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CHAPTER 1: THEORETICAL FOUNDATION

The theoretical foundation of mixed model methods for genetic analysis including the
following:

1) Partition of phenotypic values and variance,

2) Partition of genotypic values and variance,

3) Additive and dominance relationships and coancestry,
4) Covariance between relatives.

The partition of phenotypic values and variance provides the basic statistical model for genetic
analysis.

The partition of genotypic values and variance provides a quantitative genetics approach to test
and detect genetic effects, to estimate heritability using pedigree and genomic information, to
define genomic relationships, and to implement genomic prediction.

Additive and dominance relationships among individuals typically are required for mixed
models assuming additive and dominance effects, and are the theoretical and computational
components of covariance between relatives. Relationships among individuals can be pedigree or
genomic relationships. Additive models are most widely used models.

Covariance between relatives is required for mixed models and combines the results of
relationship between individuals and the partition of the genetic variance.

The concepts of Hardy-Weinberg equilibrium (HWE), Hardy-Weinberg disequilibrium
(HWD), linkage equilibrium (LE), linkage disequilibrium (LD), identify by descent (IBD) and
identify by state (IBS) are often involved, and such concepts are described in Appendices.

1.1 Partition of Phenotypic Values and Variance

The phenotypic value of a trait or phenotype for an individual is assumed to be the sum of a
genotypic value of the individual and a random residual that is not explained by the individual’s
genotype. Let:

y = the phenotypic value of a trait or phenotype for an individual,
g = the genetic value of a trait or phenotype for the individual,
e = the random residual of a trait or phenotype for the individual,

Var(y) = ci = variance of y in the population = phenotypic variance,

Var ( g) =0, = variance of g in the population = genetic variance,

2
g
Var (e) = cz = variance of e in the population = residual variance.

Then, the phenotypic values and variance are partitioned as:

y=g+e [1.1.1]

6, =0, + 0. [1.1.2]



The partition of the phenotypic variance by Equation [1.1.2] assumes no covariance between the
genotypic values and the residuals in the population.

1.2 Single-locus Partition of Genotypic Values and Variance

The partion of the genotypic value (g) in Equation [1.1.1] and the partition of the genetic
variance (cg ) in Equation [1.1.2] is the foundation of quantitative genetics (QG), and these

partitions are a process of ‘genetic partition’, which provides a QG approach to model genetic
effects that could include various types of genetic effects. Genetic partition originated from Fisher
(1918). Future models based on the genetic partion for testing genetic effects and for genomic
estimation and prediction will be referred to as the ‘QG models’. This section summarizes the main
results of the genetic partion assuming additive and dominance effects. Derivation details are
provided in Appendix 1.

The main objective of this section is to define additive effect, additive value, additive variance,
dominance effect, dominance value (dominance deviation), dominance variance, and genotypic
variance.

Partiton of genetic values

A bi-allelic locus with HWE is assumed to affect the quantitative trait, with alleles 4; and 4>,
and allele frequencies p(41) = p, and p(42) = q.

Table 1.2.1 Calculation of population mean and average effect (N = Ni1 + Ni2 + N22)

Genotype AiA: Ai1A:> A2A>
Number of individuals Nii Ni2 N22
Genotypic frequency: general expression P11 =Nin/N P12 =Ni2/N P22 =N22/N
Genotypic frequency under HWE p? 2pq q?

Number of 4 2 1 0

Number of 4> 0 1 2
Genotypic value g, g, 2,5,

From the aboe table, the population mean (), allelic mean (p,, i=1,2 ), average effect or
allelic effect (a, ), and the additive effect or average effect of gene substitution () are:

H=p’g, *2pqg,, +q’gy, [1.2.1]
Ky =P8 +98;, [1.2.2]
H, =P8, +48y, [1.2.3]
a, = —u =q[p(g, — g,) T4(g, — &x»)] [1.2.4]
a, =W, —u=-plp(g, — g,)talg, — &)l [1.2.5]
a=a —a, =W —H, =p(g, — 8,) t9(8, ~ 8x») [1.2.6]



=pg, * (@ Dp)g, —d€x» [1.2.7]

=[p a-p —qlle, g, g»]'=c'2 [1.2.8]
where
c,'= [p q-p —q] = row vector of additive contrast coefficients [1.2.9]
g= [g1 S gzz]' = column vector of genotypic values [1.2.10]

Equations [1.2.7]-[1.2.10] show that additive effect (o) is a contrast of the three genotypic values,
because the coefficients of the three genotypic values add to ‘0’. Therefore, Equation [1.2.7] is the
‘additive contrast’ of the three genotypic values and provides a method for testing the statistical
significance of the additive effect by testing the significance of the additive contrast.

From Equations [1.2.4]-[1.2.6],

a, =y, —u=qo [1.2.11]
a, =W, —UL=—pa [1.2.12]

The additive value (breeding value) of each genotype (a,

i»1,J=1,2) is defined as sum of the allelic

effects of the genotype:
a, = 2a,=2qua for A1A: [1.2.13]
a,=a +a,= (q —p)a for 414> [1.2.14]
a,, =2a, =-2pa for 414> [1.2.15]

Equations [1.2.13]-[1.2.15] are the theoretical foundation of the QG model for defining genomic
additive relationships, genomic estimation of additive heritability, and genomic prediction of
additive values.

Dominance value or dominance deviation (d;,i,j=1,2) is the deviation of a genotypic value

from its mean and additive value:

d, =g, n—2a,
=-2q[ g, — (g, + g,)] for Aid; [1.2.16]

d, =g, ~nu—(a + az)
=2pqlg,, — (g, + g,)] for A:4: [1.2.17]

d,, = g, —H—2a,
=2p’[g, — g t gy)] for A24: [1.2.18]

Dominance effect is defined as the difference between the dominance value of the
heterozygous genotype (4:42) and the average of the dominance values of the homozygous

3



genotypes (4141 and 4242):

0=d, —'(d, +d,)=g, (g, t8g,) [1.2.19]

- [_1/2 1 _%][gn g1 g22]'=cd'g [1.2.20]
where

c,'= [—1/2 1 —1/2] = row vector of contrast coefficients [1.2.21]

Equations [1.2.19]-[1.2.21] show that dominance effect (8) is a contrast of the three genotypic
values, because the coefficients of the three genotypic values add to ‘0’. Therefore, Equation
[1.2.19] or[1.2.20] is the ‘dominance contrast’ of the three genotypic values and provides a method
for testing the statistical significance of the dominance effect by testing the significance of the
dominance contrast.

From Equations [1.2.16]-[1.2.19],

d,, =—29*6 for A1A: [1.2.22]
d, =2pqd for 414> [1.2.23]
d,, =—2p*d for A24:> [1.2.24]

Equations [1.2.22]-[1.2.24] are the theoretical foundation of the QG model for defining genomic
dominance relationships, genomic estimation of dominance heritability, and genomic prediction
of dominance values.

With the additive values of Equations [1.2.13]-[1.2.15] and the dominance values of Equations
[1.2.22]-[1.2.24], the genotypic values of Equation [1.2.10] are partitioned as:

g1 [ ap d, 1 2q -2q°
g, |=|n|+|a, [+|d, |[=|1|n+|q—p|a+| 2pq [ [1.2.25]
€2 [ Ay dy, 1 -2p —2p*
or,
g=1lp+w o+w,0=1p+a+d [1.2.26]

where 1= [1 1 1]' = 3x1 column vector of 1’s , and

2q
W, =|q—p | = model matrix of a [1.2.27]
~2p |
—2q° |
W, =| 2pq |=model matrix of 6 [1.2.28]
—2p2
a=w_o = additive values [1.2.29]



d =w 5 = dominance values [1.2.30]

Equations [1.2.25]-[1.2.30] are the theoretical foundation of the QG model with additive and
dominance effects for genomic estimation and prediction.

Partiton of genetic variance

Additive variance (0§) is the variance of additive values defined by Equations [1.2.13]-
[1.2.15], dominance variance (0(21) is the variance of dominance values defined by Equations

[1.2.22]-[1.2.24], and genotypic variance (Gz) is the variance of genotypic values defined in Table

1.2.1. These variances are:

o. =2pqa’ [1.2.31]
o;=4p’q’%’ [1.2.32]
6,=0, 0, [1.2.33]

With the partition of genotypic values into additive and dominance values, and the partition of
genotypic variance into additive and dominance variances, the phenotypc values and variances can
be expressed as:

Yu g Sy
Yo |=| & [T Ci2
Y g2 g

) [1.2.34]
1 2q —2q € 1 apy d,, €
=/l|u+|q-p|a+| 2pq |6+| ¢, |=|1|u+]|a, |+]|d, [+] €n
1 —2p _2p2 g» 1 ay d,, g
or,
y=g+e=1lp+w,o+wo+e=1p+a+d+e [1.2.35]

With the partition of genotypic variance into additive and dominance variances, the phenotypc
variances can be expressed as:

S, = var(y) = var(G) + var(e) = G + G + O [1.2.36]

The partion of phenotypic variance by Equation [1.2.36] provides variance components for mixed
models and for variance-covariance matrices among individuals.



1.3 Genetic Values and Variances of Multiple Loci

The genetic partition leading to Equation [1.2.36] assumes a single bi-allelic locus. For
multiple loci such as the genome-wide single nucleotide polymorphism (SNP) markers, the total
genetic value is assumed to be the sum of the genetic values of all loci and the total genetic variance
is assumed to be the sum of the genetic variances of all loci (VanRaden, 2008). Based on these
assumptions, the genetic values and variances of multiple loci are:

a=) " a, =total additive value of m loci [1.3.1]
d=>" d, = total dominance value of m loci [1.3.2]
g=>" g. = total genetic value of m loci [1.3.3]
o, =Y " o, = total additive variance of m loci [1.3.4]
o, = 6, = total dominance variance of m loci [1.3.5]
6, =200 + 200y = 2y (o5 +05) = total genetic variance of m loci [1.3.6]

These results have been used in genomic prediction of genetic values and genomic estimation of
heritabilities using genome-wide SNP markers.

1.4 Genetic Partion for Multiallelic Loci

The genetic partition of a multiallelic locus has the same general expressions of the genetic
values and variances as those for a bi-allelic locus (Da, 2015):

g=lp+w_ oa+wyd=1p+a+d [1.4.1]

G =0 + G [1.4.2]

The main differences between multiallelic and biallelic loci are in the calculations of the w , and
w;, of Equation [1.4.1], which are more tedious than the calculations of the w_, and wy,

matrices of Equation [1.2.26]. The a and 8 vectors each is a (h —1)x1column vector rather than a

single parameter in Equation [1.2.26], where h = number of alleles. Although Equation [1.4.2]
used the same notations as Equation [1.2.32], the calculations of the additive and dominance
variances in Equations [1.4.2] are different from the calculations of additive and dominance
variances of Equations [1.2.31] and [1.2.32].

1.5 Genetic Partion of Two-locus Genotypic Values
For a two-locus genotype, Locus 1 and Locus 2, interactions between these two loci may exist,

and these interactions can be partitioned into additive x additive (AxA), additive x dominance
(AxD) and dominance x dominance (A*D) epistasis values (Kempthorne, 1954; Cockerham 1954;



Henderson, 1985). The two-locus genotypic values and variance in a population of n individuals
are partitioned as:

g=1p+w, o+ Wd+w, (0o) + W, (0d) + Wy, (85) [1.5.1]
=lu+a+d+aa+ad+dd B

0, =0, +0, 0, +0,,+oy, [1.5.2]

where oo = AxA effect with the interpretation of allele x allele interaction, w_, = model matrix

of aa, ad = AxD effect with the interpretation of allele X genotype or genotype x allele
interaction, w_, = model matrix of ad, 80 = DxD effect with the interpretation of genotype x

genotype interaction, w;; = model matrix of 838, aa= AXA values, ad= AxD values, dd=DxD

values, 6., = AXA variance, c.,= AxD variance, ;,= DxD variance.

1.6 Covariance between Relatives

Covariance between genetic values with additive and dominance values

Mixed models typically use variance-covariance matrices among individuals based on genetic
relationships among individuals. Let y, = the phenotypic value for individual j, y, = the

phenotypic value for individual k. Then, based on the phenotypic model of Equation [1.1.1], the
covariance between individuals j and k is:

cov(y;, y, ) =cov(g; +e;, g +e)
=cov(g;, g, ) tcov(g;, e )t cov(e;, g, )+cov(e;, e)

=cov(g;, g,) [1.6.1]

Equation [1.6.1] assumes no covariance between genetic values and random residuals or between
random residuals, i.e., + cov(g;, €, ) = cov(e;, g, ) = cov(e;, ¢,) = 0. The genetic covariance

between two individuals (Cockerham, 1954; Henderson, 1985; Falconer and Mackay, 1996) is:
cov(g;, &) =0, Ay, T03D [1.6.2]

where A, = numerator additive relationship between j and k, D, = dominance relationship

between j and j, Ignoring dominance, Equation [1.6.2] reduces to:

COV(gj»gk):(ﬁ Ay [1.6.3]

Equation [1.6.3] is the additive model that is most widely used in genetic studies of quantitative
traits.



Pedigree additive relationship and coancestry

Additive relationship between individuals j and k (A} ) based on pedigree information is

calculated as twice the coefficient of coancestry coefficient (f; ) (Falconer and Mackay, 1996):
Ay =21 [1.6.3]

The coefficient of coancestry or kinship coefficient between two individuals is the IBD probability
of two randomly sampled alleles each from one individual:

f; = conancestry coefficient = IBD probability between individuals j and k [1.6.4]

The inbreeding coefficient (f) of the child is the coancestry coefficient of parents j and k. Therefore,

f=1, = A /2 [1.6.5]
Note that

Ay =1+ 1, ifj=k [1.6.6]

=0 if j and k are unrelated. [1.6.7]

Equations [1.6.6] and [1.6.7] set the [0, 2] boundary values of additive relationship. The upper limt
is ‘2’ for the additive relationship of an individual with oneself if the coancestry is 100%, and the
lower limit is ‘0° for unrelated individuals. Additive relationship or coancestry is assumed to be
‘0’ if any of the two individuals is unknown although some individuals without pedigree
information could be related. The requirement of pedigree information is a weakness of pedigree
relationship. In contrast, genomic relationships to be covered in later chapters do not require
pedigree information and could compensate the weakness of pedigree relationships.

Coancestry coefficient and its corresponding additive relationship can be calculated using
parental and parent-offspring information. Let the parents of individual j be denoted by 1 and 2,
and the parents of individual k be denoted by 3 and 4. Then,

fjk =(fist fi,+ 3+ £,0)/4 [1.6.8]
= (fi;+1,)/2 if j is not younger than k [1.6.9]

Ap =(Apt AT AT AY)A [1.6.10]
= (fj;+1,)/2 if j is not younger than k [1.6.11]

Based on Equations [1.6.8] and [1.6.9], the tabular method (Tier, 1990) is efficient for calculating
coancestry coefficients for large and complex pedigrees.



Dominance relationship
Dominance relationship is the probability that the two genotypes of individual j and k are
identical by descent. Let 4,4, = the genotype of individual j, and 4;4, = the genotype of

individual k. Then, the dominance relationship between individuals j and k is:

Dy =p(Ad = 44,) [1.6.12]

If j equals to k, Dy = p(A44, = 4;4,) = 1. For 4,4, to be equal to 4;4,, one of the following

two events must be true:
A =4, and 4, =A,,0r 4 =4, and 4, = 4.
Therefore,

Dy =p(4d, = 44,)=p(4 =4, and 4, = 4,) +p(4, =4, and 4, = 4;)
= p(4 =4)p4, = 4,) +p(4, =A4,)p(4, = 4;) (assuming no inbreeding)

= it fiufy [1.6.14]
= [ (2t (2f5) + (26)(28) |4
= (AuAi+ Ay )4 [1.6.15]

Dominance relationship of an individual with oneselfis 1, i.e., D; = 1.

Example 1.6.1: A pedigree for calculation of additive and dominance relationships:

Individual sire dam
1 unknown unknown
2 unknown unknown
3 1 2
4 1 2
5 1 unknown

Additive relationship between individuals 1 and 2 is zero, because individuals 1 and 2 do not have
common parents, i.e., A, = 0. Additive relationship of any of the four individuals with itself is

equal to 1, 1.e., A, =1+ f, =1, knowing f, = 0, for 1 = 1 to 5. Additive relationships among
different individuals are:

A,,= A,; = 0= additive relationship between unrelated individuals

A=A, =(A, tA,)2=(1+0)2="=parent-offspring additive relationship
Ay = A, =(A,, +A,)2=(1+0)/2="2= parent-offspring additive relationship
A5 = (A + A iknown )2 = (1 +0)/2 = /2 = parent-offspring additive relationship



Ay,=(A, tA, TA, +A,)4=(1+0+1+0)/4 =" = full-sib additive relationship
Ass = Ays = (A + Apjknown T App T A /4
= (1 + 0 +0 +0)/4 = %4 = half-sib additive relationship

2,unknown )

Dominance relationships among different individuals are:

)

1» = D,s =0 =dominance relationship between unrelated individuals

)

3 = Dy = D,; = D,,= D5 =0 = parent-offspring dominance relationship
Dy, = (A A, + A,A ) /4 = Y= full-sib dominance relationship

O

35 = Dys = (A} Ag iknown T Atz Asunknown /4 = 0 = half-sib dominance relationship

The above numerical results have some examples of typical pedigree relationships:

Ay =0 for unrelated and unklnown individuals [1.6.16]
=0.25 for half sibs [1.6.17]
=0.5 for parent-offspring and full sibs [1.6.18]

f =0 for unrelated and unklnown individuals [1.6.19]
=0.125 for half sibs [1.6.20]
=0.25 for parent-offspring and full sibs [1.6.21]

Dy =0 for unrelated individuals, parent offspring and half sibs [1.6.22]

=0.25  for full sibs [1.6.23]

These expected pedigree relationships provide important standards for interpreting genomic
relationships.

1.7 Matrix Notations of Mathematical Expectation, Variance and Covariance Matrices
Let Xnxp and Ynxp be random matrices, and let As<n and Bpxq be conformable matrices of

constants. Then, the following formulations are useful results of mathematical expectations and
variance-covariance matrices:

E(X +Z)=E(X) + E(Z) [1.7.1]

E(By) = BE(y) [1.7.2]

E(A,, X, B, )=AEX)B [1.7.3]

coV (X, > ¥ma) = Coim (Mardia et al., 1979) [1.7.4]
or,

cov (X, ¥ma ') =Com (Searle et al., 1992) [1.7.5]

covV(X, + 2y, Y ') = COV(X Y ') + cOV(Z,,,Y ') [1.7.6]
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var(cy) =c’ [Var(y)] with var(y) =V, ¢ = constant [1.7.7]
var(By) =B [Var(y)] B'=BVB' with var(y) =V [1.7.8]
var(a+d) = var(a)+ cov(a,d') + cov(d,a") + var(d) [1.7.9]

1.8 Variance-covariance Matrix of Genetic Values

Vairiance-covarice matrices of additive and dominance values

Covariance matrix of genetic values contains variances and covariances of genetic values for
all individuals in the sample. Assuming n individuals, the genotypic values of Equation [1.2.26]
after omitting the p term is:

g=a+d [1.8.1]

where g = (g1, g2, ..., 2n)' = nx1 vector of genetic values of n individuals, a =nx1 vector of additive
effects, and d = nx1 vector of dominance effects. Assume no inbreeding and no covariance
between additive and dominance effects, the variance-covariance matrix of g is

G=var(g)= G,+ G,=6.A+c,D [1.8.2]
where

G = nxn variance-covariance matrix of genetic values

G, = 6. A = nxn variance-covariance matrix of additive values [1.8.3]

G, = o D = nxn variance-covariance matrix of dominance values [1.8.4]

A = nxn pedigree additive relationship matrix [1.8.5]

D = nxn pedigree dominance relationship matrix [1.8.6]

The mathematical expectation and variance-covariance matrix of g, a and d are:

a —

E(dj ~ 0 [1.8.7]
g) (var(@  cov(g,a) cov(gd)) (G G A o.D

vat a |=| cov(a,g) var(a) cov(a,d)|=| A G’A 0 [1.8.8]
d) (cov(d,g) cov(d,a') var(d) o:D 0 oD

Covariance between relatives with additive, dominance and epistasis values

Assuming no inbreeding, the general formula of covariance between the genotypic values of
two relatives (Cockerham, 1954) is:

COV(gja gk) :ajk(ji +djk0(21 + (ajk)2 Gﬁa +ajkdjkc§d+ (djk)2 o§d+ [1.8.9]
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2 . .. .. . . 2 . .. .
where 6, = variance of additive x additive interactions, c,; = variance of additive x dominance

interactions, 63, = variance of dominance x dominance interactions. The variance-covariance

matrix of the genetic values for q individuals (Henderson, 1985) is:
Var(g) = GiA + GﬁD + csia A#HA+ ajkdjkoﬁdA#D +(;(21dD #D+... [1.8.10]

where # denotes the Hadamard product, which is element-wise multiplication. Let C = A#B. Then,
the element ij in C (cij) is the product of the corresponding elements in A and B, i.e.,

Ci= (aij)(bij ) , with a;;= element ij in A, and bij = element ij in B.

Example 1.8.1: Using the pedigree results of the two full sibs in Example 1.6.1, a,, = 1/2, and

d;, = 1/4, the covariance between the genetic values of individuals 3 and 4 using Equation [1.8.9]
is:

cov(g3, g4) = a3465 + d340§ + (334 )2 Gza + 334d3465d+ (d34 )2 Gc21d+

52+ Yioy+ ()7L + (14)(14)o% +() 03 +

Example 1.8.2: The variance-covariance matrix of genetic values for individuals 1-4 in Example
[1.6.1] using Equation [1.8.10] is:

g var(g, ) cov(g,g,) cov(g,g;) cov(g.g,)
g cov(g,.g)  var(g,)  cov(g,,g;) cov(g,.gs)

var(g)=var =
g3 cov(gs.g) cov(gs.g,)  var(gy)  cov(gs.g,)
g4 cov(g,,gy) cov(gy,g,) cov(g,.g;)  var(g,)
1 0 % Y% 1 00 O 1 0 % %1l 0 Y% Y
01 %%, |01 00|, (0 1%%%|017%n%,
= o, + o, + # C.,
Y %1 % 00 1 Y% %1 %W % %1 %
RZERZIRZAN! 00 %% 1 VY% l|l|% % % 1
1 0 % %|[1 0 0 0 10 0 0|1 0 0 O
o1 %?%%»,01400, (01O0O0]/01O0 0|,
+ # gt Oyt
Y % 1 %l |00 1 Y% 00 1 %||0O0 Ya
2 1110 0 Y 1 00 % 11100 % 1
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1 0 % % 1 00 0 1 0 % %
0 1 % % 01 0 O, |0 I % Y,
o, + o aa
il % 00 1 % o Vol Vi
o a1 00 % 1 Va Vs Vi 1
01 0 0|, o1 o 0 |,
Caa T O4d
00 I I8 00 1 1/16
00 1/8 1 00 1/16 1

Implications of genetic relationships to practical applications

Examples 1.8.1 and 1.8.2 have the following implications to practical applications:

1)
2)

3)

Individual relationships become smaller for higher-order interactions;

Confounding between interaction effects may exist, where confounding refers to the fact
that two genetic effects have identical relationship matrices so that the two genetic effects
cannot be separated;

Only full sibs have non-zero dominance related effects for practical purposes.

Example 1.8.3: Calculation of coancestry coefficients and additive relationships.

05 025 0375
. 1 )
ID dam sire )
1 0 0 05
2 0 1 ] _ J . T :
3 2 1 | 4 | 4 Y
3 3 3
4 2 0 0375 0375 0625
5 2 3 / |
y 1 y 1
6 0 3 6 5 6 5 6 5
01875 || 03125 0.1875 || 04375 03125 || 05

Figure 1.8.1 Example of calculating coancestry coefficients. The pedigree in the left box has 6
individuals, with ‘0’ denoting unknown parent. Each of the 3 pedigree figures displays coancestry
coefficients between a selected individual (in gold color) and the other 5 individuals in the pedigree
calculated using the Pedigraph program (Garbe and Da, 2008).
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The additive relationship matrix for the six individuals is:

L3105 3

2 4 4 8 8
A, A, A, A, A, A,] 3L 7 317105075 025 0625 0375]
A, A, Ay A, A, Ay 42 8 8 1 075 05 0875 0375
A A An As Ay Ay Al % g 1 g _ 125 0375 1 0625
A, A, A, A, A, A, 2 3 1 04375 0.1875
A, A, A, A, A, A, ' % 16 1375 05
Aa Ap Ag Au Ay Ak 11 1| L 1

8 2

L 1_

Diving the above matrix by 2 yields the coancestry coefficients in Figure 1.8.1. Alternatively,
multiply the coancestry coefficients in Figure 1.8.1 yields the corresponding additive relationships.

1.9 Fixed, Random, and Mixed Models

Fixed model: ‘Effects’ in a fixed model are ‘fixed effects’ with constant mean and zero variance.

YIJ:u+Gl+el’ 1=1,n,]=1,, ni

E(Yij) =E(n+G;) =pn+G;

var(p+G;) =0

Var(yij) = Var(eij) =c?
where y;; = observation j on individuals with fixed effect of blood group i, p = the common mean
of all observations treated as fixed effect, G; = fixed effect of blood group i, ¢; = random residual

of observation j on individuals with blood group i with zero mean and variance of Gj , N =number
of individuals, and n,= number of observations for individual i. In matrix notations, the fixed
model is typically written as:

y=Xb+e [1.9.1]
where y = Nx1 column vector of observations, b = ¢x1 column vector of fixed effects, X = Nxc

model matrix, e = Nx1 column vector of random residuals, ¢ = number of levels of the fixed
effects, and N = number of observations.

E(y) =Xb [1.9.2]
var(y) = var(e) =R = GZI [1.9.3]
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Random model: ‘Effects’ in the model are ‘random effects’ typically assumed to have zero
mean and non-zero variances.

Vi= wit ey, 1=1,..n;j=1,.., n;

where yij = observation j of individual i, u, = ‘random effect’ of individual i with zero mean and

. . . . 2 . .
variance of Oi, eij = random variable with zero mean and variance of G, . Typical assumptions
are:

E(yij) =0
Var(yij) = Var(ui-i- eij) = (5121 +(5§
In matrix notations, the random model for n individuals can be written as:
y=Zu-+e [1.9.4]

where u = nx1 vector of random effects, and Z = Nxn model matrix of u. Assuming u is a vector
of additive genetic effects, typical assumptions are:

E(y)=0 [1.9.5]
var(u) = G [1.9.6]
var(e) = R=c’1 [1.9.7]

var(y) = V = var(Zu + e) = var(Zu) + var(e)
=Z[var(u)]Z' + R
=7ZGZ' +R [1.9.8]
=ZGZ + o1 [1.9.9]

where V = NxN matrix, I = NxN identity matrix. The above formula includes the assumption
that u and e are uncorrelated.

Mixed model: A statistical model with both ‘fixed” and ‘random’ effects is termed as mixed
model and is typically written as:

y=Xb +Zu +e [1.9.10]

E(y)=Xb
var(y) =V =ZGZ' + R=ZGZ + .1, same as Equations 1.9.8 and 1.9.9.
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Rule for defining ‘fixed’ or ‘random’ effects

No universally accepted rule is available for defining fixed or random effects. The following
rules can be used:

e Effects with small number of levels defined as fixed effects

e Effects with large number of levels defined as random effects

Comparison of ‘fixed’ and ‘random’ effects

e Fixed effects consume degrees of freedom (d.f.)

e Number of fixed effects cannot exceed the number of residual d.f.
(residual d.f. = N —rank of X =N — )

e Residual d.f. needs to be sufficiently large

e Fixed effects typically are subjected to significance tests

e Random effects typically are not subjected to significance tests
e Random effects do not consume degrees of freedom (d.f.)

e Number of random effects may exceed the number of observations

In genomic prediction, treating SNP markers as random effects is the only workable option because
the number of markers is large.

Exercises
Define the dimensions for the following matrices: Xb, Zu, R, GZ' and ZGZ.'.
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CHAPTER 2: BEST LINEAR UNBIASED PREDICTION (BLUP)

Best linear unbiased prediction (BLUP) from mixed models estimates the unknown means of
phenotypic values using the generalized least squares estimator and then predicts genetic values
using the phenotypic values after removing the phenotypic means (Henderson, 1984). BLUP has
been the standard method for genetic evaluation using pedigree information, and its genomic
version termed as GBLUP (genomic BLUP) that replaces pedigree relationships with genomic
relationships has become a standard method for genomic evaluation.

2.1 Mixed Models for BLUP

The description of a mixed model generally requires two items: the mixed model, and the
variance-covariance matrix of the phenotypic observations under the given mixed model. The
general notations for the mixed model and its variance-covariance matrices are:

y=Xb+Zu-+e [2.1.1]
V =var(y)=ZGZ'+R [2.1.2]
where

y =N x 1 vector of phenotypic observations
b =c x 1 vector of fixed effects
X =N x ¢ incidence matrix for fixed effects
u =n x 1 vector of random genetic values
Z. =N xn incidence matrix to allocate phenotypic observations to individuals
= identify matrix if N =n
e =N x 1 vector of random residuals
N = number of phenotypic observations
¢ = number of levels of fixed effects = number of columns in X
n = number of animals
G =var(u) [2.1.3]
R = var(e) [2.1.4]

For all single-trait mixed models, the assumption for R is:
R =01, [2.1.5]
where o = residual variance, and I, =N x N identity matrix.

With the general expressions of Equations [2.1.1] and [2.1.2], any or all types of the genetic values
described in Chapter 1 and many other variations can be included in the mixed model by modeling
the u and G matrices. Some of the variations including multiple traits and genomic prediction will
be described in other chapters.
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Example 2.1.1: additive values

the mixed model with additive values can be descrived as:

y=Xb+Za+e [2.1.6]
V=ZGZ'+R=0ZAZ'+c’1, [2.1.7]

where a = n X 1 column vector of additive values of individuals, ci = additive variance, A =
additive relationship matrix, and

G=var(a)=c.A [2.1.8]

The additive model of Equations [2.1.6] and [2.1.7] has been used most widely compared to more
complex models.

Example 2.1.2: additive and dominance values

The mixed model with additive and dominance values requires new definitions of Z, u and G
matrices:

Z,=[2 7] [2.1.9]

_|? 2.1.10

u=| [2.1.10]

G=Va{a}={var(a) 0 }[GaA OJ [2.1.11]
d 0  var(d) 0 oD

where d = n x 1 column vector of dominance values of individuals, 6 = dominance variance, D

= dominance relationship matrix. Equation [2.1.11] assumes independent additive and dominance
values. The mixed model with additive and dominance values can be descrived as:

y=Xb+Z,u+e=Xb+Z(a+d)+e [2.1.12]
V =var(Z,u)+ var(e) =Z, var(u)Z, '+ R (2.1.13]
=G'ZAZ'+ 62 ZDZ'+ 6’1 o

The mixed model of Equations [2.1.12] and [2.1.13] can be considered as a special case of the
mixed models with multiple types of genetic effects because the approach of model writing for
mixed models with multiple types of genetic effects is similar to the approach Equations [2.1.9]-
[2.1.13].
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2.2 The Conditional Expectation (CE) Method of BLUP
The conditional expectation of u given y is:
E(u/y) = E(u) + cov(u,y)[var(y)]"'(y — Xb) = cov(u,y)[var(y)]"(y - Xb) [2.2.1]

Then, the BLUP of u and e in Equation [2.1.1] can be obtained from Equation [2.2.1] by replacing
b with its generalized least squats (GLS) estimator or best linear unbiased estimator (BLUE):

i = E(u/y,b)=cov(u,y")[var(y)]" (y — Xb) [2.2.2]
=GZV ' (y-Xb) = GZPy [2.2.3]
é =E(e/y,b)=cov(e,y"[var(y)]" (y — Xb) [2.2.4]
=RV '(y-Xb) = RPy [2.2.5]
=y—-Xb-Zi [2.2.6]
where
b=(X'V'X) X'V''y = GLS estimator or (BLUE) of b [2.2.7]
P=V'-V'XXV'X)XV" [2.2.8]

Equations [2.2.2] and [2.2.3] are the conditional expectation of u given y, and Equations [2.2.4]
and [2.2.5] are the conditional expectation of e given y, except that b in the conditional expectation
is replaced by its GLS estimator or BLUE. The BLUP of u given by Equations [2.2.2]- and [2.2.3]
will be referred to as the "conditional expectation (CE) method" of BLUP. Equation [2.2.5] shows

that € is the BLUP of e but in practice € is commonly calculated using Equation [2.2.8].
Exercises

1) Using the data in any of the SAS program, verify:

[X(X'V'X) X'V']X=X (Searle et al., 1992; Harville, 1997)
2) Prove:

PX=[V'-V'X(X'V'X) X'V']X=0

2.3 The MME Method of BLUP

Mixed model equations (MME) for BLUP, discovered by Henderson, remove the need of V™!
and instead use G~'. For the additive model of Equations [2.1.6] and [2.1.7], G™' = A™'/c?.
Henderson discovered an easy way to construct A~ without actually inverting A (Henderson
1975). BLUP based on MME has been the standard procedure for the implementation of genetic

evaluations using BLUP of additive models. The general formula of MME for the mixed model of
Equations [2.1.1] and [2.1.2] is:
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XR'X XR'Z b) (XR'y 23]
ZR'X ZR'Z+G')la) \ZRy o

The BLUP of u is obtained by solving the MME. Equation [2.3.1] can be expressed as:

Cs=r [2.3.2]
where
XR'X XR'Z
= = coefficient matrix of MME [2.3.3]
ZR'X ZR'Z+G"
b :
s= ( AJ = solution vector of MME [2.3.4]
u
-1
r= XR ly = right-hand-side of MME [2.3.5]
ZRy

Then, the solution vector of Equation [2.3.4] is obtained as:

s=Cr [2.3.6]

where C™ = a generalized inverse of C. The BLUP using the MME of Equation [2.3.1] will be

referred to as the "MME method" of BLUP.

The CE and MME methods have identical results and offer alternative computing strategies

for calculating BLUP.

2.4 Examples of CE and MME Methods of BLUP

The purpose of these examples is to show the CE formula of BLUP and the MME formula
under two models, the mixed model with additive values only, and the mixed model with both

additive and dominance values.

Example 2.4.1: additive values

For the mixed model with additive values only, y=Xb+Za+e (Equation [2.1.5]) and

V =06.ZAZ'+0:1 (Equation [2.1.6]), the BLUP of additive values by the CE method is:

4=GZV™(y—Xb)=>AZV' (y— Xb) [2.4.1]

20



Rewrite the MME of Equation [2.3.1] as:

XR'Xb+XR 'Za=XR"y [2.4.2]
ZR'Xb+(ZR'Z+G Ha=ZRy [2.4.3]

Noting R = oI, (Equation [2.1.5]) and R™' = (1/57)I,,, Equations [2.4.2] and [2.4.3] are:

X'Xb /o> +XZa/c> =Xy /o’ [2.4.4]
ZXb/c’ +(Z'Z/5* +(1/6>)AHa=ZY /o’ [2.4.5]

Multiplying both sides of Equations [2.4.4] and [2.4.5] leads to:

X'Xb + X'Za = X'y [2.4.6]
ZXb+(Z'Z+(c>/6)AHa=2Yy [2.4.7]
or,
XX X7Z b) (Xy
ZX ZZ+)A"\a) \zZy [24.8]
where
A=c./c.=(1-h?)/ h? [2.4.9]
h? =6 /6] =0, /(c; +0,) = additive heritability [2.4.10]

Equation [2.4.8] is a standard MME formula for the additive model.

Example 2.4.2: additive and dominance values

For the mixed model with additive and dominance values, y=Xb+Z,u+e=Xb+Z(a+d)+e

(Equation [2.1.11]), and V=0.ZAZ'+0,ZDZ'+c-1 (Equation [2.1.12]), the BLUP of a and d by
the CE method are:

62AZV ' (y - Xb) [2.4.11]
d=0.DZV ' (y - Xb) [2.4.12]

a
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The MME based on the general formula of Equation [2.3.1] are:
XR'X XR'Z b) ( XR™
. 2 Pl ,1y [2.4.13]
Z,R"'X Z,/RZ,+G )la Z,/Ry
Using Equations [2.1.8] and [2.1.10], Equation [2.4.13] becomes:

XR™'X XR'[Z Z]

b
2A -1 0
[z Z]R'X [z Z]R'Z,=[z z]R'[z 7]+ 0 (u]
0 (o:D) [2.4.14]
3 XRy
\[z z]RrRy
Multiflying both sizes of Equation [2.4.14] by 05 , Equation [2.4.14] is reduced to:
XX X'Z X'Z b| [XYy
ZX' 7ZZ'+) A" 77 al=|Zy [2.4.15]
ZX' /A 722+2D" || a| | Zy
where
A, =o./c? [2.4.16]
Ay =02/c5 [2.4.17]

The BLUP of aand d (a and &) are obtained by solving the MME of Equation [2.4.15].

Numerical example of the CE and MME methods

This example shows the CE and MME methods have identical results assuming the additive
model of Equations [2.1.6] and [2.1.7]. The data of this numerial example include:

10 1 1 0 0 0 I 0 05 05

11 1 01 00 0 1 05 05
y = . X: , Z = . =

12 1 0 010 05 05 1 05

13 1 0 0 01 05 05 05 1

Number of individuals: 4. Number of observations: 4, one observation per individual.
6:=2,0.=1.
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From the CE method,

b=[11.433333]

—0.111111 ~1.322222 ~1.322222
0.1111111 —0.544444 | » .| —0.544444
, , €=RV (y-Xb)=
0.0708333 0.4958333 0.4958333
0.1958333 1.3708333 1.3708333

é=(y—Xb-Za)=

O
Il

From the MME method,

11.433333]
—0.111111
}z 0.1111111

0.0708333
01958333

These numerical results show that CE and MME have identical results.

SAS program for the numerical example

/* ANSC8141: Calculation of BLUP using CE and MME */
/* program name: ce mme.sas */

PROC IML;

RESET PRINT ; * Prints everything below this line;

Q = 4; * 4 ANIMALS;

P = 1; * 1 FIXED EFFECTS;

N = 4; * 4 OBERVATIONS, ONE OBS/ANIMAL;

/* additive relationship matrix */

A = {1 0 .5 .5,
0 1 .5 .5,
.5 .5 1 .5,
.5 .5 .5 1 %},
IA = INV(A);
X = {1,1,1,1}; * X matrix for the common mean;
Y = {10, 11, 12, 13}; * phenotypic observations;
va = 2;
ve = 7;
IDQ = I(Q)~;
IDN = I (N);
Zz = 1IDQ; * model matrix for individual additive effects;
* —-—-— BLUP FROM MME ----;
XX = X" *X; XZ = X *Z;
27 = 7 *7;
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XY X *Y;

ZY = Z°*Y;

RHS = XY//ZY;

RATIO = VE/VA;

C AA = ZZ + IA*RATIO;
Cl = XX||XZ;

C2 = XZ | |C _AA;

C =Cl//C2;

IC = GINV(C);

SOL = IC*RHS;

* ——— BLUP FROM CE ----;

G A = A*VA;

V = Z*G A*Z" + IDN*VE;

IV = INV (V) ;

XIVX = X *IV*X;

XIVY = X *IV*Y;

B _HAT = GINV (XIVX)*XIVY;
BLUP A = G A*IV*Z * (Y-X*B HAT);

* ——- BLUP OF E -—--;

E HAT1 = Y - X*B HAT - Z*BLUP_A;
R = IDN*VE;

E_HAT2 = R*IV*(Y-X*B HAT);

RUN;

Exercises

1) Translate all SAS programs in this chapter into R programs.

2) For the mixed model with additive and dominance values,
y=Xb+Z,u+e=Xb+Z(a+d)+e Equation [2.1.11]
V=0.2ZAZ'+0,ZDZ'+c1 Equation [2.1.12]

Assume the number of individuals is 100, and the number of fixed effects is 10. Define
the following:

a. The sizes of the V, A and D matrices.
b. The size of the MME.

2.5 Equivalence between the CE and MME Methods of BLUP

The CE method of Equation [2.2.3] and the MME method of Equation [2.3.1] have identical

BLUP results. The proof of this equivalence requires the proofs that the i and b from the CE
method are identical to those from the MME method.

The first step is to prove the CE and MME methods have identical @. The @from the CE
method (Equation [2.2.3]) is:

i =GZV ' (y-Xb)=GZPy [2.2.3]
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The MME of Equation [2.3.1] can be re-written as two sets of equations:

XR'Xb+XR'Zi=XR"y [2.5.1]
ZR'Xb+(ZR'Z+GHa=ZRy [2.5.2]

Therefore, the G vector from the MME method can be expressed as:

i=(ZR'Z+G ") (ZR'y-ZR'Xb)=(ZR'Z+G")'ZR ' (y — Xb)

) [2.5.3]
— AZR"\(y - Xb)
where
A=(ZR'Z+G)" [2.5.4]
=6.(Z"Z+02/c.A™")" for the additive model [2.5.5]

To prove the equivalence between the CE method of Equation [2.2.3] and the MME method of
Equation [2.3.1] is to prove that the @ of Equation [2.2.3] and the G of Equation [2.5.3] are
identical:

U=GZV '(y—Xb)=AZR '(y-Xb) [2.5.6]
For Equation [2.5.6] to hold, the following equation must hold:
GZV'=AZR" [2.5.7]

The following proves Equation [2.5.56 by proving Equation [2.5.7]. The key for this proof is to
express V™' of the CE method in terms of the quantities of the MME method. The Schur
complement (Searle et al., 1992) is:

(D+CA'B)'=D"' -D'C(BD"'C +A) 'BD" [2.5.8]

In the Schur compliment, letD=R, C=Z,B=2',and G=A"! . Then, the V! in Equation [2.5.7]
can be expressed as:

V'=(ZGZ'+R)"' =R"'-R'Z(Z'R"'Z+G™)'Z'R"’

[2.5.9]
=R'-R'ZAZ'R"
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Applying Equation [2.5.9] to Equation [2.5.7],

GZV'=GZR"'-R"'Z(Z'R"'Z+G™")'Z'R']
=G[ZR'-ZR'Z(Z'R'Z+G ") 'Z'R™]
=GZR'-G(ZR'Z+G ' -G )Z'R'Z+G)'Z'R"'
=GZR"'-G(ZR"'-G(Z'R'Z+G™)'Z'R™" [2.5.10]
=GZR'-GZR"'+GG'(Z'R"'Z+G)'Z'R"'
=(Z'R7"'Z+G™)'Z'R™
=AZ'R™

Equation [2.5.10] proves Equation [2.5.7], and hence proves Equation [2.5.6] that states the CE
method of Equation [2.2.3] and the MME method of Equation [2.5.3] have identical BLUP results.

The next step is to prove the CE and MME methods have identical b. Substituting Equation
[2.5.6] into Equation [2.5.1] for @ yields:

XR'Xb+XR'Z[AZR '(y-Xb)|=XRy
XR'Xb+XR'ZAZR 'y—-XR'ZAZR'Xb) = XRy
X'(R"'=R'ZAZRHXb=X'(R"'—=R'ZAZR ")y [2.5.11]

Using V'=R™"'—R7'ZAZ'R™" (Equation [2.5.8]), Equation [2.5.10] becomes the GLS equations:
XV'Xb=XVy [2.5.12]
Solving Equations [2.5.11] and [2.5.12] for b yields:

b=[X'(R"'-R'ZAZRHX] X'(R"'—=R'ZAZR )y [2.5.13]
b=(XV'X)XV'y [2.5.14]

Since Equations [2.5.113] and [2.5.14] are identical, the BLUE from the MME method of Equation
[2.2.12] and the GLS estimator from the CE method of Equation [2.5.13] are identical.

Exercises

1) Assume the additive model, modify the SAS program ‘ce_mme.sas’ or your R program
to verify:
a. A=(ZR'Z+G")'=62(Z'Z+c./c.A™")"
b. V'=(ZGZ'+R)'=R"'-R'Z(Z'R'Z+G")'Z'R"'
c. V'=(ZGZ'+R)'={1-Z[2'Z+(c./c)A'"'Z"} /o
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2.6 BLUP for Animals Without Phenotypic Observations

An advantage of BLUP is to predict the genetic merit for individuals without phenotypic
observations such as the prediction of the adult body weight of an animl soon after birth for early
genetic selection. The genetic merit of animals without phenotypic observations can be predicted
through their relationships with phenotyped relatives (Henderson, 1977). This approach has an
important application in genomic prediction of individuals without phenotypic observations.

Assuming the additive model of Equations [2.1.6] and [2.1.7] for an animal population, the
prediction of animals without phenotypic observations starts with partitioning the Z matrix and
the a vector into submatrices corresponding to animals with and without phenotypic observations:

Z= 2, 0] [2.6.1]
= {al} [2.6.2]
aO
where

Z, = Nxn, incidence matrix for animals with observations = incidence matrix fora, ,
a, = n, x1 vector of additive genetic values for animals with observations,

n, =number of animals with observations,

a, = n, x1 vector of additive genetic values for animals without phenotypic observations,
0 = Nxn, matrix of zeros,

n, = number of animals without observations, and n, +n, =n.

The additive model of Equation [2.1.6] to include animals without phenotypic observations
through Equations [2.7.1] and [2.7.2] is:

a
y=Xb+[Z, o]{ 1}e:Xb+Za+e [2.6.3]
a

0

where Z. and a are defined by Equations [2.6.1] and [2.6.2].

Let the A-matrix and A-inverse be partitioned into submatrices corresponding to animals with and
without phenotypic observations as:

i ,a,' A, A
G = var(a) = var ﬂ{ var@,) - cov(a,.a, )}202[ u “’J —6’A [2.6.4]

) cov(ay,a,')  var(a,) Ay Ay
All AlO
R 2
G =A"J/o, = A0 A /o, [2.6.5]
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where A,; =n,xn; matrix of additive relationships among individuals with phenotypic records,
A, =n,xn, matrix of additive relationships between individuals with phenotypic observations
and individuals without phenotypic observations, A =n,xn, matrix of additive relationships
among individuals without phenotypic observations, and

A:(A" AIO} [2.6.6]
AOl AOO

- All Al()
A" =(Am A°0J 2.67]

With the above preparations, the CE and MME methods for BLUP of animals without phenotypic
observation can be formulated.

BLUP for animals without phenotypic records using CE

The BLUP of a, using CE methods is obtained as:

a, =E(a, /'y, b )=cov(a,.y )[var(y)] " (y - Xb)

=02A,Z V' (y—Xb)=c’A, Z Py [2.6.7]
= Ay A4, [2.6.8]
=cov(a,a,")| var(a, )]_1 a, [2.6.9]

= ‘regression’ of additive effects of animals without records on additive effects of animals
with records

=0 if animals without observations do not have relatives with observations

where P is defined by Equation [2.2.8], and a, is calculated as:
a,=c2A,Z V' (y-Xb)=c’A, ZPy [2.6.10]

Equations [2.6.7]-[2.6.9] shows the mechanism of calculating BLUP for animals without
phenotypic observations: the BLUP of animals without phenotypic observations is a regression on
the BLUP of animals with phenotypic observations.

Equations [2.6.7]-[2.6.8] and [2.6.10] offer a computing strategy to calculate a, and a,

separately. This computing strategy can be appealing if the number of animals without
observations is large because the A, required for the two separate calculations can be much

smaller than the A matrix of Equation [2.6.6] for all animals. If the number of animals without
phenotypic observations is mangeable, calculating a, and a, simultaneously in one system of

euqations (Equation [2.4.1] for additive model) is convenient, as shown by the SAS program for
the numerical example at the end of this section.
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For calculating a, using the CE method, Equation [2.6.7] rather than [2.6.8] should be used
because Equation [2.6.7] requires A, only that is in the P and V matrices and does not use A}

whereas Equation [2.6.8] requires both A,, and A;]. To use A; only and avoid the A ,, the
MME method should be used.

BLUP for animals without phenotypic records using MME

The BLUP of a, using the MME method is obtained by the following equations:

X'X X'z 0 b) (X'y
Z,'X Z,'Z,+)A" M |4 |=|Z'"y [2.6.10]
0 AA" 2A” )| a 0

0

The a, from the CE method of Equations [2.6.7]-[2.6.9] and the a, from the MME method

Equation [2.6.10] are identical. The CE method has a direct and intuitive interpretation than the
MME method, because the CE method of Equation [2.6.9] offers the interpretation that BLUP for
animals without observations is a regression on the BLUP of animals with observations, whereas
the MME method of Equation [2.6.10] does not offer such a direct and intuitive interpretation.

Numerical example of BLUP for animals without phenotypic records

The dataset is the same as the numerical example for the CE and MME method except that the
phenotypic observation is assumed missing for animal #1. Under this assumption, the y, X and A
matrices are:

1 0 05 05

v, ] 11 1
B S S I M R R R R
YZI T2 2T 2T los 05 1 05
\ 13

05 05 05 1

The a and Z matrices are:

The SAS program below shows the CE and MME methods have identical results for a, and a,.
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SAS program for BLUP of animals without phenotypic records

/* ANSC8141: BLUP for individuals without observations */
/* ANSC8141: Calculation of BLUP using CE and MME */

/* for animals without phenotypic observations */

/* program name: blup mis obs.sas */

PROC IML;

RESET PRINT ;

Q = 4; * 4 ANIMALS;

P =1; * 1 FIXED EFFECT;

N = 3; * 3 OBERVATIONS, ONE OBS/ANIMAL;

/* additive relationship matrix */

A = {1 0 .5 .5,
0 1 .5 .5,
.5 .5 1 .5,
.5 .5 5 1 };
IA = INV(A);
X = {1,1,1}; * X matrix for the common mean;
*y = {10, 11, 12, 13}; * phenotypic observations;
Y = {11, 12, 13}; * individual 1 has no observation;
va = 2;
ve = 7;
Z1l = I(3); * identity matrix for individuals with records;
imiss = j(3,1,0); * 0 for individual without observation in
IDN = I (N);
Z = imiss||Z1; * 7Z matrix, note the position of imiss;
* ——- BLUP FROM MME ----;
XX = X" *X; X7 = X *7;
27 = 7°*7;
XY = X' *Y;
ZY = Z°*Y;

RHS = XY//2Y;

RATIO = VE/VA;

C AA = ZZ + IA*RATIO;

Cl = XX| |XZ;

c2 XZ" | |C_ARA;

C =Cl//C2;

IC = GINV(C);

SOL = IC*RHS;

* ——— BLUP FROM CE ----;
BLUP1 = sol(]|3:5,*]|);

A0l = A(|1,2:41);

All = A(]|2:4,2:4]);

IAll = inv (All);

G All = Al1*VA;

V = Z1*G Al1*Z1° + IDN*VE;
IV = INV(V);

XIVX = X *IV*X;

XIVY X *IV*Y;

B HAT = GINV (XIVX)*XIVY;
BLUP Al = G AL1*IV*Z1 * (Y-X*B_ HAT);
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a0 _a a0l1*IA11*BLUPL1;

aO_b = aOl*IAll*BLUP_Al;

* ——— BLUP OF E ———-;

E HATl = Y - X*B HAT - Z1*BLUP Al;
R = IDN*VE;

E_HAT2 = R*IV* (Y—X*B_HAT);

RUN;

Exercises
1) Translate all SAS programs in this chapter into R programs.

2) For the mixed model with additive values and individuals with missing phenotypic
observations,

q

y=Xb+[Z, 0]{ }+e=Xb+Za+e Equation [2.6.3]

aO
Assume the number of individuals with phenotypic observations is 100, and the number
of individuals without phenotypic observations is 200. Define the following:

a. The sizes of the V, Ai1 and Ao matrices.

b. The size of the MME.

3) For the SAS program in Section 2.6, modify the SAS program ‘blup mis_obs.sas’ or
your R program to define individual #3 with missing phenotypic observation, and
calculate:

a. BLUP using the CE method.
b. BLUP using the MME method
c. Verify that a, from Equation [2.6.7] is identical to that from the CE method in

the SAS program

2.7 BLUP with Repeated Records

‘Repeated records’ refers to two or more observations per individual. The mixed model with
repeated records is often referred to as the ‘repeatability model” that includes a random effect of
‘permanent environment’ (PE). A PE effect is assumed to be a lifetime effect and is not inheritable.
The repeatability model allowing individuals without observations can be written as:

y=Xb+Zp, +Za+e [2.7.1]

where

Z = (Z.1, 0) as defined by Equation 2.6.1.
p, = n,x1 vector of permanent environment effects (PE effects)

n, = number of animals with observations.
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The first moment and second moments of Equation [2.7.1] are:

E(y) = Xb
var(y) = Zivar(p)Zi'+ Zvar(a)Z' + var(e)
= 0, Z1Z1' + G.ZAZ' + O. In [2.7.2]
= 0, Z\Z)' + G ZaANZy' + Co In [2.7.3]
where Glz, = variance of PE effects, and A11 = additive relationship matrix for animals with

observations, which is a submatrix of A defined by Equation [2.6.6]. The MME for Equation
[2.7.1] are:

X'X X'Z, X'Z, 0 || b X'y
Z,'X Z,'Z,+y1 7,'Z 0 ||p Z'

1 1 1 y 1 1 . 0 p] — 1 y [2.7.4]
Z'X Z,'Z, Z,'Z +)A" A" |4 | |Z'y

0 0 LA AA™ || 4, 0

where Y=0" /6123 , = A=0./c., and the A matrices with superscripts are defined by Equation [2.6.7].

Repeatability is defined as r* = ( (512) + Gi )M( GIZ, + Gaz + Gz ). Predicted producing ability (PPA) predicts

the individual’s total merit of additive and PE effects and is calculated as:
PPA =p, +a, [2.7.5]

PPA is a measure of an individual’s lifetime performance, and does not measure the genetic value
to be transmitted to the next generation. The measure of the genetic value to be transmitted to the
next generation is predicted transmitting ability (PTA), which is half of the individual’s additive
or breeding value, i.e.,

PTA = %a [2.7.6]

Equation [2.7.5] shows PPA is unavailable for animals without phenotypic observations, and
Equation [2.7.6] shows PTA is available for all animals with and without phenotypic observations
with the condition that correlated individuals exist.

The PPA of Equation [2.7.5] is from the mixed model with additive effects only. Since additive
and nonadditive effects may all affect an individual’s lifetime performance, the PPA based on
genetic values can be defined:

PPA =p, +8, [2.7.7]

where g, = genotypic value as a summation of additive and nonadditive effects for individuals

with phenotypic observations. Note that PTA of Equation [2.7.6] cannot be extended to include
nonadditive effects because nonadditive effects such as dominance and epistasis effects do not
transmit to the next generation.
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SAS program for BLUP without phenotypic records

/* ANSC8141: REPEATED OBSERVATIONS */

/* program name: blup pe.sas */

PROC IML;

RESET PRINT ;

Q = 4; * 4 ANIMALS;

P = 2; * 2 FIXED EFFECTS;

N = 9; * 9 OBERVATIONS, 2,3,4 OBS/ANIMAL;
/* additive relationship matrix */

A = {1 0 .5 .5,

0 1 .5 .5,

.5 .5 1 .5 ,

.5 .5 .5 1}
IA = INV(A);
Y = {11,13, 12,10,14, 9,13,11,15}; * individual 1 has no
observation;
X ={1,2, 1,1,2, 1,1,2,2}; * X matrix for fixed effects;

1,2
dz ={1,1,2,2,2,3,3,3,3}; * assign observations to each
individual;
z1l = design(dz);

va = 2;
vp = 3;
ve = 7;
nl=3;

ID pe = I(nl);

GP = ID pe*vp;

GA = A*va;

G = block(GP,GA);
IG = inv (G);

IDN = I(N);

R = IDN*ve;

IR = inv(R);

imiss = 3 (N,1,0); * 0 for individual 1 without observation in Z%;
Z = 71| |imiss| |Z1; * note position of imiss;

* ——— BLUP FROM MME ----;

XX = X" *IR*X; XZ = X *IR*Z;

7272 = 7 *IR*Z;

XY = X *IR*Y;

ZY = Z *IR*Y;

RHS = XY//ZY;

C uu = 7272 + IG;

Cl = XX| |XZ;

C2 = XZ | |C_uu;

C =Cl//C2;

IC = GINV(C);

SOL = IC*RHS;

PE = sol(|2:4,*]);
BLUP1l = sol(|6:8,*]|);
BLUPO = sol (|5,*]);
PPA = PE + BLUPI;
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* ——— BLUP FROM CE —----;
A0l = A(]1,2:41);

All = A(]2:4,2:41);

IA1l = inv (All);

V = Z*G*Z " + IDN*VE;

IV = INV (V) ;

XIVX = X *IV*X;

XIVY = X *IV*Y;

B HAT = GINV (XIVX)*XIVY;
BLUP = G*Z *IV*(Y-X*B HAT);
BLUP Al = blup(15:7,*[);
a0 a = a01*IA11*BLUPL;

aO_b aOl*IAll*BLUP_Al;

* ——— BLUP OF E ———-;
E_HATl =Y - X*B_HAT - Z*BLUP;
R = IDN*VE;

E_HAT2 = R*IV*(Y—X*B_HAT);
RUN;

Exercises

1) Translate all SAS programs in this chapter into R programs.

2) For the mixed model with additive values only, repeated observations, and individuals
with missing phenotypic observations,
y=Xb+Zp, +Za+e Equation [2.7.1]

Assume the number of individuals with phenotypic observations is 100, each individual
has 2 observation and no individual has missing phenotypic observations. Define the
following:

a. The sizes of the V and A matrices.

b. The size of the MME.

c. The sizes of the Z, and Z matrices.

2.8 Mixed Model with Multiple Genetic Factors: Multifactorial Mixed Model

Previous sections have two examples of multiple genetic factors: Equation [2.1.1] with additive
and dominance effects, Equation [1.5.1] with additive, dominance and epistasis effects, and the
repeatability model of Equation [2.7.1]. Such models with multiple random factors can be referred
to as multifactorial mixed models. In general, a multifactorial mixed model can be written as:

y=Xb+Zu +..+Zu, +e=Xb+> " Zu +e [2.8.1]
=Xb+(Z,,....Z )u,,..,u,)'+e [2.8.2]
==Xb+Zu+e [2.8.3]

where
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72=(,..1) [2.8.4]
u=(u,...u,)' [2.8.5]
Under the assumption of unrelated genetic factors, the variance-covariance matrix of all genetic
factors is:
u, var(u,) : 0
: : : =0k G, [2.8.6]

G =var(u)=var| : |= : : : :
u, 0 : var(u,) 0 : G,

where '@' denotes direct sum that defines a block diagonal matrix. With the definitions of
Equations [2.9.1]-[2.9.6], the mathematical expectation and variance-covariance matrix are:

E(y) = Xb, E (:j ~0 [2.8.7]

y var(y ) cov(y, u’) cov(y, e/ V ZG R
var| u [=| cov(u, y') var(u) cov(u,e’) |=|GZ" G 0 [2.8.8]
e cov(u, y) cov(e, u’) var(e) R 0 R

Using Equations [2.8.1]-[2.8.8], BLUP of Equation [2.5.1] can be obtained using the CE method
or the MME method. The general expression of the CE and MME methods for the multifactorial

model of Equations [2.8.1]-[2.8.8] are:

6, =GZV'(y-Xb)=GZPy, i-l,..k [2.8.9]

b=(XV'X)XV'y [2.2.7]
'XR'X XR'Z, .. XR'Z [[p] [XRY]
ZR'Z 0 ZR"'

e e [2.8.10]

ZR'X ZR'Z +G]

ZR'Z +G. |0 ]| |ZRy

ZR'X ZR'Z

Although the CE method (Equations [2.8.9] and [2.2.7]) and the MME method (Equation [2.8.10])
have identical results, the computing difficulties of these two methods can differ drastically, as

discussed next.
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2.9 Discussions

Computing difficulties of the CE and MME methods of BLUP

The CE and MME methods each has advantages and disadvantaces, as summarized in the table
blow.

CE method MME method
Matrix size | e V defined by Equation [2.1.2]isa | e The coefficient matrix of MME
NXN matrix and is the largest defined by Equation [2.3.1] is the
matrix larges matrix
e The size of V does not change for | 4 gjze of MME is a (c+ Zk n ), c=
different models =
e Repeated observations increase number of fixed effects, n; =

the size of the V matrix number of levels per genetic factor

e Size of MME can change for
different genetic effects, e.g., sire
effects can be much fewer than
animal effects

e Size of MME increases as the
number of genetic factors increases

e Repeated observations do not
increase the size of MME

Relationship | e Calculate but does not invert each e invert each relationship matrix

matrix relationship matrix e A can be calculated based on
pedigree information without
the A matrix

Computing ¢ Best for mixed models with e MME size can be made smaller
efficiency multiple genetic factors than the V matrix, e.g., sire model,
to become more efficient than CE

Invertibility of pedigree relationship matrices

The A matrix cannot be inverted if identical twins are in the dataset. In this case, the MME
method does not work unless the MME formulations are modified to avoid A™'. The CE method
does not use A" and is appliable to data with identical twins.

Properties of BLUP (example of additive values)

BLUP has the following useful properties:
1) Invariance to choice of generalized inverse,

2) BLUP of m'a = m'a , where m typically is a vector,

3) Sum of BLUP = zero if var(a) = Io?, and sum of A™'a = zero if var(a) = G: A.
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CHAPTER 3. MULTIVAIATE MIXED MODEL

A multivariate mixed model is necessary for estimating genetic covariances and correlations
among traits. For BLUP, a multivariate mixed model uses covariances among traits and leads to
simultaneous prediction of genetic values of all traits. The use of covariances among traits
potentially could increase the prediction accuracy for each trait over a single-trait prediction. This
chapter only covers the MME method of BLUP for multivariate mixed models with additive values
only.

3.1 Model Writing and Mixed Model Equations

Mixed models in two orders of phenotypic observations

A multivariate animal model with t traits is assumed to have c fixed effects per trait, n animals,
and one observation per animal. Phenotypic observations can be arranged in two orders:

Order 1: Animals ordered by traits
Order 2: Traits ordered by animals.

For Order 1, the mixed model for a phenotypic observation can be written as:

yijk = bij + aik + ek, i=1, .., t;j=1,..,c; k=1, ..., n. [3.1.1]
where

yijk = observation on trait i of animal k within fixed effect j

bij = fixed effect j on trait 1

aik = additive genetic effect of animal k on trait i.

eijk = residual of observation on trait i of animal k within fixed effect j.
For Order 2, the mixed model for a phenotypic observation can be written as:

ykjii = bji T aki + exji, 1=1,...,¢c;J=1,..,t; k=1, ..., n [3.1.2]
where

ykji = observation on trait i of animal k within fixed effect j

bji = fixed effect j of trait i

aik = additive genetic effect of animal k on trait 1.

exji = residual of observation on trait i of animal k within fixed effect j

Note that subscripts i and k changed positions if the order of the phenotypic observation is

changed to another order. This change of subscript positions is a typical difference between
‘animals ordered by traits’ and ‘traits ordered by animals’.
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Example 3.1.1: Assume two traits observed on each animal, one observation per trait, and a total
of four animals. The first two animals are in herd 1 and the last two animals in herd 2, where
‘herd’ is the fixed factor in the mixed model.

In the following table, the mixed models for the eight observations are given for ‘animals
ordered by traits’ using Equation [3.1.1] (left column) and for ‘traits ordered by animals’ using
Equation [3.1.2] (right column), where observations of trait 2 are shaded in yellow.

Order 1: Animals ordered by traits Order 2: Traits ordered by animals
tl-bl-al: yii=bu +ai +ein al-bl-tl: yii=bu +ai +ein
tl-bl-a2: yiiz =bii +anztein al-bl-t2: yiz=biz+antein
t1-b2-a3: yi123 =bi2 + ai3 + ei23 a2-b2-tl: y211 = b +az + e
t1-b2-a4: yi24 =bi2 +ai4 + e a2-b2-12: y212 =bi2 + an + e212
t2-bl-al: y211 = bai + a2 + e2nl a3-bl-tl: y321 = bai + as1 + e3
t2-b1-a2: y212 = b21 + an + €22 a3-bl-t2: y322 = b2 +as + e32
t2-b2-a3: y223 = bz + az3 + ex23 a4-b2-tl: y421 = ba1 + as1 + e421
t2-b2-a4: y224 = b + a24 + €224 a4-b2-t2: ya22 = b2z + az + e422

Using matrix notations, the mixed model for the eight observations in the order of ‘animals ordered
by traits’ is:

vl T1 0 0 0 1000000 0fa,] e
vin| |10 0 0 0100000 0|a,| |e,
v | 101 0 0fb, 71001 00 00 0ay| |en
vl 10 1 0 0lb,]| 0001 000 0fay| |es
v, 1 1o 0 1 0llb,|"lo 0001 00 ola,| e, [3-1.3]
vaul 100 1 0llb,| [0 00001 0 o0ay,]| |ey,
vl 100 01 0000001 0|a,| |en
ypel 100 0 1) 0000000 1ay] |ep

and the mixed model for the eight observations in the order of ‘traits ordered by animals’ is:

vyl [1 0 00 1000000 0|[a,] [e
yi,| |01 00 0100000 0fla,| e,
Yoyl |1 0 0 0fb,]7/0 01 00 00 0flay,| |e,
Yoo | [0 1 0 0llby| [0 001 00 0 0[ay,]| |e,
vor | 100 1 0fby, | lo 0001 00 o0la,| |ey, [3.1.4]
Yoo | [0 0 0 1]by,| [0 0 00 01 0 0[a,| |ey
Yor| 100 1 0 00000O0 1 0fa,| |en
V| [0 0 0 1 000000 0 1)a,]| |en



Either Equation [3.1.3] or [3.1.4] can be described using the general mixed model of Equation
[2.1.1],1.e.,y=Xb + Za + e. The X and Z matrices can be written in terms of the model matrices
for each trait. In X and Z, the model matrices for each trait are:

—_— = O O
oS o = O
oS = O O
- o O O

Then, Equation [3.1.3] of ‘animals ordered by traits’ can be written as:

y=(I,®X,)b+ (I,®Z,)a+e=Xb+Za+e [3.1.5]
and Equation [3.1.4] of ‘traits ordered by animals’ can be written as:

y=X,®I)b+ (Z,®1 )a+e=Xb+Za+e [3.1.6]
where It = t X t identity matrix, & denotes the Kronecker product, and

X=1®X, and Z=I, ®Z, for ‘animals ordered by traits’ [3.1.7]
X=X,®I, and Z=Z,®I, for ‘traits ordered by animals’ [3.1.8]

The first and second moments can be expressed using the general notations for Equation 3.1.1, i.e.,

E(y) =Xb = t(nx 1) matrix
var(y) = V=ZGZ'+ R =t(n X n) matrix
where
G = var(a)
=G, ® A for ‘animals ordered by traits” = t(n x n) matrix [3.1.9]
= A®G, for ‘traits ordered by animals’ = t(n * n) matrix [3.1.10]
R = var(e)
= R, ®I for ‘animals ordered by traits” without missing trait [3.1.11]
=1, ®R, for ‘traits ordered by animals’ without missing trait [3.1.12]
g1 " B
Gy=| - o e [3.1.13]
ga " 8¢

=t X t covariance matrix of additive effects with gij as element ij
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Ry=[w v oo [3.1.14]

=t x t covariance matrix of residuals with rij as element ij
In =n X nidentity matrix.

The structure of G defined by Equations [3.1.9] and [3.1.10] applies whether or not missing data
are present. However, the structure of R defined by Equations [3.1.11] and [3.1.12] does not apply

when missing data are present.

Example 3.1.2: Structure of the X, Z, G and R matrices for Equations [3.1.5] and [3.1.6] with four
individuals and two traits.

X, 0 Z, 0
X=10X,= , Z=10Z,=

o X, 0 7,
1, 0 I, 0 0 0
I 0 0 I 0 0
X=X, ®I, = . Z=12,8I =
0 I 0 0 I 0
0 I 0 0 0 I,
(g A A I .l
G=G,®A= &1 14D }’ R = R0®In—{”n 12 ni|
|82 A  gA 1591 R o5 I8
_anGo a,G, a6, a,G, R, 0 0 0
G= A®G, = aG, a,G, a,G, a,G, , R=1 ®R, = 0 R, 0 0
ayG, a,G, a;G, a,G, 0 0 R, 0
12,6, a,G, a,G, a,G, 0 0 0 R

Multivariate mixed model equations
The mixed model equations have the general expression of Equation [2.3.1]. The Kronecker
product has the following properties useful for writing MME: (A ® B)(C® D) = (AC)® (BD)

for conforming matrices, (A ®B)'= A'®B',and (A®B)™"' =A™ ® B™'. Applying these results to
Equation [2.3.1], the MME for ‘animals ordered by traits’ are

R, ®X,X, R; ®X,Z, b)_[(R'®X,)y 3.1.15]
R,/ ®Z)X, R,®Z/Z,+G,'®A" |4 (R, ®Z,)y

and the MME for ‘traits ordered by animals’ are
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X, X, ®R;' X,Z, ®R;' b)_((X,/®R)y [3.1.16]
Z,X,®R;' Z,Z,®R;'+A;'®G;' J\a) \(Z,®R,)y B

The size of the MME of either Equation [3.1.15] or [3.1.16] is t times as large as the single-trait
MME. Two techniques provide some simplifications for computational efficiency as discussed
after the numerical example and SAS program.

Numerical example of multivariate BLUP from Equation [3.1.15]

34.814563
38.006815
11.667267
10.330131

2.644141
5.0296877
-1.484297
0.8551706
-0.927813
1.3236434
-0.416275
-0.183908
-0.150626

-0.27792
-0.245152
0.5326797
-0.469531
0.1812492
-0.408074
0.4499998
-0.130989

The b vector (the top 6 elements) and a vector (bottom 15 slelements in yellow) of the SAS
output were from the MME of Equation [3.1.15] using the data in the SAS program below. These
results serves as a comparison to those from canonical transformation to be discussed with the
expectation that these two methods have identical results.
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SAS program for the MME method of multivariate BLUP

/* ANSC8141: MME method of multivariate BLUP */
/* animals ordered by traits */
/* program name: blup mt.sas */

PROC IML;
RESET PRINT ;
Q =5, T =23; P =2; N = Q;
GO = { 2.02 .06 -.4,
.06 1.83 -.03,
-.4 -.03 .98 };
RO = { 3.2 .77 -.8,
.77 4.32 -.1,
-.8 -.1 1.4%;
Yl = {32, 37, 35, 41, 38};
Y2 = {11, 12, 8, 10, 13};
Y3 = {2, 3, 4, 6, 5};
A = {1 0 .5 0 .25,
0 1 .5 .5 .25,
.5 .5 1 .25 .5 ,
0 .5 .25 1 .125,
.25 .25 .5 .125 1},
DX0 = {1,1,2,2,2};
Y = Y1//Y2//Y3;
IDQ = I1(Q);
IDT = I(T);
X0 = DESIGN (DXO0) ;
z0 = IDQ;
X = IDT@XO0;
Z = IDT@QZO;
*START;
S ;
IGO = INV(GO); IR0 = INV(RO);
IA INV (A) ;
K e e e e e o o — — ;
IR0 = INV(RO); IGO = INV(GO):;
IR = TIROQ@IDQ; IG = IGOQIA;
XRX = X *IR*X; XRZ = X *IR*7Z;
ZRZ = Z *IR*Z; ZRZ2G = ZRZ + IG;
XRY = X *IR*Y; ZRY = Z *IR*Y;
K e e e e e e e e e e e o o —— — — — — —— ——— — —— —  — - — o — . — . — . —— —— —— —— —— —— — o — o —— —— —— ——®
Cl = XRX| | XRZ; C2 = XRZ | | ZRZG;
C = Cl//C2; IC = INV(C);
CYy = XRY//ZRY; SOL = IC*CY;
K e e e e e e o o o o o o o o o o o o e e o o o e e e e e e o e o e o o o o e o e e e ®
*FINISH;
RUN;
*PRINT SOL
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3.2 Triangular and Canonical Transformations

A triangular transformation may transform the residual variance-covariance matrix of multiple
traits into an identity matrix to simplify the mixed model equations if missing data have a specific
pattern (Pollak, 1984). A canonical transformation can be used to transform correlated traits into
uncorrelated canonical traits, so that mixed model equations for a multivariate model can be solved
based on a set of mixed model equations for the uncorrlated canonical traits (Thompson, 1976;
Meyer, 1985).

A General Formula for Canonical and Triangular Transformations

The mixed model is assumed to be that of Equation [3.1.6] for ‘traits by animals’ for triangular
transformation and is assumed to be Equation [3.1.5] for ‘animals by traits’ for canonical
transformation. .

Let Qy be the transformation matrix for canonical or triangular transformation. Then, a
canonical or triangular transformation for Equation [3.1.5] or [3.1.6] can be performed if:

Qyy = Qy'(Xb) + Qy'(Za) + Qy'e [3.2.1]
=X(Qv'b) + Z(Q:'a) + Qy'e [3.2.2]
=Xb +Za" +e [3.2.3]

whereb"=Qu'b,a"=Qu'a, e’ = Qy'e, and the Q's are transformation matrices. Under the original
model, estimation of fixed effects (b) and prediction of random effects (a and €), can be obtained

by:

b= Qb b’ [3.2.4]
a=Q. a" [3.2.5]
é=Qy "e" [3.2.6]

Equations [3.2.1]-[3.2.2] show that model matrices and the transformation matrix must satisfy the
following condition:

Qy'X = XQv' [3.2.7]
Q,/Z=270Q.. [3.2.8]

Triangular Transformation

Under the multivariate mixed model with missing data, a triangular transformation can
transform the data so that the residual covariance matrix (R) becomes an identity matrix. Such a
transformation can be used if the missing data have an orderly pattern, i.e., if trait i is the last trait
not missing, then none of the (i — 1) traits preceding it can be missing. When missing data have
this orderly pattern, covariance matrices of residuals have only t possible structures. For example,
the three structures for the residual covariance matrix for a record of three traits with none, one, or
two of the three traits missing are:

i Ty I
R. =vare,)=|1,, 1, r, without missing data for any trait
Iy Iy Iy
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r, 1, 0
=1, I, 0 trait 3 is missing
0 0 O
r, 00
=0 00 traits 2 and 3 are missing
0 00

In general, the structure of the residual covariance matrix for a record on the t traits can be written
as:

R; = the Ro with the last (t — j) rows and columns replaced by zeros, j = 1,..,t. [3.2.9]
The triangular transformation uses a triangular matrix that diagonalizes R;j and satisfies:
Ro=L'L.

Let L be the j x j submatrix of L for the j trait with observations, Xjand Z; be incidence matrices
for a t traits of one individual, with the last (t — j) rows corresponding to missing traits set to zeros,
j = 1,..t, and let Ljo be the L matrix with the same rows set to zeros. Then, the L. matrix has the
following properties that make the triangular transformation possible:

1) If L is an upper triangular matrix, L' is also an upper triangular matrix

2) L ! is the first j x j submatrix of L™! corresponding to traits with observations
3) (Lio)'Xj = (L)'Xj = Xj(L") " and (Ljo) 'Zj = (L) 'Zj = Zj(L")"'

4) L(R) 'L’ =1,

where Rj is defined by Equation 3.2.9, Ij =t X t identity matrix with the last (t — j) diagonal elements
corresponding to missing traits set to zero. Assuming ‘traits ordered by animals’, the
transformation matrix for a triangular transformation can be defined as:

Q' =LQL)" = Q.

Then, the triangular transformation on the data is:
Q/y =y =Qy(Xb) + Qy(Za) + Qy'e
= [®L, (L)' X,b+[L,(L)'Z]Ja+Q,'e
= [®L, X,(L) b +[®],Z,(L) ']a+Q, e
= (OLX)IL) ' ®Lb+(®LZ)(L) ®L,]Ja+Q,'e
=X(Q,'b) +7(Q,'a) +Q,'e=Xb*+Za*+e* [3.2.10]

With the above transformation, the residual covariance matrix for the transformed data becomes
an identity matrix. The mixed model equations for the triangular-transformed mixed model are:
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X'X XZ b*| (Xy*
ZX ZZ+B'®A" ) a*] |Zy*

where b* = Qy'b, a* = Q,'a, y' = Q,'y, and
B= (L) G,L"

Canonical transformation

[3.2.11]

The method of canonical transformation transforms the covariance matrices of residuals (Ro)
and additive genetic values (Go) into diagonal matrices. Then, the t traits are analyzed as t single
traits and the results of the t single traits are transformed backed to the results of the multivariate
analysis. The canonical transformation described below first factorizes Ro as L'L, the same as for
the triangular transformation, and then compute eigenvalues and eigenvectors to factorize the B

matrix of Equation [3.2.11] as:

B =UAU’ [3.2.12]
where

U = orthogonal matrix formed by eigenvectors of B [3.2.13]

A = diagonal matrix of eigenvalues of B [3.2.14]
Define

M'=U'L"N". [3.2.15]
Then,

M'RM =1, M'GoM = A [3.2.16]

Assuming animals are ordered by traits, the transformation matrices in Equation 3.2.10 for a

canonical transformation are:
le =M|®In= a', QbV :MV®Ich’
and the canonical transformation is:

Y =Qyy=X(Qv'b) + Z(Q.'2) + Qy'e

with var(Q,'a) =A®A , and Var(Qy 'e) =1, ®I,

under the canonical transformation are:
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XX, X,Z h* X,y *
0% 0o . b* | _[&oY [3.2.17]
Z,X, Z,)/Z,+A '\ )| a* Z)y*
where Ai = eigenvalue i in A of Equation [3.2.14].

Prediction of random effects and estimation of fixed effects from the untransformed mixed model
equations can be obtained from solutions from Equation [3.2.17]. Let

Then, solutions for fixed and random effects from the untransformed multivariate mixed model
equations are obtained as:

b= M'QIL,) b’ [3.2.18]
= (M'QIy) 'a" [3.2.19]
e=(M'QIy) 'e". [3.2.20]

The numerical example below shows that the b of Equation [3.2.18] and the a of Equation
[3.2.19] from canonical transformation are identical to those from the original MME of Equation
[3.1.15].

Numerical example of canonical transformation

(1484297
0.8551706
0927813
13236434

. L 46275
34.814563

~0.183908
38006815
~0.150626
. |11.667267
= , 4=|-027792
10330131
0245152
2644141
05326797

5.0296877

- 4 | -0469531

0.1812492

~0.408074

04499998

| -0.130989|

These results are identical to those from the original MME of Equation [3.1.15].
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SAS program for the multivariate MME method using canonical transformation

/* ANSC8141: MME method of multivariate BLUP */
/* canonical transformation */
/* program name: blup ct.sas */

PROC IML;
RESET PRINT ;
Q=5; T=23; P=2; N = Q;
GO = { 2.02 .06 -.4,

.06 1.83 -.03,

-.4 -.03 .98 };
RO = { 3.2 .77 -.8,

.77 4.32 -.1,

-.8 -.1 1.4%};
Yl = {32, 37, 35, 41, 38};
Y2 = {11, 12, 8, 10, 13};
Y3 = {2, 3, 4, 6, 5};
A = {1 0 .5 0 .25,

0 1 .5 .5 .25,

.5 .5 1 .25 .5 ,

0 .5 .25 1 .125,

.25 .25 .5 .125 1};
DX0 = {1,1,2,2,2};
Y = Y1//Y2//Y3;
IDQ = I(Q);
IDT = I(T);
X0 = DESIGN (DXO0) ;
70 = IDQ;
X = IDT@XO;
7 = IDTRZO;
DGO = DET(GO) ; DRO = DET (RO) ;
K e e e e e o o o o o o o o e e o o e e e o o e o o e e e e e e e e e e o e e e o e @
LU = ROOT (RO) ; LL = LU ; ILL = INV(LL);
B = ILL*GO*ILL;
EVAL = EIGVAL (B); EVEC = EIGVEC (B);
M = ILL *EVEC;
MGOM = M *GO0*M; MROM = M *R0O*M;
IA = INV (A);
K o e o ;
IR0 = INV(MROM) ; IGO0 = INV(MGOM) ;
IR = IROQIDQ; I1G = IGORIA;
XRX = X *IR*X; XRZ = X *IR*Z;
ZRZ = Z *IR*Z; ZRZG = ZRZ + IG;
QY = M'QIDQ; YC = QY*Y;
XRY = X *IR*YC; ZRY = Z *IR*YC;
K e e e e e — o o o o o o o o o o o o e o e o e e e o e o o e o o e o e o e o o o e ®
c1l = XRX| | XRZ; Cc2 = XRZ'| | ZRZG;
C = Cl//C2; IC = INV(C);
CcY = XRY//ZRY; SOL = IC*CY;
NB = T*Pp; NA = T*Q;
SOLB = SOL(|1:NB, |); SOLA = SOL(|NB+1:NB+NA, |);
IDP = I(P); IOB = INV (M) @IDP;
IQA = INV(M) "QIDQ;
BHAT = IQB*SOLB; AHAT = IQA*SOLA;
K e e e e e e e e e e ®
RUN;
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CHAPTER 4: SELECTION INDEX
4.1 Selection Index Theory

Three methods for selection of multiple traits

Three methods can be used for selection of multiple traits.

Tandem Selection: This method selects one trait per generation until the trait reached a
satisfactory level, and then selects another trait. The advantage of this method is the maximum
selection differential or intensity for the trait being selected at each generation. The disadvantage
is potential undesirable correlated responses of correlated traits.

Independent Culling: This method sets a minimum level for each trait, and selects the
individual with satisfactory levels for all traits. This method considers all traits in each generation
so that the problem of undesirable correlated response could be addressed to some degree, but the
economic gain of this selection method may not be optimal.

Selection Index: Selection index (Smith, 1936; Hazel, 1943). This method selects individuals
according an index that maximizes the correlation between the index and the overall economic
value of all traits. Theoretically, selection index is the best among the above three methods.

Selection index

I =biy:1 + bay2 + -+ + beyt = selection index [4.1.1]
H=wigi +wag + --- + wigt = aggregate genetic value (true merit of the t traits) [4.1.2]

where bi = coefficient of phenotypic value for trait 1, yi = phenotypic value for trait i, and t =
number of traits; wi = economic value of the genetic value for trait i, and gi = the genetic value of
trait i. Selection index (I) is used to predict H. The weights of selection index, the bi's, are obtained
by maximizing the correlation between I and H, or by minimizing the error variance of the index,
an approach to be used below. In matrix notations, I and H can be expressed as:

I=b'y [4.1.3]
H=w'g [4.1.4]
where b = (b1, -+, by)', w = (w1, :++, wt)' = 1 x t column vector of economic values for the t traits, y

=(y1, -, y)', g = (g1, -+, gt)". Then, b is obtained by maximizing the correlation between I and H
or by minimizing the error variance of the index. The error variance of the index is:

var(I — H) = var(b'y — w'g) = b'[var(y)]b — 2cov(b'y, g'w) + w'[var(g)]w
=b'Vb — 2b'Gw + w'Gw

where
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()

V=var(y)=| [4.1.5]
Oy Op Oy
0(11) 0(12) G(lt)
(¢} O (¢

G=var(g)=| @ @ @ [4.1.6]
Suy O S

and
o; = phenotypic covariance between traits i and j,

O = genetic covariance between traits i and j.

The V matrix defined by Equation [4.1.5] and the G matrix defined by Equation [4.1.6] have the
following important applications:

r; = phenotypic correlation between traits i and j = o;; /[ 5; ij]'/z
Iy = genetic correlation between traits i and j = 6 ;) /[ 0;;) O ;) 1%
2 e ..
h; = heritability in the broad sense of trait i = G iy / Oy
Taking the partial derivative of var(I — H) and setting the partial derivative to zero lead to:

ovar(I-H) _ 9(b'Vb—2b'Gw +w'Gw) _8(b'Vb—2b'Gw)

=2Vb-2Gw =0
ob ob ob
Solving the above equation for b yields:
b=V 'Gw [4.1.7]

For a single trait, Equation [4.1.7] reduces to: b = h*w, and the selection index defined by
Equation [4.1.1] reduces to:

[=(b)(y) = (h*w)(y) <y [4.1.8]

where ‘o<’ stands for ‘proportional to’.
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Accuracy of selection index

The accuracy of the index is defined as the correlation between the index and the aggregate

genetic value, denoted by Ry;;. The variance of I (Gf ), the variance of H (Gil) and the covariance

between I and H (G yy) are:

GIZ =var(I)=var(b'y)=b'Vb=b'VV'Gw =b'Gw [4.1.9]
o, =var(H) = var(w'g) = w'Gw [4.1.10]
6, =cov(LH) =cov[b'y,(w'g)T=b'cov(y,g'w=b'Gw = 012 [4.1.11]

__cov(LH) _ yvar@) _ \/07% _S [4.1.12]
\/mr(l)var(H) \/V21r(H) \/g oy -

IH

Selection response of the aggregate genetic value

Selection response of aggregate genetic value to index selection (AH ) is defined as the
regression of the aggregate genetic value on the selection index:

AH=b;S,=b,;(i;)o,=(i,)o,

where b, = regression coefficient of H on I, S,= selection differential of I, i,= the selection
intensity of 1=S,/c,.
Note: Selection index can be used for other purposes of selection. Two of such examples are:

1) Selection for one trait using information on several other traits,

2) Selection for the additive genetic value of an individual using information from relatives.

Problem of selection index theory

The selection index theory has a problem: the selection index theory does not have an approach
to account for the effects of various factors on the phenotypic values or to estimate variance-
covariance components for calculating selection index.

4.2 Selection Index Based on BLUP

The BLUP theory provides the most ideal approach to calculate selection index, because BLUP
directly predicts the aggregate genetic value (H), and has a methodology to estimate non-genetic
fixed effect using BLUE and to estimate variance-covariance components using REML or a similar
method. The selection index of an individual calculated from BLUP can be expressed as:

A

A, =w'g; =BLUP of H, = w/(BLUP of g;) [4.2.1]
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where w = (w1, -+, wt)' = I xtcolumn vector of economic values for the t traits, Qj = BLUP of

genotypic values (e.g., breeding values) of t traits of individual j.

Example 4.2.1: Net merit (NMS$) — USDA’s dairy cattle selection index

USDA'’s genetic evaluation program calculates a selection index named Net Merit (NMS$) as
the total dollar value of all phenotypes of an individuals. The formula of NM$ is

NMS$ =w'a [4.2.2]
where a = predicted transmitting ability (PTA) = 0.5(BLUP of breeding value). The 2010 NM$
considered 10 traits, protein yield, fat yield, milk yield, productive life (PL), somatic cell score

(SCS), udder, feet/legs, body size, daughter pregnancy rate (DPR), calving ability (CAS$) (Table
4.2.1). As a linear function of the PTA for 10 traits, NMS$ is a BLUP method.

Table 4.2.1 Example of calculating NMS for an individual

NMS calculation
Trait Units desit:tril(()i: l;gD) N ll)lrlrcﬁv(l);ltlgf LS
Protein Pounds 19 3.41 +70 238.7
Fat Pounds 27 2.89 +80 231.2
Milk Pounds 723 0.001 +2,000 2
PL Months 2.5 35 +2.5 87.5
SCS Log 0.23 —-182 2.95 (= 3.00) 9.1
Udder Composite 0.90 32 +1.5 48
Feet/legs Composite 1.03 15 +0.5 7.5
Body size Composite 1.03 —23 -1.0 23
DPR Percent 1.70 27 +0.3 8.1
CAS Dollars 20 1 +30 30
Total NMS = $684.8

Source: http://aipl.arsusda.gov/reference/nmcalc.htm
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CHAPTER 5: PREDICTION ERROR VARIANCE AND RELIABILITY

Prediction error variance (PEV) is the variance of prediction errors, where each prediction error
for an individual is the deviation of the BLUP from its true value and is a measure of prediction
accuracy (the smaller the PEV, the better the prediction). PEV is used in some formulations for
reliability of BLUP and REML estimation of variance and covariance components based on mixed
model equations.

5.1 Variance-Covariance Matrix of BLUE and Prediction Errors Based on MME
This chapter assume the additive model of Equations [2.1.6] and [2.1.7]. Under this additive
model, prediction errors are a—a, and PEV is: PEV =var(a—a). PEV for BLUP using MME is

obtained as a function of the inverse of the coefficient matrix of the mixed model equations. The
exact formula depends on how the mixed model equations are written, the original MME of
Equation [2.3.1], or the simplified MME of Equation [2.4.8]. The coefficient matrix for the MME
of Equation [2.3.1] or [2.4.8] is:

-1 -1
C= XR'X XR 1Z ' for MME of Equation [2.3.1] [2.3.3]
ZR'X ZR'Z+G"

C= for MME of Equation [2.4.8] [5.1.1]

XX X7Z
ZX Z'Z+A"

where A 202 /022 (1-h?*)/ h? (Equation [2.4.9]). Let the C matrix and its generalized inverse be
partitioned as:

C, C
C= bb ba
(Cab Caaj [5.1.2]
Cbb Cba
C = 5.1.3
(Cab Caaj [ ]

where C,, and C"" are ¢ X ¢ submatrices, C,, and C"* are ¢ x n submatrices, C*"=(C"),
and C_, and C* aren x n submatrices. For the MME of Equation [2.3.1], the C is defined by

Equation [2.3.3]. For the MME of Equation [2.4.8], the C is defined by Equation [5.1.1]:
The general expression of the variance of BLUE of b, prediction errors and the covariance
between b and (a — a) is:
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var [ A b } _ [ var(b) cov[b, (a—a) ']J (5.1.4]
a cov

~a [(A—a),b")  var(a—a)

c* c”® o :
=C = {Cab Caaj if C is from Equation [2.3.3] [5.1.5]
o, (Cc® ™), s .
=Co, = o o o, if C is from Equation [5.1.1] [5.1.6]

From Equations [5.1.4]-[5.1.6], a — a = prediction errors, and the PEV matrix is:
PEV = var(a—a)

=C* if C is the coefficient matrix of Equation [2.3.1] [5.1.7]
=C%c. if C is the coefficient matrix of Equation [2.4.8] [5.1.8]

The PEV for individual j is the jth diagonal element of Equation [5.1.7] or [5.1.8].

5.2 Variance-Covariance Matrix of BLUE and Prediction Errors Based on CE

Under the CE method, a is calculated using Equation [2.4.11]:

a=GZV ' (y-Xb)=GZPy [2.4.11]

where P =V~ -V 'X(X'V'X) X'V~ (Equation 2.1.10), and G=var(a)=G’A. Note that

PVP =P [5.1.9]
Using these result and Equation 2.4.11,

var(d) = GZ'PZG [5.2.1]
cov(a,a") =cov(GZ'Py,a')= GZ'PZG = cov(a,a") = var(a) [5.2.2]

PEV = var(a—a) = var(a) — cov(a,a") —cov(a,a') + var(a)
= var(a) — var(a) [5.2.3]
=G -GZ'PZG [5.2.4]

cov(a,b') = cov[GZPy,y'V'X(X'V'X)]
=GZ'Pcov(y,y)\V'X(X'V'X)"
=GZPVV'X(X'V'X)"
=GZ'(PX)X'V'X)]=0

[5.2.5]
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cov(a,b") =cov[a,y'V'X(X'V'X) ]=cov(a,y )V 'X(X'V'X)"

[5.2.6]
=GZ'V'X(X'V'X)"]

cov(a—a,b")=-GZ'V'X(X'V'X) [5.2.7]

var(h) =C® = (X'V'X)" [5.2.8]

5.3 Variance-Covariance Matrix of BLUE and Prediction Errors for CE and MME

Combining the CE and MME results, the variance-covariance matrix of BLUE and
prediction errors are:

[ b } [ var(b) cov[b, (a—a) ']J
var| = .
a—-a cov[(a—a),b") var(a—a)

_ (X'V'X) —~(X'V'X)"X'V'ZG (53.1]
~GZ'V'X(X'V'X) G-GZ'PZG o
c* c” s .
=C = (Cab Caaj if C is from Equation [2.3.3] [5.1.5]
L, (Cc* ™), s .
=Co, = o om . if C is from Equation [5.1.1] [5.1.6]

Equations [5.1.4], [5.1.5] and [5.3.1] provide useful results of matrix algebra of mixed models
for the variances and covariances of BLUE, BLUP and prediction errors of BLUP.

5.4 Accuracy and Reliability of BLUP

The ccuracy of BLUP for predicting genetic values is the correlation between the BLUP of
the genetic values and the unknown true genetic values, and reliability of BLUP is the squared

accuracy. The BLUP accuracy for predicting the additive value of the i® individual is:

R, =cov(a,,a;)//var(a,) var(a,)

=cov(a,a'), /\/var(a), var(a), [5.4.1]

= \/VEI.I‘(ﬁ)ii / var(a);

The BLUP reliability for predicting the additive value of the i™ individual is the squared
accuracy:
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R’ = var(a), / var(a), [5.4.2]

where var(a), = the i" diagonal element in var(a) = GZ'PZG (Equation 5.2.1), var(a), = the
i® diagonal element in G:(ﬁA for the additive model.
For the CE method, using G=GA and the result of var(3) = GZ'PZG (Equation 5.2.1), the

reliability for the i" individual is:

R} =0.(AZ'PZA), /A, [5.4.3]

.. . . «th. ... -th . . .
where A= additive relationship of the i" individual = the 1 diagonal element in the A matrix.

For the MME method, var(a—a)= var(a)—var(a) (Equation [5.2.3]. Rearranging Equation
[5.2.3] leads to:

var(a)=var(a)—var(a—a)=G —PEV [5.4.4]
=G-C* if C is from Equation [2.3.3] [5.4.5]
=G-C"c’ if C is from Equation [5.1.1] [5.4.6]

Using the results of Equations [5.4.4]-[5.4.6] and the reliability definition of Equation [5.4.2], the
BLUP reliability using the MME method for the i" individual is:

R’ =1 — PEV,/(A,0)) [5.4.7]
=1-C#/(A,0. if C is from Equation [2.3.3] [5.4.8]
=1-ACP/A, if C is from Equation [5.1.1] [5.4.9]

where C' is the i" diagonal element of Equation [5.1.6] if the MME are Equation [2.3.3], or is

the i" diagonal element of Equation [5.1.7] if the MME are Equation [2.4.8].

Exercises

1) Prove PVP =P.
2) Prove Var(ﬁ) =(X'V'X)".
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CHAPTER 6: MAXIMUM LIKELIHOOD ESTIMATION OF VARIANCE-
COVARIANCE COMPONENTS

Variance components are required for using mixed models and for estimating hertitability and
repeatability. Maximum likelihood (ML) estimation (Hartley and Rao, 1967) is a likelihood based
method for estimating variance and covariance components.

All mixed models including multifactor and multivariate models can be described by the
general notations of Equations [2.1.1] and [2.1.2]:

y=Xb+Zu+te [2.1.1]
V =var(y)=ZGZ'+R [2.1.2]

with E(y)=Xb . For estimating variance-covariance components using the ML method, the
phenotypic observations are assumed to have a normal distribution, y ~ N(Xb, V).

6.1 Structure of Variance-Covariance Matrix as a Function of Partial Derivatives

Each variance-covariance matrix, such as V, G and R, is assumed to be a linear function of
variance-covariance components and can be expressed as a linear function of partial derivatives
with respect to each variance or covariance component. Such expressions are convenient for
deriving formulations of computing algorithms for mixed models with multiple genetic factors and
multiple traits. Assume k variance-covariance components for V, h variance-covariance
components for G, and r variance components for R such that k = h +r. Then,

V:%Gf+--~+a—\20i
o, 0o,

K OV

p ‘a - J—zj 1V" 2 [6.1.1]

where GJ2 is a variance or covariance in V, and

. oV
V=5 [6.1.2]
J

To distinguish genetic variance-covariance components (6,) form residual variance-covariance

components (Y, ), the G and R matrices can be expressed as:

oG oG h 8G

G=—=0++——6, = 6.1.3
26, 20, b= i O 1ae Zl 1 [ ]
OR OR R .

R=—vy++—y, =2, —71=2_Ry [6.1.4]
o o, 1
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G =% 6.1.5

% [6.1.5]

rR-R, [6.1.6]
o,

Equations [6.1.3]-[6.1.6] are useful for deriving general formulations for estimating variance-
covariance components.

Example 6.1.1
A mixed model with additive and dominance values can be written as:

y=Xb+Z(a+d)+e [2.1.12]
V=06.ZAZ'+0,ZDZ'+c’1 [2.1.13]

In terms of partial derivatives with respect to variance components, the G and V matrices can be
expressed as:

a| [var(a 0 A0
G = var| || V@ = [2.1.11]
d 0 var(d) 0 oD
A 0), (0 0),
= o, + o
0 0 0 D [6.1.7]
= G:Gj +GZG§
V =var(y)=ZGZ'+RV=0.2ZAZ'+c,ZDZ'+ 51 [2.1.13]
=V.,6.+V,c;+V,c’ [6.1.8]

. (A0 . (0 0 ) : "
where G, = , Gy = , V,=ZAZ', V;=7ZDZ',and V, =1.
0 0 0 D

Example 6.1.2

Assuming ‘animals ordered by traits’ for two traits, the G matrix (Equation 3.1.9) and R matrix
(Equation 3.1.11) have the following structure:
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a g.A g A A 0 0 A 0 o0
G=var| '|=|°" = = gt gt g
a, 2,A g,A 0 0 A 0 0 A

= Grlgll + Gnglz + G;gzz

€ I 1, I 0 0 I 00
R = var == = L, + r, + L,
€, I 1, 00 I o0 0 I

*

* *
=R, +R,5, + R0,

6.2 ML Estimation of Variance-Covariance Components

Likelihood function

The likelihood function for the mixed model of Equations [2.1.1] and [2.1.2] is:

1 —(v=Xb)'V ' (v—
(Vi =—<3 —13°¢ (y=Xb)'V"(y-Xb)/2 [6.2.1]
Q) "~V
The log likelihood function is:
L(V;y) o« —%log V| —%(y —Xb)'V~'(y - Xb) [6.2.2]

General iteration algorithm for ML estimation of variance-covariance components

Taking derivatives of Equation 6.2.2 with respect to the variance and covariance components
and setting the resulting equations to zero yield the following general formula for estimating
variance and covariance components:

tr(V~' aVZ )=(y-Xb)'V"' 8—‘72V’1(y —Xb) [6.2.3]
an acj
or,
tr(V'V,)=(y-Xb)'V'V, V"' (y - Xb) [6.2.4]
The ML estimator of b is:
b= (X'V‘IX)_ X'V'ly [2.2.7]
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Substituting b forb in Equation 6.2.4, cf can be estimated by the following iterative solution:

0} =a1 (y = Xb) VI OVIV Iy - XBO) (VIO [6.2.5]
=c;"y' PUVPy [ tr(VTOV]) :

where P=V ™' - VﬁlX(X'VqX)_ X'V~ (Equation 2.2.8). Equation [6.2.5] is generally applicable

to a wide range of mixed models including the multifactorial (Equation 2.8.1] and multivariate
(Equations 3.1.5] and [3.1.6] models.

Iterative algorithm for the additive model using A matrix

For the additive model of Equations [2.1.6] and [2.1.7], G=G§A (Equation 2.1.8), and

R = o1, (Equation 2.1.7), the two variance components can be estimated using the following
iterative solutions:

o, =iy ' POVPVy / (V" ZAZ)) [6.2.6]
o2 = G2y pOPOy / r(VID) [6.2.7]

Equations [6.2.5]-[6.2.7] do not calculate the BLUP of genetic effects but requires the calculation
of the A matrix.

Iterative algorithm for the additive model using A™!

The A matrix using pedigree information is much more difficult to calculate than the A™ using

Henderson’s simple method for calculating A~ (Henderson, 1975). If the A™' is to be used,
Equations [6.2.6-6.2.7] can be expressed in terms of a . Using Equation [2.4.1],

(y—Xb)'V'ZAZ'V~'(y - Xb)

=[(y—Xb)'V'ZG]A'[GZ'V ' (y—Xb)]/ (c?)* =a'A'a/(c>) 16281
Using the result of GZV ' of Equation [2.5.10],

tr(V'ZAZ" =tr(Z'GZV ") /c. =tf[Z(Z'R'Z+G ) 'Z'R"] /5] [6.2.9]
Therefore, Equation [6.2.7] for the additive model can be expressed as:

o, =a"WATA/tr{Z[Z'RT'Z+(1/G)AT'Z'R™"} [6.2.10]

Applying the result of Equation [2.2.5] to Equation [6.2.4] yields:
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(y-Xb)'V'V'(y—=Xb)=(y - Xb)'V'RRV ' (y - Xb) / (c2)* =é'¢/ (c?) [6.2.11]

Using Equation [2.5.9], V™' can be expressed in terms of A™' so that tr(V™") in Equation [6.2.7]
can be expressed as:

tr(V') =tr(ZGZ'+R) "' =trffR"' ~R'Z(Z'R"'Z+G ") 'Z'R ']
=trl, -~ Z(Z'Z+A"1) "' 2"/ & [6.2.12]
={N-t[Z'Z(Z'Z+A""\) "}/ &

where A =c. /o, . Substituting the result of Equation [6.2.12] in Equation [6.2.7] yields:
G20 = ¢80 /(N —t{Z' Z(Z' Z+A V) ']} [6.2.13]
From Equation 2.1.12a, b in Equation 6.2.12 can be calculated as:

B(i+l) — [va_ X'Z(Z'Z+A71}\,)71Z'X]7[X'y _ X'Z(Z'Z+A71X)71ZVY] [62 14]

Equations [6.2.10], [6.2.13] and [6.2.14] are the iterative solutions using A~ from pedigree data.
These equations yield identical results as those from Equations [6.2.6-6.2.7].
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CHAPTER 7: RESTRICTED MAXIMUM LIKELIHOOD ESTIMATION OF
VARIANCE-COVARIANCE COMPONENTS

Restricted (or residual) maximum likelihood estimation (REML) (Patterson and Thompson,
1971) has been a popular choice for estimating variance components. REML can use either the CE
method of Equation [2.2.3] or the MME method of Equation [2.3.1]. REML formulations using
CE and MME have the same results but have different computing properties, particularly for
genomic prediction and estimation described in later chapters.

7.1 General REML Equations

Residual likelihood function

The phenotypic observations with the mixed model of Equations [2.1.1] and [2.1.2] are
assumed to follow a normal distribution, i.e., y ~ N(Xb, V). REML estimates of variance-
covariance components are obtained by maximizing the residual likelihood of K'y, where K'
satisfies:

K'Xb = 0 [7.1.1]

With the requirement of Equation [7.1.1], K'y is unaffected by b, and K'y ~ N(0, K'VK). The
residual likelihood function is:

F(Vsy, K) =— /21 . 1y K(K'VK) 'K'y)/2 (7.12]
em(NT)2 K VK|
where rx = rank of X.
The log residual likelihood function is:
L(V;y,K) < —%log |K'VK | —%y'K(K'VK)‘lK'y [7.1.3]
An important result for deriving REML is:
P=K(K'VK)'K' (Searle, 1982) [7.1.4]

where P=V ™' — V‘IX(X'V‘IX)_ X'V~ (Equation [2.2.8]). Therefore, Equation [7.1.3] can be
written as:

L(V;y,K) oc —%log|K'VK|—%y'Py [7.1.5]
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General REML formulations

The derivation of REML formulations requires Equation [7.1.4] and two formulae of matrix
derivatives in Appendix 1, including:

OA) _ ,10(A) [A1.15]
ox [9).4
Ollog|AD _rp-19A), [A1.16]
ox ox

Where the A matrix is a function of x;, and is not the additive relationship matrix. Based on

Equations [7.1.4] and [A1.15], the first derivative of P (Searle, 1982) with respect to csf is:

oP) __pav)

2 2
6Gj 80j

P=-PV/P [7.1.6]

where GJZ is a variance or covariance in the V matrix defined by Equation [6.1.1], and VJ is
defined by Equation [6.1.2]. The first derivative of y'Py is:

J

- == 7.1.7
66? y 80? y=-y [ ]
The derivative of log| K'VK | based on Equation [A1.16] is:
O(log |aK2 VKD _ (K 'VK)! ‘XK—YK)] = t[(K'VK)'K'V'K] = tr(PV}) [7.1.8]
lop

j j

Combining Equations [7.1.6]-[7.1.8], the first derivative of the likelihood function of Equation
[7.1.5] is:

AVyyK) 1
oo’ 2

J

* 1 ] *
tr(PV;)+ Ey PV, Py [7.1.9]

Setting Equation [7.1.9] to zero, the REML estimate of o is obtained by solving the following

equation:

y'PV,Py =tr(PV)) [7.1.10]

where Vj* is defined by Equation [6.1.2]. From Equation [7.1.10], CFJ2 can be estimated using the
following EM type iterative algorithm:
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, 20y POV O PO
g =2 Y i y [7.1.12]
tr(PVV;™)
Equation [7.1.12] is a general REML formula applicable to a wide-range of mixed models
including multiple genetic factors and multiple traits.
To calculate REML using MME, mathematical terms in Equation [7.1.12] needs to be

converted into those from MME. The P matrix of Equation [2.2.8] can be expressed in terms of
the MME results (Gilmour et al., 1995):

P=R'-R'(X,Z)C (X,Z)R'=V'-V'X(X'V'X) X'V [7.1.13]

where

[7.1.14]

XR'X XR'Z -
ZR'X ZR'Z+G"

General formulations for REML estimation of variance and covariance components using the
MME of Equation [2.3.1] (Henderson, 1986) are:

'Qui= tr(QG) — tr[Q,var(d—u)] [7.1.15]
&'Sé= tr(SR) — tr(SFCF') [7.1.16]
where

u = BLUP of all genetic effects in the mixed model of Equation [2.1.1]
Q=G 'G/G™

G = genetic variance-covariance matrix = var(u)

var(i—u) ) = covariance matrix of prediction errors

é=y—Xb-Zi =BLUP of random residuals (Equation [2.2.6]

S, =R R;R”

F=(X, Z)

R~ =a generalized inverse of R allowing missing observations

C™ = a generalized inverse of C of the coefficient matrix for the mixed model equations
G." = partial derivative of G with respect to 0; defined by Equation [6.1.5]

1

R." = partial derivative of R with respect to yi defined by Equation [6.1.6].

An EM-REML iteration algorithm based on Equations [7.1.15] and [7.1.16] can be expressed as:
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204 () 10y (D ()
2(i+1) _ o u’'Q;"u

_ _ [7.1.17]
! tr{Q,"[G — var(i”’ —u)]}

2)g) g (g
2(i+1) _ o, €'Sj"e

0 : [7.1.18]
E tr{S,"[R” - FC""F 1}

From Equations [7.1.17] and [7.1.18], formulations for estimating variance-covariance
components for a given model using the MME method can be derived.

7.2 REML Using the CE and the MME Methods of BLUP for Additive Model

For the single traitadditive model of Equations [2.1.6] and [2.1.7] with additive and residual
variances, The CE method for REML can be derived from Equations [7.1.12] and the MME
method for REML can be derived from Equations 7.1.17-7.1.18.

The EM type of iteration algorithm using the CE method can be expressed as:

G20+ G:(i)y'P(i)ZAZ'P(i)y

: 7.2.1
! tr(PYZAZ" [ :

2(i) Hp )
2 _ Gelyvplply

: -y [7.2.2]

Although Equations [7.2.1] and [7.2.2] do not need to calculate BLUP, these equations are referred
as the CE method of REML estimation because of the use of the V™' and P matrix rather than the

MME and the use of the A matrix rather than the A™.
The EM type iteration algorithm using MME method can be expressed as:

2i+1) a”'A"'a" [7.2.3]
* n-tr(ATCHONO -
NORPO
. e’ 'e
o, = [7.2.4]

¢ N —[r—tr(A'C*"D]

where n = number of individuals, r = rank of C, A =oc. /o, =(1-h?)/h* (Equation [2.4.9], and
C™ is form the C™ of the simplified MME (Equation 2.4.8):

C__ XrX XZ *_ Cbb Cba
\zZX 72Z+A7 ) ¢ [7.25]
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The CE set of Equations [7.2.1]-[7.2.2] and the MME set of Equations [7.2.3]-[7.2.4] have
identical results at every iteration.

Numerical example and SAS program

/* ANSC8141: REML using MME method */
/* program name: reml mme.sas */

PROC IML;

*RESET PRINT ;

VA=1 ; VE=2 ; * STARTING VALUES;
NB=2; NU=5; NREC=9;

NUO=NB+1; NC=NB+NU;
TOL=.00000001;

Yy = {10, 6,8, 10,8, 5,7, 9,12};
Z = {10000,

01000,

01000,

00100,

00100,

00010,

00010,

00O0°O01,

0000 1};
pX = {1,1,1,1,1,2,2,2,2};
X = DESIGN (DX) ;
A = {1 0 5 0 .25,

0 1 .5 .5 .25,

.5 .5 1 .25 .5

0 .5 25 1 .125,

.25 .25 5 125 1};
IA=INV (A7),
XX=X"*X; 272=7"*7; XY=X"*Y; ZY=7"*Y;
CY=XY//ZY;
CBB=XX; CBU=X"*7; CB=CBB| | CBU;
K=0; DIFA=100; DIFE=100;
Fmm ITERATION STARTS —-———————————————m—mm - ——— — ;
START;

DO WHILE (DIFA>TOL | DIFE>TOL & K <40);
RATIO=VE/VA;
CUU=ZZ+IA*RATIO;
CU=CBU" | |CUU;

C=CB//CU;

IC=GINV (C) ;

rankc = trace(c*ic);
SOL=IC*CY;

BHAT=SOL(|1:NB,* |);
UHAT=SOL (|NUO:NC, *|) ;

EHAT = Y - X*BHAT - Z*UHAT;
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ICUU = IC(|NUO:NC,NUO:NC]|) ;
UIAU = UHAT *IA*UHAT;
EE = EHAT *EHAT;
TR = TRACE (IA*ICUU) *RATIO;
REMLA = UIAU/(NU - TR);
REMLE = EE/ (NREC - rankc + TR);

DIFA=ABS (REMLA - VA); DIFE=ABS (REMLE - VE);

VA=REMLA; VE=REMLE; K=K+1;

PRINT K VA VE DIFA DIFE;

*---- END OF ITERATIONS -————————————————————————————————————— ;
END;

FINISH;

RUN;
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CHAPTER 8: NEWTON-RAPHSON, SCORING, AI-REML ALGORITHMS

The EM-type of iterative algorithms for estimation of variance-covariance components is
known to be slow. The AI-REML algorithm (Gilmour et al., 1995; Johnson and Thompson, 1995;
Lee and van der Werf, 2006) has been shown to be able to reduce the number of iterations
significantly. The AI-REML algorithm involves the theory of the Newton-Raphson and scoring
algorithms. In describing these algorithms, the phenotypic variance-covariance matrix (V) is
assumed to be a linear function of variance-covariance components and has the general expression
of Equation 6.1.1, i.e.,

aV 2 aV 2 k aV 2 k * 2
VZQGI 'i""'i‘a(j13 O, :Zj:le :ijle Gj [611]
1 j

The Newton-Raphson, scoring, and AI-REML algorithms will be described for the CE
methods only. MME version of AI-REML can be established from the CE version of AI-REML,

e.g., a MME version of AI-REML for genomic estimation of additive and dominance variances
(Daetal., 2014).

8.1 The Newton-Raphson Algorithm

The Newton-Raphson algorithm for REML estimation can be formulated as:
0" =9 —(H") AV [8.1.1]

where 0 = {6;,65,...,0; }' = k x 1 column vector of variance-covariance components, H = k x k

Hessian matrix consisting of second derivatives of the REML log-likelihood of Equation 7.1.5,
A=(ALA,,...,A)" =k x 1 column vector of the partial derivatives of the log-likelihood function

of Equation [7.1.3] with respect to each variance-covariance component, and i = iteration number.
Note that ‘—H’ can be referred to as the ‘observed information matrix’ (Gilmour et al., 1995).

A typical term of the first derivative in A is given by Equation [7.1.9]:

_L(V;y,K) 1
VYR

* 1 ] *
A == t(PV))+—y PV Py [7.1.9]

J
00,
where P is defined by Equation [2.2.8], and Vj* is defined in Equation [6.1.2]. The second

derivatives of the H matrix requires two formulae in Appendix 1:

OFG _A(G) aF) .
ox. ox,  ox,

J

(Harville, 1997) [A1.17]
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du®)] _ F [AL18]
ox, ox,

] ]

where F and G each is a function of x;. Based on Equation [A1.17],

d(PV,P)

2

=-2PV,PV,P [8.1.2]
oG,

Based on Equation [A1.18],

Atr(PV; )]

PO tr(PV;PV,) [8.1.3]
k

Combining the results of Eqauations [8.1.2] and [8.1.3], a typical term of the second derivatives
in H of Equation [8.1.1] is:

1 . 1 .
FLviy k) _ AV )l}+6(2y'PVij)
=tr
it & o [8.1.4]

l * * ] * *
= tr(PV/PV,)—y'PVPVPy
Substituiting Equations [7.1.9] and [8.1.4] in Equation [8.1.1] completes the Newton-Raphson
algorithm for estimating variance-covariance components.

8.2 The Scoring Algorithm

The scoring algorithm uses the Fisher’s information matrix in place of —H in the iterative
algorithm of Equation 8.1.1. Fisher’s information matrix, 1(0), is the mathematical expectation of

-H,ie.,

1(0) =—-E(H) [8.2.1]
Fisher’s information matrix is the approximate variance-covariance matrix of the estimates of
variance-covariance components. The derivation of the mathematical expectation in Fisher’s
information matrix requires a formula of the mathematical expectation of a quadratic form in

Appendix 1:

E(x'Ax)=E[tr(Axx')]=tr[AE(xx)]=tr{ A[ var(x)+E(x)E(x)']} [Al.6]
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In addition to Equation [A1.6], the results of PVP = P (Equation [5.1.9], PX = 0 at the end of
Section 2.2, E(Py) = PXb = 0, and Var(Py) = PVP = P are also needed. Applying these results
and Equation [A1.6] to Equation [8.1.4], a typical term in the I(0) matrix is:

E(———)=-E[-—tr(PV.PV )+y'PV. PV P

- %E[tr(PVj*PV; )]-E(y'PV,PV,Py)

[8.2.2]

- %tr(PVj*PV:) —tr{V;PV,[Var(Py)+E(Py)E(Py) ']}

1 * * * * 1 * *
=3 tr(PV, PV, ) —tr(PV,;PV,) = - tr(PV,PV,)
An alternative proof for E(y'PVj*PV: Py)= tr(PVj*PV:) is:

E(y'PV,PV,Py) = tr{PV,PV,P[Var(y)+E(y)E(y) "}
= tr(PV,PV,PV)+tr(b'X'PV,PV,PXb) = tr(PV,PV,)

With Equations [8.2.1] and [8.2.2], the scoring algorithm for REML estimation is:
0" =0 +(1(6)") " A [8.2.3]

where @ and A are the same as in Equation [8.1.1]. The Fisher’s information matrix, 1(0), can
be referred to as the ‘expected information matrix’.

8.3 The AI-REML Algorithm

The average information REML (AI-REML) algorithm uses the average of the observed and
expected information matrices in the iteration algorithm of Equation [8.1.1] and [8.2.3]:

Al = %[I(G)—H] =%[—E(H)—H] 18.3.1]

A typical term in the AT matrix is:

1[_E(6 L(V;y,K)

OLV;y,K).. 1 R
_ 22 2)]=—y'PV. PV, Py [8.3.2]
2 80?60i «

dc: 00, 2 !

)

With Equations 8.3.1 and 8.3.2, the Al algorithm for REML estimation is:
00 =0 1 (AI”) " AV [8.3.3]
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where 0 and A are the same as in Equation 8.1.1. In Equation 8.3.3, the /%2’ in the Al and A
matrices cancels and can be dropped from the first and second derivatives of Equations 7.1.9 and
8.1.2. For estimating additive and residual variances using the CE method, the AI-REML
algorithm is:

i+ oo * - * ) !
or [ _([o2], [yPV.PV.Py yPVPPY[ [u(PV,)-y'PV,Py [8.3.4]
o’ c. yPPV,Py  yPPPy tr(P)—y'PPy -

(4

where V. = ZAZ'. The Al-algorith of Equation [8.3.4] and the EM-REML of Equations [7.2.1]-
[7.2.2] can be used jointly: use AI-REML first and switch to EM-REML when AI-REML fails.

8.4 Comparison between EM-REML and AI-REML

Numerical evaluations of EM-REML and AI-REML algorithms (Table 8.4.1) showed that Al-
REML was much faster than EM-REML but had trouble with extreme heritability levels. EM-
REML was slow but was reliable and converged in all cases including cases with null heritabilities,
where AI-REML failed most of the time. When successful, AI-REML reduced the number of
iteration of EM-REML by 93-98%. Therefore, a combination of EM and Al is ideal: use AI-REML
when AI-REML produces positive estimates for variance components, and switch to EM-REML
when AI-REML produced negative estimates of variance components (Wang et al., 2014).

Table 8.4.1 Comparison of iteration numbers of EM-REML and AI-REML (tolerance = 10®)
using simulated data with different heritability levels (Wang et al., 2014)

L h2 =0.0,h; =0.0 h2 =0.3,h; =0.3
Replication
EM-REML AI-REML EM-REML AI-REML

1 173 ! 322 9
2 231 - 386 12
3 348 - 348 9
4 359 - 354 8
5 481 18 458 10
6 138 - 295 10
7 871 - 416 8
8 134 - 353 9
9 291 16 336 12
10 1000 1000! 431 11

'AI-REML failed. h} = genomic additive heritability, h; = genomic dominance heritability.
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CHAPTER 9: CONCEPTS OF GENOMIC SELECTION

Genomic prediction of an individual’s genetic merit uses a large number of SNP markers
covering the entire genome (Meuwissen et al., 2001). This approach has been shown to be more
accurate than traditional genetic evaluation using pedigree information in numerous animal and
plant studies, and has rapidly become widely accepted approach for genetic improvement in
agricultural species. At the core of genomic selection is genomic evaluation using genome-wide
SNP markers.

9.1 The Procedure of Genomic Selection

Genomic selection typically involves two types of populations: a training population and a
validation population. The training population is also termed as reference population and consists
of individuals with SNP data and phenotypic data, and provides genomic evaluation for both the
training and validation populations. Validation population is also termed as selection candidates,
consists of individuals with SNP data but without phenotypic data, and is the main interest of
genomic selection (Figure 9.1.1).

Training population (reference population)

Phenotypic observations SNP genotypes

Y

Genomic prediction from training population
for selection in validation population

¥

Phenotypes
yp. <:| Selection candidates (Validation population )
become available

Figure 9.1.1 Implementation and benefits of genomic selection.
9.2 Mechanism of Genomic Prediction

Genomic similarity between the training and validation populations is the fundamental
mechanism of genomic prediction. The more similar between the training and validation
populations, the more accurate the genomic prediction of the validation population based on SNP
information from the training population.

The genomic similarity between the training and validation populations can be used by two
methods: the method of relationships calculated from SNPs or the method of SNP similarity
between the training and validation populations for predicting the validation population. Tables
9.2.1 and 9.2.2 are intuitive but not sicentic examples illustrating the two methods utilizing genmic
similartity for genomic prediction of the validation population.

71



Table 9.2.1 Intuitive illustration of the mechanism of genomic prediction of the validation
opulation using relationships between the training and validation populations.

Cow 1 Cow 2 Cow 3 Genomic prediction
of validation
population
Estimated genomic additive value 3 2 1
from training population
Relationship with Cow 4 1/2 1/4 1/8 17/8
Relationship with Cow 5 1/8 1/4 1/2 11/8

Table 9.2.2 Intuitive illustration of the mechanism of genomic prediction of the validation
opulation using SNP similarity between the training and validation populations.

SNP 1 SNP 2 SNP 3 Genomic prediction
of validation
population
Estimated SNP effect from training 3 2 1
population
Genotype coding of individual 1 2 1 0 8
Genotype coding of individual 2 0 1 2 4

Table 9.2.1 is an intuitive example of predicting the validation population using the
relationships between the training population (cows 1-3) and validation population (cows 4 and 5)
for predicting the validation population (cows 4 and 5). Cow 4 had the highest relationship with
cow 1 that had the highest estimated additive value, and had the lowest relationship with cow 3
that had the lowest additive value. The relationships of Cow 5 with the training population was the
opposite of those of cow 4. Consequently, cow 4 had higher estimated genomic value than cow 5.

Table 9.2.2 is an intuitive example of predicting the validation population using the SNP
similarity between the training and validation populations. The SNP genotype codings of
individual 1 were in the same order as the estimated SNP additive values from the training
population, whereas the SNP genotype codings of individual 2 were opposite to to the order of the
SNP additive values from the training population. Consequently, individual 1 had higher estimated
genomic value than that of individuals.

These two intuitive examples are for illustration of the mechanism of genomic prediction but
are not rigorous theory of genomic prediction. However, the theory and methods of genomic
prediction described in the next chapter utilize the the main idea of the two intuitive examples:
relationship and SNP similarity between the training populations.The theory will show methods
developed based relationship and SNP similarity in fact have identical results of genomic
prediction.
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CHAPTER 10: QUANTITATIVE GENETICS MODEL FOR GENOMIC PREDICTION

Genomic prediction of an individual’s genetic merit uses SNP markers covering the entire
genome. Genomic BLUP (GBLUP) is the genomic version of BLUP and is widely used method
for genomic prediction. This chapter describes the quantitative genetics (QG) model for genomic
prediction that will be used for defining genomic relationships and for establishing the
reparameterized QG model due to the use of genomic relationships for GBLUP.

10.1 Model and Assumptions

The QG model for genomic prediction is based on the single-locus genetic partion and the
definitions of genetic values and variances for multiple loci in Chapter 1. Assuming n individuals
with N observations and m SNPs, the QG model for genomic prediction of additive values can be
written as:

y=Xb+ZW,a, +e=Xb+Za+e [10.1.1]

where
y =N x 1 vector of phenotypic observations
Z = Nxn model matrix allocating phenotypic observations to SNP marker genotypes of
individuals = identity matrix if N =n
W, = nxm model matrix for gene substitution effects of SNP markers

X = Nxc¢ model matrix for fixed non-genetic effects such as herd-year-season in dairy cattle,
b = cxlvector of fixed effects

o, =mx1 column vector of additive effects of m SNP markers [10.1.2]
a=W a,  =nx1 column vector of genomic additive values of n individuals [10.1.3]
e =N x 1 vector of random residuals

Subscript ‘0’ of @, indicates the additive effects are from the original genetic partion of the QG

model, and will be dropped for the RQG model. Assumptions for the first and second moments of
the QG model are:

E(y)=Xb [10.1.4]

var(a,)=G,, =o. I [10.1.5]

var(a)= G, = Var(W,a,) =W Var(a )W,' =W.G W, '= c. WW ' [10.1.6]

var(e)=R =51 [10.1.7]

var(y)=V =2ZG,Z'+R=c.ZW,W,'Z'+c 1 [10.1.8]
where

c io = common variance of additive effects of all SNPs [10.1.9]

I = mxm identity matrix
G_, = mxm variance-covariance matrix of additive SNP effects

G, = nxn variance-covariance matrix of additive values
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2 . .
G, =residual variance

V = phenotypic variance-covariance matrices
I, = NxN identity matrix

Details of QG model are discussed below.

10.2 SNP Additive Effects, Model matrix, and Additive values

Detailed notations of the SNP additive effects of Eqaution [10.1.2], its model matrix, and
additive values of n individuals are:

o, = (0,00 )" [10.2.1]
Wi Wy Wim
w o= W W [10.2.2]
Wi W 0 Wiy
a, _ ; & | —Z; W10 |
ac| B || 2 || 20 e [10.2.3]

an m m
Zj:lanj_ _ijlwnjaoj_

where a,; = additive effect of the j" SNP, w, = SNP addive coding for the i individual and the
j™ SNP, and

a;=w,a, = addive value for the i™ individual and the " SNP [10.2.4]

Equation [10.2.4] is the same as the additive values from the genetic partition of Equation [1.2.25].
The genomic additive value for the i™ individual (a,) in Equation [10.2.3] is the sum of the

additive values of all SNPs. Inthe W, matrix of Equation [10.1.10], each element is a SNP coding
based on Equation [1.2.7] from the signle-locus partition can be summarized as:

W;=2p for genotype 0 (4141) [10.2.5]
=q-p for genotype 1 (4:42) [10.2.6]
=-2p for genotype 2 (4242) [10.2.7]

where w;; = the SNP addive coding for the i individual and the j" SNP.
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In a dataset of SNP genotype, the three genotypes of each SNP typically is represented by 0,1
and 2, where ‘0’ and ‘2’ are the two homozygous genotypes, and ‘1’ is the heterozygous
genotypes (Table 10.2.1).

Table 10.2.1 Example of SNP data. ‘0’ indicates one homozygous genotype. ‘2’ indicates the
other homozygous genotype. ‘1’ indicates the heterozygous genotype. ‘5’ indicates a missing
SNP genotype.

Animal | SNPI SNP2 SNP3 SNP4 SNP5 SNP6 SNP7 SNP8
1 1 0 0 1 2 1 0 1
2 2 5 1 2 0 2 1 1
3 2 0 0 2 1 1 0 2
4 5 0 0 2 1 1 0 2
5 2 0 1 2 0 2 1 1
6 2 0 1 1 1 1 0 2
7 1 1 2 2 0 2 1 0
8 1 2 2 2 0 2 1 0
9 1 0 1 2 1 1 0 1

10 2 0 5 1 0 2 1 1

10.3 Centered SNP Coding and QG SNP Coding of the Model Matrix for Additive Effects

Alternative SNP codings for W, matrix

In addition to the QG coding of Equations [10.2.5]-[10.2.7] for the W, matrix, other SNP

coding were used in the literature including the the 1-0-(-1) or 2-1-0 coding and their ‘centered
coding’ (Table 10.3.1). For the 1-0-(-1) coding, the mean of the three codes is p — q, and the
mean of the 2-1-0 codes is 2p. The ‘centered coding’ subtracts the mean of the 1-0-(-1) or 2-1-0
coding from each code and results in the same coding as the QG coding.

Table 10.3.1 Two methods of centered SNP coding and the QG coding for W, matrix.

SNP genotype Ai141 (0) A142 (1) A242(2)

Genotypic frequency P,=p’ P,=2pq P,=q Mean

1-0-(=1) coding 1 0 -1 P—q

Centered 1-0-(—1) coding 1-(p—q) 0-(p—9q) -1-(p—q) 0
=2q =Wy =qP= W =-2p= W,»

2-1-0 coding 2 1 0 2p

Centered 2-1-0 coding 2-2p 1-2p 0-2p 0
=2q =Wy, =qP= Wap =-2p= Wy

QG coding W= 2q W= G-p Wion=-2p 0

p = frequency of the 4; allele, and q = frequency of the 4> allele =1 — p.
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Examples of W, matrix

Table 10.3.2 Example of SNP data for defining the W, matrix

Individuals Cow #1 Cow #2 Cow #3 Cow #4 Bull #1

Phenotypic 1.7,1.2, 2.1,2.3 3.1 42,43 None p 2pq

observations 1.3
SNP #1 AA, O AA, O AC, 1 AA, O AC, 1 4/5 8/25
SNP #2 GG, 2 AA, O AG, 1 AG, 1 AG, 1 1/2 1/2
SNP #3 AA, O AA, O AT, 1 AA, O AT, 1 4/5 8/25
SNP #4 cG, 1 cG, 1 GG, 2 cc, 0 cG, 1 12 1/2
SNP #5 cc, 0 TT, 2 cc, O cT, 1 cT, 1 3/5 12/25
SNP #6 TT, 2 GG, O GT, 1 GT, 1 GG, O 3/5 12/25
SNP #7 AA, O cc, 2 cc, 2 AA, O AA, O 2/5 12/25
SNP #8 AG, 1 AA, O GG, 2 GG, 2 AA, O 1/2 1/2
SNP #9 AT, 1 T, 2 TT, 2 T, 2 AA, O 3/10 42/100
SNP #10 GG, 2 GG, 2 CG, 1 CG, 1 cc, 0 2/5 12/25

Sum 448/100

Average 0.448

The allele with lower alphabetical order is considered as 4; allele. For example, for CG SNP

alleles, ‘C’ is 47 and ‘G’ is A2. A1A1 =0, A1A2=1, A24A2 = 2. p = frequency of 4, allele.

Table 10.3.2 is an example of the original SNP genotypes in A, C, G, T nucleotides, the
corresponding 0, 1, or 2 code for each SNP genotype of 10 SNPs, and the phenotypic observations
for 4 cows. One bull has genotype data but does not have phenotypic data. The frequency of ‘4,’

allele and the heterozygosity of each SNP are calculated in the last two columns.

Using the 1-0-(—1) coding in Table 10.3.1, the W, matrix is:

O = O =

1

1
-1 0 -1

1

0

-1
1

-1
-1

0
-1
-1
-1
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Using the 2-1-0 coding in Table 10.3.1, the W, matrix is:

20212021 1 0|]Cowt#l
22210202 0 0|Cow#2
W=11102T100 0 1|Cow#3
21221120 0 1|Cow#4
11 1 1 102 2 2 2|Bull#l

Using centered 1-0-(—1) or 2-1-0 codings or the QG coding in Table 10.3.1, the W, matrix
is:

29 -2p 29 q-p 29 -2p 29 q-p q-p -2p |Cow#l
29 29 29 q-p —2p 29 2p 29 -2p —2p |Cow#2
W,=|q-p 9-p 9-p 2p 29 q-p -2p -2p -2p q-p|Cow#3
29 q-p 29 29 q-p 9-p 29 -2p -2p q-p|Cow#4
d-p 9-p 9-P 9-pP 9-p 29 29 29 29 2q |Bull#l

The QG coding is preferred because this coding has readily available interpretations of additive
effect, value and variance, whereas such QG interpretations are unavailable for the 1-0-(—1) or 2-
1-0 codings unless some assumptions are made. The centered 1-0-(—1) or 2-1-0 codings are equally
good as the QG coding because they are identical to the QG coding although the centered codings
do not have a theory leading to the QG interpretations of additive effect, value and variance.

10.4 The Variance-covariance Matrix of Additive Values
The variance-covariance matrix of additive effects of Equation [10.1.5] assumes the additive

effects of different SNPs are independent of each other and have the same variance, and these
assumptions results in a diagonal structure of the variance-covariance matrix:

var(e,) =G, =620 =| - o .o [10.4.1]

a0 m

Elements in the variance-covariance matrix of additive vlues of Equation [10.1.6] are:
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var(a, ) cov(a,,a,)
cov(a,,a var(a
Ga = CioWaWa' = ( 2> l) ( 2)
cov(a,,a,) cov(a,,a,)
Wll W12 Wlm Wll W21
_ 2 W21 W22 w2m W12 w22
=G0
Wnl Wn2 an nxm Wl W2m

B m 2 m
ijlwlj ijlwljwzj
m m 2
2 ijlwzjwlj ijlwzj

m m
_ijlwnjwlj ijlwnjwzj

m 3
Zj:1wnj |

From Equation [10.4.2], a typical element in G, is:

ik 2 m
cov(a,a, )=G) =0, ZH WiW

cov(a,,a,)

cov(a,,a,)| |G} G2

var(a,)

11 12
Ga Ga

nl n2
Ga Ga

nl

n2

nm

nxn

Gln
o
G
[10.4.2]
[10.4.3]

With the understanding the QG model leading to Equation [10.4.3], methods of genomic prediction
can be formulated based on the QG model of Equation [10.1.1].

10.5 One Model, Two Versions, Four Methods of Prediction

The QG model of Equation [10.1.1] has two versions, QG1 and QG2:

QGl: y=Xb+Za+e

V=Z7G,Z'+R=c.ZW W, 'Z'+c 1,

QG2: y=Xb+ZW.a, +e=Xb+(ZW, )o, +e=Xb+Z a +e

V=72G,Z'+R=c.Z1Z,'

In Equations [10.5.3] and [10.5.4],

Z,=IW

o

+G§IN
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QG1 and QG2 are identical models but have differences in prediction methods. QG1 predicts
additive values (Equation [10.1.3]) with G,=c. ZW W,' (Equation 10.4.2]), whereas QG2

predicts additive effects (Equation [10.1.2]) with G, =o. I_ (Equation 10.1.5]).

a0 m

Each version (QG1 or QG2) can use two methods for genomic prediction: the CE and MME
methods, yielding a total of four methods for genomic prediction with identical results: QG1-CE,
QG1-MME, QG2-CE and QG2-MME (Table 10.5.1).

Table 10.5.1 Four methods of genomic prediction from the QG1 and QG2 models. (Shaded
methods are not recommended for implementation)

CE method ‘ MME method
QGl: y=Xb+Za+e [10.5.1], V=0, ZW,W,'Z'+c 1, [10.5.2]
QGI-CE: most efficient when N<m, N=n | QG1-MME: can be efficient when n<m, N>n
b=(XV'X)XV'y (XX X'Z j b) (X'y]
a=c_W W, 'Z'V'(y—Xb) ZX ZZ+7, (WW")'Jla) (Zy
_ 2/ 2
}Lao_ce /0(10

QG2: y=Xb+Z,a+e [10.53], V=0.Z,Z, '+c’1, [10.5.4]
QG2-CE: no computing advantage QG2-MME: generally is most efficient for n>m
b=(XV'X)XVy XX XZ, b) ( XYy
0, =02Z,'V'(y—Xb) zX Z,)7,+\]1_ )& Z)y
a=Wa, Z,=7W, ,a=Wa,

QG1-CE is the best when each individual has one observation (N = n) and the number of
observations is less than the number of SNPs (N<m).

QGI-MME can be more efficient than QG1-CE when the number of individuals is less than
the number of SNPs (n<m) and repeated observations per individual exist (N>n). However, QG1-
MME is not discussed further because the current QG model does not include the permanent
environment effects for repeated observations. For repeated observations, QG1-MME could be
computationally competitive if the number of individuals is manageable. QG1-MME is the only
method requiring the inversion of the W W, ' matrix, which is nonivertible if the number of

individuals is greater than the number of SNPs. This is a unique negative aspect of QG1-MME.
QG2-CE has no computing advantage and is not recommended for implementation.
QG2-MME is the best when the number of observations is greater than the number of SNPs
(N>m).
The above analysis leads to the conclusion that QGI-CE and QG2-MME are two
complementary prediction methods, with QG1-CE for small number of individuals and large
number of SNPs, and QG2-MME for small number of SNPs and large number of individuals.
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CHAPTER 11: GENOMIC RELATIONSHIP MATRIX

GBLUP uses genomic relationship matrix in place of the pedigree relationship matrix for
BLUP. This chapter focuses on genomic additive relationship matrix and provide brief descriptions
of other genomic relationship matrices.

11.1 Formulations of Genomic Additive Relationship Matrix

Genomic additive relationship matrix (VanRaden, 2008) is defined based on model matrix of
the additive effects in the QG model of Equation [10.1.1]:

A, =WW, 'k, [11.1.1]
k, = 22:::1pi (1-p,) = total heterozygosity of m SNPs [11.1.2]

The derivation used standardized (-1)-0-1 coding by dividing the centered codes by the standard
deviation of the SNP coding (Table 10.1.2). This can be termed as ‘across SNP standardization’
because the same standard deviation of the SNP coding is used for all SNPs. VanRaden (2008)
also proposed the standardization using the standard deviation of each SNP rather than a common
standard deviation, a method that can be termed as ‘within SNP standardization’.

A second definition of genomic additive relationship matrix uses a different denominator
(Hayes and Goddard, 2010):

A,=W,W, "k, [11.1.3]
k, = tr(W_W_")/n =average of the diagonal elements of W, W ' [11.1.4]

Numerical showed the two definitions of genomic additive relationships had similar results in
a swine sample and a dairy cattle sample (Wang and Da, 2014). However, these two definitions
have differences.

Definition I of Euations [11.1.1] and [11.1.2] is the genomic version of the pedigree additive
relationships, and the additive variance estimated using Definition I is the total genomic additive
variance of all SNPs. Definition II of Equations [11.1.3] and [1.1.4] is not the the genomic version
of the pedigree additive relationships, and the additive variance estimated using Definition II is
the the average of the additive variances of all individuals.

Both definitions have the same accuracy of genomic prediction of the QG methods, and the
differences between Definitions I and II tend to diminish in populations without inbreeding.

The A, matrix is noninvertible if the number of individuals is greater than the numbers of

SNP (n>m), same condition as for the W, W_'. Presence of duplicated individuals or identical

twince results in singular genomic and pedigree additive relationship matrices.

Although why standardization of SNP coding leads to genomic additive relationships was
unclear, an alternative derivation and numerical results confirm that the genomic additive
relationship matrix of Equations [11.1.1] and [11.1.2] is the genomic version of the pedigree
additive relationship matrix.
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11.2 Alternative Derivation of Genomic Additive Relationship Matrix

An alternative derivation to standardization of SNP coding is set equal the genomic variance-
covariance of additive values defined by Equation [10.1.6] and the pedigree variance-covariance
of additive values defined by Equation [2.1.8]:

G, =, WW,' =cA [11.2.1]
From Equation [11.2.1],
A= (6., /6 )WW,' [11.2.2]

In Equation [11.2.2], 6. is the total additive variance of m SNPs:

G, = >0y =220 p; (1-p, o, [11.2.3]
where
o, =2p,(1-p,)o’, = additive variance of the i" SNP [11.2.4]

Since each additive value is a product between a function of the allele frequency and the additive
effect according to Equations [1.2.13]-1.2.15], an additive value can be expressed as:

a=[f(p)la, [11.2.5]
where f(p) is a function of allele frequency p. Therefore,

var(a) = & = [£(p)] var(ct,) = [f(p) o2, = 2p(1-p)a’ [11.2.6]

Since the only term in Equation [11.2.6] as a function of p is 2p(1—p), [f(p)]’ =2p(1—p), and:

ol =a. [11.2.7]
o2 =2p,(1-p,)o’,. = additive variance of the i" SNP [11.2.8]
=2p,(1-p,)o’, assuming equal c., for all SNPs [11.2.9]

Equation [11.2.8] leads to ‘within SNP standardization’, whereas Equation [11.2.9] leads to ‘across
SNP standardization’. Under the assumption of Equation [11.2.9], the total additive variance of m
loci based on the definitions of Equation [11.2.3] becomes:

02 =57,0% =[257p, (1-p s, [112.10)
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Substituting Equations [11.2.7] and [11.2.10] into Equation [11.2.2] yields genomic additive
relationship Matrix:

Ag = (Gio /Gi)WaWa'
m [11.2.11]
=W W, Y [22:11% (1-p)]1=W,W, "k,

where A, denotes genomic additive relationship matrix and replaces the pedigree A matrix in

Equation [11.2.2]. The same procedure leading to Equation [11.2.11] can be used to derive
genomic dominance relationship matrix. The derivation leading to Equation [11.2.11] shows that
genomic additive relationship matrix of Equation [11.1.1] through standardization of SNP coding
is the genomic version of the pedigree additive relationship matrix.

11.3 Numerical Evaluation

The numerical results of Table 11.3.1 showed that the average genomic additive relationships
of Equation [11.1.1] were remarkably consistent with the average of pedigree additive
relationships defined by Equation [1.6.3]. The difference between genomic and pedigree additive
relationships were 0.006, 0.013 and 0.005 for parent-offspring, fullsibs and halfsibs respectively.
Such small differences confired that the genomic additive relationship matrix defined by Equation
[11.1.1] is the genomic version of the pedigree additive relationships defined by Equation [1.6.3].

Table 11.3.1 also showed two major differences between genomic and pedigree relationships:
genomic relationship had larger variations than pedigree relationships, and genomic relationships
had values outside the [0,2] parameter space, e.g., the halfsibs had negative genomic additive
relationships, and the parent-offspring and halfsib had negative genomic dominance relationships.

Table 11.3.1 Comparison between genomic and pedigree relationships using 3534 pigs with
45,376 SNPs with minor allele frequency > 0.05. (Wang and Da, 2014)

Relatives Additive relationship Dominance relationship
Mean+SD Range Mean+SD Range

Parent-offspring (3518 pairs) 0.534+0.090 0.334,0.856  0.033+0.066 -0.137, 0.368

2x(coancestry coefficient) 0.528+0.031 0.500,0.723  0.000*? -

Difference in mean 0.006 0.033

Fullsibs (1441 pairs) 0.543+0.100  0.300, 0.891  0.272+0.087 0.044, 0.598

2x(coancestry coefficient) 0.530+0.037  0.500,0.692 0.250°% -

Difference in mean 0.013 0.022

Halfsibs (23,628 pairs) 0.299+0.091 -0.037,0.830 0.028+0.049 -0.136, 0.551

2x(coancestry coefficient) 0.294+0.039  0.250, 0.525 0.000 * -

Difference in mean 0.005 0.028

? These values are expected pedigree dominance relationships, not observed dominance
relationships calculated from the pedigree data.
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CHAPTER 12: GENOMIC BEST LINEAR UNBIASED PREDICTION (GBLUP)

Genomic best linear unbiased prediction (GBLUP) is the genomic version of BLUP with the
pedigree relationship in BLUP replaced by the corresponding genomic relationships. Because of
the use of genomic relationships, the QG model for genomic prediction needs to be
reparameterized for GBLUP. The QG model and the reparameterized QG model for GBLUP have
the same prediction accuracy but GBLUP has advantages over QG-BLUP.

12.1 Reparameterized QG Model For GBLUP Using Genomic Relationships

The mixed model for GBLUP using genomic relationships is a reparameterized QG (RQG)
model. In the RQG model, the additive effects and their model matrix are reparameterized such
that the variance-covariance matrix becomes a function of genomic additive relationship matrix.
The QG and RQG models have the same additive values and the variance-covariance matrix of
additive values and hence have the same accuracy of genomic prediction but the RQG model has
advantages over the QG model to be discussed at the end of this chapter. The RQG model is:

y=Xb+ZW. 0 +e=Xb+Za+e

[12.1.1]
= Xb+Z(W, / Jk)(\k,a,) +e=Xb+ZT,a+e
where k. is defined by Equation [11.1.2] or [11.1.4],
a = /k,a = reprameterized additive effects of m SNP markers [12.1.2]
o; = Jk ia,; = reprametrized additive effect of j™ SNP [12.1.3]
a=W_ o, =T a =genomic additive values [12.1.4]
T, =W,/ \/k—l = model matrix of reparameterized additive effects [12.1.5]

With the reparameterized model of Equations [12.1.1]-[12.1.5], the G, matrix of Equation
[10.1.6] and the A, matrix of Equation [11.1.1] or [11.1.3] can be expressed as:

G, = Var(a)=0. W, W, '

, , [12.1.6]
=T Var(a)T,' =T,G,T,'= c’T,T,'= c’A,
where
Gi = Var(a,) = Var(\/k—i Uy) = kicio = genomic additive variance [12.1.7]
G, = Var(e)=ko. I _=oc.l_ [12.1.8]
A, =TT, '=WW,/k [12.1.9]
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The genomic additive variance of Equation [12.1.7] is the total additive variance of all SNPs
if k, =k, or is the average of the additive variances of all individuals if k; =k, .
The phnotypic variance-covariance matrix is:

var(y)=V=72ZG,Z'+R = ciZAgZHchIN [12.1.10]

With the RQG model of Equations [12.1.1]-[12.1.10], two RQG models can be defined in
parallel to the two QG models of Equations [10.5.1]-[10.5.4]. The two RQG models based on
Equations [12.1.1] and [12.1.10] are:

RQGI:
y=Xb+Za+e [12.1.11]
V=Z72G,Z'+R=0,2ZA Z'+c]1, [12.1.12]
RQG2:
y=Xb+ZT,a+e=Xb+Z o +e [12.1.13]
V=7G,Z'+R=c.(ZT )TZ) +c1, =c.Z,Z, '+c.1 [12.1.14]
where
Z,=7T, [12.1.15]

From the two RQG models, four GBLUP methods are possible in parallel to the four QG methods
of Table 10.5.1.

12.2 GBLUP of Two Complementary Models

Comparison of four GBLUP methods

The RQG models yield four possible BLUP methods that parallel the QG methods for genomic
prediction. These four methods have identical results but different computing requirements and
hence provide an opportunity for selecting the best method for a given data structure. Detailed
comparisons of these four methods are listed in Table 12.2.1, which essentially is the same as
Table 10.5.1 with the RQG notations replacing the QG notations. Table 12.2.1 also has more
details than in Table 10.5.1.

RQGI-CE and RQG2-MME are two GBLUP methods with complementary computing
advantages: RQG1-CE is most efficient when the number of individuals is smaller than the number
of SNPs, whereas RQG2-MME is most efficient when the number of SNPs is smaller than the
number of individuals.

RQGI-MME has limited application: when the number of observations is greater than the
number of individuals and the number of SNPs is greater than number of individuals. However,
when repeated observations are present, the permanent environment (PE) effects should be
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considered in the prediction model. However, adding PE effects to the RQG1 model may double
the size of the MME of RQG1-MME. Therefore, RQG1-MME is not considered further.

RQG2-CE has no computing advantage because the numbers of individuals and observations
affect the size of the V matrix, and those numbers along with the number of SNPs all affect the
size of the Z,, matrix.

Table 12.2.1 Four methods of genomic prediction from the QG1 and QG2 models. (Shaded

methods are not recommended for implementation)

CE method

| MME method

RQGIl: y=Xb+Za+e [12.1.11], VZZGaZ'+R=G§ZAgZ'+G§IN [12.1.12]

RQG1-CE: most efficient when N<m, N=n

b=(XV'X)XV'y

A=0.A,Z'V'(y-Xb)

Strength

e Number of SNPs does not change the
size of V

e Number of genetic factors do not change
the size of V

e Does not invert A,

Weakness
e Number of individuals affects the size of
\Y%

e Number of observations affects the size
of V

RQGI1-MME: can be efficient when n<m, N>n

XX XZ b X'y 2/ 2
, o= , kazce/cu

X ZZ7Z+) A, )\ a Z'y

Strength

e Number of observations does not affect the
size of MME

e Number of SNPs does not change the size of
\%

Weakness

e Number of individuals affects the size of

MME
Number of genetic factors affects the size of
MME

e Requires A;

RQG2: y=Xb+Zo+e [12.1.13], V=0.Z Z, '+c1 [12.1.14]

RQG2-CE: no computing advantage

b

a

XV'X)XV'y
62Z 'V'(y-Xb), a=Ta

RQG2-MME: generally is most efficient for
n>m

XX XZ, b) (Xy) Z, =ZT,
ZX 7,2,+21 Jla) \Z)y) a=T.a

Strength

e Number of individuals does not change the

size of the MME

e Number of observations does not affect the
size of MME

Weakness

e Number of SNP markers affects the size of

MME

e Number of genetic effects affects the size of

MME
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Based on the above comparison, RQG1-MME and RQG2-CE are not considered further. The
two complementary methods of RQG1-CE and RQG2-MME are the two GBLUP methods to be
described in details, and RQG1-CE will be referred to as ‘GBLUP-CE’ and RQG2-MME as
‘GBLUP-MME’.

Formulations of GBLUP-CE and GBLUP-MME

Among the four possible GBLUP methods based on RQG1 and RGQ2 models, two GBLUP
methods have complementary computing advantages: RQG1-CE and RQG2-MME. Formulations
of these two methods are described below and these formulations including all individuals with
and without phenotypic observation. Formulations for predicting validation individuals without
phenotypic observations will be described separately.

For RQG1-CE, GBLUP, GBLUP reliability and BLUE are:

A=0.A,Z'V'(y—Xb)=c.A Z'Py [12.2.1]
R} =o.(AZ'PZA,) [a; [12.2.2]
b=(XV'X)XVy [2.2.7]

where a = the i" diagonal element of A,.

For RQG2-MME, BLUE, GBLUP, and GBLUP reliability are:

(xx X'Z, ][bj:[xryj with =02 /. [12.2.3]

ZX Z,Z,+3 1, )\a) \Z)y
a=Ta [12.2.4]
R} =1-2,(T,C“T,") /a [12.2.5]

where C* is the submatrix in a generalized inverse of the coefficient matrix of Equation [12.2.3]
corresponding to @.

12.3 GBLUP for Individuals without Phenotypic Observations

The mechanism of genomic prediction is the similarity of genome-wide SNPs between the
training and validation populations, and the similarity between the training and validation
populations can be used by two methods: the method of relationships or the method of SNP
similarity between the training and validation populations for predicting the validation population,
as described in Chapter 9. Tables 9.2.1 and 9.2.2 are intuitive examples illustrating the two
methods of genmic similartity for genomic prediction of the validation population, but had
different numerical results for not using real prediction methods. The CE and MME methods
described in this chapter are real prediction methods that have identical results, where CE uses
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relationships whereas MME uses SNP similarity between the training and validation populations,
and these two methods have identical results.

The GBLUP methods for individuals without phenotypic observations calculated separately
from the GBLUP for individuals with phenotypic observations are similar to the BLUP methods
in Section 2.6. The RQG1-CE method requires only minor notations changes from those in Section
2.6, whereas the the RQG2-MME method that calculates GBLUP of additive values based on the
SNP additive effects is a new idea not covered in Section 2.6 although the formulations in this
chapter and those in Section 2.6 bear some similarity.

For both RQG1-CE and RQG2-MME, Equations [2.6.1] and [2.6.2] are needed:

z=[z, 0] [2.6.1]
a= {al} [2.6.2]
aO
where

Z, = Nxn, incidence matrix for animals with observations = incidence matrix fora, ,

a, = n, x1 vector of genomic additive values for animals with observations,

n, =number of animals with observations,

a, = n, x1 vector of genomic additive values for animals without phenotypic observations,
0 = N xn, matrix of zeros,

n,= number of animals without observations, and n, +n, =n.

In addition, the genomic additive relationship matrix needs to be partitioned as the partition of
Equation [2.6.6]:

A, =(A” Aw] [12.3.1]
AOI AOO
where A,, = n, xn, matrix of genomic additive relationships among individuals with phenotypic

records, A,, = n,xn, matrix of genomic additive relationships between individuals with
phenotypic observations and individuals without phenotypic observations, A, = n,xn, matrix

of genomic additive relationships among individuals without phenotypic observations, and
n,+n,=n.

The CE method (RQOG1-CE) for individuals without phenotypic data

With the partitions of Equations [2.6.1] and [2.6.2], the RQGI model for individuals with
phenotypic observations is:

y=Xb+Za+e=Xb+Za, +e [12.3.2]
V=0,ZA,L'tc ] =c.L,A Z '+c.1 [12.3.3]
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The GBLUP for individuals with phenotypic observations (a,) is:
4, =0’A, Z V' (y-Xb)=c’A,,Z Py [12.3.4]

where s is the genomic additive variance, and A,, is genomic additive relationship matrix from
Equation [12.3.1] rather than from pedigree additive relationships of Equation [2.6.6],
P=V'-V'X(X'V'X) X'V and V is defined by Equation [12.3.3].

The GBLUP for individuals without phenotypic observations (a,) is calculated through

genomic relationships with individuals without phenotypic observations using any of the following
two equations:

4,=02A,Z V' (y-Xb)=c>A,,ZPy [12.3.5]

where o> is the genomic additive variance, and A, is genomic additive relationship matrix from

Equation [12.3.1]. The GBLUP reliability for i® individual without phenotypic observations
calculated by the CE method is:

RZ =02 (A,Z'PZA,,), [a,; [123.7]
where a,; is the i" diagonal element in the A, matrix defined by Equation [12.3.1].

The MME method (RQG2-MME) for individuals without phenotypic data

For the RQG2 model for individuals with phenotypic observations, the Z matrix has the same
partition as that of Equation [2.6.1], Z= [Z1 O] . In addition, the T, matrix in Equation

[12.1.12] need to be partitioned as:

T—T‘“ 12.3.8
« =l [12.3.8]

a0

where T, = n,xm model matrix of the SNP additive effects of individuals with phenotypic

observation, T,, = n,xm model matrix of the SNP additive effects of individuals without
phenotypic observation. Then, the RQG2 model for individuals with phenotypic observations is:

y=Xb+ZT,0,+e=Xb+Z 0, +e [12.3.9]
vV=(ZT,G,ZT,)+R=6.Z,Z, '+c1 [12.3.10]
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where a, = mx1 = column vector of SNP additive effects calculated from individuals with

phenotypic observations, and G, = ¢.I_ (Equation [12.1.8]).

Z,=2T

al

[12.3.11]

al

Using the MME method, the GBLUP of SNP additive effects for individuals with phenotypic
observations (@, ) is calculated from the following MME:

XX X7Z, b _[ Xy (12.3.12]
ZalX Zal,Zal+)\’aIm d] qu,y o

The GBLUP of additive values for individuals without phenotypic observations (2, ) is calculated
based on the GBLUP of SNP additive effects of individuals with phenotypic observations:

a,=T,0, =c.A,Z,'Py [12.3.13]

where @, is the GBLUP of SNP additive effects of individuals with phenotypic observations
calculated from the MME of Equation [12.3.12], T, is defined by Equation [12.3.8].
Let the coefficient matrix of the MME of Equation [12.3.12] be partitioned as:

C, X!X XVZa - Cbb Cba
= Z.X 7,7 01 = I [12.3.14]

Then, the GBLUP reliability of a, is:

R} =1-1, (T, C"T,") /[, [12.3.15]

The CE and MME methods of GBLUP for predicting the additive values of individuals without
phenotypic observations were different methods for using the genome similarity between the
training and validation populations with identical results. The CE method (Equations [12.3.5] and
[12.3.6]) uses relationships whereas the MME method (Equations [12.3.12] and [12.3.13]) uses
SNP similarity between the training and validation populations. These methods calculate GBLUP
separately for the training and validation populations mainly for the purpose of showing the
mechanisms of using relationships and SNP similarity.

GBLUP for both training and validation populations can be calculated in one system of
equations but the mechanisms of using relationships and SNP similarity are not as clear as shown
by the separate calculations.

Numerical example

This example uses the data in Table 10.1.1 to show that RQG1-CE using relationships (Table
12.3.1) and RQG2-MME using SNP similarity (Table 12.3.1) indeed have identical GBLUP
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results. Table [12.3.1] using genomic relationships is the scientific version of the intuitive example

of Table [9.2.1], whereas Table [12.3.1] using SNP similarity is the scientific version of the
intuitive example of Table [9.2.2].

Table 12.3.1 Example of exact solution for genomic prediction using estimated breeding values
from the training population

Cow 1 Cow 2 Cow 3 Cow 4 a, for
Bull
c.Z,Py -0.072235 0.0722354 -0.012737 0.0127375 | 0.001426
A, -0.253731 -0.253731 -0.402985 -0.291045

Table 12.3.2 Example of exact solution for the mechanism of genomic prediction using estimated
SNP effects from the training population

SNP effects from training population
SNP1 [ SNP [ SNP [ SNP [ SNP [ SNP [ SNP [ SNP [ SNP [ SNP10 | 4, for Bull
2 3 4 5 6 7 8 9
&1 0.005 | 0.062 | 0.005 | 0.011 | —0.06 | 0.062 | —0.05 | 0.031 | —0.03 0 0.001426
5018 | 4019 | 5018 | 0035 | 7904 | 4019 | 1398 | 2009 | 1201
T -0.25 0 -0.25 0 —-0.08 | 0.345 | 0.345 | 0.431 | 0.604 | 0.518321
“1 9161 9161 6387 | 5474 | 5474 | 9342 | 7079 1
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12.4 Validation Studies and Accuracy Measures of Genomic Prediction

The accuracy of genomic prediction can be evaluated using validation studies that offer an
objective judgement of the performance of a prediction method. Cross validation is a commonly
used validation method in research and progressive validation can also be used when available.

12.4.1 Cross Validation of Prediction Accuracy

A k-fold cross validation divides the entire population with phenotypic and SNP data into k
subpopulations. Each subpopulation is treated as a validation population with phenotypic
observation omitted when calculating GBLUP, is predicted by the remaining k —1 subpopulations,
and serves as part of the training population k —1 times predicting each of the remaining k —1
subpopulation.

For the 3-fold validation in Figures 12.4.1, the entire population is divided into 3
subpopulations each serving as a validation population once being predicted by the remaing 2
subpopulations. Population 1 serves as the validation once and is predicted by populations 2 and
3, and serves as one of the two subpopulations as the training population predicting population 2
or 3; Population 2 as the validation once and is predicted by populations 1 and 3, and serves as one
of the two subpopulations as the training population predicting population 1 or 3; Population 3
serves as the validation once and is predicted by populations 1 and 3, and serves as one of the two
subpopulations as the training population predicting population 1 or 2.

Progressive validation resembles genomic selection practice that predicts new individuals
using existing individuals in the population. In a long-term program of genomic selection,
progressive validation offers an evaluation of practical impact of genomic evaluation.

| Population1 |
< 1 [ Older population |
>|| Population2 | 4
< . | Younger population |
| Population3 |

Progressive validation
3-fold validation

Figure 12.4.1 Examples of k-fold validation and progressive validation. Left: 3-fold validation
as an example of k-fold validation. Right: progressive validation that predicts a younger
population using an older population as the training population.

12.4.2 Accuracy Measures in Cross Validation of Prediction Accuracy

The main accuracy measure in a k-fold validation study is the correlation between the
phenotypic observations and GBLUP calculated using the training populations (predictive ability,
Legarra et al., 2008). In addition, three other accuracy measures can be calculated for each
validation population: including the calculated accuracy of predicting genetic values (square root
of reliability) of the wvalidation and/or training population, predicted correlation between
phenotypic observations and GBLUP, and predicted accuracy of predicting genetic values. The
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prediction accuracy of a progressive validation is the same as that of any validation population in
a k-fold validation and therefore only the prediction accuracies of the k-fold cross validation is
described. Each accuracy measure is calculated for each validation and the k estimates from the k
validation populations is averaged. Let

g, = genomic predicted genetic values of individuals in the i" validation population
(GBLUP),
Yo; = phenotypic values of individuals in the i™ validation population.

Note that ‘genetic values’ can be any type of genetic values such as additive and dominance values
or the summation of additive and dominance values. Also not that the phenotypic values of
individuals in validation populations are omitted when calculating the GBLUP for each validation
population. Then, the accuracy of predicting phenotypic values in the i" validation population is
the correlation between the GBLUP and the phenotypic observations:

R, = corr(&, .y, [12.4.1]

where ‘corr’ stands for ‘correlation’. The average of the the accuracy of predicting phenotypic
values across all validation populations is

R, = (TR, /K [12.4.2]

Equation [12.4.2] is the primary accuracy measure of genomic prediction in a k-fold cross
validatiuon study.

In addition to the accuracy measure of Equation [12.4.2], three other accuracy measures can
be calculated for each validation population: the accuracy of predicting genetic values, estimated
accuracy of predicting phenotypic values, and estimated accuracy of predicting genetic values.

The accuracy of predicting genetic values is the square root of reliability defined by Equation
[12.3.7] for RQG1-CE or Equation [12.3.15] for RQG2-MME. Since every individual has a
calculated reliability, the accuracy as the square root of the reliability is available for every
individuals. Therefore, the accuracy of predicting genetic values in a validation population is the
average of all individual accuracies in the validation population:

Ry =200 corr(@y;.80;) / 1= (X1 Roy) / [12.4.3]

where R; is the square root of the reliability (Equation [12.3.7] or [12.3.15]) of the j* individual

and in the i" validation population. Note that the calculation of R, does not use the phenotypic

data although its calculation uses the SNP data.
The accuracy predicting genetic values of the k validation populations is the average across all
k validation populations:

R,= (X5 Ry)/k [12.4.4]
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The relationship between Ropi and R, in the i" validation population is:

R, =R/h’ [12.4.5]

Opi

Ry =Ry, /\h [12.4.6]

where R, = estimated accuracy of predicting phenotypic values calculated from R and
heritability (h?), R,, = estimated accuracy of predicting genetic values calculated from liopi and

heritability (h’). From Equations [12.4.5] and [12.4.6], the average estimated accuracy of

predicting phenotypic values (R, ) and the everage of estimated accuracy of predicting genetic

values (RO) are:

Ry, =Rk [12.4.7]
R,= (TR, /k [12.4.8]

As seen from the above results, each validation can calculate four accuracy measures and one
heritability estimate. Therefore, standard deviation for each of the five measures can be calculated
to understand the variations among the k validation populations, and such standard deviations are
often shown as the error bars on a figure showing the accuracy measures or the heritability
estimates.

The phenotypic observations of each validation population (y,, ) for calculating the accuracy

of predicting phenpotypic values using Equations [12.4.1] and [12.4.2] can be the original
phenotypic observations or the corrected phenotypic observations after removing fixed nongenetic
effects. Using the original phenotypic observations of the validation populations provides an
estimate of prediction accuracy for individuals without known fixed nongenetic effects such as
herd-year-season effects for a newborn, whereas using the corrected phenotypic observations of
the validation populations provides an accuracy estimate unaffected by fixed nongenetic effects.

Figure 12.4.2 is an example of reporting prediction accuracies with their standard deviations,
using the original and corrected phenotypic observations of the validation populations in Duroc
pigs. Each error bar stands for one standard deviation above and below the mean. The percentage
for each trait is the (accuracy increase)% of the haplotype model over the best SNP model. For the
same haplotype model, corrected phenotypic values had a higher prediction accuracy for four traits
(LMA, LMD, BF and TN) and a lower prediction accuracy for four traits (AGW, ADG, BJS and
FCR). On average across the eight traits, predictions were more accurate for the original
phenotypic values than for the corrected phenotypic values for both the SNP and haplotype models.
The average observed prediction accuracy under the SNP models was 0.316 for the original and
0.309 for the corrected phenotypic values, and the average observed prediction accuracy under the
haplotype models was 0.327 for the original and 0.319 for the corrected phenotypic values.
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Figure 12.4.2 Average prediction accuracy (IiOp ) of the best haplotype model relative to the best

SNP model for each phenotype from ten-fold validations (Bian et al., 2021). a Accuracy of
predicting phenotypic values using the original phenotypic values of the validation populations. b
Accuracy of predicting phenotypic values using the corrected phenotypic values of the validation
populations. The error bar is one standard deviation above and below the average prediction
accuracy, where standard deviation was calculated from tenfold validations. AGW is age at 100 kg
live weight, ADG is average daily gain during 30-100 kg live weight, BJS is body judging score,
FCR is feed conversion ratio, LMA is loin muscle area at 100 kg, LMD is loin muscle depth at
100 kg, BF back fat thickness at 100 kg, TN is teat number.
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12.5 Ridge Regression for Genomic Prediction

Ridge regression is intended to overcome ill-conditioned situations where correlations between
the various predictors in the model cause the X'X matrix to be close to singular, giving rise to
unstable parameter estimates (Draper and Smith, 1998). The ridge regression solution to this
potential problem is to redefine the fixed factors as random factors with a diagonal variance-
covariance matrix (Hoerl, 1960; Hoerl and Kennard, 1970). Let the random model and its second
moment be written as:

y=Su+e [12.5.1]
Var(y)=0.SS'+c’I, =V [12.5.2]

Then, the ridge regression solution is:

a=(S'S+Al)'SYy [12.5.3]

where A=G_ / ..

For genomic prediction using a mixed model with fixed nongenetic factors, ridge regression
becomes ridge regression BLUP (rrBLUP) because the SNP effects are solved within the BLUP
framework. Assuming one phenotypic observation per individual, the mixed model and its first
and second moments for ridge regression using SNP information can be written as:

y=Xb+Su+e [12.5.4]
Var(y)=0.8S'+c.I, =V [12.5.5]
E(y)=Xb [12.5.6]

where u = random SNP effects, S = model matrix of u, and the other symbols have the same
definitions as for GBLUP. The SNP coding in the S matrix can be 1-0-(-1). The MME for
Equations [12.5.4]-[12.5.7] are:

XX XS b|_(Xy [12.5.7]
SX SS+M_)la) Sy o

The rrBLUP of Equation [12.5.7] is similar to the method of QG2-MME (Equation [10.5.3]) if S
uses the QG coding of Equations [10.2.3]-[10.2.5], and becomes GBLUP-MME using the RQG2-
MME method (Equation 12.1.13] if S is replaced with Z = ZT, (Equation 12.1.15].
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12.6 Comparison between QG and GBLUP Methods

The QG methods and the GBLUP methods based on the RQG models have the same prediction
accuracy due to the identical genomic values and genomic variance-covariance matrix.

The choice of the k, formula does not affect the accuracy of genomic prediction but affects
the interpretation and application of the genetic variance and genomic relationships.

Although the QG and GBLUP methods have the same prediction accuracy, GBLUP using
genomic relationships has two major advantages over the QG methods without using genomic
relationship matrices.

First, the use of genomic relationships provides a genomic version of the traditional theory
and methods of BLUP that uses pedigree relationships, and this genomic version can utilize a

wealth of BLUP-based theoretical results and computational strategies.
Second, the additive genetic variance under the GBLUP methods ( o.=k,c>, , Equation

i 00 ?

[12.1.7]) can be used for estimating genomic heritability for three reasons:

2 2 . . . ..
1) o.;=k.c; isacommon variance to all individuals,

2) o.=k,c>, is the total additive variance of all SNPs or the average of the additive variances

of all individuals,
3) o.=k,c., is invariant to the number of SNPs if the SNPs provide a sufficient coverage of

the genome.

In contrast, the QG model does not have a method to estimate additive genetic variance for
calculating genomic heritabilities for the following reasons:

1) The additive genetic variance under the QG model (o, , Equations [10.1.5] and [10.1.9])

is an inverse function of the number of SNPs. As the number of SNPs increases or
decreases, the value of each element in W, W,' changes in the same direction and the c_,

estimate changes in the opposite direction, i.e., as the number of SNPs increases or
decreases, o., decreases or increases. Consequently, the o>, estimate does not have a

unique interpretation and cannot be used for estimating genomic heritability.
2) o., estimates the additive variance of one SNP and the numerical value of o, generally is

a too small to represent the total genetic additive variance of all SNPs.
3) The QG model does not have another additive variance common to all individuals for
estimating heritability. These comparisons will be further illustrated in the next chapter.

In summary, the GBLUP methods have advantages over the QG methods for being the
genomic version of BLUP and for providing methods of estimating genomic heritability, whereas
the QG methods can be considered as preparations for the GBLUP methods and have no advantage
over GBLUP, although the QG and GBLUP methods have the same prediction accuracy. The QG
and GBLUP methods differ by a constant and have the same computing efficiency.
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CHAPTER 13: GENOMIC RESTRICTED MAXIMUM LIKELIHOOD ESTIMATION

Variance component estimation provides estimates of variance components for calculating
GBLUP and and for estimating heritability. Genomic restricted maximum likelihood estimation
(GREML) is the genomic version of REML using pedigree relationships.

13.1 GREML Formulations
GREML-CE

GREML-CE using the RQG1-CE model has the same formulations as REML using pedigree
relationships except some definition changes due to the use SNPs. The iterative formulations for
GREML-CE are:

o."yPUZA Z'PVy

20+1) : [13.1.1]
¢ tr(PYZA,Z")
20) ¢ pip)
o o yPYVP
26 D Y2 Y 5 Y [13.1.2]
tr(P™)
where P:V"—V']X(X'V']X)7X’V“ (Equation [2.2.8]), and A, = genomic additive

relationship matrix (Equation 11.1.1] or [11.1.3]).
GREML-MME

The iterative formulations for GREML-MME method based on the RQG2-MME model are:

) 50 1 5 ()
AL S [13.1.3]
m —tr(C*")AY

2+) _ e e - (13.1.4]

¢ N—[r—tr(C*")N\Y]
é=y-Xb-Z.a [13.1.5]
C*"=(Z,"MZ, +71_)" [13.1.6]
M=1,-X(X'X) X' [13.1.7]

The two sets of GREML formulations have identicial results but different computing properie.
GREML-CE is more efficient when the number of individuals is smaller than the number of SNPs,
whereas GREML-MME is more efficient when the number of SNPs is smaller than the number of
individuals.

97



13. 2 SNP Heritability
With the variance components from GREML, genomic heritability can be estimated to evaluate
the contributions of SNPs to the phenotypic variance, and to study the sizes of individual SNPs

relative to each other.

Total SNP heritability and each SNP heritability

Genomic additive heritability measures the fraction of the phenotypic variance explained by
additive effects of all SNP and is estimated by:

2 2,2
hl=c/c’ [13.2.1]

where 02 =o.+0. = phenotypic variance. For the i"™ SNP marker, additive heritability or

heritability in the narrow sense (h .) can be estimated as:

hZ = o2 /0° = (62/3", 62)h? = (62/6/6)h> [13.2.2]

111

Therefore, the heritability of all SNPs can be expressed as the summation of all heritabilities of
individual SNPs:

h2=>"h2 [13.2.3]

o i=1""ai

Based on Equations [13.2.1]-[13.2.3], the SNP heritability of any part or several regions of the
genome can be estimated as a sum of the corresponding single-SNP heritabilities. However, the
interpretation for any subset of the total heritability is not straightforward.

Dependency of the Size of each SNP heritability and Number of SNPs

A problem of genomic heritability estimation is the dependence of the size of the heritability
estimate for a single SNP on the number of SNPs in the model: the heritability of any single SNP
decreases as the number of SNPs increases or vice versa. Assuming the SNPs provide a sufficient
coverage of the genome, this dependency can be formulated as:

&, =6 /r [13.2.4]
hl, = (@;/>. " ahl = (@ /r)/(Y, " 6l /mhl =h? /x [13.2.5]

ari 1 i

hy=2 " h, =2 " hi [13.2.6]

where 0,;= additive GBLUP of the i" SNP from the mixed model with m SNPs repeated r times,
0., = additive GBLUP of the i"™ SNP from the model with m SNPs.
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Equation [13.2.4] states that the additive effect of the i" SNP becomes Jr times smaller than
the SNP effect from any of the r sets if the SNP data is repeated r times.

Equation [13.2.5] states that the SNP heritability becomes r rimes smaller than the SNP effect
from any of the r sets if the SNP data is repeated r times.

Equation [13.2.6] states that the total SNP heritability is invariant to the number of the SNPs,
and remain unchanged even when the SNPs are repeated r times.

Numerical example of dependency of the size of each SNP heritability and number of SNPs

Numerical results showed that the results of Equations [13.2.4]-[13.2.6] approximately hold
for real SNP data that were not repeats of any subset of SNPs (Table 10.10.1).

The total additive heritability of all was ﬁfd =0.368 using 41,108 SNPs, and was ﬁil =0.360

using half of the SNPs (20,554 SNPs selected as every other SNPs of the 41,108 SNPs), showing
that the total additive heritability remained relatively unchanged for the whole set or half set of
SNPs. This was consistent with Equation [13.2.6] that the total SNP heritability is invariant to the
number of SNPs.

In contract, the average heritability of single SNPs using 20,554 SNPs (Hiz ) without the other
half set of SNPs in the model was nearly twice as large as the average heritability using 41,108
SNPs (h?, /h2, =1.955). The average heritability of single SNPs of 20,554 SNPs (hZ, ) with the
other half set of SNPs in the model was nearly the same as the average SNP heritability of all
41,108 SNPs (Hi2 / Hfﬁ =0.998). These results were consistent with Equation [13.2.4] that the

SNP heritability becomes r rimes smaller than the SNP effect from any of the r sets if the SNP data
is repeated r times.

Table 13.2.1. Estimates of SNP additive heritabilities of teat number using 41,108 autosome
SNPs and 20,554 SNPs selected as every other SNPs of the 41,108 SNPs. (Tan et al., 2017)

SNP set Average ﬁia per SNP ratio Total ﬁil
20,554 SNPs h2,=1.75(107%) h2,/h2,=1.960 h2 =0.360
20,554 SNPs from all 41,108 Hiz = 8.93(10°°) Hiz /H(Zﬁ —0.998 Biz —0.184
SNPs in the mixed model

41,108 SNPs h2,=8.95(107) h /h2,=1955  h2,=0368

These numerical results along with the theoretical results of Equations [13.2.4]-[13.2.6] have
two conclusions. First, single SNP heritability or the heritability of a subset of SNPs cannot be
interpreted as the fraction of phenotypic variance explained by the SNP or SNP set. Second, the
total additive SNP heritability is the fraction of the phenotypic variance explained by all SNPs
irrespective of the number of SNPs in the model.
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Methods to address the dependency between the number of SNPs and the size of SNP
heritability estimates

Two methods based on the comparison between heritability estimates from the full model with
all SNPs and a reduced model, but neither method provides a perfect solution to interpret the
heritability of a single SNP or a subset of SNPs.

The first method to define the reduced model is to drop the target SNP from the reduced model.
Then the difference between heritability estimates of the SNP from the full model and this reduced
model is the contribution of the SNP to the total heritability of all SNPs. The problem of this
method is the underestimated heritability for the target SNP that is not in the reduced model,
because the effect of this excluded SNP could be explained by other SNPs in linkage
disequilibrium with the excluded SNP. Numerical results supported this conclusion.

The second method removes the effect of the target SNP by fitting the target SNP as fixed
effect in the reduced model. The difference between heritability estimates of the SNP from the full
model and this reduced model is the contribution of the target SNP to the total heritability of all
SNPs. This method was termed as “partial heritability’ and was virtually unaffected by the number
of SNP. The problem of partial heritability is the potential overestimate of the SNP contribution
to heritability, because the SNP fitted as fixed effect could have removed some effects of other
SNPs due to linkage disequilibrium with the target SNP. Overall, the first method tends to provide
a lower bound and the second method tends to provide an upper bound of the SNP contribution to
the total SNP heritability of all SNPs.

Interpretation of SNP effects and heritability estimates

The dependency between the number of SNPs in the mixed model and the sizes of SNP
heritability estimates does not affect the ratio of two SNP heritabilities. Therefore, the SNP
heritability estimates should be interpreted relative to each other. For example, commonly used
Manhattan plots can be used for identifying large SNP heritabilities.

HDL: SNP additive heritability, A+D model LDL: SNP additive model
168.56 —| CETP o 41.50 « APGB
151.64 — 37.29
13473 33.07 — BCAM o
L]
117.81 — 28.86 —
=) =l CELSR2
WCE) 100.89 — 6 24.64 — ° °
5 |3
B w7 HERPUD1 £ wa
Z -CETP Z
E 67.06 — . E 1621 ' TMED4
D D ®
T 5014 LPL- + ‘
AC100802.3 SMUGIPI-
322 i RP11-813F20.2
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Figure 13.2.1 Heritability estimates of 380,705 SNP markers for high density lipoproteins
(HDL) and low density lipoproteins (LDL) (Liang et al., 2020).
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13.3 SAS Programs for GREML-CE and GREML-MME

The GREML CE.SAS shows the step by step implementation of GBLUP with reliability and
GREML under the RQGI1-CE model, and the GREML CE.SAS shows the step by step
implementation of GBLUP with reliability and GREML under the RQG2-MME model.

The GREML_CE.SAS program can run both the RQG1-CE model and the QG1-CE model
with a few changes in the definition of genomic additive relationship matrix, and can use both
Definition I and Definition 2 of the genomic additive relationship matrix.

Similarly, the GREML MME.SAS program can run both the RQG2-MME model and the
QG2-MME model with a changes in the definition of of the model matrix of additive effects, and
can use both Definition I and Definition 2 of the genomic additive relationship matrix.

Exercise 13.3.1

Use GREML_CE.SAS to verify the relationship between the additive variance under the RQG
models and the additive variance under the QG model:

Gi = Var(a,) = Var(\/k—i 0y) = kicio = genomic additive variance [12.1.7]

where Gi measures the total additive heritability of all SNPs or the average additive heritability

of all individuals under the RQG model, and 62, is the common additive variance to all SNPs
under the QG model. This verification is done in two runds:

1) Run GREML _CE.SAS using genomic relationship matrices:
AG=AG 1;

The GREML estimate of Gi is Gi =(.3688034 at iteration 12 with tolerance <10, and k, =4.48

2) Run GREML CE.SAS using WW,'" as the genomic relationship matrices:
AG=WW_A;
The GREML estimate of Gio is 62, = 0.0823222 at iteration 10 with tolerance <107®. The
GBLUP and its reliability for additive values remained unchanged from the GREML _CE program

using genomic relationships.
Combining results from the above two steps verifies Equation [12.1.7]:

6. =k,62, =(4.48)(0.0823222) = 0.3688034 .
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Exercise 13.3.2

Use GREML MME.SAS to verify the relationship between the additive variance under the
RQG models and the additive variance under the QG model as described by Equation [12.1.7].
This verification is done in two runds:

1) Run GREML MME.SAS using T, matrix:
TA=TA 1,

The GREML estimate of Gi is Gi =(.3688034 at iteration 12 with tolerance <10, and k, =4.48

2) Run GREML CE.SAS using W, :
TA = WA;

Combining results from the above two steps verifies Equation [12.1.7].

Exercise 13.3.3

This exercise is the comparison between GREML CE and GREML MME. The two programs
can have 6 runs with identical G matrix, GBLUP of additive values and reliability estimates :

e QGI1-CE model: 6, =0.0823222
o k =448, 6. =0.3688034; k, =5.36, 62 =0.4412469

G

0.3984394 -0.260138 -0.079029 0.0526862 -0.111958
-0.260138 0.5630837 -0.079029 -0.111958 -0.111958
-0.079029 -0.079029 0.4313682 -0.095494 -0.177816
0.0526862 -0.111958 -0.095494 0.2831883 -0.128423
-0.111958 -0.111958 -0.177816 -0.128423 0.5301548

GBLUP A REL A

-0.26904 0.7274088

0.5077794 0.7996113

-0.685917 0.6773303

0.382873 0.5469923

0.0643047 0.0048438
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RQGI-CE model, k, =4.48, 62 =0.3688034
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G

0.3984394 -0.260138 -0.079029 0.0526862 -0.111958
-0.260138 0.5630837 -0.079029 -0.111958 -0.111958
-0.079029 -0.079029 0.4313682 -0.095494 -0.177816
0.0526862 -0.111958 -0.095494 0.2831883 -0.128423
-0.111958 -0.111958 -0.177816 -0.128423 0.5301549

GBLUP_A REL_A

-0.26904 0.7274088

0.5077794 0.7996113

-0.685917 0.6773303

0.382873 0.5469923

0.0643047 0.0048438

RQG1-CE model, k, =5.36, 6. =0.4412469
G

0.3984394 -0.260138 -0.079029 0.0526862 -0.111958
-0.260138 0.5630837 -0.079029 -0.111958 -0.111958
-0.079029 -0.079029 0.4313682 -0.095494 -0.177816
0.0526862 -0.111958 -0.095494 0.2831883 -0.128423
-0.111958 -0.111958 -0.177816 -0.128423 0.5301549

GBLUP A REL_A

-0.26904 0.7274088

0.5077794 0.7996113

-0.685917 0.6773303

0.382873 0.5469923

0.0643047 0.0048438



e QG2-MME model: 6., =0.0823222
o k,=448,6.=03688034; k, =5.36, 6. =0.4412469

0.3984394 -0.260138
-0.260138 0.5630837
-0.079029 -0.079029
0.0526862 -0.111958
-0.111958 -0.111958

G
-0.079029
-0.079029

0.4313682
-0.095494
-0.177816

0.0526862
-0.111958
-0.095494

0.2831883
-0.128423

GBLUP A REL A
-0.26904 0.7274088
0.5077794 0.7996113
-0.685917 0.6773303
0.382873 0.5469923
0.0643047 0.0048438

e RQG2-MME model, k, =4.48, 6. =0.3688034

0.3984394 -0.260138
-0.260138 0.5630837
-0.079029 -0.079029
0.0526862 -0.111958
-0.111958 -0.111958

G
-0.079029
-0.079029

0.4313682
-0.095494
-0.177816

0.0526862
-0.111958
-0.095494

0.2831883
-0.128423

GBLUP_A
-0.26904
0.5077794
-0.685917
0.382873
0.0643047

REL_A
0.7274088
0.7996113
0.6773303
0.5469923
0.0048438
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-0.111958
-0.111958
-0.177816
-0.128423
0.5301548

-0.111958
-0.111958
-0.177816
-0.128423
0.5301549



RQG2-MME model, k, =5.36, 62 =0.4412469

G
0.3984394 -0.260138 -0.079029 0.0526862 -0.111958
-0.260138 0.5630837 -0.079029 -0.111958 -0.111958
-0.079029 -0.079029 0.4313682 -0.095494 -0.177816
0.0526862 -0.111958 -0.095494 0.2831883 -0.128423
-0.111958 -0.111958 -0.177816 -0.128423 0.5301549

GBLUP A REL_A
-0.26904 0.7274088
0.5077794 0.7996113
-0.685917 0.6773303
0.382873 0.5469923
0.0643047 0.0048438
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GREML_CE.SAS

/* ANSC8141: GREML CE.SAS */

/* RQG1-CE MODEL: GREML, GBLUP,
/* 5 INDIVIDUALS, 10 MARKERS */
/* ORIGINAL VERSION OCTOBER 2012
PROC IML;

*RESET PRINT

VA = 2; V

NB = 3; N

NREC = 8;

N _IND =5;

NAO=NB+1; = NB+NU1+1;

NA = NB+NU1; = NA;

Yy = {1.7, 1.3, 2.1, 2.3, 3.1,
X1 =3J(8,1,1);

DX = {1,1,1,1,1,2,2,2}; * MISSING
X2 = DESIGN (DX) ; * MISSING
X = X1||X2;

DZ = {1,1,1,2,2,3,4,4};

7Z1 = DESIGN (DZ) ;

Zz0 = J(8,1,0); * MISSING
Z = 7211120; * MISSING
XX = X *X;

XZ = X *7;

727 = 7°%7;

XY = X *Y;

ZY = 7°*Y;

Cl = XX||XZ||XZ;

RHS = XY//2Y//7Y;

/* TABLE 6.3:

/*
/*
/*
/*
/*
/*
/*
/*
/*
/*

LOC1:
LOC2:
LOC3:
LOC4:
LOC5:
LOCG6:
LOCT7:
LOCS8:
LOCY:

LOC1

0:

P NNNNREONR R P e

0 MARKERS,

*/
*/
*/
*/
*/
*/
*/
*/
*/
*/

|

P NMNNORFRP P OO RO
|

[l eloloReoRN il S

*/

4.2,

PHENOTYPE
PHENOTYPE

PHENOTYPE
PHENOTYPE

5 INDIVIDUALS */

/* CALCULATION OF ALLELE FREQUENCIES */

P1_

IT =

3/5;
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RELIABILITY */

4.3};

FOR
FOR

FOR
FOR

IND
IND

IND
IND



Pl IJ = 2/5;
P1 JJ = 0/5;
P1 I = Pl II +0.5*P1 IJ;
Pl J = Pl JJ + 0.5*P1 IJ;

P2 II = 1/5;
P2 IJ = 3/5;
P2 JJ = 1/5;
P2 T = P2 IT +0.5%P2 1J;
P2 J = P2 JJ + 0.5*P2 IJ;

P3 II = 3/5;
P3 1J = 2/5;
P3 JJ = 0/5;
P3 I =
P3 J

|
av)
| w
[
H

+0.5*%P3_1J;
+ 0.5%P3_1J;

Il
av]
w
q
q

P4 II = 1/5;
P4 1J = 3/5;
P4 JJ = 1/5;
P4 T = P4 IT +0.5*P4 1J;
P4 J = P4 JJ + 0.5*P4_1J;

P5 II = 2/5;
P5 IJ = 2/5;
P5 JJ = 1/5;
P5 I = P5 II +0.5*P5 IJ;
P5 J = P5 JJ + 0.5*P5 IJ;

I
N
~
o1
~

P6 II =
P6 IJ =
P6 JJ = 1/5;

P6 I = P6 II +0.5*P6 _IJ;
P6 J = P6 JJ + 0.5*P6_IJ;

I
N
~
o1
~

P7 II =
P7 IJ =
P7 JJ = 2/5;

P7 I = P7 II +0.5*P7 IJ;
P7 J = P7_JJ + 0.5*P7_IJ;

[
[@INON]
~ ~
[©2BN0)
~ 0~

P8 II =
P8 IJ = 1/5;
P8 JJ = 2/5;
P8 I = P8 II +0.5*P8 IJ;
P8 J = P8 JJ + 0.5*P8 1IJ;

I
N
~
o
~

P9 II = 1/5;
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P9 IJ = 1/5;
P9 JJ = 3/5;
PO I = P9 II +0.5*P9 IJ;
P9 J = P9 JJ + 0.5*P9 IJ;

P10 II = 1/5;
P10 IJ = 2/5;
P10 JJ = 2/5;
P10 I = P10 _II + 0.5*P10 IJ;
P10 J = P10 _JJ + 0.5*P10 IJ;

/* 2PQ */

HET1 = 2*P1 I*Pl J;
HET2 = 2*P2 I*P2 J;
HET3 = 2*P3 I*P3 J;
HET4 = 2*P4 I*P4 J;
HET5 = 2*P5 I*P5 J;
HET6 = 2*P6 I*P6 J;
HET7 = 2*P7_I*P7 J;
HET8 = 2*P8 I*P8 J;
HET9 = 2*P9 I*P9 J;
HET10 = 2*P10 I*P10 J;
/* SUM OF 2PQ */

SUM H = HET1+HET2+HET3+HET4+HET5+HET6+HET7+HET8+HET9+HET10;

/* ADDITIVE SNP CODING */

WAl 0 = 2*Pl J;
WAl 1 = P1L J - Pl I;
WAL 2 = -2%P1 _I;
WA2 0 = 2*P2_J;
WA2 1 = P2 J - P2 _I;
WA2 2 = -2%P2_I;

WA3 0 = 2%P3 J;

WA3 1 = P3 J - P3 I;
WA3 2 = -2%*P3 I;
WA4 0 = 2*P4_J;
WA4 1 = P4 J - P4_I;
WA4 2 = -2%P4_I;
WA5 0 = 2*P5_J;
WA5 1 = P5 J - P5 I;
WAS 2 = -2*P5 I;

WA6 0 = 2*P6_J;
WA6 1 = P6 J - P6_I;
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WA6 2 = -2%P6_I;
WA7 0 = 2%P7_J;
WA7 1 = P7_J - P7_I;
WA7 2 = -2%P7_I;

WA8 0 = 2*P8 J;
WA8 1 = P8 J - P8 I;

WAS 2 = -2*P8 I;

WA9 0 = 2*P9_J;

WA9 1 = P9 J - P9 I;
WA9 2 = -2*%P9 I;

WA10 0 = 2*P10_J;
WA10 1 = P10 J - P10 _I;
WA10 2 = -2*P10_I;

zZAl = WAl 0//WAl O//WAl 1//WAl O//WAl 1;

ZA2 = WA2 2//WA2 0//WA2 1//WA2 1//WA2 1;

ZA3 = WA3_0//WA3_0//WA3_1//WA3_0//WA3_1;

zZA4 = WA4 1//wWAd4 1//WAd4 2//WA4 O//WA4 1;

ZAS5 = WA5 0//WA5_2//WA5_0//WA5_1//WA5 1;

ZA6 = WA6_2//WA6_O//WA6_1//WA6_1//WA6_0;

ZAT = WAT_O//WAT7_2//WAT_2//WAT_0//WAT_0;

ZA8 = WA8_1//WA8_O0//WA8_ 2//WA8_ 2//WA8 0;

ZA9 = WA9_1//WAS 2//WAS 2//WA9 2//WA9_0;

ZA10 = WAlO_2//wWAl0_2//WAl0_1//WA10_1//WA10_0O;
WA = ZAl||ZA2]||2ZA3||2ZA4||2ZA5||2ZA6| |ZAT||2ZA8]||ZA9]||ZA10;

H
=
Il

I (NREC) ;

WW A = WA*WA®;
K1=SUM_H;

2 = TRACE (WW_A) /N_IND;
= WA/SQRT (K1) ;
WA/SQRT (K2) ;

=

H =
>
Nl

*AG_1=WW _A;
AG 1 = TA 1*TA 1°;
*AG 2 = TA 2*TA 2°;

AG = AG 1;
*AG = AG 2;

PRINT K1 K2;

TOL=.00000001;
K=0; DIFA=1000; DIFE=1000;
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START;
DO WHILE ((DIFA>TOL | DIFE>TOL) & K <100);
ZAZ = Z*AG*Z ;
V = ZAZ*VA + IN*VE;
IV = INV(V);
XIVX = X *IV*X;
IXIVX = GINV(XIVX);
XIVY = X *IV*Y;
P = IV - IV*X*IXIVX*X *IV;
YY A = Y *P*ZAZ*P*Y;
YY E = Y *P*P*Y;
TR A = TRACE (P*ZAZ);
TR _E = TRACE (P);
REMLA = YY A*VA/TR A;
REMLE = YY E*VE/TR E;

DIFA=ABS (REMLA - VA); DIFE=ABS (REMLE - VE);

VA=REMLA; VE=REMLE ; K=K+1;

PRINT K VA VE DIFA DIFE;

*———— END OF ITERATIONS —————————m oo oo ;
END;

*VAK1=K1*VA;
*VAK2=K2*VA;
*PRINT VAK1 VAK2 K1 K2;

V = ZAZ*VA + IN*VE;

IV = INV(V);

XIVX = X' *IV*X;

IXIVX = GINV (XIVX);

P = IV - IV*X*IXIVX*X *IV;
GBLUP_A = VA*AG*Z *P*Y;

ZPZ = 7 *P*Z;

VHAT A = DIAG (VECDIAG (VA*AG*ZPZ*AG *VA)) ;
G A = AG*VA;

GA_DIAG = DIAG(VECDIAG(G_A));

IGA DIAG = INV(GA DIAG);

REL A = VECDIAG(VHAT A*IGA DIAG);
PRINT GBLUP A REL A;

FINISH;

RUN;
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GREML_MME.SAS

/*
/*

ANSC8141: GREML MME.SAS */
RQG2-MME MODEL: GREML, GBLUP,

RELIABILITY */

/* 5 INDIVIDUALS, 10 MARKERS */
/* ORIGINAL VERSION SEPT/1/2012
PROC IML;

*RESET PRINT ;

VA = 2; VE =
N IND =5;
NMARKERS=10;
NU1=10;

NB = 3;

NREC = 8;
NAO=NB+1;

NA = NB+NU1;
NC = NA;

7;

Y =
X1

DX =
X2 =

{r.7, 1.2, 1.
J(g,1,1);
{(1,1,1,1,1,2,2,2}; *
DESIGN (DX) ;

3, 2.1, 2.3, 3.

*

MISSING
MISSING

X =

Dz
z1
z0
Z

XX
X7

272 =

XY

zY =

/*
/*
/*
/*
/*
/*
/*
/*
/*
/*
/*

/*

X1||X2;
={1,1,1,2,2,3,4,4};
DESIGN (DZ) ;

J(
zZ1|
= X
%

Z
= x°
Z

LOC1:
LOC2:
LOC3:
LOC4:
LOC5:
LOC6:
LOC7:
LOCS8:
LOCY:

LOC1

CALCULATION OF ALLELE FREQUENCIES */

8,1,0);
120;
*X;
*7 .

\*Z,'

*Y;

Sxy;

*/
*/
*/
*/
*/
*/
*/
*/
*/

0: */

* MISSING

*

MISSING

*/

1,

PHENOTYPE
PHENOTYPE

4.

2,

PHENOTYPE
PHENOTYPE

4.3},

FOR
FOR

FOR
FOR

5 INDIVIDUALS */
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Pl I = P1 _II +0.5*P1 IJ;
Pl J = P1 _JJ + 0.5*P1 IJ;

P2 T = P2 IT +0.5*%P2 1J;
P2 J = P2 JJ + 0.5%P2 IJ;

P3 II = 3/5;
P3 1J = 2/5;
P3 JJ = 0/5;
P3 I = P3 II +0.5*P3 IJ;
P3 J = P3 JJ + 0.5*P3_IJ;

P4 II = 1/5;
P4 IJ = 3/5;
P4 JJ = 1/5;
P4 I = P4 II +0.5*P4 IJ;
P4 J = P4 JJ + 0.5*P4_IJ;

P5 II = 2/5;
P5 IJ = 2/5;
P5 JJ =
P5 I = P5 II +0.5*P5 IJ;
P5 J = P5 JJ + 0.5*P5 IJ;

I
Y
S~
@)

~

P6 II = 2/5;
P6 IJ = 2/5;
P6 JJ = 1/5;

P6 I = P6 II +0.5*P6_1J;
P6 J = P6 JJ + 0.5*P6_IJ;

|
w
~
(€3}
~

P7 II =
P7 IJ = 0/5;
P7 JJ = 2/5;
P7 I = P7_II +0.5*P7 IJ;
P7 J = P7_JJ + 0.5*P7_1J;

P8 II = 2/5;
P8 IJ = 1/5;
P8 JJ = 2/5;
P8 I = P8 II +0.5*P8 IJ;
P8 J = P8 JJ + 0.5*P8 1IJ;
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PO II = 1/5;
P9 IJ = 1/5;
P9 JJ = 3/5;
PO I = P9 II +0.5*P9 IJ;
P9 J = P9 JJ + 0.5*P9 1IJ;

P10 II = 1/5;
P10 IJ = 2/5;
P10 JJ = 2/5;
P10 I = P10 II + 0.5*P10 IJ;
P10 J = P10 _JJ + 0.5*P10 IJ;

/* 2PQ */

HET1 = 2*P1 I*Pl J;
HET2 = 2*P2 I*P2 J;
HET3 = 2*P3 I*P3 J;
HET4 = 2*P4 I*P4 J;
HET5 = 2*P5 I*P5 J;
HET6 = 2*P6 I*P6 J;
HET7 = 2*P7_I*P7 J;
HET8 = 2*P8 I*P8 J;
HET9 = 2*P9 I*P9 J;
HET10 = 2*P10 I*P10 J;
/* SUM OF 2PQ */

SUM H = HET1+HET2+HET3+HET4+HET5+HET6+HET7+HET8+HET9+HET10;

/* ADDITIVE SNP CODING */
WAL 0 = 2*P1 J;

WAl 1 =Pl J - Pl I;

WALl 2 -2*P1 I;

WA2 0 = 2*P2_J;

WA2 1 = P2 J - P2 I;
WA2 2 = -2%P2_I;
WA3 0 = 2*P3_J;
WA3 1 = P3 J - P3 I;
WA3 2 = -2%*P3 I;
WA4 0 = 2*P4_J;
WA4 1 = P4 J - P4 _I;
WA4 2 = -2%P4_T;

WAS 0 = 2*P5_J;
WAS 1 = P5 J - P5 I;
WAS 2 = -2*%P5 I;

WA6 0 = 2*P6_J;
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WA6 1 = P6 J - P6_I;
WA6 2 = -2%P6_I;

WA7 0 = 2%P7_J;
WA7 1 = P7 J - P7_I;

WA7T 2 = -2*%P7_I;
WAS 0 = 2*P8_J;
WAS 1 = P8 J - P8 I;
WAS 2 = -2*P8 I;
WA9 0 = 2*P9_J;
WA9 1 = P9 J - P9 I;
WA9 2 = -2*%P9 I;

WA10 0 = 2*P10_J;
WAl0 1 = P10 J - P10 _I;
WA10 2 = -2*P10_I;

zZAl = WAl 0//WAl O//WAl 1//WAl O//WAl 1;

ZA2 = WA2 2//WA2 0//WA2 1//WA2 1//WA2 1;

ZA3 = WA3_0//WA3_0//WA3_1//WA3_0//WA3_1;

zZA4 = WA4 1//wWAd4 1//WA4 2//WA4 O//WA4 1;

ZAS5 = WA5 0//WA5_2//WA5_0//WA5_1//WA5 1;

ZA6 = WA6_2//WA6_O//WA6_1//WA6_1//WA6_0;

ZAT = WAT_O//WAT7_2//WAT_2//WAT_0//WAT_0;

ZA8 = WA8_1//WA8_O//WA8 2//WA8_ 2//WA8 0;

ZA9 = WA9_1//WAS _2//WAS 2//WA9 2//WA9_ 0;

ZA10 = WAlO_2//WAl0_2//WA10_1//WA10_1//WAl0_0;
WA = ZAl||ZA2]||2ZA3||2ZA4||2ZA5]||ZA6| |ZAT||ZA8]||ZA9]||ZA10;

IN = I(NREC);

WW A = WA*WA®;
K1=SUM H;

K2 = TRACE (WW_A) /N _IND;
TA 1 = WA/SQRT (K1) ;
TA 2 = WA/SQRT (K2);

*TA = WA;
TA = TA 1;

PRINT K1 K2;

XY = X' *Y;

zZ1l = Z*TA;

XzZ1 = X *7Z1;
2721 = 721 *71;
Z1Y = Z1°*Y;
RHS = XY//Z1Y;
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Cl = XX||Xz1l;
IM = I (NMARKERS) ;
IN = I (NREC);

TOL=.00000001;

K=0; DIFA=1000; DIFE=1000;
Kmm——— iteration starts ------—----—-—--——— - ———— ;
start;

DO WHILE ((DIFA>TOL | DIFE>TOL) & K <100);

RATIO A = VE/VA;
CAA = ZZ1 + IM*RATIO A;

C2 = XZ1 | |CAA;

C = Cl//Cc2;

IC = GINV(C);

PEV AA = IC(|NAO:NA,NAO:NA|)*RATIO_A;
SOL = IC*RHS;

bhat=sol (|1l:nb,* |);

Ahat=s0l (|nAO:nA, *|);

TRACE_A = TRACE (PEV_AR) ;
DENOM A = NUl - TRACE A;
ARHAT = AHAT *AHAT;

ehat = y - x*bhat - Zl*Ahat;
EEHAT = EHAT *EHAT;

C_RANK = TRACE(C*IC);
DENOM E = C RANK - TRACE A;

REMLA = AAHAT/DENOM A;
REMLE = EEHAT/ (NREC - DENOM E);

difa=abs (remla - va); dife=abs (remle - ve);

va=remla; ve=remle; k=k+1;

print k va ve difa dife;

*#-—-- end of iterations --—————— = ——— ;
end;

*VA K1=K1*VA;
*VA K2=K2*VA;
*PRINT VA K1 VA K2 K1 K2;

RATIO A = VE/VA;

CAA = 7zl + IM*RATIO A;
C2 = Xz1'||CAA;

C = Cl//C2;
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IC = GINV(C);

SOL IC*RHS;

Ahat=so0l (|nAQ:nA, *|);
GBLUP_A = TA*AHAT;

PEV = IC(|NAO:NC,NAO:NC]|) ;

PEV AA = IC(|NAO:NA,NAO:NA|)*VE;
JM = J(NUL,1,1);

IM = I(NU1);

VHAT ALFA = IM*VA - PEV _AA;
VHAT A = TA*VHAT ALFA*TA";

G A = TA*TA *VA;

GA DIAG = DIAG(VECDIAG(G A));

IGA DIAG = INV(GA DIAG);

REL A = VECDIAG(VHAT A*IGA DIAG):;
PRINT GBLUP A REL A;

FINISH;

RUN;
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13.4 GBLUP and GREML Exercises Using GVCBLUP

The purpose of these exercises is to gain hands-on experience for real data analysis of
GBLUP and GREML using the GVCBLUP package, which is available at:

https://animalgene.umn.edu/gvcblup

Download the Windows version, GVCBLUP_Win.zip file. This zip file contains 3 folders:
Test data, win32, win64, and a pdf file of user manual.

The win32 and win64 folders each contains three compiled programs: greml ce that
implements the RQG1-CE methods, greml gm that implements the RQG2-MME methods, and
gcorrmx for calculating genomic relationships, along with a .dll file.

The Test data has 2 data folders, plk_m3k and p3k mlk, along with a read me file.

Creation of working directories
Copy all files in win32 or win64 folder to plk_m3k and p3k m1k folders so that the
executable programs and the input data are in the same directory.

Review of input files
1) phenotypic data and SNP data,
2) parameter file,
3) ‘readme’ file and user manual.

Running greml_ce and greml_gqm programs in p3k_m1k folder
1) greml ce and greml qm have identical results of GBLUP, reliability, variance
components, and heritability estimates,
2) greml ce and greml gm have identical results of variance components at every iteration,
3) greml ce and greml gqm required the same number of iterations,
4) greml ce and greml gm required different computing times.

Running greml ce and greml_qm programs in plk m3k folder
1) greml ce and greml qm have identical results of GBLUP, reliability, variance
components, and heritability estimates,
2) greml ce and greml gm have identical results of variance components at every iteration,
3) greml ce and greml gm required the same number of iterations,
4) greml ce and greml gm required different computing times.

Comparison of greml_ce and greml_qm
1) greml ce and greml gm have identical results for both p3k mlk and plk m3k datasets,
2) greml ce is faster than greml _gqm for plk m3k,
3) greml qm is faster than greml ce for p3k mlk.
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Comparison of EM-REML and AI-REML
1) in the p3k mlk folder, run greml ce and greml qm using EM-REML,
2) compare the number of iterations of EM-REML with that of AI-REML.

Calculation of the accuracy of predicting phenotypic values
This exrcise calculates the prediction accuracy of one validation population as an example of

k-fold validations.

Calculation of genomic relationship matrices
This exrcise calculates genomic additive relationship matrix using Definitions I, II, IV and V.
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CHAPTER 14: GENOMIC PREDICTION USING HAPLOTYPES

Motivation: local high-order epistasis effects

* Haplotype analysis opens many possibilities to use:
— functional genomic information
* Gene, Chip-seq, RNA expression, GWAS results
— Structural information
* Linkage disequilibrium (LD blocks})
* Fixed number of SNPs per haplotype block
* Fixed distance per haplotype block

* Examples of haplotype genomic prediction
— Wheat, maize, soybean, pig, sheep, cattle, chicken, human
— Degree of successes varies: negative to substantial accuracy increases
— Much fewer studies than those of single-locus genomic prediction
— Computing aspect can be challenging
* Difficult to exhaust all possible haplotype configurations

University of Minnesota

Functional genomic information for haplotype blocks

sve A
| m—
gene CNV
Gene +
ChiP-seq i + +
DHS + ++ + +
RNAseq +
Protein interaction + +
Pathway info + +
GWAS + + + +
Selection signature |+ - +
e * * = *

Functional genomic information for defining haplotype
blocks for genomic prediction and estimation

University of Minnesota
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ANSC 8141: Mixed model methods for genetic analysis

Block 1
= locus 1

Block 2
= locus 2

Block 3
=locus 3

Haplotype block = ‘locus’, haplotype = ‘allele’

Each SNP has 2 alleles:
0and2

SNE
3 4 5 6 7 8 951011

ERFMMRERYNERERERSME T 2R

y of Minnesota

16 17 18 19 20021 22 23 24 25 26 27 28 29| freq

27 SNPs in 3 blocks
9 SNPs per block
Each block as a locus

locus 1:

18 alleles (haplotypes)
locus 2:

7 alleles (haplotypes)
locus 3:

14 alleles (haplotypes)

Allele,
frequency

A Py

APy

University of Minnesota

Ay Ps
AA, AA,
P13 Pia
€13 81a
AA, AA,
Pss Paa
B2 82
AA, AA,
P33 P34
833 834
AA,
Pas
Bag

Notations: one haplotype as one ‘allele’

A= allele i
p, = allele frequency
AA = genotype ij

P, = genotypic
frequency

g; = genotypic value
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Frequency and mean

* allelic array of h alleles
ZL p;4d, A =alleli, p, = allele frequency of 4,
» genotypic array of h(h+1)/2 genotypes
ZLIZL P4 4;, Py =genotypic frequency of 4 .4; genotype
* Hardy-Weinberg equilibrium (HWE):
h h h 2
Zi:l ZJ:] Piin A.‘\ - (Zizw pid)
* allele frequency calculated from genotypic frequencies
pi =P; +%ZE‘=1PU

- multi-allelic mean
w=[2Pg + 2L Pig V2P + XL P 1= T pg;
* population mean
b= Zih:l Z?:. Pyg; = Z?ﬂp?g” B 22:1 ?:mpipjgij = E:upk“k

University of Minnesota

Quantitative genetics definitions of effect and value

. h h
* alleliceffect: a, =1, —u= Zjijpj (1 —H)= ZHPJ%
¢ additive effect:

h
Oy =a;,a=W ;=2 Px (2 *g_ik) =0y

* h(h-1)/2 additive effects are possible for h alleles
* h-1independent additive effects, e.g.,

O =a,—a; =1 —}y, Jj=2,..,h
+ additive value: a;=a,ta,

] 1
+ dominance effect : 8; =g&; —5(& +g;)

+ dominance value (dominance deviation): dj = &; — 1L —a;

University of Minnesota

121



Multi-allelic genetic values and variances
+ additive (breeding) values
a;=a;+a; =~ =2p;)a;—(1 —2[3_1)011_1+22£¢1jpka1k
a; =2a, =-2(1- 2pi)uli+2zrﬂjpkulk
* dominance values (deviations)
di_j =g —Hn—a -4, =[1-pi(1 _PJ‘)_P@(] _pi)]ﬁij
—(1- Zpi)zt‘;i_j Py —(1— ZPj)ZLaJ pl‘ajf + 221&:] Pk Zl:':ku PrBy
di=g;—pn-2a,= _2(1_91)2;-[%6& +22kh:pk h=k+1pf6kf
genotypic values and variance
g=wra; +d, 02 = ZLZL pipjgj -
additive and dominance variances
ot =R B Lppel 8 =LY hepd

University of Minnesota

Multi-allelic partition of genotypic values

B B h ik h-1x—h .k
gy =My +dy = LW D D W Oy
wi =2p, for i,jzk (2 and @, do not share allele k)

wit = —(1-2p,) for i but i=k or j=k (&, and @ share allele k, i)

wit =2(1-p,) for i=j=k (a; and a, share allele k, i=j)

wit' =1-p(1-p)—p(l-p) for ij=kf (d;; and §,; share 2 alleles)
wg’kr =—p,(1-2p,) fori# and i=f( di.i and 8, share allele £, i)

wit' =—p;(1-2p;)  for i#j and j=k (djand By share allele k, i#])
ij.ki"

wy ==2p (1-p;} forisjand i=f(d; and 8; share allele f, i=j)

wi =2pp, for i,j7k,f (d; and 8y share no allele, i=j or i)

g=lp+at+d=1p+Wa, + Wy,

University of Minnesota

122



Numerical example confirming multi-allelic partition

Haplotype [ 2 3 4 G, =genotypic variance
Frequency V&4 0.3 0.2 0.1 h <—h 5 2
= Zi:le:l pipjgij —H

EEEEEE Qvw

en=25 g,=18 g;=15 g,,=10 G
s Gg _Ga +Gd H
g,.=30 g,;=33 g,.,=40

g:=17 g3=12 Gi + Gj = 710419?

University of Minnesota

Estimated additive effects and values

+ additive effects: a,,'=[-74 -1.1 23]
» additive values and variance

a, 2p, 2p, 2p, [06 04 02 [—5.38]
an | |-20-py)  2p; 2p, -1.4 04 02 9.42
a, 2p, —2(1-p,) 2p, 06 -16 02 -3.18
ay 2p, 2p, “2(1-p,) 0, 06 04 -18 4 —-0.38
a - 2, [_|-0-2p)  2ps 2p, u‘ _| o4 0402|202
" lags 2p, —(1-2p,) 2p, " 06 -06 02 s -4.28
a, 2p, 2p, —(1=-2p)|" " 0.6 04 —08 ~2.88
a, | |-(0-2p,) -(-2p,)  2p, 04 —06 0.2 3.12
a,, —(1-2p,) 2p, —(1-2p,) -04 04 -08 4,52
lay | | 2p, —(1-2p,) —(1-2p,}] | 0.6 06 —08] | -1.78 |

o, =Y., > ppa; =20.1178

University of Minncsota
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Estimated dominance effects and values
* dominance effects: 5 '=[-95 6 20 95 75 -14]
* dominance values and variance

4] [-20,01-p) -2p(1-p) -2p.(1-p)  2p;p, 2p,p, 2p,p, [8.29]
doy [ | -2p,(1-ps) 2pp; 2pipy =2py(l-p,) —2p,(1-p,) 2pp, -1.51
dy 2p,ps =2p,(1-p;) 2p,py =2p,(1-p,) 2p,p, “2p,(1-p;) |[ 8. | |-191
dyy 2p,ps 2p,p; =2p, (1-p,) 2p,p, =2p,(1-p,) =2ps{1-p.) || 3| |13.29
a4 = %2 wi't o op(1-2p) -pdl-2p) pitl-2p) -pi(1-2p)  2ppy ||y | | 611
dy | | =p.(1-2p) wit? -p{1=2p,) -pa(1-2p)  2papy —pu(1=2p,) || 85 | |-2.81
du | [-po(1-2p) —py(1-2p,)  wit 2ppy —a(1-2p,) —py(1-2p,) || 8y | |-9.21
dis | |-p(1-2p) -p(1-2py)  2pipy wi® —py(1-2p,) —p,(1-2py) |[85] | 779
dy | [-pT-2p)  2ppy -p(0-2p) —ps(1-2p) wi™ py(1-2p,) 13.39
Lds ] 2pps —pi1-2p) -p(0-2p) pa(1-2py) —p,(1-2p,)  wi | [-8.31]

University of Minnesota

Genotypic values and variance based on partitioning

+ genotypic values from genetic partition

1 [-5.38] [ 829 ] [25] [g,
1 942 | |-1.51] |30 |g.,
1 =318 [-1.91) (17| |g,
1 -0.38| [13.29| |35| |g.
1 202 | |-6.11| 18] |g,
g=1p+a, +d, =| [(22.09)+ + = =
1 428 |-2.81 15| |g.
1 -2.88| [-9.21| [10]| |g.
1 3.12 7.79 330 | g,
1 4.52 1339 | 40| |g..
1] |-1.78] [-831] |12 |gs |

* genotypic variance from genetic partition
02 = Gi +cj =20.1178+50.9241=71.0419

University of Minnesota
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Additive multi-allelic haplotype mixed model

* Mixed model with haplotype effects
y=Xb+ZW u  +e=Xb+ZT o, +e=Xb+Za +e
V = Var(y)=2G ,Z'+ 6’1, = Z(c,, A, L'+ 51,
T, =W, /K a, =kla,

wh h

k, =average of diagonal elements of W, W'

al uh
* Haplotype genomic relationship matrix
Ah = rI‘:J.hrI‘(:.h = “Tuh Wu.h v k‘uh
* GBLUP and GREML
ﬁh:GihAhZ'Vil (y _XB) B = (X'V 1X)_ X'v Wy
o2 M =c2 “yPYUZA Z'PVy/tr(PYZA, Z")

Gi(k*'” :Gz(k)yp(k) p(‘f)y/tr(])(k))

University of Minnesota

Seven models of GVCHAP (Prakapenka et al., 2020)

4 haplotype models:
* Modell:a+d+h
* Model2:a+h

* Model3:d+h

* Model4:h

a = SNP additive, d = SNP dominance, h = haplotype additive

3 SNP models:
* Model5:a+d
*+ Model6:a
* Model 7:d

Model selection:
* Heritahility > a required value such as 1%
* The effect type increases prediction accuracy

University of Minnesota
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Accuracy and heritability of haplotype genomic prediction

* Cross-validations to evaluate prediction accuracy

— Correlation between haplotype GBLUP and phenotypic
values in validation populations (R}

— Correlation between single-locus GBLUP and phenotypic
values in validation populations (R,)

— Accuracy increase due to haplotypes = (R, —-R,)/R,
* Haplotype epistasis heritability (Liang et al., 2020)

ﬁzE = ﬁé _ﬁf = ﬁih —ﬁi] for haplotype-only and additive-only models

University of Minnesota

GVCHAP input and output files (prakapenka et al., 2020)

Multi-node | Two-step GBLUP and reliability:
processing | strategy * SNP additive and dominance values
\ R * Haplotype additive values
S~ Saved * Total genetic value as sum of genetic

1 i i values in the prediction model
Hanlot relationship )
gzsoiyipei matrices * Observed and expected accuracies

SNP genotypes \\‘ ﬂ GREML of variance components and

heritabilities

Phenotypes
SNP map file

Estimates of SNP additive and
\ dominance effects and heritabilities,
and haplotype heritability for graphics

Parameter file /

| Fixed effects

University of Minnesota
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- - -
GVCHAP computing pipeline (prakapenka et al., 2020)
Preparation of input data GVCHAP Post-GVCHAP
i— ———————————————————————— 1 analysis analysis
| [ = o) W (i ] | | r====—-
SNPEVG i i

| . genotypes = | convert-to-findhap.py | = m = : | ﬁ | I:>I - l
[ | |
1 = | Comwmion | 1
| ¢ i — | block-by-snp.py imputed | ﬂ | = 0 l
| il ;. Mockby by s : | | e :

H s ock-by-pos.py haplotype heritabilities
i ) 6= (o=, 1
| i definition & | I —| | |

! . fects an: I
1 e = N | |
l haplotype get-hap-gena.py | | | I d
| : [ e:oty ps | GREML of variance | | l

: E i <:l I components and | observed |
Letd ) 4 o ———_ a | heritabili | accuracy for

o — — |, —— ty |

I | | validation |
| i i count-haps.py m— | | studies
I ' : ; : = parameter file 1l : I | ﬁ I

H M 77777777777777777777777777777777777777777777 1 GBLUpand rlabiles | | =] |

University of Minnesota

The FHS example of haplotype genomic prediction
(Liang et al., 2020. Frontiers in Genetics, 1:588907)

Framingham Hear Study (FHS) data
* 3657-7564 individuals for 7 traits
¥" high density lipoproteins (HDL), low density lipoproteins {LDL),
¥" total cholesterol (TC), triglycerides (TG), height (HTo),
v weight {WT), and body mass index (BMlo)
* 8 S5NP sets: 40,941-380,705 SNPs
v" Effect of SNP density on haplotype accuracy
¥ Effect of MAF (0.05 vs 0.10) on haplotype accuracy

Structural genomic information for haplotype blocks
* Fixed number of SNPs per block, fixed distance per block

Functional genomic information for haplotype blocks
* Codding genes

* Noncoding genes

* Chip-seqsites

University of Minnesota
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ANSC 8141: Mixed model methods for genetic analysis Fall 2023

Haplotype statistics using structural information

TABLE 1 | Statistics of haplotype blocks delined by fixed chromosome distance (380K, MAF = 0.05).

[Distance(Kb) 15 _____[s0 ____J100 ____[250 ___]500 |

Total number of haplotypes 1,123,531 4,868,466 9,601,998 21,315,586 26,992,496

Number of blocks 92,993 47,701 25,774 10,596 5,339
12.08 102.06 372.55 2,011.66  5,055.72

block

Minimum SNPs per block 2 2 2 2 2

Maximum SNPs per block 16 50 75 148 260
Average number of SNPs per block [Parsl 7.92 14.75 3593 713

TABLE 2 | Statistics of haplotype blocks defined by fixed number of SNPs (380K, MAF = 0.05).

Number of SNPs per block 2 12 [22 s [50 |
Total number of haplotypes 1,472,716 6,676,664 13,241,867 18,101,920 26,127,332

Number of blocks 190,357 31,734 17,317 12,699 7,624
Average number of 7.74 210.39 764.67 142546  3,426.98
haplotypes/block

Minimum distance in block (Kb) [JsXui} 2.76 10.99 22.08 50.41

T e (O 4,548.44  29,754.01 29,774.74 25870.14  29,898.03
Average distance per block (Kb) @3 80.71 153.27 210.87 358.19

University of Minnesota

Haplotype statistics using functional information

TABLE 3 | Statistics of haplotype blocks defined by gene boundaries and ChlIP-seq sites (380K, MAF = 0.05).

genes genes genes
Total number of haplotypes 7,419,624 5,571,918 1,946,912 13,368,940

Number of blocks 18,080 12,676 10,111 21,474
Average number of haplotypes per block 410 38 439.56 192.55 622.56

Minimum SNPs per block 2 2 2
Maximum SNPs per block 87 87 64 104
Average number of SNPs per block 13.49 13.95 8.56 17.63
1.14 1.14 1.78 4.04
Maximum distance in block {Kb) 150.0 150.0 150.0 150.0
90.13 95.34 49.82 116.85
1557.23  1158.16  463.33 2423.24

% of autosomes 48.53 36.08 14.44 75.51

4-Kb extended coverage (Mb) 1629.55 1208.49 503.77 2509.14

G -
% of autosomes by 4-Kb extended 50.78 37.66 15.70 28.19
coverage

University of Minnesota
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ANSC 8141: Mixed model methods for genetic analysis Fall 2023

Haplotypes of coding and non-coding genes affect phenotypes

1. Prediction accuracies

a. High density lipoproteins b. Total cholesterol ¢. Height
—AtD —A-D+H (22 SNPS)  —AsDHGH —AHD —D+H (30 Kb} —A+D+GH — A4l ——A-D+H (200 Kb] —A+D+GH
g et ; Zom I
5 naes g LE] E o
% 62 | g 027 I I I T am I I
€ @\&@\agﬁ é&,,&ﬁfz:f e - “g“f F
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Heritability estimates
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Accuracies of best prediction models
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Conclusion

* Haplotype genomic prediction provides a method
for genomic prediction to utilize and investigate:
— Local high-order epistasis effects
— Functional genomic information
— Structural genomic information
— Haplotypes from 41-380 K SNP sets had similar accuracies

* Numerous possible haplotype configurations are a
computing challenge

University of Minnesota
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CHAPTER 15: GENOMIC PREDICTION USING EPISTASIS EFFECTS

15.1 Two-locus Quantitative genetics (QG) Model with Additive and Dominance Effects

This section describes the QG-model of SNP additive and dominance effects of two loci that
will be used for defining the epitasis models. Assuming two SNPs with alleles 4 and a at SNP 1
and B and b at SNP 2, the two-locus model with SNP additive and dominance effects for the nine
two-locus genotypic values can be expressed as:

g=1p+a +a,+d +d, =1p+w_ 0, +W_0, +W;0, +W;0, [15.1.1]
_gAABB_ 1] _WLll_ _W:xlz— _Wéll | _Wg;_
Sarmo | [T | Wa W Wi Wi
€ AAbb 1 W W W W
Gamn | |1 | Wa Wi w5, Wi
EEZ N R R S AR e R P R o
Gawn | [T | Wai Wi W) W
ams | 1] | Wa W Wi Wi
umo | 1| | Wa Wi Wi W
L8 | 1) [wa]  Lwal  Lwi] [wel
where
g = 9x1 column vector of genotypic values [15.1.2]
L = common mean [15.1.3]
a,, = additive effect of SNPi(i=1,2) [15.1.4]
w,; = 9x1 model matrix of o, [15.1.5]
d,,= dominance effect of SNP1(i=1,2) [15.1.6]
w;, = 9x1 model matrix of 3, [15.1.7]
a, =w_o._= 9x1 column vector of additive values of SNPi(i=1,2) [15.1.8]
d. =w;5,,= 9x1 column vector of dominance values of SNP i (i=1,2) [15.1.9]

The additive codings of the genotypes of the i" SNP in w, are wl =2q,, w.=q,-p,,

w2 =-2p,, and the dominance codings in w,, are wi =-2q;, wi =2p,q,, and w,, =-2p; for

A4, AA, and 4,4, genotypes of the i" SNP respectively, with p, = allele frequency of 4, and
q; = allele frequency of 4,. Equation (15.1.1) is the foundation for pairwise epistasis effects as
d

assumption of linkage equilibrium (LE) that allows simplified genomic epistasis relationship
matrices based on SNP additive and dominance relationship matrices without creating the epistasis

the interaction between a,, and o, , o, and &

o 20 ?

and o, , and §,, and 5, under the

lo
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model matrices. Subscript ‘0’ denotes a genetic effect form the original quantitative genetics model
and later will be removed in the raparameterized and equivalent model resulting from the use of
genomic relationship matrices.

15.2 Pairwise Epistasis Effects and Values for Two Loci

The epistasis effects defined by Cockerham method can cover high-order epistasis effects.
However, the biological significance of high-order epistasis is unknown. This study only considers
second- and third-order epistasis. Based on the single-SNP model of two loci defined by Equation
(15.1.1) and the epistasis effects defined by Cockerham (Cockerham, 1954), the model matrices
of pairwise epistasis effects for n individuals are expressed as the Hadamard products between the
model matrices of the additive and dominance effects:

E,=w_ #w,(aa), + W, #Wg(ad), +Ww, #W; (0a), + W, #W,(060), [15.2.1]

where ‘#” indicates the Hadamard product, and

(aa), = additive x additive (AxA) epistasis effect [15.2.2]
= allele x allele interaction effect

(ad), = additive x dominance (AxD) epistasis effects [15.2.3]
= allele % genotype interaction effect

(da), = dominance x additive (DxA) epistasis effect [15.2.4]
= genotype x allele interaction effect

(88), = dominance x dominance (DxD) epistasis effect [15.2.5]

w,, #w_, = coefficients of (aa), [15.2.6]

w,, #w,,= coefficients of (ad), [15.2.7]

w, #w;, = coefficients of (da), [15.2.8]

w;, #w,, = coefficients of (89), [15.2.9]

15.3 Pairwise Epistasis Effects and Values for Multiple Loci

For m SNPs and n individuals, the total epistasis values of the genome as the summation of all
pairwise epistasis values defined by Equations [15.2.1]- [15.2.9] are:

E, =30 20 (W # W) (o)) + X0 2T (W, #w])(ad),
+ X T Wy # W) Ea)) + X YR (W # W, )(85);
— W, (00), +[W,;(08), + W,, (3a), ]+ W, (85), [15.3.1]
=W, (aa), + W (ad)]" + Wy (88),

—aa+ad+da+dd=aa+(ad)® +dd
where
(aa), = (3)*1 column vector of AXA epistasis effects [15.3.2]
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= m(m—1)/2 =allele x allele interaction effects

W, . = nx(3) model matrix of (aa), [15.3.3]
(ad), = (3)x1 column vector of AxD epistasis effects [15.3.4]
= allele x genotype interaction effects
W,; = nx(3') model matrix of (ad), [15.3.5]
(da), = (3')x1 column vector of DXA epistasis effects [15.3.6]
= genotype x allele interaction effects,
W, = nx(3}') model matrix of (da), [15.3.7]
(80), = (3)x1 column vector of DD epistasis effects [15.3.8]
= genotype X genotype interaction effects
W,; = nx(3) model matrix of (88), [15.3.9]
aa=W,_(oa), = nx1 column vector of genomic AXA epistasis values [15.3.10]
ad = W, (ad), = nx1 column vector of genomic AxD epistasis values [15.3.11]
da =W, (da), = nx1 column vector of genomic DxA epistasis values [15.3.12]
dd = W,,(88), = nx1 column vector of genomic DD epistasis values [15.3.13]
(03)5 =[(ad), ", (3a), T’
=2(5)x1 column vector of AxD and DxA epistasis effects [15.3.14]
W = (W, W, )= nx[2(3)] model matrix of (¢:3)"” [15.3.15]
(ad)” =W, (ad);”
= nx1 column vector of genomic AxD and DxA epistasis values [15.3.16]

Combining the epistasis model of Equation [15.31] with the signle-locus model of Equation
[1.4.1], the QG model of multiple loci for n individuals are:
g = 1“ + Waa‘o + W560 + Waa (ﬂ,ﬂ,)o + WO(LEZS) (ﬂ,ﬁ)?) + W56 (86)0

[15.3.17]
=lp+a+d+aa+(ad)” +dd

The variance-covaraince matrix is:
var(g) = G = var(g) + var(g) + var(g) + var(g) + var(g)
=G, +G, +G,, +G,, +Gg [15.3.18]
=0, W, W, "t05, W W, o, W, W, 00, W W o W W
The QG model of Equations [15.3.1]-[15.3.18] provides an exact genetic understanding of the

notations in the model. With this understanding, the notations of the QG model can be simplied
using the multifactorial notations.
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15.4 Multifactorial Notations for QG Model with Pairwise Epistasis Effects

Using multifactorial notations, the QG model of Equation [15.3.17] can be expressed as:
g=ul+Y Wt _=pl+> u, [15.4.1]

where T, = genetic effects of the i" effect type from the original QG model, W, = model matrix

of T, u, = W.t, = genetic values of the i" effect type, f = number pf genetic factors in the

1 10

model (=5 for Equation [15.3.17]).
The variance-covariance matrix of Equation [15.3.18] in multifactorial notations is:

f '
G=)_ c.WW, [15.4.2]

15.5 Genomic Epistasis Relationship Matrices

General formulations

Genomic relationship matrices are needed for calculating GBLUP and GREML. Based on the
general multifactorial model of Equation [15.4.1], the genomic relationship matrices are:

S.=(WW,)/K, ,i=1,...5 [15.5.1]
K.=tr(W.W")/n ,i=1,...5 [15.5.2]

where S, = genomic epistasis relationship matrix of the i" effect type, and K,= the average of
the diagonal elements of W.W.'| noting that K, of Equation [15.5.2] may differ from k; of

Equation [11.1.2] ot [11.1.4] for additive relationship matrix.
Equations [15.5.1] and [15.5.2] use the original model matrices. For epistasis effects, the model
matrices (W,, i=3, 4, 5) are difficult or impossible to compute. Two methods are available for

calculating Equations Equations [15.5.1] and [15.5.2] using the model matrices of additive and
dominance effects (W,, i=1, 2) without creating the epistasis model matrices.

The computing difficulty due to creating epistasis model matrices can be removed by
computing the approximate genomic epistasis relationship matrices (AGERM) as the genomic
version of Henderson’s Hadamard products between additive and dominance relationship matrices
(Su et al., 2012; Muifioz et al., 2014; Vitezica et al., 2017), or by the exact genomic epistasis
relationship matrices (EGERM). AGERM contains intra-locus epistasis that should not exist
(Martini et al., 2020) and EGERM removes intra-locus epistasis from AGERM based on products
between SNP genomic additive and dominance relationship matrices (Jiang and Reif, 2020;
Martini et al., 2020). Although EGERM is theoretically more appealing than AGERM for being
exact, the difference between these two methods in prediction accuracy and heritability estimates
was nonexistent for a Holstein dataset with 78,964 SNPs (Liang et al., 2022) and was negligible
for a swine dataset with 52,842 SNPs (Da et al., 2022), but EGERM required 21 times as much
computing time as required by AGERM for the Holstein dataset, and required about 9 times as
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much computing time as required by AGERM for the swine dataset in this article. The lack of
difference between these two methods and the computing inefficiency of EGERM should favor
AGERM for its mathematical simplicity and computing efficiency at least for datasets with 50,000
or more SNPs.

Approximate genomic epistasis relationship matrices (AGERM)

For pairwise epistasis effects, AGERM as the genomic version of Henderson’s Hadamard
products of pedigree additive and dominance relationship matrices (Henderson, 1985) (Equations
[1.8.10]) are:

S, =S, =S, #S,=A#A = AxA relationship matrix [15.5.3]

S,=S_ =S, #S,=A#D = AXD relationship matrix [15.5.4]

S.=Ss =S, #S,=D#D= DxD relationship matrix [15.5.5]
where

S, —S D =W,W, '/(421 p; ql) W, W, '/(421 Piq}) [15.5.7]

The AGERM for pairwise epistasis effects of Equations [15.5.3]-[15.5.5] are based on the additive
and dominance model matrices of additive and dominance effects of Equations [15.5.6]-[15.5.7]
and avoids using any epistasis model matrices.

Exact genomic epistasis relationship matrices (EGERM)

The EGERM forlulations based on SNP additive and dominance model matrices (Jiang and
Reif, 2020) are:

WW, =W, W, '——[(WuWa')#(WuWa')—(Wa#Wu)(Wa#Wa)'] [15.5.8]

W,W,'=WOWD =W W "+ W, W, '
= {[(W, W, YW, W, ") — (W, # W, )(W, #W;)]

15.5.
+ [(Wuwa ') #(Waws ') - (Wa #Wq )(Wa #Wq #) ']} /2 [ > 9]
=[(W,W_ (W, W, ") — (W, # W, )(W, #W;)']
W.W,'=W, W, '= %[(WSW8 NH(W; W, ') — (W, # W, )(W; #W;) '] [15.5.10]

In Equation [15.5.9], W, #W, = W, #W, . For notation simplicity, the EGERM use the definitions
of Equations [15.5.1] and [15.5.2]:

S,=(W,W,")/K, [15.5.11]
S,=(W,W,")/K, [15.5.12]
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S.=(W,W,")/K, [15.5.13]

K, =tr(W,W,)/n [15.5.14]
K,=tr(W,W,)/n [15.5.15]
K, =tr(W,W,)/n [15.5.16]

To be consistent with the K; notation for EGERM, the SNP additive and dominance relationship
matrices also use definitions of Equations [15.5.1] and [15.5.2]:

S,=(W,W,)/K, [15.5.17]
S,=(W,W,")/K, [15.5.18]
K, = tr(W,W,)/n [15.5.19]
K, =tr(W,W,)/n [15.5.20]

With the understanding of the epistasis genomic relationship matrices, formulations of GBLUP
and GREML can be developed.

15.6 Reparameterized MF Model, GBLUP, GREM

Reparameterized multifactorial model

The use of genomic relationship matrices for genomic prediction results in a reparameterized
QG model. Using the multifactorial notations of the QG model, the reparameterized multifactorial
(RMF) model is:

f
y=Xb+Zg+e=Xb+ZY, Tt +e [15.6.1]
=Xb+ZZif:1ui +e

V=ZGZ'+cl, =Z(>.| G)Z'+cl,
- ) P . [15.6.2]
=2(), o TTNZ'+c 0, =Z(D, 0.S)Z'+c.],
where y = Nx1 column vector of phenotypic observations, Z = Nxn incidence matrix allocating
phenotypic observations to each individual = identity matrix for one observation per individual (N
=n), N = number of observations, n = number of individuals, b = ¢x1 column vector of fixed
effects such as heard-year-season in dairy cattle, ¢ = number of fixed effects, X = Nxc model

matrix of b, e = Nx1 column vector of random residuals, ci = residual variance, and

1, = /K, 1, = the genetic effects of the i" effect type [15.6.3]
T, =W, / /K, = model matrix of the genetic effects of the i" effect type [15.6.4]
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u, = T, = the genetic values of the i" effect type [15.6.5]

012 =Kic5i20 = common variance of the genetic effects of the i" effect type [15.6.6]

G,=c’S, = variance-covariance matrix of the genetic values of the i" effect type [15.6.7]

G= Z; G, = variance-covariance matrix of all genetic values [15.6.8]

The phenotypic values (y) are assumed to follow a normal distribution with mean Xb and
variance-covariance matrix of V. The methods described below for genomic estimation and
prediction are based on the CE method because the MME method is computationally unfeasible
for the epistasis model. Equations [15.6.3]-[15.6.7] are the reprameterization of the QG model in
multifactorial notations of Equations [15.4.1] and [15.4.2].

Table 15.6.1 summarizes the exact correspondence of the notations between the QG model of
Equations [15.3.17]-[15.3.18], the multifactorial (MF) model of Equations [15.4.1]-[15.4.2], and
the reparameterized multifactorial (RMF) model of Equations [15.5.11]-[15.5.20] and [15.6.3]-
[15.6.6].

GBLUP and reliability

Based on the multifactorial genetic model of Equations 16 and 17, the GBLUP of the genetic
values of the i" effect type (1, ) and the best linear unbiased estimator (BLUE) or generalized

least squares (GLS) estimator of fixed effect (f)) are:

0, =0/SZ'V'(y-Xb)=c/SZ'Py, i=L,...f [15.6.9]

where b=(X'V'X)"'X'V'y , and P=V“—V“X(X'V‘1x)'x'v“. The GBLUP of total

genetic values of the n individuals is the summation of all types of genetic values:
g=>.,0 [15.6.10]
The reliability of the GBLUP of the total genetic value (Equation 20) of the j™ individual is:

R; =[G(Z'PZ"G']; /0 [15.6.11]

where G = Z;Gi = Z;cfsi (Equation [15.6.8]), 6, :Z; G! =Z; .S, and subscript or
superscript jj denotes the j" diagonal element. The reliability formula for any or a combination of
genetic values can be readily derived from Equation 21, e.g., the reliability of 4, (GBLUP of
haplotype additive values) is obtained from Equation [15.6.11] by deleting all terms except
G,(Z'PZ"G," in the numerator and 63S! in the denominator, with changes in the V and P

matrices accordingly.
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GREML and heritabilities

The EM-REML iterative algorithm for the multifactorial model of Equations [15.6.1] and
[15.6.2] is:

o/ =c0yPVZS. Z'PVy / tr(PVZS.Z"), i=1,....f [15.6.12]

1

G20 = G20y pUPOy /(PO [15.6.13]

where j = iteration number. The estimate of the genomic heritability for each type of genetic effects
(h?) and the total heritability of all types of genetic effects (H) are:

h?=07/c’ i=1,..f [15.6.14]
H=Y" 1’ [15.6.15]

=171

2 f 2 2 . .
where o —Zizlci +6. = phenotypic variance.

The heritability estimates of Equation [15.6.14] can be used for model selection by removing
effect types with heritability estimates below a user determined threshold value from the prediction
model. The total heritability of Equation [15.6.15] provides an estimate of the total genetic
contribution to the phenotypic variance.

Al GREML for reparameterized multifactorial model

The AI-REML iterative algorithm for the RMF model of Equations [15.6.1] and [15.6.2] is:

00 =09 +(AI?) " AV [15.6.16]
where 0=(c;,03,....6;,65,)' = (f+1)x1 column vector of variance-covariance components,
o;,, =o. = residual variance, A=(A,A,,...,A;,A,)' = (f+1)x1 column vector of the partial

derivatives of the log residual likelihood function with respect to each variance component, and |
= iteration number. A typical term in A (A,) and a typical term in AI (AT, ) are:

1 ov., 1 ov

A=——tr(P—)+-y'P—Py

2 do; 27 0o [15.6.17]
:_%tr(PZS].Z')+%y'PZSiZ'Py, i=1,..,f+1

, i k [15.6.18]

= YV'PLSZ'PISZ'Py, ik=1,..ftl
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where S, =1, . As discussed in Chapter 8, EM-type and AI-REML can be used jointly: EM-type

converges but can be very slow, whereas AI-REML is fast but may fail.

Table 15.6.1 Notations of the quantitative genetics (QG) model, multifactorial (MF) model, and
reparameterized MF (RMF) model for genomic prediction.

Additive ‘ Dominance AXA ‘ AxD | DxD
Quantitative genetics (QG) model
Effect a, 3, (aa), (ad)? (09),
Model matrix W, W, W, W;? W,
Value a=Wa, d=W,_5, aa= (ad)® = dd =
W, (aa), WO (65)2 W,,(8),

var(effects) o 1, S GZM I Gis LI Gg&, I
var(values) = G,= G, = G,= G,=

oW W, | G WW' | o W W, | o Wi Wi | 055 Was Wiy

ao a o oo oo ool

Multifactorial (MF) model

EffeCt Tl" 1‘-20 T30 T40 TSO
Model matrix W, A W, W, W,
Value u =Wr, u, =W,Tt,, u, =Wt u, =Wt u; = Wit
2 2 2 2
Var(effects) 6120 In 020 In G30 In 640 In G50 In
var(values) G= G,= G, = G,= G,=
0120“,1“/1' G§0W2W2' G§OW3W3' 620W4W4' G?OWSWS'

Reparameterized multifactorial (RMF) model

Effect T, = ’KlTlo T, = ‘,KZTZO LT :‘/K3T30 T, = \/K4T40 Ts = KSTSO

Model matrix | T, = T, = T, = T, = T, =
W,/ JK, W, /K, w, /K, w, /K, W, / JK,
Value u =Tr, u, =T, u, =TT, u, =T, u, =Tt
var(effect) o; =Ko}, o, =K,0,, o, =Ko, o, =Ko, o, =K05,
var(effects) o I o I G, I o, I c. I
Genomic S,=TT' S, =T,T, S, =TT, S, =T, T, S, =TT
relationships
K value K, = K, = K, = K, = K=
tr(W,W,")/n tr(W,W,)n | tr(W,W,")/n tr(W,W,)n | tr(W,;W,")/n
var(values) | G,=¢;S, G,=03S, G,=0.8, G,=cS, G,=c:S,
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15.7 Model Selection

The epistasis model of Equations [15.6.1]-[15.62.] may have a large number of effect types.
For the model with epistasis effects upto the fourth order, 14 effect types are possible (Table
15.7.1). However, some effect types may not contribute to the phenotypic variance and the
prediction accuracy. Therefore, model selection is necessary to include the effect types that
contribute to the phenotypic variance and prediction accuracy in the final prediction model.

Table 15.7.1 Heritability estimates of the full model with SNP and epistasis effects up to the

fourth-order (Liang et al., 2023).

HDL LDL TC TG HTo WT BMlIo
A 0.241 0.284 0.331 0.221 0.648 0.424 0.320
D 0.055 0.034 0.085 0.079 0.134 0.071 0.012
AXA 0.356 0.423 0.145 0.135 0.192 0.106 0.219
AxD 0.111 0.000 0.003 0.000 0.000 0.057 0.126
DxD 0.001 0.000 0.001 0.000 0.000 0.015 0.008
AXAxA 0.002 0.000 0.004 0.000 0.000 0.017 0.000
AXAxD 0.002 0.000 0.001 0.000 0.000 0.014 0.000
AXDxD 0.000 0.000 0.001 0.000 0.000 0.008 0.000
DxDxD 0.000 0.000 0.000 0.000 0.000 0.004 0.000
AxXAxAXA  0.000 0.000 0.001 0.000 0.000 0.004 0.000
AxXAxAXD  0.000 0.000 0.000 0.000 0.000 0.003 0.000
AxXAxDxD  0.000 0.000 0.000 0.000 0.000 0.002 0.000
AxDxDxD  0.000 0.000 0.000 0.000 0.000 0.001 0.000
DxDxDxD  0.000 0.000 0.000 0.000 0.000 0.001 0.000
Total 0.768 0.742 0.573 0.437 0.974 0.728 0.686
heritability
Initial A+D+ A+D+AA A+D+AA  A+D+AA A+D+AA A+D+AA A+D+
model AA+AD +AD+DD AA+AD

+AAA+AAD

Final A+D+ A+D+AA A+D+AA  A+D A+D+AA  A+D+AD A+AD
model AA+AD
selected by
10-fold
validations

A 1is additive effect. D is dominance effect. AxA, AXD and DxD are second-order (pairwise)
epistasis effects. AXAxA, AXAxD, AxXDxD and DxDxD are third-order epistasis effects.
AXAxAxA, AXAXAxD, AxAxXDxD, AxDxDxD and DxDxDxD are fourth-order epistasis
effects. Entries in bold are heritability estimates greater than 0.01 for the initial prediction models.
HDL is the normality transformed high density lipoproteins. LDL is the normality transformed
low density lipoproteins. TC is the normality transformed total cholesterol. TG is the normality
transformed triglycerides. WT is the normality transformed weight (WT). HTo is the original
phenotypic observations without normality transformation of height, BMlo is the original
phenotypic observations without normality transformation of body mass index.
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Model selection may include three steps:

1) Initial selection of epistasis models was to exclude effect types with little or no contribution
to the phenotypic variance from further evaluation for prediction accuracy using
heritability estimation,

2) Final model selection to include effect types that contribute to prediction accuracy using
validation studies,

3) Select the model with the smallest number of effect types among several models with the
same prediction accuracy.

Table 15.7.1 is an example of initial selection of epistasis models requiring a minimal
heritability estimate of 1% for any effect type to be included in the initial epistasis model. With
this requirement, four traits (only had AxA effects in the initial epistasis models, two traits also
had AxD in addition to AXA, and one trait (WT) had the most complex initial epistasis model.

Ten-fold validations showed that the A+D+AD model was the final epistasis model for WT,
where AXD, AXAxA and AxXAxD had no contribution to prediction accuracy (Table 15.7.2).

The ten-fold validations also showed that AXA did not contribute to the prediction accuracy
for WT, and resulted a 2.35% accuracy decrease for TG. The final models with the highest
prediction accuracies and the smallest numbers of effect types identified by the ten-fold validation
studies are listed at the bottom of Table 15.7.1.

Table 15.7.2 Prediction accuracy of alternative models for weight (WT) from 10-fold validations.
Accuracy of predicting Accuracy increase over

Prediction model phenotypic values ‘A+D’ model (%)
A+D 0.323 0

A 0.322 -0.31

A+D+AA 0.324 0.31
A+D+AA+AD 0.325 0.62
A+D+AA+DD 0.325 0.62
A+D+AA+AD+DD 0.325 0.62

A+D+AD 0.325 0.62

A+D+DD 0.325 0.62
A+D+AA+AD+DD+AAA+AAD 0.325 0.62

The model in bold face is the best prediction model with the highest prediction accuracy and
smallest number of effect types.
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CHAPTER 16: GENOME-WIDE ASSOCIATION STUDY WITH CORRECTIONS TO
REDUCE SIGNIFICANT EFFECTS BY CHANCE

Genome-wide association study (GWAS) detects chromosome locations of significant SNP
effects affecting a phenotype using SNPs covering the entire genome and has been a widely used
approach for the discovery of genetic variants affecting phenotypes. A GWAS typically uses a
population with phenotypic observations and SNP genotypes, and conducts statistical tests for
significant associations between SNPs and the phenotypic observations.

A major issue of GWAS is the correction of the phenotypic values for sample stratification,
which results in false positive effects due to different population structures rather than true genetic
effects associated with the phenotypic values. More broadly, stratification correction could be
considered a general approach to reduce false significant effects by chance. Many methods of
GWAS analysis are available. This chapter describes two types of sample stratification correction:
using principlal component analysis (PCA) or multidimensional scaling (MDS), and using
relationships among individuals.

16.1 GWAS with Stratification Correction Using MDS method

The PCA method uses eigenvactors whereas the MDS method uses ‘dimensions’ as
covariables in the statistical model. However, the PCA and MDS methods have a high correlation
about 99%. The following uses the MDS method implemented by PLINK (Purcell et al., 2007) as
an example of using PCA or MDS for sample stratification correction.

The statistical model for the PLINK analysis can be expressed as:

y=Xbb +Xib1 +ox+e [16.1.1]

E(y) = Xbb + Xib1 + ax [16.1.2]

var(y) :V=G:I [16.1.3]
where

y = column vector of phenotypic deviation,

b = fixed nongenetic effects,

Xb = model matrix of b,

b1 = fixed effects of the MDS dimensions,

X1 = matrix of the MDS dimension(s) calculated by PLINK from the matrix of identity by
state,

o = SNP additive effect,

x = column vector as model matrix of a created by PLINK,

e = random residuals,

o, = residual variance.

For the model of Equations [16.1.1]-[16.1.3], the statistical significance of the additive effect
() 1s tested one at a time until all SNPs are tested. The number of dimensions to be included in
the model of [16.1.1] can be determined by the changes in SNP effects and genomic inflation
factor: the number of dimensions is enough when the statistical significance and the genomic
inflation factor stabilizes (Figure 16.1.1).
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factor: the number of dimensions is enough when the statistical significance and the genomic
inflation factor stabilizes (Figure 16.1.1).
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Figure 16.1.1 Changes in genomic inflation factor and patterns of Manhattan plots of SNP
significance due to increased numbers of the multidimensional scaling (MDS) dimensions as fixed
effects in the statistical model for stratification correction (Tan et al., 2017). A: Genomic inflation
factor remained relative unchanged as the number of MDS dimensions increased beyond the first
35 MDS dimensions. B-E: GWAS significance PLINK using 35-50 MDS dimensions showing
that the significance patterns were virtually unchanged with the exception of Chrl2 that had
decreasing significance with increased number of MDS dimensions. All p-values in the figures
were in log(1/p) scale. The horizontal green line indicates the statistical significance with the
Bonferroni correction assuming a 5% genome-wide type-I error.

16.2 GWAS with Stratification Correction Using Mixed Models with Relationship Matrices

The mixed model for GWAS with a relationship matrix can be expressed as:

y=Xvb+X,g+Za+te=Xb+Za+e [16.2.1]
E(y) =Xb [16.2.2]
var(y)=V=2ZGZ' +R=6.ZAZ + c.1 [16.2.3]
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g2=(g,,-8-8»)'= column vector of genotypic values of the three SNP genotypes 4,4, , A4 A4,
and 4,4,;

X¢ = model matrix of g;

b = (““9 g')”

X= (I) Xg),

a = column vector of additive polygenic values;

Z, = model matrix of a;

e = random residuals;

o, = additive variance;
A = additive relationship matrix; [16.2.4]
o, = residual variance.

The significance of additive and dominance ffects can be tested using a t-test:

Ll s

£ _ i—ad 16.2.5
! \/VM(LJ) V\/SJ(X'X) = [ ]

— ' >
ggsj

where

L, = additive or dominance contrast;
Jvar(L;) = standard deviation of the additive or dominance contrast;
sa = additive contrast coefficients = (P, /p,, 0.5P,(p, —p,)/ (p,p,), —P,/p,);

sd = dominance contrast coefficients = (—0.5, 1, —0.5);

vVi=(y- XlA))'(y — XB) / (n —k) = estimated residual variance;

g = column vector of the estimated SNP genotypic effects of g,,, g,,, and g,,;
(X' X )ge — Submatrix of (X X ) corresponding to §;

p, = frequency of 4, allele;

p, = frequency of 4, allele;

P,, = frequency of 44 genotype,

P,, = frequency of 4,4, genotype,

P,, = frequency of 4,4, genotype,

n = number of observations,
k = rank of X.

The formula of sa defined above allows Hardy-Weinberg disequilibrium, and simplifies to (p;,

P, —P;>» —P,) under Hardy-Weinberg equilibrium. The t-test of Equation 5 for additive effects
accounts for variations associated with allele frequencies. Generally, the statistical significance of
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additive effects represented by the t-value of Equation [16.2.5] decreases as the allele frequencies
deviate further away from equal allele frequencies.

16.3 Equivalence between Using Relationship Matrices and Removing Genetic Values from
the Phenotypic Values

The A matrix of Equation [16.2.4] can be a matrix of IBS or IBD, genomic additive
relationships or pedigree additive relationships. This section shows that the use of additive
relationships is equivalent to removing the additive values from the phenotypic values. Using
genomic additive relationships is equivalent to removing genomic additive values (GBLUP), and
using pedigree additive relationships is equivalent to removing pedigree additive values (BLUP).
The use of IBS or IBD matrix of SNPs is expected to have similar effects as using genomic additive
relationship matrix. The fixed effects including the SNP genotypic values can be estimated by the

GLS estimator or BLUE from the mixed model equations under the assumption of R = o I

b
b

XV'X) XV'y [16.3.1]
(XR'X) (XR'y-XR 'Za) =(XX) X'(y—Za) =(XX) XYy. [16.3.2]

where y. =y—Za, and where 4 = the best linear unbiased prediction (BLUP) of a. Equation

[16.3.1] is the GLS solution and Equation [16.3.2] is the MME solution of BLUE. These two
equations yield identical results.

Equations [16.3.1] and [16.3.2] have two important messages.

First, the GLS solution of Equation [16.3.1] can be calculated as the least squares (LS) solution
of Equation [16.3.2] if a is known, noting that the LS version of BLUE given by Equation [16.3.2]
is computationally efficient relative to the GLS of Equation [16.3.1] requiring the V inverse, or
the joint MME solutions of b and a requiring the A inverse. This result is the basis the

approximate GLS (AGLS) method for GWAS in Holstein cattle with a replaced by the esimates
ofa(a):

b=(XX) X(y—Za)=(XX) Xy [16.3.3]

where y' =y —Za, and where 2= column vector of 2(PTA), PTA = predicted transmission ability
from routine genetic evaluation using pedigree relationships. Equation [16.3.3] achieves the
benefit of sample stratification correction from mixed models without the computing difficulty of
inverting V or A.

Second, the GLS solution or BLUE of Equation [16.3.1] in fact removes a from the
phenotypic observations as shown by the equivalence between Equations [16.3.1] and [16.3.2]
even though Equation [16.3.1] does not show the removal of a explicitly. The a is the GBLUP if
genomic relationships are used, and is BLUP is pedigree relationships are used.
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CHAPTER 17: LITERATURE DISCUSSION

This chapter is in-class discussion of published articles on two topics: single-step genomic
evaluation, and the n-m confounding.

17.1 Single-step Genomic Evaluation

Single-step genomic evaluation uses pedigree and genomic relationships jointly.
17.2 The Issue of n-m Confounding

This course use the terminology of ‘n-m confounding’ to refer to the result that the maximum
number of individuals that contribute to the prediction accuracy is the number of SNPs, and that

the selection of different training individuals in a population with the number of individuals greater
than the number of SNPs does not affect the prediction accuracy.
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HANDOUT
ANSC 8141, Fall 2023

ANSC 8141, Universily of Minnesola

BP, BLP, BLUP (Chapter 5 of Henderson)

* BP = best predictor
* Maximize correlation between BP and the true value
+ E(wly) as predictor
* Unbiased
+ Requires distribution knowledge

* BLP = best linear predictor
+ Same formula as BP
+ Selection index is BLP
* Does not require distribution knowledge
» Does not have method to estimate fixed effects

* BLUP = best linear unbiased prediction
* Provides a method to estimate fixed effects
* Minimizes prediction error variance

ANSC 8141, University of Minnesota
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Chapter 5: Prediction Error Variance and Reliability

cov(a,b') = cov{GZPy,[(X'V'X) X'V'y]'}

=coviGZPy,y' V'X(XV'X) |}
=GZPVar(y)V'X(X'V'Xy
=GZPX(XV 'X) ]

=0, by PX=0

Var(i) = GZ'PVar(y)PZG)
~GZPVPZG)
=GZPIG, byPVP=P

cov(a,b') = covia, [(XV 'X) XV 'y]')
=covia,y' V'X'(XV'X) ]}
=GZV 'X'(X'V 'X)

PEV = var(a—a) = var(a)— var(a)

=G-GZ'PZG

var(a) = GZ'PZG
=var(a)-PEV =G -PEV

_ G _ CHL-L
=G _ CMGi

for original MME
for simplified MME

R? =var(a), / var(a),

R =c(AZ'PZA), /A,

R’ =1 - PEV,/(A,oc.

ANSC 8141, University of Minnesota

Ri=¢> (AgZ'PZAg )ii /Aii =(G,Z'PZG,). / (62A;)

GZPZG 5 rows 5 cols (numeric)

0.0165841 -0.020267
-0.020267 0.0257147
-0.001852 -0.001523
0.0053616 -0.004067
0.0001737 0.0001428

G_A5 rows 5 cols (humeric)

0.0760894 -0.049678
-0.049678 0.1075313
-0.015092 -0.015092
0.0100614 -0.02138
-0.02138 -0.02138

-0.001852
-0.001523
0.0153558
-0.01054
-0.00144

-0.015092
-0.015092
0.0823777
-0.018236
-0.033957

0.0053616
-0.004067
-0.01054
0.0082575
0.0009882

0.0100614
-0.02138
-0.018236
0.05408
-0.024525

0.0001737
0.0001428
-0.00144
0.0009882
0.000135

-0.02138
-0.02138
-0.033957
-0.024525
0.1012429

ANSC 8141, University of Minnesota
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R2=03(A,Z'PZA,) /A,=(G,Z'PZG,), [(cIA,)

REL_A 5 rows 1 col (numeric)

0.2179556 0.0165841/0.0760894
0.2391367  0.0257147/0.1075313
0.1864077  0.0153558/0.0823777
0.1526908 0.0082575/0.05408
0.0013331 0.000135/0.1012429

ANSC 8141, University of Minnesota

Reliability for all individuals, with/without observations (paetal., 2014
+ CE method for predicting genetic values
R: =o.(A,Z'PZA, ) /a,
R} =o3(D,Z'PZD, ) /d,
R? =(G,Z'PZG, +G Z'PZG, +G,ZPZG, +G,ZPZG,), /(a,0> +d,02)
« MME method for predicting genetic values
Ry =1 _Ku(TaCauTar)ii/aii
R} =1-,(T,C®T,"), /d,
R =1-62(T,C*T, +T,C*T,+T,C*T, +T,C*T,"), /(a,0> + d,02)

ANSC 8141, University of Minnesota
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RZ

gi =

b
Ry

Reliability for individuals without observations

+ CE method for predicting genetic values
R2 =c2(A,Z'PZA,,). [a,
R} =0} (DOIZ'PZDIU n/dn
(5 A,Z'PZA ,+6 A Z'PZD . +c,D Z'PZA & +c.D,Z PZD]O)ii

a.o’ +dc

i

+ MME method for predicting genetic values
R} =1-2,(L.C T, ) /o,
RZ = 1-1,(T, €¥T,, ). /d,
—1-62 (T, €T, +T,,COT,, +T,, C* T, +T,, C T, ). /la, 02 +d,02)

ol

ANSC 8141, University of Minnesota

Chapter 6: Maximum likelihood estimation
1 1 ' -1
L(V;y) e —Elog |V —E(y -Xb)'V (y - Xb)

Vi) _
oo

T (V_ 6\; G
f AN
d(log| Af) . 0(A) O(AT) ) 1 O(A)
A5 AV _ A 8
ox A =] P

Ty-Xb)=0

(v 6V
oG?

y-Xb)'V" ]a_vV (y — Xb)
j 86]

tr(V'V)) = (y = Xb)' V'V, V7 (y - Xb)

ANSC 8141, Universily of Mimnesola
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Chapter 7. Conversion from CE to MME (1 of 3)
P=V’' 7V*'X(X'V*'X)’ X'V '=R"-R'(X,Z)C (X,Z))R"
t(P)=tr[R” -R™(X,Z)C (X,Z)'R™']=N/o’ ~tr[R"(X,ZY R (X, Z)C]

X'R'X XR'Z|[XR'X XR'Z _)/ s
ZR'X ZR'Z||ZR'X Z'R'Z+G” )

X'R™'X X'R'Z 0 0 c?2 c® -
= tI'[( ' 1 ' 1 1| -1 ) ab aa ]/ C.
Z'RX Z'R Z+G 0 G C C

_tr[ Chh Cha Cbb Cbu B 0 0 Cbb Cba
[ Ky ol | ¥ o S ol I I el f o o
~ [r ~ tr( 0 0 Cbb Cba
- 0 G

Cab Cua
tr(P)={N— [r—tr(G~'C™)]}/ 5.

tr[R(X,Z)'R(X,Z)C |= tr(|:

/a2

})]/Gi =[r-tw(G'C*)]/o., r=rank of C

ANSC 8141, University ol Minnesola

Chapter 7. Conversion from CE to MME (2 of 3)
t(PZAZ") = tr(PZGZ' Y5, = u|[P(ZGZ'+ R - R)/c.
=[t{PV) - tr(PR))/G.
w(PV) = tr{[(V"'~ V'X(X'V'X) X'V']v}
= [(L,-V'X(X'V'X) XT=N-u[X'V'X({X'V'X) ]
=N-r, r =rankof X

X

tr(PR) = tr(P)o. = {N - [r, —tr(G™'C*)]}

tr(PZAZ") = [tr(PV) - tr(PR))/o; ={(N—-1)—{N— [r—t(G"'C*")]} } /5.
= {1, + [1-w(G'C")]}/ o, =[n- (G 'C")]/q,

ANSC 8141, University of Minnesota
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Chapter 7. Conversion from CE to MME (3 of 3)

y'PV.Py =tr(y' PZGG"'GZ' Py)/ 5. =tr(3'G™4)/ 5
y'PV,Py=1{(y' PRIR 'R (RPy)]/(c,)" =tr(&'8)/ (c3)’

y' PZGZ Py =t(PZGZ'P) — tr(d'G'a)/c’ =[n—-t(G™'C*)]/c.

v PPy = r(P) — @9/ (@) =N-[r-(G 'C)}/

oL 1 oo 1 \
~ ———tr(PV)+—y'PV P
2 (PV;) Y PV Py

1

ANSC 8141, University of Minnesola

11
Chapters 7 & 13: REML (left) and GREML (right)
N Vi 20) . pli VD
2y _ oﬂ( 'y POZAZ POy g :gut yP {ZAgZ Py
! tr(PVZAZ" ¢ tr(PYZA Z")
620D — Gi(i)yrp(i)]’(i)y — G2 GimmePmy
¢ tr(P™) ¢ tr(PY)
2 _ ﬁ(i) 'Ail‘:‘(i) — 201 _ ﬁ(i) '&m
© -t (ATCH Y] o m —a(CUYRY
o _ a1 e PROXPY0 -
N —[r—tr(A~'C™"A"] ’ N —[r — tr(C*V )]
ANSC 8141, University of Minnesota
12
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Chapter 8:
Comparison between Newton-Raphson, Scoring, and Al-REML

Newton-Raphson: “H=—Lueviey) +%yPVfPV[Py
[ cancel
Scoring: 10) = B H) = L1 (PVPY)
AI-REML: Al= %[I(e) “H]= %[—E(H) ~H]= %vafPV:Py

ANSC 8141, Universily of Minnesola

13
Al-REML for CE method with additive and dominance SNP effects
{Similar to Lee and van der Werf (2006) with definition and notation changes)
000 —09 4 (A7) AV 0=[c} o o
o O e
yPV,PV,Py yPV,PV;Py yPV,PPy
Al =% yPV.PV.Py yPV,PV,Py yPV,PPy
yPPV.Py  yPPV,Py  yPPPy
tI‘(PV,_L)*y PViPy V6 =ZDgZ'
A=— tr(PV,)—y'PV,Py
tr(P)—y PPy Vo =ZAZ
ANSC 8141, University of Minnesota
14
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Al-REML for MME method
with additive and dominance SNP effects (paetal., 2014)

gith _ gt +(AI(” )*1 AD 0= [Gi o Gi]'

a'B.Z,a/(c))  @B,Z,0/[(c2)6.] @B&/[(62) 6]

Al =% @'B,Z,0/[(02)02]  &'B,Z,0/(c2)  8'B,e/[(c2)0?]
a'Bé/[(c2)’62]  8'B.é/[(c})’c? &'B.é/ ()

B, =C"Z'M+C”"Z,M=06.2Z,'P=Z'B,/c’
B, =C*Z,'M+C*Z,' M =06.Z,'P=7,"B, /c.
B,=M-MZ H'Z,'M=c_P

Z,=7T, M=1,-X(X'X)" X'

Z,=1T, [C““ cm‘]{zmz, +1.), ZMZ, .

Z,=(Z,,Z,) PO o 72, MZ, Z.MZ, +1_}

ANSC 8141, University of Minnesola

15

Chapter 8: Proof of E(y'PV,PV,Py)=t(PV.PV,)
E(x' Ax) = E[tr(x' Ax)] = E[tr(Axx')] = t AE(xx')] = tr{A[var(x) + E(x)E(x)']} A1.6

E(y'PV/PV,Py) = tr{V/PV,[Var(Py) + E(PY)E(Py) ]}
= tr(V,PV,PVP) + Var(Py) = tr(V/PV,P}+0
=tu(PV'PV,), PVP=P, PX=0

E(Py) = E[P(Xb + Za + ¢)] = E(PXb) + E(PZa)+E(Pe)
=PXb+PZE(a)+ PE(e)=0, PX=0

E(y'PV/PV,Py) = tr{PVPVP[Var(y) + E(y)E(Y) T}
= tr(PV,PV,PV)+tr(b'X'PV/PV,PXb) = tr(PV,PV])

ANSC 8141, University of Minnesota
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Content of GVCBLUP

GREML_ce for m>q, m = # of SNPs, g = # of individuals
GREML_gm (mme)  for g>m

GREML_ce and GREML_gm have identical results

GBLUP, reliability

GREML estimates of variance components

Heritability of all SNPs with standard deviation

Heritability of each SNP for Manhattan plots

SNP effect of each SNP for Manhattan plots

Can use any of Definitions |, I, IV, V for genomic relationship
Additive and dominance effects

GCORRMX
o Genomic relationships, Definitions |, I, IV, V
o Genomic correlations, Definitions lll, VI

O 0 0O 0 0 0O O

GVCeasy as graphical interface

ANSC 8141, University of Mimnesola
17
Goals of GVCBLUP exercise
1. Computing speed of CE and MME versions
1) GREML ce for p1k _m3k, p3k_m1lk
2) GREML_gm for plk_m3k, p3k_m1ik
3) Additive and dominance
4) Training vs validation
2. Comparison of different relationship matrix
1) GREML ce for p1k_m3k, additive only
2) Definitions |, II, IV, V
3. Input and output files
4. Manhattan plots of SNP heritabilities and effects
ANSC 8141, University of Minnesota
18
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* Comparison of computing time by GREML_ce and GREML_gm

* 2366 individuals (q = 2366)

* 45878 SNPs (m = 45878)

* desktop computer with 64 Gb memory and 8 cores (16 threats)
» Computing strategy makes a major difference in feasibility

GREML_CE GREML_QM QM/CE
ratio

Time per iteration: <1 sec ~680 sec >680
A (additive only) V: 2366x2366 MME: 45878x45878 19.4

Time per iteration: 1sec ~9000 sec ~9000
A+D V: 2366x2366 MME: 91756x91756 38.8

ANSC 8141, University of Minnesota

19
Approximate generalized least squares (AGLS) method
https://www.frontiersin.org/articles/10.338%/fgene.2019.00412/full
XR'Xb+XR'Za=XR'y R=c1 R'=(/c)l XXb+XZa=XYy
b=(XX) (Xy-XZi)=(XX) X'(y-Za)
=(XX) Xy., y.=y-Za b=(XX) Xy
=(XV'X)XV'y =LS estimator of b
=BLUE or GLS estimator of b
b=(XXy Xy, y=y-Za
=AGLSestimatorof b
a=additive values from routine genetic evaluation
20

157



APPENDIX 1: MATRIX ALGEBRA

Generalized Inverse
A" is a generalized inverse if:
AATA=Aand A AA " =A"

Trace

Definition
A =n X n square matrix

n

tr(A) = Zi:laii

Useful property

tr(AB) = tr(BA ), tr(ABCD ) = tr(BCDA ) = tr(CDAB ) == tr(DABC )

tr(A+B)=tr(A)+ tr(B)
Quadratic Forms

Definition
A =n X n square matrix, X =n X 1 column vector

_ [ _ n n
y = x'Ax = Zj:lzizlxixjaij

Example 1:
a4 4y

' —
X_[Xl X, X3]3A— dy; Ay Ay

a'31 a'32 a33

R} ) 2 2
Y=X AX=Xj2;; +Xj8,, + X385 +X,X,(a), +a,) + X X;(8)5 +a5)) +X,X;(a); +2a5,)

If A is symmetric with a; =a;,

) 2 2 2
y=X'AX=X;a,, +X5a,, +X;a;; +2X,X,3,, +2X,X;3; +2X,X;a,;

Expectation of quadratic form

E(x'Ax)=E[tr(Axx")]=tr[AE(xx")] = tr {A[var(x)+E(x)E(x)']}

Example: if var(y) =V, E(y) = Xb,

E(y'Qy) = tr{Q[var(y) + E(y)E(y)']} = tr{Q[V + (Xb)(Xb)']}
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Matrix Derivatives

Definition of matrix derivatives

M
ox
Y, f(x), %
|y |_|fG0s | | ax @_{ayl O, o, é‘yﬂ AL
y=| |2 , a2 [A17]
Vs f(x), ox | 9Ys ox ox oOx oOx 0Ox
vo) L, &
L ox |
Formulations
y =xa =n x | column vector, a =n % 1 column vector, x = scalar
oy _ o(xa) —a [A1.8]
ox ox
y=xa’'=1 X nrow vector, a’ = | X n row vector, x = scalar
Oy _o(xa’) _ ., [A1.9]
ox Ox
y=a'x=1 x 1 scalar, a’= 1 X n row vector, Xx =n x 1 column vector
dy _0@x) _oxa)_. [A1.10]
ox ox ox
y = AX =n X | column vector, A =n X m matrix, X =m ¥ 1 column vector
Oy _0(Ax) _ 0(AX) _ 4, [AL.11]
ox ox ox
y =x'A =1 xnrow vector, A =m X n matrix, X' = 1 X m row vector
9y _ox'A) _, [A1.12]
ox ox
y =x’Ax =1 x 1 quadratic form, A =n X n matrix, X =n x 1 column vector
0y _OXAX) _ 4t A'x [A1.13]
ox ox

A™!' = inverse of A = f(x)
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O(A™)

Ox

A—l 8(A) A—l

Ox

y = log|A| = logarithm of determinant = f(x)

dog |A]) _
Ox

F = f(xj) = p x q matrix, G = g(xj) = q X r matrix, j=1,..

tr|

Al @

Ox

]

OFG _A(G) aF) .

OX ;

J

ox;  OX

F = f(xj) = p X p matrix

A[tr(F)]

OX.

J

OX.

J

OF
tr—

(Harville, 1997)

160

.,m

[A1.15]

[A1.16]

[A1.17]

[A1.18]



APPENDIX 2: GENETIC PARTITION

(This 1s Chapter 11 of ANSC 5200, Fall 2022)
(A similar version was published as Text S1, Da et al., 2014, PLoS One 9(1):e87666)

11. GENETIC MODELING OF QUANTITATIVE TRAIT LOCI: SINGLE-LOCUS
MODEL

Summary of main points

e A genotypic value of a bi-allelic locus is partitioned into the sum of the population mean,
additive value and dominance value

e The additive value is the sum of two allelic effects

e Each allelic effect is a deviation of the allelic mean from the population mean

e Additive effect is the difference between the two allelic effects

e The dominance value (deviation) is the deviation of the genotypic value from the population
mean and the additive value

e The dominance effect is the difference between the heterozygous dominance value and the
average of the two homozygous dominance values, and is also the difference between
heterozygous genotypic value and the average of the two homozygous genotypic values

e The genotypic variance is partitioned into additive and dominance variances

e An additive value can be expressed as a function of the additive effect, providing a quantitative
genetics model for candidate gene testing, genome-wide association study (GWAS), and
genomic prediction

e A dominance value can be expressed as a function of the dominance effect, providing a
quantitative genetics model for candidate gene testing, genome-wide association study (GWAS),
and genomic prediction

e The quantitative genetics model in this chapter is used for genomic prediction of quantitative
traits

References

Falconer DS, Mackay TFC: Introduction to Quantitative Genetics, 4 edn. Harlow, Essex, UK,
Longmans Green; 1996. Chapters 7 and 8.

Lynch M, Walsh B: Genetics and analysis of quantitative traits, Sinauer Associates, Inc., 1998.
Chapter 4.

Fundamental assumption for quantitative trait
e The phenotype of a quantitative trait is affected by genetic and environment factors

Two general models of a quantitative trait
)y=G+E+e
2)y=G+E+Ige+e
y = phenotypic observation of the quantitative trait
G = genotypic value of the gene(s) affecting the quantitative trait
E = environmental value of the quantitative trait
Ice = the phenotypic value attributable to the gene x environment interaction
e = random residual
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e Modeling G is the task of genetic modeling of quantitative trait loci (QTL)

e This chapter considers y =G + E + e only

e Genetic partition is the foundation of quantitative genetics

e Models from genetic partition have been used for detection of genetic effects and genomic
prediction

11.1 Partition of genotypic values

e Linear partitioning of genotypic values is the primary genetic modeling of quantitative traits

e A bi-allelic locus is assumed to affect the quantitative trait

e One locus with two alleles, A7 and A2

e Allele frequencies: p(4:) =p, and p(42) =q

e Under Hardy-Weinberg equilibrium (HWE) assumption, the genotypic array satisfies
p?A1A1 + 2pqAiA2 + qPA242 = (pA1 + qA2)?

Population mean of genotypic values and average effect of a gene

Table 11.1.1 Calculation of population mean and average effect

Genotype AiA: Ai1A:> A2A>
Number of individuals Nii Ni2 N2
Genotypic frequency: general expression P11 =Ni/N P12 =Ni2/N P22 =N22/N
Genotypic frequency under HWE p? 2pq q’

Number of 4; 2 1 0

Number of 42 0 1 2
Genotypic value: general definition g, g, 25
Genotypic value: Falconer’s definition a d —a

® N =Ni1 +Niz2+N2»

i = population mean value of a gene
= sum of (genotypic frequency X genotypic value)
=Png, tPi2g, +Png, in general (11.1.1)

=p*g, T2pqg, T8y, under HWE (11.1.2)

Average effect of an allele

average effect of an allele = the mean of genotypic values of all genotypes containing the allele,
measured as deviation from population mean.

162



Allelic mean of 4; allele
_ 2N, g, +Npg,  Nyg +%Ng),

1

2N, +N,, N,, +2N,,
N, N
— b +1/ — 12
__N Sntr N S _Pig, +7Pyg, _Pig, +7%Pyg,
&4_1/2& P, +7%P, p
N N
Pug B o ViP i 1
=—8u T8, =58, +725,,8, In genera

2
=g, +%——g,=pg, +9g,, under HWE

(11.1.3)

(11.1.4)

e P11.1 = P1i/p = conditional probability of 414: genotype among all genotypes with A; allele
e P12 = Pi2/p = conditional probability of 4:4> genotype among all genotypes with A; allele

Average effect of 4; allele

a, =, —p = average effect of 4; allele

=(pg, tag,) —(*g, +2pqg, +4°Lyx)
=p(l-p) g, ta(12p)g, — 9’8,

=pqg, t9(q—p)g, ~9’8x»

=qlp(g,; — &) talg, — g,)]

Allelic mean of 4> allele
N8, +2N,g, — Nyg, +%N,,8,

= N12 +N,, - N, +%2N,,
1/ Npp WNoy
_ g12 N Ex _ 72P,g, +Pug,, _ 72P,g, +Pug,,
/ 21 422 N22 l/2P12 + P22 q
N N

P, )
l/z_glz +?g12 P,,g, +72P),8,, in general

2
1/ pq ng qq g 22 =pg12 +qg22 under HWE

(11.1.5)

(11.1.6)

(11.1.7)

(11.1.8)

e P22 = Pi12/q = conditional probability of 4:4> genotype among all genotypes with 4> allele
e P2> = P»/q = conditional probability of 424> genotype among all genotypes with A2 allele

Average effect of A2
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a, =W, —pn = average effect of 4> allele (11.1.9)

=(pg, tqgy,) —(P*g, T 2pqg, +9°g,,)
=-p’g, tp(P— 9 g, tP9g,»
=-—plp(g,, — g12)+q(g12 — €)1 (11.1.10)

e Average effects sum to zero, i.e., pa, +qa, =0

e Average effect of gene is also called "additive effect of gene", meaning that one gene adds one
effect to the genotypic value

Average effect of gene substitution (a)
= the difference between the average effect of 4; and the average effect of A2

a=a,—a, = W~ (11.1.11)
=p(g, — &,)ta(g, — &5,) (11.1.12)
=p(g,)+@—p)g, —9&x» (11.1.13)

=(g, —gp)2 ifp=q

a, =qo, by equations (11.1.6) and (11.1.12) (11.1.14)
a, =—pa, by equations (11.1.10) and (11.1.12) (11.1.15)

e a=p(g,)+t(qQ—p)g, —qg,, 1s the additive contrast of genotypic values

® a, a,, a, are measures of additive effect (allelic effect)

Additive (breeding) value

e Breeding value of a genotype is the additive effect of the genotype and is a sum of average
allele effects of the genotype, the summation being made over the pair of alleles at each locus
and over all loci.

a; = a; ta (11.1.16)

Table 11.1.2 Additive (breeding) value

Genotype Additive (breeding) value
A1A4: a, =a, +a =2a, =2qa
Ai1A:> a,=a ta, =(q—p
A24> a,=a, +ta, =2a, =—2pa

Note that additive vales sum to zero, i.e., p*a,, +2pqa,, + q*a,, =0.

Dominance value (deviation)
Dominance value (deviation) is the deviation of a genotypic value from its mean and additive
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value, i.e.,

dj=g;—n-a; =t;—a, (11.1.17)
=gy —H, 4, =8 U, b, =g, —H, 6, =gy, |
Table 11.1.3 Dominance value (deviation)
Genotype AiA: AiA>2 A2A4>
Corrected genotypic value t,, t, t,
Additive (breeding) value a, =2a, a, = a, ta, a,, =2a,
=2qo =(qpl =—2pa
Dominance value (deviation) d,=t, —a, d, =t, —a, d, =t, —a,
=-20% =2pqd =-2p%
d,=t, —a, =g, n—2a
=g R 2w
=g, " 2ltu

=g, —2(pg, t98,) + (g, t2pqg;, T 9°8x)
=(1-2p) g, —2qg,, t+(p*g, T 2pqg, +4°L,,)
=q(g, * gy 2g)

=-2q°[g,, — (8, + 8x)]

=297 (11.1.18)

d,=t, —a,=g, ~n—(a ta,)

=g, “Hm—ptp

=g, ~(Pg, T48,) (P8, t98x)
+(p’g, T2pqg, +4°8,,)

=-pq(g,, + 8») +2pqg,

=2pql g, — (g t 8,)]

=2pqd (11.1.19)

d,, =t,, —a, =g, —un-2a,

=8, ~2(pg, T48y) T (P’8 T 2pqg;, +478y)
=(12q9+9)g, —2p(1 —q) g, *p*g,

=(PpD 8» —2P°8;, tDP*8, =P’8n — 2’8, T P8,
=pA(g, * gyn —28,)

=2p?[g,, — (8, + 8x)]

=—2p* (11.1.20)
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Dominance effect ()
0=g, — Vg, +gy) =d, —'A(d, +dy)

= dominance contrast of genotypic values
= dominance effect = contrast of dominance deviations

e Dominance deviations sum to zero, i.e., p>d,, +2pqd,, +q*d,, =0.

Summary of partition of genotypic values

g =uta +aj+dij
=pt aij+dij

Interpretation of additive and dominance effects

P ™)
Additive effect only, no dominance:
6 =0org;,="2(g;* &»)
e 212 S22
Dominance effect only, no additive effect: |5| > 0, o =0
S B0 g1z
- /
- Additive effect and complete dominance: -
0= 0. 045 01 0L p = 05y
g1 2~ 812
8127 Bn g2
& o/
4 Additive effect and partial dominance: |d| < |o )
820> 812~ V(8111 82) OF 811<815< 2(g11182)
g1 e12 82
g g g
\_ 11 12 22/
4 Additive effect and over-dominance: |3 > | )
2125811 Or 812782
g 822 g2
" 212 g1 82 -

Figure 11.1.1 Quantitative genetics interpretation of additive and dominance effects. (Assuming

equal allele frequency for additive effect)

11.2 Partition of genotypic values in matrix notations
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e Quantitative genetics model from genetic partition

Model 1
g =uta;+d; (11.2.1)
or
g, = n+(2qa) — (29%9) (11.2.2)
g, =pn+t[(q—pa]+(2pgd) (11.2.3)
8y =1+ (—2pa) + (=2p?d) (11.2.4)

In matrix notations,

gu [ ay d,,
n [F| R ||y |T d12
g» ay dzz_
—2q26 1 29 -2¢°|[n
=|p |+ (- p)a} 2pqd |={1 q-p 2pq ||«
—2pa —2p28 1 2p -2p°|| &
_2q2
=|1|u+ (q—p) o+| 2pq |d
|1 -2p -2p°
g=1p+w o+w,o=Ip+a+d (11.2.5)

e Equation 11.2.5 is used for GWAS and genomic prediction

e Quantitative genetics model with equal allele frequency: p=q ="

g, 1 2q -2q° 1 1 —Va
g, |=|1|n+|(q—p)|oa+| 2pq [d=|1|pu+| O jo+| 2 |0 (11.2.6)
g,| |1 -2p -2p° 1 -1 ~V

11.3 Different forms of quantitative genetics models

e Two different genetic models, Model 2 and Model 3 as special cases of Model 1 assuming
equal allele frequencies

e Models 1-3 have been used for detecting genetic effects

e Models 1 and 3 have been used for genomic prediction

Model 2: 1-0-(—1) additive coding and 0-1-0 dominance coding
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gn| |1 1 0

g |=1|pu+] 0 ja+|1]5, 11.3.1
12
8n] (! -1 0

Model 2 is a reparameterized model of Model 1 assuming equal allele frequencies
e Equal QTL allele frequencies: p=q="1
e adding —20 and '49 to the right-hand-side of Equations 11.2.6 lads to:

g, =p+ta-Y%d=(Qu-%d)+a=p" +a (11.3.2)
g, =u+%=(u-"8)+d=p"+35 (11.3.3)
g, =% —a=p —a (11.3.4)
w=p %3 (11.3.5)
gn| |1 1 0

or g, |=[ 1w +] 0 ja+|118 (11.3.6)
g, 1 -1 0

Model 3: 2-1-0 additive coding and 0-1-0 dominance coding

® One copy of an allele has one additive effect

e Only heterozygous genotype has dominance effect

e Example: 4141 has 2 copies of 41, A142 has 1 copy of 41, A242 has 0 copy of 41
e 2-1-0 additive coding,

2, 1 2 0

g, [=|1|u+|1|a+| 1|0 11.3.7
12
gn] (1 0 0

Model 2 is a reparameterized model of Model 1 assuming equal allele frequencies
e adding —a and a to the right-hand-side of Equations 11.3.3-11.3.5 leads to:

g, =W —a+to+toa=(u—a—"3)+20=p"+2a (11.3.8)
g, =W —oa+to+d=(u-oa-d)+a+d =p +a+3 (11.3.9)
g, =W —oa+to—o=(u—a—-"%3)=pn" (11.3.10)
wr=p— a5 (11.3.11)
i 1 2 0

or g, (=1 +| 1 o+ 118 (11.3.12)
€2 1 0 0
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11.4 Partition of genotypic variance

Additive variance
Additive genetic variance is the variance of additive values or breeding values.

Table 11.4.1 Calculation of additive variance under HWE

Genotype AiA: Ai1A> A2A>
Genotypic freq p? 2pq P
Additive (breeding) value a, =2qo a,, =(qp) a,, =—2pa
(Breeding value)? 4q*0? (q — p)*o? 4p*o?
Freq x (breeding value)? 4p*q*a? 2pq(q — p)*a? 4p*q*a?

0§ = sum of frequency x (additive value)? (11.4.1)

(mean of additive values = 0)

O, =4p*qRe® + 2pq(q — p)o2 + 4pPqPel
=2pqo*[2pq + (q — p)* + 2pq]
= 2pqa*(2pq + q> — 2pq + p* + 2pq)
=2pqo*(p + q)°
= 2pqo? (11.4.2)

Dominance variance
Dominance variance is the variance of dominance values or deviations.

Table 11.4.2 Calculation of dominance variance under HWE

Genotype Ai1A1 Ai1A:2 A2A:>
Genotypic freq p? 2pq q?
Dominance value (deviation) —2g°%0 2pqo —2p?0
(Dominance value)? 4q*s? 4q*p>d? 4p*s?
Freq x (Dominance value)? 4p’q*e? 8p’qds> 4p*qPs?

Gi = sum of frequency * (dominance value)? (11.4.3)

(mean of dominance values = 0)
- 4p2q462 + 8p3q382 + 4p4q282

=4p’q°9*(q* + 2pq + p?)
— 4pq? (11.4.4)
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Covariance between additive and dominance valuess

Table 11.4.3 Calculation of covariance between additive and dominance values

Genotype AiAi Ai1A4> A24>
Genotypic frequency p? 2pq q?
A (additive value) 2qa (q—pa —2pa
D (dominance value) —2q%0 2pqo —2p%d
AxD —4g’ao 2pq(q — p)ad 4p*ad
Freq x (A x D) —4p*qPad 4p*q*(q — p)ad 4p*q*ad
cov(A, D) = sum of frequency X (A x D)?
(mean of A =0, and mean of D = 0)
=—4p’q’ad + 4p’q*(q — p)od + 4p’°q*ad
=—4p°q°ad(—q+q—p+p)
=0
Partition of genetic variance
O, = G, + O +2cov(A, D)
= 0, + G =2pqo?® + 4p*q*d? (11.4.5)
Direct calculation of 02 as confirmation of partition of genetic variance
g, — u=2q(a—qd)
g, ~u=(q—p)o+2pgd
€, ~u="2p(a + pd)
Table 11.4.5 Calculation of genotypic variance
Genotype Ai1A1 Ai1A:2 A24>
Genotypic frequency p? 2pq q’
Genotypic deviation 2q(0—qd) (q —p)a+2pqd —2p(a+ pd)
(Genotypic deviation)? 4q*(a—qd)? [(q —p)o+2pqd]? 4p*(a+ pd)*
Freq x (genotypic deviation)*  4p*q*(a—qd)? 2pq[(q—p)at+2pqd]* 4p*q*(at+pd)?
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02 = 4p*q*(o. — q6)* + 2pq[(q —p)a+2pgd]* + 4p*q*(otpo)? (11.4.6)
=4p>q*(o — 2qad + q°5%)
+2pq[(q — p)*a® + 4pq(q — p)ad + 4p*q*6°*]

+4p>q*(a® + 2pad + p*5?)

= {4p’q’o® + 2pq(q — p)*o’ + 4p>q*e’} (=)
+ {4p°q*(—2qad) + 2pq[4pq(q — p)ad] + 4p*q*(2pad) (=cov(A,D)=0)
+ {4p°q*(q°6%) + 2pq(4p*q’6?) + 4p°q*(p?6°)} (=)

-0, +

Partition of phenotypic variance

y=G+e=ptat+td+te
0? = var(y) = var(G) + var(e) = Gi + 0§+ o (11.4.7)

c

Heritability
e ratio of a genetic variance to the phenotypic variance
e phenotypic variance explained by the genetic variance

hj = 0§/ 0§ = additive heritability = heritability in the narrow sense (11.4.8)
htz1 = Gﬁ/ ny = dominance heritability (11.4.9)
h; = 0;/ 0§ = heritability in the broad sense (11.4.10)
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APPENDIX 3: HWE, HWD, LE, LD, IBS, IBD
(These are abraviated sections of ANSC 5200, Fall 2022)

2.3 Hardy Weinberg Equilibrium (HWE) and Disequilibrium (HWD)

Hardy-Weinberg equilibrium (HWE)

Definition: The population has constant gene and genotypic frequencies
Conditions:
® Random mating: “any individual has an equal chance of mating with any other
individual in the population” (Falconer and Mackay, 1996, Introduction to
Quantitative Genetics)
® No systematic forces changing allele and genotypic frequencies

Expected genotypic frequencies of a biallelic locus under Hardy-Weinberg equilibrium
HWE

@ Mathematical definition of HWE: P, = p?, P, = 2p,p,,ij=1,2

Table 2.2.1 Genotypic frequencies of a biallelic locus under Hardy-Weinberg equilibrium.

Genotype A1A: Ai1Az A2Az
Number of individuals N11 N12 N22
Genotypic frequency in general P, =N11/N P, =Niz/N P,, =N22/N
Genotypic frequency under HWE P, =p; P, = 2p,p, P, =p]

N = N11 + N12 + N22 = total number of individuals
@ Relationship between allele and genotypic frequencies under HWE:

(p, +P,)’ =p; +2p,p, + P>

Hardy-Weinberg disequilibrium (HWD)

® Definition of HWD: P, # p?, P,# 2p,p,,ij=12
@ Genotypic frequency as a function of the HWE frequency and HWD parameter.
An observed genotypic frequency can be expressed a function of the expected genotypic
frequency under HWE plus a deviation from HWE:
P, =p; +A, (2.2.1)
P, =2p,p, +A, (2.2.2)
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P, = p§ +A,
A; = deviation from the expected genotypic frequency under HWE

Using p, =P,, +0.5P,, of Equation (2.1.1), Equations (2.2.1-2.2.3) reduce to:

P, =p]2+A
P, =2p,p,-2A
P =p§+A

A = HWD parameter.

Proof:
P, +0.5P, =p,

=p; +A,, +0.52p,p, +A,,)
=p; +p,p, +A,, +0.5A,,
=p,(p, +p,)+A,, +0.5A,,
=p,+A,, +0.5A,,

A, +0.5A,=0, A, =—0.5A,,

P, +0.5P, =p, =p, +A,, +0.5A,,
Ay, +05A,=0, A, =-05A,=A,,=A
A, =-2A,, =-2A,, =-2A

@® Test of HWD: can be used for screening genome-wide SNP markers
From (2.2.4)-(2.2.6),

A=P, _p12 =P, _pg =(2p,p, —P,)/2

2
1 =%, df.=1

PP,

Ho: HWE, Hi: HWD

Accept Ho and reject Hi if x2 < x2(d.f,, a)

Reject Ho and accept Hi if x2 2x2(d.f,, a)
x%(d.f,, a) = threshold x? value to declare significance
d.f. = degrees of freedom
a = significance level = type-I error
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8.1 Gametic disequilibrium
Linkage disequilibrium between two loci
Linkage disequilibrium (LD)

e Non-random association between alleles, between allele and genotype, and between genotypes
e LD is the foundation for genome-wide association study

Linkage equilibrium (LE)

e Association between two linked loci is the same as two unlinked loci

e Relationship between gametic array and genotypic array is defined by that for two independent
loci

Gametic and genotypic array for two loci
(Recall: gametic and genotypic arrays for one locus, Equations 2.4.1-2.4.3)
e AiBj = haplotype with alleles Ai and Bj from a parent,i=1, ...,n,j=1,...m
e Pjj = probability of AiB;
e Gametic array in the population: P11A1B1 + ... + PamAnBm
e Genotypic array in the population

(P11A1B1 + ... + PamAnBm)?
=P IZ(AIBI/AIBI) + ...+ anz(Aan/Aan)
+ 2P11P12(A1B1/A1B2) + ... + 2P@-1)mPum[ A@-1)Bm/AnBm] (8.1.1)
e Two loci are independent if:
a) the two loci are unlinked, or
b) the two loci are in LE

e Gametic array for two independent loci or two loci in LE
P11A1B1 + ... + PamAnBm = (p1Ai+ ... TpnAn)(qiBi1+ ... +qmBm) (8.1.2)

e Genotypic array for two independent loci or two loci in LE

(PIIAIBI +.t anAan)2 = (p1A1+ +pnAn)2(qlBl+ +qum)2 (813)

O3 piAi)2 =2 pizAiAi) + 22:11 Z?:m Pip;AA,;
(ZinilpiBi)z = (Zin;lpizBiBi) + 222f12ii+1PinBiBj

pi = allele frequency of 4i, 1= 1,...,n ; gj = allele frequency of Bj, j = 1,....m
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LD analysis of haplotype data

e Two bi-allelic loci assumed

e Allele frequencies
pa = prob{A}= frequency of allele A of locus 1
pa =prob{a} = frequency of allele A of locus 1
qs = prob{B} = frequency of allele B of locus 2
qb = prob{b} = frequency of allele b of locus 2

e Population gametic frequency under LE
QaB = pags, Qab = pagp, QaB = paqB, Qab = Paqgb

e Population haplotype (gametic) frequency under LD
PaB = prob{AB} = pags + Das, Pab = prob{Ab} = pagv + Dab
PaB = prob{aB} = pags + Das, Pab = prob{ab} = paqp + Dab

Dj; = deviation of gametic frequency from linkage equilibrium (i = A,a; j = B,b)

pA = PaB + Pab = paqgs + DaB + pagp +Dab = pa + DaB + Dab

Dag + Dab =0,

DaB = —Dab

PaB =pags + D, Pab=pagp—D
PaB = paqs — D, Pab = paqp + D

D = LD parameter = DaB = —Dab = —DaB = Dab

Estimation of LD

PaBPab = (pags + D)(pagp + D) = pags pagv + Dpagp + Dpags + D?
PabPa = (pagy — D)(pags — D) = pagp paqs — Dpags — Dpaqy + D?

~ D = PaBPab — PavPan (8.1.4)
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Statistical test of LD

Table 8.1.1 Linkage disequilibrium test for haplotype data

B b
A ni ni2 n, =n,+n,
Pas=ni1/n Pab=mni2/n pa=PaB+ Papb=ni-/n
a n21 n22 n,, =N, +0n,
Pas=mn21/n Pab=1n22/n pa=Pap + Pab=mn2 /n
n, =n;, +n, N, =0, +0y n
qs =PaB + Pa =ni/n qb = Pab + Pab =n2/n 1
2 =np?, df =1 (8.1.5)
NNy, — 00,
p= n’ = D (8.1.6)
JPAP,d5ds

\/n nZonoln

9.1 Identity By Descent and Identity By State

Identity by descent (IBD): two copies of the same allele originated from the same ancestor
Identity by state (IBS): two copies of the same allele with unknown ancestral origin

e [BS = upper bound of IBD

AA,| *
1><l

IBD=2,IBS=2

A A, *

l><l

IBD=1,IBS =1

A, *
l><l

IBD=0,IBS=0

le

IBD=?,1BS =1

Figure 9.1.1. Examples of identity by descent (IBD) and identity by state (IBS).
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