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1. Introduction

Flows invoiving pure vapor with film condensation on walls have received extensive
attention in engineering literature. These flows are important in the design of direct
contact heat exchangers [1] as well as in some novel compact heat removal systems
for space applications ([2], [3]). Despite this, some of the more fundamental studies of
these flows have been limited to condensing external fiows over flat plates (Nusselt [4],
Rohsenow [5], Sparrow and Gregg [6], etc.) or over drops (Ford and Lekic [7], Jacobs
and Cook [8], Sundarajan and Ayyaswamy [9], etc.). Most of the existing studies
involving flow in ducts, both experimental and theoretical ([10], [11], [12], [13], [14]},
provide only partial, but useful, results on certain aspects of such flows. Therefore
there is a need for fundamental studies of these flows which will shed light on the
evolving complexity of vapor velocity profiles, the location of the interface, as well as
the usual physical quantities {(wall heat transfer rates, condensation rate, etc.) of
engineering interest. However, fundamental predictions and analysis have proved to
be difficult because even the simplest realistic mathematical models for such flows are
written in terms of highly non-linear partial differential equations with an unknown
boundary.

With the above as a motivation, we choose to study the flow of pure saturated vapor
entering the confined region between two horizontal paralle! plates (see Fig. 1.1). As
in many realistic situations, we assume that the pressure gradient along the vapor flow
is small and therefore pressure everywhere is approximately the inlet pressure pe.

. This means that the flow is driven primarily by the momentum flux at the inlet

{prescribed inlet velocity profile). For a simplified analysis, we assume that the vapor
and the upper plate is at a saturation temperature of Tg (p..} and the lower plate is at a
constant wall temperature of Ty < Ts (P-). This usually leads to film condensation on
the bottom plate. The reader should note that if the incoming vapor was allowed to
have a small superheat, this would only affect the results of this paper in a small
quantitative manner, and not in any significant qualitative manner (see a similar resuit
in Fig. 4.3 of [15] for flow over a flat plate). We begin our analysis by employing a
complete and nearly exact theory (Delhaye [16], [17]) for dynamic condensation of
pure vapors. This is particularly important because there has been some confusion
([18], see p. 486) with regard to interface conditions on phase change boundaries. For
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applications, however, we simplify the governing equations and the interface
conditions to a realistic differential modet for the problem at hand (see Fig. 1.1'). The
simplified equations, on integration, lead to the usual control-volume equations [19]
found in engineering literature (see section 2 for a brief review).

We solve the governing non-linear free boundary problem by projecting all the
essential features of the governing equations into a system of non-linear ordinary
differential equations. However, the method introduced in this paper differs from the
usual integral solution approaches ([14], [19]) in two significant ways: (i) the integral
approximation is used only for one of the variables (the vapor velocity profile) of the
problem and the remaining differential restrictions of the model are satisfied exactly;
and (ii) an error measure is defined and computed which indicates the difference
between the computed solution and the solution of the differential model. [n this way,
we are able to choose our approximation for vapor velocity in such a way that the error
is small at all points of interest in the flow field and therefore we have a genuine
approximate solution. Therefore, when experimental predictions are not easily
available, the method of this paper and the usual finite difference (see, e.g., [20]) or
finite element schemes could be used and a gocd comparison between the discrete
and the integral approaches would lead to reliable flow predictions. While the
underlying philosophy of our solution approach is classical ([21], [22]), its actual
implementation for this problem would not have been possibie without the use of
modern computer capabilities for symbolic manipulations and high-precision
numerical solution of a system of non-linear ordinary differential equations.

The computed solution for the problem at hand is in qualitative agreement with the
wall-heat transfer and film thickness profile cbservations in a related experiment [23].
In the experiments of Christodoulou and Suryanarayana [23], as in our theory, the
condensation of R-113 vapor ieads to an approximately constant film thickness profile.
These observations [23] are not compatible with the flat plate theory ({24], [25], [6]. [15])
but they are in qualitative agreement with our predictions. In the reported experiments
[23], the vapor flow prior to the inlet is such that they have, in all likelihood (see section
9), a fully turbulent vapor flow at the inlet. Since our theory is for laminar flows, we
currently have no experiments available with which we can quantitatively compare the
predictions reported here. We note, however, that for many turbulent vapor flows at
the inlet, condensation causes a rapid loss in vapor momentum and the flow should
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jaminarize beyond a certain downstream distance L. Therefore the method of this
paper applies to all situations in which the transitionai distance Lt is either zero or
sufficiently small compared to the length of interest in the downstream direction.

One of the most interesting flow phenomena predicted by our computations is the
understandable appearance of recirculating zones, beyond a certain distance
downstream, in the core of the vapor flow. This phenomenon is qualitatively illustrated
in Fig. 1.1 below and the existence of these zones is inferred from the velocity profiles
obtained in section 8. However, an experimental confirmation of the existence of such
recirculating zones is currently not available.

Figure 1.1: In the flow above, a laminar flow of pure vapor enters the
parallel plate configuration at x = 0. The flow is steady with
vapor occupying o(x) £y < h and liquid occupying 0 €y <
8(x) at any given x. The stream line patterns and a reversal
distance xrov are inferred from computational results
presented in section 8. The shear stresses ww1(x), t(x) and
Tw2(x) respectively act at the bottom plate (y = 0), the
interface (y = 8(x)), and the upper plate (y = h).




2. Simplified Control Volume Equations

In this section, we briefly recall the well-known [19] simplified control volume equations
for the flow depicted in Figure 1.1. The exact theory and approximations leading to the
derivation of the simplified control volume equations is presented later in sections 3
and 4.

The flow in the narrow gap of Fig. 1.1 is believed to be adequately modeled under the
following assumptions:

(i) Pure vapor enters the parallel plate configuration at x = 0 (see Fig. 1.1) at a
pressure of p.. and at a temperature equal to the corresponding saturation
temperature of Tg (P} = Ts.

(if) There is no significant pressure drop along the direction of flow. This means
that the flow is primarily driven by the inertia of the incoming vapor.

(ili)  The flow is steady and the film thickness &(x) varies only moderately with x.

(iv) For x within certain bounds, the velocity and temperature variations
perpendicular to the direction of flow outweigh the velocity and temperature
variations in the direction of flow.

{v) The bottom plate is kept at a constant temperature Ty < Tg {p..) while the top
plate is maintained at the temperature of the incoming saturated vapor Ts (p..)-

(viy  (Ts— Tw)/Ts is small enough that the fluid properties (density py, conductivity kr ,
specific heat (Cp)1 , viscosity y , etc.) can be treated essentially as constants in
each phase (I = 1 for liquid, I = 2 for vapor). Therefore each property (e.g.,
density) undergoes a sudden jump during condensation across the interface.

Let uq(x, y) be the x-component of the velocity field in the liquid phase, T1 (x, y) be the
temperature field in the liquid phase, uz (X, y) be the x-component of the velocity field
in the vapor phase, and T2 (X, ¥) = Ts (p) be the constant temperature field in the
vapor phase. ~Furthermore let 3(x), r'n(x), and ug(x) respectively denote the film
thickness of the liquid condensate, mass condensation rate across the interface, and
the approximate common value of the tangential components of the liquid and vapor
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velocities at the interface (i.e., uf(x) = ui(x, 8(x)) = uz (x, 8(x)}). The simplified control
volume equations [19] for the flow in Fig. 1.1 are summarized below. '
Mass balance for the vapor: This states that

h
C‘,’—x [pauy (x, ) dy =~m(x), (2.1)
&(x) '

where m(x) > O indicates mass transfer from the vapor to the liquid across the
interface.

Momentum balance for the vapor: This simplifies to

h -
. 0
& P2 us? (6, y) dy + ) i) =~ 52— )~ (), 22)
8(x)

where for laminar flows tw2(x) ——ugay {x, h), Ti(x) = },Lz%_ (x, 8(x)) , and the mean
pressure gradient apzlax is assumed to be approx:mately zero for the flow in Fig. 1.1.

Energy balance for the vapor phase: The control volume equations for the
vapor flow in Fig. 1.1, under usual approximations [19], is given as

h

d

Ix | P2 Cp, Touz dy + Mhg = —q,(x) +q(x) , (2.3)
5(x)

aT. . .
where for faminar flows qg{x) = —kg%g- (x, &) and q,(x) = —Kg'é'gg' {x, h) . This equation,
with hg = szTS, is trivially satisfied for the constant temperature field To (x,y) =T

Mass balance for the liquid phase: This simplifies to

{x)
aq;; [ pyuydy=mix), (2.4)
0

where m(x) is same as in (2.1).




Momentum balance for the liquid phase: This simplifies to

q 3(x)
dx J Py U42 (x, y) dy — M(x) uy(x) = -
0

%%l—cw1 (X) + T(X) , (2.5)

where t,,1(x) = {14 %uyl- (%, 0) , 5(x) = 1y 8_5;71_ (x, 8(x)) . We see later in section 4 that

under assumptions of small liquid inertia and negligible mean pressure gradient %%

equation (2.5) further simplifies to

Ty (X) = (x) - (2.8)
Energy balance for the liquid phase: This condition, under usual simplifications
[19], is given by

3(x)

d .

= j Py Cpy Uy Tq dy — mhg = Gy {x) — gg(x) , (2.7)
0

ol aT '
where g, (x) = —k4 a—; (x, 0) and g4(x) = —kpg;L (x, 8(x)). Under the assumption of

negligible convection of energy downstream, it can be seen (see section 4) that (2.7)
reduces to pure conduction across the film as given by

Gu(X) —gs{x) = 0. (2.8)

We now present the interface condition relevant to our modeling of the flow in figure
1.1.

Continuity of tangential component of velocities: This condition, as shown
later in sections 3 and 4, reduces to

Ug (X, 8(x)) = Uy (x, 8(x)) = ug (X) . (2.9)




Continuity of shear along the interface: This condition for laminar flows, again
as shown in sections 3 and 4, simplifies to ‘

w5t (x, 80) = 2 S2 (x, 800 210

Normal stress condition at the interface: We show later in sections 3, 4, and 9
that for a suitable lower bound on the values of x (say x > P }, this condition simplifies
to - .

Pt (x, 8(x)) = p2 (x, 8(x)) . (2.11)

Energy transfer condition at the interface: This condition reduces to

m{x)h —k-aL( 8 —kai 5
fg — 18y X, (X)) 2 ay (Xr (X))! (212)

where hfg = hg — hy is the jump in the value of enthalpy (latent heat) across the

interface. Note that hg and hy are, respectively, values of enthalpy for saturated vapor
and saturated liquid at the saturation temperature Tg (P<). These are easily

determined from standard thermodynamic tables [26].

3. Exact Governing Equations and Interface Conditions
for Film Condensation Over Surfaces

In this chapter, we review and study the fundamental equations governing dynamic
film condensation of pure vapors (see Delhaye [16] or Narain and Lee [15]). We
present these exact equations for the sake of a complete specification of various
physical phenomena and to assess the validity of the simplified equations in sections
2, 4, and 5 as a model for the flow in Fig. 1.1.

it is assumed that the fluid in its vapor or liquid phase is adequately characterized as a
compressible Newton-Fourier substance with regard to its constitutive relations for
stress and heat flux. The thermodynamic characterizations are, as is commonly
accepted, the measurements on the same substance under approximate
homogeneous (all flow variables are spatially uniform) or equilibrium processes (e.g.,
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see sections 1.5 and 1.6 of Batchelor [27]). These characterizations are available in
classical thermodynamics tables and texts ([26], {28]).

We choose to denote the liquid phase by subscript I = 1 and the vapor phase by
subscript I =2. Let, in either phase at any point x at time t, T; be the Cauchy Stress, vy

be the velocity field, 1 be the viscosity, ¥; be the usually small and ignorable
expansion viscosity (see Batchelor, [27], p. 154 or White, [29], p. 70 for a discussion),
pr be the thermodynamic pressure field, p1 be the density field, ki be the thermal
conductivity, {i; be the internal energy per unit mass, Ti be the temperature field, V11 be
the temperature gradient field, D; be the field associated with the symmetric part of the
velocity gradient Vvy. Then, for I =1 or 2, the stress constitutive relations are

T;=—p;1 + S;, where ;=21 Dy + x; {divvy) 1, (3.1)

and the heat flux (q;) relations are

The Continuity, Momentum, and Energy equations in either of the phases are

ap1
%t)“ +Velpv)=0,

m%—‘?- =prg+dvTy,
df)[

and Pl gt = ~Vequ+tr(Ti D). (3.3)
The momentum equation (3.3)2 for the liquid phase (I = 1) is often modified (see [30])
to account for solid-fluid interactional forces if the film condensate is very thin (10-
1000 A, 1 A = 10-10 m). However, the theory in this paper is for those flows for which
the condensate thickness is large enough (greater than 1/100 mm) to disregard these
forces and the associated phenomenon of rupture [30]. Since the equations of state
for these classical fluids are modeled to be the same as in a homogeneous process,
we may use the relations (see [28]) of the type




ﬁl=ﬁl(PlsT1): Pr=p;lpr. T1)- - (34)

Though the viscosities py, k;, and conductivities k; do not appear in any homogeneous
process, the following characterization for them is known 1o be adequate ([29], p. 77)

Mp=H (P, Ty ) g =% Py, Ty) . and K=K (pr, Tp) - " - (38.5)

In any specific conden_satibn problem, equations (3.1)—(3.5) have to be solved subject
to appropriate initial and boundary conditions (at wall, at infinity, or at inlet/outlet
boundaries of the flow domain) relevant to the problem. In addition, one has to impose
the interface conditions which account for the physical processes at the liquid-vapor
interface.

The conditions to be imposed at an interface experiencing film condensation or film
boiling had been a source of confusion (see Whitaker [18], p. 486) until Delhaye ([16],
[17]) derived them from first principles. The derivation involves considering an
arbitrary material-volume around the interface such that the interface lies within this
volume with the liquid on one side and the vapor on the other. One then applies the
mass, momentum, and energy balance principles to the material volume while
accounting for the fact that there is a moving interface within this element. The limiting
form of these equations as the materiaf volume collapses to the interface provides the
resulting interface conditions. The results of this analysis ([16], [17]) are listed below.

Kinematic conditions at the interface: Let I (X, t) = O be the equation of the
interface at any time t. If one considers the interface positions attimes tand t + At and
then considers any one to one mapping of the two positions, one can define (locally in

time) an interfacial motion x(t) of every point on the interface. However, for any such

. dx(t) .
“choice of a one to one map described above, the surface velocity v (x, 1) = Til s

easily seen to satisfy (see [33])
dl
ot

VerN=——, 3.6
s o (36)
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where n(x, t) is taken to be a unit normal on the interface directed from the liquid to the
vapor phase. '

Continuity of tangential velocities: Since the fluids are Newtonian, it is
reasonable to assume continuity of the tangential components of interfacial velocities
vsiand voi . This is written as

viiet=voiet=vget=wv, (3.7)

where t is any unit tangent vector on the interface. The equations (3.6) and (3.7)
together completely define the surface speed vs.

Mass balance at the interface: This condition reduces to

£1 {(V1I“Vs) *N}=p, {(Vzi —Vg)*n}=-— m (x, 1), (3.8)
where the unit normal n is directed from the liquid phase to the vapor phase.

Momentum balance at the interface: This condition reduces to

[rﬁ (x, ) v —m {x,t) wzi]+[(p2i - p4h) n]
+[(Szi—81i)n]+[—{V5cr—-(VS'n)0'n}]:O (3.9)

The first, second, third and fourth terms in (3.9) respectively account for the net
momentum flux per unit area, pressure difference, viscous stress difference (Syis
defined in (3.1)), and surface tension. Since surface tension coefficient ¢ is defined
only on the interface, the surface terms Vg(*) have usual ditferential geometric
meanings (see formulas on p. 53 and p. 223 of Weatherburn [31]). From here and
henceforth, the superscript "i" on the right side of any variable (as in terms of (3.7)-
(3.9)) denotes the interfacial value of the flow variable in the appropriate fluid phase.

Energy balance at the interface: If one defines enthalpy per unit mass as
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hi=ur + -;—I and surface velocity as Vg={(Vs* ) N + (vols) , 7{3.10)
I -

then the energy baiance reduczes to
[rﬁ (h' - h i)]+[-1-- m ‘vi -~ vs|2 - L lvi - vs|2:l
1 2 2 1 2
+[(S:n)- (v; - vs)—— (S;n)- (v;— vs)]
[ kza;'ng 'i+ K1 a%i]
+[-Vs * (oviots) + {Vso = (Vs * n) o N}~ vs] =0 . (3.11)

In (3.11), the first term accounts for 'latent heat', the second term accounts for changes
in kinetic energy across a moving interface, the third term accounts for differences in
viscous working at the interface (S; was defined in (3.1)), the fourth term accounts for
the net interfacial heat transfer through conduction, and the fifth term accounts for
working due to surface tension.

Interface equations of state: The conditions (3.6)—(3.11) are quite general and
could be used for any material undergoing a phase change across an interface.
However, to be able to use these conditions, we now specify the fluid and the
associated values of interfacial enthalpies (hfi, I =1 or 2). It is recalled that for these
fluids undergoing a homogeneous process, the saturation temperature Tg = Tg(p) is
determined by the pressure p alone (see [28], p. 35). Therefore, it is assumed that the
same holds locally in a non-homogeneous process and the temperatures Tg (I =1 or
2) on the two sides of the interface must satisfy R

Ti=Ts(pr), (3.12)

where pji are values of interfacial pressures on the corresponding sides of the
interface at any given point x and time t. Furthermore, since the enthalpy hy in (3.10)
can be characterized (see p. 77 of [29]) as hI = hp (pi Ti ), the enthalpy at the interface
hi in (3.11) is to be found through
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hi =hy (prt, Ts (P1)) (3.13)
for1=1or2.

The conditions (3.6)—(3.13) constitute a complete specification of the interface
conditions.

4. Approximations and Scaling of the Governing Flow Equations

in this section, we outline the scaling arguments to decide which terms of the
governing equations and interface conditions are significant and which are not. It is
assumed that the liquid condensate is thin (3(x)/x « 1) for most values of x of interest in
the flow of Fig. 1.1. Although this flow is very different from the flow over a flat plate
(Sparrow and Gregg [6], Koh [24], Narain and Lee [15], etc.), we find that the scaling
arguments ([32], [15]) for this flow are similar and they lead to boundary layer type
equations whenever h/x is smalgz(Sarroa\gugap, see Fig. 1.1). The only physical
cog::}c:quence of this assumption (-3)-(-2-2- « -5932-) is that one ignores the contribution of
Mo 5% in the expression of t¢(x) given in (2.2). This means that the assumption shouid
be good for large x/h (say x/h = 2) and perhaps adequate for 0 < x/h < 2 (there being
no physical reason for substantial inaccuracies).

We now list the approximations to the exact equations in two categories: (a) constancy
of various flow parameters, and (b) the scaling analysis which identifies the significant
physical phenomena and retains only the corresponding significant terms.

(a) Constancy of Flow Parameters

(i) It is assumed that "(Ts (P} — Tw) / Teo", @aNd (P — P / Pee’ @re small and lead to a
low Mach number for the vapor fiow. This means that we can consider the
density of the vapor to be

p2 = p2 (P2, T2) = p2 (P, Ts) , (4.1)
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where Tg = T (p-) . Under approximations similar to the one leading to (4.1), for
I=1 or 2, we write : ’

Pr =P (Peos Ts) My =4y(pp. Tg)s and kr=kilpr, Ts) . (4.2)
We note that the right sides of (4.2) are constants forbothI=1and I =2.

(i)  As a consequence of the incompressibility approximation (4.2)1 , the pressures
p; (I = 1 or 2) away from the interface, are no longer treated as thermodynamic
variables as they become constitutively indeterminate reaction pressure fields
(see Truesdell [33]). The pressure fields are now determined only by the
equations governing the flow dynamics and the prescription of the pressure on
the flow boundaries.

- (iiiy ~ The implications of constant densities py on the enthalpy equation of state h; = h;
(p; , T; ) is that the effects of a jump in density across the phase change
boundary (e.g. see Fig. 3.3.,, p. 35 of [28]) need only be considered by
accounting for the jump in enthalpy (hig) across the interface. We see later in
(4.23) that there is a very siight jump in pressure across the interface and this is
the reason why pure vapor sharply turns into pure liquid (without going through
a mixture zone) across the interface. The assumption of approximately constant
densities and pressure fields for the liquid and vapor phases allows us to write
(see (1.5.19), p. 27 of Batchelor [27])

(Cphr=(Cph (4.3)

p=pr and Ti=Tg ’
as approximate constants for I =1 and 2.

We are now in a position to use the approximations (4.2)-(4.3) and write the equations
governing the flow in Figure 1.1. As we are interested in steady flow in the x-y plane,
we consider the velocity fields

Vi) =ur(x,y)i+vi(x,y)j (4.4)
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and the temperature fields Ty (x, y) for each phase (I =1 or 2). The no-slip conditions
for this flow are

ui (x,0)=vq (x,0)=0,

and
uz (x, h)y=va (x,h)=0. (4.5)

The wall temperature condition and the saturated vapor conditions are

Tq(x,0)=Tw,
and
Tax, y) =Ts (4.6)

forx=0andd(x)<y<h.
(b) Scaling Leading to Steady Boundary Layer Type Equations

We now list the scaling assumptions and approximations in the spirit of
Kocamustafaogullari [32] and Narain and Lee [15].

(i) For most values of x (of representative length L) away from zero, in a narrow

gap between the plates, we have

8(L h
515-(L—) «1and gp=p«1. (4.7)

(i) It is expected, since there is no significant pressure gradient, that in both the
liquid and vapor flows, viscous forces are comparable to inertia forces. This is
written as

dv
O (V3v;) ~O (pl Tj‘il) (4.8)

for each phase (I=1 or 2). From here and henceforth we use the symbol O (z (x,
y)) to represent the mean size of a variable z over the domain variables x and y.

(i)  Let the order of magnitude of the x-component of the liquid's interfacial speed
ug(x) = Uy (X, 8(x}) be
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O (ug (x, 5(x)) ~ ug (L, 8(L) =U1 , T (49)

and the order of magnitude of the average vapor speed at a typical x(~L) be U,.

We now introduce scaled variables with a superscript '+' in such a way that the
approximate size of any scaled variable is O(1). These variables are defined as

x = Lxt, ﬂzy# for 0 <y <3(x),

50)

uq (X, ug {x,

UL e e,y R e ey

Ts—T1 (x, T2 (x,

LY oy (e, v, Tt (e yh) st o, (4.10)

(iv)  From here and henceforih, the mean size of a derivative g—z: for 1< & < B1 and
A
and &1 <1 < By is denoted by O @—g (&, 1 )] and it is to be interpreted as a

quantity equal to

Az _ {z(B1, nm)—z{ot1, nm)} = N
AL| M=Nm ~ {B1—c1} = N

_ 281, m)-2(e1, Nim)

- , (4.11)

where njm = O(1)) is the mean representative value of the variable n and N is any
large positive number. With the help of (3.3)(, (4.2)4, (4.4), (4.10), and (4.11),

one concludes that

Ofvi) ~ gU; (4.12)
forI=1 and 2

Therefore we set
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vi =g Upvf* - (4.13)
for I=1 and 1=2.

(v)  Though the pressure in each phase is expected to be close to the inlet pressure
P, We still introduce a non-dimensional pressure field pr* (I =1 or 2) as

+ = pf_p.__“’

With the help of all the definitions and scalings introduced thus far, it is easy to
verify that (4.8) yields

Re1e12 ~ O(1) , Renes~O(1), (4.15)

prU;k

where Rer = forI=1or?2.

We now use the results in (4.1)-{4.15) to scale the governing equations and the
interface conditions. The continuity equation (3.3)4,under (4.10) and (4.13), scales to

ourt  ovit
k) BEA 4 S 4,
ax* oy (4.16)
forI =1 or 2 and no summation on I. The x-component of momentum equation (3.3)2,
forT=1 or 2, scales to

+
urt aurt vt aurt o ap; . 1 d22urt
ox*t oyrt oxt  RegrR dyrt2

+0(g2) . {4.17)

The momentum equation (3.3)2 in the y-direction scales to

+

?
5511; = &1 (QUUR) + O (g2) . (4.18)

We now define a small positive number €, as

17-



e2=max (€12, 22, €1 €2) . - (4.19)

The energy equation (3.3)3,forI = 1 or 2, under the verifiable assumptions
0 (Eq =U12/Cp, (Ts - Tw)) =0 (.2) and 0 (Ecz =U»2/Cp, Ts) =0 (&.2)

reduces to

+ ont vt oTrt _ 1 22Tyt

u = —
b ox* dyr"  PrRem® dyrt2

+0 (g2 (4.20)

We note that for I = 2, (4.20) is trivially satisfied as Tot (x+,y*) = 1.

The interface condition (3.7) given in (A1.2) of Appendix A1 reduces to

urt | = uat 40 (€2, (4.21)

The mass transfer condition (3.8) given in {(A1.3) simplifies a little and it is written as
m=piUqeqmy* = paUagama*t, (4.22)

where

. dot
myt= ur’*dF - Vit (.

- Under the reasonable and subsequently verifiable assumption O (o/p4U42L) = O(gy),
we find that (A1.5) reduces 1o

P2 P1 :

In (4.23), the first term corresponds to pressure increase across the interface due to the
penetration of vapor momentum through the interface. We show later in section 9 that
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this effect is negligible for x > € , where € is typically quite small. For this reason, we
further approximate (4.23) as

{--—p2+|i_. p1+|i }:-'___0 (424)

Next we find that the interface momentum balance (3.9) in the tangential direction
given by (A1.6) reduces to

au1+ + |

8y1+

P o ey 9dUp

1 & Oy'

+0(Ed)=0. (4.25)

Furthermore, for the problem in Figure 1.1, there is no imposed pressure gradient and
we see, through (4.18) and (4.24), that the pressure is nearly continuous across the
interface. The scaled form of (3.18) as given by (A1.8) can now be approximated as

T+ (x+, 8 (x+) ) = Ts* (pe* | Y= Tet (pot) = T+, (4.26)
and
T+ (x*, 8+ (x*) ) = Te* (p2t | 1) = Ts+ (pet) = Ts™ .

The values of interfacial enthalpies, in physical variables, are

hy = hy (P11, Ts (P1) ) =hq (P, Ts (P} ) =N,
and
hal = ho (p2t, Ts (P21) ) = h2 (Pe, Ts (Pe) ) =g - (4.27)

Using the notation hig = hg — hi, Ja = higy Cp1 (Ts — Tw) and making the verifiable
assumption O (cU1/kq [Tw — Ts] ) = O (e1) , the interfacial energy transfer condition
(3.11) as given by (A1.7) reduces to

€1 ko dTot|i 9T *|i

—_ AT e
JaPri(Reqg14) me+ - Ky OYpt + Tl

+0(2)=0. (4.28)

For convenience, we now rewrite the scaled equations (4.18), (4.17), (4.18), (4.20)—
(4.22), (4.24)—(4.28) in terms of the original physical variables using the definitions in
(4.10), (4.13) and {4.14). The resulting equations, along with (4.5) and (4.6), are listed
below for either phase (I =1 or 2).
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our  ovi ou7y oduj 92Uy
X +ay =0, p1|:U1 o VI ay] al l»lIayg '

dp1 Ty o7 92T
T)%—'PIQ v U5y +VI ayl =q] ay2I ,

where oy =K1/ p; (Cp)I and opy /ox = 0.
The interface conditions at y = 6(x) are
d
1 (x, 300) = p2 (%, 30, w15 (x, ) = 2 G2 (x, 3
uq {x, §(x)) = uz (x, 8(x))
. _ 0T dl2
m(x) hig = k1 35~ (x, 8(x)} —ka ETRL 3(x)) »
T1 (X, 8(x)) = T2 (x,8(x)) =Ts;
the wall conditions aty =0 are
ug (x, 0 =v1 (x,00=0and T1({x,0)=Tw;
and the conditions aty = h are

Uz (X, h) =va (x, h) =

- The mass transfer rate m(x) in (4.30)4 is given, with the help of (4.22), as

. do
x) = pr {m (x, 8(x)) g = V1 (x. 6<x))}

dd
=p2[uz (x, 5(x) 3 — V2 (%, acxn] .

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

While seeking a solution of {4.23)—(4.33), one has to note the simplifications resulting

from

T2 (Xr Y) = TS
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for x 2 0 and §(x) < y< h. Furthermore, (4.29)-(4.34) is to be solved subject to a
prescribed inlet velocity profile )

uz (0, y) = U(y) (4.35)

such that

u{0) =uth)=0. (4.36)

Assuming no condensation for x < 0, compatibility with (4.36) requires the additional
initial conditions of

o(0)=0
and

U1 (x, 8(x)) = U2 (X, 8(x}) =0. (4.37)

x=0 x=90

However, the scaling leading to the equations (4.29)—(4.34) are not expected to be
valid for0 < x <t , for some small € > 0, because:

(i) 1/8(x) is not defined at x = 0 as &(0) = 0; and
(ii) The approximation (4.24) of (4.23), and (4.7) is not valid near x = 0.

An a-priori estimate of the errors introduced in modeling the flow in Fig 1.1 by
the equations (4.29)—(4.37) is difficult. However, if the leading edge zone 0 < x
< ¢ is small, then we expect that the errors will be small.

We now discuss two substantial simplifications of the model equations governing the
flow of the liquid condensate. Our experience with the problem of a uniform flow of
pure vapor over a fiat plate ([6], [15], [24]) (with typical flows of R12 (Freon), R-113,
steam, etc.) suggests that as vapor condenses into liquid, there is a huge increase in
density with very little forces to drive the liquid condensate {except for the requirement
of continuity of velocities and shear stresses at the interface), the resulting flow of the
liquid condensate is very sluggish. This means both inertia and convective heat
transfer in the direction of the flow are effectively zero. This fact is evident in Figures
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4.1-4.2 of Narain and Lee [15] where the liquid temperature and velocity profiles are
found to be linear despite the fact that full non-linearities of inertia and convective heat
transfer were retained in the model equations as well as in the solution scheme.
Further recall that for both the flat plate problem ([25], [15]) and the parallel plates
problem of Fig. 1.1, the ratio of viscous forces to inertia in the liquid condensate are
comparable and are given by (see 4.17)

Re €5 ~1, (4.38)

and the ratio of net conductive and convective heat transfers for liquid flow are

comparable and given by (see 4.20)

1 1
Pry Req 42 Pry -

(4.39)

The numerical results of Fig. 4.1 and 4.2 in Narain and Lee [15] establish, despite the
fact that the size ratios in (4.38) and (4.39) are still true, that each side of the equations
(4.29) and (4.29)4 for I = 1 are separately close to zero. Therefore (4.29), for the
liquid simplifies {o

=0, | (4.40)

P14 _ (4.41)

forx>0and 0 <y <8(x). Now {4.40) and (4.41) explain the linearity of velocity and
temperature profiles for the liquid as found by Koh [24] and Narain and Lee [15].
Since, on the average at all values of x, we expect smaller inertia of the incoming
‘vapor in the flow between paraliel plates (Fig. 2.1) than in the flow over a flat plate

([24], [15)), it is again reasonable to assume that (4.40) and (4.41) suffice as
replacements of (4.29),, and (4.29)4 for I = 1 in the system of equations (4.29)-(4.37).

We now introduce a notation ug(x) in (4.30)3 as
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uq (x, 8(x)) = uz (X, 8(x)) = ug(x) . - (4.42)

Solving (4.40) subject to (4.31); and (4.42), it is easily seen that

ulx (4.43)

U1(X,y)= S(X)

forx>0and 0<y < §(x). Similarly solving (4.41) subject to (4.30)5 and (4.31), itis
easily seen that

T1 (6, y)=Tw+ (Ts— Tw) Y /8(x) . (4.44)

In addition to the expressions (4.43) and (4.44), the relevant remaining equations for
uz (X, y),v2 (x, y) and vy (x, y) in (4.28)—(4.37) are

(4.45)1.12

dd
=pz|ui(x) gx — vz (x, 8(x}) |,
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Ta(x,y)=Ts for x>0andd(x)<ys<h,
uz (x, h)y =0,

vo {x,h)=0

uz (0, y) =U(y) where u(0)=u(h)=0 ,
8(0)=0 ,

u(0)=u2(0,0)=0 .

5. Relation Between the Simplified Differential Equations
and the Control Volume Equations

Our strategy is now to solve equations (4.45) by an approximate integral method which
satisfies all the eguations in {4.45) exactly except for the equation {4.45), which we
only wish to satisfy approximately. For this purpose, we now integrate some of the

equations in (4.45) and relate them to the control-volume equations in section 2.
Using (4.45)4, (4.42), (4.31)4, and (4.32), it is easy to see that (4.45)s can be rewritten

as
. 8(x) 4 h
mx) =gz [prurxyldy=—gz [pauzixyd (5.1)
0 8(x)

Observe that (5.1) is the same as (2.1) and (2.4) in section 2. Using (4.45), for I = 2,
(4.45)g, and (4.45)g, and integrating (4.45)2 overy fromy = d(x) to y = h, we find

h
2 [ p2uz (xy) oy + () ) = e B2 (1) ~ o S (6, 5) - (52
5(x)
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Note that (5.2) is the same as (2.2) in section 2. We now replace (4.45)4, (4.45)2, and
(4.45)g by (5.1) and (5.2) and retain the remaining restrictions of (4.45). Note that
(4.43)—(4.45) are such that the remaining control-volume equations and interface
conditions of section 2 are satisfied.

Prior to solving the equations (5.1), (5.2), (4.45)3-5, and (4.45)7—12, we non-
dimensionalize them using the definitions:

x=hx,y=hy, ui(x,y)=Uu (X,y),

ua (x, y) =U U2 (X, ¥}, ut (x)=Uu(x),

To (%, y) = (Ts =Tw) T2 %, ¥), T1 (%, ¥) = (Ts—Tw) T1 (X, ¥),

and

M) =p1 UM (X). (5.3)

The speed U used in (5.3) is of the order of magnitude of the average inlet velocity Vav,
where

Vay=p [ Giy) - (5.4)
0

The exact relation of U to Vay is specified later in (6.1) after we have chosen a class of
inlet vapor velocity profiles uly). We now non-dimensionalize (5.1)-(5.2), (4.43),
(4.44), (4.45)3_5, and (4.45)7_12 using (5.3) and then drop, for convenience, the
overbars on the non-dimensionalized variables introduced in (5.3). The resulting
equations are:
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&(x) 1
00 =gr [ ut (xy) dy=‘(32-) S Juatxy) dy " (55)
o P1 5()
1
d P1 i) = Y2t [9U2 ouz
ax 8(){)1122(x, y)dy + -F; us()m({x) =v1 Re [By (x, 1) - 3y (x, 8(x))] (5.6)
. 1 1 57
M(X) = Rg1PriJa 8(x) (5.7)
ouz )
3y (x, 8(x)) =12 Bix) (5.3)
uz (X, 8(x)) = ug(x) , (5.9)
To(x,y)=Ts/(Ts—Tw) for x>0and§(x)<y<1, (5.10)
us (x,1)=0, (5.11)
v2 (x,1)=0, (5.12)
uz (0, y)=ufy) for O<y<1withu(0)=u(1)=0, (5.13)
3(0)=0, (5.14)
and
G(0) = u(0) = 0, (5.15)
where
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1Uh \21 h
Req=—— Pry=—", Ja= ﬁfsq_ To] - - (5.16)

We note that the flow field is determined by the fluid parameters p,p,. 1ofiLy, Pry, and
the direct control parameters Req, Ts/ (Ts — Tw), and Ja.

6. The Strategy for an Approximate Solution

We now present a solution scheme which essentially models equations (5.5)—(5.16)
by a set of non-linear ordinary differential equations. For this, we choose a
representation of the velocity field u, {x, y) which incorporates an explicit choice of the
variation of the velocity field in the cross-flow direction (y-direction) valid for any
admissible inlet velocity profile ti(y). Although this method of choosing velocity profiles
is common to many integral solution schemes ([19], [14]), the mixed method presented
here differs from the usual approaches ([14], [19]) in two important ways:

(i) we use an integral approach for only one of the unknown fields uz (x, y),
requiring it to satisty (5.5)-(5.6) instead of (4.45)1—2, and we satisfy the rest of
the flow field and interface restrictions as in the original differential model
(4.43)—(4.45);

(i)  for a chosen representation of uz (x, y) , we compare the solution of (5.5)—(5.16)
with the solution of {4.43)—(4.45) by defining an error function which measures
the difference between the solutions of the two systems and we then compute
this measure at every x > 0. Therefore, whenever the error function is small at
all x, this approach leads to a reliable deséription of the flow field in Fig. 1.1.

Implementation of the above approach requires the aid of modern computing facilities
for symbolic manipulation and numerical integration of non-finear ordinary differential
equations. In this spirit, we seek a solution of the flow depicted in Fig. 1.1 for an
adequate class of inlet velocity profiles u(y) with a control parameter A. This
parameter A can be adjusted to make u(y) approximately resemble many velocity
profiles ranging from parabolic to uniform. One such choice of u(y) made in this paper
is
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uz(g'_y) =U(y) = 1~ exp(-Ay) — exp (-A(1-Y)) + exp (-A) - (6.1)

for 0 <y < 1. Note that (6.1) satisfies the restrictions of {5.13) and for iarge values of A
(A = 10), it approximates uniform inlet flow with rounded corners.

We now choose a representation of us(x, y) which assumes a certain y-variation and
which has the right number of explicitly occurring functions of x to track the
downstream evolution of the profile. This choice is made with the following criteria in
. mind:

(@)  the chosen variation with respect to y should not be very steep at any 8{x)<y < 1
as we do not know the actual variation with respect to y to judge where such
sharp variations might occur;

{b)  the number of explicitly occurring functions of x in the representation of us {x, y)
and its values at y = 1 and y = d(x) should be such that (5.5)—(5.16) transforms

into a well-posed initial value problem for a set of non-linear ordinary differential
equations; and

(c) it should be possible to track down the evolution of us(x, y) from its form u(y) at
x=0.

Khowing that we cannot choose a constant or linear variation with respect to y in ua(x,
y) and still satisfy all the restrictions in (5.5)—(5.16), we choose a simple representation
of the form

uz (X, y) = b1(x) U(y) + bz (x){y=1) + b3 (x}{y>-1)(1/2) , (6.2)

forx20and 8(x) <y <1 with

b1(0) = 1, bo(0) = 0, and bz(0) = 0 . (6.3)

We see in the next section that substitution of (6.1)—(6.3) in (5.5)—{5.16) leads to a well-
posed mathematical problem. To estimate the usefulness of the solution in the form
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(6.1)~-(6.3), we note that the true uz(x, y) should satisfy the non-dimensionalized
equation (4.45)2 given as i

d dup V2 1 d2u
U2 g2 + V2 5E ~ 1 Rey ay2 oY) =9 y) =0, (6.4)
'3
where va(X, y) = J' -5172 dy.
y

Noting that a solution of the form (6.2) would not, in general, satisfy g(x, y) =0 in (6.4),
we introduce

1
error (x) = j g2(x, y) dy . (6.5)
d(x)

Now if we find error (x) to be small for most of the values of x of interest, then we can
conclude that a solution of (5.5)—(5.16) with the choices (6.1)—(6.3) adequately
represents the solution of the original non-linear differential model (4.43)—(4.45).
Predictions of such a solution can then be considered to apply to the fiow in Fig. 1.1
and its comparison with experiments will establish the value of this solution as well as
help us answer questions concerning the validity of the model (4.43)—(4.45).

7. Reduction to a Set of Non-Linear Ordinary Differential Equations

in this section, we substitute our choices (6.1)~(6.3) in (5.5)—(5.186) to arrive at a well-
posed mathematical problem leading to a set of coupled non-linear ordinary
differential equations in the variables ui(x), 8(x), and bz(x) {see (4.42) and (6.2)
respectively for the definitions of u(x) and bg(x)). Although the substitution mentioned
above is straightforward, it is lengthy and therefore it should only be done on a
computer using symbolic manipulations for regular algebra, differentiation, and
integration. For the expressions reported in this paper, Maple (a software comparable
to MACSYMA) was used. The expressions were found separately by each one of the
two authors on two different computers and the results were verified to be identical.
Here we outline the underlying logic of the above substitution and the associated
manipulations.
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First we substitute (6.1) and (6.2) into (5.9) to find

ba(x) =¥y (8(x), ut(x), ba(x}, b1(x)), (7.1)

where W1 is defined in (A2.1) of Appendix A2. Next we substitute (6.1), (6.2) and (7.1)
into shear condition (5.8) to find

b1(x) = ¢4 (us(x), 8(x}, ba(x)}, (7.2)

where ¢4 is defined in (A2.2). Substituting (7.2) in (7.1), we find

ba(x) = (8(x), ur(x}, ba(x), ¢4{ur(x), 8(x), b3(x}))

=0s (S(X): Uf(X), b3(X)) s (73)

yﬁhere o2 is defined in (A2.4). Substituting (7.2), (7.3), and (6.1) into (6.2), we write

uz (x, y) = @ (8(x}, ug(x), b3(x), y) . (7.4)

We now substitute (7.4) and a non-dimensicnalized form of (4.43} into (5.5) to find

1
32- g— di (ur(x) 8(x)) + (f—xL(j;D(a(x), ui(x), ba(x), y) dy} =0. (7.5)
X

- It is easily seen that (7.5) can be rewritten in the form

ds
AA11 (8, ug, b3) ax * AA12 (8, u, b3)'q— +AA13 (8, uy, bg)%pf= 0. (7.6)
The non-linear functions AA11, AA12, AA13 are best evaluated using symbolic
manipulation on computer and they are defined in the equations (A2.1)-(A2.6} of

Appendix A2 with the help of the associated equations (A3.1)—(A3.3) of Appendix AS.
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We note that substituting a non-dimensionalized form of (4.43) into the first equality of
(5.5) gave

m(x) =ag;(1§ ug{x) 8(x)) . (7.7)

Substituting (7.7) in the important interface energy restriction (5.7) gives

d A 1 1
ax (74100 30 )= F5 1 Pry 72 (a(x)) . (7.8)

We rewrite (7.8) in a form analogous to (7.6) as

dd du db 1
AA21 (8, ut, ba) 3 + AA22 (8, uy, ba) g, + AA23 (8, U, ba) T = R P s (79
where
AA21 (8, uy, ba) =1§Uf(X) 5(x) ,
AR22 (5, U, ba) =5 32()
and
AA23 (8, us, bg) = 0. (7.10)

We now substitute (7.2)—(7.4) and (7.7) in (5.8) to find

1
d P1 d 1
dx lia(JCDZ (8(x), uf(x), ba(x}, y) dy:l +E; ug(x} |:d_x (E uf(x) S(X)):\

X)

3
5 (1) = %y"’— (x, 8(x))] (7.11)

It is easily seen that (7.11) can be rewritten in the form
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ds
AA31 (5, ur, b) g +AA32 (5, U, bg) St + AASS (5, Uy, bg) 2

= g2 (8, uf, ba) - (7.12)

The non-linear functions AA31, AA32, AA33, and g2 are best evaluated using symbolic
manipulations on computer and are defined in equations (A2.7)—(A2.8) of Appendix
A2 with the help of the associated equations (A3.2)—(A3.5) of Appendix A3.

We now assemble (7.6), (7.9), and (7.12) in the form
AA11 AA12 AA13 ds/dx 0
1:AA21 AA22 AA23} |iduﬂdxi| .—.':1/RB1PF1J8 jl (7.13)
AA31 AA32 AA33.4 Ldbg/dx g2 (0, uf, bs)
Now (5.14), (5.15), and (6.3)3 suggest that (7.13) should be solved subject to initial
conditions
8(0)=0,u{(0)=0,b3(0)=0, (7.14)

provided the remaining initial conditions

bo(0) =0, by(0) =1, (7.15)

of (6.3)1—2 are satisfied. From the expression of by(x) in (A2.2), it follows that if (7.14)
and (7.15} are simultaneously true, then

Ul jim YD _B2 p g _oeny 7.16
0 x—>08(x) H e | )

It is found that the expression for ba(x) in (A2.4} is already consistent with (7.14) and
(7.15) being simultaneously true. However, dividing (A2.4) by 8(x) and then taking the
fimit of x—0 gives the condition




where

b2

= lim Daix) and b = iim M. (7.
0 x—30 OX) Sio x—s0 S

~d
—
-4
L—

There being no additional restrictions on (7.14) and (7.15) being simultaneously trus.
we require that the solution of (7.13) satisfy (7.14) such that

S _B2ZA (1A,
dlg 1

and
bs N — 5
- =A. (f.‘ib}
S lo

where A is any finite real number. However A is so chosen that the computed value of
"error(x)" (defined in (6.4) and {6.5)} is reasonably ciose to zero for x > 0. In fact, for
most of the computational results to be reported later, it was found that "error(x)" was
small and not very sensitive to the choice of A in the interval of 0 < A ~ 1.

We know that numerical integration of (7.13) subject to (7.14) and (7.18) is not
possible from x = 0 (as terms such as 1/8(0) are not defined) despite the fact that the

actual behavior of the system (7.13) has no real singulanty at x = 0. Therefore, by
choosing a sufficiently small number £5 > 0 and a correspondingly small number for

film thickness &(¢3), we rewrite (7.18) as

S{eg) =07,

us {€3) EE%A (1—e Ay 3", (7.19)
and

ba(eg) = A5
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It is now noted that (7.13) subject to (7.19) is a well-posed initial value problem for
x 2 g5 and can be numerically integrated once a reasonable choice for §* and A have

been made.

8. Computational Solutions and Prediction of Flow Reversal Phenomena
for the Vapor Flow

In order to solve (7.13) subject to the initial conditions (7.19), we further reduce it to the
standard form

N _ iy,
Yies) =Y (8.1)
where
8(x) f1(3,ur,b3)
y{x) =} uix) |, f{y)=| 12(8,u,b3)
ba(x) t3(8,ut,b3)
and
5(€5)
Yy =/ ues)
ba(es)

The function fin (8.1) is easily computed by pre-multiplying (7.13) with the inverse of
the coefficient matrix already present on the left side of {7.13). For this it was assumed
and computationally verified that the determinant of the coefficient matrix given in

{A2.9) is non-zero for g5 < x < M, where M is some sufficiently farge number outside the
realm of our interest. The component functions of f thus oblained are defined in

(A2.9)-(A2.10). Also note that components of ¥’ in (8.1)2 are further specified in (7.19).

We use two Runge-Kutta schemes (a fifth and a sixth order) for numerical integration of
the standard initial value problem (8.1) and then the solutions from the two schemes
are compared and verified to be close to each other. This method is automatically
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implemented (see [35]) by a standard IMSL numerical integration scheme called
DVERK. The function "error(x)" in {6.4) and (6.5) was numerically evaluated with the
help of a symbolic expression for g(x,y) in (6.4) and subsequent numerical integration
(a fourth order Simpson’s rule) of the right side of (6.5). We now present some of the
computational results for typical flow situations involving R-113 and steam. The flow
conditions and the corresponding non-dimensional parameters for the two vapors are
listed in Table 8.1. Note that all liquid and vapor properties were assumed to be
approximately constant in each phase and are evaluated according to the
approximations (4.2).
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Inlet pressure pw (kPa), |
| Saturation temp. Ts (K), Y iy
Sample | Case| Wall temp. Tw (K), Rey Pry Ja — —
Fluid inlet vapor flow profile ' P2 Ha
parameter A, and choice
of parameter A
R-113 | 1 | 101.3,320.56,280.57 | 22644 7.18 | 4.873 | 202.02| 47.92
10, 1.
R-113 | 2 | 101.3,320.56,291.56 | 31710 7.18 | 5.041 | 202.02| 47.92
10, 1.
R-113 | 3 | 101.3,320.56,297.56 | 43348 7.18 16.356 ] 202.02 | 47.92
10, 1.
R-113 | 4 | 101.3,320.56,290.57 | 25361.3| 7.18 | 4.873 | 202.02 | 47.92
7, 1.
R-113 | 5 | 101.3,320.56,291.56 | 35515.5| 7.18 | 5.041 202.02 | 47.92
7, 1
R-113 | 6 | 101.3,320.56,297.56 | 48550.1] 7.18 | 6.356 | 202.02 | 47.92
7, 1.
Steam| 7 101.3,373.15,313 10000 1.75 1 8.914 | 1601.67 { 23.12
30, 1.
Steam| 8 | 101.3,373.15,313 25000 1.75 | 8.914 | 1601.67 | 23.12
30, 1.
Steam| 9 | 101.3,373.15,313 100,000 1.75 [ 8.914 | 1601.687 | 23.12
30, 1.
Table 8.1. Values of non-dimensional parameters for some typical flow situations.




The choice of flow situations in cases 1-6 of Table 8.1 is made for convenience of
comparison with some experimental runs of Christodoulou and Suryanarayana [23].
Their experiments in a duct of rectangular cross-section with condensation on the
bottom plate is believed to correspond to the flow geometry in Fig. 1.1. The
correspondence between cases in Table 8.1 and the experiments is established by
keeping the inlet vapor flow rate in the experiments equal to the inlet flow rate per unit
depth in the theoretical model of Fig. 1.1. Since the experiments [23] only report rough
measurements of film thickness at a few locations along the duct and overall heat
transfer rates across weli-defined segments of the bottom plate, we have to assume an
inlet velocity profile, the nature of the flow (laminar or turbulent), and we also have to
computationally monitor the effect of changing inlet velocity profiles. The cases 1 and
4, as well as cases 2 and 5 and cases 3 and 6, have identical flow rates but different
inlet velocity profiles (A=10 and A=7}.

The computational runs for each of the cases in Table 8.1 assumes laminar vapor flow.
However whether the flow at the inlet section is laminar or turbulent depends both on
the inlet Reynold's number and the geometry of the ducts through which the vapor has
to flow prior to the entrance of the test-section modeling the parallel plate geometry of
Fig. 1.1. It is clear that even if the inlet vapor profile was turbulent, rapid loss of
momentum flux of the vapor in the flow direction due to an effective suction of vapor at
the fluid fiquid interface would make the vapor flow laminar at some distance (say L)
downstream of the inlet. However, it is quite possible that this laminar flow again
becomes quite complicated (with condensate turbulence, film break-up etc.)
sufficiently further downstream of x = Ly,. The important information, to be found
experimentally, is to obtain an estimate for the critical value of inlet Reynold's number
(Re = V4h/vy), for any given geometry of ducts leading to the inlet, up to which the
transition length L;, mentioned above remains zero or insignificant. For the reported
experiments [23], there is no information as to whether the flow in the entrance zone
(see Fig. 1.1) is laminar or turbulent. However, because of the condensation
phenomena, we believe that a careful design of ducts leading to the inlet section {x=0
in Fig. 1.1) can keep the flow essentially laminar for inlet Reynold's number (Re =Vgh
/ v,) as high as 8000 (i.e. for A=10, Rey = 42,100).
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To present graphs of relevant physical variables, we assume laminar flow for cases in
Table 8.1 and define non-dimensional wall heat transfer rate, wall shear stress, and
mass condensation rate. For wall heat transfer rate gy, we write

oT4| |
Qw = K1 a—y‘ y-b = ki (Ts=Tw)/8(x) = h(Te=Tw)
' '__and

hx '
Nuy = Ky (8.2)

then, from (8.2), we find

X
NUx =T (83)

The non-dimensional wall shear stress Ty = 1,0uU1/dy|y=0 is given by

_Iwo _2uix)
0 = 0% T (5 Ren) £4
2

We recall that the non-dimensional condensation rate ﬁ1(x) is given by (5.7).

The graphical representations of the computed functions 8(x), ui(x), error(x), Nuy, C¢(x),
and ﬁw(x) are respectfully shown in Figures 8.1-8.6 for the three cases 1-3 of Table 8.1.
It is seen from Fig 8.4 that error(x), defined in (6.4) and (6.5), is quite small and
'therefore the numerical solutions reflect the solution of model equations (4.45).12.
For brevity, we do not show the plots of by(x), by(x), bs(x) etc. as they can be found in
'K'i'zi]yalli [35]. The velocity profiles u,(x, y), vo{x, y) for case-1 in Table 8.1 is shown in
Figures 8.7 and 8.8 for different values of x. The nature of downstream evolution of the
vapor profile is similar for all of the remaining cases 2-5 in Table 8.1 and these
additional graphs can be found in [35]. For Freon-113, it is always found that the x-
component of the vapor speed starts losing momentum in the core of the vapor flow
regime until there is a flow reversal phenomenon at some distance x = X;gy (Xgy =
7.04 for case-1). This is understandable because condensation demands deficit in
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momentum while we still expect that vapor satisfy no slip condition at the wall and at
the interface. Since shear should act to resist the vapor flow, we accordingly find
correct slopes of u,(x, y) at the wall and at the interface and a deficit in the core of the
velocity profiles in Figure 8.7. Also note that "error(x)" in Fig. 8.3 remains small and it
tends to become substantial only for x sufficiently larger than x,q,,. This means that the
negative lobe in the core of the vapor profile uy{x, y) (Fig. 8.7) for x > gy = 7.04is a
prediction implied by the differential model (4.43)-(4.45) as well. The general trend of
vo(X, y) in Fig. 8.8 is correct but there is a chance of greater error in the values of v,(x,
y) computed through (6.4),. A physically consistent overall stream line pattern can
now be inferred from the results as shown in Figures 8.7-8.8 and this leads to the
remarkable qualitative inference shown in Figure 1.1. In Figure 1.1, it was assumed
that a more accurate differential approach for the solution will lead to small lobes,
shown by dotted lines in Fig. 8.8, in the central region of the vapor velocity profile v,(x,

¥).

The above results tend to establish that the most important qualitative result is our
prediction that a recirculating region forms in the core of the vapor (Freon-113) flow
(Fig. 1.1) beyond x > x,oy Where x,g, increases with increasing Reynold’'s number.
This phenomenon is important because the flow would eventually lead to a point,
some distance downstream of x4, where the vapor and film would lose stability and
more complex flows would initiate. However, depending on fluid parameters and inlet
velocity profile, recirculating zones may form at different locations in the vapor flow.
For example, at Re = 10,000 and x;qy = 3.46 for steam (case 7 in Table 8.1),
recirculating zone seems to form near the upper plate (see Figure 8.9). These
identifications establish the need for additional computational and experimental efforts
towards establishing these flow phenomena.

For the same flow rate, the effect of a change in the inlet velocity profile on the film
thickness profile and the point of flow reversal is shown in Figure 8.10. It is found that
the effect is small for moderate changes in the inlet velocity profile U (y) as long as all
the flows at the inlet are laminar.
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FILH THICKNESS &(x

0.0000.005 ©0.010 0.015 0.020 0.025 0,030 0.035 0.040 0.045 0.050

X 1S FLOW REVERSAL POINT

RE1 = 22644

REl - 31710

RE1l = 43348

0.0 1.0 2.0

Figure 8.1:

1 1 T
3.0 4.0 5.0 6.0 7.0 8.0 9.0 i6.0 11.0 12.¢ 3.0 1;.0 15.0 16.0

The 6(x) vs x curves are for cases 1-3 in Table 8.1. Note the
tendency of the film thickness to reach an approximately
constant value. With increasing speed, (Reynolds number),
we typically obtain thinner condensate and higher local
heat transfer rates. The flow reversal distances xq,, in €ach
case is marked by 'x' symbols and these values are
obtained from corresponding graphs of u, {x, y} (see Figure
8.7)
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Figure 8.2:

The speed of the fluid at the interface uj (x) tends to
increase with x for cases 1-3 of Freon-113. Again the flow
reversal points x;o, for each case is marked by 'x'. The
three plots correspond to cases 1-3 of Table 8.1.
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Figure 8.3: These plots indicate that error(x) remains acceptably small
for most values of x of interest. The tendency of error to
increase beyond x> X, is expected because the chosen
representation of u, (x, ¥) is not likely to give good results in
the more complex recirculating zones in this region. The
three plots correspond to cases 1-3 of Table 8.1.
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Figure 8.4. The non-dimensional Nusselt number defined in (8.3) tends

to increase with x. The three plots correspond to cases 1-3
of Table 8.1.
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FIGURE 8.5; The non-dimensional friction C¢ (x) at the bottom plate is
given by (8.4) and are plotted here for cases 1-3 of Table
8.1.
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X
Fiqure 8.6: The condensation rate m(x) is relatively higher near the

leading edae (high dd/dx) and it tends to flatten out away
from the leading edge. Here m(x), as given by (5.7), is
plotted for the cases 1-3 in Table 8.1.
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Figure 8.7:
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VAPOR VELOCITY us(xy)

The vapor velocity profile u, (X, y) is plotted here for case-1
in Table 8.1. The plots are with respecttoy (6(x) <y < 1) for
different values of x. . It is clear that the inlet profile (x = 108
= 0) quickly starts losing its momentum in the core and at x
= 7.04, the vapor velocity u, has a value of zero at y
between 0.4 and 0.5. Beyond fhis distance Xroy = 7.04, the
flow reverses and we have a zone in the core of the vapor
flow where the vapor velocity is negative. Since the value
of error(x) is still small at x = x;qy, we infer the existence of
recirculating zones for x > Xy
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VAPOR VELOCITY  v,(xy)

Figure 8.8; The vapor velocity component v, (x, y) is plotted here for
case-1 in Table 8.1. The plots are with respect to y for
different values of x and we see that the vapor is directed
towards the upper plate in the upper region and towards the
lower plate in the lower region. We expect that at X > X,gy ,
the v, (x, y) component will develop some tiny lobes as
shown by dotted lines in the profile for x = 7.09. Our
approximate method is unable to pick the existence of these
lobes but its existence is inferred from the point of overall
cansistency of streamline patterns (see Figure 1.1).
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Figure 8.9:
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VAPOR VELOCITY uo(x.y)

The u, (x, y) component for flow of steam in case-7 of Table
8.1 is plotted here with respect to y for different values of x.
Computations indicated that for x > x4, = 3.46, the vapor
velocity became negative near the upper plate. This may
mean that the shear restriction for steam is not very
significant at the interface and therefore recirculating zones
form near the upper plate.  Note also that the inlet vapor
velocity profile is nearly uniform.
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Figure 8.10; Note that cases 2 and 5 in Table 8.1 correspond to the
same vapor flow rate but different inlet profiles (A = 10 and
A = 7 respectively). Cases 6 and 3 of Table 8.1 are also
analogous. The &(x} versus x for these two pairs of cases
indicate that film thickness profiles and reversal distances
(xpoy) are affected only slightly by moderate changes in
laminar inlet profiles.
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9. Comparisons with a relevant experiment and conclusions.

Although there is no experiment known to us which accurately models the fiow, in Fig.
1.1, the experiments reported in [23] come quite close to modeling flow between
parallei plates. The differences between this theory and the experiments [23] are (i)
that they use a duct of rectangular cross-section (0.025 m high and 0.04 m wide); (i)
that their temperatures of the bottom plate varies by about 5-10 °C over the length
(0.924 m) of the plate; (iii) that their inlet vapor has 5-7 °C superheat over the
saturation temperature, and (iv) that the design of their experimental set up does not
provide for measurements to insure that the vapor flow is laminar when it enters the
test section.

For comparison purposes, we take the flow rate (per unit depth in Fig. 1.1) to be the
same as their [23] inlet volume flow rate in the duct and the wall temperature T,, to be
the average temperature of the bottom plate in the experiments [23]. We also know,
from the effects of superheat found in the flat plate theory [15], that the 5-7° C
superheat in the experiments [23] should not have more than 1-2% effect on the
values of film thickness and overall heat transfer rates. Under these approximating
assumptions, the first three differences mentioned in the previous paragraph, should
not cause a substantial difference between the numerical predictions of this paper and
the reported experimental results [23]. However, perhaps partially because of the
fourth reason mentioned in the previous paragraph, we find that our theory
overpredicts film thickness and therefore underpredicts heat transfer rates by a
substantial amount in comparison to any relevant run in the experiment [23]. The
ditferences between film thickness measurements and predictions, for case-3 in Table
8.1 corresponding to run 6 in experiments {23], is illustrated in Flgure 9.1. Note that
“the theory, in Fig. 9.1, overpredicts film thickness by a factor of 2 to 2 —. However, we
observe that the film thickness in Fig. 8.1 is nearly constant over most of the bottom
plate and this is in qualitative agreement with the experiments [23]). We now try to
reconcile the quantitative differences between theory and experiments.

Note that scalings of section 4, except for (4.7),, are standard (see boundary layer
approximations [34]) and they are not valid only in a very small region near the leading
edge. Similarly the approximation (4.24) of (4.23) does not lead to any significant
error as can be seen by the following analysis. In (4.29), for | = 1, we can still ignore
inertia, but we find that the order of magnitude of pressure force, due to {(4.23), is given

by
o( ap’} ppdmt 1 (9.1)
X dx p2 Py '
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and the order of magnitude of viscous force is given by
d?uy U |

O[ul ?y-z—}" ulg'é' . | (9.2)

Using (4.45)g for m and approximating
dd) &(x)

O(Ei]“ ER
we find that the ratio of the pressure force (due to condensation) and viscous force in
the liquid condensate near the leading edge is

Ja R (Pq 1
(Tsl: (;2- - 1)Rex , (8.3)

where Rey =pq Ux/ .

It is easily verified that the quantity in (9.3), for most flows, is very small for x = £ where
&/h is typically a very small number . These discussion establish that the deficiencies
in the differential model (4.43)-(4.45) can only affect the choice of initial conditions in
(7.19) in a small way and therefore can, at most, lead to small errors (say 10-15%) and
should not lead to errors of the order of magnitude in Figure 9.1. The assumption
(4.7), may lead to substantial error if the contribution of viscous stress p,dv,/0x in the
expression for t¢(x) is important over 0 < x/h < 2. However, since in Figure 8.6, dm/dx
and therefore p, av,/dx at the interface is nearly zero for x = 1, it is unlikely that this
would lead to very large errors (say larger than 20-30%). The major quantitative
difference in Figure 9.1, in our opinion, is due to the fact that the reported experiments
[23] involve turbulent vapor flow at the inlet while our model here is for laminar flows.

In fact, in their experiment [23], the vapor flows in long pipes (1/4 to 1/2 inch diameter)
at Reynold's number of the order of 10,000 (» 2300) and this turbulent flow enters the
test-section after passing through a very small diffuser {(about 4" in diameter and 10"
long). This means that the vapor flow is turbulent and the distance L, needed for
laminarization (see section 8 before) may be significant. Our model does not apply
over this zone (0 < x < L,) as turbulent shear stresses and heat fluxes dominate to
make the condensate layer substantially thinner. However the experimental flow
should eventually become laminar and this perhaps explains the qualitative similarity
between theory and experiments. In fact, in a careful experiment, if we are given the
film thickness 8(x), the interfacial speed ug(x), and some average vapor speed (this will
give us bs(x)) at an x = x* larger than 3 and Ly/h (insuring that both (4.7), and the
assumption of laminarity is satisfied), then (7.19) can be replaced by experimental
initial values at x = x* and we can expect an excellent quantitative and qualitative
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agreement with experiments. This type of prediction, whenever such experimental
data is available ,would lead to predictions as shown by the dotted lines in Figure 2.1.

-52-




FILM THICKNESS &(x)

0.050

0.040 [~

0.030

0.020

0.010

0.000

x FLOW REVERSAL POINT
w EXPERIMENTAL DATA

0.0

Figur

5.0 10.0 15.0 20.0 25.0 30.0

The prediction of &(x) for case-3 in Table 8.1 is compared
with some experimental measurements of film thickness at x
= 4, x=9, and x=32. We observe that the theoretical
prediction is 2 to 21/2 times higher. This is due to the fact
that the experiment corresponds to turbulent vapor flows
and slightly due to the fact that theory has some
inaccuracies in 0 < x £ 2. The dashed line corresponds to
expected theoretical predictions when sufficient
experimentally measured information is available at some
suitable x = x*.
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Appendix Aft.

For the flow between parallel plates satisfying (4.1)-(4.4) the interface conditions (3.6)-
(3.13) are written here in more detail. The kinematic conditions (3.6), for
I(x,t)=y—5(x)=0 gives

Vs'n=0 (A11)

Note that with n =[-8 + |}/ 1+(892 andt=[i + 6']]/\/1+(6')2 the condition (3.7)

reduces to
d

1 { ds }
= — x,8(x)) + 7ova(x,8 A1.2
V1+(82 U2 (x:8(9) + g Va(x.8(x) (A1.2)
The interface mass balance condition (3.8) reduces to
. P4 i dé }
M(x) = —=—=—| u1(%,8(x}}) g~ v1(x,8(x
@2t G120
e | ds _ ]
- e A g vl (A1.3)

For the evaluation of terms like Vg0, Vge(owt), Vg* 1, one can use formulas on p. 33
and p. 223 of Weatherburn [31]. We find, for 6=0{x),

S
Vgo=aot, Vs-n={(1+5,(x)z)312j5(X),

and

d
Vg (ovt) = d_x[(ﬁ_-*f;‘(—x)z—ﬂ { U1{x,8(x)) + 8'(x)v1 (x,a(x))}jl

55"
. [((i 5,2)2) {u1(x,3(x)) + 8'(x)v1 (x,8(x))}} (A1.4)

The interface momentum condition (3.9) in the normal direction with the use of {3.1).
(3.8), and (4.1).
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m{x)2{1/p, — 1/p4} + {p2(x,8(x)) — p1(x,3(x))}
2 [r ou duy oV 5
el 3w ) o0 3]

_ ?;gg;'z' [(uzaa% )5.(x)2_u2(%t;2+agf)| 5'(x)+u2.%/a|l]

- od"(x){1+8'(x)2}32 =0 . (A1.5)

The same condition (3.9) in the tangential direction with the use of (3.1), (3.8), and

- (4.1) gives
1 duy dvy Ju1 duq dvq ovq
(1+5'2][‘”(8y T )| 8{2”1 ax | ““a(ay * W)l 2K 8y1
s dug 9V dus dus dvao 8\/2
(1+§'2][“2(8y ¥ ale 8{2”2 3 +”28(8y * X )l 2u2 5y

do
—d—xzo. (A1.6)

The interface energy equaticn (3.11) is rewritten with the help of (3.1), (3.2), {3.7), and
(4.1)-(4.4). This gives

[rﬁ(x){m li—hali} + m{%— ‘vil—vs
i aT¢|l ..0T4 dTg|l . dTp
(oG5l )55
__a_ o(uq]+8'v1l) 05 3" (uq]i+8'v1l)
+{ ax( V1452 (14322  Ox Vt]H 0. (A17)

In (A1.5)-(A1.7), m(x) is given by {A1.3) and the superscript i on the right side of some
of the terms indicates interfacial values. As it is straightforward to write the kinetic
energy and viscous working terms in (A1.7) in component form, we leave (A1.7) in its
current form for brevity. The condition (3.12) is rewritten, for I=1 or 2, as

2

2 i i i i
}+{S 1 n-(v1—vs)—82n°(V2—Vs)}

L

Ti{x,8(x)} = Ts(pr(x,8(x)) = Ts . (A1.8)

The condition (3.13) needs no further simplification.
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Appendix A.2

Following the steps at (7.1), we find

ba(x) = ¥1(8(x),ui{x),ba(x),b1(x})

o
= -s}(';i)%--— b1(x) expri(8) — ba(x) (x2)+1 . (A2.1)

where expri(d) = (1—-exp(—AS)—exp(—AU-8))+exp(-A))(1/(8-1)). Following the steps
leading to (7.2), we find

b1(x) = ¢1(us(x),5(x),b3(x))

1 ba(x)
:expr3(8)—expl’1(5)[expr2(8)Uf(X)+( > )(1-8(x))}, (A2.2)

where expri was defined following (A2.1) and we have

expr2(d) = (ﬁ:—“ﬁj ([i—;)(aq )—aJ ,

expr3(3) = A exp(-Ad) — A exp(-A(1-9)) . (A2.3)

Following the steps leading to (7.3), we find

ba(x) = ¢2(ui(x),8(x),b3(x))

_ui(x) expri(d) ba(x
3(x)-1  (expr3(3)—expr1 (8)) [expr2(6)uf(x) *72 (1*5(X))J
— ba(x) (S(Xz)ﬂ) . A2.4)

We now implement the steps outlined in (7.4)-(7.6) by introducing the following
definitions

1
I, = lyurdba) = | D(ur(x).5(x),b3(x).y) dy - (A2.5)
(%)

Now the functions AA11,AA12,AA13 in (7.6} are given by
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ETE? ab1 M dbp 1Py ]
AAT1(us,d,b3) =] —
(us,6,b3) _85 + b1 35 + 9bs 35 * 5 Po Uf- ,
o1 duabs aabe 10y ]
AAT2(u0.03) =\ 5y + 3y aur * 3bz aur * 25,° |
[oly dlyoby 9l dbo '
AA13(ur8,b9) =| S+ SE-3EL+ 35 8b3:|' (A2.6)

The partial derivatives occurring in (A2.6) are defined in equations (A3.1)-(A3.3) of
Appendix A3.

Introducing the following definition:
1
I, = L(u,8,b3) = j X),b3(x).y) dy (A2.7)
3(x)
we can now relate (7.11) to (7.12) using the following definitions

(9l 3lp by dlp dbp L1012
95~ b1 g5 T dbz2 g5 " 2p,

AA31(us,0,b3) =

AA32(us,d,b3) =

dlp Dl dby  dlp dby %p1u 5]

an oby ous T abp oup T g

ralo dlhaby 3l abz]

AA33(U1.d.03) = | 355+ by abs * Do b3l

(A2.8)

and

02(5,u165) = 2= g~ [D1(x)A {exp(-A)—1-exp(~AB)+exp(-A(1-8)]

+ ba(x){1-8}] ,

where b,(x) is given by (A2.2). The partial derivatives db1/d9, db1/dus, ob1/aba, dba/ad,
dbo/duy, dbo/dbs in (A2.8) are the same as defined earlier in (A3.3); and the remaining
partial derivatives dl2/38, dl2/dus, dlp/oby, dl2/dbg, dlo/dba are defined in (A3.4)-(A3.5) of
Appendix AS.

Now we note that the coefficient matrix on the left side of (7.13) is such that AA23=0
(see (7.10)3). Using this fact we find its determinant and write it as ‘det A
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det A = AAT1{AA22)AA33 — AA12(AA21)AA33 +

»

AA13(AA21)AA32 — AA13(AA31)AA22 . (A2.9)
The function on the right side of (8.1)4 are given as
f1(8,ut,b3) = — {(AA12)AA33 — (AA32)AA13} {1/ResPriJa det A}
- (AA22)(AA13)(g2/det A)
f2(5,us,b3) = {{(AA11)AA33 ~ (AA31)AA13} {1/Re1PriJa det A}
+ (AA21)(AA13)(ga/det A)
f3(8,us,b3) = — {(AA11)AA32 — (AA31)AA12} {1/RePryJa det A}

~ {{(AA11)AA22 — (AA21)AA12} (go/det A) . (A2.10)
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Appendix A3

To define the partial derivatives occurring in (A2.6), we use the symbolic manipulation
" results for the functions b4, bs, and I, as they occur in their definitions (A2.2), (A2.4),
and (A2.5). For the reader to make sense of the definitions, we recommend the
following associations for the names of the partial derivatives.

aly aly aly ol

_85 = DINDD , 307 = DHDUF , 357 = DI1DB1 , 3bs = DI1DB2 , ]
dly dbq dby _ obt1

b3 = DI1DB3, —35 = DB1DD , = DBi1DUF , 3b3 = DB1DB3 ,

obz _ b2 _ d2 _

T DB2DD , 30 = DB2DUF , and 3b3 = DB2DB3. (A3.1)

Further we make the following association for the variables occurring in the
expressions of the above derivatives:
Hi

§=D, uy=UF, by=B1, bp=B2, b3=B3, A=A, :—-:MU12. (A3.2)
2

fa
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We now define the derivatives in (A3.1) using variables in (A3.2) and the usual Maple
employment of Fortran symbols for arithmetic operations and exponentiation. The

derivatives in (A3.1) are .

DI1DD = -1/6*1/A*(6*EXP(-A)*A*B1+6*A*B1—6*EXP(—A*D)*A*B1-6*EXP(-A*(1-D))*A*B1+3

*BS*D**Z*A—3*BB*A+6*B2*D*A-6*BZ*A)

0

1

DI1DUF

DI1DB1 = 1/6*1/A*(6*EXP(-A)*A+6*A+6*EXP(-A)-6)-1/6*1/A*(6*EXP(—A)*D*A+6*A*D+6*E
XP(~A*D)-6*EXP(-A%(1-D}))

1t

DI1DB2 -1/2’1/6*1/A*(3*D**2*A-6*A*D)

it

DIIDB3 = -1/3-1/6%1/A%(D¥*3%A~3%A*D)

DBIDD = -1/(A*EXP(-A*D)-A*EXP(-A*(l-D))-(1—EXP(-A*D)-EXP(—A*(I-D))+EXP(-A))/(D-
1))**2*((HU12*(D-1)-D)/D/(D-l)*UF+1/2*B3*(1—D))*(-A**Z*EXP(~A*D)-A**2*EXP(—A*(1-
D))-(A*EXP(-A*D)—A*EXP(-A*(I-D))}/(D-1)+(1-EXP(-A*D)—EXP(-A*(l-D))+EXP(-A))/(D—1
)**2)+1/(A*EXF(-A*D)-A*EXP(-A*(l-D))-(I-EXP(-A*D)—EXP(-A*(l—D))+EXP(-A))/(D-1))*
((ﬁUlz-l)/D/(D-l)*UF-(HUlZ*(D-l)-D)/D**Z/(D-1)*UF—(HU12*(D-1)-D)/D/(D-l)**Z*UF-l
/2%B3)

DB1DUF = 1f(A*EXP(-A*D)—A*EXP(-A*(l—D))—(I—EXP(-A*D)—EXP(-A*(l-D))+EXP(-A))/(D-
1) }*(MU12*(D-1)-D)/D/(D-1)

DB1DB3 = 1/(A*EXP(-A*D)-A*EXP(-A*(I—D))-(1-EXP(~A*D)-EXP(-A*(l-D))+EXP(-A))/(D—
1))*(1/2-1/2%D)

DB2DD = —UF/(D-l)**2+1/(A*EXP(-A*D)-A*EXP(-A*(I—D))-(l—EXP(-A*D)-EXP(-A*(I-D))+
EXP(-A))/(D—1))**2*((HUlZ*(D-l)-D)/D/(D-l)*UF+l/2*53*(1—D))*(1-EXP(-A*D)—EXP(-A*
(1-D))+EXP(—A))/(D-l)*(-A**Z*EXP(—A*D)-A**Z*EXP(-A*(l—D))—(A*EXP(-A*D)-A*EXP(-A*
(1-D)))/(D—1)+(1-EXP(-A*D)-EXP(~A*(1-D))+EXP(-A))/(D-l)**Z)—1/(A*EXP(~A*D)-A*EXP
(-A*(l—D))'(I-EXP(nA*D)—EXP(—A*(l—D))+EXP(~A))/(D—l))*((HUlz-1)/D/(D—1)*UF-(HU12
*(D—l)-D)/D**Z/(D—l)*UP-(HUIZ*(D-1)-D)/D/(D-l)**Z*UF-l/Z*BE)*(I-EXP{—A*D)—EXP(-A
*(1—D))+EXP(—A))/(D—1)—l/(A*EXP(-A*D)—A*EXP(—A*(l—D))~(1—EXP(-A*D)-EXP(-A*(l-D))
+EXP(-A))/(D-1))*((NUlz*(D-l)-D)/D/(D-l)*UF+1/2*B3*(1-D))*(A*EXP(—A*D)—A*EXP(—A*
(l-D)))/(D-1}+1/(A*EXP(-A*D)—A*EXP(—A*(l—D))-(l-EX?(-A*D)-EXP(-A*(l—D))+EXP(-A)}
/(D-1))*((HUIZ*(D—I}-D)/D/(D—l)*UF+1/2*B3*(l-D))*(l—EXP(—A*D)—EXP(-A*(}—D))+EXP(
-A) )}/ (D-1)F%2-1/2%R3

DB2DUF = 1/(D-1)-1/(A*EXP(-4%D)-A%EXP(-A%(1-D))- (1 -EXP(-A¥D)-EXP(-4%(1-D ))+EXP(
“£))/(D-1))% (MU125(D-1)-D)/D/ (D-1)*¥2% (1-EXP (~A*D} -EXP (-A=(1-D))+EXP(-4))

DB2DB3 = -1/ (AXEXD (~A%D)-A%EXP (-A*(1-D))- (1-EXP(-4%D}-EXP (-A*(1-D))+EXP(-4))/(D
-1))%(1/2-1/2%D)* (1-EXP(-A*D) -EXP (-A*(1-D))+EXP(-4))/(D-1)-1/270-1/2
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To define the partial derivatives of Iz in (A2.8), we define some new associations (in
addition to (A3.1) and (A3.2)) for interpreting the computer expressions for these

derivatives. Let .
dolz _ dl2 _ olg _
e DI2DD , Jur = DI2DUF , 3oy = DI2DB1 ,
g2 _ ol _ -
b5 = DizbB2 , 303 = DI2DB3 . (A3.4)

We now define the derivatives of 12 as

DI2DD = BI*B 35D -25B 1#B2+D- B2+ 2 D**242*B2*+ 24D -EXP(A*D)*B1/EXP (A)*B3 -B2*D**3¥R3
-Z*EXP(A*D)*BI/EXP(A)*BZ+B2*B3*D**2—1/&*33**2*D**&-1/EXP(A*D)*BI*B3-B1/EXP(A)*B3
#D**2+2*1/EXP(A*D)*D*Bl*BZ—Z*Bl/EXP(A)*BZ*D—BI*BB*D**Z-1/EXP(A*D)?*Z*Bl**2+1/EXP
(A*D)*D**Z*BI*B3+2*1/EXP(A*D)*B1**2/EXP(A)+2*1/EXP(A*D)*Bl**2+1jEXP(A)*EXP(A*D)*
D**Z*EI*B3+2*1/EXP(A)*EXP(A*D)*D*B1*B2—EXP(A*D)**Z*BI**Z/EXP(A)**2+1/2*BS**2*D**
2—2*1/EXP(A*D)*B1*B2+2*EXP(A*D}*B1**2/EXP(A)**2+2*EXP(A*D)*Bl**Z/EXP(A)«1/&*83**
2+2*B1/EXP(A)*B2+B1/EXP(A)*BB—B1**2—&*81**2/EXP(A)+2*B1*82+81*B3-B1**2/EXP(A)**2
-B3%*2-B2%B3

DI2DUF = 0O

DI2DB1 = Z*l/EXP(A)/A**Z*BZ—&*I/EXP(A*D)/A*BI/EXP(A}—1/EXP(A)*B2*D**2+2*1/EXP(A
)*BZ*D-1/3*1/EXP(A)*BS*D**3+2*1/EXP(A*D)/A*BZ+&*1/A*EXP(A*D)*B1/EXP(A)**2+2*1/EX
P(A)*EXP(A*D)/A*D*BZ—l/A*EXP(A*D)/EXP(A)*83+1/EXP(A*D)/A*B3—2*1/EXP(A)*EXP(A*D)/
A**Z*D*BS-S*BI/EXP(A)*D-z*l/EXP(A*D)/A**B*B3—2*1/EXP(A*D)/A**Z*BZ+2*1/EXP(A)/A**
2*BB-2*1/EXP(A*D)/A*D*BZ-Z*l/A*EXP(A*D)/EXP(A)*B2+2*1/EXP(A)*EXP(A*D)/A**3*B3+1/
EXP(A)*EXP(A*D)/A*D**2*B3—EXP(A*D)**Z/A*Bl/EXP(A)**Z—Z*l/EXP(A)*EXP(A*D)/A**z*BZ
-l/EXP(A*D)/A*D**2*B3-2*1/EXP(A*D)/A**Z*D*B3+1/EXP(A)*BB*D-Z*B1*D+2*1/A**2*BZ+A*
1/A*EXP(A*D)*BI/EXP(A)+2*B1/EXP(A)**2—3*l/A*Bl—AﬁI/EXP(A*D)/A*B1+1/EXP(A*D)**2/A
*B1+3*1/EXP(A)**Z/A*B1—BZ*D**2+2*B2*D+83*Dw2*l/A**B*B3—2/3*1/EXP(A)*E3-1/EXP(A)*
B2—1/3*B3*D**3-Z*BI/EXP(A)**Z*D+2*1/EXP(A)/A**3*83+8*B1/EXP(A)+2*1/A**2*B3+2*B1-
B2-2/3%R3

DIZDB2 = 2%1/A%%2%B142%1/EXP(A)/A*¥2#B1-1/4+D**4=B3-2%1 /EXP(A=D)/A*FZ*B1-B37DF2
*BI*D-B1*D**2-2/3*82*D**3—Z*l/EXP(A*D)/A*D*B1+2*B2*Df*2-2*B2*D+1/3*B3*D**3"2*1/A
*EXP(A*D)*Bl/EXP(A)+l/2*BB*D**Z-2*l/EXP(A)*EXP(A*D)/A**Z*B1+2*1/EXP(A)*EXP(A*D)/
A*D*Bl-Bl/EXP(A)*D**2+2ﬁ51/EXP(A)*D+2*1/EXP(A*D)/Aﬁ51—B1/EXP(A)-B1+2/3*Bz+5/12*3
3 _

DIZDB3 = -1/3*B1/£XP(A)*D**3—1/10*33*D**5+BIIEXP(A)*D-l/EXP(A*D)/A*D**2*Bl+Bl*D
-Z*I/EXP(A*D)/A**Z*D*B1-1/A*EXP(A*D)*BI/EXP(A)-1/4*32*0**&-1/3*81*0**3-2*1/EXP(A
)*EX?(A*D)/A**2*9*51+1/Exp(A*D)/A*B1+1/EXP(A)*EXP(A*D)/AﬁDﬁﬁzfa1+2*1/£XP(A)*EX?(
A*D)/A**B*B1—2*1/A**3*B1+1/2*B2*D**2~82*D—1/2*83*D+2*1/A**2*B1+1/3*B3*D**3+1/3“B
2*D**3—2*1/EXP(A*D)/A**3*B1+2*1/EXP(A)/A**2*B1+2*1/EXP(A)/A**3*Bl—2/3*BI/EXP(A)-
2/3*B1+5/12%B2+4/15%83
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