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81 Introduction

In this paper we shall study the Cauchy problem:

P,— P, =E()F(Q)—P+Q in R' x [0, 0), (1.1)
Q:=P—-Q in R' x [0, 00), (1.2)
P(z,0) = Q(z,0) =0 for z € R, (1.3)

max |P(z,t)| < co, max |Q(z,t)] < 00,  for any t < oo. (1.4)

where F(z) is a step function:

_ Cl z <0 .
E(m)_{C2 250 where C; > Cy > 0;

F(u) is a C? positive decreasing function, —oo < u < oo. System (1.1) arises in film
development; for background, see [1].

Define dye D(z,T) at time T by

T

D(z,T) = E(:p)/ F(Q(X,1))dt (1.5)
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where (P, @) is the solution of (1.1)-(1.4). Then one expects the profile of D-curve to be
as indicated in Figure 1.
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Figure 1
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If it does, then we say that edge enhancement occurs (see [1]). In section 3, we shall
prove that if T is sufficiently small, then this phenomenon does occur.

We shall be mainly interested however in the large time behavior of solutions. It turns
out that this depends on the behavior of F'(u) as u — co. If F(u) reaches zero at a finite
point v = M > 0, then both P and Q converge to M as t — oo under some additioal
assmmption on F (Theorem 4.3). If F(u) approaches a positive limit as u — oo , then
both P and Q increase linearly in ¢ as t — oo (Theorem 4.10).

The most interesting case is when F(u) is strictly positive but converges toc zero
as u — oo ; then P and Q still converge to co; more specifically, if F(u)/u™ —
B, —F'(u)/u™"! — ~f as u — oo for some B > 0 and v > 0, then

P(z,1) [t — 1g(0)

as t — oo.
Q(z,t)/t™+7 — 39(0)

Here g(z) is the solution of

9"(z) + 39'(z) = ll—i;g - 2BE(z)/g", !
g(4+00) = (27C2)™7, g(—o0) = (27Cy) ™.

§2 Preliminary Results

Let W}*(K) = {u: u, Dyu, Dyu and Dgzu are all in LP(K)}, where K C R' x [0,00). By
a solution (P,Q) of (1.1)-(1.4), we mean that P € W}2(K), Q € W;»*(K) for any p > 1
and any compact subset K, and (P,Q) satisfies (1.1)-(1.4) ((1.1), (1.2) in a.e. sense).

In the sequel, various constants will be denoted by C. We shall first establish the
existence and uniqueness of solutions of (1.1)-(1.4) for small time.
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Lemma 2.1 There exists a § > 0, such that the system (1.1)-(1.4) has a unique
solution (P,Q) in R! x [0,6); furthermore, P >0, @ > 0.

Proof. From (1.2), we get
¢
Q(z,t) = / e~ (=) P(z, s)ds, (2.1)
0

so that (1.1) can be rewritten in the form
(P — Prg)(z,t) = E(2)F (/Ot e =) p(z, s)ds) — P+ /Ot e =) P(z, s)ds. (2.2)
We first solve (2.2) with P(z,0) = 0. Let
B = C°%R! x [0,8]) N {f : f is bounded in every strip R' x [0,¢] for any t < 6}.
For any P € B, let P be the unique solution of
(P, = Piy)(z,t) = E(z)F </t e~ =9 P(z, s)ds) - P+ /t e (=) P(z, s)ds,
P(z,0) = 0. i i

Define an operator L by LP = P. It is easy to check that L maps B into B, and L is
a contraction provided ¢ is small. Therefore, there exists a unique fixed point P of L.
Defining @ by (2.1), it is clear (P,Q) forms the unique solution of (1.1)-(1.4). By standard
LP-estimates (see [2]), P; and Py, are in LP(K) for any p > 1 and any compact subset
K C R! x [0,9).

To prove that P(z,t) > 0, we represent P by means of the fundamental solution

)2
T(z,t;y,5) = —A—e =

2 Jrlis)
Pa,t)= [ [ Tt 9)(BWF@ - Pus) + Qs s)dyds. (23
Then
Pt < [ [ Tty s)(Bu)F(@Q)+O)dyds
< Ct

By (2.1), we also have the same estimate for Q(z,t). Therefore,

Jo Jm D(z, 5y, 8)(E(y) F(Q) — 2Cs)dyds

P(z,t) >
> Ct>0,

since F(Q) > £ > 0for Q < Ot < C§if § is small. By (2.1), also Q(z,t) > 0.

We next prove some a priori estimates (for global solution).
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Lemma 2.2 If (P,Q) is a solution of (1.1)-(1.4) in R' x [0,7T), then
P(z,t) >0, (2.4)
Q(z,t)>0 (2.5)
in R! x (0,T).

Proof. If the assertions are not true, then there exists a point (zg,%o) such that (2.4)
and (2.5) hold for all t < ¢o but one of the inequalities becomes an equality at (zo, ¢o), i.e.
either P(zo,t0) = 0, or Q(zo,%0) = 0. Note that Q(zo,to) = 0 is impossible by (2.1), so
that P(zo,t0) = 0. Since

P,— P+ P=E@@)F(@Q)+Q >0

in the strip {0 <t < ¢p}, the maximum principle then implies that P = 0in {0 <t <o},
a contradiction.

Lemma 2.3 Let (P,Q) be a solution of (1.1)-(1.3) in R* x [0,7"). Then
P(z,t) < CTeT,

Q(z,t) < CTeT
in R* x [0,T).
Proof. From (2.3) and the fact that P > 0, we have

Pe,t) < [ [ T, t0,9)(CFP0) + Qy,s))dyds
< GFON+ [ max Q(z, 5)ds
-
= GF(O)t+ [ [ e max P(z, u)duds (by (2.1))
< CF(0)t+ /0 max P(a, s)ds.
Gronwall inequality then gives
max P(z,t) < C1F(0)te’ < CTe.

By (2.1), the same inequality holds for ().

The a priori estimates of Lemma 2.3 enable us to apply the local existence and unique-
ness result of Lemma 2.1, step by step, in order to obtain a unique global solution :

Theorem 2.4 There exists a unique solution of (1.1)-(1.4), for all ¢ > 0; furthermore,
P>0, Q>0.

We next establish additional regularities.



Theorem 2.5 The solution (P,Q) has the following regularity properties: P;; and Pig,
are in LP(K) for any p > 1; furthermore, P; and P, are continuous up to {t = 0} except
at (0,0). The same conclusions hold for Q.

Proof. Since (P,Q) is a solution of (1.1)-(1.3), for any ¢ € C°(R! x (0,00)), we have

~ [T P+t = [ (E@F@-P+Qk

Replacing ¢ by ¢;, and using integration by parts, we see that

L[ PG+t == [ [ (B@F@Q:- P+ Qe (26)
Equation (2.6) says that P; is a weak solution of
Pyt — Pigo = (1 + E(2)F'(Q))Q: — Pr. (2.7)

Also
Pi(z,0) = E(2)F(0).

Since P;, Q. are in LP(K) for any compact subset K C R! x [0, 00), standard LP-estimates
give us that Pj; and Py, are in LP(K) for any p > 1. By Sobelev imbedding theorems, we
see that P; and P, are continuous in R' x (0,00). Noting that F(z) has a jump only at
0, we conclude that P; and P, are continuous up to {t = 0} except at (0,0). By (2.1), all
assertions are also true for Q.

§3 Edge Enhancement

In this section, we establish the edge enhancement phenomenon.

Theorem 3.1 Let D(z,T) be the dye as defined in (1.6). Then, for any T sufficiently
small, we have that

D(z,T) = E(z)g(z,T) + O(T*)
where g(z,T) € C*(R!) and inf, 7 257 > ¢ > 0; furthermore,
9:(2,T) >0, =ze€R
9zz(2,T) >0 ifz <0,
gzz <0 ifz >0,

lim o(2,7) = FOT(1+5CFO)F(0)T?), _lim_g(x,T) = F(O)T(14+5CoF(0)F(0)T*).

Proof. Let f(z,t) = (1 + E(z)F'(Q))Q¢ — P;. Then from (2.10)
Py(z,t) = /R L(z,t;y,0)E( dy+/ / (2,4y,5)f(y,s)dys
2 L+ L. (3.1)



We compute
0

I, = F(O)[Cl/ F(:c,t;y,O)dwaCz/Ooo I'(z,t;y,0)dy]

Cy + C, 0 |
and ;
Ig < /() |f|L°°(R1x[O,oo))d3 < Ct. (33)

Now let us calculate Q(z,t) for small ¢:

Q(z,t) = /Ote_(t_s)P(x,s)ds
= /OtP(w,s)ds + /Ot P(z,s)(e"7*) —1)ds

- [ " Pz, 8)(t — s)ds + O(£). (3.4)

lﬂ

Pi(z,s)(T — s)*ds + O(T*)

Li(z,s)(T — s)ds + /OT Lz, s)(T — s)*ds + O(T*)  (by (3.1))

o\hc\

NN = Do~

Lz, (T — )dt 4+ O(T*)  (by (3.3)). (3.5)
From (3.4), we know that Q(z,t) = O(t?). Therefore

F(Q(z,1)) = F(0) + F'(0)Q(=,t) + O(t*).
Integrating in ¢ and using (3.5) and (3.2), we get

3 F(Q(z,t))dt = F(0)T + F'(0) [§ Q(=,t)dt + O(T*)
2 g(m’ T) + O(T4))

where

1 T Ci+ Cy 0 1
T) = FO)T + S F'(0)F(0) | C-0) [ ——
It is easy to check that g(z,T) has all the properties stated in Theorem 3.1. It is also
clear that D-curve has the profile indicated in Figure 1. Hence, if T is sufficiently small,
edge enhancement occurs.

e~ 2du)(T — t)%dt.



84 Large Time Behavior

To study the large time behavior, we need to distinguish three cases:

There exists an M > 0, such that F(M) =0, (4.1)
F(u) - 8>0as u— oo, (4.2)
F(u) — 0 as u — oo. (4.3)

We shall begin with case 1.

Lemma 4.1 In addition to (4.1), we also assume that F' satisfies
1+ max C1F'(u) > 0. (4.4)

Then P, >0, ;> 01in R! x [0,00)
Proof. By (1.2) and Lemma 2.3, we see that
|Q¢|Leo (R2x[01]) < C < 00, (4.5)
Representing P;, the solution of (2.7) with Py(z,0) = E(z)F(0), in terms of the funda-

mental solution, we get

Pie,t)= [ Tlat;0,0 B FOdy+ [ [ T, ty,9)(1+ E)F'(@)Q ~ Pldyds

(4.6)
Hence

B t
|P(z,t)| < C1F(0) + Ct -|—/O max |Py(z, s)lds, (t <1)

where C' = max, o<i<1(1 + E(z)F'(Q(z, 3))|Q:(z,t)| < oo by (4.5). Gronwall’s inequality
then gives

max |P(z,t)| < (C1+C)et < C (<) (4.7)
Using (4.5) and (4.7) in (4.6), we obtain
Py(z,t) > C,F(0) — Ct >0

in R!x [0, 8] for some small § > 0. Since Q; = [§ e~(*=9) P,(z, s)ds, we also have Q;(z,t) > 0.
On the other hand, by the assumption (4.4):

Pit — Pz + Pr = (14 E(2)F'(Q))Q: > 0

as long as ); > 0. The argument used in the proof of Lemma 2.2 now shows that P; > 0,
and @Q; > 0in R! x [0, 00).

Lemma 4.2 Under the same assumptions of Lemma 4.1, we have
P(z,t) < M, Q(z,t)< M in R'x [0,00).
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Proof. By Lemma 2.3, there is a § > 0, such that
P(z,t) < M in R' x [0,6).
Let P = M — P(z,t), @ = M — Q(z,1), then
P>0 .
050 in R* x [0, 4].
From (1.1)

P~ P,=—-E(@)F(Q)-P+Q.
Since F(M) =0,
F(Q) = [ F'(M +5(Q ~ M))ds(@ ~ M)
so that )
Pi= Pt P=[14E() [ F(M+s(Q - M)ds)Q >0

as long as Q) > 0. The same argument as before shows that P > 0,Q > 0.

Now we are in a position to state:

Theorem 4.3 If F satisfies (4.1) and (4.4), then for any z € R

P(z,t) > M y
Qz.t) — M as t — oo.

Proof. By Lemma 4.1, the limits lim;_,o, P(z,t) 2 P(z), limy_s Q(z,1) & Q(z) exist.
By Lemma 4.2, P(z) < M,Q(z) < M.

Integrating @) = P — Q over (¢t — 1,t), we get

t t
Qa.1)=Q(,1=1) = P(e,)=Q(w,)+ [ (P(2,5)=P(a,t))ds— [ (Q(z,5)~Q(,1))ds.
Letting t — oo, we obtain ) )
P(z) — Q(z) = 0. (4.8)

Let {(z) € C§°(R'). We multiply P, — P, = E(z)F(Q) — P+ Q by £, then integrate over
R' x (t —1,t), and finally let ¢t — oo to get

— [ Pa)¢"(z) = / E(2)F(P(z))dz. (4.9)

R1
This means that P(z) is a solution of
P"+ E(z)F(P) =0." (4.10)

and, in particular, P” < 0. But the function satisfying 0 < P < M, P” < 0 is clearly a
constant and since P satisfies (4.10), this constant must be equal to M. This proves the
assertions of the theorem.



Remark 4.4 We conjecture that Theorem 4.3 is not true without assumption (4.4),
as the following example suggests. Let

M—-—u ifu<M
F(u) = { 0 otherwise.

Consider the system

pP'=KF(qg)—p+yq,

¢=p-q (4.11)

p(0) = ¢(0) =0,
where K > 1. This system corresponds to (1.1)-(1.4) with E(z) = K, and certainly
(4.4) is violated. Since ¢" = p' — ¢ = KF(q) — 2¢' and ¢'(0) = 0, we see that ¢'(t) =
Ji e~ =) K F(q(s))ds > 0 for any ¢ > 0. Noting that ¢" = K(M — q) — 2¢' for ¢ < M, we
can solve this linear ODE with initial conditions: ¢(0) = ¢’(0) = 0. From the resulting
expression for ¢, we see that ¢(tg) = M for some tq > 0. Since ¢’ > 0, we conclude that
lim;—, g(t) > M. Hence the conclusions of Theorem 4.3 are not true in this case.

Now we turn to the remaining cases (4.2) and (4.3). We shall first consider the system

P =KF(q)—p+yq, (4.12)
¢=p-gq, (4.13)
p(0) = ¢(0) =0 (4.14)

where K is a positive constant and F' satisfies either (4.2) or (4.3). By Theorem 2.4, there
exists a unique positive global solution of (4.11)-(4.13).

Lemma 4.5 If F satisfies either (4.2) or (4.3), then there exist positive constants ¢, C
and to such that

0<q¢ <C foranyte RT,

lp'| < C  for any t € Rt.

Moreover, if F((u) ~ v~ at oo for v > 0 (If v = 0, we shall mean that F' satisfies (4.2)),
then

(4.15)

/04 < p(t) < O/t /04 < q(t) < Ot/ (+7) (4.16)
for t > t,.

Proof. Ther same argument of Remark 4.4 shows that ¢’ > 0 in R*. From this we
deduce that
p=KF(q)—q¢ < KF(q) < KF(0).
This, in turn, implies
t
¢(t) = [ eI (s)ds < KF(0),
0
and p' = KF(q) — ¢ > —¢' > —KF(0). We have thus proved (4.15).
Next we show that ¢(t) — oo as t — co. Suppose this is not true, i.e.

0<q(t)<M<oo foranyt. (4.17)
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Integrating ¢" = p' — ¢' = K F(q) — 24¢'(t) over (0,t), we get

¢(0)+24(t) = K [ Pla(s))ds. (4.18)

Since F'(q(s))
the LHS of (4.
if t is large.

> F(M), we see that the RHS of (4.18) is larger than K F(M)t, whereas
18) is less than K F(0) 4+ 2M by (4.15) and (4.17). This is a contradiction

Now integrating ¢”/F(q) = K — 2¢'/F(q) over (0,t), and using integration by parts,
we obtain

9(t) 1 _ K, q'(t) B t F'(q) i S
/ Fo® T 2 T b m?
K q'(t) : :
> T T G (since F' < 0)
K

C : ’
?t C0) (since 0 < ¢’ < KF(0)).

Since ¢(t) — oo as t — oo, we conclude from the above that

K C a(t) 1
3w th T

< Cq(t)"+ Cq(t)'*
< Cq(t)',

provided ¢ is large. This gives g(t) > ct'/(1+7). Next integrating ¢ = K F(q) — 2¢’ over
(0,t), and applying the result we just proved, we get

o) = 5 [ Fla(s)ys - LY

oﬁﬂ)@+c

C/ s~ gs 1+
0

INA

IA

< Ct¥s
provided t is large. Since p(t)/q(t) = ¢'(t)/q(t) + 1, and ¢(t) — oo while ¢’ remains

bounded, we see that p(t)/q(t) — 1 as t — oo. Hence all the estimates for ¢ hold for p as
well. The proof is complete.

Lemma 4.6 If F(u) ~ u™ at co(y > 0), then
pi(t) < P(z,t) < paft),

ql(t) < Q(:L‘,t) < ‘h(t))
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where (p;, ¢;) is a solution of (4.12)-(4.14) with K = K;, and K, is sufficiently small while
K, is sufficiently large.

Combining Lemma 4.5 and Lemma 4.6, we obtain

Corollary 4.7 Under the same assumptions of Lemma 4.6, we can find positive con-
stants ¢, C' and tg, such that

ctt/0+) < P(z,t) < CtY/ 047
ettt < Q(z,t) < Ct/ (4
for all z € R! and t > t,.
Proof of Lemma 4.6. Let u; = P — p;, v; = Q) — ¢;. It is easy to see that

Uit — Uige + ui = E(2)F(Q) — KiF(¢:) + vi £ Ji(z,1) (4.19)
Vit = U; — U
ui(z,0) = vi(z,0) = 0.

Representing the solution u; of (4.19) with u;(z,0) = 0, in terms of the fundamental
solution, we get that for ¢ small

w(et) = [ [ Tty ) E@F@s) = KiF(a(s) + oy, s) - wly,s)ldyds

E(y) — 2K,

/ot /Rl P(m’t;y’s)[TF(O) — Cs]dyds

t (O

/(-—02 26 Cs)ds
0 2

> 0 (fK<%2).

v

Hence also .
vi(z,t) = / e~y (2, 8)ds > 0 (4.20)
0

for ¢ small. Using mean value theorem, we see that
Ji=(E(2)-K)F(Q)+ 1+ G F'(AQ+ (1-Xg))(Q —¢) >0 (for some A\,0 < A < 1)

as long as @) — ¢ = v, > 0 and K is sufficiently small. Now we use the maximum principle
to argue as same as in the proof of Lemma 2.2 to deduce that uq(z,t) > 0, v1(z,t) > 0 in
R! x (0, 00).

Next we consider uz(z,t), va(z,t). The same argument as in proving (4.20) shows that
ug(z,t) < 0, ve(z,t) < 0in R x (0,6] for some § > 0, provided K, is sufficiently large.
We shall next show that

Ja(z,t) <0 in R! x [0, 00) (4.21)

as long as vy(z,t) < 0. Hence the maximum principle gives that us(z,t) < 0, va(z,t) <0
in R! x (0, 00).
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It remains to verify (4.21). By the assumptions on F, we have that |F'(u)| — 0 as
u — 0o0. We choose N so large such that % > C1F(0) and 1 + E(z)F'(u) > 0 if u > %
g > N, @<, then .
Ja(z,t) < E(z)F(0) — 5 <0.
If(h 2 Na Q Z %) then

Jo(z,t) = (E(z) - K2)F(g2) + E(2)(F(Q) = F(g2) + Q — ¢z
= (E(z) - K2)F(g2) + [1 + E(z)F' (A2 + (1 = M)Q)I(@ — ¢2)
<0

as long as vy = Q — ¢z < 0, because Agz + (1 — A)Q > £ implies that 1 + E(z)F'(Ag, +
(1-2)Q) 20

Finally, if ¢ < N, then

< C,F(0) — K,F(N)
<0

as long as v, = Q) — ¢2 < 0 and K is sufficiently large. The proof is complete.

Lemma 4.8 Under the same assumptions of Lemma 4.6, we have that

|P| < M

1
0. < M R x [0, 00).

From (1.1) and (1.2), we then get
Corollary 4.9 |Pp;| S C < 00, |Quz] £C <00 in R! x [0, 00).
Proof of Lemma 4.8. From (4.6), we obtain
¢
Pal < C+C [ [ Tty 9P - Qly,s)+ Py, )ldyds
¢ ¢
< C+ C/O se%*ds +/0 m3x|Pt(x,3)ds (by Lemma 2.3).
Gronwall inequality then gives
max| Pz, 8)| < g(2) (4.22)
where ¢(t) is a positive increasing function. Let u = P, — M, v = @, — M. It is easy to

see that
U — Ugr +u = (1 + E(2)F'(Q))v+ ME(2)F'(Q) (4.23)

vy =u — . (4.24)
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By Corollary 4.7 and the fact that F'(u) — 0 as u — co, we can find a £, such that
1+ E(2)F'(Q(z,t)) >0 in R' x[f,00).
By (4.22), we can choose M so large such taht

u<0

v <0 in R'x [0,1].

We shall show that u < 0, v < 0 in R! X [0,00). If they are not true, then the argument
as in the proof of Lemma 2.2, shows that there exists a point (zo, %), such that

u<0

. pl
weo B R* x [0,t0)

and u(zg,t9) = 0. Obviously, < to. Hence we see that the RHS of (4.23) is nonpositive in
R' x [t,t0). The maximum principle implies that u = 0 in the strip R! x [£, ), which is a
contradiction. This proves our assertions. Similarly, we can prove P,+M >0, Q;,+M >0
in R! x [0,00). The proof is complete.

Theorem 4.10 If F satisfies (4.2), then

lim P(z,t) _ Ci + 0213, lim Q(z,1) _ Ci+ C,
t—ro00 t 4 t—o0 t 4

B uniformly in z as ¢ — oo.
Proof. From (1.1) and (1.2)
1
(P+ Q) 5(P +Qex = B@)F(Q) + 2(P ~ Q).

Making a change of variables: y = v/2z,w = P + Q, we get

we = wyy = E(y)F(Q) + (P — Q)yy- (4.25)
Also
w(y,0) = 0.
Representing w in terms of the fundamental solution, we have
wly,t) = Jo S T(y, 12, 8) E(2) F(Q(2, 8))dzds + f5 [m Ty, 8 2, ) (P = Q)z2(2, 5)d2ds
=5+ I,

(4.26)
Since by Corollary 4.7, F(Q(y,t)) — £ uniformly in y as t — oo, we can get

i‘l - %/ot R \/%6_“2/ 2E(y + /2(t — s)u)F(Q(y + /2(t — s)u, s)dsdu
= | \/12_7re-u2/2du /01 E(y +/2t(1 — v)u) F(Q(y + /2t(1 — v)u,tv)dv

(o] 1 5 0
. / et /2Clﬂdu+/
0 —00

1 2
e /20y Bdu
2T

V2rn vV
= % ; 02,3 uniformly in y as t — oo. (4.27)
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We turn to the estimate of I,. Write

I, = Ot_l T Ty, t;2,8) (P — Q)22(2, 8)dzds + ity T T(y,t2,8) (P — Q).2(2, s)dzds
A
=J;+ Jo.

By Corollary 4.9,

¢
Bl Oty 2 C
t t Ji-1 t

As to Ji, using integrations by parts, and noting that boundary terms disappear because

(P —Q)y and (P — @) are bounded in y at oo, we obtain

IJll C t—1
M« Z ) B
< 3 /0 /Rl IT:(y, t; 2,8)|| P — Q|dzds

t
C -1 1 — z)?
< T [ s+ o s, 910 ldsds

s)?
-1
< g/ L ds
t Jo t—s

Clogt

= — 0, ast— oo.

From (4.26)-(4.27), and the estimates on the J;, we conclude that

w(y,t) R Ci+ C,
t 2

B uniformly in y as t — oo. (4.28)

Noting that @ = P — @, and @ is bounded whereas Q(z,t) — oo as t — oo, we get
Pt) |, Qla)

= —s1 uniformly in z as ¢ — co. (4.29)

Qz,t) Qz,1)
Combining (4.28) and (4.29), we obtain the assertions of the theorem.

§5 Large Time Behavior(Continued)

In this section, we consider the case (4.3); more specifically, we shall assume that

{ Flu)um— >0 (5.1)

—F(uu — 48> 0 as u — oo.

We shall study the large time behavior of w = P + Q). It will be convenient to rewrite
(4.25) as

Wi — Wyy = 27E(?/)F(w) + E(y)F(w)(%% - 27) + (P - Q)yy

EY 27E(y)F(w) + fi(y,t) + foly, ).
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Consider the solution of
Ut — Uyy = Q’YE(?/)F(U))
u(y,0) = 0.

Lemma 5.1 The function w satisfies

|u — wILoo(Rl)(t)
11/(1+7)

—0 as t — oo,

and consequently
1

ct™ < u(y,t) < Ctis
for all y € R! and ¢t > N, N a large constant.
Proof. 1t is clear that u — w = I; + I, where

t
L-(y,t)z/oLIF(y,t;z,s)fi(z,s)dzds, i=1,2.

(5.3)

(5.4)

I, is the same in the proof of Theorem 4.10 so that I,(y,t)/t*/(*+") — 0 uniformly in y
as t — oo. To complete the proof of (5.3), it remains to show that I;(y,t)/t1/(0+7) — ¢

uniformly in y as ¢ — co. Noting that

FQ)
F(w)

h(t)ém5x| -2 =0 ast— oo

by (4.29) and (5.1), we get

—— 1 [F(Q)
1/(1+7) ' 1
|11(y,t)|/t <L tl/(1+w)/0 /Rl F(y,t,z,s)F(w)wvww F(w)
C t h(s)
= 11/(1+7) /0 1/ (14+9) ds (by Lemma 5.1)

1 h(tv)
= C/o v'y/(1+'y)dv-—_)0 as t — oo.

From (5.3) and Corollary 4.7, (5.4) follows.
Next we prove

Lemma 5.3 There exist positive constants C' and ty such that

1

|uy(y) t)' S Ct-”'_‘Y_

o]

for all y € R! and t > t,.

Proof. Representing u in terms of the fundamental solution, we have

u(y,t) = /Ot /R1 I'(y,t;2,8)2"E(z) F(w(z, s))dzds.

15
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Differentiating the above equation in y and using Corollary 4.7, we see that

s)w(z,s)

t —_—
(bl < C [ /er(y,t;z,s)(t_k” s
t 1

< C ds

/0 (t — 3)1/237/(1+w)

1

< Ot

NI

To study the large time behavior of u, we shall introduce the scaled function u,(y,t) =
u(a + ay,azt)/al_%? for any a € R' and o > 0. Then

Uat — Uayy = 2’7all+‘17E(a +ay)F(w)
v
= ﬂzj—ay)ﬁ'(u)m +2"E(a+ ay)a%(F(w) - F(u))
A J1a + 924 (5.5)

In the above expressions, all functions are evaluated at (a+ay, a?t). Using the assumption

(5.1) and (5.3), we obtain

92a(1,t)] < Cat|F'(Qu+ (1= Nw)llu—w|  (0<A<1)

1
< C—5|u—w|po(m)(c’t) — 0 as a — oo, for any t > 0; (5.6)
aTH

here, as before, all functions are evaluated at (a + ay, a’t). Note that, by (5.4),

ctTH < ug(y,t) < Ct™  for a sufficiently large. (5.7)

We next estimate g14(y,t) as follows.

If at? < N, N is the constant in (5.4), then

1

29
G1a(y,t) < Cat#y < Cm-

If a?t > N, then by (5.7)

Ga(y,t) <

IA

We conclude that o
g1a(y,t) < pTEwe) for any o, . (5.8)

From (5.6) and (5.8), we see that the RHS of (5.5) is bounded in any compact subset K C
R x (0,00). Applying LP-estimates, we get |UQ|W;,2(I\.—) < C < 0. By Sobelev imbedding
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theorem, we can find a sequence o, — oo, such that u,,(y,t) — (y,?¢) unifomly in K as
a, — 00, for some function u. By a diagonal argument, we may assume that

Ug, (¥, 1) — U(y,t) in R' x (0,00). (5.9)
By (5.7), we have
ctt/ M < gy, t) < CtYH for any ¢ > 0.

Since uq4,(y,0) = 0, we can represent u,, in terms of the fundamental solution to get

1 t
Uan(y,1) = / /R L(y,t; 2, 8)G10,(2, 8)dzds —I—/ /R I'(y,t; 2, 8)g2an(2, 8)dzds.
0 1 0 1
Letting a, — oo, we see that (by (5.6) and (5.9))
E(z)

u¥(z,s)

u(y,t) = /012 /Rl I(y,t2,8)278 dzds; (5.10)

l.e.

i(y,0) =0 (5.11)

Uy — Uyy = 27BE(y)/u” in R! x (0,00)
et/ 47 < gy, t) < O/,

Lemma 5.3 The solution of (5.11) is unique.

Proof. Suppose uy,u, are the two solutions of (5.11). Setting v = u; — uy, we have
v — Vyy + 9(y,t)v =0 in R x (0, 00)

where g(y, 1) = 278E(y)y[Aui(y, t) + (1 — Mua(y, )77 /ui(y, t)u3(y, 1) 2 0 (for some A,
0 < A<1). Set v = v+ €. From the third equation of (5.13), we see that v, > 0 in
R! x [0, 6] for some § > 0. Since

Vet — Veyy + 9(y, t)ve = €g(y,t) > 0,

the maximum principle gives us that v > 0 in R! x [0,00). Letting ¢ — 0, we deduce that
v > 0. Similarly, we can prove that v < 0. Hence v = 0.

By Lemma 5.3, we conclude that
ualy,t) — u(y,t) as a — oo.
For a > 0, @ > 0, we have that
Uaa(y,t) — u(y,t) as a — oo.

On the other hand

1
Uaa(y,t) = _Lua(&y,&zt) — ——u(ay,a’t) as a— oo.

alty al+y




Therefore,

1
—u(ay, &’t).
aTH

u(y,t) =

Let a = %, we see that @(y,t) must have the form:

_ a0y
,1) =t g(==). 12
u(y,1t) 9(\/{) (5.12)
It is easy to see that g must satisfy:
" z , 1 E(z)
— —_—— g — 97N/
9"(@) +54'() = o’ 2p e (5.13)
Set f(t) = limy_o u(y,t). Then rewrite (5.10) as
B ¢ 1 g E(y ++/2(t — s)u)
u(y,t) :/ — 273 duds.
0 JR' /27 u(y +1/2(t — s)u, s)
Letting y — oo, we see that sc
t 2180,
t) = ds;
)=/ s) &
le. 2150
f'==5 2, f(0) =0.
Hence f(t) = (2”[302)11_#’1715. Comparing with (5.12), we see that
lim g(y) = (278C2) 7. (5.14)
Similarly,
lim g(y) = (278Cy)™7. (5.15)

y——00

Since  is unique, the solution of (5.13)-(5.15) is also unique. From the relation u,(0,#) —
tlwl‘—“fg(()), we see that

u(a, a?t) 1

i t™#7¢(0) as a— oo.

In particular,
u(0,1)
$1/(147)
Using Lemma 5.2, we get that for any y € [-M, M|

u(y, ) —u(0,8)] _  |uy(ry, lly]
$+1/(147) - $+1/(147)
CM
< =,
R

18
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We conclude that for any M > 0

% — ¢(0)  uniformly in y € [-M, M] as t — oo.

Using (5.3) and the fact that w = P + @, we have established
Theorem 5.4 If F' satisfies the assuption (5.1), then for any M >0

lim 2@, Q@0 L
t—o00 tm t—00 1T+7 2

uniformly in & € [—M, M]; here g is the unique solution of (5.13)-(5.15).
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