</latexit>

!
<latexit sha1_base64="tlCosEe7acB15WG/y1yAvFPNxVY=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0qpVg4tq7f6yUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPkX+PHw==</latexit>

!n1
= !n2<latexit sha1_base64="RKVA/UTAwO+ZJyB6eWckflYffEM="></latexit>

!n3
= !n4

<latexit sha1_base64="uiZgHXUVJK5LODtSLfamUOaGimU="></latexit>

N = {n1, n2, n3, n4}

<latexit sha1_base64="6lnlx8H5keGZpPOnbAeAZr2frnM=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwISWpAd0IRTeupIJ9QBPCZDpth04mYWYilJC1G3/FjQtF3PoF7vwbJ20W2nrgwuGce7n3niBmVCrL+jZKS8srq2vl9crG5tb2jrm715ZRIjBp4YhFohsgSRjlpKWoYqQbC4LCgJFOML7O/c4DEZJG/F5NYuKFaMjpgGKktOSbh26I1Agjlt5m8BK6KfftU+7XdZ3pctzMN6tWzZoCLhK7IFVQoOmbX24/wklIuMIMSdmzrVh5KRKKYkayiptIEiM8RkPS05SjkEgvnb6SwWOt9OEgErq4glP190SKQiknYaA788PlvJeL/3m9RA0uvJTyOFGE49miQcKgimCeC+xTQbBiE00QFlTfCvEICYSVTq+iQ7DnX14k7XrNdmrOnVNtXBVxlMEBOAInwAbnoAFuQBO0AAaP4Bm8gjfjyXgx3o2PWWvJKGb2wR8Ynz/2O5kn</latexit>

ks

<latexit sha1_base64="TaN2Z6zviSrvenPwROEFYpzfwgo=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjNS0GXRjcsK9gHtMGQyaRuaSYYkUyhD/8SNC0Xc+ifu/Bsz7Sy09UDI4Zx7ycmJUs608bxvZ2Nza3tnt7JX3T84PDp2T047WmaK0DaRXKpehDXlTNC2YYbTXqooTiJOu9HkvvC7U6o0k+LJzFIaJHgk2JARbKwUuu4gkjzWs8Re+WQe6tCteXVvAbRO/JLUoEQrdL8GsSRZQoUhHGvd973UBDlWhhFO59VBpmmKyQSPaN9SgROqg3yRfI4urRKjoVT2CIMW6u+NHCe6CGcnE2zGetUrxP+8fmaGt0HORJoZKsjyoWHGkZGoqAHFTFFi+MwSTBSzWREZY4WJsWVVbQn+6pfXSee67jfqjcdGrXlX1lGBc7iAK/DhBprwAC1oA4EpPMMrvDm58+K8Ox/L0Q2n3DmDP3A+fwBOVJQa</latexit>

ks + ✏k̂

<latexit sha1_base64="PUo53VCB+/XrYTun7XLmF7/Qvfk=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0UQhJJIQZdFNy4r2Ac0IUwm03boZCbMTIQS8htu/BU3LhRxqSv/xkmbhW29MMzhnHO5954wYVRpx/mxKmvrG5tb1e3azu7e/oF9eNRVIpWYdLBgQvZDpAijnHQ01Yz0E0lQHDLSCye3hd57JFJRwR/0NCF+jEacDilG2lCB7XihYJGaxubLJnmg4AX0SKIoExx6Y6SzRUMe2HWn4cwKrgK3BHVQVjuwv7xI4DQmXGOGlBq4TqL9DElNMSN5zUsVSRCeoBEZGMhRTJSfzS7L4ZlhIjgU0jyu4Yz925GhWBW7GWeM9FgtawX5nzZI9fDazyhPUk04ng8apgxqAYuYYEQlwZpNDUBYUrMrxGMkEdYmzJoJwV0+eRV0Lxtus9G8b9ZbN2UcVXACTsE5cMEVaIE70AYdgMETeAFv4N16tl6tD+tzbq1YZc8xWCjr+xdNaKHC</latexit>

!
<latexit sha1_base64="klt++SgP5dvUKeFNmUU6mGTOxQE=">AAACOXicbVDLSsNAFJ2pr1pfrS5FCBbBVUlU0GXRjcsK9gFNKJPJtB07j5CZ1IaQf3Crv+KXuHQnbv0Bp20WtvXCDIdzz733cPyQUaVt+wMW1tY3NreK26Wd3b39g3LlsKVkHGHSxJLJqOMjRRgVpKmpZqQTRgRxn5G2P7qb9ttjEikqxaNOQuJxNBC0TzHShmq5kpMB6pWrds2elbUKnBxUQV6NXgWeuIHEMSdCY4aU6jp2qL0URZpiRrKSGysSIjxCA9I1UCBOlJfO7GbWmWECqy8j84S2ZuzfiRRxpRLuGyVHeqiWe1Pyv143GNNQ5bcm82OLTnT/xkupCGNNBDYrrIAiHFFj2sJDFCGsTVQlV5BnLDlHIkhdf5KZT7Jg6kiydJJlS4JkUZAYgQnUWY5vFbQuas5lzXm4qtZv82iL4BicgnPggGtQB/egAZoAgyfwAl7BG3yHn/ALfs+lBZjPHIGFgj+/ESWvYA==</latexit>

Figure 2.2: Example of a cluster of nearby dispersion branches.

dispersion surfaces in the cluster.

With (2.124) in place, we consider the local eigenfunction basis {φ̃nq(k)∈H1
p0(Y )}

that satisfies

− (λ̃n0 − εγq)ρ(x)φ̃nq −∇k ·
(
G(x)∇k φ̃nq

)
= 0 in Y, q=1, Q (2.125)

together with boundary conditions (2.25). As can be seen from (2.125), the current

problem can be described as an “almost repeated” eigenvalue case, which allows us to

take advantage of the foregoing developments.

With the insight into ũ solving (2.21) gained in Section 2.2 and Section 2.3, we skip

intermediate steps and proceed by specifying ansatz (2.32) up to m = 2 as

ũ(x)
ε
=
∑
q

(
ε−2u0q φ̃nq(x) + ε−1u1q φ̃nq(x) + ε−1u0q χ

(1)
q (x) · (ik̂) + u0q χ

(2)
q (x) : (ik̂)2

+ u1q χ
(1)
q (x) · (ik̂) + u2q φ̃nq(x)

)
+

Q̄∑
q=1

η(0)
q (x), (2.126)

where u0q, u1q, u2q ∈ C, η(0)
q ∈H̄1

p0(Y ), χ(1)
q ∈

(
H̄1
p0(Y )

)d
and χ(2)

q ∈
(
H̄1
p0(Y )

)d×d
uniquely

solve the respective equations
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λ̃nq ρχ
(1)
q +∇ks·

(
G(∇ksχ(1)

q + φ̃nqI)
)

+G∇ks φ̃nq =
∑
s

ρ

ρ(0)
s
φ̃nsθ

(0)
sq , (2.127)

λ̃nq ρχ
(2)
q +∇ks·

(
G(∇ksχ(2)

q + φ̃nq {I⊗ χ(1)
q }′)

)
+{G(∇ksχ(1)

q + φ̃nqI)} =
∑
s

( ρ

ρ(0)
s
{θ(0)

sq ⊗ χ(1)
s }+

ρ

ρ(0)
s
φ̃nsµ

(0)
sq

)
, (2.128)

−λ̃nqρη(0)
q −∇ks·

(
G∇ksη(0)

q

)
= f̃k −

∑
s

ρ

ρ(0)
s
〈f̃k〉ns φ̃ns , (2.129)

with G(∇ksχ(1)
q + φ̃nqI), G(∇ksχ(2)

q + {I⊗ χ(1)
q }′) and G∇ksη(0)

q each being subject to

the flux boundary conditions (2.38). Note also that Remark 31 still applies in this case.

Our goal is then to find the coupled effective equations satisfied by u0q, u1q and u2q.

To this end, we (i) insert (2.126) in (2.21); (ii) integrate 〈(2.21)〉np
ρ by parts using the

boundary conditions (2.22), and (iii) expand the result in powers of ε as

O(ε−1) : (Aγ(k̂) + σ̌ω̌2D)u0 = 0, (2.130)

O(1) : −(B(0)(k̂) + σ̂ω̂2D)u0 − (Aγ(k̂) + σ̌ω̌2D)u1 = f0, (2.131)

O(ε) : −A(1)(k̂)u0 − (B(0)(k̂) + σ̂ω̂2D)u1 − (Aγ(k̂) + σ̌ω̌2D)u2 = f1,

(2.132)

where

Aγ(k̂) = A(0)(k̂) + ΓD, Γpq = δpqγq (2.133)

accounts for the eigenvalue separations in (2.125), while A(0), B(0), A(1), D, f0 and f1

are given by (2.83), (2.88), (2.112) and (2.113) as before.

Remark 13 We observe a clear similarity between (2.130), (2.131), (2.132) and their

repeated-eigenvalue predecessors (2.83), (2.88) and (2.113) respectively. In fact, the

differences are in this case confined to the diagonal matrix ΓD = Aγ − A(0) that ac-

counts for separations between the neighboring eigenvalues according to (2.124). Further,

since A(0) is Hermitian, so is Aγ.

2.4.1 Eigenfunction basis

Let P denote the matrix of eigenvectors associated with the generalized eigenvalue

problem

Aγ(k̂)v = τDv.
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In order to diagonalize Aγ , we express u0,u1,u2, f0 and f1 in terms of P as

u0 = P u′0, u1 = P u′1, u2 = P u′2, f0 = P f ′0, , f1 = P f ′1 (2.134)

and we premultiply (2.130)–(2.132) by P
T

. For simplicity, we then drop the prime

symbol from the “rotated” vectors u′0,u
′
1,u

′
2, f
′
0 and f ′1, and we keep the original notation

of the transformed matrices in (2.130)–(2.132). In this setting, we have

Aγ(k̂) = diag(τ1, τ2, . . . , τQ), (2.135)

noting for future reference that τq = 0 (q = 1, N0) when rank(Aγ) = Q−N0.

2.4.2 Leading-order approximation

Thanks to the presence of the “penalty” term ΓD in (2.133), Aγ is of at least partial

rank when A(0) = 0. As a result, in the sequel we present the effective models for full-

and partial-rank Aγ only.

Effective solution for full-rank Aγ

When rank(Aγ) = Q, f̃k 6= 0, and ω2− ω2
n = O(ε) i.e. |σ̂|=1, we must have u0 = 0 due

to (2.130). As a result, (2.131) yields the leading-order effective equation

− (Aγ + σ̌ω̌2D)u1 = f0. (2.136)

When f̃k = 0, eigenvalues of the GEP stemming from (2.130) (or equivalently (2.136))

define the leading-order asymptotic approximation of the dispersion relationships in

direction k̂/‖k̂‖ as

ω2
nq = ω2

n0
− ε τq

ρ(0)
q
, (2.137)

where τq denotes the qth eigenvalue of Aγ(k̂).

Remark 14 When Aγ is of full rank, (2.136) and (2.137) provide a general framework

to handle the clusters of nearby dispersion branches, regardless of the fact whether they

intersect or “almost touch” for example at k = ks.

Effective solution for partial-rank Aγ

When rank(Aγ) = Q −N0 for some N0>0 and f̃k 6= 0, we first consider the situation

where ω2 − λn0 = O(ε) i.e. |σ̌| = 1. In this case the leading-order effective equation
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is again given by (2.136), while the last Q −N0 dispersion branches are approximated

by (2.137) for q ∈ N0+1, Q.

On the other hand, when ω2 − ω2
n0

= O(ε2) i.e. |σ̂| = 1, the leading-order effective

model u0 is given by

−
N0∑
q=1

(B(0)
pq (k̂) + σ̂ω̂2Dpq)u0q = f0p, p ∈ 1, N0, (2.138)

u0p = 0, p ∈ N0 + 1, Q. (2.139)

When f̃k = 0, the leading-order approximation of the first N0 dispersion branches is

obtained by solving the GEP affiliated with (2.138).

2.4.3 First-order correctors

Effective solution for full-rank Aγ

When Aγ is of full rank, f̃k 6= 0, and ω2−ω2
n = O(ε) i.e. |σ̌| = 1, one can show that the

first-order corrector u2 solves

−B(0)(k̂)u1 − (Aγ(k̂) + σ̌ω̌2D)u2 = f1, (2.140)

with u1 being given by (2.136). Thanks to (2.115), the weighted sum (2.136)+ε(2.140),

namely

− ε B(0)(k̂)u1 − ε(Aγ(k̂) + σ̌ω̌2D)u2 − (Aγ(k̂) + σ̌ω̌2D)u1 = f0 + εf1, (2.141)

yields the first-order effective model

− (B(0)(εk̂) +Aγ(εk̂) + εσ̌ω̌2D)〈ũ〉ρ ε2
= f0 + εf1. (2.142)

Effective solution for partial rank Aγ

When rank(Aγ) < Q, f̃k 6= 0 and ω2 − λn0 = O(ε), the first-order corrector u2 is given

by (2.140). In contrast, when ω2 − λn0 = O(ε2), the first-order corrector is given by u1

whose components can be shown to satisfy

−
N∑
q=1

(B(0)
pq (k̂) + σ̂ω̂2Dpq)u1q = f1p +

∑N0
q=1A

(1)
pq (k̂)u0q, p ∈ 1, N0, (2.143)

−Aγpp(k̂)u1p = f0p +
∑N0

q=1B
(0)
pq (k̂)u0q, p ∈ N0+ 1, Q, (2.144)
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with u0q (q = N0+ 1, Q) being subject to (3.104). For this configuration, we obtain the

first-order model as

〈ũ〉ρ ε0
= ε−2u0 + ε−1u1,

with the scaled summands being directly computable from (2.138)–(3.105) and (2.143)–

(2.144) on replacing k̂ and σ̂ω̂ respectively by εk̂ and ε2σ̂ω̂.

2.5 Discussion

In this section, we share new insights stemming from the general analysis, and we discuss

several special cases in support of the numerical simulations (Section 2.6).

Remark 15 A common thread of our developments is that we approximate the Bloch

wave in terms of its projection to the nearest Q branches, Q > 1. In this vein, term ũ(x)

on the left-hand side of ansatz (2.32) and its descendants such as (2.126) should be

interpreted in the sense of restriction of (2.28) to the nearest Q dispersion branches,

namely

−
∞∑
n=1

(f̃k, φ̃n) φ̃n(x)

(ρφ̃n, φ̃n)(ω2 − λ̃n)
=⇒ −

Q∑
q=1

(f̃k, φ̃nq) φ̃nq(x)

(ρφ̃nq , φ̃nq)(ω2 − λ̃nq)
. (2.145)

This leaves an open question regarding the contribution of “remote” branches (n 6=
nq, q = 1, Q) that is beyond the scope of this study, see for instance the recent discussion

in [34].

2.5.1 Energy considerations

On the basis of the results in Section 2.4 which covers the instances of simple and

repeated eigenvalues as degenerate cases, we find from (2.126) that the instantaneous
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power density (f̃k, iωũ) = −iω(f̃k, ũ) generated by the source term f̃k can be approxi-

mated as

Leading order: −iω(f̃k, ũ)
ε−1

= − iω
∑
q

〈f̃k〉nq〈ũ〉nqρ ,

First order: −iω(f̃k, ũ)
1
= − iω

∑
q

(
〈f̃k〉nq − (f̃k,χ

(1)
q ) · (iεk̂)

)
〈ũ〉nqρ ,

Second order: −iω(f̃k, ũ)
ε
= − iω

∑
q

(
〈f̃k〉nq − (f̃k,χ

(1)
q ) · (iεk̂)

)
〈ũ〉nqρ

− iω
∑
q

(
(f̃k,χ

(2)
q ) : (iεk̂)2

)
〈ũ〉nqρ − iω

Q̄∑
q=1

(f̃k, η
(0)
q ).

The above result in particular demonstrates that the instantaneous power density and

therefore the work, averaged in space over Y , equal – up to the first order – that exerted

by the effective source term on the averaged displacement. This result is in line with

the well known Hill-Mandel condition [24], requiring that the volume average of the

increment of work performed on the representative volume element be equal to the

increment of local work performed by the macroscopic i.e. averaged quantities.

2.5.2 Asymptotic solution in physical space near the edge of a band

gap

With reference to the class (2.16) of source distributions, one immediate application of

the foregoing analysis is the case where: (i) ks = 1
2(
∑

j nje
j), nj ∈ {−1, 0, 1}; (ii) the

driving frequency is within a band gap near simple eigenfrequency ωn(ks), and (iii) the

source function f̃k is given by

f̃k(x) = F (k)φ(x), φ ∈ L2
p(Y ), supp(F ) = C ⊂ B. (2.146)

On recalling BWE (2.14) and ansatz (2.32), we conveniently introduce the pth-order

asymptotic solution in the physical space as

u[p](x) :=

p∑
m=0

εm−2 ûm(x), x ∈ S,

where ûm(x) := |C|−1

∫
C
ũm(x) ei(ks+εk̂)·x d(εk̂). (2.147)
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From (2.49), (2.52), (2.54), (2.60), (2.63), (2.66), Claim 3, Claim 7, Claim 8 and

Remark 6, we specifically find that

ũ0(x) = −ε2 φ̃n(x) 〈f̃k〉
ρ(0)(ω2− ω2

n) + µ(0) : (iεk̂)2
, (2.148)

ũ1(x) = ε

[
φ̃n(x)(f̃k,χ

(1))− 〈f̃k〉 χ(1)(x)
]
·(iεk̂)

ρ(0)(ω2− ω2
n) + µ(0) : (iεk̂)2

, (2.149)

ũ2(x) = −
φ̃n(x)

(
(f̃k,χ

(2)) + 〈f̃k〉
ρ(0)
{(ρχ(1)⊗ χ(1), 1)}

)
: (iεk̂)2

ρ(0)(ω2− ω2
n) + µ(0) : (iεk̂)2

+

(
{(f̃k,χ(1))⊗ χ(1)(x)}+ 〈f̃k〉χ(2)(x)

)
: (iεk̂)2

ρ(0)(ω2− ω2
n) + µ(0) : (iεk̂)2

− ε−2ũ0(x) µ(2) : (iεk̂)4

ρ(0)(ω2− ω2
n) + µ(0) : (iεk̂)2

+ ζ(0)(x)F (ks+ εk̂). (2.150)

In terms of the effective solution, by (3.50) we can similarly introduce the pth-order

mean motion in the physical space as

〈u〉[p]ρ (x) :=

p∑
m=0

εm−2 |C|−1

∫
C
um(εk̂) ei(ks+εk̂)·x d(εk̂), x ∈ Rd, (2.151)

via superposition of the averaged Bloch-wave solutions, um(εk̂) = 〈ũm〉ρ. From (2.148)–

(2.150), we clearly have

u0(εk̂) = −ε2 〈f̃k〉
ρ(0)(ω2− ω2

n) + µ(0) : (iεk̂)2
, (2.152)

u1(εk̂) = ε
(f̃k,χ

(1))·(iεk̂)

ρ(0)(ω2− ω2
n) + µ(0) : (iεk̂)2

, (2.153)

u2(εk̂) = −
(
(f̃k,χ

(2)) + 〈f̃k〉
ρ(0)
{(ρχ(1)⊗ χ(1), 1)}

)
: (iεk̂)2 + ε−2u0(εk̂) µ(2) : (iεk̂)4

ρ(0)(ω2− ω2
n) + µ(0) : (iεk̂)2

.

(2.154)

In Section 2.6, we shall make use of the above results toward approximating the “full”

and mean wave motion near the edge of a band gap.
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2.5.3 Dirac behavior in R2 for Q = 2

Consider a two-dimensional periodic medium, S⊂R2, whose spectral neighborhood (2.30)

features two nearby eigenfrequencies ωn1 = ωn1(ks) and ωn2 = ωn2(ks) (Q = 2). In this

case, matrix Aγ reads

Aγ =

(
θ(0)

11 · ik̂ θ(0)

12 · ik̂
−θ(0)

12 · ik̂ θ(0)

22 · ik̂ + γρ(0)

2

)
, γ = ε−1(ω2

n1 − ω2
n2). (2.155)

By way of (2.130), the two dispersion relationships are accordingly given by

ω2
n1/2

(k) = ω2
n1
− ε

2

(
γ +

θ(0)

11 · ik̂
ρ(0)

1

+
θ(0)

22 · ik̂
ρ(0)

2

)

∓ ε
2

√√√√(γ − θ(0)

11 · ik̂
ρ(0)

1

+
θ(0)

22 · ik̂
ρ(0)

2

)2
+

4{θ(0)

12⊗ θ(0)

12} : (k̂)2

ρ(0)

1 ρ(0)

2

, (2.156)

where the matrix {θ(0)

12⊗θ(0)

12} ∈ R2×2 is in general positive semi-definite, and specifically

positive definite when

θ(0)

12 · i1 6= 0, θ(0)

12 · i2 6= 0, and arg(θ(0)

12 · i1)− arg(θ(0)

12 · i2) 6= nπ, n ∈ Z. (2.157)

Equations (2.156) describe “almost touching” (resp. crossing) branches when γ 6= 0

(resp. γ = 0) featuring the middle plane

(P) : ω2
P(k) = ω2

n1
− ε

2

(
γ +

θ(0)

11 · ik̂
ρ(0)

1

+
θ(0)

22 · ik̂
ρ(0)

2

)
. (2.158)

When (P) is horizontal, we further have

1

ρ(0)

1

θ(0)

11 +
1

ρ(0)

2

θ(0)

22 = 0, (2.159)

which holds true for any ρ-orthogonal eigenfunction basis, by the conservation of the

trace of Aγ . In this case, dispersion relationship (2.156) simplifies to

ω2
n1/2

(k) = ω2
n1
− ε

2

(
γ ±

√√√√(γ − 2θ(0)

11 · ik̂
ρ(0)

1

)2
+

4{θ(0)

12⊗ θ(0)

12} : (k̂)2

ρ(0)

1 ρ(0)

2

)
. (2.160)
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Dirac cones

When γ = 0 i.e. ωn1 = ωn2 , from (2.160) we find that

ω2
n1/2

(k) = ω2
n1
∓

√√√√(θ(0)

11 · (iεk̂)

ρ(0)

1

)2
+
{θ(0)

12⊗ θ(0)

12} : (εk̂)2

ρ(0)

1 ρ(0)

2

. (2.161)

In such instances, the eigenfunction basis can be conveniently recombined so that

Aγ = A(0) is diagonal in a given direction k̂0/‖k̂0‖. Using this specific eigenfunc-

tion basis, we find that θ(0)
pq are imaginary-valued up to a complex multiplier, since

θ(0)

11 ,θ
(0)

22 ∈ iR2 by (2.82) and θ(0)

12 · ik̂0 = 0. As a result, the dispersion relation-

ships (2.161) are characterized by (i) elliptical isocontours when the vectors (ρ(0)

1 )−1θ(0)

11

and (ρ(0)

1 ρ(0)

2 )−1/2θ(0)

12 are linearly independent, and (ii) circular isocontours when they

are orthogonal with equal norms. In the latter case, (2.161) reduces to

ω2
n1/2

(k) = ω2
n1
∓ ‖θ(0)

12‖
(ρ(0)

1 ρ(0)

2 )1/2
‖εk̂‖, (2.162)

which describe axisymmetric Dirac cones as depicted in Fig. 2.3(a).

(a)
<latexit sha1_base64="X/qnRvMwhjWbXpmRy4/PIWPyG6U=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxhoSXRxhKjIAlcyN6yBxv29i67cybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+WMwvpn5j09cGxGrB5wk3I/oUIlQMIpWuq/S83654tbcOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdr3kXtfpdvdK4zuMowgmcQhU8uIQG3EITWsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8weJWY1M</latexit>

(b)
<latexit sha1_base64="+ztJnr+tGUTNHl6HB1D2mRcIYE0=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxhoSXRxhKjIAlcyN6yBxv29i67cybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+WMwvpn5j09cGxGrB5wk3I/oUIlQMIpWuq8G5/1yxa25c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7XvMuavW7eqVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+K3o1N</latexit>

(c)
<latexit sha1_base64="Zg9SzxQYTZq3+U3BzjvxJ4sdGWU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxhoSXRxhKjIAlcyN6yBxv29i67cybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+WMwvpn5j09cGxGrB5wk3I/oUIlQMIpWuq+y83654tbcOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdr3kXtfpdvdK4zuMowgmcQhU8uIQG3EITWsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8weMY41O</latexit>

(d)
<latexit sha1_base64="rfnaQVugt7qUimZxKo3ANBt1uoU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxhoSXRxhKjIAlcyN7eHmzY27vszpkQwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSqFQdf9dgpr6xubW8Xt0s7u3v5B+fCobZJMM95iiUx0J6CGS6F4CwVK3kk1p3Eg+WMwupn5j09cG5GoBxyn3I/pQIlIMIpWuq+G5/1yxa25c5BV4uWkAjma/fJXL0xYFnOFTFJjup6boj+hGgWTfFrqZYanlI3ogHctVTTmxp/MT52SM6uEJEq0LYVkrv6emNDYmHEc2M6Y4tAsezPxP6+bYXTlT4RKM+SKLRZFmSSYkNnfJBSaM5RjSyjTwt5K2JBqytCmU7IheMsvr5J2veZd1Op39UrjOo+jCCdwClXw4BIacAtNaAGDATzDK7w50nlx3p2PRWvByWeO4Q+czx+N6I1P</latexit>

Figure 2.3: Examples of: (a) Dirac cones, (c) Blunted Dirac cones, (c) tilted-blunted
Dirac cones, and (d) tilted Dirac cones. All panels include the “middle plane” (P)
according to (2.158).
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Blunted Dirac cones

When γ 6= 0 in (2.160), assuming dωn1/2
/dk|k=ks = 0 implies that θ(0)

11 = 0 and

thus θ(0)

22 = 0 by (2.159). This reduces (2.160) to

ω2
n1/2

(k) = ω2
n1
− ε

2

(
γ ±

√√√√γ2 +
4{θ(0)

12⊗ θ(0)

12} : (k̂)2

ρ(0)

1 ρ(0)

2

)
. (2.163)

Further, if the matrix {θ(0)

12 ⊗ θ(0)

12} is positive-definite due to (2.157), the dispersion

relationships in (2.163) are characterized by elliptic isocontours and thus exhibit cone-

like geometry. As a special case, the isotropy of {θ(0)

12 ⊗ θ(0)

12} is attained when θ(0)

12 ‖
i1 ± ii2, in which situation (2.163) becomes

ω2
n1/2

(k) = ω2
n1
− ε

2

(
γ ±

√
γ2 +

4‖θ(0)

12‖2
ρ(0)

1 ρ(0)

2

‖k̂‖2
)
. (2.164)

Geometrically, (3.119) describe an axisymmetric variant of the blunted Dirac cones

shown in Fig. 2.3(b).

Remark 16 At “apexes” of the first Brillouin zone ks = 1
2(
∑

j nje
j), nj ∈ {−1, 0, 1},

we have θ(0)

11 = 0 and θ(0)

12 ∈ Rd by Claim 10. As a result, we cannot have axisymmetric

Dirac cones (2.162) nor axisymmetric blunted Dirac cones (3.119) there. This claim

also applies to situations without axial symmetry.

Tilted- and tilted-blunted Dirac cones

Let us next forgo condition (2.159) which ensures that (P) is horizontal. When γ 6= 0,

(2.156) describes a pair of tilted-blunted Dirac cones only if: (i) the first term under the

square-root sign reduces to γ2, namely

1

ρ(0)

1

θ(0)

11 =
1

ρ(0)

2

θ(0)

22 6= 0, (2.165)

and (ii) {θ(0)

12⊗ θ(0)

12} is positive-definite according to (2.157). If further θ(0)

12 ‖ i1 ± ii2,

the two cones become “symmetric” in that ω2
1/2(k) − ω2

P(k) is axisymmetric in terms

of k̂ as depicted in Fig. 2.3(c).

When γ = 0, and (2.159) is violated, on the other hand, (2.156) describe tilted Dirac

cones (see Fig. 2.3(d)) provided that the vectors (ρ(0)

1 )−1θ(0)

11−(ρ(0)

2 )−1θ(0)

22 and (ρ(0)

1 ρ(0)

2 )−1/2θ(0)

12

are linearly independent. In this case, the “cone symmetry” is relaxed and applies as

long as the two vectors are mutually orthogonal with the same norm.
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2.5.4 Dirac behavior in R2 for Q = 3

Consider a cluster of three eigenfrequencies, ωn1 = ωn2 and ωn3 , at ks = 1
2(
∑

j nje
j),

nj ∈ {−1, 0, 1}. Thanks to Claim 10, we find that

Aγ =

 0 θ(0)

12 · ik̂ θ(0)

13 · ik̂
−θ(0)

12 · ik̂ 0 θ(0)

23 · ik̂
−θ(0)

13 · ik̂ −θ(0)

23 · ik̂ γρ(0)

3

 , γ = ε−1(ω2
n1
−ω2

n3
), θ(0)

pq ∈ R2. (2.166)

When γ 6= 0 and Aγ has partial rank in all directions k̂/‖k̂‖, condition detAγ = 0,

implies that θ(0)

12 = 0. In this case, we have ω2
n1(k̂) = ω2

n1 (a horizontal plane), and

ω2
n2/3

(k) = ω2
n1
− ε

2

(
γ ±

√
γ2 +

4(θ(0)

13 )2 : (k̂)2

ρ(0)

1 ρ(0)

3

+
4(θ(0)

23 )2 : (k̂)2

ρ(0)

2 ρ(0)

3

)
, (2.167)

which describe a pair of Dirac cones (with elliptic isocontours) as long as the vectors

(ρ(0)

1 ρ(0)

3 )−
1
2θ(0)

13 and (ρ(0)

2 ρ(0)

3 )−
1
2θ(0)

23 are linearly independent. As before, the axial sym-

metry of (2.167) is attained when the two vectors are orthogonal and have equal norms.

Assuming γ = 0, on the other hand,Aγ becomes anti-symmetric and thus necessarily

rank deficient. In this case, the counterpart of (2.167) reads

ω2
n2/3

(k) = ω2
n1
∓ ε
√

(θ(0)

12 )2 : (k̂)2

ρ(0)

1 ρ(0)

2

+
(θ(0)

13 )2 : (k̂)2

ρ(0)

1 ρ(0)

3

+
(θ(0)

23 )2 : (k̂)2

ρ(0)

2 ρ(0)

3

, (2.168)

which describe a pair of Dirac cones provided that the sum inside the square root

is axially-symmetric in terms of k̂. We illustrate this case by letting θ(0)

12 = 0 and

assuming that (ρ(0)

1 ρ(0)

3 )−
1
2θ(0)

13 and (ρ(0)

2 ρ(0)

3 )−
1
2θ(0)

23 are orthogonal with equal norms. In

such instance, (2.168) reduces to

ω2
n2/3

(k) = ω2
n1
∓ ε ‖θ(0)

13‖
(ρ(0)

1 ρ(0)

3 )1/2
‖k̂‖, (2.169)

which yield the respective group velocities as

cg2/3(k) = ∓ ‖θ(0)

13‖
2ωn1(ρ(0)

1 ρ(0)

3 )1/2

k̂

‖k̂‖
. (2.170)

Remark 17 Equations (2.169) and (2.170) describe the behavior of the so-called Zero

Index Metamaterials (ZIM) [9, 27, 26] where Dirac-like dispersion relationship occurs
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(for some ωn1 = ωn2 =ωn3) at the origin of the Brillouin zone ks=0. In this neighbor-

hood, the phase velocity of branches n2 and n3 approaches infinity, while the affiliated

group velocities are non-trivial – and in fact constant in any given direction k̂/‖k̂‖. This

allows for the propagation of energy with near-zero phase delay across finite distances

which has applications to e.g. cloaking, wave tunneling, and directive emission [9].

2.5.5 Dirac behavior in R3 for Q = 2

Consider a periodic medium S ⊂ R3 that presents two nearby (or repeated) eigen-

frequencies, ωn1 and ωn2 . The two dispersion relationships are in this case also given

by (2.156), where the matrix {θ(0)

12⊗θ(0)

12} ∈ R3×3 is positive semi-definite and necessarily

rank deficient. When γ 6= 0 and dωn1/2
/dk|k=ks = 0 , we find that θ(0)

11 = θ(0)

22 = 0 which

reduces (2.156) to

ω2
n1/2

(k) = ω2
n1
− ε

2

(
γ ±

√√√√γ2 +
4{θ(0)

12⊗ θ(0)

12} : (k̂)2

ρ(0)

1 ρ(0)

2

)
. (2.171)

Expressions (2.171) describe anisotropic dispersion relationships that are: (a) invariant

in the direction Re(θ(0)

12 )× Im(θ(0)

12 ) of k̂ when Re(θ(0)

12 ) and Im(θ(0)

12 ) are linearly indepen-

dent (see Fig. 2.4(a)), and (b) invariant within the planes orthogonal to Re(θ(0)

12 ) when

the latter two vectors are parallel (se Fig. 2.4(b)).

On the other hand, when γ = 0, equations (2.156) describe hyper-cones provided

that (i) condition (2.159) holds, and (ii) the vectors (ρ(0)

1 )−1θ(0)

11 , (ρ(0)

1 ρ(0)

2 )−
1
2 Re(θ(0)

12 )

and (ρ(0)

1 ρ(0)

2 )−
1
2 Im(θ(0)

12 ) are mutually orthogonal with equal norms. In such case, the

dispersion relationships are given by (2.162), a scenario that is illustrated in Fig. 2.4(c).

Remark 18 With reference to Claim 10, the real-valuedness of θ(0)
pq prevents the ex-

istence of hyper-conical dispersion relationships at “apexes” ks = 1
2(
∑

j nje
j), nj ∈

{−1, 0, 1} of the first Brillouin zone.

2.6 Numerical examples

In this section, we seek to illustrate the utility of the proposed homogenization frame-

work by considering both free (f̃k = 0) and forced (f̃k 6= 0) wave motion problems.

2.6.1 Dispersion relationships

Let us first examine the performance of the asymptotic solution in terms of local ap-

proximation of the dispersion relationships. To this end, we consider a non-orthogonal
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Figure 2.4: Cross-sections of the dispersion relationship ωn2(k) for d = 3 according to:
(a) equation (2.171) where Re(θ(0)

12 ) and Im(θ(0)

12 ) are linearly independent; (b) equa-
tion (2.171) where Re(θ(0)

12 ) and Im(θ(0)

12 ) are parallel, and (c) equation (2.162) depicting
a single hyper-cone.

lattice with Neumann exclusions, and an orthogonal lattice with Dirichlet exclusions.

Kagome lattice

As a first example, we consider the anti-plane shear wave motion in a Kagome lattice

S ⊂ R2. This configuration is motivated by a recent experimental study [29] of the

wave transport in symmetric and asymmetric Kagome lattices, that revealed frequency-

dependent directive behavior in the bulk and the existence of (evanescent) edge modes.

With reference to Fig. 2.5(a), our lattice is characterized by a trihexagonal tiling ge-

ometry where the equilateral triangles of side a = 1 are linked by hinges of thickness

h=0.04a, yielding the porosity of v=0.75. For completeness, Fig. 2.5(b) shows the unit

cell of periodicity including the lattice basis vectors e1 and e2, while Fig. 2.5(c) displays

the first Brillouin zone including the reciprocal basis vectors e1 and e2. The motion

in the medium is governed by the wave equation (2.11) with ρ(x) = 1 and G(x) = 1,

subject to the traction-free boundary condition along the perimeter of hexagonal voids.

In this case, the lattice basis vectors and the reciprocal basis vectors are given by

e1 = a
(
i1 +
√

3i2
)
, e2 = a

(
−i1 +

√
3i2
)
, e1 = π

a

(
i1 + 1√

3
i2
)
, e2 = π

a

(
−i1 + 1√

3
i2
)
.

In the absence of the source term (f̃k = 0), the foregoing homogenization framework

enables local approximation of the dispersion relationship in the vicinity of an arbitrary

pair (ks, ωn(ks)), ks ∈ B, which is a way to access the effective properties of the medium.

With reference to Fig. 2.5(c), we illustrate this by taking ks as the origin of the Brillouin

zone (point A), apex points B and C, and internal points M and N given respectively
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by

−→
AB = 1

2 e
1,

−→
AC = π

a

(
1
3 i1 + 1√

3
i2
)
,
−−→
AM = 0.4125

−→
AC,

−→
AN = 0.4761

−→
AB.

1

2
e2
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<latexit sha1_base64="xsiwbhmZ2fIKKONHmK5r+57CL8Y=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjNS0GXRjcsK9gHtMGQyaRuaSYYkUyhD/8SNC0Xc+ifu/Bsz7Sy09UDI4Zx7ycmJUs608bxvZ2Nza3tnt7JX3T84PDp2T047WmaK0DaRXKpehDXlTNC2YYbTXqooTiJOu9HkvvC7U6o0k+LJzFIaJHgk2JARbKwUuu4gkjzWs8ReOZuHfujWvLq3AFonfklqUKIVul+DWJIsocIQjrXu+15qghwrwwin8+og0zTFZIJHtG+pwAnVQb5IPkeXVonRUCp7hEEL9fdGjhNdhLOTCTZjveoV4n9ePzPD2yBnIs0MFWT50DDjyEhU1IBipigxfGYJJorZrIiMscLE2LKqtgR/9cvrpHNd9xv1xmOj1rwr66jAOVzAFfhwA014gBa0gcAUnuEV3pzceXHenY/l6IZT7pzBHzifP+cvk9Y=</latexit>

i2

<latexit sha1_base64="S6tNIgxFJ7npS9b85Ak4k59kTRY=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVZJS0GXRjcsK9gFtCJPJpB06mQkzk0IJ/RM3LhRx65+482+ctFlo64FhDufcy5w5Ycqo0q77bVW2tnd296r7tYPDo+MT+/Ssp0QmMeliwYQchEgRRjnpaqoZGaSSoCRkpB9O7wu/PyNSUcGf9DwlfoLGnMYUI22kwLZHoWCRmifmyukiaAZ23W24SzibxCtJHUp0AvtrFAmcJYRrzJBSQ89NtZ8jqSlmZFEbZYqkCE/RmAwN5Sghys+XyRfOlVEiJxbSHK6dpfp7I0eJKsKZyQTpiVr3CvE/b5jp+NbPKU8zTThePRRnzNHCKWpwIioJ1mxuCMKSmqwOniCJsDZl1UwJ3vqXN0mv2fBajdZjq96+K+uowgVcwjV4cANteIAOdAHDDJ7hFd6s3Hqx3q2P1WjFKnfO4Q+szx/os5PX</latexit>

2a

<latexit sha1_base64="0Hx0EtzBIEAYaQ2JM3AvCuWYg34=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoUYH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni0tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rw2s+4TFKDki0XhakgJibzt8mQK2RGTC2hTHF7K2FjqigzNpySDcFbfXmdtGtVr16t39crjZs8jiKcwTlcggdX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8ATaQjSg=</latexit>

e1

<latexit sha1_base64="w6CRuyAOrmnfJEnjoAJFgQuRESA=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjNS0GXRjcsK9gHtMGQyaRuaSYYkUyhD/8SNC0Xc+ifu/Bsz7Sy09UDI4Zx7ycmJUs608bxvZ2Nza3tnt7JX3T84PDp2T047WmaK0DaRXKpehDXlTNC2YYbTXqooTiJOu9HkvvC7U6o0k+LJzFIaJHgk2JARbKwUuu4gkjzWs8ReOZ2HfujWvLq3AFonfklqUKIVul+DWJIsocIQjrXu+15qghwrwwin8+og0zTFZIJHtG+pwAnVQb5IPkeXVonRUCp7hEEL9fdGjhNdhLOTCTZjveoV4n9ePzPD2yBnIs0MFWT50DDjyEhU1IBipigxfGYJJorZrIiMscLE2LKqtgR/9cvrpHNd9xv1xmOj1rwr66jAOVzAFfhwA014gBa0gcAUnuEV3pzceXHenY/l6IZT7pzBHzifP+ETk9I=</latexit>

e2

<latexit sha1_base64="SVQOsv11ly4sxFT1O3QfzGMW3v4=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVZJS0GXRjcsK9gFtCJPJpB06mQkzk0IJ/RM3LhRx65+482+ctFlo64FhDufcy5w5Ycqo0q77bVW2tnd296r7tYPDo+MT+/Ssp0QmMeliwYQchEgRRjnpaqoZGaSSoCRkpB9O7wu/PyNSUcGf9DwlfoLGnMYUI22kwLZHoWCRmifmyskiaAZ23W24SzibxCtJHUp0AvtrFAmcJYRrzJBSQ89NtZ8jqSlmZFEbZYqkCE/RmAwN5Sghys+XyRfOlVEiJxbSHK6dpfp7I0eJKsKZyQTpiVr3CvE/b5jp+NbPKU8zTThePRRnzNHCKWpwIioJ1mxuCMKSmqwOniCJsDZl1UwJ3vqXN0mv2fBajdZjq96+K+uowgVcwjV4cANteIAOdAHDDJ7hFd6s3Hqx3q2P1WjFKnfO4Q+szx/il5PT</latexit>

h

<latexit sha1_base64="EXi9iw6wutDV3LZLQb92o/clJgs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipOR6UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6tWqtWavUb/M4inAG53AJHlxDHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD0D+M8w==</latexit>

⇢, G

<latexit sha1_base64="EvORDBwUbZXAxZuf31lfpjgg860=">AAAB7nicdVBNS8NAEJ34WetX1aOXxSJ4kJBIsPFW9KDHCvYD2lA22027dJMNuxuhhP4ILx4U8erv8ea/cdtGUNEHA4/3ZpiZF6acKe04H9bS8srq2nppo7y5tb2zW9nbbymRSUKbRHAhOyFWlLOENjXTnHZSSXEcctoOx1czv31PpWIiudOTlAYxHiYsYgRrI7V7ciTQ6XW/UnXsC9/1azW0IJ5fkHMPubYzRxUKNPqV995AkCymiSYcK9V1nVQHOZaaEU6n5V6maIrJGA9p19AEx1QF+fzcKTo2ygBFQppKNJqr3ydyHCs1iUPTGWM9Ur+9mfiX18105Ac5S9JM04QsFkUZR1qg2e9owCQlmk8MwUQycysiIywx0Sahsgnh61P0P2md2a5ne7detX5ZxFGCQziCE3ChBnW4gQY0gcAYHuAJnq3UerRerNdF65JVzBzAD1hvnxowj3E=</latexit>

@Y (N)

<latexit sha1_base64="CLASJOc7GlOG63MWJy3IUS5lvMc=">AAACB3icdVDLSsNAFJ3UV62vqktBBotQNyUppTa7ohtXUsE+pKllMp22QyeTMDMRS8jOjb/ixoUibv0Fd/6NkzaCih64cDjnXu69xw0Ylco0P4zMwuLS8kp2Nbe2vrG5ld/eaUk/FJg0sc980XGRJIxy0lRUMdIJBEGey0jbnZwmfvuGCEl9fqmmAel5aMTpkGKktNTP7zsBEooiBq+uI0dRPo0cz/Vvo+L5URzH/XzBLJlmuVytwYQk0KRsVy3bhlaqFECKRj//7gx8HHqEK8yQlF3LDFQvSnZgRuKcE0oSIDxBI9LVlCOPyF40+yOGh1oZwKEvdHEFZ+r3iQh5Uk49V3d6SI3lby8R//K6oRrWehHlQagIx/NFw5BB5cMkFDiggmDFppogLKi+FeIxEggrHV1Oh/D1KfyftMolq1KyLyqF+kkaRxbsgQNQBBY4BnVwBhqgCTC4Aw/gCTwb98aj8WK8zlszRjqzC37AePsEzduZ8g==</latexit>

@Y 0

<latexit sha1_base64="xrTpCTen1Mkjti5K0skJqZOWd2k=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARXUhJQqnNrujGZQV7kTaUyXTSDp1cmJkIJeRF3Pgqblwo4sKN+DZO2gjaemDg4z/X+d2IUSEN40srrKyurW8UN0tb2zu7e/r+QVuEMcekhUMW8q6LBGE0IC1JJSPdiBPku4x03MlVlu/cEy5oGNzKaUQcH40C6lGMpJIGejXpz4b0+Mh1EqNiGJZVq59nkIUCy66Ztp32I8QlRQzenaYDvfxTAJfBzKEM8mgO9I/+MMSxTwKJGRKiZxqRdJJsImYkLfVjQSKEJ2hEegoD5BPhJLPDUniilCH0Qq5eIOFM/d2RIF+Iqe+qSh/JsVjMZeJ/uV4svbqT0CCKJQnwfJEXMyhDmFkFh5QTLNlUAcKcqlshHiOOsFSGlpQJ5uKXl6FtVcxqxb6plhuXuR1FcASOwRkwwQVogGvQBC2AwQN4Ai/gVXvUnrU37X1eWtDynkPwJ7TPb9rsng4=</latexit>

Figure 2.5: Schematics of (a) Kagome lattice S ⊂ R2 including the origin of the canonical
basis; (b) unit cell of periodicity Y , with δY ′ (solid lines) and δY (N) (dashed lines)
indicating respectively the support of periodic and homogeneous Neumann boundary
conditions; and (c) the first Brillouin zone featuring “test” points A, B, C, M and N.

The reference dispersion relationship along path BACB, as well as the cell functions

at each wavenumber-eigenfrequency pair (ks, ωn(ks)) required to evaluate the asymp-

totic approximation, are computed numerically via the finite element platform NGSolve

[40] by discretizing the unit cell with triangular elements of order 5 and maximum size

hmax = 0.02a. Fig. 2.6 compares the first 12 dispersion branches with their respec-

tive approximations in the neighborhood of points A, B and C, while Fig. 2.7 focuses

on branches 13–20 and the neighborhood of points A, B, C, M and N. In each case,

we specify the extent of repeated- or cluster-eigenvalue asymptotic approximation (as

applicable) by the set

N ?
` = {n1, n2, . . . nQ}, ? ∈ {A,B,C,M,N}

where, for given index ?, ` locates the cluster in the order of increasing frequency.

In Figs. 2.6 and 2.7, clusters NA
1 through NA

5 and NA
7 each feature a repeated eigen-

frequency of multiplicity Q = 2, where A(k̂) = 0 in all perturbation directions; hence

the dispersion relationship in those neighborhoods is uniformly described by (2.104).

In the cluster NA
6 with Q = 3, matrix Aγ(k̂) obtained after expanding about the 15th

branch (n0 =15) is found to be of full rank in all perturbation directions; as a result, the

local description of the dispersion relationship is in this case provided by (2.137). Al-

ternatively, if the same cluster were expanded about the 16th branch (n0 =16) instead,
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one would find the local asymptotic description to be given by ω2
n1(k) = ω2

n1 and (2.167)

with (n1, n2, n3) = (16, 17, 15).

Clusters NA
4 in Fig. 2.6 and NA

7 , NB
6 and NC

6 in Fig. 2.7, on the other hand, each

feature two distinct eigenvalues (Q=2, γ 6= 0) and trivial effective matrices, A(0)(k̂)=0

and B(0)(k̂) = 0, in all perturbation directions. As a result, matrix Aγ(k̂) has partial

rank, whereby the local dispersion relationships are described by (2.137) with q = 2

and (2.138) with N0 = 1. Concerning the cluster NB
1 in Fig. 2.6 where similarly Q = 2,

γ 6= 0, it is worth noting that the effective matrix B(0) is in this case sign-indefinite as

seen from the “inverted” curvatures in the directions BA and BC.

In Fig. 2.6 and Fig. 2.7, clusters NC
1 , NC

2 , NC
3 , NC

5 and NC
7 feature pure Dirac

behavior (Q = 2) in directions CB and CA, as described by (2.160) with γ = 0 and

θ(0)

11 ∦ θ(0)

12 . From Fig. 2.7, we also note that the local approximation of wave dispersion

at internal points M and N describes with high fidelity the respective numerical results.

This holds true for both isolated frequencies and clusters NM
1 and NN

1 of size Q =

3. Concerning the clusters NB
2 , NB

3 , NB
4 , NB

5 and NB
7 , of sizes Q ∈ {2, 3, 4}, the

affiliated GEPs stemming from the asymptotic models (2.136) and (2.138) are deployed

to approximate the featured dispersion relationships as shown in the figures. For brevity

of presentation, we omit the discussion of these approximations.

Dirichlet colonnade

As a second example, we take S⊂R2 as a homogeneous medium (G=1, ρ=1) endowed

with a square lattice of circular Dirichlet obstacles, where u(x) = 0. Referring to

Fig. 2.8(a), the array of pins is characterized by the spacing a = 1 and diameter 0.25a,

resulting in the lattice porosity of v = 0.05. In this case, the lattice basis vectors and

the reciprocal basis vectors are given by

e1 = ai1, e2 = ai2, e1 = 2π
a i1, e2 = 2π

a i2.

For completeness, Fig. 2.8(b) details the unit cell of periodicity Y , and Fig. 2.8(c)

illustrates the first Brillouin zone including the “test” points A, B, C, M1, M2, N1, and

N2 given by

−→
AB = 1

2 e
1,

−→
AC = 1

2(e1 + e2

)
,
−−→
AM1 = 0.4250

−→
AC

−−→
AM2 = 0.5250

−→
AC,

−−→
AN1 = 0.5125

−→
AB

−−→
AN2 = 0.7125

−→
AB. (2.172)

Fig. 2.9 examines the performance of the asymptotic models in terms of the first

eleven branches of the dispersion relationship. The reference numerical values along

path BACB, as well as the cell functions at each wavenumber-eigenfrequency pair
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<latexit sha1_base64="CAfGZ66196Rh82v7/tMdJn8w06Q=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJiR6JXDxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Amm9YXfeUKleSQfzCxGP6RjyUecUWOlZn1QLLlldwmySbyMlCBDY1D86g8jloQoDRNU657nxsZPqTKcCZwX+onGmLIpHWPPUklD1H66PHROrqwyJKNI2ZKGLNXfEykNtZ6Fge0MqZnodW8h/uf1EjO69VMu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy1Xm5VS7S6LIw8XcAnX4MEN1OAeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/l4uMzA==</latexit>

A

<latexit sha1_base64="cPDKdlqz9F7WzpjAIM6gw1rRTKk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJiR5RLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS46ZfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU147U+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCplr1quNiql2m0WRx7O4BwuwYMrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJSDjMo=</latexit>

B

<latexit sha1_base64="KMOlVn4vR6iHc1C65JrHYQAYziI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJiR4JXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzfqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZ066dcxolByVaLRokgJiKLr8mQK2RGzCyhTHF7K2ETqigzNpuCDcFbf3mTtCtlr1quNiulWj2LIw8XcAnX4MEN1OAeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/lgeMyw==</latexit>

B

<latexit sha1_base64="KMOlVn4vR6iHc1C65JrHYQAYziI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJiR4JXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzfqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZ066dcxolByVaLRokgJiKLr8mQK2RGzCyhTHF7K2ETqigzNpuCDcFbf3mTtCtlr1quNiulWj2LIw8XcAnX4MEN1OAeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/lgeMyw==</latexit>

N B
1 = 1, 2

<latexit sha1_base64="KqEr4Uv8Hk8XeQs9sheuX1Y+lIA=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFcSElKQTdCqRtXUsE+oIlhMp20QyeTMDMRSsjOjb/ixoUibv0Fd/6NkzYLbT0wcDj33Dv3Hj9mVCrL+jaWlldW19ZLG+XNre2dXXNvvyOjRGDSxhGLRM9HkjDKSVtRxUgvFgSFPiNdf3yV17sPREga8Ts1iYkboiGnAcVIackzj5wQqRFGLL3J7puefelE2p5PS+2zWuaZFatqTQEXiV2QCijQ8swvZxDhJCRcYYak7NtWrNwUCUUxI1nZSSSJER6jIelrylFIpJtO78jgiVYGMIiEflzBqfq7I0WhlJPQ1858azlfy8X/av1EBRduSnmcKMLx7KMgYVBFMA8FDqggWLGJJggLqneFeIQEwkpHV9Yh2PMnL5JOrWrXq/XbeqXRLOIogUNwDE6BDc5BA1yDFmgDDB7BM3gFb8aT8WK8Gx8z65JR9ByAPzA+fwB6TZkO</latexit>

N B
2 = 3, 6

<latexit sha1_base64="v+1QLQdoVPGlTTLZzcor+2+7Ohs=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFcSElqUTdCqRtXUsE+oIlhMp22QyeZMDMRSsjOjb/ixoUibv0Fd/6NkzYLbT0wcDj33Dv3Hj9iVCrL+jYWFpeWV1YLa8X1jc2tbXNntyV5LDBpYs646PhIEkZD0lRUMdKJBEGBz0jbH11l9fYDEZLy8E6NI+IGaBDSPsVIackzD5wAqSFGLLlJ7+te5dLh2p5NS05PzlLPLFllawI4T+yclECOhmd+OT2O44CECjMkZde2IuUmSCiKGUmLTixJhPAIDUhX0xAFRLrJ5I4UHmmlB/tc6BcqOFF/dyQokHIc+NqZbS1na5n4X60bq/6Fm9AwihUJ8fSjfsyg4jALBfaoIFixsSYIC6p3hXiIBMJKR1fUIdizJ8+TVqVsV8vV22qpVs/jKIB9cAiOgQ3OQQ1cgwZoAgwewTN4BW/Gk/FivBsfU+uCkffsgT8wPn8AhQKZFQ==</latexit>

N B
3 = 7, 9

<latexit sha1_base64="yhHGckhmH5s86VVnsJuPQYTzg7w=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFcSEm0UF0IpW5cSQX7gCaGyXTaDp1kwsxEKCE7N/6KGxeKuPUX3Pk3TtostPXAwOHcc+/ce/yIUaks69tYWFxaXlktrBXXNza3ts2d3ZbkscCkiTnjouMjSRgNSVNRxUgnEgQFPiNtf3SV1dsPREjKwzs1jogboEFI+xQjpSXPPHACpIYYseQmva97Z5cO1/ZsWlI9uUg9s2SVrQngPLFzUgI5Gp755fQ4jgMSKsyQlF3bipSbIKEoZiQtOrEkEcIjNCBdTUMUEOkmkztSeKSVHuxzoV+o4ET93ZGgQMpx4GtntrWcrWXif7VurPrnbkLDKFYkxNOP+jGDisMsFNijgmDFxpogLKjeFeIhEggrHV1Rh2DPnjxPWqdlu1Ku3FZKtXoeRwHsg0NwDGxQBTVwDRqgCTB4BM/gFbwZT8aL8W58TK0LRt6zB/7A+PwBkUCZHQ==</latexit>

N C
1 = 1, 2

<latexit sha1_base64="Cmu83dBJ/rBlJfrNUQ+Ou1eDhz0=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFcSElKQTdCsRtXUsE+oIlhMp20QyeTMDMRSsjOjb/ixoUibv0Fd/6NkzYLbT0wcDj33Dv3Hj9mVCrL+jaWlldW19ZLG+XNre2dXXNvvyOjRGDSxhGLRM9HkjDKSVtRxUgvFgSFPiNdf9zM690HIiSN+J2axMQN0ZDTgGKktOSZR06I1Agjlt5k903PvnQibc+npfZZLfPMilW1poCLxC5IBRRoeeaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ15Sgk0k2nd2TwRCsDGERCP67gVP3dkaJQyknoa2e+tZyv5eJ/tX6iggs3pTxOFOF49lGQMKgimIcCB1QQrNhEE4QF1btCPEICYaWjK+sQ7PmTF0mnVrXr1fptvdK4KuIogUNwDE6BDc5BA1yDFmgDDB7BM3gFb8aT8WK8Gx8z65JR9ByAPzA+fwB74pkP</latexit>

N A
1 = 3, 4

<latexit sha1_base64="qsj4gdHvdAMex3J9n3RDca6pqS0=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFcSEk0oBuh6saVVLAPaGKYTKft0MkkzEyEErJz46+4caGIW3/BnX/jpM1CWw8MHM499869J4gZlcqyvo25+YXFpeXSSnl1bX1j09zabsooEZg0cMQi0Q6QJIxy0lBUMdKOBUFhwEgrGF7l9dYDEZJG/E6NYuKFqM9pj2KktOSbe26I1AAjlt5k9xe+fe5G2p5PS0+OnMw3K1bVGgPOErsgFVCg7ptfbjfCSUi4wgxJ2bGtWHkpEopiRrKym0gSIzxEfdLRlKOQSC8d35HBA610YS8S+nEFx+rvjhSFUo7CQDvzreV0LRf/q3US1TvzUsrjRBGOJx/1EgZVBPNQYJcKghUbaYKwoHpXiAdIIKx0dGUdgj198ixpHldtp+rcOpXaZRFHCeyCfXAIbHAKauAa1EEDYPAInsEreDOejBfj3fiYWOeMomcH/IHx+QN+0JkR</latexit>

N A
2 = 5, 6

<latexit sha1_base64="57Ypel9XcnMaWdJxdz/8fAa+Rts=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFcSElKfWyEqhtXUsE+oIlhMp22QyeZMDMRSsjOjb/ixoUibv0Fd/6NkzYLbT0wcDj33Dv3Hj9iVCrL+jbm5hcWl5YLK8XVtfWNTXNruyl5LDBpYM64aPtIEkZD0lBUMdKOBEGBz0jLH15l9dYDEZLy8E6NIuIGqB/SHsVIackz95wAqQFGLLlJ7y+8yrnDtT2blhwfnaSeWbLK1hhwltg5KYEcdc/8crocxwEJFWZIyo5tRcpNkFAUM5IWnViSCOEh6pOOpiEKiHST8R0pPNBKF/a40C9UcKz+7khQIOUo8LUz21pO1zLxv1onVr0zN6FhFCsS4slHvZhBxWEWCuxSQbBiI00QFlTvCvEACYSVjq6oQ7CnT54lzUrZrpart9VS7TKPowB2wT44BDY4BTVwDeqgATB4BM/gFbwZT8aL8W58TKxzRt6zA/7A+PwBhnuZFg==</latexit>

N A
3 = 8, 9

<latexit sha1_base64="5C6AjSaAz0pcZBDpOXbqIa/7bLE=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFcSEm0YF0IVTeupIJ9QBPDZDpth04mYWYilJCdG3/FjQtF3PoL7vwbJ20W2npg4HDuuXfuPX7EqFSW9W3MzS8sLi0XVoqra+sbm+bWdlOGscCkgUMWiraPJGGUk4aiipF2JAgKfEZa/vAqq7ceiJA05HdqFBE3QH1OexQjpSXP3HMCpAYYseQmvb/wTs6dUNuzaUn16Cz1zJJVtsaAs8TOSQnkqHvml9MNcRwQrjBDUnZsK1JugoSimJG06MSSRAgPUZ90NOUoINJNxnek8EArXdgLhX5cwbH6uyNBgZSjwNfObGs5XcvE/2qdWPWqbkJ5FCvC8eSjXsygCmEWCuxSQbBiI00QFlTvCvEACYSVjq6oQ7CnT54lzeOyXSlXbiul2mUeRwHsgn1wCGxwCmrgGtRBA2DwCJ7BK3gznowX4934mFjnjLxnB/yB8fkDkTKZHQ==</latexit>

N A
4 = 11, 12

<latexit sha1_base64="bfCCHP5ei6TrmUmxSTGQvj56qO0=">AAACCXicbVDLSgMxFM3UV62vUZdugkVwIWVSBnQjVN24kgr2AZ1xyKRpG5p5kGSEMszWjb/ixoUibv0Dd/6NmXYW2nogcDj33Jt7jx9zJpVlfRulpeWV1bXyemVjc2t7x9zda8soEYS2SMQj0fWxpJyFtKWY4rQbC4oDn9OOP77K650HKiSLwjs1iakb4GHIBoxgpSXPhE6A1Yhgnt5k9xeefe5E2p5PSxE6QfXMM6tWzZoCLhJUkCoo0PTML6cfkSSgoSIcS9lDVqzcFAvFCKdZxUkkjTEZ4yHtaRrigEo3nV6SwSOt9OEgEvqFCk7V3x0pDqScBL525nvL+Vou/lfrJWpw5qYsjBNFQzL7aJBwqCKYxwL7TFCi+EQTTATTu0IywgITpcOr6BDQ/MmLpF2vIbtm39rVxmURRxkcgENwDBA4BQ1wDZqgBQh4BM/gFbwZT8aL8W58zKwlo+jZB39gfP4AcoSZhg==</latexit>

N B
4 = 10, 12

<latexit sha1_base64="0xv/SS2biYncbPGlN603Z76ie00=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwISUpAd0IpW5cSQX7gCaGyXTaDp1kwsxEKCFbN/6KGxeKuPUP3Pk3TtostPXAwOHcc+/ce4KYUaks69sorayurW+UNytb2zu7e+b+QUfyRGDSxpxx0QuQJIxGpK2oYqQXC4LCgJFuMLnK690HIiTl0Z2axsQL0SiiQ4qR0pJvQjdEaowRS2+y+6bvXLpc2/NpqW2d2fXMN6tWzZoBLhO7IFVQoOWbX+6A4yQkkcIMSdm3rVh5KRKKYkayiptIEiM8QSPS1zRCIZFeOrskgydaGcAhF/pFCs7U3x0pCqWchoF25nvLxVou/lfrJ2p44aU0ihNFIjz/aJgwqDjMY4EDKghWbKoJwoLqXSEeI4Gw0uFVdAj24snLpFOv2U7NuXWqjWYRRxkcgWNwCmxwDhrgGrRAG2DwCJ7BK3gznowX4934mFtLRtFzCP7A+PwBcpOZhg==</latexit>

N C
4 = 10, 12

<latexit sha1_base64="W6uhkif+OLPl5tnyR+osVtRQoPw=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwISUpAd0IxW5cSQX7gCaGyXTSDp1kwsxEKKFbN/6KGxeKuPUP3Pk3TtostPXAwOHcc+/ce4KEUaks69sorayurW+UNytb2zu7e+b+QUfyVGDSxpxx0QuQJIzGpK2oYqSXCIKigJFuMG7m9e4DEZLy+E5NEuJFaBjTkGKktOSb0I2QGmHEspvpfdN3Ll2u7fm0zLbO7PrUN6tWzZoBLhO7IFVQoOWbX+6A4zQiscIMSdm3rUR5GRKKYkamFTeVJEF4jIakr2mMIiK9bHbJFJ5oZQBDLvSLFZypvzsyFEk5iQLtzPeWi7Vc/K/WT1V44WU0TlJFYjz/KEwZVBzmscABFQQrNtEEYUH1rhCPkEBY6fAqOgR78eRl0qnXbKfm3DrVxlURRxkcgWNwCmxwDhrgGrRAG2DwCJ7BK3gznowX4934mFtLRtFzCP7A+PwBdCqZhw==</latexit>

<latexit sha1_base64="6B9LfQSGlUwM6mDNQCl7F0Uzwv4=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwISUpLboRit24kgr2AU0Mk+m0HTrJhJmJUEK2bvwVNy4UcesfuPNvnLRZaOuBgcO599y59/gRo1JZ1rdRWFldW98obpa2tnd298z9g47kscCkjTnjoucjSRgNSVtRxUgvEgQFPiNdf9LM6t0HIiTl4Z2aRsQN0CikQ4qR0pJnQidAaowRS25Sr3qfNNNLh2tDNi+pndVTzyxbFWsGuEzsnJRBjpZnfjkDjuOAhAozJGXftiLlJkgoihlJS04sSYTwBI1IX9MQBUS6yeySFJ5oZQCHXOgXKjhTfzsSFEg5DXzdme0tF2uZ+F+tH6vhhZvQMIoVCfH8o2HMoOIwiwUOqCBYsakmCAuqd4V4jATCSodX0iHYiycvk061Ytcr1m2t3LjK4yiCI3AMToENzkEDXIMWaAMMHsEzeAVvxpPxYrwbH/PWgpF7DsEfGJ8/YpaaHw==</latexit>

N C
2 = 4, 5

<latexit sha1_base64="rU6geUiTeLKk2APUavja7+/QikY=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwISXxQbsRit24kgr2AU0Mk+m0HTrJhJmJUEK2bvwVNy4UcesfuPNvnLRZaOuBgcO599y59/gRo1JZ1rdRWFpeWV0rrpc2Nre2d8zdvbbkscCkhTnjousjSRgNSUtRxUg3EgQFPiMdf9zI6p0HIiTl4Z2aRMQN0DCkA4qR0pJnQidAaoQRS25S7+w+aaSXDteGbF5SPamlnlm2KtYUcJHYOSmDHE3P/HL6HMcBCRVmSMqebUXKTZBQFDOSlpxYkgjhMRqSnqYhCoh0k+klKTzSSh8OuNAvVHCq/nYkKJByEvi6M9tbztcy8b9aL1aDmpvQMIoVCfHso0HMoOIwiwX2qSBYsYkmCAuqd4V4hATCSodX0iHY8ycvkvZpxb6oWLfn5fpVHkcRHIBDcAxsUAV1cA2aoAUweATP4BW8GU/Gi/FufMxaC0bu2Qd/YHz+AG1RmiY=</latexit>

N C
3 = 7, 8

Figure 2.6: Approximation of the first twelve dispersion branches for the Kagome lattice
near points A, B and C in Fig 2.5(c). In the display, dotted lines track the reference
numerical results; solid lines signify the leading-order approximation of the clusters of
nearby branches (Q > 1), and dash-dotted lines plot the second-order approximation
of isolated dispersion branches (Q= 1). The normalization parameters are defined as
k0 = π/a and ω0 =

√
G/(ρa2).

(ks, ωn(ks)) required to evaluate the asymptotic approximation, are computed via NG-

Solve by discretizing the unit cell with triangular elements of order 5 and maximum

size hmax = 0.0175a. As indicated earlier, the comparison is made in a neighborhood of

the origin A, apex points B and C, and internal points M1, M2, N1 and N2, of the first

Brillouin zone.

From Fig. 2.9, one first observes that the introduction of “pins” (where u=0) in an

otherwise homogeneous medium results in both zero-frequency band gap, and another

complete band gap just above the first dispersion branch. In terms of the asymptotic
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<latexit sha1_base64="CAfGZ66196Rh82v7/tMdJn8w06Q=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJiR6JXDxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Amm9YXfeUKleSQfzCxGP6RjyUecUWOlZn1QLLlldwmySbyMlCBDY1D86g8jloQoDRNU657nxsZPqTKcCZwX+onGmLIpHWPPUklD1H66PHROrqwyJKNI2ZKGLNXfEykNtZ6Fge0MqZnodW8h/uf1EjO69VMu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy1Xm5VS7S6LIw8XcAnX4MEN1OAeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/l4uMzA==</latexit>

A

<latexit sha1_base64="cPDKdlqz9F7WzpjAIM6gw1rRTKk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJiR5RLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS46ZfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU147U+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCplr1quNiql2m0WRx7O4BwuwYMrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJSDjMo=</latexit>

B

<latexit sha1_base64="KMOlVn4vR6iHc1C65JrHYQAYziI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJiR4JXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzfqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZ066dcxolByVaLRokgJiKLr8mQK2RGzCyhTHF7K2ETqigzNpuCDcFbf3mTtCtlr1quNiulWj2LIw8XcAnX4MEN1OAeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/lgeMyw==</latexit>

B

<latexit sha1_base64="KMOlVn4vR6iHc1C65JrHYQAYziI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJiR4JXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzfqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZ066dcxolByVaLRokgJiKLr8mQK2RGzCyhTHF7K2ETqigzNpuCDcFbf3mTtCtlr1quNiulWj2LIw8XcAnX4MEN1OAeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/lgeMyw==</latexit>

M

<latexit sha1_base64="qZJpf4xODK83YoSHuu5OA5UlCao=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB6DXrwICZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LBzNJ0I/oUPKQM2qs1LjvF0tu2V2ArBMvIyXIUO8Xv3qDmKURSsME1brruYnxp1QZzgTOCr1UY0LZmA6xa6mkEWp/ujh0Ri6sMiBhrGxJQxbq74kpjbSeRIHtjKgZ6VVvLv7ndVMTXvtTLpPUoGTLRWEqiInJ/Gsy4AqZERNLKFPc3krYiCrKjM2mYEPwVl9eJ61K2auWq41KqXaTxZGHMziHS/DgCmpwB3VoAgOEZ3iFN+fReXHenY9la87JZk7hD5zPH6azjNY=</latexit>

N

<latexit sha1_base64="qPp0A0/x2HrIbezGrY+7dXPLUMA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB6DXjxJAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6ftHScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp377SdUmsfywUwS9CM6lDzkjBorNe77xZJbdhcg68TLSAky1PvFr94gZmmE0jBBte56bmL8KVWGM4GzQi/VmFA2pkPsWipphNqfLg6dkQurDEgYK1vSkIX6e2JKI60nUWA7I2pGetWbi/953dSE1/6UyyQ1KNlyUZgKYmIy/5oMuEJmxMQSyhS3txI2oooyY7Mp2BC81ZfXSatS9qrlaqNSqt1kceThDM7hEjy4ghrcQR2awADhGV7hzXl0Xpx352PZmnOymVP4A+fzB6g3jNc=</latexit>

N N
1 = 17, 19

<latexit sha1_base64="rEKIlSC8OnINIpNuvCO0FjNaTdg=">AAACCXicbVDLSgMxFM34rPU16tJNsAgupEykUF0IRTeuSgX7gM44ZNJMG5p5kGSEMszWjb/ixoUibv0Dd/6NmXYW2nogcDj33Jt7jxdzJpVlfRtLyyura+uljfLm1vbOrrm335FRIghtk4hHoudhSTkLaVsxxWkvFhQHHqddb3yd17sPVEgWhXdqElMnwMOQ+YxgpSXXhHaA1Yhgnjaz+6aLLu1I2/NpKaqfoovMNStW1ZoCLhJUkAoo0HLNL3sQkSSgoSIcS9lHVqycFAvFCKdZ2U4kjTEZ4yHtaxrigEonnV6SwWOtDKAfCf1CBafq744UB1JOAk87873lfC0X/6v1E+WfOykL40TRkMw+8hMOVQTzWOCACUoUn2iCiWB6V0hGWGCidHhlHQKaP3mRdM6qqFat3dYqjasijhI4BEfgBCBQBw1wA1qgDQh4BM/gFbwZT8aL8W58zKxLRtFzAP7A+PwBlkOZnQ==</latexit>

N M
1 = 17, 19

<latexit sha1_base64="vZzzjqNEoh2ZFUc8IsXsPJfvN/g=">AAACCXicbVDLSgMxFM34rPU16tJNsAgupEykUF0IRTdulAr2AZ1xyKSZNjTzIMkIZZitG3/FjQtF3PoH7vwbM+0stPVA4HDuuTf3Hi/mTCrL+jYWFpeWV1ZLa+X1jc2tbXNnty2jRBDaIhGPRNfDknIW0pZiitNuLCgOPE473ugyr3ceqJAsCu/UOKZOgAch8xnBSkuuCe0AqyHBPL3J7q9ddG5H2p5PS1H9GJ1lrlmxqtYEcJ6gglRAgaZrftn9iCQBDRXhWMoesmLlpFgoRjjNynYiaYzJCA9oT9MQB1Q66eSSDB5qpQ/9SOgXKjhRf3ekOJByHHjame8tZ2u5+F+tlyj/1ElZGCeKhmT6kZ9wqCKYxwL7TFCi+FgTTATTu0IyxAITpcMr6xDQ7MnzpH1SRbVq7bZWaVwUcZTAPjgARwCBOmiAK9AELUDAI3gGr+DNeDJejHfjY2pdMIqePfAHxucPlKyZnA==</latexit>

N B
6 = 17, 18

<latexit sha1_base64="13l1TvrMwivn+c4hoRe61mPJNYA=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwISWRYrsRSt24kgr2AU0Mk+mkHTrJhJmJUEK3bvwVNy4UcesfuPNvnLRZaOuBgcO559659/gxo1JZ1rdRWFldW98obpa2tnd298z9g47kicCkjTnjoucjSRiNSFtRxUgvFgSFPiNdf3yV1bsPREjKozs1iYkbomFEA4qR0pJnQidEaoQRS2+m903v4tLh2p5NS+3amV2fembZqlgzwGVi56QMcrQ888sZcJyEJFKYISn7thUrN0VCUczItOQkksQIj9GQ9DWNUEikm84umcITrQxgwIV+kYIz9XdHikIpJ6GvndnecrGWif/V+okK6m5KozhRJMLzj4KEQcVhFgscUEGwYhNNEBZU7wrxCAmElQ6vpEOwF09eJp3zil2tVG+r5UYzj6MIjsAxOAU2qIEGuAYt0AYYPIJn8ArejCfjxXg3PubWgpH3HII/MD5/AImTmZU=</latexit>

N B
5 = 13, 15

<latexit sha1_base64="XMO/4gIrx9g6kYBC8cVmzZH39zg=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwISXRFt0IpW5cSQX7gCaGyXTaDp1kwsxEKCFbN/6KGxeKuPUP3Pk3TtostPXAwOHcc+/ce/yIUaks69soLC2vrK4V10sbm1vbO+buXlvyWGDSwpxx0fWRJIyGpKWoYqQbCYICn5GOP77K6p0HIiTl4Z2aRMQN0DCkA4qR0pJnQidAaoQRS27S+4ZXu3S4tmfTEvvsxK6lnlm2KtYUcJHYOSmDHE3P/HL6HMcBCRVmSMqebUXKTZBQFDOSlpxYkgjhMRqSnqYhCoh0k+klKTzSSh8OuNAvVHCq/u5IUCDlJPC1M9tbztcy8b9aL1aDCzehYRQrEuLZR4OYQcVhFgvsU0GwYhNNEBZU7wrxCAmElQ6vpEOw509eJO3Til2tVG+r5Xojj6MIDsAhOAY2OAd1cA2aoAUweATP4BW8GU/Gi/FufMysBSPv2Qd/YHz+AH1PmY0=</latexit>

N A
5 = 13, 14

<latexit sha1_base64="8S1jw1TLgJZc6gGvrJDQ7NEStfU=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgupCQa0Y1QdeNKKtgHNDFMptN26CQTZiZCCdm68VfcuFDErX/gzr9x0mahrQcGDueee+feE8SMSmVZ38bc/MLi0nJppby6tr6xaW5tNyVPBCYNzBkX7QBJwmhEGooqRtqxICgMGGkFw6u83nogQlIe3alRTLwQ9SPaoxgpLfkmdEOkBhix9Ca7v/BPzl2u7fm01D4+tJ3MNytW1RoDzhK7IBVQoO6bX26X4yQkkcIMSdmxrVh5KRKKYkaysptIEiM8RH3S0TRCIZFeOr4kg/ta6cIeF/pFCo7V3x0pCqUchYF25nvL6Vou/lfrJKp35qU0ihNFIjz5qJcwqDjMY4FdKghWbKQJwoLqXSEeIIGw0uGVdQj29MmzpHlUtZ2qc+tUapdFHCWwC/bAAbDBKaiBa1AHDYDBI3gGr+DNeDJejHfjY2KdM4qeHfAHxucPejOZiw==</latexit>

N A
6 = 15, 17

<latexit sha1_base64="YeXpFEEp10Cl32AngMn/dCi/PjQ=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwISWRat0IVTeupIJ9QBPDZDpth04mYWYilJCtG3/FjQtF3PoH7vwbJ20W2npg4HDuuXfuPX7EqFSW9W0UFhaXlleKq6W19Y3NLXN7pyXDWGDSxCELRcdHkjDKSVNRxUgnEgQFPiNtf3SV1dsPREga8js1jogboAGnfYqR0pJnQidAaogRS27S+wvv9NwJtT2bltgnR3Yt9cyyVbEmgPPEzkkZ5Gh45pfTC3EcEK4wQ1J2bStSboKEopiRtOTEkkQIj9CAdDXlKCDSTSaXpPBAKz3YD4V+XMGJ+rsjQYGU48DXzmxvOVvLxP9q3Vj1z9yE8ihWhOPpR/2YQRXCLBbYo4JgxcaaICyo3hXiIRIIKx1eSYdgz548T1rHFbtaqd5Wy/XLPI4i2AP74BDYoAbq4Bo0QBNg8AiewSt4M56MF+Pd+JhaC0beswv+wPj8AYNnmZE=</latexit>

N A
7 = 18, 19

<latexit sha1_base64="9ijO8dXeWxyfDysVCPdtGHYZfAw=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwISWRQutCqLpxJRXsA5oYJtNpO3SSCTMToYRs3fgrblwo4tY/cOffOGmz0NYDA4dzz71z7/EjRqWyrG+jsLS8srpWXC9tbG5t75i7e23JY4FJC3PGRddHkjAakpaiipFuJAgKfEY6/vgqq3ceiJCUh3dqEhE3QMOQDihGSkueCZ0AqRFGLLlJ7y+82rnDtT2bltj1E/ss9cyyVbGmgIvEzkkZ5Gh65pfT5zgOSKgwQ1L2bCtSboKEopiRtOTEkkQIj9GQ9DQNUUCkm0wvSeGRVvpwwIV+oYJT9XdHggIpJ4Gvndnecr6Wif/VerEa1N2EhlGsSIhnHw1iBhWHWSywTwXBik00QVhQvSvEIyQQVjq8kg7Bnj95kbRPK3a1Ur2tlhuXeRxFcAAOwTGwQQ00wDVoghbA4BE8g1fwZjwZL8a78TGzFoy8Zx/8gfH5A4yemZc=</latexit>

N C
6 = 17, 18

<latexit sha1_base64="Q5D50qYDxlsVq0r+cqhmHJBEXnk=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwISWRYrsRit24kgr2AU0Mk+mkHTrJhJmJUEK3bvwVNy4UcesfuPNvnLRZaOuBgcO559659/gxo1JZ1rdRWFldW98obpa2tnd298z9g47kicCkjTnjoucjSRiNSFtRxUgvFgSFPiNdf9zM6t0HIiTl0Z2axMQN0TCiAcVIackzoRMiNcKIpTfT+6Z3celwbc+mpXbtzK5PPbNsVawZ4DKxc1IGOVqe+eUMOE5CEinMkJR924qVmyKhKGZkWnISSWKEx2hI+ppGKCTSTWeXTOGJVgYw4EK/SMGZ+rsjRaGUk9DXzmxvuVjLxP9q/UQFdTelUZwoEuH5R0HCoOIwiwUOqCBYsYkmCAuqd4V4hATCSodX0iHYiycvk855xa5WqrfVcuMqj6MIjsAxOAU2qIEGuAYt0AYYPIJn8ArejCfjxXg3PubWgpH3HII/MD5/AIsqmZY=</latexit>

N B
7 = 19, 20

<latexit sha1_base64="j7ezMnwAVkMwn8wz6yZqGMYVjLM=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwISUphepCKHXjSirYBzQxTKaTdugkE2YmQgnduvFX3LhQxK1/4M6/cdJmoa0HBg7nnnvn3uPHjEplWd9GYWV1bX2juFna2t7Z3TP3DzqSJwKTNuaMi56PJGE0Im1FFSO9WBAU+ox0/fFVVu8+ECEpj+7UJCZuiIYRDShGSkueCZ0QqRFGLL2Z3je9+qXDtT2bltoXZ1Vr6pllq2LNAJeJnZMyyNHyzC9nwHESkkhhhqTs21as3BQJRTEj05KTSBIjPEZD0tc0QiGRbjq7ZApPtDKAARf6RQrO1N8dKQqlnIS+dmZ7y8VaJv5X6ycqOHdTGsWJIhGefxQkDCoOs1jggAqCFZtogrCgeleIR0ggrHR4JR2CvXjyMulUK3atUrutlRvNPI4iOALH4BTYoA4a4Bq0QBtg8AiewSt4M56MF+Pd+JhbC0becwj+wPj8AYOWmZE=</latexit>

N C
7 = 19, 20

<latexit sha1_base64="ZdhUoUr8JuQdJzxK2UrnavDTkB4=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwISUphepCKHbjSirYBzQxTKaTdugkE2YmQgnduvFX3LhQxK1/4M6/cdJmoa0HBg7nnnvn3uPHjEplWd9GYWV1bX2juFna2t7Z3TP3DzqSJwKTNuaMi56PJGE0Im1FFSO9WBAU+ox0/XEzq3cfiJCUR3dqEhM3RMOIBhQjpSXPhE6I1Agjlt5M75te/dLh2p5NS+2Ls6o19cyyVbFmgMvEzkkZ5Gh55pcz4DgJSaQwQ1L2bStWboqEopiRaclJJIkRHqMh6WsaoZBIN51dMoUnWhnAgAv9IgVn6u+OFIVSTkJfO7O95WItE/+r9RMVnLspjeJEkQjPPwoSBhWHWSxwQAXBik00QVhQvSvEIyQQVjq8kg7BXjx5mXSqFbtWqd3Wyo2rPI4iOALH4BTYoA4a4Bq0QBtg8AiewSt4M56MF+Pd+JhbC0becwj+wPj8AYUtmZI=</latexit>

<latexit sha1_base64="g98JVZJr9sMQEB2KYDo3vZ05NZg=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgQkoiLboRit24kgr2AU0Mk+mkHTrJhJmJUEL2bvwVNy4UcesPuPNvnLRdaOuBgcO599y59/gxo1JZ1rdRWFldW98obpa2tnd298z9g47kicCkjTnjoucjSRiNSFtRxUgvFgSFPiNdf9zM690HIiTl0Z2axMQN0TCiAcVIackzy06I1Agjlt5kXv0+bWaXDteGfF5q107teuaZFatqTQGXiT0nFTBHyzO/nAHHSUgihRmSsm9bsXJTJBTFjGQlJ5EkRniMhqSvaYRCIt10eksGj7UygAEX+kUKTtXfjhSFUk5CX3fmm8vFWi7+V+snKrhwUxrFiSIRnn0UJAwqDvNg4IAKghWbaIKwoHpXiEdIIKx0fCUdgr148jLpnFXtetW6rVUaV/M4iuAIlMEJsME5aIBr0AJtgMEjeAav4M14Ml6Md+Nj1low5p5D8AfG5w9eb5qY</latexit>

N C
5 = 14, 15

Figure 2.7: Approximation of the dispersion branches 13–20 for the Kagome lattice
near points A, B, C, M and N in Fig 2.5(c). In the display, dotted lines track the
reference numerical results; solid lines signify the leading-order approximation of the
clusters of nearby branches (Q> 1); dashed lines indicate first-order approximation of
isolated dispersion branches (Q=1) at M and N, and dash-dotted lines plot the second-
order approximation of isolated dispersion branches. The normalization parameters are
defined as k0 = π/a and ω0 =

√
G/(ρa2).

approximation, we note that clusters NB
1 and NB

2 of size Q = 2 exhibit direction-

dependent behavior. Concerning NB
1 for example, we specifically find that the cluster’s

behavior in direction BC (where Aγ(k̂) is of full rank) is approximated by (2.137),

whereas in direction BA (where rank(Aγ(k̂) = 1) (2.138) applies. Analogous comment

applies to NB
2 , with the roles of directions BC and BA reversed.

Further, cluster NC
3 in Fig. 2.9 describes a repeated eigenvalue of multiplicity Q = 2;

in this caseA(0)(k̂)=0, and the dispersion relationships are approximated by (2.104). In

contrast, clusters NN1
1 , NN2

1 , NM1
1 , and NM2

1 , which carry the same size, are commonly
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(a)

<latexit sha1_base64="jI4J7hhQylP9+iANoltISJDWJiw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1FjpoUIv+qWyW3XnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbQuq16tWruvles3eRwFOIUzqIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AGK8Y1R</latexit>

(b)

<latexit sha1_base64="JhaEG5pNSYRFO1v5INP2gmPV8yg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1FjpoRJc9Etlt+rOQVaJl5My5Gj0S1+9QczSCKVhgmrd9dzE+BlVhjOB02Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6RRuCt/zyKmldVr1atXZfK9dv8jgKcApnUAEPrqAOd9CAJjAYwjO8wpsjnBfn3flYtK45+cwJ/IHz+QOMdo1S</latexit>

(c)

<latexit sha1_base64="P0yeRtCgCZEEH1EMMK4FnByxI5M=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1FjpocIu+qWyW3XnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbQuq16tWruvles3eRwFOIUzqIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AGN+41T</latexit>

⇢, G

<latexit sha1_base64="1lz6Lg/++W/jJa1hJ5OYgbEN1Mc=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgQcquFPRY9KDHCvYD2qVk02wbmk2WJCuUpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLaNSTVmTKqF0JySGCS5Z03IrWCfRjMShYO1wfDvz209MG67ko50kLIjJUPKIU2Kd1O7pkbrAd/1yxat6c+BV4uekAjka/fJXb6BoGjNpqSDGdH0vsUFGtOVUsGmplxqWEDomQ9Z1VJKYmSCbnzvFZ04Z4EhpV9Liufp7IiOxMZM4dJ0xsSOz7M3E/7xuaqPrIOMySS2TdLEoSgW2Cs9+xwOuGbVi4gihmrtbMR0RTah1CZVcCP7yy6ukdVn1a9XaQ61Sv8njKMIJnMI5+HAFdbiHBjSBwhie4RXeUIJe0Dv6WLQWUD5zDH+APn8AdPiO/w==</latexit>

0.25a

<latexit sha1_base64="Zk0vE/PWrRdF+1G934HpY/Ijfvo=">AAAB7HicdVDLSsNAFL2pr1pfVZduBovgKiQh1XRXdOOygn1AG8pkOmmHTiZhZiKU0m9w40IRt36QO//G6UNQ0QMXDufcy733RBlnSjvOh1VYW9/Y3Cpul3Z29/YPyodHLZXmktAmSXkqOxFWlDNBm5ppTjuZpDiJOG1H4+u5376nUrFU3OlJRsMEDwWLGcHaSE3H9qq4X644di248IIAGVILqr63JF7NQ67tLFCBFRr98ntvkJI8oUITjpXquk6mwymWmhFOZ6VermiGyRgPaddQgROqwuni2Bk6M8oAxak0JTRaqN8npjhRapJEpjPBeqR+e3PxL6+b6zgIp0xkuaaCLBfFOUc6RfPP0YBJSjSfGIKJZOZWREZYYqJNPiUTwten6H/S8mzXt/1bv1K/WsVRhBM4hXNw4RLqcAMNaAIBBg/wBM+WsB6tF+t12VqwVjPH8APW2ycvfY5O</latexit>

a

<latexit sha1_base64="zKqIodd/81gJLnKL2KDE9ukdNyQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6perVpr1ir12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AxaOM7A==</latexit>

i1

<latexit sha1_base64="xsiwbhmZ2fIKKONHmK5r+57CL8Y=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjNS0GXRjcsK9gHtMGQyaRuaSYYkUyhD/8SNC0Xc+ifu/Bsz7Sy09UDI4Zx7ycmJUs608bxvZ2Nza3tnt7JX3T84PDp2T047WmaK0DaRXKpehDXlTNC2YYbTXqooTiJOu9HkvvC7U6o0k+LJzFIaJHgk2JARbKwUuu4gkjzWs8ReOZuHfujWvLq3AFonfklqUKIVul+DWJIsocIQjrXu+15qghwrwwin8+og0zTFZIJHtG+pwAnVQb5IPkeXVonRUCp7hEEL9fdGjhNdhLOTCTZjveoV4n9ePzPD2yBnIs0MFWT50DDjyEhU1IBipigxfGYJJorZrIiMscLE2LKqtgR/9cvrpHNd9xv1xmOj1rwr66jAOVzAFfhwA014gBa0gcAUnuEV3pzceXHenY/l6IZT7pzBHzifP+cvk9Y=</latexit>

i2

<latexit sha1_base64="S6tNIgxFJ7npS9b85Ak4k59kTRY=">AAAB+XicbVDLSsNAFL2pr1pfUZdugkVwVZJS0GXRjcsK9gFtCJPJpB06mQkzk0IJ/RM3LhRx65+482+ctFlo64FhDufcy5w5Ycqo0q77bVW2tnd296r7tYPDo+MT+/Ssp0QmMeliwYQchEgRRjnpaqoZGaSSoCRkpB9O7wu/PyNSUcGf9DwlfoLGnMYUI22kwLZHoWCRmifmyukiaAZ23W24SzibxCtJHUp0AvtrFAmcJYRrzJBSQ89NtZ8jqSlmZFEbZYqkCE/RmAwN5Sghys+XyRfOlVEiJxbSHK6dpfp7I0eJKsKZyQTpiVr3CvE/b5jp+NbPKU8zTThePRRnzNHCKWpwIioJ1mxuCMKSmqwOniCJsDZl1UwJ3vqXN0mv2fBajdZjq96+K+uowgVcwjV4cANteIAOdAHDDJ7hFd6s3Hqx3q2P1WjFKnfO4Q+szx/os5PX</latexit>

1

2
e2

<latexit sha1_base64="72OgY2vd94zfeaKqxd9DBvkktOw=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJCYqqSqBGMFC2OR6ENqQuU4TmvVsSPbQaqiDCz8CgsDCLHyEWz8DU6bAVqOZPnonHt17z1BwqjSjvNtra1vbG5tV3aqu3v7B4f20XFPiVRi0sWCCTkIkCKMctLVVDMySCRBccBIP5heF37/gUhFBb/Ts4T4MRpzGlGMtJFGds2LJMKZm2fN3AsEC9UsNl9G8vvmyK47DWcOuErcktRBic7I/vJCgdOYcI0ZUmroOon2MyQ1xYzkVS9VJEF4isZkaChHMVF+Nj8ih2dGCWEkpHlcw7n6uyNDsSqWM5Ux0hO17BXif94w1dGln1GepJpwvBgUpQxqAYtEYEglwZrNDEFYUrMrxBNkUtEmt6oJwV0+eZX0mg231WjdturtqzKOCqiBU3AOXHAB2uAGdEAXYPAInsEreLOerBfr3fpYlK5ZZc8J+APr8wdWT5iL</latexit>

1

2
e1

<latexit sha1_base64="gzv7Rxn3u9xG5p3aaK5h4KoLiPo=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJCYqqSqBGMFC2OR6ENqQuU4TmvVsSPbQaqiDCz8CgsDCLHyEWz8DU6bAVqOZPnonHt17z1BwqjSjvNtra1vbG5tV3aqu3v7B4f20XFPiVRi0sWCCTkIkCKMctLVVDMySCRBccBIP5heF37/gUhFBb/Ts4T4MRpzGlGMtJFGds2LJMKZm2fN3AsEC9UsNl9G8nt3ZNedhjMHXCVuSeqgRGdkf3mhwGlMuMYMKTV0nUT7GZKaYkbyqpcqkiA8RWMyNJSjmCg/mx+RwzOjhDAS0jyu4Vz93ZGhWBXLmcoY6Yla9grxP2+Y6ujSzyhPUk04XgyKUga1gEUiMKSSYM1mhiAsqdkV4gkyqWiTW9WE4C6fvEp6zYbbarRuW/X2VRlHBdTAKTgHLrgAbXADOqALMHgEz+AVvFlP1ov1bn0sStessucE/IH1+QNUy5iK</latexit>

C

<latexit sha1_base64="CAfGZ66196Rh82v7/tMdJn8w06Q=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJiR6JXDxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Amm9YXfeUKleSQfzCxGP6RjyUecUWOlZn1QLLlldwmySbyMlCBDY1D86g8jloQoDRNU657nxsZPqTKcCZwX+onGmLIpHWPPUklD1H66PHROrqwyJKNI2ZKGLNXfEykNtZ6Fge0MqZnodW8h/uf1EjO69VMu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy1Xm5VS7S6LIw8XcAnX4MEN1OAeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/l4uMzA==</latexit>

A

<latexit sha1_base64="cPDKdlqz9F7WzpjAIM6gw1rRTKk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJiR5RLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS46ZfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU147U+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCplr1quNiql2m0WRx7O4BwuwYMrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJSDjMo=</latexit>

B

<latexit sha1_base64="KMOlVn4vR6iHc1C65JrHYQAYziI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJiR4JXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzfqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZ066dcxolByVaLRokgJiKLr8mQK2RGzCyhTHF7K2ETqigzNpuCDcFbf3mTtCtlr1quNiulWj2LIw8XcAnX4MEN1OAeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/lgeMyw==</latexit>

N1

<latexit sha1_base64="+5dqRRll+c7lAmEQwRAZQSX8aqY=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fj04kkq2A9sQ9lsN+3SzSbsTsQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsYXU/91iPXRsTqHscJ9yM6UCIUjKKVHrrInzC7nfS8XqnsVtwZyDLxclKGHPVe6avbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OLJ+TUKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZUEmKXLH5ojCVBGMyfZ/0heYM5dgSyrSwtxI2pJoytCEVbQje4svLpHle8aqV6l21XLvK4yjAMZzAGXhwATW4gTo0gIGCZ3iFN8c4L8678zFvXXHymSP4A+fzB5SSkNw=</latexit>

N2

<latexit sha1_base64="5u/N9fTl4nR3RGu/BmuvpPDchEY=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyGgB6DXjxJBPPAZAmzk04yZHZ2mekVw5K/8OJBEa/+jTf/xkmyB00saCiquunuCmIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTRMlmkODRzLS7YAZkEJBAwVKaMcaWBhIaAXj65nfegRtRKTucRKDH7KhEgPBGVrpoYvwhOnttFfpFUtu2Z2DrhIvIyWSod4rfnX7EU9CUMglM6bjuTH6KdMouIRpoZsYiBkfsyF0LFUsBOOn84un9MwqfTqItC2FdK7+nkhZaMwkDGxnyHBklr2Z+J/XSXBw6adCxQmC4otFg0RSjOjsfdoXGjjKiSWMa2FvpXzENONoQyrYELzll1dJs1L2quXqXbVUu8riyJMTckrOiUcuSI3ckDppEE4UeSav5M0xzovz7nwsWnNONnNM/sD5/AGWFpDd</latexit>

M2

<latexit sha1_base64="kvEQtrIslr1ldQT6SG13tlnu4jw=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyGgB6DXrwIEcwDkyXMTjrJkNnZZaZXDEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2UaA4NHslItwNmQAoFDRQooR1rYGEgoRWMr2d+6xG0EZG6x0kMfsiGSgwEZ2ilhy7CE6a3016lVyy5ZXcOukq8jJRIhnqv+NXtRzwJQSGXzJiO58bop0yj4BKmhW5iIGZ8zIbQsVSxEIyfzi+e0jOr9Okg0rYU0rn6eyJloTGTMLCdIcORWfZm4n9eJ8HBpZ8KFScIii8WDRJJMaKz92lfaOAoJ5YwroW9lfIR04yjDalgQ/CWX14lzUrZq5ard9VS7SqLI09OyCk5Jx65IDVyQ+qkQThR5Jm8kjfHOC/Ou/OxaM052cwx+QPn8weUj5Dc</latexit>

M1

<latexit sha1_base64="qxNpU4OoGayE1fhyxKd1TYUWhxo=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Fj04kWoYD+wDWWz3bRLN5uwOxFL6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdD31W49cGxGrexwn3I/oQIlQMIpWeugif8LsdtLzeqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn80unpBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOlnQiUpcsXmi8JUEozJ9H3SF5ozlGNLKNPC3krYkGrK0IZUtCF4iy8vk+Z5xatWqnfVcu0qj6MAx3ACZ+DBBdTgBurQAAYKnuEV3hzjvDjvzse8dcXJZ47gD5zPH5MLkNs=</latexit>

@Y 0

<latexit sha1_base64="3wmw8i43aV6lMCqRI38DrYWKA78=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFdlRkpqLuiG5cV7EOmQ8mkmTY0kwxJRihDP8ONC0Xc+jXu/Bsz7Sy09UDgcM69N/eeMOFMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc3+Z+54kqzaR4MJOEBjEeChYxgo2V/F6ClWGYo8ezfqXq1twZ0DLxClKFAs1+5as3kCSNqTCEY619z01MkOUDCafTci/VNMFkjIfUt1TgmOogm608RadWGaBIKvuEQTP1d0eGY60ncWgrY2xGetHLxf88PzXRVZAxkaSGCjL/KEo5MhLl96MBU5QYPrEEE8XsroiMsMLE2JTKNgRv8eRl0r6oefXa9X292rgp4ijBMZzAOXhwCQ24gya0gICEZ3iFN8c4L8678zEvXXGKniP4A+fzB6jckN0=</latexit>

@Y (D)

<latexit sha1_base64="RCRVOqx8NNI2QQADiNXjyc+kQdE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWRgror6sJlBfuQJpbJdNIOnUzCzEQsITs3/oobF4q49Rfc+TdO2iy09cCFwzn3cu89XsSoVJb1bRQWFpeWV4qrpbX1jc0tc3unJcNYYNLEIQtFx0OSMMpJU1HFSCcSBAUeI21vdJH57XsiJA35jRpHxA3QgFOfYqS01DP3nQgJRRGDt3eJoygfJ07ghQ9J5fIoTdOeWbaq1gRwntg5KYMcjZ755fRDHAeEK8yQlF3bipSbZDswI2nJiSWJEB6hAelqylFApJtM/kjhoVb60A+FLq7gRP09kaBAynHg6c4AqaGc9TLxP68bK//UTSiPYkU4ni7yYwZVCLNQYJ8KghUba4KwoPpWiIdIIKx0dCUdgj378jxpHVftWvXsulaun+dxFMEeOAAVYIMTUAdXoAGaAINH8AxewZvxZLwY78bHtLVg5DO74A+Mzx9xMpmy</latexit>

Figure 2.8: Schematics of (a) Dirichlet colonnade S⊂R2; (b) unit cell of periodicity Y ,
with ∂Y ′ (solid lines) and ∂Y (D) (dashed lines) indicating respectively the support of
periodic and homogeneous Dirichlet boundary conditions; and (c) first Brillouin zone
featuring “test” points A, B, C, M1, M2, N1, and N2.

characterized by the full-rank A(0)(k̂) in the respective directions of the band diagram.

Accordingly, these clusters are described (to the leading order) by (2.101).

Moving our attention to larger clusters, we note that NA
2 and NC

1 (with Q=3) each

describe the case where γ 6= 0 and rank(Aγ)=2, examined in sections §2.4.3 and §2.5.4.

With reference to Section 2.5.4, we specifically let (n1, n2, n3)NA
2

=(6, 7, 5) with n0 =6,

and (n1, n2, n3)NC
1

=(2, 3, 1) with n0 =2. Finally, we note that the “superclusters” NA
1

(with Q = 4) and NC
2 (with Q = 5) are approximated very well by the leading-order

model (2.138), with Aγ(k̂) being of full rank in each relevant direction of the band

diagram.

2.6.2 Forced medium motion

To illustrate the asymptotic approximation of the forced motion problem, we next ex-

amine the response of a two-dimensional Kagome lattice detailed in Section 2.6.1, at

frequency ω2 = ω2
2(0) + ε2 within the first band gap (see Fig. 2.6). On recalling Claim 1

and Remark 1, for the source term f(x) according to (2.16) we assume Gaussian source

distribution with ks = 0 (i.e. k = εk̂) given by

f̃k(x) = F (k)φ(x), F (k) = |C| a
2

π
e−a

2‖k̂‖2e−iεk̂·x◦ , φ ∈ L2
p(Y ), (2.173)
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<latexit sha1_base64="CAfGZ66196Rh82v7/tMdJn8w06Q=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJiR6JXDxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Amm9YXfeUKleSQfzCxGP6RjyUecUWOlZn1QLLlldwmySbyMlCBDY1D86g8jloQoDRNU657nxsZPqTKcCZwX+onGmLIpHWPPUklD1H66PHROrqwyJKNI2ZKGLNXfEykNtZ6Fge0MqZnodW8h/uf1EjO69VMu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy1Xm5VS7S6LIw8XcAnX4MEN1OAeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/l4uMzA==</latexit>

A

<latexit sha1_base64="cPDKdlqz9F7WzpjAIM6gw1rRTKk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJiR5RLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS46ZfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU147U+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCplr1quNiql2m0WRx7O4BwuwYMrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJSDjMo=</latexit>

B

<latexit sha1_base64="KMOlVn4vR6iHc1C65JrHYQAYziI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJiR4JXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzfqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZ066dcxolByVaLRokgJiKLr8mQK2RGzCyhTHF7K2ETqigzNpuCDcFbf3mTtCtlr1quNiulWj2LIw8XcAnX4MEN1OAeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/lgeMyw==</latexit>

B

<latexit sha1_base64="KMOlVn4vR6iHc1C65JrHYQAYziI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJiR4JXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzfqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZ066dcxolByVaLRokgJiKLr8mQK2RGzCyhTHF7K2ETqigzNpuCDcFbf3mTtCtlr1quNiulWj2LIw8XcAnX4MEN1OAeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/lgeMyw==</latexit>

N C
1 = 1, 3

<latexit sha1_base64="r2uL8VP+Z5S8joPhs6EBOHTDdH4=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFcSEm0oBuh2I0rqWAf0MQwmU7aoZNMmJkIJWTnxl9x40IRt/6CO//GSZuFth4YOJx77p17jx8zKpVlfRsLi0vLK6ultfL6xubWtrmz25Y8EZi0MGdcdH0kCaMRaSmqGOnGgqDQZ6Tjjxp5vfNAhKQ8ulPjmLghGkQ0oBgpLXnmgRMiNcSIpTfZfcOzLx2u7fm01D45yzyzYlWtCeA8sQtSAQWanvnl9DlOQhIpzJCUPduKlZsioShmJCs7iSQxwiM0ID1NIxQS6aaTOzJ4pJU+DLjQL1Jwov7uSFEo5Tj0tTPfWs7WcvG/Wi9RwYWb0ihOFInw9KMgYVBxmIcC+1QQrNhYE4QF1btCPEQCYaWjK+sQ7NmT50n7tGrXqrXbWqV+VcRRAvvgEBwDG5yDOrgGTdACGDyCZ/AK3own48V4Nz6m1gWj6NkDf2B8/gB9Z5kQ</latexit>

N C
2 = 5, 9

<latexit sha1_base64="nZd71/yZw+Y5+SW6v8FZxs53gX0=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFcSElKRV0IxW5cSQX7gCaGyXTaDp1kwsxEKCE7N/6KGxeKuPUX3Pk3TtostPXAwOHcc+/ce/yIUaks69tYWFxaXlktrBXXNza3ts2d3ZbkscCkiTnjouMjSRgNSVNRxUgnEgQFPiNtf1TP6u0HIiTl4Z0aR8QN0CCkfYqR0pJnHjgBUkOMWHKT3te9yqXDtT2blpyeXKSeWbLK1gRwntg5KYEcDc/8cnocxwEJFWZIyq5tRcpNkFAUM5IWnViSCOERGpCupiEKiHSTyR0pPNJKD/a50C9UcKL+7khQIOU48LUz21rO1jLxv1o3Vv1zN6FhFCsS4ulH/ZhBxWEWCuxRQbBiY00QFlTvCvEQCYSVjq6oQ7BnT54nrUrZrpart9VS7SqPowD2wSE4BjY4AzVwDRqgCTB4BM/gFbwZT8aL8W58TK0LRt6zB/7A+PwBjjSZGw==</latexit>

N C
3 = 10, 11

<latexit sha1_base64="Cyvj632MP75DtRoqa9sJuLO3Os8=">AAACCXicbVDLSgMxFM3UV62vUZdugkVwIWWiBd0IxW5cSQX7gM44ZNJMG5p5kGSEMszWjb/ixoUibv0Dd/6NmXYW2nogcDj33Jt7jxdzJpVlfRulpeWV1bXyemVjc2t7x9zd68goEYS2ScQj0fOwpJyFtK2Y4rQXC4oDj9OuN27m9e4DFZJF4Z2axNQJ8DBkPiNYack1oR1gNSKYpzfZfdM9u7Qjbc+npcg6QShzzapVs6aAiwQVpAoKtFzzyx5EJAloqAjHUvaRFSsnxUIxwmlWsRNJY0zGeEj7moY4oNJJp5dk8EgrA+hHQr9Qwan6uyPFgZSTwNPOfG85X8vF/2r9RPkXTsrCOFE0JLOP/IRDFcE8FjhgghLFJ5pgIpjeFZIRFpgoHV5Fh4DmT14kndMaqtfqt/Vq46qIowwOwCE4Bgicgwa4Bi3QBgQ8gmfwCt6MJ+PFeDc+ZtaSUfTsgz8wPn8AcRCZhQ==</latexit>

N B
1 = 3, 4

<latexit sha1_base64="vgrvIksaj1vjJhfZaJ+IHZKPjh8=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFcSEk0oBuh1I0rqWAf0MQwmU7boZNMmJkIJWTnxl9x40IRt/6CO//GSZuFth4YOJx77p17TxAzKpVlfRsLi0vLK6ultfL6xubWtrmz25I8EZg0MWdcdAIkCaMRaSqqGOnEgqAwYKQdjK7yevuBCEl5dKfGMfFCNIhon2KktOSbB26I1BAjlt5k93XfvnS5tufT0rMTJ/PNilW1JoDzxC5IBRRo+OaX2+M4CUmkMENSdm0rVl6KhKKYkazsJpLECI/QgHQ1jVBIpJdO7sjgkVZ6sM+FfpGCE/V3R4pCKcdhoJ351nK2lov/1bqJ6l94KY3iRJEITz/qJwwqDvNQYI8KghUba4KwoHpXiIdIIKx0dGUdgj178jxpnVZtp+rcOpVavYijBPbBITgGNjgHNXANGqAJMHgEz+AVvBlPxovxbnxMrQtG0bMH/sD4/AGAZZkS</latexit>

N B
2 = 9, 10

<latexit sha1_base64="nvalm53jRpiVPnHLEY1BzWQEVlA=">AAACCHicbVDLSsNAFJ3UV62vqEsXBovgQkpSCupCKHXjSirYBzQxTKbTduhkJsxMhBKydOOvuHGhiFs/wZ1/46TNQlsPDBzOPffOvSeIKJHKtr+NwtLyyupacb20sbm1vWPu7rUljwXCLcQpF90ASkwJwy1FFMXdSGAYBhR3gvFVVu88YCEJZ3dqEmEvhENGBgRBpSXfPHRDqEYI0uQmvW/41UuXa3s2Lbk4dezUN8t2xZ7CWiROTsogR9M3v9w+R3GImUIUStlz7Eh5CRSKIIrTkhtLHEE0hkPc05TBEEsvmR6SWsda6VsDLvRjypqqvzsSGEo5CQPtzNaW87VM/K/Wi9Xg3EsIi2KFGZp9NIippbiVpWL1icBI0YkmEAmid7XQCAqIlM6upENw5k9eJO1qxalVare1cr2Rx1EEB+AInAAHnIE6uAZN0AIIPIJn8ArejCfjxXg3PmbWgpH37IM/MD5/AP97mVA=</latexit>

N M1
1 = 4, 5

<latexit sha1_base64="UaI2x3JNS6cwDpLJW2ue2ZVWVSU=">AAACC3icbVDLSsNAFJ34rPUVdekmtAgupCQS0Y1QdONGqWAf0MQwmU7boZOZMDMRSsjejb/ixoUibv0Bd/6NkzYLbT0wcDj3njv3njCmRCrb/jYWFpeWV1ZLa+X1jc2tbXNntyV5IhBuIk656IRQYkoYbiqiKO7EAsMopLgdji7zevsBC0k4u1PjGPsRHDDSJwgqLQVmxYugGiJI05sscO7T68DJzj2uLfnE1D06yQKzatfsCax54hSkCgo0AvPL63GURJgpRKGUXceOlZ9CoQiiOCt7icQxRCM4wF1NGYyw9NPJLZl1oJWe1edCP6asifrbkcJIynEU6s58czlby8X/at1E9c/8lLA4UZih6Uf9hFqKW3kwVo8IjBQdawKRIHpXCw2hgEjp+Mo6BGf25HnSOq45bs29dav1iyKOEtgHFXAIHHAK6uAKNEATIPAInsEreDOejBfj3fiYti4YhWcP/IHx+QOsUZrP</latexit>

N M2
1 = 9, 10

<latexit sha1_base64="ToSLd7VDIh5dw3Px/mRSJgUMSLk=">AAACDHicbVDLSgMxFM34rPVVdekmWAQXUmZKQV0IRTdulAr2AZ1xyKSZNjSTDElGKMN8gBt/xY0LRdz6Ae78GzNtF9p6IHA4596be08QM6q0bX9bC4tLyyurhbXi+sbm1nZpZ7elRCIxaWLBhOwESBFGOWlqqhnpxJKgKGCkHQwvc7/9QKSigt/pUUy8CPU5DSlG2kh+qexGSA8wYulN5jv36bVfzc5dYVryienZsWNnpsqu2GPAeeJMSRlM0fBLX25P4CQiXGOGlOo6dqy9FElNMSNZ0U0UiREeoj7pGspRRJSXjo/J4KFRejAU0jyu4Vj93ZGiSKlRFJjKfHU16+Xif1430eGpl1IeJ5pwPPkoTBjUAubJwB6VBGs2MgRhSc2uEA+QRFib/IomBGf25HnSqlacWqV2WyvXL6ZxFMA+OABHwAEnoA6uQAM0AQaP4Bm8gjfryXqx3q2PSemCNe3ZA39gff4AKgabCw==</latexit>

N N1
1 = 5, 6

<latexit sha1_base64="IqxrvCuI38d+uZnrcK3Fb40f4aE=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgQkoi9bERim5clQr2AU0Mk+m0HTrJhJmJUEL2bvwVNy4UcesPuPNvnLRZaOuBgcO599y59/gRo1JZ1rdRWFpeWV0rrpc2Nre2d8zdvbbkscCkhTnjousjSRgNSUtRxUg3EgQFPiMdf3yd1TsPREjKwzs1iYgboGFIBxQjpSXPLDsBUiOMWNJIPfs+aXh2eulwbckmJqfHZ6lnVqyqNQVcJHZOKiBH0zO/nD7HcUBChRmSsmdbkXITJBTFjKQlJ5YkQniMhqSnaYgCIt1keksKD7XShwMu9AsVnKq/HQkKpJwEvu7MNpfztUz8r9aL1eDCTWgYxYqEePbRIGZQcZgFA/tUEKzYRBOEBdW7QjxCAmGl4yvpEOz5kxdJ+6Rq16q121qlfpXHUQQHoAyOgA3OQR3cgCZoAQwewTN4BW/Gk/FivBsfs9aCkXv2wR8Ynz+w85rS</latexit>

N N2
1 = 8, 9

<latexit sha1_base64="p8Q/0NtaFwckHOk7+6seNyp5f/E=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFcSElKwboQim5clQr2AU0Mk+m0HTqZhJmJUEL2bvwVNy4UcesPuPNvnLRZaOuBgcO599y59/gRo1JZ1rexsrq2vrFZ2Cpu7+zu7ZsHhx0ZxgKTNg5ZKHo+koRRTtqKKkZ6kSAo8Bnp+pPrrN59IELSkN+paUTcAI04HVKMlJY8s+QESI0xYkkz9ez7pOlV00sn1JZsYlI/u0g9s2xVrBngMrFzUgY5Wp755QxCHAeEK8yQlH3bipSbIKEoZiQtOrEkEcITNCJ9TTkKiHST2S0pPNHKAA5DoR9XcKb+diQokHIa+Loz21wu1jLxv1o/VsO6m1AexYpwPP9oGDOoQpgFAwdUEKzYVBOEBdW7QjxGAmGl4yvqEOzFk5dJp1qxa5Xaba3cuMrjKIBjUAKnwAbnoAFuQAu0AQaP4Bm8gjfjyXgx3o2PeeuKkXuOwB8Ynz+7q5rZ</latexit>

N A
1 = 2, 5

<latexit sha1_base64="DXN8EUlnN/TQkAoyli0Al9cD42U=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFcSElKi26EqhtXUsE+oIlhMp22QyeZMDMRSsjOjb/ixoUibv0Fd/6NkzYLbT0wcDj33Dv3Hj9iVCrL+jYWFpeWV1YLa8X1jc2tbXNntyV5LDBpYs646PhIEkZD0lRUMdKJBEGBz0jbH11l9fYDEZLy8E6NI+IGaBDSPsVIackzD5wAqSFGLLlJ7y88+9zh2p5NSyontdQzS1bZmgDOEzsnJZCj4ZlfTo/jOCChwgxJ2bWtSLkJEopiRtKiE0sSITxCA9LVNEQBkW4yuSOFR1rpwT4X+oUKTtTfHQkKpBwHvnZmW8vZWib+V+vGqn/mJjSMYkVCPP2oHzOoOMxCgT0qCFZsrAnCgupdIR4igbDS0RV1CPbsyfOkVSnb1XLttlqqX+ZxFMA+OATHwAanoA6uQQM0AQaP4Bm8gjfjyXgx3o2PqXXByHv2wB8Ynz9/IJkS</latexit>

N A
2 = 6, 8
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Figure 2.9: Approximation of the dispersion branches 1–11 for the Dirichlet colonnade
near points A, B, C, M1, M2, N1 and N2 in Fig 2.8(c). In the diagram, dotted lines
track the reference numerical results; solid lines signify the leading-order approximation
of the clusters of nearby branches (Q>1), and dash-dotted lines plot the second-order
approximation of isolated dispersion branches (Q= 1). The normalization parameters
are defined as k0 = π/a and ω0 =

√
G/(ρa2).

and

φ(x) =

M∑
k=0

4

3π(2k+1)

[
sin
(
2π(2k+1)(1

4 − x1)
)

+ sin
(
2π(2k+1)(1

4 − x2)
)

+ sin
(
2π(2k+1)(x1 + x2)

)]
, (2.174)

with x◦ = −0.25(e1 + e2). Note that (2.174) approximates a dipole on Y as M →∞.

We consider the response of the Kagome lattice for ε ∈ {0.25, 0.5} in terms of the

full field u[p] and the mean field 〈u〉[p]ρ (p = 0, 1, 2) according to (2.147) and (2.151).
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Thanks to the exponential decay with k of f̃k in (2.148)–(2.150) and (2.152)–(2.154), in

computations we conveniently supersede the domain of integration C by [−π/a, π/a]×
[−π/a, π/a]. To compute the featured eigenfunction, the cell functions, and the effective

coefficients in (2.148)–(2.150) and (2.152)–(2.154), we solve the the respective unit cell

problems via NGSolve by discretizing the unit cell in Fig. 2.5(b) with triangular elements

of order 5 and maximum size hmax = 0.05a.

For the purposes of numerical verification, the reference global solution is computed

via NGSolve over a parallelepiped Ω = {x∈ S, |xj |< 23, j ∈ 1, 2} (subject to homo-

geneous Dirichlet boundary conditions) that is discretized with triangular elements of

order 3 and maximum size hmax = 0.05a. Since the finite element simulations require

the source distribution in space f(x), we similarly extend the domain of integration

in (2.16) to R2 in order to facilitate analytical evaluation. Note that the use of Dirichlet

(in lieu of radiation) conditions on ∂Ω is permitted by the exponential decay of u(x) at

driving frequencies inside the band gap.

As an illustration, Fig. 2.10 plots the real parts of the eigenfunction φ̃2 and the

components of χ(1) and χ(2). With reference to (2.173)–(2.174), Fig. 2.11 shows the

periodic function φ for M = 8 and the associated cell function ζ(0) featured in the

expression η(0)(k,x) = F (k)ζ(0)(x), see Remark 6. Fig. 2.12 plots both the computed

source distribution, f(x), in the physical space and the NGSolve simulations of u(x)

for ε ∈ {0.25, 0.5} over a hexagonal truncation of Ω centered at x◦. From the display,

we observe that the medium response (i) conforms with the symmetries of the source

and the Kagome lattice, and (ii) decays fast with ‖x − x◦‖ as expected for solutions

inside a band gap. Fig. 2.13 (resp. Fig. 2.14) compares, for ε = 0.25 (resp. ε = 0.5), the

finite element response with the asymptotic approximations u[p] and 〈u〉[p]ρ (p = 0, 1, 2)

across example cross-sections of the lattice. From the panels, one may observe both a

clear increase in the fidelity of asymptotic approximation with p, and the ability of the

effective solution (supported in R2 instead of S) to describe the essential response of

the Kagome lattice.



53

-1

-0.5

0

0.5

1

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

-0.6

-0.4

-0.2

0

0.2

-0.05

0

0.05

-0.04

-0.02

0

0.02

0.04

-0.05

0

0.05

Figure 2.10: Eigenfunction φ̃2(x) and components of the affiliated cell functions χ(1)(x)
and χ(2)(x) of the Kagome lattice at ks = 0 (real parts only) obtained by NGsolve.
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Figure 2.11: Periodic function φ(x) as defined in (2.174) for M = 8 and affiliated cell
function ζ(0)(x) (real part only) obtained by NGsolve.
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Figure 2.12: Source distributions f(x) (left panels) and respective responses u(x) of
the Kagome lattice (right panels) for: (a) ε = 0.25, and (b) ε = 0.5. The plots are made
over a hexagonal subdomain of Ω centered at x◦.
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Figure 2.13: Response of the Kagome lattice for ε = 0.25: numerical values versus
leading-, first-, and second-order (full and effective) asymptotic approximations for (a)
x · i2 = 1.5, and (b) x · i2 = 8.43. The leading- and first- order effective approximations
overlap due to symmetry of the problem.
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Figure 2.14: Response of the Kagome lattice for ε = 0.5: numerical values versus
leading-, first-, and second-order (full and effective) asymptotic approximations for (a)
x · i2 = 1.5, and (b) x · i2 = 8.43. The leading- and first- order effective approximations
overlap due to symmetry of the problem.



Chapter 3

Effective wave motion in periodic

origami-inspired structures

In this chapter, we establish a dynamic homogenization framework catering for the

linear elastic wave motion in periodic origami structures. The latter are modeled via

“bar-and-hinge” paradigm where: (i) the folding of the structure and the bending of

individual panels are modeled via elastic hinges, and (ii) the in-plane deformation of each

panel is modeled with elastic bars. Using the so-formulated discrete model of an origami

structure, we pursue finite wavenumber-finite frequency (FW-FF) homogenization of the

wave motion in a spectral neighborhood of simple, repeated, and nearby eigenfrequencies

at an arbitrary wavenumber within the first Brillouin zone. The lynchpin of the proposed

approach is the “projection” of the nodal displacements over each unit cell onto a

suitable Bloch eigenvector, evaluated at the “center” of the spectral region of interest.

For completeness, we make an account for: (i) the source term acting at the nodes

of a discrete structure, and (ii) periodic Dirichlet boundary conditions. We obtain the

leading-order (system of) effective equation(s) synthesizing the wave motion in a selected

spectral neighborhood, and we describe asymptotically the corresponding dispersion

relationship. We illustrate the proposed framework by comparing numerically the Bloch

dispersion relationship to its asymptotic approximation for (a) a 2D-periodic Miura-ori

structure, and (b) a 1D-periodic Miura tube. The dispersion analysis is complemented

by evaluating the effective wave motion in a 2D-periodic Miura-ori structure due to

spatially-localized source term acting either inside a band gap or within a passband.
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3.1 Preliminaries

3.1.1 Geometry

Consider a periodic origami structure Sα ∈ Rd (d > 2) composed of several sheets

i.e. surfaces that are periodically folded in flat panels, where α ∈ Rm (m > 1) is the

vector of rigid folding parameters that control its geometrical configuration i.e. folding

state. For p ∈ 1, d, let Rp ⊂ Rd denote the (sub-) space over which the origami structure

is periodic, and let ej (j = 1, d) be a basis of Rd such that ej (j = 1, p) spans the

periodicity space Rp and ei · ej = 0 for i = 1, p and j = p + 1, d. By denoting by xj the

contravariant components of the position vector x ∈ Rd with reference to the basis ej ,

the unit cell Y of Sα and the affiliated Bravais lattice R are defined as

Y = {x ∈ Sα : 0 ≤ xj< 1, j = 1, p}, (3.1)

R =
{ p∑
j=1

rjej : rj ∈ Z
}
. (3.2)

Note that the present definition of a periodic origami structure (POS) is quite gen-

eral in that includes: (i) 3D origami structures featuring two-dimensional periodicity

space for which (p, d) = (2, 3); (ii) 3D origami tubes for which (p, d) = (1, 3); (iii)

periodically-stacked origami structures for which (p, d) = (3, 3), and (iv) “perforated”

origami configurations where individual panels are periodically eliminated to form a

Kirigami structure. For clarity, the first three POS classes are illustrated in Fig. 3.1 that

includes (a) single folded surface in R3 carrying Miura pattern, (b) three-dimensional

“Miura-tube” featuring one-dimensional periodicity, and (c) stacked Miura-ori tessella-

tion that is periodic in R3.

To facilitate the analysis, we also introduce the covariant lattice basis ej ∈ Rd

(j∈1, d) so that ej ·ei = 2πδij (i, j = 1, d) where δij is the Kronecker delta. This allows

us to define the reciprocal Bravais lattice as

R∗ =
{ p∑
j=1

r∗j e
j : r∗j ∈ Z

}
. (3.3)

In the context of the Bloch wave representation, we also introduce the reciprocal of

the unit cell Y given by

Y ∗ =
{
k =

p∑
l=1

kl e
l : 0 <kl< 1

}
,
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where k carries the physical meaning of the wave vector. With such definitions, we

focus our attention on the first Brillouin zone of the lattice, namely

B =
{
k ∈ Rd : k` = 0 (` ∈ p+1, d) ∧ k · κ 6 1

2‖κ‖2, κ=

p∑
j=1

nje
j , nj∈ {−1, 0, 1}

}
.

(3.4)

We emphasize that all geometrical parameters introduced above are implicitlyα-dependent.

For future reference, we let ij (j ∈ 1, d) denote the Cartesian basis of Rd.
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(a)
<latexit sha1_base64="5x71RCs6R8UhDPtRSL7AKu0KT+8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UAnOeqWyW3VnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPq95l1b2/KNdu8jgKcAwnUAEPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOLgo1P</latexit>

(b)
<latexit sha1_base64="6l4H0Xqko7ewaii5aYvsXrB67fY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68dii/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LBjBP0IzqQPOSMGivV73ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDr3eM2w==</latexit>

S

<latexit sha1_base64="6+F5Dg+sLj4A88bmSQ1A5xxVgww=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/ZA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LejBP0IzqQPOSMGivVH3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDuI+M4Q==</latexit>

Y
<latexit sha1_base64="GBRYhyNs5JBNFTb7MfeNMbizXuw=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRRZdFNy4r2Ae0w5DJpG1oJhmSTKEM/RM3LhRx65+482/MtLPQ6oGQwzn3kpMTpZxp43lfTmVtfWNzq7pd29nd2z9wD486WmaK0DaRXKpehDXlTNC2YYbTXqooTiJOu9HkrvC7U6o0k+LRzFIaJHgk2JARbKwUuu4gkjzWs8ReOZ2HfujWvYa3APpL/JLUoUQrdD8HsSRZQoUhHGvd973UBDlWhhFO57VBpmmKyQSPaN9SgROqg3yRfI7OrBKjoVT2CIMW6s+NHCe6CGcnE2zGetUrxP+8fmaGN0HORJoZKsjyoWHGkZGoqAHFTFFi+MwSTBSzWREZY4WJsWXVbAn+6pf/ks5Fw79qeA+X9eZtWUcVTuAUzsGHa2jCPbSgDQSm8AQv8OrkzrPz5rwvRytOuXMMv+B8fAPgH5PP</latexit>e1

<latexit sha1_base64="OEC+R55YtNjW4J4tlYV2YXG+tFg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRF0WXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzO/aZv152GswBaJ25J6lCi7dtfwzAhWUyFJhwrNXCdVHs5lpoRTue1YaZoiskEj+jAUIFjqrx8kXyOLowSoiiR5giNFurvjRzHqghnJmOsx2rVK8T/vEGmo1svZyLNNBVk+VCUcaQTVNSAQiYp0XxmCCaSmayIjLHERJuyaqYEd/XL66TbbLjXDefxqt66K+uowhmcwyW4cAMteIA2dIDAFJ7hFd6s3Hqx3q2P5WjFKndO4Q+szx/ho5PQ</latexit>e2

<latexit sha1_base64="6l4H0Xqko7ewaii5aYvsXrB67fY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68dii/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LBjBP0IzqQPOSMGivV73ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDr3eM2w==</latexit>

S

<latexit sha1_base64="6+F5Dg+sLj4A88bmSQ1A5xxVgww=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/ZA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LejBP0IzqQPOSMGivVH3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDuI+M4Q==</latexit>

Y <latexit sha1_base64="GBRYhyNs5JBNFTb7MfeNMbizXuw=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRRZdFNy4r2Ae0w5DJpG1oJhmSTKEM/RM3LhRx65+482/MtLPQ6oGQwzn3kpMTpZxp43lfTmVtfWNzq7pd29nd2z9wD486WmaK0DaRXKpehDXlTNC2YYbTXqooTiJOu9HkrvC7U6o0k+LRzFIaJHgk2JARbKwUuu4gkjzWs8ReOZ2HfujWvYa3APpL/JLUoUQrdD8HsSRZQoUhHGvd973UBDlWhhFO57VBpmmKyQSPaN9SgROqg3yRfI7OrBKjoVT2CIMW6s+NHCe6CGcnE2zGetUrxP+8fmaGN0HORJoZKsjyoWHGkZGoqAHFTFFi+MwSTBSzWREZY4WJsWXVbAn+6pf/ks5Fw79qeA+X9eZtWUcVTuAUzsGHa2jCPbSgDQSm8AQv8OrkzrPz5rwvRytOuXMMv+B8fAPgH5PP</latexit>e1

<latexit sha1_base64="6l4H0Xqko7ewaii5aYvsXrB67fY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68dii/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LBjBP0IzqQPOSMGivV73ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDr3eM2w==</latexit>

S

<latexit sha1_base64="6+F5Dg+sLj4A88bmSQ1A5xxVgww=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/ZA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LejBP0IzqQPOSMGivVH3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDuI+M4Q==</latexit>

Y
<latexit sha1_base64="GBRYhyNs5JBNFTb7MfeNMbizXuw=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRRZdFNy4r2Ae0w5DJpG1oJhmSTKEM/RM3LhRx65+482/MtLPQ6oGQwzn3kpMTpZxp43lfTmVtfWNzq7pd29nd2z9wD486WmaK0DaRXKpehDXlTNC2YYbTXqooTiJOu9HkrvC7U6o0k+LRzFIaJHgk2JARbKwUuu4gkjzWs8ReOZ2HfujWvYa3APpL/JLUoUQrdD8HsSRZQoUhHGvd973UBDlWhhFO57VBpmmKyQSPaN9SgROqg3yRfI7OrBKjoVT2CIMW6s+NHCe6CGcnE2zGetUrxP+8fmaGN0HORJoZKsjyoWHGkZGoqAHFTFFi+MwSTBSzWREZY4WJsWXVbAn+6pf/ks5Fw79qeA+X9eZtWUcVTuAUzsGHa2jCPbSgDQSm8AQv8OrkzrPz5rwvRytOuXMMv+B8fAPgH5PP</latexit>e1

<latexit sha1_base64="OEC+R55YtNjW4J4tlYV2YXG+tFg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRF0WXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzO/aZv152GswBaJ25J6lCi7dtfwzAhWUyFJhwrNXCdVHs5lpoRTue1YaZoiskEj+jAUIFjqrx8kXyOLowSoiiR5giNFurvjRzHqghnJmOsx2rVK8T/vEGmo1svZyLNNBVk+VCUcaQTVNSAQiYp0XxmCCaSmayIjLHERJuyaqYEd/XL66TbbLjXDefxqt66K+uowhmcwyW4cAMteIA2dIDAFJ7hFd6s3Hqx3q2P5WjFKndO4Q+szx/ho5PQ</latexit>e2
<latexit sha1_base64="5mwq+CN8AR7cFKzMJnahFyXA4/s=">AAAB+XicbVC7TsMwFHXKq5RXgJHFokJiqhIegrGChbFI9CG1UeQ4N61Vx4lsp1IV9U9YGECIlT9h429w2gzQciTLR+fcKx+fIOVMacf5tipr6xubW9Xt2s7u3v6BfXjUUUkmKbRpwhPZC4gCzgS0NdMceqkEEgccusH4vvC7E5CKJeJJT1PwYjIULGKUaCP5tj0IEh6qaWyuHGb+pW/XnYYzB14lbknqqETLt78GYUKzGISmnCjVd51UezmRmlEOs9ogU5ASOiZD6BsqSAzKy+fJZ/jMKCGOEmmO0Hiu/t7ISayKcGYyJnqklr1C/M/rZzq69XIm0kyDoIuHooxjneCiBhwyCVTzqSGESmayYjoiklBtyqqZEtzlL6+SzkXDvW44j1f15l1ZRxWdoFN0jlx0g5roAbVQG1E0Qc/oFb1ZufVivVsfi9GKVe4coz+wPn8A4yeT0Q==</latexit>e3

<latexit sha1_base64="uPBuNr9E8jmcYZ4uoZMYV0+2JN8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UGFnvVLZrbozkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrnVe+y6t5flGs3eRwFOIYTqIAHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AGNB41Q</latexit>

(c)
<latexit sha1_base64="XzwM0yxPDoxT9TWbFzLCAIsaKto=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDabTbt0swm7E6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmiTTjDdYIhPdDqjhUijeQIGSt1PNaRxI3gqGt1O/9cS1EYl6xFHK/Zj2lYgEo2ilh0p41iuV3ao7A1kmXk7KkKPeK311w4RlMVfIJDWm47kp+mOqUTDJJ8VuZnhK2ZD2ecdSRWNu/PHs1Ak5tUpIokTbUkhm6u+JMY2NGcWB7YwpDsyiNxX/8zoZRtf+WKg0Q67YfFGUSYIJmf5NQqE5QzmyhDIt7K2EDaimDG06RRuCt/jyMmmeV73Lqnt/Ua7d5HEU4BhOoAIeXEEN7qAODWDQh2d4hTdHOi/Ou/Mxb11x8pkj+APn8weOjI1R</latexit>

(d)

<latexit sha1_base64="ZZcDl55r89w1ZnQX8C3pOEG4kVU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UMGzXqnsVt0ZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs3zqndZde8vyrWbPI4CHMMJVMCDK6jBHdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gCQEY1S</latexit>

(e)
<latexit sha1_base64="bnIzxZGBQRIFKRZe3BHI+bC9Qns=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UAnPeqWyW3VnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPq95l1b2/KNdu8jgKcAwnUAEPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QORlo1T</latexit>

(f)

Figure 3.1: Examples of periodic origami structures: (a) Periodic Miura-ori structure
with two dimensional periodicity, i.e. (d, p) = (3, 2) and its (b) unit cell of period-
icity and associated Bravais lattice basis (e1, e2); (c) Miura-tube structure with one
dimensional periodicity for which (d, p) = (3, 1), and its (d) unit cell of periodicity
and associated Bravais lattice basis e1; and (e) stacked Miura-ori structure for which
(d, p) = (3, 3), and its (e) unit cell of periodicity and associated Bravais lattice basis
(e1, e2, e3).
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3.1.2 Dynamic model and periodic boundary conditions

The elastodynamic behavior of origami structures can be analyzed numerically via finite

element analysis via e.g., a shell model for the origami panels. To reduce the high com-

putational cost of origami simulations, a simplified bar-and-hinge model of the origami

panels has been proposed first by Schenk and Guest [81] and expanded later by Fil-

ipov et al. [58] to capture the essential dynamic behavior of origami structures. In

this framework, (i) the sheering and stretching of the origami panels are modeled via

elastic bars that link the panels vertices, and (ii) the folding of the origami structure

and individual panel bending are modeled via elastic hinges placed along the crease

lines and diagonal bars of the origami panels, respectively. Here we distinguish between

three particular bar-and-hinge models that were introduced respectively in [81, 58, 78].

With reference to Fig. 3.2, the N4B5 element represents each parallelepiped panel of

the origami structure with 4 nodes, 5 bars, and folding hinges placed at the peripheral

bars, where the diagonal bar is placed along the shorter diagonal of the parallelepiped.

In the N4B6 element, an additional bar is added along the second diagonal to reinforce

the in-plane isotropy of the element [58]. The N5B8 element contains 5 nodes and 8

bars, where the additional node is placed in the middle of the panel to allow for better

approximation of its bending response. Here the bending hinges are placed along the

internal bars, while the folding rotational hinges are placed along the peripheral bars. In

the present work, we adopt the linear N5B8 model for parallelepiped panels to capture

small deformations of POSs undergoing wave motion. Triangular panels, when present,

are modeled with three nodes and three bars (N3B3 element), where the folding hinges

are placed along the (peripheral) bars. In contrast to the quadrilateral panels, triangu-

lar panels provide subpar approximation of the bending response due to high in-plane

stiffness of the surrounding panels that prevent the folding creases from buckling [58].

<latexit sha1_base64="T+uv72AW3cU57vhFzLh23yl4Qbk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktFj2WevEkFewHtEvJptk2NMkuSVYoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53CxubW9k5xt7S3f3B4VD4+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+6vmvVhueJW3QXQOvFyUoEcrWH5azCKSCKoNIRjrfueGxs/xcowwum8NEg0jTGZ4jHtWyqxoNpPF7fO0YVVRiiMlC1p0EL9PZFiofVMBLZTYDPRq14m/uf1ExPe+CmTcWKoJMtFYcKRiVD2OBoxRYnhM0swUczeisgEK0yMjadkQ/BWX14nnVrVq1fdh1ql0czjKMIZnMMleHANDbiDFrSBwASe4RXeHOG8OO/Ox7K14OQzp/AHzucPGtONnQ==</latexit>

N4B5
<latexit sha1_base64="UKZq7LYTpof91GWYnsyB1foTG50=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKewGX8cQL54kgnlAsoTZyWwyZGZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfcXjatBueJW3TnQKvFyUoEczUH5qz+MSCKoNIRjrXueGxs/xcowwums1E80jTGZ4BHtWSqxoNpP57fO0JlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhPe+CmTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadkQ/CWX14l7VrVu6y6D7VKvZHHUYQTOIVz8OAa6nAHTWgBgTE8wyu8OcJ5cd6dj0VrwclnjuEPnM8fHFeNng==</latexit>

N4B6
<latexit sha1_base64="T2VvmCATv760xU+C+wdGnQEdDYQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9ktFHss9eJJKtgPaJeSTbNtaJJdkqxQlv4FLx4U8eof8ua/MdvuQVsfDDzem2FmXhBzpo3rfjuFre2d3b3ifung8Oj4pHx61tVRogjtkIhHqh9gTTmTtGOY4bQfK4pFwGkvmN1mfu+JKs0i+WjmMfUFnkgWMoJNJt3XW41RueJW3SXQJvFyUoEc7VH5aziOSCKoNIRjrQeeGxs/xcowwumiNEw0jTGZ4QkdWCqxoNpPl7cu0JVVxiiMlC1p0FL9PZFiofVcBLZTYDPV614m/ucNEhM2/JTJODFUktWiMOHIRCh7HI2ZosTwuSWYKGZvRWSKFSbGxlOyIXjrL2+Sbq3q1avuQ63SbOVxFOECLuEaPLiBJtxBGzpAYArP8ApvjnBenHfnY9VacPKZc/gD5/MHIOWNoQ==</latexit>

N5B8

Figure 3.2: Schematics of the N4B5, N4B6 and N5B8 bar-and-hinge models [58].

Let S′α be a discrete model of the periodic origami structure Sα; let Y ′ denote its

unit cell of periodicity, and let Nn, Nb and Nh be respectively the number of nodes,
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bars and hinges within Y ′. In what follows, we index the individual unit cells of S′α via

lattice vectors r =
∑p

j=1 r
jej ∈ R and their respective internal nodes using p-tuples

p̂(n) = i + r̂(n) ∈ Zp, (3.5)

where

i = (i, 0, . . . , 0) ∈ Zp, i ∈ 1, Nn,

r̂(n) = (Nnr
1, r2, . . . , rp). (3.6)

Hence, by denoting by xp̂ the position vector of the p̂th node, we have

xp̂(n)+r̂(n) = xp̂(n) + r. (3.7)

Analogous indexing scheme is also introduced for the bars and hinges constituting S′α
by replacing the superscript “(n)” in (3.5) respectively by “(b)” and “(h)” for bars and

hinges, respectively.

Letting hereon p̂, q̂, ŝ ∈ Zp, we compute the extension ep̂(b) of the p̂(b)th bar and

angle change ϕp̂(h) of the p̂(h)th hinge as

ep̂(b) =
∑
q̂(n)

ce
p̂(b)q̂(n) · uq̂(n) , (3.8)

ϕp̂(h) =
∑
q̂(n)

cϕ
p̂(h)q̂(n) · uq̂(n) , (3.9)

where uq̂(n) ∈Rd is the displacement of the q̂(n)th node; “·” is the usual dot product; and

ce
p̂(b)q̂(n) ∈Rd and cϕ

p̂(h)q̂(n) ∈ Rd are the families of compatibility vectors that map uq̂(n)

to the bar extensions ep̂(b) and hinge angle changes ϕp̂(h) respectively, see Appendix

B.1 for explicit expressions. Note that the sums (3.8)–(3.9) are finite thanks to the

finiteness of the respective compatibility families, even if the elastic interaction between

the nodes within a DPOS is nonlocal. Further, by denoting by tp̂(b) ∈ R and mp̂(h) ∈ R
the tension of the p̂(b)th bar and resisting moment of the p̂(h)th hinge, we have

tp̂(b) = ke
p̂(b) ep̂(b) , (3.10)

mp̂(h) = kϕ
p̂(h) ϕp̂(h) , (3.11)

where ke
p̂(b) and kϕ

p̂(h) are the axial and rotational stiffnesses of the p̂(b)th bar and p̂(h)th

hinge respectively. Using the principle of virtual work, the internal force vector gp̂(n) ∈
Rd acting on the p̂(n)th node can then be computed as
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gp̂(n) =
∑
ŝ(b)

tŝ(b) c
e
ŝ(b)p̂(n) +

∑
ŝ(h)

mŝ(h) c
ϕ

ŝ(h)p̂(n) , (3.12)

which yields

gp̂(n) =
∑
q̂(n)

(∑
ŝ(b)

ke
ŝ(b)

ce
ŝ(b)p̂(n) ⊗ ceŝ(b)q̂(n) +

∑
ŝ(h)

kϕ
ŝ(h)

cϕ
ŝ(h)p̂(n) ⊗ cϕŝ(h)q̂(n)

)
· uq̂(n)

=
∑
q̂(n)

(
Ke

p̂(n)q̂(n) +Kϕ

p̂(n)q̂(n)

)
· uq̂(n)

=
∑
q̂(n)

Kp̂(n)q̂(n) · uq̂(n) , (3.13)

where “⊗” indicate the (outer) tensor product; Ke
p̂(n)q̂(n) ∈Rd2 and Kϕ

p̂(n)q̂(n) ∈Rd2 are

the respective families of the bar and hinge stiffness families; Kp̂(n)q̂(n) ∈Rd2 is the family

of (total) stiffness matrices characterizing DPOS S′α, and Rdm = Rd × Rd × · · · × Rd m

times. It is easy to demonstrate that

K
T

p̂(n)q̂(n) = Kq̂(n)p̂(n) . (3.14)

Remark 19 Thanks to the periodicity of S′α, we find that for any r ∈ R matrices

Kq̂(n)p̂(n) carry an additional property

K(p̂(n)+r̂(n))q̂(n) = Kp̂(n)(q̂(n)−r̂(n)), (3.15)

where the index vector r̂(n) is given by (3.6). See Appendix B.2 for proof.

Next, assuming constant thickness of the origami panels, the mass of a POS is

distributed across DPOS nodes via lumped mass approximation, and we denote the

so-defined nodal masses by Mp̂(n) ∈ R. As a result, the linear elastodynamic behavior

of DPOS S′α is governed by∑
q̂(n)

Kp̂(n)q̂(n) · uq̂(n) + Mp̂(n) üp̂(n) = fp̂(n) , (3.16)

where üp̂(n) is the acceleration of the p̂(n)th node and fp̂(n) is the external force acting

on it.
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3.1.3 Discrete wave equation and discrete Bloch wave expansion

On assuming time-harmonic motion with implicit time dependence e−iωt, governing

equation (3.16) reduces to∑
q̂(n)

Kp̂(n)q̂(n) · uq̂(n) − ω2Mp̂(n) up̂(n) = fp̂(n) . (3.17)

For mappings of type hp̂(n) : I 7→ Cd for some I ⊆ Zp, we define the space L2(I) of

square-summable mappings as

L2(I) =
{
hp̂(n) :

∑
p̂∈I

hp̂(n) · hp̂(n) <∞
}
, (3.18)

By analogy to the Bloch wave Expansion (BWE) [75] for square-integrable functions,

we define a discrete Bloch wave expansion (DBWE) for family hp̂(n) ∈ L2(Zp) as

hp̂(n) = |B|−1

∫
B
h̃p̂(n)(k) e

ik·x
p̂(n) dk (3.19)

where, recalling (3.7), h̃p̂(n) is R-periodic and given by

h̃p̂(n)(k) =
∑
r∈R

hp̂(n)+r̂(n) e
−ik·x

p̂(n)+r̂(n) . (3.20)

In the sequel, we assume that the source term in (3.17) is (i) square summable,

i.e. fp̂(n) ∈ L2(Zp), and (ii) has compact wavenumber support C ⊂ B in the neighborhood

of some ks ∈ B so that

fp̂(n) = |C|−1

∫
ks+C

f̃ p̂(n)(k) e
ik·x

p̂(n) dk. (3.21)

Thanks to the linearity of (3.17), this motivates consideration of a single Bloch-wave

component of the source term in the governing equation, namely∑
q̂(n)

Kp̂(n)q̂(n) · uq̂(n) − ω2Mp̂(n) up̂(n) = f̃p̂(n) e
ik·x

p̂(n) (3.22)

where f̃ p̂(n) is periodic over the lattice nodes. Then, thanks to the R-periodicity of

scalars Mp̂(n) and matrices Kp̂(n)q̂(n) , the nodal displacement up̂(n) can be expressed as
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a Bloch wave up̂(n) = ũp̂(n) e
ik·x

p̂(n) , where ũp̂(n) is R-periodic and solves∑
q̂(n)

Ǩp̂(n)q̂(n) · ũq̂(n) − ω2Mp̂(n) ũp̂(n) = f̃p̂(n) (3.23)

with

Ǩp̂(n)q̂(n) = e
ik·(x

q̂(n)
−x

p̂(n) )
Kp̂(n)q̂(n) ∈ Cd×d. (3.24)

We note from (3.14) and (3.24) that Ǩ∗
p̂(n)q̂(n) = Ǩq̂(n)p̂(n) and

∑
q̂(n)

Ǩp̂(n)q̂(n) · ũq̂(n) =

Nn∑
i=1

(∑
r∈R

Ǩp̂(n)(i+r̂(n))

)
· ũi, (3.25)

where i and r̂(n) are defined in (3.6). As a result, the system of algebraic equations (3.23)

governing the periodic part, ũp̂(n) , of the Bloch wave up̂(n) , can be conveniently rewritten

for the unit cell containing the origin (r=0) which yields

Nn∑
j=1

K̃ij · ũj − ω2Mi ũi = f̃ i, i ∈ 1, Nn, (3.26)

where j := (j, 0, . . . , 0) ∈ Zp and

K̃ij =
∑
r∈R

Ǩi(j+r̂(n)) = K̃∗ji, (3.27)

see Appendix B.3 for proof. We emphasize again that the sum in (3.27) is finite due to

the fact that the compatibility vectors ce
p̂(b)q̂(n) and cφ

p̂(h)q̂(n) used to construct Ǩi(j+r̂(n))

via (3.13) and (3.24) are non-trivial only over a disk of finite radius in terms of ‖p̂(b)−
q̂(n)‖ and ‖p̂(h)− q̂(n)‖, respectively. For further reference, the dNn × dNn system of

equations (3.26) for the components of ũi can be compactly expressed in matrix form

as

K̃k · ũ − ω2M̃ · ũ = f̃k, (3.28)

where ũ, f̃k ∈ CdNn ; M̃ ∈ RdNn×dNn is diagonal, and K̃k ∈ CdNn×dNn is Hermitian

thanks to (3.27) and positive semi-definite. Here, we use subscript k for denoting the

stiffness matrix and the source term to highlight their respective dependencies on the

wave vector.
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To account for situations where the continuum POS S is subjected to periodic ho-

mogeneous Dirichlet boundary conditions, we introduce an auxiliary rectangular matrix

G ∈ RdNn×m with m 6 dNn that prevents the motion of constrained nodes via mapping

ũ = G · û, û ∈ Cm, GT ·G = I, (3.29)

where I is the Rm×Rm identity matrix and û collects the non-trivial degrees of freedom

within the unit cell. On substituting (3.29) in (3.28) and multiplying the result by G
T

,

we find that û satisfies

K̂k · û − ω2M̂ · û = f̂k, (3.30)

where f̂ ∈ Cm, M̂ ∈ Rm×m is block-diagonal and symmetric, and K̂k ∈ Cm×m is

Hermitian positive semi-definite according to

K̂k = G
T · K̃k ·G = K̂∗k, M̂ = G

T · M̃ ·G = M̂T, f̂k = G
T · f̃k. (3.31)

In the sequel, we designate by ṽ ∈ CdNn the product G · v̂ for some v̂ ∈ Cm.

3.1.4 Eigenvalue problem and “Origamons”

Thanks to fact that K̂k is Hermitian and positive semi-definite, the source term-free

counterpart of (3.30) generates a finite sequence of eigenvalues λ̃n∈ R+ and affiliated

eigenvectors φ̂n ∈ Cm (n ∈ 1,m) that satisfy

K̂k · φ̂n − λ̃nM̂ · φ̂n = 0. (3.32)

Since the eigenvectors are orthogonal with respect to the mass matrix M̂ , we conve-

niently normalize them so that

φ̂∗n · M̂ · φ̂m = δnm, m, n ∈ 1,m, (3.33)

where the superscript “∗” denotes conjugate transpose and δnm is the Kronecker delta.

For given k ∈ Rp, the DPOS S′ thus permits the propagation of “Origamons”, which

are free Bloch waves φ̃n(k)ei(k·xp̂−ωnt), at eigenfrequency ωn(k) = (λ̃n)
1
2 . The set

of all wavenumber-eigenfrequency pairs (k, ωn) ∈ Rp × R+ defines the Bloch dispersion

relationship of the DPOS. The latter is periodic in the reciprocal space, and is described

completely by the first Brillouin zone B of the lattice. Since the eigenvectors φ̂n form

a complete basis in Cm, for any ω2 6= λ̃n (n = 1,m) the solution û of (3.31) can be
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expanded as

û =
m∑
n=1

αnφ̂n. (3.34)

On solving for αn from (3.31), one obtains

ũ = −
m∑
n=1

φ̃n · f̃k
(ω2 − λ̃n)

φ̃n, (3.35)

Thanks to the linearity of (3.17), the total motion at node p̂(n) is then computed

via (3.19) as

up̂(n) =
1

|C|

∫
ks+C

(
−

m∑
n=1

φ̃n · f̃k
(ω2 − λ̃n)

φ̃n
∣∣
p̂(n) e

ik·x
p̂(n)

)
dk, (3.36)

where φ̃n
∣∣
p̂(n) is the value of φ̃n (interpreted as R-periodic vector) at p̂(n). For future

reference, we note that the weight of the nth Bloch eigenvector in (3.36) is inversely

proportional to the spectral distance |ω2 − λ̃n|.

3.1.5 Scaling

Let ωn(k) = λ̃
1
2
n (k). In what follows, we consider the spectral neighborhood of the

wavenumber-frequency pair(
ks, ωn(ks)) ∈ B × R, n ∈ 1,m,

and we assume all quantities to be a priori normalized by some reference “mass” m0,

“stiffness” κ0 and lengthscale `0. On making use of the short-hand notation λ̃n = λ̃n(ks)

and ωn = ωn(ks) hereon, we next introduce the perturbation parameter ε = o(1) defining

the spectral neighborhood as

k = ks + εk̂, ω2 = λ̃n + εσ̌ω̌2 + ε2σ̂ω̂2,

σ̌, σ̂ ∈ {−1, 0, 1}, σ̌ σ̂ = 0, |σ̌ + σ̂| = 1. (3.37)

Remark 20 Through the design of σ̌ and σ̂, frequency separation parameters ω̌ and ω̂

are meant to be used in the “either or” sense, depending on the driving frequency

(when f̃k 6= 0) and the local geometry of germane dispersion surface (when f̃k = 0).
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Specifically when f̃k 6= 0 whereby ω is given, we have

ω2 − λ̃n =

{
O(ε) ⇒ |σ̌| = 1, σ̂ = 0

O(ε2) ⇒ σ̌ = 0, |σ̂| = 1
(3.38)

In the context of (3.37), the reduced stiffness matrix K̂k can be conveniently ex-

panded as

K̂k =
∞∑
m=0

εm(ik̂)m : K̂(m), K̂(m) =
(−i)m
m!

[ ∂m
∂km

K̂k

]
k=ks

(3.39)

where (ik̂)m := (ik̂) ⊗ (ik̂) ⊗ · · · ⊗ (ik̂) m times; K̂(0) ∈ Cm×m; K̂(m) ∈ Cpm×m×m for

m>0, and “:” stands for the usual product, the inner product, and the m-tuple matrix

contraction when m = 0, m = 1 and m > 1, respectively.

Remark 21 For clarity, we note that the dependence of K̂k on the wave vector is

confined to the factor e
ik·(x

q̂(n)
−x

p̂(n) )
appearing in (3.24), which permits explicit evalu-

ation of K̂(m), see Appendix B.4 for details. As shown there, K̂(m) is Hermitian (resp.

skew-Hermitian) in the last two indices for even (resp. odd) m. In what follows, ma-

trices K̂(m) are shown to provide a lynchpin for the homogenization of wave motion in

DPOS.

Given (3.39), we are now in position to postulate the ansatz

û = ε−2
∞∑
m=0

εm ûm, (3.40)

catering the asymptotic expansion of (3.30), see also [72, 23, 75] in the context of

continuous systems. For completeness, we note that the presence of the factor ε−2 in

front of the series is motivated by (3.35) and the smallness of |ω2 − λ̃n(k)| according

to (3.37). On inserting (3.37)–(3.40) into (3.23) and letting f̃k = O(1), we obtain a

cascade of governing equations, namely

O(ε−2) : −λ̃nM̂ · û0 + K̂(0) · û0 = 0, (3.41)

O(ε−1) : −λ̃nM̂ · û1 + K̂(0) · û1 + (ik̂)·K̂(1) · û0 − σ̌ω̌2M̂ · û0 = 0, (3.42)

O(1) : −λ̂nM̂ · û2 + K̂(0) · û2 + (ik̂)·K̂(1) · û1 + (ik̂)2 : K̂(2) · û0

−σ̌ω̌2M̂ · û1 − σ̂ω̂2M̂ · û0 = f̂k. (3.43)
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3.1.6 Averaging operators and effective motion

Let nq ∈ 1,m (q = 1, Q, Q < m) collect the “nearby” dispersion branches, ωnq(k)

traversing the vicinity of (ks, λ̃
1/2
n ), where we aim to pursue ansatz (3.40). With such

setup in mind, we introduce the averaging operators 〈·〉nq and 〈·〉nqρ , for tensors T̂ ∈
Cpm×m (m ∈ N) and vectors v̂ ∈ Cm respectively, as well as the vector space H ⊂ Cm as

〈T̂ 〉nq = T̂ · φ̂nq
∈ (Cp)m, (3.44)

〈v̂〉nqρ = φ̂∗nq
· M̂ · v̂ ∈ C, (3.45)

H = {v̂ ∈ Cm : 〈v̂〉nqρ = 0, q ∈ 1, Q}. (3.46)

For v̂ = ûm, we will use the short-hand notation

umq(εk̂) := 〈ûm〉nqρ , q = 1, Q. (3.47)

On the basis of (3.40) and (3.47), we can adapt the definition of effective solution [23]

at wavenumber ks+ εk̂ as

〈û〉nqρ (εk̂) =

∞∑
m=0

εm−2umq, q = 1, Q, (3.48)

which then provides the basis for computing the (set of) effective solution(s) near ks in

the physical space as

〈up̂〉nqρ = |C|−1

∫
C
〈û〉nqρ (εk̂) ei(ks+εk̂)·xp̂ d(εk̂), xp̂ ∈ Rp. (3.49)

Remark 22 In situations where Q=1 and n1 =n which corresponds to the case of an

isolated branch, 〈·〉nq , 〈·〉nqρ and umq will be conveniently denoted as 〈·〉, 〈·〉ρ and um,

respectively. In this case, (3.48) and (3.49) reduce to

〈û〉ρ(εk̂) =

∞∑
m=0

εm−2um, 〈up̂(n)〉ρ = |C|−1

∫
C
〈û〉ρ(εk̂) e

i(ks+εk̂)·x
p̂(n) d(εk̂). (3.50)

Remark 23 When f̂k=0 identically, the applicability of any effective model for given

perturbation vector k̂ also implies its validity for αk̂, α6O(1) thanks to the arbitrariness

of ε = o(1) in (3.41)–(3.43). When f̂k 6= 0, on the other hand, this implication holds

as long as the pair (ks+αεk̂, ω) does not lie on the germane dispersion branch, i.e. as

long as ωnq(ks+ αεk̂) 6= ω. To provide a focus for the analysis, we hereon (i) identify

the wavenumber perturbations by their direction k̂/‖k̂‖, and (ii) for fk 6= 0 we restrict
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our consideration to k̂ ∈ Kε, where

Kε = {k̂ ∈ Rd : εk̂ ∈ C, ω(m)
nq

(ks + εk̂) 6= ω}, q = 1, Q, (3.51)

where ω(m)
nq (k) is the mth order approximation of ωnq(k) affiliated with umq in (3.47).

We will relax this restriction later in Section 3.3.1.

3.2 Effective motion

We study in this section wave motion in unbounded DPOSs by seeking the leading-order

effective motion equations of (3.23) in the spectral vicinity of eigenfrequency clusters

that include simple and/or repeated eigenfrequencies.

3.2.1 Simple eigenvalue

Considering the eigenvalue problem (3.32) at k = ks, the solution of (3.41) in the

vicinity of a simple eigenfrequency ωn is expressed as

û0 = u0 φ̂n, u0 ∈ C, (3.52)

where u0 = 〈û0〉ρ. Then, by inserting (3.52) into (3.42) and projecting (3.42) onto φ̂n,

we obtain the averaged O(ε−1) statement as

− (θ(0) ·(ik̂) + σ̌ω̌2)u0 = 0, (3.53)

where

θ(0) = −〈K̂(1) · φ̂n〉 ∈ iRp (3.54)

thanks to the fact that K̂(1) is skew-Hermitian in the last two arguments, see Remark 21.

On substituting (3.52) in (3.42), one finds by the linearity of the problem that

û1(x) = u0 (ik̂)·χ(1) + u1φ̂n, u1 ∈ C, (3.55)

where u1 = 〈û1〉ρ, χ(1)∈ Cp×m, and χ(1)

j := (ij) · χ(1) ∈ H (j ∈ 1, p) uniquely solve the

respective linear systems

− λ̃nM̂ ·χ(1)

j + K̂(0) ·χ(1)

j + (ij)·K̂(1) · φ̂n + θ(0)·(ij)M̂ · φ̂n = 0. (3.56)

We next consider the O(1) field equation (3.43). On recalling (3.52) and (3.55), we
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can project (3.43) on φ̃n to obtain the averaged O(1) statement

−
(
µ(0) : (ik̂)2 + σ̂ω̂2

)
u0 − (θ(0) ·(ik̂) + σ̌ω̌2)u1 = 〈f̂k〉, (3.57)

where µ(0)∈ Cp×p is the effective “stiffness” matrix whose components µ(0)
q1q2 for q1, q2 ∈

1, p are given by

µ(0)
q1q2 = −

m∑
q3=1

m∑
q4=1

K̂(2)
q1q2q3q4(φ̂n)q4(φ̂n)q3

−
m∑

q3=1

m∑
q4=1

1
2

(
K̂(1)
q1q3q4(χ(1))q2q4 + K̂(1)

q2q3q4(χ(1))q1q4
)
(φ̂n)q3 . (3.58)

Claim 12 For any ks∈ B, effective tensor µ(0) is real-valued and symmetric, i.e. µ(0) ∈
Rp×p, see Appendix B.5 for proof.

Claim 13 For wavenumbers ks = 1
2

∑p
l=1 nle

l, nl ∈ {−1, 0, 1}, which include the origin

and apexes of the first Brillouin zone B, the Bloch wave φn|i = φ̃n|ieik·xi is real-valued

up to a scalar multiplier and the corresponding effective coefficient θ(0) = 0. See Ap-

pendix B.5 for proof.

In the sequel, we treat separately the situations when θ(0) 6= 0 and θ(0) = 0, which

we address next.

Effective model for non-trivial θ(0)

As can be seen from the foregoing analysis, the presence of the source term in the O(1)

statement (3.57) requires that its O(ε−1) predecessor (3.53) be satisfied identically.

When f̂k 6= 0 and ω2− ω2
n = O(ε) whereby |σ̌| = 1 due to (3.38), we must have u0 = 0

in (3.53) thanks to Remark 23 which guarantees that the multiplier θ(0) · (ik̂) + σ̌ω̌2 is

non-trivial. As a result when θ(0) 6= 0, from (3.57) we obtain the leading-order effective

“Dirac” equation

− (θ(0) ·(ik̂) + σ̌ω̌2)u1 = 〈f̂k〉. (3.59)

A similar treatment can be pursued for the situation when ω2− ω2
n = O(ε2), in which

case |σ̂| = 1. This case is not addressed for reasons of brevity.

In the absence of the source term f̂k, on the other hand, the existence of a non-

trivial wavefield solving (3.53) and (3.57) independently requires that |σ̌| = 1. In this

case, (3.59) with 〈f̃k〉 = 0 furnishes the leading-order asymptotic approximation of the
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dispersion relationship and group velocity near (ks, ωn>0) as

ω2
n(k) = ω2

n − iθ(0) ·(εk̂), cg =
dωn(k)

dk
=
−1

2ωn
iθ(0) (3.60)

respectively, where ωn (without an argument) refers to ωn(ks) as stated earlier. Ge-

ometrically, (3.60) describes the nth dispersion (hyper-) surface locally as a (hyper-)

plane, where cg signifies its tangent slope. Practically, (3.60) can be used to evaluate

the energy velocity of DPOSs by only solving (3.32) for wavenumbers spanning the first

Brillouin zone without the need for numerical differentiation.

Effective model for trivial θ(0)

When f̂k 6= 0 and ω2− ω2
n = O(ε2), we have that |σ̂| = 1 thanks to (3.38). In this case

the O(ε−1) statement (3.53) is satisfied identically, while its O(1) companion (3.57)

produces the effective “wave” equation

−
(
µ(0) : (ik̂)2 + σ̂ω̂2

)
u0 = 〈f̂k〉, (3.61)

Equation (3.61) in particular describes the response of a DPOS near the origin and

apexes of the first Brillouin zone (ks = 1
2

∑
l nle

l, nl ∈ {−1, 0, 1}). The nature of such

response depends on (i) the sign definiteness of µ(0), and (ii) the sign of ω2 − ω2
n. For

example, when µ(0) is sign-definite oppositely to the sign of ω2−ω2
n, the effective medium

is “dissipative” in that ω resides inside a band gap [23] terminating at ωn. On the other

hand, when ω2 − ω2
n and µ(0) have the same sign, i.e. when the driving frequency ω

is in a band pass, the effective medium allows for propagating motion. To the leading

order, the isotropy of the induced effective motion hinges on that of µ(0). Specifically

when the eigenvalues of µ(0) are equal (resp. not equal), the effective motion is isotropic

(resp. anisotropic) in Rp. We will encounter such situations in Section 3.4. Another

interesting class of situations arise when the eigenvalues of µ(0) have opposite signs.

In such instances, we observe direction-selective behavior of the original POS, where

energy is propagating only in selected directions depending on the (sign of) frequency

separation ω − ωn.

When f̂k = 0, on the other hand, from (3.53) and (3.57) we find that a non-

trivial solution is possible only if σ̌ = 0, i.e. |σ̂| = 1. In this case (3.53) is again

satisfied identically, while (3.57) provides the leading-order approximation of dispersion

relationship and group velocity near (ks, ωn>0) as

ω2
n(k) = ω2

n + µ(0) : (εk̂)2, cg(k) =
1

ωn
µ(0) · (εk̂). (3.62)
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We observe from (3.62) that the group velocity (given by the tangent slope of ωn(k)) is

near-trivial, while the phase velocity (i.e. the secant slope) is guaranteed to be trivial.

3.2.2 Repeated eigenvalue

Let ωn be an eigenfrequency of multiplicity Q>1, and let nq (q= 1, Q) be the indexes

of the affiliated eigenfunctions.

Remark 24 In what follows, we assume that p, q, s ∈ 1, Q unless stated otherwise.

Further, we will use the short-hand notation
∑

q for
∑Q

q=1.

With reference to the eigenvalue problem (3.32), the solution of (3.41) in the vicinity

of a repeated eigenfrequency ωn can be decomposed as

û0 =
∑
q

u0q φ̂nq , u0q ∈ C, (3.63)

consistent with the definition (3.47) of u0q. Then, on substituting (3.63) into (3.42) and

projecting the result onto φ̂np
, we obtain the averaged O(ε−1) system∑

q

(
θ(0)
pq · (ik̂) + σ̌ω̌2δpq

)
u0q = 0, p = 1, Q, (3.64)

where

θ(0)
pq = −〈K̂(1)φ̂nq

〉np ∈ Cp. (3.65)

For further reference, system of equations (3.64) can be expressed more compactly in

matrix form as

(A(0)(k̂) + σ̌ω̌2I)u0 = 0, A(0)
pq (k̂) = θ(0)

pq · ik̂ (p, q = 1, Q) (3.66)

where I is the Q×Q identity matrix.

Remark 25 Thanks to the fact that K̂(1) is skew-Hermitian (see Remark 21), effective

vectors θ(0)
qq are imaginary-valued (i.e. θ(0)

qq ∈ iRp) and the coefficient matrix A(0)∈ CQ×Q

is Hermitian.

On the basis of (3.63)–(3.64), we can solve the O(ε−1) field equation (3.42) for û1

as

û1(x) =
∑
q

(
u0q (ik̂)·χ(1)

q (x) + u1q φ̂nq(x)
)
, u1q ∈ C, (3.67)
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where u1q = 〈û1〉nq
ρ , χ(1)

q ∈ Cp×m, and χ(1)

qj := (ij) · χ(1)
q ∈ H (j ∈ 1, p) uniquely solve

the respective linear systems

− λ̃nM̂ ·χ(1)

qj + K̂(0) ·χ(1)

qj + (ij)·K̂(1) · φ̂nq +
∑
s

θ(0)
sq ·(ij)M̂ · φ̂ns

= 0. (3.68)

We next consider the O(1) field equation (3.43). On substituting (3.63) and (3.67)

into (3.43) and projecting the result onto φ̂np
, we obtain the averaged O(1) system

−
∑
q

((
µ(0)
pq : (ik̂)2 + σ̂ω̂2δpq

)
u0q + (θ(0)

pq · (ik̂) + σ̌ω̌2δpq)u1q

)
= 〈f̂k〉np , p = 1, Q,

(3.69)

where µ(0)
pq ∈ Cp×p with components given by

(µ(0)
pq )q1q2 = −

m∑
q3=1

m∑
q4=1

K̂(2)
q1q2q3q4(φ̂nq)q4(φ̂np)q3

−
m∑

q3=1

m∑
q4=1

1

2

(
K̂(1)
q1q3q4(χ(1)

q )q2q4 + K̂(1)
q2q3q4(χ(1)

q )q1q4
)
(φ̂np)q3 . (3.70)

Equations (3.69) can be compactly rewritten in matrix form as

−(B(0)(k̂) + σ̂ω̂2I)u0 − (A(0)(k̂) + σ̌ω̌2I)u1 = f0, (3.71)

where the components of A(0) are specified in (3.66), while those of B(0) and f0 are given

respectively by

B(0)
pq (k̂) = µ(0)

pq : (ik̂)2, f0p = 〈f̂k〉np (p, q = 1, Q) (3.72)

Claim 14 Matrix B(0)∈ CQ×Q is Hermitian, see Appendix B.5 for proof.

Eigenfunction basis

For a fixed direction k̂/‖k̂‖, let P ∈CQ×Q be the matrix of orthonormal eigenvectors

stemming from the eigenvalue problem

A(0)v = τ v. (3.73)
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In this setting, we conveniently introduce the “recombined” eigenfunctions ψ̂q as

ψ̂q =
∑
s

Psq φ̂ns
(q ∈ 1, Q). (3.74)

Then, by taking the eigenfunctions {ψ̂q} as the projection basis in (3.63) and (3.65)

instead of {φ̂nq
}, we find that

A(0)(k̂) = diag(0, . . . , 0, τN0+1, τN0+2, . . . , τQ) (3.75)

where τq = θ(0)
qq · ik̂ and 0 6 N0 6 Q is the number of trivial diagonal entries of A(0),

see also [23, 75] in the context of continuous systems. In this setting, we also define the

sub-matrices B̄(0)(k̂) ∈ CN0×N0 such that

B̄(0)
pq = B(0)

pq , p, q ∈ 1, N0.

When N0> 0, we denote by P̄ = [v1 v2 . . . vN0 ] the matrix of orthonormal eigen-

vectors of the eigenvalue problem

B̄(0)v = τ v, (3.76)

and we introduce an auxiliary eigenfunction basis ψ̂′q as

ψ̂′q =

{ ∑N0
s=1P̄sq ψ̂s, q 6 N0

ψ̂q, q > N0

. (3.77)

Remark 26 Eigenfunctions ψ̂′q (q = 1, Q) are orthogonal. For simplicity of discussion,

we hereon relabel ψ̂′q as φ̂nq
. In this setting, we have

B̄(0) = diag(µ(0)

11 : (ik̂)2, . . . ,µ(0)

N0N0
: (ik̂)2). (3.78)

Additional scaling

Depending on the perturbation direction, certain non-zero diagonal entries of A(0)(k̂)

in (3.75) can become vanishingly small, namely τq = o(1) for some q. In the context

of Section 3.2.1, for instance, this situation would correspond to directions k̂/‖k̂‖ for
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which θ(0) ·(ik̂) = o(1). To account for such situations, we decompose A(0) as

A(0)(k̂) = diag(0, . . . , 0, τN0+1, . . . , τN︸ ︷︷ ︸
O(ε)

, τN+1, . . . τQ︸ ︷︷ ︸
O(1)

) = Ȧ
(0)

(k̂) + εÄ
(0)

(k̂) (3.79)

Ȧ
(0)

(k̂) = diag(0, . . . , 0, τN+1, . . . τQ︸ ︷︷ ︸
O(1)

) ∈ RQ×Q, (3.80)

Ä
(0)

(k̂) = diag(0, . . . , 0, ε−1τN0+1, . . . , ε
−1τN︸ ︷︷ ︸

O(1)

, 0, . . . , 0), ∈ RQ×Q, (3.81)

and we carry over thus incurred O(ε) residual in (3.66) to (3.71). In this way, we arrive

at the averaged O(ε−1) and O(1) statements respectively as

(Ȧ
(0)

(k̂) + σ̌ω̌2I)u0 = 0, (3.82)

−(B(0)(k̂) + Ä
(0)

(k̂) + σ̂ω̂2I)u0 − (Ȧ
(0)

(k̂) + σ̌ω̌2I)u1 = f0. (3.83)

On the basis of (3.82)–(3.83), we next pursue a family of first-order effective field

equations (in prescribed direction k̂/‖k̂‖) as controlled by: (i) proximity of the driving

frequency ω2 to λ̃n (see Remark 20), and (ii) the nature of A(0)(k̂) according to (3.79)–

(3.81).

Effective solution for full-rank A(0) when Ä
(0)

= 0

We first consider the case where rank(A(0)(k̂)) = Q and Ä
(0)

= 0. With reference

to (3.75), this specifically implies that τq = θ(0)
qq · ik̂ = O(1), q = 1, Q. Letting further

f̂k 6= 0 and ω2− ω2
n = O(ε) so that |σ̌| = 1 by Remark 20, we find from the O(ε−1)

statement (3.82) that u0 = 0 thanks to Remark 23. From (3.83), we then obtain the

leading-order model

− (A(0)(k̂) + σ̌ω̌2I)u1 = f0. (3.84)

In the absence of the source term f̂k, the existence of a non-trivial solution to (3.82)–

(3.83) also requires that |σ̌| = 1. As a result, (3.82) constitutes an eigenvalue problem

(EP) whose eigenvalues

ω2
nq(k) = ω2

n − iθ(0)
qq · (εk̂), (3.85)

describe the leading-order, linear dispersion relationship in direction k̂.
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Effective solution for near-trivial A(0)

When A(0)(k̂) = εÄ
(0)

i.e. Ȧ
(0)

= 0, we first consider the situation where f̂k 6= 0 and

ω2− ω2
n = O(ε2) so that |σ̂| = 1. In this case (3.82) is satisfied identically, and we find

from (3.83) that the leading-order solution u0 solves

− (B(0)(k̂) + Ä
(0)

(k̂) + σ̂ω̂2I)u0 = f0. (3.86)

In the degenerate case when A(0) = εÄ
(0)

= 0, (3.86) becomes

− (B(0)(k̂) + σ̂ω̂2I)u0 = f0. (3.87)

In this case we conveniently let Psq = δsq in (3.74), and we have N0 = Q whereby

B(0) = B̄
(0)

becomes diagonal due to (3.78).

When f̂k = 0, the existence of a non-trivial solution requires that σ̌ = 0 i.e. |σ̂| = 1.

In this case, the leading-order approximation of the dispersion relationships ωnq(k),

q=1, Q is obtained by solving the eigenvalue problem (B(0) + Ä
(0)

)v = τv. When Ä
(0)

vanishes, the solution is given explicitly by

ω2
nq(k) = ω2

n + µ(0)
qq : (εk̂)2, (3.88)

thanks to the fact that B(0) is diagonal in this case.

Effective solution for partial rank A(0)

We next assume that A(0) has a partial rank, i.e. 0 < N0 < Q. Letting f̂k 6= 0 and

ω2 − ω2
n = O(ε2), we have |σ̂| = 1. Thanks to the fact that A(0) is diagonal due

to (3.75), the last Q − N components of u0 must vanish by enforcing (3.82) to the

leading order. By virtue of this result and (3.83), we find that

−
N∑
q=1

(B(0)
pq (k̂) + Ä(0)

pq (k̂) + σ̂ω̂2δpq)u0q = f0p, p ∈ 1, N, (3.89)

u0p = 0, p ∈ N + 1, Q. (3.90)

When f̂k = 0, we obtain a non-trivial solution to (3.82)–(3.83) in terms of u0 by

taking |σ̂| = 1. In this case, (3.89) with f0p = 0 constitute an EP yielding the leading-

order approximation the first N dispersion branches ωnq(k), q=1, N .

Letting f̂k 6= 0 and ω2 − ω2
n = O(ε), on the other hand, we have |σ̌| = 1 whereby
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u0 = 0 thanks to (3.82). From (3.83), we accordingly find that u1 solves

− (Ȧ
(0)

(k̂) + σ̌ω̌2I)u1 = f0, (3.91)

to the leading order (specifically, we discard the O(ε) residual in (3.83) by supersed-

ing A(0) with Ȧ
(0)

). Assuming f̂k = 0, we are now left with exposing the leading-order

behavior the last Q−N dispersion branches ωnq(k), q=N+1, Q. In this case we must

set |σ̌| = 1 because all dispersion branches permitting the σ̂-description are already given

by (3.89) with f0p = 0. This yields the sought approximation via (3.91) with f0 = 0 as

ω2
nq(k) = ω2

n − iθ(0)
qq · (εk̂), q = N+1, Q. (3.92)

3.2.3 Cluster of nearby eigenvalues

We complete the spectral analysis of DPOS by letting the driving frequency be near a

cluster of nearby eigenfrequencies {ωnq}, q = 1, Q. This situation was originally consid-

ered in [23] in an effort to handle the “short asymptotic range” exhibited by single- and

repeated-eigenfrequency models within (k, ω) regions characterized by closely spaced

dispersion curves, and extended in [75] to: (i) allow expansion about an arbitrary

point (ks, ω), ks ∈ B, and (ii) expose the first-order correction of the leading-order

model. In this section, we generalize the approach to elastic DPOS by expressing the

leading-order motion.

We let Q̄ be the number of distinct eigenvalues within set {ωnq}, and we denote

by (ks, ωn0) for some n0 ∈ {nq} the origin of asymptotic expansion in (3.37). In this

setting, we conveniently redeploy the scaling parameter ε = o(1) to quantify the “small-

ness” of distances between the neighboring eigenvalues by letting

λnq = λn0 − εγq, q = 1, Q. (3.93)

With (3.93) in place, we consider the local eigenfunction basis {φ̂nq
(k)} that satisfies

− (λ̃n0 − εγq)M̂ · φ̂nq
+ K̂k · φ̂nq

= 0, q=1, Q. (3.94)

As can be seen from (3.94), the current problem can be described as an “almost re-

peated” eigenvalue case, which allows us to take advantage of the earlier developments.

With the insight into û which solves (3.31) gained in Section 3.2.1 and Section 3.2.2,
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we skip intermediate steps and proceed by specifying the ansatz (3.40) up to m = 1 as

û(x)
ε
=
∑
q

(
ε−2u0q φ̂nq + ε−1u1q φ̂nq + ε−1u0q χ

(1)
q · (ik̂)

)
, u0q, u1q ∈ C, (3.95)

where χ(1)
q ∈ Cp×Cm and χ(1)

qj := (ij) : χ(1)
q ∈ H (j ∈ 1, p) uniquely solve the respective

linear systems

−λ̃nM̂ ·χ(1)

qj + K̂(0) ·χ(1)

qj + (ij)·K̂(1) · φ̂nq +
∑
s

θ(0)
sq ·(ij)M̂ · φ̂ns

= 0. (3.96)

In the context of (3.95), our goal is then to find the coupled effective equations satisfied

by u0q and u2q. To this end, we (i) insert (3.95) in (3.31); (ii) project the result onto

φ̂nq
, and (iii) expand the result in powers of ε as

O(ε−1) : (Aγ(k̂) + σ̌ω̌2I)u0 = 0, (3.97)

O(1) : −(B(0)(k̂) + σ̂ω̂2I)u0 − (Aγ(k̂) + σ̌ω̌2I)u1 = f0, (3.98)

where the matrix

Aγ(k̂) = A(0)(k̂) + Γ, Γpq = δpqγq (3.99)

accounts for the eigenvalue separations in (3.94), while A(0), B(0) and f0 are given by

(3.66) and (3.71) as before.

Remark 27 We observe a clear similarity between (3.97), (3.98) and their repeated-

eigenvalue predecessors (3.66) and (3.71) respectively. In fact, the differences are in this

case confined to the appearance of the diagonal matrix Γ = Aγ −A(0) that accounts for

separations between the neighboring eigenvalues according to (3.93). Further, we note

that since A(0) is Hermitian, so is Aγ.

Eigenfunction basis of Aγ

Let P = [v1 v2 . . . vQ] the matrix of orthonormal eigenvectors stemming from the

eigenvalue problem

Aγ(k̂)v = τv.

In order to diagonalize Aγ , we factorize u0,u1,u2, f0 and f1 in terms of P as

u0 = P u′0, u1 = P u′1, u2 = P u′2, f0 = P f ′0, f1 = P f ′1 (3.100)
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and we premultiply (3.97)–(3.98) by P
T
. For brevity of notation, we drop the prime

symbol from the “rotated” vectors u′0,u
′
1 and f ′0, and we keep the original notation of

the transformed matrices in (3.97)–(3.98). In this setting, we obtain

Aγ(k̂) = diag(τ1, τ2, . . . , τQ), (3.101)

noting for future reference that τq = 0 (q = 1, N0) when rank(Aγ) = Q−N0.

Thanks to the presence of the “penalty” term Γ in (3.99), Aγ is of at least partial

rank when A(0) = 0. As a result, in the sequel we present the effective models for full-

and partial-rank Aγ only.

Effective solution for full-rank Aγ

When rank(Aγ) = Q, f̂k 6= 0, and ω2−ω2
n = O(ε) i.e. |σ̂|=1, we must have u0 = 0 due

to (3.97). As a result, (3.98) yields the leading-order effective equation

− (Aγ + σ̌ω̌2I)u1 = f0. (3.102)

When f̃k = 0, eigenvalues of the EP stemming from (3.97) (or equivalently (3.102))

define the leading-order asymptotic approximation of the dispersion relationships in

direction k̂/‖k̂‖ as

ω2
nq = ω2

n0
− ετq, (3.103)

where τq is the qth eigenvalue of Aγ(k̂).

Remark 28 When Aγ is of full rank, (3.102) and (3.103) provide a general framework

to handle the clusters of nearby dispersion branches, regardless of the fact whether they

intersect or “almost touch” for example at k = ks.

Effective solution for partial-rank Aγ

When rank(Aγ) = Q−N0 for some N0>0 and f̂k 6= 0, we first consider the situation

where ω2 − λn0 = O(ε) i.e. |σ̌| = 1. In this case the leading-order effective equation

is again given by (3.102), while the last Q −N0 dispersion branches are approximated

by (3.103) for q ∈ N0+1, Q.

On the other hand, when ω2 − ω2
n0

= O(ε2) i.e. |σ̂| = 1, the leading-order effective



79

model u0 is given by

−
N0∑
q=1

(B(0)
pq (k̂) + σ̂ω̂2δpq)u0q = f0p, p ∈ 1, N0, (3.104)

u0p = 0, p ∈ N0 + 1, Q. (3.105)

When f̂k = 0, the leading-order approximation of the first N0 dispersion branches is

obtained by solving the EP affiliated with (3.104).

3.3 Asymptotic approximation of DPOS motion in special

spectral neighborhoods

3.3.1 Simple eigenvalue

With reference to the class (3.21) of source distributions, one immediate application of

the foregoing analysis is the case where: (i) ks = 1
2(
∑p

l=1 nle
l), nl ∈ {−1, 0, 1}; (ii) the

driving frequency is within a band gap near simple eigenfrequency ωn(ks), and (iii) the

source function f̃k is given by

f̃k|p̂(n) = F (k)φ|p̂(n) , supp(F ) = C ⊂ B, (3.106)

where φ is periodic in S′ and i is given by (3.6). On recalling DBWE (3.36) and

ansatz (3.40), we conveniently introduce the Mth-order asymptotic solution in the phys-

ical space as

u[M]

p̂(n) :=
M∑
m=0

εm−2 |C|−1

∫
C
ũm|p̂(n) e

i(ks+εk̂)·x
p̂(n) d(εk̂), (3.107)

From (3.52), (3.55), (3.57) and Remark 13, we specifically find that

ũ0(x) = −ε2 〈f̂k〉
(ω2− ω2

n) + µ(0) : (iεk̂)2
φ̃n, (3.108)

where f̂k = G
T
f̃k. In terms of the effective solution, by (3.50) we can similarly intro-

duce the Mth-order mean motion in the physical space as

〈u〉[M]
ρ (x) :=

[M]∑
m=0

εm−2 |C|−1

∫
C
um(εk̂) ei(ks+εk̂)·x d(εk̂), x ∈ Rd, (3.109)
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via superposition of the averaged Bloch-wave solutions, um(εk̂) = 〈ûm〉ρ. From (3.108),

we specifically find that

u0(εk̂) = −ε2 〈f̂k〉
(ω2− ω2

n) + µ(0) : (iεk̂)2
. (3.110)

which the yields the leading-order solution in (3.109).

Remark 29 Due to its “effective” nature, scalar wave motion (3.109) is defined ev-

erywhere in Rd even though is independent of the components of x in Rd\Rp. This

is in contrast to the vector wave motion (3.107) that is restricted to the nodal points,

xp̂(n) ∈ S′α⊂ Rd.

Effective wave motion: band gap vs. passband excitation

When the driving frequency is within a band gap, matrix sign(ω − ωn)µ(0) is negative-

definite and the leading-order integrand in (3.109) is regular. By contrast, in situations

where the driving frequency is within a passband, sign(ω − ωn)µ(0) is positive-definite

and the leading-order integrand in (3.109) becomes singular. To deal with the latter

case, let

L =

{
k ∈ B : k = ks + εk̂0(e), εk̂0 =

ω2 − ω2
n

µ(0) : (e)2
e, e ∈ Rp, ‖e‖ = 1

}
specify the pair of points (when p = 1), closed contour (when p = 2), or closed surface

(when p = 3) over which the denominator in (3.110) vanishes. In the neighborhood of

any ks+εk̂0 ∈ L the local variation of the leading-order integrand in the direction of the

unit normal on L, n=n(k̂0), as specified by the perturbation k̂ = k̂0 +δn with δ = o(1)

is given by

− 〈f̃k〉ei(ks+ε k̂)·x

(ω2− ω2
n) + µ(0) : (iεk̂)2

∝ − F (ε(k̂0 + δn))eiε(k̂0+δn)·x

2δµ(0) : (εn⊗ εk̂0) + δ2µ(0) : (εn)2

' F (ε k̂0)eiεk̂0·x

2µ(0) : (εn⊗ εk̂0)

eiεδn·x

δ
+O(δ0). (3.111)

Despite the singularity of (3.111) across δ = 0, its cumulative contribution to (3.109)

over a narrow patch centered at ks + εk̂0 (see the right panel in Fig. 3.3) is finite

i.e. regular due to the fact that eiεδn·x/δ ' 1/δ+i εn·x for δ = o(1). Hence, the integral

in (3.109) can be effectively approximated by excluding an o(ε)-wide strip surrounding L
(the shaded area in Fig. 3.3) from C. Alternatively, (3.109) can be approximated by the
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introduction of an imaginary penalty term to the denominator of (3.110). In Section 3.4,

we shall make use of the above results toward approximating the effective wave motion

near a simple eigenvalue.
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Figure 3.3: Singularity contour (assuming p = 2) of the leading-order integrand in
(3.109) when ω is within a passband.

3.3.2 Pair of nearby eigenvalues for p = 2

Consider a POS S ⊂ R3 with two-dimensional periodicity (p=2) whose spectral neigh-

borhood (3.37) features two nearby eigenfrequencies ωn1 = ωn1(ks) and ωn2 = ωn2(ks),

i.e. Q=2. In this case, matrix Aγ in (3.99) reads

Aγ =

(
θ(0)

11 · ik̂ θ(0)

12 · ik̂
−θ(0)

12 · ik̂ θ(0)

22 · ik̂ + γ

)
, γ = ε−1(ω2

n1 − ω2
n2). (3.112)

By way of (3.97), the two dispersion relationships are accordingly given by

ω2
n1/2

(k) = ω2
n1
− ε

2

(
γ + θ(0)

11 · ik̂ + θ(0)

22 · ik̂
)

∓ ε
2

√(
γ − θ(0)

11 · ik̂ + θ(0)

22 · ik̂
)2

+ 4(θ(0)

12⊗ θ(0)

12 ) : (k̂)2, (3.113)

where the matrix θ(0)

12⊗ θ(0)

12 ∈ R2×2 is in general positive semi-definite, and specifically

positive definite when

θ(0)

12 · i1 6= 0, θ(0)

12 · i2 6= 0, and arg(θ(0)

12 · i1)− arg(θ(0)

12 · i2) 6= nπ, n ∈ Z. (3.114)
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Equations (3.113) describe “almost touching” (resp. crossing) branches when γ 6= 0

(resp. γ = 0) featuring the middle plane

P : ω2
P(k) = ω2

n1
− ε

2

(
γ + (θ(0)

11 · ik̂) + θ(0)

22 · ik̂
)
. (3.115)

When P is horizontal, we further have

θ(0)

11 + θ(0)

22 = 0, (3.116)

which holds true for any ρ-orthogonal eigenfunction basis by the conservation of the

trace of Aγ . In this case, dispersion relationship (3.113) simplifies to

ω2
n1/2

(k) = ω2
n1
− ε

2

(
γ ±

√(
γ − 2θ(0)

11 · ik̂
)2

+ 4{θ(0)

12⊗ θ(0)

12} : (k̂)2
)
. (3.117)

When γ 6= 0 in (3.117), assuming dωn1/2
/dk|k=ks = 0 implies that θ(0)

11 = 0 and

thus θ(0)

22 = 0 by (3.116). This reduces (3.117) to

ω2
n1/2

(k) = ω2
n1
− ε

2

(
γ ±

√
γ2 + 4{θ(0)

12⊗ θ(0)

12} : (k̂)2
)
. (3.118)

Further, if θ(0)

12 ⊗ θ(0)

12 is positive definite due to (3.114), the dispersion relationships

in (3.118) are characterized by elliptic iso-contours and thus exhibit cone-like geometry.

As a special case, θ(0)

12⊗θ(0)

12 becomes isotropic when θ(0)

12 ‖ i1± ii2, which reduces (3.118)

to

ω2
n1/2

(k) = ω2
n1
− ε

2

(
γ ±

√
γ2 + 4‖θ(0)

12‖2‖k̂‖2
)
. (3.119)

When θ(0)

12 ⊗ θ(0)

12 is isotropic and the structure is excited by f̃k at frequency ω

such that ω2 − ω2
n1

= O(ω2
n2
− ω2

n1
), the leading-order effective model (3.102) becomes

axisymmetric and reads(
1
2‖θ

(0)

12‖2‖k̂‖2 − (γ + σ̌ω̌2)σ̌ω̌2)u11 = (γ + σ̌ω̌2)〈f̂k〉n1 − (θ(0)

12 · ik̂)〈f̂k〉n2 ,(
1
2‖θ

(0)

12‖2‖k̂‖2 − (γ + σ̌ω̌2)σ̌ω̌2)u12 = (θ(0)

12 · ik̂)〈f̂k〉n1 + (σ̌ω̌2)〈f̂k〉n2 , (3.120)

where f̂k = G
T
f̃k. With such result in place, the leading-order total motion of a DPOS

near an axisymmetric avoided crossing (assuming a force term f that admits DBWE

(3.21)) is given by

u[0]

p̂(n) = ε−2 |C|−1

∫
C

(
u11(εk̂) φ̃n1

|p̂(n) + u12(εk̂) φ̃n2
|p̂(n)

)
e
i(ks+εk̂)·x

p̂(n) d(εk̂). (3.121)
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3.4 Numerical results

In the sequel, we illustrate the performance of the proposed homogenization framework

as a tool for synthesizing the wave motion in periodic origami structures. To this end,

we consider homogenized models of both the dispersion relationship and forced motion

near the edge of a band gap. A 2D-periodic Miura-ori structure and a 1D-periodic

Miura tube are used as test platforms for numerical simulations.

The adopted N5B8 bar-and-hinge model (see Fig. 3.2) is implemented in MATLAB

to construct the mass matrix M̂ , the stiffness matrix K̂k, and its Taylor series com-

ponents K̂(m) (m ∈ 0, 2). These matrices are then used to evaluate the dispersion

relationship of the periodic structure by: (i) solving the eigenvalue problem (3.32) for

given k ∈ B, and (ii) computing the unit cell vectors χ(1)
p via (3.56) and (3.68) as they

enter the expressions of the effective coefficients θ(0)
pq and µ(0)

pq (p, q ∈ 1, Q).

3.4.1 Dispersion relationship

Our immediate focus are the leading- and first-order asymptotic approximations of the

dispersion relationship for 1D and 2D-periodic origami-inspired structures. Making use

of the effective equations derived in the neighborhoods of simple, repeated, and nearby

eigenfrequencies (see Sections 3.2.1–3.2.3), we evaluate the asymptotic approximation

of the dispersion relationships for a 2D-periodic Miura-ori structure and a 1D-periodic

Miura tube.

2D-periodic Miura-ori structure

As the first example we consider 2D-periodic unbounded Miura-ori structure S shown

in Fig. 3.4(a), for which (d, p) = (3, 2). For completeness, Fig. 3.4(b) shows the unit cell

of periodicity Y and its geometrical parameters a = 1, b = 1, β = π/4 ∈ (0, π/2) and

folding angle α = π/2 − β/2 ∈ (π/2 − β, π/2 + β); Fig. 3.4(c) provides the schematics

of the unit cell Y ′, and Fig. 3.4(d) plots the affiliated first Brillouin zone B ⊂ R2. We

assume that (i) the structure panels have a uniform surface mass density (ρ0 =1) so that

the mass of each triangular partition of a given panel is distributed uniformly among

its vertices; (ii) the bars are endowed with constant Young modulus E0 and cross-

sectional area A0 such that E0A0 = 103; (iii) the folding hinges have uniform linear

stiffness kfs = 1, and (iv) the bending hinges have uniform linear stiffness kbs = 10.

With so-defined material properties, we set the normalization parameters as (`0 = a,

κ0 = E0A0/a, m0 = ρ0a
2), and we let ω0 =

√
κ0/m0 and k0 = π/`0.

We note from Fig. 3.4(c) that the unit cell Y ′ of DPOS S′ has m = d × 8 = 24

degrees of freedom. With reference to Fig. 3.4, the Miura-ori Bravais lattice basis and
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reciprocal lattice basis are given respectively by

e1 = 2b

√
sin(α)2 − cos(β)2

sin(α)
i1, e2 = 2a sin(α) i2,

e1 =
π sin(α)

b
√

sin(α)2 − cos(β)2
i1, e2 =

π

a sin(α)
i2. (3.122)

<latexit sha1_base64="a8yNrwIWxKOQwXzglcmXy1+MG+8=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjF6IruGqEeiF49o5GGAkNmhFybMzm5mZk3Ihj/w4kFjvPpH3vwbB9iDgpV0UqnqTneXHwuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLV8qlGwSXWDTcCW7FCGvoCm/7oZuo3n1BpHskHM46xG9KB5AFn1Fjp/vG0Vyy5ZXcGsky8jJQgQ61X/Or0I5aEKA0TVOu258amm1JlOBM4KXQSjTFlIzrAtqWShqi76ezSCTmxSp8EkbIlDZmpvydSGmo9Dn3bGVIz1IveVPzPaycmuOqmXMaJQcnmi4JEEBOR6dukzxUyI8aWUKa4vZWwIVWUGRtOwYbgLb68TBrnZe+iXLmrlKrXWRx5OIJjOAMPLqEKt1CDOjAI4Ble4c0ZOS/Ou/Mxb8052cwh/IHz+QMak40X</latexit>

Y 0
<latexit sha1_base64="GBRYhyNs5JBNFTb7MfeNMbizXuw=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRRZdFNy4r2Ae0w5DJpG1oJhmSTKEM/RM3LhRx65+482/MtLPQ6oGQwzn3kpMTpZxp43lfTmVtfWNzq7pd29nd2z9wD486WmaK0DaRXKpehDXlTNC2YYbTXqooTiJOu9HkrvC7U6o0k+LRzFIaJHgk2JARbKwUuu4gkjzWs8ReOZ2HfujWvYa3APpL/JLUoUQrdD8HsSRZQoUhHGvd973UBDlWhhFO57VBpmmKyQSPaN9SgROqg3yRfI7OrBKjoVT2CIMW6s+NHCe6CGcnE2zGetUrxP+8fmaGN0HORJoZKsjyoWHGkZGoqAHFTFFi+MwSTBSzWREZY4WJsWXVbAn+6pf/ks5Fw79qeA+X9eZtWUcVTuAUzsGHa2jCPbSgDQSm8AQv8OrkzrPz5rwvRytOuXMMv+B8fAPgH5PP</latexit>e1

<latexit sha1_base64="OEC+R55YtNjW4J4tlYV2YXG+tFg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRF0WXRjcsK9gFtCJPJpB06mYSZSaGE/okbF4q49U/c+TdO2iy09cAwh3PuZc6cIOVMacf5tiobm1vbO9Xd2t7+weGRfXzSVUkmCe2QhCeyH2BFORO0o5nmtJ9KiuOA014wuS/83pRKxRLxpGcp9WI8EixiBGsj+bY9DBIeqllsrpzO/aZv152GswBaJ25J6lCi7dtfwzAhWUyFJhwrNXCdVHs5lpoRTue1YaZoiskEj+jAUIFjqrx8kXyOLowSoiiR5giNFurvjRzHqghnJmOsx2rVK8T/vEGmo1svZyLNNBVk+VCUcaQTVNSAQiYp0XxmCCaSmayIjLHERJuyaqYEd/XL66TbbLjXDefxqt66K+uowhmcwyW4cAMteIA2dIDAFJ7hFd6s3Hqx3q2P5WjFKndO4Q+szx/ho5PQ</latexit>e2

<latexit sha1_base64="soymPTnW3CMo+0/1t4ca43xTqwE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALorjOY=</latexit>

Y

<latexit sha1_base64="wEI8JztgPf6N92x6CusVkC/0LZg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI5vjyE=</latexit>↵
<latexit sha1_base64="eyGEDcajzbA5gZdIDWHcO0DudOQ=">AAAB+XicbVBPS8MwHP11/pvzX9Wjl+AQPI1Wh3ocevE4wbnBVkqapltY2pQkHYyyb+LFgyJe/Sbe/DamWw+6+SDk8d7vR15ekHKmtON8W5W19Y3Nrep2bWd3b//APjx6UiKThHaI4EL2AqwoZwntaKY57aWS4jjgtBuM7wq/O6FSMZE86mlKvRgPExYxgrWRfNseBIKHahqbK2cz/9K3607DmQOtErckdSjR9u2vQShIFtNEE46V6rtOqr0cS80Ip7PaIFM0xWSMh7RvaIJjqrx8nnyGzowSokhIcxKN5urvjRzHqghnJmOsR2rZK8T/vH6moxsvZ0maaZqQxUNRxpEWqKgBhUxSovnUEEwkM1kRGWGJiTZl1UwJ7vKXV8nTRcO9ajQfmvXWbVlHFU7gFM7BhWtowT20oQMEJvAMr/Bm5daL9W59LEYrVrlzDH9gff4A6t+T2g==</latexit>

i3

<latexit sha1_base64="g1udoKqo8BCWu2kpDHD3VWkGU3k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu2XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHxkuM7g==</latexit>a

<latexit sha1_base64="fVYtN1fO879ZvvbO3E/FpGNntaU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtAvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPx8+M7w==</latexit>
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(b)

<latexit sha1_base64="JhaEG5pNSYRFO1v5INP2gmPV8yg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1FjpoRJc9Etlt+rOQVaJl5My5Gj0S1+9QczSCKVhgmrd9dzE+BlVhjOB02Iv1ZhQNqZD7FoqaYTaz+anTsm5VQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6RRuCt/zyKmldVr1atXZfK9dv8jgKcApnUAEPrqAOd9CAJjAYwjO8wpsjnBfn3flYtK45+cwJ/IHz+QOMdo1S</latexit>

<latexit sha1_base64="H0+vPkOYIB9WILVirvWzNP/lO+0=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BItQL2VXinosevFY0X5Au5RsNtuGZrNLkhXK0p/gxYMiXv1F3vw3pu0etPXBwOO9GWbm+Yng2jjONyqsrW9sbhW3Szu7e/sH5cOjto5TRVmLxiJWXZ9oJrhkLcONYN1EMRL5gnX88e3M7zwxpXksH80kYV5EhpKHnBJjpYdqcD4oV5yaMwdeJW5OKpCjOSh/9YOYphGThgqidc91EuNlRBlOBZuW+qlmCaFjMmQ9SyWJmPay+alTfGaVAIexsiUNnqu/JzISaT2JfNsZETPSy95M/M/rpSa89jIuk9QwSReLwlRgE+PZ3zjgilEjJpYQqri9FdMRUYQam07JhuAuv7xK2hc197JWv69XGjd5HEU4gVOoggtX0IA7aEILKAzhGV7hDQn0gt7Rx6K1gPKZY/gD9PkDkCiNVg==</latexit>
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<latexit sha1_base64="sHlBn3nzuTgUhUT0HUHU6PWCiko=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hyiOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALETjOA=</latexit>
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<latexit sha1_base64="3/4YisKq/bnccaEY7EkdQlpA6Eg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9i7LlXqlVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6l/jNs=</latexit>

N
<latexit sha1_base64="u8VdUgOEDWelpFWj8JbZf8440A4="></latexit>
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<latexit sha1_base64="82f2dGa7urItb2zjnC5p+TG3bn8="></latexit>
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(c)

<latexit sha1_base64="P0yeRtCgCZEEH1EMMK4FnByxI5M=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1FjpocIu+qWyW3XnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbQuq16tWruvles3eRwFOIUzqIAHV1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AGN+41T</latexit>

Figure 3.4: (a) Truncated two-dimensional periodic Miura-ori sheet for which (d, p) =
(3, 2); (b) unit cell of periodicity Y ; (c) bar-and-hinge discretization where the bars are
indicated by continuous lines, the folding (resp. bending) hinges by rounded rectangles
with continuous (resp. dashed) contours, and the nodes by balls (nodes, bars and
hinges that do not belong to Y ′ are shaded); and (d) first Brillouin zone B of the lattice
featuring apex points A, B and C.

In the absence of the source term (f̂k = 0), the foregoing homogenization framework

enables local approximation of the dispersion relationship in the vicinity of an arbitrary

pair (ks, ωn(ks)), ks ∈ B, which is a way to access the effective properties of the medium.

With reference to Fig. 3.4(d), we illustrate this by taking ks as the origin of the Brillouin

zone (point A), apex points B and C, and internal points M and N given respectively

by −→
AB = 1

2 e
1,

−→
AC = 1

2 e
1 + 1

2 e
2,

−−→
AM = 0.4

−→
AC,

−→
AN = 0.7201

−→
AB.

Fig. 3.5 compares the first 12 dispersion branches with their respective approxi-

mations in the neighborhood of points A, B, C, M and N, while Fig. 3.6 focuses on

branches 13–24. We specify the extent of repeated- or cluster-eigenvalue asymptotic

approximation (as applicable) by the set

N ?
` = {n1, n2, . . . nQ}, ? ∈ {A,B,C,M,N}

where, for given index ?, ` locates the cluster in the order of increasing frequency as

summarized in Table 3.1.
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We note from Figs. 3.5–3.6 that the leading-order asymptotic approximation of the

dispersion relationship near simple eigenfrequencies (dashed lines) at the origin of the

first Brillouin zone A, captures very well their curvature. Using the results from Sec-

tion 3.2.1, the first-order asymptotic approximation of the dispersion relationship is

also obtained for simple eigenfrequencies at the “interior” points M and N. Here, the

local approximation captures with good veracity both the slope and curvature of the

dispersion relationship.

With reference to Figs. 3.5–3.6 and Table 3.1, the dispersion relationship near clus-

ters NA
3 , NA

4 , NM
1 , NN

1 and NN
2 of size Q = 2 is approximated by solving the effective

eigenvalue problem (3.97). We note from the figures that the leading-order asymptotic

approximation of the dispersion relationship reconstructs accurately the interaction be-

tween the branches composing the cluster. For clusters NB
1 , NB

2 , NB
4 , NB

5 , NB
6 , NB

7 ,

NB
8 , NB

9 , NB
10 and NB

11 (also of size Q= 2), the local approximation is established us-

ing the results from Section 3.2.3 as the featured effective matrix Aγ is of full rank in

direction BA and partial rank in direction BC.

In the low-wavenumber, low-frequency neighborhood, approximation of the acoustic

branches near the origin (ω1 = 0,ks = 0) is obtained using model (3.85) where the

effective matrixA(0) of size Q = 3 is trivial in all directions. Finally, in the neighborhood

of clusters NC
1 and NC

2 of size Q = 4 and clusters NC
3 , NC

4 , NC
5 and NC

6 of size

Q = 5, the matrix Aγ is full-rank and model (3.97) is used to approximate the featured

dispersion relationships with high fidelity.

Table 3.1: Example eigenfrequency clusters near points A, B, C, M and N (see
Fig 3.4(d)) featured by the 2D-periodic Miura-ori structure.

Cluster A B C M N

N1 1, 2, 3 1, 2 1, 2, 3, 4 4, 5 2, 3

N2 7, 8 3, 4 5, 6, 7, 8 – 5, 6

N3 14, 15 5, 6, 7, 8 9, 10, 11, 12 – –

N4 16, 17 9, 10 13, 14,15, 16 – –

N5 – 11, 12 17, 18, 19, 20 – –

N6 – 13, 14 21, 22, 23, 24 – –

N7 – 15, 16 – – –

N8 – 17, 18 – – –

N9 – 19, 20 – – –

N10 – 21, 22 – – –

N11 – 23, 24 – – –
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<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>
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<latexit sha1_base64="nWwFofU58f/o0tULfi1Y4v69JVA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJXLjM4=</latexit>

A
<latexit sha1_base64="xb41e4TjGgt0RXNCKj0RKqt9KKA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJjTjNA=</latexit>

C
<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>
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<latexit sha1_base64="3/4YisKq/bnccaEY7EkdQlpA6Eg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9i7LlXqlVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6l/jNs=</latexit>
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M

Figure 3.5: Approximation of the first twelve dispersion branches for the Miura-ori pe-
riodic structure near points A, B, C, M and N in Fig 3.4(d). In the display, dotted lines
track the reference numerical results; solid lines signify the leading-order approxima-
tion of the clusters of nearby branches (Q>1); dashed lines indicate the leading-order
approximation of isolated dispersion branches (Q= 1), and dash-dotted lines plot the
first-order approximation of isolated dispersion branches at points M and N. The nor-
malization parameters are k0 = π/`0 and ω0 =

√
κ0/m0.

1D-periodic Miura tube

As the second example, we construct 1D-periodic unbounded Miura tube with (d, p) =

(3, 1) by (i) stacking the Miura-ori unit cell (see Fig. 3.4(b)) and its mirror image with

respect to the plane (O, e1, e2) and (ii) extending it periodically in direction e1. As

an illustration, Fig. 3.7(a) depicts a truncation of the periodic structure; Fig. 3.7(b)

shows the top view of its unit cell of periodicity Y , and Fig. 3.7(c) presents the top

view of its bar-and-hinge model Y ′. The dimensions of the Miura tube panels repeat

those in Section 3.4.1 in that a = 1, b = 1, β = π/4 ∈ (0, π/2), and α = π/2 − β/2 ∈
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M

Figure 3.6: Approximation of the dispersion branches 13-24 for the Miura-ori periodic
structure near points A, B, C, M and N in Fig 3.4(d). Here, dotted lines track the
reference numerical results; solid lines signify the leading-order approximation of the
clusters of nearby branches (Q>1); dashed lines indicate the leading-order approxima-
tion of isolated dispersion branches (Q= 1), and dash-dotted lines plot the first-order
approximation of isolated dispersion branches at points M and N.

(π/2 − β, π/2 + β). Again, we assume that (i) the structure panels have a uniform

surface mass density ρ0 = 1; (ii) the bars are uniformly characterized by E0A0 = 102;

(iii) the folding hinges have stiffness kfs = 1, and (iv) the bending hinges have stiffness

kbs = 10. We maintain the same normalization parameters (`0 = a, κ0 = E0A0/a,

m0 = ρ0a
2) and auxiliary coefficients ω0 =

√
κ0/m0 and k0 = π/`0.

In this case, the unit cell Y ′ of DPOS S′ has m = d × 16 = 48 degrees of freedom.

With reference to Fig. 3.5, the Miura tube Bravais lattice basis and reciprocal lattice

basis are given respectively by
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e1 = 2b

√
sin(α)2 − cos(β)2

sin(α)
i1, e1 =

π sin(α)

b
√

sin(α)2 − cos(β)2
i1. (3.123)
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Y

Figure 3.7: (a) Truncated one-dimensional periodic Miura tube for which (d, p) =
(3, 1), (b) top view of its unit cell of periodicity Y and (c) top view of the associated
discretization via the bar-and-hinge model Y ′ where (i) bars are presented via continuous
lines, folding (resp. bending) hinges via rounded rectangles with continuous (resp.
dashed) contours and nodes via balls and (ii) nodes, bars and hinges that do not belong
to Y ′ are shaded

Fig. 3.8 examines the performance of the asymptotic models in terms of the first

twelve branches of the dispersion relationship. The comparison is made in a neighbor-

hood of the origin A, apex point B, and internal points M1 −M8 of the first Brillouin

zone given by

−→
AB = 1

2 e
1,
−−→
AM1 = 0.425

−→
AB,

−−→
AM2 = 0.605

−→
AB,

−−→
AM3 = 0.545

−→
AB,

−−→
AM4 = 0.455

−→
AB,

−−→
AM5 = 0.275

−→
AB,

−−→
AM6 = 0.840

−→
AB,

−−→
AM7 = 0.610

−→
AB,

−−→
AM8 = 0.875

−→
AB. (3.124)

The example eigenfrequency clusters for which we pursue asymptotic approximation are

summarized in Table 3.2.

From Fig. 3.8, we first observe that the leading-order (resp. first-order) asymptotic



89

Table 3.2: Example eigenfrequency clusters near points A, B, and M1-M8 (see (3.124))
featured by the 1D-periodic Miura tube.

Cluster A B M3 M4 M5 M6 M7 M8

N1 1, 2, 3, 4 3, 4 3, 4 5, 6 9, 8, 10 9, 10, 11 7, 8 4, 5

N2 – 5, 6 – – – – 10, 11, 12 –

N3 – 7, 8 – – – – – –

N4 – 9, 10 – – – – – –

N5 – 11, 12 – – – – – –

approximation of the dispersion relationship near simple eigenfrequencies at the apex

points A and B (resp. internal points M and N) captures very well the local dispersion

behavior. The model for these examples is provided in Section 3.2.1. On the other

hand, the dispersion relationship near clusters NB
1 , NB

2 , NB
3 , NB

4 , NB
5 , NM3

1 , NM4
1 ,

NM5
1 , NM7

1 and NM8
1 (of size Q = 2) is approximated by solving the effective eigenvalue

problem (3.97). Again, we observe from the figure that the leading-order asymptotic

approximation of the dispersion relationship reconstructs very well the interaction be-

tween the branches composing the cluster. In the neighborhood of clusters NM6
1 and

NM7
2 of size Q = 3, matrix Aγ is of full-rank and model (3.97) is used to approximate

the local dispersion behavior. Near the origin (ω1 = 0,ks = 0) of the Brillouin zone,

the dispersion map is approximated using model (3.85) where the effective matrix A(0)

of size Q = 4 is found to be trivial in all directions.

3.4.2 Forced motion

In this section, we examine the leading-order effective motion of the 2D-periodic Miura-

ori structure described in Section 3.4.1 due to a body force f near the edge of a band gap

where µ(0) is sign-definite. To this end, we consider the excitation frequency ω2 = ω2
20 +

σε2ω2
0, where σ ∈ {−1, 1} determines the position of ω relative to the eigenfrequency

ω20. With reference to (3.21), we consider three “uni-component”realizations of the

force term f
(j)

p̂(n) according to

f
(j)

p̂(n) = Fp̂(n) ij (j ∈ {1, 2, 3}), Fp̂(n) =

∫
C
e−ε

−2
0 ‖k‖2e

ik·x
p̂(n) dk, (3.125)

where C ⊂ B is a disc centered on the origin of the first Brillouin zone with radius ‖e2‖/2,

and e2 is the second reciprocal lattice basis vector. The leading-order approximation of

the effective motion 〈u〉[0]ρ (x) for x∈R2 is evaluated by integrating (3.109) numerically
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B

Figure 3.8: Approximation of the first twelve dispersion branches for the Miura tube
near points A, B and M1 − M8 as defined in (3.124). In the display, dotted lines
track the reference numerical results; solid lines signify the leading-order approximation
of the clusters of nearby branches (Q > 1), and dash-dotted lines plot the first-order
approximation of isolated dispersion branches (Q= 1). The normalization parameters
are defined as k0 = π/`0 and ω0 =

√
κ0/m0.

over C. Allowing for a slight abuse of notation, we also introduce an auxiliary constant

vector f (j) ∈ RdNn , defined over the unit cell of DPOS, so that its value at each node

equals ij .

Driving frequency inside a band gap

First, we consider the situation where the driving frequency is within the band gap

(ω > ω20), for which σ = 1. For the purpose of numerical simulations, we take ε0 = 0.5
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and ε ∈ {0.0994, 0.1265, 0.1581}, see Fig 3.9. In Fig. 3.10, we plot continuous interpola-

tion of the amplitude of the driving force due to (3.125) and the corresponding leading-

order effective motion, 〈u〉[0]ρ , over 70× 70 unit cells of the Miura-ori periodic structure

for: (a) ε = 0.0994, (b) ε = 0.1265 and (c) ε = 0.1581. Thanks to (3.109)–(3.110), we

observe that the ratio 〈u〉[0]ρ /〈ij〉 is independent of the choice of the direction j of the

source term in (3.125). As a result, the mean motion results in Fig. 3.10 are conve-

niently normalized by 〈f (j)〉, noting that 〈f (1)〉 = 6.6703 10−5, 〈f (2)〉 = 5.7615 10−4,

and 〈f (3)〉 = 6.9777 10−1. From the display, we observe rapid decay of the solution

away from the source (as expected for driving frequencies inside the band gap) and

anisotropic character of the effective motion near ω20. Further, the rate of decay is seen

to increase monotonically with increasing ε, i.e. increasing “incursion” into the band

gap.
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Figure 3.9: Relative position of the excitation frequencies ω+
1 =

√
ω2

20 + 0.09942, ω+
2 =√

ω2
20 + 0.12652, ω+

3 =
√
ω2

20 + 0.15812, ω−1 =
√
ω2

20 − 0.09942, ω−2 =
√
ω2

20 − 0.12652

and ω−3 =
√
ω2

20 − 0.15812 where ω20 =ω20(0). The frequency interval covered by the
shaded “parabolic” region indicates a passband.

Driving frequency inside a passband

Next, we excite the periodic Miura-ori structure in the passband by setting σ = −1,

ε0 = 0.5 and ε ∈ {0.0994, 0.1265, 0.1581}, see Fig 3.9. In this case, the integrand

in (3.109) is singular yet integrable as demonstrated in Section 3.3.1. As a result,

we aid the numerical integration (implemented in Matlab) by adding an imaginary

penalty i.e. regularization term iτ to the denominator in (3.110); in particular, we let

τ = 0.3, 0.5, 0.7 for ε = 0.0994, ε = 0.1265 and ε = 0.1581, respectively. In Fig. 3.11, we

plot the normalized effective motion 〈f (j)〉−1〈u〉[0]ρ (real part) over 70× 70 unit cells of

the Miura -ori periodic structure for (a) ε = 0.0994, (b) ε = 0.1265 and (c) ε = 0.1581.
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Figure 3.10: Excitation inside a band gap: (a) amplitude of the driving force f
(j)

p̂(n)

(j ∈ {1, 2, 3}) and leading-order approximations of the induced effective motion
〈f (j)〉−1〈u〉[0]ρ (x) (real part) over 70 × 70 unit cells for σ = 1 and (a) ε = 0.0994,
(b) ε = 0.1265, and (c) ε = 0.1581.

In this case, we clearly observe the manifestation of (anisotropic) wave propagation,

characterized by diminishing wavelength with increasing ε, i.e. increasing “incursion”

into the passband.
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(a)

Figure 3.11: Excitation inside a passband: (a) amplitude of the driving force f
(j)

p̂(n)

(j ∈ {1, 2, 3}) and leading-order approximations of the induced effective motion
〈f (j)〉−1〈u〉[0]ρ (x) (real part) over 70 × 70 unit cells for σ = −1 and (a) ε = 0.0994,
(b) ε = 0.1265 and (c) ε = 0.1581.



Chapter 4

Summary and outlook

In the first part of this dissertation, we established a rational framework for finite-

wavenumber, finite-frequency (FW-FF) homogenization of the scalar wave equation in

(generally non-orthogonal) periodic media with Dirichlet and Neumann “perforations”,

i.e. exclusions. The proposed asymptotic ansatz applies to spectral neighborhoods

of (i) an arbitrary wavenumber within the first Brillouin zone, and (ii) either simple,

repeated, or nearby eigenfrequencies. With the aid of the Bloch-wave expansion that

provides us with handle on the wavenumber, we also account for, and homogenize, the

source term featured in the field equation. A systematic asymptotic analysis of tightly-

spaced eigenfrequency clusters (covering the most general asymptotic configuration)

reveals an effective system of field equations featuring a “matrix” operator weaving

Dirac- and wave-like behaviors, and a vector source term built from the projections

of the (scalar) source term onto participating phonons, i.e. Bloch eigenfunctions. As

numerical examples, we provide asymptotic description of the dispersion relationship for

a Kagome lattice with Neumann exclusions, and a square lattice of Dirichlet obstacles.

We also examine the performance of the effective model with a source term, up to the

second order of asymptotic correction, by considering the response of the Kagome lattice

to a dipole-like source acting near the edge of an internal band gap.

In the second part of this work, by leveraging the bar-and-hinge paradigm we de-

veloped a homogenization framework that physically informs and numerically simplifies

the dynamic analysis of linear periodic origami structure. To this end, we specifically

adopt the N5B8 linear elastic element that endows each parallelepipedal panel of the

origami structure with five inertial nodes, eight extending bars that link the nodes,

linear folding hinges along the peripheral bars, and linear bending hinges along the

internal bars. For generality, the discrete origami model is designed to admit periodic

homogenous Dirichlet boundary conditions and a “body force” acting on the nodes of

93



94

a discrete structure. In this setting, we formulate the leading-order (system of) effec-

tive equation(s) governing the wave motion in origami structures near simple, repeated,

and nearby eigenfrequencies at an arbitrary wavenumber within the first Brillouin zone.

On setting the source term to zero, from this system we obtain a low-order algebraic

eigenvalue problem that yields the leading-order asymptotic approximation of the Bloch

dispersion relationship of the periodic origami structure over a given spectral neighbor-

hood. Using a 2D-periodic Miura-ori structure and a 1D-periodic Miura tube as the

basis for numerical simulations, the proposed homogenization framework is shown to

provide an accurate local description of the dispersion relationship in all spectral situ-

ations. The numerical illustrations of the dispersion relationship are complemented by

simulations of the effective wave motion in 2D-periodic Miura-ori structure at frequen-

cies (i) near the edge of a band gap and (ii) within a pass band. From the simulations, we

observe that the dynamic anisotropy of the periodic origami structure is well captured

in both excitation regimes. We also note that the featured homogenization framework

is independent from the adopted bar-and-hinge model, and it inherently applies to any

origami model where the panels are linked with linear extending and folding membranes

[60, 87]. The proposed analysis can be extended toward describing the effective wave

motion in viscoelastic (damped) DPOSs, as well as that in nonlinear (periodic) origami

structures.
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[42] D. Sjöberg, C. Engström, G. Kristensson, D.J. Wall, N. Wellander, (2005). A

Floquet–Bloch Decomposition of Maxwell’s Equations Applied to Homogenization.

Multiscale Model. Simul., 4(1), 149–171.

[43] A. Wautier, B. Guzina (2015). On the second-order homogenization of wave motion

in periodic media and the sound of a chessboard, J. Mech. Phys. Solids 78, 382–414.

[44] C.H. Wilcox (1978). Theory of Bloch waves, J. Analyse Math., 33(1), 146–167.

[45] J.R. Willis (1983). The overall elastic response of composite materials. J. Appl.

Mech. ASME 50, 1202–1209.

[46] J.R. Willis (2011). Effective constitutive relationships for waves in composites and

metamaterials, Proc. R. Soc. A 467(2131), 1865–1879.

[47] J.R. Willis (2016). Negative refraction in a laminate, J. Mech. Phys. Solids, 97,

10–18.

[48] A.G. Ramm (2007). Many-body wave scattering by small bodies and applications.

Journal of mathematical physics, 48(10), 103511.



99

[49] A.G. Ramm (2011). Wave scattering by small bodies and creating materials with

a desired refraction coefficient. Afrika Matematika, 22(1), 33-55.

[50] M. Arya (2016). Packaging and deployment of large planar spacecraft structures

(Doctoral dissertation, California Institute of Technology).

[51] G. Bordiga, L. Cabras, A. Piccolroaz and D. Bigoni (2021). Dynamics of prestressed

elastic lattices: Homogenization, instabilities, and strain localization. Journal of the

Mechanics and Physics of Solids, 146, 104198.

[52] V. Brunck, F. Lechenault, A. Reid and M. Adda-Bedia (2016). Elastic theory of

origami-based metamaterials. Physical Review E, 93(3), 033005.

[53] R.V. Craster, J. Kaplunov and J. Postnova (2010). High-frequency asymptotics,

homogenisation and localisation for lattices. The Quarterly Journal of Mechanics

and Applied Mathematics, 63(4), 497-519.

[54] Y. Du, C. Song, J. Xiong and L. Wu (2019). Fabrication and mechanical behav-

iors of carbon fiber reinforced composite foldcore based on curved-crease origami.

Composites Science and Technology, 174, 94-105.

[55] A.A. Evans, J.L. Silverberg and C.D. Santangelo (2015). Lattice mechanics of

origami tessellations. Physical Review E , 92(1), 013205.

[56] E.T. Filipov, T. Tachi and G.H. Paulino (2015). Toward optimization of stiffness

and flexibility of rigid, flat-foldable origami structures. In The 6th International

Meeting on Origami in Science, Mathematics and Education, 121.

[57] E.T. Filipov, T. Tachi and G.H. Paulino (2015). Origami tubes assembled into

stiff, yet reconfigurable structures and metamaterials. Proceedings of the National

Academy of Sciences, 112(40), pp.12321-12326.

[58] E.T. Filipov, K. Liu, T. Tachi, M. Schenk and G.H. Paulino (2017). Bar and

hinge models for scalable analysis of origami. International Journal of Solids and

Structures, 124, 26-45.

[59] S.W. Grey, F. Scarpa and M. Schenk (2019). Strain reversal in actuated origami

structures. Physical Review Letters, 123(2), 025501.

[60] E.A.P. Hernandez , D.J. Hartl , E. Akleman and D.C. Lagoudas (2016). Modeling

and analysis of origami structures with smooth folds. Computer-Aided Design, 78,

93-106.



100

[61] D.T., Ho, S.Y. Kim and U. Schwingenschlgl (2020). Graphene origami structures

with superflexibility and highly tunable auxeticity. Physical Review B, 102(17),

174106.

[62] K. Kuribayashi, K. Tsuchiya, Z. You, D. Tomus, M. Umemoto, T. Ito and M.

Sasaki (2006). Self-deployable origami stent grafts as a biomedical application of Ni-

rich TiNi shape memory alloy foil. Materials Science and Engineering: A, 419(1-2),

131-137.

[63] S. Li, H. Fang, S. Sadeghi, P. Bhovad and K.W. Wang (2019). Architected origami

materials: How folding creates sophisticated mechanical properties. Advanced ma-

terials, 31(5), 1805282.

[64] J. Liu, H. Ou, R. Zeng, J. Zhou, K. Long, G. Wen and Y.M. Xie (2019). Fabrication,

dynamic properties and multi-objective optimization of a metal origami tube with

Miura sheets. Thin-Walled Structures, 144, 106352.

[65] K. Liu and G.H. Paulino (2017). Nonlinear mechanics of non-rigid origami: an

efficient computational approach. Proc. Roy. Soc. A 473(2206), 20170348.

[66] A. Lebe and K. Sab (2010). Transverse shear stiffness of a chevron folded core used

in sandwich construction. International Journal of Solids and Structures, 47(18-19),

2620-2629.

[67] A. Lebe and K. Sab (2011). A Bending-Gradient model for thick plates. Part I:

Theory. International Journal of Solids and Structures, 48(20), 2878-2888.

[68] A. Lebe and K. Sab (2012). Homogenization of thick periodic plates: Application

of the Bending-Gradient plate theory to a folded core sandwich panel. International

Journal of Solids and Structures, 49(19-20), 2778-2792.

[69] F. Lechenault, B. Thiria and M. Adda-Bedia (2014). Mechanical response of a

creased sheet. Physical Review Letters, 112(24), 244301.

[70] S. Li, D.M. Vogt, D. Rus and R.J. Wood (2017). Fluid-driven origami-inspired

artificial muscles. Proceedings of the National academy of Sciences, 114(50), 13132-

13137.

[71] M. Makwana and R.V. Craster (2014). Homogenization for hexagonal lattices and

honeycomb structures. The Quarterly Journal of Mechanics and Applied Mathemat-

ics, 67(4), 599-630.



101

[72] S. Meng, B. Guzina (2017). On the dynamic homogenization of periodic media:

Willis’ approach versus two-scale paradigm, Proc. R. Soc. A 474(2213), 20170638.

[73] M. Norman and K. Arjomandi (2017) (2017). Origami applications in structural

engineering: a look at temporary shelters. Proceedings of the 2-nd world congress on

civil, structural, and environmental engineering (CSEE’17),130, 2371-52.

[74] E. Nolde, R.V. Craster and J. Kaplunov (2011). High frequency homogenization

for structural mechanics. Journal of the Mechanics and Physics of Solids, 59(3),

651-671.

[75] O. Oudghiri-Idrissi, B.B. Guzina and S. Meng (2021). On the spectral asymptotics

of waves in periodic media with Dirichlet or Neumann exclusions. The Quarterly

Journal of Mechanics and Applied Mathematics, 74(2), 173-221.

[76] N.S.N. Ota, L. Wilson, A.G. Neto, S. Pellegrino and P. Pimenta (2016). Nonlinear

dynamic analysis of creased shells. Finite Elements in Analysis and Design, 121,

64-74.

[77] C. Pradier, J. Cavoret, D. Dureisseix, C. Jean-Mistral and F. Ville (2016). An

experimental study and model determination of the mechanical stiffness of paper

folds. Journal of Mechanical Design, 138(4), 041401.

[78] P.P. Pratapa, P. Suryanarayana and G.H. Paulino (2018). Bloch wave framework for

structures with nonlocal interactions: Application to the design of origami acoustic

metamaterials. Journal of the Mechanics and Physics of Solids, 118, 115-132.

[79] P.P. Pratapa, K. Liu and G.H. Paulino (2019). Geometric mechanics of origami pat-

terns exhibiting Poisson’s ratio switch by breaking mountain and valley assignment.

Physical Review Letters, 122(15),155501.

[80] J. Song, Y. Chen and G. Lu (2012). Axial crushing of thin-walled structures with

origami patterns. Thin-Walled Structures, 54, 65-71.

[81] M. Schenk and S.D. Guest (2011). Origami folding: A structural engineering ap-

proach. Origami, 5, 291-304.

[82] M. Schenk, A.D. Viquerat , K.A. Seffen and S.D. Guest (2014). Review of inflat-

able booms for deployable space structures: packing and rigidization. Journal of

Spacecraft and Rockets, 51(3), 762-778.



102

[83] M.Thota and K.W. Wang (2017). Reconfigurable origami sonic barriers with tun-

able bandgaps for traffic noise mitigation. Journal of Applied Physics, 122(15),

154901.

[84] H. Wu, H. Fang, L. Chen and J. Xu (2020). Transient Dynamics of a Miura-Origami

Tube during Free Deployment. Physical Review Applied, 14(3), 034068.

[85] Z.Y. Wei, Z.V. Guo, L. Dudte, H.Y. Liang and L. Mahadevan (2013). Geometric

mechanics of periodic pleated origami. Physical Review Letters, 110(21), 215501.

[86] H. Yasuda (2018). Wave dynamics in origami-based mechanical metamaterials

(Doctoral dissertation, University of Washington).

[87] Y. Zhu and E.T. Filipov (2020). A bar and hinge model for simulating bistability

in origami structures with compliant creases. Journal of Mechanisms and Robotics

12(2).

[88] Q. Zhang, H. Fang and J. Xu (2020). Programmable stopbands and supratrans-

mission effects in a stacked miura-origami metastructure. Physical Review E, 101(4),

042206.

[89] M. Zhang, J. Yang and R. Zhu (2021). Origami-Based Bistable Metastructures for

Low-Frequency Vibration Control. Journal of Applied Mechanics, 88(5), 051009.



Appendix A

Supporting results for Chapter 2

A.1 Bloch wave expansion (BWE)

Assume f ∈ L2(S). Leting x ∈ S, we define the function f̃k ∈ L2
p(Y ) as

f̃k(x) =
∑
r∈R

f(x+ r)e−ik·(x+r).

For ks ∈ Rd, we have∫
ks+B

1

|B| f̃k(x)eik·xdk =

∫
ks+B

1

|B|
∑
r∈R

f(x+ r)e−ik·rdk

=
∑
r∈R

f(x+ r)
e−iks·r

|B|

∫
B
e−ik·rdk

= f(x), (A.1)

since the last integral vanishes for all r 6= 0 due to (2.7).

A.2 Relationship between the plane wave expansion (PWE)

and BWE

Let ψ(k) be a Y ∗0 -periodic function defined on the reciprocal space Rd as

ψ(k) =
∑
r∈R

eir·k.
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For r∗ ∈ R∗, it is clear that ψ(k + r∗) = ψ(k) since r · r∗ ∈ 2πZ by (2.1) and (3.3).

Next, let φ(k) be Y ∗0 -periodic and square-integrable over Y ∗0 and let Φ(r), with r ∈ R,

denote its Fourier series coefficient. For k◦∈ Rd, we then have∫
Y ∗0

ψ(k − k◦)φ(k)dk =

∫
Y ∗0

(∑
r∈R

eir·(k−k◦)
)
φ(k)dk

=
∑
r∈R

e−ir·k◦
∫
Y ∗0

eir·kφ(k)dk (A.2)

=
∑
r∈R

e−ir·k◦ |Y ∗0 | Φ(−r) = |Y ∗0 |
∑
r∈R

eir·k◦ Φ(r)

= |Y ∗0 | φ(k◦) = |B| φ(k◦+ c∗), c∗ ∈ R∗. (A.3)

Next, recall the PWE of f ∈L2(S) given by (2.17). For given k◦ ∈ ks+ B, we first

define a unique translation vector c∗(k◦) ∈ R∗ such that

k◦∈ ks+ B → k◦ + c∗(k◦) ∈ Y ∗0 .

With reference to definition (2.15) of the Bloch transform and (2.17), one accordingly

has

f̃k◦(x) =
∑
r∈R

f(x+ r) e−ik◦·(x+r) =
∑
r∈R

∫
Rd

F(k)ei(k−k◦)·(x+r) dk

=

∫
Rd

F(k)ei(k−k◦)·x
(∑
r∈R

ei(k−k◦)·r
)

dk =

∫
Rd

F(k)ei(k−k◦)·x ψ(k − k◦) dk

=
∑
r∗∈R∗

∫
r∗+Y ∗0

F(k)ei(k−k◦)·x ψ(k − k◦) dk.

=
∑
r∗∈R∗

∫
Y ∗0

F(r∗+ k)ei(r
∗+k−k◦)·x ψ(k − k◦) dk (A.4)

= |B|
∑
r∗∈R∗

F(r∗+ k◦ + c∗(k◦))e
i(r∗+c∗(k◦))·x = |B|

∑
r∗∈R∗

F(r∗+ k◦)e
ir∗·x.(A.5)

Note that (A.5) is obtained from (A.4) by (i) setting, for any given r∗, φ(k) := F(r∗+

k)ei(r
∗+k−k◦)·x over Y ∗0 ; (ii) extending the support of such defined φ(k) to Rd by the

application of Y ∗0 -periodicity, and (iii) applying (A.3) with c∗ = c∗(k◦) to each term

in the sum. This establishes claim (2.18). Assuming further that F(k) is compactly

supported inside ks+ B, we obtain (2.19) thanks to the fact that F(r∗ + k) = 0 for

all r∗ 6= 0.
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A.3 Cell functions

Simple eigenvalue, cell functions χ(2) and η(0): The cell functions χ(2)∈
(
H̄1
p0(Y )

)d×d
and η(0)∈ H̄1

p0(Y ) uniquely solve the respective unit cell problems

λ̃nρχ
(2)+∇ks·

(
G(∇ksχ(2)+{I⊗χ(1)}′)

)
+G(∇ksχ(1)+φ̃nI) =

ρ

ρ(0)
{θ(0)⊗χ(1)}+ ρ

ρ(0)
φ̃nµ

(0),

(A.6)

− λ̃nρη(0) −∇ks·
(
G∇ksη(0)

)
= f̃k −

ρ

ρ(0)
〈f̃k〉φ̃n, (A.7)

with G(∇ksχ(2) +{I⊗χ(1)}′) and G∇ksη(0) each satisfying the flux boundary conditions

(2.38).

Simple eigenvalue, cell functions χ(3) and η(1): The cell functions χ(3)∈
(
H̄1
p0(Y )

)d×d×d
,

η(1)∈
(
H̄1
p0(Y )

)d
and η(2)∈ H̄1

p0(Y ) uniquely solve the respective unit cell problems

λ̃nρχ
(3) +∇ks·

(
G(∇ksχ(3) + {I ⊗ χ(2)}′)

)
+G{∇ksχ(2) + I ⊗ χ(1)}

= ρ
ρ(0)

{
θ(0) ⊗ χ(2)

}
+ ρ

ρ(0)

{
µ(0) ⊗ χ(1)

}
+ ρ

ρ(0)
φ̃nθ

(1), (A.8)

λ̃nρη
(1) +∇ks·

(
G(∇ksη(1) + η(0)I)

)
+G∇ksη(0) + ρ

ρ(0)
φ̃n(f̃k,χ

(1)) = ρ
ρ(0)
〈f̃k〉χ(1),

(A.9)

−λ̃nρη(2) −∇ks ·(G∇ks η(2)) = ρη(0), (A.10)

with G(∇ksχ(3) + φ̃n {I ⊗ χ(2)}′), G(∇ksη(1) + η(0)I) and G∇ksη(2) each satisfying the

flux boundary conditions (2.38). For future reference, we note that η(0), η(1) and η(2)

are all f̃k-dependent.

Remark 30 With reference to Remark 6, we find assuming f̃k(x) = F (εk̂)φ(x) that

the respective solutions of (A.9) and (A.10) can be computed as η(1)(x) = F (εk̂)ζ(1)(x)

and η(2)(x) = F (εk̂)ζ(2)(x) , where ζ(1)∈
(
H̄1
p0(Y )

)d
and ζ(2)∈ H̄1

p0(Y ) uniquely solve

λ̃nρζ
(1) +∇ks·

(
G(∇ksζ(1) + ζ(0)I)

)
+G∇ksζ(0) + ρ

ρ(0)
φ̃n(φ,χ(1)) = ρ

ρ(0)
〈φ〉χ(1),(A.11)

−λ̃nρζ(2) −∇ks · (G∇ks ζ(2)) = ρζ(0), (A.12)

with G(∇ksζ(1) + ζ(0)I) and G∇ksζ(2) each being subject to the flux boundary conditions

(2.38).
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Repeated eigenvalue, cell functions χ(2)
q and η(0): The cell functions χ(2)

q ∈(
H̄1
p0(Y )

)d×d
and η(0)∈ H̄1

p0(Y ) solve uniquely the respective equations

λ̃nρχ
(2)
q +∇ks·

(
G(∇ksχ(2)

q + φ̃nq{I⊗ χ(1)
q }′)

)
+ {G(∇ksχ(1)

q + φ̃nqI)}
=
∑

s

(
ρ

ρ
(0)
s

{θ(0)
sq ⊗ χ(1)

s }+ ρ

ρ
(0)
s

φ̃nsµ
(0)
sq

)
, (A.13)

− λ̃nρη(0) −∇ks·
(
G∇ksη(0)

)
= f̃k −

∑
s

ρ

ρ(0)
s
〈f̃k〉ns φ̃ns . (A.14)

with G(∇ksχ(2)
q +{I⊗χ(1)

q }′) and G∇ksη(0) satisfying the flux boundary conditions (2.38).

See also Remark 31.

Remark 31 When f̃k(x) = F (εk̂)φ(x), the solution of (A.14) is given by η(0)(x) =

F (εk̂)ζ(0)(x), where ζ(0)∈ H̄1
p0(Y ) uniquely solves

− λ̃nρζ(0) −∇ks·
(
G∇ksζ(0)

)
= φ−

∑
s

ρ

ρ(0)
s
〈φ〉ns φ̃ns , (A.15)

subject to the flux boundary conditions (2.38) in terms of G∇ksζ(0).

A.4 Effective coefficients

Proof of Claim 2. We integrate {((2.53)⊗ χ(1), 1)} using the divergence theorem and

the flux boundary conditions (2.38) written in terms of G(∇ksχ(1)+ φ̃nI) to obtain

µ(0) = 〈Gφ̃nI〉+ λn{(ρχ(1)⊗ χ(1), 1)} − {(G(∇ksχ(1)) · (∇ksχ(1)), 1)} ∈ Rd×d. (A.16)

Remark 32 The “dot” operator in (A.16) and thereafter assumes inner tensor con-

traction with respect to the first index.

Proof of Claim 5. We evaluate integrals {((A.6)⊗χ(1), 1)} and {((2.53)⊗ χ(2), 1)} by

applying the divergence theorem and exploiting the boundary conditions (2.38) satisfied

by G(∇ksχ(1)+ φ̃nI) and G(∇ksχ(2) + {I⊗ χ(1)}′). In this way, we find that

θ(1) = {(Gχ(1)⊗∇ksχ(1), 1)} − {(Gχ(1)⊗∇ksχ(1), 1)} + {(GI⊗ χ(1), φ̃n)}

−{(GI⊗ χ(1), φ̃n)}+ {θ(0)⊗ 1

ρ(0)
{(ρχ(1)⊗ χ(1), 1)}} ∈ iRd×d×d. (A.17)
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Proof of Claim 6. We evaluate integrals {((A.8)⊗ χ(1), 1)}, {((2.53)⊗ χ(3), 1)} and

{((A.6)⊗ χ(2), 1)} by applying the divergence theorem and exploiting the boundary

conditions (2.38) satisfied by G(∇ksχ(1)+φ̃nI), G(∇ksχ(2)+{I⊗χ(1)}′) and G(∇ksχ(3)+

{I⊗ χ(2)}′). We then obtain

µ(2) = −λn{(ρχ(2)⊗ χ(2), 1)}+ {(G(∇ksχ(2)) · (∇ksχ(2)), 1)} − {(GI⊗ χ(1)⊗ χ(1), 1)}

+ {µ(0)⊗ 1

ρ(0)
{(ρχ(1)⊗ χ(1), 1)}} ∈ Rd×d×d×d. (A.18)

Proof of Claim 9. We integrate {((2.85)⊗χ(1)
p , 1)} by applying the divergence theorem

and making use of the boundary conditions (2.38) satisfied by G(∇ksχ(1)
q + φ̃npI) to

obtain

µ(0)
qp = 〈Gφ̃npI〉nq + λn{(ρχ(1)

q ⊗ χ(1)
p , 1)} − {(G(∇ksχ(1)

p ) · (∇ksχ(1)
q ), 1)}.

As a result, for p ∈ 1, Q we have

µ(0)
qp : (ik̂)2 =

(
〈Gφ̃npI〉nq + λn{(ρχ(1)

q ⊗ χ(1)
p , 1)}

)
: (ik̂)2

−
(
{(G(∇ksχ(1)

p ) · (∇ksχ(1)
q ), 1)}

)
: (ik̂)2

= µ(0)
pq : (ik̂)2,

which demonstrates that the matrix B(0) is Hermitian.

Proof of Claim 10. By construction, family ψ̃q, q ∈ N0, N is ρ-orthogonal. Thus for

p, q ∈ N0, N we have

(ρψ̃′p, ψ̃
′
q) = (ρψ̃p, ψ̃q) = δpq(ρψ̃p, ψ̃p).

For p, q ∈ 1, N0, we have

(ρψ̃′p, ψ̃
′
q) =

N0∑
s=1

N0∑
r=1

P̄spP̄rq(ρψ̃s, ψ̃r) =

N0∑
s=1

P̄spP̄sq(ρψ̃s, ψ̃s) =

N0∑
s=1

P̄spP̄sqρ
(0)
s

=

N0∑
s=1

P̄sqDssP̄sp = δpq

( N0∑
s=1

P̄spDssP̄sp

)
.
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Further, for p ∈ 1, N0 and q ∈ N0, N , we have

(ρψ̃′p, ψ̃
′
q) =

N0∑
s=1

P̄sp(ρψ̃s, ψ̃q) = 0,

whereby family ψ̃′p is ρ-orthogonal as well.

A.4.1 Cell functions identities

Proof of Claim 4. Identity (2.62) is obtained by evaluating integrals ((2.53)η(0), 1)

and ((A.7)χ(1), 1) via the divergence theorem and use of the boundary conditions (2.38)

satisfied by G∇ksη(0) and G(∇ksχ(1)+ φ̃nI).

Proof of Claim 7(1). Identity (2.69) is obtained by evaluating integrals ((2.53)η(2), 1)

and ((A.10)χ(1), 1) via the divergence theorem and use of the boundary conditions (2.38)

satisfied by G∇ksη(2) and G(∇ksχ(1)+ φ̃nI).

Proof of Claim 7(2). Identity (2.70) is obtained by evaluating integrals ((2.53)η(1), 1),

((A.9)χ(1), 1) and ((A.6)η(0), 1) via the divergence theorem and use of the boundary

conditions (2.38) satisfied by G∇ksη(0), G(∇ksη(1) + η(0)I) and G(∇ksχ(1)+ φ̃nI).

A.4.2 Cell functions and effective coefficients at special wavenumbers

Proof of Claim 3. At a wavenumber-eigenfrequency pair (ks, ωn), n ∈ Z+, where ks =
1
2(
∑

j nje
j), nj ∈ {−1, 0, 1}, and ωn is simple, the Bloch function φn(x) = φ̃n(x)eiks·x

with φ̃n∈H1
p0(Y ) uniquely solves the field equation

−λ̃nρ(x)φn −∇·
(
G(x)∇φn

)
= 0 in Y, (A.19)

subject to the boundary conditions

φn|∂Y ′j0 = e−iks·ejφn|∂Y ′j1 ,
ν ·G∇φn|∂Y ′j0 = −e−iks·ejν ·G∇φn|∂Y ′j1 ,
ν ·G∇φn|∂Y (N) = 0,

φn|∂Y (D) = 0, (A.20)

where e−iks·ej = (−1)nj , i.e. e−iks·ej ∈ {−1, 1}. Hence, by the uniqueness of the

solution, we find that the real and imaginary parts of φn(x) are proportional, which

factorizes φn(x) into a (real-valued function) × eiϕ0 , and we let ϕ0 = 0 without affecting
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the normalization (2.26). We then obtain

θ(0) = 〈G∇ks φ̃n〉 − 〈G∇ks φ̃n〉
= 2i Im(〈G∇ks φ̃n〉) = 2i Im((G∇φn, φn)) = 0.

Similarly, we define X(1)(x) = χ(1)(x)eiks·x with χ(1) ∈ (H̄1
p0(Y ))d that uniquely solves

the field equation

λ̃nρX
(1) +∇ks·

(
G(∇X(1) + φnI)

)
+G∇φn = 0, (A.21)

subject to the boundary conditions

X(1)|∂Y ′j0 = e−iks·ejX(1)|∂Y ′j1 ,
ν ·G(∇X(1) + φnI)|∂Y ′j0 = −e−iks·ejν ·G(∇X(1) + φnI)|∂Y ′j1 ,
ν ·G(∇X(1) + φnI)|∂Y (N) = 0,

X(1)|∂Y (D) = 0,

from which we conclude that X(1)(x) is real-valued up to a constant factor eiϕ0 .

Proof of Claim 8. On recalling Claim 3 and (A.17), we have

θ(1) = {(GX(1)⊗∇X(1), 1)} − {(GX(1)⊗∇X(1), 1)}
+ {(GI⊗X(1), φn)} − {(GI⊗X(1), φn)}
+{θ(0)⊗ 1

ρ(0)
{(ρX(1)⊗X(1), 1)}} = 0. (A.22)

We next define the Bloch functions X(2)(x) = χ(2)(x)eiks·x and X(3)(x) = χ(3)(x)eiks·x,

with χ(2) ∈
(
H̄1
p0(Y )

)d×d
and χ(3) ∈

(
H̄1
p0(Y )

)d×d×d
, that uniquely solve the respective

boundary value problems

λ̃nρX
(2) +∇ks·

(
G(∇X(2) + {I⊗X(1)}′)

)
+G(∇X(1) + φnI) = ρ

ρ(0)
φnµ

(0),(A.23)

X(2)|∂Y ′j0 = e−iks·ejX(2)|∂Y ′j1 ,
ν ·G(∇X(2) + {I⊗X(1)}′)|∂Y ′j0 = −e−iks·ejν ·G(∇X(2) + {I⊗X(1)}′)|∂Y ′j1 ,
ν ·G(∇X(2) + {I⊗X(1)}′)|∂Y (N) = 0,

X(2)|∂Y (D) = 0,
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where θ(0) = 0 due to Claim 3, and

λ̃nρX
(3) +∇·

(
G(∇X(3) + {I⊗X(2)}′)

)
+G{∇X(2) + I⊗X(1)} = ρ

ρ(0)

{
µ(0)⊗X(1)

}
, (A.24)

X(3)|∂Y ′j0 = e−iks·ejX(3)|∂Y ′j1 ,
ν ·G(∇X(3) + {I⊗X(2)}′)|∂Y ′j0 = −e−iks·ejν ·G(∇X(3) + {I⊗X(2)}′)|∂Y ′j1
ν ·G(∇X(3) + {I⊗X(2)}′)|∂Y (N) = 0,

X(3)|∂Y (D) = 0,

where θ(0) = 0 due to Claim 3 and θ(1) = 0 by (A.22). Recalling the properties of φn(x)

and X(1)(x), we then conclude that X(2)(x) and X(3)(x) are each real-valued up to a

constant factor eiϕ0 .

Proof of Claim 10. At wavenumber-eigenfrequency pair (ks, ωn) where ks = 1
2(
∑

j nje
j)

nj ∈ {−1, 0, 1}, and ωn is of multiplicity Q>1, Bloch functions φnp(x) = φ̃np(x)eiks·x

(p = 1, Q) independently solve the boundary value problem (A.19)–(A.20). In a way

that is similar to the simple eigenfrequency case, one finds that φnp are also solutions

of (A.19)–(A.20), and so are Re(φnp) and Im(φnp). Thus, by proceeding with the Gram-

Schmidt ρ-orthogonalization of the 2Q real-valued solutions, we can obtain Q real-valued

solutions that are ρ-orthogonal and normalized in the sense of (2.26). On relabeling the

new (real-valued) basis using original notation, we find

θ(0)
pq = 〈G∇ks φ̃nq〉np − 〈G∇ks φ̃np〉nq

= (G∇φnq , φnp)− (G∇φnp , φnq)

= (G∇φnq , φnp)− (G∇φnp , φnq) ∈ Rd, (A.25)

which vanishes identically for p = q. We also note that in such case θ(0)
qp = −θ(0)

pq , which

makes iA(0) skew-symmetric and A(0) itself Hermitian.

To complete the proof of the claim, we note that A(0) admits real eigenvalues thanks

to its Hermitian nature. Let τ be a non-zero eigenvalue, and let v denote the affiliated

eigenvector so that A(0)v = τv. By conjugating this relationship, we find that A(0)v =

τv, which yields A(0)v = −τv thanks to the fact that A(0) = −A(0). Hence, −τ is also

an eigenvalue of A(0), and v is the affiliated eigenvector.



Appendix B

Supporting results for Chapter 3

B.1 Bar and hinge model: compatibility vectors and stiff-

ness coefficients

For bar p̂(b) (resp. hinge p̂(h)) and node q̂(n), the compatibility vector ce
p̂(b)q̂(n) ∈ Rd

(resp. cϕ
p̂(h)q̂(n) ∈ Rd) is non-trivial only if node q̂(n) belongs to bar p̂(b) (resp. hinge

p̂(h)). In what follows, we summarize the linear compatibility vectors of the bar and

hinge elements that are used to define the compatibility vector families ce
p̂(b)q̂(n) and

cϕ
p̂(h)q̂(n) [65].

<latexit sha1_base64="oNkxbmw8IaVVUkP5HcC6o6sNwxs=">AAACG3icbVDLSgMxFM34rPVVdelmsAh1U2ZKUZelblxWsA/o1JJJM21oJjMkd6QljN/hxl9x40IRV4IL/8b0sdDWA4Fzz7mXm3v8mDMFjvNtrayurW9sZray2zu7e/u5g8OGihJJaJ1EPJItHyvKmaB1YMBpK5YUhz6nTX94NfGb91QqFolbGMe0E+K+YAEjGIzUzZU8oCPQVSzTB2+AQc9qzw+0StP0ztRMjLUX+tFIF/wzo3VzeafoTGEvE3dO8miOWjf36fUikoRUAOFYqbbrxNDRWAIjnKZZL1E0xmSI+7RtqMAhVR09vS21T43Ss4NImifAnqq/JzQOlRqHvukMMQzUojcR//PaCQSXHc1EnAAVZLYoSLgNkT0Jyu4xSQnwsSGYSGb+apMBlpiAiTNrQnAXT14mjVLRPS+Wb8r5SnUeRwYdoxNUQC66QBV0jWqojgh6RM/oFb1ZT9aL9W59zFpXrPnMEfoD6+sHvk6juA==</latexit>

Bar ŝ(b)

<latexit sha1_base64="2RRwxLXlY8TROIoM98j2WcOjpro=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI97xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4p3WaneV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ai5mNUw==</latexit>

(a)
<latexit sha1_base64="KWh0RLJ0bw8em/x3PU2+HIlN2FQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh3Jw3iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaFxXvslK9r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AjR6NVA==</latexit>

(b)

<latexit sha1_base64="jwu7Z9lxA1SSs8UiTvZm1XXpF90=">AAACHXicbZDLSgMxFIYzXmu9VV26GSyCbsqMFHVZdONSwWqhU0smPdMGM5khOSMtYXwQN76KGxeKuHAjvo3pZaHWHwJ/vnMOyfnDVHCNnvflzMzOzS8sFpaKyyura+uljc0rnWSKQZ0lIlGNkGoQXEIdOQpopApoHAq4Dm9Ph/XrO1CaJ/ISBym0YtqVPOKMokXtUjVA6KM547IL+X3Qo2jGJAgjo/M8v7F3LgcmiMOkb/Z6+5a1S2Wv4o3kTht/YspkovN26SPoJCyLQSITVOum76XYMlQhZwLyYpBpSCm7pV1oWitpDLplRtvl7q4lHTdKlD0S3RH9OWForPUgDm1nTLGn/9aG8L9aM8PouGW4TDMEycYPRZlwMXGHUbkdroChGFhDmeL2ry7rUUUZ2kCLNgT/78rT5uqg4h9WqhfVcu1kEkeBbJMdskd8ckRq5Iyckzph5IE8kRfy6jw6z86b8z5unXEmM1vkl5zPb4D3pKg=</latexit>

Hinge ŝ(h)

<latexit sha1_base64="K4MsLU0EOtbNl6/gKAfPnA4bAhg=">AAACEHicbVC7TsMwFHV4lvIKMLJEVIiyVAmqgLGChbFI9CE1oXJcp7XqOJF9g1pF+QQWfoWFAYRYGdn4G9w2A7QcydbxOffq+h4/5kyBbX8bS8srq2vrhY3i5tb2zq65t99UUSIJbZCIR7LtY0U5E7QBDDhtx5Li0Oe05Q+vJ37rgUrFInEH45h6Ie4LFjCCQUtd88QdYEhdoCN9+0GKsyy7128mxqkb+tEoLYtTrXXNkl2xp7AWiZOTEspR75pfbi8iSUgFEI6V6jh2DF6KJTDCaVZ0E0VjTIa4TzuaChxS5aXThTLrWCs9K4ikPgKsqfq7I8WhUuPQ15UhhoGa9ybif14ngeDSS5mIE6CCzAYFCbcgsibpWD0mKQE+1gQTyfRfLTLAEhPQGRZ1CM78youkeVZxzivV22qpdpXHUUCH6AiVkYMuUA3doDpqIIIe0TN6RW/Gk/FivBsfs9IlI+85QH9gfP4ANsOemA==</latexit>

â(n)

<latexit sha1_base64="2S/0sot2xqEZVkbq5WEY/u2PMcw=">AAACEHicbVC7TsMwFHV4lvIKMLJEVIiyVAmqgLGChbFI9CE1oXJcp7XqOJF9g1pF+QQWfoWFAYRYGdn4G9w2A7QcydbxOffq+h4/5kyBbX8bS8srq2vrhY3i5tb2zq65t99UUSIJbZCIR7LtY0U5E7QBDDhtx5Li0Oe05Q+vJ37rgUrFInEH45h6Ie4LFjCCQUtd88QdYEhdoCN9+0HqZ1l2r99MjFM39KNRWhanWuuaJbtiT2EtEicnJZSj3jW/3F5EkpAKIBwr1XHsGLwUS2CE06zoJorGmAxxn3Y0FTikykunC2XWsVZ6VhBJfQRYU/V3R4pDpcahrytDDAM1703E/7xOAsGllzIRJ0AFmQ0KEm5BZE3SsXpMUgJ8rAkmkum/WmSAJSagMyzqEJz5lRdJ86zinFeqt9VS7SqPo4AO0REqIwddoBq6QXXUQAQ9omf0it6MJ+PFeDc+ZqVLRt5zgP7A+PwBOF6emQ==</latexit>

b̂
(n)

<latexit sha1_base64="oosukHj7vvfepl4gCIgHwvbYjaE=">AAACEHicbVC7TsMwFHV4lvIKMLJEVIiyVAmqgLGChbFI9CE1oXJcp7XqOJF9g1pF+QQWfoWFAYRYGdn4G9w2A7QcydbxOffq+h4/5kyBbX8bS8srq2vrhY3i5tb2zq65t99UUSIJbZCIR7LtY0U5E7QBDDhtx5Li0Oe05Q+vJ37rgUrFInEH45h6Ie4LFjCCQUtd88QdYEhdoCN9+0FKsiy7128mxqkb+tEoLYtTrXXNkl2xp7AWiZOTEspR75pfbi8iSUgFEI6V6jh2DF6KJTDCaVZ0E0VjTIa4TzuaChxS5aXThTLrWCs9K4ikPgKsqfq7I8WhUuPQ15UhhoGa9ybif14ngeDSS5mIE6CCzAYFCbcgsibpWD0mKQE+1gQTyfRfLTLAEhPQGRZ1CM78youkeVZxzivV22qpdpXHUUCH6AiVkYMuUA3doDpqIIIe0TN6RW/Gk/FivBsfs9IlI+85QH9gfP4AOfmemg==</latexit>

ĉ(n)

<latexit sha1_base64="QY7u/crx4irTzqFPND7uUDzcv4I=">AAACEHicbVC7TsMwFHV4lvIKMLJEVIiyVAmqgLGChbFI9CE1oXJcp7XqOJF9g1pF+QQWfoWFAYRYGdn4G9w2A7QcydbxOffq+h4/5kyBbX8bS8srq2vrhY3i5tb2zq65t99UUSIJbZCIR7LtY0U5E7QBDDhtx5Li0Oe05Q+vJ37rgUrFInEH45h6Ie4LFjCCQUtd88QdYEhdoCN9+0Hay7LsXr+ZGKdu6EejtCxOtdY1S3bFnsJaJE5OSihHvWt+ub2IJCEVQDhWquPYMXgplsAIp1nRTRSNMRniPu1oKnBIlZdOF8qsY630rCCS+giwpurvjhSHSo1DX1eGGAZq3puI/3mdBIJLL2UiToAKMhsUJNyCyJqkY/WYpAT4WBNMJNN/tcgAS0xAZ1jUITjzKy+S5lnFOa9Ub6ul2lUeRwEdoiNURg66QDV0g+qogQh6RM/oFb0ZT8aL8W58zEqXjLznAP2B8fkDO5Semw==</latexit>

d̂
(n)

<latexit sha1_base64="hIua3EgCuHVsPtZmM0M551K/m6U=">AAACFHicbVDLSgMxFM3UV62vqks3g0WoCGVGirosunHhooJ9QKeWTJppQzOZIbkjLWE+wo2/4saFIm5duPNvTB8LbT2QcHLOvdzc48ecKXCcbyuztLyyupZdz21sbm3v5Hf36ipKJKE1EvFINn2sKGeC1oABp81YUhz6nDb8wdXYbzxQqVgk7mAU03aIe4IFjGAwUid/ctPRXh+D9oAOze0HWqVpem/eTIy0F/rRUBf7x0ZLO/mCU3ImsBeJOyMFNEO1k//yuhFJQiqAcKxUy3ViaGssgRFO05yXKBpjMsA92jJU4JCqtp4sldpHRunaQSTNEWBP1N8dGodKjULfVIYY+mreG4v/ea0Egou2ZiJOgAoyHRQk3IbIHidkd5mkBPjIEEwkM3+1SR9LTMDkmDMhuPMrL5L6ack9K5Vvy4XK5SyOLDpAh6iIXHSOKugaVVENEfSIntErerOerBfr3fqYlmasWc8++gPr8weaS6Bv</latexit>

Lŝ(h)
<latexit sha1_base64="70uQWskQPDMhnhR4qX5Ud1/6Kbw="></latexit>m

â(n)ĉ(n)b̂
(n)

<latexit sha1_base64="+tOAOU7NoAxKLyHFtLnkvvMKzrM="></latexit>m
â(n)d̂

(n)
b̂

(n)

<latexit sha1_base64="K4MsLU0EOtbNl6/gKAfPnA4bAhg=">AAACEHicbVC7TsMwFHV4lvIKMLJEVIiyVAmqgLGChbFI9CE1oXJcp7XqOJF9g1pF+QQWfoWFAYRYGdn4G9w2A7QcydbxOffq+h4/5kyBbX8bS8srq2vrhY3i5tb2zq65t99UUSIJbZCIR7LtY0U5E7QBDDhtx5Li0Oe05Q+vJ37rgUrFInEH45h6Ie4LFjCCQUtd88QdYEhdoCN9+0GKsyy7128mxqkb+tEoLYtTrXXNkl2xp7AWiZOTEspR75pfbi8iSUgFEI6V6jh2DF6KJTDCaVZ0E0VjTIa4TzuaChxS5aXThTLrWCs9K4ikPgKsqfq7I8WhUuPQ15UhhoGa9ybif14ngeDSS5mIE6CCzAYFCbcgsibpWD0mKQE+1gQTyfRfLTLAEhPQGRZ1CM78youkeVZxzivV22qpdpXHUUCH6AiVkYMuUA3doDpqIIIe0TN6RW/Gk/FivBsfs9IlI+85QH9gfP4ANsOemA==</latexit>

â(n)

<latexit sha1_base64="2S/0sot2xqEZVkbq5WEY/u2PMcw=">AAACEHicbVC7TsMwFHV4lvIKMLJEVIiyVAmqgLGChbFI9CE1oXJcp7XqOJF9g1pF+QQWfoWFAYRYGdn4G9w2A7QcydbxOffq+h4/5kyBbX8bS8srq2vrhY3i5tb2zq65t99UUSIJbZCIR7LtY0U5E7QBDDhtx5Li0Oe05Q+vJ37rgUrFInEH45h6Ie4LFjCCQUtd88QdYEhdoCN9+0HqZ1l2r99MjFM39KNRWhanWuuaJbtiT2EtEicnJZSj3jW/3F5EkpAKIBwr1XHsGLwUS2CE06zoJorGmAxxn3Y0FTikykunC2XWsVZ6VhBJfQRYU/V3R4pDpcahrytDDAM1703E/7xOAsGllzIRJ0AFmQ0KEm5BZE3SsXpMUgJ8rAkmkum/WmSAJSagMyzqEJz5lRdJ86zinFeqt9VS7SqPo4AO0REqIwddoBq6QXXUQAQ9omf0it6MJ+PFeDc+ZqVLRt5zgP7A+PwBOF6emQ==</latexit>

b̂
(n)

<latexit sha1_base64="Wy3HR96jgQetOZl3ghmZAg1aWPU=">AAACFHicbVDLSgMxFM3UV62vqks3g0WoCGVGirosunHhooJ9QKeWTJppQzOZIbkjLWE+wo2/4saFIm5duPNvTB8LbT2QcHLOvdzc48ecKXCcbyuztLyyupZdz21sbm3v5Hf36ipKJKE1EvFINn2sKGeC1oABp81YUhz6nDb8wdXYbzxQqVgk7mAU03aIe4IFjGAwUid/ctPRXh+D9oAOze0HWqVpem/eTIy0F/rRUBf9Y6OlnXzBKTkT2IvEnZECmqHayX953YgkIRVAOFaq5ToxtDWWwAinac5LFI0xGeAebRkqcEhVW0+WSu0jo3TtIJLmCLAn6u8OjUOlRqFvKkMMfTXvjcX/vFYCwUVbMxEnQAWZDgoSbkNkjxOyu0xSAnxkCCaSmb/apI8lJmByzJkQ3PmVF0n9tOSelcq35ULlchZHFh2gQ1RELjpHFXSNqqiGCHpEz+gVvVlP1ov1bn1MSzPWrGcf/YH1+QORFaBp</latexit>

Lŝ(b)

<latexit sha1_base64="IkwT4uHKgetMvHa3XI13dUP9e+4="></latexit>n
â(n)b̂

(n)

<latexit sha1_base64="37Hc7rZTALtuhz7jMY2gpjW3kFk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9pl5JNs21okg1JtlCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWju5nfGlNtWCIf7UTRUOCBZDEj2DrpqTvGWg1Zz++VK37VnwOtkiAnFchR75W/uv2EpIJKSzg2phP4yoYZ1pYRTqelbmqowmSEB7TjqMSCmjCbHzxFZ07pozjRrqRFc/X3RIaFMRMRuU6B7dAsezPxP6+T2vgmzJhUqaWSLBbFKUc2QbPvUZ9pSiyfOIKJZu5WRIZYY2JdRiUXQrD88ippXlSDq+rlw2WldpvHUYQTOIVzCOAaanAPdWgAAQHP8ApvnvZevHfvY9Fa8PKZY/gD7/MHpxCQUg==</latexit>'0

Figure B.1: Components of (a) bar element ŝ(b), and (b) hinge element ŝ(h) where ϕ0 is
the initial angle between the panels connected by the hinge.

Let â(n) and b̂
(n)

be the nodes that belong to bar ŝ(b). With reference to Fig. B.1(a),

the length and orientation of the bar are given respectively by

Lŝ(b) = ‖x
b̂
(n) − xâ(n)‖, and n

â(n)b̂
(n) =

1

L(e)
(x

b̂
(n) − xâ(n)). (B.1)
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Its deformation reads

eŝ(b) = Ce
ŝ(b)
· ue

ŝ(b)
, (B.2)

where Ce
ŝ(b)

,ue
ŝ(b)
∈ R2d are given by

ue
ŝ(b)

= [uâ(n) ,u
b̂
(n) ], Ce

ŝ(b)
=

1

Le
[−n

â(n)b̂
(n) ,n

â(n)b̂
(n) ], (B.3)

and uâ(n) (resp. u
b̂
(n)) is the displacement of node â(n) (resp. b̂

(n)
). The stiffness ke

ŝ(b)
of

a bar element ŝ(b) derives from its cross-sectional area Ae
ŝ(b)

and Young modulus Eŝ(b)

according to ke
ŝ(b)

= Eŝ(b)Aŝ(b)Lŝ(b) .

Let â(n), b̂
(n)
, ĉ(n) and d̂

(n)
be the nodes that belong to a hinge element ŝ(h). With ref-

erence to Fig. B.1(b), we define the vectors mp̂(n)q̂(n) for p̂(n), q̂(n) ∈ {â(n), b̂
(n)
, ĉ(n), d̂

(n)}
as

mp̂(n)q̂(n) = xp̂(n) − xq̂(n) , (B.4)

and the “cross” vectors m
â(n)ĉ(n)b̂

(n) and m
â(n)d̂

(n)
b̂
(n) as

m
â(n)ĉ(n)b̂

(n) = mâ(n)ĉ(n) ×mâ(n)b̂
(n) , m

â(n)d̂
(n)

b̂
(n) = m

â(n)d̂
(n) ×m

â(n)b̂
(n) , (B.5)

where × denotes the cross (vector) product. The rotation ϕŝ(h) of the hinge element ŝ(h)

is given by

ϕŝ(h) = Cϕ

ŝ(h)
· uϕ

ŝ(h)
, (B.6)

where Cϕ

ŝ(b)
,uϕ

ŝ(b)
∈ R4d are given by

uϕ
ŝ(h)

= [uâ(n) ,u
b̂
(n) ,uĉ(n) ,ud̂

(n) ], Cϕ

ŝ(h)
= [Cϕ

â(n) ,C
ϕ

b̂
(n) ,C

ϕ

ĉ(n)
,Cϕ

d̂
(n) ], (B.7)

Cϕ

d̂
(n) =

‖m
â(n)b̂

(n)‖
‖m

â(n)d̂
(n)

b̂
(n)‖2mâ(n)d̂

(n)
b̂
(n) ,

Cϕ

ĉ(n)
= −

‖m
â(n)b̂

(n)‖
‖m

â(n)ĉ(n)b̂
(n)‖2mâ(n)ĉ(n)b̂

(n) ,

Cϕ

â(n) =
(m

d̂
(n)

â(n) ·mb̂
(n)

â(n)

‖m
b̂
(n)

â(n)‖2
− 1
)
Cϕ

d̂
(n) −

(m
b̂
(n)

ĉ(n)
·m

b̂
(n)

â(n)

‖m
b̂
(n)

â(n)‖2
)
Cϕ

ĉ(n)
,

Cϕ

b̂
(n) =

(m
b̂
(n)

ĉ(n)
·m

b̂
(n)

â(n)

‖m
b̂
(n)

â(n)‖2
− 1
)
Cϕ

ĉ(n)
−
(m

d̂
(n)

â(n) ·mb̂
(n)

â(n)

‖m
b̂
(n)

â(n)‖2
)
Cϕ

d̂
(n) .
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and uâ(n) ,u
b̂
(n) ,uĉ(n) and u

d̂
(n) denote the respective displacements of nodes â(n), b̂

(n)
, ĉ(n)

and d̂
(n)

. The stiffness kϕ
ŝ(h)

of a folding (resp. bending) hinge element ŝ(h) characterized

by its length Lŝ(h) = ‖m
â(n)b̂

(n)‖ and specific linear stiffness kfs (resp. kbs) is given by

kϕ
ŝ(h)

= kfsLŝ(h) (resp. kϕ
ŝ(h)

= kbsLŝ(h)).

B.2 Periodicity of the stiffness matrix

By recalling the definition of r̂(n), r̂(b) and r̂(h) given by (A.3) for a lattice vector r ∈ R,

we have for p̂(b), p̂(h), q̂(n) ∈ Zp

ke
ŝ(b)+r̂(b)

= ke
ŝ(b)

, kϕ
ŝ(h)+r̂(h)

= kϕ
ŝ(h)

,

ce
(p̂(b)+r̂(b))(q̂(n)+r̂(n))

= ce
p̂(b)q̂(n) , and cϕ

(p̂(h)+r̂(h))(q̂(n)+r̂(n))
= cϕ

p̂(b)q̂(n) ,

thanks to the periodicity of S′α. Recalling (3.13), for p̂(n), q̂(n) ∈ Zp and r ∈ R we thus

obtain

Ke
(p̂(n)+r̂(n))q̂(n) =

∑
ŝ(b)

ke
ŝ(b)

ce
ŝ(b)(p̂(n)+r̂(n))

⊗ ce
ŝ(b)q̂(n)

=
∑
ŝ(b)

ke
ŝ(b)−r̂(b) c

e
(ŝ(b)−r̂(b))p̂(n) ⊗ ce(ŝ(b)−r̂(b))(q̂(n)−r̂(n))

=
∑
ŝ(b)

ke
ŝ(b)

ce
ŝ(b)p̂(n) ⊗ ceŝ(b)(q̂(n)−r̂(n)) = Ke

p̂(n)(q̂(n)−r̂(n)).

By proving similarly that Kϕ

(p̂(n)+r̂(n))q̂(n) = Kϕ

p̂(n)(q̂(n)−r̂(n))
, we find

K(p̂(n)+r̂(n))q̂(n) = Ke
(p̂(n)+r̂(n))q̂(n) +Kϕ

(p̂(n)+r̂(n))q̂(n)

= Ke
p̂(n)(q̂(n)−r̂(n)) +Kϕ

p̂(n)(q̂(n)−r̂(n))
= Kp̂(n)(q̂(n)−r̂(n)). (B.8)

B.3 Symmetry of the stiffness matrix

With reference to Remark 19, (3.14), (3.24) and (3.25), we have for i, j ∈ 1, Nn
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K̃ij =
∑
r∈R

Ǩi(j+r̂(n))

=
∑
r∈R

e
ik·(x

j+r̂(n)
−xi)Ki(j+r̂(n))

=
∑
r∈R

eik·reik·(xj−xi)K(i−r̂(n))j

=
∑
r∈R

e−ik·reik·(xj−xi)K(i+r̂(n))j

=
∑
r∈R

e−ik·re−ik·(xi−xj)KT

j(i+r̂(n))

=
∑
r∈R

e
−ik·(x

i+r̂(n)
−xj)KT

j(i+r̂(n))
= K̃∗ji. (B.9)

B.4 Expansion of the stiffness matrix

For k = ks + εk̂ ∈ B and i, j ∈ 1, Nn, we have

K̃ij =
∑
r∈R

e
ik·(x

j+r̂(n)
−xi)Ki(j+r̂(n))

=
∑
r∈R

e
i(εk̂)·(x

j+r̂(n)
−xi)

(
e
iks·(xj+r̂(n)

−xi)Ki(j+r̂(n))

)
=

∑
m

εm(ik̂)m : K̃(m)

ij , (B.10)

where

K̃(m)

ij =
(−i)m
m!

[ ∂m
∂km

K̃ij

]
k=ks

=
1

m!

∑
r∈R

(xj+r̂(n) − xi)
m ⊗

(
e
iks·(xj+r̂(n)

−xi)Ki(j+r̂(n))

)
(B.11)

and

(xj+r̂(n) − xi)
m = (xj+r̂(n) − xi)⊗ (xj+r̂(n) − xi)⊗ . . .⊗ (xj+r̂(n) − xi) (B.12)

m times, which defines the expansion of K̃k and thus that of K̂k. On denoting by

(K̃(m)

ij )? the conjugate transpose with regard the last two indices of K̃(m)

ij , one further
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finds that

(K̃(m)

ij )∗ =
1

m!

∑
r∈R

(xj+r̂(n) − xi)
m ⊗

(
e
−iks·(xj+r̂(n)

−xi)KT

i(j+r̂(n))

)
=

1

m!

∑
r∈R

(xj+r̂(n) − xi)
m ⊗

(
e
−iks·(xj+r̂(n)

−xi)K(j+r̂(n))i

)
=

1

m!

∑
r∈R

(xj−r̂(n) − xi)
m ⊗

(
e
−iks·(xj−r̂(n)

−xi)K(j−r̂(n))i
)

=
(−1)m

m!

∑
r∈R

(xi+r̂(n) − xj)
m ⊗

(
e
iks·(xi+r̂(n)

−xj)Kj(i+r̂(n))

)
= (−1)mK̃(m)

ji (B.13)

thanks to (3.14)–(3.15). As a result, matrix K̃(m) and thus K̂(m) is Hermitian (resp.

skew-Hermitian) in the last two indices when m is even (resp. odd).

B.5 Properties of effective coefficients

Proof of Claim 12. Thanks to the Hermitian nature of K̃(2) and thus K̂(2) in the last

two indices due to (B.13) and their symmetry in the first two indices due to (B.11)–

(B.12), the first term in (3.58) is real-valued and symmetric with regard to q1 and q2.

On projecting (3.56) for j = q1 onto χ(1)
q2 , we further find that

m∑
q3=1

m∑
q4=1

K̂(1)
q1q3q4(χ(1))q2q4(φ̂n)q3 =

m∑
q3=1

m∑
q4=1

(
K̂(0)
q3q4 − λ̃nM̂q3q4

)
(χ(1))q1q3(χ(1))q2q4 .

(B.14)

Hence, thanks to the Hermitian nature of K̂(0) and symmetry of M̂ , the second term

in (3.58) is real-valued and symmetric with regard q1 and q2, which proves the claim.

Proof of Claim 13. Let φ̂n, n ∈ 1,m be an eigenvector satisfying (3.32), and let

φ̃n = G · φ̂n. With reference to (3.26), we have

Nn∑
j=1

K̃ij · φ̃n|j − ω2Mi φ̃n|i = 0, i ∈ 1, Nn, (B.15)

where φ̃n|j denotes the restriction of φ̃n to node j inside the unit cell containing the
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origin. As a result, the Bloch vector φn|i = φ̃n|i eik·xi satisfies

Nn∑
j=1

(eik·(xi−xj)K̃ij) · φn|j − ω2Miφn|i = 0, i ∈ 1, Nn. (B.16)

For wavenumbers ks = 1
2

∑p
l=1 nle

l, nl ∈ {−1, 0, 1}, which include the origin and apexes

of the first Brillouin zone B, recalling (3.7), (3.24) and (3.27) we obtain

eiks·(xi−xj)K̃ij =
∑
r∈R

eiks·(xi−xj)Ǩi(j+r̂(n)) =
∑
r∈R

eiks·rKi(j+r̂(n)),

=
∑
r∈R

ei(
∑p

l=1 r
lnl)πKi(j+r̂(n)),

=
∑
r∈R

(−1)(
∑p

l=1 r
lnl)Ki(j+r̂(n)),

=
∑
r∈R

(−1)(
∑p

l=1 r
lnl)K(i−r̂(n))j,

=
∑
r∈R

(−1)(
∑p

l=1 r
lnl)K(i+r̂(n))j,

=
∑
r∈R

(−1)(
∑p

l=1 r
lnl)KT

j(i+r̂(n))
,

= eiks·(xj−xi)K̃T
ji, i, j ∈ 1, Nn. (B.17)

As a result, matrix eiks·(xi−xj)K̃ij is real-valued and has the symmetry property (B.17).

Therefore, the stiffness matrix corresponding to the EP (B.16) is real and symmetric,

which demonstrates that the Bloch eigenvector φn, n ∈ 1,m can be taken as real-valued.

On the other hand recalling (B.11), for k = ks + εk̂ and ks = 1
2

∑p
l=1 nle

l (nl ∈
{−1, 0, 1}) we have
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eiks·(xi−xj)K̃(m)

ij =
1

m!

∑
r∈R

(xj+r̂(n) − xi)
m ⊗

(
eiks·rKi(j+r̂(n))

)
=

1

m!

∑
r∈R

(xj+r̂(n) − xi)
m ⊗

(
(−1)(

∑p
l=1 r

lnl)Ki(j+r̂(n))

)
=

1

m!

∑
r∈R

(xj−r̂(n) − xi)
m ⊗

(
(−1)(

∑p
l=1 r

lnl)Ki(j−r̂(n))
)

=
(−1)m

m!

∑
r∈R

(xi+r̂(n) − xj)
m ⊗

(
(−1)(

∑p
l=1 r

lnl)K(i+r̂(n))j

)
=

(−1)m

m!

∑
r∈R

(xi+r̂(n) − xj)
m ⊗

(
(−1)(

∑p
l=1 r

lnl)KT

j(i+r̂(n))

)
= (−1)meiks·(xj−xi)(K̃(m)

ji )T, i, j ∈ 1, Nn. (B.18)

where the transpose is applied to the last two indices. In other words, matrix eiks·(xi−xj)K̃(m)

ij

is real-valued and satisfies symmetry (resp. anti-symmetry) with regard its last two in-

dices when m is even (resp. odd).

With such result in place, for an eigenvector φ̂n, n ∈ 1,m, satisfying (3.32) at

ks = 1
2

∑p
l=1 nle

l (nl ∈ {−1, 0, 1}), we recall (3.29) and (3.31) to obtain

θ(0) = −〈K̂(1) · φ̂n〉 = −(K̂(1) · φ̂n) · φ̂n = −(K̃(1) · φ̃n) · φ̃n

= −
Nn∑
i=1

Nn∑
j=1

(
eiks·(xi−xj)K̃(1)

ij · φn|j
)
· φn|i

= −
Nn∑
i=1

Nn∑
j=1

(
eiks·(xi−xj)K̃(1)

ij · φn|j
)
· φn|i

= −
Nn∑
i=1

Nn∑
j=1

(
eiks·(xi−xj)(K̃(1)

ij )T · φn|i
)
· φn|j

=

Nn∑
i=1

Nn∑
j=1

(
eiks·(xj−xi)K̃(1)

ji · φn|i
)
· φn|j = −θ(0) = 0, (B.19)

which establishes the claim.

Proof of Claim 14. Thanks to the Hermitian nature of K̂(2) in the last two indices
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and its symmetry in the first two indices, the first term in (3.70) satisfies

m∑
q3=1

m∑
q4=1

K̂(2)
q1q2q3q4(φ̂nq)q4(φ̂np)q3 =

m∑
q3=1

m∑
q4=1

K̂(2)
q1q2q3q4(φ̂np)q4(φ̂nq)q3 . (B.20)

By projecting equation (3.68) for j = q1 on χ(1)
pq2 , with q1, q2 ∈ 1, p, we find that

m∑
q3=1

m∑
q4=1

K̂(1)
q1q3q4(χ(1)

p )q2q4(φ̂nq)q3 =

m∑
q3=1

m∑
q4=1

(
K̂(0)
q3q4 − λ̃nM̂q3q4

)
(χ(1)
q )q1q3(χ(1)

p )q2q4 .

(B.21)

Hence, thanks to the Hermitian nature of K̂(0) and symmetry of M̂ , we find that

(µ(0)
pq )q1q2 = (µ(0)

qp )q1q2 (B.22)

which establishes the claim.
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