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Summary
The equation du/dt=Au-pu represents diffusion with killing.

The strength of the killing is described by the measure ji, which is not
assumed to be finite or even o-finite (to illustrate the effect of infinite
values for p, it may be noted that the diffusion is completely absorbed on
any set A such p(B)=e for every nonpolar subset B of A). In order to give a
rigorous mathematical meaning to this general diffusion with killing, one
may interpret the solution u as arising fror a variational problem, via the
resolvent, or one may construct a semigroup probabilistically, using a
multiplicative functional. Both constructions are carried out here, and
applied to the study of the diffusion equation, as well as to the study of
the related Dirichlet problem for the equation Au-pu=0. The class of
diffusions studied here is closed with respect to limits when the domain
is allowed to vary. Two appropriate forms of convergence are considered,
the first being ¥-convergence of the measures ji, which is defined in
terms of the variational problem, and the second being stable convergence
in distribution of the multiplicative functionals associated with the
measures J. These two forms of convergence are shown to be equivalent.
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1. Let D be an open set in Rd, d=0. Let My be the class of nonnegative
measures, not necessarily o-finite, which do not charge polar sets. For
each p in ™My, we wish to consider two problems:

Problem 1 To find the solution u of the_u-Dirichlet problem on D with
data g on 9D, that is:

(1) -Au+pu=0 on D,

(1.2) u=g on aD.

For brevity, we will say that a solution of (1.1) is g-harmonic on D.
(This usage is not related to the notion of h-harmonic functions, as
defined for example in [12], VIILL)

Problem 2 To find the solution v:(O,w)XRd—>R of the p-diffusion equation
with initial data equal to some measure v on RY that is:

(1.3) ov/3t=Av-v on (O,OO)KRd,

(1.4) limyyg V(t)=v in distribution sense.

We could generalize problem 2 to the case that v satisfies a boundary
condition
(1.5) v(t,)=0 on D for all t,
but this problem is really included in the previous form of problem 2 for
an appropriate choice of j, as we shall see.

Naturally, it is necessary to give a precise meaning to equations (1.1)
and (1.3) when ji is a general measure. This was done for (1) in [8] and
[9], by defining u as the solution of a variational problem (see section 2).
The measure j in this case represents a penalization on the solution. It
was shown in [8] that the general form of problem | provides an
appropriate framework for studying limits of solutions of Dirichlet
problems in varying domains with "holes” (cf. [7][16)171,18],[19)).
Equation (1.3) can also be interpreted variationally, in terms of the
resolvent family associated with -A+p. In the present paper we will
consider this formulation, and at the some time develop a probabilistic
interpretation for both problems 1 and 2. The solution of (1.3) will be
defined (section 4) using an appropriate multiplicative functional M(y)
associated with u for each y in™Mg. A multiplicative functional is a
special type of randomized stopping time (see section 3). We will show
(section 6) that the usual probabilistic method can be applied to solve
problem 1, that is, the analogue of the Feynman-Kac formula which is
used when 1 has a finite density h with respect to Lebesgue on R4 (see
equation (6.22)).we will also ( Theorem 6.2 and Lemma 6.4) give two
criteria for the Dirichlet regularity of a point for a p-harmonic function.
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It should be noted that, when measures j which are not Radon are
used, that two distinct measures |1, and p, can induce the same
variational solutions for problems | and 2. Thus we define (section 2)
two measures j1; and p, to be equivalent if this is the case. Because of the
variational formulation of these problems, we may express the
equivalence of yy and p, more briefly by requiring that

(1.6) Ju-’-d Hy= Ju"‘d Ho,

for all functions u in H' (RY).

We will show (Lemma 4.2) that 1, and i, are equivalent if and only if
(V)= 15(V) for every finely open set V in RY.

The study of limits of solutions of problem 1 in varying domains [8]
referred to earlier, was carried out using the notion of ¥-convergenceof
measures (see section 2). In particular, it was shown in [8] that the space
of measures is compact with respect to ¥-convergence, and that finite
measures with smooth densities are dense in Mg with respect to
g-convergence. A similar analysis can be carried out for problem 2, using
the resolvent family, and we shall show this in section 4. At the same
time, we will develop the connection between ¥-convergence of measures
and stable convergence of stopping times. This latter convergence was
applied in [4] and [S] to study the limits of diffusions in varying regions
with holes, using, in particular, the fact that the space of stopping times
is compact with respect to stable convergence [3]. In the present paper we
will show (Theorem 3.2) that the space of multiplicative functionals is
compact with respect to stable convergence. Furthermore, we show
(Theorem 4.3) that a sequence ji, ¥-converges to j if and only if the

associated sequence of multiplicative functionals M(p,,) converges stably

to M(p). We thus obtain a probabilistic interpretation of ¥-convergence
of measures. Whereas in the analytical theory of ¥-convergence, the
convergence is defined in terms of functionals on L2—spaces, the
probabilistic notion is expressed as a weak convergence for associated
probability measures on an appropriate sample space.

In section 3 we develop some general facts concerning stable
convergence (Lemmas 3.3, 3.4, Theorem 3.1). As one application, in
Theorem 3.3 we show the relation between stable convergence of
multiplicative functionals and strong resolvent convergence for the
associated semigroups. This enables us to show the correspondence
between ¥-convergence and stable convergence, and to prove a criterion
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for ¥-convergence (Theorem 4.3, Corollary).

2. In this section we shall approach problems 1 and 2 of section 1
analytically, from the variational standpoint. The results we state are for
the most part proved in [8] and [9], and we shall follow the terminology of
those papers. We will give a precise meaning to the weak inhomogeneous
boundary value problem (2.1),(2.2), and thence to the resolvent operator.
The resolvent operator would provide an indirect route to the definition
of diffusion with a general killing measure, i.e. to problem 2, but we will
use a more direct probabilistic approach in sections 3 and 4 to
accomplish the same task. After proving some convergence and regularity
results for solutions of (2.1), (2.2), and in particular for resolvents, we
introduce the idea of ¥-convergence of measures (Definition 2.7). As we
show in section 4, this form of convergence is entirely paraliel to the
stable convergence defined probabilistically in section 3, so we will
develop many of our later convergence results in terms of stable
convergence. The link between the two forms of convergence is made
through the convergence of the resolvent operator.

Before proceeding we note some terminology. A measure will mean
as usual a countably additive set function, taking values in [0,], and so
not necessarily finite. In particular a measure is nonnegative unless
explicitly stated to be a signed measure. We may at times refer to a
measure as nonnegative for emphasis. A set of classical capacity zero is
a polar set, and a property that is true except on a polar set will be said
to hold quasi everywhere or q.e. . We will often consider functions in
H'(D) where D is an open set in RY. Such fuctions are given quasi
everywhere. More precisely, for any function veH'(D) the limit

limpio JBr (x)v(g)dg/ m(B,.(x))

exists and is finite for quasi every x in D. Here B(x) denotes the open ball

with center % and radius r, and m(B) denotes the Lebesgue measure of B,
for any Borel set B. we will adopt the following convention concerning
the pointwise values of a function v in H(D): for every xeD we will always
require that

lim inf, lOJB,(x)V(g)dg/ m(B,(x))sv(x)<lim sup, loj Br(x)v(u)dg/ m(B,(x))

With this convention the pointwise value v(x) is determined quasi
everywhere in D, and the function v is quasi continuous in D, i. e. for any
€>0 there exists an open set U of capacity less than € such that the
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restriction of v to D-U is continuous.

We now consider an inhomogenous version of problem 1. Let D be an
open set in Rd, J a member of the class My defined in section 1, so that y
is a measure that does not charge polar sets but may be infinite on
nonpolar sets. Let feL2(D), geH'(D). (L2(D) denotes the measurable
functions on D which are square-integrable with respect to Lebesque
measure on D.) We consider a solutionu of
(2.1) -Autpu=f in D
(2.2) u=g on aD.

In order to interpret these equations rigorously, we make the
following definitions:

Definition 2.1 A function ueH’|OC(D)nL?|OC(D,p) will be called a local

weak solution of (2.1) if

(2.3) J Vu-Vvdx»*J uvdp=J fvdx
D D D

for every veH'(D)NL2(D, 1) with support v compact in D. When =0 we will
also say that u is y-harmonic on D. A local weak solution u of (2.1) will
be called a weak solution of the boundary problem (2.1), (2.2) if

(2.4) u-geH!,y(D).

(Of course, (2.4) implies that ueH'(D).)

We note that unless p is a Radon measure (that is, p(K)<eo for every
compact set K), the weak solutions just defined are not solutions in the
distribution sense in D (see [8], Remark 3.9). However if peMyg is Radon, it
is proved in [8] (Proposition 3.8) that u is a local weak solution of (2.1),
according to Definition 2.1, if and only if
(2.5) ue H‘IOC(D)anloc(D,p)

and u is a solution of the equation (2.1) in the sense of distributions, that
is

(2.6) jDVU'VWw J’DU(PCIP:JD( Pdx for every PeC*®,(D).

The solutions of (2.1), (2.2) can be characterized in variational terms
as follows
Proposition 2.1 Let D be any open set in RY. Let feL2(D) be given and let
geH'(D) be given such that there exists some weH'(D)NL2(D,p) with
w-geH'p(D). Then u is a weak solution of (2.1), (2.2) if and only if u is the
(unigue) minimurn point of the functional
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(2.7) F(v)=JD | Vv | 2dx+ J'szdp-QJvadx

on the set {v: veH'(D), v-geH'y(D)}. Moreover, ueH!(D)NL2(D, 1) and condition
(2.3) holds for every veH'o(D)NL2(D, ). Furthermore, if D is bounded, such a
soution u exists for arbitrary peMg. If D is unbounded, u exists for every

HeMy,, such that p>Am, where m denotes Lebesgue measure in Rdand A is
any positive constant.

For D bounded, the proof can be found in [9], Theorem 2.4 and
Proposition 2.5. The same proof can be adapted to the case D unbounded.

Note that in (2.7) the integral Jszdp is well defined, because

veH'(D) can be specified up to sets of capacity zero and these sets have p
measure zero.

Let us introduce a special class of measures jieMg, corresponding to
homogeneous Dirichlet conditions on Borel sets of Rd.
Definition 2.2 For any Borel set E, let cop denote the measure which is

+00 on all nonpolar Borel subsets of E, and O on every Borel subset of EC
and on every polar set.

The boundary problem (2.1), (2.2), with g=0 on 3D, can be formulated
as an equation of the form (2.1) in Rd, provided we replace the measure p
with the measure p+oeog, with E=DC.

Proposition 2.2 Let D be an open set in RY, feL2(D), peMy.Thenu is a
weak solution of the boundary problem

(2.8) -Au+pu=f in D,

(2.9) u=0 on aD,

(in particular, ueH'y(D)), if and only if u=U|D, where U is a weak solution
of the equation

(210)  -AUs(psoog)U= in RY, with E=DC.

Proof Let us first recall that VeH‘(Rd) and V=0 q.e. on E=D® implies that
V| peH'g(D), see e.g. J. Deny [11], L Hedberg [15].

Let u be a solution of (2.8),(2.9). By Proposition 2.1, ueH!y(D)NLZ(D, 1)
and (2.3) holds for every veH'o(D)NLZ(D, ). Let U=u in D, U=0 in E=D€. Then
UeH(RDNLZ(RY, pi+oog). Now let VeHI(RINLZRY, peoar) with compact

support; since V=0 q.e. on E, we have V | DeH‘O(D), and therefore
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VUVde+j uvd(p+oeo =J fVdx, and hence U is a weak solution of
J Rt R G P

(2.10).

Now let U be a solution of (2.10) and let u=U| . Since UeL2(RA 1 +o0 £)
we have U=0 q.e. on E, thus ueH'y(D) and u is a weak solution of (2.8), so
the proposition is proved.

In view of Proposition 2.1, with every peM, we associate the family
of resolvent operators

RD)\(p):(—AO\m)'] ,D opencRY, AeR", as in the following

Definition 2.3 Let D be bounded open and A>0 or D unbounded open and
A>0. Then the operator
R, (): L2(D)~L(D)
is defined to be the mapping that associates with every feL2(D) the
(unique) weak solution ueH'y(D)NLZ(D,p)CL2(D) of the problem:
-Aut(p+#Am)u=f in D
u=0 on aD,
where m denotes the Lebesque measure on RA,
By Proposition 2.1, the linear operators RD)\(JJ) are well defined and
continuous with
(2.11) IR, ()l <u+n (D) 7T,

where

M(p.D)=inf [ (J'DIVvli’dx+ Jszdp)/jszdx]

(note that Ay(u,D)>0 if D is bounded).
This is easily proved by taking v=u in (2.3), where 1 has been replaced
by p+im, giving

J'D|Vu|2dx+ J Dui’dw?\ J Duzdxsﬂf I zpylull 2(py,
hence
ADN | s Il 2oyl 2

which implies (2.11).
Let us also remark that the range of RDK(p) is dense in H'G(D)NL2(D,p)

with respect to the norm
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Vu 2dx+J u2d +j u2dx 12 .
[ JD| I D H D ]
In fact, if not there exists veH'y(D)NL2(D, 1), v=0, such that

J Vu -Vvdx+J uvdpﬂj uvdx=0
D D D

for everyu= RD)\(p)f and every feL2(D). Taking Definition 2.3 into account,

this implies JDrvdx:O for every feL2(D), giving a contradiction.

For every feL2(RY) and every open subset D of RY we now define
RD)\(u)f to be RDk(p) applied to the restriction of f to D. We will then

define RDk(p)f to be zero outside D, so that RDQ\(p)f is defined on all of

RY when convenient.
The following comparison principle holds, for local weak solutions
of equation (2.1) (see [3], Theorem 2.10):

Proposition 2.3 Let y,j.eMg and let u,u, be local weak solutions of
the equations
A TR PR A
=AUyt Poup=f, in D,
where D is an open set in R 1f 1<, as measures on D, 0<f,<fyon D, and
0<u,<uy on 9D, then 0<u,<u; quasi everywhere in D.
We recall that for u,veH!), (D) we say that usv on 9D if and only if

(v-u)A0eH,(D).

Corollary Let Dy and D, be open sets in RA, peMy, feL,(D), F20. Then
RDly\( wr <RD2( 1)y 1 quasi everywhere on RY. provided A>0 and D is bounded
or A>0 and D is unbounded.

Resolvents on unbounded regions can be approximated by resolvents
on bounded domains, according to the following

Lemma 2.1 Let Dy, D be open sets in RY, with DnTD. Let peMg, A>0,
feLo(RY). Then RDn, (j1)1-RD, ()1 in L2(RY) as neo,
Proof By (2.11), the operators Ran(p) are uniformly bounded in n from

L2(RY) into L2(RY). Therefore, it suffices to prove the lemma for every f in
a dense subset of L2(RY). we assume that f has compact support in some

Dy We may also assume that >0 in D. Let up= RDn)\(p)f and u= RDx(p)f.

Since 20, up, converges monotonically downward to a limit w in D.
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Clearly upeH'o(Dp,) for each nzng and hence by (2.7)
JD,, | Vup, | 2dxe JDnunOQG(p+Am)-2Janunodxz
2’[Dn | Vup, | 2dx+ JDnuni’d(w?\m)-ZJanundx.
Hence J’D | Vup, | 2dx+ JDunozd(pO\m)Q Janunclx >

ZJD | Vup, | 2dx+n J'Dun2dx.

Thus "“n"H‘(D) is bounded and hence, since u,Tw, u,~w weakly in H'(D).

Let veH'(D)NL2(D, 1) and let the support of v be compact in D. Let us
suppose v20. Let ny be such that support v CDn" Then, by (2.3) for each

n2max(ng.ny),

Vu -Vvdx+J U vd(p+am =J fvdx.
JD n pn (perm) D

By weak convergence in the first term and monotone convergence in the
second term, we obtain

J Vw-Vvdx+j wvd(p+?\m)=J fvdx.
D D D

Since w is a weak limit of elements in H'3(D), then weH'y(D). Since w<u,
weL2(D,j1). Hence, by the uniqueness part of Proposition 2.1, u=w. This
proves Lemma 2.1.

Remark 2.11t follows in particular from Lemma 2.1 that if >0 a.e. in Rd

and if the functions RDH)\(p)feH‘(Rd) are pointwise defined in Rdaccording
to the convention mentioned above, then RDI\}\( ft RDA( I ge. in RY.

With each peMg and each open set D in R we associate the f ollowing
functional FDp(v) defined on L?,,{D) by setting:

(2.12) F2 ()= J'D | Vv | 2dx JDVQG 1 if veH'g(D),
(2.13) FDu(v) =+00 if veL2(D), but v not in H'y(D).

If D=Rd, we denote the corresponding functional by F "
Since p does not charge polar sets, the functional FD]_l is lower

semicontinuous in L2(D).
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By Proposition 2.1, knowledge of FD}J is sufficient to determine the

solution of the p-Dirichlet problem. Clearly two different measures i, u,
may give rise to the same functional. This leads to
Definition 2.4 Two measures ji;,}1,6My are equivalent, in which case we
write py~pp, if FD jll(v)=FD pz(v) for every open set DCRY, and every
veL2(D).

Obviously, py~Ho if and only if

(2.14) J Rdv2dp,= J RdV2dliz for every veH'(RY).

We will see in Lemma 4.2 that two measures are equivalent if and
only if they agree on all finely open sets.

We need the following result from [8] (Lemma 4.5):
Proposition 2.4 For every peMy there exists a nonnegative Radon
measure v, with veH™! (R9), and a nonnegative Bore! function g: RA-[0,00],
such that p~qv in the sense of Definition 2.4.

we recall that a Radon measure v on Rd belongs to the space H_] (Rd)
(the dual space of H‘(Rd)) if there exists a constant c>0 such that

(2.15) I JR(,%V | <cl9l(re

for every (PeC°°O(Rd). We also recall that if v is a nonnegative Radon
measure on RY which belongs to H! (RY), then veMy and (2.15) holds for
every PeH!(RY).

We will denote by M, the space of measures of the form qv, with
yeH ™! (Rd), and q a nonnegative Borel function from RO to [0,00].
Proposition 2.4 can now be expressed by saying that for each peMy there
exists ;M with i~y

For later work we will need the classical Newtonian potential
operator and its analogues on RA, d22. Thus we make the following
Definition 2.5 Let j1 be a measure on RY d>2. Define the operators
Pot*, Pot™ by

(2.16)  Pot*p(x)= Jk*( |-y Iu(dy), Pot™pu(x)= Jk‘( | %=y Ju(dy),
where k(r)=c4 rd-2 it d>3, and k(r)=-cq4 log r if d=2. Let a4 denote the area
of the unit sphere in RY. Then cd=2/(d-2)ad for d=3, cd=2/ad for d=2.

Pot® 1, Pot™ i are defined everywhere on RY in the finite or +co sense,
for all measures y. Of course Pot p=0 if d23.
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For any p such that Pot™  is finite on RA, we define the classical
potential Pot y of y by Pot u = Pot™ i - Pot™ . In particular Pot p is
defined for any finite measure when d23, and Pot p is defined for any
finite measure with compact support when d=2. In these cases Pot i is
finite except on a polar set.

Let M, denote the space of finite measures yu on R such that Pot* H
is bounded and continuous on RY and Pot™ J is finite on R4 1t is well
known that Pot p is continuous if and only if Pot™ p is finite on RY and

lim ¢, 0SUP R J{ | g e}k+( |%-y | Ju(dy)=0

for every bounded set B in Rrd (see, for instance, [1]). It follows easily
that if peM, and v is a measure with 0<v<p, then veM.,.

We may strengthen Proposition 2.4 somewhat:
Proposition 2.5 For every peM, there exists a measure $eM,, and a
nonnegative Borel function h: Rd—>[0,°°l, such that p~hy in the sense of
Definition 2.4.
Proof By Proposition 2.4 there exists a nonnegative Radon measure
veH™! (RY, and a nonnegative Borel function g: RI-[0.0], such that H gy,
Replacing v by q;», where q, is an appropriate small positive Borel
function, we may assume that v is finite and Pot™v is finite on RY. Since v
is finite, Pot® v is finite except on at most a set of capacity zero. Thus
Pot p<eo, p-ae. . It follows from [12], 1.V.9, that there exists a sequence

vneM, with v=n§vn. By choosing positive constants ¢, sufficiently small,

we have Y= ,,Z,Cn"n such that yeM, . Since v<<y, the proposition follows.

Measures in M, will play an important role in what follows. The next
proposition gives one useful property of these measures.
Proposition 2.6 Let peM,, let D be open in RY, ueH!; (D), u p-harmonic

on D. Then there exists w, continuous on D, such that u=w quasi
everywhere.

Proof Let xeD. Let B be an open ball containing x with compact
closure in D, with diameter less than 1. Let w* denote the solution of the
u-Dirichlet problem on B with boundary data u*. Let v* denote the
solution of the ordinary Dirichlet problem on B with boundary data u*.
w*v* exist by Proposition 2.1. Clearly w* - vieH'y(B). Hence w* = v* on
9B, so by Proposition 2.3 w* < v* q.e. on B. By uniqueness for the
u-Dirichlet problem (Proposition 2.1), u=w*-w~ on B. Hence |u|sv*+v™



g.e. on B, and hence u is locally bounded on D

Since Au=pu in distribution sense in B (see [8], Proposition 3.8), we
have

u=-Pot*(u* | gp) + Pot*(u™| gp) + h
where h is harmonic in B. Since u* and u” are bounded in B, the measures
u*|ght and u” | gt belong to My, therefore the corresponding potentials

are continuous, hence u is continuous on B.
Proposition 2.7 Let D be a bounded open set in RC, HpheMyg with poTpy

as n—o, geH'(D)NL2D, 1), g20, feL2(D), f20. Let Un, U denote the solutions,

in the sense of Definition 2.1, of
~AUPRUAET N D, uy=g on aD, and

-Au+pu=f in D, u=q on aD.
Then uplu quasi everywhere as n-eo, and ““n'“"H‘(D)"O as N—oo,

Proof By Proposition 2.3, unl and u,2u20 for all n. Let
w=lim ,0Un By (2.12), (2.13), and Proposition 2.1, for every n2m we
have

D J D o J D J
(217) F p(u) 2 Dfudxz F jJ“(u) 2 DfudeF JJn(Un) 2 Dfundx
> FD pm(un)—ZJDfundx.

Hence JD|VU|2dx+ JDu2dp+2JDfu,dx2 JDIVunde.

Thus “Un“H‘(D) is bounded, so u,~w weakly in H'(D), and also
un-g~w-g weakly in H'(D). Since u,-geH'g(D), w-geH'o(D).

By the lower semicontinuity of Fme we obtain from (2.17)
D - T D -
F pm(w) ZJwadxs lim inf e [F pm(“n) ZJDfundx <

<him il o0 | FDpn(un)—ZJ'Dfundx 1S 1iM SUPo00 | FDun(un)—Zijundx I<

o0
<F p(u) 2 Dfudx.

By taking the limit as m-o we obtain
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D (. J D (. J
(2.18) F “(w) 2 wadxs F M(U) 2 Dfudx.

By Proposition 2.1 u is the unique minimum point of the functional

g
F JJ(v) 2 vadx

on the set {v: veH'(D), v-geH'y(D)}. Since w-geH'y(D), from (2.18) we obtain
w=u and
219 P stim e fP), ().

Since unTy and unlu we have

JDuzdpslim oo JDunzdpn.
Therefore from (2.19) we obtain

(2.20) jD | Vu | 2ds=1im 1,4 JDIVunlzdx

Since (up,) converges to u weakly in H(D) and u,-geH'o(D), (2.20) implies

that (up,) converges to u strongly in H'(D), so Proposition 2.7 is proved.
We now introduce a variational convergence for sequences (i) in

M, using the notion of I'-convergence for functionals in the calculus of
variations (see [10] and also [2], where such convergence is called
epi-convergence). I'-convergence in turn is based on the abstract
Kuratowski convergence, which can be formulated in an arbitrary metric
space X as follows:

Definition 2.6 Let (Fj,) be a sequence of functions from X into R, and let

F be a function from X into R. We say that (Fn) I'-converges to F in X if
the following conditions are satisfied:
(a) for everyueX and for every sequence (uy) converging to u in X
F(u)stim inf o eoF (U 5
(b) for every ueX there exists a sequence (uy) converging to u in X such
that
F(u)21im suppeef n(Up)-
We now define the ¥-convergence of a sequence ( Hp) in Mg in terms

of the I'-convergence of the corresponding functionals F 0 defined on the

i
space L2(R9) by the equations (2.12) and (2.13) with D=RA.



13

Definition 2.7 We say that a sequence (j1,) in My ¥-converges to the
measure peMy if the sequence of functionals (F}ln) I'-converges to the

functional F T in L2(Rd) as in Definition 2.5.

The following proposition shows that our definition of
¥-convergence is equivalent to Definition 4.8 of [8].

Proposition 2.8 Let (i) be a sequence in Mg and let ety The
following conditions are equivalent:

(a) () ¥-converges to ;

(b) (FDp,.) I'-converges to FD}l in L2(D) for every open set D in RY;

(c) (FP Pn) I-converges to FP r in L2(D) for every bounded open set D in
R,
Proof For every open set D in R we consider the f ollowing functionals
on L2(D):

(2.21) FD, ()=inf{lim supn_,wFDJJn(u,-,): uy~u in L2(D)},
(2.22) FD_(u)=inf{lim infn,,wFDpn(un): un~u in LXD)).
If D=Rd, we denote the corresponding functionals by F, and F_ .

It is easy to see (by a diagonal argument) that the infima in (2.21)
and (2.22) are achieved by suitable sequences and that FD+ and FD_ are

lower semicontinuous on L2(D) (see [10], Proposition 1.8). Moreover, FD i

is the I'-limit in L2(D) of the sequence (FD“n) if and only if
FD, = F0_ and both equal FD,u on L2(D).
since FO_ < FP, onL2(D) and FD_(u)=FD+(u)=FDp(u) if uis not in
H'o(D), it follows that the T'-convergence of FO u, to FDpis equivalent to

the inequalities
FD, < FDIJ <FD_ onH,(D).
Let us prove that (a) implies (b). Assume (a), which is equivalent to

Fy=F_=F,on L2(RY).

Let D be open in Rd. Let us prove that
(2.23) FDjJ <FP_ on H'y(D).

Let ueH'y(D) with FO_(u)<w. By (2.22) there exists a sequence (up)
converging to u in L2(D) such that
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o
we may assume ueH'g(D) for every n. If we extend up, to R by putting

FP_(u)=1im infn_,ooFDpn(u

Up=0 outside D, we have that uneH'(R%) and FO ), (u) = F ) (up), therefore
D (W=lim | _
FE_QW=HM 0T oo 1 (Up)2F_(W)F |, (u)

and (2.23) is proved.
Let us prove that
(224) D, <fD 1 ONHIg(D).

Let ueH'y(D) with compact support in d and such that FD p(u)<oo. We extend

u to RY by putting u=0 outside D, so that ueH'(RY) and F+(u)=Fp(u)=FDp(u).

By (2.21) there exists a sequence (up,) converging to u in L2(RY) such that
FD“(U)=F+(U):|im supn_,ooFun(un)mq

Therefore uneH'(Hd) for n large enough and

lim supn_mj Rd|Vun|2’dx«_<|im supn_,ooF”n(un)qO'
so that (u) converges to u weakly in HY(RY).

Let 9 £%°4(D) with 0<¢9<1 and 9=1 on the support of u. Then
PuneH'g(D) and, by Rellich’s theorem, the sequence ($u,,) converges to u in

L2(D), hence
FD+(u)5lim supn_,\ooFD“n(@un):

=lim SUDn_,m{jD[nglVUnl2+2(PunV‘PVun+un2|Vq)|2]dx+ j D(92un2dpn}5

<lim supn_,men(un)+ JD[NUV(PVmu?IVtPlZ]dx: F JJ(u).
Therefore (2.24) is proved when u has compact support on D. In the
general case ueH'y(D), there exists a sequence (Vn) of functions in H'y(D)

with compact support in D which converges to u strongly in H'4(D) and
such that the sequence (v,2) is increasing and converges to u2 pointwise

quasi everywhere on D. By the monotone convergence theorem and by the
lower semicontinuity of FD+ we obtain

FO, (Wstim infryqq F2,(v) <im0 FP |y (vp)= FO (W),

which proves (2.24).
Condition (b) follows now from (2.23) and (2.24).
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The implication (b)=(c) is trivial.
Let us prove that (c) implies (a). Assume (c). We prove that
(2.25) Fu<F_on HI(RY).

Let ueH'(RY) with F_(u)<eo. By (2.22) there exists a sequence (up)
converging to u in L2(RY) such that

Him inf e JR" | Vu, | 2dx<lim infn_,men(un)=F_(u)<+°o.

Wwe may assume that uneH‘(Rd) and that (up,) converges to u weakly in
H'(RY).

Let ¢ be a nonincreasing function on R, of class C* such that 0<y<|,
Y(t)=1 for 0<t£1, and Y(t)=0 for t>2. For every keN, let ‘Pkec“’o(Rd) be

defined by
(2.26) P ()=9(| x| /).

Let us fix keN and a bounded open set D containing the support of 9. s0
that (FDpn) I'-converges to FD“in L2(D). Then (9,up,) converges to §,u in

L2(D) as n-, hence
Fp(tpku):FD“Wku)slim infn_,ooFD“n(thunﬁ

=lim infn*M{JDWKZ | Vup, | 24290 VP, Vu +u 2 | Ve | 21dx+

JD(PKZUHden}SIim i”fn—»oonn(”n)+ JRdIZthuV!PkVu'«u? | V9 | 21dx.
Since (V¢ ) converges to 0 uniformly on R and (9,.u) converges to u

in H'(RY), by the lower semicontinuity of F  we obtain

i
Fp(u)slim infk_,oon(ﬁpku)s lim infn_,oonn(un)=F_(u),

which proves (2.25).
Let us prove that
(2.27) F,sF) on HI(RY).

Let ueH'(RY) with Fp(u)<oo and let (9, ) be the sequence in C°°0(Rd)

defined in the previous step of the proof.
Let us fix keN and a bounded open set D containing the support of th

50 that (FDJJ,,) I'-converges to FD i in L2(D). Since <PkueH‘0(F€d), there

exists a sequence (u,) converging to 9, u in L%(D) such that
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Fu(9u)=FP p(PW=NM L ooFP), (up)<o0.
Then upeH'y(D) for n large enough. If we extend up, to RY by putting Up=0
outside D we obtain that uneH‘(Rd) and (u,) converges to Ppuin LQ(Rd),
hence

F o (Peu)slim supp,eof pn(un)=limn_,°oFD pn(”n): F p(‘PkU)-

Since (§,u) converges to u strongly in H'(RY) and (P2 u?) is

increasing and converges to u? quasi everywhere in RY, by the monotone
convergence theorem and by the lower semicontinuity of F, we obtain

F.(u)slim inf, | o0F ,(Pu)=lim k_,oon((Pku)= Fp(u).
which proves (2.27).
Condition (a) now follows from (2.25) and (2.27).

Let us mention some general properties of ¥-convergence as
established in [8].

¥-convergence inMy is metrizable ([8], Prop. 4.9), and M, is compact
under ¥ ([8], Theorem 4.14).

The ¥-convergence of a sequence ji, to j1 in Mg canbe characterized

in variational terms ([8], Proprosition 4.10), as convergence for every
bounded open set DcRY and every feL2(D) of the minimum values mp, to m,

where
et D
mn=m|nv€H10(D)[F pn(v)+ijvdx]

ms= minVEHID(D)[FDp(V)” Jvadx].

However, more conveniently for our present purposes, I'-convergence
(hence ¥-convergence) can be characterized in terms of strong
convergence of the resolvents in L(D), as we shall see in the next
proposition.

With each petg, each open set D in RY, and each A>0 we associate the
Moreau-Yosida approximation (FD“))\ of FD“, defined for every feL?(D) by

(228) (D)0 minVEH10(D)[FDu(v)+)\JD(v—f)zvdx].

Proposition 2.9 Let ( j.ln) be a sequence in Mg, let peMy, let D be open in

R, and let A>0. The following conditions are equivalent:
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(a) the functionals FDjln T'-converge to FD}1 in L%(D) as n-oo;

(b) theresolvent operators RD)\( ji) converge strongly to RD)\( 1) in L%(D)
as n~oo;

(c) the Moreau-Yosida approximations (FDJJn)K converge pointwise to
(FDP))\ in L2(D) as n-oo,

To prove Proposition 2.9 we need the following
Lemma 2.2 Suppose that

(229)  FP (Wsiim inf e f0), (up)
for every ueL2(D) and every sequence (u,) converging to u strongly in LZ(D).
Then (2.29) holds for every ueL2(D) and every sequence (u,,) converging to
u weakly in L2(D).
Proof Let ueL?(D) and let (u,) be a sequence converging to u weakly in
L2(D) such that

lim i”fnawFDpn(Un)W’-

Then uneH'o(D) for infinitely many n and

lim i 500 JD | Vup, | 2dx<os,
so we may assume that (u,) converges to u weakly in H'g(D). Let (¢, ) be
the sequence in C°°0(Rd) defined by (2.26). Let us fix keN. Then thuneH‘o(D)
and (9, u,) converges to @, u weakly in H'g(D) and, by Rellich’s theorem,

strongly in L4(D). Therefore, by the hypothesis,
FDH((Pku)Slim infn_,ooFDpn(thunF

=lim infn_,oo{f o9 Vun | 2429, 0n9 9y Tupeug? | VO | 21dxe

J'D@ki’un?dpn}slim infn_,ooFDpn(un)+ JD[2¢kuV¢kVu+u2 | V9 | 2la.
In the last inequality we have used the fact that, by Rellich's
theorem, (up,) converges to u in L%(D, ) where Dy ={x : xeD, V¢, (x)=0}.

Since (V¢, ) converges to 0 uniformly on R and (V¢ u) converges to u in
H'o(D), we then obtain

FO L (WSlim infeof 2 (9u)stim inf,ooF0 ().
and the lemma follows.
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we will now proceed with the
Proof of Proposition 2.9 By Lemma 2.2 the equivalence of (a), (b), and
(c) could be obtained as a consequence of an abstract result ( [2], Theorem
3.26 with X=L2(D) ). However we prefer to give a more direct proof here.

Let Fn=FD]_ln, F=FD i and, correspondingly, (Fn))\=(FDpn)x, (F))\=(FD“)7\.
(a)=(b). Assume {a). Let feL2(D), un:)\RD)\( pp)f, and u:xRD)\( p)f. We have
to prove that (uy,) converges to u strongly in L2(D).

By the definition of T-convergence there exists a sequence (Vn)

converging to u in L2(D) such that
F(W)=1im 5 6F n(Vy-
By the minimum property of Un (Proposition 2.1) we have

Fn(un)+)\jD(un—f )2dxs Fn(vn)ﬂ\JD(vn—f )2dx,

hence
(2.30) M SUPos 00l Frlup)*A J D(un—f )2dx]<
1M 5 00! Fn(vn)ﬂ\jo(vnﬁ)?dx]: F(u)+?\J'D(u—f)2dx.
Since

Fn(un)+kJD(un-f)2dx2 JD | Vup, | 2dxs (x/z)JDur,?dx-x jDﬂdx,

the sequence (up,) is bounded in H'p(D), hence it contains a subsequence

which converges weakly in H'g(D) to a function weH'g(D). We will relabe!
this subsequence as (up,) again. By Lemma 2.I,we have

(2.31) F(w)<lim inf 5 00F n(UR)-
Moreover,
(2.32) jD(w-f)zdx <lim infn_mJD(un—f)zdx.

Hence, by using (2.30), we obtain

F(w)+A J D(w—f)2dx5lim inf 500 [Fn(un)+xj0(un—f )2dx]<

<HM SUP—, ool Fn(un)+>\JD(un-r )2dxls F(u)+A J D(u-r )2dx.

Since u is the unique minimum point of problem (2.28) (see
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Proposition 2.1), we obtain w=u and
(2.33) F(u)+A jD(u—f )2dx=1im =00 [Fn(un)'f)\jo(urrf )2dx].
From (2.31), (2.32), (2.33) and from the equality u=w it follows that

JD(u-r)zax:nm n_,wJD(un—r)z’qx,

and hence that (u,) converges to u=w strongly in L%D). The limit being
independent of the subsequence, the whole original sequence (up,)

converges to u in L2(D) and (b) is proved.
(b)=(c) Assume (b). Let TeL2(D), un=)\R07\(pn)f , and u:)\F{Dx(p)f . By taking
the test function u=up, in the equation satisfied by u.,, we obtain

Fn(un)+>\JDun2dx=>\JDfunox.

Since Un is the miminum point of problem (2.28) we have

(Fpf= Fn(un)*r?\JD(un—f )2dx= XJDf(f -Up)dx.
In the same sense we obtain
(F))\f= )\[Df(f—u)dx.

By (b), the sequence (u,,) converges to u in L2(D), hence (Fp)yf
converges to (F), f as n—co, and (c) is proved.
(c)=(a) Assume (c). wWe set

Gn(v)= Fn(v)+)\J'Dv2dx,

G(v)= F(v)+)\Jszdx.

By condition (c) we have

(2.34 minveH’o(D)[ G(V)+J'Dr vaxI=1im e mi”veH’o(D)[ Gn(v)+JDr vds]

for every feL2(D).
Let us consider the following functionals on L2(D):
F (u)=inf{lim sup_eFplup): uyu in L2(D)},

F_(u)=inf{lim inf,eF n(Up): up=u in L2(D)}.



20

In order to prove that (F,,) I-converges to F in L%(D), it is enough to

show that
(2.35) F<F_ onL2(D),
(2.36) F,.<F on H5(D)NL2(D, ).

Let us prove (2.35). Let ueL2(D). Since G is convex and lower
semicontinuous on L4(D) we have (see for example [3], Proposition 4.1)

(2.37) G(u)=supfeL2(D) inf VeLQ(D)[G(v)+JDf (v-u)dx].
If (un) converges to u inL2(D), by (2.34) we have for every feL2(D)

minveHH](D) [G(v)+JDf (v-u)dx]=

=M 5 00 minveH'o(D) [Gn(v)+JDf (v—un)dx]slim inf n—moGn(“n)'

By taking the supremum with respect to feL2(D) in the previous
inequality and by using (2.37) we abtain
G(u)<lim infp60Gp(Up)-

Hence
F(u)<lim inf n—wan(”n)-
Since (un) is an arbitrary sequence converging to u in L2(D) we obtain
F(u)<F_(u) and (2.35) is proved. |
Let us prove (2.36). Let feL2(D), un=-(172)R D)\(pn)f , and
u=-(1/2)R D)\(p)f. By Proposition 2.1 we have

G(u)+ JDf udx=min veH'y(D) [G(v)+JDf vdx],

Gn(un)+JDf undx :minveH'o(D) [Gn(v)+ij vdx].
Therefore by (2.34) we have

(2.38) HM 00 [Gn(un)+ JDf Undxl= G(u)+JDf udx<oo,

Since

Gn(un)+JDfundxz J 5 | Vup, | 2ds+(0/2) J’ Duni’dx—(l/zx) JDdex.

the sequence (up,) is bounded in H'p(D), hence it contains a
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subsequence,which by relabelling we may still denote by (up), which
converges weakly in H'g(D) to a function weH'o(D). By the inequality F<F_
and Lemma 2.2 we have

(2.39) F(w)<lim iNf o 00F (U

Since
(2.40) JDw2dxslim 1] PN J Dun2dx,
we have

G(w)+ Jofwdxsl M 500l Gplup)* J'Df“nd"]: G(u)+JDfudx=

=minv€H10(D) [ Gn(v)+J’Df vdx].
By the uniqueness of the minimum point we have w=u, hence (uy)
converges to u weakly in H'y(D). By (2.38), (2.39), (2.40) we have

JDuzdFIim N0 JDunzdx,

and hence (up,) converges to u strongly in L2(D). It follows from this
argument that the entire original sequence (Un) must converge strongly to
u in L%(D) and we obtain easily from (2.38) that

F,(u)<Fu)
for every ueH'y(D)NL2(D, ) of the form U:RD)\(}J)f with feL2(D).

Since the range of RDy\( j1) is dense in H'o(D)NLZ(D,p), for every
ueH'g(D)NL2(D,y1) there exists a sequence (fy,) in L2(D) such that the
functions v,= RD)\( u)f, converge to u in H'g(D) and in L4(D). By the lower
semicontinuity of F,, we obtain

Fo(U)=lim inf |, oF ,(v)<lim oo F(v)=F(u)

and inequality (2.36) is proved.

Condition (a) follows now from (2.35) and (2.36), and Proposition
2.9 is proved.

We conclude the present section by stating the following theorem
which follows immediately from Propositions 2.8 and 2.9.
Theorem 2.1 Let () be a sequence in My, let peMyg, and let A>0. The

following conditions are equivalent:



22

(@) (pn) ¥-converges to p;
(b) the resolvent operators Ry (Hp) converge to Ry (1) strongly in L2(RY)

as n-oo;
(c) theresolvent operators RD)\( ) converge to RDX( j) strongly in L2(D)

as n—e for every open set D in RY;
(d) the resolvent operators HD)\( Hp) converge to RD)\( j) strongly in L2(D)

as n—o for every bounded open set D in Rd i _

This result will be convenient for connecting ¥-convergence with the
probabilistic notion of stable convergence to be defined in the next
section.
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3. We shall use the concept of a randomized stopping time for Brownian
motion. Some notations and results will be taken from [4], section 2.
LetC=e ([0, »), RY), the space of continuous R%-valued functions
of nonnegative time, endowed with the topology of uniform convergence
on compact time sets. C is the sample space for standard Brownian
motion (By), where By: C - RY is the projection map defined by By(w) =

w(t), w denoting a typical point or "sample path” in C. The relevant
o-algebras on C are F; = a( By: 0<s =<t )} and@y =F, .Welet@ =8, -

Foo = O(Bg: 0S5 <00)
A stopping time 7 with respect to the fields (Bt) is defined as
usual to be amap  : C - [0,e], such that {z <t }isin@ forallt 0<t<

o . A randomized stopping time T is definedtobe amap T:C x [0,1]
- [0,%0], such that T is a stopping time with respect to the o-algebras
(BtXB] ), where B, denotes the Borel sets on [0,1]. We shall require T(w,)

to be nondecreasing and left continuous on [0,1], with T(w,0) = 0, for
every w in C. When convenient we shall regard an ordinary stopping time ©
also as a randomized one, by setting t(w,t) = ¥(w) for all tin [01].If T is
a randomized stopping time, then T(-a) is an ordinary stopping time, for
each a in [0,1].

A randomized stoppping time T can be expressed by an equivalent
object, the stopping time measure F inducedby T.F isthemap F: C x 8 |
- [0,1], where B = the Borel sets of [0,%], defined by
(3.0 F(w, (0,t])=sup{a T(wa) <t}
and the condition that F( w, - ) be a measure on 8 .

We shall often write F( -, (t,e0] ) as F((t,«]) or as F;. If P denotes a

probability measure on ( C, & ), and m, denotes Lebesgue measure on [0,1],
then Fy is a version of the conditional expectation of Xt » ¢} using the
probability P x m,, with respect to the o-algebra & x {g,01}).Flw, )

is thus a version of the conditional distribution of T given the entire path
w.

We canrecover T fromF by

(3.2) T(w,a)=inf {t:Flw,l[0t])>al.
Furthermore, given any mapF : Cx 8 - [0,1] such that
(3.3) F( w,+ ) is a probability for each w in C,

we candefine T by (3.2). T will be a randomized stopping time, provided
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that
(3.4) F(-[0.1]) is By-measurable for each t.

AnyF : C xB -~ [0,1] such that (3.3) and (3.4) hold will be called a
stopping time measure. We see that there is a complete correspondence
between the notions of stopping time measure and randomized stopping
time.

There is another useful representation for a randomized stopping
time T. Let P be a probability on (C8). Consider the map (w,a)-(w,T(w,a))
from Cx[0,1] to Cx[0,e0]. The distribution of this map on (Cx[0,], GxB)
with respect to Pxm; on (Cx[0,1}, B<B;) will be called the stopped

process corresponding to T and P. If F denotes the stopping time measure
corresponding to T, and Q denotes the stopped process corresponding to T
and P, we see easily that for any bounded @x8 measurable function Z on
Cx[0,0],

(35) Jzao - J'[ Jz(m,t) Flw.d) | P(dw).

we shall often denote the stopped process Q by PxF.

It can be shown ([3][4]) that any probability Q on (Cx[0,], @*B) is a
stopped process PxF for some P and some F, if and only if: for every
function f: [0,0] = R continuous and having support in [0,t], and every Y: C
~» Rof form Y(w) = g; (w(t, ))..g  (w(t,)), where g; is continuous and has

compact support on Rd, 0 <ty <eo i=1._k the following holds:

(3.6) ijdQ = jE(YI B,)fdQ.

Here E(Ylﬂt) means the conditional expectation using the marginal of Q
on (CM@), and we regard Y and E(Y | @) as functions both on C and on

Cx[0,%] in the obvious way, and regard f similarly as a function on [0,e0]
and on Cx[0,0].

It is easy to show, by a monotone class argument, that if (3.6) holds
for the choices of Y and f just described, then it also holds for any Y in
L'(c. @, P) and any f bounded measurable on [0,e0] with =0 on (t,o].

Till now we have discussed arbitrary probabilities P on (C@). Since
our interest is in Brownian motion, we now consider P, the usual Wiener
measure on (C8) with initial probability distribution v on Rd, that is
(3.7) PY(ByeA) = v(A)
for any Borel set A in RA. We will refer to such a probability measure
P=P¥ as a Brownian probability on C.

The usefulness of characterizing a stopped process by (3.6) with the
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original limited choices of Y and f, is that, for Brownian probabilities,
this relation is preserved under weak limits. Hence we have the fact that
(cf. [3] Lemma 2.9, [4] Lernma 2.2):

Lemma 3.1 A weak limit of stopped processes P xF, is again a stopped
process if (i) P,=P for all n, or if (ii) Pp, is Brownian for all n.

Since [0,e0] is compact, a sequence Q= P Fy will be tight if and

only If the sequence P, is tight. Here by tight we mean as usual that for

any £>0 there exists a compact set A in the sample space such that
Qn(A%)<e for all n. From a tight sequence of measures a weakly

convergent subsequence can be selected. Thus we have a convenient
compactness principle available for stopped Brownian processes, and
hence for randomized stopping times.

We denote the usual heat semigroup by Py, where P, acts both on

measures and functions as a Markov operator, so that the distribution of
By under PV is vP;. and Pth(x):Ex[hoBt] for any bounded Borel h on Rd.

Definition 3.1 Asequence T, of randomized stopping times will be said

to converge stably to a limit T, with respect to a probability
measure P on (CR), if T, has stopping measure Fp,, T has stopping

measure F, and PxF, converges weakly to PxF.If PVx Fr, converges weakly

to PPx F, for one (and hence for all) probability measures v such that
v<<m, m<<y, where m denotes Lebesgue measure on Rd, then we will
simply say that T, converges stably to T. Since the stopping time

measures F, F, characterize T, T, we will also speak of F, as converging

stably to F.
The fact that PYx F .~ PVx F weakly for one v with p<<m, m<<y

implies that pAx Fo = PAx F for every A with A<<m is clear from the

following lemma, and the fact that PA<<p?:
Lemma 3.2 Let F, F be stopping time measures, and let P be a

probability measure on (C@) such that PxF | converges to PxF weakly. Then

for every Y in L] (C,@,P), and every continuous f on [0,],

(3.8) JY(m) Jf(t)F nlw,dt)P(dw) - JY(co) Jf(t)F(m,dt)P(dm).

Lemma 3.2 follows at once frorm the triangle inequality on L', and is
a special case of Lemma 3.3 below.
A staternent will be said to hold almost surely (a.s.) on C if it
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holds PX-ae. for every x in RY. I T~ T stably, as defined above, we see
easily that although T is not uniquely determined by T, Te®; is uniquely
determined almost surely for every t>0, where 6, denotes the usual shift

operator.
we now prove some convergence facts for later use.
Lemma 3.3 LetF F be stopping time measures, and let P be a

probability measure on (C®) such that PxF = PxF weakly. Let L denote the

space of all functions Z: Cx[0,00]-R, such that Z(w,") is continuous on [0,00]
for P-a.e. w in C, such that Zt= Z(-,t) is @-measurable for all t, and such

that

-

(3.9) sup{|Zy |: Ost<eo}dP < oo,

Then for every Z in L, as n—oeo,

(3.10) | zd(PxF ) - jZd(PXF).

Proof When Z is of the form Z(w,t)=Y(w)f(t), where Y is bounded and
continuous on C and f is continuous on [0,¢], (3.10) is true by the
definition of weak convergence. Continuous functions Y on C are dense in
L! (C.8,P), so, as noted in Lemma 3.2, (3.10) remains true for
2(w,)=Y(w)f(t), where Y is in L' (C,8P) and f is continuous on [0,0].
Hence (3.10) is true when Z is a finite linear combination of functions of
this type.

For any Z in L, define ||Z||=Jsup{|2t |: 0<t<eo}dP.

It is easy to see that the collection 8 of Z inL for which (3.10) is
true is closed with respect to the semi-norm just defined.

Let Z be in L, Z bounded. Let €>0 be given. We can choose an integer
2>0 and a partition 0=tp<ty<..<t, =eo such that if W: Cx[0,0]-R is defined
by W(w,t)=[#2(w,t))/ # for all t=to.ly....tg -y » W(w,) linear on each interval
[tj_l ,tJ-], jFl.k-1, Wlw,) constant on [t _;, t ], then [w-2Z]<e.

bounded, there are only finitely many possible choices for these values.w
is thus a finite linear combination of product functions of the sort
described earlier. Thus W is in #, and hence we have shown that any
bounded functionZ inL is in Y.

Any Z in L can be approximated in the semi-norm sense by its bounded
truncations, so H-L, and Lemma 3.3 is proved.
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We may write equation (3.10) more conveniently as
/
(3.0) elzy 1-[z7].

Here we follow a convention which we will at times use later, of
employing the same letter E for expectation on the randomized space
Cx[0,1], that is, with respect to Pxm,, as we employ for expectation on C
with respect to P.

Corollary to Lemma 3.3 Let T, T be randomized stopping times, P a

probability measure on (C@).
(i) Letobea @, -stopping time. If T,=T stably with respect to P then
TAAT=TAG stably with respect to P.

(ii) If there exists T a sequence of By-stopping times such that T Too

and TnAtj—*TAtj stably with respect to P for each j, then T,,»T stably

with respect to P for each j.
Proof (i) Given fe€([0,0]), Y bounded measurable, let
Zy(w)=1(tAc(w))Y(w). Since ZTn: f(ThAo(w))Y(w), and

Z1= f(TAo(w))Y(w), the result follows at once from (3.10)7.
(ii) Given fee([0,o0]), Y bounded measurable, for every €>0 there
exists j such that E[SUDtthIf(t)‘f(fj)l J<e. Then

|ELrry -elr(TAT Y] <elvl o and [Elrmv]-elrraz)v] | selv] o
since E[f(TAT))Y [-€[1(TAT Y], the corollary follows.

Lemma 3.4 LetF, F be stopping time measures, and let P be a
probability measure on (C8) such that PxF - PxF weakly. Let Z:
Cx[0,.0]-R be given. We will write Z(-, t)=Z, where convenient. Suppose Z

is measurable from G<B to B’, where B8 denotes the Bore! sets of [0,0] and
£’ denotes the Borel sets of R.
(i) Let W: Cx[0,]-R be defined by
(312)  W(w,1) =supl inf{Z(w,s): s inU} ]
where the supremum is over all open subsets U of [0,] containing t. That
is, W(w,t) = lim infg_; Z(w,s). (One sees easily that W(w,) is lower
semicontinuous. W(w,) is the lower semicontinuous reqularization of
Z(w,).)

Let
(3.13) D(w) = {t: W(w,t)<Z(w,t)}.

Suppose that for P-a.e. w, F(w,D(w))=0. Suppose also that Z is
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bounded below. Then

(3.14) lim inf 00 J'Zd(PXFn) > [Zd(PXF).
(ii) Let
(3.15) L{w) = {t: 2(w,) is discontinuous at t}.

Suppose that for P-a.e. w, F(w, L(w))=0. Suppose also that Z is
bounded. Then

(3.16) 1Mo Jza(Pan) = JZCI(PXF).

Proof Let abeinR. Let H=2"! ((a)). That is, H={(w.t): Z(w.t)>a).
Let f; be a sequence of functions in B([0,:0],R), 0<f. <, such that for

any open ‘Jset U contained in [0,ee], X = supf fJ-: support JfJCU 3

For any set KCCx[0,e0], let K ,={t: (w,t) € K} If K € GxB, and G is any
stopping time measure, G(w, K,,) is a B-measurable function of w, by the
monotone class theorem.

Let G = >: Fy/2" Let Vj = {w: G(w, support f -H,)=0}. V; is
@®-measurable, by the prevnous remark.

Let J,={j: wevj}. Let Yk(w,t)=sup{fj(t): jsk and jeJ ). Y (w,t) is the
supremum of )(Vj(w)f j(t), 1<j<k, sO Y| is BxB-measurable.

For each k, by Lemma 3.2,

(3.17) 1M 00 J'ka(PXFn) - J'ka(PXF).
For eachk,
{(w,1): Yplw)>Xylw,} € {(w,b): 3jed,, with fj(t)>0, Xp(w,t)=0}
C {(w,1): 3j with weV; and te(support fj‘Hw)}-

Let Nk--{(m,t): Yk(u),t)>)( H(m,t)}, Mj={(m,t)z mevj

We have shown that NkCL'JM i Thus PXFn(Nk)SjE:I‘PXFn(M j)'

and te(support fj 'Hm)}-

Pan(r“l-)=jF (u),(m-) )P(dm)=J Fn(w,support r'-Hw)P(dm)=0.

Thus PXFn(Nk) 0 for every k and every n Hence Yk<)(H, PxF,-a.e., for every
nk. Thus, by (3.17), for every k,

(3.18) lim inf 00 PXFA(H) 2 Jka(PXF).
Y\ increases to a limit Y, where Y(co,t)=sup{fj(t): jedys). Clearly

(3.19) lim inf e PXF(H) 2 ij(PXF).
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For fixed w in C, let t be in Dc(w)nHw. Then W(w,t)>Z(w,t)>a. Hence

there exists an open set U in [0,] with t in U such that Z(w,s)>a for all s

inU. Thus UCH . For any j such that support f jCU, Clearly jeJ,,. Hence

Y{w,t)>sup{f j(t): support f jCU}, so Y(w,t)=1.

Let S={(w,1): Y(w,t)<Xy(w,1}. We have shown that S ,CD(w). Hence

PxF(S)=JF(m,Sm)P(dm)ZO, since F(w,D(w))=0 except on a P-null set. Thus
Y2Xy, PxF-ae, and so
(3.20) Hm Nl o0 PxF(H) 2 PxF(H).

Let ¥,.¥ denote the distributions of Z with respect to PxF, and PxF,
respectively. Assurmne Z is bounded below by b. Then

lim infnﬁwJZd(Pan) = lim infn_,oo(b+J (D'w)\lln((a,oo))da)

2b +J'(O,m)\P((a,°°))da = JZG(PXF).

This proves part (i) of Lemma 3.4. Part (ii) follows from part (i)
applied to Z and to -Z, so Lemma 3.4 is proved.
Corollary When the function Z of Lemma 3.4 is such that Z is bounded
below(above) and Z(w,) is l.s.c(us.c.) P-a.e., then

(3.21) Him inf 6 (1M supn_,oo)JZd(PXFn) >(<) J'Zd(PXF).
Theorem 3.1 Let T, and T be randomized stopping times, with
corresponding stopping time measures F,and F, respectively. Let v be a

probability measure on RY, and P=PY, the Wiener measure with initial
distribution v. Suppose PxF»PxF weakly. Let K be a closed set in Rd, and

let T denote the first entrance time of K. Suppose that me, (T=%) =0,

that is, that JF(Q).{t(w)})P(du)) = 0. Let YeL! (C.GP) with Y=0 on {T=oo)}.
Define signed measures ¥, and ¥ by the equations

(3.20) Ihdl}‘n = JhoB.L,Fn((t,oo])YdP, Jndq: = JhoB.UF(('C,OO])YdP,

for every bounded Borel functionh on RY
Then q:nw in total variation norm as n-oo,

Proof Clearly [¥,l<lYll,. [¥I<IYl;. Thus the collection of Y's for

which the theorem is true is closed in L! (C.8,P). Hence it is enough to
prove the theorem when Y=0 on {z>(}, where {=the first entrance time of
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the complement of some large ball. Thus we may assume that K contains
the complement of some ball, and hence that T<e almost surely.

Since J{t_o} F({0})dP=0, by the corollary to lemma 3.4 we have lim

SUDn-aooJFn({O})dpzo- Clearly IW’n"J’"SJ |Fp((z00])-F((z,e0)) | | Y|P, sO

if Y=0 on {z>0} we see easily that Theorem 3.1 holds. Thus we may, by

decomposing Y into two parts, assume that Y=0 on {z=0}. Then, discarding

part of v, we may assume PY(z=0) = 0 also. Thus we assume >0, P-ae..
Let W, be open sets in Rd, wkl K. Let T, denote the first entrance

time of W,. Then 7\ <z on {t>0}, and 7 T = everywhere. Standard
arguments show that & is generated by the two o-algebras X, and
6, (@), where X.,.=0(t By 5 :05t<w). Using again the fact that the set of

Y's for which the theorem is true is closed in L! -norm, we see that it is
enough to prove Theorem 3.1 when Y is of the form U(Voet), where U is

bounded and atk—measurable for some k, and V is bounded and

@-measurable. We assume |U|<1, |V|s! without loss of generality, and
consider fixed U, V, k. Let M denote the collection of bounded Borel
functions h on RY, having sup norms1, and having support in a fixed
compact subset S of RY. In order to prove Theorem 3.1 it is clearly
sufficient to prove that

(3.21) JhoBtFn((’c,oo])YdP B JhoBtF((t,oo])YdP

as n-oo, uniformly over all h in M.
Suppose not. We will show a contradiction. There exists some §>0,

and a sequence hni in M, such that
(3.22) IjhmoBrFm((t,w])YdP- J’hnioB.cF((t,oo])YdPPS for all i.

Passing to a subsequence and relabelling, we may assume that 1

converges to a limit h in the weak*-topology on L*(R9,8”\), where B~
denotes the Borel sets in RY, and A denotes the distribution of By with

respect to PH, where i is chosen so that m<<ji. We note that if A¥
denotes the distribution of B, with respect to P¥, then A¥<<x for every x

in K€,

Let €20 be given. Choose jzk such that Pxm, (T;<Tst)<e/2, that Is,
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IF([’cj ,T1)dP<g/2. By the Corollary to Lemma 3.4, there exists ng such
that for every n2ng,

(3.23) JF([’C’j,’C])dP <g/2.
Then, for n2ng,

(3.24) | JhnoBtFn((r,w])YdP— JhnoBtFn((tj,w])YdP |<e/2
| thOBtFn((tj o])YdP- fhoBtFn((tj S)YAP| =

| J (hyh)eBoFr((z,00DU(Vo0 )P | =
I J E[(hn—h)OBtFn((Tfj ,M])U(Voet) |at]dp I -

| ] UFR((zj.0eD((hy-N)g)eB, dP |, wnere g(x)=e*[Vv], so that g is Borel on RY

and |g|<! everywhere on RY. Thus

e

| J yeBeF (T o0 DYAP- JhoBtFn((tj,oo])YdH:
(

| J ElURy(zj Dy -n)g)B., | B JoP | =

l ("

UF (% seDEBey{ ((h-n)g)eB ]<1P|<J|EB1:J [((h-n)g)eB,] | aP.
For each X in K, hn-h =0 in the weak*-topology on L1 (RY, B, A%).

L.

Thus EB7;{((h,-n)g)eB ] - 0, P-ae.. This shows that

(3.25) | J hpoBefp((zj 0l)YdP- J'hoBtFn((tj 2o])YdP | - 0 as n-ee,
By (3.23), for every nzng,

r r

(3.26) | ] hoBFr((Tj colYaP- | hoBoF((z eoYaP | < £/2.
By (3.24)(3.25), and (3.26

N’

,~

(327) | | hpeBeFp((T cel)YaP- | heBF (T, ])YdP| — 0 as nee,

By the same argument (applled to the constant sequence (F)),

r

(3.28) | hnoB.UF((t,m])YdP—JhoBtF((t,OO])YdPl » 0 as n-w.
By lemma 3.4(ii), with Z(m,t):hoBt(w)(w)Y(w)x(t(w)'oo](t), we have

(3.29) IJ'hOBtFn((t,w])YdP— JhoBtF((t,oo])YdF’l = 0 as n-eo,
(3.27), (3.28), and (3.29) contradict (3.22), so theorem 3.1 is proved.
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Remark 3.1 The conclusion of Theorem 3.1is also true if T is any
stopping time of form o+u, where o is any stopping time and u>0. This
result was proved in [4] for the case g=0. The proof is a simpler version
of the one just given. It seems possible that this result could be proved in
a more general form.

Now that we have obtained some properties of weak convergence of
general randomized stopping times, we turn to the more restricted class
of randomized stopping times that we shall actually work with, namely
the multiplicative functionals.

Definition 3.2 A stopping time measure M will be called a
multiplicative functional if for every sz0, t20,
(3.30) Misg = Mi(Mgo0;) almost surely.

we recall that almost surely means P*-a.e. for every x in RA and that
6, is the usual shift operator, so that (etw)(s)=m(s+t).

We shall assume, unless otherwise stated, that any multiplicative
functional M also has the following continuity property: for every t>0,
and every sequence €, of positive real numbers with €, { 0,

(331) 1m0 M-, °Og, = My almost surely.

_ If T is a first hitting time or a first entrance time, and M is the
associated multiplicative functional, then Mp=X(t,00] °T Gives the stopping

time measure associated with T, and M satisfies (3.30). M also satisfies
(3.31) if T is a first hitting time but not if = is a first entrance time. For
a general treatment of multiplicative functionals see [6].

Associated with any multiplicative functional M there is a
sub-Markov semigroup Q;(M), defined by

(3.32) (Qt(M) h)(x) = E"[hoBtNt], for every bounded Borel function h.
As usual, we also define vQ;(M) for any finite measure v by the

equation J hd(th(M))=JQt(M)hdv.
Although we will refer to Q;(M) as a semigroup, it should be stressed

that Qg(M) will not in general be the identity operator.
If Py is the usual heat semigroup associated with Brownian motion,

clearly Pt=Qt(1). Also, one shows easily from 3.31 that
(333) QM) h=limgyq PeQp- (M) h

Furthermore, if h=0, the limit in (3.33) is decreasing. It follows that
for any hz0 the function Q;(M) h is upper semicontinuous.
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The following fact is sometimes useful:
Lemma 3.5 Let M be a stopping time measure having the multiplicative
property (3.30). For any t>0, M({t})=0 almost surely.
Proof Let X be a probability on Rd, m<<X\. There exists s, 0<s<t, such

that JM({S})dP" = 0. Then M({s})=0, P*-ae., and hence M({s})=0, P”-ae.,
for any probability »¥<<m. For any  in RY, MU{tH=M;_g(M({s}))o64 .

PX-a.. Since P*o,_¢~! = PV, where A¥<<m, we see that (M({s}))e6;_¢=0,

P¥-a.e., proving Lemma 3.5.
The semigroup Q;(M) characterizes M uniquely. More generally;

Lemma 3.6 Let M and N be any two stopping time measures having the
multiplicative property (3.30). Define the sub-Markov semigroups Q(M)

and Q;(N) as in (3.32). If Q;(M)=Q;(N) for all t then M=N almost surely.
Proof. Fix t>0. Let s=t/k for some k>0, and let t;=js, j=0,1,..k.

J
Mt=ﬂj=0 to k—l(MS°etj ) , almost surely. Let fg,...f, be bounded Borel
functions onRY. A straightforward induction shows that for any x in Rd,
EX[MyTooBy - kB, | = TaQg(MI(11Q M 5(M)). ).

Thus E¥{My |By .8 1, ] = E¥[Ny By B 1, ] It Tollows that ty=Ny,
P¥-ae.. By right continuity, M=Ny for all t, PX-ae., so lemma 36 is

proved.

We now wish to consider in what sense a limit of multiplicative
functionals is again a multiplicative functional. The definition of
convergence we wish to use is that given in Definition 3.1, stable
convergence of stopping time measures. As noted after Definition 3.1,
this definition of convergence does not specify the limit uniquely.
However, we now show:

Theorem 3.2 Let F", F be stopping time measures such that FM-F stably
and such that for every n and every s20,t20
(334)  FMyg = FN(FNg00y), PA-ae. where A is a fised probability

measure with m<<X\, A<<m. There exists a multiplicative functional M
(satisfying (3.30) and (3.31)) such that F'-M stably. M is unique as. .
Proof We wish to prove first that for every s>0,t>0,

(335)  Frug = F1(Fgo8y), Pr-ae.

By right continuity it is enough to prove (3.35) when s is such that
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JF({t+s})dP7‘=0 and J’F({s})dPx=0. (3.35) is true if for every Y in

L' (c.aPN), Jth+SdP7\=jYFt(Fsoet)aPk, or by the usual density
argument, if this equality holds for every Y=W(V8,), where W is bounded
and &, -measurable, and V is bounded and G~ measurable.

We have, using Lemma 3.4(ii),

J YF 1,5 dPA=lim n_,wJ'YF Mo dPA=lim n_,,,(,J’W(Voet)F"t(F”Soet)dlw?\:

lim r,_,(,,,J'WF“t EB{vFN JaPA=1im n_mJEX[VFnS]'yn(dx), where ¥ is the
signed measure on RY defined by

(3.36) Jhd\?”:E)‘[noBtWF”t] for any h bounded Borel on RY.

Let ¥ be the signed measure on RY defined by Jhdan?\[hoBtWFt]. By

Remark 3.1 (the case proved in [4]),
(3.37) [¥N-¢[-0 as n-ee.
Clearly we may assume X is such that we can write y=gd, where g is

a bounded Borel function onRY. Thus JE*[VF“S]Iﬁ(dx):EX[goBOVF”S]. It
then follows from Lemma 3.4(ii) that

(3.38) JE"[VFnslxp(dx)-»JEX[VFslnp(ax) as o,
JE”[VFS]'P(dx)=E)‘[WFtEBt[VFS]]=E7‘[YFt(FSoet)]. Thus, by (3.37) and

(3.38), | YF:,.dPM= | YF,(F.00,)dPX, and (3.35) is proved.
t+s t\' sVt

Having established (3.35), we finish the proof of Theorem 4.2 by
showing that for any stopping time measure F, such that (3.35) holds for a
fixed probability A with m<<A, we can find a multiplicative functional M
such that (3.30) and (3.31) hold, and such that M=F, P¥-ae., for any v<<m.

For any v<<m, and any t>0,

(3.39) J’F({t})dPV = 0.
This is proved in the same way as Lemma 3.5, using (3.35) instead of
(3.30).

As another consequence of (3.35), we see easily that for any t>0, and
any sequence of positive real numbers g, with €10, we have
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(3.40) Ft—ek°eek is almost surely decreasing in k.
In particular Ft—ek°eekh55 a limit as k-0, almost surely.

Let Y denote the limit of Fy_g o0 as k. By (335), Y2Fy, PA-ae.

On the other hand, if v<<m, we have JYdP V= 1imy 5o0E Ft-g,°0g, J°

lim k.mE"k[ Ft—ek]' where v =vPg, . Since v, -v[=0 as k-eo, JYGPV=

EV[Ft_]=JFthV by (3.39). This proves that if v<<m, t>0,
(341 limy 0 Fyog, °0g, = Fy, PV-ae.
Wwe now define Nt(w), for t>0 and w in C, by
(3.42)  Ny(w)=inf{F,_.°6.: r rational, 0<r<t}.
t t-rr

It follows easily that for every t>0, for every s20,
(3.43)  Np.g SN everywhere.

For any €, real positive, €,40, we find from (3.40) that for t>0,

(3.44) NE=1imy 0 Ft-ek°esk almost surely, and hence that for any

p<<m,
(3.45) N;=F, P¥-ae.

From (3.44) and (3.35), for t>0, s>0,
(3.46)  Ni.g = NiFgoB;, almost surely.

we define M, a stopping time measure, by
(3.47) My = Ny, for 0st<oo, My, =1,

For t>0, Nysgay/k = NiFgap/k ©¢ almost surely, by (3.46). Thus My,g
= NiF 56y almost surely, using the right continuity of M and F. Hence My,
= Ny, almost surely, by (3.46) again. This shows that for 0<t<co,

(3.48) ™M, = N; almost surely.

Fix u>0, consider t, 0<t<u, and let s=u-t. Applying (3.46),
Ny=NtF -1 6. almost surely. Letting t40 through a sequence gives
Ny=MgNy almost surely, by (3.47) and (3.44). Hence, by (3.47), M.=MgM,

almost surely for all r20. This proves that (3.30) holds for our M, when
t=0.
When t>0, My, =Ni,g =NiFg°0; almost surely by (3.48) and (3.46), and

Fo0;= Ngo6;=Mg°6; by (3.45) and (3.48), so (3.30) holds in all cases.
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M-g, %O, Ni-g, ¢, Ft-g,°O¢, almost surely by (3.48) and (3.45),

so (3.31) holds by (3.44) and (3.48). This proves Theorem 4.2.
Although we will not need this fact in the present paper, we note
that a multiplicative functional satisfying (3.30) and (3.31) has the

strong Markov property:
Lemma 3.7 Let M satisfy (3.30) and (3.31), and let = be any @, -stopping

time. For any s20,
(3.49) Mpsg = ”z’(”5°9t) almost surely on {T<co}.

The proof is omitted.
Definition 3.3 Let M be a multiplicative functional, Q;(M) the
corresponding sub-Markov semigroup. The resolvent R_(M), x>0,
associated with M is defined by
© [ ]
(350) R = et mat, ie. R, (0NG) = EX] e otimyheByat ]

We note that the usual resolvent equation argument shows that if M
and N are multiplicative functionals and R (M)= R (N) for one «>0 then

Rﬁ(l“l)z RB(N) for every B>0.
we may consider Q;(M) and Ry(M) as defined initially for h bounded

Borel, and then extend to h in Lp(Rd,m), since ot(m) is a contraction for
1<p<oo,
Lemma 3.8 Let M, and M be multiplicative functionals. The following

statements are equivalent:
(i) My~ M stably as n-ee;

(i) R (My) = R (M) weakly on L2(R9m) for each o>0 as n-oo,

Proof Assume (i). Let A be a probability measure with m<<X, A<<m. By
lemma 3.5 and Remark 3.1, for any t>0,
(3.51)  AQi(MP-AQ (M) - 0 as n-eo,

where Q4(M) is defined by (3.32).
Hence for any bounded Borel functions h and g with compact support,

(3.52) Jh(Qt(Mn)-Qt(H))gdm - 0 as n—oeo,

Since Qt(r'ln) and Qt(M) are contractions on LZ(Rd,m) for all t, (ii) follows.
Conversely, assume (ii). Let N be a stable limit point of My Then

Ro(N)=R (M) on L2(RA m). Q{(N) and Q;(M) are clearly strongly right

continuous on L2(R9m) as functions of t. Qi (N)=Q¢ (M) on L2(RAm) for all
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a.e. t and hence for all t since as functions of t they have the same
Laplace transforms. Hence, by (3.33), Q;(N)=Q;(M) for all t, as sub-Markov

operators. Thus N=M by Lemma 3.6, so (i) holds, and Lemma 3.8 is proved.
Definition 3.4 A muitiplicative functional M will be called symmetric
if the corresponding operators Q;(M) are symmetric on L2(R9 m).

Lemma 3.9 Let M, be a sequence of symmetric multiplicative
functionals, and let M be a multiplicative functional such that Mp~M

stably. Then M is symmetric.
Proof Let hand gbe bounded Borel functions on RJ with compact

support. As noted in (3.52), if t>0 then Jth(Mn)gdmaJth(M)gdm and

Jth(Mn)hdmﬂngt(M)th. It follows at once that Q;(M) is symmetric

on LZ(Rd,m), so Lemma 3.9 is proved.

It seems to be open whether nonsymmetric multiplicative
functionals (satisfying (3.30) and (3.31)) exist. In any case we have:
Theorem 3.3 Let M, and M be symmetric multiplicative functionals. The

following statements are equivalent:

(i) M,~M stably as n-eo;

(i1) Rm(”n)"Ra(m strongly on L2(Rd,m) for each «>0 as n-¢o.

Proof If (i) holds, we know by the proof of Lemma 3.8 that for t>0
QZt(Mn)-)QZt(M) weakly, hence Qt(Mn)"Qt(”) strongly, and (ii) holds. The

converse follows from Lemma 3.8, so Theorem 3.3 is proved.
4. Let p be a measure on RA, d>2, p20, not necessarily finite. Define the
operators Pot*, Pot™ as in section 2 by

(4.1 Pot"p(x):Jk*( I%-y|)p(dy), Pot™u(x)= J'k'( | %-y| ) u(dy),
where k(r)=c4 rd-2 it d>3, and k(r)=-cq log r if d=2. Let a4 denote the area
of the unit sphere in RY. Then cyq=2/(d-2)aq for d23 and c4=2/ay for d=2.

As in section 2, M, will denote the space of finite measures { on Rd
such that Pot* 1 is bounded and continuous on Rd and Pot u is finite on
RY.

For any measure u with Pot” 1 bounded, in particular for y in M,,
there exists a continuous additive functional J(p)>0 such that
Pot peBy+Jy is a martingale, a particular case of the Doob-Meyer

decomposition theorem for supermartingales (cf. [6], [14]). Jy is
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G -measurable for each t, is continuous as a function of t, and is additive
in the sense that J;,g=Ji+Jg°0; ass. for all t,520. By [6], 5.2.1, we may in
fact take J(u) to be perfect, meaning that aimost surely,

Jteg (H)=J¢(p)+J5(p)e6; for all t and all s. For d23 J; has a finite limit
Joo SUCH that E"[Jw(p)]zPot ju(x) for all x inRY . For all d, using the
symmetry of Pot, we see from the fact that Pot peB;+J, is a martingale
that for any probability measure A with compact support, and any finite
stopping times t,<t, P-ae, if xti denotes the distribution of Bt‘ with

respect to P", and Pot 7\7:]2 Pot )‘?52 on Rd, then
(4.2) J(Pot A, POt Ay Jap=EM 4y (0)-Jz ()]

we note that the condition Pot )\,C,Zs Pot 7"(:1 is automatically true

when d3, so that t,, T, can be any finite stopping times in this case. In
the d=2 case we will have Pot 7\1.25 Pot )‘751 when T, is bounded, or when

T, < the first exit time of a bounded region. Also, by Fubini's theorem we
can extend (4.2) to randomized stopping times.

By [6], 6.3.1 and 4.2.13, for any measure j in M,, and any bounded
Borel function q, if we let v=qdy, then

(43) 3= f[ RN

Lemma 4.1 Let Kt(i): C-[0,00] be such that Kt(i) is @y-measurable for

each t and i=1,2. Suppose that for every x in R and i=1,2 the following
conditions hold P¥-ae.:
(1) K.(i) is nondecreasing and left continuous,

(2) K.(i) is continuous on the interval where K (i) is finite,

(3) Kq(i)=0.
Finally, suppose that for every finite stopping time z, for every % in Rd

@4) ek lexlk ()]

Then for every x in R9, P¥-ae. K (1=K (2).
Proof Fix a, 0<a<e. Let T, =inf{t: Ki(1)2a}. {z,<s} is the union of
{Kp(1)2a} over all r rational, r<s, so v, is a B4-stopping time.

If t<z,, clearly K(1)<a. Hence, if 0<v ;< then for every x, P*-ae.

K.L.e(l)Sa by left continuity. If ©,=0 the same is clearly true. Thus for



39

every x, P*-ae. Ky(1)<a for all finite t<t,,.

Fix x in RO and a positive number n. Let T=T,An. Then K, (1)<a,
P¥-a.e.. Hence E"[K.C(l) J<e, s0 E"[Kt(Z)]<oo.
Let =Ky o¢(1)-K t A(2). For any & -stopping time o,

E¥[Y g J=e¥ [k g p () 1-EX[K g A (2]=0=E¥[ Yo | 1t follows easily that (v,
@) is a martingale.

Since Y, is continuous and has bounded variation, Y, must be
constant, PX-a.e.. Hence Y;=0 for all t, P*-ae.. That is, Ky p(1)=K  Ao(2)
for all t, P*-ae.. Thus for every n, PX-ae., if t<n and Ki(1)<a, then
K¢ (1)=K {(2). Since this is true for all finite a, we have P*-a.e. that
Ki(1)2K (2) for every t. Lemma 4.1 then follows by symmetry.

We recall the space M, defined in section 2: M, is the space of
measures | which can be expressed in the form p=qv, where v is in M, and
Q: RA-(0,00] is Borel. M,CM,y. As noted in section 2, for every peMy, there
exists J1"eM,; with p~p’, in the sense of Definition 2.4.

Lemma 4.2 Let D be an open set. Let p, and p, be in Mq. The following
statements are equivalent:

(i) py~pp(D);

(ii) For every bounded open set GCD, every stopping time < the first exit
time of G, and every probability measure A on G,

(45) J(Pot A-Pot At)d;ﬁJ'(Pot A-Pot A, )djip;

(iii) For every bounded open set GCD, every probability measure A on G
with A<<m, if V is a finely open subset of G, and h is the reduction of Pot
A onto VE then

(4.6) J(Pot )\-h)de:J(Pot A-h)dly;
(iv) uy(V)=pp(V) for all finely open subsets V of D.
Proof (i)=>(ii): (Pot A-Pot ?\.C)!\k:Pot A A(Pot ?\.Lﬁk)-POt Ay is

nonnegative and bounded, and so is easily seen to be in HOI (G). Thus

J(Pot A-Pot )\.C)Akdp,zj(Pot A-Pot A )Akdp, for all k, and we may let

k=00 to prove (ii).
(i)=(iii): nh=Pot Ag. where T=the first exit time of V.

(iii)=(iv): Let G be a bounded open subset of D, A a probability measure on



40

R, with A<<m, Pot A bounded on G, and A(GS)=0. Let V be a finely open
subset of G. Let h be the reduced function of Pot A on VE. Let x>0 be
fixed. Let W={Pot A>«+h}. Let g be the reduced function of Pot A on W& w

is finely open, so J(Pot ?\-g)dp,ZJ(POt A-g)d,. If J'(Pot A-Q)dp;=co

then py(W)=p,(W)=0, so I (g-h)dpin'wo(dpi:oo,and

I(g-h)dpﬁj(g-h)dug. If J(Pot A-g)dp<oo, then, subtracting from (4.6),
we obtainj(g—h)dp,zI(g—h)dpz again. Since g=Pot AA(«+h), we have
shown thatJ(Pot AA(x+h) - h )dp= J(Pot AA(x+h) - h )dp,, or

J(Pot D\—h)Aadp,:I(Pot A-h)Axdp,. By the proof of 1.XL10 in [12] we

can choose our probability A (with Pot A even continuous), such that for
any finely open subset A of G, if f is the reduced function of Pot A on A®
then A={Pot A>h}, up to a polar set. Let U={Pot A>h}. U=V up to a polar set.
k((Pot A-h)A(17k))=(k(Pot A-h))AITX |}, 5O J1i(U)=,(U). This proves (iv).
(iv)=(i): As mentioned earlier, if G is a bounded open set, any function f
in H! (G) has the property that for any £>0 there is a set B, of capacity

(relative to G, say) less than €, such that the restriction of f to BeC is
continuous. We may enlarge B, to make it fine closed without changing its

capacity. f is finely continuous at each point of the complement of the
closure of Bg, a finely open set. It follows that f on G is fine continuous
at each point of a finely open set in G whose compiement is polar. It then

follows that the inverse image under f of any open set differs from a
finely open set by a polar set. Thus

Jf2dp,=j[o,w)p,({fbt})dt: J[O’w)pz({fzﬂ})dt: szdpz. This proves

Lemma 4.2.

Remark 4.1 The proof that (iii)=(iv) shows that following fact: let
Hy,H2€Mg and let U be a finely open set, such that for any probability A on
RY with A<<m and Pot A bounded, and any finely open subset V of U, we

have J(Pot ?\'h)dj.lFJ(POt A-h)dy,, where h denotes the

reduction of Pot A onto V<. Then py=p1, on all finely open subsets of U.
We shall now show how to associate an additive functional with any
measure in M. Glven peMy, let j be expressed as qdv, where v Is in M, and
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q: R9-{0,] is Borel. Let K(u) be defined by

4.7 K :J oB.dJ.(V).
(4.7) t(w) 10.4%Bs 5»)

We see that Kt(p): C-[0,00] is Gi-measurable for each t, and for every
xeRd, P*-a0.: K.(p) is nondecreasing and left continuous, K () is

continuous on the interval where K (1) is finite, and Kq(jt)=0. Furthermore

K.(p) is additive, and also: for every t>0, for any sequence ty>0 of real
numbers such that t, ~0, we have for every xeRd, PX-ae. that
(48) Kt(p):”mk—boo Kt—t k(“)oetk'

We will regard two functionals as being the same if for every xeRY,
P¥-ae. the functionals agree for all time. In this sense we have the
following lemma:

Lemma 4.3 The functional K(yt) defined by (4.7) is independent of the
representation pu=qdv chosen for p. Furthermore, if py~p, then
K(pp)=K(pp). Conversely, if Kpy)=K(jz) then py~po.

Proof Let j=q,dv;=q,dv,. Let X be any probability measure on Rd, T any
finite stopping time such that Pot A\,.<Pot A. For all n, by (4.2) and (4.3)

(4.9) J(Pot A-Pot kt)(qi/\n)dwE?‘[J
Letting n—o, we see that
(4.10) J'(Pot)\—Pot A )dp=EA J 0 t]<1i°E¥5<1Js(vi)].

For any finite stopping time t whatsoever, it then follows that

EK[J [O’t]q”BsdJs(V!) J=eN J [O‘t]q'z"Bngs(Vz) ]. By Lemma 4.1,

[Olt](qif\n)oBSdJs(Vi)].

J'IO t]qioBS(LJS(vi), i=1,2 defines the same functional, which is now
unambiguously denoted by K(p). By (4.10)

(4.11) J(Pot A-Pot )\t)dp:Ek[JKt(p)] for any stopping time  such
that Pot A <Pot .

Suppose NoOw i~ l,. Let xeRY4. and let © be any finite stopping time.
Let G be any bounded open set, and let g be the first exit time of G. Then
by (4.11) and lemma 4.2

(4.12) J(Pot A-POt A A IHEM Ky p ()] for i=12, where =5,
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Letting G expand to e, we see that E“[Kt(p,)]= EX[Kt(pz)]. Thus

Lemma 4.1 applies again to show that K(pp=K(pp).
Finally, let j,H, be in My, such that K(py)=K(p2). Let G be a bounded
open set, A a probability on G, and T a stopping timesthe first exit time

of G. By (4.11), J'(Pot A-Pot A )dpy= J(Pot A-Pot A, )dy, and thus
Hy~Hp by Lemma 4.2. This proves Lemma 4.3.
Lemma 4.4 For every peM,, Ky, () defines an additive functional.
Proof For everys>0, t>0, for every €, 0<e<s, for every xeRd,
(4.13) Ktog (1)7Kps g(1)+Kg-g(11)o0 o8y, P-ae.

Letting €=¢, 10, by (4.8),
(4.14) Ktag (1)7Kps (U)K g(11)o6y, PF-ac.

Letting slu>0 proves lemma 4.4.
Remarks:

(a) Clearly, for every xeRY, since Ko+ (H)=Kg.(0)*+K g, (), P*-ae.,
either Kq,(p)=00, P-aee, or Kqg,(1)=0, P*-ae.. (We recall that Gg is trivial
as..)

(b) Let t>0, t,>0, t,40. For large k
(418)  Kpa ()=Kg s (K (gog ) ()o0y, PH-ae.

As k-0, clearly Kyt ). (4)e6y, increases to a limit, P-ae. Thus we

have
(416)  Kpa (0)=Kga(*lim 50K (g )+ (ot . PH-ae.

BUL 1My yo0K(t-t )+ (1904, 2 1My 00K (1t ()08, =K (1)2Kg, (). So
whether Kq,(11)=0 or Kq,(p)=e0, we have

(4]7) Kt+(}1)= Iimk_mK(t_t k)+(p)°6tk, Px-a.e..

Now we can define the multiplicative functional M(p) associated
with pem, by
(4.18)  My(p)=exp(-K, ().

Clearly (3.30) and (3.31) hold, because of Lemma 4.4 and equation
(4.17).

Lemma 4.3 gives at once:
Theorem 4.1 Let y, and y, be in™M,. Then p~p, if and only if
MCpp)=M(pz).

Because of theorem 4.1, we can define M() for peMyg by M(u)=M(v),
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where veM, and v~p.
We note that M(pt) has been defined in terms of y by a probabilistic
construction. As in section 3, we can then define the resolvent Ry (M(p1))

corresponding to the semigroup associated with M(j1). At the same time,
we can consider the resolvent R, (j1) defined by the variational problem

discussed in section 2. We now prove:

Theorem 4.2 Let j be inMq. Let T be the randomized stopping time
corresponding to M(p). Then for any A>0, Rq ()=Ry (M(p)).

Proof As usual we may take peM,. Let p be expressed as p=qdv, where
veM, and ¢ RA-[0,00] is Borel. Let Hnp=(gAn)dv. Then p Ty, so

Ra\ ()R (1) strongly, by Theorem 2.1. Also My(j)=exp(-Ky(pp))
decreases pointwise to exp(-K;(j))=M;_(p), so as a random measure M( jIny

converges weakly to M() on [0,%], pointwise for each w. Thus
PYxM(p)2PYxM(11) weakly for any probability measure v, so in particular

M(pp)=M(p). Thus R(M(up))=R(M(p)) strongly, by Theorem 3.3. Hence it is
enough to show R (1)=Ry (M(11)) for peM,.

Accordingly, let p be a measure in M,. We must show that
R;\(p)=R)\(M(p)). Let v, =pPy, , where P, is the usual Brownian motion
semigroup. The usual arguments concerning energy show that for any xeRd,
(4.19) E¥[(Uy (v )31 ()2] - 0 as koo,

Let k j be any subsequence. We can f ind a subsequence k; of k j- such that

(4.20) Jy (v .)>Jy (1) pointwise P*-ae., for all rational t.
Thus as a measure ”(Vki) converges weakly to M(jt) on [0,e0], for PA-ae. w.

Hence P”xr'l(vki) converges weakly to M(j1). Since k j Was any subsequence

of the original sequence, we see that
(4.21) PXxM(v )=>PRxM(p) weakly, for all xeRJ.

In particular we have shown that M(v, )-M(p), so R\ (M(¥ =R (M(1))
strongly. By (8], Proposition 4.12, v, ¥-converges to j1, so by theorem
2.1, Ry (v)=Ry () strongly. Thus it is sufficient to consider y in M, such

that y has a C* density with respect to Lebesque measure. In this case
both Ry (1) and Ry (M()) are defined by the same classical differential

equation, so Theorem 4.2 is proved.
Corollary For any open set D, let & be the last exit time of D. Let MD(p)
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be the multiplicative functional corresponding to T(p)Ac. Then for any
2>0, R0y (1)=Ry, (MP(1)).

Proof The same argument used in the proof of Theorem 4.2 can be used
again. Or by Proposition 2.2 and the method of example 4.1 below we can
just apply Theorem 4.2 to the measure HHoog, where E=DC.

Theorem 4.3 A sequence jiéMg ¥-converges if and only if the
corresponding sequence M( pn) converges stably.

Proof By Theorem 2.1, u, ¥-converges if and only if the resolvents
Ra (K converge strongly. M(ji,) converges if and only if Ry (M(pp,))
converges strongly by Theorem 3.3. Since Ry (J1)=Rs (M(j1,)) by Theorem

4.2, the result is proved.

Remark 4.2 Since ¥-convergence and stable convergence are now linked,
we see that the Corollary to Lemma 3.3 gives a probabilistic proof of
Theorem 2.1.

Example 4.1 Let K be any Borel set in Rd, d23. Let A be a probability,
A<<m, m<<A. Let T be the first hitting time of K,and let v denote the
distribution of B, on {z <} with respect to PA ie. v is the swept

measure of A onkK..
Then: cop=coy, and M(co¥) is the stopping time measure for T, where 0oy IS

given by Definition 2.2, and 0v(A)=c0 if ¥(A)>0, co»(A)=0 otherwise.
Proof Clearly it does not change v if we replace A by any probability
which is mutually absolutely continuous with respect to A. Thus without
loss of generality we assume that A has a bounded density with respect to
m. Then Pot v<Pot X is bounded. Let a=inf{t: J;(»)>0}. We claim:

(a) o=, Px—a.e., for every xeRd, and
(b) »(V)>0 for any finely open set V such that VK is not polar.
Proof of (a). Pot A=Pot A, A4, quasi-everywhere on K, for all t. Thus, by

(4.2),
(4.22) EMu p(W]=0 for all t, so

(4.23) My ml=0.

Hence J,.(v)=0, P -ae., so Tso, PM-ae.

Let ¥ denote the distribution of B on {o< o} with respect to 2
Then Pot v>Pot §. By (4.2),

j(Pot A-Pot )\md)dwE)‘[de(v)]:O for all t, soJ(Pot A-Pot ¢)dv=0.
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Thus Pot y=Pot A2Pot v, v-a.e.. Hence by the domination principle,
Pot y2Pot v. Thus Pot ¥=Pot v. Since Ex[(d—t)x{t<m}]=

J(Pot v-Pot ¥)dm=0, this proves t=0, PMae. Since 7:=Iimtl0(t+7:oet)
and o=limyo(t+ae6y), and T6,=0°6;, P¥-ae., for every xeR0. (a) is
proved.

Proof of (b). Let V be finely open. As noted in the proof of Lemma 4.2, we

can find measures py,p, such that Pot p, is bounded and continuous,
Pot pi2Pot p,, and Us{Pot p;>Pot p,} differs from V by a polar set. Let ¢,

be the swept measure of p; on K. Then Pot §,>Pot ¢,. Let
w={Pot ¢;>Pot ¢,}. Then WnNK=VnK up to a polar set. J(Pot ¢,-Pot ¢,)dv=

J(Pot ¢,-Pot 9,)d\. W is finely open, so A(W)>0. Thus »(WNK)>0. This

proves (b). (a) and (b) clearly imply the result.
A similar construction in R2 shows that M(ooy )=the first hitting time

of K in this case also.
9. In this section we shall illustrate the earlier results by proving some
facts relating to Theorem 5.10 of [8].

Lemma 5.1 Let ji, and v, be two sequences in Mg such that j
¥-converges to j1 and v, ¥-converges to v. Let U be a finely open set in
Rd, U bounded if d=2. Suppose that Hp=vponall f inely open subsets of U.

Then p=v on all finely open subsets of U.
Proof We may rephrase the lemma as follows: let p., i be in Mg, such

that ., ¥-converges to p . Let U be a finely open set in RY, U bounded if
d=2. Let v=X A}, and let Y be any F-limit point of v, Then y=p on

finely open subsets of U.
Replacing j, and j by equivalent measures, we may assume that i pet,.

Let M(M)=M(pip), M=M(p), N(n)=M(vp,), N=M(¢¥). By relabelling, assume N(n)-N
stably. Let z=the first exit time of U. Fix t>0, and let Y=X{(,4}. Let X be
any probability measure with A<<m. By Lemma 3.5, for s>0, M({s})=0 and
N({s})=0, P)‘—a.e., and hence, by Lemma 3.4(ii), for any HeL! (C.aPM),

J'YHX[O,S]d(PKXM(n))-’ J YHX [ g)d(PxM), and JYHX[O,S]G(P?\xN(n))»

JYH)( [0,5]9(PMN).
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Since M, (n)=N,(n) for u<z, we have, for 0<s<t,

JYHX[O‘S]G(PMM): JYHX[O'S]G(P)‘KN). It follows that Mg=Ng, PA-ae., on
{T>t}, for 0<s<t. Hence Mg=Nq, PA-ae. on {T>s). Thus Kgs(1)=K,(¥) for
0<s<t, in the notation of section 3. Hence Ko(u)=K4(¢¥) for 0<s<z. It
follows from (4.11) that for every stopping time o<z, such that

Pot Ay<POt A, J(Pot A-Pot 7‘0’) d}FJ’(POt A-Pot 7\0) dy. Hence, by

lemma 4.2, u=y on any finely open subset of U, so Lemma 5.1 is proved.
Definition 5.1 For any measure peMy, the set of finiteness W(j) for p
is the union of all finely open sets V such that p(V)<co,

Lemma 5.2 Let p 1t be in Mg, such that j, ¥-converges to . Let

w=W(j1). Let A be a Borel set in RY such that p(fine-3A)=0. Let U be the
fine-interior of A. Suppose that (fine-aU)N(fine-aw) and
(fine-0A - (fine-3U))NWE are polar. Let v,=X adjin, ¥=X adjt. Then v,

¥-converges to v.
Proof Let G=fine-interior of A®. Let Pn=Xacdpn, 9=X acdp. Let YA be

any ¥-limit points of v, 9, respectively. By Lemma 5.1, v<¥ and $<A on
all finely open sets. Also, by Lemma 5.1, since Xgdy=the limit of Xgdv,

on finely open subsets of G, Y(G)=0. Similarly A(U)=0.
Since v+9,=H, ¥-converges to i, we must have y+i=}, SO

Y+A=p=v+¢ on all finely open sets. It follows that $=y and A=¢ on all
finely open subsets of W.

Now let S be any finely open set. Let
Z=5-[{(fine-3U)N(fine-awW)}U{(fine-dA - fine-U)NWC}]. Let xeZ. We
consider four cases. Case (i): xeU. Then v(ZnU)=$(ZNU) by Lemma 5.1. Case
(ii): xeG. Then v(ZnG)=¥(ZnG)=0. Case (iii): xeW. Then v(ZnW)=y(Znw). The
remaining possible case is xefine-0U, x not in fine-closure W. Let D be a
finely open set, DCZ, xeD, such that DNW=@. DNUz@, so
»(DNU)=p(DNU)=00=9(DNU). We have shown that in every case, x is
contained in a finely open subset D of Z with v(D)=y(D). Since the fine
topology has the quasi-Lindelof property, and v and § are in Mg, v(2)=¥(2),
so v(S)=¥(S). Thus v=¥, and Lemma 5.2 is proved.

As a corollary, we see that if p is Radon, so that w&=@, then Vh
¥-converges to v whenever p(fine-8A)=0, in particular when p(3A)=0.

This is a special case of a more general criterion obtained in [6], section
.
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For a general peMy, we note that the condition that
(fine-3A - fine-3U)NWC be polar is trivially satisfied when A is the fine
closure of its fine interior, for example when A is an open or closed ball.

If p happens to be radially symmetric, then W is a union of open
annuli, and W is a countable union of spheres. The hypothesis of Lemma
5.2 is then especially easy to check.
6. In this section we give some results relating to the probabilistic
solution of the p-Dirichlet problem.

Let peM,. Let M denote M(), and let T denote the randomized
stopping time corresponding to M. For brevity we will often write
M(w,dt)=-dM;. (The measure -dM, thus has some mass at t=«.) Let = be a

stopping time, T<the first exit time of some bounded set. Let v be any
probability measure on R, and let A denote VaaT the distribution of

By aT With respect to PYxm,. Thus A is that probability measure such that
for any bounded Borel functionh on RY,

(6.1) Jhdxz JhoBMTd(P"xm,)-:E "[-J'[O B AtdM; ]

Let ¥ denote the distribution of B on {T>z} with respect to PYxm,,

That is, for any bounded Borel function h on RY

(6.2) Jhd4'= J (15 1B IPY )= EV[heB M, ].

Clearly
6.3) Jhd?e EV[—J [O't]hoBthtL J'ndq;.

Lemma 6.1 Under the preceding assumptions,
(6.4) A=Pot(v-A)du+y.
Proof Let Jy=J;(j), so that My=exp(-J;). Then dMy=-exp(-J)dJ=-MdJ;.

For any bounded Borel functionh on Rd, EV[—I hoBtht]=

[0,7]
34| J [O,ﬂ“°Bt”tht]: Ev[j[o,ﬂ”td“]’ where Ly=J;(p), p=hdy.
EV[J [O,T,]”tst]:" EV[,[ [O,M]”tstm]: Ev[‘J [O,M]Lt/\td”t]:
J'L.CATd(Pme,)= J'Pot(v--x)dp.

Equation (6.4) follows at once, so Lemma 6.1 is proved.
Lemma 6.2 Let peM,. Let D be openin Rd, ueH! IOC(D), u p-harmonic on D.
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Let T be a stopping time, T<the first exit time of some compact subset of
D. Then for quasi every xeD,

(6.5) u(x)= Ex[uoBtMt].

Proof ByProposition 2.6, u can be made continuous on D by changing the
values of u on a polar set. Thus we assume that u is continuous.

For any v which is C*® with compact support in D, since u is
H-harmonic we have

(6.6) Ju(—Av)dm= -Juvdp.
Let v and A be probability measures with compact support in D, such
that Pot »=Pot A outside a compact subset of D. Let ¢ be C* with

compact support on Hd, ¢ nonnegative and radially symmetric, jtﬂdmﬂ.
Define Pg for §>0 by Pg(x)=P(x/8)/8 d Then for & small, vg=Ps*v and
7‘85‘98*7‘ have compact support in D, and Pot vg=Pot Ag outside a compact
subset of D. Letting v=Pot(vg-Ag) in (6.6),

(6.7) judvs— Judx8=— Ju Pot(vg-Ag) dy.

Letting §-0, since vg=v, Ag~A weakly, we have Judv— jud?\ as the
limit of the left side of (6.7).

Pot vsTPot v, Pot )\STPot A pointwise, and J' Potv dp<os,
j Poty dp<eo since Pot y is bounded. Since |u| is bounded, we have

—Ju Pot(v-A) du as the limit of the right side of (6.7), by the dominated
convergence theorem. Thus

(6.8) judv- jud?@ -J'u Pot(v-A) dp.

In particular, when v=§,, and A is defined by (6.1), for a given 7, (6.8)

holds. By lemma 6.1 we then have judv=Judt{a where ¥ is defined by

(6.2), and thus (6.5) holds, proving Lemma 6.2.
Lemma 6.3 Let peM,. Let M=M(p). Let D be open in RY, ue
n IOC(D)DLQIOC(D,p). Suppose that for any open ball K with compact

closure in D,

(6.10)  u(x)= EX[UoBth], for m-a.e. xeK, wherer=7 denotes the first
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exit time of K.

Then u is p-harmonic on D.
Proof Let K be fixed. Let w be the solution to the p-Dirichlet problem
on K with data u on dK. Let K be a sequence of balls with the same center

as K such that K,CK and KnTK. Let T, be the f irst exit time of K- Then

z,1. Define ¥, ¥, (n) by Jndxpx= EX[neB.M. ] J’hd\?x(n)= e¥[hoBy, M7, |
It is easy to see that for each xeK, Pot ¥, (n)-Pot ¥, in such a way that

for each xeK, J’wdtﬁx(n)-% J'udq!x as n-oo. Indeed, we see that "’x(”)
converges to ¥, inenergy norm, and so ¥, (n)=y, in H™ T (RY). But

deqlx(n):w(x) for q.e. %, by Lemma 6.2, while Jud\yx:u(x) for m-a.e. ¥

by (6.10). Thus w=u, m-a.e.. Thus w=u q.e., and Lemma 6.3 is proved.
Theorem 6.1 Let peMg, M=M(y). Let D be open in RY. Let u be in
H! |OC(D)nL2|OC(D,p). The following statements are equivalent:

(i) uis locally p-harmonic on D;
(i) if v is a stopping time, T<the first exit time of a compact subset W
of D, then for quasi every xeD, if Pot AeH! |OC(D), where A is the

distribution of B, with respect to P¥, then

- X .
(6.18)  u(x)= E¥[ueB M)
(ili) for every veM, with »(D)=0, and every open ball K with compact
closure in D,

(6.19) Judv EY UoBth_] where T=T\, the first exit time of K.

Proof (i)=(ii): Let W,z be given. Let U be a finite union of open balls
with compact closure in D, such that WCU. We may assume pe"M,. There
exist measures pneM, with potu

Let unt, n=1,2,3, be the solutions to the . -Dirichiet problem onU
with fixed data u * on dw. By Lemma 6.2, if M(n)=M( Hp), for quasi every x
in U we have
(6.20)  unt(x)= EX[u *eB M ()],

By Proposition 2.7, un+ —un' converges to u q.e. on U. Consider xeU
such that un*(x)—un‘(x) -u(x) and such that (6.20) holds for all n. Suppose

Pot A is in H! ,OC(D), where A\ is the distribution of B, with respect to
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P¥. Then Ex[u toB,CM,C(I) ]<oo. Since M (N)iM,._ as n—e, the dominated
convergence theorem gives 1imy e E"[uioBtNt(n)]:

x e

E [u °B'c'”'c—] Thus (ii) holds.

(ii)=(iii), clearly.

(iii)=>(i): Given K, =1y, define w(x)= E"[UoBtMt_] for every xeD. Let
A={w>u}. If A is not polar, we can find veM, with compact suppport in K

and »(A%)=0. Then J'wdv> Judv But jwdv V[ ueB,M _C_] Judv by

(6.19), contradiction. Thus A is polar. Similarly {w<u} is polar. Hence w=u
quasi everywhere. Thus, for every choice of K, letting =7y, for quasi

every xeD,
- X
(62 u(x)= E¥[ueB oM,
Now let K be fixed, T=Ty. Let N €My, pTH. Let unt solve the
up-Dirichlet problem on K with data u* on 8K. Again uy’ -u,™ =f quasi

everywhere, where f is the solution of the p-Dirichlet problem on K with
data u on 9K. As in the earlier argument, for every x in K, the dominated

convergence theorem shows lim, 4, eX[u i«»B.L,Mt(n)]: eX[u *oBoMy_ ).

By (6.21) we then have u=f quasi everywhere on K. Thus u is g-harmonic
locally on D. This proves Theorem 6.1.

Let D be a bounded open set. Consider the p-Dirichlet problem for u
on D with data g on 8D. As usual we assume geHl ,OC(Rd) and u-g eH! o(D).

Let Dy, be open, ﬁnCDnH , DnTD. Let T,z be the first exit times of Dpy D
respectively. Then Tz, Fix xeD. Let y,(n).¥, be defined by Jna¢x=

E“[hoBth_], jhdi}x(n): E”[hoBtthn_], for any h bounded Bore! on RY.
Since Mtn_imr_, it is easy to see that ¥, (n)- ¥y in H™1(RY), so that

Jud‘}'x(n)—» J'gdtyx as n—e, For qe. ¥, u(x)=/[udl{1x(n) for all n. Thus u(x)=

Jgd\fl,f Ex[goBth_], so we have shown:

Remark 6.1 The solution u of the p-Dirichlet problem on D with data g
is given, for quasi every xeD, by

(6.22) u(x)= Ex[goBth_], where v is the first exit time of D.
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we recall that a point eR{ is called a reqular_Dirichlet point for p if
every u which is p-harmonic near ¥ is continuous at ¥ and vanishes there.
Theorem 6.2 A point x is reqular for p if and only if Mg(p)=0, P*-ae..
Proof (i) Suppose x is regular. Let K be a small ball centered at x. Let u
be the solution of the p-Dirichlet problem with data=1 on 9K. For quasi
every y in K,

(6.22) u(y)= EY[M,._], where v denotes the first exit time of K.

For any t>0, and any zeK, EZ[X{-U>t}U°Bt]: Ez[x{pt} EBt[Mt,_] |E
EZ[X{t>t} E[”'c—°9t |“t] l2e7 el X{z>t) MMy -6t mt] le7 el X{z>t)
Mtorrooy)- |8t] 1= E2L EL Xigoty M- 18] 1= £ Kooy EL Mo lBe] = €7
el My 18] - €2 Xgpery EL Mp-|@y] ] Thus for zek, t>0,

(6.23) EX(g>pueBy )z €2 My _] - PE(<t).

Since u is continuous and u(y)-0 as y-x, for q.e. y, and 0<u<l, we see
that EX[X(7»(jueB; |0 as t »0. Since PX(z<t)~0 as t-0, taking z=x in

(6.23) we have | ”7:—]:0' 50 M,._=0, P*-a.e.. Since this is true for all K,

we must M=0, P*-a.e..
(ii) Suppose that My=0, P*-a.e.. Let K be a fixed open ball centered at x,

T=Ty. Let \Jlg be defined by jhd\{'g= EU[hoBtMt_], for h bounded Borel on
RY yek. Let u(y) be defined for all yeRY by (6.22). For any zeK, u(z)<
PH(zsty £ K(>t) M'U-]' 7] X(z>t) M'L’-] = EZ[7({1:>t} M(t+'(:°9t)'] <

E Moz opp)-] = EZLM Mropy)-20t] < EZL( M ety ] Thus

lim sup,,_, u(z)< PR(T<t)+ E”[( Mt_)oet], for every t>0. ©>0, PX-ae.. Let

o be a positive, measurable function taking rational values such that o<t,
P¥-a.e.. Then M, _o6,<M400. By (331), Myo8y- My, PX-ae. Thus

lim supy,q EX[( Mt_)oetlﬁ X[ Md]s | MO]:O. Thus lim sup,_,,u(z)=0, s0
q:z—>0 in total variation norm as z-x. The measures ¥, are dominated by a

finite uniform measure on 9K, so y¥,~0 in Hl (RY), so that for any v in H!

near oK, Jvdqlz-m as z-x. Now let u be an arbitrary p-harmonic function
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near x. For K small, and quasi every z near x, u(z)= judwz Thus for these

Z, u(z)~0 as z-x. This proves Lemma 6.4.

we now give one more criterion for regularity at a point. To avoid
trivial details, we assume d23.
Lemma 6.4. Let d23, peMy, xeRY. Then x is regular for p if and only if
for every finely open set V containing x, Pot p(x)=ce, where p=X,dy.

Proof We may take peM,. Suppose Pot p(x)<e for some V. Let T be the
first hitting time of VC. By (4.10), EX[K(1)]<eo. Thus K, ()<, P¥-ae,
S0 MO( 1)>0, PA-ae., and so x is not regular.

Conversely, suppose M(p)>0, P¥-ae.. Let T be the first time
Ki(p)21. >0, P*-a.e.. Since Brownian motion has predictable o-fields,

we can find a stopping time o with o<t, P*-a.e., and P*(g>0) =e>0.

EX[K 5(p)]<ee, s0 by (4.10), J,(Pot A-Pot A5 )dp<eo, where A=8,. By
(12],1.X11.4, fine—limitg_,x (Pot A-Pot A 5)(y)/(Pot A)(y) = 1-e, SO We can
find a fine-open set V containing x such that on V, (Pot A-Pot A 4)2 Pot
A, where B>0. Thus J’VPot Adji<eo, or Pot p(x)<e, for p=X,,du. This

proves Lemma 6.4.
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