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Abstract

The main objectives of this study include: i) the physics and mechanics of the

acoustic radiation force (ARF) in fluids and tissue-like solids generated respectively by

the plane wave and focused ultrasound fields in situations when the latter are modulated

by a low-frequency signal; ii) simulation of nonlinear acoustic wave propagation when

the amplitude of the focused ultrasound field is modulated by a low-frequency signal, and

iii) modeling of the ARF-induced motion in soft tissues for the purpose of quantifying

their nonlinear elasticity via the radiation force.

Mechanics and physics of the ARF. In the context of the ARF analyses, the

key feature of the proposed study revolves around the dual-time scale treatment of

the temporal variable, which allows one to parse out the contribution of ultrasound

and its modulation in the nonlinear solution. In this way the ARF, giving rise to

the mean motion, is exacted by computing the “fast” time average of the germane

field equations. On developing a finite difference solution to the “mother” plane-wave

problem, it is further shown that the featured “fast” time average can be computed as

a double “ordinary” time average of the simulated nonlinear response. The proposed

framework of analysis is illustrated by the analytical solution for a sinusoidal modulation

envelope with quiescent past, which both exposes the limitations of earlier treatments

and highlights the generation of the ARF in a lossless fluid when a modulated, high-

intensity sound field is propagated through it. In the context of the focused beam

configuration, a comparison with the existing theory reveals a number of key features

that are brought to light by the new formulation, including the contributions to the

ARF of ultrasound modulation and thermal expansion, as well as the precise role of

constitutive nonlinearities in generating the sustained body force in tissue-like solids by

a focused ultrasound beam.

Nonlinear acoustic solution. A key prerequisite for computing the ARF, as a spa-

tially varying body force, is the knowledge of the nonlinear acoustic solution gener-

ated by the focused ultrasound beam. In this setting, the underpinning (nonlinear)

iii



acoustic solution is effectively solved via a dual-time scale approach. In particular,

the Westervelt-type equation, which governs the nonlinear acoustics of focused ultra-

sound beams, is effectively solved using hybrid time-frequency domain algorithm for any

(sufficiently smooth) transient modulation envelope. To verify the proposed analytical

and computational framework, the Khokhlov-Zabolotskaya-Kuznetsov (or the reduced

Westervelt equation) equation is solved via finite differences in the time domain for an

example pressure profile on the boundary of the ultrasound transducer. A comparison

between the time-domain and hybrid calculations demonstrates that the latter is no-

tably faster, requires significantly less memory, and has satisfactory accuracy for ratios

between the modulation and carrier ultrasound frequencies below 0.1.

ARF-generated shear waves in a tissue. Regarding the third objective, namely

the simulation of the ARF-induced motion in soft tissues, the linear equations of in-

compressible linear viscoelasticity with the ARF as the body force are solved using

three-dimensional Fourier transform in the spatial domain. Thus developed visco-

elastodynamic solution is used to simulate the ultrasound measurements of the ARF-

induced shear wave motion in tissue-mimicking phantoms performed at the Mayo Clinic.

As one key development of this dissertation, it was found that comparison between the

experiment and model permits the estimation of a particular coefficient of nonlinear tis-

sue elasticity (coupling the volumetric and deviatoric modes of deformation) from the

amplitude of the ARF-generated shear waves. For completeness, the ARF estimates of

this coefficient are verified via an established technique known as acoustoelasticity.
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Chapter 1

Introduction

Garnering keen interest since its first observation by Faraday [1] who detected the cir-

culation of air caused by a vibrating plate, the radiation force of sound is a phenomenon

that has been intensely studied for over a century [2, 3, 4, 5, 6, 7]. In simple terms,

the concept of the acoustic radiation force (ARF) describes the generation of “low”-

frequency mean motion in the medium when a “high”-frequency, time-harmonic field of

sufficient intensity is propagated through it. This downward leakage of energy across

the frequency spectrum, brought about by an intricate interplay between the (kinematic

and constitutive) nonlinearities of the problem and dissipative and/or heterogeneous na-

ture of the propagation medium, has been known to cause both streaming in fluids [1, 8]

and sustained deformation in soft, tissue-like solids [9, 10, 11].

Among the aforesaid diversity of biomedical applications of the ARF, perhaps the

most widespread – and the one that motivates this study – deals with tissue (visco-)

elasticity imaging where an elevated-intensity, focused ultrasound field (Mach number

= O(10−3)) is used to “push” inside the tissue and thus achieve non-invasive internal

palpation [12, 13, 10, 14, 15, 16]. In this class of diagnostic ultrasound techniques,

the carrier signal (MHz rate) is often modulated by a low-frequency envelope (kHz

rate) [17, 10, 12, 18, 15] both to facilitate the motion measurements and to confine

their support to a neighborhood of the focal point which simplifies interpretation. In

the landmark study of the effects of ultrasound modulation on the ARF [9], the ger-

mane radiation force in a tissue-like solid was approximated as a product between the

non-modulated expression for the ARF (computed for a viscous fluid) and the squared

1



2

modulation envelope. Unfortunately, such “separation” approach becomes inadequate

when the modulation frequencies reach kHz range (assuming ultrasound frequencies on

the order of MHz) as demonstrated in [19] and [20]. Furthermore, the ARF generated

in a tissue-like solid may not be representable by that induced in a viscous fluid owing

to irreconcilable differences between the respective (nonlinear) constitutive behaviors.

Recognizing the latter discrepancy, the studies in [21, 22] offer a preliminary investiga-

tion of the ARF in a nonlinear soft solid assuming i) no effects of ultrasound modulation,

and ii) an ad hoc, trial variation of the ultrasound-scale displacement field as a tool to

illustrate the role of the Landau’s third-order moduli [23] in the generation of the ARF.

The complete modeling of the ARF-generated shear motion, which is relevant for

tissue imaging and diagnostic applications, can be split into three independent tasks:

i) computation of the ultrasound-scale acoustic solution, ii) derivation of the formula

for the ARF, that allows the computation of the body force distribution from a given

ultrasound field, and iii) solution of the linear viscoelastic problem in a tissue-like solid

with the ARF as the body force. This study covers all three aspects. However the second

task, i.e. the derivation of the formula for the ARF in fluids and tissue-like solids due to

modulated ultrasound, is the key contribution of this thesis and is accordingly examined

in greater detail.

When dealing with the modeling of the ARF, the modulation effects enter the simula-

tions both via i) modulation-corrected expression for the body force, and ii) computation

of the intensity distribution, as shown in [19] for the case of plane waves and in [20] for

the case of focused ultrasound beams. To account for situations when the pressure am-

plitudes in the focal region are sufficient to produce meaningful nonlinear distortion of

the signal, one’s ability to model the propagation of finite-amplitude waves is essential.

One such approach is to solve the so-called Khokhlov-Zabolotskaya-Kuznetsov (KZK)

equation, proposed in [24, 25], and used later by [26, 27, 28, 29] in a variety of applica-

tions. Alternatively, the Westervelt equation [30], which does not rely on the parabolic

approximation, can be solved. A variant of the latter approach (as it voids the use of

the parabolic approximation) is introduced in [31] to model short pulses in the time

domain. To describe the propagation of modulated nonlinear ultrasound (via either the

KZK or Westervelt equation), three approaches could be employed: i) quasi-static ap-

proximation, ii) time-domain solution, and iii) the dual-time approach. The quasi-static



3

approximation assumes that the modulation frequency is very small, so that the dimen-

sions of the sound beam are significantly smaller than the wavelength affiliated with the

(dominant) modulation frequency. This is the most common approach to dealing with

the effects of ultrasound modulation [9, 15]; unfortunately, this technique becomes inac-

curate for higher modulation frequencies. On the other hand, the time-domain method

is usually applied to simulate short pulses [28, 31] as it becomes computationally ex-

pensive for long signals (i.e. long modulation envelopes). The third technique, herein

referred to as the dual-time approach, was conceptually proposed in [32]; it represents

an intermediate method designed to deal specifically with modulated sound beams. In

this work, it is shown that the dual-time approach bears similar computational effort

as the quasi-static approximation, while being applicable to a much wider spectrum of

modulation frequencies and moderately short pulses whose duration is on the order of

several oscillation periods.

Having the radiation body force computed, the last step is to calculate the ARF-

induced shear motion. As shown in [20], the magnitude of the ARF is proportional to

one elastic nonlinearity parameter, which has not been studied extensively in the context

of soft tissues and tissue-mimicking phantoms. To fill the gap, the last part of this work

deals with the measurement of such third-order elastic modulus through the magnitude

of the ARF-induced motion. To verify the approach, acoustoelasticity [33, 34, 7, 35], an

alternative technique for measurement the elastic nonlinearity parameters, is utilized.

Acoustoelasticity is a technique that allows quantification of the elastic nonlinearity

coefficients of a material by measuring the variation of the sound speed in different di-

rections (and/or polarizations) versus the applied uniaxial static stress. When dealing

with nominally isotropic solids, the variation of the shear wave speed in two orthogonal

directions with the applied stress permits the computation of two out of three indepen-

dent nonlinearity coefficients. For consistency, the values of elastic nonlinearity obtained

from the acoustoelasticity experiment are compared to those deduced from the shear

wave amplitude via its relationship to the magnitude of the ARF used to generate the

shear wave.

• Chapter 2 introduces the dimensional platform and notation that are used through-

out the dissertation.
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• Chapter 3 covers the most important part of this work – the derivation of the for-

mula for the acoustic radiation force. The governing nonlinear equations (balance

laws and constitutive response) that describe the tissue motion are introduced in

the beginning, assuming both Eulerian and Lagrangian descriptions. The gen-

eral formulation is then simplified by accounting for the specific geometry of the

focused ultrasound problem, which leads to the so-called quasi-plane wave approx-

imation. The scaling of problem quantities, affiliated with both the geometry of

the problem and the dual-time nature of the modulated ultrasound beam is intro-

duced next. The derivation of the radiation force is split into two major parts: i)

plane wave analysis in Newtonian fluids, and ii) examination of the focused beam

problem in nonlinear elastic material with heat conduction and viscosity (which

is taken as constitutive model for soft tissues). The first part avoids massive cal-

culations, shows the features of Eulerian and Lagrangian approaches, and allows

for the verification of the proposed dual-time approach via finite-difference sim-

ulations. The second part, however, solves the problem that is relevant for the

ARF-based imaging applications in medical diagnosis and highlights the role of

tissue’s constitutive nonlinearities on the generation of the ARF.

• Chapter 4 is devoted to an effective calculation of the acoustic, i.e. ultrasound-

scale solution for a given problem of modulated (focused) ultrasound. This step

is a prerequisite for computing the ARF, since the latter typically depends on

the acoustic intensity (see e.g. [9]). The governing equation, which accounts for

the diffraction, nonlinear distortion and dissipation of acoustic waves generated

by a focused ultrasound source is introduced in the beginning. The key feature

of the proposed equation, which caters for efficient numerical calculations, lies in

the dual-time paradigm which mimics that used for the calculations of the ARF.

The numerical algorithm for solving the nonlinear wave-type equation is presented

next. Finally, the accuracy and limitations of the proposed dual-time treatment

are verified by comparing the results to the conventional (finite-difference) mod-

eling in time domain.

• Chapter 5 combines several topics, which all serve one goal – measuring the par-

ticular coefficient of tissue elasticity (featured in the newly obtained formula for
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the ARF) by way of the radiation force. The first part of this chapter introduces

the concept of acoustoelasticity, a technique that allows for the measurement of

nonlinear elasticity parameters through the dependence of shear wave speed on

the level of applied (static) stress. This method is used to test for the elastic non-

linearity parameters of different tissue-mimicking phantoms (the experiments were

performed at the Mayo Clinic). Then, the numerical model for the ARF-induced

shear wave motion in a tissue-like solid, based on the use of triple spatial Fourier

transform, is described. A comparison between the simulated and experimentally-

measured displacement fields in tissue-mimicking phantoms permitted measure-

ment of the nonlinear elasticity coefficient featured in the ARF formula. The

values of this nonlinearity coefficient, calculated from the ARF measurements and

obtained independently through acoustoelasticity measurements showed a good

agreement, verifying the newly obtained formula for the ARF and opening an

interesting possibility of measuring (and imaging) the nonlinear elastic properties

of soft tissues by way of the ARF.

• Chapter 6 concludes the dissertation with a final summary and discussion of the

analyses presented in the thesis.
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Chapter 2

Dimensional platform and

notation

For compact analysis, the problem variables and parameters are conveniently scaled

by the mass density %o and absolute temperature To of a material at rest; the small-

amplitude compressional wave speed co, and the (carrier) ultrasound frequency Ω as

indicated in Table 2.1. In this setting, all parameters and variables (other than four

above that are used for the normalization) are assumed to be dimensionless, unless

explicitly stated otherwise.

Several conventions are used in the dissertation: the Einstein summation convention

for repeated indices; the gradient operator ∇ denotes the gradient “to the right”, i.e.

(∇u)ij = ∂uj/∂xi for vector field u and (∇·σ)i = ∂σji/∂xj for tensor σ; the double

contraction product is defined as A :B = tr(A·BT) for second-order tensors A and B.

Both Eulerian and Lagrangian descriptions are used in this work. To distinguish the

quantities written in Lagrangian description, they are amended with the “hat” accent,

i.e. û is considered to be a function of Lagrangian coordinates, while u is the same

quantity, but written in Eulerian coordinates. Also, the Lagrangian coordinates feature

the “o” subscript, i.e xo denotes the position vector in Lagrangian coordinate system,

while x is its analog in the current (Eulerian) configuration.

To shorten the notation for the approximation accuracy, “
εn
=” is used to denote

approximation with an O(εn) residual.

6
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Symbol Scale Quantity

t 1/Ω Time

x = (x, y, z) co/Ω Position vector (Eulerian)

xo = (xo, yo, zo) co/Ω Position vector (Lagrangian)

u = (ux, uy, uz) co/Ω Displacement vector

v = (vx, vy, vz) co Particle velocity vector

ρ %o Mass density

p %oc
2
o Pressure

T To Absolute temperature

S c2
o/To Specific entropy

σ,P %oc
2
o Cauchy and first Piola-Kirchhoff stress tensors

G,K %oc
2
o Shear and bulk moduli

B,C,D %oc
2
o Third-order elastic moduli

µ, µB %oc
2
o/Ω Shear and bulk viscosities

κ %oc
4
o/(Ω To) Thermal conductivity

α Ω/co Attenuation coefficient

αT 1/To Volumetric coefficient of thermal expansion

cp c2
o/To Heat capacity

Imax %oc
3
o Maximum wavefield intensity

ωm Ω Modulation frequency

Table 2.1: Notation and scaling scheme



Chapter 3

Acoustic radiation force in

viscous fluids and tissue-like

solids due to modulated

ultrasound

3.1 Introduction

Since the nineteenth century, it has been known that the propagation of elevated-

intensity, time-harmonic sound waves in fluid may give rise to aperiodic motion [1, 8] due

to intimate interplay between medium dissipation and nonlinearity of the problem [2].

The resulting mean i.e. “backbone” fluid motion, that is of primary interest in many

applications, can be effectively computed [2, 3, 4, 5, 6] via an asymptotic treatment

that a) makes an assumption on the smallness of the Mach number; b) formulates the

problem in terms of the mean acoustic quantities, computed over the period of sound

vibrations; and c) synthesizes the non-linear effects via an effective body-force term, the

so-called acoustic radiation force (ARF). As the key simplifying step the latter is ob-

tained, up to the leading order, by averaging a bi-linear form featuring the small-signal

acoustic solution.

8
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On the medical forefront, the phenomenon of the ARF has been increasingly ex-

ploited by way of elevated-intensity, focused ultrasound beams toward a broad spectrum

of applications including tissue elasticity and viscoelasticity imaging, targeted drug de-

livery, monitoring ablation therapy, and acoustic tweezers [22, 16]. In a number of these

applications, the focused ultrasound field is modulated with either transient or steady-

state signal to: i) facilitate the observations of the ARF-induced tissue motion [10, 14],

ii) expose the rate effects in tissue’s constitutive response [11, 37], and iii) minimize

the risk of tissue damage from local heating effects [9, 38]. For clarity, it is noted that

the term “ARF” is in the literature used to denote two distinct phenomena affiliated

with the propagation of elevated-intensity sound, namely that of a sustained i.e. mean

body force in a homogeneous propagation medium [2, 3, 5, 39], and the mean force on

a heterogeneity i.e. obstacle caused by the nonlinear scattering effects [40, 41, 21]. To

provide a focus for the discussion, the remainder of the thesis deals exclusively with the

generation of the ARF in homogeneous media.

In the above class of medical diagnosis applications, the MHz-rate ultrasound field

used to generate the ARF is often modulated by frequencies on the order of kHz [17,

42, 18, 15] to both facilitate the motion measurements and help localize the motion of

a tissue. At present, however, there are no fundamental theories describing the effect of

sound modulation on the ARF and consequent (mean) motion. To address the problem

this study begins, prompted by the available data [9], with hypothesis that the ratio

between the (dominant) modulation frequency and ultrasound frequency is: i) small

compared to unity, and ii) on the same order as the Mach number. The analysis proceeds

with both plane wave and focused beam frameworks, and makes a critical split of the

temporal variable into “slow” i.e. modulation time and “fast” i.e. ultrasound time.

With such premise, it is shown that the resulting “fast” time averages of nonlinear

acoustic fields permit elegant formulation in terms of a linear initial-boundary value

problem featuring the ARF that, for the first time, rationally captures the effect of

sound modulation. Recognizing the differences between the Eulerian and Lagrangian

mean motion [6], the formulation is developed for both types of averages.

The proposed framework of analysis further exposes the possibility of the ARF

generation, and thus the non-zero mean motion in a lossless (albeit non-linear) fluid or

solid when a modulated, elevated-intensity ultrasound field is propagated through it.
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The phenomenon of nontrivial mean motion in a lossless fluid generated via elevated-

intensity, harmonically-modulated sound field has been demonstrated experimentally

in [43], who employed a pair of acoustic beams with differing frequencies to study the

so-called difference-frequency component of induced pressure fluctuations. Despite the

maturity of the theoretical analysis developed to tackle the latter phenomenon, that

builds upon the method of successive approximations [43, 30, 7, 44], to date there are

no attempts to deal with the problem of difference-frequency signal generation via the

concept of the ARF. The key advantage and utility of the latter approach which, for a

specific steady-state modulation envelope, can be shown to be in agreement with earlier

difference-frequency treatments [43, 7], rests in its ability to provide and in-depth yet

compact analysis of mean motion for an arbitrary (e.g. transient) modulation envelope,

built within the confines of envelope smoothness and smallness of its dominant frequency.

Regarding the plane wave analysis, where the tissue is modeled by a Newtonian

fluid, included in the presentation is the analytical solution for sinusoidal modulation

envelope which demonstrates that the previous “quasi-static” treatment [45, 46, 39, 9] of

modulated elevated-intensity ultrasound problem may result in significant discrepancies

and underestimation of the magnitude of the ARF for modulation frequencies on the

order of kHz. For completeness, the new methodology is verified via the development of

a custom finite-difference solution to the original (i.e. non-averaged) nonlinear problem

that includes the necessary error estimates. An in-depth analysis of the latter solution

reveals that the featured “fast” time averages of acoustic quantities can, to the leading

order, be computed numerically via double (i.e. repeated) temporal averaging of the

finite-difference simulations, thus paving the way for the use of “fast” time averaging in

an experimental setting.

For the case of the focused ultrasound beam configuration, where the constitutive

behavior of soft tissues is approximated by a nonlinear material with heat conduction

and viscosity, the radiation body force is shown to have two qualitatively different parts:

i) potential (which is responsible for the compressional wave) and ii) directional (which

generates predominantly shear waves). Results demonstrate, that the proposed formu-

lation, compared to the result of the existing theory [9], in addition accounts for the

effects of the ultrasound modulation and thermal expansion, as well as for the consti-

tutive nonlinearities in generating the sustained body force in a tissue-like solid by the
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focused ultrasound beam. The developments are illustrated via an analytical example,

which provides clues into apparent discrepancies between the existing estimates of the

ARF [9] and the obtained result.

3.2 Preliminaries

Two problem geometries are addressed in this Chapter – plane wave and focused ul-

trasound configurations. For briefness, the initial developments consider more general,

focused geometry, while the plane wave is analyzed as a special reduced case. To help

understand the transfer of momentum and energy from an elevated-intensity, ultrasound

field – propagated through a soft tissue – to the later, this section recalls the underpin-

ning balance laws and establishes the necessary constitutive model for soft tissues. Due

to the fact that such generated motion may entail significant strains in a tissue near the

focus of the beam, the problem is for generality considered from both Lagrangian and

Eulerian viewpoints.

3.2.1 Balance laws

In what follows, let x and xo denote the current and reference position of a material

point whereby

û(xo, t) = x− xo (3.1)

is the displacement of a tissue. With such notation, all thermomechanical quantities of

interest can be alternatively written in the Eulerian or Lagrangian frame of reference,

the latter being indicated by the “hat” symbol. In terms of the displacement and

velocity fields, one accordingly has

u(x, t) = û(xo, t), v(x, t) = v̂(xo, t) =
∂û

∂t
. (3.2)

Owing to the fact that the expression for the acoustic radiation force inherently

depends on the choice of the reference frame [22], the ensuing developments aim to

expose the effect of ultrasound modulation on the ARF in both descriptions.
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Eulerian frame of reference

On letting ∇(·) denote the gradient with respect to x “to the right” [47] (see also

Chapter 2), one may write the balances of mass, linear momentum, and energy as

∂ρ

∂t
+∇·(ρv) = 0,

ρ
(∂v
∂t

+ v ·∇v
)

= ∇·σ, (3.3)

ρ
(∂U
∂t

+ v ·∇U
)

= −∇·q + σ :∇v,

in Eulerian coordinates, where ρ denotes the mass density; σ is the Cauchy stress tensor;

U denotes the specific internal energy, and q is the heat flux.

Lagrangian frame of reference

The counterparts of (3.3) in the Lagrangian frame of reference [47] can be written as

ρ̂ =
1

det(F̂ )
, F̂ = I +∇Tû,

∂2û

∂t2
= ∇·P̂ , P̂ = det(F̂ ) F̂

-1·σ̂ (3.4)

∂Û

∂t
= −∇·

(
det(F̂ ) F̂

-1·q̂
)

+ P̂ :
∂F̂

T

∂t
,

where ∇(̂·) indicates differentiation with respect to xo, F̂ is the deformation gradient, I

is the second-order identity tensor, and P̂ denotes the first Piola-Kirchhoff stress tensor.

To close either system (3.3) or (3.4), one must provide the constitutive equations for

σ, U and q which are established next.

3.2.2 Thermo-viscoelastic constitutive framework for soft tissues

To study the transfer of momentum and energy from a modulated (elevated-intensity)

ultrasound field to a soft tissue, it is convenient to approximate the latter as an elastic



13

material with heat conduction and viscosity [48] whose constitutive behavior is deter-

mined in terms of five response functions: U, T,Σ,J and q, namely

U = U(F , S),

T = T (F , S),

σ = Σ(F , S) + J(F , S) :∇v, (3.5)

q = q(F , S,∇T ),

where S denotes the specific entropy, and T is the absolute temperature. Here it is

noted that (3.5c) can be loosely affiliated with the Kelvin-Voigt mechanical analog due

to the fact that Σ(F , S) is the (nonlinear) thermoelastic part of the Cauchy stress

tensor, while J :∇v represents its viscous component, assumed to be linear in ∇v for

an assumption to the contrary would necessitate the inclusion of acceleration gradients

in the argument list for σ [48]. To satisfy the Clausius-Duhem inequality, (3.5) must be

such that

T =

(
∂U

∂S

)

F

, Σ = ρ

(
∂U

∂F

)

S

·F T, ∇v :J :∇v > 0, ∇T ·q 6 0, (3.6)

assuming that the temperature relation is invertible [48].

Comment on the constitutive format. With regard to the particular structure of

the postulated viscoelastic relationship (3.5c), it is worth noting that the nature of the

rate-dependent constitutive behavior of soft tissues over a broad frequency spectrum

(kHz to MHz range) is to date an open question. In the MHz frequency range, (linear)

ultrasound studies indicate that the tissues’ constitutive behavior in shear is consistent

with that of the Kelvin-Voigt model, while their bulk response is more closely described

by the Zener (i.e. standard linear solid) model [49, 50]. In the lower (quasi-static to

kHz) frequency range, on the other hand, rate-dependent models for the constitutive

response of soft tissues in shear vary widely [15, 51, 52, 53, 54, 55, 56], while the

viscoelastic description of their bulk behavior is virtually nonexistent. In this setting,

a generalization of (3.5c) that may be better suited for finely matching any particular

set of constitutive observations at both (ultrasound and modulation) time scales can be

formulated within the framework of materials with memory [57], wherein U , σ and q are

assumed to depend on the time histories of F , S and ∇T . An account for such behavior,
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however, would result in a integro-differential formulation that is not amenable to a

compact analytical treatment. As a result the assumed viscoelastic framework, that

is consistent with earlier ARF studies [39, 9], is deemed adequate for its tractability

and the lack of comprehensive (broadband) experimental data on the rate-dependent

behavior of soft tissues.

Isotropic solid. Owing to the fact that the isotropic solids contain −I in their sym-

metry group [58], it can be shown [48] that (3.5d) is subject to an additional constraint

of antisymmetry with respect to ∇T , namely

q(F , S,∇T ) = q(F , S,−∇T ). (3.7)

Under the premise of material isotropy, one may further reduce (3.5a) as

U = Ū
(
I1(E), I2(E), I3(E), S

)
, (3.8)

where

I1(E) = tr(E), I2(E) = 1
2

[
(tr(E))2 − tr(E2)

]
, I3(E) = det(E), (3.9)

denote respectively the first, the second, and the third invariant of the Green-Lagrangian

strain tensor

E = 1
2(F T ·F − I).

On substituting (3.8) in (3.6), one finds

T =
∂Ū

∂S
, Σ = ρF ·

[
∂Ū

∂I1
I +

∂Ū

∂I2

(
I1(E)I−E

)
+
∂Ū

∂I3

(
I2(E)I−I1(E)E+E2

)]
·F T,

(3.10)

where the dependence on entropy is embedded in the derivatives of Ū . To facilitate

the specification of Ū , it can be shown on the basis of (3.10) and basic thermodynamic

considerations as in Appendix A.1 that the mixed derivative of specific internal energy

at the initial (equilibrium) state “o” permits representation

(
∂2Ū

∂S∂E

)

o

=

(
∂T

∂E

)

S,o

=

(
∂[ρ−1F−1 ·Σ·F−T]

∂S

)

E,o

= −βT

cp
I, βT = αTK, (3.11)

where αT is the coefficient of volumetric thermal expansion, K denotes the linear elastic

bulk modulus, and cp is the specific heat capacity at constant stress. From (3.11),



15

one finds that the linearization of the second of (3.10) results in a linear thermoelastic

relationship

Σ− σo = (K − 2
3G)(∇·u)I + G(∇u+∇Tu) − βT

cp
(S − So) I, (3.12)

where K= 1− 4
3G and G denote respectively the tissue’s bulk and shear modulus (see

the scaling scheme in Table 2.1), while So and σo are respectively the specific entropy

and Cauchy stress tensor evaluated at the initial state. To preserve the isotropy of the

material in a prestressed reference configuration, it is hereon assumed that σo =−poI,

i.e. that the initial state of stress is hydrostatic. For completeness, it is noted from (3.12)

that K signifies the bulk modulus at constant entropy, as opposed to the bulk modulus

at constant temperature (KT) as is usually assumed in linear thermoelasticity [47]. The

difference between the two definitions is, however, typically small since K/KT =cp/cv ≈
1 where cv is the specific heat capacity at constant strain.

3.3 Governing equations for small Mach number

With reference to the scaling scheme in Table 2.1, one may introduce the Mach number

associated with the ultrasound wave in a soft tissue as

ε = vmax ≈
√

2 I1/2
max, (3.13)

where vmax is the maximum (dimensionless) particle velocity, and Imax is the associated

wavefield intensity.

3.3.1 Smallness of problem parameters

In ultrasound imaging applications involving the acoustic radiation force, the Mach

number is typically on the order of 10−3 [9] which supports the hypothesis ε�1 com-

monly made in the ARF analyses [45, 46, 39, 9]. In the context of nonlinear solid

mechanics, one finds that E = O(ε) (see Section 3.3.4) which implies that the maxi-

mum strain generated by the ultrasound wave is on the order of 0.1%. While this level

of strain normally does not warrant the deployment of finite-deformation kinematics

in the context of static and quasi-static processes, numerous experimental studies have
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demonstrated that ε = O(10−3) is sufficient to produce observable nonlinear effects in

ultrasound wave propagation [9].

For an effective asymptotic analysis of (3.4)–(3.10) when ε� 1, one may note (as-

suming the carrier ultrasound frequencies of at least 1 MHz) that the dimensionless

attenuation coefficient α in soft tissues can be estimated as (0.5 ÷ 5)×10−3 [59, 50],

and therefore assumed to behave as O(ε). To cater for medical imaging applications

where the ultrasound modulation frequency is regularly on the order of kHz [17], the

proposed analysis further assumes ωm =O(ε) for this key parameter, considered to be

o(ε) in previous treatments [5]. With such hypotheses, one may rescale the attenuation

coefficient and modulation frequency as

α̃ :=
α

ε
= O(1), ω̃m :=

ωm

ε
= O(1), ε� 1. (3.14)

Recalling (3.5), it is noted that the assumption about the smallness of α further implies

that the combined dissipation effect due to viscosity and heat conduction must be O(ε).

Accordingly, one may tentatively set

J̃(F , S) :=
J(F , S)

ε
= O(1), (3.15)

a hypothesis that will be substantiated later once the constitutive model for soft tissues,

synthesized via Σ and J , is specified.

In the context of (3.12), estimates of the linear-elastic shear modulus in soft tissues

vary widely and have been reported in the range 103÷106 Pa [9, 54, 55]. Given the fact

that the compressional-wave modulus of soft tissues, %oc
2
o, is close to the bulk modulus

of water (2.2× 109 Pa), it follows on the basis of the assumed scaling scheme, Table 2.1,

that G does not exceed O(ε). As a result, one may safely accompany (3.14) and (3.15)

by introducing the rescaled shear modulus

G̃ :=
G

ε
6 O(1). (3.16)

In this setting, situations where G̃ � 1 can be treated by simply neglecting the terms

containing G̃.

For an in-depth analysis of the thermomechanical problem at hand, it is further

noted with reference to Table 2.1 that the coefficient of thermal conductivity, featured

in the Fourier law (i.e. the leading-order approximation of (3.5d)), is normally κ ≈
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3 × 10−7 = O(ε2) in soft tissues [60]. In the context of (3.3c), (3.5), (3.6) and (3.15),

this implies that the dissipation due to heat conduction is small relative to that induced

by material viscosity. This is in contrast to the customary hypothesis underpinning the

analysis of nonlinear wave propagation in fluids [7], that is the basis for the existing

theories of the ARF [5, 39], stating that the two dissipation mechanisms are of the of the

same order. To effectively build upon the ARF solution for non-modulated ultrasound

beams [5, 39], it is hereon assumed that

κ̃ :=
κ

ε
6 O(1), (3.17)

which allows one to formally retain the terms affiliated with heat conduction (and thus

induced energy dissipation) in the asymptotic analysis of the thermomechanical system.

In Section 3.6, this hypothesis will be critical for the correct expansion of the averaged

balance equations which demonstrate that, when κ = O(ε2), the order of the averaged

entropy is 1/ε times larger than that of its ultrasound fluctuation counterpart – a fact

which requires the retention of seemingly negligible terms (associated with entropy)

in the non-averaged system of equations (3.3). Of course, once the final expression

for the ARF is obtained, (3.17) does not preclude substituting a realistic value for κ.

With (3.14)–(3.17) in place, the assumptions on the order of problem parameters can

be completed by postulating the initial hydrostatic stress, σo = −poI in (3.12) to be

commensurate with the atmospheric pressure whereby p̃o := po/ε 6 O(1), and taking

the specific heat capacity cp and the volumetric coefficient of thermal expansion αT to

be O(1) (e.g. cp ≈ 0.7 and αT ≈ 0.1 at 37oC for water).

3.3.2 Eulerian description

To aid the asymptotic treatment of the ARF generated by a modulated ultrasound wave

with ε�1, consider the small-amplitude perturbations of the reference (thermodynamic

equilibrium) state in terms of the displacement vector u, particle velocity v, heat flux

q, mass density ρ, Cauchy stress tensor σ, absolute temperature T , and specific entropy

S written as

u = εũ, v = εṽ, q = ε2q̃,

ρ = 1 + ερ̃, σ = σo + εσ̃, T = 1 + εT̃ , S = So + ε2S̃,
(3.18)
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where constants σo and So signify respectively the equilibrium (initial) values of the

stress tensor and specific entropy. By virtue of (3.1), (3.2) and (3.18), the scaled system

kinematics takes the form

εũ = x− xo, ṽ =
(
I − ε∇Tũ

)−1 · ∂ũ
∂t
. (3.19)

On the basis of (3.5), (3.6), (3.18) and (3.19), balance laws (3.3) can be rewritten as

∂ρ̃

∂t
+∇·

(
(1 + ερ̃)ṽ

)
= 0,

(1 + ερ̃)
(∂ṽ
∂t

+ εṽ ·∇ṽ
)

= ∇·σ̃, (3.20)

(1 + ερ̃)(1 + εT̃ )
(∂S̃
∂t

+ εṽ ·∇S̃
)

= −∇·q̃ + ε∇ṽ : J̃ :∇ṽ.

Order of the perturbation quantities. From the definition of the Mach number

in (3.13), it is clear that ṽ = O(1). Comparing the leading terms in (3.19)–(3.20), one

consequently finds that ũ = O(1), ρ̃ = O(1) and σ̃ = O(1). In Sec. 3.3.4, it will be

further shown that likewise T̃ =O(1). Under the latter restriction and hypothesis (3.17),

it will also be demonstrated that q̃ 6 O(1) and consequently S̃ 6 O(1) by way of (3.20c).

In this setting, one may safely proceed with the asymptotic analysis by considering all

(scaled) perturbation quantities in (3.18) to be on the order of unity.

3.3.3 Lagrangian description

On the basis of (3.4), (3.5), (3.6) and (3.18), the counterparts of (3.19) and (3.20) in

the Lagrangian frame of reference can be written as

εˆ̃u = x− xo, ˆ̃v =
∂ ˆ̃u

∂t
, (3.21)

and

1 + ε ˆ̃ρ =
1

det(F̂ )
, F̂ = I + ε∇T ˆ̃u,

∂2 ˆ̃u

∂t2
= ∇· ˆ̃P , ˆ̃P = det(F̂ )F̂

-1 · ˆ̃σ, (3.22)

(1 + ε ˆ̃T )
∂ ˆ̃S

∂t
= −∇·

(
det(F̂ ) F̂

-1·ˆ̃q
)

+ ε det(F̂ )
(
F̂
−T·∇ˆ̃v

)
: ˆ̃J :

(
F̂
−T·∇ˆ̃v

)
,
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By employing the reasoning as in Sec. 3.3.2, it can be similarly shown that all pertur-

bation quantities (and thus the leading terms) in (3.22) are, at most, on the order of

unity – a feature that is critical in exposing the second-order behavior of the system

(underpinning the generation of the ARF) when ε� 1.

3.3.4 Approximation of the constitutive behavior

Eulerian frame of reference. For a meaningful treatment of (3.20), it is critical

to specify the response functions in (3.5), characterizing the isotropic elastic material

with heat conduction and viscosity. Owing to the fact that the internal energy does not

appear explicitly in the rescaled field equations, the focus is hereon made on (3.5b)–

(3.5d). In the context of the featured asymptotic analysis, such specification can be

effected without loss of generality by recalling (3.8)–(3.11) and expanding (3.5b)–(3.5d),

up to a suitable order, with respect to ε. To this end, let

Ẽ :=
E

ε
= 1

2

(
F T ·∇ũ+∇Tũ·F + εF T ·∇ũ·∇Tũ·F

)
= O(1),

F = (I − ε∇Tũ)−1 = O(1),

(3.23)

denote the scaled Green-Lagrangian strain tensor and deformation gradient expressed

in terms of Eulerian quantities so that, by virtue of (3.9), one has

In(Ẽ) =
In(E)

εn
= O(1), n = 1, 2, 3. (3.24)

In what follows, an implicit assumption is made that the response functions in (3.5) are

well behaved in the sense that the partial derivatives of each constitutive relationship,

computed at the initial (equilibrium) state, are continuous and such that
∣∣∣∣
(

∂m+n
F

∂Xm∂Yn
)

o

∣∣∣∣ 6 O

(
max
X

(
∂F

∂X

)

o

)
, F = U, T,σ, q, X ,Y = F , S,∇v,∇T,

(3.25)

for m + n > 2 as applicable. With reference to (3.6a) and (3.8), this in particular

implies that all derivatives of Ū with respect to its arguments at the equilibrium state

are at most O(T ) = O(1). Physically, hypothesis (3.25) ensures that the higher-order

derivatives in (3.25), multiplying the nonlinear terms in the asymptotic expansion, are

bounded in order by the leading term which guarantees that the response of the system

is predominantly linear under small perturbations about the equilibrium state.
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Since the acoustic radiation force is known to stem from the quadratic (and bi-linear)

terms featuring the perturbation quantities [5], one may first invoke (3.8), (3.10a),

(3.11), (3.18) and (3.23) and expand scaled (3.5b) in ε, up to the linear terms, as

T̃
ε2
=

(
∂2Ū

∂S∂E

)

o

:Ẽ + ε

(
∂2Ū

∂S2

)

o

S̃ + εẼ :

(
∂3Ū

∂S∂E2

)

o

:Ẽ

ε2
= − βT

cp
∇·ũ − ε

(
βT

2cp

)
∇ũ :∇Tũ + ε

[(
∂3Ū

∂S∂I2
1

)

o

+

(
∂2Ū

∂S∂I2

)

o

]
(∇·ũ)2

− ε

[
βT

cp
+

(
∂2Ū

∂S∂I2

)

o

]
∇Sũ :∇Sũ + ε

(
∂2Ū

∂S2

)

o

S̃, (3.26)

where ∇Sũ := 1
2(∇ũ + ∇Tũ) (see Chapter 2 for definition of “

εn
=”). Clearly, (3.26)

verifies the claim that T̃ = O(1) made in Section 3.3.2.

Similarly, (3.10b) can be scaled up to O(1) and expanded in ε, by virtue of (3.23)

and (3.24), up to the linear terms as

Σ̃ :=
Σ− σo

ε

ε2
=

(
1− 2εG̃

)
∇·ũ I + 2εG̃∇Sũ + ε

[
1
2(B+3C+D−2)(∇·ũ)2

− 1
2(C+D)∇Sũ :∇Sũ +∇ũ :∇Tũ+ 1

2∇ũ :∇ũ− βT

cp
S̃
]
I (3.27)

− ε
[
(C+D−2)∇·ũ I −D∇Sũ

]
·∇Sũ

where

B :=

(
∂3Ū

∂I1
3

)

o

, C :=

(
∂2Ū

∂I1∂I2

)

o

, D :=

(
∂Ū

∂I3

)

o

, (3.28)

as shown in Appendix A.2. Note that the expansions of hyperelastic constitutive re-

lationships similar to (3.27) (albeit without the entropy contribution) can be found

elsewhere in the literature [7, 21], featuring the so-called Landau’s third-order moduli

ALan, BLan, and CLan [23]. The featured nonlinearity parameters B,C and D can be

related to the Landau’s third-order moduli as

B = 2ALan + 6BLan + 2CLan, C = −ALan − 2BLan, D = ALan.

By way of (3.15), (3.18) and (3.27), constitutive relationship (3.5c) reads

σ̃ = Σ̃(F , S) + ε J̃(F , S) :∇ṽ, (3.29)

which demonstrates that σ̃ can be approximated with accuracy O(ε2) by retaining only

the leading term in the expansion of J̃ . To this end, one may invoke the premise of
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material isotropy whereby the leading-order expansion of the viscosity term in (3.29)

becomes

J̃(F , S) :∇ṽ ε
= (µ̃B − 2

3 µ̃)(∇·ṽ) I + 2µ̃∇Sṽ, µ̃B :=
µB

ε
, µ̃ :=

µ

ε
, (3.30)

where constants µB>0 andµ >0 denote respectively the viscosities of the solid in bulk

and shear [48]. In support of (3.15) and (3.30), it is noted that the studies of ultrasound

wave dispersion and attenuation in soft tissues [49, 50] indicate that µ̃B = O(1) and

µ̃ 6 O(1) as implied by the referenced formulas.

On recalling (3.7), the heat flux relationship (3.5d) can next be expanded with

respect to its arguments by retaining only the terms that contain the odd powers of

∇T . Within the framework of material isotropy and (3.25), such expansion yields

q̃
ε2
= −∇T̃ ·

[
κ̃I − ε∇Tũ :Ã

]
(3.31)

where, consistent with the definition of the scaled coefficient of thermal conductivity as

in (3.17), one has

κ̃I := −1

ε

(
∂q

∂∇T

)

o

, Ã :=
1

ε

(
∂2q

∂F ∂∇T

)

o

, (3.32)

under the constraint that |Ã|6O(κ̃). In support of the latter restriction, it is noted

that assuming |Ã|>O(κ̃) would violate not only (3.25), but also the Clausius-Duhem

inequality for the second-order tensor within the square brackets in (3.31) could not

be guaranteed to be positive-definite under an arbitrary choice of ∇Tũ. On the basis

of (3.17), (3.26) and (3.31) it now follows that q̃ 6 O(1) and, by way of (3.20c), that

S̃ 6 O(1) as asserted in Section 3.3.2.

In concluding the asymptotic treatment of (3.5), one may note that (3.20), (3.26),

(3.27)–(3.30) and (3.31) yield a closed system of equations, each expanded up to the

second order, with an explicit set of constitutive equations in terms of T̃ , σ̃ and q̃ that

is applicable to a generic (isotropic) elastic solid with heat conduction and viscosity [48].

Lagrangian frame of reference. To close the system of field equations (3.21)–(3.22),

it is necessary to provide the Lagrangian analogues of (3.26), (3.27)–(3.30) and (3.31).

To this end, one finds from (3.23) that

ˆ̃E :=
Ê

ε
= 1

2

(
∇ˆ̃u+∇T ˆ̃u+ ε∇ˆ̃u·∇T ˆ̃u

)
= O(1), (3.33)
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whose invariants obey scaling equivalent to that in (3.24). In this setting, temperature

expansion (3.26) can be rewritten using (3.33) and (3.23) as

ˆ̃T
ε2
= − βT

cp
∇· ˆ̃u + ε

(
βT

2cp

)
∇ˆ̃u :∇T ˆ̃u + ε

[(
∂3Ū

∂S∂I2
1

)

o

+

(
∂2Ū

∂S∂I2

)

o

]
(∇· ˆ̃u)2

− ε

[
βT

cp
+

(
∂2Ū

∂S∂I2

)

o

]
∇S ˆ̃u :∇S ˆ̃u + ε

(
∂2Ū

∂S2

)

o

ˆ̃S (3.34)

Similarly, the first Piola-Kirchhoff stress tensor featured in (3.22b) can be expanded

with reference to (3.29) as

ˆ̃P = ˆ̃Π + ε det(F̂ ) F̂
−1· ˆ̃J(F̂ , Ŝ) : (F̂

−T·∇ˆ̃v), (3.35)

where ˆ̃Π := det(F̂ ) F̂
-1· ˆ̃Σ is given by

ˆ̃Π
ε2
=
(
1− 2εG̃

)
∇· ˆ̃uI + 2εG̃∇S ˆ̃u + ε

[
1
2(B+3C+D)(∇· ˆ̃u)2 − 1

2(C+D)∇S ˆ̃u :∇S ˆ̃u

+ 1
2∇ˆ̃u :∇ˆ̃u− βT

cp

ˆ̃S
]
I − ε

[
(C+D)∇· ˆ̃uI −D∇S ˆ̃u

]
·∇S ˆ̃u + ε∇· ˆ̃u∇ˆ̃u, (3.36)

as shown in Appendix A.2, and

det(F̂ )F̂
−1 · ˆ̃J(F̂ , Ŝ) : (F̂

−T ·∇ˆ̃v)
ε
= (µ̃B − 2

3 µ̃)(∇·ˆ̃v) I + 2µ̃∇Sˆ̃v, (3.37)

see also (3.30). Finally, expansion of the heat flux (3.31) can be rewritten in the La-

grangian frame of reference as

ˆ̃q
ε2
= −∇ ˆ̃T ·

[
κ̃I − ε∇T ˆ̃u :

(
I4 + Ã

)]
, (3.38)

where I4 is the fourth-order identity tensor and Ã is given by (3.32).

Limiting case of (3.29) for a Newtonian fluid. To facilitate the comparison of

the results for focused beam geometry with those obtained for fluids under the premise

of plane-wave propagation, it is instructive to consider the degenerate case of (3.29) for

a Newtonian fluid. Assuming that βT, cp, µ̃B and µ̃ characterizing the elastic solid (with

heat conduction and viscosity) can be assigned to the Newtonian fluid, the question re-

mains as to the choice of constants G̃, B,C and D that would permit such degeneration.

To this end, it is first noted that the thermoelastic part of the Cauchy stress tensor in
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fluids is spherical and related to the thermodynamic pressure p = εp̃ as Σ̃fl = −p̃ I [7],

which allows one to deduce from (3.27) that

G̃ = 0, C = 2, D = 0. (3.39)

Since the constitutive relationship for fluids typically entails mass density perturbations

(as opposed to displacements), one may conveniently expand (3.22a) in Taylor series to

obtain

ˆ̃ρ
ε2
= −∇· ˆ̃u + 1

2ε(∇· ˆ̃u)2 + 1
2ε∇ˆ̃u :∇T ˆ̃u,

which can be rewritten in the Eulerian frame of reference as

ρ̃
ε2
= −∇·ũ + 1

2ε(∇·ũ)2 − 1
2ε∇ũ :∇Tũ. (3.40)

On substituting (3.39) into (3.27), one finds by virtue of (3.30) that (3.29) degenerates

to the well-known constitutive format for Newtonian fluids, namely

σ̃fl
ε2
= − p̃I + ε

(
µ̃B − 2

3 µ̃
)
∇·ṽ I + 2εµ̃∇Sṽ,

p̃ = ρ̃ + ε(β − 1)ρ̃2 + ε
βT

cp
S̃, β := −1

2(B+3)
(3.41)

where p̃ is the scaled thermodynamic pressure, and β is the coefficient of acoustic nonlin-

earity [7]. This result indeed demonstrates that the sought degeneration can be effected

by complementing (3.39) with

B = −(2β + 3). (3.42)

3.4 Formulation and scaling of the focused beam problem

To understand the effect of low-frequency modulation on the generation of the ARF, the

next step is to formulate the boundary value problem that is consistent with relevant

applications of elevated-intensity ultrasound [61, 17] toward remote palpation of soft

tissues. For simplicity, this is accomplished by making reference to the Cartesian coor-

dinate system (x1, x2, z) whose z-axis coincides with that of the ultrasound transducer

as in Fig. 3.2. On denoting the featured transverse coordinates jointly by xi, i = 1, 2,

the geometry of a focused ultrasound transducer with shape Γ can accordingly be syn-

thesized via its focal distance d (i.e. the radius of curvature) and transverse dimensions
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Shear wave generation by focused beam Khokhlov-Zabolotskaya-Kuznetsov
(KZK) equation

2
∂2p

∂ζ∂T
= ∇2

⊥p + α
∂3p

∂T 3
+ β

∂2p2

∂T 2
,

where p is acoustic pressure, α is an attenuation coefficient, β is nonlinear-
ity coefficient, T = t− z, ζ = εz and ∇2

⊥ denotes laplacian with respect to
transverse coordinates. Linear intensity of the axisymmetric non-
modulated focused Gaussian beam ??

In-mod = 1
2f−2(ζ) exp

�
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a2f2(ζ)

�
, f2(ζ) =

�
1 − ζ

d

�2

+
4ζ2

a4
,
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Figure 3.1: Schematics of a transducer used to generate the focused ultrasound field
(left), which in turn gives rise to the ARF within the focal region (right).

ai as indicated in Fig. 3.2. In this setting, the transducer’s action can be formulated, in

the Lagrangian frame of reference, via Dirichlet boundary condition

ˆ̃u
∣∣
Γ

= Λ(xo)M(εt) sin(t), xo ∈ Γ, (3.43)

where ˆ̃u is the scaled displacement vector, see (3.18); Γ denotes the surface of a trans-

ducer; prescribed function Λ signifies the so-called profile of the beam; and M=O(1)

is the ultrasound modulation envelope such that

M≡ 0 for t 6 0 and
dM(εt)

d(εt)
= O(1) for t>0, (3.44)

i.e.M is a smooth modulation signal with quiescent past and dominant (dimensionless)

frequency ωm = O(ε). Here it is assumed that the oscillating transducer is the sole

source of excitation for the problem, whereby the “left” boundary condition (3.43) is

complemented by the radiation condition at z = ∞. For a comprehensive study of

the featured thermomechanical problem, it is further assumed that the transducer’s

boundary is thermally insulated, i.e. that

ˆ̃q
∣∣
Γ

= 0, (3.45)

where ˆ̃q denotes the scaled heat flux. In the sequel it will be shown that (3.45), while

not being essential for the computation of the ARF, may be useful for the analysis of

(averaged) temperature distribution generated by the absorption of an elevated-intensity

ultrasonic field by the tissue.
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Plane wave problem. Note that the reduced plane wave problem will also be exam-

ined in this study. For the latter configuration, the boundary condition (3.43) reduces

to

ˆ̃uz
∣∣
zo=0

= M(εt) sin(t), (3.46)

while the thermal boundary condition (3.45) simplifies to

ˆ̃qz
∣∣
zo=0

= 0. (3.47)

3.4.1 Scaling affiliated with geometry of the beam

Since the dimensionless ultrasound frequency in this study equals unity (see Table 2.1),

the geometry of a focused ultrasound beam in Fig. 3.2 is governed only by three dimen-

sionless parameters, namely ai (i=1, 2) and d, or alternatively, by fi := d/(2ai) and d,

where fi is the so-called focal ratio computed with respect to ai. For an effective asymp-

totic treatment of the featured boundary value problem, it is noted that the ultrasound

transducers used to generate the ARF typically have the aperture i.e. diameter between

1 and 4.5 cm, focal distance 2÷9 cm and carrier frequency 1÷5 MHz [17, 13, 61, 62, 63].

In this setting, one finds that the focal ratios affiliated with ARF-generating transduc-

ers are normally f = 1.5÷ 5, while their dimensionless focal distances (referring to the

length scale as in Table 2.1) are in the range d = 300÷ 1500 [17, 13, 61, 62, 63].

Focal region. In theory and applications of the acoustic radiation force [9], of critical

interest is the “cigar”-shaped zone D of coalescence of ultrasound waves (indicated by

the shaded area in Fig. 3.2), where the Mach number reaches sufficiently high values so

that the sought nonlinear effect is significant. Given possible disproportionality of the

size of this region relative to other characteristic length scales of the problem, however,

it is essential to moderate its dimensions by a suitable power of the Mach number in a

way similar to transformation (3.18).

Assuming axisymmetric transducer geometry, one may estimate the half-width and

half-length of the focal zone respectively as

w ≈ 2πf, l ≈ 14πf2, (3.48)

as shown in Appendix A.4. On recalling the premise that ε = O(10−3) in the focal
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region, its half-width can be accordingly scaled as

w̃i = ελwi = O(1), λ =
log(2πf)

− log ε
>

1

4
, i = 1, 2, (3.49)

for focal numbers f > 1. Here it is noted that the lower bound on λ in (3.49) is critical

for the development of a compact expression for the ARF. In particular, it will be shown

that the relative approximation error of the ARF behaves as O(εmin{1,4λ−1}), whereby

λ = 1
4 is a threshold beyond which a simple expression for the ARF ceases to apply.

Scaling of transverse coordinates. In the analysis of focusing effects such as those

of interest in this study, it is next reasonable to assume that inside D, the partial

derivatives of any thermomechanical quantity with respect to transverse coordinates

xi scale with the width of the focal region. On denoting the compound state vector

solving (3.21)–(3.22) as

Q(xi, z, t) :=
(
ρ̃, ũ, ṽ, σ̃, q̃, T̃ , S̃

)
(xi, z, t), (3.50)

this in particular implies that

∂Q

∂(xi/wi)
= O(Q), x ∈ D. (3.51)

Outside D, on the other hand, one may expect the same derivatives to diminish due to

widening of the beam (see e.g. the top panel in Fig. A.1), whereby

∂Q

∂(xi/wi)
6 O(Q), x /∈ D. (3.52)

On the basis of (3.49)–(3.52), the scaled transverse coordinates (in Eulerian formulation)

can be introduced as

χi := ελxi,
∂Q

∂χi
6 O(Q). (3.53)

Note that scaling (3.53) with λ = 1
2 coincides with that underpinning the Khokhlov-

Zabolotskaya-Kuznetsov (KZK) equation [39, 9, 7], which is commonly used to describe

focused ultrasound beams. As a rule, the latter analyses postulate the so-called “narrow

beam” geometry that can be affiliated with focal number f≈5. In contrast, the present

framework caters for configurations with f > 1 that are more representative of the

ARF transducers reported in the literature. For generality one should also observe
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that conditions (3.53) imply that the featured thermomechanical quantities vary slowly

perpendicular to the beam axis (over distances of one ultrasound wavelength); in this

context, such waves are sometimes referred to as the quasi-plane waves [7].

In light of (3.53), one finds that the right-hand side of the balance of linear mo-

mentum (3.20b) is, to the leading order, ∇·σ̃=∇∇·ũ= (O(ελ), O(ελ), O(1)). This in

turn implies that ṽ, and thus ũ, are vector fields whose components in the (x1, x2, z)

coordinate frame behave respectively as (O(ελ), O(ελ), O(1)). Accordingly, the ensuing

asymptotic analysis can be facilitated by writing

ũ = (ũi, ũz)(xi, z, t) := (ελũi, ũz)(χi, z, t), ũi, ũz = O(1),

ṽ = (ṽi, ṽz)(xi, z, t) := (ελṽi, ṽz)(χi, z, t), ṽi, ṽz = O(1),
(3.54)

where ũi stands for the ordered pair (ũ1, ũ2), ũi for (ũ1, ũ2), and so on. An important

restriction on (3.53) and (3.54) is that they strictly apply to the quantities associated

with the ultrasound time scale and, in general, may not be applicable to the mean

motion induced by the ARF.

In preparation of the ensuing discussion, it is noted the counterparts of (3.50)–(3.54)

in the Lagrangian frame of reference can be obtained by superseding {xi, z, χi,Q, ũi, ũz, ṽi,

ṽz} respectively by {xio, zo, χio, Q̂, ˆ̃ui, ˆ̃uz, ˆ̃vi, ˆ̃vz}, where Q̂ :=
(
ˆ̃ρ, ˆ̃u, ˆ̃v, ˆ̃σ, ˆ̃q, ˆ̃T, ˆ̃S

)
.

3.4.2 “Slow” time variable

The key difficulty in exposing the time-averaged behavior of the state vector Q or Q̂

for the modulated ultrasound problem resides in the presence of disparate time scales

in the boundary condition (3.43). To tackle the problem, consider the reparameterized

Lagrangian state vector

Q̂(χio, zo, t) := Q̂(xio, zo, t) (3.55)

which solves (3.22) and (3.34)–(3.38) subject to boundary conditions (3.43)–(3.45) and

the radiation condition at infinity. Recalling that (3.43) is the sole source of excitation

for the problem, consider next the phase-shifted solution Q̂φ(χio, zo, t) which is affiliated

with the perturbed boundary condition

Q̂
u
φ (χio, zo, t)

∣∣
Γ

= Λ(xo)M(εt) sin(t+ φ), xo ∈ Γ, (3.56)
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where Q̂
u

= ˆ̃u is the ˆ̃u-component of the state vector Q̂, and φ is the phase-shift

parameter applied to the carrier ultrasound signal. To help parse out the “ultrasound”

time in the solution, one may introduce the so-called “slow” time variable

τ := εt (3.57)

and auxiliary vector function Ĝ(χio, zo, τ, t) such that

Ĝ(χio, zo, τ, t+ φ) := Q̂φ(χio, zo, t), φ > 0 (3.58)

holds everywhere in space and time, see also [19] in the context of modulated plane

waves. On the basis of (3.56) and (3.58), one finds that

Ĝ
u

(χio, zo, τ, t+ φ)
∣∣
Γ

= Λ(xo)M(εt) sin(t+ φ), xo ∈ Γ, (3.59)

where Ĝ
u

= ˆ̃u. On the basis of (3.59) and premise dM(τ)/dτ = O(1) as in (3.44),

one finds that ∂Ĝ
u
/∂τ = O(1) on the boundary. Even though the governing field

equations (3.22) are nonlinear, one can safely assume that the overall solution retains

such smoothness throughout the domain, i.e. that ∂Ĝ/∂τ = O(1) everywhere due to the

facts that the problem is mildly nonlinear (ε� 1) and that the material is dissipative

which precludes the existence of characteristic surfaces, i.e. shocks. As a result, it follows

from (3.59) that Ĝ is periodic in “fast” time t, i.e. that

Ĝ(χio, zo, τ, t+ 2π) = Ĝ(χio, zo, τ, t). (3.60)

Here one may note that reparameterization (3.58) amounts to the method of dual-time

scales that is used toward the asymptotic treatment of differential equations involving

“fast” and “slow” processes, see e.g. [64] in the context of nonlinear wave problems and

[65] with reference to time-averaged diffusion processes.

3.4.3 “Slow” space variable

Under the quasi-plane wave assumption (3.53), the displacement response of the fea-

tured (tissue-like) solid due to focused ultrasound beam is dominated by its axial com-

ponent, ˆ̃uz, as indicated via (3.54). In this setting it can be shown from (3.21), (3.22a),
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and (3.35)–(3.37) that the balance of linear momentum (3.22b) (that is central to the

definition of the ARF) can be written, to the leading order, as

∂2ˆ̃uz
∂t2

− ∂2ˆ̃uz
∂z2

o

= O(εϑ), ϑ = min{1, 2λ}. (3.61)

In light of (3.57) and (3.58), wave equation (3.61) now reads

∂2Ĝ
uz

∂t2
+ 2ε

∂2Ĝ
uz

∂t∂τ
+ ε2∂

2Ĝ
uz

∂τ2
− ∂2Ĝ

uz

∂z2
o

= O(εϑ), (3.62)

where Ĝ
uz

= ˆ̃uz is the ˆ̃uz-component of the state vector Ĝ. An effective way to cancel

the O(1)-terms in (3.62) and thus aid its O(ε)-asymptotic analysis is to introduce the

“slow” axial coordinate

ζo := εϑzo (3.63)

and an assistant function

R̂(χio, ζo, zo, τ, t) := Ĝ(χio, zo, τ, t) = Q̂(χio, zo, t), (3.64)

that is subject to the one-way-wave-equation constraint

∂R̂

∂zo
= −∂R̂

∂t
. (3.65)

With reference to (3.60) and (3.62), the new function is clearly periodic in “fast” time

t, namely

R̂(χio, ζo, zo, τ, t+2π) = R̂(χio, ζo, zo, τ, t), (3.66)

and is such that R̂
uz

= ˆ̃uz satisfies the governing equation

2ε
∂2R̂

uz

∂t∂τ
− 2εϑ

∂2R̂
uz

∂zo∂ζo
+ ε2∂

2R̂
uz

∂τ2
− ε2ϑ∂

2R̂
uz

∂ζ2
o

= O(εϑ). (3.67)

From (3.67) one may note that the introduction of the “slow” space variable via (3.63)

and (3.65), commonly used in deriving the Khokhlov-Zabolotskaya-Kuznetsov (KZK)

equation of nonlinear acoustics [7] (under the premises of no modulation and “narrow”

beam geometry for which λ = 1
2 ⇒ ϑ = 1), helps balance the leading terms as it

eliminates the O(1)-entries from the balance of linear momentum (3.62).
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For clarity of exposition, it is recalled that the “slow” spatiotemporal coordinates

in (3.64) are given by

χio =ελxio, ζo =εϑzo, τ=εt, λ =
log(2πf)

− log ε
, ϑ = min{1, 2λ}, (3.68)

where f > 1 is the focal number of the ultrasound beam. A comparison between the

argument lists of R̂ and Q̂ in (3.64) also reveals that R̂ splits both axial and temporal

coordinate into their “slow” i.e. macro (ζo, τ) and “fast” i.e. micro (zo, t) components.

This is in contrast to the treatment of the KZK equation [7] that entails neither splitting

nor scaling of the temporal coordinate. Here it is also useful to observe that the scaling

of “slow” spatial coordinates (χio, ζo) given by (3.68) is transversely isotropic. This

particular feature of the scaled solution is driven by: i) axially-symmetric estimate (3.49)

of the width of the focal zone, and ii) “cigar” shape of the focal region, see Figs. 3.2

and A.1.

Eulerian formulation. As indicated earlier, the expression for the ARF is strongly

dependent on the choice of the reference frame. To expose the differences between the

material and spatial description of the problem, the Lagrangian state vector R̂ can

alternatively be recast in terms of its Eulerian companion R as

R(χi, ζ, z, τ, t) = R̂(χio, ζo, zo, τ, t), χi=ελxi, ζ=εϑz, τ=εt, (3.69)

which relates to the Eulerian state vector (3.55) as

R(χi, ζ, z, τ, t) = Q(χi, z, t). (3.70)

As shown in Appendix A.3, R preserves the reciprocity and periodicity properties of R̂,

namely
∂R

∂z
= −∂R

∂t
, (3.71)

and

R(χi, ζ, z, τ, t+2π) = R(χi, ζ, z, τ, t). (3.72)

On the basis of (3.69) and Taylor expansion of R around (χio, ζo, zo, τ, t), it is noted for

future reference that

R̂(χio, ζo, zo, τ, t) = R(χio + ε1+2λûi, ζo + ε1+ϑˆ̃uz, zo + εˆ̃uz, τ, t)

ε
= R(χio, ζo, zo, τ, t). (3.73)
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3.4.4 “Fast” time averages

With the above definitions, the Eulerian and Lagrangian “fast” time averages of the

state vector (3.69) can be respectively introduced as

〈R〉E(χi, ζ, τ) :=
1

2π

∫ t+π

t−π
R(χi, ζ, z, τ, t

′) dt′,

〈R̂〉L(χio, ζo, τ) :=
1

2π

∫ t+π

t−π
R̂(χio, ζo, zo, τ, t

′) dt′.

(3.74)

To justify the reduced argument list on the left-hand sides of (3.74a) and (3.74b), it is

noted using (3.65), (3.66), (3.71) and (3.72) that

∂〈R〉E
∂z

=
1

2π

∫ t+π

t−π

∂R

∂z
(χi, ζ, z, τ, t

′) dt′ = − 1

2π

∫ t+π

t−π

∂R

∂t′
(χi, ζ, z, τ, t

′) dt′ = 0,

∂〈R̂〉L
∂zo

=
1

2π

∫ t+π

t−π

∂R̂

∂zo
(χio, ζo, zo, τ, t

′) dt′ = − 1

2π

∫ t+π

t−π

∂R̂

∂t′
(χio, ζo, zo, τ, t

′) dt′ = 0,

and
∂〈R〉E
∂t

=
1

2π

(
R(χi, ζ, z, τ, t+ π)−R(χi, ζ, z, τ, t− π)

)
= 0,

∂〈R̂〉L
∂t

=
1

2π

(
R̂(χio, ζo, zo, τ, t+ π)−R̂(χio, ζo, zo, τ, t− π)

)
=0.

With reference to the instantaneous relationships (3.64) and (3.70), the Eulerian and

Lagrangian “fast” time averages of the “mother” state vector Q(χi, z, t) = Q̂(χio, zo, t)

can be computed respectively as

〈Q〉E = 〈R〉E, 〈Q̂〉L = 〈R̂〉L. (3.75)

By virtue of (3.70), (3.71), periodicity condition (3.72), and (3.75), the Eulerian time

averages of ∂Q/∂xi, ∂Q/∂z and ∂Q/∂t can next be shown to permit respective repre-

sentations
〈
∂Q

∂xi

〉

E

= ελ
〈
∂Q

∂χi

〉

E

= ελ
〈
∂R

∂χi

〉

E

= ελ
∂〈Q〉E
∂χi

,

〈
∂Q

∂z

〉

E

=

〈
−∂R
∂t

+ εϑ
∂R

∂ζ

〉

E

= εϑ
∂〈R〉E
∂ζ

= εϑ
∂〈Q〉E
∂ζ

, (3.76)

〈
∂Q

∂t

〉

E

=

〈
∂R

∂t
+ ε

∂R

∂τ

〉

E

= ε
∂〈R〉E
∂τ

= ε
∂〈Q〉E
∂τ

.
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Similarly, the use of (3.64)–(3.66) and (3.75) yields the Lagrangian counterparts of (3.76)

as

〈
∂Q̂

∂xio

〉

L

= ελ
〈
∂R̂

∂χio

〉

L

= ελ
∂〈Q̂〉L
∂χio

,

〈
∂Q̂

∂zo

〉

L

=

〈
−∂R̂
∂t

+ εϑ
∂R̂

∂ζo

〉

L

= εϑ
∂〈Q̂〉L
∂ζo

, (3.77)

〈
∂Q̂

∂t

〉

L

=

〈
∂R̂

∂t
+ ε

∂R̂

∂τ

〉

L

= ε
∂〈Q̂〉L
∂τ

.

In what follows, it is shown that the use of the “fast” temporal averages (3.74) is crit-

ical for obtaining a meaningful expression for the ARF due to a modulated ultrasound

field.

Remark. From (3.74), one may note that the Eulerian and Lagrangian “fast” time

averages of any thermomechanical quantity g can be affiliated with respective transfor-

mations
〈g(·, z, t)〉E =⇒ 〈g〉E(·, ζ, τ), ζ = εϑ z, τ = εt,

〈ĝ(·, zo, t)〉L =⇒ 〈ĝ〉L(·, ζo, τ), ζo = εϑ zo, τ = εt,

where z, zo and t denote the virgin axial and temporal coordinates. Consistent with

this observation, all ensuing occurrences of z, zo and t are understood in the sense of

virgin time and space unless explicitly stated otherwise.

3.5 Acoustic radiation force: plane wave

First, the fundamental case of a plane wave excitation is considered, while the focused

geometry is examined later in Section 3.6. The advantage of this one-dimensional case

lies in the simplicity, which is not overwhelmed with the long algebraic derivations, but

highlights many features of the acoustic radiation force. To this end let

∂(·)
∂xi

=
∂(·)
∂χi

= 0, ũi = ṽi = 0, i = 1, 2, (3.78)

so that the ultrasound waves propagate in the positive z direction having only z com-

ponent of the displacement. Also note that ϑ = 1 (see Section 3.4.3) and ζ = εz for

the plane wave case. The constitutive model is taken as for the Newtonian fluid (3.41),
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and the velocity and mass density perturbations are accordingly chosen as the problem

variables. Note, however, that both considered viscoelastic model and Newtonian fluid

behave similarly under a plane wave excitation, so that the difference in the description

is synthesized only by a choice of problem variables.

3.5.1 Eulerian formulation

To obtain an expression for the ARF due to modulated ultrasound excitation, consider

first the balance laws (3.20) which, reduced to the plane-wave problem, read

∂ρ̃

∂t
+
∂((1+ερ̃)ṽz)

∂z
= 0,

(1 + ερ̃)

(
∂ṽz
∂t

+
1

2
ε
∂ṽ2

z

∂z

)
=

∂σzz
∂z

,

(1 + ερ̃)(1 + εT̃ )

(
∂S̃

∂t
+ εṽz

∂S̃

∂z

)
= − ∂q̃z

∂z
+ εJ̃zzzz

(
∂ṽz
∂z

)2

.

(3.79)

On taking the “fast” time average (3.74) of (3.79a), one finds that

∂〈ρ̃〉E
∂τ

+
∂〈j̃z〉E
∂ζ

= 0, (3.80)

where

〈j̃z〉E := 〈ṽz(1 + ερ̃)〉E (3.81)

is the averaged mass flux. For problems with no acoustic streaming such as that in-

vestigated in this study the ARF, hereon denoted by f̃E, can be defined as the time

average of the leading non-linear terms in the balance of linear momentum [5]. For its

evaluation, one may employ the expanded constitutive relation (3.41) and compute the

“fast” time average of (3.79b) to arrive at the linearized balance of linear momentum

in terms of 〈j̃z〉E, 〈ρ̃〉E and 〈S̃〉E as

∂〈j̃z〉E
∂τ

+
∂〈ρ̃〉E
∂ζ

+ ε
βT

cp

∂〈S̃〉E
∂ζ

= f̃E
z , (3.82)

where

f̃E
z

ε2
=

〈
ṽz
∂ρ̃

∂t
− 1

2
(1 + ερ̃)

∂ṽ2
z

∂z
− (β−1)

∂ρ̃2

∂z

〉

E

(3.83)

is the sought acoustic radiation force. In what follows, it will be shown that 〈j̃z〉E, 〈ρ̃〉E
and f̃E

z are all O(ε) whereas the averaged entropy perturbation, 〈S̃〉E, is O(1) which is



34

the reason for retaining the entropy term in (3.82). By virtue of (3.79a), the ARF (3.83)

can be rewritten as

f̃E
z

ε2
=

〈
ṽz

(
−∂ṽz
∂z
− ε∂(ρ̃ṽz)

∂z

)
− 1

2
(1 + ερ̃)

∂ṽ2
z

∂z
− (β−1)

∂ρ̃2

∂z

〉

E

ε2
= −ε ∂〈ṽ

2
z〉E
∂ζ

− ε(β−1)
∂〈ρ̃2〉E
∂ζ

, (3.84)

which demonstrates that f̃E
z is indeed O(ε). On exercising the relationship

ṽz
ε
= ρ̃, (3.85)

established in Appendix A.5 for the problem under consideration, one may further

reduce (3.84) to

f̃E
z

ε2
= −ε β ∂ĨE

∂ζ
,

where

ĨE(τ, ζ) := 〈ρ̃2〉E ε
= 〈p̃ ṽz〉E, (3.86)

is an O(1)-approximation of the intensity of the ultrasound beam.

To close the system of equations in terms of 〈j̃z〉E, 〈ρ̃〉E and 〈S̃〉E, the “fast” time

average of the balance of energy (3.79c) can be computed as

ε
∂〈S̃〉E
∂τ

+ ε

〈
ṽz
∂S̃

∂z

〉

E

ε2
= −εκ̃

〈
(ρ̃+ T̃ )

∂2T̃

∂z2

〉

E

+ ε
(
µ̃B + 4

3 µ̃
)〈(∂ṽz

∂z

)2〉

E

, (3.87)

The convection term on the left-hand side of (3.87) can be transformed via (3.79a)

and (3.79c) as

〈
ṽz
∂S̃

∂z

〉

E

ε
= −

〈
∂ṽz
∂z

S̃

〉

E

ε
=

〈
∂ρ̃

∂t
S̃

〉

E

ε
= −

〈
ρ̃
∂S̃

∂t

〉

E

ε
= −κ̃

〈
ρ̃
∂2T̃

∂z2

〉

E

,

which reduces (3.176) to

∂〈S̃〉E
∂τ

ε
= −κ̃

〈
T̃
∂2T̃

∂z2

〉

E

+
(
µ̃B + 4

3 µ̃
)〈(∂ṽz

∂z

)2〉

E

. (3.88)

Similarly, the first term on the right side of (3.88) can be simplified via (3.26), (3.93)

and (3.85) as

c2
p

β2
T

〈
T̃
∂2T̃

∂z2

〉

E

ε
=

〈
ρ̃
∂2ρ̃

∂z2

〉

E

ε
=

〈
ṽz
∂2ṽz
∂z2

〉

E

ε
= −

〈(∂ṽz
∂z

)2〉

E

,
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which, by way of (3.79a), allows one to reduce the averaged energy balance as

∂〈S̃〉E
∂τ

ε
= δ̃Ĩ∗E, Ĩ∗E =

〈(
∂ρ̃

∂t

)2〉

E

, (3.89)

where

δ̃ := µ̃B +
4

3
µ̃ + κ̃

β2
T

c2
p

is the so-called diffusivity of sound [7] which signifies dissipation of acoustic waves due

to viscosity and heat conduction. As can be seen from (3.89), the entropy fluctuation

is O(1) as postulated earlier. From this result, an earlier observation that f̃E
z is O(ε),

and the fact that the effective excitation to the linear system (3.80) and (3.82) (with

homogeneous boundary conditions) is given by f̃E
z − εβTcp ∂〈S̃〉E/∂ζ, one finds that 〈j̃z〉E

and 〈ρ̃〉E are indeed O(ε).

Initial-boundary value problem

To summarize, the “fast” time averages of the nonlinear balance equations (3.79) can

be reduced to the linear system

∂〈ρ̃〉E
∂τ

+
∂〈j̃z〉E
∂ζ

= 0,

∂〈j̃z〉E
∂τ

+
∂〈ρ̃〉E
∂ζ

+ ε
βT

cp

∂〈S̃〉E
∂ζ

ε2
= − εβ ∂ĨE

∂ζ
,

∂〈S̃〉E
∂τ

ε
= δ̃Ĩ∗E,

(3.90)

in terms of 〈ρ̃〉E, 〈j̃z〉E and 〈S̃〉E, assuming that ĨE and Ĩ∗E can be computed a priori

– a hypothesis that will be dealt with in Section 3.5.4. A salient feature of (3.90) is

that 〈S̃〉E is only semi-coupled with the rest of the system in that (3.90c), given Ĩ∗E,

can be solved independently as an initial value problem. With the solution for 〈S̃〉E
at hand, (3.90a) and (3.90b) can be deemed to form a closed system in terms of 〈ρ̃〉E
and 〈j̃z〉E whose treatment, beyond the quiescent-past hypothesis, requires appropriate

(mechanical) boundary conditions that are established next.

Equations(3.90a) and (3.90b) are accompanied by the radiation condition at infinity

i.e.
∂〈ρ̃〉E
∂τ

= −∂〈ρ̃〉E
∂ζ

, ζ →∞, (3.91)
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which ensures that the solution propagates in the positive ζ-direction. Since the “left”

boundary condition (3.46) (reduced to a planar transducer) at the transducer boundary

is inherently given in Lagrangian coordinates, its “fast” time average can be written as

〈ṽz〉L(τ, 0) = ε
∂〈ũz〉L
∂τ

(τ, 0) = 0. (3.92)

To express (3.92) in terms of 〈j̃z〉E, one finds from the plane-wave balance of mass (3.4)

that

1 + ερ̃ =
∂zo

∂z
= 1− ε∂ũz

∂z
=⇒ ρ̃ = −∂ũz

∂z
, (3.93)

whereby the averaged mass flux becomes

〈j̃z〉E ε2
=

〈
∂ũz
∂t

+ εṽz
∂ũz
∂z

+ εṽzρ̃

〉

E

ε2
= ε

∂〈ũz〉E
∂τ

. (3.94)

To establish the connection between the Eulerian and Lagrangian “fast” time averages,

one may note with reference to (3.71)–(3.75) and relationships z = zo + εˆ̃uz and ζ =

ζo + ε2 ˆ̃uz that

〈ũz〉L(τ, ζo) :=
1

2π

∫ t+π

t−π
R̂uz(t′, zo, τ, ζo) dt′

=
1

2π

∫ t+π

t−π
Ruz

(
t′, zo+ εR̂uz(t′, zo, τ, ζo), τ, ζo+ ε2R̂uz(t′, zo, τ, ζo)

)
dt′

ε2
= 〈ũz〉E(τ, ζo) +

ε

2π

∫ t+π

t−π

∂Ruz

∂z
(t′, zo, τ, ζo) R̂uz(t′, zo, τ, ζo) dt′ (3.95)

ε2
= 〈ũz〉E(τ, ζo)− ε

4π

∫ t+π

t−π

∂(Ruz)2

∂t′
(t′, zo, τ, ζo) dt′

ε2
= 〈ũz〉E(τ, ζo),

where 〈ũz〉E(τ, ζo) signifies 〈ũz〉E(τ, ζ = ζo), and ∂Ruz/∂z indicates differentiation with

respect to the second argument. In a similar fashion it can be shown that 〈ṽz〉L ε2
=

〈ṽz〉E + εĨE, which is consistent with the result in [6] exposing the difference between

the Lagrangian and Eulerian mean velocities due to time-harmonic plane wave. On the

basis of (3.94) and (3.95), (3.92) can now be rewritten as

〈j̃z〉E(τ, 0)
ε2
= ε

∂〈ũz〉L
∂τ

(τ, 0)
ε2
= 0, (3.96)

which is the “left” boundary condition for (3.90a) and (3.90b). In concluding this

section, it is noted by comparing (3.90) to (3.79) that the zero-heat-flux boundary con-

dition (3.47) is not required for the computation of the “fast” time averages 〈ρ̃〉E, 〈j̃z〉E
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and 〈S̃〉E owing to the particular (semi-coupled) structure of (3.90). In Section 3.5.5,

however, this thermal boundary condition will be required (and used) toward the nu-

merical solution of the “mother” nonlinear system (3.79), employed as a tool to verify

the proposed developments.

Eulerian intensity

In dealing with the initial-boundary value problem specified by (3.90)–(3.91), (3.96), and

the quiescent-past condition, the question remains how to compute the O(1)-distribution

of the ultrasound intensity (3.86) and its companion Ĩ∗E, see (3.89), which furnish excita-

tion for the problem. In general the latter task entails the knowledge of the plane-wave

solution, in terms of ρ̃, to the “mother” nonlinear problem governed by (3.79). For the

purpose of computing the radiation force, the latter solution is typically approximated

via its leading linear term [7]. In certain situations, however, the computation of ĨE

and Ĩ∗E can be further simplified by employing an auxiliary differential relationship that

is established next.

On multiplying (3.79a) and (3.79b) respectively by ṽz and ρ̃, one finds

ṽz
∂ρ̃

∂t
+ ṽz

∂ṽz
∂z

= − εṽz
∂(ρ̃ṽz)

∂z
,

ρ̃
∂ṽz
∂t

+ ρ̃
∂ρ̃

∂z

ε2
= − ερ̃(β−1)

∂ρ̃2

∂z
− εβT

cp
ρ̃
∂S̃

∂z
+ ε
(
µ̃B + 4

3 µ̃
)
ρ̃
∂2ṽz
∂z2

.

(3.97)

By virtue of (3.85), the summation of (3.97a) and (3.97b) gives

∂(ρ̃ ṽz)

∂t
+

1

2

∂(ρ̃2+ ṽ2
z)

∂z

ε2
= − 2ε

3
β
∂ρ̃3

∂z
− εβT

cp
ρ̃
∂S̃

∂z
+ ε
(
µ̃B + 4

3 µ̃
)
ρ̃
∂2ρ̃

∂z2
. (3.98)

On the basis of (3.79a) and (3.79b), it can be shown that

〈
ρ̃
∂2ρ̃

∂z2

〉

E

ε
= −

〈
ρ̃
∂2ṽz
∂t∂z

〉

E

ε
=

〈
ρ̃
∂2ρ̃

∂t2

〉

E

ε
=

〈
∂

∂t

(
ρ̃
∂ρ̃

∂t

)〉

E

−
〈(∂ρ̃

∂t

)2〉

E

ε
= −

〈(∂ρ̃
∂t

)2〉

E

. (3.99)

Similarly from (3.26), (3.93), (3.79b), (3.79c), (3.85) and (3.99) one finds

〈
ρ̃
∂S̃

∂z

〉

E

ε
= −

〈
∂ρ̃

∂z
S̃

〉

E

ε
=

〈
∂ṽz
∂t

S̃

〉

E

ε
= −

〈
ṽz
∂S̃

∂t

〉

E

ε
= −κ̃

〈
ṽz
∂2T̃

∂z2

〉

E

ε
= −κ̃βT

cp

〈
ρ̃
∂2ρ̃

∂z2

〉

E

ε
= κ̃

βT

cp

〈(∂ρ̃
∂t

)2〉

E

, (3.100)
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whereby the Eulerian time average of (3.98) reduces to

∂ĨE
∂τ

+
∂ĨE
∂ζ

+ δ̃Ĩ∗E
ε
= 0, ĨE := 〈ρ̃2〉E, Ĩ∗E :=

〈(∂ρ̃
∂t

)2〉

E

. (3.101)

For completeness, governing equation (3.101) can now be complemented by the the

quiescent-past hypothesis and, with the use of (3.46) and (3.85), the boundary condition

ĨE(τ, 0)
ε
= 1

2M2(τ). (3.102)

In Section 3.5.4, (3.101) and (3.102) will be used to obtain an explicit expression for ĨE

and Ĩ∗E, and consequently the analytical solution to (3.90) in strongly dissipative fluids.

3.5.2 Lagrangian formulation

To obtain the counterpart of (3.90)–(3.91) and (3.96) in the Lagrangian frame of refer-

ence, consider the balance laws (3.22) which, reduced to the plane-wave problem, read

1 + ε ˆ̃ρ =
(

1 + ε
∂ ˆ̃uz
∂zo

)−1
,

∂ ˆ̃vz
∂t

=
∂ ˆ̃Pzz
∂zo

,

(
1 + ε ˆ̃T

) ∂ ˆ̃S

∂t
= − ∂ ˆ̃qz

∂zo
+ ε(1+ε ˆ̃ρ) ˆ̃Jzzzz

(∂ ˆ̃vz
∂zo

)2
.

(3.103)

Expansion of (3.103a) in Taylor series yields

1 + ε ˆ̃ρ
ε4
= 1− ε∂

ˆ̃uz
∂zo

+

(
ε
∂ ˆ̃uz
∂zo

)2

−
(
ε
∂ ˆ̃uz
∂zo

)3

. (3.104)

On differentiating (3.104) with respect to time and taking the Lagrangian “fast”-time

average (3.74) of the resulting expression, one finds via (3.93) that

∂〈ρ̃〉L
∂τ

+
∂〈ṽz〉L
∂ζo

ε2
= ε

∂ĨL
∂τ

, ĨL ; = 〈ρ̃2〉L (3.105)

Similarly, the averaging of (3.103b) aided by (3.85) yields

∂〈ṽz〉L
∂τ

+
∂〈ρ̃〉L
∂ζo

+ ε
βT

cp

∂〈S̃〉L
∂ζo

= f̃L
z , (3.106)
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where

f̃L
z

ε2
= − ε(β − 1)

∂ĨL
∂ζo

is the sought ARF computed in the Lagrangian frame of reference. Analogous to the

comment made earlier in the context of the Eulerian formulation, it is noted that the

entropy term is retained in (3.106) for 〈S̃〉L is O(1) whereas 〈ṽz〉L, 〈ρ̃〉L and f̃L
z are O(ε)

when ε� 1.

With reference to (3.105) and (3.106), the linearized system of governing equations

in terms of 〈ṽz〉L, 〈ρ̃〉L and 〈S̃〉L can now be closed by averaging (3.103c) which, by way

of (3.103a), yields

ε
∂〈S̃〉L
∂τ

ε2
= −εκ̃

〈
ˆ̃T
∂2 ˆ̃T

∂z2
o

〉

L

+ ε
(
µ̃B + 4

3 µ̃
)〈(∂ ˆ̃ρ

∂t

)2
〉

L

. (3.107)

On the basis of (3.26), (3.93), (3.85) and (3.103a), one can show that

c2
p

β2
T

〈
ˆ̃T
∂2 ˆ̃T

∂z2
o

〉

L

ε
=

〈
ˆ̃ρ
∂2 ˆ̃ρ

∂z2
o

〉

L

ε
=

〈
ˆ̃vz
∂2 ˆ̃vz
∂z2

o

〉

L

ε
= −

〈(∂ ˆ̃vz
∂zo

)2
〉

L

ε
= −

〈(∂ ˆ̃ρ

∂t

)2
〉

L

,

which reduces (3.107) to

∂〈S̃〉L
∂τ

ε
= δ̃Ĩ∗L , Ĩ∗L :=

〈(∂ ˆ̃ρ

∂t

)2
〉

L

.

Initial-boundary value problem

Consistent with earlier discussion, the featured linear system

∂〈ρ̃〉L
∂τ

+
∂〈ṽz〉L
∂ζo

ε2
= ε

∂ĨL
∂τ

,

∂〈ṽz〉L
∂τ

+
∂〈ρ̃〉L
∂ζo

+ ε
βT

cp

∂〈S̃〉L
∂ζo

ε2
= −ε(β−1)

∂ĨL
∂ζo

,

∂〈S̃〉L
∂τ

ε
= δ̃Ĩ∗L ,

(3.108)

in terms of 〈ρ̃〉L, 〈ṽz〉L and 〈S̃〉L, is next complemented by the radiation condition

∂〈ρ̃〉L
∂τ

= −∂〈ρ̃〉L
∂ζo

, ζo →∞, (3.109)
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which precludes waves incoming from infinity, and the “left” boundary condition

〈ṽz〉L(τ, 0) = 0, (3.110)

as given by (3.92).

To facilitate the comparison between the Eulerian formulation (3.90)and its La-

grangian counterpart (3.108), one may note by employing the reciprocity condition (3.71)

and Taylor-series transformation as in (3.95) that

〈ρ̃〉L ε2
= 〈ρ̃〉E + εĨL, 〈ṽz〉L ε2

= 〈j̃z〉E, 〈S̃〉L ε
= 〈S̃〉E, (3.111)

recalling the fact that 〈ρ̃〉L, 〈ṽz〉L, 〈ρ̃〉E and 〈j̃z〉E are all O(ε), while 〈S̃〉L and 〈S̃〉E are

O(1).

Lagrangian intensity

The above developments can be concluded by noting, again via (3.71) and manipulation

as in (3.95) that

ĨL
ε
= ĨE, Ĩ∗L

ε
= Ĩ∗E. (3.112)

Substitution of the above relationship into (3.101), together with the fact that ∂ζo/∂ζ =

1+O(ε2), immediately yields the differential relationship

∂ĨL
∂τ

+
∂ĨL
∂ζo

+ δ̃Ĩ∗L
ε
= 0, ĨL := 〈ρ̃2〉L, Ĩ∗L :=

〈(∂ ˆ̃ρ

∂t

)2〉

L

. (3.113)

Similar to the remark made earlier, (3.113) can be used to obtain an explicit expression

for ĨL and Ĩ∗L , and consequently the analytical solution to (3.108) in highly dissipative

fluids.

3.5.3 Comments on the solution

As exemplified via Eulerian formulation (3.90) the ARF can be defined, for problems pre-

cluding acoustic streaming, as an effective body force synthesizing the non-linear effects

within the framework of a linearized system written in terms of suitable time-averaged

acoustic quantities. As demonstrated in [5], the same definition can be extended to

problems involving the initiation of acoustic streaming where the streaming and thus

averaged velocities are sufficiently small. Synthesizing the treatment of the latter class
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of problems which assumes non-modulated ultrasound excitation [5, 39] one finds, using

the present framework of analysis and Eulerian description, that the one-dimensional

balance of linear momentum permits representation

∂〈j̃z〉E
∂τ

+
∂〈p̃〉E
∂ζ

ε2
= εδ̃Ĩ∗E, (3.114)

in terms of the averaged mass flux and pressure perturbations, 〈j̃z〉E and 〈p̃〉E. On

employing (3.41) and (3.101), the modulated ultrasound counterpart of (3.114), namely

(3.90b), can be written in terms of 〈j̃z〉E and 〈p̃〉E as

∂〈j̃z〉E
∂τ

+
∂〈p̃〉E
∂ζ

ε2
= εδ̃Ĩ∗E + ε

∂ĨE
∂τ

, (3.115)

which highlights the effect of ultrasound modulation on the acoustic radiation force,

synthesized via term ε∂ĨE/∂τ . By rule, previous treatments of the modulated ARF

problem have made use of a “quasi-static” approach which utilizes (3.114) and assumes

the ARF to take the form of a product between the non-modulated expression, εδ̃Ĩ∗E and

the squared modulation envelope M2, i.e. the modulation envelope for intensity. For

completeness, one may also note that the ARF on the right-hand side of (3.115) can be

interpreted as a negative divergence of the Reynolds stress tensor [6, 7], interpreted as

the “fast” time average of the momentum flux tensor.

A comparison of (3.115) with (3.90) demonstrates that the expression for the ARF

(identified as the body-force term on the right-hand side of the balance of linear mo-

mentum) is inherently dependent on the choice of the primary field quantities. This

raises the question of the selection of 〈ρ̃〉E, 〈j̃z〉E and 〈S̃〉E, see (3.90)–(3.92), as the

primary field quantities in lieu of 〈j̃z〉E and 〈p̃〉E that are considered in [5]. For problems

involving non-modulated ultrasound excitation, 〈j̃z〉E and 〈p̃〉E are indeed uncoupled

from the entropy perturbation 〈S̃〉E as shown in the latter study. When modulation

enters the problem, however, the problem becomes coupled; in particular, ∂〈S̃〉E/∂τ
enters the mass balance when using 〈j̃z〉E and 〈p̃〉E, and momentum balance when using

〈j̃z〉E and 〈ρ̃〉E. As a result, there is no net gain in using 〈p̃〉E in lieu of 〈ρ̃〉E. If either

set of quantities is used, however, the “fast”-time averaging of (3.41) yields an auxiliary

relationship

〈p̃〉E ε2
= 〈ρ̃〉E + ε

βT

cp
〈S̃〉E + ε(β − 1)ĨE,

which permits straightforward conversion from one formulation to another.



42

ARF in a lossless fluid

An inspection of (3.90) and (3.101) in terms of the Eulerian formulation, and (3.108)

and (3.113) in terms of the Lagrangian formulation reveals an interesting (and so far

little understood) phenomenon of the existence of the ARF in a lossless fluid where δ̃=0.

From (3.101) and (3.113), one finds that this phenomenon is caused by the modulation

of ultrasound whereby ∂ĨE/∂τ and ∂ĨL/∂τ are both non-zero, causing the right-hand

sides in the balances of linear momentum (3.90) and (3.108) to remain non-trivial. In

the case of a non-modulated ultrasound excitation (∂(·)/∂τ =0) these right-hand sides

indeed vanish, see also (3.114), contributing to the present misconception that the ARF

necessarily vanishes in a lossless homogeneous fluid (see [21]).

Relevance of the plane-wave solution to viscoelastic solids

Even though the present study considers wave motion in a Newtonian fluid, its con-

clusions are equally relevant to the understanding of like plane waves in a viscoelastic

solid – a model that is commonly used to simulate the constitutive behavior of soft

tissues [17, 42, 18, 15] due to the fact that there is no streaming in the current model.

With the analogies between constitutive parameters of fluid and solid, discussed in Sec-

tion 3.3.4, there is no fundamental difference between the plane-wave problem considered

herein and its analogue for a viscoelastic solid.

To expose the utility of the ARF featured in (3.90) toward the (Eulerian) analysis

of time-averaged wave motion in a viscoelastic solid generated by modulated elevated-

intensity ultrasound, one may rewrite the balance of momentum (3.90b) using (3.90c),

(3.93), (3.101) and (3.94) and, as

∂2〈ũz〉E
∂τ2

− ∂2〈ũz〉E
∂ζ2

+
βT

cp

∂〈S̃〉E
∂ζ

ε
= β

∂ĨE
∂τ

+ βδ̃Ĩ∗E (3.116)

where ĨE is governed by (3.101). This wave equation in terms of the “fast” time-

averaged axial displacement, 〈ũz〉E, demonstrates that the ARF in (3.90) as derived for

fluids directly translates (apart from the factor of ε and thermal expansion term) into

that for solids. Here it is noted that the P-wave speed in (3.116) equals unity due to

adopted normalization scheme, whereas the viscosity term is negligible for it is O(ε2)

in the averaged equation. For completeness, one may also observe that (3.116) can
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alternatively be obtained from (3.115), noting the ARF featured in the latter takes a

notably different format i.e. that care must be taken when taking the ARF, derived

for fluids, as an apparent body force acting on the solid as is usually done in medical

ultrasound applications [12].

Relationship with difference-frequency signal generation

In an experimental setting, the postulated boundary condition (3.46) can be effected

either via modulation of the incipient ultrasound field [14, 15] or, alternatively, via the

use of two ultrasound fields with slightly different frequencies (e.g. [66]) which amounts

to difference-frequency generation of the mean fluid motion [43, 30, 7]. To deal specifi-

cally with the latter case, boundary condition (3.46) (reduced to the plane wave) should

be formally superseded by

ˆ̃vz(t, zo =0) = A1 sin
(
(1 + ωm)t+ ϕ1

)
+A2 sin(t+ ϕ2), (3.117)

where Ai and ϕi denote respectively the amplitude and phase of the ith sound field

(i=1, 2), while 1 +ωm, ωm =O(ε) signifies the ratio between the larger and the smaller

ultrasound frequency so that ωm > 0. In terms of the featured ARF analysis which

revolves around the initial-boundary value problem for the intensity of the sound field,

this change in the kinematic boundary condition from (3.46) to (3.117) requires that

the “left” boundary condition for intensity, (3.102), be replaced by

ĨE(τ, 0)
ε
=

1

2

(
A2

1 +A2
2 + 2A1A2 cos

(
ω̃mτ + ϕ1 − ϕ2

))
, ω̃m =

ωm

ε
. (3.118)

A comparison between (3.102) and (3.118) reveals that the foregoing analytical frame-

work, developed for studying mean fluid motion due to modulated sound field, is equally

applicable to problems involving difference-frequency signal generation provided that the

effective modulation envelope is taken as

M(τ) =
√
A2

1 +A2
2 + 2A1A2 cos

(
ω̃mτ + ϕ1 − ϕ2

)
. (3.119)

Relationship (3.119) thus enables the difference-frequency problem to be considered as a

special (steady-state) case of the present analysis in situations where the ratio between

the companion frequencies, featured in the difference-frequency problem, is 1+ O(ε)

(whereby ω̃m =O(1)) as in e.g. [66].



44

3.5.4 Analytical solutions

Strongly dissipative fluid

To close the linearized system (3.90) (resp. (3.108)) in terms of averaged acoustic quan-

tities, one must compute ĨE and Ĩ∗E (resp. ĨL and Ĩ∗L) beforehand. Even though the latter

task generally requires the solution to the “original” nonlinear set (3.79), this difficulty

can be circumvented in certain situations. One such example is the case of a strongly

dissipative fluid where

ε < εδ̃, δ̃ = µ̃B + 4
3 µ̃+ κ̃

β2
T

c2
p

, (3.120)

i.e. where the non-linear effects (as quantified via the Mach number) are “small” relative

to dissipation effects. In soft tissues, for instance, one finds that δ̃ ≈ 2 ÷ 5 (see [59,

9]) which makes the foregoing hypothesis relevant to medical ultrasound applications.

On the basis of (3.120) the nonlinear acoustic field ρ̃ solving (3.46) and (3.79)can be

expanded, in terms of the perturbation parameter 1/δ̃<1, via the method of successive

approximations as ρ̃ = ρ̃1 + ρ̃2 + o(ρ̃2) where

ρ̃1 = sin(t− z)M(ε(t− z)) exp
(
−εδ̃

2
z
)
,

ρ̃2 =
1

δ̃

β

2
sin(2(t− z))M2(ε(t− z))

[
exp
(
−εδ̃z

)
− exp

(
−2εδ̃z

)]
,

(3.121)

are the respectively the first- and second-order approximations of the mass density

fluctuation. By way of (3.121), one finds that

Ĩ∗E − ĨE =

〈(
∂ρ̃

∂t

)2

− ρ̃2

〉

E

= O
(

max
{
ε2, δ̃−2

})
(3.122)

which, on substitution into (3.101), yields the differential equation for intensity

∂ĨE
∂τ

+
∂ĨE
∂ζ

+ δ̃ĨE = O
(

max
{
ε, δ̃−1

})
. (3.123)

Equalities (3.123) and (3.102), specifying the behavior of ĨE, can be conveniently rewrit-

ten as the initial value problem in terms of τ−ζ and ζ and shown to have the closed-form

solution

ĨE = 1
2 exp

(
−δ̃ζ

)
M2(τ − ζ) + O

(
max

{
ε, δ̃−2

})
. (3.124)
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To provide further specificity to the problem, consider next the case where the diffusivity

of sound is dominated by the viscosity term, namely

δ̃ ≈ µ̃B + 4
3 µ̃ =⇒ βT

cp
� 1, (3.125)

a hypothesis which applies to many liquids due to smallness of thermal expansion coef-

ficient. By way of (3.122), (3.124) and (3.125), field equations (3.90) can be reduced as

∂〈ρ̃〉E
∂τ

+
∂〈j̃z〉E
∂ζ

= 0,

∂〈j̃z〉E
∂τ

+
∂〈ρ̃〉E
∂ζ

= − εβ ∂ĨE
∂ζ

+ O
(

max
{
ε2, εα−2, ε

βT

cp

})
,

∂〈S̃〉E
∂τ

= 2α̃ĨE + O
(

max
{
εα̃, α̃−1, κ̃

β2
T

c2
p

})
,

(3.126)

where the ultrasound intensity is given by

ĨE = 1
2e
−2α̃ζM2(τ − ζ), α̃ = 1

2 δ̃ > 1. (3.127)

While the approximation error in (3.126) may not always be negligible, however when

α̃−1≈0.2÷0.5 [59, 9] or when βT/cp ≈ 0.1, numerical results in Section 3.5.5 demonstrate

that the above field equations are indeed capable of capturing the essence of wave motion

in a strongly dissipative fluid for the problem under consideration. Here it is noted that

the key simplification carried by (3.126) lies in the fact that the balances of mass and

momentum are now uncoupled from entropy equation (3.126c). In this setting one

may conveniently solve (3.126a) and (3.126b), subject to boundary conditions (3.91)

and (3.96), by reparameterizing the problem in terms of τ−ζ and ζ. On dropping the

residual terms for brevity, the resulting solution reads

〈ρ̃〉E = 〈ρ̃〉E,∞ −
εβ

8
e−2α̃ζ

(
3M2(τ − ζ) + α̃−1∂M2

∂τ
(τ − ζ) +K(τ − ζ)

)
,

〈j̃z〉E = 〈ρ̃〉E,∞ −
εβ

8
e−2α̃ζ

(
M2(τ − ζ) + α̃−1∂M2

∂τ
(τ − ζ)−K(τ − ζ)

)
,

(3.128)

where

〈ρ̃〉E,∞ = lim
ζ→∞
〈ρ̃〉E =

εβ

8

(
M2(τ − ζ) + α̃−1∂M2

∂τ
(τ − ζ)−K(τ − ζ)

)
(3.129)
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signifies the far-field density fluctuation, and

K(τ − ζ) = α̃ e−α̃(τ−ζ)
∫ τ−ζ

0
eα̃τ

′M2(τ ′)dτ ′. (3.130)

For completeness, the entropy solution of the initial value problem given by (3.126c)

and the quiescent-past condition can be computed as

〈S̃〉E = α̃e−2α̃ζ

∫ τ

0
M2(τ ′ − ζ) dτ ′. (3.131)

On the basis of (3.127) and (3.128), one may further compute the pressure fluctuation

by taking the “fast” time average of (3.41) whereby

〈p̃〉E = 〈ρ̃〉E +
ε(β − 1)

2
e−2α̃ζM2(τ − ζ). (3.132)

The Lagrangian counterparts of (3.128), (3.131) and (3.132) can be easily computed

by employing the relationships (3.111) and (3.112) and the Lagrangian “fast” time

average of (3.41).

Solution for example modulation envelope. With reference to (3.46) consider

the case involving time-harmonic excitation for t>0, namely

M(εt) = H(εt) sin(ω̃m εt), (3.133)

where ω̃m ≡ ωm/ε = O(1), and H is the Heaviside function. In this case, the ARF

featured on the right-hand side of (3.90b) can be computed as

f̃E
z = −εβ ∂ĨE

∂ζ
= 1

2εβ α̃H(τ − ζ) e−2α̃ζ
[
1− cos(2ω̃m(τ − ζ)) + ω̃m

α̃ sin(2ω̃m(τ − ζ))
]
,

(3.134)

while (3.130) can be integrated to obtain

K(τ−ζ) = 1
2H(τ−ζ)

[
1− cos(2ω̃m(τ−ζ)) + 2ω̃m

α̃ sin(2ω̃m(τ−ζ))

1 +
(

2ω̃m
α̃

)2 −
(

2ω̃m
α̃

)2

1 +
(

2ω̃m
α̃

)2 e
−α̃(τ−ζ)

]
.

(3.135)

As a result, the far-field component (3.129) of density perturbation can be computed as

〈ρ̃〉E,∞ = εβ H(τ −ζ)


 ω̃m

4α̃

√√√√ 1+
(
ω̃m
α̃

)2

1+
(

2ω̃m
α̃

)2 sin
(
2ω̃m(τ−ζ)− φ1

)
+

(
ω̃m
2α̃

)2

1 +
(

2ω̃m
α̃

)2 e
−α̃(τ−ζ)


 ,

(3.136)
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where

φ1 = sin−1

[
ω̃m
α̃

[(
1+
(
ω̃m
α̃

)2)(
1+
(

2ω̃m
α̃

)2)]−1/2
]
.

With (3.133)–(3.136) at hand, the “fast” time averages of the featured acoustic quan-

tities can be easily computed from (3.128), (3.131) and (3.132). As an illustration,

Fig. 3.2 plots the averaged perturbations of mass density and pressure versus ζ for

τ = 8, ε= 1.5×10−3, α̃= 1.283̇, β= 3.5, and ω̃m = {0.27̇, 1.07̇, 4}. Assuming the (car-

rier) ultrasound frequency of 1 MHz, the latter sample modulation frequencies translate

respectively into 0.4, 1.6 and 6 kHz, which are well inside the range used in medical

ultrasound applications [17, 42, 18, 15]. For completeness, included in the diagram

are the variations of both Eulerian and Lagrangian “fast” time averages, noting that

ζ − ζo = O(ε2) = O(10−6) whereby the two scales are visually indistinguishable. With

reference to (3.128a) and (3.132), one may also note that the distinction between the

Eulerian averages of mass density and pressure decays exponentially as e−2α̃ζ which

is reflected in the display. A similar comment can be made regrading the difference

between the Eulerian and Lagrangian “fast” time averages. From the physical stand-

point, the segments in Fig. 3.2 where 〈p̃〉E, 〈ρ̃〉E, 〈p̃〉L and 〈ρ̃〉L visually coincide can be

identified with regions where the intensity of the acoustic field ĨE = o(1), see (3.111),

(3.112), (3.127) and (3.132).

Comparison with quasi-static solution. To provide the basis for comparison with

existing solutions, it is useful to recall that the past treatments [45, 46, 9] by rule account

for the modulation effects via a “quasi-static” approximation which assumes the ARF

to take the form of a product between the non-modulated solution and squared modula-

tion envelope (i.e. the modulation envelope for intensity). In the context of (3.126a),

(3.126b), (3.127) and (3.133), such hypothesis leads to the system of differential equa-

tions

∂〈ρ̃〉qsE
∂τ

+
∂〈j̃z〉qsE
∂ζ

= 0, (3.137)

∂〈j̃z〉qsE
∂τ

+
∂〈ρ̃〉qsE
∂ζ

= f̃E
z,qs, f̃E

z,qs = εβα̃ e−2α̃ζ H(τ) sin2(ω̃mτ), (3.138)

where superscript “qs” indicates quasi-static solution; the residual terms are omitted

for brevity, and the ARF in (3.138) namely f̃E
z,qs should be compared to (3.134), see
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Figure 3.2: Acoustic radiation force (top panels) and averaged solution (bottom panels)
in a strongly dissipative fluid, α̃ = 1.283̇, due to harmonically-modulated ultrasound
excitation for τ = 8, ε = 1.5×10−3, and β = 3.5: variation with distance from the
transducer face for “low” modulation frequency ω̃m = 0.27̇ (left column), “intermediate”
frequency ω̃m = 1.07̇ (middle column), and “high” frequency ω̃m = 4 (right column).

also (3.126a) and (3.126b). For further reference, the mass density solution of (3.137)

and (3.138) under the “left” boundary condition (3.96) and radiation condition (3.91)

can be computed as

〈ρ̃〉qsE =
εβ

4
(
1+
(
ω̃m
α̃

)2)
[
H(τ)

{(
ω̃m
α̃

)2 (H− e−2α̃ζ
)
− 2e−2α̃ζ sin2(ω̃mτ)

}

+ H(τ−ζ) ω̃m
α̃ sin(2ω̃m(τ−ζ))

]
, (3.139)

where

H = 1
2

[
H(τ − ζ)e−2α̃(τ−ζ) +H(ζ − τ)e−2α̃(ζ−τ) +H(τ + ζ)e−2α̃(τ+ζ)

]
.

To highlight the differences between the proposed model and its predecessor, Fig. 3.3

compares the acoustic radiation force f̃E
z as in (3.134) and mass density perturbation
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Figure 3.3: Comparison between the modulated-signal solution (f̃E
z , 〈ρ̃〉E) and its

quasi-static predecessor (f̃E
z,qs, 〈ρ̃〉qsE) in a strongly dissipative fluid, α̃ = 1.283̇, due

to harmonically-modulated ultrasound excitation for τ = 8, ε = 1.5× 10−3, and
β = 3.5: variation with distance from the transducer face for “low” modulation fre-
quency ω̃m = 0.27̇ (left column), “intermediate” frequency ω̃m = 1.07̇ (middle column),
and “high” frequency ω̃m = 4 (right column).

〈ρ̃〉E stemming from (3.128a), (3.133), (3.135) and (3.136), with their quasi-static ap-

proximations f̃E
z,qs and 〈ρ̃〉qsE , see (3.138) and (3.139). For consistency with Fig. 3.2,

the results are plotted versus ζ for τ = 8, ε = 1.5×10−3, α̃ = 1.283̇, β = 3.5, and

ω̃m = {0.27̇, 1.07̇, 4}. As expected, the differences between the two solutions become

more pronounced with increasing frequency. In this regard, the results at ω̃m = 4 are

especially instructive as they demonstrate the inability of the quasi-static approach to

capture the physics of problem (non-monotonicity of the ARF distribution, amplitude

of the induced response) at higher modulation frequencies. Assuming the (carrier) ul-

trasound frequency of 1 MHz, ω̃m =4 again translates into the modulation frequency of

6kHz which makes the latter example directly relevant to medical ultrasound applica-

tions [17, 42, 18].

For completeness, the left panel in Fig. 3.7 plots 〈ρ̃〉E from the bottom right panel
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in Fig. 3.3 over a “large” ζ-scale as to capture the solution’s wave front at ζ = τ = 8.

The result indicates that for sufficiently large τ , there exists an “intermediate” spatial

region, sufficiently removed from both the transducer face and the wave front, where

the solution is nearly harmonic in terms of ζ. The analysis of (3.128a) and (3.136) in

fact demonstrates that this intermediate behavior permits approximation

〈ρ̃〉E(τ, ζ) ≈ A sin(2ω̃m(τ − ζ)− φ1),

which is obtained by dropping the exponential-decay terms e−2α̃ ζ and e−α̃(τ−ζ) from the

solution. An analogous analysis of (3.139) further reveals that 〈ρ̃〉qsE ≈ Aqs sin(2ω̃m(τ−ζ))

over the same region, thereby permitting an explicit comparison between the “interme-

diate” solution amplitudes A and Aqs as shown in the right panel of Fig. 3.7. From

the display, one may observe that notable differences between the proposed solution

and its quasi-static approximation appear beyond ω̃m/α̃ > 0.8 which can be used as a

back-of-the-envelope upper bound, in terms of modulation frequency, where the quasi-

static model ceases to apply. As a point of reference it is noted that the modulation

frequencies in Fig. 3.2, ordered from lowest to highest, translate into respective ω̃m/α̃

ratios equaling roughly 0.2, 0.8 and 3.0.
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Figure 3.4: Left panel – variation of 〈ρ̃〉E and 〈ρ̃〉qsE between transducer face (ζ = 0)
and wave front (ζ = τ) indicating the existence of an “intermediate range” solution
that is nearly harmonic with ζ; right panel – “intermediate range” solution amplitude
given by the present model (A) and quasi-static approximation (Aqs) versus modulation
frequency.
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Lossless fluid

As pointed out earlier, inspection of (3.90) and (3.101) reveals an interesting and yet

not recognized phenomenon of the existence of the ARF in a lossless fluid where δ̃=0.

For this problem the analytical solution for intensity ĨE, and consequently that for the

ARF in (3.90), can be obtained from (3.101) for any modulation envelope satisfying

the assumptions made in conjunction with boundary condition (3.46). On employing

the additional hypothesis that βT/cp�1 as in Section 3.5.4, (3.90a) and (3.90b) can be

solved independently from (3.90c) to find

〈ρ̃〉lfE =
εβ

4

(
−M2(τ − ζ) + ζ

∂M2

∂τ
(τ − ζ)

)
,

〈j̃z〉lfE =
εβ

4
ζ
∂M2

∂τ
(τ − ζ),

(3.140)

as a mean solution in terms of the mass density and mass flux. Consistent with the

experimental findings in e.g. [43], (3.140) demonstrate that the mean motion can be

generated in a lossless fluid by the application of a modulated sound field. It is however

noted that (3.140) apply only for small to “moderate” values of ζ, where the implicit

hypothesis about 〈ρ̃〉E and 〈j̃z〉E behaving as O(ε) still holds. Two additional restrictions

implicit to (3.140) are that: one cannot have M(τ) =C (where C> 0 is a constant) for

it violates the quiescent past hypothesis, nor M(τ) = CH(τ) because it violates the

smoothness assumption made on M.

By virtue of (3.140) and averaged (3.41), the mean pressure fluctuations in a lossless

fluid can be computed as

〈p̃〉lfE =
ε

4

(
(β − 2)M2(τ − ζ) + βζ

∂M2

∂τ
(τ − ζ)

)
. (3.141)

On substituting (3.119) into (3.141) and taking ϕ1 =ϕ2 for simplicity, one may further

obtain the difference-frequency component of pressure, generated in a lossless fluid by

two collinear sound beams, as

〈p̃〉lfE,d =
ε

4

(
(β − 2)

[
A2

1 +A2
2 + 2A1A2 cos

(
ω̃m(τ − ζ)

)]
− 2βζω̃mA1A2 sin

(
ω̃m(τ − ζ)

))
.

(3.142)

The difference-frequency generation of mean air motion via the nonlinear interaction of

two elevated-intensity sound beams was investigated theoretically and experimentally
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in [43], who in particular examined the amplitude of the difference-frequency wave at

a Mach number ε ≈ 10−3. In order to compare (3.142) with the expression given

in [43], one should however note that the ratio between the companion frequencies in

the latter study was notably different from unity (implying ω̃m� 1), whereas (3.142)

postulates this ratio to be 1 +O(ε), i.e that ω̃m =O(1). When ω̃m�1, the second term

in (3.142) clearly dominates the expression, and the fluctuation amplitude of (3.142)

can be “blindly” approximated as

Alf
d = 1

2 ε β ζ ω̃mA1A2. (3.143)

Noting that i) β=(γ+1)/2 for gases, and ii) the root-mean-square values of the ampli-

tudes of the incipient (time-harmonic) sound fields are given by Pi = Ai/
√

2 (i = 1, 2),

the scaling scheme in Table 2.1 and (3.18) allow one to recover the dimensional form

of (3.143), which happens to coincide with the result in [43]. This comparison not only

illustrates the applicability of the concept of the ARF towards studying the phenomenon

of difference-frequency signal generation, but also verifies the existence of the ARF in

a lossless homogeneous fluid due to modulation of an ultrasound signal.

3.5.5 Numerical model and verification

In light of major differences between the present model and its quasi-static predecessor

seen in Figs. 3.3 and 3.7, it is next critical to verify the former numerically via suitable

computational scheme that operates on the “original” i.e. non-averaged field equations.

Without loss of generality, the ensuing numerical analysis is focused on the harmonic

modulation envelope (3.133) and Eulerian system (3.79); the computational treatment

of its Lagrangian analogue (3.103) can be established in a similar fashion, and is omitted

for brevity.
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Governing equations for the numerical treatment

To facilitate the numerical treatment of nonlinear field equations (3.79), one may employ

expansions (3.26), (3.93) and (3.41) to arrive to the governing system

∂ρ̃

∂t
+
∂j̃z
∂z

= 0,

∂j̃z
∂t

+
∂ρ̃

∂z
+ ε

βT

cp

∂S̃

∂z
+ ε

∂j̃z
2

∂z
+ ε(β−1)

∂ρ̃2

∂z
− 2εα̃

∂2j̃z
∂z2

= R1,

∂S̃

∂t
− κ̃βT

cp

(
1−ε

(
1+

βT

cp

)
ρ̃
)∂2ρ̃

∂z2
+ εj̃z

∂S̃

∂z
− 2εα̃

(
∂j̃z
∂z

)2

= R2,

(3.144)

written in terms of ρ̃, mass flux j̃z=(1+ερ̃)ṽz and S̃. It can be shown that the residuals

R1 and R2 are such that they are at most O(ε) relative to the leading terms in the

respective field equations when computing either ρ̃, j̃z and S̃, their time averages, or

ultrasound intensity.

For an application of the (Lagrangian) kinematic boundary condition (3.46) to Eule-

rian system (3.144), it can be shown via Taylor series expansion, relationship z = zo+εˆ̃uz,

and (3.144a) that

j̃z(t, z)
ε2
= j̃z(t, zo) + ε

∂j̃z
∂z

(t, zo)ˆ̃uz(t, zo)
ε2
= j̃z(t, zo)− ε∂

ˆ̃ρ

∂t
(t, zo)ˆ̃uz(t, zo)

which, combined with the relationship

j̃z(t, z) = ˆ̃jz(t, zo) = ˆ̃vz(t, zo) + ε ˆ̃ρ(t, zo)
∂ ˆ̃uz
∂t

(t, zo)

yields

j̃z(t, zo)
ε2
= ˆ̃vz(t, zo) + ε

∂(ˆ̃uz ˆ̃vz)

∂t
(t, zo). (3.145)

On the basis of (3.46), (3.133) and (3.145), the kinematic boundary condition for (3.144)

can be written as

j̃z(t, 0)
ε2
= H(εt)

[
sin(t) sin(ω̃m εt)− ε cos(2t) sin2(ω̃m εt)

]
. (3.146)

In a similar fashion, the zero-heat-flux boundary condition (3.47) can be expressed

using (3.26) and (3.93) as
∂ρ̃

∂z
(t, 0) = O(ε) (3.147)

which, together with the radiation condition and the quiescent-past assumption, com-

pletes the formulation of the problem.
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Finite difference scheme

The solution to (3.144) under the above boundary and initial conditions can be conve-

niently sought by selecting a regular grid of nodal points (ti = (i−1)ht, zk = (k−1)h)

(i = 1, 2, . . . I, k= 1, 2, . . .K) over the spatiotemporal domain (t, z) ∈ [0, T ] × [0, zmax]

and approximating the featured partial derivatives via finite differences. For simplicity,

one may further take zmax > T such that all quantities of interest are identically zero

for z= zK and t6T by virtue of the radiation condition and inherent causality of the

solution. On adopting the forward difference scheme to deal with temporal derivatives,

one such discretized system can be written as

ρ̄i+1
k − ρ̄ik
ht

+
j̄ik − j̄ik−1

h
= 0,

j̄i+1
k − j̄ik
ht

+
ρ̄i+1
k+1 − ρ̄i+1

k

h
+ ε

βT

cp

S̄i+1
k+1 − S̄i+1

k

h
+ Πi

k = 0,

S̄i+1
k − S̄ik
ht

+ Σi
k = 0,

(3.148)

for i = 1, I−1, k = 1,K, where ρ̄ik, j̄
i
k and S̄ik are the nodal approximations of ρ̃, j̃z

and S̃ at (ti, zk), while Πi
k and Σi

k denote respectively the remaining terms on the left-

hand sides of (3.144b) and (3.144c), computed respectively via forward differences and

central differences applied to ∂(·)/∂z and ∂2(·)/∂z2 at (ti, zk). The above time-marching

scheme, which entails the sequential evaluation of (3.148c), (3.148a) and (3.148b) for

each i, makes use of (3.146) and (3.147) discretized as

j̄i1 = sin(ti) sin(ω̃m εti)− ε cos(2ti) sin2(ω̃m εti), ρ̄i1 − ρ̄i0 = 0, i = 1, I

to obtain a numerical solution to the problem.

Even though the stability of (3.148) which include nonlinear terms can not be ex-

plicitly analyzed, one may note that the O(1)-leading terms in (3.148a) and (3.148b)

constitute a closed linear system that can be shown, via von Neumann stability analy-

sis [67], to form a stable scheme in terms of ρ̄ and j̄ when ht<h – a restriction that is

assumed hereon.
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Approximation accuracy

To determine the accuracy of (3.148) it can be shown, by substituting Taylor expansions

of ρ̃, j̃z and S̃ about (ti, zk) into the featured algebraic system, that the scheme has

accuracy O(h). As a result, one should nominally have h� ε to capture the contribution

of the O(ε)-terms in (3.148), including those comprising Πi
k and Σi

k, as they are central

to the (numerical) computation of “fast”-time averages 〈ρ̃〉E, 〈j̃z〉E and 〈S̃〉E, as well as

that of ultrasound intensity ĨE. Here it can be shown, however, that: (A) the “fast” time

averages of (3.148) approximate (3.90) with an O(εh)-residual, and (B) the ultrasound

intensity, computed numerically on the basis (3.148), satisfies (3.101) with an O(h)-

residual. As a result, one finds that choosing ε < h= o(1) is sufficient to compute the

leading behavior of both (ρ̃, j̃z, S̃) = O(1), (〈ρ̃〉E, 〈j̃z〉E, ε〈S̃〉E) = O(ε), and ultrasound

intensity ĨE = O(1). For simplicity of the computational treatment, one may further

take h=π/N and ht=π/Nt, where N and Nt>N are suitably chosen integers.

To demonstrate claim (A), one may substitute ρ̃, j̃z, S̃ into (3.148), employ Taylor

series expansion about (ti, zk), and apply the “fast” time average (3.74) to find that

the resulting equations are the same as (3.90) with an O(hε)-residual. The proof of

claim (B), on the other hand, entails calculations as in Section 3.5.1, applied to the

discretized system (3.148). For brevity of presentation, however, this proof is enclosed

in Appendix A.6.

Numerical computation of “fast” time averages

Owing to the fact that the numerical solution does not differentiate between “slow” and

“fast” time as its analytical companion, the key remaining question is how to compute

the “fast” time average, (3.74), of the featured field quantities within the framework

of the finite difference scheme (3.148). To help resolve the problem, one may make

reference to Section 3.5.1 and recall that the “fast” time averages 〈ρ̃〉E and 〈j̃z〉E are

O(ε), whereas the entropy average, 〈S̃〉E, is O(1). In this setting the solution to the

continuum parent of (3.148), namely (3.144), can be conveniently synthesized in terms

of the rescaled (Eulerian) state vector

Q(t, z) = [Qρ̃, Qj̃z , εQS̃ ](t, z) ≡ [ρ̃, j̃z, εS̃](t, z).
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On differentiating between “slow” and “fast” spatiotemporal variables as in Section 3.4.3,

Q can alternatively be written as

Q(t, z) =R(t, z, τ, ζ), τ = εt, ζ = εz, R(t+2π, ·, ·, ·) =R(t, ·, ·, ·), ∂R
∂z

= −∂R
∂t

.

In this setting, the “ordinary” time average ofQ (that is computable from the numerical

solution) can be written by virtue of (3.74) and Taylor expansion as

1

2π

∫ t+π

t−π
Q(t′, z) dt′ =

1

2π

∫ t+π

t−π
R(t′, z, εt′, εz) dt′

= 〈Q〉E(τ, ζ) +
ε

2π

∫ π

−π
t̃
∂R
∂τ

(t̃+ t, z, εt, εz) dt̃ + O(ε2), t̃ = t′ − t, (3.149)

which demonstrates that the residual between the “ordinary” and “fast” time averages

of Q is O(ε). Given the fact that 〈Q〉E is O(ε) as well, the question still remains how

to compute the latter quantity, up to the leading order, directly from Q. To this end,

one may evaluate the repeated average of (3.149) as

1

4π2

∫ t+π

t−π

∫ t′+π

t′−π
Q(t′′, z) dt′′dt′ = 〈Q〉E(τ, ζ) +

ε

2π

∫ π

−π
t̃
∂〈Q〉E
∂τ

(τ, ζ) dt̃ + O(ε2)

= 〈Q〉E(τ, ζ) +O(ε2), (3.150)

which shows that double “ordinary” time average of Q approximates 〈Q〉E with an

O(ε2)-error. In what follows, averages (3.149) and (3.150) will be denoted respectively

by 1〈·〉E and 2〈·〉E.

To expose the accuracy of (3.150) in the context of the featured finite difference

scheme, one may recall that ht = π/Nt and employ Taylor series expansion of Q at

relevant nodal points to find

1

2π

∫ ti+π

ti−π
Q(t′, z) dt′ =

1

2π

i+Nt−1∑

`=i−Nt

∫ t`+ht

t`

Q(t′, z) dt′

=
ht
2π

i+Nt−1∑

`=i−Nt

(
Q(t`, z) +

∂Q
∂t

(t`, z)
ht
2

+ . . .

)
. (3.151)

On manipulating the “ordinary” time average of ∂mQ/∂tm as in (3.149) and employing

Taylor series expansion, it can be shown that

∫ ti+π

ti−π

∂mQ
∂tm

(t′, z) dt′ = O(ε) =⇒
i+Nt−1∑

`=i−Nt

(
∂mQ
∂tm

(t`, z)ht +
∂m+1Q
∂tm+1

(t`, z)
h2
t

2
+ . . .

)
ε
= 0,
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for m > 1. A recursive use of the latter equality starting with m=1 demonstrates that

i+Nt−1∑

`=i−Nt

∂mQ
∂tm

(t`, z)ht = O(max{ε, h∞t })
ε
= 0, m > 1,

which, on substitution into (3.151), yields

1〈Q〉numE (ti, z) ≡
ht
2π

i+Nt−1∑

`=i−Nt

Q(t`, z) =
1

2π

∫ ti+π

ti−π
Q(t′, z) dt′ + O(εht). (3.152)

To approximate the left-hand side of (3.150) numerically, (3.152) can be averaged anew

without increasing the order of the residual, which finally yields

2〈Q〉numE (ti, z) ≡
h2
t

4π2

i+Nt−1∑

j=i−Nt

j+Nt−1∑

`=j−Nt

Q(t`, z) = 〈Q〉E(τi, ζ) +O(max{ε2, εht}), (3.153)

as a finite-difference formula for computing 〈Q〉E, where τi = εti.

Numerical results

To verify the proposed analytical developments, (3.148) are integrated numerically with

the spatial and temporal discretization parameters set to N=π/h = 8 and Nt=π/ht =

12, respectively. The thermo-mechanical properties of the fluid are taken as κ̃ = 0.06,

βT/cp = 0.13, β = 3.5, and α̃= 1.283̇. The left panels in Fig. 3.5 show a comparison

between the analytical “fast” time average 〈ρ̃〉E and twice-averaged finite difference

solution, 2〈ρ̄〉numE , versus distance from the transducer face for τ = 5, ε = 1.5×10−3

and ω̃m = {0.27̇, 1.07̇, 4}. From additional numerical computations it was found that

already small discrepancies between 〈ρ̃〉E and 2〈ρ̄〉numE , seen in the display, are mostly

due to neglected entropy term (βT/cp)∂〈S̃〉E/∂ζ in the balance of linear momentum (in

particular there is no visible difference between 〈ρ̃〉E and 2〈ρ̄〉numE when βT/cp =4×10−2).

As expected the mean density fluctuations 〈ρ̃〉E, induced by the ARF, are indeed small

i.e. O(ε), recalling that ρ̃ = O(1) according to (3.18). For completeness, the right

panels in Fig. 3.5 compare the non-averaged finite-difference solution ρ̄ versus its single

average 1〈ρ̄〉numE and double average 2〈ρ̄〉numE . Consistent with (3.149), the once-averaged

numerical solution exhibits an O(ε)-difference relative to its twice-averaged counterpart,

and thus relative to 〈ρ̃〉E. From the latter set of results, it is further obvious that the
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“ordinary” time average 1〈ρ̃〉E, developed for the treatment of non-modulated (elevated-

intensity) sound fields, is indeed inadequate when dealing with the modulated sound

problem.
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Figure 3.5: Left panels: comparison between the analytical “fast” time average 〈ρ̃〉E and
twice-averaged numerical solution 2〈ρ̄〉numE . Right panels: non-averaged finite-difference
solution, ρ̄, versus its single average 1〈ρ̄〉numE and double average 2〈ρ̄〉numE . The comparisons
are made at τ=5, ε=1.5×10−3, α̃ = 1.283̇ and β = 3.5, assuming modulation frequencies
ω̃m = 0.27̇ (top row), ω̃m = 1.07̇ (middle row), and ω̃m = 4 (bottom row).

3.6 Acoustic radiation force: focused beam

This section is devoted to the derivation of the acoustic radiation force for the focused

ultrasound configuration. With reference to Fig. 3.2, it is noted that the geometry of the

domain (except that affiliated with transducer’s boundary Γ) does not enter the problem
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of ARF generation, and will hereon be considered arbitrary. The only restriction on

the domain is that it should be sufficiently large so that the wave reflections from its

boundaries are sufficiently weak, i.e. that their Mach number is significantly smaller

than ε within the focal region.

3.6.1 Eulerian formulation

To facilitate the computation of the ARF in the Eulerian frame of reference, one may

recall (3.27) and (3.30) and decompose the Cauchy stress tensor (3.29) as σ̃ = σ̃lin+σ̃non,

where

σ̃lin = (1−2εG̃)(∇·ũ)I + 2εG̃∇Sũ − ε
βT

cp
S̃ I + ε(µ̃B− 2

3 µ̃)
(
∇·∂ũ

∂t

)
I + 2εµ̃∇S∂ũ

∂t
,

(3.154)

and σ̃non denote respectively its linear and nonlinear components. With reference

to (3.19) and (3.154), one may now apply the “fast” time average (3.74a) to the re-

arranged balance of linear momentum (3.20b) as

〈
∂2ũ

∂t2
−∇·σ̃lin

〉

E

=

〈
∇·σ̃non − εṽ ·∇ṽ − ερ̃

( ∂ṽ
∂t

+ εṽ ·∇ṽ
)
− ε ∂

∂t

(
∇Tũ· ∂ũ

∂t
+ εg̃

)〉

E

(3.155)

whose right-hand side signifies the sought ARF. Here g̃ = O(1) is the residual in the

expansion ṽ = (I+ε∇Tũ)·(∂ũ/∂t)+ε2g̃, see also (3.19); like other variables, this residual

is periodic in “fast” time so that 〈∂g̃/∂t〉E = O(ε). As can be seen from (3.155), the

acoustic radiation force stems from both constitutive and geometric nonlinearities of

the problem - a feature that will be examined in greater detail shortly.

With reference to (3.74), let 〈ũ〉E(χi, ζ, τ) denote the “fast” time average of the

displacement vector, and let

L〈ũ〉E = (Li,Lz)〈ũ〉E := ε2∂
2〈ũ〉E
∂τ2

− (1−εG̃)∇∇·〈ũ〉E − εG̃∇2〈ũ〉E

− ε2(µ̃B+ 1
3 µ̃)∇∇· ∂〈ũ〉E

∂τ
− ε2 µ̃∇2∂〈ũ〉E

∂τ
,

(3.156)

be an extension of the (linear) Navier operator for viscoelastic solids, where

∇〈·〉E =

(
∂

∂xi
,
∂

∂z

)
〈·〉E =

(
ελ

∂

∂χi
, εϑ

∂

∂ζ

)
〈·〉E. (3.157)
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With the aid of (3.76) and (3.156), (3.155) can be rewritten in component form as

Li〈ũ〉E + ε1+λ βT

cp

∂〈S̃〉E
∂χi

= f̃E
i , i = 1, 2

Lz〈ũ〉E + ε1+ϑ βT

cp

∂〈S̃〉E
∂ζ

= f̃E
z ,

(3.158)

where f̃E
i and f̃E

z and are the respective Cartesian components of the ARF. On recalling

the definition of the scaled (O(1)) instantaneous quantities ũi, ũz, ṽi and ṽz in (3.54),

one finds from (3.20b) that

f̃E
i

ε1+λ+ϑ
= ελ

∂〈σ̃non
ji 〉E
∂χj

+ εϑ
∂〈σ̃non

zi 〉E
∂ζ

− ε1+λ

〈
ρ̃
∂ṽi

∂t

〉

E

− ε1+λ

〈
ṽz
∂ṽi

∂z

〉

E

,

f̃E
z

ε2+ϑ
= ελ

∂〈σ̃non
jz 〉E
∂χj

+ εϑ
∂〈σ̃non

zz 〉E
∂ζ

− ε

〈
ρ̃
(∂ṽz
∂t

+εṽz
∂ṽz
∂z

)〉

E

− ε2 ∂

∂τ

〈
∂ũz
∂t

∂ũz
∂z

〉

E

− ε

〈
ṽz
∂ṽz
∂z

〉

E

− ε1+2λ

〈
ṽj
∂ṽz
∂χj

〉

E

,

(3.159)

where i, j = 1, 2; σ̃non
ji , σ̃non

jz and σ̃non
zz are the Cartesian components of σ̃non; Einstein

summation convention is assumed over repeated index j, and “
εn
=” denotes equality with

an O(εn) residual. By virtue of (3.27) and (3.29), one finds that

〈σ̃non
ji 〉E

ε1+ϑ
= ε

B+2C+1

2

〈(∂ũz
∂z

)2〉

E

δji,

〈σ̃non
iz 〉E = 〈σ̃non

zi 〉E
ε1+λ+ϑ

= −ε1+λ C−2

2

〈
∂ũz
∂z

(
∂ũz
∂χi

+
∂ũi

∂z

)〉

E

,

〈σ̃non
zz 〉E

ε1+ϑ
= ε

B+5

2

〈(∂ũz
∂z

)2〉

E

,

where δji denotes the Kronecker delta. On substituting this result into (3.159) and

noting via (3.19) and (3.20a) that

〈
ρ̃
(∂ṽz
∂t

+εṽz
∂ṽz
∂z

)〉

E

ε1+2λ

= ε
∂〈ρ̃ṽz〉E
∂τ

+

〈
ṽz

(∂ṽz
∂z

+ε2λ ∂ṽj

∂χj
+ε

∂ρ̃ṽz
∂z

)〉

E

+ ε

〈
ρ̃ṽz

∂ṽz
∂z

〉

E

ε1+ϑ
= ε

∂〈ρ̃ṽz〉E
∂τ

+ 1
2ε
ϑ∂〈ṽ2

z 〉E
∂ζ

+ ε2λ

〈
ṽz
∂ṽj

∂χj

〉

E

,

〈
ṽz
∂ṽi

∂z

〉

E

εϑ
= −

〈
∂ṽz
∂z

ṽi

〉

E

εϑ
=

〈
∂ρ̃

∂t
ṽi

〉

E

εϑ
= −

〈
ρ̃
∂ṽi

∂t

〉

E

,

ρ̃
εϑ
= −∂ũz

∂z
,
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the components of the ARF can be rewritten as

f̃E
i

ε1+λ+ϑ
= ε1+λ B+2C+1

2

∂〈ρ̃2〉E
∂χi

, i = 1, 2

f̃E
z

ε1+2ϑ

= − ε1+2λC−2

2

∂

∂χj

〈
∂ũz
∂z

(
∂ũz
∂χj

+
∂ũj

∂z

)〉

E

+ ε1+ϑ B+5

2

∂〈ρ̃2〉E
∂ζ

− ε1+ϑ∂〈ṽ2
z 〉E
∂ζ

− ε1+2λ∂〈ṽzṽj〉E
∂χj

.

(3.160)

For a further reduction of f̃E
z , one may find from (3.19), (3.20a), (3.70) and (3.71) that

ṽz
ε
=

∂ũz
∂t

εϑ
= −∂ũz

∂z

εϑ
= ρ̃ (3.161)

which, in conjunction with (3.20b) and (3.154), yields

∂

∂χj

〈
∂ũz
∂z

∂ũz
∂χj

〉

E

εϑ
= − ∂

∂χj

〈
ũz

∂2ũz
∂z∂χj

〉

E

εϑ
= − ∂

∂χj

〈
ũz
∂ṽj

∂t

〉

E

εϑ
=

∂〈ṽzṽj〉E
∂χj

,

∂

∂χj

〈
∂ũz
∂z

∂ũj

∂z

〉

E

εϑ
=

∂

∂χj

〈
ρ̃
∂ũj

∂t

〉

E

εϑ
=

∂〈ṽzṽj〉E
∂χj

.

(3.162)

By virtue of (3.161) and (3.162), (3.160) simplifies to

f̃E
i
ε1+λ+ϑ

= ε1+λ B+2C+1

2

∂ĨE
∂χi

, i = 1, 2

f̃E
z
ε1+2ϑ

= − ε1+2λ (C−1)
∂〈ṽzṽj〉E
∂χj

+ ε1+ϑ B+3

2

∂ĨE
∂ζ

,

(3.163)

where

ĨE := 〈ρ̃2〉E ε
= 〈p̃2〉E, p̃ = −1

3trσ̃. (3.164)

Note that the introduction of intensity-like quantity ĨE = ε−2IE = O(1), IE = 〈(ρ−1)2〉E
is motivated by the fact that the existing studies focus primarily on the z-component

of the ARF that is commonly expressed in terms of the intensity of the ultrasound field

in the z-direction [7, 9]. Given transducer geometry and output, the latter quantity is

computable a priori, with an O(εϑ) error, as the mean squared acoustic pressure [68],

see also Appendix A.4 as an example.

Entropy contribution. To close the averaged system of equations (3.158), one must

bring into consideration the balance of energy (3.20c) due to the presence of mean
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specific entropy 〈S̃〉E in the system. Accordingly the “fast” time average of (3.20c) can

be computed via (3.30) and (3.31) as

ε
∂〈S̃〉E
∂τ

ε1+ϑ
= −ε

〈
ṽz
∂S̃

∂z

〉

E

− εκ̃

〈
(T̃ + ρ̃)

∂2T̃

∂z2

〉

E

+ ε
(
µ̃B+ 4

3 µ̃
)〈(∂ṽz

∂z

)2〉

E

. (3.165)

To simplify the right-hand side of the (3.165), it is noted via (3.20c) and (3.71) that

∂S̃

∂z

εϑ
= − ∂S̃

∂t

εϑ
= − κ̃ ∂

2T̃

∂z2
. (3.166)

Using the latter result together with (3.20a), (3.26), (3.71) and (3.161), the averaged

energy equation (3.165) reduces to

∂〈S̃〉E
∂τ

εϑ
= δ̃ Ĩ∗E, (3.167)

where

δ̃ := µ̃B+ 4
3 µ̃+

β2
T

c2
p

κ̃ (3.168)

is the so-called diffusivity of sound (see Section 3.5.1 in the context of Newtonian fluids),

and

Ĩ∗E :=

〈(∂ρ̃
∂t

)2〉

E

. (3.169)

Boundary conditions. With the averaged balance laws (3.158) and (3.167) written

in terms of 〈ũ〉E and 〈S̃〉E now in place, the next step is to compute the “fast” time

averages of the boundary conditions (3.43) and (3.45) which simulate the action of an

oscillating transducer. In terms of the kinematic quantities, one finds from (3.43), (3.73)

and (3.74) that

〈ˆ̃u〉L
∣∣
Γ

= 0

〈ˆ̃u〉L ε
= 〈ũ〉E



 =⇒ 〈ũ〉E

∣∣
Γ

ε
= 0. (3.170)

In general, (3.170) is complemented by an appropriate set of (mean) boundary condi-

tions germane to the “macro” domain of interest, e.g. the radiation condition at infinity.

For clarity, it is emphasized that these “macro” boundary conditions do not enter the

computation of the ARF (i.e. the apparent mean body force) as long as the Mach num-

ber affiliated with such reflections, arriving at the focal region, is significantly smaller

than ε.
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With reference to the thermal boundary condition (3.45), one may note that the

mean specific entropy solves the initial value problem given by (3.167) and the quiescent

past condition. From this observation, it is clear that the “fast” time average of (3.45)

does not enter the formulation and is hereon disregarded. This peculiar feature of the

mean solution stems from the fact that the characteristic diffusion time (reckoned with

reference to the “macro” length scale ζ) is much larger than its modulation counterpart.

In particular, one finds from (3.165) that κ̃〈∇2T̃ 〉E = o(∂〈S̃〉E/∂τ), even though κ̃∇2T̃ =

O(∂S̃/∂t) in terms of the instantaneous behavior. In this setting, it is also noted that

the system given by (3.158) and (3.167) is semi-coupled in that 〈S̃〉E can be solved

independently from (3.167), and then substituted into (3.158) as an additional source

term.

3.6.2 Lagrangian formulation

To study the generation of the ARF in the Lagrangian frame of reference, one needs to

apply (3.74b) to the balance of linear momentum (3.22b). Following the same procedure

as in Section 3.6.1, the “fast” time average of (3.22b) can be computed as

Li〈ˆ̃u〉L + ε1+λβT

cp

∂〈 ˆ̃S〉L
∂χio

= f̃L
i , i = 1, 2

Lz〈ˆ̃u〉L + ε1+ϑβT

cp

∂〈 ˆ̃S〉L
∂ζo

= f̃L
z ,

(3.171)

where Li〈·〉L and Lz〈·〉L are given by the Lagrangian version of (3.156), while f̃L
i and f̃L

z

are the respective Lagrangian components of the ARF. On decomposing the first Piola-

Kirchhoff stress tensor (3.35) as ˆ̃P = ˆ̃P lin + ˆ̃P non where ˆ̃P lin is the Lagrangian statement

of (3.154) and ˆ̃P non denotes its nonlinear part, one finds from (3.22b) and (3.35)–(3.36)

that

f̃L
i = ελ

∂〈 ˆ̃P non
ji 〉L

∂χjo
+ εϑ

∂〈 ˆ̃P non
zi 〉L
∂ζo

,

f̃L
z = ελ

∂〈 ˆ̃P non
jz 〉L

∂χjo
+ εϑ

∂〈 ˆ̃P non
zz 〉L
∂ζo

.

(3.172)
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where

〈 ˆ̃P non
ji 〉L

ε1+ϑ
= ε

B+2C+1

2

〈(∂ ˆ̃uz
∂zo

)2〉

L

δji,

〈 ˆ̃P non
iz 〉L

ε1+λ+ϑ
= −ε1+λC

2

〈
∂ ˆ̃uz
∂zo

(
∂ ˆ̃uz
∂χio

+
∂ ˆ̃ui

∂zo

)〉

L

+ ε1+λ

〈
∂ ˆ̃uz
∂zo

∂ ˆ̃uz
∂χio

〉

L

,

〈 ˆ̃P non
zi 〉L

ε1+λ+ϑ
= −ε1+λC

2

〈
∂ ˆ̃uz
∂zo

(
∂ ˆ̃uz
∂χio

+
∂ ˆ̃ui

∂zo

)〉

L

+ ε1+λ

〈
∂ ˆ̃uz
∂zo

∂ ˆ̃ui

∂zo

〉

L

,

〈 ˆ̃P non
zz 〉L

ε1+ϑ
= ε

B+3

2

〈(∂ ˆ̃uz
∂zo

)2〉

L

.

Substitution of the latter result into (3.172) yields

f̃L
i

ε1+λ+ϑ
= ε1+λ B+2C+1

2

∂

∂χio

〈(∂ ˆ̃uz
∂zo

)2〉

L

, i = 1, 2

f̃L
z

ε1+2ϑ

= −ε1+2λC

2

∂

∂χjo

〈
∂ ˆ̃uz
∂zo

(
∂ ˆ̃uz
∂χjo

+
∂ ˆ̃uj

∂zo

)〉

L

+ ε1+2λ ∂

∂χjo

〈
∂ ˆ̃uz
∂zo

∂ ˆ̃uz
∂χjo

〉

L

+ ε1+ϑB+3

2

∂

∂ζo

〈(∂ ˆ̃uz
∂zo

)2〉

L

.

(3.173)

On introducing the intensity-like quantity

ĨL := 〈 ˆ̃ρ2〉L, (3.174)

employing the fact that ˆ̃ρ
εϑ
= −∂ ˆ̃uz/∂zo, and making use of the Lagrangian analogue

of (3.161) and (3.162), one may simplify (3.173) as

f̃L
i

ε1+λ+ϑ
= ε1+λ B+2C+1

2

∂ĨL
∂χio

, i = 1, 2

f̃L
z

ε1+2ϑ

= −ε1+2λ(C−1)
∂〈ˆ̃vz ˆ̃vj〉L
∂χjo

+ ε1+ϑ B+3

2

∂ĨL
∂ζo

.

(3.175)

Entropy contribution and boundary conditions. To close (3.171), the “fast”

time average of the balance of energy (3.22c) can be computed with the aid of (3.22a),

(3.22b) and (3.34)–(3.38) as

ε
∂〈 ˆ̃S〉L
∂τ

ε1+ϑ
= − εκ̃

〈
ˆ̃T
∂2 ˆ̃T

∂zo
2

〉

L

+ ε
(
µ̃B+ 4

3 µ̃
)〈(∂ˆ̃vz

∂zo

)2〉

L

. (3.176)
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By way of (3.22a), (3.22b), (3.34)–(3.38) and (3.65), one may show that (3.176) reduces

to

∂〈 ˆ̃S〉L
∂τ

εϑ
= δ̃ Ĩ∗L , (3.177)

where δ̃ is the diffusivity of sound given by (3.168) and

Ĩ∗L :=

〈(∂ ˆ̃ρ

∂t

)2〉

L

. (3.178)

Averaged balance equations (3.171) and (3.177) govern the mean response of a solid

in the Lagrangian frame of reference, expressed in terms of the displacement vector

and specific entropy. This system is complemented by the (mean) kinematic boundary

condition on the transducer’s face, which can be found on the basis of (3.43) and (3.74b)

to read

〈ˆ̃u〉L
∣∣
Γ

= 0. (3.179)

For completeness it is noted, making reference to the discussion concluding Section 3.6.1,

that the thermal boundary condition (3.45) does not enter the problem, and that (3.179)

is in general accompanied by a suitable set of “macro” boundary conditions dependent

on the geometry of the domain.

3.6.3 Reduced expression of the ARF in terms of intensity derivatives

As examined in Section 3.6.1, spatial description of the ARF depends not only on

the intensity of the sound beam ĨE, but also on quantity ∂〈ṽzṽj〉E/∂χj which requires

additional knowledge of the velocity field, produced by the modulated ultrasound beam.

A similar comment applies to the results in Section 3.6.2 where the radiation body force

is expressed in terms of ĨL and ∂〈ˆ̃vz ˆ̃vj〉L/∂χjo. Fortunately, in most situations ∂〈ṽzṽj〉E/∂χj

(resp. ∂〈ˆ̃vz ˆ̃vj〉L/∂χjo) can be related to the derivatives of ĨE (resp. ĨL) as shown next,

for simplicity, in the Lagrangian frame of reference. In particular, on multiplying the

z-component of (3.22b) by ∂ ˆ̃uz/∂zo, one finds from (3.35)–(3.37) that

∂ ˆ̃uz
∂zo

∂2ˆ̃uz
∂t2

ε1+ϑ
=

∂ ˆ̃uz
∂zo

∂2ˆ̃uz
∂zo

2
+ ε2λ∂

ˆ̃uz
∂zo

∂2ˆ̃ui

∂zo∂χio
+ ε

B+3

2

∂ ˆ̃uz
∂zo

∂

∂zo

(∂ ˆ̃uz
∂zo

)2

− ε βT

cp

∂ ˆ̃uz
∂zo

∂ ˆ̃S

∂zo
+ ε

(
µ̃B+ 4

3 µ̃
)∂ ˆ̃uz
∂zo

∂2ˆ̃vz
∂zo

2
. (3.180)
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To compute the “fast” time average of (3.180), it is necessary to evaluate the average

of each term. To this end, the Lagrangian counterpart of (3.161), namely

ˆ̃vz =
∂ ˆ̃uz
∂t

εϑ
= −∂

ˆ̃uz
∂zo

εϑ
= ˆ̃ρ, (3.181)

together with (3.174) allows one to deal with the acceleration term in (3.180) as

〈
∂ ˆ̃uz
∂zo

∂2ˆ̃uz
∂t2

〉

L

= ε
∂

∂τ

〈
∂ ˆ̃uz
∂zo

∂ ˆ̃uz
∂t

〉

L

− 1
2ε
ϑ ∂

∂ζo

〈(∂ ˆ̃uz
∂t

)2
〉

L

ε2ϑ
= −ε∂ĨL

∂τ
− 1

2ε
ϑ∂ĨL
∂ζo

. (3.182)

Similarly, the first term on the right-hand side of (3.180) can be computed via (3.174)

and (3.181) as

〈
∂ ˆ̃uz
∂zo

∂2ˆ̃uz
∂zo

2

〉

L

= 1
2ε
ϑ ∂

∂ζo

〈(∂ ˆ̃uz
∂zo

)2
〉

L

ε2ϑ
= 1

2ε
ϑ∂ĨL
∂ζo

, (3.183)

while (3.22b), (3.71) and (3.181) can be used to show that

〈
∂ ˆ̃uz
∂zo

∂2ˆ̃ui

∂zo∂χio

〉

L

εϑ
=

∂

∂χio

〈
∂ ˆ̃uz
∂t

∂ ˆ̃ui

∂t

〉

L

−
〈

∂2ˆ̃uz
∂zo∂χio

∂ ˆ̃ui

∂zo

〉

L

εϑ
=
∂〈ˆ̃vz ˆ̃vi〉L
∂χio

+

〈
∂2ˆ̃ui

∂t2
∂ ˆ̃ui

∂t

〉

L

εϑ
=
∂〈ˆ̃vz ˆ̃vi〉L
∂χio

.

(3.184)

The term multiplying (B+3)/2 is negligible because

〈
∂ ˆ̃uz
∂zo

∂

∂zo

(∂ ˆ̃uz
∂zo

)2
〉

L

= 2
3ε
ϑ ∂

∂ζo

〈(∂ ˆ̃uz
∂zo

)3
〉

L

εϑ
= 0. (3.185)

On the other hand, the entropy term can be shown via (3.34), the Lagrangian statement

of (3.166) and (3.181) to read

〈
∂ ˆ̃uz
∂zo

∂ ˆ̃S

∂zo

〉

L

εϑ
= −κ̃

〈
∂ ˆ̃uz
∂zo

∂2 ˆ̃T

∂zo
2

〉

L

εϑ
= κ̃

βT

cp

〈
∂ ˆ̃uz
∂zo

∂3ˆ̃uz
∂zo

3

〉

L

εϑ
= −κ̃ βT

cp
Ĩ∗L . (3.186)

Finally, the viscosity term can be written using (3.181) as

〈
∂ ˆ̃uz
∂zo

∂2ˆ̃vz
∂zo

2

〉

L

εϑ
= −

〈
ˆ̃ρ
∂2 ˆ̃ρ

∂t2

〉

L

εϑ
= Ĩ∗L . (3.187)

Combining (3.182)–(3.187), the “fast” time average of (3.180) reduces to

ε1−2λ∂ĨL
∂τ

+ εϑ−2λ∂ĨL
∂ζo

+ ε1−2λ δ̃ Ĩ∗L +
∂〈ˆ̃vz ˆ̃vi〉L
∂χio

ε2ϑ−2λ

= 0, (3.188)
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which allows the ∂〈ˆ̃vz ˆ̃vi〉L/∂χio term, which enters the ARF expression, to be expressed

in terms of intensity derivatives. From (3.175) and (3.188), one in particular finds that

the ARF formula in the Lagrangian frame of reference admits vector representation

f̃
L ε1+ϑ+(λ,ϑ)

= ε(C−1−β)∇o ĨL + ε2(C−1)
(
δ̃ Ĩ∗L +

∂ĨL
∂τ

)
ez, ∇o =

(
ελ

∂

∂χio
, εϑ

∂

∂ζo

)
,

(3.189)

where f̃
L
=(f̃L

i , f̃
L
z ); ez is the unit vector in the z-direction; β =−(B+3)/2 is the coeffi-

cient of (acoustic) nonlinearity introduced in (3.42), and symbol “ε1+ϑ+(λ,ϑ)” indicates

that f̃L
i and f̃L

z are approximated with respective accuracies O(ε1+λ+ϑ) and O(ε1+2ϑ).

In a similar fashion, the Eulerian expression for the radiation body force can be obtained

as

f̃
E ε1+ϑ+(λ,ϑ)

= ε(C−1−β)∇ĨE + ε2(C−1)
(
δ̃ Ĩ∗E +

∂ĨE
∂τ

)
ez, ∇ =

(
ελ

∂

∂χi
, εϑ

∂

∂ζ

)
.

(3.190)

With reference to (3.189) and (3.190), it is noted that the restriction λ > 1
4 in-

troduced in (3.49) becomes important at this point. In particular when λ < 1
4 , the

O(ε2) axial component of the ARF (which is proportional to C−1 and is the main

focus of biomedical applications) becomes smaller than its approximation accuracy

O(ε1+2ϑ) = O(ε1+2 min{1,2λ}). In this case (3.189) and (3.190) cease to be useful and

their “mother” counterparts, given respectively by (3.175) and (3.163), should be used

instead.

3.6.4 Comments on the result

Eulerian vs. Lagrangian formulation. From the results in Sections 3.6.1 and 3.6.2,

it is apparent that there is no formal difference between the Lagrangian and Eulerian

formulations of the boundary value problem governing the mean displacement and spe-

cific entropy. Given the fact that the analysis of the ARF is essentially a second-order

problem, this equivalence is however far from obvious, and could not have been asserted

without a detailed analysis. Indeed, it is noted that the parity between the mean La-

grangian and Eulerian formulations is strongly dependent on the choice of independent

variables. In particular, one finds from (3.19) and (3.164) that

〈ˆ̃vz〉L = ε
∂〈ˆ̃uz〉L
∂τ

, 〈ṽz〉E ε1+2λ

= ε
∂〈ũz〉E
∂τ

+ ε

〈
ṽz
∂ũz
∂z

〉

E

ε1+ϑ
= ε

∂〈ũz〉E
∂τ

+ εĨE,
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which demonstrates that the Lagrangian and Eulerian variants of the boundary value

problems written in terms of 〈ṽ〉 and 〈S̃〉 (in lieu of 〈ũ〉 and 〈S̃〉) are in fact different. For

completeness, it is noted that similar differences (between the Eulerian and Lagrangian

averages of the same quantity) appear when dealing with the mean mass density or

pressure in nonlinear acoustics, which leads to a well studied distinction between the

so-called Rayleigh and Langevin radiation pressures on an obstacle exposed to elevated-

intensity ultrasound [7, 69].

Limiting case of plane-wave propagation. For verification purposes, it is impor-

tant to consider the limiting case of plane waves, and compare it with the solution in

Section 3.5. On the basis of the foregoing developments, the sought plane-wave limit

can be immediately computed by setting ∂(·)/∂χi = 0 and ϑ=1. Under this restriction,

one finds by way of the Eulerian statement of (3.188) and (3.190) that (3.158) reduces

to

Lz〈ũ〉E + ε2βT

cp

∂〈S̃〉E
∂ζ

ε3
= ε2β

(
δ̃ Ĩ∗E +

∂ĨE
∂τ

)
,

where the acoustic radiation force, given by the term on the right-hand side, coin-

cides with the result (3.116), obtained assuming propagation of modulated plane waves

through a Newtonian fluid.

Computation of intensity-like quantities. Taking (3.190) as an example, it is clear

that a prerequisite for computing the ARF is the knowledge of intensity-like quantities

ĨE(x, t)=〈ρ̃2〉E and Ĩ∗E(x, t)=〈(∂ρ̃/∂t)2〉E within the focal region. This in turn requires

solving the original nonlinear system (3.20), at the ultrasound time scale, for a given set

of transducer characteristics and tissue properties. Due to the smallness of the germane

shear modulus, however, ĨE and Ĩ∗E are in ARF applications commonly computed from

an approximate ultrasound solution which solves the linearized version of (3.20) for a

viscous fluid [10, 11], see also Appendix A.4. In dealing with the modulated beam

problem, it can be in particular shown (see Chapter 4) that

ĨE(x, t) = ĨE,nm(x)M2(εt−εz), Ĩ∗E(x, t) = Ĩ∗E,nm(x)M2(εt−εz), (3.191)

under the premise of linear approximation, where ĨE,nm and Ĩ∗E,nm are time-invariant

intensity fields corresponding to the non-modulated beam problem. To incorporate the
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non-linear effects into the computation of ĨE and Ĩ∗E, the underpinning ultrasound so-

lution (in this case ρ̃) can alternatively be solved from the so-called KZK equation for

viscous fluids [39, 9, 7], which approximates (3.20) within the focal region under the

premise of quasi-plane waves, given by (3.54) with λ = 1
2 . An extension of the KZK

equation to modulated ultrasound fields, that is beyond the scope of this section, is

examined in Chapter 4. In either (linear or nonlinear) approach, the featured approx-

imations of ĨE and Ĩ∗E are accordingly computed i) independent of the shear modulus,

and ii) assuming acoustic tissue properties (wave speed and attenuation) that are rep-

resentative of a given tissue type. This very feature is the driving force behind the use

of the ARF for the local shear modulus interrogation in soft tissues that is, in contrast

to their acoustic properties, found to vary sharply for a variety of cancers.

Relationship between ĨE and Ĩ∗E. In situations where ĨE and Ĩ∗E are computed on the

basis of the linear acoustic solution, it follows from (3.43) and linearity of the problem

that ∂ρ̃/∂t(x, t)
ε
= ρ̃(x, t+π/2) whereby ĨE

ε
= Ĩ∗E. If the two quantities are computed

from a non-linear solution (e.g. that solving the KZK equation), on the other hand,

one may expand the resulting mass density fluctuations in “fast” time Fourier series as

ρ̃ =
∞∑

k=1

ρ̃(k), (3.192)

where ρ̃(k) denotes the kth solution component with dominant dimensionless frequency

equaling k, so that ∂ρ̃(k)/∂t(x, t)
ε
= k ρ̃(k)(x, t+π/2). On recalling the definition of the

“fast” time average (3.74a), one finds that

IE =

〈( ∞∑

k=1

ρ̃(k)
)2
〉

E

=

∞∑

k=1

Ĩ
(k)
E , Ĩ

(k)
E =

〈(
ρ̃(k)

)2〉
E
,

δ̃Ĩ∗E
ε
= δ̃

〈( ∞∑

k=1

kρ̃(k)
)2
〉

E

=

∞∑

k=1

δ̃k2Ĩ
(k)
E .

(3.193)

At this point one may note that a linear plane wave, propagating at frequency k in

an isotropic Kelvin-Voigt material whose constitutive behavior is given by (3.154), will

experience exponential decay e−εα̃
(k)z in the direction of propagation, where α̃(k) = 1

2 δ̃k
2

and δ̃ is given by (3.168), see [70, 71]. Accordingly, one finds from (3.193) that

δ̃Ĩ∗E
ε
=

∞∑

k=1

2α̃(k)Ĩ
(k)
E := 2α̃ĨE, α̃ =

1

ĨE

∞∑

k=1

α̃(k)Ĩ
(k)
E , (3.194)
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where α̃ denotes an effective attenuation coefficient for the nonlinear ultrasound prob-

lem at hand, that accounts for disparate attenuation rates affiliated with higher-order

harmonics and scales as α̃ = α/ε = O(1), see (3.14).

Compact formulation of the mean equation of motion. As examined in Sec. 3.6.4,

there is formally no difference between the averaged governing equations written in the

Eulerian and Lagrangian frames of reference, as long as the formulation is written in

terms of 〈ũ〉 and 〈S̃〉. In this case it is no longer necessary to track both formulations,

and one may proceed with the Eulerian description only. On dispensing with all scaling

and residuals (but keeping everything dimensionless), the balance of linear momen-

tum (3.158) can be rewritten by virtue of (3.18), (3.164), (3.167), (3.190) and (3.194)

as

L〈u〉E = fE
pot + fE

dir, (3.195)

where the potential and directional body force fields are given respectively by

fE
pot = ∇

(
(C−1−β)IE−

βT

cp

∫ t

0
2αIE dt

′
)
, fE

dir = (C−1)
(

2αIE+
∂IE
∂t

)
ez. (3.196)

Here ∇ = (∂/∂xi, ∂/∂z), and the scaling-free Navier operator is given by

L〈u〉E =
∂2〈u〉E
∂t2

− (1−G)∇∇·〈u〉E − G∇2〈u〉E − (µB+1
3µ)∇∇·∂〈u〉E

∂t
− µ∇2∂〈u〉E

∂t
.

(3.197)

Note that the entropy term, featured in (3.158), is treated as a source term and accord-

ingly moved to the right-hand side of (3.195) which is composed of two distinct com-

ponents. The first one, given by a potential force, causes only irrotational motion (in

the absence of domain boundaries), while the second component, representing the body

force in the direction of the ultrasound beam, also causes shear motion. Since the local

interrogation of the tissue’s shear modulus is of primary interest in many ARF appli-

cations, the potential part of the mean body force is usually disregarded, and the term

“ARF” is reserved for its directional component [9, 12, 22].

Tissue homogeneity. The basic premise underpinning the proposed formula for the

ARF is that the tissue-like solid is homogeneous as examined in Section 3.1. In the

context of (3.196), however, it is important to recognize that the featured restriction of



71

tissue homogeneity applies only to the focal region, see Fig. 3.2. In particular if the tissue

is heterogeneous outside of the focal region, formulas (3.196) still apply, except for the

fact that the “global” tissue heterogeneity must be accounted for when computing the

intensity field IE. In ultrasound applications, the latter difficulty is often circumvented

by making use of the linear acoustic approximation of IE and the fact that the small-

amplitude sound speed varies little between a wide range of soft tissues [7].

Generation of shear waves. From (3.195), one may decompose the mean displace-

ment field as

〈u〉E = 〈u〉pot
E + 〈u〉dir

E , (3.198)

where 〈u〉pot
E and 〈u〉dir

E are generated respectively by fE
pot and fE

dir. Clearly, 〈u〉pot
E

is an irrotational field and thus associated with long-wavelength compressional waves.

To understand the nature of 〈u〉dir
E , on the other hand, one finds by way of (3.157)

and (3.196) that |∇·fE
dir|/ ‖∇×fE

dir ‖= O(εϑ−λ) � 1 when 1
4 < λ< 1. On employing

the Helmholtz potential representation of the linear visco-elastodynamic field 〈u〉dir
E as

in [72], it can be shown that the latter motion is predominantly solenoidal, i.e. associated

with short-wavelength shear wave motion, whereby

∂2〈u〉dir
E

∂t2
− G∇2〈u〉dir

E − µ∇2∂〈u〉dir
E

∂t
= fE

dir, (3.199)

again omitting the accuracy of approximation for simplicity. The z-component of (3.199),

that is commonly used to describe the propagation of shear waves generated emanating

from the focal region [9], can accordingly be written as

∂2〈uz〉dir
E

∂t2
− G∇2

⊥〈uz〉dir
E − µ∇2

⊥
∂〈uz〉dir

E

∂t
= fE

z,dir, fE
z,dir = (C−1)

(
2αIE +

∂IE
∂t

)
,

(3.200)

in the case of a modulated ultrasound beam, where the Laplacian operator is approxi-

mated by its transverse component ∇2
⊥ = ∂2/∂xi∂xi = ∇2 +O(ε2ϑ). In an experimental

setting, 〈uz〉E (i.e. the total axial motion) is typically monitored by a low-intensity,

imaging ultrasound transducer (or an array thereof) [15, 10, 73]. In many situations,

〈uz〉dir
E can be extracted from 〈uz〉E via either suitable high-pass filtering in the radial

wavenumber domain, or natural separation in the time domain for short pulses [10]

which permits the use of (3.200). If, on the other hand, the extraction of 〈uz〉dir
E is not
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possible, the observations of 〈uz〉E must be interpreted via the coupled system (3.195).

In this case, however, the specification of the ARF entails three additional material pa-

rameters, namely the coefficient of acoustic nonlinearity β given by (3.42, the coefficient

of thermal expansion βT, and the specific heat capacity at constant pressure cp.

Comparison with the existing model. The existing theory of the ARF [39] dealing

with focused beams is derived assuming Newtonian fluid as the propagation medium,

and non-modulated ultrasound field. To study the problem of ARF generation and con-

sequent shear wave motion in soft tissues due to modulated ultrasound, on the other

hand, the foregoing theory is modified in a somewhat heuristic fashion by: i) trans-

planting the ARF, computed for Newtonian fluids, to soft solids, and ii) multiplying

the ARF computed for non-modulated ultrasound field by the squared modulation en-

velope, see [9]. Formally, these two modifications result in the mean balance of linear

momentum whose statement in the z-direction can be written as

∂2〈wz〉dir
E

∂t2
− G∇2

⊥〈wz〉dir
E − µ∇2

⊥
∂〈wz〉dir

E

∂t
= gE

z,dir, gE
z,dir = 2αIE,nmM2(εt),

(3.201)

where 〈wz〉dir
E is an approximation of the mean response due to modulated ultrasound

beam, and IE,nm the intensity of the non-modulated ultrasound field [9]. To facilitate

the comparison between (3.200) and (3.201), the emphasis is hereon made on the linear

approximation of the intensity field which permits, by way of (3.191), the respective

body force terms to be written as

fE
z,dir = (C−1) 2IE,nm

(
αM2(εt−εz) + εM′(εt−εz)M(εt−εz)

)
,

gE
z,dir = 2αIE,nmM2(εt),

(3.202)

whereM(·) is the prescribed modulation envelope, and IE,nm = IE,nm(x). In this setting,

the key differences between the proposed model and its predecessor can be summarized

as follows.

• With reference to (3.195) and (3.198), fE
z,dir and 〈uz〉dir

E in (3.200) represent the re-

spective directional components of the radiation body force and induced mean dis-

placement in the z-direction. From the discussion in [9], it is unclear whether the

quantities herein denoted by gE
z,dir and 〈wz〉dir

E in (3.201) in fact signify the total quan-

tities or their directional components. For the sake of discussion, it is hereon assumed
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that the latter is the case. In situations where one is unable to extract 〈uz〉dir
E from

the experimental observations of 〈uz〉E, however, one must consider the coupled sys-

tem (3.195) that includes the potential component of the radiation body force, fE
pot,

see (3.196).

• In the case of no modulation (M≡1), the expressions for fE
z,dir and gE

z,dir are identical

except for the factor (C−1), where C is the hyperelastic nonlinearity coefficient given

by (3.28). Given the facts that the formula for gE
z,dir is derived assuming Newtonian

fluid as the propagation medium and that C→ 2 in the limit of a Newtonian fluid,

see (3.39), one finds that (C−1) (rather than unity) is the appropriate coefficient for

the ARF in tissue-like solids described as an elastic material with heat conduction

and viscosity [48].

• Owing to the presence of argument εt−εz, the radiation body force fE
z,dir propagates

within the focal zone with the speed of small-amplitude compressional waves (recall

the normalization scheme in Table 2.1). In contrast, the previous approximation

gE
z,dir assumes the radiation force to take the form of a standing wave by enforcing

the separation of variables in terms of x and t. For completeness, it is noted that

the analogous finding has been reported in the context of elevated-intensity plane

waves propagating through a Newtonian fluid [19] (also see Section 3.5.1). In the

applications of the ARF, the featured propagation effect (i.e. the difference between

M(εt−εz) and M(εt)) becomes important at modulation frequencies on the order

of 10 kHz where the change in the phase of fE
z,dir within the focal zone becomes

meaningful, see [17, 42] for examples of the use of such modulation frequencies.

• In comparison with gE
z,dir, the expression for the ARF given by fE

z,dir contains an

additional, modulation-driven term which is proportional to the time derivative of

ultrasound intensity, see also (3.200). Making reference to (3.202), it is noted that

this term is of the same order as the first, attenuation-driven term due to the fact

that α = O(ε), see (3.14). The presence of the modulation-driven term allows one to

control the magnitude of the ARF by changing the frequency of modulation (which

directly affects the magnitude ofM′). In general, this term becomes important when

the ratio between the modulation and ultrasound frequencies (i.e. the dimensionless

modulation frequency) is on the order of, or larger than, the ultrasound attenuation
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per wavelength (i.e. the dimensionless attenuation coefficient). In the context of

plane waves, it was shown [19] (also see Section 3.5.1) that the modulation-driven

contribution to the ARF can be used to explain and simulate the phenomenon of

difference-frequency generation [43] of the mean motion in lossless fluids where α = 0.

In the literature, the phenomena of difference-frequency generation and ARF were

long thought to be unrelated owing to the common notion that the ARF vanishes in

homogeneous lossless media [21], as indicated by the expression for gE
z,dir in (3.202).

For completeness, this section concludes by noting that the recent studies in [21, 22]

provide a trial expression for the ARF in soft tissues assuming that: i) the ultrasound

field is not modulated, ii) the displacement field takes the a priori form w(x, t) =

W (x) cos(t−z)ez where W (x) is a “slowly” varying scalar function, and iii) there is

no heat generation. With such hypotheses, the authors obtain a counterpart of (3.201)

in terms of the total displacement field 〈wz〉E, featuring the radiation body force as

gE
z = gE

z,pot + gE
z,dir, where gE

z,pot∝ (C−1−β)∇(W 2)·ez and gE
z,dir ∝ (C−1)∂(W 2)/∂z

represent respectively the potential and directional component of the ARF. Despite the

apparent semblance between this result and (3.195)–(3.196), the explicit comparison

between gE
z [22] and fE

z stemming from (3.196) is not possible owing to the fact that the

unidirectional displacement field w(x, t) does not satisfy the balance of linear momen-

tum, nor it incorporates the specifics of the focused ultrasound beam geometry used to

generate the ARF.

3.6.5 Analytical example

To illustrate the effect of modulation on the ARF, it is first necessary to specify the

distribution of ultrasound intensity affiliated with the modulated beam problem. For

simplicity, consider the axisymmetric Gaussian beam source as in [39, 9] that is modu-

lated according to (3.43). In this case, the linear solution for ultrasound intensity can

be computed from the non-modulated analytical result in [39] and (3.191) as

IE(x, t) = IE,nm(x)M2(εt−εz) =
IoM2(εt−εz)

f2(z)
exp

(
−2αz − 2r2

a2f2(z)

)
, (3.203)

where

f(z) =

√(
1− z

d

)2
+
(2z

a2

)2
,



75

r =
√
x2

1 + x2
2 denotes the radial coordinate, d is the focal distance, and a and Io signify

respectively the beam width (signifying the effective transducer aperture, see Fig. 3.2)

and peak ultrasound intensity at the transducer’s face. To study the variation of the

ARF with modulation frequency, M is taken as

M(εt) = H(t) sin(ωmt), ωm = O(ε), (3.204)

where H denotes the Heaviside step function. On the basis of (3.202)–(3.204), one

finds that fE
z,dir and gE

z,dir will in general contain multitude of frequency components,

including the static i.e. “DC” component (recall that sin2y= 0.5(1−cos 2y)). To cater

for biomedical applications and to facilitate the comparison with earlier works [39, 9],

the remainder of this section focuses on the dominant oscillatory component of the

ARF and thus induced displacement, namely that at frequency 2ωm. For simplicity of

presentation the Fourier transform of any time-dependent quantity g, evaluated at 2ωm,

is denoted by Fg.

Material and ultrasound parameters. In what follows, the computations are ef-

fected assuming carrier ultrasound frequency Ω=2π×106 rad/sec (1 MHz), mass density

%o = 1000 kg/m3, compressional wave speed co = 1500 m/s, transducer aperture a= 42

(1 cm), focal depth d = 209 (5 cm), frequency of modulation ωm = 10−3 (1 kHz), at-

tenuation α= 1.4 × 10−3 (0.5 dB/cm/MHz), shear viscosity µ= 0.28 × 10−3 (0.1 Pa·s),
and shear modulus G = 2.2 × 10−5 (50 kPa) that are similar to the respective values

in [9]. To make a reasonable assumption on the nonlinearity coefficient C, on the other

hand, one may recall the experimental investigation in [35] which estimates the Landau’s

third-order elastic moduli in agarose-based, tissue mimicking phantoms as

ALandau ∈ [−108,−51] kPa, BLandau ∈ [−28,−9] GPa, CLandau ∈ [18, 71] GPa.

To assess the validity of the above estimates, it can be shown that the coefficient of

acoustic nonlinearity introduced in (3.42) reads β=−1.5− (%oc
2
o)−1(ALandau +3BLandau +

CLandau), and takes mean values β ∈ [3.4, 3.8] for the three phantoms tested in [35].

Consistent with the observations of acoustic nonlinearities in soft tissues, this range

of β compares favorably with the known value for water, βwater = 3.5 [7]. From the

definition of Landau moduli [7] and (3.28), on the other hand, one finds that

C = − (%oc
2
o)−1

(
ALandau+ 2BLandau

)
=⇒ C ∈ [8, 25].
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In light of this result, the ensuing computations assume C=8 as a representative value.

Results. To illustrate the effect of ultrasound modulation on the ARF, Fig. 3.6 plots

the variation of FfE
z,dir and FgE

z,dir, at the geometric focus (r = 0, z = d), versus the

modulation frequency ωm. As can be seen from the display, there are two key differences

between the two solutions. First, fE
z,dir is notably higher than its predecessor (even at

ωm = 0) due to the presence of coefficient C − 1 multiplying the radiation force in

soft tissues. Second, the proposed solution exhibits marked variation with modulation

frequency, which is in contrast to the frequency-invariant formula given by gE
z,dir. With

reference to (3.202), the latter difference arises from i) argument (εt−εz), rather than

(εt), of the modulation function featured in fE
z,dir, and ii) the presence of the “derivative

term” M′M as an additional effect of modulation in the new solution. Concerning

the discrepancy in the magnitude of the two ARF estimates, it is noted that in both

[9] and [15], the amplitude of the observed mean displacements in tissue-mimicking

phantoms generated by the ARF is roughly five times that predicted by the (visco-)

elastodynamic solution assuming gE
z,dir for the body force. This result indeed suggests

that an account for the multiplier C−1 may be critical in capturing the phenomenon of

the ARF in soft tissues.
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Figure 3.6: ARF versus modulation frequency: comparison between the current model
(FfE

z,dir) and its predecessor (FgE
z,dir) in terms of the body force amplitude (left panel)

and phase (right panel) at the focal point.

For completeness, the spatial variation of the radiation body force FfE
z,dir and in-

duced axial displacement F〈uz〉dir
E is shown in Fig. 3.7. Here 〈uz〉dir

E is computed with

the aid of the Hankel integral transform, which reduces (3.200) to the equation of a

damped harmonic oscillator, see [9] for details. From the display, one may observe both
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i) spatial variation in the phase of the ARF (not predicted by the previous theory), and

ii) the localization of shear waves near the the focal depth, z = d, that is in agreement

with earlier result, cf. [9]. To further highlight the differences between the current ap-

proach and existing theory, Fig. 3.8 compares 〈uz〉dir
E solving (3.200) with its predecessor

〈wz〉dir
E solving (3.201), each normalized by the magnitude of the respective body force

at the focal point (see Fig. 3.6 for the definition of Fz and Gz). The result demonstrates

that, despite the normalization by the peak body force, 〈uz〉dir
E /Fz and 〈wz〉dir

E /Gz are

still distinct due to the mismatch in the peak-normalized spatiotemporal variations of

fE
z,dir and gE

z,dir evident from (3.202).
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Figure 3.7: Acoustic radiation force FfE
z,dir (left panel) and induced axial displacement

F〈uz〉dir
E (right panel) in the (r, z) plane at ωm = 10−3.
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3.7 Summary

This study establishes a rigorous asymptotic treatment of the ARF and “slow” motion

in both Newtonian fluids (due to plane wave) and tissue-like solids (due to focused

beam) in situations when the amplitude of elevated-intensity sound field is modulated

using frequencies that are, relative to the frequency of sound, on the order of the Mach

number. In simple terms, the ARF represents an effective body force for the balance

of linear momentum governing the propagation of mean quantities, such as velocity

and mass density for the plane wave problem, or displacement field for the focused

beam configuration. The problem is tackled via a scaling paradigm wherein the axial

and temporal coordinate are each split into a “fast” and “slow” component with the

dual aim of: i) canceling the leading linear terms from the field equations describing

the propagation of elevated-intensity ultrasound, and ii) accounting for the effect of

ultrasound modulation. In addition, the transverse coordinates are scaled by the width

of the focal region for the focused beam case. The key advancement in the proposed

framework over previous analyses revolves around the dual-time scale treatment of the

temporal variable, which allows one to parse out the contribution of ultrasound and its

modulation in the nonlinear solution. In this setting the mean motion and affiliated

(linear) field equations are effectively extracted from those describing the nonlinear,

modulated ultrasound problem through the introduction of a “fast” time average of the

germane state variables. For completeness the problem is tackled from both Eulerian

and Lagrangian viewpoints, which are shown to provide different expressions for the

ARF for the plane wave case, while lead to similar results for the focused configuration

provided that the formulation is written in terms of the mean tissue displacement and

mean specific entropy. The key aspect here is the choice of problem variables, which may

either lead to the frame dependence (as for the plane wave case) or frame independence

(as for the focused configuration). On developing a finite difference solution to the

original nonlinear problem for the plane wave configuration, it is further shown that the

featured “fast” time averages can be computed (up to the leading term) as a double

“ordinary” time average of the simulated nonlinear response. As an illustration, the

developments are complemented by the analytical solution for sinusoidal modulation

envelope which both exposes the limitations of an earlier quasi-static approximation and

demonstrates the possibility of non-zero mean motion in a lossless (albeit non-linear)
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fluid when a modulated, elevated-intensity ultrasound field is propagated through it.

The results for the focused beam configuration are compared with the existing formula

for the ARF that is derived assuming i) Newtonian fluid as the propagation medium, ii)

non-modulated ultrasound field, and iii) heuristic modification to account for the effects

of modulation. The comparison reveals a number of key features of the ARF that are

brought to light by the new formulation. In particular, it is found that:

• The effective body force for the mean balance of linear momentum is shown to be

comprised of a potential term (that includes the effects of thermal expansion), and a

directional term that is typically referred to as the ARF. In this setting, the analysis

of the mean tissue shear motion via the concept of the ARF requires suitable spatial

filtering of the observed displacement field, which eliminates the compressional waves.

• Even in the case of no modulation the featured formula for the ARF, as derived for

tissue-like solids, has an additional multiplier relative to its predecessor computed for

Newtonian fluids. From the limited experimental data on tissue-mimicking phantoms

it appears that this multiplier, that bears linear relationship with the Landau’s third-

order elastic moduli, may be significantly larger than unity and thus explain reported

discrepancies between the (indirect) experimental observations of the ARF in soft

tissues and its estimates based on the premise of a Newtonian fluid;

• The newly obtained formula for the ARF contains an additional term that is propor-

tional to the time rate of ultrasound intensity. This term, that carries (in part) the

effect of modulation on the ARF and affiliated mean tissue motion, opens the pos-

sibilities toward enhanced spatiotemporal control of the radiation body force within

the focal region, and thus more effective tissue interrogation;

• The previous analytical framework which rests on the premise of a “narrow” ultra-

sound beam (generated by transducers with focal numbers > 5) is generalized, via

a systematic asymptotic treatment, to permit significantly wider class of ultrasound

beams (with focal numbers >1) that are more representative of biomedical applica-

tions entailing the use of the ARF;

Assuming a set of ultrasound and soft-tissue parameters that are relevant to germane

biomedical applications, the above findings are illustrated through the example of a

modulated ultrasound beam generated by the axisymmetric Gaussian source.



Chapter 4

Nonlinear acoustics of the

focused ultrasound beam

4.1 Introduction

The development of modern diagnostic techniques that make use of the acoustic ra-

diation force [7] such as vibro-acoustography [17], shear wave elasticity imaging [9],

and acoustic radiation force impulse imaging [11], poses the challenge of effective com-

putation of the nonlinear acoustic solution affiliated with modulated, high-intensity

focused ultrasound. For this class of applications, the acoustic radiation force (i.e. the

effective body force on a tissue), which is the primary quantity of interest, can be effec-

tively computed given the spatiotemporal intensity distribution of the nonlinear acoustic

field [39, 9, 19, 20]. The radiation force thus generated is noteworthy within the focal re-

gion of the ultrasound beam, where the amplitude of the pressure wave reaches extreme

values and the nonlinear effects are most pronounced. Owing to its compact support,

such body force is effectively used for local tissue interrogation in terms of its shear

stiffness properties [17, 9, 11, 10, 14]. Here it is noted, however, that the ultrasound

field generating the radiation force is often modulated with either transient or steady-

state signal to i) facilitate the monitoring of tissue’s response [10, 14, 17], ii) expose the

rate effects in tissue’s constitutive behavior [11, 37], and iii) minimize the risk of tissue

damage from heating effects [9, 74]. In many such testing configurations, the dominant

frequency of modulation is on the order of 102÷104 Hz that, while significant in terms of

80
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the induced constitutive and inertial response in the tissue, is still small relative to the

frequency of ultrasound. Even for such “slow” modulation rates, however, the custom-

ary quasi-static approximation of the acoustic solution [9] may not be able to capture

all features of the modulated sound field and may cause significant discrepancies, as

shown in Section 3.5 via the example of plane waves.

One common way to compute the nonlinear acoustic solution for any transient mod-

ulation is to use the so-called Khokhlov-Zabolotskaya-Kuznetsov (KZK) equation [9].

The KZK equation, proposed in [24, 25], has been studied and used widely over the

past two decades [26, 27, 75, 76, 28, 39, 31, 77, 29, 78], and recently celebrated its 40th

anniversary [79]. In the literature, the KZK equation is also known as the nonlinear

parabolic wave equation, since it uses the so-called parabolic approximation which is

applicable for nearly-planar waves inside the focal region. Originally, the KZK equation

was developed to describe the nonlinear wave propagation in thermo-viscous fluids in

situations when the effects of diffraction, nonlinearities, and attenuation are small and

of the same order of magnitude. Demonstrating its relevance to ultrasound waves in soft

tissues, the KZK equation was since extended to deal with finite-amplitude compres-

sional waves in solids [80, 81]. In the context of medical ultrasound, one drawback of the

original formula resides in the fact that the attenuation coefficient for thermo-viscous

fluids, which is built into the KZK equation, is proportional to the squared carrier

frequency. This is unfortunately not the case in soft tissues, where the featured rela-

tionship is approximately linear at (MHz) ultrasound frequencies [59]. To deal with the

problem, a more comprehensive version of the KZK equation featuring the hereditary

integral to describe the effects of attenuation was proposed in [9].

The KZK equation can be solved numerically in a number of ways, including the

time domain algorithm [28], the frequency domain algorithm [26], and the hybrid time-

frequency domain approach [82]. Naturally, each method has its unique features that

make it suitable for specific class of configurations. For instance, the time domain algo-

rithm is efficient for short transient signals (i.e. short modulation envelopes), while both

the frequency domain method and the hybrid approach are more suitable when dealing

with time-harmonic modulation. In the case of “low-frequency” ultrasound modula-

tion that is of interest in this study, however, the time domain solution of the KZK

equation may be inefficient due to extended length of the signal, while the frequency
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domain algorithms may be inappropriate when the frequency spectrum of the modu-

lated signal is complex. To overcome the problem, this study deploys a dual-time scale

approach (as in the treatment of the acoustic radiation force due to modulated sound,

see Sections 3.5 and 3.6) to obtain the KZK-type equation which caters for “slowly”

modulated ultrasound fields. In this case the introduction of two distinct time scales,

namely the “fast” time to track ultrasound oscillations and the “slow” time to describe

the effects of modulation, allows the solution methodology to absorb all advantages

of the frequency domain approach (as in the case of time-harmonic modulation), and,

at the same time, to obtain the solution for any transient modulation envelope. For

completeness, the asymptotic analysis deploys separate scaling parameters to describe

the effects of diffraction (i.e. focusing) and modulation, thus allowing the model to

i) account for a wide range of transducer geometries, and ii) be degenerated to the

quasi-static approximation [9] as a limiting case for low frequencies.

To establish the validity of the dual-time scale approach at high modulation frequen-

cies, the results of the dual-time approximation are compared with the time domain

simulations. Despite both approaches can be implemented without using the parabolic

approximation, the reduced diffraction model (in both cases) is chosen for the purpose

of validation due to simplicity of implementation of the time domain algorithm. At

the same time, if one would compare the predictions of the dual-time method with the

experimental results, the “full” diffraction can be used without introducing any extra

computational complexity.

4.2 Preliminaries

This focus of this study is an intermediate asymptotic behavior of the nonlinear bal-

ance laws governing the propagation of high-intensity, focused acoustic field in situa-

tions where the germane time-harmonic excitation is modulated by a “low”-frequency

envelope. To provide specificity for the analysis, the smallness of the (dominant) fre-

quency of modulation is specified by requiring the ratio between the latter and the

carrier frequency to be o(1). As examined in [39, 9, 20] among others, the spatiotempo-

ral distribution of acoustic intensity stemming from the solution to such intermediate

asymptotics problem constitutes the basis for the computation of the induced acoustic
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radiation force and affiliated heating effects.

With the reference to Section 3.3, it is noted that the assumptions on the smallness

of the Mach number, attenuation coefficient and shear modulus remain valid for this

Chapter, however, the scaling of the modulation frequency is performed in a different

manner. It is assumed that the (dominant) dimensionless frequency of the modula-

tion envelope is O(εη), where η > 0 is the parameter that accounts for a wide range

of modulation frequencies (η = 1 was used in the previous Chapter, as stated in Sec-

tion 3.3). In the biomedical applications of focused ultrasound, MHz-rate sound field

is often modulated with a kHz-rate envelope [17], which implies that η ≈ 1. Keeping η

as an independent parameter, however, allows one to cater for even higher modulation

frequencies and, at the same time, to find a threshold modulation frequency beyond

which the customary quasi-static approximation [9] breaks down. In this setting, one

may rewrite (3.14b) as

ω̃m =
ωm

εη
= O(1), (4.1)

where ωm is the dimensionless modulation frequency, and ω̃m denotes its rescaled coun-

terpart.

Note that the developments are presented in the Eulerian frame of reference, and

the subscript “E” is omitted for brevity (e.g. for the intensity field).

Governing equations for the nonlinear wave propagation. For a consistent

calculations of the radiation force, the assumptions as well as the governing equations

for the ultrasound wave propagation are taken similar as for the derivation of the ARF

formula (see Section 3.6). With the reference to Section 3.3, the balance of linear

momentum, expanded up to sufficient order of accuracy reads

(1− ε∇·ũ)
∂ṽ

∂t
+ εṽ ·∇ṽ ε2

= ∇·σ̃, (4.2)
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where

σ̃
ε2
=

(
1−2εG̃

)
∇·ũ I + 2εG̃∇Sũ+ ε

[
1
2(B+3C+D−2)(∇·ũ)2 − 1

2(C+D)∇Sũ :∇Sũ

+ ∇ũ :∇Tũ+ 1
2∇ũ :∇ũ

]
I − ε

[
(C+D−2)∇·ũ I −D∇sũ

]
·∇sũ

+ ε
(
µ̃B− 2

3 µ̃+ κ̃
β2

T

c2
p

)
(∇·ṽ) I + 2εµ̃∇Sṽ, (4.3)

ṽ
ε2
= (I + ε∇Tũ) · ∂ũ

∂t

are respectively the expansion of the Cauchy stress tensor and kinematic relation be-

tween velocity and displacement.

Scaling. This paragraph incorporates the geometry and relevant spatiotemporal pro-

portions of the focused ultrasound beam, which allow for the simplification of nonlinear

field equations (4.2)–(4.3) by way of rescaling. By using the focal zone size estimations

as in Section 3.4, one may similarly rescale transverse coordinates as

χi = ελ xi,
∂f̃

∂χi
= O(f̃),

∂f̃

∂xi
= ελ

∂f̃

∂χi
, i = 1, 2, (4.4)

while the displacement vector can be rewritten as

ũ(χi, z, t) = (ũi, ũz)(xi, z, t) = (ελũi, ũz)(χi, z, t), ũi, ũz = O(1). (4.5)

On extending the analysis for dealing with the effects of ultrasound modulation, one

may conveniently split the temporal variable t into the “fast” and “slow” components,

and introduce the retarded “fast” time (to cancel the leading terms in (4.2) that de-

scribe plane wave motion, see also Section 3.4), so that any quantity of interest can be

alternatively written as

f̃(χi, z, t) = h̃(χi, ζ, τ, t
′
f) = h̃(χi, ζ, τ, t

′
f + 2π), (4.6)

where t′f = t − z denotes retarded “fast” time, τ = εηts = εηt is rescaled “slow” time,

εη factor comes from (4.1), and ζ = εϑzs = εϑz (ϑ = min{1, 2λ, η}) is rescaled “slow”

axial coordinate. Here the “fast” time tracks the ultrasound oscillations and implies the

periodicity condition in (4.6), the “slow” time describes the modulation-scale variations,
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while the “slow” axial coordinate reflects the slow changes in the amplitude of the

solution in space. By way of the chain rule, one may show that

∂h̃

∂t
=
∂h̃

∂t′f
+ εη

∂h̃

∂τ
,

∂h̃

∂z
= −∂h̃

∂t′f
+ εϑ

∂h̃

∂ζ
, (4.7)

where the magnitudes of all derivates on the right hand side are O(1), which is necessary

for further asymptotic analysis.

4.3 KZK-type equation for the modulated sound beam

To facilitate the development of the KZK-type equation for modulated sound beams,

all “tilde” quantities examined so far can be considered to be functions of (χi, ζ, τ, t
′
f) as

in (4.6). With reference to (4.5) and (4.7), the balance of linear momentum (4.2) can

accordingly be written as

∂2ũi

∂t′f
2

εϑ
= − ∂2ũz

∂t′f∂χi
, i = 1, 2

ε2η ∂
2ũz
∂τ2

− ε2ϑ∂
2ũz
∂ζ2

+ 2εη
∂2ũz
∂t′f∂τ

εν+ϑ
= −2εϑ

∂2ũz
∂t′f∂ζ

− ε2λ ∂2ũi

∂t′f∂χi

+ εβ
∂

∂t′f

(∂ũz
∂t′f

)2
+ ε δ̃

∂3ũz

∂t′f
3 ,

(4.8)

where the acoustic nonlinearity parameter and diffusivity of sound are given by

β = − B+3

2
, δ̃ = µ̃B + 4

3 µ̃ + κ̃
α2

T

c2
p

. (4.9)

Next, one may differentiate (4.8b) with respect to t′f, make use of (4.8a), and introduce

acoustic pressure as p̃ = −1
3trσ̃

εϑ
= ∂ũz/∂t

′
f to obtain

ε2η ∂
2p̃

∂τ2
− ε2ϑ∂

2p̃

∂ζ2
+ 2εη

∂2p̃

∂t′f∂τ
+ 2εϑ

∂2p̃

∂t′f∂ζ

εν+ϑ
= ε2λ

∑

i

∂2p̃

∂χ2
i

+ εβ
∂2p̃2

∂t′f
2 + εδ̃

∂3p̃

∂t′f
3 . (4.10)

Equation (4.10) governs the nonlinear propagation of the modulated ultrasound field,

where the pressure field is expressed as p̃ = p̃(χi, ζ, τ, t
′
f). To simplify the problem, the

solution of (4.10) can alternatively be sought in the form

p̃(χi, ζ, τ, t
′
f) = ¯̃p(χi, ζ

′, τ ′, t′f), (4.11)
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where
ζ ′ = εν−ϑζ = εν zs,

τ ′ = τ − εη−ϑζ = εη(ts − zs),
(4.12)

signify respectively the (rescaled) “slow” axial coordinate which ignores the effects of

sound modulation, and retarded “slow” time. In this setting, (4.10) reduces to

2εν
∂2 ¯̃p

∂t′f∂ζ
′
εν+ϑ
= ε2λ

∑

i

∂2 ¯̃p

∂χ2
i

+ εβ
∂2 ¯̃p2

∂t′f
2 + εδ̃

∂3 ¯̃p

∂t′f
3 , (4.13)

where ν = min{1, 2λ}, and ϑ = min{1, 2λ, η}. Formula (4.13), which describes the

rate of axio-temporal variations (in terms of ζ ′ and t′f) of the acoustic pressure due to

diffraction, nonlinear effects, and attenuation, is hereon referred to as the KZK-type

equation for “slowly” modulated sound beams.

4.4 Comments on the result

Applicability of the “full” equation. From (4.13), it is seen that the leading be-

havior of the solution is markedly affected by the diffraction parameter λ. When λ = 1
2 ,

one recovers the scaling of the transverse coordinates as in the original KZK equa-

tion [24], where the effects of diffraction, nonlinearity, and attenuation (corresponding

respectively to the three terms on the right hand side of (4.13)) are all of the same order.

In the case of spherical transducers where (3.49) applies, taking λ = 1
2 and ε= 10−3

yields the focal ratio f = 5, which is in the upper echelon of the f-numbers encountered

in the acoustic radiation force (ARF) studies [17, 61, 62, 63]. From (4.13), on the other

hand, it is clear that the approximation error surrenders in order to the “weakest” term

in the equation as long as

ν + ϑ > max{1, 2λ, ν} =⇒ ν + min{ν, η} > max{1, 2λ}. (4.14)

With reference to (4.1), one finds that taking η > 1
2 for example covers (dominant)

modulation frequencies of up to 30 kHz – assuming the carrier frequency of 1 MHz and

the Mach number ε = 10−3. In this case (4.13) captures the leading-order behavior

of the sound field (including the effects of diffraction, nonlinearity, and dissipation) as

long as 1
4 <λ<

3
4 which, in terms of (3.49), implies 1< f< 28 and consequently covers

most ARF transducers encountered in the literature. Here it is interesting to observe
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that for 1
4 < λ < 1

2 (which describes spherical transducers with 1 < f < 5), the O(ε2λ)

diffraction effects in (4.13) are more pronounced than their O(ε) counterparts due of

nonlinearity and attenuation. For completeness, it is also noted that the applicability

of the original KZK equation to focused beams is discussed in [76], where the relevant

criterion is expressed in terms of the width of the focal region relative to acoustic wave

length, which translates to ε2λ�1 in the context of the present study.

Effect of ultrasound modulation. In (4.13), the effects of signal modulation are

synthesized via the scaling parameter η embedded in ϑ, the retarded “fast” time t′f

introduced in (4.7), and the retarded “slow” time τ ′, see (4.12), appearing as a parameter

in the governing equation (which enters the problem via the boundary condition). In

general, the proposed paradigm applies as soon as εη = o(1), i.e. for any (transient or

steady-state) modulation envelope whose dominant frequency is small relative to the

carrier frequency. This allows one to apply (4.13) even to short modulation pulses,

whose duration is on the order of several ultrasound periods. On the other side of the

spectrum, the effects of modulation disappear from the modified KZK equation when

εη = o(εν), in which case ϑ = ν , the distinction between tf and t becomes immaterial,

and τ ′ can be replaced by τ . For such configurations, the rate of axial variation of p̃

caused by signal modulation is negligible relative to that due to diffraction, attenuation

and nonlinear effects.

Limiting cases. At this point, it is instructive examine the limiting behavior of (4.13)

when the focusing parameter λ takes either extremely small, or extremely large values.

Consider first the case of “very sharp” focusing where λ<min{η2 , 1
4} so that (4.14) is

violated. For such configurations, ν = 2λ and the leading-order behavior of (4.13) can

be shown via (4.7) and (4.12) to read

2ε2λ ∂2 ¯̃p

∂t′f∂ζ
′ − ε2λ

∑

i

∂2 ¯̃p

∂χ2
i

ε4λ
=

∂2p̃

∂t2
−
(∑

i

∂2p̃

∂x2
i

+
∂2p̃

∂z2

)
ε4λ
= 0. (4.15)

Since λ < 1
4 , however, the accuracy of (4.15) may not be satisfactory. Fortunately,

this impediment can be remedied by recalling that the linear wave equation solves

the full nonlinear problem with the O(ε) accuracy, which allows one to formally set

the approximation error of the second equality in (4.15) to “
ε
=”. Consequently when
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λ < min{η2 , 1
4}, the acoustic pressure can be computed either via the leading terms

in (4.13) or, more accurately, by solving the linear wave equation. In terms of the large

values of the focusing parameter, on the other hand, it is noted that (4.13) can be

degenerated (as expected) to the Burgers equation [7] by setting λ→∞ in which case

ν = 1, ϑ=min{1, η}, and the first term on the right-hand side vanishes.

Unscaled equation. The problem-driven scaling of the spatial and temporal coor-

dinates, introduced in Section 4.2, is essential for the derivation of (4.13) as it permits

one to estimate of the magnitude of the residual terms in the equation. This scaling,

however, does not play a role in solving (4.13) either analytically or numerically, and

can be removed for simplicity. With reference to (4.4), (4.7) and (4.11), (4.13) can

accordingly be written in terms of the unscaled quantities as

2
∂2p̄

∂t′f∂zs
= ∇2

⊥ p̄ + β
∂2p̄2

∂t′f
2 + δ

∂3p̄

∂t′f
3 , (4.16)

where

p̄(xi, zs, t
′
s, t
′
f) = ε ¯̃p(χi, ζ

′, τ ′, t′f), δ = ε δ̃ = µB + 4
3µ + κ

(
βT

cp

)2

are respectively the (unscaled) acoustic pressure and diffusivity of sound, t′s = ts−zs is

the retarded “slow” time, and

∇2
⊥ =

∂2

∂x2
1

+
∂2

∂x2
2

denotes the Laplacian with respect to the transverse coordinates.

Relationship with the original KZK equation. Clearly, (4.16) is closely related

to the original KZK equation, which can be written as

2
∂2p

∂t′∂zs
= ∇2

⊥p + β
∂2p2

∂t′2
+ δ

∂3p

∂t′3
, (4.17)

where p = p(xi, zs, t
′), t′ = t − z denotes the retarded time [7], and all quantities are

dimensionless according to the adopted normalization scheme. Note that (4.17), which

is valid for an arbitrarily modulated signal, features the retarded “total” time t′ as

opposed to its “fast” counterpart t′f appearing in (4.16). On splitting the retarded
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“total” time into its “fast” (t′f = tf−zf) and “slow” (t′s = ts−zs) components according

to (4.7), whereby

p(xi, zs, t
′) = p̄(xi, zs, t

′
s, t
′
f),

∂p

∂t′
=

∂p̄

∂t′f
+
∂p̄

∂t′s
, p̄(·, ·, ·, t′f+2π) = p̄(·, ·, ·, t′f), (4.18)

and noting by way of (4.7) that ∂p̄/∂t′s =O(εη)=o(1), one immediately recovers (4.16).

This is perhaps the shortest, yet less rigorous way to derive (4.16), which also supports

the fact that (4.16) is applicable for all (dominant) modulation frequencies such that

εη = o(1). As will be shown shortly, this subtle difference in the temporal argument

between (4.16) and (4.17) brings about a significant computational advantage when

solving the KZK equation for “slowly” modulated ultrasound fields.

One should also note that the above short-hand derivation of (4.16) may be difficult

to achieve without prior knowledge of the final result, see e.g. [9] as an example where

the unmitigated account for signal modulation has eluded previous studies of nonlinear

ultrasound fields. In this setting, the merit of the of the systematic developments in

Sections 4.2 and 4.3 is two-fold as they: i) “shed the light” for simpler arguments, and

ii) explicitly expose the parametric region (4.14) in terms of the Mach number, focal

number, and modulation frequency over which the proposed parabolic approximation

applies.

Realistic attenuation and dispersion. Equation (4.16) is derived for an elastic

material with heat conduction and viscosity [48], a generalization of the Kelvin-Voigt

solid which in particular implies that the attenuation coefficient α is proportional to

the squared ultrasound frequency. At carrier frequencies on the order of MHz, however,

the attenuation coefficient of soft tissues is typically proportional to the ultrasound

frequency [59], which is incompatible with (4.16). To describe the nonlinear wave prop-

agation in a medium with arbitrary attenuation, the analysis in [9] demonstrates that

the “dissipation” term in the KZK equation (4.17) should be replaced by a suitable

hereditary integral. On adopting the same approach for the “slowly” modulated beam

problem, one finds

2
∂2p̄

∂t′f∂zs
= ∇2

⊥ p̄ + β
∂2p̄2

∂t′f
2 +

∫ ∞

0
K(ξ)

∂3p̄(. . . , t′f − ξ)
∂t′f

3 dξ (4.19)
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to be the corresponding generalization of (4.16), where K is an appropriate viscoelastic

kernel whose Fourier transform consists of the real part, which describes attenuation,

and the imaginary part, which captures dispersion.

Acoustic intensity propagates. One important consequence of ultrasound modu-

lation resides in the fact that the intensity-like quantity, defined as

I(xi, zs, t
′
s) =

1

2π

∫ t′f+π

t′f−π
p̄2(xi, zs, t

′
s, ξ) dξ, (4.20)

is a function of the retarded “slow” time, t′s = ts−zs (not just “slow” time ts). As a result,

the acoustic intensity of a modulated sound beam propagates in the z-direction with

the phase velocity equaling unity, which signifies the speed of compressional waves.

To examine the consequences of this result in terms of the linear approximation of

intensity, consider the phased-array representation of an ultrasound transducer as a

source distribution at zs = 0. In this case, one has

p̄lin(xi, zs, t
′
s, t
′
f)
∣∣∣
zs=0

= p̄lin(xi, 0, ts, tf) = Λ(xi, tf)M(ts), (4.21)

where Λ denotes the pressure distribution on the boundary, M is the prescribed (am-

plitude) modulation envelope, and p̄lin is the linearized pressure distribution which

solves (4.16) with β = 0. On recalling that t′s enters (4.16) only as a parameter, one

accordingly finds

p̄lin(xi, zs, t
′
s, t
′
f) = p̄lin

nm(xi, zs, t
′
f)M(t′s), (4.22)

where p̄lin
nm solves the corresponding non-modulated problem with M ≡ 1. The substi-

tution of (4.22) into (4.20) yields

I lin(xi, zs, t
′
s) = I lin

nm(xi, zs)M2(t′s), I lin
nm(xi, zs) =

1

2π

∫ t′f+π

t′f−π

(
p̄lin

nm(xi, zs, ξ)
)2

dξ,

(4.23)

which explicitly demonstrates the propagating nature of the linear intensity field. In

the case of very low modulation frequencies where εη = o(εν), τ ′ (resp. t′s) can be

replaced by τ (resp. ts) es examined earlier, whereby the linear intensity of a modulated

ultrasound beam permits standing-wave description I lin = I lin
nmM2(ts) [9], which is

commonly referred to as the quasi-static approximation.
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Shear wave generation by focused beam Khokhlov-Zabolotskaya-Kuznetsov
(KZK) equation

2
⌥2p

⌥⇤⌥T
= ⇤2

⇥p + �
⌥3p

⌥T 3
+ ⇥

⌥2p2

⌥T 2
,

where p is acoustic pressure, � is an attenuation coe�cient, ⇥ is nonlinear-
ity coe�cient, T = t� z, ⇤ = ⌃z and ⇤2

⇥ denotes laplacian with respect to
transverse coordinates. Linear intensity of the axisymmetric non-
modulated focused Gaussian beam ??

In-mod = 1
2f�2(⇤) exp

⇤
��⇤ � r2

a2f2(⇤)

⌅
, f2(⇤) =

⇤
1 � ⇤

d

⌅2

+
4⇤2

a4
,

where a and d are transducer’s aperture and curvature radius correspond-
ingly and � is an attenuation coe�cient. Linear intensity for the mod-
ulated beam

KZK �⇥ 2
⌥2p

⌥⇧⌥T
+ 2

⌥2p

⌥⇤⌥T
= ⇤2

⇥p + �
⌥3p

⌥T 3
+ ⇥

⌥2p2

⌥T 2
,

In-mod �⇥ I = In-modM2
�
⇧ � ⇤

⇥
.
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Figure 4.1: Schematics of the experimental setup for validating the propagating nature
of the intensity field (left), and phase delay of the intensity versus depth for three
different modulation frequencies (right). Markers indicate experimental results, solid
lines under them show the theoretical prediction according to (4.23), while the dotted
line shows the prediction of the quasi-static approximation.

To validate the propagating nature of the intensity experimentally, a series of tests

was performed (experimental study by Chen & Fatemi, Mayo Clinic). An axisymmetric

transducer was used to generate time-harmonically modulated ultrasound field in water,

while response was measured along the axis of the transducer with a needle hydrophone,

as shown in Fig. 4.1 (left). The phase difference between the intensity on the bound-

ary and away from it is plotted in Fig. 4.1 (right) for different modulation frequencies.

Markers correspond to the experimental data, solid lines under them show the theoreti-

cal predictions according to (4.23), while the dotted line indicates the prediction of the

quasi-static approximation. As can be seen from the display, the modulation effects are

clearly captured by the proposed model that features the retarded “slow” time (4.23),

while the quasi-static approximation does not work for a given set of modulation fre-

quencies. Note, however, that for modulation frequencies that are sufficiently smaller

than 2 kHz, the phase difference becomes small for the problem under consideration,

and quasi-static approximation provides reasonable results.

4.5 Numerical implementation of the dual-time approach

In most medical applications, the focused ultrasound field is generated by either phased

transducer array or a single, convex-shaped transducer [74, 15] as shown in Fig. 4.2.
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Shear wave generation by focused beam Khokhlov-Zabolotskaya-Kuznetsov
(KZK) equation

2
∂2p

∂ζ∂T
= ∇2

⊥p + α
∂3p

∂T 3
+ β

∂2p2

∂T 2
,

where p is acoustic pressure, α is an attenuation coefficient, β is nonlinear-
ity coefficient, T = t− z, ζ = εz and ∇2

⊥ denotes laplacian with respect to
transverse coordinates. Linear intensity of the axisymmetric non-
modulated focused Gaussian beam ??

In-mod = 1
2f−2(ζ) exp

�
−αζ − r2

a2f2(ζ)

�
, f2(ζ) =

�
1 − ζ

d

�2

+
4ζ2

a4
,

where a and d are transducer’s aperture and curvature radius correspond-
ingly and α is an attenuation coefficient. Linear intensity for the mod-
ulated beam

KZK −→ 2
∂2p

∂τ∂T
+ 2

∂2p

∂ζ∂T
= ∇2

⊥p + α
∂3p

∂T 3
+ β

∂2p2

∂T 2
,

In-mod −→ I = In-modM2
�
τ − ζ

�
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Figure 4.2: Schematics of the modulated ultrasound beam generated by phase-focused
transducer array (left) and convex-shaped transducer (right).

Typical pressure signal on the boundary is also shown in Fig. 4.2, illustrating relatively

short modulation envelope as measured in terms of the (carrier) ultrasound period of

vibrations, T . Despite the fact that much longer signals are used in some applica-

tions [17, 15], the ensuing investigation will deploy “short” modulation envelope as a

test platform to examine performance of the proposed computational scheme. With

reference to Fig. 4.2, it is assumed that the transducer is axisymmetric, in which case

the problem can be conveniently formulated in the cylindrical coordinate system (r, z)

where z coincides with the transducer’s axis. In this setting, the acoustic pressure is

denoted by p = p(r, z, t). For completeness, the boundary of the transducer is indicated

by Γ, while its aperture and focal depth are signified respectively by a and d.

In situations entailing convex-shaped transducers, modeling of the nonlinear wave

field usually requires the knowledge of the pressure over a flat surface Γ2 given by z =

zmin, see Fig. 4.2. One way to meet such requirement is to solve the linear wave equation

between Γ and Γ2, i.e. to neglect the nonlinear contribution in this region. Since the

nonlinear effects are the most pronounced in the focal zone, such approximation usually

does not introduce a significant source of error. To solve the wave equation between Γ

and Γ2, one can deploy a specialization of the Rayleigh integral [83] for axisymmetric

problems, which can be written in the frequency domain as

pω(r, z) = − iω

∫

Γ

eik|x−ξ|

|x− ξ| vω(ξ) r dΓξ, x = (r, z) ∈ Γ2, ξ ∈ Γ, (4.24)

where ω denotes the component frequency; vω and pω denote respectively the Fourier

transforms of the normal particle velocity v on Γ and pressure p on Γ2; k = ω +
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iα is the wave number, and α is the attenuation coefficient. Even though Rayleigh

integral (4.24) gives the exact solution only when Γ is planar, the error due to curved

geometry of a transducer is typically small and can be neglected for sufficiently high

sound frequencies [31, 84]. By way of (4.24) which describes the pressure variation over

a planar surface Γ2 due to the action a convex-shaped transducer, both configurations

in Fig. 4.2 can be treated similarly from the computational point of view.

The computational treatment of (4.19) can be divided into two main parts: i) com-

putation of the “fast”-time steady-state solutions for different values of the “slow” time

(featured as a parameter), and ii) assemblage of the computed solutions to account for

the “slow” time phase delay. For simplicity, it is hereon assumed that the carrier ultra-

sound signal is time-harmonic; however, the developments can be generalized to treat

more complicated multi-frequency sources, such as modulated shock waves.

4.5.1 Steady-state solution

The first part, which deals with the steady-state solution, can be accomplished in a

number of ways, as it requires only the solution of the KZK equation with suitable

boundary condition. Since the solution is periodic in “fast” time, the spectral method

with operator splitting can be applied, see e.g. [26, 7]. In particular, the solution of (4.19)

is expanded in Fourier series as

p̄(r, z, t′s, t
′
f) =

∞∑

n=1

Re
(
p̄n(r, z, t′s) e

−int′f

)
, (4.25)

where p̄n is the complex amplitude of the nth harmonic, and “Re” signifies the real

part. The operator splitting method suggests first to solve the linear part of (4.19), and

then treat the nonlinear contribution independently for each increment in z. In this

case, two separate algorithms for linear propagation and nonlinear interaction can be

used for each step in z.

Linear propagation. By substituting (4.25) into (4.19) and considering only the

linear part, one has
∂p̄n
∂z

=
i

2n
∇2
⊥ p̄n − 1

2n
2Kn p̄n, (4.26)

where Kn denotes the Fourier transform of kernel K, evaluated at frequency n. For

fluids Kn = const., but if the attenuation coefficient is proportional to frequency, as
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is the case for most soft tissues, then Kn ∝ 1/n. Equation (4.26) can be conveniently

solved by way of the Hankel transform with respect to the radial coordinate as

p̄n(r, z2, t
′
s) = H−1

[
exp

((
− i

2n
γ2− 1

2n
2Kn

)
(z2−z1)

)
H[p̄n(r, z1, t

′
s)]

]
:= Bn[p̄n(r, z1, t

′
s)],

(4.27)

where z2 and z1 denote two distinct values of the axial coordinate; H is the zeroth-order

Hankel transform

H[f(r)](γ) =

∫ ∞

0
f(r)J0(γr)r dr, (4.28)

J0 is the Bessel function of order zero, and Bn “propagates” the nth harmonic linearly

in the z direction from z1 to z2. For computational purposes, Hankel transform (4.28)

is discretized as

Nr∑

i=1

Hji[f(ri)] =

Nr∑

i=1

∫ ri+1/2

ri−1/2

f(ri)J0(γjr)r dr

=

Nr∑

i=1

f(ri)
J1(γjri+1/2)ri+1/2 − J1(γjri−1/2)ri−1/2

γj
,

(4.29)

where ri (i = 1...Nr) and γj (j = 1...Nγ) denote respectively the discrete values of r

and γ; ri±1/2 = 1
2(ri + ri±1); J1 is the first-order Bessel function; r0 = 0, and rNr+1 =

(3rNr−rNr−1)/2. The forward and inverse Hankel transform operators, computed on the

basis of (4.29), are used to approximate (4.27) which solves the linear part of (4.19). This

method of using the Hankel transform (or 2D Fourier transform for non-axisymmetric

problems) to solve parabolic wave equation (4.26) is usually referred to as the angular

spectrum method [85]. In many applications, (4.29) is superseded by either discrete

Hankel transform or the fast Hankel transform algorithm [86]. However, the advantage

of (4.29) lies in its simplicity (with comparable performance, as will be shown later) and

compatibility with nonuniform meshes, which, for instance, allow for finer discretization

of the focal region. Moreover, the Hankel transform is needed only for precomputing the

linear operator Bn in (4.27), and consequently does not significantly affect the overall

computational efficiency. For this reason, further improvements of (4.29) are beyond

the scope of this study.

For completeness, it is noted that the angular spectrum method can also be used to

account for the “full” diffraction and dispense with the parabolic approximation without
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notable increase in computational time. In the “full” diffraction model, ∇2
⊥ in (4.19)

is superseded by ∇2 which, in the context of (4.26), results in the augmentation of

the right-hand side by the extra term i/(2n)∂2p̄n/∂z
2, which completes the linear wave

equation part of the model. In this case, the “full”-diffraction analogue of (4.27) reads

p̄n(r, z2, t
′
s) = H−1

[
exp

(
−in

(
1−

√
1−

(γ
n

)2
+ inKn

)
(z2−z1)

)
H[p̄n(r, z1, t

′
s)]

]
,

(4.30)

which differs from (4.27) only by a multiplication factor between the inverse and forward

Hankel transform operators, and thus takes similar amount of time to compute.

Nonlinear interaction. To deal with the nonlinear term, one may substitute (4.25)

into (4.19) and consider only the nonlinear term on the right hand side, since the

linear diffraction and attenuation terms are already accounted via (4.27). The resulting

ordinary differential equation for the nth harmonic reads

∂p̄n
∂z

= − inβ

4

[ n−1∑

k=1

p̄n−k p̄k + 2

∞∑

k=1

p̄n+k p̄
∗
k

]
, n = 1, 2 . . . (4.31)

where the “star” symbol denotes complex conjugation. In the numerical implementa-

tion, the number of relevant harmonics Nh is finite, in which case the assembly of (4.31)

for n = 1...Nh makes a system of nonlinear equations, which is solved numerically using

the 4th order Runge-Kutta scheme. More details about the spectral method can be

found elsewhere in the literature, see e.g. [26, 7].

It is well known that the number of harmonics significantly affects computational

efficiency, since the computational time increases as O(N2
h ) [7]. When dealing with

focused ultrasound beams, the nonlinear effects are pronounced only in the focal region;

as a result, it is not necessary to keep the interactions of all Nh harmonics before the focal

zone if the source is time-harmonic. For this reason, an adjustable number of harmonics

is deployed in the computational scheme. Initially (near the source), the interaction

and propagation of only Nh = 2 harmonics is computed. When the amplitude of the

second harmonic (the maximum amplitude over all lateral points) reaches the critical

value, however, the number of harmonics is doubled to Nh = 4 to ensure the smallness

of numerical error. When the fourth harmonic reaches the critical value, the number

of harmonics is doubled again, and so on. The key aspect here is how to select the
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threshold values for the magnitude each harmonic, so that the overall error is minimal.

For signals with “smooth” decaying frequency spectrum, that are typically produced by

the nonlinear distortion of a time-harmonic wave, one can deploy

‖p̄Nh
‖ > `1 ‖p̄Nh−1‖ (4.32)

as the criterion for doubling the number of harmonics, where ‖p̄n(r, z, t′s)‖ denotes the

L∞-norm of p̄n with respect to the radial coordinate for z and t′s fixed. In other words,

when the amplitude of the Nhth harmonic becomes larger than prescribed fraction `1

of the amplitude of the (Nh− 1)th harmonic, the number of harmonics is doubled.

Somewhat similar treatment, aimed to increase the efficiency by varying the number of

harmonics, can be found e.g. in [87], where an absolute threshold value is used on the

right hand side of (4.32).

In situations when the nonlinear effects are accumulated locally, e.g. in the focal

region, there is no reason to track diminishing high-order harmonics everywhere in the

domain. In this case, one can neglect small values of the pressure harmonics outside

of the focal region, which can potentially lead to both reduced computation time and

lesser memory requirements. Since the typical frequency spectrum of a nonlinear wave

is a decaying function of n (|p̄n| ∝ n−1 for the shock wave), the threshold of relevance

for every harmonic should decay at a similar or faster rate. On the other hand, an item

that is relevant in many applications is the product between the attenuation coefficient,

which usually grows with n, and the intensity of a given harmonic (e.g. the computation

of heating or the radiation body force generated by the focused sound field). On the

basis of the above considerations, this study assumes

‖p̄n‖ <
`2
n2

po −→ p̄n = 0 (4.33)

as the threshold criterion, where `2 is a small parameter and po is the maximum pressure

amplitude near the transducer’s boundary. The efficiency and accuracy of using (4.32)

and (4.33) is examined in what follows.

4.5.2 Numerical examples

This section is focused on the numerical examples, which illustrate the procedures de-

scribed at the beginning of the section. To this end, it is assumed that the ultrasound
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field is generated by a spherically-shaped transducer (see the right panel in Fig. 4.2),

where the aperture radius and focal depth are given respectively by a × co/Ω = 1 cm

and d × co/Ω = 4 cm. The physical parameters of the medium are co = 1500 m/s for

the sound speed, %o = 1000 kg/m3 for the mass density, β = 3.5 for the nonlinearity

parameter and α× c−1
o = 0.5 dB/(cm·MHz) for the attenuation coefficient per unit fre-

quency [59]. The carrier ultrasound frequency is taken as Ω/(2π) = 2 MHz, while the

velocity amplitude at the boundary is chosen as vo× co = 0.365 m/s, which corresponds

approximately to the intensity of Io × %oc
3
o = 10 W/cm2. To minimize the reflections

from the radial boundary of the computational domain, the radius of the latter is set

at rmax× co/Ω = 5 cm (counting on the attenuation to mitigate the problem), while the

maximum axial coordinate is taken as zmax × co/Ω = 6 cm. The maximum value of the

Hankel transform parameter, which determines the upper bound for integration with

respect to γ, is taken as γmax × Ω/co = 100 cm−1.

Linear propagation. First, the error analysis of the linear wave propagation is per-

formed. The linear solution can be computed via the combination of (4.24) and (4.30)

using two different approaches: i) by varying z2 from z1 + ∆z to zmax (with step ∆z)

while keeping z1 ∈ Γ2 fixed, or ii) by the recursive use of (4.30) with z2 = z1 + ∆z,

starting from z1 ∈ Γ2. In what follows the first approach is referred to as the “leap”

algorithm, while the second approach is called the “incremental” algorithm. In gen-

eral, the leap approach is more accurate, while the incremental procedure is suitable for

solving nonlinear problems (the leap algorithm is not). To quantify the approximation

error, Rayleigh integral (4.24) can be evaluated along the axis of a spherically-shaped

transducer (assuming uniform time-harmonic excitation over Γ) in closed form as

I(r=0, z) ≈ 1

2
|pΩ(0, z)|2 =

v2
o

2

(
d

z − d

∣∣∣∣
1

k

(
eikz − eik

√
d2+(z−d)2+2d(z−d) cos θ

)∣∣∣∣
)2

(4.34)

in terms of the intensity I of the beam, where constant vo denotes the amplitude of the

normal velocity on Γ, k = 1 + iα is the wave number, and θ = sin−1(a/d). In what

follows, the error of numerical approximation is defined as the L2([zmin, zmax]) distance

between the analytical solution (4.34) and the corresponding numerical result, normal-

ized by the L2 norm of (4.34). The variation of such defined error for both leap and

incremental algorithms with respect to the discretization parameters Nr= rmax/∆r+ 1
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Figure 4.3: Variation of the error of leap (left) and incremental (right) algorithms with
respect to Nr and Nγ .

(in terms of the radial coordinate) and Nγ = γmax/∆γ + 1 (in terms of the Hankel

transform parameter) is plotted in Fig. 4.3. It is clearly seen that the leap algorithm is

more accurate for all values of Nr and Nγ in the graph. In addition, the dependence on

Nγ reduces drastically for Nγ > Nr, in which case the error is practically controlled by

Nr. Accordingly, the ensuing examples assume Nγ ≈ 2Nr for simplicity of numerical

analysis. Here it is noted that the assumption Nγ = O(Nr) makes the featured tech-

nique comparable (in terms of computational time) with the discrete Hankel transform

algorithm, where Nγ = Nr is always the case [85]. On the other hand, due to the fact

that the Hankel-transformed numerical solution is propagated analytically via (4.27) in

the z-direction, the error of neither leap nor incremental algorithm changes with the

discretization parameter Nz = zmax/∆z + 1 of the axial coordinate (Nz = 200 for all

examples in this section). For completeness, it is noted that the error in Fig. 4.3 does

not converge to zero with increasing Nr and Nz due to: i) numerical integration of (4.24)

that is deployed to compute the boundary conditions over the “starting” planar surface

Γ2, and ii) truncation of the computational domain in terms of r.

To illustrate and better understand the magnitude of the numerical error in Fig. 4.3,

the left panel in Fig. 4.4 compares the intensity profile along the z-axis given by (4.34)

with the “leap” numerical evaluation of (4.30) assuming Nr = 800 and Nγ = 1600.

For future reference, this result is compared to the equivalent numerical treatment

(Nr = 800, Nγ = 1600) of the parabolic approximation (4.27) plotted in the right panel

of Fig. 4.4, which demonstrates that the error committed by the parabolic approximation
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Figure 4.4: Comparison between the intensity along the axis of the spherically-shaped
transducer given by the analytical solution (4.34) and numerical approximation with
parabolic wave equation.

(13%) exceeds the numerical inaccuracies (0.11%) by two decades.

Nonlinear interaction. To study the effect of threshold parameters `1 and `2 fea-

tured in (4.32) and (4.33), the computation of the pressure field is performed (assuming

input parameters as in the beginning of this section) by way of the full diffraction

model (4.30) for the linear part, and nonlinear correction (4.31). The discretization

parameters are taken as Nr = 800, Nγ = 1600 and Nz = 200, while the summation

in (4.31) is truncated after first Nh = 64 harmonics. To highlight the nonlinear effects,

the L2([zmin, zmax]) solution error is computed in terms of

Q(r=0, z) =

Nh∑

n=1

αn|p̄n(r=0, z)|2, (4.35)

which signifies the distribution of heat sources along the z−axis caused by the acoustic

field (note that (4.35) is also necessary for the computation of the acoustic radiation

force [39, 9]). Here the reference “exact” solution is defined as the numerical solution

with `1 = `2 = 0, limiting the computation to Nh = 64 harmonics as stated before. The

left panel in Fig. 4.5 plots the featured L2 error versus `1 and `2. As can be seen from

the display, the error is somewhat more sensitive to `2, and practically vanishes when

`1 = `2 = O(10−3). To provide a point of reference, it is noted the error committed

by the linear approximation is (for the given configuration) 16%, while the largest

error committed by the nonlinear solution (observed for `1 = `2 = 10−1) is 3.4%. In
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Figure 4.5: Variations of the error (left) and efficiency (right) of the nonlinear solution
versus parameters `1 and `2.

this setting the approximation error affiliated with `1 = `2 = 10−3 is assumed to be

sufficiently small for future computations.

For completeness, the right panel in Fig. 4.5 describes the corresponding variation

of solution efficiency, defined as the ratio between the computational time for the ref-

erence solution (`1 = `2 = 0) and its counterpart with generic `1 > 0 and `2 > 0. For

example, the efficiency of 2.5 means that the numerical solution with given `1 and `2

can be computed 2.5 times faster than the reference “exact” model. From the graph, it

is evident that the solution efficiency is mostly controlled by `2, and reaches the value of

approximately two for errors as small as O(10−6). Note that the “roughness” of the ef-

ficiency surface in Fig. 4.5 can be explained by the smallness of the computational time,

whereby any concurrent active processes (however non-taxing) may affect the runtime

measurements. In the context of `2, it is also important to note that the sparsity of

the solution, introduced in (4.31) via (4.33), provides for significant reduction in mem-

ory requirements. For the example under consideration, the reference solution with

`1 = `2 = 0 requires 230 MB of memory only to store the result (i.e. all participating

p̄n as functions of radius and depth), while its counterpart with `1 = `2 = 10−3 drops

this requirement down to 17 MB. Despite the fact that the former memory requirement

is not nearly sufficient to make meaningful limitation for simulations on modern com-

puters, a certain assembly of such solutions (and thus more memory) is necessary for

the description of the modulated ultrasound as will be examined next.
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4.5.3 “Slow” time phase shift

Equation (4.19) is applicable to arbitrary forms of modulated ultrasound (such as

amplitude-modulated sound or the dual-beam configuration with differing frequencies),

as soon as the dominant modulation frequency is significantly smaller than the carrier

ultrasound frequency. For brevity of discussion, only the amplitude modulated ultra-

sound will be examined in this section. Hereon, it is also assumed that the modulation

envelope 0 6 M(t) 6 1 is a function of time only, i.e. that the boundary conditions

over Γ are in-phase modulated. Here is important to note that the modulation envelope

carries exclusively the “slow” variation, i.e. that

M(t) := M(ts) (4.36)

as examined in Section 4.4. In this setting, the “slow” time phase shift characterizing the

solution of (4.19) for a given modulation envelope could be accounted for by computing a

set of steady-state solutions with different values of the “slow” time ts on the boundary.

This, however, may not be the most efficient way due to relatively fine discretization of

the “modulation” time and inapplicability of the solution to other modulation envelopes.

An alternative and more effective approach toward computing the solution of (4.19),

however, is to precompute a set of steady-state solutions assuming different amplitude

values of the modulation envelope on Γ. With reference to (4.18), such precomputed so-

lutions are then phase-delayed by the amount z in order to compute the sought pressure

response p(r, z, t). In this case, the procedure of “constructing” the modulated solution

(for any modulation envelope) can be formulated as:

• Select a set of representative amplitudes of the modulation envelope 0 < A1 . . . <

Ak < . . . < ANA = 1 (recall that 0 6M(t) 6 1);

• For each Ak, k = 1, . . . NA, compute the corresponding steady-state solutions p̄kn

(n = 1, 2, . . .) via the spectral method with operator splitting as described in

Section 4.5.2;

• Given the values of z and t for which the pressure solution is to be computed,

evaluate M(t−z);
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• Interpolate between the precomputed solutions p̄kn, k = 1, . . . NA to obtain the so-

lution p(r, z, t) that corresponds to the particular modulation amplitude equaling

M(t−z). In other words, the solution is computed on the basis of (4.18) and (4.25)

as

p(r, z, t) =

Nh∑

n=1

Re
(
p̄n(r, z, t−z) e−in(t−z)

)
(4.37)

where p̄n(r, z, t−z), affiliated with the modulation amplitudeM(t−z), is obtained

by the interpolation of p̄kn.

This procedure is illustrated in the left panel of Fig. 4.6 for an example modulation

envelope given by

M = H(t)H(π/ωm− t) sin(ωmt), (4.38)

where ωm is the modulation frequency, and H denotes the Heaviside function. The black

dots in the left panel in Fig. 4.6 indicate positions on the modulation envelope where the

solution precomputed (corresponding to amplitudes 0 < A1 . . . < Ak < . . . < ANA = 1),

while for all other locations i.e. modulation amplitudes corresponding to arbitrary

t−z (shown by the small grey dot), an appropriate interpolation between precomputed

solutions is used.

To investigate the effect of the number of modulation amplitudes NA (at which the

solution is precomputed) on the result, Fig. 4.6 (right panel) shows the variation of

the error versus NA for several interpolation methods: linear interpolation, piecewise

cubic Hermite interpolating polynomial (PCHIP), and cubic spline interpolation. In the

diagram, the error is defined as the L2([0, tmax]) of the pressure-versus-time signal at

the focus, defined as the distance from the “exact” solution, computed using NA = 64

amplitudes and spline interpolation (since this is the most accurate interpolation). This

particular choice of the error is deemed appropriate since the temporal dependence

is an important feature of modulated ultrasound. To study the convergence of the

solution, the right panel in Fig. 4.6 also shows the linear data fit for the featured

interpolation methods. The resulting convergence power for linear interpolation is 1.27,

for PCHIP is 1.38, while for the spline interpolation it is 2.45. Note that the error

analysis presented in this paragraph is modulation envelope-specific, i.e. depends on

the choice of the modulation envelope (it also depends on other parameters, such as

the amplitude of the boundary condition). This result, however specific, allows one
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Figure 4.6: Schematics of the interpolation procedure for example modulation envelope
(left) and approximation error versus number of computed solutions NA for different
interpolation methods (right) assuming ωm = 0.05.

to establish the “hierarchy” between competing interpolation methods and expose the

order of magnitude of the interpolation errors. For instance, it is not clear from the

onset that NA = 4 is sufficient to construct the numerical solution with reasonable

accuracy, say O(10−3) via spline interpolation. In light of the results in Fig. 4.6, NA = 8

with spline interpolation is selected for the ongoing computations, which will be used

to compare the dual-time approach with time-domain simulations. At this point, the

memory savings through the introduction of threshold parameter `2, see (4.33), become

important. For instance, the solution with NA = 32 (`2 = 10−3) requires only 320 MB

of memory to store all precomputed solutions p̄kn, while the “full” solution (`2 = 0)

would take more than 7 GB to accomplish the same task. For the particular example

under consideration, the solution with `2 = 0 could still be computed numerically on

a personal computer; however, more involved problems with different beam geometries

and finer meshes, as well as three-dimensional (non-axisymmetric) extensions of the

method, would require significant computational resources.

Other types of modulation. By building on the procedure for dealing with amplitude-

modulated beams described in Section 4.5.3, one can also establish an approach to model

the dual-beam systems (see e.g. [17]), where the pressure signal on the boundary can

be written as

p = p1(r)e−it + p2(r)e−i(1+∆ω)t =
(
p1(r) + p2(r)e−i∆ωts

)
e−itf = M(r, ts)e

−itf .

(4.39)
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Here p1(r) and p2(r) are the pressure distributions associated with the inner and outer

transducer; ∆ω denotes the difference frequency; and M(r, ts) is the modulation enve-

lope, which, in this case, is also a function of the radial coordinate r. To treat generic

situations where M =M(r, ts), one has to solve the steady-state problem for a repre-

sentative set of values of the “slow” time variable (as opposed to a set of modulation

amplitude values for the amplitude-modulated case), so that the modulation envelope

function M(r, ts) is discretized accurately. Then, the “slow” time phase shift can be

included (similarly as for the amplitude-modulated case) by interpolating between the

precomputed solutions. This class of problems is clearly more demanding in terms of

the computational and memory requirements, since a larger set of solutions has to be

precomputed. However, since the modulation envelope is inherently periodic in terms

of “slow” time for the dual beam case (4.39), the discretization of only one period of

the modulation envelope is necessary, which can be achieved using reasonably small

amount of sampling points. Note that care should be taken when interpolating between

the solutions that correspond to complex-valued modulation envelopes as that in (4.39).

In particular, it was found that such envelopes are more effectively interpolated in terms

of their amplitude and phase, rather than their real and imaginary components.

4.5.4 Full diffraction versus parabolic approximation

As examined earlier, the featured dual-time approach deploys the “full” diffraction

model (4.30) for the linear part of the solution, and parabolic approximation in (4.19)

as a tool to account for the nonlinear interaction. Here, the linear part of the solution is

simulated without parabolic approximation because the “full” diffraction model (4.30)

carries virtually the same computational cost as its parabolic-approximation counter-

part (4.27). To highlight the effect of using (4.30) in lieu of (4.27) on the overall

(nonlinear) solution, Fig. 4.7 compares the dual-time solutions of (4.19) computed via

the two competing linear treatments. Consistent with the results shown in Fig. 4.4, the

solution that relies on the parabolic approximation (4.27) overestimates the intensity

computed more accurately via (4.30).
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Figure 4.7: Comparison of the pressure signals (left panel) and intensities (right panel) at
the focal point (0, d), whose linear parts are computed respectively via the full diffraction
model (4.30) and parabolic approximation (4.27). The modulation frequency is ωm =
0.05.

4.6 Time-domain solution of the KZK equation

To examine the performance of the proposed dual-time approach, used to derive (4.19),

this section summarizes an algorithm used to obtain the numerical solution of the KZK

equation in the time domain for the case of modulated ultrasound excitation. To this

end, the governing equation can be written as

2
∂2p

∂t′∂zs
= ∇2

⊥p + β
∂2p2

∂t′2
+

∫ ∞

0
K(ξ)

∂3p(. . . , t′ − ξ)
∂t′3

dξ, (4.40)

where the “total” time derivatives are used instead of their “fast” counterparts, as

was done in (4.19). To deal with the hereditary integral in (4.40) numerically, one

may compute the contribution from dissipation separately from that of diffraction and

nonlinear interaction for each increment in z. In this setting, the lossless version of

equation (4.40) can be integrated with respect to z and t′ over the rectangular area

[z1, z2]× [t′1, t
′
2] to obtain

p(r, z2, t
′
2) = p(r, z1, t

′
2) + p(r, z2, t

′
1)− p(r, z1, t

′
1) + 1

2∇2
⊥

∫ z2

z1

∫ t′2

t′1

pdt′ dzs

+ 1
2β

∫ z2

z1

(∂p2

∂t′
(t′2)− ∂p2

∂t′
(t′1)
)

dzs.

(4.41)
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In the numerical scheme, the double integral is approximated as

∫ z2

z1

∫ t′2

t′1

p dt′ dz ≈ 1
4

[
p(r, z2, t

′
2) + p(r, z1, t

′
2) + p(r, z2, t

′
1) + p(r, z1, t

′
1)
]
(z2−z1)(t′2−t′1),

(4.42)

while the central difference scheme is used to discretize both the (transverse) Laplacian

and the time derivatives in (4.41). To avoid solving the nonlinear equation for each

step, the one-dimensional integral in (4.41) is approximated using the value of the time

derivative at z1 only. Equations (4.41) and (4.42) are the basis for the implicit (Crank-

Nicolson) numerical scheme used in this study to solve lossless version of (4.40) in

the time domain, since they permit computation the solution at the next “elevation”

z2 = z1 + ∆z, knowing the result for “elevation” z1. More detailed description of the

time-domain schemes for solving the KZK equation can be found e.g. in [28, 7]. The next

task is to incorporate the dissipation effects (and affiliated dispersion effects) associated

with the hereditary integral in (4.40). To this end, one has to solve

2
∂p

∂z
=

∫ ∞

0
K(ξ)

∂2p(r, z, t′ − ξ)
∂t′2

dξ (4.43)

numerically for an increment in space ∆z = z2−z1. Equation (4.43) can be conveniently

solved using the Fourier transform F with respect to the temporal coordinate as

p(r, z2, t
′) = F−1

[
exp
(
−1

2ω
2Kω(z2−z1)

)
F [p(r, z1, t

′)]
]
, (4.44)

where ω denotes the transform parameter and Kω is the Fourier transform of K, eval-

uated at frequency ω. In this setting (4.44) can be solved by an application of the

fast Fourier transform algorithm for each step ∆z or, alternatively, by precomputing

the featured linear operator and applying it for each increment. A variant of the latter

approach was deployed in [31] to account for the acoustic wave dissipation in soft tissues

entailing short pulses in the time domain. For the purposes of this study, it is noted

that for both soft tissues, where Kω = 2α/|ω| (α is the attenuation coefficient per unit

frequency) and fluids, where Kω = δ = const., the right-hand side of (4.44) can be

reduced to a single integral. On substituting Kω = 2α/|ω| into (4.44), changing the

order of integration and evaluating of the inner integral analytically, one finds that

p(r, z2, t
′) =

1

πα(z2−z1)

∫ ∞

−∞

(
1 +

( s− t′
α(z2−z1)

)2)−1
p(r, z1, s) ds, (4.45)
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which can be approximated as

p(r, z2, t
′
j) =

Nt∑

i=1

1

π

[
tan−1

( t′i+1/2 − t′j
α(z2−z1)

)
−tan−1

( t′i−1/2 − t′j
α(z2−z1)

)]
p(r, z1, t

′
i), j = 1...Nt.

(4.46)

Here t′i+1/2 is the midpoint between t′i and t′i+1, and Nt denotes the number of dis-

cretization points in time. The analogue of (4.45) for fluids reads

p(r, z2, t
′) =

1√
2πδ(z2−z1)

∫ ∞

−∞
exp

(
− (s− t′)2

2δ(z2−z1)

)
p(r, z1, s) ds, (4.47)

which can be discretized as

p(r, z2, t
′
j) =

Nt∑

i=1

1

2

[
erf

( (t′i+1/2 − t′j)√
2δ(z2−z1)

)
− erf

( (t′i−1/2 − t′j)√
2δ(z2−z1)

)]
p(r, z1, t

′
i), j = 1...Nt

(4.48)

in terms of the error function. Note that (4.45) and (4.47) represent the convolution

of the solution at z1 with the fundamental solution of (4.43) for different kernels K.

Also note that since (4.44) is valid for every (even large) z2−z1, this approach does not

introduce any restriction on the discretization of the axial coordinate z. In general, the

consecutive use of (4.41), (4.42) and (4.44) can be used to compute the time-domain

solution of (4.40) for any kernel K. For the purposes of this study that focuses on

the validation of the the dual-time approach, however, simplified relation (4.46) is used

instead of more generic (4.44).
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Figure 4.8: Approximation error versus the “coarsening” factor h (markers) and cor-
responding linear fit (lines) for three types of refinement: radial coordinate (Nr), axial
coordinate (Nz), and temporal coordinate (Nt′).
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To ensure that the error of numerical approximation is acceptable, the convergence

rate of the time-domain scheme is investigated. For consistency, the physical parameters

of the medium are chosen to be the same as in Section 4.5.3, while the focused source is

modeled as a phased array for simplicity. The focusing is achieved by applying a time

delay distribution td = −r2/(2d) to a piston source along the boundary Γ = {(r, z) :

z = 0, r 6 a}, see the left panel in Fig. 4.2. The computational domain is taken as

rmax×co/Ω = 2.5 cm, zmax×co/Ω = 4 cm, and t′max/Ω = 8 µs (the length of the signal is

5 µs), while the reference “exact” solution is taken as the numerical result with the mesh

parameters given by Nr = 1600 (points along r), Nz = 1600 (points along z) and N ′t =

8000 (points along t′). In what follows, the solution error is defined as the L2[0, t′max]

norm of the distance between the computed pressure signal and the “exact” solution at

the focal point, normalized by the L2 norm of the “exact” solution. Fig. 4.8 plots the

variation of the error versus the coarsening factor h, defined as the ratio between the

deployed mesh size and that used for the “exact” solution. For example h = 1
4 in terms of

Nr corresponds to the solution with Nr = 1
4 × 1600 = 400 points in the radial direction,

while the remaining mesh parameters are kept the same as for the “exact” solution, i.e.

Nz = 1600 and N ′t = 8000. To determine the convergence rate, Fig. 4.8 also shows the

linear fit to the data, where the slopes (convergence powers) are 2.17 for the Nr data,

1.63 for Nz data, and 2.08 for Nt′ data. Note that these slopes are in agreement with the

order of the finite-difference approximation. In particular, the central difference scheme

(used to discretize the transverse Laplacian) has accuracy O(N−2
r ); the Crank-Nicolson

scheme for the diffraction term is accurate to O(N−2
z ) + O(N−2

t′ ); the dissipation term

computed through (4.46) gives O(N−2
t′ ) error, while the nonlinear term is approximated

with O(N−1
z ) +O(N−2

t′ ) accuracy. For this reason, the fitted slopes in Fig. 4.8 are close

to 2 for the Nr and Nt′ data, while the Nz data are characterized by a slope less than

two due to pollution by additional source of error due to discretization of the nonlinear

term. Also note that, for a given example problem, the observed computational time

increases roughly linearly with each of the mesh parameters Nr, Nz and Nt′ . To have

the approximation error on the order of 10−3, one can extrapolate the results shown in

Fig. 4.8 to obtain the required mesh parameters Nr = 1200, Nz = 800, and Nt′ = 4000.
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4.7 Comparison with time-domain simulations

To expose the performance of the dual-time approach, this section is devoted to the

comparison between the numerical solution of (4.19), described in Section 4.5, and the

time-domain solution of (4.40) summarized in Section 4.6. In light of the discussion

in Section 4.5.4, the dual-time approach results are hereon computed using parabolic

approximation (4.27) for consistency with time-domain simulations. To achieve a mean-

ingful comparison between the two techniques, the numerical error committed by each

method should be sufficiently small. For the time-domain simulations, the spatial grid is

generated using Nr = 1200 radial, Nz = 800 axial and Nt′ = 4000 temporal points, tak-

ing ωm = 0.05 as the modulation frequency in (4.38). For other modulation frequencies,

both the length of the signal and Nt′ are increased linearly with ωm, so that the number

of points per oscillation period is conserved. According to Fig. 4.8, the expected relative

error for time-domain simulations is in this case O(10−3). To facilitate the comparison

between the two approaches in terms of their efficiency, spatial discretization for the

dual-time approach is effected using the same number of points in the z- and r- direc-

tions, namely Nr = 1200 and Nz = 800. The remaining parameters of the dual-time

scheme are taken as in Section 4.5 so that, with reference to Figs. 4.3, 4.5 and 4.6, the

expected numerical approximation error is again O(10−3). For completeness, it is noted

that both dual-time and time-domain solutions are implemented in Matlab 2011b, while

the simulations are run on an Apple Mac Pro computer equipped with a single 2.8 GHz

Quad-Core Intel Xeon processor and 8 GB of 1066 MHz DDR3 memory.

Boundary conditions. To achieve the focusing effect by way of a planar source, spe-

cific time delay distribution must be imposed along the transducer’s boundary. For the

problem under consideration, the pressure boundary condition generating the focused,

modulated ultrasound beam can be written as

p(r, z=0, t) = poM(t+r2/(2d)) cos(t+r2/(2d)), (4.49)

where the time delay −r2/(2d) is applied to both the modulation envelope and the

carrier signal. Unfortunately, explicit computational treatment of the boundary condi-

tion (4.49) via the dual-time approach is not convenient, since the modulation envelope

does not only vary with time as in (4.36), but also with the radial coordinate r. To
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Figure 4.9: Comparison between the pressure (left) and the intensity (right) in the focus
computed using the dual-time approach and the time domain calculations.

deal with the problem, one may however recall that M′ = O(ωmM) where ωm is the

dominant modulation frequency, and expand the modulation term in (4.49) in Taylor

series to find

p(r, z=0, t) = poM(t) cos(t+r2/(2d))
[
1 +O

(
ωmr

2/(2d)
)]
, (4.50)

which can be used as an approximation of (4.49) for sufficiently small modulation fre-

quencies. The advantage of (4.50) lies in its suitability for dual-time computations,

described in Section 4.5. With the above developments in place, the time-domain so-

lution of the KZK equation is computed using (4.49) as the boundary condition, while

corresponding result of the dual-time numerical scheme is computed assuming simplified

boundary condition (4.50).

Error analysis. Fig. 4.9 shows a comparison in terms of time histories the nonlinear

pressure signal (left panel) and intensity (right panel) at the focal point, computed via

the dual-time approach and the time-domain algorithm under respective boundary con-

ditions (4.50) and (4.49). Here the intensity is computed using the “fast” time average

of the squared pressure signal [20] for dual-time simulations, and low-pass filtering of

the averaged p2 quantity for time-domain calculations. As can be seen from the display,

both pressure and intensity variations are virtually indistinguishable. However, there is

a small difference between the two sets of numerical results, that is concentrated near

the edges of the modulation envelope.
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To quantify the misfit between solutions, two distance measures are introduced, re-

ferred to as the “pressure” error and “intensity” error. As before, each error is defined

as the L2([0, tmax]) distance between two signals normalized by the L2([0, tmax]) norm of

the dual-time signal. Fig. 4.10 plots the featured error measures versus the modulation

frequency ωm, together with a linear fit to the pressure error data. The slope of the

fitted line is approximately 1.1; however, if a straight line was fitted only to the first

three data points (ωm = 0.025÷0.1), the fitted slope becomes much closer to unity. This

result is consistent with the fact that both the terms that are neglected in (4.19) (rel-

ative to (4.40)) and the approximation error of the boundary condition (4.50) (relative

to (4.49)) are O(ωm), whereby the theoretical slope value for the error in pressure data

is unity. One may also note from Fig. 4.10 that for sufficiently low modulation frequen-

cies, the intensity error is smaller than its pressure counterpart. This likely happens

because of the presence of ultrasound-scale phase difference between the two solutions

(mostly due to diffraction and attenuation), which may significantly affect the pressure

signal while having minimal effect on the intensity. For completeness, it should be noted

that the filtering, used to compute the intensity from time-domain data, works poorly

for high modulation frequencies (since the modulation frequency becomes closer to the

carrier ultrasound frequency), which explains higher intensity error at high modulation

frequencies.

Range of applicability. If one accepts the error in the nonlinear solution as high

as few percent, the data in Fig. 4.10 indicate that the dual-time approach is applicable

to modulation frequencies of up to ωm = 0.05 (recall that Ω = 2π × 2 MHz for the

problem under consideration). In contrast, the quasi-static approximation [9], which

lacks z “slow” time shift, simulates the nonlinear solution with commensurate accuracy

for modulation frequencies up to only ωm = 0.0005.

Effect of the approximate boundary condition. The results in Fig. 4.10 reflect

two sources of discrepancies, namely those arising from: i) the KZK equation, and ii)

the boundary conditions. To better understand the discrepancies caused exclusively by

the introduction of the dual-time treatment, it is instructive to compare the results of

the dual-time method to time-domain simulations of the KZK equation under identical
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Figure 4.10: Variation of the discrepancy between dual-time approach and time domain
simulations versus modulation frequency.

boundary conditions given by (4.50). In this setting, the respective time-domain simula-

tions of (4.40) under (4.49) and (4.50) were found to exhibit similar behavior; however,

the apparent modulation envelope experienced by the solution at the focus in the second

case (corresponding to (4.50)) is delayed by approximately 0.5 µs. With reference to

Fig. 4.9, this time delay makes the discrepancy between the dual-time approach and

time domain calculations more pronounced, when identical boundary condition (4.50)

is used.

To understand the 0.5µs time shift in the time-domain solution of (4.40) and (4.50)

relative to the corresponding “mother” solution of (4.40) and (4.49), one may estimate

the modulation envelope that is experienced by the solution at the focus using ray

theory. In this case, the effective amplitude modulation imposed on the solution at

focus (0, d) by boundary conditions (4.49) and (4.50) can be computed respectively as

M1 =
1

a2

∫ a

0
M
(
t+ r2/(2d)−

√
d2+ r2

)
2r dr

≈ M
(
t−z1

)
− M′

(
t−z1

) 1

a2

∫ a

0

(√
d2 + r2 − r2/(2d)− z1

)
2r dr

= M
(
t−z1

)
− M′

(
t−z1

) 1

a2

[
2
3

(
(d2 + a2)3/2 − d3

)
− a4

4d
− z1a

2
]

= M
(
t−z1

)
− M′

(
t−z1

) [
d− z1 +O

( a4

24d3

)]
,

(4.51)
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and

M2 =
1

a2

∫ a

0
M
(
t−
√
d2+ r2

)
2r dr

≈ M
(
t−z2

)
− M′

(
t−z2

) 1

a2

∫ a

0

(√
d2 + r2 − z2

)
2r dr

= M
(
t−z2

)
− M′

(
t−z2

) 1

a2

[
2
3

(
(d2 + a2)3/2 − d3

)
− z2a

2
]

= M
(
t−z2

)
− M′

(
t−z2

) [
d+

a2

4d
− z2 +O

( a4

24d3

)]
,

(4.52)

where z1 and z2 are the parameters to be determined next. In (4.51) and (4.52), the

approximation sign indicates truncated Taylor series expansion whose residual is pro-

portional to higher-order derivatives of M and is thus negligible for sufficiently low

modulation frequencies. On the basis of (4.51) and (4.52), one finds that

z1 = d, z2 = d+ a2/4d (4.53)

provide the best approximation of the effective modulation envelopes experienced by the

solution at (0, d) due to respective boundary conditions (4.49) and (4.50). With reference

to (4.18), it is noted that the dual-time method imposes the modulation phase shift −d
on the pressure solution at (0, d), which happens to coincide (to the leading order) with

the result in (4.51) when z1 = d according to (4.53). This is precisely the reason why

the result of time-domain simulations assuming (4.49) as the boundary condition is in

good agreement with the output of the dual-time method. On the other hand, one

finds that a2/(4d)/Ω ≈ 0.42 µs for the problem under consideration, which explains

the 0.5 µs phase shift observed in time-domain simulations under reduced boundary

condition (4.50). In support of the results obtained in (4.51) and (4.53), Fig. 4.11 shows

a comparison between the dual-time result, phase-shifted by a2/(4d), and time-domain

simulations in terms of the pressure signal and intensity at (0, d), all computed assuming

the reduced boundary condition (4.50). In this case, the misfit between the solutions is

more pronounced (relative to Fig. 4.9) as there is visible difference between the pressure

signals near the edges of the modulation envelope, as well as notable overestimation of

the peak intensity by the dual-time method. By comparing the onset of the respective

pressure signals in Fig. 4.9 and Fig. 4.11, one can also observe the featured time delay

a2/(4d).
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Figure 4.11: Comparison between the pressure (left) and the intensity (right) in the
focus computed using the dual-time approach with the effective modulation envelope
and the time domain calculations.

One should also note that the error measure used in this study is very specific, as

it is limited to the time response at the focal point (0, d). This is the reason why the

time domain solution with (4.49) is described better by the dual-time method than

the corresponding time-domain calculations assuming (4.50). If one would consider

the pressure signal at another depth z 6= d, the phase cancellation as in (4.51) may

not occur and the dual-time solution may be closer to the time-domain simulations

with (4.50). In any case, the discrepancy in the phase along the boundary is on the

order of a2/(2d) ≈ 0.8 µs, and when such time scales are negligible compared to the

modulation time scale, the distinction between (4.49) and (4.50) is immaterial and the

dual-time algorithm approximates the time-domain solution at an arbitrary depth.

Efficiency. As can be seen from Fig. 4.10, the error committed by the dual-time

method is admissible, by being on the order of several percent or less, for modula-

tion frequencies below ωm = 0.05. At the same time, the dual-time method used to

solve (4.40) is both memory-wise and computationally more efficient than its time-

domain companion. For instance, it takes only 6 minutes and 20 seconds to precompute

NA = 8 nonlinear steady-state solutions for the example problem considered in this

section (ωm = 0.05), with additional 50 seconds being needed to precompute the linear

propagation operator (4.29). In contrast, the time-domain solution of the same problem

requires 1 hour and 38 minutes of computation. Note that the spatial grid is chosen to

be the same for two methods for objective comparison of their efficiency; however, such
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fine discretization is not necessary for the dual-time approach, whereby the reduction in

the spatial mesh size (with minimal accuracy degradation) may lead to even faster dual-

time computations. One additional advantage of the dual-time approach is that with

NA (nonlinear) steady-state solutions at hand, one can recover the pressure signal at

an arbitrary point in space, for any modulation envelope, via suitable interpolation and

phase shifting of the former as examined in Section 4.5. In the time-domain solution,

on the other hand, one has to recompute the solution for each modulation envelope; in

addition, the affiliated computational effort increases (roughly linearly) with the length

of the signal if the same number of points per ultrasound-scale oscillation is used.

Concerning the memory usage, the sparsity of the dual-time approach introduced

through (4.33) allows one to manage the memory in a very efficient way. For the prob-

lem under consideration, it takes only 655 MB to store NA = 8 nonlinear solutions.

In contrast, storing the time-domain solution at every point in space would require

approximately 30 GB of memory for ωm = 0.05 (note that the latter memory require-

ment increases linearly with modulation frequency). Even though the above computing

and memory requirements of the time-domain solution are not an issue for the example

under consideration, the time-domain treatment of problems entailing either larger com-

putational domains or non-axisymmetric geometries may be significantly more taxing.

In conclusion, it is noted that the dual-time approach is equally applicable to linear

simulations in which case only one steady-state solution must be precomputed (since

the solution scales with the amplitude of boundary excitation), while the time-domain

algorithm for the linear case requires almost the same computational effort as that for

the nonlinear case.

4.8 Summary

In this Chapter, a KZK-type model is proposed to describe the nonlinear wave propaga-

tion affiliated with modulated, high-intensity focused ultrasound under the premise that

the ratio between the dominant modulation frequency and the carrier frequency is o(1).

Such ultrasound fields, which bear particular relevance to the applications of acoustic

radiation force in medical diagnosis, may be difficult to simulate, mostly due to ex-

tended temporal length of the modulation signal which makes the full-time simulations
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computationally expensive. Compounding the problem, the customary quasi-static ap-

proximation (which caters for this class of problems) may not be able to accurately

capture the effects of ultrasound modulation when the dominant modulation frequency

on the order of 102÷104 Hz as in a number of diagnostic applications. To deal with the

impediment, an intermediate asymptotics approach, which exploits the simplicity of the

quasi-static solution while rigorously taking into account the leading-order modulation

effects, is suggested. The technique is based on the dual-time scale analysis, where the

temporal variable is split into its “fast” (i.e. ultrasound) and “slow” (i.e. modulation)

components, which makes the solution periodic in “fast” time. A KZK-type equation,

which effectively describes the nonlinear wave propagation of the modulated ultrasound

field, is obtained for this case. The solution to this equation, while being similar in form

to the quasi-static approximation, carries an important distinction in that it features

the phase delay in “slow” time due to finite wavelength of the compressional wave at

modulation frequency. For generality, the analysis deploys separate scaling parameters

to describe the effects of diffraction and modulation, allowing the model both to absorb

a wide range of transducer geometries and to recover the quasi-static approximation

as a limiting case for low modulation frequencies. The accuracy of the dual-time ap-

proximation for high modulation frequencies is investigated by comparing the output

signal for the example axisymmetric focused modulated sound beam problem with the

time domain simulations of the KZK equation. To obtain the result using the dual-time

approach, the solution at an arbitrary point in space and time is obtained by i) precom-

puting a finite set of nonlinear steady-state solutions, and ii) suitably interpolating and

phase-shifting the latter to incorporate the effects of modulation. Here the “reference”

nonlinear solutions are computed via the spectral method with operator splitting. In

particular, the linear part of the KZK equation is solved in the frequency domain via the

angular spectrum method, while the spectral method is utilized to capture the nonlinear

interaction. The performance of the dual-time approximation, applied to the nonlinear

parabolic wave equation (i.e. the KZK equation), is exposed by comparing the output

signal for the example axisymmetric problem with time-domain simulations of the KZK

equation. In the time-domain algorithm, the effects of nonlinearity and diffraction are

computed via a Crank-Nicolson scheme wherein the nonlinear term is approximated
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using central differences. The dissipation for the case of soft tissues, where the atten-

uation coefficient is proportional to the excitation frequency, is taken into account via

convolution with the fundamental solution of a diffusion-type equation. With the two

alternative computational schemes at hand, a numerical analysis is performed to ensure

that the relative error is low (O(10−3) in this study) for each approach. A comparison

between the respective pressure signals reveals that the discrepancy between the two so-

lutions is on the order of few percent when the ratio between the dominant modulation

frequency and carrier ultrasound frequency is ωm = 0.05, and decreases monotonically

with diminishing ωm. The observed rate of decay is found to be slightly stronger than

unity, where the latter signifies the expected (theoretical) value. In terms of the solution

efficiency, the dual-time approach is shown to outperform its time-domain companion

in terms of both computational cost and memory usage. The principal reason for the

improved performance resides in the fact that only a few, O(10), steady-state nonlinear

solutions are required to “construct” the temporal variation of the nonlinear solution

everywhere in the domain (assuming arbitrary “slow” modulation envelope). Overall,

the dual-time method is capable of effectively describing the modulated sound field in

situations when the modulation frequency is notably smaller than the carrier frequency

of ultrasound (ωm 6 0.05), yet sufficient to render the time-domain computations in-

efficient. Due to its effectiveness, the dual-time approach opens the possibilities for

simulating nonlinear wave propagation in large computational domains under arbitrary

(three-dimensional) transducer geometries.



Chapter 5

Measurement of the nonlinear

elastic coefficient C via acoustic

radiation force

5.1 Introduction

The theory of continuum mechanics demonstrates that the strain energy density in an

isotropic, nonlinear elastic solid can be described by two second-order moduli (e.g. the

usual bulk modulus and shear modulus) and three independent third-order moduli for

sufficiently small strains (see e.g. [88, 23, 7]). Among linear elastic constants, the bulk

modulus is known to vary a little for most soft tissues, while the shear modulus is very

sensitive to a tissue type and is commonly used to characterize the tissue and distin-

guish unhealthy grows (see e.g. [22, 16, 10]). One relevant technique is the shear wave

elasticity imaging, introduced by [9], where the focused ultrasound is used to push inside

the tissue with the radiation force and generate the shear waves locally within the focal

region, then, the shear modulus is estimated from the shear wave particle velocity data.

Regarding the third-order elastic moduli, to the author’s knowledge, only two of them

were studied thoroughly in the context of soft tissues. The first, that characterizes the

nonlinear behavior with respect to volumetic deformations (denoted by B) and is used

to describe shock pressure waves, was studied by the acoustic community (e.g. see [7]).

118
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The second, that describes nonlinear shear deformations (D) is typically utilized as an

additional information to the shear modulus, and is examined mostly by people in elas-

ticity imaging (see e.g. [89]). The third coefficient, which is responsible for the nonlinear

coupling between volumetric and deviatoric modes of deformation (coefficient C), has

not received mounting attention in the literature, perhaps, due to the facts that tissue

is assumed water-like (no shear resistance) for ultrasound waves [7] and incompress-

ible for static deformations [89]. Those assumptions automatically disregard shear-bulk

mode of nonlinear interaction and remove the dependence on the third nonlinearity

modulus C. One should note, however, that there is at least one work, which deals

with the measurement of all three elastic nonlinearity coefficients in tissue-mimicking

phantoms [35].

In Chapter 3, it was found that the magnitude of the acoustic radiation force (ARF)

in an isotropic tissue-like solid, generated by the action of focused ultrasound field, is

related linearly to the third-order modulus C. Prompted by recently developed theory

of the ARF in tissue-like solids (see [20] or Chapter 3), this chapter aims to: i) locally

estimate the third-order modulus C from the amplitude of the shear waves generated by

the ARF; ii) cross-validate thus obtained estimates of C via an independent measure-

ment technique, and iii) examine the level of variability of C in selected tissue-mimicking

phantoms.

One effective (independent) way to measure the third-order moduli is the technique

known as acoustoelasticity [33, 34, 7] that exploits the variation of (small-strain) elas-

tic wave speed with the level of pre-existing (finite) static deformation. In this study,

acoustoelasticity experiments were performed on uniaxially-stressed tissue-mimicking

phantoms wherein the small-strain shear waves were generated by the ARF. Equipped

with the newly established theory of the ARF in soft solids, the value of C is in-

dependently assessed by matching the amplitude of the observed and modeled shear

wave motion. The results demonstrate that the phantoms tested, while clearly exhibit-

ing nonlinear elastic behavior, differ significantly in magnitude of the back-calculated

third-order modulus C. The estimates of the latter coefficient obtained respectively via

acoustoelasticity and the theory of the ARF have shown significant degree of consistency.
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5.2 Acoustoelasticity: Eulerian approach

In situations when the isotropic nonlinear elastic material undergoes finite static de-

formations, it becomes apparently anisotropic, as viewed through the prism of linear

waves, due to the contribution of nonlinear effects. Thus observed anisotropy can be

quantified by measuring the small-amplitude wave speed e.g. in different directions,

where it was found to scale (in terms of its square) with the magnitude of the static

deformation. This phenomenon is utilized by the acoustoelasticity technique for the

purpose of measuring the nonlinear elastic behavior of various materials [34, 7].

This section aims to establish the relevant formulas of acoustoelasticity. In par-

ticular, it seeks to derive the expressions for the shear wave velocities in a uniaxially

prestressed, nonlinear tissue-like material. Note that the discussion in this section is

focused on the special case of soft solids, and the developments are presented exclu-

sively in the Eulerian frame of reference (as opposed to Lagrangian, see e.g. [7]). The

consideration of the limiting case of soft solids allows one to simplify the problem from

the beginning and to obtain the acoustoelasticity formulas in a more elegant manner,

avoiding unnecessary complications. In the last part of the section, the featured the-

oretical developments are used to measure the coefficients of nonlinear elasticity in

tissue-mimicking phantoms on the basis of the ultrasound measurements of shear wave

propagation performed at the Mayo Clinic.

5.2.1 Preliminaries

As a starting point, consider a case of a nonlinear elastic material with heat conduction

and viscosity – a constitutive model that was used in the development of the acoustic

radiation force (see Chapter 3). By adopting the notation from Section 3.2, the govern-

ing equation for the wave propagation in the prestressed material (the balance of linear

momentum) can be written in the Eulerian frame of reference as

ρ
(∂v
∂t

+ v ·∇v
)

= ∇·σ + f , (5.1)

where f is the body force vector, σ is the Cauchy stress tensor, which is given by

σ = ρF ·
[
∂Ū

∂I1
I +

∂Ū

∂I2

(
I1I −E

)
+
∂Ū

∂I3

(
I2I − I1E +E2

)]
·F T + J :∇v, (5.2)
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and Ū denotes the internal energy expressed in terms of the invariants of the Green-

Lagrangian strain tensor (see (3.8)). For the purpose of deriving the acoustoelasticity

expressions, it is next instructive to expand (5.1) and (5.2) in Taylor series, assuming

the smallness of the displacement field, but retaining all second-order terms. On setting

u = O(ψ), where ψ � 1, one may approximate the internal energy as

Ū
ψ4

= 1
2(K+ 4

3G)I2
1 − 2GI2 + 1

6BI
3
1 + CI1I2 +DI3, In = O(ψn), n = 1, 2, 3, (5.3)

where the bulk and shear moduli are denoted respectively by K and G, the third-order

moduli are signified by B, C, and D, while

I1(E) = tr(E), I2(E) = 1
2

[
(tr(E))2 − tr(E2)

]
, I3(E) = det(E) (5.4)

are the invariants of the Green-Lagrangian strain tensor, and
ψn
= indicates the approxi-

mation with O(ψn) residual. The deformation gradient, strain tensor, mass density, the

first and the second strain invariants, and the viscous part of the Cauchy stress tensor

can respectively be expanded up to a sufficient order of accuracy as

F = (I −∇Tu)−1 ψ2

= I +∇Tu,

E = 1
2(F T ·F − I)

ψ3

= 1
2

(
∇u+∇Tu+∇u·∇u+∇Tu·∇Tu+∇u·∇Tu

)
,

ρ = det(F )−1 ψ2

= 1−∇·u,

I1
ψ3

= ∇·u+∇Tu :∇u+ 1
2∇u :∇u,

I2
ψ3

= 1
2

(
(∇·u)2 −∇Su :∇Su

)
,

J :∇v ψ3

=
(
µB− 2

3µ+ (µ̄B− 2
3 µ̄)∇·u

)∂∇·u
∂t

I + 2(µ+ µ̄∇·u)
∂∇Su

∂t
,

(5.5)

where ∇Su = 1
2(∇u + ∇Tu) denotes small strain tensor or symmetric part of the

displacement gradient. Note that the last equation in (5.5) is obtained by expanding

the general form of J , that satisfies material objectivity principle and accounts for

material isotropy (see [48]) in Taylor series, while µ̄B and µ̄ signify respectively the

dependence of bulk and shear viscosities on the applied volumetric strain. Using the

energy function (5.3) and the expansions (5.5), the Cauchy stress tensor (5.2) can be
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reduced to

σ
ψ3

= (K− 2
3G)∇·uI + 2G∇Su+

{
1
2(B+3C+D−2K+ 4

3G)(∇·u)2

− 1
2(C+D)∇Su :∇Su+ (K− 2

3G)(∇Tu :∇u+ 1
2∇u :∇u)

}
I

− (C+D−2K+ 10
3 G)∇·u∇Su+ (D+8G)∇Su·∇Su−G∇u·∇Tu

+
(
µB− 2

3µ+ (µ̄B− 2
3 µ̄)∇·u

)∂∇·u
∂t

I + 2(µ+ µ̄∇·u)
∂∇Su

∂t
.

(5.6)

Note that (5.6) is very similar to (3.27) in Section 3.3.4, however, the difference lies in

avoiding the assumption about smallness of the shear modulus and viscosities, which

makes (5.6) more general. Also note that all coefficients in (5.6) are functions of entropy

at this point, however, they become constants for isentropic motion. To expand the left

hand side of (5.1), one may recall unscaled analog of (3.19) and mass density relation

in (5.5), which together give

ρ
(∂v
∂t

+ v ·∇v
)

ψ3

=
∂2u

∂t2
·
(
I−∇·uI+∇u

)
+ 2

∂u

∂t
· ∂∇u
∂t

. (5.7)

The combination of (5.1), (5.6) and (5.7) yields to a governing equation for the displace-

ment field, which is the basis for the acoustoelasticity.

5.2.2 Wave motion under uniaxial static precompression

The total deformation, that is relevant for acoustoelasticity measurements, can be split

into two contributions: finite uniform static deformation and infinitesimal dynamic

deformation, whereby the displacement field can be written as

u = us + ud,
∂us

∂t
≡ 0, (5.8)

where us denotes the static deformation and ud stands for the dynamic part. Further-

more, the static deformation is considered to be uniaxial, so that

∇us =

3∑

i=1

εi ei ⊗ ei, (5.9)

where εi = const. (i = 1, 2, 3) denote the principal strains and ei (i = 1, 2, 3) are the

principal direction unit vectors (i.e. the basis of the Cartesian coordinate system).

Here it is noted that since G/K = O(10−6) � 1 for soft tissues, the volumetric strain
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(under uniaxial state of stress) is very small, compared to the deviatoric part, however,

as will be shown shortly, it can not be neglected. For a consistent treatment of the

problem, let

ε̄ = G/K (5.10)

denote the small parameter, so that the volumetric strain εv =
∑3

i=1 εi = O(ε̄ε), while

εi = O(ε) (i = 1, 2, 3), where ε is the magnitude of the axial static strain. Note that the

static deformation is assumed moderately small, so that the equations of linear elasticity

can be used to relate stress and strain, and infinitesimal stain tensor can be used. Also

note that the temperature distribution is assumed to be uniform, and thermal losses

(due to dynamic motion ud) are neglected. In this case, the entropy variations can be

omitted, and all parameters in (5.6) are taken as constants (as opposed to functions of

entropy). In addition to that, the third-order elastic constants vary a lot in magnitude

for soft materials. It is shown experimentally in [35], that for tissue-mimicking phantoms

B/K = O(1), C/K = O(1), D/G = O(1), (5.11)

where the last relation can be rewritten as D/K = O(ε̄). So that the bulk modulus K,

coefficients B and C have GPa-scale values, while the shear modulus G and coefficient

D are O(kPa) for tissue-mimicking materials. Based on this study, it is further assumed

that (5.11) holds for materials that are relevant for the current study. Finally, the mag-

nitudes of the viscosities µ and µB, as well as µ̄ and µ̄B are assumed to be commensurate

in magnitude, which ensures that the terms proportional to µ̄ and µ̄B can be neglected

for small volumetric strains.

With the aid of (5.8)–(5.11) and hypothesis ud � 1 (so that one can linearize with

respect to ud), the Cauchy stress tensor (5.6) can be rewritten as

σ =
[
K∇·ud + (3K−C)

3∑

i=1

εi
∂udi
∂xi

]
I +

(
2G− (C−2K)εv

)
∇Sud

− (C−2K)∇·ud
3∑

i=1

εi ei⊗ei + 1
2(D+8G)

3∑

i=1

εi

[(
∇udi +

∂ud

∂xi

)
⊗ei + ei⊗

(
∇udi +

∂ud

∂xi

)]

− G

3∑

i=1

εi(∇udi ⊗ ei + ei ⊗∇udi ) +
(
µB− 2

3µ
)∂∇·ud

∂t
I + 2µ

∂∇Sud

∂t
+ const. (5.12)
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where the constant term represents the uniform static stress, “⊗” denotes tensor prod-

uct, and xi (i = 1, 2, 3) are the Cartesian coordinates. By taking the divergence of (5.12),

and using (5.7), (5.8) and (5.11), the balance of linear momentum (5.1) can be finally

rewritten as

∂2ud

∂t2
= K∇∇·ud +

(
G− 1

2(C−2K)εv
)
∇2ud + (3K−C)

3∑

i=1

εi
∂∇udi
∂xi

− (C−2K)
3∑

i=1

εi
∂∇·ud
∂xi

ei + 1
2(D+8G)

3∑

i=1

εi
∂2ud

∂xi
2

+ 1
2(D+4G)

3∑

i=1

εi∇2udi ei

+
(
µB+ 1

3µ
)∂∇∇·ud

∂t
+ µ

∂∇2ud

∂t
−
(
µB+ 1

3µ
) 3∑

i=1

εi
∂2∇·ud
∂xi∂t

ei − µ
3∑

i=1

εi
∂∇2udi
∂t

ei

+

3∑

i=1

fi(1− εi) ei. (5.13)

Note that the approximation accuracy is omitted in both (5.12) and (5.13) for brevity,

and only the leading terms (based on (5.11)) are taken into account. Equation (5.13)

governs the propagation of the infinitesimally small distortion, described by the displace-

ment vector ud, in the uniaxially stressed nonlinear visco-elastic material. An interesting

outcome of (5.13) lies in the fact that, in addition to the elastic contribution, both the

viscous terms and the body force are affected by the prestressing. This observation

might be relevant for modeling of the ARF-induced motion in the prestressed material,

while it is not included in the classical description of the acoustoelasticity (see e.g. [7]).

5.2.3 Plane shear wave propagation under uniaxial loading

To analyse the propagation of the planar shear waves in the prestressed nonlinear elastic

material, let’s take the displacement vector in the form ud = (0, 0, udz(x)), where x =

(x1, x2, x3) = (x, y, z) denotes the coordinate vector written in two alternative forms.

With such premise and an assumption of no body forces, equation (5.13) can be reduced

to

∂2udz
∂t2

=
(
G(1+4ε1+2ε3)− 1

2(C−2K)εv + 1
2D(ε1+ε3) + µ(1−ε3)

∂

∂t

)∂2udz
∂x2

. (5.14)

As can be seen from (5.14), the shear wave speed depends on the static strains and two

third-order moduli. Note that since C = O(ε̄−1G), according to (5.11) and (5.10), and
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εv = O(ε̄ε), their product is on the order of O(Gε), which is comparable to other terms

in (5.14).

To specify the problem further, consider two independent uniaxial loadings: i) stress

is applied along x axis, i.e. parallel to the direction of shear wave propagation, and ii)

stress is applied along y axis, i.e. perpendicular to the direction of shear wave propaga-

tion. By denoting the magnitude of the uniaxial stress by σ (positive for compression),

the static strains for the parallel configuration are given by

εv = − σ

3K
, ε1 = − σ

E
≈ − σ

3G
, ε2 = ε3 = ν

σ

E
≈ σ

6G
, (5.15)

where E is the Young’s modulus, ν is the Poisson’s ratio, and (5.10) is used to ob-

tain approximate expressions. By substituting (5.15) into (5.14), the “parallel” shear

modulus can be computed as

G|| = G+
σ

6

[C
K
− D

2G
− 8
]
. (5.16)

In situations when the stress is applied along y direction, i.e. perpendicular to the

direction of shear wave propagation, the static strains are given by

εv = − σ

3K
, ε2 = − σ

E
≈ − σ

3G
, ε1 = ε3 = ν

σ

E
≈ σ

6G
, (5.17)

while the “perpendicular” shear modulus is

G⊥ = G+
σ

6

[C
K

+
D

G
+ 4
]
. (5.18)

With the reference to (5.11), it is noted that ratios C/K and D/G that enter (5.16)

and (5.18) are O(1), while G/K � 1. Also note that the formulas (5.16) and (5.18) can

be inverted as
C

K
= 2

(
2
∂G||

∂σ
+
∂G⊥
∂σ

+ 2
)
,

D

G
= 4

(
−
∂G||

∂σ
+
∂G⊥
∂σ
− 2
)
,

(5.19)

which allow to compute two nonlinearity coefficients C and D knowing the values of

bulk and shear modulus, as well as the slopes ∂G||/∂σ and ∂G⊥/∂σ. Relations (5.19)

are used in the next section to determine the ratios of C/K and D/G experimentally

for tissue-mimicking phantoms.
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5.2.4 Experimental results

To measure the third-order elastic moduli in a physical setting, experiments on tissue-

mimicking phantoms were performed in the Department of Biomedical Engineering,

Mayo Clinic College of Medicine, Rochester, Minnesota. The experimental setup (de-

veloped at the University of Minnesota) is shown in Fig. 5.1. The left image illustrates

the testing procedure: the phantom is compressed uniaxially between two parallel plates;

the strain is controlled by the adjustment nut and measured using caliper, and the shear

wave is generated by the pulsed acoustic radiation force (ARF). In the approach, two

testing configurations were used – “parallel” and “perpendicular”, which relate the di-

rection of propagation of shear waves to the direction of applied stress. A Verasonics

system (Verasonics V-1, Verasonics, Inc., Redmond, WA) equipped with a linear array

transducer (L7-4, Philips Healthcare, Andover, MA) was used to generate shear waves

and measure the resulting motion using plane wave imaging techniques with angular

compounding [90]. Both focused and unfocused beam configurations were used. The

focused push beam was generated using 96 elements (element width 0.308 mm), while

the focal distance varied from 15 to 25 mm. To produce the unfocused push beam, 16

central elements, exited coherently, were used. The unfocused beam has the advantage

of exciting a shear wave at shallow depths and creating a planar shear wave over a large

range of depths [91]. The ultrasound toneburst used for shear wave generation had a

duration of either 391 or 585 µs with a frequency of 4.09 MHz. The shear wave detec-

tion and monitoring was performed using angular compounding with 3 angles [90]. The

frame rate for the acquisition was 4.167 kHz. Shear wave motion was estimated with

an autocorrelation method [92]. The shear wave speeds were estimated using a method

based on the Radon transform similar to the algorithm presented in [93]. A median

and mean over a range of depths was calculated at each compression step. Having the

shear wave velocity measured, the value of the shear modulus is then computed taking

the mass density of phantom as for water. Experiments were performed in Mayo Clinic,

Rochester, MN in collaboration with M. Urban, R. Kinnick and M. Fatemi.

Two sets of experiments were performed. A total of five tissue-mimicking phantoms

were tested first, containing: i) paraffin, ii) polyvinyl chloride (PVC), iii) polyvinyl

alcohol (PVA), iv) agarose, and v) gelatin as the “matrix” material. All phantoms

were mixed with the same concentration of cotton fibers and spherical scatterers, where
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Transducer

Shear waves

Phantom

c||
c?

Figure 5.1: Schematics (left) and picture (right) of the experimental setup for measuring
the elastic nonlinearities C and D in tissue-mimicking phantoms using acoustoelasticity.

the latter are added to aid the shear wave detection using ultrasound. The first set

of experiments sought to investigate the nonlinear elastic properties of different tissue-

mimicking materials. In the second set of experiments, five paraffin-based phantoms

containing: i) no fibers, ii) 2% cotton fibers, iii) 4% cotton fibers, iv) 2% glass fibers,

and v) 4% glass fibers, were tested. The goal of the second batch of tests was to study the

effect of fibers on the nonlinear elastic properties of tissue-like materials. To visualize

the microstructure, produced by fiber additives, Fig. 5.2 shows the SEM (Scanning

Electron Microscope) images of all 5 paraffin-based phantoms that were tested in the

second set of experiments. The imaging was done primarily by Yuping Li (Postdoctoral

Associate, School of Dentistry, University of Minnesota).

Figs. 5.3 and 5.4 illustrate respectively the results obtained from the first and the

second batch of experiments, where both parallel and perpendicular configurations are

examined. Here σ denotes the magnitude of the applied uniaxial stress, which is com-

puted as

σ = E
∆L

L
≈ 3G

∆L

L
, (5.20)

where L is the initial distance between two parallel plates (see Fig. 5.1), and ∆L de-

notes the change in it due to applied deformation (positive for contraction). Quantity

σo denotes the initial stress, which was applied in order to make two compression plates
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Figure 5.2: SEM images of samples of tested paraffin-based phantoms with no fibers
(a), with 2% cotton fibers (b), with 4% cotton fibers (c), with 2% glass fibers (d) and
with 4% glass fibers (e).

parallel at the initial configuration. The markers correspond to the experimental mea-

surements, while lines show the linear fit. The numbers near triangles indicate the

magnitude of the slopes (of the linear fit) and are used to compute the ratios C/K

and D/G via (5.19). The results for all phantoms tested are summarized in Tables 5.1

and 5.2.

The results in Table 5.1 demonstrate that four out of five phantoms have somewhat

similar values of the constitutive parameters, while the agarose-based phantom is very

different. It is much stiffer, has much higher C/K ratio, and is the only tested material

with positive coefficient D. Note, however, that there are no thermodynamic restric-

tions on the sign of the third-order moduli [7], so that both positive and negative values

of D are acceptable. The results in Table 5.2 show that all phantoms, except for that

with 4% cotton fibers, have similar values of both linear and nonlinear moduli. The

one with 4% cotton fibers is notably stiffer and has higher C/K ratio. As a result,

small concentrations of fibers (2%) do not make significant contribution to the nonlin-

ear elastic behavior of the phantoms. Higher concentrations show a notable influence
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Figure 5.3: Variations of the shear modulus in the perpendicular and parallel configura-
tions (markers) and linear fit (dashed and solid lines) for different phantoms: a) paraffin,
b) PVC, c) PVA, d) agarose, and e) gelatin. The numbers indicate the magnitude of
corresponding slopes.
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Figure 5.4: Variations of the shear modulus in the perpendicular and parallel configura-
tions (markers) and linear fit (dashed and solid lines) for paraffin-based phantoms with
different fiber content: a) no fibers, b) 2% cotton fibers, c) 4% cotton fibers, d) 2% glass
fibers, and e) 4% glass fibers. The numbers indicate the magnitude of corresponding
slopes.
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Phantom Paraffin PVC PVA Agarose Gelatin

G× %oc
2
o [kPa] 7.3 5.5 4.4 20 3.6

C/K 3.0 4.0 4.1 16.8 4.6

D/G -4.3 -3.0 -1.6 5.6 -1.6

Table 5.1: Values of the shear modulus G, ratio C/K and ratio D/G for paraffin, PVC,
PVA, agarose and gelatin phantoms measured using the acoustoelasticity technique.

Phantom No fibers 2% cotton 4% cotton 2% glass 4% glass

G× %oc
2
o [kPa] 6.6 5.0 7.9 5.5 5.4

C/K 3.2 3.0 5.9 4.0 3.4

D/G -5.4 -5.7 -5.1 -4.8 -5.1

Table 5.2: Values of the shear modulus G, ratio C/K and ratio D/G for paraffin-based
phantoms with different fiber content measured using the acoustoelasticity technique.

of cotton fibers, while almost no effect is observed in terms of the glass fibers. One

possible explanation of the results that correspond to the material with glass fibers is

the inhomogeneity of the phantom due to uneven distribution of glass fibers caused by

the gravity force during preparation. The data for the C/K ratio is the most importnat

for this study since the magnitude of the directional part of the ARF linearly depends

on it. The observed results for C/K provide the basis for preliminary experimental

verification of the ARF formula (3.196), in terms of its dependence on the C coefficient.

5.3 Estimation of the nonlinearity parameter C from the

ARF-induced shear wave amplitude

The goal of this section is to provide an algorithm for estimating the coefficient C

of nonlinear tissue elasticity from the amplitude of the ARF-generated shear waves.

Since the radiation force was used in the experimental setting for acoustoelasticity

measurements, the observed deformation pattern for the unstressed configuration is used

for the analysis in this section. At the same time, to simulate the ARF-induced shear
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waves, one has to solve two separate problems, namely: i) computation of the ultrasound

pressure field (and then the ARF) for given transducer geometry, and ii) solution of the

elasticity equations with the ARF as the body force. By making reference to (3.196)

and noting that the directional part of the ARF is solely responsible for generating the

shear waves, the C coefficient can be determined by comparing the amplitudes of the

model prediction and observed shear wave motion. The details of this procedure are

described next.

5.3.1 Calculation of the ultrasound pressure field

In order to predict the shear wave motion caused by the acoustic radiation force, one

first needs to compute the body force distribution for a particular testing configura-

tion. This entails the computation of the ultrasound pressure filed, produced by the

ultrasound transducer that was used in the acoustoelasticity experiments (see Fig. 5.1).

By parametrizing the active surface of the linear array with (x, y) orthogonal coordi-

nate system, the boundary condition for the pressure field (normalized according to the

scaling in Table 2.1) can be written as

p|z=0 = poH(a1−|x|)H(a2−|y|) exp
[
−i
(
t+

x2

2d1
+

y2

2d2

)]
, (5.21)

where po is pressure amplitude at the boundary (assumed to be uniform), a1 and a2

denote respectively the apertures in the x and y directions, d1 and d2 signify the cor-

responding focusing depths, and H is the Heaviside step function. Note that the z

coordinate is perpendicular the transducer’s face and the waves propagate in the posi-

tive z direction. Also note, that 96 elements were used to produce the phase delay along

the boundary in the x direction (which produces the focusing in the (x, z) plane), and

the discrete nature of the boundary condition is smeared due to the large number of

elements. The focusing in the (y, z) plane is achieved by using the acoustic lens, whose

action can be represented by a fixed value of d2 in (5.21).

Due to the fact that the magnitude of the pressure signal po on the boundary of the

ultrasound transducer has not been measured in the experimental study, it is taken as

an unknown parameter. In this situation, the lack of the knowledge of po makes the

nonlinear treatment of the ultrasound wave propagation unsuitable. As a result, the

(linear) Helmholtz equation (with dissipation) is used for calculations of the ultrasound
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pressure field in this section. By way of the two-dimensional Fourier transform, the

solution of the Helmholtz equation can be written as

p(x, y, z) = F−1
kxky

[
exp
(

i z
√

(1 + iα)2 − k2
x − k2

y

)
Fxy[p(x, y, 0)]

]
, (5.22)

where Fxy denotes the forward Fourier transform with respect to x and y, F−1
kxky

is the

inverse Fourier transform with respect to kx and ky, α is the ultrasound attenuation

coefficient, while kx and ky signify the spatial frequencies respectively in the x and y

directions. For the purpose of computing the ultrasound pressure filed, equation (5.22)

is solved numerically over a rectangular spatial grid using fast Fourier transform (FFT)

algorithm. Such method of solving the Helmholtz equation is typically referred as an

angular spectrum method [94].

The parameters of the ultrasound source, that were used for simulating the results

on tissue-mimicking phantoms (see Section 5.2.4), are taken as a1 × co/Ω = 1.4784 cm,

a2 × co/Ω = 0.35 cm, d1 × co/Ω = 2 cm, d2 × co/Ω = 2.5 cm, and Ω = 2π × 4.09× 106

rad/s, while the medium properties are chosen as co = 1540 m/s, %o = 1000 kg/m3. The

attenuation coefficient varied notably among the phantoms, and is assigned individually

to each tested material. As an illustration, Fig. 5.5 shows the normalized intensity field,

computed as 1
2 |p|2, for attenuation coefficient α× c−1

o = 0.5 dB/(cm·MHz) in the (x, z)

plane for y = 0 (left) and in the (y, z) plane for x = 0 (right). As can be seen from the

display, the intensity field (and thus the ARF) clearly obeys three-dimensional behavior,

which implies that the three-dimensional elasticity equations have to be solved (with

the ARF body force) in order to model the deformation (i.e. the shear waves) caused

by the ARF.

5.3.2 Numerical solution of incompressible elasticity equations using

triple Fourier transform in space

With the ARF body force distribution at hand, the remaining question is how to solve

the 3D elasticity equations in an efficient way, which would allow for modeling of the

ARF-induced deformation. As a starting point, one may set εi = 0 (i = 1, 2, 3) in (5.13),

i.e. represent the unstressed configuration, which leads to

∂2ud

∂t2
= K∇∇·ud +G∇2ud +

(
µB+ 1

3µ
)∂∇∇·ud

∂t
+ µ

∂∇2ud

∂t
+ f , (5.23)
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Figure 5.5: The distribution of the intensity field calculated using angular spectrum
approach, normalized by its maximum value, shown in the (x, z) plane for y = 0 (left)
and in the (y, z) plane for x = 0 (right).

where the body force f is the ARF, given by (3.196). By utilizing the notation ∇−2 for

the inverse Laplace operator, equation (5.23) can be rewritten as

∂2ud

∂t2
= −∇p̌+ Ǧ∇2ud + f −∇−2∇∇·f , Ǧ = G+ µ

∂

∂t
,

p̌ = −K∇·ud −
(
µB+ 1

3µ
)∂∇·ud

∂t
−∇−2∇·f .

(5.24)

Motivated by the fact that G/K = O(10−6) for materials in consideration, it is next

assumed that the motion is quasi-static with respect to the compressional waves, i.e. the

propagation of pressure waves is neglected. Note that this assumption poses a serious

limitation for the modulation envelope, in particular, the compressional wavelength

on the dominant modulation frequency should be much larger than the characteristic

dimension of the source, such as the focal depth. In other words, the modulation

frequencies should be such that

ωm � d−1
1 . (5.25)

The validity of this assumption for the particular problem at hand will be discussed

later in Section 5.3.3. By expressing the quasi-static compressional behavior as

∂∇·ud
∂t

= 0, (5.26)
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and noting that K ≈ 1 according to the scaling scheme in Table 2.1 and (5.10), equa-

tions (5.24) can be reduced to

∂2ud

∂t2
= Ǧ∇2ud +

(
f −∇−2∇∇·f

)
+ Ǧ∇−2∇∇·f , (5.27)

where the part of the forcing term in parentheses represents divergence-free part of

the body force, while the last term adds the contribution of the potential part of f .

Despite the second forcing term seems to be negligible compared to the first one (since

it is proportional to Ǧ� 1), it can not be disregarded at this point since it represents

qualitatively different type of source. On considering only the axial (i.e. z) component

of the displacement vector, and applying 3D spatial Fourier transform to (5.28), one

finds that

∂2Fxyz[udz ]
∂t2

+ Ǧk2
(
Fxyz[udz ]−

kz
k4
k·Fxyz[f ]

)
=

k2
x + k2

y

k2
Fxyz[fdir], (5.28)

where k = (kx, ky, kz) is the spatial frequency vector, k2 = k ·k denotes its squared

amplitude, and Fxyz stands for the three-dimensional Fourier transform operator. Here,

with the reference to (3.196), the total ARF vector and its directional part are given

respectively by

fdir = (C−1)
(

2αI +
∂I

∂t

)
,

f = ∇
(

(C−1−β)I − βT

cp

∫ t

0
2αI dt′

)
+ (C−1)

(
2αI +

∂I

∂t

)
ez.

(5.29)

According to (4.23), the intensity of the modulated ultrasound, computed using the

linear model, can be written as

I = 1
2 |p|2M2(t−z), (5.30)

where p the ultrasound pressure field, which is computed using angular spectrum ap-

proach (see Section 5.3.1), and M is the modulation envelope. Noting that the deriva-

tion of (5.28) required an assumption on the smallness of the dominant modulation

frequency (see (5.25)), one may utilize similar argument to moderate the computational

complexity by using the quasi-static approximation for the intensity, i.e.

I ≈ 1
2 |p|2M2(t) = InmM2(t), (5.31)
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which is valid as soon as (5.25) holds. By substituting (5.31) into (5.29), combining

the result with (5.28), and using (5.26), one may express the axial component of the

displacement field as

udz = F−1
kxkykz

[{ ikz
k2

(
(C−1−β)M2(t)− 2α

βT

cp

∫ t

0
M2(t′) dt′

)

+
k2
z

k4
(C−1)

(
2αM2(t) +

(
M2

)′
(t)
)

+
k2
x + k2

y

k2
(C−1)

∫ t

−∞
G(t−t′)

(
2αM2(t′) +

(
M2

)′
(t′)
)

dt′
}
Fxyz[Inm]

]
,

(5.32)

where G is the Green’s function for a linear oscillator, and is given by

G(t) = H(t)e−
1
2k

2µ t sin
(
κ̌ t
)

κ̌
, κ̌ =

√
Gk2− 1

4k
4µ2, (5.33)

Note that the Green’s function (5.33) is also applicable for the overdamped case when

k2 > 4G/µ2. If one is interested in the particle velocity field instead of the displacement

field, then (5.32) can be differentiated with respect to time to obtain

vdz = F−1
kxkykz

[{ ikz
k2

(
(C−1−β)

(
M2

)′
(t)− 2α

βT

cp
M2(t)

)

+
k2
z

k4
(C−1)

(
2α
(
M2

)′
(t) +

(
M2

)′′
(t)
)

+
k2
x + k2

y

k2
(C−1)

∫ t

−∞
G(t−t′)

(
2α
(
M2

)′
(t′) +

(
M2

)′′
(t′)
)

dt′
}
Fxyz[Inm]

]
,

(5.34)

Since the ARF-induced particle velocity field is measured in the experimental setting,

(5.34) is going to be used as the basis for the computation of the axial component of

the particle velocity field numerically at a given time instant. Terms in the first two

lines represent the motion due to the volumetric distortion caused by the ARF and

thermal expansion, while the last term with the convolution integral stays for the shear

deformation produced by the directional part of the ARF (see (5.29)). Note that the

motion due to the volumetric distortion is important only during the application of the

ultrasound, and does not contribute to the change in distortion after the end of the

ARF push. Also, there are two issues that have to be resolved in order to obtain the

appropriate shear wave motion. The first issue is the computation of the convolution

integral in (5.34), which, in general, can be evaluated numerically, but would add a
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significant amount of computational time. Alternatively, for two most relevant cases of

time-harmonic and pulsed modulation, the convolution can be computed analytically.

Next paragraph establishes the result for the case of pulsed modulation, which is relevant

for this study since such modulation was used in the experimental setting. The second

issue is the boundary conditions. Formally, Fourier transform approach, utilized in this

section, gives the solution in the infinite domain without boundaries, while the problem

can be better described by the infinite half-space geometry. In this case, the method of

images can be applied for resolving this issue, which is examined later in this section.

Special case of the pulsed modulation envelope. In order to generate the shear

waves for the acoustoelasticity experiment (see Fig. 5.1), pulsed modulation was used.

For such situation, the modulation envelope can be written as

M(t) = H(t)H(to−t), (5.35)

where to denotes the duration of the pulse. Note that (5.35) is an idealized modulation

envelope that suits the computations, while the smooth analog of (5.35) is used in the

actual setting. By substituting (5.35) into the convolution integral in (5.34), one finds

that

∫ t

−∞
G(t−t′)

(
2α
(
M2

)′
(t′) +

(
M2

)′′
(t′)
)

dt′ = D(t)−D(t−to),

D(t) = H(t)e−
1
2k

2µ t

[
2α
(

1− 1
2µk

2κ̌
)sin

(
κ̌ t
)

κ̌
+ cos

(
κ̌ t
)]
,

(5.36)

where κ̌ is given in (5.33). With the aid of (5.36), the computation of the shear wave

motion via (5.34) is reduced to three steps: i) the evaluation the FFT of the intensity,

ii) multiplication by a constant factor, and iii) the evaluation of the inverse FFT of the

result. Note that since the FFT algorithm is used, the three-dimensional transient wave

propagation problem at hand can be solved reasonably fast on the regular computer.

Boundary condition. As was mentioned previously in this section, (5.34) gives the

solution in the infinite space and does not account for the boundaries. Since the shear

waves dissipate quickly and typically can not reach the side and bottom boundaries, the

experimental configuration can be well-described by the half-space domain (see Fig. 5.1).
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In this setting, one may impose the boundary condition for the solution v̌dz on the top

surface of the domain (given by relation z=0) as

v̌dz |z=0 = 0. (5.37)

Boundary condition (5.37) implies that the transducer can be associated with a rigid

body, and is much less compliant than the material. To impose (5.37), one can apply

the method of images, so that the solution which satisfies (5.37) can be computed as

v̌dz (x, y, z) = vdz (x, y, z) − vdz (x, y,−z), (5.38)

where vdz is calculated using (5.34) and v̌dz satisfies (5.37). As the result of the method of

images, the lateral components of the particle velocity vector satisfy shear traction-free

condition
∂v̌di
∂z

∣∣∣∣
z=0

= 0, i = 1, 2. (5.39)

Conditions (5.37) and (5.39) are associated with using the method of images, and

represent the actual boundary conditions only up to some extent. In particular, the

ultrasound probe has a contact only with a part of the top surface, while (5.37) is

assumed to be valid over the whole area. Friction-free contact, imposed by (5.39) is

also an approximation. Such simplistic boundary condition, probably, is the largest

source of the systematic error, which can not be eliminated. However, there are reasons

why such degenerate boundary condition may provide good results. One argument

toward applicability of (5.37) lies in the fact that most of the ARF-induced deformation

occurs right under the transducer, where the effect of the top boundary is the most

pronounced, and accounted by (5.37). At the same time, the lateral components of

the particle velocity vector are expected to be small since the directional part of the

ARF, which produces the shear deformation, acts in the z direction and generates

predominantly z component of the motion. In this case, the boundary conditions for

the lateral components of the particle velocity vector are irrelevant. Finally, most

deformation occurs in the focal zone, i.e. at some distance away from the top surface, in

which case the distortion due to boundary may not always be significant in the region

of interest, which further reduces the error due to the boundary conditions.

As an illustration, Figs. 5.6 and 5.7 show the normalized axial component of the
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(shear wave) particle velocity field (computed using (5.34) for a given transducer’s ge-

ometry and example medium parameters) before (left) and after (right) the application

of the boundary condition. As can be seen from the display, the boundary condi-

tion (5.37) notably affects the solution near the surface (z=0), while is not crucial for

the focal region (z × co/Ω = 2 cm). Aslo note that the finite size of the computational

domain introduces an additional error, which is accumulated mostly near its boundaries.

5.3.3 Comparison with the experimental observations

Having developed the numerical model for the ARF-induced axial component of the

particle velocity field, described in Section 5.3.2, the next step is to compare the ampli-

tude of the actual shear wave motion, observed in the test, and that is given by model

predictions. The ratio between the amplitudes should provide the information about

the C coefficient, which is present in the ARF formula (5.29). As a starting point, recall

that the terms in (5.34) which describe the volumetric deformation do not contribute to

the total motion after t > to (see (5.35) for the definition of to). In this case, only the

convolution term in (5.34) is considered in computations, and phantom-specific param-

eters in the model are just α (ultrasound attenuation coefficient), G (shear modulus),

µ (shear viscosity), and C (third-order modulus). Among other unknown parameters

is the value of intensity on the boundary Io = 1
2 |po|2, which is, however, stayed the

same for all tested materials. The geometry of the ultrasound source, as well as the

compressional wave sound speed and the mass density are taken as known parameters

and are described in Section 5.3.1. Since the linear approximation is used to compute

the intensity field and the directional part of the ARF is proportional to C−1, the

amplitude of the shear wave motion, computed using (5.34), is proportional to (C−1)Io.

As a result of unknown Io, the C coefficient can not be determined in the absolute sense,

however, since Io was constant for all tests, (C−1)Io can be used to judge about the

relative values of the coefficient C. The information about shear moduli G is taken from

the shear wave speed measurements, and are shown in Tables 5.1 and 5.2. The shear

viscosity was not measured experimentally and is determined from the decay of the

shear waves. The ultrasound attenuation coefficient was not measured experimentally

for the first set of tests, and is determined from the penetration depth of the generated
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Figure 5.6: Normalized axial component of the particle velocity field, produced by the
unfocused ARF in the infinite medium (left) and in the half-space (right).
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Figure 5.7: Normalized axial component of the particle velocity field, produced by the
focused ARF in the infinite medium (left) and in the half-space (right).



142

motion. For the second set of experiments, however, the ultrasound attenuation coef-

ficient was measured in a separate test. Note that the shear viscosity tends to add a

small contribution to the amplitude of the deformation during the first stages, in which

case the wrong value of the shear viscosity does not significantly affect the calculation

of (C−1)Io. Unfortunately, this is not the case for the ultrasound attenuation coefficient

α, since the directional part of the ARF has a term proportional to it (5.29), and makes

the amplitude sensitive to α in some cases. The modulation envelope, used to excite the

phantoms, had a rectangular pulse shape (5.35) with a duration of to/Ω = 391 µs in the

first set of tests and 585 µs in the second experiment. To justify an assumption (5.25),

which is essential for the model development, one may note that the parameters used

for computations are such that

3× 10−4 ≈ π

to
≈ ωm � d−1

1 ≈ 3× 10−3, (5.40)

where ωm is the dominant modulation frequency of the modulation envelope (computed

here for shorter modulation signal).

Tables 5.3 and 5.4 summarize the values of the attenuation coefficient, shear viscosity

and (C−1)Io for both tests, which were determined from the comparison between the

experimental data for the ARF-induced z component of the particle velocity vector

and the model described in Sections 5.3.1 and 5.3.2. Due to the phantom-specific

features of the experimental data and artifacts in the measurements, observations for

each phantom have been processed individually, without using an universal algorithm

for the solution of the inverse problem. In addition, since the acoustoelasticity envolved

the measurements in two configurations (parallel and perpendicular) using two pushing

modes (focused and unfocused), four data sets were used for the extraction of α, µ and

(C−1)Io. As an illustration, Figs. 5.8 and 5.9 show the comparison between the raw

experimental data and the model for paraffin-based phantom respectively for unfocused

and focused push beams. Top panels illustrate the spatial distributions of the axial

component of the particle velocity (in mm/s, same scale for left and right pictures) for

a given time instant, while the bottom panels indicate the corresponding comparison

along two specific directions, denoted by black solid lines on the top panels.

Comparison with acoustoelasticity tests. By using the data from Tables 5.1-5.4,

one may compare the results for the third-order modulus C obtained independently from
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Figure 5.8: Comparison between the experimental observations and the model in terms
of the axial particle velocity field for paraffin-based phantom for t = 10 to and unfocused
push beam. Top panels: raw experimental data (left) and the model (right) for the
particle velocity field distribution (colorbar is in mm/s, the same scale for left and right
pictures). Bottom panels: comparison between the observed and the modeled particle
velocity fields along the cut in z direction (left) and x direction (right). Black solid lines
on the top panels indicate the positions of the“cuts”.
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Figure 5.9: Comparison between the experimental observations and the model in terms
of the axial particle velocity field for paraffin-based phantom for t = 10 to and focused
push beam. Top panels: raw experimental data (left) and the model (right) for the
particle velocity field distribution (colorbar is in mm/s, the same scale for left and right
pictures). Bottom panels: comparison between the observed and the modeled particle
velocity fields along the cut in z direction (left) and x direction (right). Black solid lines
on the top panels indicate the positions of the“cuts”.
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Phantom Paraffin PVC PVA Agarose Gelatin

α× c−1
o [dB/(cm·MHz)] 0.8 0.9 0.2 0.1 0.2

µ× Ω/(%oc
2
o) [Pa·s] 1.6 1.8 0.2 0.3 0.1

(C−1)Io × %oc
3 [W/cm2] 150 150 175 700 210

Table 5.3: Values of the ultrasound attenuation coefficient α, shear viscosity µ, and
(C−1)Io for paraffin, PVC, PVA, agarose and gelatin phantoms.

Phantom No fibers 2% cotton 4% cotton 2% glass 4% glass

α× c−1
o [dB/(cm·MHz)] 1.3 1.6 2.2 1.3 1.4

µ× Ω/(%oc
2
o) [Pa·s] 1.0 1.2 1.5 1.1 1.2

(C−1)Io × %oc
3 [W/cm2] 210 200 280 200 140

Table 5.4: Values of the ultrasound attenuation coefficient α, shear viscosity µ, and
(C−1)Io for paraffin-based phantoms with different fiber content.

the acoustoelasticity measurements and from the observed amplitude of the shear waves.

Fig. 5.10 plots the (C−1)Io quantity from Tables 5.3 and 5.4 (note that Io = const.

for all tested materials) versus C−1, computed from the results in Tables 5.1 and 5.2

(note that K ≈ 1 according to the normalization scheme). Dashed line shows the linear

fit, and has the slope of about Io × %oc
3
o ≈ 60 W/cm2, which implies that the pressure

amplitude, generated at the source boundary, is po × %oc
2
o ≈ 1.3 MPa. As can be seen

from Fig. 5.10, the overall agreement is acceptable, noting that the measurement errors

are quite high. The most significant source of inaccuracy is the lack of knowledge of

ultrasound attenuation coefficient, which affected notably three points that correspond

to the materials with low attenuation (first set of experiments). The value of the slope

of the fitted line is reasonable, but still unknown, which adds an additional degree of

freedom to the problem and reduces the value of the obtained result. Understanding the

sparsity of the diagram in Fig. 5.10, the population of the figure with more accurately

determined points is one of the primary goals for the future research.
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Figure 5.10: The variation of (C−1)Io, determined from the shear wave amplitude mea-
surements, versus C−1, measured using acoustoelasticity technique (markers). Dashed
line indicates a linear fit, and has the slope of approximately 60 W/cm2.

5.4 Summary

This chapter describes the procedure for measuring the elastic nonlinearity coefficient

C using the ARF-induced shear wave amplitude data, and validates the results via

comparison versus those obtained from the acoustoelasticity experiments. First, the

acoustoelasticity technique, applied to soft solids, is briefly described. The essence of

such technique lies in the ability to measure elastic third-order moduli by determining

the variation of the various wave speeds (e.g. with different directions of propagation

or polarizations) with respect to applied uniform static stress. Total of ten tissue-

mimicking phantoms were tested in the experimental setting for the two (out of three)

independent third-order moduli. The shear waves, used for measurement of the shear

wave speeds, were generated by the radiation force produced by both focused and un-

focused ultrasound field in the uniaxially stressed material. Having the experimental

measurements of C from the acoustoelasticity tests, next part of the chapter described

the model for calculation of the ARF-induced shear motion in the unstressed mate-

rial. The ultrasound field (used to quantify the radiation force) is computed for a given
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transducer geometry using the angular spectrum method, while the ARF-induced shear

wave motion is calculated using three-dimensional spatial Fourier transform (evaluated

numerically using FFT algorithm) and the method of images. By taking the values of

the shear moduli from the acoustoelasticity experiments and determining the shear vis-

cosities and ultrasound attenuation coefficients from the ARF-induced particle velocity

data, the model showed an overall good agreement with the observations for all tested

phantoms. Given the fact that the absolute value of the ultrasound intensity field is

unknown (was not measured in the experimental setting), the comparison between the

amplitude of the modeled and observed shear wave motions allowed to determine only

the product (C−1)Io, where Io is the magnitude of the intensity at the boundary of

the transducer. The comparison between (C−1)Io, obtained from the particle velocity

amplitude data, and C−1, computed from the acoustoelasticity results, showed a sig-

nificant degree of agreement, which i) provides the experimental validation for the ARF

formula, and ii) shows a possibility for imaging of tissue’s nonlinear elasticity parameter

C using the information about the amplitude of the ARF-induced motion.



Chapter 6

Conclusions

The Acoustic Radiation Force (ARF) is a phenomenon affiliated with the nonlinear

effects of finite-amplitude wave propagation. It represents the mean momentum trans-

fer from the sound wave to the medium, and allows for an effective computation of

the mean motion induced by the sound wave. The first part of study investigates the

generation of the ARF in situations when the ultrasound field is modulated by a low-

frequency signal. The computation of the ARF due to modulated ultrasound field is

facilitated by introducing the “fast” and “slow” time variables, which allow one to parse

out the ultrasound-rate and modulation-rate variations in the solution. To study the

mean motion induced by the ARF, the “fast” time average, computed over the period

of ultrasound vibrations, is introduced. To highlight the features of the problem and

validate the dual-time scale analysis, the reduced case of a plane wave excitation is

considered first. By taking the constitutive model for soft tissues (under plane wave

condition) as that for the Newtonian fluid, the “fast” time averages of the acoustic fields

are shown to be governed by a linear system of equations featuring the ARF that ratio-

nally captures the effect of sound modulation. The developments are illustrated by the

analytical solution for a sinusoidal modulation envelope which both exposes the limita-

tions of earlier treatments and demonstrates the generation of nonzero mean motion in

a lossless fluid by a modulated, high-intensity ultrasound field. To cater for practical

applications of the ARF, the generation of the radiation force in soft tissues under the

focused ultrasound excitation is established next. On approximating the constitutive

response of soft tissues as that of a nonlinear viscoelastic solid with heat conduction,

148
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the governing equations for the mean tissue motion, featuring the new formula for the

ARF, are obtained by taking the “fast” time average of the nonlinear field equations

dictating the original ultrasound-scale problem. The computed radiation force has two

qualitatively different terms: i) potential body force term, which is proportional to the

gradient of the intensity and produces mostly compressional waves, and ii) directional

body force term, which acts along the transducer’s axis and generates predominantly

shear motion. By comparing the result with the existing theory, it is further shown

that the established formulation enriches the previous treatment by both including the

role of the third-order elastic moduli, and accounting for the contribution of ultrasound

modulation and thermal expansion to the sustained body force in tissue-like solids.

One prerequisite for the computation of the ARF is the knowledge of ultrasound

intensity of the modulated source, which typically requires simulations of the nonlinear

wave propagation problem. Unfortunately, the numerical computation of the nonlinear

acoustic pressure field due to modulated excitation is complicated by the presence of two

disparate time scales in the solution (namely the ultrasound time scale and it modulation

counterpart). In this situation, time-domain simulations of the nonlinear acoustic field

are computationally expensive due to excessive length of the signal, which may extend

for hundreds or even thousands of ultrasound periods. On the other side of the spectrum,

the frequency-domain approach is similarly ineffective due to richness of the frequency

content of the nonlinear response. To deal with the problem, the customary quasi-

plane wave scaling of the spatial coordinates that provides the basis for computing the

acoustic field inside the focal region is complemented by its dual-time scale companion,

where the temporal coordinate is split into its “fast” and “slow” components, allowing

one to track the ultrasound-scale oscillations and modulation-scale variations separately

in the solution. In this case, the nonlinear acoustic solution is governed by the KZK-

type equation and can be independently discretized in the “fast” and “slow” temporal

coordinates and then effectively computed in the “fast” frequency domain and “slow”

time domain for any given (transient or time-harmonic) modulation envelope. The

proposed developments are verified by the experimental results, time-domain numerical

simulations, and illustrated via numerical examples that show the effectiveness of the

hybrid (time-frequency) computational scheme.
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The third part of this study utilizes the ARF developments for the purpose of deter-

mining one particular nonlinear elastic modulus C, that is present in the ARF formula,

from the ARF-induced shear wave motion. To provide an alternative method for mea-

suring the third-order moduli, first, the acoustoelasticity technique is briefly described.

Acoustoelasticity is a method, that is used to measure elastic third-order moduli from

the variation of the small-strain wave speed with applied uniform static stress. Acous-

toelasticity experiments were performed on tissue-mimicking phantoms, which allowed

to quantify two (out of three) elastic nonlinearity parameters for the tested materials.

Since the ARF was used as an excitation in the acoustoelasticity tests, the obtained

data was also used to determine the C coefficient from the shear wave amplitude. For

the purpose of simulating each phantom’s response to the ARF excitation, the value

of the corresponding shear modulus was taken from the acoustoelasticity experiments,

while the shear viscosity and ultrasound attenuation coefficient are deduced from the

shape of the generated shear wave. The comparison between the measurements and

the model demonstrated a good agreement for all tested materials in terms of both the

shape and the amplitude of the generated waves. The comparison between nonlinear

elasticity parameter C, obtained from the shear wave amplitude data, and observed in

acoustoelasticity tests, showed a significant degree of consistency. This provides the

preliminary verification for the ARF formula, which can be potentially used to facilitate

the local noninvasive imaging of the tissue’s nonlinear elasticity parameter C using the

information about the amplitude of the ARF-induced motion.
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Appendix A

A.1 Thermodynamic equality (3.11)

To obtain (3.11), recall the (nonlinear) thermoelastic part of the second Piola-Kirchhoff

stress tensor

Π2 := ρ−1F−1 ·Σ·F−T. (A.1)

From (3.8), the second of (3.10), and (A.1) it follows that Π2 =Π2(E, S). On invoking

the chain rule and the definition of tensorial derivative “to the right”, one consequently

finds
(
∂Π2

∂S

)

Π2,o

≡ 0 =⇒
(
∂Π2

∂S

)

E,o

+

(
∂E

∂S

)

Π2,o

:

(
∂Π2

∂E

)

S,o

= 0. (A.2)

Here the fourth-order tensor (∂Π2/∂E)S,o signifies the linear elasticity tensor which,

with reference to the premise of isotropy and the scaling scheme in Table 2.1, reads
(
∂Π2

∂E

)

S,o

=
(
1− 2G

)
I⊗I + 2GIsym

4 , (A.3)

where Isym

4 is the symmetric fourth-order identity tensor. Considering the “inverse” of

the relationship Π2 = Π2(E, S) in the form of E = E(Π2, T ), on the other hand, one

finds that (
∂E

∂S

)

Π2,o

=

(
∂E

∂T

)

Π2,o

(
∂T

∂S

)

Π2,o

. (A.4)

From linear thermoelasticity [47] and basic thermodynamic considerations [95], it follows

(by way of Table 2.1) that
(
∂E

∂T

)

Π2,o

:=
αT

3
I,

(
∂T

∂S

)

Π2,o

:=
1

cp
, (A.5)
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where αT is the coefficient of volumetric thermal expansion, and cp is the specific heat

capacity at constant stress. On the basis of (A.1)–(A.5), one finds

(
∂Π2

∂S

)

E,o

= − αT

3cp
I :
[(

1−2G
)
I⊗I + 2GIsym

4

]
= −αT

cp

[
1− 4

3G
]
I = −βT

cp
I, (A.6)

where βT = αT(1 − 4
3G) = αTK, and K denotes the linear elastic bulk modulus. A

substitution of (A.1) into (A.6) recovers the claim.

A.2 Expansion of the thermoelastic response function

To demonstrate (3.27) one may first make use of (3.11), (3.23) and (3.24), and partially

expand (3.10b) as

Σ̃ =
Σ− σo

ε

ε2
= (1 + ερ̃)F ·

[{
1

ε

(
∂Ū

∂I1

)

o

+

(
∂2Ū

∂I1
2

)

o

I1(Ẽ) +
ε

2

(
∂3Ū
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3

)

o

I2
1 (Ẽ)

+ ε

(
∂2Ū
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)

o

I2(Ẽ)

}
I +

{(
∂Ū
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o

+ ε

(
∂2Ū
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o

I1(Ẽ)

}(
I1(Ẽ)I − Ẽ

)
(A.7)

+ ε

(
∂Ū

∂I3

)

o

(
I2(Ẽ)I − I1(Ẽ)Ẽ + Ẽ

2
)
− ε βT

cp
S̃ I

]
·F T + p̃oI,

where σo = −εp̃oI is the initial hydrostatic stress field as postulated before. By virtue

of the facts that i) Σ̃ is homogeneous in ũ, and ii) the terms that are linear in ũ are

associated with the Hooke’s law for an isotropic solid, one finds that

(
∂Ū

∂I1

)

o

= −εp̃o,

(
∂2Ū

∂I1
2

)

o

= 1 + εp̃o,

(
∂Ū

∂I2

)

o

= −2ε(G̃+ p̃o), (A.8)

which relates the internal energy derivatives to the initial pressure and linear elas-

tic moduli. To keep the accuracy of approximation in (A.7) within O(ε2), it follows

from (A.8) that Ẽ and I2(Ẽ) can be approximated with their O(1) terms, while I1(Ẽ)

requires expansion up to the linear i.e. O(ε) term. Accordingly, one finds from (3.9)

and (3.23) that

Ẽ
ε
= ∇Sũ = 1

2(∇ũ+∇Tũ),

I1(Ẽ)
ε2
= ∇·ũ+ ε

(
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2∇ũ :∇ũ
)
, I2(Ẽ)

ε
= 1

2

[
(∇·ũ)2 −∇Sũ :∇Sũ

]
.
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By virtue of (3.27) and (A.8), these approximations allow one to rewrite (A.7) as

Σ̃
ε2
= (1 + ερ̃)F ·

[{
∇·ũ+ ε

(
∇ũ :∇Tũ+ 1

2∇ũ :∇ũ
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+ 1
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+ εD
(

1
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)
− ε βT

cp
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]
·F T,

where B,C and D are constants given by (3.28). With the aid of (3.22a), (3.23) and

relationship

det(F )
ε2
= 1 + ε∇·ũ,

the latter expression for Σ̃ can be further expanded as

Σ̃
ε2
=
(
1−2εG̃

)
∇·ũ I + 2εG̃∇Sũ+ ε

[
1
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[
(C+D−2)∇·ũ I −D∇sũ

]
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which recovers claim (3.27).

To compute the thermoelastic part of the first Piola-Kirchhoff stress tensor, ˆ̃Π =

det(F̂ ) F̂
-1 · ˆ̃Σ, one may first note via the identity ∇ũ = F̂

−T·∇ˆ̃u and (3.22a) that

∇ũ ε2
= ∇ˆ̃u − ε∇ˆ̃u·∇ˆ̃u, ∇·ũ ε2

= ∇· ˆ̃u − ε∇ˆ̃u :∇T ˆ̃u. (A.11)

On the basis of (A.10) and (A.11), ˆ̃Π can be computed as
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=
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]
·∇s ˆ̃u + ε∇· ˆ̃u∇ˆ̃u. (A.12)

A.3 Properties of the Eulerian state vector R

With reference to (3.54), (3.69) and relationships χi =χio+ ε1+2λR̂
ui

, ζ=ζo+ ε1+ϑR̂
uz

and z=zo+ εR̂
uz

where, according to the adopted convention, R̂
ui
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and R̂
uz
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∂R(χi, ζ, z, τ, t)

∂t

∣∣∣∣
χio,ζo,zo,τ

= ε1+2λ ∂R

∂χi

∂R̂
ui

∂t
+ε1+ϑ ∂R

∂ζ

∂R̂
uz

∂t
+ε

∂R

∂z

∂R̂
uz

∂t
+
∂R

∂t
.

(A.13)
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On employing (3.65) in terms of R̂
uz

and R̂
ui

, (A.13b) can be rewritten as

∂R̂

∂t
= −∂R

∂χi

(
ε1+2λ ∂R̂

ui

∂zo

)
− ∂R

∂ζ

(
ε1+ϑ∂R̂

uz

∂zo

)
− ∂R

∂z

(
ε
∂R̂

uz

∂zo

)
+
∂R

∂t
. (A.14)

From (3.65), (A.13a) and (A.14), one immediately recovers the reciprocity claim (3.71).

In a similar fashion, the use of (3.69) and the “fast”-time periodicity condition (3.66)

in terms of R̂
uz

yields

R̂(t1) = R
(
χio+ ε1+2λR̂

ui
(t1), ζo+ ε1+ϑR̂

uz
(t1), zo+ εR̂

uz
(t1), τ, t+ 2π

)

= R
(
χio+ ε1+2λR̂

ui
(t0), ζo+ ε1+ϑR̂

uz
(t0), zo+ εR̂

uz
(t0), τ, t+ 2π

)

= R(χi, ζ, z, τ, t+ 2π), where tn = {ζo, χio, ζo, zo, τ, t+ 2πn}, n = 0, 1

which, in concert with (3.66) and (3.69), recovers the periodicity statement (3.72).

A.4 Approximate dimensions of the focal region

To effectively scale the problem quantities within the focal region, one needs an estimate

of its width that, to the leading order, can be obtained via a linear acoustic approxi-

mation of the focused beam problem. With such premise, the signal modulation can

be discarded for it has a little effect on the beam geometry. As a result, the acoustic

pressure field can be conveniently computed via the Rayleigh integral as

p(x) =

∫

Γ
Λ
eikR

R
dξ, R = |ξ − x|, k = 1 + iα, ξ ∈ Γ, (A.15)

where x = (x1, x2, z) is the observation point, α is the attenuation coefficient, Γ syn-

thesizes the transducer geometry, and Λ = Λ(ξ) is the source density over Γ. For a

spherical transducer with focal depth d, (A.15) reduces to

p(x) = d2

∫ θmax

0
Λθ sin θ

∫ 2π

0

eikR

R
dφ dθ,

R = d
√

1− 2r̄ sin θ cosφ+ r̄2 − 2z̄ cos θ + z̄2, r̄ =

√
x2

1 + x2
2

d
, z̄ = 1− z

d

(A.16)

in the spherical coordinate system (R, θ, φ) centered at the focal point xf = (0, 0, d),

where Λθ = Λθ(sin θ) = Λ(ξ), θ is the angle between z̄ and ξ − xf , and θmax =

sin−1(a/d) = sin−1(0.5/f) is the so-called “focusing” angle. As an illustration, the
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top panel in Fig. A.1 plots the distribution of normalized beam intensity, computed

via (A.16a) as |p(x)|2/|p|2max, assuming Λ = const., d = 1000 and f = 2.5. To better

understand the behavior of (A.16a) in the focal region, one may take r̄ � 1 and |z̄| � 1

which permits (A.16b) to be expanded as

R = d
(
1− r̄ sin θ cosφ− z̄ cos θ

)
+ O(η̄2d), η̄ = max{r̄, |z̄|}. (A.17)

By virtue of (A.17) and identity
∫ 2π

0 e−ix cosφ dφ = 2πJ0(x) where J0 is the zeroth-order

Bessel function, (A.16a) can be simplified as

p(x) = 2πd eikd

∫ θmax

0
Λθ sin θ e−ikz̄d cos θJ0

(
k r̄d sin θ

)
dθ ×

(
1 +O(max{η̄, η̄2d})

)
.

On changing the integration variable as s = sin θ and taking 1/(2f) as a small parameter,

one finds that

p(x)=2πd eikd(1−z̄)
∫ 1/(2f)

0
Λθ s e

ikz̄ds2/2J0

(
k r̄ds

)
ds ×

(
1+O

(
max

{2|z̄|d
(4f)4

,
2

(4f)2
, η̄, η̄2d

}))
.

(A.18)

Assuming Λθ = const., the integral in (A.18) can be evaluated analytically for either

z̄ = 0 or r̄ = 0, yielding the peak-normalized intensity distributions as

Īz=d(r) ≈
|p(x)|2z=d

maxx |p(x)|2z=d
≈
[

2J1(πx)

πx

]2

, x =
r

2πf
,

Īr=0(z−d) ≈ |p(x)|2r=0

maxx |p(x)|2r=0

≈
[

sin(πy)

πy

]2

, y =
z−d

16πf2
,

(A.19)

where J1 is the first-order Bessel function.

On the basis of (A.19), one is now in position to estimate the size of the focal

region by taking the its half-width w and half-length l so that Īz=d(±1
2w) = 0.5 and

Īr=0(±1
2 l) = 0.5, consistent with the applications of elevated-intensity focused ultra-

sound [15]. From (A.19), one in particular finds that

w ≈ 2πf, l ≈ 14πf2. (A.20)

Note, however, that for the estimates in (A.20) to hold, one must respectively have

max{2/(4f)2, w/d, w2/d} = o(1) and max{2l/(4f)4, 2/(4f)2, l/d, l2/d} = o(1). Since

normally w� l, one may expect (A.20a) to be more accurate. This is illustrated in the

bottom panels of Fig. A.1 which compare (A.19) with the numerical solution stemming

from (A.16a).
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Figure A.1: Normalized intensity of the linear acoustic wave generated by a spherical
ultrasound transducer with d = 1000, f = 2.5 and Λθ = const.: axial cross section
(top), focal plane z=d (bottom left) and transducer axis r=0 (bottom right).

A.5 Linearized acoustic relationship (3.161)

In invoking the first-order relationship ṽz
ε
= ρ̃, it is important to note that the plane-wave

problem under consideration may not fit the assumptions (e.g. non-dissipative fluid)

that are customarily made [7, 5] in justifying (3.161). To overcome this impediment, one

may consider the leading behavior of (3.79a) when ε � 1 in terms of the components

of the state vector R, namely

∂Rρ

∂t
= −∂R

vz

∂z
+ r, r = O(ε), (A.21)

whose residual r, expressible in terms of Rρ and Rvz , inherently satisfies the peri-

odicity condition (3.72). By applying the exact reciprocity relationship (3.71), namely

∂Rvz/∂z = −∂Rvz/∂t and computing the “fast” time average of (A.21), it can be further
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shown that 〈r〉E = 0. On integrating (A.21) with respect to “fast” time and employ-

ing (3.71), one finds

Rρ = Rvz +

∫ t

0
r dt′ + C(τ, ζ), (A.22)

where the integral on the right-hand side is O(ε) for any t since 〈r〉E = 0, and C(τ, ζ)

is the constant of integration. An application of the “fast” time average to (A.22),

together with the facts that 〈ρ̃〉E = O(ε) and 〈ṽz〉E = O(ε) (see Section 3.5.1) shows

that C(τ, ζ)≡〈C〉E =O(ε). By virtue of this result, (3.70) and (A.22), one finally obtains

ṽz
ε
= ρ̃, t, z <∞.

A.6 Finite-difference approximation of ultrasound inten-

sity

To establish claim (B) from Section 3.5.5, one may express ρ̄, j̄ and S̄ in (3.148) in

terms of ρ̃, j̃z, and S̃, multiply (3.148a) by j̃ik, and add the result to (3.148b) multiplied

by ρ̃i+1
k to obtain

∆i,1
k,0(ρ̃) j̃ik + ∆i,1

k,0(j̃) ρ̃i+1
k

ht
+

∆i,0
k−1,1(j̃) j̃ik + ∆i+1,0

k,1 (ρ̃) ρ̃i+1
k

h

=

(
−εβT

cp

∆i+1,0
k,1 (S̃)

h
+ Πi

k

)
ρ̃i+1
k + R ,

(A.23)

where ∆p,m
q,n (χ̃) = χ̃p+mq+n − χ̃pq , χ̃pq = χ̃(tp, zq), and R is the residual i.e. misfit caused

by substituting the exact quantities into discretized equations. The goal is to show

the ultrasound intensity, computed numerically on the basis (3.148), satisfies (3.101)

with an O(h)-residual. To this end it can be shown by employing the analysis as in

Appendix A.5, that the finite difference solution approximates (3.161) with an O(h)

accuracy. This result, combined with (3.99), and (3.100), can be used to show that

〈(
−εβT

cp

∆i+1,0
k,1 (S̃)

h
+ Πi

k

)
ρ̃i+1
k

〉

E

= − εδ̃Ĩ∗E(ti, zk) + O(εh). (A.24)

On the other hand, the “fast” time average of the first term on the left-hand side

of (A.23) can be computed via finite-difference approximation of (3.161) and Taylor
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series expansion as

〈
∆i,1
k,0(ρ̃) j̃ik + ∆i,1

k,0(j̃) ρ̃i+1
k

ht

〉

E

= ε
∂〈j̃ik ρ̃ik〉E

∂τ
+ O(ε2ht) = ε

∂ĨE
∂τ

(ti, zk) +O(εh), (A.25)

recalling that ht < h, and ε < h. Similarly, the second term on the left-hand side

of (A.23) can be averaged as

〈
∆i,0
k−1,1(j̃) j̃ik + ∆i+1,0

k,1 (ρ̃) ρ̃i+1
k

h

〉

E

=

〈
∆i,0
k−1,1(j̃) j̃ik + ∆i,0

k,1(ρ̃) ρ̃ik
h

〉

E

+O(εht)

=

∞∑

m=0

〈
(−h)m

(m+1)!

∂m+1 j̃ik
∂zm+1

j̃ik +
hm

(m+1)!

∂m+1ρ̃ik
∂zm+1

ρ̃ik

〉

E

+O(εht)

= ε
∂ĨE
∂ζ

(ti, zk) +

∞∑

n=1

(−1)n h2n−1

(2n)!

〈(
∂nρ̃ik
∂zn

)2

−
(
∂n j̃ik
∂zn

)2〉

E

+O(εh),

(A.26)

where the last equality makes use of the auxiliary summation index n= (m +1)/2 in

lieu of m, and recursive use of the relationship 〈a∂b/∂z〉E ε
= −〈b∂a/∂z〉E. To evalu-

ate the sum in (A.26) one may compute the “fast” time average of the difference be-

tween (3.148a) multiplied by ∂2p+1j̃ip/∂z
2p+1 and (3.148b) multiplied by ∂2p+1ρ̃i+1

p /∂z2p+1

(both written in terms of ρ̃ and j̃z), assuming p > 0, to find

O(ε) =

〈(
∆i,1
k,0(ρ̃)

ht
+

∆i,0
k−1,1(j̃)

h

)
∂2p+1j̃ik
∂z2p+1

−
(

∆i,1
k,0(j̃)

ht
+

∆i+1,0
k,1 (ρ̃)

h

)
∂2p+1ρ̃i+1

k

∂z2p+1

〉

E

=

〈(
∆i,1
k,0(ρ̃)

ht
+

∆i,0
k−1,1(j̃)

h

)
∂2p+1j̃ik
∂z2p+1

−
(

∆i−1,1
k,0 (j̃)

ht
+

∆i,0
k,1(ρ̃)

h

)
∂2p+1ρ̃ik
∂z2p+1

〉

E

+O(εht).

(A.27)
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On employing the identities 〈a∂b/∂χ〉E ε
= −〈b∂a/∂χ〉E where χ = t, z, (A.27) can be

expanded in Taylor series as

O(ε) =
∞∑

m=0

1

(m+1)!

{
hmt

〈
∂m+1ρ̃ik
∂tm+1

∂2p+1j̃ik
∂z2p+1

− (−1)m
∂m+1j̃ik
∂tm+1

∂2p+1ρ̃ik
∂z2p+1

〉

E

+ hm

〈
(−1)m

∂m+1j̃ik
∂tm+1

∂2p+1j̃ik
∂z2p+1

− ∂m+1ρ̃ik
∂tm+1

∂2p+1ρ̃ik
∂z2p+1

〉

E

}

=

∞∑

m=0

hmt
(m+1)!

〈
∂m+1ρ̃ik
∂tm+1

∂2p+1j̃ik
∂z2p+1

〉

E

(
1−(−1)2m+2p+2

)

+
∞∑

`=0

(−1) −̀ph2`

(2`+1)!

〈(
∂ +̀p+1ρ̃ik
∂z +̀p+1

)2

−
(
∂ +̀p+1 j̃ik
∂z +̀p+1

)2〉

E

+ O(εh)

=

∞∑

`=0

(−1) −̀ph2`

(2`+1)!

〈(
∂ +̀p+1ρ̃ik
∂z +̀p+1

)2

−
(
∂ +̀p+1 j̃ik
∂z +̀p+1

)2〉

E

+ O(εh),

(A.28)

which makes use of the auxiliary summation index ` = 2m. A recursive use of this

result shows that 〈(
∂nρ̃ik
∂zn

)2

−
(
∂n j̃ik
∂zn

)2〉

E

ε
= 0, n > 1,

which, together with (A.24)–(A.26), reduces the “fast” time average of (A.23) to

∂ĨE
∂τ

(ti, zk) +
∂ĨE
∂ζ

(ti, zk) + δ̃Ĩ∗E(ti, zk) = O(h) +
1

ε
〈R 〉E. (A.29)

A comparison of (A.29) with (3.101) whose inherent residual is O(ε), together with

the assumption that h > ε, finally yields the finite-difference residual in the intensity

equation as ε−1〈R 〉E = O(h), which verifies claim (B).


	Acknowledgements
	Dedication
	Abstract
	List of Tables
	List of Figures
	Introduction
	Dimensional platform and notation
	Acoustic radiation force in viscous fluids and tissue-like solids due to modulated ultrasound
	Introduction
	Preliminaries
	Balance laws
	Thermo-viscoelastic constitutive framework for soft tissues

	Governing equations for small Mach number
	Smallness of problem parameters
	Eulerian description
	Lagrangian description
	Approximation of the constitutive behavior

	Formulation and scaling of the focused beam problem
	Scaling affiliated with geometry of the beam
	``Slow'' time variable
	``Slow'' space variable
	``Fast'' time averages

	Acoustic radiation force: plane wave
	Eulerian formulation
	Lagrangian formulation
	Comments on the solution
	Analytical solutions 
	Numerical model and verification

	Acoustic radiation force: focused beam
	Eulerian formulation
	Lagrangian formulation
	Reduced expression of the ARF in terms of intensity derivatives
	Comments on the result
	Analytical example

	Summary

	Nonlinear acoustics of the focused ultrasound beam
	Introduction
	Preliminaries
	KZK-type equation for the modulated sound beam
	Comments on the result
	Numerical implementation of the dual-time approach
	Steady-state solution
	Numerical examples
	``Slow'' time phase shift
	Full diffraction versus parabolic approximation

	Time-domain solution of the KZK equation
	Comparison with time-domain simulations
	Summary

	Measurement of the nonlinear elastic coefficient C via acoustic radiation force
	Introduction
	Acoustoelasticity: Eulerian approach
	Preliminaries
	Wave motion under uniaxial static precompression
	Plane shear wave propagation under uniaxial loading
	Experimental results

	Estimation of the nonlinearity parameter C from the ARF-induced shear wave amplitude
	Calculation of the ultrasound pressure field
	Numerical solution of incompressible elasticity equations using triple Fourier transform in space
	Comparison with the experimental observations

	Summary

	Conclusions
	References
	 Appendix A.   
	Thermodynamic equality (3.11)
	Expansion of the thermoelastic response function
	Properties of the Eulerian state vector bold0mu mumu RRRRRR
	Approximate dimensions of the focal region
	Linearized acoustic relationship (3.161)
	Finite-difference approximation of ultrasound intensity


