ON THE COMPUTATIONAL COMPLEXITY
OF CODES IN GRAPHS

By

Jan Kratochvil
and

Mirko K¥ivanek

IMA Preprint Series # 374
December 1987

INSTITUTE FOR MATHEMATICS AND ITS APPLICATIONS

UNIVERSITY OF MINNESOTA

514 Vincent Hall
206 Church Street S.E.
Minneapolis, Minnesota 55455




ON THE COMPUTATIONAL COMPLEXITY OF CODES IN GRAPIIS*

JAN KRATOCHVILt AND MIRKO KRIVANEK#

Abstract. T'his paper links to continuing research of the first author on codes in graphs [6-9]. llere
codes are studied from the point of view of their computational complexity. It is shown that the problem of
perfect code recognition is NP-complete even when restricted to k—regular graphs (k > 4) or to 3—regular
planar graphs. On the other hand in the case of trees and graphs of bounded tree-width an optimal ©(n)
algorithm is developed. Some optimization problems are also investigated.

I. Introduction. The theory of self-correcting codes belongs to thoroughly investi-
gated parts of applied combinatorics. Special attention was paid to the most effective
codes, so-called perfect codes. Such codes were shown to be fairly rare, namely in the case
of the classical Hamming metrics [1,13]. The classical concept of perfect codes was gen-
cralized by Biggs [2] to perfect codes in graphs. However, Biggs and others [5,11] studied
ounly distance regular graphs for which a strong necessary condition for the existence of
perfect codes was derived [2].

Perfect codes in general graphs (and their cartesian powers) were studied in [6,8,9].
Though one can easily construct general graphs containing perfect codes, still typical
graphs do not contain perfect codes. For example for every fixed p,0 < p < 1, the random
graph G, , almost surely does not contain a 1l-perfect code [7]. In subsequent sections
computational problems concerning codes in a variety of graph families will be discussed.

II. Background. Through-out this paper we shall use the following notation and
conventions:
a) notation from graph theory is standard [3]. Especially N;(u) et {v;d(u,v) < 1}.
b) due to space limitation, figures are preferred in the proof of Theorem 8. (All figures
are listed in the Appendix). In this respect a mapping @¢ : V(G) — {e,®,0},

where

o if weC
Po(u)=¢ ® if u is covered by C and u ¢ C
o if u is uncovered by C in G,
will be widely used. The reader is encouraged to follow this notation in his own

pictures while going through the proofs. Also the labels from our figures are referred
to in the text without stating it explicitlly.

¢) NP-completeness terminology is that of [4].

*Iixtended abstract
t Charles University, Prague.
1 Institute for Mathematics and Its Applications, University of Minnesota.



All technical details will appear in a forthcoming full paper.
We start with some necessary definitions:

Let G be a graph (undirected, without loops and multiple edges). The set C C V(G)
is said to be a
code & (Yu,v e C) d(u,v) >3 ;
perfect code & (Vu € V(G))(3lc € C) d(u,c) < 1.

Thus C' is a code iff the sets Ny(u),u € C, are pair-wise disjoint, while C is a perfect
code iff these sets form a partition of V(G).

Let € be a perfect code in G — v. Then the vertex v is called uncovered by C' in G
if d(v,C) > 1.

First we shall be interested in the following optimization decision problems :
1. PERFECT CODE (PC) :

INSTANCE : A graph G;

QUESTION : Does G contain a perfect code?;
la. PCvC :

INSTANCE : A graph G, a specified vertex v;

QUESTION : Does G contain a perfect code C such that v € C7;
1b. PCvINC :

INSTANCE : sce 1a;

QUESTION : Does G contain a perfect code C such that v ¢ C7;
lc. PCvU :

INSTANCE : see 1a;

QUESTION : Is there a perfect code C in G — v such that v is uncovered by C in G7?;
2. PERFECT CODE COMPLETION (PCC) :

INSTANCE : A graph G, non-negative integer k;
QUESTION : Is there a sequence of at most k changes (will be specified later) that

transforms G into a graph having a perfect code?;
2a. PCC-VERTEX ADDITION (VA) :
INSTANCE : see 2;

QUESTION : see 2 where change = vertex addition with some of its incident edges;
2b. PCC-VERTEX DELETION (VD) :

INSTANCE : see 2;

QUESTION : see 2 where change = vertex deletion;
2c. PCC-EDGE ADDITION (EA) :

INSTANCE : see 2;
QUESTION : sce 2 where change = edge addition;
2d. PCC-EDGE DELETION (ED) :



INSTANCE : see 2;

QUESTION : see 2 where change = edge deletion;
2e. PCC-MIXED (VDEAD) :

INSTANCE : sce 2;
QUESTION : see PCC where change = vertex addition and/or vertex deletion and/or

edge addition and/or edge deletion;
3. DEFECT :
INSTANCE : A graph G, non-negative integer k;
QUESTION : Does it hold that def(G) = min{j; there exists a code in G such that

exactly j vertices are left uncovered} < k?

Suppose that VA(G), EA(G), VD(G), ED(G), VDEAD(G) denote the minimum

number of changes that are required in corresponding computational problems 2a-2e.

Now, we shall present several N P-completeness results for problems 1-3. Their proofs
originate in the following fundamental theorem :

THEOREM 1. The problem PC is N P-complete in connected graphs. [

The proof is postponed to section III. As it is customary with the N P-completeness
proofs we omit the trivial verification of membership in the class NP. Our polynomial

transformations start in the following preliminary assertion:

ProrosiTioN. The two following problems are NP-complete :

(1) kRkP : INSTANCE : Finite set of elements X = {z1,22,...,2xq},(k > 3, q Is
a positive integer), and a collection C of k-element subsets of X such that each
element of X appear in exactly k subsets.

QUESTION : Is there a subcollection C' C C such that C' forms a partition of X 7

(2) 13p3S : INSTANCE : A formula in conjunctive normal form with the set of clauses
C over the set of variables X such that :

(¢) |e| = 3 for each clause c of C,
(¢1) The bipartite graph G = (C' U X, E), where
E = {{z,c};either x € ¢ or -z € c}, is planar;
QUESTION : Is there a satisfying truth assignment for C such that each clause in
C has exactly one true-literal ?

Proof. By standard local replacement transformation technique from the well-known
N P-complete problems 3DM, PLANAR 3-SAT, cf.[4]. 0

THEOREM 2. The problems PCvC, PCvINC, PCvU are N P-complete in connected
graphs.



Proof.

(1) PC x PCvU.
Given a connected graph G, take an arbitrary vertex v € V(G) and construct G'

as follows :

V(G =V(G)U{w,z,z,y}, and

E(G') = E(G) U {{w, z},{z,2},{u, 2}, {y, 2} }.

Then G contains a perfect code & G' contains a perfect code uncovering the vertex

w.

(2) PCvU x PCvC.
Given a connected graph G, take an arbitrary vertex u € V(G) and construct G’

as follows :
V(G =V(G)U{w}; E(G")=EG)U{{u,w}}.

Then G' contains a perfect code C' with w € C & G contains a perfect code

uncovering the vertex u.

(3) PCvC «x PCvNC.

...similar construction... [J

TuroreMm 3. VA(G) <1 for all graphs G.

Proof. If there is no perfect code in G then define
G' = (V(G)U {u}, E(G)U {{u,v};v € V(G)}),

where there exists the perfect code C' = {u}. [

ConroLLARY. The problem VA is N P-complete for k = 0. On the other hand it
becomes trivial for k> 1. []

Turorem 4. EA(G) = def(G).

Proof. Let C be a code in G such that def(G) vertices are left uncovered by C. Each
of these vertices can be joined by an edge with some u € C, i.e. def(G) > EA(G). On
the other hand let G’ be a graph arising from G by adding EA(G) cdges and let C' be a
perfect code in G'. By deleting these EA(G) edges the cardinality of the set of vertices
covered by C' is diminished at most by EA(G), i.e. EA(G) > def(G). O
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THEOREM 5.
(1) The problems VD, EA, ED, VDEAD are N P-complete in connected graphs for
cvery fixed k > 0;
(11) The problen DEFECT is N P-complete in connected graphs for every fixed It > 0);
(11) There is no polynomial approximation algorithm for problems VD, EA,ED,VDEAD
m connected graphs.

Proof. Let G be a connected graph, v € V(G). Define Gy as follows

k
V(Gi) = VIG)U {ur,us} U | {ri,si, 20, vi, 20ty w3},

1=1

E(Gy) = E(G)U {{v,u1},{v,uz}}U
k
U U{{U,T'i}, {ri,si}t, {v,zih, {zi, vi}, {vi, 2}, {20, 6}, {zi, wi} )

Now forevery X € {VD,ED,EA, VDEAD} wehave X(G) > kand X(Gy) =k & G
contains perfect code C' with v € C. Then part (i) follows from Theorem 2.

(11) follows from Theorem 4.

As all before-mentioned problems are N P-complete even for k = 0 there is no polyno-
mial approximation algorithm A solving them within a finite ratio OJ’&,—,I—()I—), where A(I) is
the value found by A and OPT(I) is the optimum value for a given instance I. Therefore

the part (iil) is concluded. [

For the problem of computing a defect in "perfect-code-free” graphs we have another

refinement.

TuroREM 6. The problem DEFECT is NP-complete in connected graphs for k = cn,
where n = card(V(G)) and ¢ =1 — 1, r is an arbitrary positive integer.

Proof. We use the polynomial transformation from the problem PCvU. Given a con-
nected graph G we choose an arbitrary vertex v € G and construct G’ as follows

m k
V(&) = V(& u Jdu)u ),

Jj=1

m k
EWW=M®ULMMmJUUwaﬁH

Now def(G") > (k—1)(m — 1) and the equality holds iff G contains a perfect code not
covering a vertex v. Let us put k = 2r,m = (r — 1)n +2r? — r. For n’ def card(V(G")) we
have en' = (1= ) (n+[(r=1)n+2r = 1)r](2r + 1)) = (r=1)((2r — L)n+(2r —1)(2r + 1)).
Consequently (k—1)(m—=1)=2r = 1)(r —1)(n+2r+1). 0

)



III. Regular graphs. This section is devoted to the problem PC considered for k-
regular graphs. The investigations of codes in graphs are interesting both from practical
and theoretical points of view. See [4] for the discussion of formally very similar problems
on dominating scts. The main result of this section is read as the following

ThronrieM 7. The problem PC is NP-complete even when restricted to k-regular
graphs, k > 4.

Proof. The proof of Theorem 7 is technically complicated and thus divided into several
steps. In cach step one auxiliary graph is introduced. Graph G has

k k-1
V(G,y) = U({ai,bi,ci} u U{:v”}) and

k k—1
E(G)) = U({{ai,bi}} U U{{bi,fij},{wij,cz‘}})U {{zijszrs}s i4+j=r+s modk}.

Now we proceed to the definition of a graph Ga:

k

V(Gs) = U{c,',d,-,e,-} U {u,v}.

=1

The cdge sct E(G2) depends on the parity of k. If k is even then

k
E(Gl) = U{{Ci»u}a{(li’u}v{ci+§-’v}7{di+-§7v}}U U {{divej}v{di+§’ej+§}}u
1=1

1<ij<&
U U {{di,dry1-j}, {eisexy1-j5}}
1<i#j<%

clse
k—1

E(GZ) = U {{c,-,u}, {divu}v {Ck+1——i,'U}, {dk+1-i>v}} U

U U {{di,ej}, {dry1-i, ex41-51) U

1<ij<kst
U J dodiri-ib eiern—il} U {{eap, v}, {u,depn}} U
1<i#j<Est
ko1
2
U U{{dk_zﬂyei}a{dﬁ:zu,dkﬂ—i}a{eizﬂaei}»{ek_;c_l,ek+1—i}}-
i=1

Further we need graph Gz = (V(G1) U V(G2), E(G1) U E(G,)) supposing that V(G1) N
V(Gy) = {ei;i =1,...,k}. Concerning G5 we have a simple observation :
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LiMMA 7.1, Let C be a code in Gy covering all vertices of degree k. Then exactly
one of the two following cases occurs :

() Polar) =@, Boles) =0, i=1,...k

(11) (15(;(((,') = o, (pc((ﬁ,') =®, 1=1,....,k. [

Finally, k-rcgular graph G a¢ is introduced for M = (M, 7T), where T C (AKLI), and
card({TymeTeT})=k, Vme M.
First we denote by G a graph which is isomorphic to G3 in such a way that its vertices

a; arc renamed by vertices from T. Similarly the vertices e; are renamed as ef!, m € T.

Morcover V(Gr)NV(Gp) = TNT for T # T' € T, and M = {m;m € M}. Further,

m,

"new” vertices {f7', g7';m € T € T} have to be considered. Finally we put

ViGm) = | VGryuMu | {fF 67D,
TET meM meT

TeT meM \ Tom TNT' 3m
TET

Obviously, G a¢ 1s a k-regular graph. Therefore the proof of Theorem 7 will be con-
cluded by the following lemma

LEMMA 7.2. Gaq contains a perfect code iff there is a partition of M into k-tuples,
i.c there exists T' C T such that card({T;m et € T'}) =1,Ym € M.

Proof. Let C be a perfect code in Gaq. Then CNV(Gr) is a code in G that covers
all vertices of degree k for every k-tuple T'. Using Lemma 7.1 we obtain that

T'={T;CNV(Gr) isacodeof type (i) from Lemma 7.1}.

15 a partition of the system M.

Conversely, let there is a partition 7' of M. Let Cz (Cr, resp.) be a code of type
(i) (type (ii), resp.) covering all vertices of degree k in Gr. Then

c=Jcru | Tru |J {797}

TeT' T¢T' meTET’

is a perfect code in G aq. [J

By virtue of Lemma 7.2 the polynomial transformation kRkP « PC in k-regular
graphs is established. Both Theorem 7 and Theorem 1 are proved. []

7



IV. 3-regular planar graphs. It is easy to see that the result of the previous section
holds also for 3-regular graphs. However our aim is to go one step further. In particular we
place the requirement of planarity on input instances. After a lot of technical difficulties

we are able to prove :
TurorkeM 8. The problem PC is N P-complete in 3-regular planar graphs.

Proof. As in the proof of Theorem 7 the proof will be divided into several steps. We
shall need several special graphs.

Two graphs H x; H, i are visualized on Figures 1 and 2, where ky(z), ..., kn(z), (n =
n(x)), denote all clauses containing a variable z such that kj;(z) preserves the counter-
clockwise orientation determined by the planar representation of H.

Similarly, z1(k), z2(k), 23(k) denote variables occuring in a clause k under counter-

clockwise orientation determined by the planar representation of H.

We have the following lemma

LEMMA 8.1. Let C be a 1-code that covers all vertices of degree 3 in nyk(ff—x,k, resp.).
Then (ﬁC(Lﬁi(”)),EPC(P:"(x)) € {e,®} and moreover provided ¢C(Lff(x)) # @C(Pf‘(z)) it
holds either

(1) Se(Ly Py =o, Bo(PF ) =@, Sc(PFM)=0, &(L¥M) =g

((ﬁc(Lf‘(x)) =, (PC(Pf‘(x)) =Q, 45C(P,f‘(k)) = @C(Lz"(k)) = o, resp.)
or
(2) @C(Lil(f)) — ® ¢ (Pki(z)) =, d; (P-T-(k)) _ @C(L::(k)) — o0
(@c(LE¥ ) =@, @o(PF™)=d(PF ") =, &c(L%®)=®, resp.) O
Now, our aim is to present a polynomial transformation from 13p3S to PC considered

for 3-regular planar graphs. Let F' constitute an instance of 13p3S. Let H be a planar
representation of this instance. For each variable z we put

n(z)
V(H,) = (J{Ly®; PE®); 55 233,
i=1
n(z)
E(HI) = U {{P:i(x)a Si}7 {P:i(z)7zi—l}’ {La‘ji(x)’ Si}’ {L:i(x),Zi}> {Si? Zn+l-—i}}'
=1

Further, for every clause we construct a graph Hy, see Figure 3. Finally we put

V(HFp) = UV(H yU UV(Hk) Ul VEH U | V(H:r),

z€Ek €k
E(Hp) = UE(H )UUE(Hk)u U E@H U | E@H ).
z€k -z€k

Obviously, graph HF is planar and 3-regular.

To finish the proof of the Theorem 8 we are to prove :
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LuMMA 8.20 Graph H e contains a perfect code iff the clause F is one-in-three satisfi-
able (i.e., there exists a true/false valuation of variables such that in cach clause exactly
one variable receives the value true).

Proof. Let F' be one-in-three satisfiable and let A(B, resp.) be the set of variables
which receive the value true (false, resp.). We shall use the following notation (c.f.
Lemma 8.1) ¢

Ci(z) is a code of type (i) in H, j and
Ci(x) is a code of type (i) in H, i (1 = 1,2);
C(z,k) is a code in Hy containing the vertex P,f(k) and covering all vertices of Hy,
except of Lz(k) (such code is unique).
Then

c=J (U Ci(x,k)u | El(x,k)> u | (U Cy(z, k)u | J éz(x,k)> U

€A \z€k -x€k z€B \z€k -~z€k

uLkJ U ¢@ru (J k)

z€k,z€EA -z€k,2€EB

1s a perfect code in Hp.

On the other hand let Hp contain a perfect code C. Take a variable z and consider
C NV (H,). Since C has to cover vertices L¥(*) and P (®) (i =1,...,n(z)) it holds that

CNV(H,)N{S;,Z;;i=1,...,n(z)} = 0.

Thus we obtain either
(1) CNV(H,) ={LK®;i=12 . n()}
or
(2) CNV(H,) ={Pk®:i =12 . n)}.
Let A denote the set of variables such that (1) holds. These variables receive the value true
and the remaining ones the value false. Considering a clause & with variables z1, z,, 23
and using Lemma 8.1 we obtain that z; receives the value true iff sz"(k) € C and Li‘(k) is
covered by a "code”-vertex from CNV(H, ). Due to the construction of a graph H there
is at most one true-variable in this clause. So it remains to examine the case when in &
there is no true-variable. In this case Lemma 8.1 says that all vertices Li"(k),P:"(k),i =
1,2,3, have to be covered by C N V(Hj). But Hj; does not contain a code satisfying
(pC(Li‘(k)) = @C(P:;(k)) = ®, as can be observed from Figure 3. [J

Hence we have proved that 13p3S o« PC in planar 3-regular graphs. Theorem 8
follows. []

As a concluding remark of this section we conjecture that our NP-completeness result

could be strengthened to 3-regular planar bipartite graphs.
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V. Trees. In this section we outline a recursive procedure DEF for computing the
defect in (rooted) trees. '

procedure DEF(T : tree , t : root , z € {8,®,0}) : integer U oo;
case z of
o: DEF :=if V(T) = {t} then O else }_
o: DEF :=if V(T) = {t} then oo else

)(DEF(Tu, u,0) —1);

u€pre(t

>~ min{(DEF(T,,u,0), DEF(Ty,u,®)} + 1;

u€pre(t)
@ : DEF :=if V(T) = {t} then 1 else if
(Ju # v € pre(t) & DEF(T,,u,0) = DEF(T,,u,®) =
= DEF(T,,v,0) = DEF(T,,v,®) = 00)
then oo else if
(3u € pre(t) : DEF(Ty,u,0) = DEF(T,,u,®) = c0)

then

DEF(Ty,u,¢)+ Y min{DEF(T,,v,0), DEF(T,,v,®)}

utvepre(t)
else
Z min{DEF(Ty,u,0), DEF(Ty,u,®)}+
wEpre(t)
+ e11’1i11(t){DE'F(Tu, u,o) —min{DEF(Ty,u,0), DEF(T,,u,®)}};
u€Epre
endprocedure.

Having this procedure the defect in a given tree T is given by

min DEF(T,t,,z).
z€{e,®,0}

It remains to explain the notation used in the outlined procedure :
(1) ty is aroot of a given tree T,
(2)  pre®) Y {ayd(z, to) = d(t,to) + d(z,t) = d(t, to) + 1),
(3) T, o Tl{:c;d(:c,to) =d(z,u) + d(u,to)}.

By a carcful time and correctness analysis in amortized complexity fashion [12] we are
able to prove the following

10



TueoREM 9. Procedure DEF computes defect in trees and takes ©(n) time. [J

A similar result holds for graphs of bounded tree-width [10]. The details will appcar
clsewhere.

VI. Concluding remark. Given a k-regular graph G on n vertices, any dominating
sct in G has at least 7% vertices. Moreover, there exists a dominating set with exactly
T4 vertices if and only if G contains a perfect code. Hence we have obtained a refinement

of a well-known NP-complete problem on dominating sets in graphs (c.f.[4]) :

TnrorkeM 10. The DOMINATING SET problem remains NP-complete even when

restricted to planar 3-regular graphs. [J
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