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Abstract

Reticulated porous ceramics (RPCs) have a number of useful applications, but uti-

lizing them in structural applications is hampered by the lack of models to accurately

predict their elastic properties. The existing models for the elastic properties of foams

do not take into account the features present in RPCs, specifically the distinctive shape

of the cross sections of the ligaments. The work herein presents the development of

an analytical model to predict the elastic material properties of RPCs based on the

realistic ligament matrix geometry. Also presented is a validation of the elastic modulus

model using experimental results for a cerium dioxide (ceria) RPC and data from the

literature of other RPCs.

The RPC is represented by a repeating unit structure of truncated octahedrons

(tetrakaidecahedrons) with the ligaments represented by the cell edges. The deforma-

tions of the ligaments in the cellular structure under applied loads are used to determine

the effective elastic modulus, shear modulus, and Poisson’s ratio of the bulk material.

The model is the first to consider the effect of the features of ligaments of RPCs on

the elastic moduli of the bulk material. The ligament cross section is represented as

having a Plateau border exterior surface with a cusp half-angle that is varied between

zero and 90◦, and a Plateau border interior void with a cusp half-angle of zero, repre-

sentative of the range seen in RPCs. The ligament cross-sectional area is permitted to
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vary along its length and the distance between internal and external cusps is assumed

constant. The relative density of the foam, corresponding to the length, cusp distances,

and external-cusp half-angle of the ligaments, is determined using solid geometry. The

relative elastic properties of the RPC are presented in relation to the relative density.

The moduli depends largely on the relative density. For example, the relative elastic

modulus increases by ∼4000% from a relative density of 0.03 to 0.30. The impact of the

normalized length of the ligament is less important. The normalized ligament length

only varies the moduli by 11–49% in the same relative density range. The impact of the

external shape of a ligament on the relative moduli is insignificant.

The model was validated through comparisons with the measured elastic properties

of RPCs in the literature. Additional validation of the elastic modulus model was per-

formed using experimental results from flexural tests performed on ceria RPCs. The

new model agrees within 30% of the ceria RPC elastic modulus experimental measure-

ments, a significant improvement compared to the 95% over prediction by a previous

model that uses a staggered cubic structure.

The elastic modulus and four-point flexural strength of a gelcast ceramic, cerium

dioxide (ceria), with a microporosity of nominally 20% and a grain size of 11 µm from

23 to 1500 ◦C was measured. The ceria tested is representative of that constituting the

ligaments of a reticulated porous ceramic. The data augment the sparse data published

for ceria and extend previous results by 150 ◦C. The elastic modulus decreases from

90 GPa at 23 ◦C to 16 GPa at 1500 ◦C. The flexural strength is 78 MPa below 900 ◦C
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and then decreases rapidly to 5 MPa at 1500 ◦C. These trends are consistent with data

reported for other ceramics. Comparing the measured elastic modulus to prior data

obtained for lower porosity shows the minimum solid area model can be used to extend

the modulus data to other porosities. Similarly, the flexural strength data agree with

prior data when the effects of specimen size, porosity, and grain size are taken into

account. The data provide a means of projecting the ceria RPC elastic properties to

different temperatures.
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Chapter 1

Introduction

This dissertation is a series of papers, each in a chapter, which includes a relevant review

of the literature, a description of the methods applied, a presentation and discussion

of results, and conclusion. As an ensemble, these papers develop a validated approach

to determining the elastic properties of reticulated porous ceramics (RPCs) (ceramic

foams) with a focus on characterization of elastic properties of cerium dioxide (ceria)

RPC as an example. Ceria was selected for study because it is used in a variety of

applications including engine exhaust pollution control [1], wastewater treatment [2],

thin film electrolytes within solid oxide fuel cells [3], and high temperature metal redox

cycles to split water and carbon dioxide [4–9]. To provide context for the work pre-

sented herein, Sec. 1.1 provides background information in regards to prior models for

predicting the elastic properties of foams. The deficiencies of the models with respect

to predicting RPC elastic properties are introduced as motivation for the present study.

1
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The objectives of the thesis that address gaps in the prior work are provided in Sec. 1.2.

An outline of the organization of the thesis is provided in Sec. 1.3.

1.1 Background

RPCs have many uses, including filtration for the foundry industry [10], supports for

catalysts [11], radiant burners [12], and scaffold implants [13]. There is also recent inter-

est in using ceria RPCs as structural elements in high temperature reduction/oxidation

reactors [9, 14]. To design an RPC as a structural material, the elastic properties of the

RPC must be known. Models to predict the elastic properties of foams exist, but the

prior models do not accurately capture the geometry of ceramic foams. The prior mod-

els either use overly-simplified geometries such as a repetitive cubic structure, neglect

shearing deformation components in their energy equation, or use ligament geometries

representative of polymer or metal foams which are manufactured differently than RPCs

and consequently are not the same geometry.

RPCs are fabricated commonly using the replication method, in which a polyure-

thane foam serves as a template for the ceramic [15, 16]. The polyurethane foam is

immersed in a ceramic slurry and then fired to produce a hardened structure of cellu-

lar void spaces and ceramic ligaments (e.g. Refs. [17–19]). Based on characterization

and visual observation of ceramic foams [19–24], the ligament/void structure is a poly-

hedron network of ligaments with the most common cell shapes being fourteen-faced

polyhedrons known as “tetrakaidecahedrons” [21, 22]. The ligaments have an internal
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Figure 1.1: Range of Plateau border shapes used to represent the external surface of
the ligaments, defined by the cusp half-angle

void resulting from volatilization of the polyurethane foam. Both the exterior of the

ligament and the void typically take the shape of a “Plateau border,” defined as the

exclusive, bounded region created by the intersection of three circles of equal diameter

having 120◦ of rotational symmetry [20]. Figure 1.1 illustrates a range of Plateau border

shapes with varying cusp half-angle. The cross-sectional area of the central void in the

ligaments varies along the length, gradually increasing from the center toward the ends

of the ligament [22].

Metal foams are manufactured using a conventional casting process [25]. A mold

of the polyurethane foam is created in which the metal is cast. Due to the nature of

the manufacturing process, the external profiles of the ligaments of the resultant metal

foam are rounder than the sharp cusp Plateau borders in polyurethane foams.

While elastic properties have been evaluated analytically for tetrakaidecahedron unit

cells with cross-sectional shapes of solid triangles [25–27], squares [27], circles [25, 27],

and single Plateau borders [22, 26, 27] as representations of polymer and metal foams,

the double Plateau border shape representative of RPCs has not been considered.

Gibson and Ashby [28] developed the pioneering model for determining the rela-

tionship between the geometry and the elastic properties of polymer foams. The model
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consists of a staggered cubic unit cell structure composed of ligaments with square cross

sections. They relate the size of the ligament to both the density of the cubic cell

and the deformation of the cell due to bending of the ligaments, which were treated

as beams. They found that the relative moduli (the ratio of the foam moduli to the

ligament moduli) are proportional to the square of the relative density (the ratio of foam

density to ligament density) and determined the constant of proportionality by fitting

their curve to an array of polymer foam data with relative densities ranging from 0.01

to 1.

Zhu et al. [26] and Warren and Kraynik [27] derived analytical models for the ef-

fective elastic and shear moduli of 90%-plus porosity tetrakaidecahedron unit cells with

solid ligaments of uniform cross section. They modeled stretching and twisting of the

ligaments in addition to bending. Results show that the cross-sectional shape of the

ligaments can impact the relationships between relative moduli and relative density,

where a 40% reduction in relative elastic modulus occurs when changing the ligament

cross section from solid Plateau borders to circles. Gong et al. [22] and Jang et al. [25]

expanded the analysis to elongated tetrakaidecahedron unit cells and allowed for axial

variations in the cross-sectional area of the ligaments, while maintaining a constant

shape along the length of the ligaments. They improved the model by including shear-

ing deformations, and by more accurately modeling the material at the nodes of the

cell, where the ligaments meet, in determining the relative density. Gong et al. applied

the model to a solid Plateau border cross section for the analysis of polyurethane foams
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with relative densities up to 0.06. Jang et al. focused on solid triangular and circular

cross sections for metallic foams with relative densities up to 0.09. Through comparisons

with finite element analyses of polyurethane and metal foams, both studies emphasize

the importance of capturing the material distribution along the ligament length and

accurately accounting for the material at the nodes.

The motivation for the work in this dissertation is the lack of an appropriate model to

predict the elastic properties of RPCs. Existing models to predict the elastic properties

of foams do not accurately capture the geometry of RPCs. Additionally, the lack of high

temperature mechanical property data for ceria provides an opportunity to expand the

database of mechanical properties needed for recently proposed uses of ceria, while also

using ceria as a representative ceramic in the validation of the RPC model.

1.2 Research Objectives

The primary objective of the present work is to develop and validate a model for predict-

ing the elastic properties of RPCs. A secondary objective is to characterize the elastic

modulus and flexural strength of material representative of the morphology of ceramic

ligaments in RPCs. The ligament elastic modulus is useful in applying the model and

provides a means for validation. Ceria was selected as an example ceramic because of

interest in this material at the University of Minnesota for solar thermochemical re-

dox cycles [6–9] and its use in other applications. Prior data for mechanical properties

of ceria are limited to temperatures less than 1350 ◦C [29, 30]. Moreover, much of
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the prior data is difficult to interpret due to inadequate description of the material or

experimental technique.

1.3 Thesis Organization

Chapter 2 is the development of an analytical model to predict the elastic modulus, shear

modulus, and Poisson’s ratio of RPCs based on their ligament matrix geometries. The

tetrakaidecahedron repetitive structure used is representative of the structure of RPCs

and takes into account the varying cross-sectional shapes of the ligaments in RPCs. The

elastic properties of RPCs are influenced by the elastic modulus of the ligament material,

and the macroscopic porosity of the foam. The cross-sectional shape of the ligaments,

within the bounds of a double Plateau border, is shown to have negligible effect on the

properties at a fixed relative density. Functional relationships of the elastic and shear

moduli of the RPCs, dependent on the relative density of the RPCs, are presented. The

results of the model are validated using data for alumina, mullite, cordierite, and Si-SiC

RPCs available in the scientific literature [23, 24, 31, 32], and experimental data from

flexural tests performed on ceria RPC.1

Chapter 3 is an experimental characterization of the elastic modulus and the flexural

strength of gelcast ceria specimens, fabricated to mimic the pore size distribution and

porosity of the ligaments in ceria RPC. The elastic modulus and flexural strength of the

gelcast ceria are characterized from 23 to 1500 ◦C. The minimum solid area approach

1 Details of the ceria RPC experiment are provided in Appendix A.
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[33] is used to interpret the impact of porosity of the specimens on the elastic modulus.

This approach allows comparison of the gelcast ceria data to prior data [29, 34–37]. Both

the elastic modulus and flexural strength data obtained at room temperature agree with

the published data [30, 38] when the effects of specimen size, porosity, and grain size

are considered.

Chapter 4 summarizes the findings from Chapters 2 and 3. The contributions of this

work are summarized and conclusions are drawn. Possible areas of future investigation

are presented.



Chapter 2

Modeling the Elastic Properties

of Reticulated Porous Ceramics1

2.1 Summary

A model to predict the elastic material properties of reticulated porous ceramics (RPCs)

based on the microstructural geometry is presented. The RPC is represented by a re-

peating unit structure of truncated octahedrons (tetrakaidecahedrons) with the liga-

ments represented by the cell edges. The deformations of the ligaments in the cellular

structure under applied loads are used to determine the effective moduli and Poisson’s

ratio of the bulk material. The ligament cross section is represented as having a Plateau

1 This chapter is based on the article Stephen J. Sedler, Thomas R. Chase,
and Jane H. Davidson. Modeling the Elastic Properties of Reticulated Porous Ce-
ramics. Journal of Engineering Materials and Technology, 139(1):011011, January 2017.

[DOI: 10.1115/1.4035098]

8

http://dx.doi.org/10.1115/1.4035098


9

border exterior surface with a cusp half-angle that is varied between zero and 90◦, and a

Plateau border interior void with a cusp half-angle of zero, representative of the ranges

seen in RPCs. The ligament cross-sectional area is permitted to vary along its length

and the distance between internal and external cusps is assumed constant. The relative

density of the foam, corresponding to the length, cusp distances, and external-cusp half-

angle of the ligaments, is determined using solid geometry. The relative density has the

dominant effect on the moduli, while normalized ligament length varies the moduli by

11–49% at a specified relative density. The impact of the external shape of a ligament

on the relative moduli is insignificant. The model is validated through comparisons with

the measured elastic properties of RPCs in the literature and new data. The model is

the first to consider the effect of the microstructural features of ligaments of RPCs on

the elastic moduli of the bulk material.

2.2 Introduction

Reticulated porous ceramics (RPCs) have been used as filtration devices in the foundry

industry for decades [10] and have other applications as supports for catalysts [11],

radiant burners [12], and scaffold implants [13]. RPCs are commonly fabricated using

the replication method in which a polyurethane foam serves as a template for the ceramic

[15, 16]. The polyurethane foam is immersed in a ceramic slurry and then fired to

produce a hardened structure of cellular void spaces and ceramic ligaments (e.g., see
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Figure 2.1: A tetrakaidecahedron, representative of the cellular structure of RPCs

Refs. [17–19]). Based on characterization and visual observation of ceramic foams [19–

24], the ligament/void structure is a polyhedron network of ligaments with the most

common cell shapes being fourteen-faced polyhedrons known as “tetrakaidecahedrons”

[21, 22] (see Fig. 2.1). The ligaments have an internal void resulting from volatilization

of the polyurethane foam. Both the exterior of the ligament and the void typically take

the shape of a “Plateau border,” defined as the exclusive, bounded region created by

the intersection of three circles of equal diameter having 120◦ of rotational symmetry

[20]. Figure 2.2 shows a representative image of the RPC ligament/void structure and

a sectional view of a typical double Plateau border ligament. The cross-sectional area

of the central void in the ligaments varies along the length, gradually increasing from

the center toward the ends of the ligament [22].

For structural applications, knowledge of the impact of the geometry of the RPC on

the mechanical properties of the RPC is important. While elastic properties have been
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Figure 2.2: Macroscale photograph of an RPC with an inset scanning electron micro-
graph of a sectioned RPC ligament, exposing the Plateau border shaped void in the
center

evaluated analytically for tetrakaidecahedron unit cells with cross-sectional shapes of

solid triangles [25–27], squares [27], circles [25, 27], and single Plateau borders [22, 26,

27] as representations of polymer and metal foams, the double Plateau border shape

representative of RPCs has not been considered.

Gibson and Ashby [28] provide an early model for determining the relationship be-

tween the geometry and the elastic properties of polymer foams. Their model consists

of a staggered cubic unit cell structure composed of ligaments with square cross sec-

tions. They relate the size of the ligament to both the density of the cubic cell and the

deformation of the cell due to bending of the ligaments, which were treated as beams.

They found that the relative moduli (the ratio of the foam moduli to the ligament mod-

uli) are proportional to the square of the relative density (the ratio of foam density to
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ligament density) and determined the constant of proportionality by fitting their curve

to an array of polymer foam data with relative densities ranging from 0.01 to 1.

Zhu et al. [26] and Warren and Kraynik [27] derived analytical models for the ef-

fective elastic and shear moduli of 90%-plus porosity tetrakaidecahedron unit cells with

solid ligaments of uniform cross section. They modeled stretching and twisting of the

ligaments in addition to bending. Results show the cross-sectional shape of the lig-

aments impacts the relationships between relative moduli and relative density. Gong

et al. [22] and Jang et al. [25] expanded the analysis to elongated tetrakaidecahedron

unit cells and allowed for axial variations in the cross-sectional area of the ligaments,

while maintaining a constant shape along the length of the ligaments. They improved

the model by including shearing deformations, and by more accurately modeling the

material at the nodes of the cell, where the ligaments meet, in determining the relative

density. Gong et al. applied the model to a solid Plateau border cross section for the

analysis of polyurethane foams with relative densities up to 0.06. Jang et al. focused on

solid triangular and circular cross sections for metallic foams with relative densities up

to 0.09. Through comparisons with finite element analyses of polyurethane and metal

foams, both studies emphasized the importance of capturing the material distribution

along the ligament length and accurately accounting for the material at the nodes.

In addition to the analytical approaches used to quantify the relationship between

relative moduli and relative density, experimental measurements of moduli are available

for cordierite [31], mullite [32], and alumina [24] RPCs. Numerical simulation data are
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available for Si-SiC [23] RPC manufactured using the replication method.

While the complexity of the various analytical models examined differ, all of the

results predict that the relative moduli are well represented by Eqs. (2.1) and (2.2).

E∗

Es
= C1

(
ρ∗

ρs

)n1

(2.1)

G∗

Es
= C2

(
ρ∗

ρs

)n2

(2.2)

In these equations, E∗ is the elastic modulus of the foam, G∗ is the shear modulus of

the foam, Es is the elastic modulus of the ligament material, ρ∗ is the density of the

foam, and ρs is the density of the ligament material. The C1, C2, n1, and n2 constants

are determined either analytically, with their values varying based on the shape of the

ligament [22, 26, 27], or experimentally [24, 28, 31]. The C and n constants from these

analytical and experimental studies are listed in Table 2.1.

The goal of the present study is to develop expressions for the elastic modulus, shear

modulus, and Poisson’s ratio of RPCs with respect to the relative density for ligaments

with varying double Plateau border cross-sectional shapes and lengths representative

of RPCs. This study exploits the generality of the model developed by Gong et al.

[22], where the ligaments are treated as deformable beams, with compliances for axial,

bending, shearing, and torsional loads, assembled in a representative tetrakaidecahedron

structure. However, it extends their work by including the effect of the interior voids

in the ligaments that are characteristic of RPCs manufactured using the replication
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Table 2.1: Constants and 95% confidence intervals for the power-law description of relative elastic and shear moduli
with respect to relative density for various studies. †Fixed value when fitting the C1 coefficient. ‡Fixed value when
fitting the C2 coefficient.

Study C1 n1 C2 n2 Notes

Experimental

Gibson and Ashby [28];

staggered cubic
1 2† 0.4 2‡ polymer foams; 0.01 < ρ∗/ρs < 1

Hagiwara and Green [24]
0.236± 0.195 1.819± 0.443 — — alumina RPC; 0.08 < ρ∗/ρs < 0.18

— — 0.127± 0.157 1.928± 0.627 alumina RPC; 0.08 < ρ∗/ρs < 0.16

Costa Oliveira [31] 5.621± 4.838 3.074± 0.538 4.183± 2.584 3.276± 0.388 cordierite RPC; 0.14 < ρ∗/ρs < 0.22

Analytical

Warren and Kraynik [27];

tetrakaidecahedron

0.593

2†

0.200

2‡

circle; ρ∗/ρs � 1

0.619 0.210 square; ρ∗/ρs � 1

0.710 0.242 triangle; ρ∗/ρs � 1

0.979 0.336 Plateau border; ρ∗/ρs � 1

Zhu et al. [26];

tetrakaidecahedron

0.559 1.930 0.196 1.954 triangle; fit curve up to ρ∗/ρs = 0.1

0.708 1.906 — — Plateau border; fit curve up to ρ∗/ρs = 0.1

Gong et al. [22];

tetrakaidecahedron
1.366 1.929 0.733 2.152 Plateau border; fit curve up to ρ∗/ρs = 0.06
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method and by allowing for the cross-sectional shape of a ligament to vary along its

length.

A description of the ligament geometry within RPC is presented in Sec. 2.3. The

method used to generate the relationship between relative moduli and relative density is

described in Sec. 2.4. The results of the analysis are presented, discussed, and compared

to data in Sec. 2.5. Conclusions are drawn in Sec. 2.6.

2.3 Ligament Geometry for RPCs

Ceramic foams are represented by tetrakaidecahedron unit cells as illustrated in Fig. 2.1.

The tetrakaidecahedron has fourteen faces, eight of which are regular hexagons and six

of which are squares. The edges of the tetrakaidecahedron unit cell represent the central

axes of the ceramic ligaments.

The ligament cross section is a double Plateau border. The double Plateau border

cross section geometry is characterized by concentric Plateau borders, where the external

Plateau border constitutes the exposed surface of the ceramic foam and the internal

Plateau border constitutes the internal void surface of the ligaments (see Fig. 2.3). The

Plateau border shape is fully defined by specifying any two of the five variables, A (area

inside the Plateau border), c (half-distance between the Plateau border centroid and

cusps), R (radius of the Plateau border arcs), α (distance between the Plateau border
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(a) (b)

Figure 2.3: The double Plateau border cross section with an external cusp half-angle
of (a) less than 30◦ and (b) greater than 30◦. Arcs 1, 2, and 3 construct the internal
Plateau border while arcs 4, 5, and 6 construct the external Plateau border. Equations
defining the Plateau border arcs are provided in Appendix B.

centroid and center of the arcs), or θ (Plateau border cusp half-angle), and Eqs. (2.3)–

(2.5).

α =
2
√

3 cos θ

3
R (2.3)

c =

√
3 cos θ − 3 sin θ

6
R (2.4)

A =


3
[
−R2 sin−1

(√
3 c
R

)
+ 2cR cos θ

]
, 0 ≤ θ < 30◦

3
[
R2 sin−1

(√
3 c
R

)
− 2cR cos θ

]
, 30◦ < θ ≤ 90◦

(2.5)

The internal Plateau border cusp half-angle is defined as zero, representative of the

void shape generated by the polyurethane foam volatilization during manufacture. The
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Figure 2.4: The concentric Plateau borders ligament shape

external Plateau border cusp half-angle, θo, is permitted to vary from zero to 90◦ to

model the variation possible in the fired ceramic slurry from the replication manufac-

turing procedure.2 The shape of the ligament varies along its longitudinal x-axis, as

illustrated in Fig. 2.4. The length of the ligament is L. The axial shape is defined

by the cross-sectional area of the internal void, Ai(ξ), where ξ = x
L , and the midplane

thickness ratio, defined as the ratio of external-cusp location to internal-cusp location

at the midplane of the ligament, ζ = 2co(ξ)
2ci(ξ)

∣∣∣
ξ=0

. Because polyurethane foam is used as

the template in making RPCs, the nondimensionalized area shape function, fi(ξ), mea-

sured by Gong et al. [22] for polyurethane foams, given in Eq. (2.6), is used to model

the internal void area distribution

fi(ξ) =
Ai(ξ)

Ai(0)
= 86ξ4 + ξ2 + 1 (2.6)

Because the ligament is a complex three-dimensional geometry, an assumption needs

2 A cusp half-angle of 30◦ yields an equilateral triangle and 90◦ yields a circle.
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Figure 2.5: Cross sections (a) at the midplane (ξ = 0) and (b) at an end-plane (ξ = 1
2)

of a ligament defined by ζ = 2 and θo = 15◦. Distance t is assumed to remain constant
along the entire length of the ligament.

to be made about how the slurry is deposited along the length of the ligament. In the

present work, the distance between internal and external cusps, t, is assumed to be

uniform along the length of the ligament. An example of the geometry produced by

this assumption is provided in Fig. 2.5. This distance is related to the defined thickness

ratio, ζ, by

t = 2 (ζ − 1) ci(0) (2.7)

Other assumptions used to define the thickness along the length of the ligament may

be reasonable, but are outside the scope of this study.

The ligament cross sections at all nondimensionalized axial positions are defined by

specifying the internal void area at the ligament midplane, Ai(0), external cusp half-an-

gle, θo, and midplane thickness ratio, ζ, along with the internal area void shape function,
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Eq. (2.6). All remaining cross-sectional parameters are then defined by Eqs. (2.8)–(2.13).

Ri(ξ) =

√
Ai√

3− π
2

(2.8)

αi(ξ) =
2
√

3Ri

3
(2.9)

ci(ξ) =

√
3

6
Ri (2.10)

co(ξ, ζ) = ci + (ζ − 1)ci(0) (2.11)

αo(ξ, ζ, θo) =
4 cos(θo)

cos(θo)−
√

3 sin(θo)
co (2.12)

Ro(ξ, ζ, θo) =


2
√
3

cos(θo)−
√
3 sin(θo)

co, 0 ≤ θo < 30◦

−2
√
3

cos(θo)−
√
3 sin(θo)

co, 30◦ < θo ≤ 90◦

(2.13)

Defining the ligament length, L, or equivalently, the ratio of this length to the square

root of the void area at the ligament center, L/
√
Ai(0), then fully defines the ligament

geometry. The second measure is used here; it is called the “normalized length” of the

ligament. Three parameters are varied to investigate the potential impact of geometric

variations: ζ, θo, and L/
√
Ai(0). The ligament cross-sectional area along with the
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second moment of area, I, is calculable using Eqs. (2.14)–(2.19).

Ao(ξ, ζ, θo) =


3
[
−R2

o sin−1
(√

3co
Ro

)
+ 2coRo cos(θo)

]
, 0 ≤ θo < 30◦

3
[
R2

o sin−1
(√

3co
Ro

)
− 2coRo cos(θo)

]
, 30◦ < θo ≤ 90◦

(2.14)

A(ξ, ζ, θo) = Ao −Ai (2.15)

Iz,i(ξ) =
R4

i

24

[
20
√

3− 11π
]

(2.16)

Iz,o(ξ, ζ, θo) =
−R4

o

24

[
6 sin−1

(
cos(θo)−

√
3 sin(θo)

2

)(
7 + 4 cos(2θo)

)
+ cos(θo)

(
− 21

√
3 cos(θo) +

√
3 cos(3θo) + 57 sin(θo) + 3 sin(3θo)

)]

(2.17)

Iz(ξ, ζ, θo) = Iz,o − Iz,i (2.18)

Because the cross sections have three axes of symmetry [39]

I(ξ, ζ, θo) = Iy = Iz (2.19)

2.4 Model and Methods

To model the elastic properties of an RPC, it is treated as a network of ligament beams

that deform under applied loads. The deformation of the network under a normal load is

used to determine the elastic modulus, E∗, and Poisson’s ratio, ν∗, and the deformation
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Figure 2.6: Two tetrakaidecahedron unit cells. The dotted lines form a rectangular re-
peating section having mirror symmetry across its faces. The ligaments in the repeating
section are indicated with bold lines. The 1-, 2-, and 3-directions are perpendicular to
the square faces of the tetrakaidecahedron.

under a shear load is used to determine the shear modulus, G∗.3 To determine the

relative elastic modulus, a unit cell of rectangular shape is defined by assembling two

adjacent tetrakaidecahedrons as shown in Fig. 2.6. A rectangular cuboid unit cell with

mirror symmetry across all faces is extracted from the assembly. The loads that are

applied to the unit cell to determine the elastic modulus are shown in Fig. 2.7. The

compressive loads, P , are the loads applied to generate the ligament deflections, and

the moments, M , are resultant from the mirror-symmetry boundary conditions on the

cuboid faces.

The elastic moduli in the orthogonal 1-, 2-, and 3-directions are identical due to

symmetry within the tetrakaidecahedron unit cell and are defined by Eq. (2.20), where

3 This approach is identical to the approach used by Gong et al. [22] and Jang et al. [25]. The
differences between this study and the previous studies are the ability to vary the cross-sectional shape
of the ligament and the inclusion of a void. This leads to a new set of constants CXY Z in Eq. (2.23).
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Figure 2.7: Rectangular repeating section of ligaments with mirror symmetry across the
faces

∆1 = u1B − u1A is the difference in 1-direction displacements of nodes A and B

E∗1 =
P

2
√

2L∆1

(2.20)

The relative displacement of node B to node A in the 1-direction is determined using

the free-body diagram in Fig. 2.8, and the geometrical description of the ligament. The

strain energy in the ligament, U , is defined by Eq. (2.21).

U =

∫ 1
2

− 1
2

N2
x (ξ)L

2EsA(ξ)
dξ +

∫ 1
2

− 1
2

M2
z (ξ)L

2EsIz(ξ)
dξ +

∫ 1
2

− 1
2

βz(ξ)
V 2
y (ξ)L

2GsA(ξ)
dξ +

∫ 1
2

− 1
2

T 2
x (ξ)L

2GsJT(ξ)
dξ

(2.21)
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Figure 2.8: Free-body diagram of one of the diagonal ligaments

As is evident from Fig. 2.8, a normal force in the x-direction, bending moment in the z-

direction, and shear force in the y-direction are all present in the ligament. A torque does

not exist for the loading used to determine the elastic modulus.4 Using Castigliano’s

second theorem of δi = ∂U/∂Pi and by noting that for isotropic materials Gs = Es
2(1+νs)

,

the relative displacement of node B with respect to node A in the 1-direction is given

by Eq. (2.22).

∆1 =
PL

2Es

[∫ 1
2

− 1
2

1

A(ξ)
dξ + L2

∫ 1
2

− 1
2

ξ2

I(ξ)
dξ + 2 (1 + νs)

∫ 1
2

− 1
2

βz(ξ)

A(ξ)
dξ

]
(2.22)

By defining the geometrical integral constant CXY Z as

CXY Z =

∫ 1
2

− 1
2

X(ξ)ξY

Z(ξ)
dξ (2.23)

4 Torque energy does contribute to the formulation of the shear modulus.
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where X is an alpha-variable when it exists, Y is a numeric-variable, and Z is an

alpha-variable, the relative displacement in Eq. (2.22) simplifies to

∆1 =
PL

2Es

[
C0A + L2C2I + 2 (1 + νs)Cβz0A

]
(2.24)

Combining Eqs. (2.20) and (2.24) yields Eq. (2.25), which expresses the relative elastic

modulus in the 1-direction in terms of the ligament geometry and Poisson’s ratio

E∗1
Es

=
1√

2L2 [C0A + L2C2I + 2 (1 + νs)Cβz0A]
(2.25)

To solve for the geometrical integral constants C0A and C2I for a specific ligament

geometry defined by ζ, θo, and L/
√
Ai(0), the analytical expressions for A and I,

Eqs. (2.15) and (2.19), respectively, are substituted into Eq. (2.23) and the integrals

are evaluated numerically. To solve for the geometrical integral constant Cβz0A, the

axial dependence of the shear form factor in the z-direction, βz(ξ), is required. Unlike

prior analyses, the cross-sectional shape of the ligaments varies; therefore, the shear

form factor in this analysis varies. To determine the axial dependence of the shear form

factor for a specific ligament geometry, 21 double Plateau border cross sections, equally

spaced along the ligament, are evaluated for their shear form factor using

βz =
A

I2z

∫
Q2(y1)

b2(y1)
dA (2.26)
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Figure 2.9: Parameters used to define the statical moment of area

where the statical moment of area is

Q(y1) =

∫
A?

y dA (2.27)

as defined in Fig. 2.9. The ξ-dependent variation of the shear form factor of the ligament

geometry is approximated by fitting an eighth-order polynomial through the 21 equally

spaced βz values along the ligament.5 Curve fits of βz are shown in Fig. 2.10 for example

geometries. Using the ξ-dependent approximation of βz along with the ξ-dependent

cross-sectional area function, the Cβz0A integral is numerically integrated. Obtaining

the geometrical integral constants in Eq. (2.25) enables solving for the relative elastic

modulus.

5 Because fi(ξ) is an even function, βz(ξ) is also an even function. Therefore an eighth-order, even
function curve fit using 11 equally spaced βz values from half of the ligament yields the same fit. 21
βz values from the entire length are used to allow for use of MATLAB’s [40] “poly8” curve fit model
without modification.
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Figure 2.10: Eighth-order polynomial curves fit to the shear form factor data (generated
using Eq. (2.26)) for example ligament geometries. Some example polynomials are
shown.

Poisson’s ratio of the RPC is the same in the 1-2-, 1-3-, and 2-3-planes due to cubic

symmetry within the tetrakaidecahedron. Poisson’s ratio of the RPC in the 1-2-plane,

ν∗12, is found by determining the 2-direction relative displacement between nodes A and

B, ∆2, from the same unit cell in Fig. 2.7 used to evaluate the elastic modulus

ν∗12 = −ε2
ε1

=
−∆2

2∆1

= −
C0A − L2C2I − 2(1 + νs)Cβz0A

2 (C0A + L2C2I + 2(1 + νs)Cβz0A)
(2.28)

The relative shear modulus of the RPC in the 1-2-, 1-3-, and 2-3-planes is deter-

mined in a manner similar to the relative elastic modulus, with a loading situation that

deforms a different rectangular cuboid unit cell in shear as developed by Gong et al.

[22]. The rectangular unit cell used has cubic symmetry, and thus G∗12, G
∗
13, and G∗23



27

are equivalent. The derivation of shear modulus is provided in Appendix C and the

result is given by Eq. (2.29).

G∗12
Es

=
1

√
2L2

[
2C0A + 4(1 + νs)Cβy0A + L2

(
2C2I +

C0IC0JT
(1+νs)(C0I+2C0JT

(1+νs))
(C0I+10C0JT

(1+νs))
2

)]
(2.29)

The geometrical integral constants C0I and Cβy0A are evaluated following the same

approach used to solve for C2I and Cβz0A, respectively. To solve for C0JT , the axial

dependence of the torsional constant, JT(ξ), is required. As is the case for the shear

form factor, the nondimensionalized torsional constant, DJT = JT/(2I), varies due to

the varying cross-sectional shape of the ligaments. To approximate this axial variation

for a specific ligament geometry defined by ζ, θo, and L/
√
Ai(0), the same 21 equally

spaced double Plateau border cross sections are evaluated for their nondimensionalized

torsional constant using a finite element analysis, similar to the approach used by Warren

et al. [41]. The ξ-dependent variation of the nondimensionalized torsional constant of

the ligament geometry is approximated by fitting an eighth-order polynomial through

the 21 DJT values along the ligament. Curve fits of DJT are shown in Fig. 2.11 for

example geometries. Because DJT(ξ) and I(ξ) are known, JT(ξ) is also known, thus the

C0JT integral can be numerically evaluated.

To relate the relative moduli to the relative density, yielding a form like Eqs. (2.1)

and (2.2), the relationship between the geometric parameters and relative density must
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Figure 2.11: Eighth-order polynomial curves fit to the nondimensionalized torsional
constant for example ligament geometries. Some example polynomials are shown.

be established. This step is done by way of a solid model. The graphical representa-

tion of the ligaments is developed using a combination of the MATLAB [40] and Creo

Elements/Pro [42] software programs. For each set of geometric parameters, the cross-

sectional geometry is defined and modeled at 21 equally spaced axial positions along the

ligament. The arcs defining the cross sections are utilized with boundary blend, merge,

and solidify features to construct the three-dimensional ligament geometry.

An assembly of ligaments is generated to create the cellular structure for the relative

density calculation. To assemble the ligaments, a cut is made on both ends of the

ligaments by end planes rotated 45◦ about their z-axis, as shown in Fig. 2.12(a), and a

unit square is constructed by assembling four ligaments, as shown in Fig. 2.12(b). The

tetrakaidecahedron geometry is constructed by assembling an array of unit squares,

where each node of a unit square is coincident with only one node of an adjacent unit
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(a) (b)

(c)

Figure 2.12: The graphical representation of (a) the ligament with the 45◦ end cuts,
(b) the unit square assembled using four ligaments, and (c) two unit squares assembled
with a common node, collinear diagonal lines, and rotated planes

square, the diagonal lines connecting unit square nodes are collinear, and adjacent unit

square planes are rotated 90◦ from each other about their collinear diagonal lines, as

shown in Fig. 2.12(c). The components in the constructed array are merged to create

a single part, eliminating any double-counting of overlapping material. Cuts are taken

through the planes created by the six square faces of the tetrakaidecahedron and all

ligament volume outside of the six planes is removed, yielding the unit cell shown in

Fig. 2.13.
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Figure 2.13: Solid model of a unit cell geometry used to determine the relative density
as it relates to ζ, θo, and L/

√
Ai(0). Geometry is created by assembling an array of unit

squares and removing all material outside of the unit cube volume. Visible irregularities
in the geometry are caused by a slight mismatch between adjacent unit squares due to
ligament shape. These irregularities have a negligible contribution to the total volume.

Using the measurement capabilities of the solid modeling software, the volume of the

unit cell solid is measured and divided by the volume of the enclosing cube.6 Repeated

calculations for varying geometric parameters yield relative density surfaces for fixed

L/
√
Ai(0) ratios and varying ζ and θo values. A contour plot of one such surface

is shown in Fig. 2.14. With these surfaces and Eqs. (2.25) and (2.29), the relationship

between the relative moduli and relative density is established for the range of geometric

parameters.

6 Note that ρ∗ = ms/ V– cube and ρs = ms/ V– s, so ρ∗/ρs = V– s / V– cube.
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Figure 2.14: Relative density contours, generated using the unit cell geometry, for vary-
ing ζ and θo with L/

√
Ai(0) = 20.3. The marked locations are used in the generation

of the curves in Fig. 2.18.

2.5 Results and Discussion

Figures 2.15–2.17 are plots of the relative elastic modulus, shear modulus, and Poisson’s

ratio, respectively, versus the relative density. Note that the plots are a collection of

discrete points. For a specific ligament geometry, Eqs. (2.25) and (2.29) are used to

determine the relative moduli, and Fig. 2.14 is used to determine the relative density.

Equation (2.28) is used to determine Poisson’s ratio. Within each plot, two sets of data,

distinguished by the L/
√
Ai(0) ratio, are shown for the range of geometries examined.

The two L/
√
Ai(0) ratios evaluated in this study come from the extremes of the range

measured in the work of Gong et al. on polyurethane foams [22]. The two sets of data
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Figure 2.15: Relative density dependence of the relative elastic modulus. The different
curves are for different ligament L/

√
Ai(0) ratios, and plotting the entire range of ζ

and θo investigated. The θo range examined spans from zero to 90◦. The curves nearly
collapse on each other regardless of ζ and θo.

bound the expected relative moduli and Poisson’s ratio. The data represented by an

input of L/
√
Ai(0) = 20.3 use values of 2 ≤ ζ ≤ 5 and 0 ≤ θo ≤ 90◦ to generate

the geometry.7 The data represented by the input of L/
√
Ai(0) = 10.3 use values

of 2 ≤ ζ ≤ 3 and 0 ≤ θo ≤ 90◦ to generate the geometry. The extremes of the

ζ ranges represent limits established to maintain an open-cell structure in the RPC.

Poisson’s ratio of 0.3 is assumed for the ligament material. Between the two sets of

L/
√
Ai(0) data, the relative elastic modulus varies by up to 40% at a relative density

of 0.03 and up to 11% at a relative density of 0.30. For the relative shear modulus,

7 It is noted that this θo range includes some impractical ligament geometries for an RPC generated
using the replication method.
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Figure 2.16: Relative density dependence of the relative shear modulus. The different
curves are for different ligament L/

√
Ai(0) ratios, and plotting the entire range of ζ and

θo investigated. The “thickness” of the curves is attributable to varying ζ and θo.

the variation between the sets is up to 49% and 12% at relative densities of 0.03 and

0.30, respectively. The maximum variation between the Poisson’s ratio sets is 8% and

4% at relative densities of 0.03 and 0.30, respectively. As observed previously for other

tetrakaidecahedron models, ν∗12 tends to 0.5 as the relative density tends to zero, and

gradually decreases with increasing relative density.

Both sets of moduli data show a trend of relative modulus increasing with increasing

relative density, as expected. The moduli are relatively insensitive to the particular ζ

and θo chosen at any specific relative density. For fixed L/
√
Ai(0) ratios, changes in

the cross-sectional shape of the ligament only produce slight variations in the relative

moduli, so the moduli in each set can be expressed solely as a function of relative density.
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Figure 2.17: Relative density dependence of Poisson’s ratio. The different curves are
for different ligament L/

√
Ai(0) ratios, and plotting the entire range of ζ and θo inves-

tigated. The “thickness” of the curves is attributable to varying ζ and θo.

This insensitivity of the moduli to the specific cross-sectional shape is attributable to

implicit constraints on the geometry of the ligaments. As shown in Fig. 2.14, each

relative density corresponds to a locus of ζ and θo pairs, with limits on the ranges of

ζ and θo that are possible. For example, using the 0.08 relative density contour in

Fig. 2.14, ζ has a range of 2.2–5 and θo has a range of 7–90◦. Meanwhile, the 0.18

relative density contour has a ζ range of 3.6–5 and a θo range of 45–90◦. For any

specific relative density chosen, the area and second moment of area of the ligament

along the length of the ligament only changes by a small amount, as shown by example

in Fig. 2.18 for the marked geometries in Fig. 2.14. These small variations in area and

second moment of area are only capable of producing small variations in the ligament
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Figure 2.18: Second moment of area of the ligament along its nondimensionalized length.
One set of curves is for relative densities of 0.08, and the other is for relative densities of
0.18. The ζ and θo pairs used to produce the individual curves are marked in Fig. 2.14.

Table 2.2: Fit constants for the power-law descriptions of relative moduli with respect
to relative density

L/
√
Ai(0 ) C1 C2

20.3 0.346 0.161
10.3 0.396 0.188

deflections, and thus only small variations are seen in the resulting moduli calculated

using Eqs. (2.25) and (2.29).

The two data sets in Figs. 2.15 and 2.16 are fit to the power-law functions in

Eqs. (2.1) and (2.2) with fixed values of n1 and n2 using a least squares regression.

The proportionality constants of the fits are listed in Table 2.2. An exponential con-

stant of 1.55 was found to fit well for n1 and n2. For intermediate values of L/
√
Ai(0),

the curve fit proportionality constants can be linearly interpolated. For example, for an

RPC with an L/
√
Ai(0) ratio of 15.0 and a relative density of 0.20, the linearly inter-

polated constants in Eqs. (2.1) and (2.2) are C1 = 0.373 and C2 = 0.175. Application
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of Eqs. (2.1) and (2.2) yield E∗/Es = 0.0308 and G∗/Es = 0.0144.

In order to validate the linear interpolation, moduli versus relative density data were

generated using the model for geometries with an L/
√
Ai(0) ratio of 15.0. The maximum

differences between the curves fit to the model data and the linear interpolation curves

over a range of relative densities of 0.03–0.30 are less than 1%.

The values in Table 2.2 are compared to fit constants of the previous analytical

studies, and to fit constants of experimental data of RPCs for which sufficient data

were provided such that power-law fits could be determined, in Table 2.1. Note that

the fit constants in Table 2.2 are all lower than the fit constants of other analytical

studies. This result is encouraging, because when compared to power-law curve fits of

experimentally measured data by Hagiwara and Green [24] for alumina RPCs, the fit

constants in the present study all fall within the 95% confidence intervals. This result

shows an improvement in predictability over the available models that lack the shape

details specific to RPC.

The analytically determined relative moduli of the present work are compared to

measured values from the limited published experiments [23, 24, 31, 32] and our own

measurements of cerium dioxide (ceria) RPC specimens with a ligament porosity of

approximately 23% in Figs. 2.19 and 2.20. The ceria data were obtained from three-

point flexural tests on RPC beam specimens,8 and the ligament elastic modulus used

for normalizing the measured values was obtained from a prior study [43]. The ceria

8 Flexural test details are provided in Appendix A.
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Figure 2.19: Relative density dependence of the relative elastic modulus. The different
curves are for different ligament L/

√
Ai(0) ratios. The +, ×, 4, •, and � symbols

are data reported in the open literature for RPCs manufactured using the replication
method [23, 24, 31, 32].

data fall both above and below the curve obtained for a normalized ligament length of

20.3. The scatter in the data is likely due to the random orientations of the ligaments in

an actual RPC. While the model fit constants fall within the 95% confidence intervals

of the alumina data obtained by Hagiwara and Green [24], the measured data are lower

than the analytically predicted values for relative densities from 0.08 to 0.18. Some

variation is expected, as the model assumes that RPCs are idealized periodic structures

of ligaments, while the ligaments of actual RPCs may vary substantially from the ideal

ones. The values of Es used to report data in the previous work may lead to additional

discrepancies. Hagiwara and Green used the Es value of dense, pure, polycrystalline
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Figure 2.20: Relative density dependence of the relative shear modulus. The different
curves are for different ligament L/

√
Ai(0) ratios. The × and 4 symbols are data

reported in the open literature for RPCs manufactured using the replication method
[24, 31].

alumina in their normalization. However, they experimentally measured the moduli

of both low purity (LP) and high purity (HP) alumina RPCs. In the case of the low

purity alumina, which had a ZrO2 content of greater than 5%, the authors noted that

ZrO2 is known to form microcracks in the material, which would cause the actual Es

to be lower than Es of pure alumina. This, in turn, would cause the reported value

of E∗/Es to be low. In the case of the high purity alumina, the ligaments were not

completely sintered, as observed by heating the RPC specimens to progressively higher

temperatures and recording the ligament densities. Incomplete sintering would again

lead to an underestimation of relative elastic modulus.

The sparse data for relative elastic modulus from Costa Oliveira [31] for cordierite
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and Maiti et al.[32] for mullite with relative densities less than 0.2 agree fairly well with

the present model. The measured values are 40% higher than the analytically predicted

elastic modulus for Costa Oliveira’s high relative density material. This discrepancy

is possibly due to closed cells existing within the RPC, which would tend to increase

the elastic modulus of the foam. As the relative density increases, the frequency of

closed cells in the foam and the thickness of the cell walls are likely to increase during

the replication manufacturing process. These combined effects would produce a relative

modulus curve with a larger exponential dependence on relative density.

The relative shear modulus plot shows exactly the same trends as are seen in the

relative elastic modulus plot for the available data.

The data by D’Angelo et al. [23] highlight the variability possible from elongating the

unit cell, yielding orthotropic cells rather than isotropic cells. Compression simulations

were performed on finite element geometries created from X-ray computed tomography

scans of Si-SiC RPCs. The results show that compression simulations performed with

the cell elongation direction parallel to the load direction result in values higher than

the model, while compression simulations performed with the elongation direction per-

pendicular to the load direction result in values lower than the model. Elongating a unit

cell tends to increase the portion of the load that is supported axially, and decrease the

portion of the load that is supported by bending, in the direction of elongation. There-

fore the RPC appears stiffer in the direction of elongation. Based on these results, the

model seems to accurately predict the result expected for RPCs with a cell structure
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having no cell elongation.

When comparing the model results to data, the importance of quantifying the elastic

modulus of the ligament material is apparent. This importance is driven by the fact

that the foam properties are a function of the ligament properties. In a comparison

of the model results to the experimental alumina RPC data and the numerical Si-SiC

data, better agreement is observed with the numerical data in which the ligament elastic

modulus used in normalization was a construct of the numerical simulation. This use of

a known quantity for the normalization is in contrast to the experimental method where

the elastic modulus for normalization is an estimation. Quantification of the ligament

properties and characterization of the ligament morphology is frequently neglected when

reporting experimental results of RPCs. Adding these additional details in future studies

of RPC properties will improve the usefulness of these models.

2.6 Conclusions

This study derives a new model to predict the relative elastic and shear moduli of retic-

ulated porous ceramics based on their microstructures. A tetrakaidecahedron is used as

the unit cell to represent the RPC, with double Plateau border cross sections used to

represent the shape of the ligament. Geometric parameters of the ligaments are varied,

specifically the midplane thickness ratio ζ, external-cusp half-angle θo, and normalized

length L/
√
Ai(0), to determine what effect changing these parameters have on the rel-

ative moduli versus relative density relationship. While prior work found that changing
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the shape of solid ligaments impacts the moduli of foamed materials [22, 25–27], chang-

ing the external shape of RPC ligaments with an internal void has little effect on the

moduli. As a result, the particulars of the cross-sectional shape examined are not neces-

sary to determine the relative moduli; only the relative density and normalized ligament

length are needed. Changes to the normalized ligament length, L/
√
Ai(0), affect the

moduli for a fixed relative density by 11–49%, with the percent difference decreasing

with increasing relative density. Geometries with smaller normalized ligament lengths

have larger moduli values.
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2.8 Nomenclature

A Area, mm2

b Width of the ligament, mm

C Fit constant
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CXY Z Geometrical integral constant, mm−2 or mm−4

c Half-distance between the Plateau border centroid and cusps, mm

DJT Nondimensionalized torsional constant (JT/(2I))

E Elastic modulus, MPa

f Nondimensionalized area shape function (A(ξ)/A(0))

G Shear modulus, MPa

I Second moment of area, mm4

JT Torsional constant, mm4

L Length of the ligament, mm

M Bending moment, N mm

m Mass, kg

N Normal force, N

n Fit constant

P Force, N

Q Statical moment of area, mm3

R Radius of the Plateau border arc, mm
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T Torque, N mm

t Distance between the internal and external cusps, mm

U Strain energy, mJ

u Displacement, mm

V Shear force, N

V– Volume, m3

X Geometric integral constant alpha-variable

x Axial position along the ligament, mm

Y Geometric integral constant numeric-variable

Z Geometric integral constant alpha-variable

Greek Symbols

α Distance between the Plateau border centroid and arc center, mm

β Shear form factor

∆ Displacement difference between nodes, mm

δ Displacement, mm

ε Strain
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ζ Midplane thickness ratio

θ Plateau border cusp half-angle, ◦

ν Poisson’s ratio

ξ Nondimensionalized axial location (x/L)

ρ Density, kg m−3

Subscripts

A Node A

B Node B

cube Cubic unit cell

i Index

i Internal Plateau border

o External Plateau border

s Ligament material

x x-direction

y y-direction

z z-direction
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1 1-direction

2 2-direction

3 3-direction

Superscripts

* Foam



Chapter 3

Mechanical Properties of Gelcast

Cerium Dioxide From 23 to

1500 ◦C1

3.1 Summary

This work reports the elastic modulus and four-point flexural strength of a gelcast

ceramic, cerium dioxide (ceria), with a microporosity of nominally 20% and a grain size

of 11 µm from 23 to 1500 ◦C. The data augment the sparse data published for ceria and

extend previous results by 150 ◦C. The ceria tested is representative of that constituting

1 This chapter is based on the article Stephen J. Sedler, Thomas R. Chase,
and Jane H. Davidson. Mechanical Properties of Gelcast Cerium Dioxide From 23 to
1500 ◦C. Journal of Engineering Materials and Technology, 139(1):011008, January 2017.
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the ligaments of a reticulated porous ceramic. The elastic modulus decreases from

90 GPa at 23 ◦C to 16 GPa at 1500 ◦C. The flexural strength is 78 MPa below 900 ◦C

and then decreases rapidly to 5 MPa at 1500 ◦C. These trends are consistent with data

reported for other ceramics. Comparing the measured elastic modulus to prior data

obtained for lower porosity shows the minimum solid area (MSA) model can be used to

extend the modulus data to other porosities. Similarly, the flexural strength data agree

with prior data when the effects of specimen size, porosity, and grain size are taken into

account.

3.2 Introduction

Cerium dioxide (ceria) is used in a variety of applications, including engine exhaust

pollution control [1], wastewater treatment [2], thin film electrolytes within solid oxide

fuel cells [3], and polishing materials [44]. Recently, ceria has been utilized in solar ther-

mochemical reduction/oxidation (redox) cycles (for example, Refs. [4–6]). These cycles

convert solar energy into chemical energy in the form of storable and transportable

fuels. Ceria works well as a redox material because oxygen diffuses rapidly in its cu-

bic fluorite crystal structure [45, 46], it does not undergo structural phase transitions

between its fully oxidized and partially reduced forms, and it maintains stable rates

of oxidation over hundreds of cycles at temperatures as high as 1500 ◦C [47–50]. The

reduction step is endothermic and requires high temperatures (>1400 ◦C) and low-oxy-

gen partial pressures. Thermodynamics shows the uptake of oxygen is improved in the
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exothermic oxidation step by performing it at temperatures 200 to 400 ◦C cooler [51].

Therefore, in many reactors, the ceria substrate must withstand substantial thermal

stresses attributable to the temperature difference between reduction and oxidation.

Reticulated porous ceramic foams (RPCs) are good candidates for the ceria substrate

in redox cycles because they combine structural integrity with reasonably high-specific

surface area and accessibility required for rapid mass transport and fuel production [14,

49, 52]. Several alternatives to RPCs have been considered, with some morphologies

exhibiting better stability than others. Ceria monolith structures thermochemically

cycled between 1500 ◦C and 800 ◦C experienced a three-fold increase in grain size [46].

Higher surface area materials such as three-dimensionally ordered macroporous ceria

lost a large fraction of the surface area and pore volume at temperatures as low as

825 ◦C [53], and the ordered structure was lost completely after 1 h at 1250 ◦C [52, 54].

While electrospun ceria fibers cycled between 800 ◦C and 1500 ◦C maintained an open

fibrous network up to 1400 ◦C [55], commercial ceria felts made with fibers exhibited

significant sintering and shrinking in a prototype solar reactor [48]. Ceria particles made

from fibers showed stable fuel production when isothermally cycled at 1500 ◦C [7, 8].

RPCs made from other materials are also used in a variety of other applications, for

example, filtration [11], radiant burners [12], and bone tissue engineering [13].

The motivation for the work described here is the desire to design a free-standing

cylinder of ceria RPC for use in a solar reactor where the cylinder is subjected to

a temperature differential of up to 500 ◦C [9]. Data on the structural properties of
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ceria (reviewed below) are sparse. The purpose of the present work is to fill a gap in the

available data to enable analysis-driven design of ceria-based structures, especially those

involving thermal stresses. While these data are essential for predicting the strength

of ceria RPCs, the data are also necessary for modeling the strength of other ceria

morphologies. The methods used to ensure that the specimens tested are representative

of the ligaments of RPC are extensible to other ceramics commonly fabricated as RPCs,

such as alumina.

Wachtel and Lubomirsky [56] summarize the state-of-the-art knowledge of the elastic

modulus of pure and doped ceria. They comment on the difficulty of measuring the

modulus at high temperatures and the limited availability of high-temperature data.

The most complete data on elastic modulus as a function of temperature are reported

by Wygant [29], where the data extend to 1300 ◦C. Unfortunately, the results are of

limited usage, as the exact composition of the material, reported to be approximately

80% ceria, is not known. The elastic modulus at room temperature and 600 ◦C is

reported by Sato et al. [34, 35]. Additional data at room temperature and different

porosities are reported by Lipińska-Chwa lek et al. [37] and Wang et al. [36]. These

previous results are compared to the results reported here in Sec. 3.7. Nakajo et al. [57]

provide limited data on the elastic modulus of gadolinia-doped ceria, but doped ceria

cannot be directly compared to the undoped ceria tested in the present study.

The availability of flexural strength data is more limited still. Akopov and Polubo-

yarinov [30] present flexural strength data for ceria up to 1350 ◦C, but the details of the
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experimental technique are not provided. The new data generated here are compared

to available room temperature data of previous authors in Sec. 3.7.

Numerous studies have been performed to characterize the effect of nonstoichiometry

on the mechanical properties of ceria-based oxides. Kossoy et al. [58] explore the effect

of nonstoichiometry on the elastic modulus of thin film ceria, showing a decrease in

modulus with an increase in chemical strain. Wang et al. [59] evaluate the effect of

reduction on the room temperature flexural strength of ceria, observing a significant

drop in strength with increasing nonstoichiometry. It should be noted that Wang et al.

attribute some of the reduction in strength to internal stresses generated by having a

highly reduced specimen surface with an unreduced interior below. Quantification of

the impact of the gradient on the strength was not performed. In related work, Kaiser

et al. [60] evaluated a doped ceria membrane for mechanical stability when subjected

to a nonstoichiometry gradient across the thickness. Failure of the membrane occurred

when relative chemical expansion exceeded a strain of 0.001. Various studies have

investigated the effect of reduction on the chemical expansion of undoped and doped

ceria [61–63]. The present study is restricted to CeO2 and does not consider the impact

of nonstoichiometry on mechanical properties.

This work reports the elastic modulus and four-point flexural strength of a gelcast

ceria, with a microporosity of nominally 20% and a grain size of 11 µm from 23 to

1500 ◦C. The procedure used to fabricate test specimens with morphology similar to

the material constituting ligaments of RPC is presented in Sec. 3.3. The experimental
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methods are described in Sec. 3.4. The results for the elastic modulus and flexural

strength up to 1500 ◦C are presented in Sec. 3.5. Extending these results to RPC is

discussed in Sec. 3.6. The results are compared to previous work in Sec. 3.7. Conclusions

are drawn in Sec. 3.8.

3.3 Test Specimen Fabrication

Flexural test specimens were fabricated which conform to size “B” specimens of ASTM

Standard C1211 [64]. They were fabricated by gelcasting, a near-net-shape manufac-

turing process for ceramics which can yield strong, dense, and defect-free parts [65, 66].

Gelcasting was chosen over alternative forming processes because the processing steps

are the most similar to those used for RPCs. In particular, both methods utilize pres-

sureless sintering. In contrast, alternatives such as extruding and pressing introduce

high pressures that are likely to yield different porosities, pore shapes, and grain sizes.

The pore shape and grain size of the specimens are further explored in Sec. 3.6.

The gelcast process used ceria powder (Alfa Aesar, 99.9% CeO2) with a D50 particle

diameter of ∼5 µm measured using the SediGraph technique [67]. To reduce warping,

the bars were fired in a tunnel kiln at a temperature of 1580 ◦C for 6 h, turned upside

down, then fired for another 6 h at 1580 ◦C. The final firing temperature was set

80 ◦C above the highest test temperature to minimize any changes to the microstructure

attributable to sintering. The nominal dimensions of the specimens, as fired, were

3.5 mm × 4.5 mm × 45 mm. The bars were then ground to their finished 3 mm
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× 4 mm cross-sectional dimensions with a parallelism tolerance of 0.015 mm on the

longitudinal faces, as specified in the ASTM standard [64].

The porosity, P , of the test specimens was calculated as:

P = 1− m/(hwL)

ρ
(3.1)

where m is the mass of the specimen, ρ is the density of ceria (7.65 g/cm3 [68]), and h,

w, and L are the height, width, and length, respectively, of the specimens. The mass of

each specimen was measured using a mass balance with a resolution of 0.001 g (Sartorius,

GD-503-NTEP). The height, width, and length of each specimen were measured using

calipers having a readout resolution of 0.01 mm (General, 147). The average porosity

of the test specimens is 0.21± 0.02.

3.4 Experimental Methods

All testing was done in accordance with ASTM Standard C1211 [64]. The test specimens

described in Sec. 3.3 were loaded in a fully articulated, silicon carbide, four-point, 1⁄4-

point, size B flexure fixture [64]. The fixture has a load span of 20 mm and a support

span of 40 mm, with load point diameters of 4.8 mm.

A standard universal tester (Instron, Model 55R1123) was used to load the specimens

with a constant displacement rate of 0.51 mm/min (0.020 in./min). A high-crosshead

displacement rate was used to reduce any effects attributable to creep. The time,
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Table 3.1: Number of specimens tested at each temperature

Temperature (◦C) 23 500 800 1000 1200 1300 1400 1500

No. of specimens 3 3 5 5 3 3 3 3

crosshead displacement, and load were recorded at a rate of 20 Hz.

The elastic modulus and the flexural strength are deduced from the recorded test

data using beam bending equations, rearranged to solve for the value of interest [69].

The elastic modulus, E, is

E =
(Lo − Li)

2(Lo + 2Li)

4wh3
× ∆F

∆δcrosshead
(3.2)

where Lo is the support span of the test fixture and Li is the load span. Only the linear

portion of the applied force, F , versus the crosshead displacement, δcrosshead, curve is

used. The flexural strength, σfs, is

σfs =
3Fmax(Lo − Li)

2wh2
(3.3)

where Fmax is the maximum total load applied to the specimen.

Multiple specimens were tested at several different temperatures between room tem-

perature (nominally 23 ◦C) and 1500 ◦C. The number of specimens tested at each tem-

perature is listed in Table 3.1. As the specimens exhibited a variation in porosity of

±0.02, they were distributed across the range of testing temperatures to equalize the

porosity of the specimens in every range to the extent possible.
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For tests above room temperature, the specimen and the fixture were heated at a

rate of 10 ◦C/min in a clamshell furnace. Temperatures were measured using a Type

R thermocouple positioned about 3 mm from the specimen. Once the temperature set

point was reached, a 15 min soak was employed. All tests were performed at ambient at-

mospheric conditions. Based on the data from Panlener et al. [51], the equilibrium non-

stoichiometry of ceria in air at 1500 ◦C would be less than 0.001, and thus the chemical

strain would be less than 0.0001 based on the chemical expansion versus nonstoichiom-

etry relationship developed by Bishop et al. [61]. This chemical strain is equivalent to

the thermal expansion of ceria with a rise in temperature of approximately 10 ◦C [70].

As such, the chemical strains of the ceria in this study are negligible compared to the

thermal strains.

3.5 Results

The measured elastic moduli of the gelcast ceria test specimens for temperatures from

23 to 1500 ◦C are plotted in Fig. 3.1. At room temperature, the elastic modulus of the

gelcast ceria has a mean of 90 GPa with a standard deviation of ±4 GPa. The modulus

decreases with increasing temperature to 16± 2 GPa at 1500 ◦C, with the reduction in

modulus caused by a decrease in interatomic bonding force between ceria atoms. The

measured moduli exhibit larger scatter in the data at intermediate temperatures, with

a standard deviation of ±10 GPa at 800 and 1000 ◦C, and ±7 GPa at 500 ◦C.
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Figure 3.1: Measured elastic moduli of gelcast ceria from 23 to 1500 ◦C. The data
obtained in the current study have a maximum measurement error of ±2.9 GPa based
on specimen dimensions and load cell uncertainty. Error bars are not shown because
they span only within the markers. The curve fit to the data is represented by Eq. (3.4).

A curve having the following form was fit to the experimental data for elastic mod-

ulus using a least squares regression:

E = −1.92× 10−5T 2 − 0.0191T + 89.0 (GPa) (3.4)

where T is the temperature in ◦C. The large scatter of the data in the 500–1000 ◦C

range leads to a coefficient of determination for the curve fit, R2, of 0.948. The result

is shown as a solid curve in Fig. 3.1.

Some nonlinear effects were observed in the 1400 and 1500 ◦C data sets just prior to

failure, where the failure mode changed from brittle to plastic. Creep does not impact
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Figure 3.2: Load versus crosshead displacement curve for one of the specimens tested
at 1500 ◦C. Note the non-linear behavior in the region of the maximum load. The
superimposed line is based on the E value deduced from this curve.

the data. Based on ceria creep characterizations performed by Lipińska-Chwa lek et al.

[71], the creep rate is less than 1% strain per year when calculated at conditions of

1500 ◦C and a stress of 5 MPa. An example of the nonlinear effect is shown in Fig. 3.2.

The slope of the linear portion of the curve was used to determine the elastic modulus,

as indicated in the figure.

The measured flexural strength of the gelcast ceria from 23 to 1500 ◦C is shown in

Fig. 3.3. The mean flexural strength is 78± 6 MPa at 23 ◦C. The strength is relatively

stable until 900 ◦C. Thereafter, it decreases dramatically with increasing temperature.

The flexural strength is 5± 4 MPa at 1500 ◦C. Like the elastic modulus, the measured

flexural strength has more scatter at the intermediate temperatures. The standard
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Figure 3.3: Measured flexural strength along with a curve fit to the experimental data
using Eq. 3.5. The data obtained in the present study have a maximum measurement
error of ±1.8 MPa. Error bars are not shown because they span only within the markers.

deviation is ±14 MPa at 500 and 1000 ◦C, and ±19 MPa at 800 ◦C. At low temperatures,

the feature limiting the strength of the specimen is expected to be the size of the critical

flaw, namely an existing pore in the specimen. At elevated temperatures, failure is

attributed to subcritical cracks propagating into a critical flaw [72]. This change in

failure mechanism dictates the shape of the strength curve.

A curve having the following form was fit to the data for flexural strength using a

least squares regression:

σfs = 80.1− 82.6

1 + 4.33× 104e−0.00845T
(MPa) (3.5)

The form of the curve is that used by Munro for the flexural strength of alumina [73].
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The coefficient of determination for the curve fit is 0.808. The resulting curve is shown

superimposed on the experimental data in Fig. 3.3.

3.6 Extension of the Results to RPCs

The results reported in Sec. 3.5 are general, i.e., they are not limited to RPCs. Neverthe-

less, the immediate motivation for obtaining these results was to predict the mechanical

properties of RPCs. Extending these results to RPCs is discussed here.

The mechanical properties of RPCs relevant to this study are described in Sec. 3.6.1.

The methods applied to ensure that the flexural test specimens are representative of the

material constituting the ligaments of a ceria RPC are described in Sec. 3.6.2. These

methods are extensible to RPCs fabricated from other materials.

3.6.1 Porosity, Elastic Modulus, and Flexural Strength of RPCs.

The image in Fig. 3.4 is of an RPC fabricated using the replication method [15, 16],

where a polyurethane foam is immersed in a ceramic slurry, purged of excess slurry, and

fired at high temperatures to volatilize the foam and sinter the ceramic. The result of the

process is an open-cell structure made of a series of interconnected ceramic ligaments,

as illustrated in Fig. 3.4. Depending on the slurry constituents, firing temperature,

heating rate, and processing steps, varying degrees of porosity can be obtained both at

the macroscopic and microscopic levels [16, 17, 74]. The dual-scale porosity of the RPC

is clarified in Fig. 3.5.
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Figure 3.4: Ceria RPC consisting of a series of interconnected ligaments and macroscale
pore spaces

RPCs are generally described in terms of their macroscopic porosity, PRPC, and

linear macroscale pore density, λP, generally given as pores per inch (ppi) (e.g. Ref.

[75]):

PRPC = 1− ρ∗

ρs
(3.6)

λP =
N

LP
(3.7)

where ρ∗ is the effective density of the RPC, ρs is the density of the material from which

the ligaments are constructed, and N is the number of macroscopic pores within the

RPC that are intersected by a straight line of a known length, LP. The macroscale

pore density of the RPC illustrated in Fig. 3.4 is determined by the 30 ppi polyurethane

foam used to fabricate it.

Analytical and semi-empirical models have been developed that relate the macroscale
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Figure 3.5: Scanning electron micrographs of a broken ligament of a ceria RPC. The
internal void, having the shape of a Plateau border [20], constitutes a macroscale fea-
ture; e.g., the porosity of the ligament material does not include this void. The inset
micrograph clarifies the microscale porosity of the ligament material.

properties of foam materials to the microscale properties of the constituent materials [22,

28, 76–78]. Gibson and Ashby [28] developed a power law relationship between the

modulus and the density based on a staggered cubic structure of ligaments

E∗

Es
= C

(
ρ∗

ρs

)n
(3.8)

where E∗ is the effective elastic modulus of the foam, Es is the elastic modulus of the

material constituting the ligaments, and C and n are empirically fit constants. Hagiwara

and Green [24] found that this model provided a good fit for the elastic modulus of

alumina RPC using constants of C = 0.3 and n = 1.93. The elastic modulus reported

in Sec. 3.5 constitutes Es. The relative flexural strength of ceramic foams can also be
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predicted by substituting the strengths for the moduli in Eq. (3.8) [79, 80]. Therefore,

Eq. (3.8) can be used to extend the results reported here to ceria RPC.

3.6.2 Comparison of Test Specimens With RPC Ligaments.

Several attributes of the morphology of the test specimens were analyzed to demonstrate

that they are representative of those in ceria RPC ligaments. These attributes include

area porosity fraction, pore density, pore area on a cross section, pore roundness, and

grain size. These attributes were also measured in a test specimen taken to 1500 ◦C then

cooled to room temperature, to confirm that exposure to the maximum temperature

considered in this study did not change the morphology of the specimen.

The material morphology was quantified by photographing the microstructure of

specimens, then processing the resulting images. One specimen was selected for each

sample type: RPC ligament, room temperature test specimen, and a test specimen that

had been taken to 1500 ◦C. Each specimen was potted in a cylindrical mold of epoxy

(Buehler, EpoThin2). As the porosity of the test specimens varied slightly between

specimens, those that were potted were selected to have porosity as close as possible

to the average value. The potted specimens were ground and polished on one face. A

series of images of the polished surface of each specimen was obtained using a visual

microscope (Nikon, Optiphot) and digital camera (Canon, SL1), thereby giving a visual

representation of one cross section through each specimen. One such image is shown

in Fig. 3.6(a), where the light areas of the image are ceria and the dark areas the pore
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(a) (b)

Figure 3.6: Example microstructure of a ceria test specimen that was not heated beyond
room temperature following fabrication. (a) Photographic image of the polished cross
section and (b) thresholded mask of the cross section shown in Fig. 3.6(a).

space. Thresholding was performed on the cross-sectional specimen images using an

image processing program (NIH, ImageJ) to highlight the pores within the specimens.

A sample result of this process is illustrated in Fig. 3.6(b).

The area porosity fraction was determined by dividing the total highlighted pore

area on a designated area by the enclosing area. If one assumes that the pores are

uniformly distributed in the material, then the area porosity fraction is the same as the

porosity. Based on an analysis of 31 images of the test specimen tested at 23 ◦C, the

average porosity is 0.20, with a standard deviation of 0.01. This value is in agreement

with the measured porosity of 0.21 ± 0.02 (see Sec. 3.3). The area porosity fraction of

the gelcast sample is close to the target value measured for the RPC (based on eight

images): 0.23± 0.02.

The pore density was estimated by counting the number of pores appearing in the

imaged areas. The pore density of the gelcast material (8100 pores/mm2) is about 40%



63

higher than the RPC (5800 pores/mm2). However, as noted below, the pores in the

gelcast specimen are smaller than those in the RPC, yielding similar overall porosity.

Pore area on a cross section examines the area of each pore on the polished face of

each specimen. The pore area is only an approximate measure, as the pores are actually

three-dimensional ellipsoids having irregular shapes. The area produced by each pore

on an intersecting plane will depend on the position and orientation of the plane relative

to each pore. Nevertheless, the overall pore area distributions are expected to follow

the same general trends for similar materials.

A histogram of the pore areas on the imaged surface of each specimen type is shown

in Fig. 3.7. The area of the room temperature gelcast specimen inspected included

12,989 pores, while the areas of the 1500 ◦C gelcast specimen and the RPC specimen

included 10,318 and 1999 pores, respectively. The area distributions for the two gelcast

specimens are very similar. The pore areas for the RPC specimen are somewhat larger

but cover an overall range similar to the gelcast specimens. The average pore area for

the RPC specimen is 40 µm2, about 1.6 times the average pore area for the gelcast

specimens of 25 µm2.

Determining the roundness of each pore was initiated by best fitting an ellipse to

each pore using the image processing software. “Best fit” is defined as matching the

area and centroid of the ellipse with the area of the dark pixels defining the pore,

respectively, then solving for the orientation, major axis length, and minor axis length

using a Newton-based Pratt fit [81]. Examples of how ellipses are fit to the pores on
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Figure 3.7: Histogram of pores’ areas on the imaged cross section of each specimen type.
The tail of the histogram is cut off since all pore area bins greater than 100 µm2 have
frequencies less than 0.01.

the imaged surfaces are illustrated in Fig. 3.8. Once the ellipse is fit, the roundness of

the pore is calculated as

Roundness =
β

α
(3.9)

where α and β are the length of the major and minor axes, respectively, of the best fit

ellipse. Roundness values of unity indicate perfectly circular pore areas with decreasing

roundness values indicating elongated pore areas. As with pore area on a cross section,

pore roundness is an approximate measure, since the roundness of the pores will vary

depending on the position and orientation of the intersecting plane.

A histogram of the pore roundness corresponding to the imaged surface of each

specimen type is shown in Fig. 3.9. The same pores used to calculate the area porosity
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Figure 3.8: Examples of fitting ellipses to pore areas. For each pore area, the best fit
ellipse axes’ lengths and orientation are determined using a Newton-based Pratt fit [81].

fraction were used here. All specimens show a similar trend: the frequency of pores

with improving roundness increases to roundness of 0.85–0.90, then drop in the final

bins. We conclude that the pore shapes are similar between all specimens.

The average grain size of each test specimen was determined visually using the linear

intercept method [82]. The polished face of each specimen was chemically etched at room

temperature in a solution of 50% H2O, 45% HNO3 (70%), and 5% HF (49%) for 1 h to

expose the grain boundaries. The faces were then rephotographed in the same manner

as was done for the pore analysis. An example of the grain boundaries in the room

temperature test specimens is provided in Fig. 3.10. The grains have approximately the

same average size of 11 µm in all samples.

The morphological attributes of the test specimen taken to 1500 ◦C are all very

close to the values measured for the test specimen that was not heated beyond room

temperature following firing. From this result, we conclude that the morphology of the
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Figure 3.9: Histogram of pore roundness measured in each specimen type

gelcast specimens did not change as a result of heating to 1500 ◦C. Therefore, it appears

that the gelcast material did not densify at high temperatures.

The results of comparing the gelcast ceria test specimens with the material compris-

ing the ligaments of a ceria RPC are summarized in Table 3.2. The gelcast ceria test

specimens are representative of the material comprising the ligaments of the ceria RPC.

The grain size is approximately the same between materials. While the pores in the

RPC are somewhat larger, the RPC also has fewer pores, so that the overall porosity

of the test specimens and RPC samples agree to within about ±0.02. The average pore

roundnesses of the test samples are also similar, with similar roundness distributions.

Raising a test sample to 1500 ◦C did not appear to change its morphology.
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Figure 3.10: Image of a polished cross section of gelcast ceria after chemical etching to
reveal the grain boundaries. The grain boundaries have been emphasized for clarity.

Table 3.2: Summary table of the morphological attributes measured for the ligaments
in ceria RPC, the gelcast test specimens at room temperature, and the gelcast test
specimens taken to 1500 ◦C and then cooled to room temperature. The porosity of the
original gelcast test specimens is also included.

Specimen Porosity
Average
porosity
fraction

Pore
density

(pores/mm2 )

Average
pore
area

(µm2 )

Average
pore

roundness

Average
grain
size
(µm)

RPC N/A 0.23± 0.02 5800 30 0.68 11± 1
Gelcast, 23 ◦C 0.21± 0.02 0.20± 0.01 8100 23 0.67 11± 2
Gelcast, 1500 ◦C N/A 0.21± 0.02 8300 23 0.66 11± 1

3.7 Discussion

The results for elastic moduli and flexural strength are demonstrated to be reasonably

consistent with those in the literature. While data are limited for pure ceria at high

temperatures, baseline comparisons are made to available room temperature data.

The effect of porosity must be considered to compare the data measured in this work

with those in the literature. The minimum solid area (MSA) model is a widely accepted
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approach for accommodating the effects of both porosity and pore shape [33]

X

X0
= e−bP (3.10)

where X is the porous material property of interest, X0 is the corresponding property

of the nonporous material, and b is an empirical constant related to the property of

interest and pore shape. For porous media manufactured using pressed and colloidal

processing techniques and having random pore stacking, the b-values are typically be-

tween 3 (representative of cubic stacking of spherical pores) and 5 (representative of

cubic stacking of spherical solids) [33, 83, 84]. Similarly, two materials, A and B, of

different porosity can be compared as

XA

XB
= e−b(PA−PB) (3.11)

Figure 3.11 illustrates published elastic modulus data for less porous [29, 34–36] and

more porous [37] ceria, formed by pressing, superimposed on the new data for gelcast

ceria. All values from the literature are adjusted to an equivalent 0.20 porosity by

applying Eq. (3.11). Using a b-value of 3.0 in Eq. (3.11) produces good agreement with

the data obtained in the present study and the literature values obtained using bulk

measurement methods (see Fig. 3.11).

The elastic moduli at room temperature nominally agree between this study, Sato et

al. [34, 35], and Wygant [29]. However, the moduli of Lipińska-Chwa lek et al. [37] and
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Figure 3.11: Comparison of elastic moduli for ceria from different sources. Published
data from Wygant [29] (calculated assuming Poisson’s ratio of 0.3), Sato et al. [34, 35]
Lipińska-Chwa lek et al. [37], and Wang et al. [36] are shown superimposed on the data
generated in the present study. The values from the literature are adjusted to an
equivalent porosity of 0.20 using Eq. (3.11) with b = 3.0. (A base porosity value of
zero was used instead of the specimen porosity of 0.06 for Wang et al. [36] because they
used nanoindentation and the indents fell entirely within single grains.) The original
specimen porosities are shown in the legend. The curve fit to the data for gelcast ceria
(Eq. (3.4)) is also shown.

Wang et al. [36] are approximately 50% higher. The difference is attributed to the meth-

ods used to measure the moduli. The first group of authors used “bulk measurement”

techniques: flexural tests or the “small punch” method [34, 35]. The second group

used indentation techniques. This discrepancy is consistent with variability observed by

Radovic et al. [85] and Wachtel and Lubomirsky [56] when comparing different elastic

modulus measurement techniques.
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The probability of failure of a ceria specimen is assumed to follow a Weibull distri-

bution [86]

Pf = 1− e−(σ/σ0)m (3.12)

where Pf is the probability of failure, σ is the stress at failure of an individual specimen,

σ0 is the characteristic strength, and m is the Weibull modulus. Note from Fig. 3.3 that

the strength of the ceria specimens tested here stays nominally constant from room

temperature through 800 ◦C. Therefore, the Weibull modulus is estimated using all of

the available data points in that range. The nominal Weibull constants are m = 4.9

and σ0 = 88.7 MPa. Note that the Weibull modulus indicates high variability in the

data. The limits of the 90% confidence interval on the Weibull modulus corresponding

to the 11 available data points [87] are

2.8 ≤ m ≤ 6.5 (3.13)

The probability of failure may be related to either an effective volume, if the pre-

dominant flaw type is volume-distributed, or an effective area, if the predominant flaw

type is surface-distributed [88]. Fractographic analysis was performed on the failed test

specimens. For specimens tested up to 1300 ◦C, fractures originated at both surface

and subsurface pores. (The fracture origin could not be determined for the samples

tested above 1300 ◦C.) An image of a fracture surface with a subsurface fracture origin

is shown in Fig. 3.12. As a result of some failures originating at subsurface pores, the
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Figure 3.12: Fracture surface of an example flexural specimen tested at 1200 ◦C with
a subsurface fracture origin. The top edge of the cross section in this photo was in the
surface under tension during the test.

strength is assumed to scale with effective volume [89]

σ1
σ2

=

(
VE,2
VE,1

)1/m

(3.14)

Equation (3.14) enables comparing the strengths of specimens having different sizes

and loading geometries. In addition, specimen strength is expected to depend on poros-

ity and grain size. Porosity is accounted for using Eq. (3.11). The Hall–Petch rela-

tionship [90, 91] can account for grain size; the general trend of the relationship shows

decreasing strength with increasing grain size.

The room temperature flexural strength from previous studies of undoped ceria is

summarized in Table 3.3. It is not possible to directly compare the results obtained

here with Akopov and Poluboyarinov [30] nor Maschio et al. [38] because of missing
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Table 3.3: Specifications of specimen characteristics and results for previous studies of
the flexural strength of undoped ceria. All specimens are loaded in four-point flexure,
except for Akopov and Poluboyarinov for which loading was unspecified. “?” symbols
indicate values not specified in the reference.

Author

Volume
( h×w×Lo,

mm)
Loading Porosity

Average
grain

size (µm)

Flexural
strength
(MPa)

This Study 3×4×40 1⁄4-point 0.20 11 78± 6

Akopov and Poluboyarinov [30] 4×4×? ? 0.04–0.05 ? 139

Maschio et al. [38] ?×?×30 1⁄3-point 0.06 3.5 85

Wang et al. [59] 2.6×4×30 1⁄3-point 0.04–0.06 24 113± 19

Cutler and Meixner [92] 3×4×40 1⁄4-point 0.03–0.17 ? 148± 7

information about the specimens or test procedures. Nevertheless, Akopov and Pol-

uboyarinov provide the only published data on the high-temperature strength of ceria.

A qualitative comparison between our results and theirs is performed by normalizing

the flexural strength versus temperature data of each study, dividing the data by the

average room temperature strength (see Fig. 3.13). Comparison is difficult due to the

gap in their data between room temperature and 800 ◦C. However, their strength data

appear to start decreasing at a lower temperature than was observed in our tests.

The remaining strength data were obtained at room temperature. The flexural

strength of Wang et al. [59] shows substantial scatter. Equation (3.11) is applied to

adjust to an equivalent porosity of 0.20 using a b-value of 3.0. A lower bound of 58 MPa

is obtained by applying a porosity of 0.04 to the lower bound of measured flexural

strength, and an upper bound of 87 MPa is obtained by applying a porosity of 0.06 to

the upper bound of measured flexural strength. The effective volume for their 1⁄3-point
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Figure 3.13: Normalized flexural strength compared to those of Akopov and Polubo-
yarinov [30]. The normalized curve fit for gelcast ceria, resulting from Eq. (3.5), is also
included.

tests is obtained from [89]

VE,W =
hWwWLo,W

6

m+ 3

(m+ 1)2
(3.15)

where VE is the effective volume, and the “W” subscript indicates the first author,

Wang. The effective volume for the 1⁄4-point tests performed in our study is

VE,S =
hSwSLo,S

4

m+ 2

(m+ 1)2
(3.16)

where the “S” subscript indicates the first author in the present study. The flexural

strength can be adjusted to account for effective volume by substituting Eq. (3.15),
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Eq. (3.16) and the specimen dimensions (from Table 3.3) into Eq. (3.14)

σS
σW

=

[
13(m+ 3)

30(m+ 2)

]1/m
(3.17)

The data of Wang et al. can then be used to predict the strength expected in this study.

Note that Eq. (3.17) indicates that our failure strength is expected to be lower than

that of Wang et al. for all positive values of m. A lower bound is estimated by using

their minimum strength, after adjustment to 0.20 porosity, and the minimum Weibull

modulus of 2.8 in Eq. (3.17). A parallel procedure is used to estimate an upper bound,

yielding

46 MPa ≤ σS,predicted ≤ 78 MPa (3.18)

While the measured data from our study are at the upper limit of the estimated

range, the effect of grain size has not yet been considered. Unfortunately, no available

experimental studies quantify the constants in the Hall–Petch relationship for ceria.

Therefore, we can only utilize the qualitative relation that a smaller grain size is expected

to produce a higher strength. Because the grain size of the specimens tested here is

smaller than that reported by Wang et al., a higher strength is expected from this study,

which is consistent with the strength of our specimens being at the upper limit of the

range in Eq. (3.18).

Comparing our data with that of Cutler and Meixner [92] is more challenging still,

as the porosity of their specimens varied over a wide range and their grain size is
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unknown. However, their specimen geometry is identical to ours, so compensation for

effective volume effects is not required. A coarse lower bound for the expected strength

for our specimens is made by adjusting their lower bound for flexural strength from

their minimum porosity of 0.03 to 0.20. A coarse upper bound is estimated in a parallel

manner, yielding

85 MPa ≤ σS,predicted ≤ 142 MPa (3.19)

While our data fall below the lower bound of Cutler and Meixner, this trend could occur

if their specimens had a smaller grain size. Note that the minimum strength predicted

from Cutler and Meixner’s data is above the maximum predicted strength resulting

from the data of Wang et al.

The trends observed for elastic modulus and flexural strength are similar to those

seen in comparable ceramics. For example, Munro [73] provides equivalent data for

dense alumina. For comparison, our data are corrected to zero porosity. The elastic

modulus of alumina exhibits a near-linear decrease from 0 to 1600 ◦C. This trend is

similar to our elastic modulus, except the alumina is approximately 4.5 times stiffer

at room temperature, and the ceria data are better described by a quadratic fit. The

rate of decrease of modulus with temperature is about the same for ceria and alumina.

Dense alumina is approximately 2.8 times stronger than dense ceria, but both exhibit

a precipitous dropoff in strength beginning around 900 ◦C. The dropoff in strength of

ceria appears to be more linear than that of alumina. The trend of the strength data
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for alumina is consistent with our data in Fig. 3.13, but different than that of Akopov

and Poluboyarinov [30].

3.8 Conclusion

This paper presents new data on the temperature dependency of the elastic modulus

and flexural strength of ceria, specifically gelcast ceria, to 1500 ◦C. The elastic modulus

decreases monotonically from about 90 GPa at room temperature to about 16 GPa

at 1500 ◦C. The flexural strength remains approximately constant at about 78 MPa

to a temperature to about 900 ◦C. At higher temperatures, its strength drops roughly

linearly with increasing temperature to about 5 MPa at 1500 ◦C.

The data add to the very limited data available in the scientific literature for ce-

ria and extend the upper temperature range of previous results by 150 ◦C. Overall,

the trends of decreasing strength and elastic modulus with increasing temperature are

consistent with previously reported trends in the literature.

When using the data presented in this study, care should be taken to consider the

impact of material morphology. While the data were obtained for gelcast specimens

with a porosity of 0.20, the results can be extended to other low porosities using the

minimum solid area model. Adjusting the previously published moduli to equivalent

porosity using the MSA model produced good agreement with the new experiments.

Only one previous source for high-temperature flexural strength data is published

[30]. Some discrepancy appears to exist between the previous and current flexural
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strength data after correcting for porosity. However, little is known about the testing

details for the earlier data; the discrepancy is possibly attributable to differences in test

fixture or grain size in the earlier test specimens. Reasonable agreement was found with

available room temperature flexural strength data.

The present study was motivated by the desire to utilize ceria RPC in solar ther-

mochemical reactors as self supporting catalytic structures. A gelcast ceria was used as

the surrogate because of manufacturing similarities with the replication method used to

manufacture RPC. Great care was taken to ensure that the morphology of the gelcast

material tested here is representative of that in RPC ligaments. Nevertheless, the re-

sults are applicable to other ceria morphologies in addition to RPC. The enhanced data

presented here facilitate exploiting ceria in new high-temperature applications.
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Chapter 4

Conclusion

4.1 Summary

The primary objective of the present work was to develop and validate a model for

predicting the elastic properties of RPCs based on the ligament/matrix structure and

the ligament elastic modulus. A secondary objective was to characterize the elastic

modulus and flexural strength of material representative of the morphology of ceramic

ligaments in RPCs. Ceria was selected as an example ceramic because of its recent use

in solar thermochemical redox cycles.

To determine the elastic modulus, shear modulus, and Poisson’s ratio of RPCs, a

model was developed that accurately captures the cellular structure and ligament geom-

etry. Previous models of foam elastic properties either have simplified cell geometries

[28], neglect energy components in the model of deformation [26, 27], or use ligament

78
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geometries not representative of RPCs [22, 25]. The new model presented herein has

a cellular geometry of tetrakaidecahedrons, which based on previous measurements of

cellular shapes in foams is the most frequent cellular shape in foams [21, 22]. The lig-

aments are represented by double Plateau border cross sections, capturing the internal

void shape that is found within RPC ligaments, along with the varying shapes possible

from the replication manufacturing process. The size of the ligament varies along the

length, capturing an aspect of the structure that was neglected in prior models. The

model also accounts for the energy component attributable to the shear forces in the

ligaments. This component was neglected in most earlier models of foams [26–28].

While the results show that the specific cross-sectional shape, within the bounds

of a double Plateau border, have relatively little effect on the relative moduli, using

cell shapes and ligament shapes representative of those in RPCs significantly improves

the predictive capabilities for RPC elastic properties versus the model of Gibson and

Ashby, which assumed a staggered cubic cell structure. The small impact of changing

the distribution of the material in the ligament around the internal Plateau border

void is captured by the “thickness” of the curves in Figs. 2.15–2.17. The relatively

small effect of the distribution is due to the small change in the second moment of

area with changing cross-sectional shape (Fig. 2.18). The new model predicts a relative

elastic modulus within 30% of the experimentally measured values of ceria RPC. This

agreement is a significant improvement compared to the 95% over prediction by the

Gibson and Ashby model.
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Prior to the work presented in this dissertation, the mechanical properties of ceria

were unknown above 1350 ◦C. With the results presented in Chapter 3, the temperature

dependence of the elastic modulus and flexural strength of ceria with a porosity of

20% and microstructure representative of the porosity seen in the ligaments of a ceria

RPC is now known. As expected, elastic modulus declines steadily with increasing

temperature. At low temperatures, the flexural strength is relatively constant with

increasing temperature up to 1000 ◦C. Above 1000 ◦C, the flexural strength decreases

rapidly at a rate of ∼0.12 MPa/◦C. The porosity dependence of the elastic modulus was

quantified through comparisons with prior data at low temperatures using the MSA

model [29, 34, 35]. An MSA exponent constant of 3.0 provides the best fit to the data.

4.2 Contributions

The new model is the first model of the effective elastic modulus, shear modulus, and

Poisson’s ratio applicable to RPCs. With the model, a more accurate prediction of

deformation and stress is realizable in structural analyses of RPC components. The

model allows researchers to investigate the impact of potential changes to the RPC

structure on the response of the component. In conjunction with an RPC failure model,

the elastic properties model can be used to evaluate the structural integrity of RPC

components.

Increasing the temperature range for the elastic modulus and flexural strength of

ceria from 1350 ◦C to 1500 ◦C takes the range for which ceria can be designed for
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structural service to new limits. Structural challenges have been seen in using ceria in

high temperature solar redox reactors. With the additions of the RPC properties model

and the high temperature ceria data, improved structural modeling of components can

be performed.

4.3 Recommendations for Future Work

One area of interest for refinement of the model of the RPC elastic properties is to alter

the assumption of how the material is distributed along the length of the ligaments.

In the present model, the distance between the internal cusps and external cusps is

assumed to be constant in each specified geometry. This assumption affects how the

surrounding material of the ligament is sized with respect to the internal void, changing

the integral constants. Alternative assumptions could include scaling the thickness with

the size of the internal void, effectively keeping the same cross-sectional shape along

the entire length of the ligament, or generating a new functional description on how the

size scales along the length, independent of the internal void size. Allowing for changes

in this parameter would effectively generate another control with which the stiffness of

the ligaments could be altered, changing the elastic properties of the RPC.

Another avenue of further investigation would be to add cell elongation into the

model. This addition would change the material from an isotropic cellular material to

an orthotropic cellular material. Relaxing this constraint of a tetrakaidecahedron with

eight regular hexagonal faces and six square faces would add another variable that would



82

correspond to elongation seen in some RPCs. A study in cell elongation on the resultant

properties in the model may be used to quantify the observed differences in elastic

modulus when numerical compression tests were performed on RPCs in orthogonal

directions [23].

Adding cell elongation to the model while relaxing the cusp distance assumption

would open up interesting possibilities regarding mass distribution on ligaments of vary-

ing size. Surface tension of the slurry material used in the replication process could

promote material to gather in regions with smaller ligaments, generating variations in

the stiffness of ligaments within the RPC. The stiffness of the smaller ligaments where

more mass would gather would likely increase, while the stiffness of the longer liga-

ments where the material has been removed would likely decrease. Understanding how

these two competing trends affect the overall RPC elastic properties could lead to new

requirements on the slurry used in the manufacture to produce desired RPC elastic

properties.

Developing a model for predicting the tensile strength of RPCs that utilizes the

actual ligament geometry is of interest. The addition of a strength model would allow

one to not only predict the elastic response of an RPC, but also to predict the failure

response. One large challenge foreseen in developing a strength model is accurately

characterizing the ligament strength. The strength of ceramics scales with volume, so

an RPC with a higher pore density (smaller ligaments) could lead to an increase in

ligament strength. At the same time, the randomness of the structure of RPCs leads to
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ligaments of varying size stressed by varying amounts, which in turn leads to failure of

some ligaments before others. Failure of isolated ligaments leads to increased loads on

adjacent ligaments. The tensile strength of RPC corresponds to the failure of a series

of adjacent ligaments in an RPC, such that adjacent ligaments continue to fail with

no increase in load. Because ceramic strength is an extrinsic property and the RPC

ligaments form a random structure, use of statistical techniques for developing a model

of RPC tensile strength may be preferred over a continuum method.

Additional experimental elastic property characterizations of ceria RPCs are also of

interest. The reported ceria RPC experiments were for specimens with the same nomi-

nal relative density and pore density. Obtaining elastic property measurements of ceria

RPCs at different relative densities and pore densities would provide additional vali-

dation of the model. These experiments would further confirm the trend of increasing

modulus with increasing relative density, and provide confirmation that the size of the

pores in the RPC does not impact the moduli. Additional experiments to obtain the

elastic properties of ceria RPC at varying relative densities and varying temperatures

would also provide additional validation to the relative density dependent and temper-

ature dependent elastic modulus projections. Because the model shows that the RPC

elastic properties are a function of the ligament elastic modulus, the same temperature

dependence trend would be expected in the ligament and the RPC.

The work in this dissertation presents a model for predicting the elastic properties

of RPCs. The model accounts for the specific cellular and ligament geometries within
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RPCs. The model was developed and partially validated against property data available

in the literature and experimental characterizations on ceria RPCs. The model is shown

to provide a significant improvement in predicting the elastic response of RPCs when

compared to a previous model for high density foams. Additionally, the mechanical

properties of ceria at temperatures never before examined were quantified, opening up

new opportunities of utilizing ceria at high temperatures.
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Appendix A

Ceria RPC Flexural Test Details

A.1 Materials and Methods

The flexural test specimens are ceria RPCs manufactured using the replication method

and fired at 1580 ◦C. The specimens are rectangular with nominal dimensions of 87 mm

× 39 mm × 10 mm, and a nominal pore density of 30 pores per inch (ppi). An image

of the RPC structure is shown in Fig. A.1. Along with having a macroporosity due to

the RPC structure, the ceria material from which the ligaments are constructed has a

microporosity of 23± 2% [43].

The relative densities of the RPC specimens were determined by measuring the linear

dimensions and mass of the specimens. Using this information, the relative densities of

100
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Figure A.1: Photopgraph of the ceria RPC structure

the RPC specimens, ρ∗/ρs, were calculated using Eq. (A.1):

ρ∗

ρs
=

m
Lwh

ρ (1− P )
(A.1)

where m is the mass of the RPC specimen, L, w, and h are the length, width, and

thickness of the specimen, respectively, ρ is the density of ceria (7.65 g/cm3 [68]), and

P is the microporosity of the ligament.

The test specimens were loaded in a three-point flexure fixture, with a support span

of 80 mm and load point diameters of 12.7 mm. A deflectometer (Epsilon Technology

Corp., 3540-015T-ST) was centered on the bottom of the specimen to measure the

mid-span displacement. A thin strip of plastic (3 mm wide by 0.3 mm thick) was

positioned between the deflectometer tip and the specimen to prevent the deflectometer

tip from entering the volume of the beam. A standard universal test machine (MTS,

QTest/10) was used load the specimens at a constant crosshead displacement rate of

1 mm/min until there was fracture through the thickness of the specimens. A load cell
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Figure A.2: Typical load vs. displacement curve from the experimental tests

(MTS, 1500BLZ-1000N) was mounted between the crosshead and loading fixture. The

deflectometer displacement and load were recorded at a rate of 100 Hz. The specimens

were tested in atmospheric conditions at 22 ◦C.

A typical load versus displacement curve is shown in Fig. A.2. The curve shows a

general trend of increasing load with increasing displacement. This trend is consistent

with what is expected in a bending beam. The short sharp drops in the load are

attributed to the localized fracture of individual or groups of ligaments at the support

or load points. After the fractures, the load again increases linearly with increasing

displacement. Once the load reaches a peak, volumetric fracturing of ligaments occurs

as the crack in the RPC propogates. The load drops to near zero as the RPC fractures

through the specimen.

Using the change in deflectometer displacement, ∆δ, and the change in the applied
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load, ∆F , the elastic modulus of the RPC, E∗, is:

E∗ =
L3
o

4wh3
∗

n∑
i=1

(∆F )i

n∑
i=1

(∆δ)i

(A.2)

where Lo is the support span of the test fixture and the summations from 1 to n are for

the linearly increasing portions of the curve. The flexural strength of the RPC, σ∗fs, is:

σ∗fs =
3LoFmax

2wh2
(A.3)

where Fmax is the maximum load applied to the specimen.

A.2 Results

A.2.1 Elastic Modulus

Using the load versus displacement data for the 21 specimens, the elastic modulus is

determined for each specimen using the linear portions of the curves and Eq. (A.2).

The moduli are normalized by the elastic modulus of the nominally 23% porous liga-

ment material. The elastic modulus of a 20% porous gelcast material with the same

microstructure as the RPC ligaments is 89 GPa. This value is adjusted to account

for the 3% difference in porosity using the Minimum Solid Area approach [33], giving

Es = 89e−3∗0.03 = 81 GPa. The relative elastic modulus is plot in Fig. A.3.

The relative density range examined is small, only spanning between 0.20 and 0.27,
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Figure A.3: Measured relative elastic modulus of ceria versus relative density. The
shaded region is the expected range from the model developed by Sedler et al. The
dashed curve is the model by Gibson and Ashby. The data points are the relative
moduli, with the error bars representing the standard errors of the uncertainties.

and the relative uncertainty is large, thus it would not be appropriate to generate a

functional relationship between the relative elastic modulus and the relative density

by fitting a curve to the data. The data are visually compared to predicted values

from analytical models presented in the literature for brittle materials. The two curves

shown are two such models proposed as being representative of foams of brittle ma-

terials [28, 93]. The average relative density of the specimens examined is 0.236 with

a standard deviation of 0.018. The average relative elastic modulus is 0.029 with a

standard deviation of 0.005. The simple cubic model by Gibson and Ashby [28] predicts

a relative elastic modulus of 0.056 at a relative density of 0.236, an over prediction of

the measured average by 95%. The double Plateau border tetrakaidecahedron model

developed by Sedler et al. [93] predicts a relative elastic modulus of at least 0.037 at
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Figure A.4: Projected ceria RPC elastic modulus versus temperature range for an RPC
with a relative density of 0.236 and ligaments having a porosity of 23%. The shaded
region is generated using the temperature dependent elastic modulus of a 20% porous
gelcast ceria, a ligament elastic modulus adjustment using the MSA method, and the
bounds from the RPC relative elastic modulus model. The data point presented is the
average modulus of the RPC specimens experimentally tested and the error bars are
the 95% confidence bounds of Student’s t-distribution.

the same relative density, an over prediction of the average by 29%.

A projected temperature dependence of the elastic modulus of an RPC having a

relative density of 0.236 and a ligament porosity of 23% is shown in Fig. A.4. The

temperature dependence is applied to the model in Eq. (2.1) via the elastic modulus

of the ligament. The temperature dependence elastic modulus is that of the gelcast

ceria material with microstructure having similar porosity characteristics as the RPC

ligament [43]. Having the temperature dependent elastic modulus of the ceria RPC

enables structural modeling of the RPC at high temperatures to occur.
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Figure A.5: Measured flexural strength of ceria versus relative density. The error bars
are the standard errors based on the measurement uncertainties.

For ceria RPC structures that have a different relative density or a different micro-

porosity, variations to the trend presented would be required. Changes to the amount

of microporosity in the ligaments would necessitate use of the MSA model (or other

method if the pore shape changes) to adjust the elastic modulus of the ligament. Simi-

larly, altering the relative density of the RPC would impact the relative elastic modulus

of the RPC, and thus impact the absolute elastic modulus of the RPC.

A.2.2 Flexural Strength

Using the same load versus displacement data for the 21 specimens, the flexural strength

was determined for each specimen using the peak load of the curves and Eq. (A.3). The

flexural strength of each specimen is plot in Fig. A.5 at its corresponding relative density.

The average flexural strength of the specimens is 1.57 MPa.
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The probability of failure of an RPC specimen is assumed to follow a Weibull dis-

tribution [86]:

Pf = 1− e−(σ∗fs/σ∗0)m (A.4)

where Pf is the probability of failure, σ∗fs is the stress at failure of an individual RPC

specimen, σ∗0 is the characteristic strength of the RPC, and m is the Weibull modulus.

Fitting a linear function to a Weibull plot of the data using a least squares regression

yields a Weibull modulus of 6.3 and a characteristic strength of 1.68 MPa. The limits

of the 90% confidence interval on the Weibull modulus for the 21 flexural strength data

points [87] are:

4.4 ≤ m ≤ 7.9 (A.5)

RPCs have a been shown to have their flaws volume distributed as opposed to surface

distributed [94], so the Weibull modulus calculated is useful for estimating the strength

of the ceria RPC for different loading situations and sizes using Weibull strength scaling

(Eq. (A.6)) using effective volume calculations:

σ∗1
σ∗2

=

(
VE,2
VE,1

)1/m

(A.6)

where σ∗1 and σ∗2 are characteristic strengths of RPCs 1 and 2 having different sizes or

volumetric stress distributions, respectively, and VE,1 and VE,2 are the effective volumes

of RPCs 1 and 2, respectively, based on their sizes and loading configurations. For the
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3-point flexural test in this study, the effective volume is calculated to be 290 mm3 using

Eq. (A.7) [89].

VE =
Lowh

2 (m+ 1)2
(A.7)

With the characteristic strength, Weibull modulus, and effective volume defined, the

data can be used in the consideration of potential designs of structural ceria RPC

components.



Appendix B

Plateau Border Arc Equations

The equations and limits of validity describing the double Plateau border geometry in

Fig. 2.3 are presented in Tables B.1–B.3.

Table B.1: Equations defining the arcs of the internal Plateau border
Arc Equation Limits

1
(
y − αi

2

)2
+
(
z −

√
3αi
2

)2
= R2

i y ≤ 2ci; z ≤
√

3ci

2
(
y − αi

2

)2
+
(
z +

√
3αi
2

)2
= R2

i y ≤ 2ci; z ≥ −
√

3ci

3 (y + αi)
2 + z2 = R2

i y ≥ −ci

Table B.2: Equations defining the arcs of the external Plateau border, when 0 ≤ θo <
30◦

Arc Equation Limits

4
(
y − αo

2

)2
+
(
z −

√
3αo
2

)2
= R2

o y ≤ 2co; z ≤
√

3co

5
(
y − αo

2

)2
+
(
z +

√
3αo
2

)2
= R2

o y ≤ 2co; z ≥ −
√

3co

6 (y + αo)
2 + z2 = R2

o y ≥ −co
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Table B.3: Equations defining the arcs of the external Plateau border, when 30◦ < θo ≤
90◦

Arc Equation Limits

4
(
y + αo

2

)2
+
(
z +

√
3αo
2

)2
= R2

o y ≥ −co; z ≥ 0

5
(
y + αo

2

)2
+
(
z −

√
3αo
2

)2
= R2

o y ≥ −co; z ≤ 0

6 (y − αo)
2 + z2 = R2

o y ≤ −co



Appendix C

Solving for the Shear Modulus

Note: The derivation of the shear modulus equation utilizes the shear modulus unit cell

defined by Gong et al. in Ref. [22]. The first free body diagram (FBD) used is in Fig.

C.1.

Figure C.1: FBD showing loads and moments on beam AF

111
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The constraints on the beam are that Point A has zero displacement in the 2-

direction, and Point A has zero rotation in the 1- and 3-directions. Balancing the forces

and moments in the 1′-, 2′-, and 3-directions:

RF1′ +

√
2

2
RA1 +

√
2

2
RA2 = 0 (C.1)

RF2′ −
√

2

2
RA1 +

√
2

2
RA2 = 0 (C.2)

RF3 + P = 0 (C.3)

MF1′ +

√
2

2
MA1 +

√
2

2
M1 − PL = 0 (C.4)

MF2′ −
√

2

2
MA1 +

√
2

2
M1 = 0 (C.5)

MF3 +MA3 +

√
2

2
RA2L+

√
2

2
RA1L = 0 (C.6)

To solve for the internal forces, the FBD in Fig. C.2 is used.

Figure C.2: FBD showing the loads, moments, and torque on beam AC, and the orien-

tations of the axes with respect to the Plateau border cross section
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Breaking the ligament at Point C and balancing the forces and moments in the 1′-,

2′-, and 3-directions:

VC1′ +

√
2

2
RA1 +

√
2

2
RA2 = 0 (C.7)

NC −
√

2

2
RA1 +

√
2

2
RA2 = 0 (C.8)

VC3 + P = 0 (C.9)

MC1′ +

√
2

2
MA1 +

√
2

2
M1 − PL

(
ξ +

1

2

)
= 0 (C.10)

TC −
√

2

2
MA1 +

√
2

2
M1 = 0 (C.11)

MC3 +MA3 +

√
2

2
RA1L

(
ξ +

1

2

)
+

√
2

2
RA2L

(
ξ +

1

2

)
= 0 (C.12)

Solving for the internal forces and moments:

NC =
RA1 −RA2√

2
(C.13)

MC1′ =
1

2

(
−
√

2M1 −
√

2MA1 + LP (1 + 2ξ)
)

(C.14)

MC3 = −MA3 −
L (RA1 +RA2) (1 + 2ξ)

2
√

2
(C.15)

VC1′ = −RA1 +RA2√
2

(C.16)

VC3 = −P (C.17)

TC =
−M1 +MA1√

2
(C.18)

The displacement of Point A in the 2-direction relates to the unknown moments and
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forces as:

δ̄A2 = 0 =

∫ 1
2

− 1
2

L

EsA(ξ)
NC

∂NC

∂RA2
dξ +

∫ 1
2

− 1
2

L

EsI(ξ)
MC1′

∂MC1′

∂RA2
dξ+

∫ 1
2

− 1
2

L

EsI(ξ)
MC3

∂MC3

∂RA2
dξ +

∫ 1
2

− 1
2

L

GsA(ξ)
βz(ξ)VC1′

∂VC1′

∂RA2
dξ+

∫ 1
2

− 1
2

L

GsA(ξ)
βy(ξ)VC3

∂VC3

∂RA2
dξ +

∫ 1
2

− 1
2

L

GsJT(ξ)
TC

∂TC
∂RA2

dξ (C.19)

where

∂NC

∂RA2
= − 1√

2
(C.20)

∂MC1′

∂RA2
= 0 (C.21)

∂MC3

∂RA2
= −L (1 + 2ξ)

2
√

2
(C.22)

∂VC1′

∂RA2
= − 1√

2
(C.23)

∂VC3

∂RA2
= 0 (C.24)

∂TC
∂RA2

= 0 (C.25)

Simplifying Eq. (C.19):

2
√

2 (C0I + 2C1I)LMA3 + 4C0A (−RA1 +RA2) +

(C0I + 4 (C1I + C2I))L
2 (RA1 +RA2) + 8Cβz0A (RA1 +RA2) (1 + νs) = 0 (C.26)
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The rotation of Point A in the 1-direction relates to the unknown moments and

forces as:

θ̄A1 = 0 =

∫ 1
2

− 1
2

L

EsA(ξ)
NC

∂NC

∂MA1
dξ +

∫ 1
2

− 1
2

L

EsI(ξ)
MC1′

∂MC1′

∂MA1
dξ+

∫ 1
2

− 1
2

L

EsI(ξ)
MC3

∂MC3

∂MA1
dξ +

∫ 1
2

− 1
2

L

GsA(ξ)
βz(ξ)VC1′

∂VC1′

∂MA1
dξ+

∫ 1
2

− 1
2

L

GsA(ξ)
βy(ξ)VC3

∂VC3

∂MA1
dξ +

∫ 1
2

− 1
2

L

GsJT(ξ)
TC

∂TC
∂MA1

dξ (C.27)

where

∂NC

∂MA1
= 0 (C.28)

∂MC1′

∂MA1
= − 1√

2
(C.29)

∂MC3

∂MA1
= 0 (C.30)

∂VC1′

∂MA1
= 0 (C.31)

∂VC3

∂MA1
= 0 (C.32)

∂TC
∂MA1

=
1√
2

(C.33)

Simplifying Eq. (C.27):

−
√

2 (C0I + 2C1I)LP + 2M1 (C0I − 2C0JT(1 + νs)) +

2MA1 (C0I + 2C0JT(1 + νs)) = 0 (C.34)
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The rotation of Point A in the 3-direction relates to the unknown moments and

forces as:

θ̄A3 = 0 =

∫ 1
2

− 1
2

L

EsA(ξ)
NC

∂NC

∂MA3
dξ +

∫ 1
2

− 1
2

L

EsI(ξ)
MC1′

∂MC1′

∂MA3
dξ+

∫ 1
2

− 1
2

L

EsI(ξ)
MC3

∂MC3

∂MA3
dξ +

∫ 1
2

− 1
2

L

GsA(ξ)
βz(ξ)VC1′

∂VC1′

∂MA3
dξ+

∫ 1
2

− 1
2

L

GsA(ξ)
βy(ξ)VC3

∂VC3

∂MA3
dξ +

∫ 1
2

− 1
2

L

GsJT(ξ)
TC

∂TC
∂MA3

dξ (C.35)

where

∂NC

∂MA3
= 0 (C.36)

∂MC1′

∂MA3
= 0 (C.37)

∂MC3

∂MA3
= −1 (C.38)

∂VC1′

∂MA3
= 0 (C.39)

∂VC3

∂MA3
= 0 (C.40)

∂TC
∂MA3

= 0 (C.41)

Simplifying Eq. (C.35):

4C0IMA3 +
√

2 (C0I + 2C1I)L (RA1 +RA2) = 0 (C.42)

Solving Eqs. (C.26), (C.34), and (C.42) for the unknown forces and moments, RA2,
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MA1, and MA3:

RA2 = RA1

(
−1 +

2C0AC0I

−C2
1IL

2 + C0I (C0A + C2IL2 + 2Cβz0A(1 + νs))

)
(C.43)

MA1 =

√
2 (C0I + 2C1I)LP − 2M1 (C0I − 2C0JT(1 + νs))

2 (C0I + 2C0JT(1 + νs))
(C.44)

MA3 =
−C0A (C0I + 2C1I)LRA1√

2
(
−C2

1IL
2 + C0I (C0A + C2IL2 + 2Cβz0A(1 + νs))

) (C.45)

RA2, MA1, and MA3 are inserted into Eqs. (C.13)–(C.18). The rotation of Point A

in the 2-direction relates to the moments and forces as:

θ̄A2 =

∫ 1
2

− 1
2

L

EsA(ξ)
NC

∂NC

∂M1
dξ +

∫ 1
2

− 1
2

L

EsI(ξ)
MC1′

∂MC1′

∂M1
dξ+

∫ 1
2

− 1
2

L

EsI(ξ)
MC3

∂MC3

∂M1
dξ +

∫ 1
2

− 1
2

L

GsA(ξ)
βz(ξ)VC1′

∂VC1′

∂M1
dξ+

∫ 1
2

− 1
2

L

GsA(ξ)
βy(ξ)VC3

∂VC3

∂M1
dξ +

∫ 1
2

− 1
2

L

GsJT(ξ)
TC

∂TC
∂M1

dξ (C.46)

where

∂NC

∂M1
= 0 (C.47)

∂MC1′

∂M1
= − 2

√
2C0JT(1 + νs)

C0I + 2C0JT(1 + νs)
(C.48)

∂MC3

∂M1
= 0 (C.49)

∂VC1′

∂M1
= 0 (C.50)

∂VC3

∂M1
= 0 (C.51)
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∂TC
∂M1

= −
√

2C0I

C0I + 2C0JT(1 + νs)
(C.52)

Simplifying Eq. (C.46):

θ̄A2 =
C0JTL

(
4C0IM1 −

√
2 (C0I + 2C1I)LP

)
(1 + νs)

Es (C0I + 2C0JT(1 + νs))
(C.53)

The same analysis is performed on the free body diagram in Fig. C.3.

Figure C.3: FBD showing loads and moments on beam AF

The result is the rotation of Point B in the 2-direction:

θ̄B2 = −
C0JTL

(
4C0IM1 −

√
2 (C0I + 2C1I)LP

)
(1 + νs)

Es (C0I + 2C0JT(1 + νs))
(C.54)

The next free body diagram that is used to solve for the 2-direction rotation of

Points A and B is shown in Fig. C.4.
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Figure C.4: FBD showing loads and moments on beam structure ABKH

Using the planes of mirror symmetry in the structure, the ligament structure is

simplified in Fig. C.5. Note at Point S there is no 1′-direction displacement and no 2-

direction rotation. At Point K there is no 3′-direction displacement and no 2-direction

rotation.

Figure C.5: FBD showing the loads and moments on beam structure SAW
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Solving the force and moment balance:

RS1′ −
√

2

2
FA3 = 0 (C.55)

RW3′ +

√
2

2
FA3 = 0 (C.56)

MS2 +MW2 +MA2 = 0 (C.57)

Figure C.6: FBD showing the internal loads and moments on the sections of beam

structure SAW

Performing a force balance to solve for the internal forces using Fig. C.6:

Nd =

√
2

2
FA3 (C.58)

RW3′ = −
√

2

2
FA3 (C.59)

Md2 = −MW2 −MA2 (C.60)

Ne = RW3′ (C.61)

Me2 = −MW2 (C.62)
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The rotation of Point W in the 2-direction relates to the unknown moments and

forces as:

θW2 = 0 =

∫ 1
2

0

L

EsA(ξ)
Ne

∂Ne

∂MW2
dξ +

∫ 1
2

0

L

EsI(ξ)
Me2

∂Me2

∂MW2
dξ+∫ 0

− 1
2

L

EsA(ξ)
Nd

∂Nd

∂MW2
dξ +

∫ 0

− 1
2

L

EsI(ξ)
Md2

∂Md2

∂MW2
dξ (C.63)

where

∂Ne

∂MW2
= 0 (C.64)

∂Me2

∂MW2
= −1 (C.65)

∂Nd

∂MW2
= 0 (C.66)

∂Md2

∂MW2
= −1 (C.67)

Simplifying Eq. (C.63):

MA2 + 2MW2 = 0 (C.68)

Solving for MW2:

MW2 = −MA2

2
(C.69)
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MW2 is inserted into Eqs. (C.60) and (C.62). The rotation of Point A in the 2-

direction relates to the moment MA2 as:

θA2 =

∫ 1
2

0

L

EsA(ξ)
Ne

∂Ne

∂MA2
dξ +

∫ 1
2

0

L

EsI(ξ)
Me2

∂Me2

∂MA2
dξ+∫ 0

− 1
2

L

EsA(ξ)
Nd

∂Nd

∂MA2
dξ +

∫ 0

− 1
2

L

EsI(ξ)
Md2

∂Md2

∂MA2
dξ (C.70)

where

∂Ne

∂MA2
= 0 (C.71)

∂Me2

∂MA2
=

1

2
(C.72)

∂Nd

∂MA2
= 0 (C.73)

∂Md2

∂MA2
= −1

2
(C.74)

Simplifying Eq. (C.70):

θA2 =
C0ILMA2

4Es
(C.75)

By definition:

MA2 = −2M1 (C.76)

From symmetry:

θB2 = −θA2 (C.77)
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Therefore:

θA2 = −C0ILM1

2Es
(C.78)

θB2 =
C0ILM1

2Es
(C.79)

The displacement of Point A in the 3-direction, δA3, relates to the force FA3 as:

δA3 =

∫ 1
2

0

L

EsA(ξ)
Ne

∂Ne

∂FA3
dξ +

∫ 1
2

0

L

EsI(ξ)
Me2

∂Me2

∂FA3
dξ+∫ 0

− 1
2

L

EsA(ξ)
Nd

∂Nd

∂FA3
dξ +

∫ 0

− 1
2

L

EsI(ξ)
Md2

∂Md2

∂FA3
dξ (C.80)

where

∂Ne

∂FA3
= − 1√

2
(C.81)

∂Me2

∂FA3
= 0 (C.82)

∂Nd

∂FA3
=

1√
2

(C.83)

∂Md2

∂FA3
= 0 (C.84)

Simplifying Eq. (C.80):

δA3 =
FA3L

2Es
C0A (C.85)

By definition:

FA3 = −2P (C.86)
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From symmetry:

δK3 = −δA3 (C.87)

From symmetry, the relative displacement of Point A with respect to Point K in the

3-direction is:

∆3 = δK3 − δA3

=
2C0ALP

Es
(C.88)

From symmetry, the relative displacement of Point B with respect to Point H in the

1-direction is:

∆1 = ∆3

=
2C0ALP

Es
(C.89)

Using the compatibility condition, θB2 − θA2 = θ̄B2 − θ̄A2, and solving for M1 in

terms of load P :

M1 =
2
√

2C0JT (C0I + 2C1I)LP (1 + νs)

C0I (C0I + 10C0JT(1 + νs))
(C.90)

Using Eqs. (C.13)–(C.18), (C.43)–(C.45) and (C.90), the displacement of Point A in
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the 3-direction in Fig. C.1 relates to force P as:

δ̄A3 =

∫ 1
2

− 1
2

L

EsA(ξ)
NC

∂NC

∂P
dξ +

∫ 1
2

− 1
2

L

EsI(ξ)
MC1′

∂MC1′

∂P
dξ+

∫ 1
2

− 1
2

L

EsI(ξ)
MC3

∂MC3

∂P
dξ +

∫ 1
2

− 1
2

L

GsA(ξ)
βz(ξ)VC1′

∂VC1′

∂P
dξ+

∫ 1
2

− 1
2

L

GsA(ξ)
βy(ξ)VC3

∂VC3

∂P
dξ +

∫ 1
2

− 1
2

L

GsJT(ξ)
TC
∂TC
∂P

dξ (C.91)

where

∂NC

∂P
= 0 (C.92)

∂MC1′

∂P
= L

(
−8C0JTC1I(1 + νs) + C0I (C0JT − C1I + C0JTνs)

C0I (C0I + 10C0JT(1 + νs))
+ ξ

)
(C.93)

∂MC3

∂P
= 0 (C.94)

∂VC1′

∂P
= 0 (C.95)

∂VC3

∂P
= −1 (C.96)

∂TC
∂P

=
(C0I + 2C1I)L

2 (C0I + 10C0JT(1 + νs))
(C.97)

Noting that C1I = 0 because the integrand is an odd function and the absolute

values of the interval limits are equal, Eq. (C.91) simplifies as:

δ̄A3 =
LP

2Es (C0I + 10C0JT(1 + νs))
2

(
200C2

0JT
(1 + νs)

2
(
C2IL

2 + 2Cβy0A(1 + νs)
)

+

C2
0I

(
4Cβy0A(1 + νs) + L2 (C0JT + 2C2I + C0JTνs)

)
+
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2C0IC0JT(1 + νs)
(
40Cβy0A(1 + νs) + L2 (C0JT + 20C2I + C0JTνs)

) )
(C.98)

From symmetry:

δ̄B1 = δ̄A3 (C.99)

By definition:

γ13 =
∆1 + 2δ̄B1

2
√

2L
+

∆3 + 2δ̄A3

2
√

2L
(C.100)

σ13 =
P

2L2
(C.101)

G∗13
Es

=
σ13
γ13

(C.102)

Expanding Eq. (C.102) results in Eq. (2.29).1

1 Recall: G∗13 = G∗12
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