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ABSTRACT 
"The Incentive Implications of Incomplete Insurance: 

The Multipl icative Case" 
Takatoshi Ito and MarK Machina 

Suppose that a fail' insurance pol icy is available to risK-averse economic 
agents contingent on only "observable" variables. The risk-averse agents will 
purchase incomplete insurance to maximize their expected util ity. The first 
order condition is typically an equality of expected "marginal" utility. 
whether 01' not weighted by the level of income, conditional on observable 
states. It is interesting to know how the "levels" of utility are ranKed 
among these states given the first order conditions. We will sho/AI that the 
ranKing of the "level" of expected util ity depends on the degree of risk 
aversion. Suppose an imp] icit contract model with severance payments. Workers 
are laid off with a fixed known probabil ity. When a worKer is laid off, he is 
pa i d severance paymen ts and re 1 eased for a search of netAl emp 1 oymen t . i,ojhe ther 
he is reemployed 01' self-employed 01' how much he is earning is unverifiable by 
the original employer, so that se~Jerance payments cannot be contingent on 
income after la;/off. In this sense, severance payments are incomplete 
insurance. 

Suppose that income after layoff is proportional to severance payments 
with the proportion being stochastic. The first order condition is given as 
an equal ity of an expected marginal util ity of income after layoff weighted by 
that income to a marginal util ity of wages for a retained worker weighted by 
the amount of severance payments. For example, when the relative risK 
aversion is more than one and constant, and the mean of proportion of yield on 
severance payments is less than one, the util ity of the retained is larger 
than the expected util ity of the laid off. Other cases are worKed out, too. 
This claim is proved using the following theorem. Provided that the relative 
risK aversion is greater than on,e, the "level" of uti 1 i ty of sure income is 
greater (less) than the expected utility, iff the utility function is of 
increasing (decreasing, respectively) relative risK aversion. The result is 
reverse for the case that the degree of risK aversion is less than one. All 
assertions are rigorously proved. 

Correspondence should be addressed to: Professor TaKatoshi Ito 
Department of Economics 
University of Minnesota 
Minneapol is, MN 55455 
612-373-4370 



I . I NTRODUCT ION 

There have been numerous contributions to economic theory of uncertainty 

and insurance. Despite well-developed theory in risk aversion in a complete 

market frame'.'Jork, economic behavior in a incomplete market case has not been 

investigated in a sufficient depth. 

Suppose that 

different states 

a risk-averse agent faces different amounts of income for 

of nature. It is well-Known that optimal risk-sharing 

between a risK-averse agent and a risk-neutral agent (insurance company) 

results in equal ization of net income (income after premium and coverage) 

across different states of nature, given that all states of nature are 

verifiable, i.e. that markets are complete. Suppose now that a subset of 

states of nature are not verifiable individual1y, but only as a group of 

states, by an insurance (risk-neutral) agent. If uncertainty is additive to 

insurance coverage, then an optimal insurance pol icy is such that the expected 

1]~~9..L!l.~1 ut iIi ty of net income over a group of unver i f i abl e states of nature 

is equal to the marginal utility of the net (sure) income at a verifiable 

state of nature. If uncertainty is multipl icative, then an optimal insurance 

pol ie;.' wou 1 d equal i Z€' the expec ted marg ina I uti 1 j ty VJe i gh ted by the 

multipl icative stochastIC yield to the marginal util ity of a sure income at a 

verifiable state. It is of a great interest to study a property of an optimal 

incomplete insurance pol icy. Especially it is important to compare the level 

of utility of a verifiable state to the level of expected utility of a group 

of un',)erifiable states~ because moral hazard becomes an important problem in 

the o.~,e where the utility of the laid-off is larger than that of retained. 

l,,Jhich level of ';expected) util ity is higher depends crucially upon the 

behavior of a degree of risk aversion. A preliminary r'esult in this proJect, 

reported in Imai, Gea.naKoplos and Ito (1981), showed that in the case of 



additive uncertainty whether the absolute risk aversion is increasing or 

decreasing is a deciding factor. the purpose of this paper is to demonstrate 

that in the case of multipl icative uncertainty not only the relative risk 

aversion is increasing or decreasing but also the size of the degree of risK 

aversion decide which if the two levels of (expected) util ity is large. 

In this paper, a role of severance payments in a model of impl icit 

contracts is studied as an example of incomplete insurance. Since severance 

payments usually does not depend on outcomes at alternative opportunities 

after layoff, they are considered at best incomplete Insurance for layoff. 

Suppose that if a worker is not laid off, then he is paid at a sure 

(deterministic) wage. On the other hand, if a worker is laid off, severance 

payments are made to him. When a worker leaves the firm, he proceeds to 

search an opportunity at other firms. A worKer with such a contract is 

covered against risk of layoff, but not against risKs over alternative 

opportunities outside the originally-contracted firm. The first order 

condition is an equal ity between the expected marginal util ity of the case of 

layoff and the marginal util ity of the case of retention. The problem can be 

viewed as a two-stage lotteries with fair insurance available only for the 

first stage. Several results concerning comparative statics for this 

incomplete insurance are demonstrated. A crucial question, however, is whether 

an expected util ity of a laid off worker is greater or less than that of a 

retained worker, given the optimal amount of severance payments. If the 

former is the case, there is an apparent problem of moral hazard among 

workers. In this paper, a probabil ity of layoff is treated as fixed, and 

severance payments are not paid for voluntary quits. Hence, moral hazard is 

ruled out in our model, but expected to be explored in future research. The 

model and theorems in this paper has a general property of incom~~~+p 

insurance, so that other interpretations and appl ications can be suggested. 
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II. THE MODEL 

Let us suppo:.e a firm announces to layoff randomly a certain proportion, 

(l-p), of its labor force. The rest are retained and paid the sure 

(deterministic) wage y. Let us assume that the probabil ity of retention, p, 

is fixed and Knot!Jn. Each worKer has an identical! monotone increasing, 

strictly-concave, and thrice-continuously-differentiable von Neumann-

Morgenstern uti 1 i ty fund i on, u: R+ -+ R. F or all y E R+, 

u'(y) ) 0, and u"(y) < O. A laid-off worKer proceed to search an alternative 

opportunity and may be rehired at another firm. The rehiring wage, y, is 

stochastic before the search. Its probabil ity distribution is identical for 

and I(nown to all worKers. Suppose that the firm is risK-neutral and will ing 

to offer fair insurance contingent on verifiable state of nature for its 

worKers. (We may assume an outside insurance company or a labor union instead 

of the firm which arrange a fair insurance.) By fair insurance, we mean a 

contingent contract with an expected payoff being equal to zero. A decision 

of layoff or retention is observable and verifiable by both parties. 

Therefore, the firm agrees to arrange severance payments to a laid-off IAlorKer. 

However, fair insurance does not depend on a rehiring wage, because it can not 

be easily observable and verifiable by the original employer. Moreover, if 

the in!:·urance l!Jere dependent on rehiring wage, it causes a moral hazar'd in 

worKer'S search in alternative employment. As Hall and Lilien (1979) 

observed, severance payments rarel:" depends on events outside the firm. l;Je 

I,lJi 11 investigate properties of an optimal severance payments as incomplete 

in,,;.urance of worKer"s net income. 

Two specifications of stochastic alternative wages are possible. The 

first case is that a distribution of rehiring wage is independent of the size 

of severance payments. In other words, uncertainty is "additive" to severance 
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payments. The net (stochastic) income of a laid-off worker can be written as 

c + w, where w is a rehiring wage at another firm. This case has been 

analyzed in Imai, et.al. (1981). It IJJas shown there that wh i ch 1 eve I of 

util ity is larger depends on whether the degree of risk aversion is increasing 

or decreasing. This case is appl icable, if search process does not require a 

SUbstantial monetary input, but rather a luck of finding an opportunity. 

HO~lIever, if a I aid-off worker has to use a par t of severance paymen ts to move 

and to search for a new employer, or to start up his own new business. then a 

distribution of rehiring wages may depend on severance payments. We specify 

in this paper in a way that the net income of a laid-off I,\/orker is 

proportional to severance payments made at the time of layoff, with that 

proportion being stochastic: y = rc. In other words, uncertainty is 

"multipl icative" to the severance payment. 

An extensive form of our model is illustrated in Figure 1. For the first 

stage of uncertainty, fair insurance is available. This is shown in payments 

of c for the upper branch and of (-( l-p) c/p) for the lower branch. The 

payment for the upper branch is interpreted as severance payments as insurance 

coverage for layoff, and the cost for the lower branch is interpreted as an 

insurance premium for the above-mentioned insurance. The net income for a 

retained worKer is a sure wage minus the insurance premium, Y - (l-p)c/p. If 

a worKer is laid off, i.e., at the upper branch, he is exposed to the second­

stage uncertainty which is not observable or verifiable by a risK-neutral 

agen t (an insurance company). This net income, y, is proportional to 

severance payments. The level of optimal severance payments is determined by 

maximizing an ex ante (before the first-stage uncertainty is Known) expected 

utility. 

INSERT FIGURE 1 about here 
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A goal of this paper is to examine properties of optimal severance 

payments for proposed impl icit contract models. One of the questions asked 

below is whether the level of util ity in the retained worker, given an optimal 

severance payments, is greater than the level of expected util ity of the laid-

off worKer before search. This question is posed by GeanaKoplos and Ito 

(1982) for the case of additive uncertainty, and the question about the level 

of expected utility is answered in Imai, GeanaKoplos and Ito (1981) without 

an extensive discussions. In the rest of this paper is to prove a theorem for 

the case of multiplicative uncertainty IJJith extensive discussions on 

properties of optimal contracts in this environment. 

Ill. RESULTS 

NOlA! let us investigate a case of multiplicative uncertainty. An expected 
~ 

util ity before the layoff decision is Z = pu(y-(I-p)c/p) + (l-p)Eu(rc). 

t1aximizing Z with respect to severance payments c, we derive the following 

first order condition. 

N 

(3.1) u'(y - qc) = Eru'(rc), 

where q = (l-p)/p. Or, multiplying c on the both sides of the above 

equation, 

~ ~ 

(3.2) cu'(y - qc) = Ercu'(rc). 

It is easy to find a conditions on u'(O) and on the range of I' such that there 

exists c which satisfies (3.1). Given it exists, it is unique, because the 

left hand side of (3.1) is Increasing in c and the right hand side of (3.1) 

is decreaSing in c. 
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Now let us investigate comparative statics of the optimal level of 

severance payments. To that end, ii is convenient to decompose a stocha~.tic 

yield, 1", into a mean and disturbances around the mean. 

~ ~ 

I" = I" + e, E e = o. 

Moreover, def i ne a spec i a 1 case of a mean preserv i ng spread as foll OI,."S: 

with probabil ity 1/2 

with probabil ity 1/2. 

First, let us checK an effect of an increase of the mean yield on the optimal 

level of severance payments. Using the impl icit function theorem, as usual, 

and the first-order condition, we obtain the following expression. 

(3.3) 
* dc 

--= 
dr 

~ ~ 

E[u'(rc)(l-R (rc)] 
u 

~ ~ 

- q u"(y-qc) - Eru"(rc) 

Hence, we have: 

if for all x, R (x) 
u 

< 
= 
:> 

1 , * -then dc Idr 
:> 

= 0, respectively. 
< 

where R is the Arrow-Pratt relative risK aversion: 
u 

R (x) = - xu"(x)/u'(x). 
u 

Second, let us investigate an effect of a mean preserving spread on the 

optimal level of severance payments. Rewriting the first order condition for 

the special case of a mean preserving spread defined above, 

- - - -(3.4) u'(y-qc) = [(r+e)u'«r+e)c) + (r-e)u'(r-e)c)]/2. 

6 



Using 1he implicit ~unction theorem, we have the foll~ing: 

(3.5) --= -

Therefore, knowing uJ(x) > 0, and u"(x) < 0, ~or all x; 

} } 

iff or a I I x, R (x) 
u 

= 
I-

0, then dc Ide = 1, respectively. 
< ( 

Now we are interested in knowing whe1her the optimal severance pa~ents 

exceeds an amount o~ the net (sure) income of the employed. 
if 

Namely whether c 

or (y-qc) is greater is a question. It may seem too large an ~ount of 

severance payments if it is larger than the net (sure) income. However, th is 

is per~ectly plausible, because severance pa~ents are relevant only for the 

case of layoff with probabil ity (l-p) which may be very small. This 

question is no1 only interesting itself bu1 also important for answering a 

crucial question whether the retained or the laid o~f has a higher (expec1ed) 

utility given the optimal severance pa~ents. Two steps are needed to answer 

this question. First, consider the case of certainty; and second add an 

effect of a mean preserving spread. Suppose that e = 0 is always the case. 

Then the first order condition is rewritten as 

(3.6) *" if - * - * c uJ(y-qc ) = rc uJ(rc ). 

Recall that g(x)=xuJ(x) is increaSing, constant, or decreasing, dependent upon 

the degree of relative risK aversion is greater than, equal to, or smaller 

1han one, respectively. Therefore, defining rc = x, 

d(RHS(3.6» i ") 0, d(rc) i f-f, ~or all x, 

7 

R (x) 
u 

1 
"{ 1, r e sp e ct i vel y • 



Now suppose the case 1, where R (x) ) 1, 
u 

and r:> 1. By r:> 1, we 

immediately rc :> c. By R (x) :> 1, we know g'(x) < 0, which implies in u 

relation to (3.6)~ 

- -(3.7) rcu'(rc) < cu'(c). 

Replace the left hand side of (3.7) by the left hand side of (3.6): 

cu'(y-(l-p)c/p) < cu'(c). 

Dividing the both sides by c :> 0, 

u'(y-(l-p)c/p) < u'(c). 

Since the marginal util ity is a decreasing function, 

(y-(I-p)c/p) :> c, 

that is, 

(3.8) Py :> c. 

Let us consider the second case: R :> 1 and r < 1. 
u 

This impl ies 

rc < c. 

Then all the inequalities in (3.7) through (3.8) become opposite. 

In the third case: R (x) < 1 and r) 1, it implies rc) c. 
u 

But no~." g-(x) :> 0, so that all the inequalities in (3.7) through 0.8) become 

opposite, again. 

As it may be easi ly guessed, in the fourth case: 

R (x) < 1 and r :> 1, 
u 

all the inequalities in (3.7) through 0.8) are holding true. 

Lastly, if R (x) = 1, and/or I" = 1, then all the inequalities 
u 

above become equalities. In summary, IAle have a classification of TABLE la, as-

for the question of whether severance payments is greater or smaller than net 

(sure) income. 

Remember that the TABLE la is derived fClr the certainty case. NO~II let us 

cons i del" the second effec t, i. e. , an effec t of uncer ta in ty. For this 

exerc i se, it is- enough to recall the resu 1 t for- the mean preserv i ng spread. 
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That is, 

dc* .2 
de '( 0, iff for all x, Ru(x) .2 '( 1, respectively. 

This uncertainty effect reinforces the case of certainty only in the case of 

- * I' <: 1. If I' = 1 , then c :> Py for R (x) :> 1 , and vice versa. Note that for u 

the case of I' :> 1 , the uncertainty effec t and the case of certainty cancel 

each other, so that the total effec t is ambiguous. The combined case is 

summar i zed in TABLE 1 b. 

INSERT TABLE la and Ib about here 

-* By continuity of functions involved, we can show that I' such that c = Py 

has the follo'JJing properties. As uncertaint>' becomes small, i.e. e -+ 0, 

-* 
I' must converge to one. If R (x) :> 1 for all x, and it becomes larger 

u 

ever")'where. -* then I' becomes further away from one. By the same argument, if 

R (x) 
u 

<: 1. and it becomes smaller everywhere, -* then I' becomes further away 

from one. 

Finally. we are ready to answer a question whether a laid off worKer is 

be t tel' or worse off in the expec ted uti 1 i ty sense than a re ta i ned IJJorKer in 

the multiplicative uncertainty case. As we have seen in answers to other 

questions, whether the degree of relative risk aversion is greater of smaller 

than one makes a crucial difference. It is also important to classify whether 

'* c is greater or smaller than Py. 

* We start by the case where c ) Py, that is, * c :> (y-qc). Recall that 

th i sis 1 iKe 1 y if R (x) :> 1 and I' < 1, or if 0 <: R 0: x) < 1, and I' is 
u u 

sufficiently larger than one. Multiplying u'(.) on both sides of c :> (y-qc), 

l;.Ie have 
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(3.9) * * c u'(y-qc ) > * * (y-qc )u'(y-qc ). 

Bi substituting the first order condition, (3.2) into the left hand side of 

(3.9). it is shown that 

(3.10) ~ * h' * Erc u'(rc) ) (y * *. qc )U'(i - qc .I. 

t 
Suppose that there exists x such that 

0.11) 
~ *~. t t 

Erc u'(rc) = x u'(x ). 

From C3.11) and (3.10), 

C3.12) :> * * (y-qc )u'(y-qc j. 

NOlA! IJ.le come to the point to differentiate sub-cases, depending on the 

size of the degree of relative risK aversion. Recali that if for ai 1 i{. 

R (x) ) 1, then g'(x) < O. Then applying this relationship to (3.12~. 
u 

xt < y - (l-p)c/p. 

On the other hand, if for all x, 0 < R (x) < 1, then g'(x) ) 0, i.e .• 
u 

xt ) y - (1-p)c/p. 

In sum, we have the following relationships: 

(3.13a) 

(3.13b) 

t * If for all x, R ) 1, then u(x) < uCy-qc), and 
u 

If for all x, o < R (x) 
u 

l,Je have del' i ved several re 1 at i onsh i ps be tween three 1 eve 1 s of income. 

The retained received (y - qc:>, and the laid-off received h' * rc We want to 

compare utility levels of these two levels of income. This can be done in ho,Jo 

steps. Equations C3.13a) and O.13b) give the relation behoJeen utiliti levels 
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of xt and (y - qc). The missing 1 ink is the relationship between two 

(expected) utility levels of 
- t 
x and ~ * rc . For this purpose, 

following theorem, which will be proved in the next section. 

(3.14a) If for all x, R (x) ) 1, then for any 1', 
u 

use the 

1 ~ * :> 
~ Eu(rc), if and only if, for all x, R'u(x) ~ 0, respectively. 

(3.14b) If for all x, R (x) < 1, then for all 1', 
u 

( t. u,x ) ~ * EuCrc ), i f an d on 1 y if, f or all x, R' (x) 
u 

1 
~ 

0, respectively. 

• 

Combining (3.13a), (3.13b), (3.14a) and (3.14b), we have a relationship 

h' * * between EuCrc ) and u(y-qc): 

(3.15a) Suppose for a 11 x, R (x) :> 1: Then 
u 

( i ) ~ * T * if for all x. R-' (x) ~ 0, then EuCrc ) ~ u(x ) < u(y-qc ), . u 

( i i ) if for all x, R' (x) :> 0, 
u 

.~ * 
then it is ambiguous whether Eu(rc ) is 

greater' or small er than * T u(y-qc ), because both are greater than u(x ). 

<3.15b) Suppose for all x, o < R .; x) < 1. Then 
u 

~ * T * (i) if for all x, R" (x) ~ 0, then Eu(rc ) ~ u(x ) :> u(y-qc), and 
u 

.; i i ) if for all x, R' (x) < O. u . is greater of 

small er then u (y-qc *) is amb i quous because both are small er than u (x T) • 

F th of C* < or e case (y- ( I-p) c/p) , i • e. , * c < Py, appropr i ate 

i nequa lit i es shou 1 d be r'ever-sed, bu tal og i c goes in the same way. Amb i guous 

cases occur in the case of increasing relative risk aversion: 

Lastly, if * c h * '( * *. * = pY, ten c u' y-qc ) = (y-qc )U'(y-qc ). 

11 

R '(x) :> O. 
u 



Therefore, applying the first order condition, 

~ * ~ * * Erc u'(rc ) = (y-qc )u·'(.). 

The above THEOREM, with condition 

x t = y - qc *. 

~. * 
x = I" C , imp lie s 

Therefore, 

(3.16a) 

(3.16b) 

Suppose 

:> 

= 
< 

Suppose 

< 

R (x) ) 1. Then, for any 1", 
u 

o < R (x) < 1. 
u 

Then, for any 1", 

~ * Eu(rc ), if and only if, for all x, = 
:> 

W (x) 
u 

:> 

= 0, respectively: 
< 

) 

= 0, respectively. 
< 

Suppose that the degree of relative risK aversion is equal to one for all 

x, namely it is constant relative risK aversion: R ," 0 Th ,t.. 
. (v) =. en u " x ) IS U , .. ,. 

equa I ~ * to Eu(rx ). Note that xt is uniquely determined by the first order 

condition. 

Now we are in position to summarize the results as TABLE 2. 

INSERT TABLE 2 about here 

Let us consider whether this multipl icative uncertainty case has a moral 

hazard problem 1 iKe the one in the additive uncertainty case. First, we have 

to Know a reasonable estimate of the degree and derivative of relative risK 

aversion. Although man:' economists agree that the absolute risK avel'sion is 

12 
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I' 

decreasing, such consensus is noj reached for the relative risK aversion. The 

degree of risk aversion seems to be more than one, i • e . R (x) :> 1 f or all x, 
u 

atcord i ng to Grossman and Sh ill er (1981) and Fr i end and Bl ume (1975) • 1 In 

Friend and Blume (1975) and Blume and Friend (1975), they claim that their 

findings are consistent with decreasing or constant relative risK aversion. 

Cohn, Lewellen, Lease, and Schlarbaum (1975) conclude the relative risK 

aversion decl ine as wealth increase across households. However, Siegel and 

Hoban (1982) have recently issued a caution on the above-mentioned studies. 

The last finding suggests that the relative risK aversion may be increasing in 

the less wealthy famil ies, and decreasing in the more wealthy ones, where 

weaith includes human capital as well as financial assets. These studies are 

not conclusive not only because they differ in conclusions but also because 

they are cross-sectional studies instead of, say panel data analYSis. But 

this is not a paper of empirical analysis. All it is desired here is a 

reasonable estimate of the degree and derivative of relative risk aversion. 

It seems to us that the degree of relative risk aversion is greater than one, 

and it may be decreasing or constant, or at least not strongly increasing. 

Suppose also that the mean of the stochastic yield on severance payments is 

larger than one, i.e., r:> 1. Thi'E. assumption is very plausible if the laid 

of is allowed to keep money and not goes on to costly search. The last 

assumption impl ies, if R (x) is larger than one not too much or disturbances u 

around the mean of stochastic yield does not change the qual itative result too 

* much, that c < Py. After all, a combination of these assumptions derived 

from evidence point us to the case of lower right hand corner of the upper 

block in TABLE 2, the corner being enclosed by bold 1 ines. Namely, with the 

optimal severance payments, the laid off is better off than the retained at 

the point of layoff and before search of rehiring: Eu(rc» u(y-qc). 
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IV. PROOF 

In this section we give ~ proof of a theorem in the preceding section. 

First, we define the degree of absolute risk aversion of a utility function 

u, in the sense of Pra t t (t 964) ~nd Arrow (1965) I A (x) = - u"(x)/u'(x). 
u 

Recall that the relative risk ~version for utility function u is defined by 

R (x) = - xu·(x)/u'(x). 
u We would I ike to investigate different impl ications 

of utility functions with different degrees of risk aversion. Let us denote 

another von Neumann~orgenstern utility function of class C3 is denoted by 

v: R-+ .. R. For all x • '\, it is true that v'(x) > 0, but not necessarily 
N 

the concav i ty. Now, let us define the certainty equivalence level of x ~ith 

respect to a util ity function by u x namely, 
N u 

Eu(x) = u(x ). A relationship 

between u x and a risk premium, n, defined in Pratt (1964) can be easily 

derived as follows: n = x - xu, where x is the mathematical mean of x. Let 
u -

us define a weighted marginal util ity, g: g(x) == xu' (x). The ·certainty 

equivalence- level of g with respect to x is def i ned by 
T T ,., N 

X u'(x ) = Exu(x). Let us consider properties of g in relation to the 

degree of risk aversion: 

(4.1> g'(x) = u'(x) + xu-ex) 

= u'(x) {1 - R (x»). 
u 

Hence the sign of g'(x) is determined by whether the degree of absolute risk 

aversion is gre~ter or smaller than one: 

> 
(4.2) For al I x, g'(x) = 

< 
0, if and only if, for all x, A (x) 

u 

< 
= 
> 

1 I 

respectively. Its second derivative is expressed in terms of u and R' (x): 
u 

i~~·.· let us recall a theorem proved by Pratt, which states that a person with a 

14 
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more risk averse (in the sense of absolute risk aversion) utility iunction 

requires a greater risk premium, and vice versa. Since ~e denote in terms of 

·certainty equivalent" levels instead oi risk premiums, Pratt's theorem 

[Pratt (1964; theorem 1, conditions (a) and (b»J is expressed as the 

iol lowing lemma. Then a theorem in the preceding section ~ill be proved. 

L8't1A 

Consider two utility functions, u and v. For all x, Au(x) ~ Av(x), if and 

only ii, ior all probabil ity distribution of x, 

PROOF OF THEORBM IN SECTION III 

u x 
) v < ~, respec t i ve 1 y •• 

First, consider the case (A): o < R (x) < 1. Then the sign of g'(x) is 
u 

determined to be negative from (4.2). 

defined by (4.2), it is possible to define the absolute risk aversion for 

iunction g: A (x) = - g"(x)/g'(x). 
9 

Apply Pratt's theorem replacing v by g, 

we have the iollowing relationship: 

< 
(4.4) For any x, = 

) 
~, if and only ii, ior all x, A (x) 

9 

) 

= A (x), 
u < 

respectively. Now check the diiference in the degrees of absolute risk 

aversion in 9 and u. 

u"{1-R }-u'R' 
A (x) - A (x) = - --------~-------- + 9 u u"{1-R) 

u 

u" 
= 

u' 

R' (x) 
u ------------

1 - R (x) 
u 

Since we are considering the case that R (x) is positive and less than one, 
u 

the denominator is positive. Hence the sign of the difference in the degree 

of risk aversion has to agree with R' (x): 
u 

(4.5) For all x, A (x) 
9 

} 

= A (x), if and on 1 y if, of or a 11 x, 
u 

< 

15 

R" (x) 
u 

) 

= 0, 
< 



respec'tively. Sine. the utility function is monotone inCl'ea'!.ing, the 

following relationship is obvious. 

< 
~ u, if and on 1 y if u (x t) (4.6) = 

) 

< 
= 
) 

u u(x ) 
N 

Ii Eu (x) , 

respec t i ve 1 y. Recall that xt is defined as the ·certainty equivalent" level 

of ~eighted marginal uti} ity. Combining (4.4), (4.5) and (4.6), we have that 

for any x, 

< 
= 
) 

N 

Eu(x), if and only if, for all x, R' (x) 
u 

) 

= 0, 
( 

respectively. This is precisely (3.16a). For the case of (8): 

is negative. In order to use a lemma, we compare the degrees of absolute risk 

aversion of u(x) and (-g(x». However, noting that A -g is equal to A , (4.4) 
u 

is true. 

<4.51
) 

Since 1 - R (x) < 0, (4.5) should be modified: 
u 

For all x, A (x) 
g 

< 
= A (x), if and only if, for all x, 

u 
} 

RI (x) 
u 

respec'tively. combining (4.4), (4.5) and (4.6), (3.16b) is derived •• 

} 

= 0, 
< 

T~o remarks are in order. First, if R' (x) fluctuates between positive 
u 

and negative, causing R (x) becomes greater and smaller than one, 
u 

over some 

range of x, then there is no unambiguous result obtained as for ~hich is 

Second, if R (x) = 1, for all x, i.e., implying u 

R' (x) = 0, for all x, then g'(x) = u'(x){l - R (x)} = O. Therefore, 9 is a 
u u 

constant function and xi may not uniquely defined. 

V. CONCLUDING REMARKS 

Our theoretical model predicts that both additive and multipl icative 

uncertainty ~hich is not verifiable by an insurance company results in 

16 
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severance payments so high that the expected util ity o~ the laid of~ is higher 

than the sure util ity of the retained, under reasonable assumptions on risk 

aversion. On the way to these results, we have proved a new theorem on 

incomplete insurance. There are two ways to interpret our counterintuitive 

results. First, severance payments cannot be so high in a real world in order 

to prevent an apparent moral hazard problem, which is assumed ~ay in our , 
model by a fixed p, and no severance payments to voluntary quits. If this is 

a case then it is o~ interest to investigate how severance pa~ents have to be 

reduced to the second best solution with a moral hazard constraint. It is 

also important to think whether there is any institutional device to prevent a 

moral hazard, thus to increase severance pa~ents toward the level of the 

~irst best solution. Second, severance payments defined in this model may be 

broadened to include human capital, which is increased through a tenure o~ 

emploYBent be~ore a layof~. Then it Ray be true that severance pa~ents with 

human capital are indeed very large, so that the laid off is as well o~f, i~ 

not better o~~, as the retained. However, these questions are beyond a scope 

of this paper, and should be investigated soon. 

Models considered in this paper imply general properties of incomplete 

any other insurance, not only for implicit contract models but also 

applications. For example, it is possible to interpret two branches o~ an 

extensive form o~ our model as 'accident' and Nno accident,N or as 'sick' and 

'healthy,' where true costs including psychological hardships of accident or 

sickness are not observable and hence not insurable. These applications o~ 

incomplete insurance other than severance payments are highly desirable and on 

our agenda for future research. We bel ieve that theorems proved in this paper 

will be relevant in other applications. 

17 



FOOTNOTES 

1 Grossman and Shiller (1981) restricted to a class oi utility iunctions 

with a constant risk aversion and measures the size oi the degree of risk 

aversion. In that sense it is not consistent to conbine thfir worK with 

others which asserts decreasing or increasing relative risk aversion. 
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