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Abstract
A variety of driver assistance systems such as traction control, electronic stability control
(ESC), rollover prevention and lane departure avoidance systems are being developed by
automotive manufacturers to reduce driver burden, partially automate normal driving

operations, and reduce accidents.

The effectiveness of these driver assistance systems can be significant enhanced if the
real-time values of several vehicle parameters and state variables, namely tire-road
friction coefficient, slip angle, roll angle, and rollover index, can be known. Since there
are no inexpensive sensors available to measure these variables, it is necessary to
estimate them. However, due to the significant nonlinear dynamics in a vehicle, due to
unknown and changing plant parameters, and due to the presence of unknown input

disturbances, the design of estimation algorithms for this application is challenging.

This dissertation develops a new approach to observer design for nonlinear systems in
which the nonlinearity has a globally (or locally) bounded Jacobian. The developed
approach utilizes a modified version of the mean value theorem to express the
nonlinearity in the estimation error dynamics as a convex combination of known matrices
with time varying coefficients. The observer gains are then obtained by solving linear
matrix inequalities (LMIs). A number of illustrative examples are presented to show that
the developed approach is less conservative and more useful than the standard Lipschitz
assumption based nonlinear observer. The developed nonlinear observer is utilized for

estimation of slip angle, longitudinal vehicle velocity, and vehicle roll angle.

In order to predict and prevent vehicle rollovers in tripped situations, it is necessary to
estimate the vertical tire forces in the presence of unknown road disturbance inputs. An
approach to estimate unknown disturbance inputs in nonlinear systems using dynamic
model inversion and a modified version of the mean value theorem is presented. The
developed theory is used to estimate vertical tire forces and predict tripped rollovers in

situations involving road bumps, potholes, and lateral unknown force inputs.



To estimate the tire-road friction coefficients at each individual tire of the vehiclle::
algorithms to estimate longitudinal forces and slip ratios at each tire are proposed.
Subsequently, tire-road friction coefficients are obtained using recursive least squares
parameter estimators that exploit the relationship between longitudinal force and slip

ratio at each tire.

The developed approaches are evaluated through simulations with industry standard
software, CARSIM, with experimental tests on a Volvo XC90 sport utility vehicle and
with experimental tests on a 1/8" scaled vehicle. The simulation and experimental results
show that the developed approaches can reliably estimate the vehicle parameters and state

variables needed for effective ESC and rollover prevention applications.
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Chapter 1

1. INTRODUCTION

The number of automobiles is increasing worldwide. The Bureau of Transportation
Statistics of the U.S. Department of Transportation showed that in the United State there
were 215 million vehicles registered in 1998 and there were 260 million vehicles in 2008.
During the decade, the number of vehicles increased by almost 20%. Also, it was
estimated that over 600 million vehicles were used in the world in 2005. In 2007, there
were about 806 million vehicles in the world. The number of vehicles is increasing

rapidly.

The increasing worldwide use of automobiles has brought an increase in total numbers of
accidents. Based on 2005 Fatality Analysis Reporting Systems (FARS) and 2000-2005
National Automotive Sampling System (NASS) Crashworthiness Data System (CDS),
there were 34,680 fatalities reported and over 2.4 million serious non-fatal crashes in the
United States [1]. Moreover, World Health Organization (WHOQO) recorded that an
estimated 1.2 million people were killed in road crashes and as many as 50 million were
injured around the world in 2004 [2]. These fatalities and injuries were associated with
single-vehicle crashes, multi-vehicle crashes, and rollovers. Also, the information
indicates that, while a variety of factors contribute to accidents, over 90% of all accidents

are related to human error.

The high number of accidents and their root cause in human error has motivated the need
to develop active safety control systems. A variety of driver assistance systems such as
electronic stability control (ESC), rollover prevention, lane departure avoidance systems,
collision avoidance systems, and adaptive cruise control (ACC) are being developed to

reduce driver burden, partially automate normal driving operations, and reduce accidents.

The National Highway Traffic Safety Administration (NHTSA) has studied the accident
statistics of many active assistance systems that have potentiality to reduce the number of
fatalities and accidents. Their study shows that ESC is highly effective in preventing
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driver loss of control and rollover crashes. Based on the crash data of FARS [1], NHTSA

estimates that ESC systems will reduce single-vehicle crashes of passenger cars by 34
percent and single-vehicle crashes of sport utility vehicles (SUVs) by 59 percent, with a
much greater drop in rollover crashes. ESC has the potential to prevent 71 percent and 84
percent of passenger car rollovers and SUV rollovers respectively. Moreover, NHTSA
estimates that the installation of ESC will save 5,300 to 9,600 lives and prevent 156,000
to 238,000 injuries in all types of crashes per year. Therefore, the US government has
passed a new federal rule that enforces manufacturers to install ESC in all new vehicles
from 2012 [1].

1.1. Electronic Stability Control

Electronic Stability Control (ESC) is an active safety system that prevents vehicles from
spinning, drifting out, and rolling over. It has been developed and commercialized by
many automotive manufacturers. ESC also has been known by other names such as yaw
stability control (YSC), vehicle stability assist (VSA), vehicle stability control (VSC),
electronic stability program (ESP), and direct yaw control (DYC).

Vehicle slip 7 Track on low p road

angle B J

A
......................

yaw stability control

Track on high p road

Figure 1-1 The functioning of an electronic stability control system [3].
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Figure 1-1 shows the primarily function of an electronic stability control system. In the

figure, the lower curve represents the vehicle trajectory that the vehicle would normally
follow in response to a driver steering input. This case happens when the road is dry and
has a high tire-road friction coefficient. The high friction coefficient is able to provide
enough lateral force to keep the vehicle following the curved road. If the road has a small
friction coefficient or the vehicle speed is too fast, then the vehicle would not be able to
follow the nominal trajectory required by the driver. In this case, the vehicle would travel
on a trajectory of larger radius as shown in the upper curve of Figure 1-1. The middle
curve of Figure 1-1 shows the case that ESC might bring the trajectory closer to the
nominal motion expected by the driver. The function of ESC is to try restoring the yaw
rate of the vehicle to the nominal motion expected by the drive. However, if the friction
coefficient is too small, ESC might not be able to achieve the nominal motion. It might

only make the vehicle yaw rate closer to the expected yaw rate [3].
There are three types of ESC systems [3].

1. Differential Braking Systems: The yaw moment is controlled by utilizing the
ABS brake system on the vehicle to apply differential braking between the right
and left wheels. This technology has received the most attention from researchers
and has been implemented on several commercial vehicles.

2. Steer-by-Wire Systems: The yaw moment of the vehicle is adjusted by
modifying the driver’s steering angle input and adding a correction steering angle
to the wheels. This technology has received attention mostly from academic
researchers.

3. Active Torque Distribution Systems: The yaw moment is controlled by utilizing
active differentials and all-wheel drive technology to independently control the
drive torque distributed to each wheel. Thus this technology can provide active
control both of traction and yaw moment. These have received interest in the

recent past and are starting to become available on commercial cars.

The objective of these types of ESC systems is to achieve either yaw rate tracking or slip

angle tracking, or a combination of both. Many stability control systems use yaw rate for
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feedback to ensure that the actual yaw rate tracks a desired yaw rate determined by the

driver’s steering input [3]. However, in the case that the road surface has low friction, it
is possible that the actual yaw rate tracks the desired yaw rate but the vehicle still has
significant skidding. This is because when the slip angle is too high, the ability of tires to
generate lateral forces is reduced. The performance of the vehicle control is also reduced.
So, it is also useful to control the vehicle slip angle to prevent this situation, in addition to

controlling yaw rate [3], [4], [5].

To control the slip angle and yaw rate, the control law described in [3], [6], and [7] shows
that it is necessary to know slip angle, slip angle derivative, and front and rear tire road
fiction coefficients, u, to compute a control law. However, there are no inexpensive
sensors that can directly measure these variables. These variables must be estimated and
used for feedback.

Control Action: Brake
[ Desired Yaw Torque ] Pressure, Drive Torque

Upper v Lower v

Controller | Controller %

T

A 4

Estimator |, Sensors |,
A N h A
Slip Angle, Wheel Speeds,
Slip Angle Derivative, Lateral Acceleration,
Friction Coefficient. u Yaw Rate,

Steering Angle

Figure 1-2 Structure of electronic stability control system.

The structure of an ESC system is shown in Figure 1-2. The objective of the upper
controller is to ensure yaw stability control and assumes that any desired yaw torque can
be commanded. The upper controller uses measurements from wheel speed sensors, an

accelerometer sensor, a gyroscope, and a steering sensor. Also, it uses the slip angle, slip
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angle derivative, and front and rear lateral tire forces from an estimator. The lower

controller ensures that the desired yaw torque from the upper controller is obtained from
the control action, namely the differential braking system or the drive torque distribution

system.

There are no available sensors that can directly measure slip angle, slip angle derivative,
and tire forces or friction coefficient, u. Due to nonlinear vehicle dynamics and a number
of unknown inputs, it is challenging to develop an approach for estimating slip angle and

friction coefficient, u, accurately.

1.2. Active Rollover Prevention

Rollovers occur in one of two ways, namely tripped or un-tripped [8]. The two types of
rollovers are shown in Figure 1-3. A tripped rollover happens due to tripping from external
inputs. An example of this rollover happens when a vehicle leaves the roadway and slides
sideways, digging its tires into soft soil or striking an object such as a curb or guardrail.
On the other hand, an un-tripped rollover happens due to high lateral acceleration from a
sharp turn and without tripping. An example of un-tripped rollover is when a vehicle

makes a collision avoidance maneuver or a cornering maneuver with high speed.

Rollover from vertical inputs Roll from lateral inputs

a) Tripped Rollover b) Un-Tripped Rollover
Figure 1-3 Types of rollover.

Rollover accidents are seriously dangerous. According to NHTSA’s records

(http://www.safercar.gov), although there were nearly 11 million crashes in 2002, only

3% involved a rollover. However, there were more than 10,000 deaths in rollover crashes
in 2002. Thus, rollovers caused nearly 33% of all deaths from passenger vehicle crashes.
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In addition, NHTSA data also shows that 95% of single-vehicle rollovers are tripped

while un-tripped rollover occurs less than 5% of the time.

Rollover Occurences Rollover vs. Non-rollover
in Crashes (2002) Fatalities (2002)

[l No Rotiover

[C] menover [] Rotiover

7% Non-roliover

67%

Figure 1-4 NHTSA Rollover Record (http://www.safercar.gov).

Active roll prevention is a vehicle stability system that prevents vehicles from un-tripped
rollovers. (Note: There are no assistance systems available to prevent tripped rollovers.)
It has been developed by some automotive manufacturers. Several types of active control
systems can be used to prevent rollovers. The differential braking system has received the
most attention from researchers to use for preventing rollovers by reducing the yaw rate
of the vehicle and its speed. Thus, the vehicle propensity to rollover is reduced. Also,

steer-by-wire systems and active suspensions can potentially be used to prevent rollovers.

In order to make these systems effective in their tasks, quick detection of the danger of
vehicle rollover is necessary [9]. For this purpose, many researchers have developed a
real-time index to indicate a danger of rollover. However, they have focused on
developing an indicator only for un-tripped rollovers. There are no published papers that
have studied how to detect vehicle rollovers for the tripped case. This dissertation will

focus on developing a rollover index that can detect both tripped and un-tripped rollovers.

1.3. Thesis Objectives

Based on the motivation provided in the above sections, the specific objectives of this

thesis are

1. Development of tire-road friction coefficient estimation algorithms that can

estimate friction coefficients at each of the individual wheels of the vehicle,
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;
2. Development of slip angle estimation algorithms that are applicable under a wide

range of vehicle operating conditions and under unknown values of tire-road
friction coefficient, u,

3. Development of roll angle estimation algorithms that are applicable under a wide
range of vehicle operating conditions for use in a rollover index,

4. Development of a rollover index that can reliably predict rollover for both tripped
and un-tripped scenarios,

5. Experimental evaluation of all of the above estimation algorithms.

As discussed in the next section, development of the above estimation algorithms
presents state, parameter and unknown input estimation problems for a highly nonlinear
system. Thus, this dissertation also makes significant theoretical contributions to state

estimation techniques for nonlinear systems.

1.4. Theoretical Contributions
A variety of nonlinear observers have been developed in this dissertation to deal with
estimation problem in nonlinear systems. The developed nonlinear observer design

techniques are

1. Nonlinear observer design for Lipschitz nonlinear systems,

2. Nonlinear observer design using a bounded Jacobian approach,

3. Nonlinear observer for systems with a nonlinear function in the measurement
equation,

4. Nonlinear observer and unknown input estimation for bounded Jacobian nonlinear

systems with unknown disturbance inputs.

The new nonlinear observer design techniques can be applied for many nonlinear systems
and to several estimation problems in vehicle dynamics. These nonlinear observers will

be presented in chapters 5, 6, 7, and 8.



Chapter 2

2. TECHNICAL CHALLENGES

There are several challenges in designing estimation algorithms for the tire-road friction
coefficient, slip angle, roll angle, and rollover index estimation problems as discussed in
section 1.3. The first major challenge is that the dynamics model of a vehicle is nonlinear
when wide ranges of operating conditions are considered. So, the presence of a traditional
linear observer cannot be used. The second challenge is due to an unknown and varying
parameter, friction coefficient. This parameter needs to be indentified in real-time for
state estimation. Also, an unknown disturbance input poses a significant challenge for the

rollover index estimation problem in tripped rollovers.

2.1.  Nonlinear Dynamics Due to Nonlinear Tire Models

Tire-road forces are important in vehicle dynamics and control because they are the only
forces that a vehicle experiences from the ground. These forces significantly affect the
lateral, longitudinal, yaw, and roll behavior of the vehicle. The maximum force that a tire
can supply is determined by the maximum value of the tire-road friction coefficient for a
given normal vertical load on the tire. For any given tire, the normalized traction force, p,

is defined as

?+ F?

7 (2.1)

p =
where F, F,, and F, are the longitudinal, lateral, and normal, that is, vertical, forces

acting on the tire.

The normalized traction force, p, is typically a function of slip ratio, o, slip angle, «,
and the tire-road friction coefficient, u. The tire road-friction coefficient, u, on any given
road surface is defined as the maximum value that p can achieve on that surface for any
slip angle and slip ratio values. The value of the tire-road friction coefficient, u, can vary
between 0 and 1 depending on the type of road surface under consideration, such as icy,

snow covered, gravel, dry asphalt, and others [10].
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Experimental results have shown that longitudinal tire force for a given normal force,

E,, depends on the slip ratio, o,, and friction coefficient, u, and the lateral tire force
depends on the slip angle, a, and friction coefficient, u. Figure 2-1 shows the longitudinal
force vs. slip ratio relationship when assuming F, = 0 and the lateral force vs. slip angle
relationship when assuming F, = 0 for a variety of road surfaces computed using a tire
model. As the figures show, p = \/FEZ + FZ/F, is an increasing function of slip ratio, o,
and slip angle, a, until a critical slip value, where p reaches a value equal to u and then

starts decreasing slowly.

Longitudinal force vs. Slip ratio relationship

high 1 |

Lateral force vs. Slip ratio relationship
T T T T

Dry concrete
0.8r Wet asphalt
Hard snow
Ice

Dry concrete
0.8 Wet asphalt
— Hard snow
Ice

0.6 0.6

0.4 0.4

0.2 0.2
-0.2 -0.2

-04 -0.4

Normalized longitudinal tire forece
o
Normalized lateral tire forece
o

-0.6 -06

08 08

r : r ? r : r r : 1
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Slip ratio Slip angle (deg.)

a) Longitudinal force vs. slip ratio

b) Lateral force vs. slip angle (E, = 0
& =0 ) p angle (% = 0)

Figure 2-1 Longitudinal and lateral tire force.
The slip ratio is defined as

_ VYeffWw — Uy
max (TefrWy, Vx)

2.2)

X

where 7.z is effective tire radius, w,, is angular velocity of the wheel, and v, is

longitudinal velocity.

The tire slip angles are defined as

a =8— (5’ :xm), @, = — (y _ rb) 2.3)
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where ay is front tire slip angle, a,. is rear tire slip angle, & is steering wheel angle, y is

lateral velocity, a and b are distance from c.g. to front and rear axis respectively.

The tire forces play an important role because vehicle models depend on tire forces. To
describe the tire behavior shown in Figure 2-1la and Figure 2-1b, many researchers
developed tire force models based on algebraic slip/force relationships. One of the most
well-known tire models is known as the Magic Formula or Pacejka’s model [11]. Another
tire model proposed in [12] is Dugoff’s tire model. Alternatively, [3] proposes a tire
model for parabolic normal force distribution. All the previously developed models can
reasonably describe tire behavior. However, they are highly nonlinear in the unknown
parameters. Thus, they are not easy to use. An example of a lateral tire force model is

presented in equation (2.4).

F, = uF,(30a — 302a*sgn(a) + 6%a>) (2.4)

2
where 6 = %, w is tire-road friction coefficient, F, is the vertical force on the tire, a,

is half-length of contact patch, b. is half-width of contact patch, and k is isotropic

stiffness of tire elements per unit area of the belt surface.

In control of the nominal motion of a vehicle during regular driving, linear tire models
are used to describe vehicle dynamic models. The tire force of the linear model is
assumed to be proportional to the appropriate slip variable. This type of model is valid
only when slip ratio and slip angle are small. Thus, the linear tire force model is not
effective to describe vehicle dynamic models when slip ratio and slip angle are large or

the tire-road friction coefficient, u, is small.

Consequently, to obtain an accurate vehicle dynamic model, it is necessary to use a

nonlinear tire model to describe vehicle dynamics.

2.2. Unknown Parameter, Tire-Road Friction Coefficient, x4, Which
Affects State Estimation

As described in the previous section, the accuracy of vehicle dynamic models depends on

the tire force model. However, the tire force model includes the unknown parameter, tire-
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road friction coefficient, u, as shown in equation (2.4), that depends on the road surface

condition. Without friction coefficient information, the state estimation cannot be done.

The knowledge of tire-road friction coefficient, u, is extremely useful to many active
vehicle safety control systems, including traction control, yaw stability control and roll-
over prevention control systems. In particular, reliable estimation of the individual
friction coefficients at each of the wheels of the vehicle will enable both traction and
stability control systems to provide optimum drive torque and/or brake inputs to the
individual wheels so as maximize traction, reduce skid and enhance stability. Many
research papers in literature on stability control have also proposed the explicit use of
friction coefficient information in calculations of desired yaw rate and other control
system variables [13], [14]. Another example is an adaptive cruise control system. The
friction coefficient can be used to adjust the spacing headway that the adaptive cruise

control vehicle should maintain.

However, no available sensor can directly measure the friction coefficient. A
combination of expensive sensors and complex methods to measure the friction
coefficient may be needed for the whole vehicle. Thus, many researchers have tried to
develop algorithms to estimate only the average friction coefficient. This thesis focuses
on development and experimental evaluation of algorithms for real-time estimation of

tire-road friction coefficients at individual tires of the vehicle.

2.3. Rollover Index and Unknown Disturbance Inputs for Tripped

Rollovers
The quick detection of the danger of a vehicle rollover is necessary for initiating a
rollover prevention action. To detect vehicle rollover, the concept of a static rollover
threshold or the static stability factor (SSF) [15] was studied and used first, but it is not
effective for dynamic situations. After that the concept of a rollover index was
introduced. Rollover Index is a real time variable used to detect wheel lift off conditions.
Many researchers have tried to develop a rollover index to more accurately predict
vehicle rollover for un-tripped rollovers. References [16] has used the concept of a

rollover index based on Time-To-Rollover (TTR) to estimate the time until rollover
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occurs. References [9], [17], and [18] have described a rollover index using a model-

based roll angle estimator. Reference [19] has combined a rollover index with influential
factors such as the vehicle’s center of gravity and energy of rollover. Even though there
are many types of rollover indices, they are derived from the same basic model as shown

in Figure 2-2. The basic concept of the rollover index is described by equation (2.5).

Sprung mass c.g.

Unsprung massc.g. Roll center

‘ i y
_____________________________ -
U B . myg 1 1
Fzr! lw !le
Figure 2-2 Un-tripped rollover model.
_ Fzr — Izl
Fzr - le' (2.5)
—-1<R<1

where F,,. and F,; are the right and left vertical tire force of the vehicle respectively, m,,
Is unsprung mass, m, is spung mass, a,, is lateral acceleration, ¢ is roll angle, and @ is
roll rate. A vehicle is considered to roll over when R equals 1 or —1. It should be noted

that when a vehicle is traveling straight, F,,. equals to F,; and R = 0.

The definition of R in equation (2.5) cannot be implemented in real-time because the
vertical tire forces F,,- and F,; cannot be measured. Using the 1-degree of freedom model
in Figure 2-2, the summation and difference of tire forces E,, + F,; and E,,. — F,; can be
calculated. An implementable version of the rollover index R can then be calculated in

terms of ¢ and a,,. Such an example of a traditional rollover index calculated using a one

degree of freedom is shown below in equation (2.6).



13
(2.6)

R = Fyr — Fu  2mgayhg N 2mghgptang
Fzr — Izl mglw mlw

where m = mg + m,, hg is c.g. height, m, is unsprung mass, mg is spung mass, a,, is

lateral acceleration, and ¢ is roll angle.

This type of rollover index is used for detection un-tripped rollovers only. It is a function
of lateral acceleration and roll angle as shown in equation (2.6). Some papers have
proposed a rollover index that uses only lateral acceleration [20], [21], since roll angle is
expensive to measure. The stability control with this rollover index may arbitrarily reduce
lateral acceleration capability of the vehicle. Also, it still fails to detect rollovers when

rollovers are induced by vertical road inputs or other external inputs.

In order to detect tripped rollovers, which happens due to tripping from external inputs, a
new rollover index should include the influence of road and other external inputs. Figure
2-3 shows a vehicle rollover model that includes the influence of road inputs, z,.,- and z,;,
and an unknown lateral force input, F;,;, at an arbitrary height, h;,;, from the roll center.

The figure also shows the normal forces on the tires, E,, and F,;.

Sprung mass c.g.

h
R

- Roll center

Figure 2-3 Un-tripped and tripped rollover model.

To derive a rollover index in this case, multi-degrees of freedom in the model are needed.
When the influence of road inputs is included, the suspension forces are defined by
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l I .

F, =—k (Zs - ;Sin(p - Zur) —-d (Zs —Esd)COS(]b - Zur): (2'7)
l l. .

Fy=—k (zs + 5 sing — zul) ~d (z’s + pose — z'u,) (2.8)

where k is suspension stiffness, d is suspension damping, z,,- and z,; are left and right
unsprung mass positions, and z; is sprung mass position. z; includes the static

displacement due to weight and the vertical displacements due to road inputs.

The difference and the summation of F,,. and F;; are given by

Fsp — Fg = klssing + dlsd.)COS(].') + k(zur - Zul) + d(zur - Zul)r (2'9)
Fyp + Fy = —2kzg — 2dzg + k(2Zyyr + 20) + d(Zyy + Zu0)- (2.10)

With moment balance roll center, F,,. — F,; is given by

l 2
B —Fy = l_s (Fsr — Fs1) + — Fiathiae (2-11)

w lW
Also, vertical force balance yields
B+ Fy=mg + F +Fy 2.12)
Fy + Fyy = mg — 2kzg — 2dZ + k(zyr + 2) + d(Zyr + Z)
Therefore, an example of the rollover index for tripped rollovers computed directly from

the model of Figure 2-3 is given by

R = For — Fp _ ls klssing + dls(bcosd) + k(zur - Zul) + d(zur B Zul)

Fzr + le lw (mg - Zkzs - 2dZ.s + k(Zur + Zul) + d(zur + Zul))
+ 3 Flathlat

l, (mg — 2kz, — 2dz, + k(2 + zy) + d(Zyy + Zy1))

(2.13)

where left and right unsprung mass positions, z,,- and z,;, depend on road inputs, z,,. and

z,;. The equations of motion of z,,,- and z,; are given by

MyrZoyr = —Fp + ke (Zyr — Zpp) — Myr g, (2.14)
My Zy = —Fg + k(2 — z1) — my1 g (2.15)
where k; is the vertical tire stiffness, m,,- and m,; are right unsprung mass and left

unsprung mass, respectively.
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In order to compute the rollover index in equation (2.13), many variables need to be

measured. However, some variables such as unknown road inputs, vertical displacements
of unsprung masses and sprung mass, and the unknown lateral force input cannot be
directly measured by sensors. Therefore, it is necessary to develop an approach for

estimating the new rollover index without knowing these variables.
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Chapter 3

3. OUTLINE OF APPROACH TO RESEARCH

Chapters 1 and 2 show that there are many vehicle parameters, variables, and unknown
inputs that need to be estimated in order to enhance automotive safety systems. Thus, the
outline of the overall approach to the estimation problems will be presented in this

chapter.

First, an outline of the algorithms to estimate friction coefficients for each individual
wheel of the vehicle will be presented in section 3.1. Then, sections 3.2 and 3.3 describe
the approach to estimate slip angle and roll angle, respectively. Lastly, the outline of the
approach to develop a rollover index for tripped and un-tripped rollovers will be shown in

section 3.4.

3.1. Estimation of Individual Wheel Tire-Road Friction Coefficients

@i V) O, TG Stepl: Estimate
_ ) | |ongitudinal tire forces
0=

Step2: Estimate
slip ratio

Step3: Estimate friction
coefficient using
parameter identification

Figure 3-1 Schematic of the approach to individual wheel tire-road friction estimation.

The knowledge of the real-time tire-road friction coefficient can be extremely valuable
for active safety applications, including traction control, yaw stability control and
rollover prevention. So, this thesis develops algorithms to estimate friction coefficients

for each individual wheel of the vehicle.
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The overall approach used for individual wheel friction coefficient estimation consists of

the following three steps:

1) Estimate the longitudinal tire force at each wheel.
2) Measure or estimate the longitudinal slip ratio at the wheel.
3) Use a recursive least squares parameter identification algorithm to calculate the

tire-road friction coefficient.

Three different algorithms are considered for steps 1 and 2, based on the types of sensors
available.

1) Using GPS and engine torque measurement
2) Using engine torque measurements and longitudinal accelerometer

3) Using GPS and longitudinal accelerometer

The wheel speeds are assumed to be available for all three algorithms. The details of

individual wheel tire-road friction coefficient algorithms will be presented in chapter 4.

3.2.  Slip Angle Estimation

Real-time knowledge of the slip angle in a vehicle is useful in many active vehicle safety
applications, including yaw stability control, rollover prevention, and lane departure
avoidance. Sensors to measure slip angle, including two-antenna GPS systems and
optical sensors, are too expensive for ordinary automotive applications. So a nonlinear
observer design technique is necessary for estimation of slip angle using inexpensive

sensors normally available for yaw stability control applications.
The lateral dynamics of a vehicle can be written in a state space form described by

Xx=Ax+d(x)+gly,u),
(3.2)
y =Cx+ ¥(x)
where x € R™ is the state vector, u € RP is the input vector, and y € R™ is the output
measurement vector. A € R™™ and C € R™ ™ are appropriate matrices. The functions,

®(x):R™ > R™ ,¥(x):R™ -» R™,and g(y,u): R™ X RP —» R™ are nonlinear.
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A nonlinear observer based on the above nonlinear vehicle model is desired to use for

estimating slip angle. However, most available nonlinear observers in literature are
designed for a nonlinear system with linear measurement equations. Moreover, the most
commonly used techniques and applicable observer design methods are based on either
linearization or on the assumption that the nonlinear system is Lipschitz. A major
limitation of the existing results for Lipschitz nonlinear systems is that they work only for
adequately small values of the Lipschitz constant. When the equivalent Lipschitz constant
has to be chosen large due to the inherent non-Lipschitz nature of the nonlinearity (such
as in the case of vehicle systems), most existing observer design results fail to provide a
solution. Hence, a new nonlinear observer design technique is presented in chapter 7.

Also, the details of the slip angle estimation algorithm will be presented in chapter 10.

3.3.  Roll Angle Estimation
Rollover has become an important safety issue. Vehicles with their increased dimensions,
high center of gravity and heavy weights are known to be high rollover risk vehicles. The
measurement of roll angle of vehicle can be used in the computation of rollover index
and to prevent rollover. The roll dynamic model of a vehicle is a model with complex
nonlinearities. The roll dynamics of a vehicle can be written into the state space form as
equation (3.2). A linear observer fails to guarantee the stability of the observer. To deal
with the complex nonlinearities involved, we have developed a new nonlinear observer to
estimate the roll angle [22]. The new observer design for this problem is presented in
chapter 6 and the application of roll estimation is presented in chapters 9 and 11.
Xx=Ax+d(x)+gly,u), (3.2)
y =Cx
where x € R™ is the state vector, u € RP is the input vector, and y € R™ is the output
measurement vector. A € R™™ and C € R™™ are appropriate matrices. The functions,

®(x):R™ - R™ ,and g(y,u): R™ X RP — R™ are nonlinear.

3.4. Tripped Rollover Index Estimation
In order to predict tripped and un-tripped rollovers as described in section 2.3, many

variables need to be measured. However, some variables such as unknown road inputs,



19
vertical displacements of unsprung masses and sprung mass, and the unknown lateral

force input cannot be directly measured by sensors. Therefore, algorithms to estimate the

rollover index for tripped and un-tripped rollovers are developed.
Two different algorithms are considered based on the types of sensors available.

1) Using accelerometers, gyroscope, and suspension compression measurement

2) Using accelerometers, and roll angle measurement

The first algorithm is an approach to estimate unknown disturbance inputs in a nonlinear
system using dynamic model inversion and a modified version of the mean value
theorem. In this case, the vehicle dynamics involve both complex nonlinearities and
unknown disturbance inputs. The dynamics of a vehicle in this case can be written into
the state space form shown in equation (3.3). To deal with this type of system, a new
unknown inputs nonlinear observer to estimate both unknown disturbance inputs and
state variables has been developed. The developed observer design for this problem is
presented in chapter 8. Then, the application of the unknown inputs nonlinear observer

will be presented in chapter 12.

x = Ax + n(x,u) + By,

z=Ex, (3.3)

y =Cx+¥Y(x)
where u € RF are the known control inputs, u € R? are the unknown inputs, y € R™ and
z € R are the output measurements. A € R™", B € R"*P, £ € R?”", and C € R™"
are appropriate matrices. The functions n(x,u): R™ X RP - R™,and W(x):R™ - R™ are

nonlinear.

The second algorithm relies on an algebraic formulation of the new rollover index. The
new rollover index utilizes roll angle measurement and vertical accelerometers in
addition to a lateral accelerometer and is able to predict rollover in spite of unknown
external inputs acting on the system. The details of this new rollover index are also

presented in chapter 12.
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3.5. Conclusions

In order to deal with the problems as described in this chapter, algorithms for real-time
estimation of individual wheel tire-road friction coefficients will be presented in chapter
4. Then chapters 5, 6, 7, and 8 present new nonlinear observer design techniques that can
be applied for a large class of differentiable nonlinear systems. The new nonlinear
observer design techniques can also be applied for the important vehicle estimation
problems discussed in this dissertation such as longitudinal velocity estimation in chapter
9, slip angle estimation in chapter 10, roll angle estimation in chapter 11, and rollover

index estimation for addressing un-tripped and tripped rollovers in chapter 12.
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Chapter 4

4. ALGORITHMS FOR REAL-TIME ESTIMATION OF
INDIVIDUAL WHEEL TIRE-ROAD FRICTION
COEFFICIENTS

4.1. Summary

It has long been recognized in the automotive research community that knowledge of the
real-time tire-road friction coefficient can be extremely valuable for active safety
applications, including traction control, yaw stability control and rollover prevention.
Previous research results in literature have focused on estimation of average friction
coefficient for the vehicle or on average friction coefficient for both drive wheels of the
vehicle. This section explores the development of algorithms for reliable estimation of
friction coefficient at each individual wheel of the vehicle. Three different algorithms are
proposed based on the types of sensors available. After estimation of slip ratio and tire
force, the friction coefficient is identified using a recursive least squares parameter
identification formulation. The observers include one that utilizes engine torque, brake
torque and GPS measurements, one that utilizes torque measurements and an
accelerometer and one that utilizes GPS measurements and an accelerometer. These
algorithms are first evaluated in simulation and then evaluated experimentally on a VVolvo
XC90 sport utility vehicle. Experimental results demonstrate that friction coefficients at
the individual wheels and road gradient can both be estimated reliably and quickly.
Individual wheel friction measurements are expected to be more valuable for active

safety systems than average friction measurements.

4.2. Introduction

The knowledge of tire-road friction coefficient can be extremely useful to many active
vehicle safety control systems, including traction control, yaw stability control and roll-
over prevention control systems. In particular, reliable estimation of the individual

friction coefficients at each of the wheels of the vehicle will enable both traction and
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stability control systems to provide optimum drive torque and/or brake inputs to the

individual wheels so as maximize traction, reduce skid and enhance stability. Many
research papers in literature on stability control have also proposed the explicit use of
friction coefficient information in calculations of desired yaw rate and other control
system variables [13], [14]. This dissertation focuses on development and experimental
evaluation of algorithms for real-time estimation of tire-road friction coefficients at

individual tires of the vehicle.

The tire-road friction coefficient at any tire of the vehicle is defined formally as follows. Let F,,
F,, and F; be the longitudinal, lateral, and normal forces acting on a tire. The normalized traction

force for the tire, p, is defined as:

N

2
w_ (4.1)
z

If we consider only longitudinal motion of the vehicle and assume that the lateral force,

p=

E,, can be neglected for the maneuver under consideration, then

p=tx, (4.2)

The normalized traction force, p, is typically a function of both slip ratio, ., and the tire-
road friction coefficient, u. The tire road-friction coefficient, i, on any given road surface
is defined as the maximum value that p can achieve on that surface for any slip ratio

value [3].

4.3. Longitudinal Vehicle Model
The vehicle model utilized consists of equations for the longitudinal motion of the
vehicle, for the rotational dynamics of each wheel and for the relationship between tire

forces, slip ratio and tire road friction coefficient.
The longitudinal dynamics can be represented as:

mv, = E, — R, — D,v2 + mgsin(0) 4.3)
where v, is the longitudinal speed, m is the mass of the vehicle, R, is the rolling

resistance, D, is an aerodynamic drag parameter and 6 is the road gradient. The total
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longitudinal tire force is represented by F, and E, is the summation of the tire forces

generated at all the 4 tires:

E = Fypr + Fepr + Fxpp + Eerr (4.4)
Note that the first subscript in the tire force notation refers to the front or rear wheel
while the second subscript refers to left or right wheel. In equation (4.3), the vehicle is
assumed to be undergoing longitudinal motion only and the other degrees of freedom are

ignored.
The rotational dynamics of each wheel is represented by

Lyd; =T — TP —10ppFy (4.5)
where the subscript i = f1, fr,rl, and rr is used to separately represent the 4 wheels of
the vehicle. T4", TP, Terr and Fy; represent the drive and brake torque delivered to the
specific wheel, the effective radius of the tire and the longitudinal tire force of that

specific wheel, respectively.

The longitudinal force generated at each tire is known to depend on the longitudinal slip
ratio, the tire-road friction coefficient, and the normal force applied at the tire.

Longitudinal slip ratio is defined as

oy = —(Teff‘::_”"), during braking (4.6)
_ (r ffww—vx) . H
o = erefT during acceleration (4.7)

The tire model utilized to represent the tire force is discussed further in section 4.4.2 of
this chepter [3], [12].

4.4. Overall Approach to Individual Wheel Tire-Road Friction

Estimation

4.4.1. Description of Approach
The overall approach used for individual wheel friction coefficient estimation consists of

the following three steps:
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1) Estimate the longitudinal tire force at the wheel.

2) Measure or estimate the longitudinal slip ratio at the wheel.
3) Use a recursive least squares parameter identification algorithm to calculate the

tire-road friction coefficient.

Three different algorithms are considered for steps 1 and 2, based on the types of sensors
available. Algorithm 1 relies on engine torque measurements and brake torque
measurements available over the CAN bus of the vehicle and on absolute vehicle speed
measured using a carrier-phase based GPS system. This is the simplest and most
convenient algorithm to utilize. However, a GPS system is an expensive sensor and
cannot always be utilized due to satellite drop-outs in urban environments. Algorithm 2
therefore utilizes engine torque and brake torque measurements and a longitudinal
accelerometer for the estimation algorithm. Note that engine torque and brake torque
signals are typically available over the CAN bus of newer vehicles and do not require any
additional sensors at all for their measurement. Algorithm 3 takes yet another approach of
assuming that engine torque measurements are not available and utilizes only a
longitudinal accelerometer and GPS based vehicle speed measurement. All the three

algorithms assume that wheel speed measurements are available.

In step 3, the friction coefficient at the tire is calculated based on the values of tire force
and slip ratio obtained from steps 1 and 2. Step 3 is discussed further in the next three

sub-sections.

4.4.2. Tire Model

Figure 4-1 shows the traction and braking force vs. slip ratio relationship for a variety of
road surfaces computed using a tire model. As the figure shows, p = F./E, is an
increasing function of slip ratio, o,, until a critical slip value, where p reaches a value

equal to u and then starts decreasing slowly.
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Figure 4-1 Longitudinal force vs. slip relationship.

From the above figure it is clear that if slip ratio and the normalized tire force are both
available, then the tire-road friction coefficient can be calculated, except at very small
slip ratios (< 0.005).

In the low-slip region (or the linear part of the tire force curves), the longitudinal force
generated at an individual tire is proportional to its longitudinal slip for any given road
surface and normal force. This relationship can be described as:

p=—=Ko, (4.8)

T | 55T

where K is the slip-slope, whose value changes with road surface conditions and can be
directly used to predict the value of the friction coefficient, u. Equation (4.8) holds for an

individual tire.

The equation (4.8) can be rewritten in a standard parameter identification format as:

y(©) = @ ()0(t) (4.9)
where y(t) = F,/E, is the system output, 8(t) = K is the unknown parameter, and
@(t) = g, is the system input. The only unknown parameter, K, can be identified in real

time using parameter identification approaches as will be addressed in the next section.
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Once the slip-slope, K, is identified, it can be connected with the road surface condition

or the maximum friction coefficient by a classification function.

Note that the above slip-slope based approach is for low slip ratios (linear part of the
friction-slip curves) only. If the slip ratio is high, as in a hard braking situation, the tire
works outside the linear relationship between normalized force and slip ratio and the slip-
slope based method fails in this region. Fortunately, in the high slip region, the
differences between the normalized longitudinal force values for different road surfaces
are apparent enough to be able to classify the road surfaces based on this value. Thus, for
the high slip region, the normalized force, p, can be directly used to classify the road
surface friction level. The normalized force in this case can again be written in standard
parameter identification form as y(t) = ¢’ (t)0(t), where y(t) = E, is the measured
longitudinal force, 8(t) = u is the unknown parameter, and ¢ (t) = E = F, is the

normal force.

4.4.3. Recursive Least-Squares (RLS) Identification [3]
The slip-slope model described in the previous section can be formulated in a parameter

identification form as:

y(®) = T (OO(t) + (D) (4.10)
where 6(t) is the vector of estimated parameters, ¢@(t) is the regression vector, e(t) is

the identification error between measured y(t) and estimated value ¢ (t)8(t).

The recursive least squares algorithm will be used in this dissertation to iteratively update
the unknown parameter vector, 6(t), at each sampling time, using the past input and
output data contained within the regression vector, ¢(t). The RLS algorithm updates the
unknown parameters so as to minimize the sum of the squares of the modeling errors.

The procedure of the RLS algorithm at each step t is as follows:

Step 1: Measure the system output, y(t), and calculate the regression vector, ¢(t).
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Step 2: Calculate the identification error, e(t), which is the difference between system

actual output at this sample and the predicted model output obtained from the estimated

parameters in previous sample, 8(t — 1), i.e.

e(t) =y(®) — " (OOt - 1) (4.11)
Step 3: Calculate the update gain vector, K(t), as

3 P(t—Do(t)
KO = TP~ Do® (@12
and calculate the covariance matrix, P(t), using
1 P(t — Dop(t)e" (P(t — 1)
PO =7|PE-D=—7 oT (P (t — Do(b) (4.13)
Step 4: Update the parameter estimate vector, 8(t), as
6(t) =0(t—1)+ K(t)e(t). (4.14)

The parameter, 4, in the above equations is called the forgetting factor, which is used to
effectively reduce the influence of old data which may no longer be relevant to the
model, and therefore prevent a covariance wind-up problem. This allows the parameter
estimates to track changes in the process quickly. A typical value for A is in the interval
0.9, 1).

4.4.4. Determination of the Normal Force

As seen from the friction coefficient estimation equation (4.8), the normal force plays an
important role in determining the maximum force the tire can generate. For the same road
surface and tire, the larger the normal force, the larger the longitudinal force could be.
The mass of the vehicle contributes a major portion of the normal force, and the other
forces acting on the vehicle during longitudinal maneuvers redistribute the normal forces

between the tires [3].

If the vehicle is traveling in a straight line on level road, the normal forces at the front
and rear tires can be calculated using a static force model of the vehicle as shown in
Figure 4-2 [23]:
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mgL, — ma,h — D,v2h,

F, = 2 (4.15)
mgLs + ma,h + D,vZh
F, =94 e (4.16)
F. E
szl =lzfr = %ferrl =Fypr = %r (4.17)

The vehicle mass, m, wheelbase, L, and Lf, L, are measured and assumed to be constant.

Figure 4-2 Vehicle longitudinal dynamics schematic diagram.

4.4.5. Calculation of Friction Coefficient

The estimated slip-slope varies with the road surface and is used to calculate tire road
friction coefficient. Based on experimental data described later in the paper, the following
linear equation is found to express the observer relationship between slip-slope and

friction coefficient:

u=AK +C (4.18)
where K is the slip-slope, A = 0.026 is the proportionality constant and C = 0.047 is a

bias constant.

4.5. Friction Estimation Using GPS and Torque Measurements

For each wheel, the rotational dynamics is given by

Lyw =T =T —r,¢¢F, (4.19)
where the subscripts have been omitted for convenience. The same estimator and
equations hold for all wheels. The following estimator which avoids the need to take

derivatives of w is proposed for estimating the longitudinal force, E,.
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Iy =T =TV — 1, F + 1@, (4.20?
Fo=—n@ (4.21)
where @ = w — @ is the estimation error for wheel speed and F, = F, — E, is the
estimation error for tire force and 7 is a positive gain. The effective tire radius, 7y, is
assumed to be known. Subtracting equation (4.20) from equation (4.19), the estimation

error dynamics are seen to be given by

L@ = —To B — & (4.22)

or, after differentiation,

Ly@ + 1@ + 1,n@ = 0. (4.23)
Thus with the observer gain [ and 1 being positive, we have @ — 0, and & — 0. Since the

estimation error dynamics are given by equation (4.22), it follows that £, — 0 as t — oo.

The proposed observer of equations (4.20) and (4.21) thus ensures stable estimation of
the longitudinal tire force.

The slip ratio can be directly calculated using equations (4.6) and (4.7) in this algorithm,

since vehicle speed is available from GPS and wheel speeds are also measured.

As described in section 4.4, once the longitudinal tire force and slip ratio have been
estimated, the tire road coefficient can be estimated using a recursive least squares

parameter identification technique.

4.5.1. Simulation Results

The proposed longitudinal force estimation algorithm is evaluated in simulations by
implementing it in CARSIM, industry standard vehicle dynamics simulation software.
The vehicle model from CARSIM chosen for this simulation is a D-Class sedan with
default parameters (m = 1530 kg, I,, = 1 kg.m?, Ters = 0.335m). The D-Class sedan
is a front wheel drive vehicle. The force distribution ratio between the front left and front
right wheel is 0.5. It should be noted that while the longitudinal force estimation
algorithm was developed using the simple model of equation (4.19), the simulations are

being conducted using a high fidelity commercial vehicle dynamics model. At the
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beginning of the simulation, the speed of the vehicle is kept constant at about 25.5 m/s.

After that, the vehicle starts accelerating. The vehicle is accelerated to 33.5 m/s. The first
row of Figure 4-3 shows the longitudinal speed and wheel speeds of this simulation. The

engine torque and longitudinal acceleration are presented in the second row of Figure 4-3.

The comparison of the estimated longitudinal forces using the algorithm described in this
section and simulated forces using the CARSIM software is presented in Figure 4-4. The
results show that the estimated longitudinal forces are almost equal to the simulated

forces. Also, those estimated forces converge very quickly to the simulated forces.
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Figure 4-3 Longitudinal speed, wheel speeds, engine torque, and longitudinal acceleration.

Figure 4-3 also shows the relationship between the forces and engine torque. The shapes

of the force curves are similar to the shape of the engine torque curve.
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Figure 4-4 Estimated longitudinal forces vs true longitudinal forces.

An experimental evaluation of this longitudinal force estimation and tire-road friction coefficient
estimation algorithm is presented in section 4.8 of this chapter.

4.6. Friction Estimation Using Torque Measurements and an

Accelerometer

4.6.1. Using Torque Measurements and One Accelerometer

In this case the observer for estimation of longitudinal tire force remains the same as in
section 4.5. However, an estimator is needed for estimation of longitudinal vehicle speed,

since GPS measurements are no longer available. The longitudinal dynamics of the
vehicle are

mv, = F, — R, — DavZ + mgsin(0). (4.24)
Note that the road gradient in equation (4.24) is unknown and must be estimated. The

proposed observer for vehicle speed can be written as

mv,

(4.25)
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(4.26)

where the longitudinal accelerometer measures both acceleration and a component of

gravity due to road gradient and its measurement is given by

Qmeas = Vx — gsin(@).

Let ¥, = v, — D, be the estimation error. The constant t is a positive gain.

(4.27)

Claim: The observer given by equations (4.25) and (4.26) provides asymptotically stable

estimates of both longitudinal vehicle speed and the road gradient angle, 6.

Proof:

First, by subtracting equation (4.25) from (4.24), we find

. v2 — P2
U, = —Dau + [gsin(0) + e].
m
Dynamics of e:
1 1 1
€ =——e+ =Qpeqs Uy
1 1 v2 — P2 1
=——e+- —Dau + [gsin(0) + e]| — —gsin(6)
T T m T
__p @)
™

Dynamics of 7,:

Substituting from equation (4.29) into equation (4.28)

. D
mv, = —D,(v2 — $2) + mgsin(6) — f?a (w2 — 92)dt

(4.28)

(4.29)

(4.30)

Note that (vZ — ©2) can be written as (v, + ?,)(v, — D,) and that (v, + 7,) is always

positive. Equation (4.30) is therefore the same as the error dynamics of a Pl controller

with a constant disturbance input mgsin(6). Hence ¥, -0 as t —» c. Also e —»

—gsin(@) ast — oo.
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The above observer is stable and leads to stable estimates of road gradient and vehicle

speed. However, a disadvantage of the proposed observer is that the damping in the
closed-loop estimation error dynamics is determined entirely by the aerodynamic drag
parameter, D,. This damping is typically low and leads to under-damped estimation

dynamics.

4.7. Friction Estimation Using GPS and an Accelerometer

Since the longitudinal speed and wheel speeds are known, the longitudinal slip ratio can
be calculated using equations (4.6) and (4.7). In the absence of engine and/or brake
torque measurements, the following equations involving longitudinal vehicle dynamics
and wheel rotational dynamics can be utilized to estimate the variables of drive torque,
individual longitudinal tire forces and road gradient

mvy = (Fypi + Fypr + Fept + Eepr) — Ry — Dov2 + mgsin(6), (4.31)
Lyws = aTy — TerrFypr, (4.32)
Ly@sr = bTy — TofFyfr, (4.33)
Lywy = Ty = TeppFarps (4.34)
Ly@rr = dTy — TeppForr (4.35)

where T, is total torque and can be due to engine or brake. a, b, c, and d are force
distribution ratios used to determine the fraction of total torque, T,, applied to each

wheel. (Note: a + b+ c+d = 1.) For example, a =0.5, b =0.5, and c =d = 0 for

total torque of a front wheel drive vehicle.

Since the absolute vehicle speed, v,, is measured using GPS and the corrected
acceleration of the vehicle, v, + gsin(8) is measured using a longitudinal accelerometer,
there are five unknowns in the five equations (4.31)-(4.35). There can be solved to obtain
Fyf1, Fxpr, Fxri, and Fy,.. and T,. Road gradient can be calculated subsequently. A stable
observer as described earlier in section 4.5 can also be designed for this purpose so as to
avoid differentiation. The following estimator which avoids the need to take derivatives

of w is proposed for estimating the longitudinal force, F,, and total torque, T,.
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K, is an observer gain matrix. Chosen so as to stabilize the error dynamics obtained by
the difference between the state equation in equations (4.31)-(4.35) and the estimator
dynamics in equations (4.36) and (4.37). The value of K, is chosen based on desired
locations of the closed-loop eigenvalues for this linear time invariant system. The

effective tire radius, 7, is assumed to be known.

4.7.1. Simulation Results

Again, the performance of the observer will be evaluated by simulating the algorithm
together with the CARSIM software. We use the same CARSIM vehicle model as
described in section 4.5.1. However, in this section, only wheel speeds and acceleration

will be used to estimate the longitudinal tire forces.

The comparison of the estimated longitudinal forces using the algorithm described in
section 4.7 and actual forces using the CARSIM software is presented in Figure 4-6. The
results show that the estimated longitudinal forces match the simulated forces very well.
Also, those forces converge very quickly to the simulated forces. However, there are
some minor errors in the rear wheel longitudinal forces. This may be due to model

uncertainty.
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Figure 4-5 Estimated engine torque, and longitudinal acceleration.

The first row and second row of Figure 4-5 show the estimated engine torque and the

longitudinal acceleration, respectively. Again, the minor errors in estimated engine torque

may be due to model

uncertainty.
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Figure 4-6 Estimated longitudinal forces vs true longitudinal forces.
After the longitudinal tire force and slip ratio have been estimated, then the tire road

coefficient can be estimated using the algorithm in section 4.4.3.

4.8. Experimental Results

This section presents experimental evaluation of the estimation algorithms. In particular,
evaluation of the longitudinal tire force estimation algorithm discussed in sections 4.5
and 4.7 and evaluation of the tire-road friction estimation algorithm discussed in section
4.4 are presented.

4.8.1. Test Vehicle and Experimental Set Up

The test vehicle used for the experimental evaluation is a Volvo XC90 sport utility
vehicle. Vehicle testing was conducted at the Eaton Proving Ground in Marshall,
Michigan. A MicroAutoBox from dSPACE is used for real-time data acquisition. A real-
time GPS system, RT3000, from Oxford Technical Solutions is used to obtain absolute
vehicle speed, slip angle and several other variables. The RT3000 is a full, six-axis
inertial navigation system with integrated GPS and a Kalman filter that provides high
frequency updates of the sensor bias, heading, and vehicle velocities. The GPS outputs
were connected to the MicroAutoBox via CAN communication at the baud rate of 0.5
Mbits/sec. Engine torque, transmission gear ratio, wheel speeds and several other
variables are obtained from the CAN bus signals already available on the CAN network
of the Volvo XC90. The sampling time is set at 2 milliseconds. A photograph of the test
vehicle is shown in Figure 4-7. Key vehicle parameters used in the estimation algorithms
are m = 2205 kg, D, = 0.3693, I, = 0.8, and rs = 0.3543 m.
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Figure 4-7 The Volvo XC90 test vehicle with GPS system.
4.8.2. Friction Estimation Using GPS and Torque Measurements
The longitudinal tire forces are estimated by algorithm described in section 4.5. In this
test, the vehicle moves from a dry asphalt road to a gravel road surface. Consequently, a
drop in friction coefficient occurs during the test. The drive torque which determines

vehicle behavior during the test is shown in Figure 4-8b.

The estimated longitudinal tire forces for each wheel are shown in Figure 4-8a. Even
though we do not know the true value of longitudinal tire forces, the estimated forces
seem reasonable. The estimated forces of the front wheels agree roughly with the engine
torque and longitudinal acceleration. Also, the estimated forces of the rear wheels are

approximately zero as seen, because the vehicle used front wheel drive mode during the

experiment.
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Figure 4-8 Drive torque and estimated longitudinal forces.

Figure 4-9 shows longitudinal speed, wheel speeds and acceleration. The change in
friction coefficient occurred at about 6.5 seconds. At this point there is a jump in the front

wheel speeds as seen in Figure 4-9.
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Figure 4-9 Longitudinal speed, wheel speeds, and longitudinal acceleration.

Next, we present the friction estimation experimental results. The friction coefficient is
estimated using the algorithm as described in section 4.4. The system input is slip ratio
computed by equation (4.6) or (4.7). The output is F./E,. The normal force, F,, is
computed by equations (4.15) and (4.16). The longitudinal tire force is computed by
algorithms in section 4.5.

The results of the friction estimation algorithm are shown in Figure 4-10. The first row of
the figure presents the slip ratio vs normalized force of front left wheel and front right
wheel. We do not show the slip ratio vs normalized force of rear left wheel and rear right
wheel, since the vehicle is a front wheel drive vehicle. The longitudinal forces of rear
wheels are approximately zero. The estimated slip slopes of front left wheel and front
right wheel are presented in the second row of the figure. The figure shows that the
estimated slip slopes of front left wheel and front right wheel converge from an initial
guess value to the estimated slip slope value of about 32 for the first road surface and
then converge to another estimated slip slope value of about 21 for the second road

surface.
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Using a linear relationship between the slip-slope and friction coefficient as described in

section 4.4.5, the friction coefficient for the dry asphalt road is estimated to be 0.89 and
for the gravel surface is estimated to be 0.56. It should be noted that the friction
coefficient on dirt/gravel was found to vary between 0.5-0.7. However, the average value

is distinctly different from that on dry asphalt and concrete.
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Figure 4-10 Step change in the friction coefficient experiment with acceleration during the transition.

4.8.3. Estimation Using GPS and an Accelerometer

In this section, the longitudinal tire forces are estimated by using wheel speeds and
acceleration as described in section 4.7. In this test, the vehicle moved from a dry asphalt
road surface to an icy surface. The vehicle decelerated due to braking during the road
surface transition from asphalt to ice. The brake torque at the individual wheels were not
measured and not available over the CAN bus of the vehicle. Hence the friction
coefficient was estimated exclusively using GPS and accelerometer and wheel speed

sensor signals.

The estimated longitudinal tire forces for each wheel and the estimated total brake torque

are shown in Figure 4-11. The shape of the estimation force curves roughly tracks the
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shape of the acceleration curves. Also if we compute total longitudinal tire force, the

value of total forces is roughly close to the value of mass multiplied by acceleration after
subtraction of drag force and rolling resistance force. The estimated forces therefore seem

reasonable.

Figure 4-11 also shows that the longitudinal forces of the front wheels are larger than
those of the rear wheels since the braking force distribution ratio between front and rear
axles is 60:40.
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Figure 4-11 Estimated brake torque, and estimated longitudinal forces.

Figure 4-12 shows longitudinal speed, wheel speeds and acceleration. The change in
friction coefficient occurred at about 4.5 seconds. At this point a dip in the front wheel

speeds can be noticed.
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Longitudinal Speed and Wheel Speeds
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Figure 4-12 Longitudinal speed, wheel speeds, and longitudinal acceleration.

Next, the friction estimation experimental results will be evaluated by using algorithm as
described in section 4.4.2.

Figure 4-13 presents the slip ratio vs normalized force for each wheel. The estimated slip
slopes are presented in Figure 4-14.
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Figure 4-13 Step change in the friction coefficient experiment with deceleration during the transition.

4.8.4. Comparison of the Friction Coefficient Estimation Algorithms

Figure 4-14 shows that the estimated slip slopes of each wheel converges from the slip
slope value of about 32.5 for the first road surface to the estimated slip slope value of
about 5 for the second road surface. The estimated slip slopes of front wheels start to
converge before the estimated slip slopes of the rear wheels. Thus the slip slopes can be
reliably used to classify the friction coefficients of these 2 road surfaces.

Using the linear relationship between the slip-slope and friction coefficient described in
section 4.8.4, the friction coefficient for the dry asphalt surface is seen to be

approximately 0.89 and for ice to be 0.18.
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Estimated Slip Slope
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Figure 4-14 Step change in the friction coefficient experiment with deceleration during the transition.

The three friction coefficient estimation methods discussed in chapter 4 have different
domains of applicability based on the set of sensors available for the estimation
algorithm. However, Algorithm 2 (that utilizes torque measurements and an
accelerometer) depends exclusively on aerodynamic drag to provide transient
convergence. It is found to be unsuitable, since the aerodynamic drag coefficient is often
not large enough to provide good transient performance. Between Algorithms 1 and 3,
Algorithm 1 depends only on a wheel-level dynamic model. It involves a simpler
computational algorithm and is found to be more accurate and to converge faster than
Algorithm 3 which involves a vehicle-level fifth order dynamic model. For example, a
comparison of the results in Figure 4-4 versus Figure 4-6 show that Algorithm 1 provides
more accurate estimates of the longitudinal tire forces. However, wheel torque signal
measurement may not be available in all applications, while GPS and accelerometer

measurements could potentially be provided on all vehicles.
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4.9. Sensitivity Analysis to Mass Change

4.9.1. Friction Estimation Algorithm Using GPS and Torque Measurements

The equations that include vehicle mass in the estimation algorithm are

_mgL, —mayh — Dyvgh,

F, x , (4.38)
mgLs + mayh + D,v2h
=2 e (4.39)

Equations (4.38) and (4.39) are used to compute normal forces, F,;. The longitudinal tire

forces, F,;, are computed by using the rotational dynamic equations. Subsequently, the
normalized traction forces, u, are computed:
Fx

P (4.40)

The slip ratio depends on effective radius, longitudinal speed, and wheel speeds. The slip

ratio is not sensitive to mass change.

To evaluate sensitivity to change in vehicle mass for this algorithm, the sensitivity of the
normalized traction forces is first examined, followed by observing the sensitivity

estimated slip slope to mass change.
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Figure 4-15 Estimate front right wheel normal forces.
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Figure 4-15 shows the effect of mass change on normal forces. If a, and D, are

neglected, the normal force is proportional to mass. The normal force increases when

mass increases.

0.55 E
o m=130%
051 © m=120%
+  m=110%
0451 + m=100%
*+  m=90%
0.4n m=80%
¢ m=70%
0.35
& 03
0.25
0.2 :
Rkl oAl """v"x.,‘. (v
0.15 ;
0.1 !
0.05 '
1 2 3 4 5 6 7 8

Estimated Front Right Wheel Normalized Traction Forces

time (sec.)



46

Figure 4-16 Estimated front right wheel normalized traction forces.
Figure 4-16 shows the effect of mass change on normalized traction forces. The
normalized traction force is proportional to longitudinal tire force and inversely
proportional to normal force. Since mass change affects only the normal force estimate in

this algorithm, the normalized traction force changes when the normal force changes.
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Figure 4-17 Estimated front right wheel slip slopes.

Figure 4-17 shows the effect of mass change on estimated slip slopes. The slip slope
changes because the normalized traction forces change while the slip ratio values do not

change. Thus this algorithm is seen to be very sensitive to mass change.

To improve the robustness of this algorithm, the value of vehicle mass could be updated
in real-time. When the vehicle is first switched on, the vehicle mass can be estimated
from Figure 4-17, assuming the road pavement is dry concrete and its friction coefficient
is known. Subsequently, once the vehicle mass value has been updated, the algorithm will

provide correct estimates of friction coefficient as the pavement surface changes.
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4.9.2. Friction Estimation Algorithm Using GPS and an Accelerometer

The equations that include vehicle mass in the computation are

mvy = (Fys1 + Fypr + Fopy + Fpr) — Ry — Dgvi + mgsin(6), (4.41)
Ry = mgL, — mazh — Davfha, (4.42)

mgLs + mayh + Davih
L L Pt (4.43)

Equation (4.41) and the rotational dynamic equations are used to compute longitudinal
tire forces. The normal forces, F,; and F,,, are computed from equations (4.42) and
(4.43). Then the normalized traction forces, p, are computed. (The slip ratio does not

depend on mass.)

To evaluate sensitivity of the estimation algorithm to mass change, first the sensitivity of
the normalized traction forces is examined, followed by examining the sensitivity of the

estimated slip slope.
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Figure 4-18 Estimate front right wheel normal forces.

Change in vehicle mass affects the normal forces, as shown in Figure 4-18.
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Estimated Front Right Wheel Longitudinal Forces
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Figure 4-19 Estimated front right wheel longitudinal forces.

Figure 4-19 shows that mass change also affects the estimate of the longitudinal forces. If
mass increases, the longitudinal forces will increase or if mass decreases, the normalized

traction forces will decrease.
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Figure 4-20 Estimated front right wheel normalized traction forces.
Figure 4-20 shows the effect of mass change on normalized traction forces. The
normalized traction forces change only a little because when mass increases, longitudinal

forces and normal forces both increase.

Since normalized traction forces change only a little, the slip slopes also change only a
little. Figure 4-21 shows the effect of mass change on slip slopes. Thus, it can be

concluded that this friction estimation algorithm is robust to changes in vehicle mass.
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Figure 4-21 Estimated front right wheel slip slopes.

4.10. Conclusions

It has long been recognized in the automotive research community that knowledge of the
real-time tire-road friction coefficient can be extremely valuable for active safety
applications, including traction control, yaw stability control and rollover prevention.
Previous research results in literature have focused on estimation of average friction
coefficient for the vehicle or on average friction coefficient for both drive wheels of the
vehicle. This dissertation is perhaps the first ever report to seriously undertake the
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development of algorithms for reliable estimation of friction coefficient at each

individual wheel of the vehicle.

Three different algorithms are proposed based on the types of sensors available — one that
utilizes engine torque, brake torque and GPS measurements, one that utilizes torque
measurements and an accelerometer and one that utilizes GPS measurements and an
accelerometer. While GPS measurements are subject to long-time drop outs in urban
environments, brake torque and engine torque signals may not be available on all cars.

Thus, each of the three algorithms has different application domains.

The developed algorithms are first evaluated in simulation using industry standard
simulation software CARSIM and then evaluated experimentally on a Volvo XC90 sport
utility wvehicle. Experimental results demonstrate that friction coefficients at the
individual wheels and road gradient can both be estimated reliably. Individual wheel
friction measurements are expected to be more valuable for active safety systems than

average friction measurements.
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Chapter 5

5. OBSERVER DESIGN FOR LIPSCHITZ NONLINEAR
SYSTEMS USING RICCATI EQUATIONS

As described in Chapter 2, a nonlinear observer for a nonlinear system with complex
nonlinearities is needed. Thus, four new nonlinear observers have been developed for this
purpose. In this chapter, the nonlinear observer for Lipschitz nonlinear systems is

presented.

5.1. Summary

This section presents a new observer design technique for Lipschitz nonlinear systems.
Necessary and sufficient conditions for existence of a stable observer gain are developed
using a S-Procedure Lemma. The developed condition is expressed in terms of the
existence of a solution to an Algebraic Riccati Equation in one variable. Thus, the need to
solve Linear Matrix Inequalities in multiple variables is eliminated. The advantage of the
developed approach is that it is significantly less conservative than other previously
published results for Lipschitz systems. It yields a stable observer for much larger

Lipschitz constants than other techniques previously published in literature.

5.2. Introduction

For Linear Time Invariant (LTI) systems, the observer design problem is dual of the
control system design problem. However, this is not the case for nonlinear systems.
While the introduction of geometric techniques has led to great success in the
development of controllers for nonlinear systems (Isidori, 1998, Khalil, 2001), it has not
been possible to obtain results of wide applicability for state estimation. Early papers by
Krener and Respondek (1985), Krener and Isidori (1983) and Xiao-Hua and Gao (1985)
attempted to find a coordinate transformation so that the state estimation error dynamics
were linear in the new coordinates. Necessary and sufficient conditions for the existence
of such a coordinate transformation have been established but in practice are extremely
difficult to satisfy.
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There has been work by authors to propose observers for more specialized classes of

nonlinear systems. These include results on observers for Lipschitz nonlinear systems
(Thau, 1973, Kou, et. al., 1975, Raghavan and Hedrick 1992), results on sliding mode
observers (Misawa, et. al., 1989), results for sector nonlinear systems (Arcak and
Kokotovic, 2001), and results on observer based control for a fully linearizable nonlinear
system (Esfandiari and Khalil (1992)). The extended Kalman Filter also continues to be
used frequently as a deterministic observer for nonlinear systems (Reif and Unbehauen,
1996).

This section focuses on some new observer design results for the class of Lipschitz
nonlinear systems. A major limitation of the existing results for Lipschitz nonlinear
systems is that they work only for adequately small values of the Lipschitz constant.
When the Lipschitz constant is large or when the equivalent Lipschitz constant has to be
chosen large due to the non-Lipschitz nature of the nonlinearity, most existing observer
design results fail to provide a solution. This section develops a solution methodology
that works for significantly larger Lipschitz constants compared to exiting results.
Furthermore, the methodology requires only an algebraic Riccati equation in one variable
to be solved and does not require solving a multi-variable LMI problem. Thus the design

procedure is easier to implement.

5.3. Problem Statement
This section presents an efficient methodology for designing observers for the class of
nonlinear systems described by

x = Ax + Bu + ®(x, u),

(5.1)

y=Cx
where x € R™ is the state vector, u € RP is the input vector, and y € R™ is the output
measurement vector. A € R™*™, B € R™*P, and C € R™*™ are appropriate matrices. The

function ®(x, u) is a Lipschitz nonlinearity with a Lipschitz constant, y, i.e.

[PCx,w) — 2@ Wl <vyllx—xI, Vx% y>0 (5.2)
To begin with, note that any nonlinear system of the form



x=f(x,u)
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(5.3)

can be expressed in the form of equation (5.1), as long as f(x,u) is differentiable with

respect to x. Further, many nonlinearities can be assumed to be Lipschitz, at least locally.

For instance, the sinusoidal terms usually encountered in many problems in robotics are

all globally Lipschitz. Even terms like x2 can be regarded as Lipschitz provided we know

that the operating range of x is bounded. Thus, the class of systems being considered in

this dissertation is fairly general, with the linearity assumption being made only on the

output vector, .

The observer will be assumed to be of the form

X =A%+ Bu+ ®®,u) + L(y — CR).
The estimation error dynamics are then seen to be given by

¥=(A—-LO)X + d(x,u) — d(X,u)

where ¥ = x — X.
The Lyapunov function candidate for observer design is defined as

vV =xTPx

where P > 0 and P € R™*™,
Its derivative is

V=%T[(A—LC)TP + P(A— LO)]% + XTP[®(x,u) — D (X, u)]
+ [®(x,u) — (%, u)]TPX.
This can be rewritten in matrix form as

V= [z a)T][(A—LC)TPI;I-P(A—LC) g][é]_

where @ = (®(x,u) — (&, w)).

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)
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5.4. Background Results

5.4.1. The S-Procedure Lemma

Lemma 1: The S-Procedure Lemma is as follows [24].

Let Vo(x) and V;(x) be two arbitrary quadratic forms over R™. Then V,(x) < 0 for all
x € R™ — {0} satisfying V; (x) < 0 if and only if there exist ¢ > 0 such that

Vo(x) < eVy(x), Vx € R™ — {0}. (5.9)

5.4.2. The Schur Inequality

Lemma 2: The Schur Inequality formula is as follows [24].

The linear matrix inequality (LMI)
QT S <0, Q =0T, and R = RT (5.10)
S R

is equivalent to one of the following conditions.

R<0, Q-SRST<0 (5.11)

or
Q0 <0, R-STQ71s<0 (5.12)
5.5. Nonlinear Observer

5.5.1. Observer for Lipschitz Nonlinear Systems
Theorem 1: For the class of systems and observer forms described in equations (5.1)-
(5.2) and (5.4), if an observer gain matrix can be chosen such that

T 2
(A-LC) P+PP(A—LC)+ey I —sz] <0 (5.13)

for some positive definite symmetric matrix P, then this choice of L leads to
asymptotically stable estimates by the observer (5.4) for the system (5.1). Likewise, if

there exists any symmetric positive definite matrix P such that the derivative of the
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Lyapunov function, V, in equation (5.8) is negative definite, then there also exists a

matrix L such that equation (5.13) is satisfied. In this sense, equation (5.13) is both a

necessary and sufficient condition for observer stability.

Proof: Suppose there exist matrices L and P which satisfy equation (5.13). Let this

choice of L be used in the observer (5.4) for state estimation of the system given by (5.1).
Consider the traditional Lipschitz nonlinear system which satisfies

loCx,w) — 2wl <vyllx—xI, vx%  y>0. (5.14)

In this case, we find

[®(x,u) — PR, W] [P(x,u) — P&, u)] < yi[x — %] [x — X]. (5.15)

Hence

1 [— (x—1%)
[x—2)" (P0,u) — P& W) ][ {)2’ ‘I’] l(¢(x,u§—;(£,u)) <0. (5.16)

Thus the nonlinear function, ®(x, u), satisfies an inequality of the type

[(x - )T (db(x, u) — d(x, u))T]M [(CD(x, 1(; : ;C))(f, u)) <0 (5.17)

where M € R?™2" js a symmetric matrix and is given by

2
M = [‘V ! 0]. (5.18)
0 1
Applying the S-Procedure Lemma to equations (5.8) and (5.17), we find V < 0 if and
only if there exist € > 0 such that

[(A —LCO)TP+P(A—LC) P
P 0

Hence the necessary and sufficient condition for observer design in this case is given by

—eM < 0. (5.19)

Je > 0 such that

T
[(A —LO)TP + PP(A — LC) + &y?1 —Pgl] < 0. (5.20)

Less Conservative Lipschitz Condition
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It is possible to write equation (5.14) in the matrix form defined as
o, u) —P@E Wl <l6x—-DI,  Vx* (5.21)
Note that the matrix G in this case could be a sparsely populated matrix. Hence ||G(x —
£)|| can be much smaller than the constant y||x — || used earlier in equation (5.2) for the

same nonlinear function.
Illustrative Example for Less Conservative Lipschitz Condition
Let ®(x,u) given by

O(x,u) = [Zsino(xl)]_ (5.22)

Then, apply the traditional Lipschitz condition for equation (5.22).

|PoreosEm @ <[220 v 5.23)

0

\/(2 Sin(xl) — 2sin (ﬁl))z < 2\/(X1 - 5&1)2 + (x2 - 22)2 (524)
Next, apply the Less Conservative Lipschitz Condition for equation (5.22)

|[2sinG —zsinG]| <2 O E| was (5.25)
0 X, — Xy
V(2sin(x;) — 2sin (£;))? < 24/ (x; — ;)2 (5.26)
It is clear that
24/ (x1 — %)% < 2\/(x1 — X%+ (x; — X2)2 (5.27)

Thus the bound (5.21) is less conservative than the bound (5.2).
The result brings us to the corollary to theorem 1.

Corollary to Theorem 1: For the class of systems and observer forms described in
equations (5.1), (5.4) and (5.21), if an observer gain matrix L can be chosen such that
[(A —LC)TP +P(A—LC) + GTG ] <0 (5.28)
P —el '
for some positive definite symmetric matrix P, then this choice of L leads to

asymptotically stable estimates by the observer (5.4) for the system (5.1).
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The proof of the Corollary follows along the same lines as the proof of theorem 1, except

for the definition of the Lipschitz condition. In this case, we use the Less Conservative

Lipschitz condition.

5.5.2. Reformulation of Observer Design Using Riccati Equations

Equations (5.13) and (5.28) are LMIs involving two unknown matrices L and P. This
equation can be replaced by a Riccati inequality in just one variable P. A necessary and
sufficient condition in term of the existence of a solution to a Riccati inequality can be

obtained. The following theorem summarizes the result.

Theorem 2: There exists an observer of the type given by equation (5.4) for the system
given by equations (5.1) such that the error dynamics are quadratically stabilized if and
only if there exist e > 0 and S € R such that the following Riccati inequality has a

symmetric positive definite solution P:

1
ATP 4+ PA + ¢GTG + —PP - B2CTC <0 (5.29)

The observer gain can then be chosen as

,82
L=Copmer (5.30)

Proof: Applying the Schur Inequality (Lemma 2) to equation (5.28), the necessary and

sufficient condition for observer design is

1
(A—LC)TP+P(A-LC) +&GTG + ;PP < 0. (5.31)

This can be re-written as

1
ATP + PA+ ¢GTG + SPP - CTLTP — PLC < 0. (5.32)
Note that equation (5.32) implies for all % such that CX = 0, we must have x7 (ATP +
PA + sGTG + iPP) X < 0. It also therefore follows that there must 8 € R sufficiently

large such that x7 (ATP + PA+ eGTG + iPP) ¥ — p?xTCTCx < 0 forall x(t).
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Equation (5.29) is therefore a necessary condition. The fact that equation (5.29) is a

sufficient condition can be proved as follows:

Let there exist a positive definite solution P to equation (5.29). Let the observer gain be

chosen as

2
=:%FP_1CT_ (5.33)

Then equation (5.29) can be rewritten as

L

1
ATP + PA+¢GTG + EPP —CTLI'P-PLC <O (5.34)

which is the same as equation (5.32), thus proving the result.

5.6. Notes on Computation of P and L

5.6.1. Solution of LMI Inequality for P and L

The previous section has shown the necessary and sufficient conditions for observer
design. The observer design by using theorems 1-2 needs to search for P and L to satisfy
inequality (5.13) or (5.28). Solving the inequality by a numerical method would be an
obvious approach. However, the inequalities (5.13) and (5.28) seem to be noncovex
because each involves the product of the two variables P and L. Therefore, a simple
change of variables that separates L from P needs to be made. Expand (5.13) to obtain

T _ rTiTp _ 2
AP+PA-C LPP PLC + ey“I PI] <0, P>0. (5.35)
—&

Now let Y = PL. Then the inequality (5.13) becomes

[ATP + PA—CTYT —YC + ey?I
P

Searching for P and L satisfying (5.13) is equivalent to searching for P and L satisfying

P]<a P> 0. (5.36)
—&l

(5.36). Once a feasible set of P and Y is found, L can be computed as L = P~Y. Note
that P > 0 (or equivalently P is invertible) and that there is always a one to one mapping

from Y to L for a given P.
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In the same way, we can apply the change of variables to inequality (5.28). Then the

inequality (5.28) become

T _ rTyT _ T
[AP+PA cg YC + eGTG —Pel]<0' P> (537)

Hence, for a given € and y or G, the inequality (5.36), or (5.37), is affine with respect to
its two variables P and Y. The corresponding feasibility problem can be solved using

many standard convex optimization techniques or the MATLAB LMI control toolbox.

5.6.2. Solution of Algebraic Riccati Equation for P and L
The observer design by using theorem 2 involves solving for one unknown matrix, P, by
providing &, G, and B. Since P is the only unknown, it is easier to solve the Riccati

inequality equation than to solve a LMI inequality.

Equation (5.29) can be modified as follows. Assume

1
ATP + PA+G"G +—PP = fCTC = —ul <0 (5.38)

where u > 0, u is a small value.

1
ATP + PA+ ¢GTG + ;PP —B2CTC+ul =0 (5.39)

For give €, G, B, and u, the Riccati equality (5.39) can be easily solved. This equation
may be solved with the MATLAB command “are”:

X = ARE(a, b, c) (5.40)

This returns the stabilizing solution (if it exists) to the continuous-time Riccati equation:

a'X+Xa—XbX+c=0 (5.41)

with b being symmetric and nonnegative definite and ¢ being symmetric.

Rearrange the equation (5.39) to appropriate equation (5.41).

1
(AP +P(=A) = P(CD P+ (=£G"G +p>CTC —ul) = 0 (5.42)
- a’ a —— Cc

b
The Matlab function can now be used to find the solution.
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5.7. Example Problems

5.7.1. Dynamic Model for a Flexible Link Robot

Consider a one link manipulator with revolute joints actuated by a DC motor. The
elasticity of the joint can be well-modeled by a linear tensional spring [25]. The elastic
coupling of the motor shaft to the link introduces an additional degree of freedom. The

states of this system are motor position and velocity, and the link position and velocity.

The corresponding state-space model is

Om = o

_ k B K,
wmzj—(el—em)—]—wm+]—u

. m m m (5.43)
91 = W1

. k mgh

Wy =—7(01—0p) - sin(61).

N1 N

with J,,, being the inertia of the motor; J; the inertia of the link; 8,,, the angular rotation of
the motor; 6, the angular position of the link; w,, the angular velocity of the motor; and

w4 the angular velocity of the link.
Thus the system dynamics are nonlinear and of the form

x = Ax + Bu + ®(x),

(5.44)
y =Cx
where x = [0, @, 01 wq]T.
0 1 0 0 0
_|—-48.6 —-1.25 486 0 _|121.6
A= 0 0 0 1’ B = 0ol
19.5 0 —195 0 0
(5.45)
0
_ 0 1 0 0 O
®(x) = 0 S P

—3.33sin (x3)
The value of the Lipschitz constant for this system is y = 3.33. The above parameters for

the system are typical and have been taken from Spong [25].
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Reference [25] presents a nonlinear 1/O linearizing control law for this system. The

control law guarantees closed-loop stability and tracking of any desired trajectory by the
robotic link. However, this control law requires measurement of all the states. Physically,
one can measure the motor position and velocity, but the measurement of the other states

is non-trivial.

5.7.2. Observer Design for a Flexible Link Robot
In this section we present an observer for the above robotic system with guaranteed

convergence of the state estimates.

Using Corollary to Theorem 1 on LMI based solution with & = 1, an observer gain is

found to be

48710 2.7729
109774  60.2442
L= 5.4689 12.8094 | (5.46)

4.1360 —13.1102
The eigenvalues of (A — LC) are

—50.7854
—9.5417
—5.0855 |
—0.9525

Thus, the eigenvalues are well damped in this case. The response will show no transient

eig(A —LC) = (5.47)

oscillations. However, there is one small eigenvalue. So the estimated state will converge

slowly to the actual state.

The robotic system with the above observer gain matrix was simulated under an open-
loop excitation with being a sinusoid at 1 Hz. Figure 5-1 shows a comparison of actual
and estimated link angular position. The actual system has an initial condition equal to 1
radian while the observer starts from an initial value of zero. Figure 5-2 shows actual and
observer estimated link angular velocities. Both the estimated states converge to the

correct values.
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Figure 5-1 Actual and observer estimated link angular position (Corollary to Theorem 1).
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Figure 5-2 Actual and observer estimated link angular velocity (Corollary to Theorem 1).

Using theorem 2 on the Riccati based solution with ¢ = 1 and § = 180, an observer gain

matrix is found to be

78.9814 —9.2259
—9.2259 112.9897
10.0309 91.3947 |
14.2679 51.5085

(5.48)
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The eigenvalues of (A — LC) are

—71.6615
—65.4807 + 34.5212i
—65.4807 — 34.5212i (5.49)
—1.0914

Thus, the eigenvalues have lower damping in this case. However, the overall eigenvalues

eig(A—LC) =

are large. So the estimated states rapidly converge to the actual state and transient
oscillations are not present. The transient performance is better than the previous LMI

solution.

Actual and observer estimated link angular position
1.5 T T T T T T T T T
actual
----- estimated

o
&

link angle (rad)
ke LT

o
.

0.5

'l r r r r r r r
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
time (sec)

Figure 5-3 Actual and observer estimated link angular position (theorem 2).
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Actual and observer estimated link angular velocity
5 T T T T T T T T T
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\ .
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\!
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Figure 5-4 Actual and observer estimated link angular velocity (theorem 2).

5.7.3. Comparison of Observer Design Techniques

This section will compare observer design techniques in term of how conservative they
are. We will examine which observer design techniques can deal with a larger Lipshitz
constant. The problem in section 5.7.1 is reconsidered and we will keep the same plant
equations. However, the nonlinearity will be scaled to increase the value of the Lipschitz
constant for this system until the observer can no longer solve the problem when the

Lipschitz constant is too large.

First, we find an observer gain by Theorem 1 which needs the solution of LMI
Inequalities. Then, we use Theorem 2 to find an observer gain matrix by solving the
corresponding Algebraic Riccati equation. Finally, the traditional standard LMI observer

[24] as described below is used to find an observer gain matrix for comparison.
Standard LMI Observer

For the class of systems and observer forms described in equations (5.1) and (5.4), if an

observer gain matrix can be chosen such that

(A—LC)TP+P(A—LC)+I1 P

, 1y <O (5.50)
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for some positive definite symmetric matrix P, then this choice of L leads to

asymptotically stable estimates by the observer (5.4) for the system (5.1).

Table 5-1: Comparison of maximum Lipschitz constant for various observer design techniques

Corollary to Standard LMI
Method Theorem 2
Theorem 1 Observer
Y max 48.5 48.4 0.99

Table 5-1 shows that the observer design techniques from corollary to theorem 1, and
from theorem 2 can deal with a larger Lipshitz constant. They can solve the problem with
a Lipshitz constant up to 48.4. On the other hand, the standard LMI observer can deal
with the problem only for values of Lipshitz constant up to 0.99. Thus, the new observer

design techniques are significantly less conservative than the traditional LMI technique.

5.8. Conclusions

This section presented a new observer design technique for Lipschitz nonlinear systems.
Necessary and sufficient conditions for existence of a stable observer gain were
developed using a S-Procedure Lemma. The developed condition was then expressed in
terms of the existence of a solution to an Algebraic Riccati Equation in one variable.
Thus, the need to solve Linear Matrix Inequalities in multiple variables was eliminated.
The advantage of the developed approach is that it is significantly less conservative than
other previously published results for Lipschitz systems. Using an illustrative example of
a flexible joint robot, the developed observer design technique was found to yield a stable

observer for much larger Lipschitz constants than a traditional LMI design technique.
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Chapter 6

6. THE BOUNDED JACOBIAN APPROACH TO NONLINEAR
OBSERVER DESIGN

As described earlier, a nonlinear observer for a nonlinear system with complex
nonlinearities is needed. Thus, four new nonlinear observers have been developed for this
purpose. In this chapter, the nonlinear observer using a bounded Jacobian approach is

presented.

6.1. Summary

This chapter presents a new observer design technique for a nonlinear system with a
globally (or locally) bounded Jacobian. The approach utilized is to use the mean value
theorem to express the nonlinear error introductions as a convex combination of known
matrices with time varying coefficients. The observer gains are then obtained by solving
linear matrix inequalities (LMIs). The developed approach can enable observer design for
a large class of differentiable nonlinear systems. Its advantage is that it enables easy
observer design for a much wider range of operating conditions compared to linear or
Lipschitz observer design methods. The developed theory is used successfully in the
design of observers for vehicle systems involving complex nonlinearities. The use of the
observer design technique is illustrated for estimation of longitudinal vehicle velocity in
chapter 9 and roll angle in chapter 11. The performance of the new observer is shown to

be clearly superior to that of a standard Lipschitz observer.

6.2. Introduction

This section focuses on a new observer design result for a nonlinear system with a locally
or globally bounded Jacobian. A major limitation of the existing results for Lipschitz
nonlinear systems is that they work only for adequately small values of the Lipschitz
constant. When the equivalent Lipschitz constant has to be chosen large due to the
inherent non-Lipschitz nature of the nonlinearity (such as in the case of aerointroduction

drag force in vehicle systems), most existing observer design results fail to provide a
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solution. This section develops a solution methodology that works well without requiring

a small Lipschitz constant bound for the nonlinear function. The basic idea in this section
is to use the mean value theorem (McLeod (1965) and Korobkov (2001)) to express the
nonlinear error introductions as a convex combination of values of the derivatives of the
nonlinear function. The observer gain guaranteeing the convergence of the proposed
observer is easily computed by LMIs.

6.3. Problem Statement for Nonlinear Observer

This section presents an efficient methodology for designing observers for the class of
nonlinear systems described by
X =Ax+d(x)+gly,u) 6.1)
y=Cx
where x € R™ is the state vector, u € RP is the input vector, and y € R™ is the output
measurement vector. A € R™™ and C € R™ ™ are appropriate matrices. The functions
®(x):R™ - R™, and g(y,u):R™ x RP - R™ are nonlinear. In additional, ®(x) is

assumed to be differentiable.

The observer will be assumed to be of the form,

X =A%+ OR) + gy, uw) + L(y — CX). (6.2)

The estimation error introductions are then seen to be given by

F=(A-LO)%+ (P(x) — ©(2))

. ~ (6.3)
¥=(A-LO%T+ D
where ¥ = x — 2, ® = ®(x) — ®(X).
Let the Lyapunov function candidate for observer design be defined as
V = xTPx (6.4)

where P > 0 and P € R™*™,

Then, its derivative is
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V=x%T[(A-LC)TP + P(A— LO)]% + " P® + ®TPx. (6.5)

6.4. Mean Value Theorem for Bounded Jacobian Systems

In this sub-section, we present a mathematical tools which are used subsequently to
develop the observer gain in the next section. First, we present the scalar mean value
theorem and the mean value theorem for vector functions. Then, we define the canonical
basis for writing a vector function with a composition form. Lastly, we present a new

modified form of the mean value theorem for vector functions.
Lemma 1: Scalar Mean Value Theorem

Let f(x): R — R be a function continuous on [a, b] c R and differentiable on (a, b). For

X1,X5 € [a, b, ], there exist numbers c € (a, b) such that

d

Fle) — ) = 2

The equation (6.6) can also be rewritten as

x (2, — x1). (6.6)

X=C

df|
Axlx=c,

flxz) = f(x) = (51£ + 6 >(x2—x1),

dx|x=cl (6.7)
61,62>0, 61+62:1
where ¢y, ¢, € (a,b) and §, and &, are parameters that vary with the value of x; and x,.

The proof of this lemma is presented in [26].
Lemma 2: Mean Value Theorem for a VVector Function, [27]

Let f(x):R™ — R™ be a function continuous on [a,b] € R™ and differentiable on a
convex hull of the set (a, b) with a Lipschitz continuous gradient Vf. For s;,s, € [a, b],

there exists ¢ € (a, b) such that

f(s2) = f(s1) = Vf(c)(sz = s1). (6.8)
However, we cannot directly use the mean value theorem of equation (6.8), since c is a
varying parameter that continuously changes with the values of s; and s,. Thus Vf(c) is
an unknown and changing matrix. We need to modify the mean value theorem before it

can be utilized.



69
Lemma 3: Canonical Basis, [28]

Let a vector function be defined by:

f(x):R™ - R1. (6.9)
Then,

FOO =[G, 200, o, f;] (6.10)

where f;(x): R™ - R is the i" component of f(x) and x € R™.
Let the canonical basis of the vectorial space R® for all s > 1 defined by:

E; = {e;(D]es (i) = (0,...,0,1,0,...,007, i=1.2,..,5} (6.11)
The vectorial space R? is generated by the canonical basis E,. Therefore, f(x) can be

written as:

q

FO) = ) eqDfi0). (6.12)

i=1
Now, we are ready to state and prove a modified form of the mean value theorem for a

vector function.
Theorem 3: Modified Mean Value Theorem for a VVector Function

Let f(x):R™ —» R™ be a function continuous on [a, b] € R™ and differentiable on convex
hull of the set (a, b). For sy, s, € [a, b], there exist §;“* and 6{]’-‘”‘ fori=1,..,nand

j =1,...,nsuch that:

nn nn

Fls) = Fls = || ) Hp=aye |+ o Hpmspn | (e =s,
i,j=1 i,j=1 ( ' )
61-7]’-lax, 6ir?in > 0, 6irjtlax + 6{;11’71 —

where 1) hj7** > max(afi/axj) and hg-‘in < min(@fi/axj) for vx € (a, b),

2 HE™ = eaOeE (A and HIJ" = ex (DT DA™

Proof: Lemma 2 shows that
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f(sz) — f(s1) = Vf(c)(sy — 51)
0f1/0x, 0f1/0x; ... 0f1/0x,
_|of /:ax1 of /:6x2 of /:c')xn (s, — s.]). (6.14)
0fn/0x1 0fn/0x; - 0fn/0xn
Lemma 1 shows that each derivative function can be replaced with a convex combination
of 2 values of the derivative of the function. Hence, the derivative function, df;(c)/0x;,

can be replaced with

ofi ofi m Ofi

—L(c) = 6max L () + smn —L (),

3% () =& axj( )+ 6 axj( ) (6.15)
Siper, e =0, S+ =

where Q = (Q4,Q,, ...,Q,) and A = (A4, 45, ..., 4,). ¢, Q, A € (a, b).

To satisfy lemma 1, the values of df;(Q)/dx; and df;(1)/dx; need to be chosen such
that

afl max afl afl min : afl
5%, (Q) = hj}™ = max o, ,and 2%, (1) = hj™ < min 3 (6.16)

]

Note: One can easily show that if either hJ}* <max(df;/dx;) or
AP > min(df;/dx;) for Vx € (a, b), then there are no §;7**and ;7™ that will satisfy

equation (6.15) with the constraints 6;7%%, 677" > 0 and §[7%* + 677 = 1.

Then, the equation (6.15) can be rewritten as

of; _—
a_xj(c) — Sir]{laxh{;_lax + 6iTjr_llnhg_llTl’ (617)
Spex, 6 20, S48 =1

where hl}** = max(0f;/0x;) and h[}"™ <min(df;/0x;). Note: &7, 67" are
parameters that vary with the value of s; and s,. Hence, the equation (6.14) can be

rewritten as
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6max hmax Smax max 6max max
11 11 12 12 in in
5max max Smax hmax 6max max
f(s2) — f(s1) = . 2t ([sz — 51D
6max max Smax max 5max hmax
6mm mm 6mm mln 6mm mln (618)
min mm minmin mm mln
[5 622 h % l([sz — s1]).
l5mm mm 5mm mm 6,71rﬁnh%nj
Use the canonical basis from lemma 3. Then f(s,) — f(s;) can be written as
S S — Hmax6max z Hmm(gmm S, — S ,
£(s2) = fs1) = Z (2= g
i,j=1 Lj=1
6Tr_Lax 6_rr_u'n >0 6max + S_min —
ij = ij

where H[7% = e, (i)e;; (j)h{}** and H"”” = en(l)en(/)hmm.
Illustrative Example for Theorem 3

The following is a 2 dimensional example of the application of the mean value theorem

for a higher-dimensional function. Let f(s): R?> - R? be define by:

fs) =) f)]". (6.20)
If we set Sl = [511, Slz]T a.nd 52 = [521, Szz]T, then
f(Sz) - f(51) = Vf(C)(Sz —51)
_ max (afl) 0 min (6}‘1) 0 -
0x, 61 + 0x, 611"
0 0 0 0
0 <6f1> 0 min <%)
+ max axz Sgax + X, 6mm
_ L0 0 . L0 0 .
-0 01 -0 01 (6.21)
+ max (%) 0 6217 + min (%> 0 6mm
| dxq | dx, l
0 0 1 0 0 ]
+ 0 max (ﬁ) 65 + 0 min (af2> 622"
| L x5/ | 0x5/ ]

(sl =LsaD)
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or

[Hmax6max + Hmin5min -l

+HROF ST + HIESTAm | 1217 [S1a
Hzn}axSaniax + Hmln5mln ([ ] N [ ])

+H2'rr£ax62n£ax +H m6mm |

5imax’ 6_mm > 0’ 5irjr}ax (Simm =1

f(sz2) = f(s) =

S22 S12

(6.22)

where H[?** = e, (el (DT, Hmm = e, (el (l)hmm hi}** = max(afi/axj) and
hi}™ < min(0f;/0x;).

6.5. Nonlinear Observer

Theorem 4: Bounded Jacobian Observer for General Problems [22]

For the class of systems and observer forms described in equations (6.1) and (6.2), if an

observer gain matrix L can be chosen such that

P(A+H}™ )+ (A+HmaX) P—CTL"P-PLC <0
P(A+HM™ )+ (A+HF™) P—CTI'P - PLC < 0 (6.23)
P>0

Vi=1,..,n,andVj=1,..,n
where 1) b7 = max(9®;/dx;) and hmm < min(9®,/0x;),
2) HFY = en(ey, (O and Hmm =e,(i)el (])hmm,
3) zy = n X nis the state scaling factor, n being dimension of the state vector,

4) Hmax — ZHHmax and Hmm =z Hmm’

then this choice of L leads to asymptotically stable estimates by the observer (6.2) for the

system (6.1).
Proof: The derivative of the Lyapunov function is

V =%T[(A—LC)TP + P(A—LC)]% + TP® + ®TP%. (6.24)

The nonlinear terms can be rewritten using theorem 3 as
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=[®(x) - 2(®) ]

nn nn

=\ > Hpemage |+ > mpinapin ) x - 21, (6.25)
ij=1 =1
6‘.71:1.ax’ 6mln > 0 SZnax + 6[77.”1. —

To simplify the form of the final result, we need to scale %%, (87" + S7H™) to one. In
the general problem, if all the terms in d®;/dx; are to be considered and not zero, then

the scaling factors, z, is computed by

Zl] 1 5max+ 6mm

Z (69 4+ &MY =n x n = 7, - ~1 (6.26)
i,j=1 H
Rewrite equation (6.25) as
nn
F = z H:}laxgz_tax z Hmm Fmin [x — %],
L=t L=t (6.27)
5 FI 2 0,510 4+ §I = 1/2y, Z (80 4+ 50 =1,
i,j=1
where 1) H;;" = zyH[7* and HP™ = z, HM™,
2) 851" = 819 7y and &7 = ST/ 2.
Then, the derivative of the Lyapunov function becomes
(4 — LC)TP +P(A—-LC)
T
Z Hmax smax Z Hmm smin p
Vv =xT i,j=1 i,j=1 X (6.28)

max max mln mm

i,j=1 i,j=1
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(4-LC) + Z Hmax smax Z Hmm smin p
i,j=1 i,j=1
V=% X (6.29)
+p| a-10)+ z Hmax smax Z Hmm smin
i,j=1 i,j=1
Since ZU 1( "]ax + SZ-”") = 1, equation (6.29) can be rewritten as
2 §T (A - LO)TP + A py
i,j= 1
+ z 6’"”‘{(,4 LO)TP + H"”” P}
v=gx| "1 %. (6.30)
cmax
+ Z 5 {P(A—LC)+ PH;; )
l] 1
+ Z 53””{19(,4 LC) + PH™
i,j=1 .
Z S A+ —L0) P+ P(A+ HI™ - LC))
V=%Mz=5"| "I} % (6.31)
T
+ Z §(a+H;"—1c) P+P(A+H;" - LC))
i,j=1
Hence we need
M<0 (6.32)

where SZ‘“", 53-”'" > 0. However, it is not possible to directly solve equation (6.32) for L
and P because SZ-‘“’C, SZ-”" are time varying coefficients. Hence, we transform equation

(6.32) to equations (6.33) and (6.34).

max max

P(A+HI™) + (A+H™) P - CTLTP — PLC <0, (6.33)

—=min

P(A+H;")+(A+H]; ) P —CTITP - PLC <0, (6.34)



75
forvi=1,..,n,andVj=1,..,n

Then if equation (6.33) and (6.34) satisfy the condition, equation (6.32) will
automatically satisfy the condition.

Corollary to Theorem 4: Bounded Jacobian Observer for Specified Problems

For the class of systems and observer forms described in equations (6.1) and (6.2), if an

observer gain matrix L can be chosen such that

P(A+HI) + (A+HP™) P~ CTL'P — PLC < 0

P(A+HF™)+ (A+HP™) P—CTI'P -~ PLC <0 (6.35)
P>0
Vi=1,..,n,andVj=1,..,n
where 1) hi}** = max(9®;/dx;) and hmm < min(9®,/0x;),
2) HF™ = en(Dey, (O and H"”” =e,(i)el Q)hm’",
3) Zy = n X n — wy is the state scaling factor, n being dimension of the state

vector, wy being the number of terms in d®; /dx; that equals zero,

4) Hmax — ZHHmax and Hmln — Z Hmln.

then this choice of L leads to asymptotically stable estimates by the observer (6.2) for the
system (6.1).

Proof: The proof of the Corollary follows along the same lines as the proof of theorem 4,

except for the definition of the scaling factor z.

In the general problem, if all of terms in d®;/dx; are not zero, then Y./, (8/7** +

i,j=1
6-”-”" =n Xn = zy. However, if in some problem, there exist d®;/dx; = 0, then

Y (8774 + 677™) is less than z,. We need to define new scaling factor, z,.

Z (879% 4 §MM) = 1 x 1 — wy, = Z (6.36)

i,j=1
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where wy, is number of terms in d®;/0x; that equals zero. Now, we use Z instead of z,

to complete the proof.

6.6. Conclusions

In this section, a new observer design technique is developed for a nonlinear system with
a locally or globally bounded Jacobian. The approach is developed in order to deal with
differentiable nonlinear systems. The observer gains can be obtained by solving LMIs.
The developed theory is used successfully in the design of observers for vehicle systems
involving complex nonlinearities. The use of the observer design technique is illustrated
for estimation of longitudinal vehicle velocity in chapter 9 and roll angle in chapter 11.
The performance of the new observer is shown to be clearly superior to that of a standard
Lipschitz observer.
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Chapter 7

7. THE EXTENDED BOUNDED JACOBIAN APPROACH TO
OBSERVER DESIGN FOR NONLINEAR SYSTEMS WITH
NONLINEAR MEASUREMENT EQUATION

As described earlier, a nonlinear observer for a nonlinear system with complex
nonlinearities is needed. Thus, four new nonlinear observers have been developed for this
purpose. In this chapter, the nonlinear observer for systems with a nonlinear function in

the measurement equation is presented.

7.1. Summary

This chapter extends the result in the chapter 6 and presents another new observer design
technique for a nonlinear system with a globally (or locally) bounded Jacobian. This
observer also can be applied for a nonlinear system with nonlinear measurement model.
The approach utilized is to use the mean value theorem to express the nonlinear error
introductions as a convex combination of known matrices with time varying coefficients.
The observer gains are then obtained by solving linear matrix inequalities (LMIs). The
developed approach can enable observer design for a large class of differentiable
nonlinear systems. Its advantage is that it enables easy observer design for a much wider
range of operating conditions compared to linear or Lipschitz observer design methods.
The developed theory is used successfully in the design of observers for vehicle systems
involving complex nonlinearities. The use of the observer design technique is illustrated

for estimation of body slip angle in chapter 10.

7.2. Problem Statement for Nonlinear Observer
This chapter presents an efficient methodology for designing observers for the class of

nonlinear systems described by

X =Ax+d(x)+ gly,u),

y=Cx+¥(x) (71
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where x € R™ is the state vector, u € RP is the input vector, and y € R™ is the output

measurement vector. A € R™™ and C € R™™are appropriate matrices. The
functions ®(x): R™ - R™, W(x):R™ - R™, and g(y,u):R™ x RP — R™ are nonlinear.

In addition, ®(x) and W(x) are assumed to be differentiable.

The observer will be assumed to be of the form

X=Ax+PX)+g@,w) +Lly—79)

7.2
y=Cx+¥YQX). (7.2)
The estimation error introductions are then seen to be given by
¥x=A-LOX+D—LYP (7.3)
where ¥ = x — £, ® = ®(x) — (%), and ¥ = ¥(x) — P(2).
Let the Lyapunov function candidate for observer design be defined as
vV = #TP%. (7.4)

where P > 0 and P € R™™. Then, its derivative is
V=%T[(A-—LC)TP +P(A—-LO)]x + XTPD + ®TP%¥ — x"PLY — PTLTPx.  (7.5)

7.3. Mean Value Theorem for Bounded Jacobian Systems

The mathematical tools which are used subsequently to develop the observer gain in the
next section are the same as one in the chapter 6 section 6.4. So, we will not repeat them

again.

7.4. Nonlinear Observer

Theorem 5: Bounded Jacobian Observer for General Problem

For the class of systems and observer forms described in equations (7.1) and (7.2), if an

observer gain matrix L can be chosen such that
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P(A+HP) + (A+HP™ ) P— (C+G™) 1P — PL(C + GJ**) < 0
P(A+HF™ )+ (A+H}™ )TP —(c+ G,Q’}i”)TLTP —PL(C+Gi™) <0
P(A+H™) + (A+H™) P—(C+Gu™) LTP=PL(C+GI™) <0 (7¢)
P(A+HF™ )+ (A+HF™) P — (C+ G LTP = PL(C + GI¥™) < 0
P>0
vVi=1,..,n,Vj=1,...,,nandVk =1,..,m
where 1) h{7** > max(9®;/0x;) and hg-‘in < min(8®;/dx;),
2) H}™ = ep(i)ey, (jOA{** and H{]’-li” = en(i)e};(/')hgli”,
3) zy = n X n is the state scaling factor, n being dimension of the state vector,
4) H7'9 = 7, ' and A" = 7, VT,
5) gij* = max (W /dx;) and g,’\f}in < min(8¥,/0x;),
6) Gij™* = en(l)er, (g™ “and Gij™ = en (ke (Dgi; ™
7) z; = m X n is the output scaling factor, m being dimension of the output
vector,

max __ max min __ min
8) G = z;G** and G = z, G,

then this choice of L leads to asymptotically stable estimates by the observer (7.2) for the

system (7.1).
Proof: The derivative of the Lyapunov function is

V=x%T[(A=LC)TP+P(A—LO)]|%+ ¥TPD + ®"Px% — xTPLY — 9T[TPx. (7.7)

The nonlinear terms can be rewritten using theorem 3 as

nn nn

=\ D mpemsmex |+ > mpinapin )| 1x - 21, (7.8)
ij=1 ij=1
Ser, 6 20, S+ S =1

P =[¥Pkx) -¥Y®)] (7.9)
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mmn

Z Gmaxy]zrjlax + 2 Gl?’jllnyl?’jlln [x _ 52]'
kj=1 kj=1
ylzr]lax’ylzr}in > 0’ y}(‘r]lax + y}(‘r]un —

To simplify the form of the final result, we need to scale Z” " 6{}“”‘ + 6{}“'" and
k] 1()/’”“’“ +y,’<’}i") to one. In the general problem, if all the terms in d;/dx; and
alpk/ax,- are to be considered and not zero, then the scaling factors, zy and z; are

computed by

(6max+ 6~an

Z(dmau ST =nxn=2zy Zijes =1
) ZH
l] 1
. (7.10)
) % ax+ym_m
Z(V ax+y]r€r}ln):an:ZG‘ k} 1(k]Z kj ):
G

k,j=1

Rewrite equation (7.8) and (7.9) as

F = z Hmax smax z Hmm Fmin [x—a?],

L,j=1 i,j=1
o (7.11)
smax zmin =max =min =max =min
6ij !6ij 20,611 + 6” :1/ZH,Z (6” + 611 ):1,
i,j=1
mn mn
~ —max _ ~MIN _ i ~
P = Z Gj y"}ax + Z Grj )/"Z.m [x — x],
k,j=1 k,j=1
i (7.12)
y;(r;ax’yk]m > 0 ymax + ymm — 1/ZG ) Z (yzax + ymm) =1
k,j=1
where 1) H;™ = zyH[7* and HY™ = z, H™™,

max =min i
2) 85" = 6z and &7 ¢ = S /2y,

~max ~min

3) Gry =26l and Gy = zGIY™,

) V" = v ze.and vt = i zg.



Then, the derivative of the Lyapunov function becomes

Since Y.}/ 1(

(A — LC)TP + P(A— LC)

E Gmax —max

4p Z Hmax smax

i,j=1

max =min

+ 6y ) = 1, equation (7.13) can be rewritten as

ij

T

z Gmm —mm ITp

—=min mm
Z H

i,j=1
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(7.13)



z S A —LO)TP+ H™ P

i,j=1
T
Z Gmax _Z;ax 7p — Z Gmm _sz LTP}
k,j=1 k,j=1
+ z 6"”" {(A-LO)TP + H"”" P
i,j=1
T
Z Gmax —rr;_ax Tp — 2 Gmm _"jm LTP}
k,j=1 k,j=1
+ Z 5 P(A—LC) + PH™
i,j=1
—PL Z Gy 7> | = PL 2 Gl ymin
k,j=1 k,j=1

+ Z 5P —LC) + PHL™

l]l

—PL Z Gy 7me* | = PL z Go'y yin

k,j=1 k,j=1
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(7.14)
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= xTM%
- n,n
Z S ((A—LOTP + HG™ P+ P(A—LC) + PH™
i,j=1
T
z Gmax smax | Tp _ z Gmm —mm ITp
Vi)
kj=1 k,j=1
—PL Z Gy ymex | — pL Z Gy pmin
kj kj
T k,j=1 kj=1 (7.15)
=X
+ z FMM (A - LO)TP + H™ P + P(A— LC) + PA™™
i,j=1
mmn T mmn T
~max _ min _
— Z ij Z;ax LTP _ z ij ;r;m LTP
k,j=1 k,j=1
mn mmn
—PL z Grj 7me* | — PL Z Gy 7™ |3
kj=1 k,j=1
Hence we need
M<0 (7.16)

where §77%*, §7'™ > 0. However, it is not possible to directly solve equation (7.16) for L

and P because S{}la", S’i?}i” are time varying coefficients. Hence, we transform equation

(7.16) to equations (7.17) and (7.18).

(A—LC)TP + Hm‘”‘ P+P(A—LC)+PH;
mn T
_ Z G;Z'ax _Z;ax ITp — Z Gmm —mm ITp
Kj=1 k=1 <0 (7.17)
mmn mn
max _ min _
—PL Z Gk] ;(r;ax PL Z Gk] Z;m
K,j=1 K,j=1
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(A-LO)TP+ HZ”" P+P(A—LC) + PHS™
T
Z Gmax _Z;ax Tp — 2 Gmln _mm ITp
= = <0 (7.18)
—PL Z Gy 7o | = PL 2 Gol'y 7
kj=1 k,j=1

Since Zk] 1 (yk]“" + ymm) = 1, equation (7.17) and (7.18) can be rewritten as

mmn
z 7rex ((A+ HG™) P = TP - Gy 1P)
k,j= 1
z pmin ((A +APY P—CTLTP - G;’j‘” P)
for=1 <0 (7.19)
+ Z Ve (P(A+Hy™) = PLC = PLGy; )
k] 1
+ Z i P(A + H;™) = PLC - PLGY; ")

k,j=1
mn
Z gmax ((A +H§’}‘") P—CTLTP - Gy LTP)
K,j= 1
T
Z mm( (a+HG™) P=CTLTP -Gy LTP>
fos=1 <0 (7.20)
+ Z pmax (P (A +H"”") PLC — PLGZj“")
k=1
mn
+ Z g (P (A +H"”") PLC — PLGZm)
k=1

where ym“x, yZ”n > 0. Further, rearrange equation (7.19) and (7.20) as
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Z Frecg(a+ H)' P+ P(A+ HL™)
k,j=1
—CTITP — G TP — PLC — PLG™)
mn <0 (7.22)
+ Z T (A + ) P+ P(A+H}™)
k,j=1
—CTL"P — G"”” L"P — PLC — PLGY "}
Z yrmex((a+ H{j”") P+P(A+H;")
k,j=1
—CTITP — G ITP — PLC — PLG ™)
mn <0 (7.22)
+ Z ﬂgm{ A + H"”") P+P (A + H"””)
k,j=1
~CTLTP - GZ}”’ I"P — PLC — PLGy; "}

However, it is still not possible to solve equation (7.19) and (7.20) for L and P

because y}(';“x, y’,f]m are time varying coefficients. Hence, to overcome this problem, we

transform the problem in equations (7.19) and (7.20) to equations (7.23)-(7.26) which do

not involve ymax and ym”".

P(A+HI™) + (A+HP ) P—(C+GPe) I"P — PL(C + GI1*) <0,  (7.23)
P(A+HI™ )+ (A+HF™) P—(C+ G"”") LI"P—-PL(C+GF™) <0, (7.24)
P(A+H™ )+ (A+HI™) P —(C+GP) 1P — PL(C + GJ1*¥) <0,  (7.25)
P(A+H™ )+ (A+HI™) ' P—(C+ G 1"P - PL(C + Gi™) <0,  (7.26)
forvi=1,.,n, Vj=1,.,nandVj=1,..,m
If equation (7.23)-(7.26) is satisfied, then equation (7.16) is automatically satisfied.

Corollary to Theorem 5: Bounded Jacobian Observer for Specified Problems

For the class of systems and observer forms described in equations (7.1) and (7.2), if an

observer gain matrix L can be chosen such that
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P(A _l_ﬁir;lax) + (A + Hmax) pP— (C + G}g}ax)TLTP —PL(C + G;c‘r]l'ax) <0
P(A+ HTx )+ (A+ Hmax) P—(C+ G,?Jl-in)TLTP —PL(C + élzr}in) <0
P(A+H™) + (A+H™) P—(C+Gu™) LTP = PL(C+ GI™) <0 (797)

P(A+HF™ )+ (A+HF™)' P — (C +GPm)'17P — PL(C + GJ¥™) < 0
P>0
vVi=1,..,n,Vj=1,...,,nandVk =1,..,m

where 1) i7" > max(0®; /0x]) and hmm < min(ad)i/axj),

2) H7™ = en(Dey, (O and H"”” = e, (el (l)hmm,

3) Zy = n X n — wy Is the state scaling factor, n being dimension of the state
vector, wy being the number of terms in d®;/dx; that equals zero,

4) Hmax — ZHHmax and Hmm — Z Hmm

5) gk = max(9Wy/0dx;) and g,’{}m < min(8¥,/0x;),

6) Gij™* = en(K)er (Ngi;™and Gij™ = en(k)er (Dgiij™,

7) Z; = m X n — wg, Is the state scaling factor, m being dimension of the output
vector, wg being the number of terms in d¥; /dx; that equals zero,

8) Gmax — ZGGmax and Gmm — ZGGmlTl’

then this choice of L leads to asymptotically stable estimates by the observer (7.2) for the

system (7.1).

Proof: The proof of the Corollary follows along the same lines as the proof of theorem 5,

except for the definition of the scaling factor z, and Z.

In the general problem, if all of terms in d®;/dx; are not zero, then Y./, (8/7** +

i,j=1
6{]’-”" =nxn = zy or if all of terms in 9W¥,/dx; are not zero, then Zk] 1()/ x4
y,i’]%i”) =m Xn = z;. However, in some problems, if there exist d®;/dx; =0 or
0Wy/0x; = 0, then 7L (877%% + 677™) is less than zy or T2 (vi™ + vi™) is less

that z;. We can then to define new scaling factors, z,; and z;;.
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nn

D (@ + 8y = nxn - wy = 7 (7.28)
ij=1

mn

z V™ +vi™) =mxn—wg = 7 (7.29)
K =1

where wy, is the number of terms in d®;/dx; that equals zero and wg is the number of
terms in 0¥, /dx; that equals zero. Now, we use z and Z; instead of z, and z; can be

used to complete the proof.

7.5. Conclusions

In this chapter, a new observer design technique is developed for a nonlinear system with
a locally or globally bounded Jacobian. The approach is developed in order to deal with
differentiable nonlinear systems. The observer gains can be obtained by solving LMIs.
The developed theory is used successfully in the design of observers for vehicle systems
involving complex nonlinearities. The use of the observer design technique is illustrated

for estimation of body slip angle in chapter 9.
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Chapter 8

8. NOVEL UNKNOWN INPUTS NONLINEAR OBSERVER

As described earlier, a nonlinear observer for a nonlinear system with complex
nonlinearities is needed. Thus, four new nonlinear observers have been developed for this
purpose. In this chapter, the nonlinear observer and unknown input estimation for

bounded Jacobian nonlinear systems with unknown disturbance inputs is presented.

8.1. Summary

This chapter extends the result in chapter 6 and chapter 7 and presents a new observer
design technique for an unknown inputs nonlinear system with a globally (or locally)
bounded Jacobian. This observer can applied for an unknown inputs nonlinear system
with nonlinear measurement model. The approach utilized is to use measurements and
state estimation to express the unknown inputs and use the mean value theorem to
express the nonlinear error dynamics as a convex combination of known matrices with
time varying coefficients. The observer gains are then obtained by solving linear matrix
inequalities (LMIs). The developed approach can enable observer design for a large class
of differentiable nonlinear systems with a globally (or locally) bounded Jacobian. The
developed theory is used successfully in the design of observers for vehicle systems
involving complex nonlinearities and unknown inputs. The use of the observer design

technique is illustrated for estimation of roll angle and rollover index in chapter 12.

8.2. Introduction

This section focuses on a new observer design result for an unknown inputs nonlinear
system with a locally or globally bounded Jacobian. A major limitation of the existing
results for Lipschitz nonlinear systems is that they work only for adequately small values
of the Lipschitz constant. When the equivalent Lipschitz constant has to be chosen large
due to the inherent non-Lipschitz nature of the nonlinearity (such as in the case of
aerointroduction drag force in vehicle systems), most existing observer design results fail

to provide a solution. This section develops a solution methodology that works well
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without requiring a small Lipschitz constant bound for the nonlinear function. The basic

idea in this section is to use measurements and state estimation to express the unknown
inputs and use the mean value theorem (McLeod (1965) and Korobkov (2001)) to express
the nonlinear error introductions as a convex combination of values of the derivatives of
the nonlinear function. The observer gain guaranteeing the convergence of the proposed
observer is easily computed by LMIs.

8.3. Problem Statement for Unknown Inputs Nonlinear Observer
This section presents an efficient methodology for designing observers for the class of

nonlinear systems described by

x = Ax + n(x,u) + Bu (8.1)
z=Ex (8.2)
y=Cx+¥(x) (8.3)

where u € RF are the known control inputs, u € R? are the unknown inputs, y € R™ and
z € R are the output measurements. A € R™", B € R™*P, E € R?”*", and C € R™"
are appropriate matrices. The functions n(x,u): R™ X RP - R™,and W(x): R™ - R™ are
nonlinear. In addition, n(x,u) and W(x) are assumed to be differentiable nonlinear

functions with globally (or locally) bounded Jacobian.

The objective of this estimation problem is to quantitatively estimate the unknown inputs
u(t) and to estimate the state vector x(t), given the output measurements y(t) and z(t).
The approach to estimate unknown inputs will first be described in the section 8.4 and

subsequently the nonlinear observer design technique will be described in the section 8.5.
The overall approach to the estimation problem is as follows:

1. The unknown inputs are estimated assuming that full state measurement is
available. The algebraic relation between the unknown inputs, the states and
outputs is developed.

2. Using the algebraic relation between the unknown inputs and states, a modified
state introductions equations are developed which do not depend on the unknown

inputs.
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3. Stable observer design for the new modified nonlinear introductions ensures that

the state and unknown inputs can both be estimated.

8.4. Unknown Input Estimation
To make the presentation easy to follow, we will consider single input nonlinear systems

first. Then, we will extend the results to multi-inputs nonlinear systems.

8.4.1. Single Input Nonlinear Systems [29]
Consider equations (8.1)-(8.3) when p = 1 (p is number of unknown inputs, u) and

q = 1 (g is number of output measurements, z).

Let the relative degree from  to z be 7,. Hence

EAB=0, 0<i<n-1 (8.4)

EA™ 1B # 0. (8.5)

Define the relative degree 7, from the nonlinear function n(x,u) to z as the number of
times the output z must be differentiated before the nonlinear function n(x,u) is

encountered. In order words, T is defined as a whole number such that

EA(x,u) =0, 0<i<n-1 (8.6)
EA™ 1n(x,u) # 0. (8.7)
Theorem 6: Let the relative degrees from the input 7, and from the nonlinearity 7, be

such that r,, = 7. Then the estimated unknown input is given by

i = EAWB) 2 — EATex — EAvn(x,w)| (88)
where we assume that the state variables, x, are known, and the filtered derivatives of the

output z are given by
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1 1

—— 0 0 0 -

Zf T Zf T

al z | |1 1 | 2] |2
atl ¢ |7 T2 T 0 S Bl B 2 (8.9)

f 1 1 1|1Y°f 1

1z L77r—1

Proof: Since the relative degree of the system from the output z to the unknown input u

is ,, it follows that

zUW = (EA™x) + (EA™ n(x,u)) + EA™ 1B (8.10)

Since EA™»1B = 0, it therefore follows that the unknown input is given by

p=(EAW1B) 20w — EATux — EA™w 1n(x, u)] (8.11)
Since z is measured but the 7,th derivative of the output z is not unavailable, we therefore

use the following estimator for the unknown input.

i = EAW1BY [ — BArex — EAW ()] (8.12)

@]

where Z; is obtained from the 7,th order filter given in equation (8.9). Then, as the filter

constantt = 0,4 - puast — oo.

8.4.2. Multi-Input Nonlinear System [30]
Consider equations (8.1)-(8.3) when p > 1 (p is number of unknown inputs) and g > 1

(g is number of output measurements, z).

Let the vector relative degree of the system from the outputs z to the input u be
[Tur  Tu2z -+ Tuq]. Let the relative degree from each of the outputs to the nonlinearity
be 731,792, e Tg-1) ANd 7q. Assume that 7,1 = 74,72 = T2, oo, Ty(g—1) = Tuq and

Thg = Tug- It follows that

Zl.(r”i) = (EATix) + (E, A" n(x,uw)) + E;A™i" 1By, i=12,..,q (8.13)

Hence
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I[ZI’“} E,ATax] [E ATt E,ATm~15
Tu2 AT, ATuz—1 TTu2-1p
%2 =[E2A: g EZA:M ]n(x,u)%— E24 Ijz B}u (8.14)
l ruqJ [E Aruqu lE /Truq_lj [E ,Lfruq_lgj
Zq q q q
It therefore follows that the unknown inputs are given by
ul [E, A B ( l[er’“} [ElAmlx] [E; ATt
Tu2—1 Tu2 T Tua—1
| =BT !'ZZ i 'n<x u)L ©.15)

tql |E,ATna=1B] u i | |E, Amax] |E, Amq—lj J
Theorem 7: The estimated unknown inputs are given by

Tui
1 E1A_r“1 131 ! Ifl[z ’ —I [E1/Tr”1x-| [E11‘Tr”1_1] \l
iru—1D Tu2 AT Arys—1
Ep A B| 4|22_f| |E2A:u2x|_|E2A:u2 |Tl(x,u)} (8.16)
Eq/TTﬂq*BJ uzr'uqJ [Eq/TTuqu [Eq/TTuq‘lj J
qf

where we assume that the state variables, x, are known and

1 r 1

—— 0 0 0 -

Zif T Zif T

I N S R S PV I I
— =] T . ff +|zZ |z i=12..q (817

(r 1) 0 (r 1) :

Zif 1 1 1|L%ir 1

_T_r_l _T_z _?_ _7;7'_1_

Proof: Follows along the same lines as the proof for Theorem 4.

8.5.  Unknown Inputs Nonlinear Observer
In the section 8.4, we have shown that the estimated unknown inputs, f, can be estimated
by using equation (8.16). So, we can substitute the unknown inputs, u, by using equation

(8.16). Then, the new dynamic equation for the nonlinear system is given by
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x = Ax + n(x,u)

T
g aa B (|7 | (B ATax) (B Aat )
1Tuz—10 r#Z AT ATu2—1 (8.18)
4 g|E2A™T'B hzz EpATiex| | EpATne n(xu)} :
lEqATuq—lB uz;“qJ E, Jruaz] |E, ATna~? | J
Rearrange equation (8.18), as
x =Ax + ®(x,u) + g(z),
E,Atwa=1B ' [E AT
| ] ]
A= A-p|EAWTB] | B AT
lquTTt;q‘léJ _quruq
[Elmu 'B][E /Trul-l]
o (1) = n(x,u) — |E2 "h 1B| Ey AT 1|n(x’u)’ (8.19)
[Eq/TTuq*EJ |, ATua~1
T,
[Elffrﬂl‘lé]_l [lejl—l
Tyu2—1 Tu2
o) = 5| TE)

EqATuq-lB T
af

where z; is the derivative of the output z.

8.5.1. Nonlinear Observer

We have substituted for the unknown inputs, u by using equation (8.16). Now, we need

to design a nonlinear observer for a nonlinear system described by
x=Ax + ®(x,u) + g(zf), (6.20)
y = Cx + ¥P(x).

Note: ® and ¥ are assumed to be differentiable and z is the derivative of the output z.

The observer for this problem will be assumed to be of the form

+g(y'u)+L(y_5})' (821)
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Since the nonlinear system described by equation (8.20) is the same as that described by

equation (7.1) in chapter 7, we can directly apply Theorem 5 or Corollary to Theorem 5

to design an observer.
The Corollary to Theorem 5 will be repeated as follow:
Corollary to Theorem 5: Bounded Jacobian Observer for Specified Problems

For the class of systems and observer forms described in equations (8.20) and (8.21), if

an observer gain matrix L can be chosen such that

P(A+HI) + (A+HP™ ) P—(C+G™) 1P — PL(C + GJ**) < 0
P(A+HP™ )+ (A+H) P —(C+GP™) 1P — PL(C + GJi™) < 0
P(A+H™) + (A+H™) P—(C+Gu™) LTP = PL(C+ GI™) <0 g9y
P(A+HF™ )+ (A+HF™) P = (C+ G L'P = PL(C + GI'™) < 0
P>0
Vi=1,..,n,Vj=1,...,,nandVk =1,..,m

where 1) b} = max(0®; /(')x]) and hmm < min(atbl-/axj),

2) Hi7™ = e, (el (Dhi;** and Hmm =e, (el (])hmm,

3) Zy = n X n — wy Is the state scaling factor, n being dimension of the state
vector, wy being the number of terms in d®;/0dx; that equals zero,

4) Hmax — ZHHmax and Hmm — Z Hmm

5) g™ = max(0¥,/0x;) and g™ < min(0W,/dx;),

6) G} = en()es (Ngi™and Gij'™ = en(Kef (Ngi;™,

7) Z; = m X n — wg, Is the state scaling factor, m being dimension of the output
vector, wg being the number of terms in 9W; /dx; that equals zero,

8) G = Z,G™ and GIM" = Z,GI™,

then this choice of L leads to asymptotically stable estimates by the observer (8.21) for
the system (8.20).
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8.6. Conclusions

In this chapter, a new observer design technique is developed for an unknown inputs
nonlinear system with a locally or globally bounded Jacobian. The approach is developed
in order to deal with differentiable nonlinear systems and unknown inputs. The observer
gains can be obtained by solving LMIs. The developed theory is used successfully in the
design of observers for vehicle systems involving complex nonlinearities. The use of the
observer design technique is illustrated for estimation of roll angle and rollover index in

chapter 12.
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Chapter 9

9. APPLICATION OF NONLINEAR OBSERVER TO
LONGITUDINAL VELOCITY ESTIMATION

9.1. Summary

The knowledge of longitudinal velocity can be useful to many active vehicle safety
control systems such as anti-lock braking systems (ABS), yaw stability control and roll-
over prevention control systems. This section illustrates the estimation of the longitudinal
vehicle velocity by using the bounded jacobian approach in chapter 6. The results show
that both the new and standard Lipschitz based observers can estimate the longitudinal
velocity. However, the developed new observer is the more appropriate observer for this
problem. This is because the aerodynamic force term, —D,%?2, is not Lipschitz. By using
the developed theorem, it is possible to obtain observer gains which are smaller than
those from a Lipschitz based observer. The small gains of the observer are good for
estimating parameters because they will not enhance noise unlike the Lipshitz based
observer. The performance of the new observer is clearly better than that of the standard

Lipshitz observer.

9.2. Introduction

The knowledge of longitudinal velocity can be useful to many active vehicle safety
control systems such as anti-lock braking systems (ABS), yaw stability control and roll-
over prevention control systems. Longitudinal vehicle speed is often approximated from
an average of the speed of the 4 wheels of the vehicle. While wheel speed can be
measured, actual longitudinal vehicle speed itself cannot be easily measured. However,
longitudinal vehicle speed can differ significantly from wheel speed during hard braking,
slippery roads, etc. Hence an approximation of vehicle speed from wheel speed can lead
to significant errors under these conditions. This section develops an observer to estimate

longitudinal vehicle speed from measurement of wheel speed.
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9.3. Longitudinal Vehicle Dynamics

The vehicle model consists of equations for the longitudinal motion of the vehicle, for the
rotational dynamics of each wheel and for the relationship between tire forces, slip ratio
and tire road friction coefficient [3], [10], [22], and [31].

The longitudinal dynamics can be represented as

mx = F, — R, — D% (9.1)
where x is the longitudinal speed, m is the mass of the vehicle, R, is the rolling
resistance, and D, is an aerodynamic drag parameter. The total longitudinal tire force is

represented by F,.

E = xf Tt Eer 9.2)
where F, is front wheel longitudinal tire force and F,, is rear wheel longitudinal tire

force.
The rotational dynamics of front wheel and rear wheel are represented by

Lo@r = Taq — TesrFyf (9.3)

Ly@r = —TopfFey (9.4)

where wf and w,. are angular velocity of front and rear wheel respectively. T, represents
the drive torque delivered to the front wheels. 7.+ is the effective radius of the tire and

I,, is wheel inertia.

The longitudinal force generated at tires is known to depend on the longitudinal slip ratio,
the tire-road friction coefficient, and the normal force applied at the tire. Longitudinal
slip ratio is defined as

T'effwf —X

P2 = tnax (Tefrwp, %) (9.5)

T'eff(i)r —X

(9.6)

T max (Tepf@p, X))

The tire force in the small slip region can then be modeled as
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Fxf = Afaxf’ Eq = A0y 9.7

where Ar and 4, are called the longitudinal tire stiffness parameters of the front and rear

tires respectively.

Assume we need to estimate longitudinal velocity, X, in the range 24-36 meters per
second (or 54-80 mph) during positive acceleration. The measurements of system are the
drive torque, T, , wheel angular velocity, w; and w,. Then, it is reasonable to linearize
equations (9.5) and (9.6). The modified equations of equations (9.5) and (9.6) are

represented by

TorFWs — X
O = LT~ (9.8)
Terr@Wro
TeffWr—X
Oy = ffT or gy = 0. (9.9)

This approximation could be justified by the fact that r.rw, and x are very close to each
other and therefore 7. crwy — x is small, while 7,¢rwy, is large and hence small changes
in rprwro Would be negligible in the denominator while they would not be negligible in
the numerator. Likewise, r.srw, and x are almost equal during positive acceleration and

X, Is large compared with . sw, — x. Then, E,,. is approximately zero.

Therefore, the observer is assumed to be of the form

A Aoy
f _ _m(reffa)fO) m(reff“)fo) }
[@fl Aresy Arers L"fl [1/ ! ]Td
l Iw(Teffwfo) w(reffwa)J (9.10)
+[ x/m [DAZ][ < 01[])
y=10 1] [(jf]

9.4. Observer Design for Longitudinal VVehicle Motion

First, we will find observer gains by the developed theorem which needs to solve LMIs.

Then, a standard observer [24] based on Lipschitz system based design is used to find
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observer gains. The results and observer performance will be compared for the two types

of observers.

For simulation, we will use a vehicle simulation (VS) model from CARSIM software
runs within a Simulink model. The vehicle code is a D-Class, Sedan, with default

parameters (m = 1530 kg, I,, = 2 kg.m?, 1.;; = 0.335m).

9.4.1. Observer Design Using the Corollary to Theorem 2 in Chapter 6
In this case, we would like to estimate longitudinal velocity in a range, x € [24,36].
Apply the corollary to theorem 2 in Chapter 6 for the problem.

In this case, n = 2.

_ 2
D(x) = Dg" ] (9.11)
0y _ 2D, 0y _ 9.12
ax T BT (8.12)
02 _ 0 02 _ 0 9.13

. Db, od, OD
Since—=—2=—"2

20; = 0% = owy = 0, then the scaling factor is

Zy=nXn—wy=2%X2-3=1 (9.14)

Next, find H}}** and HZ-””.

gmax _— _16 0 Tmin _ —27 0
ane= 7" o) A= (9.15)
H;rlr%ax — H;rlréin — Hgllax — Hrznlin — Hrznzax — Hrznzin — 8 8] (916)

Now, we are ready to solve equation (6.35) for observer gain. Observer gains are defined
by Table 9-1.

Table 9-1 Observer gain schedule from the developed nonlinear observer

Tefr® Terf@o L

24 <71pprw < 28 26 [0.5149 2.8749]"
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28 < Tpppw < 32 30 [0.5556 2.9409]"

32 < 15w < 26 34 [0.4810 2.6522]"

9.4.2. Standard Lipschitz Based Observer [24]
The class of nonlinear systems described by

;c; ; ?;c +o(x) + gy, u) ©.17)
where x € R™ is the state vector, u € RP is the input vector, and y € R™ is the output
measurement vector. A € R™™ and C € R™™ are appropriate matrices. The functions

®(x):R™ - R™, and g(y,u): R™ x RP — R™ are nonlinear.
The observer form is given by:

X =A%+ &%)+ g(y,u) + L(y — C%) (9.18)

Lipschitz condition is given by:

[P, u) — (X, w| < yllx— x|, Vx, X, y>0 (9.19)
For the class of systems and observer forms described in equations (9.17), (9.18) and (9.19), if an

observer gain matrix can be chosen such that

(A—LO)TP+PA-LC)+1 P
P —1/y?
for some positive definite symmetric matrix P, then this choice of L leads to

<0 (9.20)

asymptotically stable estimates by the observer (9.18) for the system (9.17).

Apply the Lipschitz condition. We can show that

—Do%% + Dy x? Y Olqrx—%
”[ o ] S[0 y]”[ 0 ]” (9.21)
Dal|(%% + 22)|| < yllx — 2l 9.22)

¥ = Dgl|#max + Tmax]|- (9.23)

The maximum longitudinal velocity is 36 meters per second and D, is 0.3686. Then, the

Lipschitz constant, y, is 27.
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For the Lipschitz constant, y = 27, observer gains are defined by Table 9-2.

Table 9-2 Observer gain schedule from Lipschitz observer

Teff@ TeffWo L
24 <71pprw < 28 26 [43.7700 125.9678]"
28 < Tpppw < 32 30 [51.4416 140.5622]"
32 < 1pppw < 26 34 [51.5478 138.2755]"

9.5. Simulation Results
Assume: the statistic error of angular velocity of wheel is normal distribution with 0

mean and 0.23 standard division.

Slip Ratio Oy
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Figure 9-1 Slip ratio oy.
Figure 9-1 shows the slip ratio and the estimated slip ratio when the vehicle acceleration
is positive. During the time 0 to 5 seconds, there are few changes in the slip ratio of front
wheels because the engine torque is kept near constant. Then, the slip ratio of front
wheels is increased during 5 to 10 seconds and decreased during 10 to 15 second because

the engine torque is increased and decreased, respectively.
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Also, Figure 9-1 shows that the estimate slip ratio of front wheel is close to the true slip

ratio. Likewise, the slip ratio of rear wheels is approximately zero. This is because rear

wheel speed is very close to the vehicle speed during acceleration of a front wheel drive

Estimated Velocity with Developed Theorem Estimated Velocity with Standard Observer
33 T 33 3
Velocity /v" Velocity
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a) Develop theorem observer

Figure 9-2 Velocity estimation.

b) Standard observer

Figure 9-2 presents the longitudinal velocity and the estimated longitudinal velocity when

the vehicle acceleration is positive.
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Figure 9-3 Percentage velocity error.
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Figure 9-3 shows percentage velocity error from each observer. The percentage velocity

error from the developed theorem is smaller than that from the standard observer.

Table 9-3 Comparison of observer gains

] Standard Lipschitz
TeffWo Observer Desgin
Based Observer
26 [0.5149 2.8749]T | [43.7700 125.9678]"
30 [0.5556 2.9409]" | [51.4416 140.5622]7
34 [0.4810 2.6522]7 | [51.5478 138.2755]

9.6. Conclusions

The results show that both the new and standard Lipschitz based observers can estimate

the longitudinal velocity. However, the developed new observer is the more appropriate

observer for this problem. This is because the aerodynamic force term, —D,x?2, is not

Lipschitz. By using the developed theorem, it is possible to obtain observer gains which

are smaller than those from a Lipschitz based observer. The small gains of the observer

are good for estimating parameters because they will not enhance noise unlike the

Lipshitz based observer. The performance of the new observer is clearly better than that

of the standard Lipshitz observer.
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Chapter 10

10. APPLICATION OF NONLINEAR OBSERVER TO SLIP
ANGLE ESTIMATION

10.1. Summary

Real-time knowledge of the slip angle in a vehicle is useful in many active vehicle safety
applications, including yaw stability control, rollover prevention, and lane departure
avoidance. Sensors that can directly measure slip angle are too expensive for ordinary
automotive applications. This section uses a new nonlinear observer design technique for
estimation of slip angle using inexpensive sensors normally available for yaw stability
control applications. The approach utilized is to use the mean value theorem to express
the nonlinear error dynamics as a convex combination of known matrices with time
varying coefficients. A modified form of the mean value theorem for vector nonlinear
systems is presented. The observer gains are then obtained by solving linear matrix
inequalities (LMIs). The developed approach also can enable observer design for a large
class of differentiable nonlinear systems with a globally (or locally) bounded Jacobian.
The developed nonlinear observer is evaluated through experimental tests on a Volvo
XC90 sport utility vehicle. Detailed experimental results show that the developed
nonlinear observer can reliably estimate slip angle for a variety of test maneuvers on road

surfaces with different friction coefficients.

10.2. Introduction

Electronic stability control (ESC) systems that prevent vehicles from spinning, drifting
out, and rolling over have been developed and recently commercialized by several
automotive manufacturers [3], [4], [13]. Many electronic stability control systems focus
on yaw rate feedback for enhancing stability performance. In such cases, the control
system attempts to ensure that the actual yaw rate of the vehicle tracks a desired yaw rate
determined by the driver’s steering input [1]. However, in situations on low-friction road

surfaces, it is also beneficial to control the vehicle slip angle and prevent it from
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becoming too large, in addition to controlling yaw rate [3], [4], [13]. Slip angle control is

necessary because too high a slip angle can reduce the ability of the tires to generate
lateral forces and can significantly compromise the performance of the vehicle control
system. Hence, both yaw rate and slip angle are variables needed for vehicle stability

control.

This dissertation focuses on methods of slip angle estimation for real-time yaw stability
control. To begin with, let us review the formal definition of slip angle. The slip angle of
a vehicle g is the angle its velocity vector at the center of gravity (c.g.) makes with the
longitudinal axis of the vehicle. The slip angle of a tire « is the angle of the velocity
vector at the tire with the orientation of the tire [3]. Both of these definitions are

illustrated in Figure 10-1.

Vehicle
V. Longitudinal axis
f x

Y

4

Vehicle slip angle = ,B
Tire slip angle = ¢

Figure 10-1 Vehicle and tire slip angles.

10.3. Review of Slip Angle Estimation Methods

10.3.1.0ne-Antenna and Two-Antenna GPS Systems

One-antenna carrier-phase GPS systems can measure vehicle velocity quite accurately
even without the use of local differential correction signals. For example, GPS systems
such as the Novatel Superstar are relatively inexpensive and have a cost in the range of

about $300. The Novatel Superstar can provide a horizontal position accuracy of 5-10 m
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and a velocity accuracy of 0.05 m/s. The velocity accuracy obtained is far superior to the

position accuracy due to the use of carrier phase signals [32]. By using velocity
measurements in the absolute (inertial) earth coordinates, the orientation of the velocity

vector in the horizontal plane of the vehicle can be obtained as

(Y
6,, = tan™! <}> (10.1)

where 6, is the orientation of the velocity vector of the vehicle in absolute coordinates.
In order to obtain slip angle, one further needs to obtain the absolute orientation angle of
the vehicle itself, since slip angle is the angle between the vehicle longitudinal axis and
its velocity vector. A two-antenna GPS system can be used to obtain absolute orientation
of the vehicle. A two-antenna system provides real time position information at two
points along the vehicle — the two points being those corresponding to the antenna
locations. While these position values are themselves inaccurate (with accuracy of the
order of 5-10 m), the fact that the relative distance between these two points is fixed and
known can be used to obtain accurate estimates of vehicle orientation [32]. Algorithms
and results on obtaining orientation with inexpensive two-antenna systems for satellites
are presented in [32] and could potentially be extended to obtain similar results for

automotive systems.

It should be noted that two-antenna GPS systems are likely to cost as much as $600 and

will be considered expensive for passenger sedans by automotive manufacturers.

A one-antenna GPS system cannot by itself measure slip angle, as explained earlier.
However, several researchers have developed systems for slip angle measurement based
on the use of an inertial measurement unit together with a one-antenna GPS system [33],
[34]. In the case of such systems, the inertial measurement unit provides lateral and
longitudinal acceleration measurements, which can be integrated to obtain lateral and
longitudinal velocities. The ratio of these body-fixed velocities can then be used to obtain
slip angle. The major problem with this integration approach is that bias errors in the

acceleration measurements will cause serious drift in the velocity estimates. The bias
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errors can be estimated in real time using a Kalman filter that combines the use of inertial

sensors with a single-antenna GPS system.

The disadvantage of the GPS-inertial measurement unit approach is that the inertial
sensors often have to be of very high quality in order to obtain accurate drift-free
estimates. High quality inertial measurements can be extremely expensive. For example,
the RT3000 system sold by Oxford Technical Solutions costs over $50,000 [35]! To the
best of the authors’ knowledge, there are no inexpensive single-antenna slip angle

estimation systems currently being sold on the market.

Another disadvantage of GPS-based systems in general is that they are unreliable in
urban environments where tall buildings and urban canyons can prevent access to GPS

satellite signals.

10.3.2.0ptical Sensors for Slip Angle Measurement

Noncontact optical sensors for slip angle measurement have been developed by Corrsys—
Datron [36] and others. These sensors use optical means to capture planar road texture
and evaluate the motion of the vehicle by measuring the direction and magnitude of
change with respect to the road texture. Such optical sensors can provide very accurate
slip angle measurements. However, they are very expensive. For example, the sensors by

Corrsys—Datron cost over $30,000!

10.3.3.Dynamic Model-Based Estimation

A more cost-effective solution compared with optical sensors and GPS-based systems is
to estimate slip angle from typical on-board sensors already available for use by the
vehicle stability control system. For example, accelerometers that measure lateral and
longitudinal acceleration, a gyroscope that measures yaw rate and a steering angle sensor
are typically used by all stability control systems. A slip-angle estimation system that
relies only on these sensors would not add any cost to the stability control system and
would therefore be valuable. It should also be noted that accelerometers in general cost as
little as $5-$10 a piece and are extremely viable for automotive applications. Several
researchers have proposed different slip angle estimation methodologies based on use of
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the above stability control system sensors. Most methods can be categorized in two

groups: kinematics-based methods [4], [5], [37] and vehicle-model-based methods [38],
[39], [40], [41], [42], [43]. The kinematics-based methods (or integration methods) are
robust against vehicle parameters, changes in tire-road conditions, and changes in driving
maneuvers. However, such methods are very sensitive to sensor error especially sensor
bias error, which causes a drift, and sensor error caused by road bank angle. The model-
based methods, on the other hand, are relatively robust against sensor errors. However,
they depend heavily on the accuracy of the vehicle and tire parameters and knowledge of
road conditions. Most slip angle estimation methods rely on a linear vehicle model that
can work effectively only under normal vehicle operating condition. When the vehicle is
skidding and the slip angle becomes large, these estimation methods can no longer

provide slip angle estimation reliably.

In this dissertation, we present a method of estimating vehicle slip angle based on a
nonlinear vehicle model. The method is suitable for a large range of operating conditions.
The developed estimation algorithm was validated with experimental measurements on a
test vehicle. It was verified that this slip angle estimation provides reliable slip angle and

can be potentially used effectively in vehicle stability controllers.

10.4. Vehicle Lateral Dynamics

Consider the two-degrees-of-freedom (2-DOF) model used to represent the vehicle lateral
dynamics as shown in Figure 10-2. The 2 DOF are the lateral translation of the vehicle y
and the yaw rate r of the vehicle. The nonlinear vehicle lateral dynamics when the

steering angle is assumed to be small can be formulated as

ma, = m(y +ru,) = Fyr + E,, (10.2)
1,7 = aF,; — bE,, (10.3)
where F,r and F,,. are the lateral tire forces of the front and rear wheels respectively, u,

is longitudinal velocity and a and b are the distances of the front and rear tires

respectively from the c.g. of the vehicle.
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Figure 10-2 Single track model for vehicle lateral dynamics.

It should be noted that in the presence of road bank angle, the lateral translational
equation (10.2) is modified to m(y + ru,) = F, 5 + E,, — mgsin(¢,), where ¢, is the
road bank angle. Since the measured lateral acceleration includes the influence of the
gravity component due to the road bank angle, the lateral acceleration measurement is
given by a,, = j + ru, + gsin(e,). Hence, the equation ma,, = F,s + E,,. holds even in

the presence of road bank angle. Road bank angle also does not affect equation (10.3).

The lateral tire force for each of the front and rear tires is computed from a lateral tire

model for parabolic normal pressure distribution [3]:

4a’b k
F, = uF, (36a — 36%a’sgn(a) + 63a?), 0 =——
3uF;

where u is tire-road friction coefficient, F, is the vertical force on the tire, a. is half-

(10.4)

length of contact patch, b, is half-width of contact patch, and k is isotropic stiffness of
tire elements per unit area of the belt surface. Assume that the variables u, F,, and 8 are
known and that they change slowly. This is a reasonable assumption. The variable 6 is
indeed a constant dependent only on tire parameters. While the variable F, does change
somewhat with longitudinal acceleration and deceleration, this change is slow and can be
estimated quite easily. The friction coefficient u can be estimated from the longitudinal

dynamics of the vehicle [3], [31]. The equation (10.4) can then be simplified as

F, = c;a — c;a’sgn(a) + cza®. (10.5)
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Note: It is also possible to use other nonlinear lateral tire models for the problem, such as

the Pacejka Magic Formula tire model [3].

The lateral tire forces described by equation (10.4) are presented in Figure 10-3.

x 10 Lateral tire force vs. slip ratio relationship
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Figure 10-3 Lateral tire force described by equation (10.4).

The slip angles at the front and rear tires can be related to the body slip angle and the yaw

rate using the following linear approximations:

"y ( 4 m) _rb (10.6)
af - ﬁ Uy ) a, = u, ﬁ .
where af and a, are slip angles of the front and rear wheels respectively and g is vehicle

body slip angle.

Including the tire model, the vehicle dynamic model can be written as

ma, = m(y + ru,) = Cifay + cray + n(af) +n(a,)

. (10.7)
I,7 = acypay — beyray + an(af) - bn(a,)

where n(ay) = —cypafsgn(ay) + czpa? and n(a,) = —crafsgn(a,) + czrai.

We need to rewrite equation (10.7) in the standard system dynamics format described by
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x=Ax+®(x) + g(y,u) (10.8)

y=Cx+¥(x)
where x € R™ is the state vector, u € RP is the input vector, and y € R™ is the output
measurement vector. A € R™™ and C € R™™are appropriate matrices. The
functions ®(x): R™ - R™, W(x):R™ - R™, and g(y,u): R™ X RP — R™ are nonlinear.

It is possible to choose B and r as the state vector and write equation (10.7) in the form of
equation (10.8). However, the nonlinearities of the system as shown in equation (10.9)

will become too complicated, if these state variables are chosen.
mG+rw =c, (6 (B+-) +c(@—ﬁ)+ 5— (B+20))+ C2_p
y =0 ” 2\, n ” n n

Ir'=acl<6— (B+%)>—bcz(%—ﬁ)+an<6— (ﬁ+%)>—b77(%—3)

where n(ay) = —c,pafsgn(ay) + cspaf and n(a,) = —crafsgn(a,) + crai.

(10.9)

To overcome this problem, we choose the slip angles at the front and rear tires a, and a,.

as the states. Then, the system equations can be written as
Uy azclf ( Uy abclr)]
[ ] a+b Lu, a+b Lu, l[af
Uy abclf Uy b?cy, J “r
a+b Lu, a + b 1 Uy
() 1 —Lps
| (a + b) Uy | [
+ 5 +
G o e
a+b Uy Y

For the output, we can measure a, using an accelerometer and r by a gyroscope. Also,

,___|

(10.10)

1

i

b b2
+“—n(af) - (@)

we know the steering input, &, and the steering rate input, §. These are known inputs.

Then, the output equation can be written as

_ _(éb) a+b ‘[ f]

m

n(ay) n(ar)] (10.11)

m m
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Then, the slip angle of the vehicle can be computed from the slip angle of the front or

rear tire as

-y ( +m> _rb (10.12)
p = ar ” orﬁ—u Q. .

X

It is desired to use a nonlinear observer based on the above nonlinear vehicle model
(10.10)-(10.11) to estimate slip angle. However, most available nonlinear observers in
literature are designed for a nonlinear system with linear measurement equations.
Moreover, the most commonly used techniques and applicable observer design methods
are based on either linearization or on the assumption that the nonlinear system is
Lipschitz. A major limitation of the existing results for Lipschitz nonlinear systems is that
they work only for adequately small values of the Lipschitz constant. When the
equivalent Lipschitz constant has to be chosen large due to the inherent non-Lipschitz
nature of the nonlinearity (such as in the case of vehicle systems), most existing observer
design results fail to provide a solution. Hence, we use the corollary to theorem 3 in

Chapter 7 to design the nonlinear observer.

10.5. Observer Design for Slip Angle Estimation
For the dynamic equations, the scaling factor z, is4. (Zy =nXn—wy =2%X2—-0 =
4). The term ®(x) is

a* 1
Ay
d(x) = 10.13
() = [+ab()b2<>J (1013)
L, T L,
where n(ay) = —cypafsgn(ay) + c3pa? and n(a,) = —crafsgn(a,) + czrai.
The jacobian of the nonlinear function ®(x) is computed to find Hmax and H"”".
0D, a? an(af) a?
= - —2 3cya? 10.14
oa; y; o oa Izux( czafsgn(af) + 3csaf) (10.14)
0P ab on(a ab
L= us r) (—2c,a,sgn(a,) + 3cza?) (10.15)

da, qu da, Izux
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od,  ab on(ay) _ab

90, - TLu da; —ﬁ(—Zczafsgn(af) + 3c3af) (10.16)
ZYX ZYX
oD b? on(«a b?
6a2 = ~“Tu g(a r) = “Tu (—2c,arsgn(a,) + 3cza?) (10.17)
T ZYX T ZX

Then H}}** and HJ}™ are

a2
Hﬁax = 4 |Max <_E(_2C2afsgn(af) + 3(:3“12)) 0 (10.18)
0 0
I ab Y
fmax — 0 max (— i (—2c,a,sgn(a,) + 3c3ar)> (10.19)
L0 0 ]
0 07
gmax _— ab
21 =4 max (— (—Zczafsgn(af) + 3C3a]3)> 0 (10.20)
] Lu, 1
[0 0
gmax __ bz
H2™ =410 ax (_ - (=2c,a,sgn(a,) + 3csa? ) (10.21)
| zZX _
_ﬁin — _;réin — _Enlin — _glzin = 0. (10.22)

For the measurement equation, the scaling factor Zz; is 2. Since W;(x) = 0, the scaling
factor Z; is less than mxn. (Zg =mXxXn—wg = 2 X 2 —2 = 2). The nonlinear

function W(x) is

0
Y(x) = [n(af) N n(ar)] . (10.23)
m m

where n(ay) = —cypafsgn(ay) + c3pa? and n(a,) = —crafsgn(a,) + czrai.
The jacobian of the nonlinear function ¥(x) is computed to find Gj** and Gji™.

0w _ 0% _

E_ ) 3a (10.24)
ov, on(af) 1
3a; = maa = E(—Zczafsgn(af) + 3c3af) (10.25)
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0¥, on(a,) 1

= (=2 2 10.26
da, moa, m( Carsgniar) + 3¢sar) ( )
Then Gi** and G are
‘ﬁax — _;réax = (10.27)
0 0]
~max _— 1
21 = 2 max (E (—Zczafsgn(af) + 3C30(]Z)> 0 (10.28)
0 0]
~max _— 1
22 =2 max <E (—2c,a,.sgn(a,) + 303a3)> 0 (10.29)
‘;nlin — _gin — _glli" - _glzi" = (10.30)

Next, we solve equations (7.27) for the observer gain. Using the LMI toolbox in Matlab,
the example of observer gain for high friction surface is found to be

_ 1—40.8224 1.6749
~ 1 449540 2.9837

though theoretically many solutions can exist to the LMI (7.27). If a faster convergence

L ] (Note: The LMI toolbox in Matlab provides only one gain,

rate is desired, the RHS in equation (7.27) could be replaced by a negative definite matrix

instead of zero.)

10.6. Experimental Set Up

The test vehicle used for the experimental evaluation is a Volvo XC90 sport utility
vehicle. Vehicle testing was conducted at the Eaton Proving Ground in Marshall,
Michigan. A MicroAutoBox from dSPACE was used for real-time data acquisition. A
real-time GPS system, RT3000, from Oxford Technical Solutions was used for these tests
to accurately measure the vehicle slip angle for comparison with the performance of the
slip angle estimation algorithm. The specification of slip angle estimates from this system
according to the manufacturer is 0.15 degrees [35]. The GPS outputs were connected to
the MicroAutoBox via CAN communication at the baud rate of 0.5 Mbits/sec. To obtain

objective test results, the vehicle was instrumented to record the relevant values from
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both CAN network and GPS. The sampling time is set at 2 milliseconds. A photograph

of the test vehicle is shown in Figure 10-4.

Figure 10-4 The Volvo XC90 test vehicle with GPS system.

The signals required by the observer (7.2) are the lateral acceleration, longitudinal
velocity, yaw rate, steering angle and steering rate. The steering angle was obtained over
the CAN network bus of the Volvo XC90. The steering rate was obtained by
differentiating the steering angle. The other variables were obtained from the RT3000
system. While the RT3000 system is an expensive 6 axis inertial system combined with
GPS, the observer developed in this dissertation utilized only raw lateral acceleration,
longitudinal velocity and yaw rate signals.

10.7. Experimental Evaluation of Slip Angle Estimation

The maneuvers that were chosen to evaluate the observer are a standard double lane-
change on high friction road, standard double lane-change on low friction road, and a
random maneuver on a dirt surface. The estimated slip angle was compared with the slip

angle detected using the accurate GPS-INS system.

Figure 10-5 shows the experimental results of a double lane-change maneuver on a high
friction road with the vehicle speed at 70 mph. The figure shows that the estimated slip
angle is able to match the slip angle obtained from the GPS system very well. Figure 10-6
shows the experimental results of a random driving maneuver on a high friction road
surface. It can be seen again that the nonlinear observer provides accurate and drift-free

estimates of the slip angle.
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Figure 10-5 Slip angle estimation result in double lane change test on high friction road surface.
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Figure 10-6 Slip angle estimation result in random driving test.

Figure 10-7 and Figure 10-8 show the experimental results of a double lane-change

maneuver on a low friction road surface ( 4 = 0.35) with the vehicle speed at 35 mph.
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Figure 6 shows the relation between rear slip angle and total lateral force of the vehicle.

The figure indicates that the total lateral force is proportional to the slip angle when the
slip angle is small (e < 0.07). The maximum lateral force is 9000 N. After « > 0.07, the
lateral fire force saturates. In this case, it implies that a linear tire force model cannot be
used for this problem. If the model is described by a linear tire force model, it will cause

large errors in the slip angle estimation. Figure 10-8 shows the estimated slip angle on the
low friction road.

4 Slip Angle vs. Lateral Force (m*a, )
x 10 Yy

Lateral Force, m*ay (N)

-0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
Slip Angle (rad.)

Figure 10-7 Rear slip angle vs. total lateral force (ma,) result in double lane change test on low

friction road surface.
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Figure 10-8 Slip angle estimation result in double lane change test on low friction road surface.

The estimation errors for slip angle in the 3 different maneuvers are shown in Table 1.

The table shows that the RMS errors are less than 0.15 degrees on high friction road and

approximatly 1.4 degrees on icy road. It should be noted that the slip angle values are far

higher on the icy road and hence the RMS error as a percentage of slip angle range is of

the same order as on the high friction road.

Table 10-1 Estimation errors for experimental tests.

Double lane- Random Double lane-
change on driving on high | change on low
high friction friction surface | friction surface
surface
Maximum error (deg) 0.6588 0.3791 4.7024
RMS error (deg) 0.1421 0.1015 1.3217
maximum error 0.1624 0.3602 0.2273
maximum 8

R’ 0.98700 0.9259 0.9662

The extended Kalman filter (EKF) is an observer that involves a copy of the plant and

output injection to the observer. It is used to design observers for nonlinear problems.

However, there are few theoretical results to show when an observer design will be
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successful. In references [44], [45], they have shown conditions that the EKF will be a

locally asymptotic stable. However, their conditions are not easy to verify. In order to
compare the EKF and the new observer design, it seems that the new observer design is
easier to guarantee the stability of the system. Also, the computation cost of the new

observer is less than the EKF.

10.8. Conclusions

This dissertation developed a new nonlinear observer design technique for estimation of
slip angle using inexpensive sensors normally available for yaw stability control
applications. The approach utilized is to use the mean value theorem to express the
nonlinear error dynamics as a convex combination of known matrices with time varying
coefficients. The observer gains are then obtained by solving linear matrix inequalities
(LMIs). The developed approach can enable observer design for a large class of
differentiable nonlinear systems with a globally (or locally) bounded Jacobian. The
developed nonlinear observer for slip angle estimation is evaluated through experimental
tests on a Volvo XC90 sport utility. The experimental results show that the developed

nonlinear observer can reliably estimate slip angle for a variety of test maneuvers.
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Chapter 11

11. APPLICATION OF NONLINEAR OBSERVER TO
AUTOMOTIVE ROLL ANGLE ESTIMATION

11.1. Summary

Roll Angle is an important variable that play a critical role in the calculation of real-time
rollover index for a vehicle. The rollover index predicts the real-time propensity for
rollover and is used in activation of rollover prevention systems such as differential
braking based stability control systems. Sensors to measure roll angle are expensive.
Thus this chapter utilized the previously developed nonlinear observer design technique
in Chapter 6 for estimation of roll angle using inexpensive sensors, a gyroscope and a
lateral accelerometer. The performance of the developed algorithms is investigated using
experimental tests. Experimental data confirm that the developed algorithms perform
reliably in a number of different maneuvers that include constant steering, ramp steering,

double lane change, and sine with dwell steering tests.

11.2. Introduction

Vehicles rollovers account for a significant fraction of highway traffic fatalities.
According to NHTSA’s records (http://www.safercar.gov), although there were nearly 11
million crashes in 2002, only 3% involved a rollover. However, there were more than
10,000 deaths in rollover crashes in 2002. Thus, rollovers caused nearly 33% of all deaths
from passenger vehicle crashes [8]. Hence there is significant research being conducted
on development of active rollover prevention systems. An active rollover prevention
system typically utilizes differential braking to reduce the yaw rate of the vehicle and to
slow down the vehicle speed. This factor contributes to reducing the propensity of the

vehicle to rollover.

An important challenge in the design of an active rollover prevention system is the

calculation of the rollover index which indicates the likelihood of the vehicle to rollover
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and is used to trigger differential braking to prevent rollover. Accurate calculation of the

rollover index is important in order to ensure that rollovers can be prevented in time

while at the same ensuring that active rollover prevention is not triggered unnecessarily.

One method of defining the rollover index is based on the use of the real-time
difference in vertical tire loads between left and right sides of the vehicle. Figure
11-1 shows a schematic of a vehicle with a sprung mass that undergoes roll motion. The
difference between the vertical tire forces F,; and E,, caused by the roll motion of the

vehicle is used to define the rollover index R [46]:

le_Fzr
R=Z2—"%  _1<R<1 (11.1)
le+Fzr

E,, and F,; are the right and left vertical tire forces of a vehicle respectively. A vehicle is
considered to roll over when R is more than 1 or less than -1. It should be noted that

when a vehicle is traveling straight, F,,. equals to F,; and R = 0.

Sprung mass c.g.

Unsprung massc.g. Roll center

[ ....................... A
R B . myg 1 1
FZT! L, !le

Figure 11-1 Rollover index using lateral load transfer.

If we assume that the roll motion of the sprung mass is caused entirely by the lateral
acceleration of the vehicle (ignoring road and other external inputs), then it can be shown

that the rollover index of equation (11.1) can be represented as [20]

R 2hgay,cosp + 2hgsing
B l,gcoso

(11.2)
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where hy is the height of the center-of-gravity (c.g.) of the vehicle from the roll center of

the sprung mass, 1, is track width of the vehicle, and a,, is the lateral acceleration of the

vehicle measured on the unsprung mass.

It should be noted that the rollover index of equation (11.2) needs measurement of lateral
acceleration a,, roll angle ¢. However, roll angle cannot be measured easily in a
vehicle. Suspension deflection measurements on the left and right sides of the vehicle are
required in order to calculate roll angle. Since suspension deflection sensors are
expensive, real-time measurement of roll angle is typically not available on a passenger

vehicle.
Hence the rollover index of equation (11.2) is typically approximated by

2hga,
lwg
This dissertation focuses on the accurate estimation of roll angle of the vehicle so as to

(11.3)

Rapprox =

enable implementation of the original rollover index calculation of equation (11.2).
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Figure 11-2 Rollover indices R (circles) and Rapprox (Stars) as a function of lateral acceleration.
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Figure 11-2 shows the original rollover index R and its approximation Rg,,rox @S a

function of lateral acceleration during steady state cornering around a circular track for a
Volvo XC 90 SUV. It can be seen that the difference between the two curves increases
as lateral acceleration increases, resulting in higher error during tight cornering
maneuvers. Further, the error increases with increase in height of the c.g. This motivates

the need to estimate roll angle so as use a more accurate calculation of the rollover index.

In this dissertation, we present a method of estimating vehicle roll angle based on a
nonlinear vehicle model. The method is suitable for a large range of operating conditions.
The developed estimation algorithm was validated with experimental measurements on a
test vehicle. They confirm that the developed algorithms perform reliably in a number of

different maneuvers.

11.3. Vehicle Roll Dynamics

The approach to estimation of roll angle is to use an observer based on a dynamic model
of the vehicle roll dynamics, using only the lateral acceleration and a roll rate gyroscope
as the measurements for the observer. Since a lateral accelerometer is anyway required
for the rollover index calculation, the only additional sensor being used here then is the
roll rate gyroscope.

To develop a dynamic model for the roll dynamics of the vehicle, consider the free body
diagram in Figure 11-3.

Figure 11-3 Roll dynamics and free body diagram.
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Taking moments about the roll center, the roll dynamics equation can be written as

(L + Meh2) b = Z M,

I (11.4)
(Ixx + mshlzi’)d) = ES(FSZ - F:s‘r) + msathCOS¢ + msghRSind)

where I, is moment inertia, [, is distance between left and right suspension, and mg is

mass of a sprung mass.

The suspension forces are given by

l I .
F, = k%sincp + dEqucosqb, (11.5)

l ls .
Fgy = —kESsinqb - disqbcosd) (11.6)
where k is suspension stiffness, d is suspension damping.
Substituting equations (11.5) and (11.6) into (11.4). Then the roll dynamics can finally be
written down as

" 12 2.
(Lyx + msh)¢ = msa,hgcosp + mgghgsing — k%sind) - d%qbcosd) (11.7)

It should be noted that the roll dynamics depend on the lateral dynamics through the
lateral acceleration term a,. By avoiding further expansion of this term in terms of
lateral tire forces and lateral dynamic states, a complicated coupled set of equations
between roll and lateral dynamics is avoided. Instead, the variable a, is assumed to be

measured.

The state space form of equation (11.7) and measurement equation can be written as
¢l _ [0 1] [fl)
gl " lo ollg
0

&

(Lyx + msh3)

2 (11.8)
+ (msghR - kjs)
(I + mshR)

mg hR

.COS +—
oSt k)

sing — a,cos¢
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y=1[0 1] m (11.9)

It is desired to use a nonlinear observer based on the above nonlinear vehicle model to
estimate roll angle. Hence, we use the corollary to theorem 2 in Chapter 6 to design the

nonlinear observer.

11.4. Observer Design for Roll Angle Estimation
The equations (11.8) and (11.9) show that the pair of (4, C) is unobservable. With this

system, we cannot design an observer for this problem. We need to modify the equation
(11.8).

The modified model is given by

MR B

12
mgghr — k >
T Uew + msh2)
mqh
_|_5—R2
(Ixx + mshR)

where A,; > 0 and A,, > 0. The modified model is valid for designing an observer

lZ
(d 75) | (11.10)
(e + o2y 7900

sing —

aycos¢p + Ay + Azchb

H
(msgnr-k%)

[

since the original model include stabilized terms,

()

— m(j)cosq’). Also, the modified model will be unobservable only when ¢ = 0.
xx S'*R

11.4.1.0bserver Design Using Corollary to Theorem 2
Apply corollary to theorem 2 in the chapter 6 for the problem.

For the dynamic equation (11.10), the scaling factor z is 2. Since ®;=0, then wy = 2
and the scaling factor Zy isn X n —wy. (Zy = 2 X 2 — 2 = 2). The nonlinear function

D is
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_ lZ lZ
/(msghR - k%) (d%)

¢ = k Ut i) P~

v m %7 | 11y

mghp .
aycos¢p + Ay1p + Aypp

+—
(Ixx + mSh’}ZQ)

Then the jacobian of the nonlinear function ®(x) is computed to find H7;** and HZ-”'".

0P 0P
1_) 1_)

Y = 11.12
a9 ¢ ( )
12 12
(msghs — 3) (¢5)
0o co0sp + ———————=¢psing |
a—z =| (ex + mshi) (Ixx + msh) | (11.13)
¢ mshR .
— —(Ixx n mshl%) aySln(l) + A21
(43)
0P, 2 (11.14)
= — A .
96 (Lo + meh) OS¢ T 422
The H{}** and H}}™ are given by
H;nlax _ H;nzax _ H;nlin _ H;r;in -0 (11.15)
7 0 0] Zmi 0 0
max _ min _
AE =2y @D,/¢) o) - " =2 [min(aq’z/ff)) 0 (11.16)
= 0 0 . 0 0
max _ . min _ )
A5 = 2[00,/ TE" = 2]0 mingoa, /) (AL17)

Next, we solve equations (6.35) for the observer gain. Using the LMI toolbox in Matlab.
(Note: The LMI toolbox in Matlab provides only one gain, though theoretically many
solutions can exist to the LMI (6.35). If a faster convergence rate is desired, the RHS in

equation (6.35) could be replaced by a negative definite matrix instead of zero.)
11.5. Experimental Evaluation of Roll Angle Estimation

11.5.1.Experimental Set Up
The test vehicle used for the experimental evaluation is a Volvo XC90 sport utility
vehicle. A MicroAutoBox from dSPACE was used for real-time data acquisition. The

vehicle had been installed with a gyroscope, a lateral accelerometer, and a tilt angle
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sensor to estimate the roll angle of the vehicle. The tilt angle sensor consisting of the

Crosshow CXTDO02 inertial angle sensor can be used to supplement the gyroscope. The
Crossbow tilt angle sensor consist of two axis in-built accelerometer and signal
processing algorithms that enable static tilt angle to be calculated from the accelerometer
measurements. An example of an algorithm that can be used for this purpose can be
found in [47].

Figure 11-4 The test vehicle, Volvo XC90 sport utility vehicle

In order to compare the performance of the new observer design, we will compare the
results of the new observer and the results of a standard observer [24] based on Lipschitz

system based design.

The standard observer has the same form of the observer equation as shown in equation
(6.2). However, there is a different method to select the observer gain L. The details of

the standard observer is in section 9.4.2 of chapter 9.
For designing an observer for this problem, we assume that

1.-25 < ¢ < 25deg.,,
2. —1 < ¢ < 1rad./sec. or —57.3 < ¢ < 57.3 deg./sec.,
3.-10 < a, < 10 m/s?,

4.a,is small.
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Then the local bound of the nonlinear function can be found and can be used as the

Lipschitz constant.

11.5.2.Experimental Results
The observer gain found by using the new observer is L = [-3.3628 27.9208]. Also,

the observer gain found by using the standard observer is L = [-184.8724 48.0296]"

The comparison results between the new observer and the standard observer is shown in

Figure 11-5. In this case, the maneuver is created by a constant steering.

Roll Angle Estimation

2 T T T
----- Roll Angle from Standard One

Actual Roll Angle

......... Roll Angle from New Observer -

Roall Angel (deg)

o 5 10 15 20 25 30
time (sec)

Figure 11-5 Roll angle estimation from constant steering.

Figure 11-5 shows that the developed new observer is the more appropriate observer for
this problem. This is because the Lipschitz constant for this problem is very large. By
using the developed theorem, it is possible to obtain observer gains which are smaller
than those from a Lipschitz based observer. The small gains of the observer are good for
estimating parameters because they will not enhance noise unlike the Lipshitz based

observer. The performance of the new observer is clearly better than that of the standard

Lipshitz observer.
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To confirm the results, we also evaluate the algorithm with other maneuvers, ramp

steering and double lane change. The results on Figure 11-6 and Figure 11-7 show that

the estimated roll angle is able to match the measurement roll angle.

Roll Angle Estimation
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Figure 11-6 Roll angle estimation from ramp steering.
Roll Angle Estimation
3 r r
Actual Roll Angle
25 M| e Roll Angle from New Observer [
2
15

[EEN

o

Roll Angel (deg)
o
(6)]

o
o1

'
[N

150

v P

time (sec)



130
Figure 11-7 Roll angle estimation from double lane change.

11.6. Conclusions
Roll angle is an important variable that play a critical role in the calculation of real-time

rollover index for a vehicle. Sensors to measure roll angle are expensive.

This dissertation developed a new nonlinear observer design technique for estimation of
roll angle using inexpensive sensors, a gyroscope and a lateral accelerometer. The
approach utilized is to use the mean value theorem to express the nonlinear error
dynamics as a convex combination of known matrices with time varying coefficients.
The observer gains are then obtained by solving linear matrix inequalities (LMIs). The
developed approach can enable observer design for a large class of differentiable
nonlinear systems with a globally (or locally) bounded Jacobian. The performance of the
developed algorithms was investigated using simulation and experimental tests on a large
SUV. Experimental data confirm that the developed algorithms performed reliably in a
number of different maneuvers that include constant steering, ramp steering, and sine
with dwell steering tests. The results in the dissertation provide solutions that will enable
accurate calculation of rollover index, thus enabling better rollover prevention systems to

be developed.
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Chapter 12

12. APPLICATION OF NONLINEAR OBSERVER TO
ROLLOVER INDEX ESTIMATION FOR TRIPPED AND
UN-TRIPPED ROLLOVERS

In order to predict tripped and un-tripped rollovers as described in section 2.3, many
variables need to be measured. However, some variables such as unknown road inputs,
vertical displacements of unsprung masses and sprung mass, and the unknown lateral
force input cannot be directly measured by sensors. Therefore, two different algorithms to

estimate rollover index for tripped and un-tripped rollovers have been developed.

The first algorithm is an approach to estimate unknown disturbance inputs in a nonlinear
system using dynamic model inversion and a modified version of the mean value
theorem. The developed theory is used to estimate vertical tire forces and predict tripped

rollovers in situations involving road bumps, potholes, and lateral unknown force inputs.

The second algorithm utilizes a new algebraic formulation of the new rollover index. This
algorithm is simple and convenient but can be used only if the roll angle and vertical

accelerations on the vehicle body are available as measurments.

12.1. Summary

Accurate detection of the danger of an impending rollover is necessary for active vehicle
rollover prevention systems. A real-time rollover index is an indicator used for this
purpose. A traditional rollover index utilizes lateral acceleration measurements and can
detect only un-tripped rollovers that happen due to high lateral acceleration from a sharp
turn. It fails to detect tripped rollovers that happen due to tripping from external inputs
such as forces when a vehicle strikes a curb or a road bump. Therefore, this dissertation
develops a new rollover index that can detect both tripped and un-tripped rollovers. A
methodology is developed for estimation of unknown inputs in a class of nonlinear

systems. The methodology is based on dynamic model inversion and nonlinear observer
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design to compute the unknown inputs from output measurements. The observer design

utilizes the mean value theorem to express the nonlinear error dynamics as a convex
combination of known matrices with time varying coefficients. The observer gains are
then obtained by solving linear matrix inequalities (LMIs). The developed approach can
enable observer design for a large class of differentiable nonlinear systems with a
globally (or locally) bounded Jacobian. The developed nonlinear observer is then applied
for rollover index estimation. The developed rollover index is also evaluated through
simulations with an industry standard software, CARSIM, and with experimental tests on
a 1/8™ scaled vehicle. In order to verify that the scaled vehicle experiments can represent
a full-sized vehicle, the Buckingham = theorem is used to show dynamic similarity. The
simulation and experimental results show that the developed nonlinear observer can
reliably estimate vehicle states, unknown normal tire forces, and rollover index for

predicting both un-tripped and tripped rollovers.

12.2. Introduction

Vehicles with increased dimensions and weights are known to be at higher risk of
rollover. Normally, rollovers occur in one of two ways, tripped and un-tripped [48]. The
two types of rollovers are shown in Figure 12-1. A tripped rollover happens due to
tripping from external inputs. An example of this rollover happens when a vehicle leaves
the roadway and slides sideways, digging its tires into soft soil or striking an object such
as a curb or guardrail. An un-tripped rollover, on the other hand, happens due to high
lateral acceleration from a sharp turn and not due to external inputs. An example of an
un-tripped rollover is when a vehicle makes a sharp collision avoidance lane change

maneuver or a cornering maneuver at high speed, and consequently rolls over.

a) Tripped Rollver b) Un-tripped Rollover
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Figure 12-1 Type of rollover.

An active rollover prevention system is a vehicle stability control system that prevents
vehicles from un-tripped rollovers. It has been developed by several automotive
manufacturers [49], [9], e.g. Ford and Volvo. To the best of the authors’ knowledge, there
are no assistance systems currently available that directly address tripped rollovers.
Several types of actuation systems can be used in rollover prevention. A differential
braking system has received the most attention from researchers [50], [51], [52] and is
used for preventing rollovers by reducing the yaw rate of a vehicle and its speed. Also,
steer-by-wire and active suspension systems can be potentially used to prevent rollovers
[19], [53].

In order to make these systems effective in their tasks, accurate detection of the danger of
un-tripped and tripped vehicle rollovers is necessary [9]. To detect a vehicle rollover,
many researchers have developed a real-time index that provides an indication of the
danger of rollover. However, they have focused on developing an indicator only for un-
tripped rollovers. There are no currently published papers that have studied how to detect

tripped vehicle rollovers with unknown external inputs.

In this dissertation, we present a method of estimating vehicle states based on a nonlinear
vehicle model. The estimated vehicle states are used to calculate unknown normal tire
forces, and a rollover index that can detect both un-tripped and tripped rollovers. The
method is suitable for a large range of operating conditions. To begin with, we will
introduce the vehicle rollover index in section 12.3. Then the vehicle dynamic model is
presented in section 12.4. In section 12.5, we apply the new observer design in chapter 8
to the vehicle problem. After that, in section 12.6, we evaluate the developed estimation
algorithm by implementing them in CARSIM, an industry standard vehicle dynamics
simulation software. Moreover, we evaluate the estimation algorithm with experimental
tests on a 1/8" scaled vehicle in section 12.7. Alternate rollover Index with additional
measurements will be presented in section 12.8. Finally, the conclusions are presented in

section 12.9.
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12.3. Vehicle Rollover Index

Accurate detection of the danger of a vehicle rollover is important. Initially, the concept
of a static rollover threshold called the static stability factor (SSF) [15], [54] was studied
to detect vehicle rollovers. However, the SSF by itself is not adequate for rollover
prediction in dynamic situations. After that the concept of a rollover index has been
introduced. A rollover index has also been known by other names such as Roll Safety
Factor (RSF) and Load Transfer Ratio (LTR). A rollover index is a real-time variable
used for this propose. A simple method of defining the rollover index is based on the
use of the real-time difference in vertical tire loads between left and right sides of

the vehicle. The formula of the rollover index is described by equation (12.1) [46].

R=ZL_2  _1<R<1 (12.1)

where E,,. and F; are the right and left vertical tire forces of a vehicle respectively. When
R=1(F,; =0)or R=—-1(F, = 0), the left or right wheels lift off. Thus R should be
prevented from approaching 1 or —1. It should be noted that when a vehicle is traveling

straight, F,,. equals to F,; and R = 0.

Figure 12-2 Vehicle model for un-tripped rollovers.

The definition of R in equation (12.1) cannot be easily implemented in real-time because
the vertical tire forces F,,. and F,; cannot be directly measured. Thus, many researchers

have tried to derive an estimation of the rollover index based on a 1-degree of freedom
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model as shown in Figure 12-2. The 1-degree of freedom is the roll angle ¢ of the vehicle

body. Such an example of a traditional rollover index calculated using a one degree of
freedom is shown below in equation (12.2):

F, —F,  2mgayhyg N 2mghgptang

R = =
Fzr + le mglw mlw

(12.2)

where m = my + m,,, hg is c.g. height, [, is track width, m,, is unsprung mass, my is

spung mass, a,, is lateral acceleration, and ¢ is roll angle.

This type of rollover index is used for detecting un-tripped rollovers only. It is a function
of lateral acceleration and roll angle. Some papers have proposed a rollover index that
uses only lateral acceleration [20], [21] since roll angle is expensive to measure. The
stability control with this rollover index may arbitrarily reduce the lateral acceleration
capability of the vehicle. Also, as we shall show, it still fails to detect rollovers when

rollovers are induced by vertical road inputs or other external inputs.

In order to detect tripped rollovers, which happen due to tripping from external inputs, a
new rollover index should include the influence of road and other external inputs. Figure
12-3 shows a vehicle rollover model that includes the influence of road inputs, z,, and

z,;. The figure also shows the normal forces on the vehicle, E,, and F,;.

Figure 12-3 Vehicle model for un-tripped and tripped rollovers.
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To derive a rollover index in this case, four-degrees of freedom in the model are needed

as described in section 12.4. When the influence of road inputs is included, the normal
forces on the vehicle, E,,. and F,;, are defined by

m

Fpr = —Fpr + My g + 759, (12.3)
m

Fp=—-Fu+myug+ 759 (12.4)

where F;, and F;; are the right and left dynamic vertical tire forces, and m,,- and m,;,

are right and left unsprung masses.

The right and left dynamic vertical tire forces, F;,- and F;;, can be calculated by

Fep = kt(zur = Zpp), (12.5)
Fy = ki(zu — 7)) (12.6)
where k, is vertical tire stiffness, z,,. and z,; are right and left unknown road profile

inputs, z,,- and z,; are right and left unsprung mass positions.

It should be noted that the right and left unsprung mass positions, z,,- and z,,;, depend on
the dynamic motions of the heave z; (sprung mass position), roll angle ¢ of the vehicle
body, and the vertical motion of each side of the unsprung masses, z,, and z,;.
Therefore, the measurements of roll angle, ¢, and lateral acceleration, a,,, alone are not
enough to calculate the rollover index for predicting tripped rollover. A lot of variables
need to be measured or estimated. Moreover, some variables such as unknown road
inputs, z,,- and z,;, vertical displacements of unsprung masses, and sprung mass, cannot
be directly measured by sensors. Therefore, it is necessary to develop an approach for

estimating the normal forces of a vehicle, F,,- and F,; using available sensors only.

In the next section, we will present the vehicle dynamic model for un-tripped and tripped
rollovers. We will write the model in a form that is suitable for estimating the unknown

normal forces of a vehicle, F,,- and F,;. Subsequently the rollover index can be calculated.

12.4. Vehicle Dynamics Model [3]

In order to obtain the rollover index for predicting tripped rollovers, a model of a vehicle

with 4-degrees of freedom is needed as shown in Figure 12-4. The vehicle body is
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represented by the sprung mass m, while the mass due to the axles and tires are

represented by unsprung masses m,,; and m,,. The springs and dampers between the
sprung and unsprung masses represent the vehicle suspension. The vertical tire stiffness

of each side of the vehicle is represented by the spring k..

Sprung mass c.g.

Unsprung mass c.g. i

Figure 12-4 Four-degrees of freedom vehicle model.

The 4-degrees of freedom of the model are the heave z, roll angle ¢ of the vehicle body,
and the vertical motion of each side of the unsprung masses, z,, and z,;. The variables

z,» and z,; are the road profile inputs that excite the system.

The dynamic suspension forces are given by

[ ls .

Fo = _k(ZS - Zur) + kESSlTl(]b - d(zs - Zur) + dES(,'bCOS(ﬁ, (127)
l ls .

Fy = —k(zg — zy) — kESsinqb —d(Zs — Zy) — dEqucosqb (12.8)

where k is suspension stiffness, d is suspension damping. z, z,,, and z,; are measured

from their equilibrium points.

Then, the dynamic equations of sprung mass heave and sprung mass roll motions are
given by (12.9) and (12.10).
k d k

Zg=— ﬁ (Zs - Zur) - ; (Zs - Zur) - ; (Zs - Zul) - ; (Zs - Zul) (12-9)
s s s s
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.kl dlg ) kl dlg )
b= Z_IS(ZS - Zur) + Z_IS (Zs - Zur) - 2_15 (Zs - Zul) - Z_IS(ZS - Zul) 1910
N moghp  kiZ\ di? . N msay hg (12.10)
] 21 | Sin® — 5 $eos + ———cos¢

where [ is moment of inertia, and [ is distance between right and left suspension. It
should be noted that the roll dynamics depend on the lateral dynamics through the lateral
acceleration term a,. By avoiding further expansion of this term in terms of lateral tire
forces and lateral dynamic states, a complicated coupled set of equations between roll and

lateral dynamics is avoided. Instead, the variable a,, is assumed to be measured.

Assume that m,,, = m,;; = m,,. Then, the dynamic models of the right and left unsprung

mass motions are given by

) S kls dlg . F,
Zur = m, (zs — zur) — m_u (Zs — Zyr) — ZTnSu sing — ZTnsu $pcosp — mL;' (12.11)
. d . . kls , dls H Ftl
B = (zs — zw) — — (Zs — Zuw) + msmﬁb + . $pcosp — — (12.12)

The equations (12.3) and (12.4) show that the normal forces on the vehicle, F,, and F,,

can be computed if we know the right and left vertical tire forces, F;, and Fy;.

In order to design an observer to estimate the variables used to calculate the rollover
index, we need to rewrite equations (12.9)-(12.12) into a state space form. The state space
form of equations (12.9)-(12.12) is shown in equation (12.13).

x = Ax +n(x,u) + Bu (12.13)

where u is the vector of known inputs, u is the vector of unknown inputs,

X =[z3— 2y Zs—Zy 2Zs—2zy Zs—2y ¢ ¢, (12.14)
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0 0
— 0
my
5 0 O [Ftr]
B: ) =
0 i ‘u Ftl
my
0 O
L0 0

The available measurements used to estimate variables is shown in equation (12.15) and
(12.17).

z=Ex+ B(x,u) + bu (12.15)
where
p : mi 0 0 00
- [u] oo | ™ |

Zyl LI 0

v (12.16)
= kl
to - smqb + ¢)cos¢ l

y =Cx+ ¥Y(x) (12.17)

where
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I .
y = 2w = [_55‘"‘1’]. (12.18)
0

Zs_Zur_%SSind)]’C _ [1 0000

0 00 0O
It is desired to use an observer based on the above vehicle model to estimate variables.
The equations (12.13) and (12.17) show that we have the nonlinear terms, n and ¥, and
the unknown inputs u included in the dynamic and measurement equations. Also, the
relative degree for this problem is zero, 7, = 0. We do not have to differentiate the
equation (12.15). The measurements, z, directly relate to the unknown inputs, u. Thus,
the dynamic and measurement equations of this problem are in the appropriate state space

form for applying the nonlinear observer described in chapter 8 to solve the problem.

The form of equations (12.13), (12.15), and (12.17) is the same as the form of equations

(8.1)-(8.3). So, we can design a nonlinear observer for this problem.

12.5. Observer Design for the Vehicle Problem

In this section, we will apply Theorem 7 and Corollary to Theorem 5 for the problem. To
apply them, first, we need to calculate the matrix A. Then, the observability of the pair of
(4, C) needs to be examined. If the pair of (4, C) is detectable, we can apply Corollary to

Theorem 5 for observer gains.
Using Theorem 7, the unknown inputs, u, can be computed by

u=b"1z—Ex— B(x,u)] (12.19)
Substitute equation (12.19) into (12.13).

x =Ax+n(x,u) + Bb [z — Ex — B(x,u)] (12.20)
x=(A—-BbE)x + n(x,u) — Bb~1B(x,u) + Bb™1z (12.21)
Then, A, ®, g(z) are given by

A=(A-Bb'E), ®=nl,uw—-Bb'p(xuw), g(z)=Bb 'z (12.22)
However, we found that the pair (4, C) is unobservable. With this system, we cannot

design an observer for this problem. We need to modify the equations (12.13) and (12.14)
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The modified model is given by

x = Ax + n(x,u) + Bu (12.23)
X = [Zs —Zuyr Zs—Zyr Zs —Zw Zs—Zy ¢ (IS]T' (12-24)
0 1 0 0 0 0
k k d d k d
-_——— ———— -— -— 0 0
m; my ms; my mg mg
0 0 0 1 0 0
A= k d k k d d I
-— -— - ———— 0 0
mg mg m; my m, my
0 0 0 0 0 1
kil dlg kil dlg
21 21 21 21 o5 ~Cee)
n(x, w)
0
kly . Iy .
+ sing + ¢pcosep
2m,, 2m,,
0 (12.25)
— ki dlg .
m, sing . ¢cosg
0
msayhg msghg k_l? o d_l? , .
+ — cosp + < T T sing T ¢pcosdp + agsP + a66¢_
— 0 O -
1
— 0
mu
D 0 O Ftr]
B = , =
0 i 3 Fu
mu
0 0
L 0 0 |

where ags > 0, agg > 0.

The modified model is valid for designing an observer since the original model includes

msghg  ki2

stabilized terms, ( ; —;) sing and —dz—?d')cosdh Now, the modified model will be

unobservable only when ¢ = 0.

To make the problem easy to solve, the measurement model is given by
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ls .
5 Sing + s (12.26)

Zg—Zyr—=Ssing| 1 0 0 0 —cs O
_[0 000 0 1]x+ )

¢

where ¢, > 0. With this modification, bounds on the Jacobian of the nonlinear function

are decreased.

12.5.1.0bserver Design Using Corollary to Theorem 5 in Chapter 8
Apply Corollary to Theorem 5 for the problem.

The nonlinear function @ is

® =n(x,u) — Bb~1B(x,u)

0
0
0

12.27
: (1227)
0

msa,h msghp  kl? dig h
+%Rcos¢ + < S? "= 7) sing — 5 PC0SP + Qs + Gos

For the nonlinear function in equations (12.27), the scaling factor z, is 2. Since

Dy, Dy, ..., P =0, and —— 5 = 0 then wy = 34 and the scaling factor z is n xn —

Xi=1:4

wy. (Zy = 6 X 6 — 34 = 2). Then, the jacobian of the nonlinear function & is computed

to find HT*, HWW* and HTY™ H74™ (Note: we can choose ags, age Such that |H7} %%

and |H"””| are small.)

0ds  mgayhg | meghg  kl? dl?

0% —— sin + T cosgp + —qbsm(l) + ags (12.28)
00s _ _di + 12.29

max 0D Tmin ; 0D
Amex(6,5) = 2 x max( % ) Amin(6,5) = 2 X min (£> (12.30)

5L _ 0P
HMx(6,6) = 2 x max| —= ),  H™"(6,6) = 2 X min | —= (12.31)

L) d¢

(The other elements of H™3* and H™" are zeros.)
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The nonlinear function W is

ls .
Y = [_ESSlnd) + C15¢]_ (1232)
0
For the nonlinear function in equation (12.32), the scaling factor z; is 1. Since ¥, = 0
and xalpl = 0 the scaling factor Z; ism Xn —wg. (Zg = 2 X 6 —11 = 1). Then, the
i=1:4,6

jacobian of the nonlinear function ¥ is computed to find G7¥* and G74™. (Note: we can

choose ags, ae6 Such that |G7}**| and |G"””| are small.)

oW l
a_¢1 = —Es +cps (12.33)

oW
Gmin(1,5) = 1 x m1n<

GMa*(1,5) = 1 x max(alp )

6(]’))

(The other elements of G™** and G™™ are zeros.)

(12.34)

Next, we solve equations (8.22) for the observer gain using the LMI toolbox in Matlab.
(Note: The LMI toolbox in Matlab provides only one gain, though theoretically many
solutions can exist to the LMI (8.22). If a faster convergence rate is desired, the RHS in

equation (8.22) could be replaced by a negative definite matrix instead of zero.)
12.6. Simulation and Simulation Results

12.6.1.Simulation Setup

In this section, we will evaluate the algorithm described in the previous section in
simulations by implementing it in CARSIM, industry standard vehicle dynamics
simulation software. The vehicle model from CARSIM chosen for this simulation is a
standard SUV.

In the simulation, we simulate the case that the SUV vehicle strikes road bumps during
cornering. The curvature of the road is shown on Figure 12-5 and the road bumps are
shown on the second row of Figure 12-5. The first bump is applied to the right wheels of
the vehicle and the second bump is applied to the left wheels of the vehicle. The

magnitude of the first bump is larger than that of the second bump but the displacement
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rate of the first bump is slower than that of the second bump. The fast displacement rate

of the road input causes a lot of change in normal tire forces. The vehicle is set up to
make cornering with vehicle speed of 100 kph. It should be noted that when the vehicle
strikes a bump, the wheels of the vehicle still do not lift off the road surface. The lateral

acceleration in this case is shown on the first row of Figure 12-6.
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Figure 12-5 Road curvature.
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Figure 12-6 Lateral acceleration and road inputs.

12.6.2.Simulation Results
For designing an observer for this problem, we assume that
1.-45 < ¢ < 45deg,

2. —1 < ¢ < 1rad./sec. or —57.3 < ¢ < 57.3 deg./sec.,
3.-15 < a, < 15m/s%,
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4. a, is small.

The measurements that we need to feed to the observer are 1. Lateral acceleration, a,, 2.
Right unsprung mass vertical acceleration, Z,., 3. Left unsprung mass vertical
acceleration, Z,,;, 4. Right suspension compression, (zg — z,,- + %Ssimp), and 5. roll rate,
o.

Then the local bound of the nonlinearity can be found. The observer gain found by using
the new observer is
L= 1.4320 —109.8388 0.8108 —20.0510 -0.2167 5.2887 ]T

13.5762 440.6767 —13.5380 —432.6672 8.1034 113.1697

The estimation results are shown on Figure 12-7-Figure 12-10. The results show that the
estimated states are very close to the actual values. The estimated states are not exactly
equal to the actual values because the vehicle model in CARSIM has many degrees of
freedom but our model is only a 4-degrees of freedom model. Also, there is a time delay

in CARSIM between the front and rear wheels of the vehicle when the vehicle strikes a
bump.
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Figure 12-7 Estimation of right and left suspension compressions.
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Note: the outputs of the Carsim are right and left suspension compressions, (z; — z,, +

%sinqﬁ) and (z; — zy; — %Ssinqb). However, on Figure 12-7, we compute the actual value

of (zg — zy,-) and (zg — z,;) and compare the value of them.
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Figure 12-8 Estimation of right and left suspension compression rate.
Note: the outputs of the Carsim are right and left suspension compression rates, (z; —
Zur + %Sd)cosqb) and (Z; — 2, + l;Schosd)). However, on Figure 12-8, we compute the

actual value of (z; — z,,-) and (25 — Z,,;) and compare these values.
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Figure 12-9 Roll angle and roll rate estimation.
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Figure 12-10 Normal tire forces estimation, F,.and F,

The estimated rollover index is shown on Figure 12-11. The result shows that the
estimated and actual rollover indices are extremely close. There are very small errors and
these happen because there is a time delay between the front and rear wheels of the
vehicle when the vehicle strikes a bump. Since we use only 4-degrees of freedom for
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observer design, we cannot handle this time delay. However, if we carefully look at the

result, we will see that the estimated rollover is good enough to predict un-tripped and

tripped rollovers.
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Figure 12-11 Rollover index estimation.

12.7. The Scaled Vehicle for Experiments
The simulation results in the previous section show that the new rollover index can detect
both tripped and un-tripped rollovers. However, we still need to confirm the approach

with a test vehicle.

The use of a full-sized vehicle for testing of a control system in this rollover application
is challenging due to cost limitations and safety issues. It is estimated that the cost of
developing a full-sized instrumented vehicle for testing is more than $100,000 [55]. Most
of this cost goes for equipment and instrumentation development. Also, a full-sized
vehicle is difficult to operate and involves significant safety issues in this application

which involves vehicle rollover.

It is more convenient to use a scaled vehicle to test the roll control system. A scaled radio
controlled vehicle is inexpensive and safe for evaluation of rollover maneuvers. Many
researchers have studied scaled vehicles for testing of vehicle dynamics and control
systems. For instance, references [55], [56], [57], and [58] developed a 1/10™ scaled
vehicle to study lateral vehicle dynamics. Reference [59] developed a 1/8™ scaled vehicle
to study longitudinal vehicle dynamics. References [60], [61], [62] and [63] studied
stability control algorithms with a scaled vehicle. Reference [64] studied tire

characteristics with scaled tries.
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In order to use a scaled vehicle to describe the behavior of a full-sized vehicle, we need to

show that they have dynamic similarity. In the next section, we will show that the scaled
vehicle we use has dynamic similarity to a full-sized vehicle. Then, we describe the
experimental setup to test rollover scenarios and present the experimental results in the

following section.

12.7.1.Dynamic Similitude Analysis

Two systems of different size scales are dynamically similar if the solutions to their
governing differential equations are identical after accounting for the dimensional scaling
of parameters in the equations of motion. There are many approaches to evaluate
dynamic similarity. The Buckingham m theorem is a tool that provides us an easy
approach to show dynamic similarity. The details of the Buckingham m theorem are
discussed in [59], and [65].

This theorem is convenient to apply. It can show dynamic similarity without explicitly
knowing the accurate dynamic equations of both systems. We need only to know the list
of all variables and parameters associated with the system. References [55], [56], [58],
and [64] used the Buckingham m theorem to show the lateral dynamic similarity between
a full-sized vehicle and a 1/10™ scaled vehicle. Also, reference [59] showed the
longitudinal dynamic similarity between a full-sized vehicle and a 1/13" scaled vehicle.
Therefore, we use the Buckingham m theorem to show the roll and vertical vehicle

dynamics similarity between our scaled vehicle and a full-sized vehicle.

The Buckingham m theorem shows that if the dimensionless m groups of variables and
parameters are maintained, then the solution to any differential equation, regardless of its
order or nonlinearity, can be made invariant with respect to dimensional scaling [58]. To
apply the Buckingham = theorem to the roll and vertical vehicle dynamics, we need the
list of all variables and parameters associated with these dynamics. We limit the number
of variables and parameters to those used in the 4-degrees of freedom model as described
in section 12.4. Therefore, the roll angle will be a function primarily dependent on the

scaled parameters,
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(12.35)

The parameters and variables of the vehicle dynamic model in equation (12.35) and their

units are given in Table 12-1.

Table 12-1 Summary of parameters associated with the vehicle dynamics.

Mass | Length | Time

¢, roll angle dimensionless | 0 0 0

mg, Sprung mass kg 1 0 0

m,, unsprung mass kg 1 0 0

I, moment of inertia kg.m? 1 2 0

k, spring stiffness kg/sec® 1 0 -2

d, damper kg/sec 1 0 -1

L, distance betwee.n left and right m 0 1 0
suspensions

hpg, c.g. height m 0 1 0

k,, tire stiffness kg/sec? 1 0 -2

a,, lateral acceleration m/sec? 0 1 -2

Zg, sprung mass vertical acceleration m/sec’ 0 1 -2

Z,1, left unsprung mass vertical acceleration m/sec? 0 1 -2

Zur, right unsprung.mass vertical m/sec? 0 1 D
acceleration

There are 13 parameters (n = 13) to represent the vehicle dynamics and 3 basic unit

dimensions (j=3): mass (M), length (L), and time (T). We choose the sprung mass (m),

c.g. height (hg), and lateral acceleration (a,) to represent repeating fundamental units in

the three-dimensional spaces. So, the remaining 10 unused parameters (k=n-j=10) can be

formed as dimensionless m groups by appropriate division or multiplication of the

repeating variables mg, hg, and a,,. The list of all the 7 groups is given in Table 12-2.

Table 12-2 & groups

(ms, hg, ay, ¢) - IMI°ILI°ILT 1’0~ Ty = ¢
mS
(Mg, hg, ay,my) > | [MILPILTZM] > Ty ==
Onohe, 1)~ | IMPLALTMCT | ==
(Mg, hg, ay, k) » | [MI'LIILT?MT?) 'S | 7, = Kl




d2h
(M hgy @y, d) > | [MIALPLTAMT S | g = ——
ayms
l
(nohe, 4yl > | IMPLLTPL S | me=i
R
kch
(mSl hR' ay; kt) - [M]-l[l_]1[LT-2]-1[MT-2]1—) 7'[7 = t"R
a,mg
7
(ms, hg, ay, Zs) = [MIILIC[LT 2 LT3 g = a_s
y
p
(Mg, hg, Ay, 7)) = | [MPLIILT? LT .= ail
Yy
7
(Mg, hg, @y, Zy) > | [MPILPILTTYLT S | 7y = %
y

Note: All of the dimensionless parameters, such as angles form their own m group.

151

To have the roll and vertical vehicle dynamics of the scaled vehicle the same as those of a

full-sized vehicle, we need to tune the scaled vehicle until the values of & groups of the

scaled vehicle are close to the values of m groups of a full-sized vehicle. The variables

and parameters of the full-sized and scaled vehicle are shown in Table 12-3 and the

7 groups of them are shown in Table 12-4. The photographs of the scaled vehicle are

shown in Figure 12-

12.

Table 12-3 Vehicle variables and parameters.

Variables and Scaled Vehicle Full-$|zed
Parameter vehicle
mg (Kg) 3 1600
m, (kg) 0.2 135
L., (kg.m?) 0.04 600

k (N/m) 900 90000
d (N.sec/m) 15 3000




I (m) 0.2 1.11
hg (m) 0.18 1
k.(N/m) 4000 400000
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Note: The parameters of the full-sized vehicle are obtained from the software CARSIM.

Table 12-4 Comparison of & groups.

I Scaled Vehicle Full-Sized vehicle
T bs oh

T, 15 11.9

T3 0.41 0.375
T, 54/ay 56.25/a,s
g 4.5/ay, 3.5/ayf
g 1.11 1.11

T 240/ay;s 250/ayf
Tig Zss/ Ays Zsr/ays
Tig Zus/ ays Zup/ Ayg
UST) Zurs/ays Zurf/ayf

Table 12-4 shows that if the lateral accelerations (a,s and a,r) that cause the scaled and

full-sized vehicle to roll over have the same order, then the m group values of the scaled

vehicle are close to those of the full-sized vehicle. Also, the vertical accelerations will

have the same order.

Based on experiments on the scaled vehicle and simulations of the full-sized vehicle, the

lateral accelerations that cause them to roll over are both approximately 7 m/s%. Then, the

dimensionless m groups of them are of the same order and it is reasonable to use the

scaled vehicle to study the roll and vertical dynamics of the vehicle.

Note: The dimensional analysis will be correct, only if all variables and parameters

associated with the system are involved. In this problem, we assume that only the

variables and parameters shown in equation (12.35) are associated with the dynamics.
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Then, the  groups are shown on Table 12-4. However, un-modeled dynamics between

the full-sized and scaled vehicles could be different and might lead to errors. For
example, the scaled vehicle could have significant friction forces which are large
compared to other forces on the system. On the full-sized vehicle, on the other hand, the
friction could be negligible. For purposes of this dissertation, we ignore the unmodeled

dynamics of the scaled and full vehicles.

12.7.2.Experimental Set Up

The developed rollover index will be validated with the scaled vehicle since the roll and
vertical dynamics of it are similar to those of a full-size vehicle. A microcontroller
(EM430F6137RF900) from Texas Instruments is used for real-time data acquisition and
control of the scaled vehicle speed and steering. The microcontroller is installed on the
test vehicle. It samples the data from sensors and wirelessly sends them to a receiver
connected to a computer at the baud rate of 66 Hz. Four 3-axis accelerometers
(MMAT7260Q) from Freescale Semiconductor and a dual axis gyroscope (LPY530AL)
from STMuicroelectronics are used for this test to measure acceleration and angle rate,
respectively. Two accelerometers installed on the left and right size of the sprung mass
are used to measure the left and right vertical accelerations. Another two accelerometers
are placed on the front left and front right wheels, unsprung masses, for measuring
longitudinal, lateral, and left and right vertical accelerations. Also, the dual axis
gyroscope placed near the c.g. of the vehicle is used to measure yaw rate and roll rate. In
order to measure the suspension defection of the scaled vehicle, a linear potentiometer
(LCP12Y-25-10K) from ETI systems is installed parallel to the front right suspension of
the scaled vehicle. The photographs of the microcontroller and the sensors are shown in
Figure 12-13.
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Figure 12-13 Microcontroller and Sensors.

To evaluate the rollover index, the scaled vehicle speed and steering inputs are
programmed in the microcontroller. So, the identical experiment can be repeated many
times. For the first experiment, we set the vehicle to follow the path as shown in Figure
12-14a at a speed of approximately 2.4 meter per second. In this case, the right wheels of
the scaled vehicle come close to lifting off from the ground.

For the second experiment, we put an obstacle on the route of the vehicle as shown in
Figure 12-14b. The size of the obstacle is 2.54 centimeters in height and 2.54 centimeters
in width. Then, we set the vehicle to follow the path at a speed of approximately 2.4
meter per second. In this case, the right wheels of the scaled vehicle fully lift off.
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a) 1% experiment
Figure 12-14 The scaled vehicle path.

12.7.3.Experimental Results

]
b) 2" experiment
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The measurements of the vehicle longitudinal and lateral accelerations are presented in

Figure 12-15. The longitudinal and lateral accelerations in all experiments are similar and

of the same order because of the same setting in all experiments. The scaled vehicle starts

to accelerate after t > 7 sec. Then it starts to bend to the right after t > 8.5. The scaled

vehicle completes the maneuver after t > 12.5 sec.
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Figure 12-15 Longitudinal and lateral acceleration of the scaled vehicle.

Now, we apply the Corollary to Theorem 5 for the problem. The signals required for the

designed observer are 1. lateral acceleration, 2. left and right vertical accelerations of
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unsprung masses, 3. roll rate, and 4. front right suspension defection. Then, vehicle states

and unknown vertical tire forces can be estimated. The results of the experiments are
shown in Figure 12-16-Figure 12-19.
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Figure 12-16 Estimation of Roll Rate.
Figure 12-16 shows the estimation of roll rate. The figure shows that the estimated roll
rates from the first and second experiments match well with the actual roll rates. The

magnitude and shape of roll angle and roll rate are reasonable since they look similar to

the results that we obtained when we simulate with CARSIM.
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Figure 12-17 Estimation of Right Suspension Defection (zs-z,,-lssin¢g/2)

The estimations of front right suspension defection of the first and second experiments
are shown in Figure 12-17. The suspension defections from the linear potentiometer
needs to be scaled before using it because the suspension of the scaled vehicle are not
perpendicular to the sprung mass and unsprung masses. Also, we did not measure the rear
right suspension defections. Thus we assume that the rear right suspension defection is

proportional to the front right suspension for calculation.

The measurements of front right suspension defection in Figure 12-17 show that the
suspensions of the scaled vehicle are nonlinear suspensions. There is a saturation point.
Moreover, due to the coulomb friction, there are more than one equilibrium points. When
the scaled vehicle rested at the start point (t < 7sec), the equilibrium point of the
suspension defection was 0 m. During the scaled vehicle acceleration on the straight
route (7 < t < 8.5), the equilibrium point converged to another value (= 4 x 10~*m).
During the scaled vehicle making a turn, the suspension defection saturated at
about 8.8 x 10~*m. After the scaled vehicle completed the maneuver, the equilibrium
point moved to another value (= 3 x 10~*m). In order to make the computation simple,

we ignore the unmodeled dynamics of the friction of the scaled vehicle.
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Note: For the second experiment, the second row of Figure 12-17 shows the vehicle

strikes the obstacle at t = 9.1 seconds. This makes the right vertical acceleration larger
than the left vertical acceleration. It should be noted that when the right wheels of the
scaled vehicle lift off during the time, t = 9.7 — 10 seconds, the measurements during

this period may not be accurate.

Even though the estimations of right suspension defection in Figure 12-17 do not
perfectly match to the actual value, the magnitude and shape of them seem reasonable.

They try to track the actual value.

Now we need to examine the rollover index. Since, the unknown vertical tire forces can
be estimated, the rollover index can be directly calculated from equation (12.1). In order
to examine the rollover index from the designed observer, we will compare it with the
traditional rollover index as shown in equation (12.2). However, we do not know the
actual roll angle of the scaled vehicle since the measurement of roll angle is expensive.
So, we assume that the roll angle is small. (Figure 12-18 also confirms that the roll angle
is small.) Then, it is appropriate to use rollover index given by equation (12.36) instead of
equation (12.2).

2mgay hg  2mghptang  2mgayhg
t: ~

~ (12.36)
mgl,, ml,, mgl,,

Estimation of Roll Angle
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Figure 12-18 Estimation of Roll Angle
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Figure 12-19 Comparison of rollover indices of the scaled vehicle.

The first row of Figure 12-19 shows the rollover indices from the first experiment. In this
experiment, the external road input is not applied to the vehicle. So, the difference of
vertical accelerations is small between the two cases. Then, the rollover indices from the
equations (12.1) and (12.36) are almost the same. Both rollover indices show that the

wheels of the vehicle do not lift off.

Likewise, the second row of Figure 12-19 shows the rollover indices from the second
experiment. The scaled vehicle strike the obstacle and its right wheels fully lift off in this
case. Thus, there is a difference of vertical accelerations. The traditional rollover index
R; in equation (12.36) shows that the wheels of the vehicle come close to lift off. That
fails to detect the wheel lift off condition. However, the rollover index R that is computed
by using the developed nonlinear observer shows that the right wheels of the vehicle do
lift off. Therefore, the develop rollover index is able to detect both tripped and un-tripped

rollovers.
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12.8. Alternate Rollover Index with Additional Measurements

If the roll angle, ¢, and vertical accelerations on the vehicle body (sprung mass) are
measured and available, then the rollover R for tripped and un-tripped rollovers can be

computed algebraically without needing to use an observer.

12.8.1.New Rollover Index for Tripped and Un-Tripped Rollovers

In this section, a new version of the rollover index computed algebraically from available
measurements is presented. The new rollover index can be computed without knowing
any of the following variables: the road input disturbances, z,, and z,;, the vertical
displacements of unsprung masses, z,,,- and z,;, the vertical displacement of sprung mass,

Zg, and the unknown lateral force input, Fq;.

In order to obtain the rollover index for predicting tripped rollovers, we need a model of a
vehicle with 4-degrees of freedom which is shown in Figure 12-20. The vehicle body is
represented by the sprung mass m, while the mass due to the axles and tires are
represented by unsprung masses m,,; and m,,. The springs and dampers between the
sprung and unsprung masses represent the vehicle suspension. The vertical tire stiffness

of each side of the vehicle are represented by the springs k., and k;.

Sprung mass c.g.

Unsprung
mass c.g. i«

Figure 12-20 Four-degrees of freedom vehicle model.
The 4-degrees of freedom of the model are the heave z, roll angle ¢ of the vehicle body,
and the vertical motion of each side of the unsprung masses, z,,- and z,;. The variables

z, and z,; are the road profile inputs that excite the system.
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The external inputs z,;, z,,, and F,; cannot be measured and are unknown. However,

outputs that depend on these unknown inputs are available for measurement. For
example, vertical and lateral accelerations of the vehicle can be measured using
accelerometers placed on the vehicle body. These vertical and lateral accelerations can be
related to the unknown inputs and to the states of the system using algebraic equations.
This section develops equations for the external disturbance inputs z,;, z.., and Fjg;

using measured accelerometers signals and measured states of the vehicle model.

Y

e
)

Figure 12-21 Lateral vehicle dynamics.
Consider the vehicle lateral dynamics as shown in Figure 12-21. The measurement of
lateral acceleration a, involves the influence of the lateral tire forces and the unknown

external lateral force F,.. The measured lateral acceleration a,, is given by

_ (Byr + Fypsin(8) + Fyp cos(8) + Fige)
m

a, (12.37)

where m = m; + m,,, F,f is the longitudinal tire forces of the front wheels, F,; and E,,,.
are the lateral tire forces of the front and rear wheels respectively, § is steering angle, and

Fq¢ 1s the unknown external lateral force.
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a) Suspension forces are always b) Suspension forces are perpendicular
vertical. to the sprung mass.

Figure 12-22 Suspension forces direction.

Derivation of Rollover Index

Assume that the suspension forces always act vertically. Then, the sprung mass roll
motion is given by equation (12.38)
(L + mgh3)¢
!
= ES(Fsz — F;) + mgay hgcosg + mgghgsing (12.38)

- (Fsl + Fsr)(hR - h's)Sinq5
which leads to

Lo
(xx + mshR)b = = (Foy = Fyr) + myayhpcosg + mgghgsing. (12.39)

where I, is roll moment of inertia.

However, if we assume that the suspension forces always act perpendicular to the sprung

mass. The sprung mass roll motion is then given by equation (12.40)

Lol
(x + MehR)$ = = (Fy = Fy) +mgay hpcose + msghpsing (12.40)

Thus the major difference between equations (12.39) and (12.40) is the coefficient hg
instead of hy in the gravity term. Both models are quite similar. Since hg and hy will be
never be perfectly known, the difference between the 2 models is not great importance.
To keep the presentation simple, we will use the sprung mass roll motion as described by
equation (12.40).
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In this case, the vertical dynamics of sprung mass translation is given by equation (12.41)

msZs = Fy + F —myg, (12.41)

The dynamic models of the unsprung mass motions are given by

MyyZyr = —Fgp + Fipp — Myp g, (12.42)
My Zyy = —Fg + Fy —my g (12.43)

where F;, and F; are left and right vertical tire forces respectively.
From unsprung mass equations, the vertical tire forces are seen to be given by

Fop = My Zyy + B + Myr g, (12.44)
Fy =myZy + Fg + myg (12.45)
Since the vertical tire forces F;,. and F;; equal to the normal forces E,. and F,, the

rollover index can be written as

Fzr - le _ Ftr - Ftl _ MyyZyy + F.'sr + Myrg — My Zy; — Fsl —myg

— — - _ — (12.46)
Fzr + le Ftr + Ftl MyrZyy + P:sr + myrg + my1Zy + Fsl + myug
If m,- = my,; = my, then the rollover index becomes
mu(zur - Zul) + F.'sr - Fsl (12 47)

B mu(zur + Zul) + P:sr + Fsl + Zmug
where F,,. and Fg; are computed from equations (12.7) and (12.8). However, F,, and Fg,
are unknown and cannot measured or easily estimated. We need to eliminate these

unknown parameters.

To determine suspension forces F;, and Fg;, we consider equations (12.40) and (12.41).

msZs = Ky + Fg —mgg
(Fsr + Fsl) = msZs + mgg (12.48)
N
(Ixx + mshlze)(p = ES(FSZ - Esr) + msathcosd) + msghgsing
, ] (12.49)
(Fsl - Esr) = l_ [(Ixx + mshlze)(p - msathcos¢) - msghRSind)]
s
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Z, can be measured by using an accelerometer and ¢ can be obtained by a tilt angle

sensor. An example of a tilt angle sensor is the Crossbow CXTDO02. The Crosshow tilt
angle sensor consists of two axis in-built accelerometers and signal processing algorithms
that enable static tilt angle to be calculated from the accelerometer measurements. An
example of an algorithm that can be used for this purpose can be found in [47]. However,

@ is still unknown and cannot be measured.

To measure ¢, we need to place two extra accelerometers at the right and left ends on a
vehicle sprung mass. The locations of the extra accelerometers are shown on Figure
12-23.

QAzp
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Figure 12-23 Extra accelerometer locations.

The right accelerometer measurement a,,. is given by

L ..
A,y = ZgC0SP — Esqb + (§ + v,1r)sing + gcose. (12.50)

The left accelerometer measurement a,; is given by

L ..
a, = Z;cosgp + Esqb + (J + vr)sing + gcoso. (12.51)

It should be noted that the term (3 + v,r) includes the influence of the unknown lateral

force Fj;.

Subtract equation (12.50) from (12.51).
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Az — Agr = s (12.52)
— Qgzr

é = all— (12.53)

N

With equation (12.53), the equation (12.49) can be rewritten as

Azr — Qg
Ls
Place equations (12.48) and (12.54) into (12.47).

2
(Fy — F,) = T [(Ixx + msh3) ( ) — mgayhgrcosp — mgghgsing|.  (12.54)
S

. . 2
my(Zyr — Zy) — E Ly + mshlzi’)(azl — Qyzp)
R =

mu(fur + Zul) + msZs +msg + Zmug

? 7 (12.55)
EmsathCOS(f) + stghRsin(j)
mu(zur + Zul) + mszs + mgg + zmug
Then, the rollover index for this case is
. . 2 5
mu(zur - Zul) - l_z (Ixx + mshR)(azl - azr)
R= - > -

mu(zur + Zul) + MmgZg + mg (12.56)

lz msa,hgrcosp + lz mgghgsing
S S

My (Zyr + Zy) + msZs + mg
where m = mg + 2my, (Z,, — Z,; ) s difference between unsprung mass accelerations,
(az — a, ) is difference between sprung mass accelerations, a,, is lateral acceleration, ¢
is roll angle. These parameters can be measured and estimated. Since the new rollover
index involves the term (a, —a, ) or ¢, the new rollover index can handle both

unknown external lateral force inputs and unknown road inputs with the same algorithm.

Note: 1. The term involving sing can be ignored at small roll angles. However, it
becomes important at large roll angles. In particular, if roll angle is higher for a given
lateral acceleration (e.g. for higher c.g. vehicles), then the term sing¢ is important and
must be considered in the rollover index calculation. The roll angle may be obtained from
a Crossbow tilt angle sensor or a fusion of a tilt sensor and a gyroscope with a simple first
order observer [47].
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2. Since tripped rollovers happen due to external inputs, rollover can happen, even if the

roll angle is small. Thus, only lateral acceleration and roll angle measurements cannot by

themselves be used to predict tripped rollovers.

12.8.1.1. Sensitivity Analysis to Mass Change
The vehicle mass changes due to the increase or decrease of passengers or goods in the
vehicle. In this section, we show that the rollover index of equation (12.56) has very

little sensitivity to mass change.

In general, the sprung mass is significantly larger than the unsprung mass (mg > m,).
For purposes of rough analysis, we can neglect the unsprung mass and also assume

that mg = m. The equation (12.56) can then be rewritten as

2 ((h + IZ
2 (et 4 12) 0y - @)

l2
R = = "
, m(Zs + 29) (12.57)
m (E ayhgcosep + Egh,;sind))
+
m(Zs + g)

where I, = m(h% + 12)/12.

Equation (12.57) shows that the rollover index is roughly independent of the vehicle
mass, m, since it appears in both the numerator and denominator as a factor. Thus, the

developed rollover index has low sensitivity to mass change.

Note: While the rollover index is not sensitive to mass, the equation (12.57) clearly
shows that the rollover index is sensitive to the c.g. height, hgz. The c.g. height , hg, can

be estimated by an algorithm, as suggested in [66].

12.8.2. Simulation and Simulation Results

In this section, the rollover indices that are described in the previous section are evaluated
in simulations by implementing them in CARSIM, industry standard vehicle dynamics
simulation software. The vehicle model from CARSIM chosen for this simulation is a

standard SUV. The rollover indices evaluated are
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1. The traditional rollover index given by

2msay hg  2mghptang
1= .

(12.58)

mgl,, ml,
2. The traditional rollover index plus the difference of unsprung mass accelerations given

by

_ 2msayhg  2mghgtang N my(Zyr — Zu1)

R, = 12.59
2 mgl,, ml,, mg ( )
3. The new rollover index given by
. . 2 2
My (Zyr — Zy) — E (Lex + mshg)(az — az)
R; = m m m
; mu(Zur + Zul) + Mmgzg + mg (12.60)

lz msay,hrcosp + lz mgghgsing
S S

mu(zur + Zul) + mszs + mg
These rollover indices are compared with the actual unimplementable rollover index

given by equation (12.1) and denoted by R.

In the first two simulations, we simulate the case that the wheels of the vehicle do not lift
off. The first simulation evaluates the case that the input is a step road input. The step
road input, z,; = 0.15 m , is applied to the left wheels of the vehicle. The vehicle speed

is set at 80 kph. The rollover indices of this simulation are shown in Figure 12-24a.

The next simulation evaluates the event that the inputs are a simultaneous step road input
and step steering input. The step steering input, § = 1.2 deg., is applied starting at the 1°
second. Then, the step road input, z,, = 0.15m , is applied to the left wheels of the
vehicle at the 3 second. The vehicle speed is set at 80 kph. The rollover indices of this

case are shown in Figure 12-24b.
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a) Step road input (zrI = 0.15m)
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Figure 12-24 Comparison of rollover Indices.
For the last simulation, we simulate the case that the wheels of the vehicle lift off. The
vehicle speed is set at 100 kph. The step steering input, § = 1.2 deg., is started to apply
at the 1% second. Then the left wheels of the vehicle strike a bump at approximately the
2" second. This cause the left wheels of the vehicle to lift off for a few seconds. The

results of this simulation are shown in Figure 12-25.
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Comparison of rollover indices
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Figure 12-25 Rollover Indices with step steering input (6=1.2 deg.) and road bump (z,=0.15 m).
Figure 12-24b and Figure 12-25 show that if a vehicle experiences only lateral
acceleration, then the rollover indices R,, R,, and R5 can all be used to detect rollovers.
However, if a rollover happens due to tripping from external inputs, all the results show
that the rollover indices R, and R, fail to estimate the actual (unimplementable) rollover
index. (Only lateral acceleration and roll angle measurements by themselves cannot
predict tripped rollover.) The values of the rollover index R5 are close to the value of the
actual rollover index R in all cases. Therefore, the results show that the developed

rollover index is able to predict both tripped and un-tripped rollovers very well.

12.8.3.Experimental Set Up

We use the scaled vehicle as described in section 12.7.
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Figure 12-26 The scaled vehicle path.

To evaluate the rollover index, the scaled vehicle speed and steering inputs are
programmed in the microcontroller. So, the identical experiment can be repeated many
times. For the first experiment, we set the vehicle to follow the path as shown in Figure
12-26a at a speed of approximately 2.4 meter per second.

In this case, the wheels of the scaled vehicle come close to lifting off from the ground.

For the second experiment, we put an obstacle on the route of the vehicle as shown in
Figure 12-26b. The size of the obstacle is 2.54 centimeters in height and 2.54 centimeters
in width. Then, we set the vehicle to follow the path at a speed of approximately 2.4

meter per second. In this case, the right wheels of the scaled vehicle fully lift off.

For the third experiment, we want to evaluate the developed rollover index in the case
that the vehicle is confronted with unknown lateral forces. We set a guardrail on the route
of the vehicle as shown in Figure 12-26c¢. The size of the guardrail is 3.9 centimeters in
height and 1.82 meters in radius. Then, we set the vehicle to follow the path at a speed of
approximately 2.4 meter per second. However, it is difficult to experimentally have only
unknown lateral forces applied to the vehicle. When the vehicle strikes the guardrail, the
front left wheel of the vehicle confronts with both unknown lateral forces and unknown
vertical forces. Therefore, in this experiment, when the vehicle strikes the guardrail, the
vehicle firstly leans toward the inside of the curve because of the vertical forces. After



171
that, the vehicle leans back toward the outside of the curve and fully rolls over because of

the lateral forces and lateral acceleration.

12.8.4.Experimental Results

The signals required for computing the new rollover index are the lateral acceleration, the
left and right vertical accelerations of sprung mass and unsprung masses, and roll angle.
Since the mass of unsprung masses of the scaled vehicle is very small, it is reasonable to
neglect the left and right vertical accelerations of unsprung masses. Also, the road input is
a bump. The roll angle can be assumed to be small for the scaled vehicle. (With the linear
potentiometer, we can approximate roll angle of the scaled vehicle. When the scaled
vehicle rolls over, the roll angle seems to be less than 0.1 rad.) Then, the simplified

rollover indices we examine are shown in equations (12.61) and (12.62).

2mg.a.h
R, = mST” (12.61)
w
- % (Ixx + mshlzz)(azl - azr) + zWlsa hR
2 I, Ms%y (12.62)

R5:

mg
The results of the experiments are shown in Figure 12-27-Figure 12-30. The longitudinal
and lateral accelerations in all experiments are similar and of the same order because of
the same setting in all experiments. For the first and second experiments, the left vertical
accelerations are close to zero. However, the right vertical acceleration from the second

experiment is larger than that from the first experiment.
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Figure 12-27 Longitudinal and lateral acceleration of the scaled vehicle.

The left and right vertical accelerations of the third experiment are shown in Figure
12-28. When the vehicle strikes the guardrail during the time, t = 11.4 — 11.7 seconds,
the vertical forces apply to the left side of the vehicle. This makes the left vertical
acceleration larger than the right vertical acceleration. During the time, t = 11.7 — 12
seconds, the left vertical acceleration decreases and the right acceleration increases since
the vehicle leans back toward the outside of the curve and fully rolls over after the time,
t > 12 seconds. It should be noted that roll angle during the time, t = 12 — 13 seconds,

is very large. So the measurements during this period may not be accurate.
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Figure 12-28 Right and left vertical acceleration of the scaled vehicle.

The first row of Figure 12-29 shows the rollover indices from the first experiment. In this
experiment, the external input is not applied to the vehicle. So, the difference of vertical
accelerations is small. Then, the rollover indices from the equations (12.61) and (12.62)
are almost the same. Both rollover indices show that the wheels of the vehicle are close to
lift off.
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Rollover indices of the first experiment
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Figure 12-29 Comparison of rollover indices of the scaled vehicle.

Likewise, the second row of Figure 12-29 shows the rollover indices from the second
experiment. The scaled vehicle strike the obstacle and its right wheels lift off in this case.
Thus, there is a difference of vertical accelerations. The traditional rollover index R, in
equation (12.61) shows that the wheels of the vehicle come close to lift off. That fails to
detect the wheel lift off condition. However, the new rollover index R of equation
(12.62) shows that the wheels of the vehicle do lift off. Therefore, the develop rollover

index is able to detect both tripped and un-tripped rollovers.
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Rollover indices of the third experiment

f |
. 1.5 - R4
[} I
2 1 m AAn |- Ry [
= r 5
5 0.5 W | \
g 1 1] »
& v ] v
-05 L]
-1
8 10 12 14 16 18

time (sec)

Figure 12-30 Comparison of rollover indices of the third experiment.

Figure 12-30 shows the rollover indices from the third experiment. In this case, the
vehicle leans toward the inside of the curve. Then the vehicle leans back toward the
outside of the curve and fully rolls over. The results show that the traditional rollover
index R, fails to detect the wheel lift off condition. However, the new rollover index Rs
shows that the wheels of the vehicle do lift off. Therefore, the new rollover index can also

handle unknown external lateral force inputs with the same algorithm.

12.9. Conclusions

Rollover index is an important real-time variable that is used to predict un-tripped and
tripped rollovers. This dissertation develops a methodology for estimation of unknown
inputs in a class of nonlinear systems. The approach utilized is to use the mean value
theorem to express the nonlinear error dynamics as a convex combination of known
matrices with time varying coefficients. The observer gains are then obtained by solving
linear matrix inequalities (LMIs). The developed approach can enable observer design for
a large class of differentiable nonlinear systems with a globally (or locally) bounded
Jacobian. The developed nonlinear observer can be applied for rollover index estimation.
The approach is evaluated through simulation with software CARSIM and with
experimental tests on a 1/8" scaled vehicle. In order to show that the scaled vehicle
experiments can represent a full-sized vehicle, the Buckingham m theorem is used to
show dynamic similarity. The simulation and experimental results show that the

developed nonlinear observer can reliably estimate vehicle variables, unknown normal
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tire forces, and rollover index for predicting un-tripped and tripped rollovers. This is the

first ever publication on a rollover index that can handle tripped rollovers.
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Chapter 13

13. THESIS SUMMARY

The increasing worldwide use of automobiles has brought about a dramatic increase in
numbers of accidents. The high number of accidents and their root cause in human error
has motivated the need to develop driver assistance systems. A variety of active safety
control systems such as traction control, electronic stability control (ESC), rollover
prevention, lane departure avoidance systems, collision avoidance systems, and adaptive
cruise control (ACC) are being developed to reduce driver burden, partially automate

normal driving operations, and reduce accidents.

The effectiveness of these driver assistance systems can be significant enhanced if the
real-time values of several vehicle parameters and state variables, namely tire-road
friction coefficient, slip angle, roll angle, and rollover index can be known. Since there
are no inexpensive sensors available to measure these variables, it is necessary to
estimate them. However, due to the significant nonlinear dynamics in a vehicle, due to
unknown and changing plant parameters, and due to the presence of unknown input

disturbances, the design of estimation algorithms for this application is challenging.

This dissertation develops a variety of nonlinear observers to deal with nonlinear
systems. The developed nonlinear observer design techniques are a nonlinear observer for
Lipschitz nonlinear systems, nonlinear observer using a bounded Jacobian approach,
nonlinear observer for systems with a nonlinear function in the measurement equation,
and nonlinear observer and unknown input estimation for bounded Jacobian nonlinear
systems with unknown disturbance inputs. A number of illustrative examples are
presented to show that the developed bounded Jacobian approach is less conservative and
more useful than the standard Lipschitz assumption based nonlinear observer. The
developed nonlinear observers are utilized for estimation of longitudinal vehicle velocity,

vehicle slip angle, vehicle roll angle, and vehicle rollover index.
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The developed nonlinear observer using a bounded Jacobian approach is a new approach

to observer design for nonlinear systems in which the nonlinearity has a globally (or
locally) bounded Jacobian. The developed approach presents a modified version of the
mean value theorem and utilizes it to express the nonlinearity in the estimation error
dynamics as a convex combination of known matrices with time varying coefficients.
The observer gains are then obtained by solving linear matrix inequalities (LMIs). The
developed approach can enable observer design for a large class of differentiable
nonlinear systems with a globally (or locally) bounded Jacobian. This observer is utilized

for longitudinal vehicle velocity, and vehicle roll angle estimation.

The nonlinear observer with a nonlinear function in the measurement equation is an
extended result of the previous bounded Jacobian nonlinear observer. This observer is

utilized for vehicle slip angle estimation.

The nonlinear observer and unknown input estimation algorithm for nonlinear systems
with unknown disturbance inputs can be applied for an unknown inputs nonlinear system
with a nonlinear measurement equation. The approach utilized is to express the unknown
inputs as a function of the measurements and states and to use the mean value theorem to
express the nonlinear error dynamics as a convex combination of known matrices with

time varying coefficients.

In order to predict and prevent vehicle rollovers in tripped and un-tripped situations, an
algorithm to estimate rollover index for tripped and un-tripped rollovers is developed.
The algorithm utilizes the developed theory for unknown input estimation in bounded
Jacobian nonlinear systems. The algorithm is used to estimate vertical tire forces and
predict tripped rollovers in situations involving road bumps, potholes, and lateral
unknown force inputs. This estimation algorithm provides accurate estimation of the

rollover index, roll angle, and state variables of the vehicle.

To estimate the tire-road friction coefficients at each individual tire of the vehicle,
algorithms to estimate longitudinal forces and slip ratios at each tire are proposed.

Subsequently, tire-road friction coefficients are obtained using recursive least squares
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parameter estimators that exploit the relationship between longitudinal force and slip

ratio at each tire.

Three different algorithms are proposed for estimation of longitudinal tire force and slip
ratio based on the types of sensors available — one that utilizes engine torque, brake
torque and GPS measurements, one that utilizes torque measurements and an
accelerometer and one that utilizes GPS measurements and an accelerometer. While GPS
measurements are subject to long-time drop outs in urban environments, brake torque and
engine torque signals may not be available on all cars. Thus, each of the three friction

coefficient estimation algorithms has different application domains.

The developed approaches are evaluated through simulations with industry standard
software, CARSIM, and with experimental tests on a Volvo XC90 sport utility vehicle
and on a 1/8" scaled vehicle.

The simulation and experimental results show that the developed approaches can reliably
estimate the vehicle parameters and variables needed for effective ESC and rollover

prevention applications.
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