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Abstract

This dissertation aims to establish a comprehensive analytical framework for dynamic
homogenization of wave motion at arbitrary frequency in (i) “perforated” periodic con-
tinua, and (ii) periodic origami-inspired structures described via “bar-and-hinge” com-
putational paradigm. For a given spectral (i.e. frequency-wavenumber) content the body
force acting on the structure, the “activated” Bloch eigenstates of the lattice are iden-
tified and classified depending on the multiplicity of participating energy levels. In the
vicinity of an isolated dispersion surface (single energy level), an effective field equation
with homogenized source term is formulated (via projection onto the dominant Bloch
eigenstate) to obtain the leading- and second-order approximations of both macroscopic,
i.e. “mean”, and microscopic wave motion. When the activated spectral neighborhood
features more than one dispersion surface, the zeroth- and first-order systems of effec-
tive field equations with homogenized source terms are formulated, covering a variety
of topological configurations such as Dirac points, avoided crossings, and near-Dirac
points. On setting the source term to zero, the featured system of equations degenerates
to a low-order algebraic eigenvalue problem that accurately captures the local geometry
of (a cluster of) dispersion surfaces. The proposed homogenization framework is veri-
fied by comparing the asymptotic approximation of the dispersion relationship with its
numerically-evaluated counterpart and deployed to approximate the total and effective
motion in: (i) two-dimensional (2D) Kagome lattice featuring nearly-hexagonal Neu-
mann exclusions, (ii) 2D square lattice of circular Dirichlet obstacles, (iii) 2D Miura-ori
origami structure, and (iv) 1D Miura tube. Specifically, the asymptotic model is shown
to approximate the dispersion relationship in the neighborhood of isolated dispersion
surfaces and tight clusters thereof with equal fidelity. It is also found that the homog-
enized model is capable of accurately capturing the body-force induced waveforms in a
lattice, both in terms of macroscopic i.e. effective motion and microstructural motion
when higher-order models are considered.
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Chapter 1

Introduction

1.1 Dynamic Homogenization

Dynamic homogenization of periodic media such as composites, phononic crystals, and
metamaterials serves to (i) deepen insight into the underpinning physical phenomena
such as wave directivity, stop bands, and negative refraction [8, 21], 47], (ii) reduce the
burden of multi-scale numerical simulations, and (iii) aid the “microstructural” design
catering for applications such us cloaking [15], vibration control [I1], logic circuits [2§],
or seismic shielding [I]. To survey the lay of the land in terms of homogenization
strategies, it is generally convenient to distinguish between competing frequency and
wavelength regimes.

In the low-wavenumber, low-frequency (LW-LF) regime, one assumes the separation
in scale between some finite wavelength and the vanishing lengthscale of medium peri-
odicity, which then provides a perturbation parameter for the two-scale homogenization
method [5, 17, 12, 43] and the Bloch-wave expansion (BWE) approach [3], [39] [44] to-
wards establishing a macroscopic i.e. effective description of the medium. In this regime,
a non-asymptotic effective medium model introduced by Willis [45] 35l [46], that links in
coupled form the momentum and stress to particle velocity and strain, has also gained
notable traction in the literature [72), 47].

In principle, the two- (or more generally multiple-) scale homogenization frame-
work applies equally to the low-wavenumber, high-frequency (LW-HF) regime where
the lengthscale “¢” of medium periodicity vanishes in the limit, while the dominant
wavelength is kept at O(1) irrespective of the vibration frequency. In this case, eigen-
frequencies of the unit cell problem grow as O(¢~!), which justifies the customary “high
frequency” designation. In this vein, Allaire and Conca [4] introduced the Bloch wave
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homogenization method, which is essentially a combination of BWE and two-scale con-
vergence analysis [2]. The subject of LW-HF homogenization via multiple-scale expan-
sion has since been pursued in a number of studies, with applications to e.g. Maxwell
equations [42] and Navier equations [10].

In the finite-wavenumber, finite-frequency (FW-FF) regime, the wavelength and the
unit cell size may be of the same order. For this class of problems, the “high frequency
homogenization” (HFH) treatment introduced by Craster and co-workers [53] loosely
exploits the small size of the unit cell relative to dimensions of the periodic domain
to establish a two-scale analysis of the homogeneous wave equation in periodic media.
The method yields zeroth- i.e. leading-order effective description of the medium, in the
vicinity of simple and multiple eigenfrequencies, that is shown to capture dynamic phe-
nomena such as anisotropic wave motion [8, [I6] and all-angle negative refraction [19].
In more recent studies, the HFH has extended to deal with zero-frequency stop-band
media, i.e. those with Dirichlet inclusions [7, 30], and to periodic media with Neumann
inclusions [6]. From the mathematical viewpoint, the existence of FW-FF effective
differential operators was formally established by Birman and Suslina [13] [14], who con-
sidered the behavior of periodic systems near the edge of an internal band gap. On the
engineering side, an effort was also made to extend the Willis’ homogenization approach
to finite frequencies and wavelengths [36] by introducing additional kinematic degrees
of freedom; however the uniqueness of such effective model remains an open question.
Recently, a systematic framework for homogenization of the scalar wave equation in the
FW-FF regime was proposed in [23]. This study, catering for rectangular lattices, makes
use of PWE to secure a “tight handle” on the wavenumber, and defines the perturbation
parameter as a distance in the frequency-wavenumber space in order to obtain effective
medium description in the vicinity of simple, repeated, and and nearby eigenfrequencies.
As a means to deal with finite (non-zero) wavenumbers, the authors in [23] make use
of the so-called multicell technique [20] 22], which essentially restricts the applicability
of their model to the apexes of the first Brillouin zone and its quadrants in R? (resp.
octants in R3). In essence, such restriction on the wavenumber ensures that the ger-
mane Bloch eigenfunctions have constant phase over the unit cell, which lends itself to
an immediate proof that the effective medium properties are real-valued there. Unlike
the HFH approach, this study also includes a homogenization treatment of the source
term, which (as it turns out) is also subject to asymptotic corrections; see also [3] [72]
in the context of LW-LF homogenization.

In a broader context, a closely related problem is that of multiple scattering of low-
frequency waves by periodic or aperiodic arrays of obstacles. For instance, the dispersive
behavior of two-dimensional lattices of sub-wavelength Dirichlet scatterers in acoustic
media was studied in [4I] via the method of matched asymptotic expansions and Fourier
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series. Concerning the multiple scattering of scalar waves, an effective wavefield and
transmission condition across a distribution of inertial inclusions along a smooth contour
was obtained in [32] using the method of meso-scale approximation. Similar results were
obtained in [49] for a cluster of inhomogeneities and Neumann exclusions, and in [4§]
for inclusions with impedance boundary conditions. Analogous mathematical models
were obtained for scatterers in thin plates by way of the Kirchhoff-Love model [38] 31],
and within the linear elasticity framework [25].

1.2 Origami Structures

Origami, the ancient Japanese art of paper folding (see examples in Fig. , has be-
come a source of artistic and technologic inspiration and a keen subject of studies for
architects, engineers, mathematicians and scientists for its unique scalability, programa-
bility, deployability and configurability properties. This class of structures have rapidly
found applications ranging from nano to large scales in science, engineering and architec-
ture with examples including medical stents [62], artificial muscles [70], sandwich panels
fold cores [54], energy absorbing structures [80], vibration control [89], emergency shel-
ters [73], sound barriers [83], inflatable structures [82], and large spacecraft structures
[50]. Origami-like engineered structures have also been found to exhibit the so-called
metaproperties that are not observed in conventional structures and natural materials
[63], for instance auxeticity (negative Poisson’s ratio), infinite shear stiffness or negative
bending stiffness [85], unidirectional flexibility in the deployment direction [57], Pois-
son’s ratio sign switch [79], strain reversal in origami tubes [86], 59], superflexibility [61]
or supratransmission [88].

In general, the full-resolution deformation of origami structures can be assessed
numerically via nonlinear dynamic finite element (FE) simulations where origami panels
are discretized using shell elements [76]. However the essential deformation of origami
structures can be captured, at a fraction of computational cost, by using a discrete model
[55 52], where: (i) the folding and bending elastic potentials are assigned respectively
to the fold lines and panels’ diagonal lines, and (ii) an isometric deformation is assumed
for the elemental triangulated panels. In a departure from such multi-rigid-body model
toward more flexible origami description, a “pin-jointed” framework was proposed by
Schenk and Guest [81] to study the folding mechanisms and global stiffness of folded
sheets, where the in-plane stiffness of origami quadrilateral panels is modeled with five
elastic bars that link four pin-joints on the panels’ vertices. The folding mechanism of the
origami sheet and internal bending of the panels were taken into account via rotational
linear springs placed respectively on the fold and diagonal lines of the panels. This model
enabled the identification of folding modes using a stiffness matrix approach (vs. the



Figure 1.1: Origami paper creations: (a) cranes; (b) whales; (c) butterflies; (d) Miura-
ori pattern (folded by OOI).

earlier kinematic approach); yet, it suffered from a non-symmetry and non-isotropy of
the in-plane deformation of origami panels [58]. A similar approach was considered by
Wei et al. [85] to derive analytically (resp. evaluate numerically) the in-plane stretching
and out-of-plane bending of a periodic Miura-ori structure based on the analysis of the
unit cell (resp. full structure). A bar-and-hinge element with an additional diagonal bar
was proposed in [56] to symmetrize the in-plane response of individual panels; however, a
key limitation on their bending approximation was identified. Building upon the earlier
works, Filipov et al. [58] developed and studied numerically a simple yet effective bar-
and-hinge approximation framework where the isotropic in-plane stretching and sheering
of the origami panels are captured with eight bars that link the panels’ vertices to each
other and to a central node, while the folding of the origami creases and bending of its
panels are modeled with elastic hinges distributed along the peripheral and diagonal
bars. The later model was found to be scalable and to allow for the description of
large panel deformation. For instance, Liu et al. [65] studied the finite deformation of
non-rigid origami structures using bar-and-hinge model within a nonlinear mechanics
framework. The model was shown to be numerically efficient in describing the global
folding kinematics, bending curvatures and multi-stability of origami structures when
compared to a shell-element based FE model. On the downside, the bar-and-hinge
model discretizes the origami structure by following the intrinsic geometry of its panels,
which limits its approximation of local stresses [58]. However, the local deformation
and stress approximations can always be improved by refining the origami (polygonal)
panels triangulation [65]. In such model, material properties of the origami structure
(the bar and hinge stiffnesses) can be either informed analytically from the plate theory,
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calibrated numerically [58], or assessed experimentally [69, [77] by examining the statics
of folding and in-plane deformation of thin sheets.

Unlike the statics and slow-rate kinematics of origami structures, the dynamic behav-
ior of origami structures remains an open research question [84]. In this regime, Yasuda
[86] unveiled a rich linear and nonlinear wave dynamics of origami-based structures by
studying Tachi-Miura-polyhedron and triangulated-cylindrical origami structures. More
recently, Liu et al. [64] proposed a five-step approach to fabricate a Miura tube whose
fundamental frequency and displacement amplitude can be extremized by by optimizing
its geometrical properties (folding angle, unit cell dimensions, and number of unit cells).
On the computational side of the problem, Wu et al. [84] considered a multi-degree-of-
freedom dynamic model of origami tubes to describe their transient free-deployment by
assuming rigid folding of the origami panels, assigning an elastic potential energy to the
folds and investigating the effect of physical and geometrical properties. In the dynamic
regime, a simplified bar-and-hinge paradigm can be generally adopted to reduce com-
putational cost of full FE simulations of an origami structure toward evaluating e.g. its
natural frequencies, band gaps, or global forced motion. Yet, even if the later model is
deployed, the problem size (in terms of the number degrees of freedom) scales up quickly
with the number of unit cells used to construct large origami structures and diminishing
wavelength. Therefore, a more efficient framework is needed to capture the essential
dynamics of origami structures while reducing the cost of numerical simulations. One
viable approach to achieve both goals is that of dynamic homogenization.

The existing literature on the homogenization of periodic origami-like structures can
be classified chiefly by (i) the dynamic regime of study (namely static, low-frequency,
or high-frequency regime), and (ii) the mechanistic framework adopted to model the
origami panels. In the static regime, Lebe and Sab [66] derived analytically the upper
and lower bounds of the effective transverse shear moduli of a chevron folded paper
using the Reissner-Mindlin plate theory for the panels. They equally pursued a homog-
enization analysis of periodic thick plates [68] using the bending-gradient plate theory
[67]. On the other hand, when an origami structure is modeled using the bar-and-hinge
paradigm, the existing literature on trusses can be deployed to study its dynamic prop-
erties. Concerning the latter subject, Craster et al. [53] extended the homogenization
theory of discrete periodic lattices to high frequency and propagating wavelengths that
are commensurate with the size of the unit cell. Targeting the same dynamic regime,
Nolde et al. [74] formulated the effective equations that govern two-dimensional nets,
while Makwana and Craster [71] derived continuum-based homogenized equations that
capture the dispersion of waves in discrete hexagonal lattices and honeycomb struc-
tures. A finite wavelength-finite frequency (FW-FF) homogenization framework was
proposed by Guzina et al. [23] to describe the effective wave motion in periodic media
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with orthogonal Bravais lattices in the spectral neighborhood of simple, repeated, and
nearby eigenfrequencies located at the origin or vertices of the first Brillouin zone. More
recently, Oudghiri-Idrissi et al. [75] extended the FW-FF homogenization framework to
“perforated” periodic continua supported on general Bravais lattices by considering the
spectral neighborhoods of an arbitrary wavenumber within the first Brillouin zone and
eigenfrequency clusters of arbitrary size. On the application side, Pratappa et al. [7§]
made use of the Bloch-wave framework and bar-and-hinge model to design tunable pe-
riodic origami acoustic metamaterials by optimizing the geometry and folding state of
the unit cell [56] 5&].

By building upon the FW-FF homogenization approach [23] [75], we aim to better
understand the wave motion in origami structures by providing an origami-specific, dy-
namic homogenization framework that leverages the bar-and-hinge paradigm [58] (see
Fig. . Such formulation specifically aims to: (i) capture the essential dynamics of
the problem, (ii) analytically illuminate the origami behavior near spectral singulari-
ties (e.g. Dirac points), (iii) reduce the computational cost, and (iv) aid the design of
programable and tunable (periodic) origami structures.

/NS,
R

RIS
\ ‘\\\'r“\

Periodic origami structure Discretized origami structure Effective homogeneous medium

Figure 1.2: Homogenization of periodic origami structures via the bar-and-hinge model.

1.3 Outline

In Chapter 2, we consider homogenization of the scalar wave equation in periodic me-
dia at finite wavenumbers and frequencies, with the focus on continua that are (a)
supported on an arbitrary Bravais lattice in RY, d>2, and (b) endowed with “perfora-
tions” subject to homogeneous (Neumann or Dirichlet) boundary conditions. Making
use of the Bloch wave expansion, we pursue this goal via an asymptotic ansatz fea-
turing the “spectral distance” from a given wavenumber-eigenfrequency pair (situated
anywhere within the first Brillouin zone) as the perturbation parameter. We then intro-
duce the effective wave motion via projection(s) of the scalar wavefield onto the Bloch
eigenfunction(s) for the unit cell of periodicity, evaluated at the origin of a spectral
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neighborhood. For generality, we account for the presence of the source term in the
wave equation and we consider — at a given wavenumber — generic cases of isolated,
repeated, and nearby eigenvalues. In this way we obtain a palette of effective models,
featuring both wave- and Dirac-type behaviors, whose applicability is controlled by the
local band structure and eigenfunction basis. In all spectral regimes, we pursue the
homogenized description up to at least first order of expansion, featuring asymptotic
corrections of the homogenized Bloch-wave operator and the homogenized source term.
Inherently, such framework provides a convenient platform for the synthesis of a wide
range of intriguing wave phenomena, including negative refraction and topologically
protected states in metamaterials and phononic crystals. The proposed homogenization
framework is illustrated by approximating asymptotically the dispersion relationships
for (i) Kagome lattice featuring hexagonal Neumann exclusions, and (ii) square lattice
of circular Dirichlet exclusions. We complete the numerical portrayal of analytical de-
velopments by studying the response of a Kagome lattice due to a dipole-like source
term acting near the edge of a band gap.

In Chapter 3, we establish a dynamic homogenization framework catering for lin-
ear elastic wave motion in periodic origami structures. The latter are modeled using
a “bar-and-hinge” paradigm where: (i) the folding of the structure and bending of the
origami panels are modeled via elastic hinges, and (ii) the in-plane deformation of each
panel is modeled with elastic bars. Using so formulated discrete model of a periodic
origami structure, we pursue finite wavenumber-finite frequency (FW-FF) homogeniza-
tion of the wave motion over a spectral neighborhood of simple, repeated, and nearby
eigenfrequencies at an arbitrary wavenumber within the first Brillouin zone. For com-
pleteness, a source term acting on the nodes of the discrete structure is considered,
expanded in Bloch waves and included in the analysis, and periodic (internal) homo-
geneous Dirichlet boundary conditions are systematically considered. We express the
leading-order (system of) effective equation(s) in the considered spectral neighborhoods
and we approximate asymptotically the corresponding Bloch dispersion relationship.
We illustrate the developed framework by comparing numerically the Bloch dispersion
relationship to its asymptotic approximation for (i) a 2D-periodic Miura-ori structure
and (ii) a 1D-periodic Miura tube. We conclude the numerical illustration by presenting
the effective motion of the 2D-periodic Miura-ori structure near the edge of a band gap
and within a band pass. The dissertation is concluded in Chapter 4 via summary and
outlook.



Chapter 2

Spectral asymptotics of waves in
periodic continua

In the present chapter, we generalize the FW-FF homogenization framework in [23] to
enable treatment of periodic media in R%, d>2 that are supported by generic Bravais
lattice and may contain “voids” that are subject to homogeneous Neumann and/or
Dirichlet boundary conditions. The scalar wave equation under consideration bears
relevance, for instance, to the description of anti-plane shear waves in two-dimensional
composites, transverse electric (TE) or transverse magnetic (TM) fields in photonic
crystals, and acoustic waves in three-dimensional phononic crystals. In a departure
from the preceding work, our analysis further (a) permits expansion about an arbitrary
wavenumber-eigenfrequency pair within the first Brillouin zone; (b) allows for spatially-
varying (as opposed to constant) Bloch-wave representation of the source term, and
(c) pursue the homogenized description near simple, repeated, and nearby eigenvalues
up to at least the first order of asymptotic correction. We illustrate the proposed
homogenization framework through the study of (i) Kagome lattice featuring hexagonal
Neumann exclusions, and (ii) square lattice of circular Dirichlet obstacles. We complete
the numerical portrayal by studying the response of a Kagome lattice due to a dipole-like

source term acting near the edge of an internal band gap.



2.1 Preliminaries

2.1.1 Geometry

Consider an infinite periodic medium in R? (d > 2) affiliated with a Bravais lattice
d . .
R = {anej: n’ € 7}, (2.1)
j=1

featuring the basis e; € R? j = 1,d. Letting hereon j € 1,d implicitly unless stated
otherwise, we denote by z7 the contravariant components of the position vector € R?
with reference to the lattice basis e;, and by rJ € 7 the contravariant coordinates of
the lattice point r € R. Next, let

Yo = {z:0< 2/ <1}

denote the “elemental parallelepiped” of the lattice attached to the origin, and let
YN YP C Y, denote a pair of disjointed open sets, each representing a union of 1-
connected sets as illustrated in Fig. With such definitions, one may define the
support of the periodic medium as

S =R\ |J (r+YVUYD), (2.2)
reR

whose unit cell of periodicity is given by
Y =YynS. (2.3)

Here it is useful to observe that Y is connected set thanks to the foregoing restrictions
on YN and YP. We further define the domain boundaries Y™, 9Y® 9Y”’, SN and
0SP respectively as

Y™ = gy NaYY, IY® =Y NaYP, Y’ =Y \ (Y™ Uy ™),
08N = U, cq(r +0Y®), 98P =, p(r + Y™, (2.4)

such that Y = 9Y'UdY ™M U9Y ® and 0S5 = 9SNUOSP. In physical terms, subtraction
of YNUYP from Y in accounts for the “holes” featured by the periodic medium.
Accordingly, the boundary conditions defined on 9S™ and Y™ (resp. 9S® and oY)
are considered only if YN (resp. YP) is a nonempty set. Examples of 2D and 3D unit
cells geometries as defined above are illustrated in Fig. To facilitate the analysis,
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we will also make use of the short-hand notation

Y}, = {x € 9Y": ' =m}, m=0,1 (2.5)

(b)

€1
Figure 2.1: Examples of the unit cell indicating the lattice basis vectors e; as well as
boundaries Y, Y™ and 9Y® in: (a) R?, and (b) R3.

For further reference, we denote by e/ € R? the covariant lattice basis that spans
the reciprocal space R% and satisfies e’-e; = 271645 (4,5 = 1,d) where d;j is the Kronecker
delta; by

d
R = {anej : nj €L} (2.6)
j=1

the reciprocal Bravais lattice; by k; the covariant components of wave vector k € R?
tied to the basis e/; by r;f € 7 the covariant coordinates of the lattice point »* € R*;
by Y the reciprocal of Yy defined by

Yy = {k:0<k; <1},

and by

d
B={ke R k- k < 1kl n:anej, nje {—1,0,1}} (2.7)
j=1
the first Brillouin zone of the lattice. We also denote by |D| the volume of a finite
domain D € R? and by v = (1 — |Y||Yp|™!) the porosity of the periodic medium S.
With such definitions, one may note that |B| = |Y7| = (27)¢|Yp| L.
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2.1.2 Function spaces

In what follows, we will deal with mappings of type g : D + C for some D C R%, and
their tensorial generalizations. To help set up the table for discussion, we first define
the space

L*(D) = {g:/Dggdcc<oo}, (2.8)
and we introduce a generalized inner product over Y, namely
(g,h) = |Y|1/Yg:hdm, ge (L*(Y)™, he (L2 (Y)", m,nz=0, (2.9)
where
(LAY = (LA(Y)P0 (1 times),

and “” stands for the usual product, the inner product, and the min(m, n)-tuple tensor
contraction when m = n =0, m = n = 1, and max(m,n) > 1, respectively. In situations
when g : S +— C is Y-periodic, we will also make use of the periodic function spaces

LXY) = {g:gly€L*(Y), g(z+r) = g(z) VzeS, reR},
L3(Y) = {g€L2(Y): gloyw =0}, (2.10)
Hy(Y) = {geLy(Y):Vge (L*(Y))"}.

2.1.3 Wave equation, boundary conditions and Bloch wave expansion

Consider the time-harmonic wave equation in S at frequency w, namely
—w?p(x)u— V- (G(x)Vu) = f(z) inS, (2.11)

where f € L?(S). In what follows, we assume the coefficients 0 < G < oo and 0 < p < o
to be Y-periodic, piecewise-continuous, and bounded away from zero. In this case, we
note that LIQJO(Y) equivalently defines the class of “kinematically-compatible” periodic
functions satisfying (pg,g) < oco. To complete the formulation of the problem, we
assume that u satisfies homogeneous Neumann and Dirichlet boundary conditions on
AS™ and 0SP, respectively. In other words, we let

v-GVu = 0  ondSY, (2.12)
u =0 ondS", (2.13)
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where v is the unit outward normal on dS™. For generality, we note that pertains
to a wide class of physical processes including: (i) anti-plane shear waves (when d = 2)
in an elastic solid with mass density p and shear modulus G, (ii) transverse electric
(TE) or transverse magnetic (TM) waves (when d = 2) in a dielectric medium endowed
with permittivity e = G~! and permeability u = p~!, and (iii) acoustic i.e. pressure
waves (when d = 2,3) in a fluid characterized by the mass density o = G~! and bulk

modulus k = p~ L.

At this point, we can deploy the results in [37, 12] to demonstrate (see for
details) that any g € L?(S) permits the Bloch wave expansion (BWE) as

g(@) = |B]"! / (@)™ dk, (2.14)
ks+B

where kg € R? is an arbitrary shift vector, and

ge(@) =Y gla +r)e * =) (2.15)
reR

belongs to Lg(Y). This motivates us to consider a relatively broad class of source terms
given by

f(z) =C|* /k e fe(x)e®*®dk, kyeB, (2.16)

where C C B and fj € L2(Y) for k € ks+ C. Since C C B, it is clear that is
nothing but a restriction of which implicitly defines a subset of L?*(R?). The
main motivation behind is to spectrally localize f, and thus u, to a neighborhood
of some k, € B, which then greatly facilitates the asymptotic treatment. For future
reference, we note that covers the special cases where: (i) fu(x) = p(z)f(k, )
with f(k,-) € L3(Y), and (i) fe(x) = 1 (with YN = YP = ) as in the related
asymptotic treatments [23], [72] that rely on the plane wave expansion.

Claim 1 Assuming f € L*(S), the Fourier integral representation
f@) = [ k)= dk, (2.17)
R4

is referred to as the plane wave expansion (PWE) of f. The relationship between

BWE (2.14) and PWE (2.17)) is given by
Bl (@) = > Frr+ ke, (2.18)

r*eR*
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Further, when §(k) is compactly supported within ks + B, relationship (2.18) simplifies
to

1B~ fu(z) = F(k), (2.19)
see [AZ3 for proof.

Remark 1 For ¢ € L2(Y) and f € L*(S), function g(x) = ¢(z)f(x) € L*(S) and its
BWE is given by [2.14), where gp(x) = ¢(x) fu(x) and fy, is given by (2.15).

By the linearity of (2.11]), we can account for (2.16]) by focusing our analysis on the
reduced field equation

—wzp(a:)u—v-(G(m)Vu) = fr(x) e*® in S. (2.20)

Thanks to the periodicity of p and G and the fact that fi € LIQ,(Y), (2.20)) admits a
Bloch wave solution (z)e™®®, where @ := i, is Y-periodic and solves
—w?p(x)i — Vi (G(x) Vi) = fe(z) in Y, (2.21)

subject to boundary conditions

oy, = uloyy,,
v - Gvkﬂbyjlo = —V- GVka|3yj/1,
v - Gvkﬁ‘(?Y(N) = 07
ulgym = 0, (2.22)

where 9Yj, (m = 0,1) are given by (2.5), Vi =V + ik, and v is the unit outward
normal on dY. For brevity of notation, the dependence of & on k and w in (2.21]) and
thereon is assumed implicitly.

2.1.4 Eigenvalue problem

For k € R? and u,v € H;O(Y)7 we have

(Vi (G(@)Vew),0) = [Y]! /Y Ve (G (@) Veu()) o(@) dz

— vt /Y G(@)Viu(z) - Vio(@) d

+m—1/ v - (G(2) Viu(x))o(@) dz
oY
= —(G(x)Viu, Vo) (2.23)
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thanks to the divergence theorem and boundary conditions . As a result, we
find from the variational formulation that the operator (—p~ !V (GVy))~! from LiO(Y)
to LgO(Y), subject to the germane boundary conditions, is self-adjoint and compact. Ac-
cordingly, ([2.21)-(2.22) are affiliated with the eigensystem {\, (k) ER, b, (k)€ H;%o (Y)},
that satisfies

- S‘np(w)fl;n - Vk'(G(x)Vk an) = 0 in Y, (2.24)

subject to the boundary conditions

Snlovy, = dulovy,,
v GquBnij’O = —v: GVkéf;nbyj/l,
v-GVibnlgyon = 0,
Onloyw) = 0. (2.25)

Note that the sequence {¢,} is complete in H;O(Y) and p-orthogonal. We normalize
the eigenfunctions so that ||¢,|| = 1, whereby

(/)(Z;n,(lgm) = (P&n,&n) Onm.- (2.26)

For given k € R, periodic medium S thus permits the propagation of “free” Bloch
waves ¢, (k)e!kF@=wnt) at eigenfrequency wy (k) = (S\H)% The set of all wavenumber-
eigenfrequency pairs (k,w,) defines the Bloch dispersion relationship of the medium.
The latter is periodic in the reciprocal space, and is described completely by the first
Brillouin zone B of the lattice. By the completeness of ¢, in H;O (Y'), the solution @ of

(2.21)—(2.22)) can be expanded as
ﬂ(:l:) = Z anﬁgn(m) (2'27)
n=1

Provided that w? # A, Vn € Z*, (2.27) yields

= (fr, &) Sn(2)
nzl (PPns D) (W2 — Ap)

thanks to (2.21) and (2.23). Then, by the linearity of (2.11), the total solution is

expressed as
1 o (fis On) Gn()e’®®
i — AR = dk. 2.29

U(m) ‘C‘ ks+C ( nZl (p¢n7 ¢n)(w2 - An)> ( )

i) = — , (2.28)
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For future reference, we note that the weight of the nth Bloch eigenmode in (2.29) is
inversely proportional to the spectral distance [w? — \,,|.

2.1.5 Scaling

In what follows, we seek a homogenized description of ([2.21))—(2.22)) in a spectral neigh-
borhood of the wavenumber-frequency pair

(ksawn(ks) = (S‘n(ks))lﬂ) € BxR, ne Zl_,

and we assume all quantities to be a priori normalized by some reference “mass density”
po, “shear modulus” Gy and lengthscale ¢3. On making use of the short-hand notation
Ay, = S\n(ks) and w, = wp(ks) hereon, we next introduce the perturbation parameter
€ = 0(1) defining the spectral neighborhood as

k =k, + ek, w2 = Ay + €660% + 2602,

g,o0e{-1,0,1}, 66=0, |6+5|=1 (2.30)
Remark 2 Through the design of & and &, frequency separation parameters & and @ are
meant to be used in the “either or” sense, depending on the driving frequency (when fi, #

0) and the local geometry of germane dispersion surface (when fr = 0). Specifically
when fr # 0 whereby w is given, we have

w2_xn:{0<€> A

Q>
I

1, 0
O(€?) g =0, 1 (2:31)

ol

When fk =0, on the other hand, it will be for instance shown that for dispersion surfaces
with locally parabolic (resp. conical) sections, the frequency in those k-directions scales
as W2 (k) =X\, = €20? (resp. w2(k)—An= €&?). Since such information is not available
beforehand, the idea is to substitute “as is” into the field equation , and then
to identify the appropriate frequency scaling (by letting either & = 0 or 6 = 0) depending
on the local eigenfunction structure. In order to bring the analyses of both forced (fk #0)
and free (szO) wave motion under a common umbrella, we will uniformly start from
the agnostic scaling law throughout the remainder of this work.

In the context of (2.30)), we are now in position to pursue the ansatz

[e o]

i(x) = *22 €™ty (2 (2.32)
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via the asymptotic expansion of (2.21)—(2.22)), see also [72, 23]. For completeness, we
note that the presence of the factor e~2 in front of the series is motivated by ([2.28)

and the smallness of [w? — X\, (k)| suggested by ([2.30). On inserting (2.30)(2.32) into
221)-(2.22) and letting fr, = O(1), we obtain a cascade of field equations over Y,

namely

O(e7?) : —Anpilo — Vi, (G Vi, iig) = 0, (2.33)
O(e™): —Aapits — Vi, (G(Vi, i + digik)) — G(Vi, o) ik — 5@?piig = 0, (2.34)
0(1) : ~Anpiia — Vi, (G(Vi, iz + i1 ik)) — G(Vi, i1 + gik)-ik
—G5@%piy — 662 ptg = [, (2.35)
O(em?Y) - —Npiims2 — Vi, (G(Vi, o + tmi1ik)) — G(Vi, ms1 + tmik)-ik
— G2 Pl — 6% Py = 0, (2.36)

along with the sequence of boundary conditions

Umloyy, = tUmlayy,,
V-GV, fon + Tn—13k) gy, = V-G (Vi Ton + Tn13k) gy,
V-G (Vi, tim + tim—11k) gy 00 = 0,
Umlgym = 0, m >0, (2.37)

where %_1 = 0. In the sequel, we say that tensor g € (H;O(Y))dq, q > 1 satisfies the “flux
boundary conditions” if

vgloy, = —vgloyy,
V'g|ay(N) = 0. (238)

2.1.6 Averaging operators and effective solution

Let ng€ ZT (¢ = 1,Q) collect the “nearby” dispersion branches wy, (k) traversing the
vicinity of (ks, 5\;/ 2), where we aim to pursue ansatz (2.32)). With such setup in mind,

we introduce the averaging operators (-)" and (-),? and the “zero mean” Sobolev space

H(Y) as

@™ = (3, 6n,); (2.39)
@07 = (pPny: Ing) " (pF: bny), (2.40)
10(Y) = {g€Hy(Y): (9" =0, ¢=1,Q}. (2.41)
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For completeness, we note that our definition (2.41)) of the “zero mean” Sobolev space
ﬂ;O(Y) is different from that in [23] which postulates (§)™ = 0 in lieu of (),* = 0,
and from that in [53] where the functions {g, 94(¢ = 1,Q)} are assumed to be linearly

independent. For g = @, we will use the short-hand notation

~

Umqg(ek) = (lm)p?, q=1,0. (2.42)

On the basis of (2.32]) and (2.42)), we can adapt the definition of effective solution [23]

at wavenumber k,-+ ¢k as

<a>,l?q (6’%) = Z em72umq7 q=1,Q (2.43)

m=0

which then provides the basis for computing the (set of) effective solution(s) near kg in
the physical space as

(uy(@) = || /C (s (cke) Btk @ 4 (cky), @ € RY. (2.44)

Remark 3 In situations where Q=1 and ny =n which corresponds to the case of an
isolated branch, (-)", ()7, and w1 will be conveniently denoted as (-), (-), and upm,

respectively. In this case, (2.43) and (2.44) reduce to

(ahp(ck) = Y " Pum,  {u)(@) = || /C (@) (ck) /BRI d(ek). (2.45)

m=0

For future reference, we also define the symmetrization operators {-} and {-}’ on
tensors 7 € C¥", n > 2 as

1
{Thpiposewn = Z T q1,q2,5Gn (2.46)

n!
(q1,q2,---7q7z)EHn

1 _
{T};l,pg,...,pn = m Z Tpi,gayngns  P1,P2,-- - Pn € 1,d, (2.47)

" (g2yes@n) €M1

respectively, where II,, is the set of all permutations of set 1,n.

Remark 4 In the context of , we first recall the multicell homogenization i.e.
“folding” technique [7, 120, (23, [22] which enables evaluation of the effective properties of
a periodic medium at rational wavenumbers kg :Zj qjej € B, q; €Q. A leading-order
expansion about an arbitrary (rational or irrational) wavenumber ks € B was implicitly
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considered in [30], via multiple scales approach, near simple and repeated eigenfrequen-
cies. With reference to , we specifically pursue explicit (first- or second-order)
effective descriptions governing umq (m = 0,2, ¢ = 1,Q) at an arbitrary wavenumber
ks € B near simple, multiple, and nearby eigenfrequencies.

Remark 5 When fr =0 identically, the applicability of any effective model for given
perturbation vector k also implies its validity for ak, a <O(1) thanks to the arbitrariness

of € = o(1) in (2.33)-(2.36). When fi # 0, on the other hand, this implication holds
as long as the point (ks—l—ad%,w) does not lie on the germane dispersion branch, i.e. as
long as wy, (ks+ aek) # w. To provide a focus for the analysis, we hereon (i) identify
the wavenumber perturbations by their direction k/||k||, and (ii) for fi # 0 we restrict
our consideration to k € Ke, where

Ke={keR:ckecC, wi (ks + k) # wh, qg=1,0Q, (2.48)

where w}y” (k) denotes the mth order approzimation of wy, (k) affiliated with wyq in (2:42).

2.2 Simple eigenvalue

2.2.1 Leading-order approximation

With reference to the eigenvalue problem (2.24])-(2.25), the solution of (2.33) in the

vicinity of a simple eigenfrequency w,, is expressed as

do(x) = uodn(x), ug e C, (2.49)

where ug = (tig), as stated before. Then, by inserting (2.49) into (2.34]) and integrat-
ing ((2.34)), ¢,,) by parts via the boundary conditions (2.37)) with m = 1, we obtain the
averaged O(e~!) statement as

— (89 (ik) + 56 p)ug = 0, (2.50)

where

6" = <Gvk:s§gn> - <Gvks¢~5n> € iRda p(O) = <p¢~)n> € R*. (2'51)
On substituting (2.49)) in (2.34]), one finds by the linearity of the problem that

iy (x) = uo XV (x)-(ik) + u1dp(x), up € C, (2.52)
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where u; = (1), and x € (H}(Y))* uniquely solves the unit cell problem
A pX ™ + Vi, (G(Vie, X+ ¢nI)) + GV, b — %&nm@ =0, (2.53)

subject to the boundary conditions with g = G(Vi, X + ¢nI) and I denoting
the second-order identity tensor.

We next consider the O(1) field equation . On recalling and , we
can integrate ( , ggn) by parts aided by the boundary conditions with m = 2
to obtain the averaged O(1) statement

— (1 2 (ik)? + 6% p ) ug — (09 (ik) + 60°p)ur = (f), (2.54)

where

(ik)™ = (ik) ® (ik)...® (ik) (m times),

and
p® = (G{Vi, X+ ¢nI}) — {(GX" @ Vi, Pn, 1) }. (2.55)

Claim 2 For any ks € B, effective tensor u® is real-valued, i.e. pu® € R?¥*4, See
for proof.

Claim 3 For wavenumbers ks = %(ZJ n;e’), n; € {—1,0,1}, which include the origin

and apexes of the first Brillouin zone B, Bloch eigenfunction gzzn(a:)eiksm 1s real-valued

up to a constant multiplier €'?°. As a result, in such cases we find that ¥ = 0.

See[A-4.9 for proof.

Claim 3| motivates us to consider separately the situations when 8 # 0 and 8 = 0,
which we address next.

Effective model for non-trivial 6(®

As can be seen from the foregoing analysis, presence of the source term in the O(1)
statement requires that its O(e™!) predecessor be satisfied identically.
When fp, # 0 and w?— w2 = O(e) whereby |5 = 1 due to ([2-31)), we must have ug =0
in thanks to Remark which guarantees that the multiplier (8©-(ik) + &p®w?)
is non-trivial. As a result, yields the leading-order effective equation

— (09-(ik) + 562 )ur = (fi). (2.56)

A similar treatment can be pursued for the situation when w?— w2 = O(€?), in which
case |6| = 1. This case is not addressed for the reasons of brevity.



20

In the absence of the source term fk, on the other hand, the existence of a non-

trivial wavefield solving (2.50|) and (2.54) independently requires that |5| = 1. In this
case, (2.56)) with ( fk> = 0 furnishes the leading-order asymptotic approximation of the
dispersion relationship and group velocity near (ks,w,>0) as

1 . . dwy, (k) -1
2 _ 2 ). _ dwn _ )
(k) = w;, O 10 (ek), =g = S O 10 (2.57)

wn
respectively, where w,, (without an argument) refers to w,(ks) as stated earlier. Ge-
ometrically, (2.57) describes the nth dispersion (hyper-) surface locally as a (hyper-)
plane, where ¢, signifies its “steepest slope”.

Effective model for trivial 6

When f, # 0 and w?— w2 = O(€?), we have that |6| = 1 thanks to (2.31)). In this case
the O(e™!) statement (2.50) is satisfied identically, while its O(1) companion (2.54)
produces the effective equation

— (BO:(ik)* + 6p00%)ug = (fr), (2.58)

With reference to Claim in particular describes the response of a periodic
medium near the origin and aperes of the first Brillouin zone. The nature of such
response depends on (i) the sign definiteness of u(®, and (ii) the sign of w? — w?2. For
example, when p(© is sign-definite oppositely to the sign of w? —w?2, the effective medium
is “dissipative” in that w resides inside a band gap [23] terminating at w;,.

When f, = 0, on the other hand, from (2.50) and (2.54) we find that a non-trivial
solution is possible only if & = 0, i.e. |¢| = 1. In this case is again satisfied iden-
tically, while provides the leading-order approximation of dispersion relationship

and group velocity near (ks,w, >0) as

1

) . (L
wnp“’)” (ek). (2.59)

1 .
GAk) = Wl b (R (k) =

2.2.2 Second-order correctors

With (2.49) and (2.52) in place, one can make use of the averaged statements ([2.50))
and (2.54)) to solve the O(1) field equation (2.35)) in terms of sy as

ia(x) = uox® () : (ik)* +urx" () - (ik) + uzdn(@) + 1 (x), us €C, (2.60)
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where x® € (E;O(Y))dXd is a source-independent cell function, while n® € I?I;O(Y)
solves the unit cell problem entailing fi as detailed in

Remark 6 Cell function n® depends implicitly on ek via fk = fk(x) In situations

when fi(x) = F(ek)p(x), the solution of (A7) is given by n®(x) = F(ek)((x),
where (' uniquely solves

= 2apl@ = Vi (GVRCD) = ¢— L (), (2.61)

p(O)
with GV, (" satisfying the flux boundary conditions ([2.38]).

Claim 4 The following identity holds:
(G0, Vi, ) = (GVi, ™) = (frr x™)- (2.62)

See[A-41] for proof.

We next consider the O( ) field equation ([2.36) with m = 1. On substituting (2.49),

and into , integrating (,&n) by parts via the boundary condi-
tlons Wlth m = 3, and exploiting Claim we obtain the averaged O(e) statement

—0Y : (ik)3ug — (p -  (ik)% + 6p00%) uyg — (6 (ik) + 602 p@) uy = M (k)(2.63)
where

0" = (G{Vix? +T@xV}) — {(GX® @ Vi, dn, 1)},
Mik) = ~(fx®)-(R). (264)

Claim 5 For any ks € B, effective tensor 8 is imaginary-valued, namely 8 ¢

R4 Gee[A.4] for proof.

Proceeding with the analysis, we make use of the solutions (2.49)), (2.52)) and (2.60))
in conjunction with the averaged statements (2.50)), (2.54) and (2.63) to solve the O(e)
field equation (2.36)) with m = 1 in terms of i3 as

is(@) = ux®(@): (ik)’ +uix® (@) : (ik)> +uax® (@) - (ik) + usdn (@)
0 (@) (ik) + 60°® (), (2.65)

where uz € C; x® € (E;O(Y))dxdxd

(E;O(Y))d and n® € H},(Y) solve the respective unit cell problems involving fie as
described in [A3]

is a source-independent cell function, while n* €
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Next, in order to “average” the O(€?) field equation (2.36]) with m = 2, we insert
the solutions (2.49), (2.52), (2.60) and (2.65) into (2.36) and integrate ((2.36)), ,) by
parts using boundary conditions (2.37)) with m = 4. In this way, we obtain

—p @ (ik)tug — 0V : (ik)3ur — (u® : (ik)? +
—(0(0)-(116)—1—6&)2/)(0)) = MQ(E,&aﬂ) (2.66)

where

My(k,60%) = 60>((GVr,n®) — (G, Vi, dn)) - (ik)
+((G{Vi,n® + nOT}) — (G{nV @ Vi, b}, 1)) : (ik)?, (2.67)
p? = (G{Vi,x® +I2x?}) - {(GXx®® Vi, n, 1) }. (2.68)

Claim 6 For any ks € B, effective tensor p® is real-valued, i.e. p® € R¥*dxdxd  Gee

[ for proof.

Claim 7 We have the following identities

(G, Vi, n) — (GVi.n®) = (pn@,xV), (2.69)
{GVi,n™ +n@T}) — (G{n™& Vi, bn}, 1) = (fr, x?)
+<fk>{< XV@ X, 1)} + 4540 @ (@, x ")}, (2.70)

see [A].1] for proof.

With the effective equations (2.63)) and (2.66)) featuring us and uz in place, we next
evaluate the second-order counterparts of (2.56)) and (2.58|) depending on the triviality
of .

Effective model for non-trivial 6
When the source term fj, # 0 and w?— w2 = O( ), we have |6| = 1 due to Remark
In this case, we evaluate the weighted sum + e + 62- to obtain
€200 : (ik)u p® : (ik)? uy — €2(0-(ik) + 5% p ) uz — e u® : (ik)? u
—6(0(0) ( k) + 50%p®) ug — (00 (ik) + 5% p)uy = Mz(ekz, 66'2)(2 71)
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where the effective source term is given by

Mj(ek, e6@%) = (fi)(ek) = (fi, X)) (ick) + €66 ((GVi,n®) — (G0, Vi, bn)) - (ick)
+ ((G{Vi,n™ + nOT}) — (G{InV® Vi, dn}, 1)) : (iek)?.

This yields the second-order effective equation
—(07: (iek)® + p: (ick)? + 0. (ick) + 502 p®) (@), & My(ek, c50?), (2.72)

where “” denotes equality with an O(€®) residual.

In the absence of the source term, we find from (2.56)), (2.58), (2.63) and (2.66))
that a non-trivial effective solution in terms of w,, = (@), (m = 0,3) is possible only
if |¢| = 1. In this case, with fr; =0 i.e. M} =0 can be shown to describe a cubic
approximation of the dispersion relationship near (ks,w, >0) as

2 1

W2(k) = w?— O (k)2 ——i00 (k). (2.73)

n

p(o) H

Effective model for trivial 6

Assuming that the source term f, # 0 and w?— w? = O(e?) whereby |6|=1, we obtain

the second-order effective equation by evaluating the weighted sum (2.58)) + €(2.63) +
€*(2.606), namely

—2p @ (ik) ug — 20V : (ik)>ur — 2 (u® ( k)% +6p00?) us — e 09 : (ik)3u
—e(p© : (ik)? + 5pO00?) uy (“(0) (ik)2 4+ 6p00%) ug = MY (ek), (2.74)
where the effective source term is given by
Mj(ek) = (fr)(ek) = (fr, x")-(ick)
+((G{Vi, 0" + 0O 1)) — (G{(NV® Vi, dn}, 1)) : (iek)®.  (2.75)

This yields

3

— (1 (iek)* + 0D (iek)® + p©: (iek)? + €60 p") (@), & MY (k).  (2.76)

Claim 8 For k, = %(ZJ n;e’), nj € {—1,0,1}, which includes the origin and apezes
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of B, Bloch functions ¢n(x)e®s®, xV(x)e*s® x@(x)e** and x @ (x)e** are real-
valued up to a constant phase factor e'¥0. Consequently, 8Y = 0 which in particular

motivates our pursuit of the second-order approzimation. See[A.].3 for proof.

When fi, = 0, on the other hand, we deduce from ([2.56), ([2.58)), (2.63) and (2.66)
that |6| = 1 in order to have a non-trivial solution. As a result, one finds that
with M} = 0 furnishes a quadratic approximation of the dispersion relationship near
(ks,wy,>0) as

1

) pu®:(ek)?. (2.77)

1 . 1 )
Wik) = w2+ P n@: (ek)* + Ww(l) :(ek)?

Remark 7 In the special case where fk(k,w) =1landks = %(ZJ n;el), nj € {-1,0,1},
effective equation (2.76)) reduces, thanks to Claim@ C’laim@ and Claim@ to

_(M(z): (id;:)4 + p, (id;:)z + 626(2)2/)(0))(@,) e é”(d;;), (2.78)

where

MY (ek) = (1) — (xV,1)-(ick)
F{(C{Ve, ™ +0T}) — (G{In™V@ Vi, dn}, 1)) : (ick)®.  (2.79)

We note that (2.78))~(2.79)) can be reduced to the FF-FW effective model [23] upon: (i)
accounting for the “unfolding” of Y according to the multicell homogenization approach
[7,120] and (i) using (u) instead of (), to define the “mean” motion.

2.3 Repeated eigenvalue

Let wy, be an eigenfrequency of multiplicity @ >1, and let ny (¢=1,Q) be the indexes
of associated eigenfunctions.

Remark 8 In what follows, we assume p,q,s € 1,Q, unless stated otherwise. Further,

we will use the short-hand notation »_, for Zqul.

2.3.1 Leading-order approximation

With reference to the eigenvalue problem (2.24])-(2.25), the solution of (2.33) in the

vicinity of a repeated eigenfrequency w, can be decomposed as

ao(x) = Zuoq q;nq(a:), upq € C, (2.80)
q
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consistent with the definition (2.42)) of ugy. Then, by inserting (2.80) in (2.34) and
integrating ((2.34), ¢n,) by parts via the boundary conditions (2.37) with m = 1, we
obtain the averaged O(e~!) statement

Z (60 ik + 5":’2%0)51)(1) ugg = 0, pelQ, (2.81)
q

where
65, = = (GVik, bn,)"" — (GVik,bn,)"a  and Py = (pon,)". (2.82)

For convenience, system of equations (2.81]) can be expressed in the matrix form as
(A9 (k) + 6w’ D)ug = 0 where AY(k) =0 ik and Dy, = p"6,. (2.83)

Remark 9 Effective vectors 02?1) are imaginary-valued, i.e. Hgfl) € iR?. Coefficient ma-
triz D € RO*? is diagonal, and A e CC*Q s Hermitian.

On the basis of (2.80)(2.81]), we can solve the O(e™!) field equation (2.34]) in terms

of 1y as
ir(x) = (uog X3 () - (ik) + t1g ¢ny(®)), w1 € C, (2.84)

where x’ € (ﬁ;O(Y))d solves uniquely the unit cell problem

A pXS A+ Vi (G(Vie, X + bng D)) + GV g — D p(po) $n, 09 = 0, (2.85)

S

subject to the flux boundary conditions in terms of G(Vg, X(l) + d;nq )
We next consider the O(1) field equat10n . On recalhng and and

integrating ((2.35)), g?)np) by parts via the boundary conditions Wlth m = 2, we
obtain the averaged O(1) statement

—Z( ) < ()2 + 6000 Gy oy + (835 - (1K) + 6%V dpg)urg) = (i)™, (2.86)

where
1 = (G{Vi, X + on I1)™ — {(GX @ Vi, 0y 1) }- (2.87)

We rewrite (2.86)) in the matrix form as

—(BO(k) 4+ 602D)ug — (AQ (k) + 502D)u; = fy where BY) (k) = ply : (ik)?
and fo, = (fr)". (2.88)
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Claim 9 Matriz B € C®*? is Hermitian. See for PTroof.

Eigenfunction basis

For a fixed direction k/| k||, let P eC?*? denote the matrix of eigenvectors associated
with the generalized eigenvalue problem

A%y = 7Dw. (2.89)
In this setting, we conveniently introduce the “recombined” eigenfunctions KZ}q as

QZ)Q = Z Psq ansa qe m (2.90)

Then, by taking the eigenfunctions {iq} as the projection basis in (2.80) and ([2.82)
instead of {ggnq}, we find that

A (k) = diag(0, ..., 0, TNyt 1, TN 12> - - - TQ) (2.91)
where 7, = O(qoq) ik and 0 < Np < Q is the number of trivial diagonal entries of A,

Claim 10 For ks = %(ZJ n;e’), n; € {—1,0,1} which include the origin and apezes
of the first Brillowin zome, Bloch eigenfunctions gZEnPe““S‘Cc have constant phase and can
be taken as real-valued. In this case, vector O;Oq) e R?* and 01(7‘;,) = 0, whereby A is
imaginary-valued and skew-symmetric. Consequently, the nonzero eigenvalues of A

consist of pairs {T,—7} whose respective eigenvectors are complex conjugates of each

other. See[A.4.3 for proof.

In this setting, we also define the sub-matrices B(O)(l%) € CNoxNo and D € RNoxNo gych
that
By = Bj) and Dy, = Dy, p,q € 1, Np.

When Ny >0, we denote by P the matrix of eigenvectors of the generalized eigenvalue
problem
BYv = 1D, (2.92)

and we define the eigenfunction basis 1/;; as

NO D, 7
- O Psq s, g < N
{Z“ a¥s 4 < No (2.93)

.
I wlp q> NO



27

Remark 10 Figenfunctions 7% (¢ = 1,Q) are p-orthogonal in the sense of (|2.26]),
see for proof. For simplicity of discussion, we hereon relabel 1;(’] as qgnq. In this
setting, we have

B = diag(p{?: (ik)*, ..., uY v, : (ik)%). (2.94)

Additional scaling

Depending on the perturbation direction, certain non-zero diagonal entries of A(O)(IAc)
in can become vanishingly small, namely 7, = o(1) for some ¢. In the context
of Section for instance, this situation would correspond to directions k/||k| for
which 8- (ik) = o(1). To account for such situations, we decompose A as

AO (k) = diag(0,...,0, TNgt1s- -+ TN, TN41, - T) = A" (k) + e A”(k) (2.95)

O(e) o(1)
A"k) = diag(0,...,0,7n41,...7g) € ROXQ (2.96)
o()
A%k) = diag(0,...,0,¢ “rngst, ... € tn,0,...,0), € ROXQ (2.97)
o(1)

and we carry over thus incurred O(e) residual in (2.83)) to (2.88)) as

(A“(k) + 60°D)ugy = 0, (2.98)
~(B(k) + A"(k) + 60’ D)ug — (A"(k) + 60°D)ur = fo.  (2.99)

On the basis of (2.98)—(2.99), we next pursue a family of first-order effective field
equations (in prescribed direction k/||k||) as controlled by: (i) proximity of the driving
frequency w? to A, (see Remark , and (ii) the nature of A® (k) according to (2.95)—
2.97).

Effective solution for full-rank A© when A= 0

We first consider the case where rank(A©(k)) = Q and A” = 0. With reference
to (2.97), this specifically implies that 7, = 6 - ik = O(1), ¢ = 1,Q. Letting further
fr # 0 and w?— w2 = O(e) so that |5| = 1 by Remark [2, we find from the O(¢™1)
statement that ug = 0 thanks to Remark From , we then obtain the
leading-order model

— (A9(k) + 60’ D)u; = fo. (2.100)

In the absence of the driving source fg, the existence of a non-trivial solution
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to (2.98)—(2.99) also requires that |5| = 1. As a result, (2.98)) constitutes a general-
ized eigenvalue problem (GEP) whose eigenvalues

1 N
w2 (k) = w?— Ww(@ (ek), (2.101)

describe the leading-order, linear dispersion relationship in direction k.

Effective solution for near-trivial A®

When A (k) = eA” ie. A = 0, we consider the situation where f, # 0 and
w?— w2 = O(?) so that |6| = 1. In this case (2.98) is satisfied identically, and we find
from (2.99)) that the leading-order solution ug solves

— (BO(k) + A" (k) + 662 D)ug = f,. (2.102)
In the degenerate case when A® = cA” = 0, (2.102)) becomes
— (B9(k) + 60°D)uy = f. (2.103)

In this case we conveniently let Py, = 044 in , and we have Ny = @ whereby
B©® = B becomes diagonal according to ([2-94).

When f;, = 0, the existence of a non-trivial solution requires that & = 0 i.e. |6| = 1.
In this case, the leading-order approximation of the dispersion relationships Wn, (k),
q= 1 1,Q is obtained by solving the eigenvalue problem (B + A" )'v = 7Dv. When
A" vanlshes the solution is given explicitly by

w? (k) = w2+ p<0> pl  (ck)?, (2.104)
thanks to the fact that B is diagonal in this case.

Effective solution for partial rank A©

We next assume that A® has a partial rank, i.e. 0 < Ny < Q. Letting fg % 0 and
w? — w?2 = O(e?), we have |6| = 1. Thanks to the fact that A© is diagonal due

n

to (2.91)), the last @ — N components of uy must vanish by enforcing (2.98]) to the
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leading order. By virtue of this result and (2.99)), we find that

N
—> (BO (k) + AL (k) + 60*Dpg)uog = fop, p€ LN, (2.105)
q=1
up = 0, pe N+1,Q. (2.106)

When fk = 0, we enable a non-trivial solution to f in terms of ug by
taking |o| = 1. In this case, with fo, = 0 constitute a GEP yielding the leading-
order approximation the first N dispersion branches wy,, (k), g=1,N.

Letting fr # 0 and w? — w2 = O(€), on the other hand, we have |5| = 1 whereby

n

ug = 0 thanks to (2.98). From (2.99)), we accordingly find that u; solves
— (A"(k) + 60’ D)uy = £, (2.107)

to the leading order (specifically, we discard the O(e) residual in by supersed-
ing A with A(O)). Assuming fr, = 0, we are now left with exposing the leading-order
behavior the last (Q— N dispersion branches wy,, (k), g=N+1,Q. In this case we must
set |6| = 1 because all dispersion branches permitting the 6-description are already given

by (2.105)) with fp, = 0. This yields the sought approximation via (2.107) with f, = 0
as

1. - -
wgq(k) = w2 — 7105 - (k), g=N+1,Q. (2.108)
Pq

2.3.2 First-order correctors

With the aid of the averaged O(e!) statement (2.86]), one may solve the O(1) field
equation (2.35)) as

ig(x) =Y (uog X (x): (k) + w1 X3 (@) (ik) + ugg I, () + 1O (x),  ugq € C,
! (2.109)

where X € (ﬁ;O(Y))dXd and n® € H},(Y) are the cell functions specified in [A.3

Claim 11 We have the following identity
(G, Vi, bn,) = (G0 )" = (fro ), (2.110)

See Appendiz section for proof.

On substituting (2.80) and (2.84)) into (2.36) with m =1, integrating ((2.36)), ¢,) by
parts via boundary conditions ([2.37)) with m = 3, and exploiting the result of Claim
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we obtain the averaged O(e) statement

—Z( : (ik)3ugy + (s (ik)?+ 60*pl)6, )u1q+(0g2.(ik)+aw Js )u2q> = fip,

(2.111)
where

0h = (G{Vix? +IoxP D™ —{(Gx® Vi, bn,. 1)},
fip, = —(fex)) - (ik). (2.112)

We can conveniently rewrite (2.111)) in the matrix form as

— AD(k)ug— (B (k) +60*D)uy — (A (k) + 60’ D)uy = fi, AL =00 : (ik)*.
(2.113)

Remark 11 At this point, we recall the decomposition of A according to ([2.95) -

, and the fact that - ) accordingly incurs an O(€) residual, manifest in the
term —eA"” w1, that carries over to the next order of asymptotic approximation.

On accounting in (2.113]) for the O(e) residual stemming from ([2.99)), we obtain the
averaged statement

— AV (k)ug — (BO (k) + A (k) + 60°D)us — (A”(k) + 66’ D)uy = . (2.114)

which allows us to compute the first-order correction u; (resp. uz) of the leading-order
model ug (resp. ui). With reference to section we pursue such task for three
canonical situations driven by the nature of A®. Before proceeding, we conveniently
denote by (w), the effective solution vector collecting the left-hand sides in (2.43), which

gives
o0
= " Uy, (2.115)
m=0

For brevity, we focus our attention on the effective equations only, noting that the
respective approximations of the dispersion relationship can be uniformly obtained by:
(i) setting the source term in the effective equation to zero, and (ii) solving the resulting

GEP.
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Effective solution for full-rank A© when A”=0

Assuming rank(A®) = Q and A© = A" we let fi, # 0 and w?— w2 = O(e). In this

n =

case || =1, up = 0, and by ([2.114) the first-order order corrector ug solves
— BO(k)u; — (A9 (k) + 60°D)uy = fi, (2.116)

where w; is given by (2.100)). Thanks to (2.115)), we can now evaluate the weighted
sum ([2.100) + €(2.116|) in order to obtain the first-order effective model, namely

— € BO(k)u; — (A (k) + 50°D)ug — (A” (k) + 60°D)u, = fo+ef, (2.117)

which yields
~ ~ 2
— (B (k) + AV (ek) + e60’ D) (@), = fo + efy, (2.118)

where the components of fy and f; are given respectively by (2.88)) and (2.112)). For com-

pleteness, one may note that (2.118]) carries the same structure as its simple-eigenvalue
counterpart (2.72)) when truncated to the first order.

Effective solution for near-trivial A®

When A© = ¢ A", f # 0 and w?— w2 = O(?) i.e. |6] = 1, the leading-order model
is given by wug solving (2.102). In this case we discard the second-order correction us
in (2.114)), which then yields

— AD(k)uy — (BO(k) + A"(k) + 60°D)u; = f. (2.119)

From the weighted sum (2.102) + ¢([2.119)), i.e.

—e AV (k)ug—e(BO (k) + A (k) +60? D)u;y — (B (k)+ A" (k)+60>D)uy = fo+efy,

(2.120)
we obtain the first-order effective model
~ ~ . ~ 2
— (AY(ck) + BO(ck) + A”(ck) + €260’ D) (@), = fy + efy. (2.121)
When A = 0, (2.121)) carries the same structure as its simple-eigenvalue counter-

part (2.76]) after truncation to the first order.
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Effective solution for partial rank A

When rank(A©) < Q, fi, # 0 and w?— w2 = O(e), the leading-order solution wu,

n

satisfies (2.107]), while the first-order corrector wo solves (2.116)). On the other hand,

when w? — \,, = O(¢?), the leading-order model wuy is given by (2.105)—(2.106]), while its
corrector w, satisfies

N
- Z(B;’?I) (k) + Ag)q)(k) + &L:’Zqu)ulq = fp+ Zévﬂ A:gq)(’;’)uoq, p €1, N, (2.122)
q=1
—AQ (k)ur, = fop+ Y00, Bpi (k)uog, pe N+1,Q.
(2.123)

0
In this case, we obtain the first-order model as (@), < e 2up + e 'uy, where the scaled

summands are directly computable from (2.105)—(2.106)) and (2.122)—(2.123) upon re-

placing k and 6@ respectively by ek and €264.

2.4 Cluster of nearby eigenvalues

We conclude the general analysis by letting the driving frequency be near a cluster
of nearby eigenfrequencies {wy,}, ¢ = 1,Q depicted in Fig. This situation was
originally considered in [23] in an effort to handle the “short asymptotic range” exhibited
by single- and repeated-eigenfrequency models within (k,w) regions characterized by
closely spaced dispersion curves. Our goal is to extend the analysis in [23] by: (i)
permitting expansion about an arbitrary point (ks,w), ks € B and (ii) exposing the
first-order correction of the leading-order model.

We let ) be the number of distinct eigenvalues within set {wn,}, and we denote
by (ks,wn,) for some ng € {n,} the origin of asymptotic expansion in (2.30). In this
setting, we conveniently redeploy the scaling parameter € = o(1) to quantify the “small-
ness” of distances between the neighboring eigenvalues by letting

Ang = Ang — €75 g=1,Q. (2.124)

Remark 12 Note that the logic behind such use of € is consistent with previous develop-
ments. Specifically, in sections and we defined the size of the “asymptotic box”
surrounding (ks,w) as either O(€)? x O(e) or O(e)? x O(€?) depending on (a) the driving
frequency when fi, # 0, and (b) the flatness of the n dispersion branch for f =0. In
the present case, by we ensure that such “asymptotic box” captures all (relevant)
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Figure 2.2: Example of a cluster of nearby dispersion branches.

dispersion surfaces in the cluster.

With (2.124]) in place, we consider the local eigenfunction basis {g?)nq(k:) € H;O(Y)}
that satisfies

— (Ao — e*yq)p(w)ﬁnq — Vi (G() Vi @nq) =0 in Y, q=1,Q (2.125)

together with boundary conditions (2.25). As can be seen from (2.125)), the current
problem can be described as an “almost repeated” eigenvalue case, which allows us to
take advantage of the foregoing developments.

With the insight into @ solving ([2.21]) gained in Section and Section we skip
intermediate steps and proceed by specifying ansatz (2.32)) up to m = 2 as

a(x) = Z (6—2qu g?)nq (z) + e_lulq gzznq(ac) + 6_1qu xf;)(a:) . (zlgz) + ugq Xéz)(ac) : (zl%)Q
q

Q
+ urg X (@) - (ik) + uzg &nq(a:)) + ) n(=), (2.126)
q=1

where uog, u14, uz2q € C, e Eﬁ;O(Y), X, € ([:I;O(Y))d and xy € (H;O(Y))dXd uniquely
solve the respective equations
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Mg X + Vi (G(Vie, X3 + by D)) + GV by = p(pmgzénsegg, (2.127)

S

Ang PX2 + Vi, (G(Vie, X2 + by (T2 X))
HE(Vr, X + n, D)} = Z<p;°> {00 x "} + <o)¢nsu(°>> (2.128)

Aoy = Vi (GVi,0S") = fi — Zp’fm<fk>”s Pnss (2.129)

S

with G(Vi, x5’ + qﬁnq ), (Vk x(2)+ {I®x}}) and GV, 0y each being subject to
the flux boundary conditions ([2.38] . Note also that Remark . 1| still applies in this case.
Our goal is then to find the coupled effective equations satisfied by ugq, u14 and uaq.

To this end, we (i) insert m in - (ii) integrate ((2.21))),” by parts using the
boundary condltlons , and (iii) expand the result in powers of € as

oY) (AV(I% +60°D)uy = 0, (2.130)
O1): —(B9k)+60’D)ug — (AV(k) + 60’ D)u;, = f, (2.131)
O(e):  —AY(k)ug— (BO(k) + 60*D)u; — (A7 (k) + 60°D)uy = fi,

(2.132)
where
AV(k) = A9(k) +TD,  Tpy=bpvq (2.133)

accounts for the eigenvalue separations in ((2.125)), while A®, B® A® D, f; and f;
are given by (2.83]), (2.88)), (2.112) and (2.113) as before.

Remark 13 We observe a clear similarity between (2.130)), (2.131)), (2.132) and their
repeated-eigenvalue predecessors , and respectively. In fact, the
differences are in this case confined to the diagonal matriz TD = AY — A© that ac-
counts for separations between the neighboring eigenvalues according to . Further,
since A is Hermitian, so is A7.

2.4.1 Eigenfunction basis

Let P denote the matrix of eigenvectors associated with the generalized eigenvalue
problem
AV(k)v = TDv.
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In order to diagonalize A7, we express ug, w1, w2,y and f; in terms of P as
up = Puy, wu; = Pu), wuy=Pu,, £ =Pf),, f=Pf] (2.134)

and we premultiply (2.130)—(2.132) by P'. For simplicity, we then drop the prime
symbol from the “rotated” vectors uy, u), u), £ and f], and we keep the original notation

of the transformed matrices in (2.130)—(2.132)). In this setting, we have

AV(k) = diag(ri, 72, ..., 7Q), (2.135)

noting for future reference that 7, =0 (¢ = 1, Nyg) when rank(A”) = Q — Np.

2.4.2 Leading-order approximation

Thanks to the presence of the “penalty” term T'D in (2.133)), A" is of at least partial
rank when A® = 0. As a result, in the sequel we present the effective models for full-
and partial-rank A7 only.

Effective solution for full-rank A”
When rank(A7) = Q, fr # 0, and w?— w? = O(e) i.e. |6| =1, we must have ug = 0 due
to (2.130]). As a result, (2.131f) yields the leading-order effective equation

— (A" +60°D)u; = f. (2.136)

When fi, = 0, eigenvalues of the GEP stemming from (2.130)) (or equivalently ([2.136]))
define the leading-order asymptotic approximation of the dispersion relationships in

direction k/||k| as

W= Wl el (2.137)
Pq

where 7, denotes the gth eigenvalue of A7 (k).

Remark 14 When A" is of full rank, (2.136) and (2.137)) provide a general framework
to handle the clusters of nearby dispersion branches, regardless of the fact whether they

intersect or “almost touch” for example at k = k.

Effective solution for partial-rank A"

When rank(A7) = Q — Ny for some Ny >0 and fi, # 0, we first consider the situation
where w? — )\, = O(e) i.e. || = 1. In this case the leading-order effective equation
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is again given by (2.136)), while the last ) — Ny dispersion branches are approximated

by (2.137)) for ¢ € No+1, Q.
On the other hand, when w? — w2 = O(€?) i.e. |6] = 1, the leading-order effective
model ug is given by

No
B Z(Bz()(()z)(k) +06@°Dyg)uog = fop, p €1, No, (2.138)
q=1
up, = 0, peNo+1,Q. (2.139)

When f, = 0, the leading-order approximation of the first Ny dispersion branches is
obtained by solving the GEP affiliated with ([2.138]).

2.4.3 First-order correctors

Effective solution for full-rank A"

When A” is of full rank, fi # 0, and w?— w2 = O(e) i.e. |§| = 1, one can show that the
first-order corrector ug solves

— BO(k)u; — (AY(k) + 60’ D)uy = fi, (2.140)

with u; being given by (2.136)). Thanks to (2.115]), the weighted sum ([2.136]) + €([2.140)),
namely

—e BY(k)u — (A7 (k) + 60°D)up — (A7 (k) + 60’ D)wr = fo+ef, (2141
yields the first-order effective model
—(BO(ck) + A (ck) + 60’ D) (@), © fo+ efy. (2.142)

Effective solution for partial rank A"

When rank(A7) < Q, fr # 0 and w? — A, = O(e), the first-order corrector us is given
by ([2.140] m In contrast, when w? — \,,, = O( 2), the first-order corrector is given by wuq
whose components can be shown to satisfy

Z (BW (k) + 60" Dpg)urg = fip + 00 A (K)uog, p €T, No,  (2.143)

A~

—AY (R, = fop+ 309 By (K)uog, p € No+ 1, Q, (2.144)
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with ugq (¢ = No+ 1, Q) being subject to (3.104). For this configuration, we obtain the
first-order model as

[=}

(@), < e?

with the scaled summands being directly computable from ([2.138])—(3.105)) and (2.143])—
(2.144]) on replacing k and 6@ respectively by ek and €264.

-1
Uy + € “uq,

2.5 Discussion

In this section, we share new insights stemming from the general analysis, and we discuss
several special cases in support of the numerical simulations (Section [2.6]).

Remark 15 A common thread of our developments is that we approximate the Bloch
wave in terms of its projection to the nearest QQ branches, @ > 1. In this vein, term u(x)
on the left-hand side of ansatz and its descendants such as should be
interpreted in the sense of restriction of to the nearest ) dispersion branches,
namely

_Z fka¢n n( ) ZQ: (fk:aénq) anq(m)

N == - —— —. (2.145)
Pﬁbna ¢n)( - An) g=1 (Pgbnq, ¢nq)(w2 - )‘nq)

This leaves an open question regarding the contribution of “remote” branches (n #
ng,q = 1,Q) that is beyond the scope of this study, see for instance the recent discussion
m [34/.

2.5.1 Energy considerations

On the basis of the results in Section [2.4] which covers the instances of simple and
repeated eigenvalues as degenerate cases, we find from ) that the instantaneous
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power density ( fx, iwi) = —iw( fr, @) generated by the source term fi can be approxi-
mated as

-1 ~

Leading order: —iw(fk, ) = —iw Z(fk>nq <ﬂ>f?qa

First order: —iw(fk,ﬂ) = - iwz (<fk>nq - (flmX;l)) : (iﬁk))<@>§qv

Second order: —iw(fk,ﬂ) = - iwz (<fk>nq - (fk> X;l)) : (@61%))@%“’

—zwz (fi, X D) (ick)? —zwz fiesm )

The above result in particular demonstrates that the instantaneous power density and
therefore the work, averaged in space over Y, equal — up to the first order — that exerted
by the effective source term on the averaged displacement. This result is in line with
the well known Hill-Mandel condition [24], requiring that the volume average of the
increment of work performed on the representative volume element be equal to the
increment of local work performed by the macroscopic i.e. averaged quantities.

2.5.2 Asymptotic solution in physical space near the edge of a band

gap
With reference to the class (2.16)) of source distributions, one immediate application of
the foregoing analysis is the case where: (i) k (Z n;el), n; € {—1,0,1}; (ii) the

driving frequency is within a band gap near sunple eigenfrequency wy,(ks), and (iii) the
source function fy is given by

fe(x) = F(k)o(x), ¢ € L(Y), supp(F)=CCB. (2.146)

On recalling BWE (2.14]) and ansatz (2.32]), we conveniently introduce the pth-order
asymptotic solution in the physical space as

P
uPl(x) = " iy (x), xS,

where Gy, () = |C|7! / i () Rt R (o). (2.147)
C
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From (2.49), (2.52), (2.54), (2.60), (2.63), (2.66), Claim [3] Claim [7, Claim [§ and
Remark [6] we specifically find that

o On(@) (fi)
tg(x) = —€? p(0>(w2—w2)+:(0>-(i€]2;)2’ (2.148)

(T , O (ick)

ai(z) = ¢ [9n ;((O{Zﬂ 312) f!; (09)6 (Zek; , (2.149)
In(@) ((Fresx) + L {(ox X, 1)}) : (ick)?
PO (w2 = w2) + p®: (ick)?

({(fe: x)® XV (@)} + (fe) X (@) : (ick)?

PO (w2 — w2) + p®: (ick)?

e 2iig(x) p®: (ick)*

PO = w3) 4 (ick)?

UQ(ZB) = —

_l’_

+ (O(x) F(ko+ ek). (2.150)

In terms of the effective solution, by (3.50)) we can similarly introduce the pth-order
mean motion in the physical space as

p
= 3 ezt / U (cl) BRI T (k) meRL (2151
m=0 ¢

via superposition of the averaged Bloch-wave solutions, 1, (ek) = (Tm)p. From ([2.148))—
(12.150f), we clearly have

) = 2 (fr)
uo(ek) = ) + e (2.152)
ui(ek) = ¢ (Fh: X1): (ick) (2.153)
PO = W) 0 (ick)?
W@%Djmwﬂﬂ%ww@wwmﬂﬁue%@mwmw

PO (w2 = w2) + HO: (ick)?
(2.154)

In Section we shall make use of the above results toward approximating the “full”
and mean wave motion near the edge of a band gap.
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2.5.3 Dirac behavior in R? for Q =2

Consider a two-dimensional periodic medium, S C R?, whose spectral neighborhood (2.30)
features two nearby eigenfrequencies wy, = wy, (ks) and wy, = wn, (ks) (Q = 2). In this
case, matrix A7 reads

o ik ok e
A= <—0(10) Zk 9(202) Zk+7p(0) T=e€ (wnl_an)' (2-155)

By way of ([2.130]), the two dispersion relationships are accordingly given by

) | /1. 0) 1.
9 9 € 0] ik 0, -ik
) = wi - 5(r PRI )
€ 0 ik 0% -ik\2 4{69% 09} : (k)2
:F§ <7_ 11(0) + © ) + (0) (0) , (2.156)

P1 P9 P1 P2

where the matrix {0(0> <0)} € R?*2 is in general positive semi-definite, and specifically
positive definite when

0)-i1#0, 0)-is#0, and arg(8\)-i1) —arg(0\)-is) #nm, ne€Z. (2.157)

Equations (2.156|) describe “almost touching” (resp. crossing) branches when v # 0
(resp. v = 0) featuring the middle plane

€ 0\ ik  6%)-ik
(P): whik) = wl, — 5 (v+ g + 7257, (2.158)
P1 P2
When (P) is horizontal, we further have
W(;7<0>+—0)49<0> = 0, (2.159)
%) P}

which holds true for any p-orthogonal eigenfunction basis, by the conservation of the
trace of A7. In this case, dispersion relationship (2.156f) simplifies to

_ %(7 n (7 _ W)Q L Hope 012 '(’2’)2), (2.160)

Py /’(10)/)2
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Dirac cones

When v =0 i.e. wy, = wp,, from (2.160]) we find that

FION (zeic) 2 {9(0)® 0 :(6]2:)2
2 _ 2 11 12 12
n1/2 (k) = Wp, + ( (0) ) + (0) (0) :

P1 P1 P2

(2.161)

In such instances, the eigenfunction basis can be conveniently recombined so that
A7 = A© js diagonal in a given direction ko/|ko||. Using this specific eigenfunc-
tion basis, we find that ng are imaginary-valued up to a complex multiplier, since
0(101),9(202) € iR? by and 0(102) cikg = 0. As a result, the dispersion relation-
ships are characterized by (i) elliptical isocontours when the vectors (p{”)~10'"
and (p{”py”)~1/20\)) are linearly independent, and (ii) circular isocontours when they
are orthogonal with equal norms. In the latter case, reduces to

(0)
2 _ 2 163l &
n1/2(k) =Wy T (p(10)p(20>)1/2 ekl (2.162)

which describe axisymmetric Dirac cones as depicted in Fig. a).

& & ¥ ¥
/’\/’\ﬁ Y 4

Figure 2.3: Examples of: (a) Dirac cones, (c¢) Blunted Dirac cones, (¢) tilted-blunted
Dirac cones, and (d) tilted Dirac cones. All panels include the “middle plane” (P)

according to (2.158]).
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Blunted Dirac cones

When v # 0 in (2.160), assuming dwy, ,/dk|k=k, = O implies that 6} = 0 and
thus 0(202) = 0 by (2.159)). This reduces (2.160) to

¢ 1{69% 69} (k)?
Wiy, (k) = wp, — 5(7 .2+ p“’),o(‘” > (2.163)

Further, if the matrix {8 ® @} is positive-definite due to (2.157)), the dispersion
relationships in (2.163)) are characterized by elliptic isocontours and thus exhibit cone-
like geometry. As a special case, the isotropy of {8\ ® ')} is attained when ) |
21 £ 922, in which situation (2.163]) becomes

Wl (k) =w? —f( + +4” 12 \k:H2> (2.164)
ny/2 - m 2 v ’Y p(O)p(O) : :

Geometrically, (3.119)) describe an axisymmetric variant of the blunted Dirac cones
shown in Fig. 2.3|(b).

Remark 16 At “apexes” of the first Brillouin zone kg = (Z n;el), n; € {-1,0,1},
we have 8! = 0 and 8% € R? by Clazm. As a result, we cannot have azisymmetric
Dirac cones (2.162) nor azisymmetric blunted Dirac cones m ) there. This claim

also applies to situations without axial symmetry.

Tilted- and tilted-blunted Dirac cones

Let us next forgo condition (2.159) which ensures that (P) is horizontal. When ~ # 0,
(2.156)) describes a pair of tilted-blunted Dirac cones only if: (i) the first term under the
square-root sign reduces to 42, namely

1
Wegof = W0“” #0, (2.165)
1

and (i) {89 ® <0)} is positive-definite according to ([2.157). If further 653 | 41 & ii,
the two cones become “symmetric” in that wy /z(k) w5 (k) is axisymmetric in terms
of k as depicted in Fig. [2.3(c).

When v =0, and is violated, on the other hand, (2.156) describe tilted Dirac
cones (see Fig.[2.3(d)) provided that the vectors (p{”) 10 — (pg))) 10%) and (p{” p3”)~1/26'")
are linearly independent. In this case, the “cone symmetry” is relaxed and applies as
long as the two vectors are mutually orthogonal with the same norm.
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2.5.4 Dirac behavior in R? for ) = 3

Consider a cluster of three eigenfrequencies, wy,, = wp, and wy,, at ks = 3(3° y n;el),
nj € {—1,0,1}. Thanks to Claim [10} we find that

0 0-ik 63 -ik
A = —ezf% ik ((3 ) egg( )k: , oy =¢€l(wi, —wh,), 6% R (2.166)
—01% -1k —02% -1k 7p30

When v # 0 and A has partial rank in all directions k/|/k||, condition det AY =0,
implies that (%) = 0. In this case, we have w?, (k) = w2, (a horizontal plane), and

nl
2 2 € 4(9(1%))2 : (’%)2 4(9(())) : (’2’)2
Wn, (k) = Wp T 5 <7 + \/72 + + )7 (2167)
2/3 1 2 P(l())/)g)) p(O)p(O)

which describe a pair of Dirac cones (with elliptic isocontours) as long as the vectors
(P P~ %0(1%) and (py’ p$)~ %9(2%) are linearly independent. As before, the axial sym-
metry of (2.167)) is attained when the two vectors are orthogonal and have equal norms.

Assuming v = 0, on the other hand, A" becomes anti-symmetric and thus necessarily
rank deficient. In this case, the counterpart of (2.167)) reads

00)2: (k)2 (01))2: (k)2  (0W)2: (k)2
w22/3(k)=w,%1¢e\/( 12()0> <0(> +( 13()0> (k) +( B (k) : (2.168)
P1 P2 P1 P P2 P

which describe a pair of Dirac cones provided that the sum inside the square root
is axially-symmetric in terms of k. We illustrate this case by letting 6\) = 0 and
assuming that (p{” p§”)~ 0(1033 and (py’pS’)~ 20(23 are orthogonal with equal norms. In

such instance, (2.168]) reduces to

16551

2 9 .
Yy (k) =wn, F e(p(O)p(O))l/Q 1kl (2.169)
which yield the respective group velocities as
1653 k
Cgy (k) = = (2.170)

2w, (P p3" )2 ||k

Remark 17 Equations (2.169) and (2.170) describe the behavior of the so-called Zero
Index Metamaterials (ZIM) [9, |27, [26] where Dirac-like dispersion relationship occurs
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(for some wy, = wp, =wn, ) at the origin of the Brillouin zone ks=0. In this neighbor-
hood, the phase velocity of branches ny and n3 approaches infinity, while the affiliated
group velocities are non-trivial — and in fact constant in any given direction k/||k||. This
allows for the propagation of energy with near-zero phase delay across finite distances
which has applications to e.g. cloaking, wave tunneling, and directive emission [9)].

2.5.5 Dirac behavior in R? for Q =2

Consider a periodic medium S C R? that presents two nearby (or repeated) eigen-
frequencies wn, and wy,. The two dispersion relationships are in this case also given
by (2.156), where the matrix {8{9® (0)} € R3*3 is positive semi-definite and necessarily
rank deﬁ(nent. When 7 # 0 and dwy, ,, /dk|g=k, = 0 , we find that 6\ = 6%) = 0 which

reduces (2.156)) to

4{9@) m) (E) )

(0) (0)
P1

w2, (k) = w2, — = (v, [+
2 P2

2 (2.171)
Expressions describe anisotropic dispersion relationships that are: (a) invariant
in the direction Re(0\%) x Im(8'%) of k when Re(0\)) and Im (') are linearly indepen-
dent (see Fig. (a)), and (b) invariant within the planes orthogonal to Re(83) when
the latter two vectors are parallel (se Fig. |2 (b))

On the other hand When v = 0, equations ) describe hyper-cones prov1ded
that (i) condition ) holds, and (ii) the vectors (p(10>) 19¢), (o p(QO))fiRe(B(fQ))
and (p$” p3”)~ 2Im(0( )) are mutually orthogonal with equal norms. In such case, the
dispersion relationships are given by , a scenario that is illustrated in Fig. (c)

Remark 18 With reference to Claim the real-valuedness of 07(,‘3; prevents the ex-
istence of hyper-conical dispersion relationships at “apexes” ks = %(Z] njej), n; €
{—1,0,1} of the first Brillouin zone.

2.6 Numerical examples

In this section, we seek to illustrate the utility of the proposed homogenization frame-
work by considering both free (fx = 0) and forced (fg # 0) wave motion problems.

2.6.1 Dispersion relationships

Let us first examine the performance of the asymptotic solution in terms of local ap-
proximation of the dispersion relationships. To this end, we consider a non-orthogonal
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Figure 2.4: Cross-sections of the dispersion relationship wy, (k) for d = 3 according to:
(a) equation (2.171)) where Re(8{)) and Im(8)) are linearly independent; (b) equa-

tion (2.171)) where Re(0(102>) and Im(0(102)) are parallel, and (c) equation (2.162)) depicting
a single hyper-cone.

lattice with Neumann exclusions, and an orthogonal lattice with Dirichlet exclusions.

Kagome lattice

As a first example, we consider the anti-plane shear wave motion in a Kagome lattice
S C R2. This configuration is motivated by a recent experimental study [29] of the
wave transport in symmetric and asymmetric Kagome lattices, that revealed frequency-
dependent directive behavior in the bulk and the existence of (evanescent) edge modes.
With reference to Fig. a), our lattice is characterized by a trihexagonal tiling ge-
ometry where the equilateral triangles of side a =1 are linked by hinges of thickness
h=0.04a, yielding the porosity of v=0.75. For completeness, Fig. b) shows the unit
cell of periodicity including the lattice basis vectors e; and eo, while Fig. c) displays
the first Brillouin zone including the reciprocal basis vectors e! and e?. The motion
in the medium is governed by the wave equation with p(x) = 1 and G(x) = 1,
subject to the traction-free boundary condition along the perimeter of hexagonal voids.
In this case, the lattice basis vectors and the reciprocal basis vectors are given by

e1=a(i1+V3iz), ex=a(~u+V3i2), e =7(i1+zi2), e =7(—i1+ i)
In the absence of the source term ( fk = 0), the foregoing homogenization framework
enables local approximation of the dispersion relationship in the vicinity of an arbitrary
pair (ks,wn(ks)), ks € B, which is a way to access the effective properties of the medium.
With reference to Fig.[2.5|(c), we illustrate this by taking ks as the origin of the Brillouin
zone (point A), apex points B and C, and internal points M and N given respectively
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e, AC=7(lii+ i), AM=04125AC, AN =04761AB.

(©)

Figure 2.5: Schematics of (a) Kagome lattice S C R? including the origin of the canonical
basis; (b) unit cell of periodicity Y, with §Y” (solid lines) and 0Y™ (dashed lines)
indicating respectively the support of periodic and homogeneous Neumann boundary
conditions; and (c) the first Brillouin zone featuring “test” points A, B, C, M and N.

The reference dispersion relationship along path BACB, as well as the cell functions
at each wavenumber-eigenfrequency pair (ks,w,(ks)) required to evaluate the asymp-
totic approximation, are computed numerically via the finite element platform NGSolve
[40] by discretizing the unit cell with triangular elements of order 5 and maximum size
himaz = 0.02a. Fig. [2.6] compares the first 12 dispersion branches with their respec-
tive approximations in the neighborhood of points A, B and C, while Fig. focuses
on branches 13-20 and the neighborhood of points A, B, C; M and N. In each case,
we specify the extent of repeated- or cluster-eigenvalue asymptotic approximation (as
applicable) by the set

_/\[g*:{nl,ng,...nQ}, *E{A,B,C,M7N}

where, for given index *, £ locates the cluster in the order of increasing frequency.

In Figs. [2.6|and clusters N7 through N and NV each feature a repeated eigen-
frequency of multiplicity Q = 2, where A(k) = 0 in all perturbation directions; hence
the dispersion relationship in those neighborhoods is uniformly described by .
In the cluster N with Q = 3, matrix A" (k) obtained after expanding about the 15th
branch (ng=15) is found to be of full rank in all perturbation directions; as a result, the
local description of the dispersion relationship is in this case provided by . Al-

ternatively, if the same cluster were expanded about the 16th branch (ng=16) instead,
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one would find the local asymptotic description to be given by w?; (k) = w?; and
with (n1,n2,n3) = (16,17, 15).

Clusters N in Fig. and N, NP and NV{ in Fig. on the other hand, each
feature two distinct eigenvalues (Q =2, # 0) and trivial effective matrices, A® (k) =0
and B©® (k) =0, in all perturbation directions. As a result, matrix AY(k) has partial
rank, whereby the local dispersion relationships are described by with ¢ = 2
and with Ng = 1. Concerning the cluster N in Fig. where similarly @ = 2,
~v#0, it is worth noting that the effective matrix B® is in this case sign-indefinite as
seen from the “inverted” curvatures in the directions BA and BC.

In Fig. and Fig. clusters N, N, NS, NE and N¥ feature pure Dirac
behavior (@ = 2) in directions CB and CA, as described by with v = 0 and
9(101) K 9(102) From Fig. we also note that the local approximation of wave dispersion
at internal points M and N describes with high fidelity the respective numerical results.
This holds true for both isolated frequencies and clusters N and N}V of size Q =
3. Concerning the clusters N, NP, NEB, NP and NP, of sizes Q € {2,3,4}, the
affiliated GEPs stemming from the asymptotic models and are deployed
to approximate the featured dispersion relationships as shown in the figures. For brevity
of presentation, we omit the discussion of these approximations.

Dirichlet colonnade

As a second example, we take S CR? as a homogeneous medium (G=1, p=1) endowed
with a square lattice of circular Dirichlet obstacles, where u(x) = 0. Referring to
Fig.|2.8(a), the array of pins is characterized by the spacing a = 1 and diameter 0.25a,
resulting in the lattice porosity of v = 0.05. In this case, the lattice basis vectors and
the reciprocal basis vectors are given by

€] = ail, € = aig, 61 = %Tﬂ’il, 62 = 2%7:2.
For completeness, Fig. E(b) details the unit cell of periodicity Y, and Fig. (c)
illustrates the first Brillouin zone including the “test” points A, B, C, My, My, Ny, and
Ns given by
T —
AB=1le!, AC=Ll(ei+e), AM; =04250AC AM, = 0.5250 AC,
AN; = 0.5125AB ANy = 0.7125 AB. (2.172)

Fig. 2.9 examines the performance of the asymptotic models in terms of the first
eleven branches of the dispersion relationship. The reference numerical values along
path BACB, as well as the cell functions at each wavenumber-eigenfrequency pair
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Figure 2.6: Approximation of the first twelve dispersion branches for the Kagome lattice
near points A, B and C in Fig (C) In the display, dotted lines track the reference
numerical results; solid lines signify the leading-order approximation of the clusters of
nearby branches (@ > 1), and dash-dotted lines plot the second-order approximation
of isolated dispersion branches (@ =1). The normalization parameters are defined as

ko = w/a and wy = \/G/(pa?).

(ks,wn(ks)) required to evaluate the asymptotic approximation, are computed via NG-
Solve by discretizing the unit cell with triangular elements of order 5 and maximum
size hpmqr = 0.0175a. As indicated earlier, the comparison is made in a neighborhood of
the origin A, apex points B and C, and internal points M;, Mgy, N7 and N, of the first
Brillouin zone.

From Fig. one first observes that the introduction of “pins” (where ©=0) in an
otherwise homogeneous medium results in both zero-frequency band gap, and another
complete band gap just above the first dispersion branch. In terms of the asymptotic
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Figure 2.7: Approximation of the dispersion branches 13-20 for the Kagome lattice
near points A, B, C, M and N in Fig [2.5(c).
reference numerical results; solid lines signify the leading-order approximation of the
clusters of nearby branches (@ > 1); dashed lines indicate first-order approximation of
isolated dispersion branches (@ =1) at M and N, and dash-dotted lines plot the second-
order approximation of isolated dispersion branches. The normalization parameters are

defined as ko = 7/a and wy = \/G/(pa?).

In the display, dotted lines track the

approximation, we note that clusters N® and NP of size Q = 2 exhibit direction-

dependent behavior. Concerning N{? for example, we specifically find that the cluster’s
behavior in direction BC (where AV(lAc) is of full rank) is approximated by ,
whereas in direction BA (where rank(A”(k)=1) applies. Analogous comment
applies to NQB, with the roles of directions BC and BA reversed.

Further, cluster N. 30 in Fig. describes a repeated eigenvalue of multiplicity @ = 2;
in this case A (k)=0, and the dispersion relationships are approximated by (2.104). In
contrast, clusters N7V, AV2 AMand N2 which carry the same size, are commonly
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Figure 2.8: Schematics of (a) Dirichlet colonnade S CR?; (b) unit cell of periodicity Y,
with 9Y” (solid lines) and Y™ (dashed lines) indicating respectively the support of
periodic and homogeneous Dirichlet boundary conditions; and (c) first Brillouin zone
featuring “test” points A, B, C, My, Ms, Ny, and No.

characterized by the full-rank A©® (k) in the respective directions of the band diagram.
Accordingly, these clusters are described (to the leading order) by .

Moving our attention to larger clusters, we note that N' and N (with Q=3) each
describe the case where v # 0 and rank(A”)=2, examined in sections §2.4.3|and §2.5.4]
With reference to Section we specifically let (nq, no, ’I’Lg)NQA =(6,7,5) with ny=6,
and (n1,ng, ng)Nlc =(2,3,1) with np=2. Finally, we note that the “superclusters” NlA
(with Q@ =4) and N (with Q = 5) are approximated very well by the leading-order
model (2.138)), with A7(k) being of full rank in each relevant direction of the band
diagram.

2.6.2 Forced medium motion

To illustrate the asymptotic approximation of the forced motion problem, we next ex-
amine the response of a two-dimensional Kagome lattice detailed in Section [2.6.1] at
frequency w? = w?(0) + €2 within the first band gap (see Fig. . On recalling Claim
and Remark 1} for the source term f(x) according to we assume Gaussian source
distribution with ks = 0 (i.e. k = ek) given by

fule) = Fk)o(a).  F(k) = (0 e Hlemidbn g e 12(v), 2173)
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Figure 2.9: Approximation of the dispersion branches 1-11 for the Dirichlet colonnade
near points A, B, C, M, Ms, N; and N» in Fig (c) In the diagram, dotted lines
track the reference numerical results; solid lines signify the leading-order approximation
of the clusters of nearby branches (@ > 1), and dash-dotted lines plot the second-order
approximation of isolated dispersion branches (Q =1). The normalization parameters

are defined as ko = 7/a and wy = \/G/(pa?).

and
Y 1 i 1 1 ; 1 2
k=0
+sin (27(2k+1) (2" +27))], (2.174)

with &, = —0.25(e; + e2). Note that (2.174)) approximates a dipole on Y as M — oo.
We consider the response of the Kagome lattice for € € {0.25,0.5} in terms of the

full field u/?’ and the mean field <u>l[,p] (p = 0,1,2) according to (2.147) and (2.151)).
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Thanks to the exponential decay with k of fk in ([2.148)—(2.150) and ([2.152))—(2.154)), in

computations we conveniently supersede the domain of integration C by [—7/a, 7 /a] X
[—7/a,m/a]. To compute the featured eigenfunction, the cell functions, and the effective
coefficients in ([2.148)—(2.150)) and (2.152))—(2.154)), we solve the the respective unit cell
problems via NGSolve by discretizing the unit cell in Fig.[2.5(b) with triangular elements
of order 5 and maximum size A,,q; = 0.05a.

For the purposes of numerical verification, the reference global solution is computed
via NGSolve over a parallelepiped Q = {x € S, |27] <23, j €1,2} (subject to homo-
geneous Dirichlet boundary conditions) that is discretized with triangular elements of
order 3 and maximum size A.,,q; = 0.05a. Since the finite element simulations require
the source distribution in space f(x), we similarly extend the domain of integration
in to R? in order to facilitate analytical evaluation. Note that the use of Dirichlet
(in lieu of radiation) conditions on 0f is permitted by the exponential decay of u(x) at
driving frequencies inside the band gap.

As an illustration, Fig. plots the real parts of the eigenfunction ¢, and the
components of x and x®. With reference to (2.173)-(2.174), Fig. [2.11] shows the
periodic function ¢ for M = 8 and the associated cell function ¢® featured in the
expression n® (k,x) = F(k)(©(z), see Remark [6] Fig. plots both the computed
source distribution, f(«), in the physical space and the NGSolve simulations of u(x)

for e € {0.25,0.5} over a hexagonal truncation of  centered at x,. From the display,
we observe that the medium response (i) conforms with the symmetries of the source
and the Kagome lattice, and (ii) decays fast with || — x| as expected for solutions
inside a band gap. Fig. (resp. Fig. compares, for € = 0.25 (resp. € = 0.5), the
finite element response with the asymptotic approximations u® and <u),[,p] (p=0,1,2)
across example cross-sections of the lattice. From the panels, one may observe both a
clear increase in the fidelity of asymptotic approximation with p, and the ability of the
effective solution (supported in R? instead of S) to describe the essential response of
the Kagome lattice.
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Chapter 3

Effective wave motion in periodic
origami-inspired structures

In this chapter, we establish a dynamic homogenization framework catering for the
linear elastic wave motion in periodic origami structures. The latter are modeled via
“bar-and-hinge” paradigm where: (i) the folding of the structure and the bending of
individual panels are modeled via elastic hinges, and (ii) the in-plane deformation of each
panel is modeled with elastic bars. Using the so-formulated discrete model of an origami
structure, we pursue finite wavenumber-finite frequency (FW-FF) homogenization of the
wave motion in a spectral neighborhood of simple, repeated, and nearby eigenfrequencies
at an arbitrary wavenumber within the first Brillouin zone. The lynchpin of the proposed
approach is the “projection” of the nodal displacements over each unit cell onto a
suitable Bloch eigenvector, evaluated at the “center” of the spectral region of interest.
For completeness, we make an account for: (i) the source term acting at the nodes
of a discrete structure, and (ii) periodic Dirichlet boundary conditions. We obtain the
leading-order (system of) effective equation(s) synthesizing the wave motion in a selected
spectral neighborhood, and we describe asymptotically the corresponding dispersion
relationship. We illustrate the proposed framework by comparing numerically the Bloch
dispersion relationship to its asymptotic approximation for (a) a 2D-periodic Miura-ori
structure, and (b) a 1D-periodic Miura tube. The dispersion analysis is complemented
by evaluating the effective wave motion in a 2D-periodic Miura-ori structure due to
spatially-localized source term acting either inside a band gap or within a passband.
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3.1 Preliminaries

3.1.1 Geometry

Consider a periodic origami structure S, € R® (0 > 2) composed of several sheets
i.e. surfaces that are periodically folded in flat panels, where a € R™ (m > 1) is the
vector of rigid folding parameters that control its geometrical configuration i.e. folding
state. For p € 1,0, let RP C R® denote the (sub-) space over which the origami structure
is periodic, and let e; (j = 1,9) be a basis of R® such that e; (j = 1,p) spans the

periodicity space RP and e;-e; =0 for i = 1,p and j = p + 1,0. By denoting by 2/ the
contravariant components of the position vector € R? with reference to the basis e;,
the unit cell Y of S, and the affiliated Bravais lattice R are defined as

Y = {ze€8.:0<2/ <1, j=Tp}, (3.1)

R = {Ep:rjej: 7 EZ}. (3.2)
j=1

Note that the present definition of a periodic origami structure (POS) is quite gen-
eral in that includes: (i) 3D origami structures featuring two-dimensional periodicity
space for which (p,9) = (2,3); (ii) 3D origami tubes for which (p,d) = (1,3); (iii)
periodically-stacked origami structures for which (p,?) = (3,3), and (iv) “perforated”
origami configurations where individual panels are periodically eliminated to form a
Kirigami structure. For clarity, the first three POS classes are illustrated in Fig. [3.1] that
includes (a) single folded surface in R? carrying Miura pattern, (b) three-dimensional
“Miura-tube” featuring one-dimensional periodicity, and (c) stacked Miura-ori tessella-
tion that is periodic in R3.

To facilitate the analysis, we also introduce the covariant lattice basis e/ € R®
(j€1,0) so that e’-e; = 2md;; (i, = 1,0) where §;; is the Kronecker delta. This allows
us to define the reciprocal Bravais lattice as

P

R = {Zr]?"ej S Z}. (3.3)

=1

In the context of the Bloch wave representation, we also introduce the reciprocal of
the unit cell Y given by

Yv* = {k:zp:klel: 0 <k < 1},
=1
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where k carries the physical meaning of the wave vector. With such definitions, we
focus our attention on the first Brillouin zone of the lattice, namely

p
B = {kERa: ke=0{ep+1,0) N k-Kk < %||n||2, n:anej, n; e {—1,0,1}}.
j=1

(3.4)
We emphasize that all geometrical parameters introduced above are implicitly c-dependent.
For future reference, we let 4; (j € 1,9) denote the Cartesian basis of R°.

Figure 3.1: Examples of periodic origami structures: (a) Periodic Miura-ori structure
with two dimensional periodicity, i.e. (9,p) = (3,2) and its (b) unit cell of period-
icity and associated Bravais lattice basis (ej, e2); (c¢) Miura-tube structure with one
dimensional periodicity for which (9,p) = (3,1), and its (d) unit cell of periodicity
and associated Bravais lattice basis e;; and (e) stacked Miura-ori structure for which
(0,p) = (3,3), and its (e) unit cell of periodicity and associated Bravais lattice basis
(61, e, 63).
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3.1.2 Dynamic model and periodic boundary conditions

The elastodynamic behavior of origami structures can be analyzed numerically via finite
element analysis via e.g., a shell model for the origami panels. To reduce the high com-
putational cost of origami simulations, a simplified bar-and-hinge model of the origami
panels has been proposed first by Schenk and Guest [81] and expanded later by Fil-
ipov et al. [58] to capture the essential dynamic behavior of origami structures. In
this framework, (i) the sheering and stretching of the origami panels are modeled via
elastic bars that link the panels vertices, and (ii) the folding of the origami structure
and individual panel bending are modeled via elastic hinges placed along the crease
lines and diagonal bars of the origami panels, respectively. Here we distinguish between
three particular bar-and-hinge models that were introduced respectively in [811 [58], [78].
With reference to Fig. the N4B5 element represents each parallelepiped panel of
the origami structure with 4 nodes, 5 bars, and folding hinges placed at the peripheral
bars, where the diagonal bar is placed along the shorter diagonal of the parallelepiped.
In the N4B6 element, an additional bar is added along the second diagonal to reinforce
the in-plane isotropy of the element [58]. The N5B8 element contains 5 nodes and 8
bars, where the additional node is placed in the middle of the panel to allow for better
approximation of its bending response. Here the bending hinges are placed along the
internal bars, while the folding rotational hinges are placed along the peripheral bars. In
the present work, we adopt the linear N5B8 model for parallelepiped panels to capture
small deformations of POSs undergoing wave motion. Triangular panels, when present,
are modeled with three nodes and three bars (N3B3 element), where the folding hinges
are placed along the (peripheral) bars. In contrast to the quadrilateral panels, triangu-
lar panels provide subpar approximation of the bending response due to high in-plane
stiffness of the surrounding panels that prevent the folding creases from buckling [58].

N4B5 N4B6 N5B8

Figure 3.2: Schematics of the N4B5, N4B6 and N5B8 bar-and-hinge models [5§].

Let S., be a discrete model of the periodic origami structure Sq; let Y’ denote its
unit cell of periodicity, and let Ny, N, and Ny be respectively the number of nodes,
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bars and hinges within Y. In what follows, we index the individual unit cells of S7, via
lattice vectors r = 25:1 rJ e; € R and their respective internal nodes using p-tuples

p® =i+ ™ 7P, (3.5)
where

i = (,0,...,0)€Z, i€1,Ny,
0 = (Nurh, 2, ). (3.6)

Hence, by denoting by xp the position vector of the pth node, we have
Tompm = Lpm + T (3.7)

Analogous indexing scheme is also introduced for the bars and hinges constituting S7,
by replacing the superscript “(n)” in respectively by “(b)” and “(h)” for bars and
hinges, respectively.

Letting hereon p,q,s € ZP, we compute the extension €5 of the p®th bar and
angle change ¢ of the p™th hinge as

et = D g * Ugm: (3.8)
q™
_ ¢
(pf)(h) - % Cﬁ(h)q(n) ' ufl(n)7 (39)
q n

w.»

where Ugm) €R? is the displacement of the ¢™th node; is the usual dot product; and
cg(b)q<n) €R® and Cg(Mq(n) € R? are the families of compatibility vectors that map U
to the bar extensions €5b) and hinge angle changes P respectively, see Appendix
for explicit expressions. Note that the sums f are finite thanks to the
finiteness of the respective compatibility families, even if the elastic interaction between
the nodes within a DPOS is nonlocal. Further, by denoting by tsm € R and M) € R

the tension of the p™th bar and resisting moment of the p™th hinge, we have
tom = kjm) epm, (3.10)

mf)(h) = kg(h) SOf)(h), (311)

where k¢, and kg(h) are the axial and rotational stiffnesses of the p®th bar and p™th
hinge respectively. Using the principle of virtual work, the internal force vector gpw €
R? acting on the p™th node can then be computed as
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_ e ©
gpm = Ztg(b) Cé(b)f)(n) + ng(h) cé(h)f)(n)7 (3.12)
§(b) g(h)
which yields
— e e e © © © )
g = Z (Z Ky Csmpm @ Cmyqm T Zké(h) Csmpm @ Cg(h)q(">> Ugm

g™ g g(h)

_ e ® .

= D (K pmgm T K f,(")q(n)) Ug
q®

= D K mgm - U, (3.13)
gl(n)

. . 2 2
where “®” indicate the (outer) tensor product; K¢, ., €R> and K7,  €R® are
pa p"q

the respective families of the bar and hinge stiffness families; K pmgm € R is the family
of (total) stiffness matrices characterizing DPOS S/, and R*" =R?> x R? x --- x R® m

times. It is easy to demonstrate that

T

K g = Kgmpm- (3.14)

Remark 19 Thanks to the periodicity of S, we find that for any r € R matrices
K g(mpm COTTY an additional property

K(f,(")+f-(n))q(") = Kf)(")(q(")_f-(n))? (3-15)
where the index vector t™ is given by (3.6)). See Appendia:for Proof.

Next, assuming constant thickness of the origami panels, the mass of a POS is
distributed across DPOS nodes via lumped mass approximation, and we denote the
so-defined nodal masses by Mf)(n) € R. As a result, the linear elastodynamic behavior
of DPOS S., is governed by

D K g g + My g = Fom, (3.16)
o
q

where ilf)(n) is the acceleration of the p™th node and ff)(m is the external force acting
on it.
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3.1.3 Discrete wave equation and discrete Bloch wave expansion

On assuming time-harmonic motion with implicit time dependence e~ governing
equation (3.16]) reduces to
2
D K pmgm - Uy — W Mym ugm = Fom- (3.17)

q™

For mappings of type hﬁ(n) : T+ C° for some I C ZP, we define the space L?(I) of
square-summable mappings as

L2(I) Y hgw - hym < oo}, (3.18)
pel

By analogy to the Bloch wave Expansion (BWE) [75] for square-integrable functions,
we define a discrete Bloch wave expansion (DBWE) for family h ) € L*(ZF) as

h.w = 161/ o (k) %0 dk (3.19)
P 5 P
where, recalling (3.7)), ’le,(m is R-periodic and given by
7 —ik-x_ n) 4 a(n
h’f)(n)(k) - Z hI*)(n)Jrf.(n) (& ! :l:p( )4 >. (320)

rcR

In the sequel, we assume that the source term in (3.17)) is (i) square summable,
Le. ff)@) € L*(Z*), and (ii) has compact wavenumber support C C B in the neighborhood
of some kg € B so that

_ r zk n
foemn = [C| 1/k Cff,m)(k) e dk. (3.21)
o+

Thanks to the linearity of (3.17)), this motivates consideration of a single Bloch-wave
component of the source term in the governing equation, namely

ik-x

2 r. n
D K g g — @ Mym ugmy = Fom e o (3.22)

q®

where ff)@ is periodic over the lattice nodes. Then, thanks to the R-periodicity of
scalars Mf)<n) and matrices K NOPOF the nodal displacement Upm) CaN be expressed as
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- k@, N ) .
a Bloch wave Upm) = Upg(m) e ™ where Upm) 18 R-periodic and solves

. o, o
D K g g — W Mym @y = Fom (3.23)
q®™

with
Koo = X @ao @m0 e o (3.24)

HM g™ g™ : :

We note from (3.14)) and (3.24) that K;<n)q(n) = Kq(mﬁ(n) and

Ny
2 K g Bgm = Y (Z K f)<“><i+f~<">>> (i, (3.25)
q(n) i=1 rER

where i and t™ are defined in (3.6). As a result, the system of algebraic equations (3.23))
governing the periodic part, ﬂf)@), of the Bloch wave Us(m), Can be conveniently rewritten
for the unit cell containing the origin (r=0) which yields

Nll
Zi{ij cay; — Myw; = fy, i€ 1, Ny, (3.26)
j=1

where j := (4,0,...,0) € Z" and

Ky =) Kigam) = Kj, (3.27)
reR

see Appendix for proof. We emphasize again that the sum in (3.27) is finite due to
the fact that the compatibility vectors c¢ .
pa

(n

, and € ot 4 used to construct Ki(j+f(n))

via ((3.13)) and ([3.24) are non-trivial only over a disk of finite radius in terms of ||p® —

~

q™| and ||p™ — ™|, respectively. For further reference, the 9N, x 0NN, system of
equations ([3.26)) for the components of u; can be compactly expressed in matrix form
as

Kp- @ — WM % = f4, (3.28)

where w, }’k € Cn; M e R¥nx?Mu ig diagonal, and Kj € C*M >N jg Hermitian
thanks to and positive semi-definite. Here, we use subscript k for denoting the
stiffness matrix and the source term to highlight their respective dependencies on the
wave vector.
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To account for situations where the continuum POS S is subjected to periodic ho-
mogeneous Dirichlet boundary conditions, we introduce an auxiliary rectangular matrix
G € R*VoX™ with m < 0N, that prevents the motion of constrained nodes via mapping

i=G-u, acC", G G-=1I, (3.29)

where I is the R™ x R™ identity matrix and @ collects the non-trivial degrees of freedom
within the unit cell. On substituting (3.29) in (3.28) and multiplying the result by GT,
we find that @ satisfies

Ky -6 — W*M -4 = f, (3.30)

where f € C™, M € R™™ js block-diagonal and symmetric, and Kj € C™™ jg
Hermitian positive semi-definite according to

K,=G K, G=K,, M=G -M-G=M", f,=G -f,. (3.31)
In the sequel, we designate by © € C*» the product G - © for some © € C™.

3.1.4 Eigenvalue problem and “Origamons”

Thanks to fact that K , is Hermitian and positive semi-definite, the source term-free
counterpart of ([3.30) generates a finite sequence of eigenvalues \,€ R™ and affiliated
eigenvectors ¢,, € C™ (n € 1, m) that satisfy

Ky ¢, — MM - ¢, = 0. (3.32)

Since the eigenvectors are orthogonal with respect to the mass matrix M , We conve-
niently normalize them so that

¢5-M- b, = bpm,  mynelm, (3.33)

where the superscript “*” denotes conjugate transpose and 9y, is the Kronecker delta.
For given k € R?, the DPOS S’ thus permits the propagation of “Origamons”, which

eilk@p—wnt) at eigenfrequency wp(k) = (An)2. The set

are free Bloch waves ¢,,(k)
of all wavenumber-eigenfrequency pairs (k,w,) € R? x R defines the Bloch dispersion
relationship of the DPOS. The latter is periodic in the reciprocal space, and is described
completely by the first Brillouin zone B of the lattice. Since the eigenvectors (Aﬁn form

a complete basis in C™, for any w? # A, (n = 1,m) the solution @ of (3.31]) can be
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expanded as
m
=Y ond, (3.34)
n=1

On solving for «,, from (3.31]), one obtains

e

Thanks to the linearity of (3.17)), the total motion at node p™ is then computed
via (3.19) as

b, (3.35)

‘ed‘
>/2 “hl

< Z ¢n fk: y }A(n) eik-mﬁ(n))dk’ (3.36)

Ugn) =
P |C| ks+C

where d)n 5 is the value of qﬁn (interpreted as R-periodic vector) at p . For future
reference, We note that the weight of the nth Bloch eigenvector in is inversely
proportional to the spectral distance |w? — \,|.

3.1.5 Scaling

A1
Let wy(k) = Ai (k). In what follows, we consider the spectral neighborhood of the
wavenumber-frequency pair

(ks,wn(ks)) € BxR, nel,m,

and we assume all quantities to be a priori normalized by some reference “mass” my,
“stiffness” kg and lengthscale £y5. On making use of the short-hand notation 5\n = S\n(ks)
and wy, = wy(ks) hereon, we next introduce the perturbation parameter ¢ = o(1) defining
the spectral neighborhood as

k =k + ck, w2 =\, + €650% + 2602,
g6€{-1,0,1}, 66=0, |6+7]=1. (3.37)
Remark 20 Through the design of & and &, frequency separation parameters w and @

are meant to be used in the “either or” sense, depending on the driving frequency
(when fi, # 0) and the local geometry of germane dispersion surface (when f, =0).
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Specifically when }k # 0 whereby w is given, we have

Y

O(e) o] =1
2 07 |

2_ 3, = =
“ {0(6) =

In the context of (3.37), the reduced stiffness matrix K, can be conveniently ex-

(3.38)

Q>
Il
= O

Q>

panded as

Ky, =Y ek K™, K™ = (m)! [;Tmka} - (3.39)

m=0

where (ik)™ = (ik) ® (ik) ® - -- @ (ik) m times; K(©) e C™m; () g Cpmxmxm fo;
m>0, and “:” stands for the usual product, the inner product, and the m-tuple matrix
contraction when m = 0, m = 1 and m > 1, respectively.

Remark 21 For clarity, we note that the dependence of K, on the wave vector is
confined to the factor eik'(w@(”) “Zp(n) appearing in , which permits explicit evalu-
ation of K™ see Appendiacfor details. As shown there, K™ is Hermitian (resp.
skew-Hermitian) in the last two indices for even (resp. odd) m. In what follows, ma-
trices K™ are shown to provide a lynchpin for the homogenization of wave motion in

DPOS.

Given (3.39), we are now in position to postulate the ansatz

o0

= —22 €My, (3.40)

catering the asymptotic expansion of (3.30), see also [72], 23] [75] in the context of

continuous systems. For completeness, we note that the presence of the factor e~2 in

front of the series is motivated by and the smallness of |w? — X\, (k)| according

to (3.37). On inserting (3.37] into ( and letting f,, = O(1), we obtain a

cascade of governing equatlons, namely

O(e?): MM g+ K@iy = 0, (3.41)
O™ : =AM iy + KO ity + (ik)- KO iy — 602 M -iig = 0,  (3.42)

O): =AM -t1g+ K© a1y + (ik)- KD -ty + (ik)? : K@ -4
—50 M iy — 602 M -ty = [y (3.43)
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3.1.6 Averaging operators and effective motion

Let n, € T,m (¢ = 1,Q, Q@ < m) collect the “nearby” dispersion branches, Wn, (k)
traversing the vicinity of (ks, 5\%/ 2), where we aim to pursue ansatz . With such
setup in mind, we introduce the averaging operators (-)™ and (-)Z", for tensors T €
CP"*™ (m € N) and vectors © € C™ respectively, as well as the vector space H C C™ as

Ty = T-¢, €(C)", (3.44)
(®)p! = @ -M-v €C, (3.45)
H = {eC™: (9),"=0, ¢e1,Q}. (3.46)

For v = u,,, we will use the short-hand notation

Umg(ek) = (@m)p",  q=1,Q. (3.47)

On the basis of (3.40) and (3.47)), we can adapt the definition of effective solution [23]
at wavenumber k;+ ck as

(@)p(ck) = > €™ Pupg,  q=1,Q, (3.48)

m=0

which then provides the basis for computing the (set of) effective solution(s) near ks in
the physical space as

(gl = IO [ G (ek) 4t R ek, € R, (3.49)

Remark 22 In situations where Q=1 and ny =n which corresponds to the case of an
isolated branch, (-)™, <->Zq and Umg will be conveniently denoted as (-), (-), and up,

respectively. In this case, ) and ( reduce to

=3 U, (ugw), = 1€ / (), (cke) " o ek, (3.50)
C

m=0

Remark 23 When }k:O identically, the applicability of any effective model for given
perturbation vector k also implies its validity for alAc a<O(1) thanks to the arbitrariness
of e = o(1) in - - When fk # 0, on the other hand, this implication holds
as long as the pair (keraek,w) does not lie on the germane dispersion branch, i.e. as
long as wy, (ks+ ozel;:) # w. To provide a focus for the analysis, we hereon (i) identify
the wavenumber perturbations by their direction k/|k||, and (ii) for fi # 0 we restrict
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our consideration to k € K¢, where

Ke={keR :ckcC, wi/(ks+ek)#w}, q¢=1,Q, (3.51)
where wﬁ,’;}(k) is the mth order approximation of wy, (k) affiliated with umq in (3.47).
We will relax this restriction later in Section [3.3.1.
3.2 Effective motion

We study in this section wave motion in unbounded DPOSs by seeking the leading-order
effective motion equations of (3.23)) in the spectral vicinity of eigenfrequency clusters
that include simple and/or repeated eigenfrequencies.

3.2.1 Simple eigenvalue

Considering the eigenvalue problem (3.32)) at k = k, the solution of (3.41]) in the
vicinity of a simple eigenfrequency wy, is expressed as

Uy = Uo(}ﬁn, ug € C, (352)

where ug = (ttg),. Then, by inserting (3.52) into (3.42)) and projecting (3.42) onto &n,

we obtain the averaged O(e~!) statement as
— (09 (ik) + 56&*)ug = 0, (3.53)

where

0 = —(KV.¢,) € iR (3.54)

thanks to the fact that K@ is skew-Hermitian in the last two arguments, see Remark
On substituting (3.52)) in (3.42)), one finds by the linearity of the problem that

w(x) = uo (ik)-x + wé,, ueC, (3.55)

where uy = (@1),, x* € CP*™, and Xé»l) = (4;) - x™ € H (j € 1,p) uniquely solve the

respective linear systems

=AM x4 KO x4 (1) KOy, + 09 (55) M-, = 0. (3.56)
We next consider the O(1) field equation (3.43]). On recalling (3.52)) and (3.55)), we
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can project ([3.43) on ¢,, to obtain the averaged O(1) statement

— (1 : (ik)? + 60 ug — (8- (ik) + so*)ur = (fy), (3.57)

where pu@ € CP*P is the effective “stiffness” matrix whose components ,uf;i)@ for q1,q2 €
1,p are given by

TR D) DL TNPCRNEAN

q3= 1t14 1

—ZZ Ko X asas + Kan X ) arar) (@n)a (3.58)

g3=1qs=1

Claim 12 For any ks € B, effective tensor u(” is real-valued and symmetric, i.e. p” €
RPXP see Appendixfor proof.

Claim 13 For wavenumbers ks = 150 me!, ny € {—1,0,1}, which include the origin
and apezxes of the first Brillouin zone B, the Bloch wave ¢,|; = ¢n|le““ Zi 4s real-valued
up to a scalar multiplier and the corresponding effective coefficient 0 = 0. See Ap-

pendiz[B.3 for proof.

In the sequel, we treat separately the situations when 8 # 0 and 6 = 0, which
we address next.

Effective model for non-trivial 6(®

As can be seen from the foregoing analysis, the presence of the source term in the O(1)
statement ([3.57) requires that its O(e~!) predecessor be satisfied identically.
When f, # 0 and w?— w2 = O(e) whereby |5| = 1 due to (3-38), we must have up =0
in thanks to Remark [23{ which guarantees that the multiplier 8- (ik) 4 52
non-trivial. As a result when 8 = 0, from we obtain the leading-order effective
“Dirac” equation

— (09 (ik) + 6% ur = (f4). (3.59)

A similar treatment can be pursued for the situation when w?— w2 = O(€?), in which
case |6| = 1. This case is not addressed for reasons of brevity.

In the absence of the source term }’k, on the other hand, the existence of a non-
trivial wavefield solving ([3.53)) and (3.57) independently requires that |5| = 1. In this
case, with ( fk> = 0 furnishes the leading-order asymptotic approximation of the
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dispersion relationship and group velocity near (kg,w, >0) as

. . dw,, (k) -1 .
w2 (k) = w2 — 09 (ek), Cg=—0 = o 6" (3.60)

respectively, where w, (without an argument) refers to wy(ks) as stated earlier. Ge-
ometrically, describes the nth dispersion (hyper-) surface locally as a (hyper-)
plane, where ¢, signifies its tangent slope. Practically, (3.60) can be used to evaluate
the energy velocity of DPOSs by only solving for wavenumbers spanning the first
Brillouin zone without the need for numerical differentiation.

Effective model for trivial 6

When fj, # 0 and w?— w? = O(€2), we have that |6| = 1 thanks to (3.38)). In this case
the O(e™1) statement ([3.53)) is satisfied identically, while its O(1) companion ([3.57)

4

produces the effective “wave” equation

— (1 (ik)? + 60%) ug = (Fi), (3.61)

Equation in particular describes the response of a DPOS near the origin and
apezes of the first Brillouin zone (ks = 1>, n/€e!, n; € {—1,0,1}). The nature of such
response depends on (i) the sign definiteness of p®, and (ii) the sign of w? — w?2. For
example, when p(© is sign-definite oppositely to the sign of w? —w?2, the effective medium
is “dissipative” in that w resides inside a band gap [23] terminating at w,,. On the other

2 — w2 and p® have the same sign, i.e. when the driving frequency w

hand, when w
is in a band pass, the effective medium allows for propagating motion. To the leading
order, the isotropy of the induced effective motion hinges on that of pu®. Specifically
when the eigenvalues of p(® are equal (resp. not equal), the effective motion is isotropic
(resp. anisotropic) in RP. We will encounter such situations in Section Another
interesting class of situations arise when the eigenvalues of u® have opposite signs.
In such instances, we observe direction-selective behavior of the original POS, where
energy is propagating only in selected directions depending on the (sign of) frequency
separation w — wy,.

When fk = 0, on the other hand, from and we find that a non-
trivial solution is possible only if & = 0, i.e. || = 1. In this case is again
satisfied identically, while provides the leading-order approximation of dispersion
relationship and group velocity near (ks,w, >0) as

W2(k) = W24+ u®:(ek)?:  cik) = — p@ - (k). (3.62)
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We observe from ([3.62)) that the group velocity (given by the tangent slope of w,(k)) is
near-trivial, while the phase velocity (i.e. the secant slope) is guaranteed to be trivial.

3.2.2 Repeated eigenvalue

Let wy, be an eigenfrequency of multiplicity @ >1, and let n, (¢=1, Q) be the indexes
of the affiliated eigenfunctions.

Remark 24 In what follows, we assume that p,q,s € 1,Q wunless stated otherwise.

Further, we will use the short-hand notation _, for ZqQ:r

With reference to the eigenvalue problem (3.32)), the solution of (3.41f) in the vicinity
of a repeated eigenfrequency w,, can be decomposed as

fl,o = ZUQQ qu)nq, UQq € C, (3.63)
q

consistent with the definition (3.47)) of ug,. Then, on substituting (3.63)) into (3.42)) and

projecting the result onto éﬁnp, we obtain the averaged O(e~!) system

Z (01(70(1) (Zi@) + 6@251)(1) qu = 07 D= 17 Q7 (364)
q

where

00 = —(K"¢, )" e CP. (3.65)

For further reference, system of equations (3.64) can be expressed more compactly in
matrix form as

(A9(k) + 60’ T)ug = 0,  AD(k) = 0% ik (p,q=1,Q) (3.66)
where I is the () x @) identity matrix.

Remark 25 Thanks to the fact that K is skew-Hermitian (see Remark , effective
vectors 0{1?]) are imaginary-valued (i.e. ngz) € iR?) and the coefficient matriz A € C*?
1s Hermitian.

On the basis of (3.63)([3.64]), we can solve the O(e~!) field equation (3.42)) for @

as

(@) = (uog (ik)- X () + u1g ¢y, (), wig € C, (3.67)
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where u1, = (i1),?, x5’ € CP*™ and X;? = (i;) - xy’ € H (j € T,p) uniquely solve
the respective linear systems

—S\nM-x;Ij) + K©. Xq]) + (4;)- KO- ¢n —1—29(0) i;))M-¢, = 0. (3.68)

We next consider the O(1) field equation (3.43]). On substituting (3.63]) and (3.67)
into (3.43) and projecting the result onto (Aﬁnp, we obtain the averaged O(1) system

- Z ( Ng:;) : 2+ ow 5pq)“0q (952 ‘ (Zi‘:) + 55)251%1)“1(1) = <j:k>n,,7 p=10Q,
(3.69)
where phy € CP*P with components given by
(N;;(ZI) Q92 — Z Z Ké?)ng3q4 ¢nq)q4(¢np)q3

q3= 1q4 1

—ZZ O ) azar + K aqs (X )ara) (9n, g (3.70)
Q1Q3q4 4294 92q3q4\Xq 104 Np /43 :
q3=1q4= 1

Equations (3.69) can be compactly rewritten in matrix form as
—(BO(k) + 602 ug — (A9 (k) + 50wy = fy, (3.71)

where the components of A are specified in (3.66)), while those of B and f; are given
respectively by

B (k) = piy) : (1K), fop = (f)™  (n,g=1,Q) (3.72)
Claim 14 Matriz B € C9*Q is Hermitian, see Appendiz[B.3 for proof.

Eigenfunction basis

For a fixed direction k/||k|, let P € C?*Q be the matrix of orthonormal eigenvectors
stemming from the eigenvalue problem

A% = To. (3.73)
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In this setting, we conveniently introduce the “recombined” eigenfunctions {bq as

Yo=Y Puydn, (a€1Q). (3.74)

Then, by taking the eigenfunctions {'{Z)q} as the projection basis in (3.63) and (3.65)
instead of {(anq}, we find that

A (k) = diag(0, ..., 0, TNyt 1, TN 12> - - - TQ) (3.75)

where 7, = 051?1) ik and 0 < Ny < Q is the number of trivial diagonal entries of A,
see also [23, [75] in the context of continuous systems. In this setting, we also define the
sub-matrices B (k) € CNo*No guch that

R0O) _ (0)
B,; = By, p,q € 1, Ny.
When Ny >0, we denote by P = [v] vs ... vy,] the matrix of orthonormal eigen-

vectors of the eigenvalue problem
By = rv, (3.76)

and we introduce an auxiliary eigenfunction basis gb:] as

R No P <N
,(/;; _ { ZSZI q'd)sv q 0 (377)

":bqv q>N0

Remark 26 FEigenfunctions {b; (q = 1,Q) are orthogonal. For simplicity of discussion,
we hereon relabel zp’q as ¢y, . In this setting, we have

B = diag(p{?:(ik), ..., p{) x, : (ik)?). (3.78)

Additional scaling

Depending on the perturbation direction, certain non-zero diagonal entries of A(O)(ic)
in (3.75) can become vanishingly small, namely 7, = o(1) for some ¢. In the context
of Section for instance, this situation would correspond to directions k/||k|| for
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which 8- (ik) = o(1). To account for such situations, we decompose A as

AO(k) = diag(0,...,0,TNgs1, - - TN TN - - T0) = A(k) + e A"(k) (3.79)

O(e) o(1)
A"k) = diag(0,...,0,7n41,...70) € ROXQ, (3.80)
—_————
o(1)
f‘l'w)(l%) = diag(0,...,0,¢ Yrnp 41, ..o € 17N, 0,...,0), € ROXQ, (3.81)
o(1)

and we carry over thus incurred O(e) residual in (3.66|) to (3.71). In this way, we arrive
at the averaged O(e~1) and O(1) statements respectively as

(A"(k) + 602wy = 0, (3.82)
—(BO(k) + A"(k) + 60? Dug — (A”(k) + 60* Duy = fo. (3.83)

On the basis of (3.82)—(3.83), we next pursue a family of first-order effective field
equations (in prescribed direction k/||k||) as controlled by: (i) proximity of the driving
frequency w? to A, (see Remark , and (ii) the nature of A© (k) according to (3.79)~
(3.81).

Effective solution for full-rank A© when A‘“=0

We first consider the case where rank(A©(k)) = Q and A” = 0. With reference
tAo (3.75), this specifically implies that 7, = 0;(2 -ik = O(1), ¢ = 1,Q. Letting further
fr # 0 and w?— w? = O(e) so that |5| = 1 by Remark we find from the O(e™1)
statement (3.82) that uyp = 0 thanks to Remark From (3.83]), we then obtain the
leading-order model

— (A9(k) + 60’ Nu; = f. (3.84)

In the absence of the source term f & the existence of a non-trivial solution to (3.82))—
(3.83]) also requires that |5| = 1. As a result, constitutes an eigenvalue problem
(EP) whose eigenvalues

wl (k) = w2 —i0Y - (ck), (3.85)

Nq

describe the leading-order, linear dispersion relationship in direction k.
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Effective solution for near-trivial A®

When A® (k) = cA” ie. AV = 0, we first consider the situation where f;, # 0 and
w?— w2 = O(€?) so that |6| = 1. In this case (3.82)) is satisfied identically, and we find
from (3.83)) that the leading-order solution ug solves

— (BO(k) + A”(k) + 662Dy = fo. (3.86)
In the degenerate case when A© = ¢ A" =0, (3.86) becomes
— (BO(k) + 60wy = fo. (3.87)

In this case we conveniently let Py, = 044 in , and we have Ny = ) whereby
B®©® = B becomes diagonal due to ([3.75).

When f, = 0, the existence of a non-trivial solution requires that & = 0 i.e. || = 1.
In this case, the leading-order approximation of the dispersion relationships wy, (k),
q¢=1,Q is obtained by solving the eigenvalue problem (B + A(m)v = 7v. When A"
vanishes, the solution is given explicitly by

b (k) = w4 pl): (ck)?, (3.88)

thanks to the fact that B is diagonal in this case.

Effective solution for partial rank A©

We next assume that A® has a partial rank, i.e. 0 < Ny < Q. Letting }’k # 0 and
w? — w2 = O(e?), we have |6| = 1. Thanks to the fact that A® is diagonal due

to (3.75)), the last @ — N components of uy must vanish by enforcing (3.82)) to the
leading order. By virtue of this result and (3.83]), we find that

N
S (BE ) + AG(R) + 5570 ug =t pE TN, (3.89)
q=1
up = 0, pe N+1,Q. (3.90)

When fk = 0, we obtain a non-trivial solution to f in terms of wg by
taking |6| = 1. In this case, with fo, = 0 constitute an EP yielding the leading-
order approximation the first N dispersion branches wy,, (k), g=1,N.

Letting fj, # 0 and w? — w? = O(e), on the other hand, we have |5| = 1 whereby

n
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uo = 0 thanks to (3.82). From ({3.83]), we accordingly find that u; solves

— (Ak) + 60’ Duy = £, (3.91)

to the leading order (specifically, we discard the O(e) residual in by supersed-
ing A with Am)). Assuming f;, = 0, we are now left with exposing the leading-order
behavior the last Q—N dispersion branches wy,, (k), g=N+1,Q. In this case we must
set |6| = 1 because all dispersion branches permitting the 6-description are already given
by with fp, = 0. This yields the sought approximation via with fy = 0 as

wl (k) = w2 —i0%)  (ck), ¢=N+1,Q. (3.92)

Nq

3.2.3 Cluster of nearby eigenvalues

We complete the spectral analysis of DPOS by letting the driving frequency be near a
cluster of nearby eigenfrequencies {wy,}, ¢ = 1, Q. This situation was originally consid-
ered in [23] in an effort to handle the “short asymptotic range” exhibited by single- and
repeated-eigenfrequency models within (k,w) regions characterized by closely spaced
dispersion curves, and extended in [75] to: (i) allow expansion about an arbitrary
point (ks,w), ks € B, and (ii) expose the first-order correction of the leading-order
model. In this section, we generalize the approach to elastic DPOS by expressing the
leading-order motion.

We let Q be the number of distinct eigenvalues within set {wn, }, and we denote
by (Ks,wn,) for some ng € {n,} the origin of asymptotic expansion in (3.37). In this
setting, we conveniently redeploy the scaling parameter € = o(1) to quantify the “small-
ness” of distances between the neighboring eigenvalues by letting

Ang = Ang — €75 g=1,0Q. (3.93)
With (3.93) in place, we consider the local eigenfunction basis {(}nq (k)} that satisfies
- (S\no - E’Yq)M'(/z)nq + Kk '(z)nq = 0) q:m (394)

As can be seen from ([3.94)), the current problem can be described as an “almost re-
peated” eigenvalue case, which allows us to take advantage of the earlier developments.

With the insight into @ which solves (3.31)) gained in Section and Section
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we skip intermediate steps and proceed by specifying the ansatz (3.40) up to m =1 as

a(x) = Z (e*2u0q qAbnq + e tuy, g?)nq + e Lug, Xy (1]2:)), uog, u1g € C,(3.95)
q

where x}” € CP x C™ and Xf;]') = (i;) : xy’ € H (j € 1,p) uniquely solve the respective

linear systems

_S\’RM.X((;J')+K<O)'X[(11j)+(ij)'IA{“)'&nq+Za.(s(()1)'(ij)M.(%ns = 0. (3.96)
S

In the context of (3.95)), our goal is then to find the coupled effective equations satisfied
by uoq and ug,. To this end, we (i) insert (3.95) in ; (ii) project the result onto

b, and (iii) expand the result in powers of € as
Ol :  (AY(k)+ 60 Nuy = 0, (3.97)
0(1): —(BOk)+60*Tug— (AY(k) + 60’ Tu; = f, (3.98)
where the matrix
AW(’%) = A(O)(’%) + T, Tpg = Opgq (3.99)

accounts for the eigenvalue separations in (3.94)), while A, B© and fy are given by
(3.66) and (3.71) as before.

Remark 27 We observe a clear similarity between (3.97)), (3.98)) and their repeated-
eigenvalue predecessors (3.66|) and (3.71) respectively. In fact, the differences are in this

case confined to the appearance of the diagonal matrizx T = A7 — A that accounts for
separations between the neighboring eigenvalues according to (3.93). Further, we note
that since A is Hermitian, so is A7.

Eigenfunction basis of A"

Let P = [v; vy ... vg| the matrix of orthonormal eigenvectors stemming from the
eigenvalue problem
Al(k)v = Tv.

In order to diagonalize A7, we factorize wug, w1, uo, fy and f; in terms of P as

ug = Puj, wu; =Pu), wuy=Pu) =P, f=Pf (3.100)
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and we premultiply (3.97)—(3.98]) by P". For brevity of notation, we drop the prime
symbol from the “rotated” vectors u(,u) and fj, and we keep the original notation of
the transformed matrices in (3.97)—(3.98]). In this setting, we obtain

A7 (k) = diag(ri,72,...,79Q), (3.101)

noting for future reference that 7, =0 (¢ = 1, Ny) when rank(A”) = Q — Np.

Thanks to the presence of the “penalty” term I' in (3.99), A" is of at least partial
rank when A® = 0. As a result, in the sequel we present the effective models for full-
and partial-rank A" only.

Effective solution for full-rank A7

When rank(AY) = Q, f # 0, and w?— w2 = O(e) i.e. |6|=1, we must have ug = 0 due
to (3.97). As a result, (3.98]) yields the leading-order effective equation

— (A" +560* Nuy = fo. (3.102)

When fi, = 0, eigenvalues of the EP stemming from (3.97) (or equivalently ([3.102))
define the leading-order asymptotic approximation of the dispersion relationships in
direction k/||k| as

wiq = wio — €T, (3.103)

where 7, is the gth eigenvalue of A7 (k).

Remark 28 When A" is of full rank, (3.102) and (3.103|) provide a general framework

to handle the clusters of nearby dispersion branches, regardless of the fact whether they

intersect or “almost touch” for example at k = k.

Effective solution for partial-rank A"

When rank(A”) = Q — Ny for some Ny >0 and fj, # 0, we first consider the situation
where w? — )\, = O(e) i.e. || = 1. In this case the leading-order effective equation
is again given by , while the last Q — Ny dispersion branches are approximated
by for g € No+1, Q.

On the other hand, when w? — w2 = O(€?) ie. |6] = 1, the leading-order effective



79
model ug is given by
No
=Y (BY (k) + 6076, uog = fop, p €T, No, (3.104)

q=1
Ugp = 0, peNy+1,Q. (3.105)

When }'k = 0, the leading-order approximation of the first Ny dispersion branches is
obtained by solving the EP affiliated with (3.104)).

3.3 Asymptotic approximation of DPOS motion in special
spectral neighborhoods

3.3.1 Simple eigenvalue

With reference to the class of source distributions, one immediate application of
the foregoing analysis is the case where: (i) ks = %(E}le niel), n; € {—1,0,1}; (ii) the
driving frequency is within a band gap near simple eigenfrequency wy,(ks), and (iii) the
source function fk is given by

Frlym = F(k)¢lm, supp(F) =C C B, (3.106)

where ¢ is periodic in S’ and i is given by (3.6). On recalling DBWE ({3.36) and
ansatz (3.40|), we conveniently introduce the Mth-order asymptotic solution in the phys-
ical space as

M ~
/ m— - ~ i(kstek)-x. ~
U% = Z "2 |C| 1/Cum!f,<n> B R Tom) q(ek), (3.107)
m=0
From (3.52), (3.55)), (3.57) and Remark we specifically find that
Go(x) = —€ (Fi) b0 (3.108)

(w2 — w2) + p®: (ick)?

where }'k = GT}'k. In terms of the effective solution, by (3.50) we can similarly intro-
duce the Mth-order mean motion in the physical space as

(M] .
W(e) = S e el [ unlch) BRI TA(ek), @ e R, (109)
C

m=0
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via superposition of the averaged Bloch-wave solutions, tu,, (ek) = (T ). From (3.108)),
we specifically find that

o (fr)
up(ek) = —é (w?— w2) +u(o>;(iel€:)2'

(3.110)

which the yields the leading-order solution in (3.109).

Remark 29 Due to its “effective” nature, scalar wave motion is defined ev-
erywhere in R® even though is independent of the components of x in R°\RP. This
s in contrast to the vector wave motion that is restricted to the nodal points,
Ty (n) S S,/x C R°.

Effective wave motion: band gap vs. passband excitation

When the driving frequency is within a band gap, matrix sign(w — w,)u® is negative-
definite and the leading-order integrand in is regular. By contrast, in situations
where the driving frequency is within a passband, sign(w — wy,)u® is positive-definite
and the leading-order integrand in becomes singular. To deal with the latter
case, let

. . w? —w? p
L = {kEBIk:k5+€k0(e>, Ekozme, GGR, Heﬂzl}

specify the pair of points (when p = 1), closed contour (when p = 2), or closed surface
(when p = 3) over which the denominator in vanishes. In the neighborhood of
any k s+eko € L the local variation of the leading-order integrand in the direction of the
unit normal on L, n:n(l;'o), as specified by the perturbation k = ko +dn with § = o(1)
is given by

B <fk>ez‘(ks+e k)-x o F(E(EO + 5n))ez‘s(fco+6n)-a:
(W?—w?2) + p©: (iek)? 200 (en ® ekg) + 2@ : (en)?
F(e ,%O)ez‘eico.z piedn-x
21O (en @ eko) 0

+0(3%). (3.111)

Despite the singularity of across 6 = 0, its cumulative contribution to
over a narrow patch centered at ks -+ eko (see the right panel in Fig. is finite
i.e. regular due to the fact that e'*™®/§ ~ 1/5+iena for § = o(1). Hence, the integral
in can be effectively approximated by excluding an o(e)-wide strip surrounding £
(the shaded area in Fig. from C. Alternatively, can be approximated by the
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introduction of an imaginary penalty term to the denominator of (3.110)). In Section
we shall make use of the above results toward approximating the effective wave motion
near a simple eigenvalue.

Figure 3.3: Singularity contour (assuming p = 2) of the leading-order integrand in
(13.109) when w is within a passband.

3.3.2 Pair of nearby eigenvalues for p = 2

Consider a POS S C R? with two-dimensional periodicity (p=2) whose spectral neigh-
borhood (3.37)) features two nearby eigenfrequencies wy, = wp, (ks) and wy, = wp, (ks),
i.e. @=2. In this case, matrix A7 in (3.99) reads

6\ ik 0\ ik
AV = L 12 ) v =€ Hw? —w?y). 3.112
(0(102)1143 0(202)-ik+7 ( nl n2) ( )
By way of (3.97)), the two dispersion relationships are accordingly given by

W2 (k) = w2 —=(y+0Y-ik+ 65 ik)

n1/2 ny 5

€ = - —
:Fi\/(’y — 0(101) -1k + 0(202) . zk)2 + 4(0(102)@) 9<102)) ((k)2,  (3.113)

where the matrix 9(102>® @ € R?*2 is in general positive semi-definite, and specifically
positive definite when

0)-i1#0, 0)-iy#0, and arg(8\)-41) —arg(0\))-is) #nm, ne€Z. (3.114)
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Equations (3.113]) describe “almost touching” (resp. crossing) branches when v # 0
(resp. v = 0) featuring the middle plane

P whik) = w2 — %(W (6. ik) + 6%)- ik). (3.115)
When P is horizontal, we further have
0y + 65 = (3.116)

which holds true for any p-orthogonal eigenfunction basis by the conservation of the
trace of A7. In this case, dispersion relationship (3.113]) simplifies to

w2 (k) = wi — 2 fyi\/ (v — 209 ik)* + 4{6\)© 67} : (k)?). (3.117)

ni/2

When v # 0 in (3.117), assuming dwy, ,/dk[k=k, = O implies that 6) = 0 and
thus 0% = 0 by (3.116). This reduces ([3.117) to

€ — ~
WRlk) = &, — (/72 4 4000 03} (R)?). (3.118)

Further, if 0(102) ® @ is positive definite due to (3.114)), the dispersion relationships
in (3.118) are characterized by elliptic iso-contours and thus exhibit cone-like geometry.
As a special case, 9(102)@) 0(102) becomes isotropic when 9(102) || 41 £ 122, which reduces (3.118)
to

ni/2

€ ~
W2, (8) = WF, = 5 (3% 72 + 4|0 IE]R). (3119)

When 0(102> ® 0(12 is 1sotroplc and the structure is excited by fk at frequency w
such that w? — w2 = O(w? — w? 1), the leading-order effective model (3.102)) becomes
axisymmetric and reads

(31653 11P11EI1* = (v + 5&”)6@ ) un = (v FTGJQ)OA‘IJ"1 —(9(102)‘ 'A)<fk>”27
(G10GIP1EI? = (v + 6%)60% ) urs (3.120)
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where }' = G’ } - With such result in place, the leading-order total motion of a DPOS
near an axisymmetric avoided crossing (assuming a force term f that admits DBWE
(3.21))) is given by

_ _ AN AN i(kstek)-x. n >
u[oln) =€ 2|C| 1/@ (ull(ek) d)’m’f)(n) + ulZ(Ek) ¢n2|f)(n>> e( . p d(Ek) (3121)
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3.4 Numerical results

In the sequel, we illustrate the performance of the proposed homogenization framework
as a tool for synthesizing the wave motion in periodic origami structures. To this end,
we consider homogenized models of both the dispersion relationship and forced motion
near the edge of a band gap. A 2D-periodic Miura-ori structure and a 1D-periodic
Miura tube are used as test platforms for numerical simulations.

The adopted N5B8 bar-and-hinge model (see Fig. is implemented in MATLAB
to construct the mass matrix M , the stiffness matrix K k, and its Taylor series com-
ponents Kt (m € 0,2). These matrices are then used to evaluate the dispersion
relationship of the periodic structure by: (i) solving the eigenvalue problem ) for
given k € B, and (ii) computing the unit cell vectors x5~ via and as they
enter the expressions of the effective coefficients 85, and o (p, qel, Q).

3.4.1 Dispersion relationship

Our immediate focus are the leading- and first-order asymptotic approximations of the
dispersion relationship for 1D and 2D-periodic origami-inspired structures. Making use
of the effective equations derived in the neighborhoods of simple, repeated, and nearby
eigenfrequencies (see Sections [3.2.1H3.2.3)), we evaluate the asymptotic approximation
of the dispersion relationships for a 2D-periodic Miura-ori structure and a 1D-periodic
Miura tube.

2D-periodic Miura-ori structure

As the first example we consider 2D-periodic unbounded Miura-ori structure S shown
in Fig. [3.4(a), for which (9, p) = (3,2). For completeness, Fig. [3.4(b) shows the unit cell
of periodicity Y and its geometrical parameters a =1, b=1, f =x/4 € (0,7/2) and
folding angle a = w/2 — 3/2 € (7/2 — B,7/2 + B); Fig. [3.4(c) provides the schematics
of the unit cell Y’, and Fig. [3 (d) plots the affiliated ﬁrst Brillouin zone B C R%2. We
assume that (i) the structure panels have a uniform surface mass density (po=1) so that
the mass of each triangular partition of a given panel is distributed uniformly among
its vertices; (ii) the bars are endowed with constant Young modulus Ep and cross-
sectional area Ag such that EgAg = 103; (iii) the folding hinges have uniform linear
stiffness kgs = 1, and (iv) the bending hinges have uniform linear stiffness &y, = 10.
With so-defined material properties, we set the normalization parameters as ({op = a,
ko = FEoAo/a, mg = poa?), and we let wo = \/ko/mo and ko = 7/4o.

We note from Fig. [3.4(c) that the unit cell Y’ of DPOS S’ has m = 2 x 8 = 24
degrees of freedom. With reference to Fig. [3.4) the Miura-ori Bravais lattice basis and
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reciprocal lattice basis are given respectively by

e — 2 V/sin(a)? — cos(B)?

i1, ey = 2asin(q) i,

sin(a)
1 _ 7sin(a) . ) - '
° by/sin(a)? — cos(3)? €T Gsin(a) (3.122)

=

N[
—

Figure 3.4: (a) Truncated two-dimensional periodic Miura-ori sheet for which (9,p) =
(3,2); (b) unit cell of periodicity Y; (c¢) bar-and-hinge discretization where the bars are
indicated by continuous lines, the folding (resp. bending) hinges by rounded rectangles
with continuous (resp. dashed) contours, and the nodes by balls (nodes, bars and
hinges that do not belong to Y’ are shaded); and (d) first Brillouin zone B of the lattice
featuring apex points A, B and C.

~

In the absence of the source term (f;, = 0), the foregoing homogenization framework
enables local approximation of the dispersion relationship in the vicinity of an arbitrary
pair (ks,wn(ks)), ks € B, which is a way to access the effective properties of the medium.
With reference to Fig.[3.4(d), we illustrate this by taking ks as the origin of the Brillouin
zone (point A), apex points B and C, and internal points M and N given respectively

by
ﬁ:

Fig. [3.5] compares the first 12 dispersion branches with their respective approxi-
mations in the neighborhood of points A, B, C, M and N, while Fig. focuses on
branches 13-24. We specify the extent of repeated- or cluster-eigenvalue asymptotic

le!, AC=1le'+le?, AM=04AC, AN =0.7201AB.

approximation (as applicable) by the set
N¢ ={n1,na,...nq},  x€{A,B,C,M,N}

where, for given index *, £ locates the cluster in the order of increasing frequency as
summarized in Table 3.1l
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We note from Figs. that the leading-order asymptotic approximation of the
dispersion relationship near simple eigenfrequencies (dashed lines) at the origin of the
first Brillouin zone A, captures very well their curvature. Using the results from Sec-
tion the first-order asymptotic approximation of the dispersion relationship is
also obtained for simple eigenfrequencies at the “interior” points M and N. Here, the
local approximation captures with good veracity both the slope and curvature of the
dispersion relationship.

With reference to Figs. [3.5 and Table the dispersion relationship near clus-
ters N5t N, MM, N and MY of size Q = 2 is approximated by solving the effective
eigenvalue problem . We note from the figures that the leading-order asymptotic
approximation of the dispersion relationship reconstructs accurately the interaction be-
tween the branches composing the cluster. For clusters NZ, NP, NB, NB NE, N5,
NE, NE, NE and N (also of size Q =2), the local approximation is established us-
ing the results from Section as the featured effective matrix A" is of full rank in
direction BA and partial rank in direction BC.

In the low-wavenumber, low-frequency neighborhood, approximation of the acoustic
branches near the origin (w; = 0,ks = 0) is obtained using model where the
effective matrix A of size Q = 3 is trivial in all directions. Finally, in the neighborhood
of clusters N and NS of size Q = 4 and clusters N, NF, N and N of size
Q@ = 5, the matrix A7 is full-rank and model is used to approximate the featured
dispersion relationships with high fidelity.

Table 3.1: Example eigenfrequency clusters near points A, B, C, M and N (see
Fig[3.4(d)) featured by the 2D-periodic Miura-ori structure.

H Cluster A B C M N H
M 1,2,3 1,2 ,2,3,4 4,5 2,3
N 7,8 3,4 5 6,7,8 - 5,6
N; 14,15 5,6,7,8 09, 10, 11,12 — -

Ni 16,17 9,10  13,14,15,16 - -

Ns - 11,12 17,18,19,20 - —~
Ne - 13,14  21,22,23,24 —~
N7 - 15, 16 - - —
Ng - 17, 18 - - —
Ny — 19, 20 - - -
Nio - 21, 22 - - -

N - 23, 24 - - -
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Figure 3.5: Approximation of the first twelve dispersion branches for the Miura-ori pe-
riodic structure near points A, B, C, M and N in Fig|3.4(d). In the display, dotted lines
track the reference numerical results; solid lines signify the leading-order approxima-
tion of the clusters of nearby branches (@ >1); dashed lines indicate the leading-order
approximation of isolated dispersion branches (Q =1), and dash-dotted lines plot the
first-order approximation of isolated dispersion branches at points M and N. The nor-
malization parameters are kg = 7/ly and wy = \/ko/myp.

1D-periodic Miura tube

As the second example, we construct 1D-periodic unbounded Miura tube with (9,p) =
(3,1) by (i) stacking the Miura-ori unit cell (see Fig.|3.4(b)) and its mirror image with
respect to the plane (O, e, es) and (ii) extending it periodically in direction ej. As
an illustration, Fig. [3.7(a) depicts a truncation of the periodic structure; Fig. [3.7|(b)
shows the top view of its unit cell of periodicity Y, and Fig. [3.7(c) presents the top
view of its bar-and-hinge model Y’. The dimensions of the Miura tube panels repeat
those in Section [3.4.1]in that a = 1,b = 1,8 = /4 € (0,7/2), and a = /2 — 3/2 €
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Figure 3.6: Approximation of the dispersion branches 13-24 for the Miura-ori periodic
structure near points A, B, C, M and N in Fig [3.4(d). Here, dotted lines track the
reference numerical results; solid lines signify the leading-order approximation of the
clusters of nearby branches (@ >1); dashed lines indicate the leading-order approxima-
tion of isolated dispersion branches (@ =1), and dash-dotted lines plot the first-order
approximation of isolated dispersion branches at points M and N.

(m/2 — B,w/2 + ). Again, we assume that (i) the structure panels have a uniform
surface mass density pg = 1; (ii) the bars are uniformly characterized by EqAg = 10?;
(iii) the folding hinges have stiffness ks = 1, and (iv) the bending hinges have stiffness
kps = 10. We maintain the same normalization parameters (¢y = a, kg = EpAp/a,
mo = poa?) and auxiliary coefficients wy = \/ko/mo and ko = 7 /4.

In this case, the unit cell Y/ of DPOS S’ has m = 0 x 16 = 48 degrees of freedom.
With reference to Fig. the Miura tube Bravais lattice basis and reciprocal lattice
basis are given respectively by
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e — 2 \/sin(oz?2 — cos(B)? i ol 7 sin(«)
sin(c)

0. (3.123)

- by/sin(a)? — cos(B)2

Figure 3.7:  (a) Truncated one-dimensional periodic Miura tube for which (d,p) =
(3,1), (b) top view of its unit cell of periodicity ¥ and (c) top view of the associated
discretization via the bar-and-hinge model Y’ where (i) bars are presented via continuous
lines, folding (resp. bending) hinges via rounded rectangles with continuous (resp.
dashed) contours and nodes via balls and (ii) nodes, bars and hinges that do not belong
to Y’ are shaded

Fig. 3-8 examines the performance of the asymptotic models in terms of the first
twelve branches of the dispersion relationship. The comparison is made in a neighbor-
hood of the origin A, apex point B, and internal points M; — Mg of the first Brillouin
zone given by

AB=le!, AM, =0425AB, AMj=0.605A8, AMj=0.545A0,
AM, — 0.455AB, AM. — 0.275AB, AM, — 0.840 AB,

AM; = 0.610AB, AM; = 0.875 AB. (3.124)

The example eigenfrequency clusters for which we pursue asymptotic approximation are
summarized in Table
From Fig. 3.8 we first observe that the leading-order (resp. first-order) asymptotic
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Table 3.2: Example eigenfrequency clusters near points A, B, and M;-Mg (see (3.124]))
featured by the 1D-periodic Miura tube.

| Cluster A B Mz My M M My Ms ||
M 1,2,3,4 3,4 3,4 56 9,810 910,11 7,8 4,5
Ny - 56  — - - - 10, 11,12 -
N3 - 8 - - - - - -
Ny - 9,10 - - - - - -
N - 11,12 - - - - - -

approximation of the dispersion relationship near simple eigenfrequencies at the apex
points A and B (resp. internal points M and N) captures very well the local dispersion
behavior. The model for these examples is provided in Section [3.2.1] On the other
hand, the dispersion relationship near clusters N¥, N, NP, NP, NE, N2 N4
J\/’lM 5, NlM " and NlM 8 (of size @ = 2) is approximated by solving the effective eigenvalue
problem . Again, we observe from the figure that the leading-order asymptotic
approximation of the dispersion relationship reconstructs very well the interaction be-
tween the branches composing the cluster. In the neighborhood of clusters ./\/'IM 5 and
/\/'QM T of size Q = 3, matrix A7 is of full-rank and model is used to approximate
the local dispersion behavior. Near the origin (w; = 0,ks; = 0) of the Brillouin zone,
the dispersion map is approximated using model where the effective matrix A©®
of size QQ = 4 is found to be trivial in all directions.

3.4.2 Forced motion

In this section, we examine the leading-order effective motion of the 2D-periodic Miura-
ori structure described in Section[3.4.1due to a body force f near the edge of a band gap
where p(® is sign-definite. To this end, we consider the excitation frequency w? = w3, +
Ueng, where 0 € {—1,1} determines the position of w relative to the eigenfrequency
wop. With reference to , we consider three “uni-component’realizations of the

force term fg(n) according to

j . . -2 2 ikx. (o,
fﬁj& = Fow i (G€{1,2,3}),  Fyw :/(Je so [RIFe™ %o qf, (3.125)

where C C B is a disc centered on the origin of the first Brillouin zone with radius ||e2||/2,
and e? is the second reciprocal lattice basis vector. The leading-order approximation of
the effective motion <u>,[00] (x) for £ €R? is evaluated by integrating (3.109) numerically



L ————.

%---————-

s L. - e
3 —
3 1 o
081 e
o6k / B _
0.4 - ) . i
‘,/‘/:/_/‘ /_/"’-
02k P a/ - |
| | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
A k/ko B

Figure 3.8: Approximation of the first twelve dispersion branches for the Miura tube
near points A, B and M; — Mg as defined in . In the display, dotted lines
track the reference numerical results; solid lines signify the leading-order approximation
of the clusters of nearby branches (@ > 1), and dash-dotted lines plot the first-order
approximation of isolated dispersion branches (@ =1). The normalization parameters

are defined as kg = 7/{y and wy = \/ko/my.

over C. Allowing for a slight abuse of notation, we also introduce an auxiliary constant
vector fU) € RN defined over the unit cell of DPOS, so that its value at each node
equals %;.

Driving frequency inside a band gap

First, we consider the situation where the driving frequency is within the band gap
(w > way), for which o = 1. For the purpose of numerical simulations, we take g9 = 0.5
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and e € {0.0994,0.1265,0.1581}, see Fig[3.9] In Fig. we plot continuous interpola-
tion of the amplitude of the driving force due to and the corresponding leading-
order effective motion, <u>g)], over 70 x 70 unit cells of the Miura-ori periodic structure
for: (a) € = 0.0994, (b) e = 0.1265 and (c) € = 0.1581. Thanks to (3.109)-(B3.110), we
observe that the ratio (u)s'/(i;) is independent of the choice of the direction j of the
source term in . As a result, the mean motion results in Fig. are conve-
niently normalized by (£9)), noting that (f(M) = 6.67031075, () = 576151074,
and ( f(3)> = 6.9777107'. From the display, we observe rapid decay of the solution
away from the source (as expected for driving frequencies inside the band gap) and
anisotropic character of the effective motion near wyg. Further, the rate of decay is seen

to increase monotonically with increasing e, i.e. increasing “incursion” into the band
gap.

wao (k)

Figure 3.9: Relatlve position of the excitation frequencies wl = \/w20 +0.09942, w2 =

Vwly +0.1265%, wi = wdy +0.15812, wi = \J/wd, — 0.09942, wy = \/wd, — 0.12652

and w; = \/W20 0.15812 where wag = wzo( ). The frequency mterval covered by the
shaded “parabolic” region indicates a passband.

Driving frequency inside a passband

Next, we excite the periodic Miura-ori structure in the passband by setting ¢ = —1,
go = 0.5 and e € {0.0994,0.1265, 0.1581}, see Fig In this case, the integrand
in is singular yet integrable as demonstrated in Section As a result,
we aid the numerical integration (implemented in Matlab) by adding an imaginary
penalty i.e. regularization term i7 to the denominator in ; in particular, we let
7=10.3,0.5,0.7 for € = 0.0994, ¢ = 0.1265 and € = 0.1581, respectively. In Fig. we
plot the normalized effective motion (fU))~ (w)! (real part) over 70 x 70 unit cells of
the Miura -ori periodic structure for (a) e = 0.0994, (b) ¢ = 0.1265 and (c) € = 0.1581.



Figure 3.10: Excitation inside a band gap: (a) amplitude of the driving force fg()n)

(j € {1,2,3}) and leading-order approximations of the induced effective motion
<f(3)>*1<u)£?](a:) (real part) over 70 x 70 unit cells for ¢ = 1 and (a) e = 0.0994,
(b) € =0.1265, and (c) € = 0.1581.

In this case, we clearly observe the manifestation of (anisotropic) wave propagation,
characterized by diminishing wavelength with increasing e, i.e. increasing “incursion”

into the passband.
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Figure 3.11: Excitation inside a passband: (a) amplitude of the driving force fg()n>
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(j € {1,2,3}) and leading-order approximations of the induced effective motion
(FOYV" ) (x) (real part) over 70 x 70 unit cells for o = —1 and (a) e = 0.0994,
(b) € = 0.1265 and (c) € = 0.1581.



Chapter 4

Summary and outlook

In the first part of this dissertation, we established a rational framework for finite-
wavenumber, finite-frequency (FW-FF) homogenization of the scalar wave equation in
(generally non-orthogonal) periodic media with Dirichlet and Neumann “perforations”,
i.e. exclusions. The proposed asymptotic ansatz applies to spectral neighborhoods
of (i) an arbitrary wavenumber within the first Brillouin zone, and (ii) either simple,
repeated, or nearby eigenfrequencies. With the aid of the Bloch-wave expansion that
provides us with handle on the wavenumber, we also account for, and homogenize, the
source term featured in the field equation. A systematic asymptotic analysis of tightly-
spaced eigenfrequency clusters (covering the most general asymptotic configuration)
reveals an effective system of field equations featuring a “matrix” operator weaving
Dirac- and wave-like behaviors, and a vector source term built from the projections
of the (scalar) source term onto participating phonons, i.e. Bloch eigenfunctions. As
numerical examples, we provide asymptotic description of the dispersion relationship for
a Kagome lattice with Neumann exclusions, and a square lattice of Dirichlet obstacles.
We also examine the performance of the effective model with a source term, up to the
second order of asymptotic correction, by considering the response of the Kagome lattice
to a dipole-like source acting near the edge of an internal band gap.

In the second part of this work, by leveraging the bar-and-hinge paradigm we de-
veloped a homogenization framework that physically informs and numerically simplifies
the dynamic analysis of linear periodic origami structure. To this end, we specifically
adopt the N5B8 linear elastic element that endows each parallelepipedal panel of the
origami structure with five inertial nodes, eight extending bars that link the nodes,
linear folding hinges along the peripheral bars, and linear bending hinges along the
internal bars. For generality, the discrete origami model is designed to admit periodic
homogenous Dirichlet boundary conditions and a “body force” acting on the nodes of

93



94

a discrete structure. In this setting, we formulate the leading-order (system of) effec-
tive equation(s) governing the wave motion in origami structures near simple, repeated,
and nearby eigenfrequencies at an arbitrary wavenumber within the first Brillouin zone.
On setting the source term to zero, from this system we obtain a low-order algebraic
eigenvalue problem that yields the leading-order asymptotic approximation of the Bloch
dispersion relationship of the periodic origami structure over a given spectral neighbor-
hood. Using a 2D-periodic Miura-ori structure and a 1D-periodic Miura tube as the
basis for numerical simulations, the proposed homogenization framework is shown to
provide an accurate local description of the dispersion relationship in all spectral situ-
ations. The numerical illustrations of the dispersion relationship are complemented by
simulations of the effective wave motion in 2D-periodic Miura-ori structure at frequen-
cies (i) near the edge of a band gap and (ii) within a pass band. From the simulations, we
observe that the dynamic anisotropy of the periodic origami structure is well captured
in both excitation regimes. We also note that the featured homogenization framework
is independent from the adopted bar-and-hinge model, and it inherently applies to any
origami model where the panels are linked with linear extending and folding membranes
[60, 87]. The proposed analysis can be extended toward describing the effective wave
motion in viscoelastic (damped) DPOSs, as well as that in nonlinear (periodic) origami
structures.
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Appendix A

Supporting results for Chapter

A.1 Bloch wave expansion (BWE)

Assume f € L*(S). Leting = € S, we define the function fj, € L2(Y) as

Fol@) = fla+ e,

rcR

For k, € R%, we have
/ ifk(m)eik'wdk = / 1 > fle+r)e Tk
ket 8 Bl ket 1Bl 5,

6—1‘1{:5-7' )
= Z flx+r) /e””dk:
rcR |B| B

since the last integral vanishes for all » # 0 due to (2.7).

A.2 Relationship between the plane wave expansion (PWE)
and BWE

Let ¢ (k) be a Y -periodic function defined on the reciprocal space R? as
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For r* € R*, it is clear that ¢(k + r*) = (k) since r - r* € 27Z by (2.1 and (3.3]).
Next, let ¢(k) be Y -periodic and square-integrable over Y and let ®(r), with r € R,
denote its Fourier series coefficient. For k. € Rd, we then have

V(k —ko)op(k)dk = /* (Z ei""(k_ko))gb(k)dkz

Yo 0 reR
_ Z e —ir-ko / ”lk(ﬁ(ki)dk <A2)
rcR Y5
— Z Wk:o|Y*|(I) |Y0’Z zrkoq)
rcR re€R
= [Y5| ¢(ko) = [B] ¢(kot+c’), c" € R" (A.3)

Next, recall the PWE of f & Ly(S) given by (2.17). For given k. € ks+ B, we first
define a unique translation vector ¢*(k,) € R* such that

keeks+B — ko+c'(k,) €Y.

With reference to definition (2.15]) of the Bloch transform and (2.17)), one accordingly
has

fko (m) = Z f(m + 7') 6_iko :1‘:+1‘ Z Z(k—ko)~(m—|—r) dk

reR rceR

= S( ) i(k—ko)- <Z ei(k_k")"’> dk = g( ) i(k—ko)-x Tk — ko) dk

reR

= Z / g(k)el(k—ko)m ¢(k¢*ko) dk:
R I TYS

— Z ) i(r*t+k—ko)-x ¢(k7 o ko) dk (A4)
r*eR* Yy

= 1Bl Y2 B+ ko + e (ko)) EDT — B ST F(r 4 ko) AS)

r*cR* reR*

Note that is obtained from by (i) setting, for any given r*, ¢(k) := F(r*+
E)el(rth—ko)® gyer Yi; (ii) extending the support of such defined ¢(k) to R? by the
application of Y{f-periodicity, and (iii) applying with ¢* = ¢*(k,) to each term
in the sum. This establishes claim Assumlng further that F(k) is compactly
supported inside kgs+ B, we obtain thanks to the fact that §(r* + k) = 0 for
all 7* #£ 0.
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A.3 Cell functions

Simple eigenvalue, cell functions x® and n®: The cell functions x® € (.F_I;O (Y))dXd
and n© e HZ}O(Y) uniquely solve the respective unit cell problems

A pX P+ Vi G(Vie, X P +H{T XV Y)) +G(Vie, X " n ) = £{9(0)®x(”}+£¢3nu(0’,
(A.6)
— Xop® = Vi (GVn®) = fi— %Uk)(pn, (A7)

with G(Vi, x® +{I@x"M}) and GV, n© each satisfying the flux boundary conditions
2.33).

dxdxd

)

Simple eigenvalue, cell functions x® and n™: The cell functions x©® € (I:I;O (Y))
nWe (I:I;O(Y))d and n® e I:I;O(Y) uniquely solve the respective unit cell problems

AnpX® + Vi (G(Vie X+ {T @ xPY)) + G{Vie, x? + T @ xV}
= ﬁ{g(m ® X<2>} + p(i%){“(m ® X“)} + ﬁdzn@“), (A.8)

Aupn® + Vi (G(Vi,n® + 1O 1)) + GV, 1 + L5 0n(fis xV) = o (i) x s
(A.9)
M@ = Vi, (GVi,n®) = pn'®, (A.10)

with G(Vi, X® + ¢n {I @ x®V), G(Vi,n® +1n©OI) and GV, n® ecach satisfying the
flux boundary conditions ([2.38]). For future reference, we note that n®, n® and n®
are all fk—dependent.

Remark 30 With reference to Remark @ we find assuming fr(x) = F(ek)o(x) that

the respective solutions of (A.9) and (A.10) can be computed as n™(z) = F(ek)¢™ (x)
and @ () = F(ek) (@ (x) , where ¢V e (ﬁ;O(Y))d and (¥ e FI;O(Y) uniquely solve

S pC 4 Vi, (G, €+ (VL)) + GV (O + bl x) = S (d)x V(A1)

“AnpC = Vi, - (GV, () = pC, (A12)

with G(Vi, ™" + ¢VI) and GV, (® each being subject to the flux boundary conditions
©233).
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Repeated eigenvalue, cell functions X,(f) and 7®: The cell functions X(2>
(B;O(Y))dXd and 7™ € H}y(Y) solve uniquely the respective equations

A X2 + Vi (G(Vi X2 + bn T2 XY)) + {G (Vi X5 + I, 1)}
=2 (@{9?3} X'+ fy %Su(‘”) (A.13)

- S\nPU(O) - Vks' (GVkST}(O)) = fk - Z p(po) <fk>ns éns' (A14)

S
with G(Vi, x5 +{I2x}’}) and GV, n© satisfying the flux boundary conditions (2.38)).
See also Remark Bl

Remark 31 When fi(x) = F(ck)o(x), the solution of ([A.14) is given by n®(x) =
F(ek)C (x), where (¢ H0(Y) uniquely solves

— ApCY = Vi (GVR, () = )™ P, (A.15)

subject to the fluz boundary conditions (2.38)) in terms of GV, (™.

A.4 Effective coefficients

Proof of Claim |2 We integrate {((2.53)® x(, 1)} using the divergence theorem and
the flux boundary conditions (2.38) written in terms of G(Vi, x4 ¢nI) to obtain

p® = (Gond) + Aa{(pxV XD, 1)} = {(G(Ve, XD) - (Vi X ™), 1)} € R (A.16)

Remark 32 The “dot” operator in (A.16|) and thereafter assumes inner tensor con-
traction with respect to the first index.

Proof of Claim |5, We evaluate integrals {((A.6)® x™,1)} and {(® x®,1)} by
applying the divergence theorem and exploiting the boundary conditions 8)) satisfied

by G(Vi, XV + dnI) and G(Vi, x® + {I® x}'). In this way, we find that

00 = {(GxV® Vi,x, 1)} = {(GxDT @ Vi x, D} + {(GIo XY, 6,)}

- 1 _
~{(GTo X6} + 1870 G {(px Ve D)) € BN (A7)
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Proof of Claim |§|. We evaluate integrals {((A-8)® x®,1)}, {(2-53)® x®,1)} and
{((A6)® x®,1)} by applying the divergence theorem and exploiting the boundary

conditions (2.38) satisfied by G(Vi, X+ dnI), G(Vi, X +{IoxM}) and G(Vi, x® +
{I®x®}). We then obtain

p? = =X {(pX(Q)®W71)}+{(G(VksX(Q))'(Vksx<2>)>1)}_{(G1® xV®x™,1)}
+{p0 m){(px%W,l)}} € Rxxb, (4.18)

Proof of Claim |§|. We integrate { -® X“) 1)} by applying the divergence theorem
and making use of the boundary conditions ) satisfied by G(Vi, x(l) + ¢~>an ) to
obtain

w) = (Gon, 1™ + M{ (o5 @ x5, 1)} = {(G(Vr Xp") - (Vi x§), 1)}

As a result, for p € 1, Q) we have

pd) : (ik)? = (<G¢3an>”q + X @ X, 1)}) (ik)>2
({(G(Vk xp') - (Vksxt(zl>),1)}> : (ik)?
= iy (ik)?,

which demonstrates that the matrix B is Hermitian.

Proof of Claim By construction, family 1;,], q € Ng, N is p-orthogonal. Thus for
p,q € No, N we have

(P%,%) = (P&pﬂ;q) = 5pq(P7zpﬂ;p)-

For p,q € 1, Ny, we have

L No No No o No
(U = 3. PyPrg(ps,th) = > PopPuglphs,hs) = > PuyPagp”
s=1r=1 s=1 s=1
NO NO

= Y PyDuPy, = 5pq(zpsppsspsp).

s=1 s=1
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Further, for p € 1, Ny and g € Ny, N, we have

No
(P%,%) = ZPsp(pw&wq) = 0,
s=1
whereby family 1% is p-orthogonal as well.

A.4.1 Cell functions identities

Proof of Claim Identity ([2.62)) is obtained by evaluating integrals ((2.53)7n©,1)
and ((A.7)x™, 1) via the divergence theorem and use of the boundary conditions (2.38)

satisfied by GVg,n® and G(Vg, x" + anI)

Proof of Claim (1) Identity ([2.69)) is obtained by evaluating integrals (([2.53)1®, 1)
and ((A.10) x™, 1) via the divergence theorem and use of the boundary conditions (2.38)
satisfied by GV, n® and G(Vi, xV+ ¢nI).

Proof of Claim (2) Identity (2.70) is obtained by evaluating integrals (([2.53)n™, 1),
((A9x®,1) and ((A.6)1n©,1) via the divergence theorem and use of the boundary
conditions (2.38) satisfied by GV, 7, G(Vi,n® 4+ n©T) and G(Vi, x4+ ¢nl).

A.4.2 Cell functions and effective coefficients at special wavenumbers

Proof of Claim At a wavenumber-eigenfrequency pair (ks,wy,), n € ZT, vyhere ks =
%(Z] n;el), n;j € {—1,0,1}, and wy, is simple, the Bloch function ¢, (z) = ¢, (x)e*==
with ¢, GH;O (Y') uniquely solves the field equation

“Jnp(@)n — V- (G(®)VS,) = 0 in Y, (A.19)

subject to the boundary conditions

—iks-e,;
Pulovy, = €9 nlavy,
V- GVouloy;, = _e—iks~6jV.Gv¢n’8Y},1’
v-GVoplgymny = 0,
Pnloym = 0, (A.20)
where e~*s€¢ = (—1)"% ie. e"s€ ¢ {-1,1}. Hence, by the uniqueness of the

solution, we find that the real and imaginary parts of ¢,(x) are proportional, which
factorizes ¢, (x) into a (real-valued function) x €¥°, and we let o = 0 without affecting
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the normalization (2.26]). We then obtain

0 = (GVik,¢n) — (GVik,bn)
= 2i Im((GVk,bn)) = 2i Im((GVéy, ¢n)) = O.

Similarly, we define X () = x® (x)e™**® with x* € (H}(Y))? that uniquely solves
the field equation

Ap XY+ Vi (GVXY + ¢,1)) + GV, = 0, (A.21)

subject to the boundary conditions

X(1)|8Y},0 — e—iks-er(l)|ayj/17
v- G(VXu) + ¢nI)|8Yj’O — _e—z'k:s.ejy . G(VX(D + ¢nI)|8Yj’la
v-G(VXY +éud)|gyy = 0,
XW|opm = 0,

from which we conclude that X ™ (z) is real-valued up to a constant factor %,

Proof of Claim On recalling Claim [3| and (A.17]), we have

00 = {(GXMa VXD 1)} —{(GXVo VXD 1)}
+{(GI® XD, én)} —{(GI® XV, ¢)}
HOO0 (X Ve XV 1)) = o (A.22)

We next define the Bloch functions X (x) = x®(z)e*s® and X @ () = x® (x)eF=2,
with x@ € (Hl ()™ and x@ e (HL)(v)) >
boundary value problems

, that uniquely solve the respective

ApX® + Vi (GVX® + {Io XVY)) + G(VXD + ¢,I) = Sty b (A.23)

X<2)’8Yj'o — efiks-er@)’aY]!l,
v GVXD +{I0 XY )|ay, = —e v GVXD +{I0 XVY)|ay,,
v GVX® +{Io XVY)[pym = 0,

X(Q)‘ay(D) — 0’
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where 8 = 0 due to Claim [3, and

ApX® 4 V(G(VXD + {To XPY))

+G{VX® + 10 XM} = & {p@e XV}, (A.24)
X<3)’8Y]~'o = e—ilcs.ejAX(s)yayj,17
v- G(VX<3) 4 {I® X(2)}/)’3Yj/o — _etksejy, . G(VX(S) + {I® X(2)}/)’8Yj’1
v-GIVX® +{I® X®})|5y = 0,
XPpym = 0,

where 8 = 0 due to Claim [and 8 = 0 by (A22). Recalling the properties of ¢, (z)
and X®(x), we then conclude that X (x) and X ® (x) are each real-valued up to a
constant factor %0,

Proof of Claim At wavenumber-eigenfrequency pair (ks, w,) where ks = (3 iy e’)
nj € {—1,0,1}, and w, is of multiplicity @ >1, Bloch functions ¢, () = ggnp (x)etks®
(p=1,Q) independently solve the boundary value problem f. In a way
that is similar to the simple eigenfrequency case, one finds that QZTLP are also solutions
of 7, and so are Re(¢y,) and Im(¢y,). Thus, by proceeding with the Gram-
Schmidt p-orthogonalization of the 2Q) real-valued solutions, we can obtain () real-valued
solutions that are p-orthogonal and normalized in the sense of . On relabeling the
new (real-valued) basis using original notation, we find

9;)?1) = <Gvks</;nq>np - <Gvks(5np>nq
(Gv¢nq» ¢np) - (Gv¢np7 ¢nq)
= (GVon,s bn,) — (GVn,, bn,) € R, (A.25)
which vanishes identically for p = ¢q. We also note that in such case 83 = —6%)), which
makes 1A skew-symmetric and A itself Hermitian.

To complete the proof of the claim, we note that A® admits real eigenvalues thanks
to its Hermitian nature. Let 7 be a non-zero eigenvalue, and let v denote the affiliated
eigenvector so that A”v = 7v. By conjugating this relationship, we find that AOp =
7w, which yields A“% = —7v thanks to the fact that A® = — A, Hence, —7 is also
an eigenvalue of A, and v is the affiliated eigenvector.




Appendix B

Supporting results for Chapter

B.1 Bar and hinge model: compatibility vectors and stiff-
ness coefficients

For bar p™ (resp. hinge p™) and node §™, the compatibility vector CE.(b)q(n) € R

(b)

(resp. Cg(h)q(“) € R?) is non-trivial only if node g™ belongs to bar p™ (resp. hinge

p™). In what follows, we summarize the linear compatibility vectors of the bar and
hinge elements that are used to define the compatibility vector families c¢ ., and
P4

4 65].
ci)(h)q@)[ ]

(a) (b)

M) g @)

Bar 8™ Hinge 8™

Figure B.1: Components of (a) bar element 8, and (b) hinge element §™ where ¢ is
the initial angle between the panels connected by the hinge.

Let 4™ and b"™ be the nodes that belong to bar §*. With reference to Fig. (a),
the length and orientation of the bar are given respectively by

1

(0 = 75 (T — Taw)- (B.1)

Lg(b) = wa)(“) - wé(“)”? and né(“)b o)

111
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Its deformation reads
€q(b) = Cg(m 'Uz(tm (B.2)

where C?,), ug,) € R? are given by

1
Uy = [Uam ugmls Cloy = 7o [0 mpms o]y (B.3)

and ugw (resp. uB(n)) is the displacement of node a™ (resp. B(n)). The stiffness k;m of
a bar element 8™ derives from its cross-sectional area Az(b) and Young modulus Ew)
according to k%, = E o) Ay Ly .

Let a™, ™, ¢™ and d™ be the nodes that belong to a hinge element §™. With ref-
erence to Fig. (b), we define the vectors M5 (1) g () for p™,q™ € {é(‘”,b("), ¢, d(n)}
as

Mg = Tpm — Ty, (B.4)
“ ”
and the “cross” vectors M () o) ) and M, () 4 ()0 AS

mé(n)é(n)f)(n) =Mym)gm) X mé(ﬂ)B(“)? mé(n)&(n)ﬁ(n) = mé(n)&(n) X mé(n)g(n)a (B'5)

where x denotes the cross (vector) product. The rotation ¢ m) of the hinge element st
is given by
Pg) = C;h) ) uéﬁh)a (B.6)

where Cz’(b) , “gm € R® are given by

u;o(h) = [ué(n) s Wp () Ug(m) u&(n)], C?h) = [C':(n) , Cz(“) , C(f(n), Cz(n)}, (B.7)
[Ecmeyesy|

CQAD n = a’hb m, n) 3@ (n)

d( ) ||mé(n)a(“)f)(n) ||2 ad™p™
[, oy e o

C‘P _ a\"b m ()
¢(m) a(n)a(m)p (™)
N ||mé(n)é(n)f)<n) |27 aeb

o _ (mam)é(n) . mf)(u)é(m _ 1) cv (mf)(“>é(") . mB(n)é(n) )CSO
~(n ~(n ~(n)?
a Hmf)(n)é(n)HQ d( : ||m5(n)é(n)”2 et

CSQ _ (mB(n)é(n) . mB(n)é(n) _ 1)C‘P _ (ma(n)é(n) . mB(n)é(n) )C‘p '
b HmB(n)é(n) 12 et ‘ M), () 12 a
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. . ~m) 1 (M A
and Uy, Uy (), g and u ;) denote the respective displacements of nodes a™,b ', ¢™

and d". The stiffness k;ih) of a folding (resp. bending) hinge element §" characterized
by its length L u) = Hmé(n)l;
k;h) = kstg(h) (resp. k;h) = kbng(h))'

m || and specific linear stiffness kfg (resp. kpys) is given by

B.2 Periodicity of the stiffness matrix

By recalling the definition of #™, #® and #®™ given by (A.3|) for a lattice vector r € R,
we have for p™, p™, q™ € ZF

e — Le P — ¥
k§<b)+f-(b) - kg(b)7 kg(h)+f.(h) - k§<h)’

©

(™ +2m)) (g™ ()

_ ®
Clp® 420y 1) = Cpmgms  and ¢ Cp) g
thanks to the periodicity of S.,. Recalling (3.13)), for p™,§q™ € Z* and r € R we thus

obtain

e _ 2 : e e e
(Ig(n)_,_f.(n))q(n) - kg(b) C§(b)(f)(n)+f(n)) ® Cé(b)q(n)
5(b)
s
e

e €
- Z kg(*»),f.(b) C(g(b),f(b))f,(n) ® c(é(b),f(b))((l(n),f(n))

§(b)
_ e e e o e
= %"g(m Campm @ Camy g sy = B pm g _smy-
5
By proving similarly that K?¥ =K* we find
yp ) y (P (m))g™ pm™ (g™ —p())’
_ e )
K PE®+im)g®™» = K (B ) g™ + K (B )™

¢ K¥ = K./ am)_amn- (B.
f)(n)(fl(n)_f.(n)) + f)(n)(él(n)ff‘(]ﬂ) p( )(q( )_r(n)) ( 8)

B.3 Symmetry of the stiffness matrix
With reference to Remark (3.14), (3.24)) and (3.25), we have for 7,5 € 1, Ny,
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Ky = ) Kijm)
reR
tk-(x, . (n)—Ti)
= DT R )
reR
_ ik-r ik-(x;—ax;
= D TR ITK oy
TER
_ —ik-r ik -(x;—x;
= D TR TIR oy,
reR
_ —ik-r —ik-(xi—x;) I T
- Ze € C Kj(i+f~<n>)
reR
_ 7ik-(mi f‘(n) 7m‘]) T _ r %
= Ze - iy = K (B.9)
reR

B.4 Expansion of the stiffness matrix

For k =k, + ck € B and 1,7 € 1, Ny, we have

Kij = Z eik'(mjﬁ(n)_mi)Ki(j+f(n))
R
= E R @yt —0) (i @y~ g i(G+£))
R
= Tiem(“%)m K (B.10)
m
where
Ky - <—ni>!m [ﬁkij}kks
— % Z(mj—l-f'(n) _ wi)m ® (eiks.(ijrf(n)—Oci)Ki(j_H‘(n))) (B.ll)
reR
and

(:Ilj+f.(t,) — ;zji)m = (a:j-l—f'(“) — :Ei) & (:Bj+f.(n) —Z)®...0 (:Bj+f.(n) —xi) (B.12)

m times, which defines the expansion of K} and thus that of K. On denoting by
(R gjf"))* the conjugate transpose with regard the last two indices of K gj’.”), one further
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finds that
frye L m —iks- (@, (n) ~®i) g
(K" = — D (@50 — )" @ (e ite K s0))
reR
1 —iks (T, (n)—Ti)
= D (@pam — @) @ (¢TI TR )
‘reR
1 _-ké" s a(n) — L1
= ﬁ Z(wj_f(m — :Ei)m & (e ’ (mer( )T )K(j_f(n))i)
‘reR

(_1)m m iks ( (n) — m_])
= ml Z(wﬂ-f(n) —z;)" ® (6 E K; (1+r<n>))
reR

= (-)"KY (B.13)

thanks to (3.14)—(3.15). As a result, matrix K® and thus K™ is Hermitian (resp.
skew-Hermitian) in the last two indices when m is even (resp. odd).

B.5 Properties of effective coefficients

Proof of Claim [12l Thanks to the Hermitian nature of K@ and thus K@ in the last
two indices due to and their symmetry in the first two indices due to f
- the first term in is real-valued and symmetric with regard to ¢; and g».
On projecting (3.56) for j = ¢ onto qu , we further find that

m m
Z ZK&LB% D) s (Br)as = Z Z (KO = XaM00) (€ g0 (X ) gz

g3=1qs=1
(B.14)
Hence, thanks to the Hermitian nature of K© and symmetry of M , the second term
in (3.58) is real-valued and symmetric with regard ¢; and g2, which proves the claim.

Proof of Claim (13} Let d)n, n € 1 m be an eigenvector satisfying (3 , and let
¢n =G- qbn With reference to , we have

Nn
S Ky d,li - Mg, = 0, i€ LN, (B.15)

where &)n |j denotes the restriction of <,‘~bn to node j inside the unit cell containing the
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origin. As a result, the Bloch vector ¢, |; = @, |; ¢/*®i satisfies
D (e*EIKy) - ¢, — WP Mi,li = 0, i€ TN (B.16)

For wavenumbers kg, = % 2?21 niel, n; € {—1,0,1}, which include the origin and apexes
of the first Brillouin zone B, recalling (3.7)), (3.24)) and (3.27)) we obtain

eiks'(wi*%’)f{ij — Zeiks'(mi*$j) (G £m) Zez K g
reR rcR
S
= D T ),
reR
by,
= Z(_l)(Zl:1 Z)Ki(j—‘rf‘(n))?
rTeER
frd Z( )(Zl ITTLZ)K(I r(n))
reR
SN K
rTER
Y= R
reR
= eh@mmgE i j el N, (B.17)

As a result, matrix e*s (®i—)) K ij is real-valued and has the symmetry property .
Therefore, the stiffness matrix corresponding to the EP is real and symmetric,
which demonstrates that the Bloch eigenvector ¢,,, n € 1,m can be taken as real-valued.

On the other hand recalling , for k = ks + ck and ks = %Z}J:l nel (n; €
{-1,0,1}) we have
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do (e —pe) T (m 1
ik (@i wJ)K% ) = — Z(a:jJrf(n) —x;)"® ( ks | (J+l.(n)))
"reR
1 Pl
T ol D (@ypm — @)™ @ (1) TK )
"reR

1 m p Tln
= Z(xj—f-(n) — ;)" @ ((—1)= l)Ki(j_f-(n)))
reR

—" m rin,

rcR
(_1)m m rin
A E};(wwﬁn) — ;)" @ ((-1 )(Zl ! Z)KT(IH(n)))
T
= (-ymet TR, i j e TN (B.18)

where the transpose is applied to the last two indices. In other words, matrix e**s (®i—%j) K i_;n)
is real-valued and satisfies symmetry (resp. anti-symmetry) with regard its last two in-
dices when m is even (resp. odd).

With such result in place, for an eigenvector qAbn, n € 1,m, satisfying at
ks =35>0 me (ne{-1,0,1}), we recall (3:29) and (3.31)) to obtain

9O — _<K<1>,é5n> - (KY.-$)-d = —(KY¢) ¢,
RS e Ry )

zljl

= _ZZ st (@i~ K(l) ¢n‘.]) ¢n|1

11]1

= —ZZ e @mm) (KDY duli) - @l

11]1

= ZZ iks-(x;—x; K(l) ¢n‘l) ¢n|,] — _0(0) _ 0’ (B19)

1=1 j5=1

which establishes the claim.

Proof of Claim [14l Thanks to the Hermitian nature of K® in the last two indices
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and its symmetry in the first two indices, the first term in (3.70) satisfies

Z Z K‘;?]qulﬁl ¢nq)q4 Z Z K(;?ngg(pl ¢np)Q4((£nq)Q3' (B20)

g3=1qs=1 q3=1qs=1

By projecting equation (3 for j = q1 on Xpgs, with q1,q2 € 1, p, we find that

m m
ZZ K O aas Dn)as = D D (K& = M Mygae) (X0 aras (65 ) g

g3=1qa=1 g3=1qa=1
(B.21)

Hence, thanks to the Hermitian nature of K© and symmetry of M , we find that
(Ngg)m% = (Ngg)thw (B.22)

which establishes the claim.



	Acknowledgements
	Dedication
	Abstract
	List of Tables
	List of Figures
	Introduction
	Dynamic Homogenization
	Origami Structures
	Outline

	Spectral asymptotics of waves in periodic continua 
	Preliminaries
	Geometry
	Function spaces
	Wave equation, boundary conditions and Bloch wave expansion
	Eigenvalue problem
	Scaling
	Averaging operators and effective solution

	Simple eigenvalue
	Leading-order approximation
	Second-order correctors

	Repeated eigenvalue
	Leading-order approximation
	First-order correctors

	Cluster of nearby eigenvalues
	Eigenfunction basis
	Leading-order approximation
	First-order correctors

	Discussion
	Energy considerations
	Asymptotic solution in physical space near the edge of a band gap
	Dirac behavior in R2 for Q=2
	Dirac behavior in R2 for Q=3
	Dirac behavior in R3 for Q=2

	Numerical examples 
	Dispersion relationships
	Forced medium motion


	Effective wave motion in periodic origami-inspired structures
	Preliminaries
	Geometry
	Dynamic model and periodic boundary conditions
	Discrete wave equation and discrete Bloch wave expansion
	Eigenvalue problem and ``Origamons''
	Scaling
	Averaging operators and effective motion

	Effective motion
	Simple eigenvalue
	Repeated eigenvalue
	Cluster of nearby eigenvalues

	Asymptotic approximation of DPOS motion in special spectral neighborhoods
	Simple eigenvalue
	Pair of nearby eigenvalues for p=2

	Numerical results
	Dispersion relationship
	Forced motion 


	Summary and outlook
	References
	 Appendix A.  Supporting results for Chapter 2
	Bloch wave expansion (BWE)
	Relationship between the plane wave expansion (PWE) and BWE
	Cell functions
	Effective coefficients
	Cell functions identities 
	Cell functions and effective coefficients at special wavenumbers 


	 Appendix B.  Supporting results for Chapter 3
	Bar and hinge model: compatibility vectors and stiffness coefficients
	Periodicity of the stiffness matrix 
	Symmetry of the stiffness matrix
	Expansion of the stiffness matrix
	Properties of effective coefficients


