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Abstract

Eulerian mass density variations in a flow relate to compressibility and material in-
homogeneities in the fluid. These variations can be caused due to high flow speeds, heat
transfer, thermo-chemical reactions and/or phase change. From a local perspective,
density gradient in space affects the velocity gradient dynamics due to variable inertia,
in the presence of pressure-gradient driven acceleration, and therefore indirectly, the
dissipation rate of kinetic energy and enstrophy. In turbulent flows, density variations
and their effects on the velocity field influences the interscale interactions. Of particular
interest is the turbulent dynamics in the presence of large vorticity generation by baro-
clinic torque. Although these effects are usually transient (in space or time) as turbulent
mixing homogenizes the density field, the deviation from constant-density dynamical
evolution can be statistically significant, particularly in instability-dominated flows with
high sensitivity to initial/boundary conditions. In unsteady reacting flows, sustained
chemi-acoustic interactions result in turbulent vorticity dynamics that is markedly dif-
ferent from the well-studied incompressible constant-density turbulence.

Large-eddy simulations of high Reynolds number variable-density flows require ad-
equate representation of unresolved small-scale variable-density effects. The present
work is an effort to understand subgrid-scale (SGS) variable-density effects to improve
the fidelity and accuracy of our simulations in these regimes. The thesis focuses on
Reynolds-filtered governing equations to compute the large-scale vorticity dynamics
more precisely. A novel equation set for coarse-grained mass, momentum and energy
is derived that employs only second order moment based closures, and allows explicit
representation of subgrid-scale compressibility and inertial effects. The new form of
the filtered equations has terms that represent the SGS mass flux, pressure-gradient
acceleration, and velocity-dilatation correlation. We attempt to quantify the dynamical

significance of these terms with direct numerical and large eddy simulations.
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Chapter 1

Introduction

1.1 Background

Variable-density flows are ubiquitous in technology and nature. For example, significant
variations in fluid density are encountered in high-speed flight, combustion, multi-phase
flows and inertial confinement fusion. In nature, atmospheric and oceanic convection as
well as astrophysical phenomena involve variable-density fluid dynamics.

Density variations in fluids can have different physical origins such as compressibil-
ity, thermal, compositional and phase inhomogeneity, chemical reactions and external
energy sources and sinks. Primarily, there are two ways in which variations in the local
density field interact with the local velocity field [66]: inertial effects, in which spa-
tial variations in density correspond to spatial variations in the local pressure-gradient
driven acceleration field, and dilatational effects, in which the Lagrangian variation in
density corresponds to compression or expansion of the local Eulerian fluid element.
These local interactions can significantly alter global flow dynamics. An important ex-
ample of inertial effects is the case of variable density jets, where the jet to free-stream
density ratio affects the global stability characteristics [I07, R1], in free and transverse
jets [43]. Another example of an inertial effect is the case of interfacial instabilities
associated with accelerated variable-density interfaces, such as Rayleigh-Taylor [56] and
Richtmyer-Meshkov instabilities [I1]. The primary mechanism underlying these insta-
bilities is baroclinic torque. The torque is produced by misalignment of independent

thermodynamic quantities like pressure and density or equivalently, temperature and



entropy, and is represented in the general form of the vorticity equation.

%;’JrvX(wxﬁ)—plQVpXVerVx(v/;a>+V><Fﬁb (1.1)

where the o;; is the viscous stress tensor and F? is non-conservative body force. In the
framework of the Kovasznay decomposition of turbulent fluctuations [61], the interaction
of acoustic and entropy modes produces vorticity modes via the baroclinic source term.
This torque is also the primary vorticity source in shock-bubble [88] and shock-flame
interactions [I15]. Baroclinic instability and associated turbulence is also observed in
the form of mid-latitude storms in the atmosphere [85] and mesoscale eddies in the ocean
[44]. In the atmosphere, earth’s rotation and differential heating produce vorticity, while
in the oceans, horizontal density gradients are responsible. Secondary instabilities due to
baroclinic torque are observed in two-dimensional Kelvin-Helmoltz billows of variable-
density shear layers, as shown in the work of Fontane and Joly [35], Reinaud et al.
[89]. Variable-density inertial effects are not only restricted to instabilities in quiescent
flow states, but are also present in fully turbulent flows. For example, the density
ratio of the streams in a mixing layer affects the entrainment ratio and composition of
molecularly-mixed fluid in mixing layers |78, [37]. This is in addition to the reduction in
growth rate and structural changes associated with increasing compressibility [12] [83],
1211, [36], 34] and/or combustion-induced heat release. The composition of molecularly-
mixed fluid has direct implications in the case of reactive mixing. In the reacting case,
dilatational and baroclinic effects associated with heat release also contribute to the
vorticity dynamics. Similarly, high-speed turbulent boundary layers exhibit significant
variable-density effects due to near-wall thermal gradients [I06]. This is reflected in the
inertial transformations used to collapse the velocity profiles, such as the mean-density-
based Van Driest transformation for adiabatic boundary layers [I18] and mean-density-

gradient-based transformations for non-adiabatic walls [84] [1T6].

1.2 Resolved-scale velocities in large eddy simulations

Simulations of technologically-relevant variable-density turbulent flows require trunca-

tion of the spatio-temporal scales of the computed physical fields due to computational



3
expense. Exclusion of information that represents a part of the physical system intro-
duces the closure problem via the non-linearity of the governing equations. For accurate
simulations, the closure problem has to be addressed, whether the simulations compute
the time-averaged fields as in Reynolds averaged Navier-Stokes (RANS) or the spatially
filtered fields, as in large eddy simulations (LES). This work focuses on the closure prob-
lem that results from non-representation of small-scale density fluctuations in large eddy
simulations. The set of terms that require closure depends on the choice of the computed
velocity field. For example, in the context of RANS, the choice of computed velocity
variable can be either the time-averaged velocity or the density-weighted time-averaged
velocity. The density-weighted averaging concept, also known as Favre averaging [32]
is predominantly used. This method does not require closure of the mass conserva-
tion equation and retains the mathematical structure of the unclosed terms in a form
that is structurally similar to their constant-density counterparts. Likewise, in LES,
the resolved-scale velocity may be represented by the filtered velocity or Favre-filtered
velocity. With the exception of the work of Yoshizawa [127], Boersma and Lele [7] and
Sun and Lu [113], the Favre-filtered velocity is almost exclusively employed. The two
velocity fields represent two different physical variables and their evolution is governed
by different dynamics. An analogy may be drawn between the two resolved-scale veloc-
ities and the concept of mass velocity and momentum velocity introduced as bi-velocity
hydrodynamics in [10].

[33] cites the importance of mass-averaged velocity for statistical analysis by stating
that “the mean stream-surfaces lose their physical meaning as the mean stream-surfaces
are crossed by the mean mass flux” in the case of Reynolds-averaged velocity. It is im-
portant to consider Favre’s statement in the context of RANS and LES. While in RANS,
steady-state stream surfaces would be desirable for the description of the flow-state, but
this may not hold true for LES filter volumes. The resolved-scale velocity represents
the local value of the filtered Eulerian velocity field, and may not necessarily repre-
sent the velocity of a frame of reference in which there is net zero SGS mass diffusion
through the LES filter volume. Therefore, in this thesis, in addition to the Favre-filtered
velocity formulation, we also consider unclosed terms arising in filtered-velocity based

equations, which we refer to as the Reynolds-filtered formulation. We also note that



4
the resolved-scale thermodynamic variables may be represented identically, Reynolds-
filtered or Favre-filtered, irrespective of the choice of resolved-scale velocity. This is
important as the representation of resolved-scale thermodynamic quantities is required
to be consistent with the laws of thermodynamics [33], [16]. From the point of resolved-
scale vorticity statistics, the Reynolds-filtered velocity is the preferred variable. This is
because the curl of the Favre-filtered velocity does not mathematically equal the Favre-
filtered vorticity. This holds more generally for the resolved-scale velocity gradient
tensor. Representation of resolved-scale vorticity by a compound variable involving the
density field can have implications during subgrid-scale (SGS) modeling where informa-
tion from small velocity scales, close to the filter width primarily guides the closure. In
some previous work that use the Favre-filtered velocity formulation, the filtered velocity
is algebraically estimated for closure even though it is not transported. This is discussed
within an eddy viscosity framework in [40], [42], and within the stretched-vortex model
in Sidharth et al. [I03]. However, the equations based on Reynolds-filtered velocity
are not commonly used because they require closure of additional SGS terms in the
momentum equation. This includes an unsteady time-derivative term that can, in the
case of strong density variations, be more significant than the SGS stress term [20]. In
the present work, we will address this issue by deriving a new set of equations based on
Reynolds-filtered velocity, and that has a closure set with SGS terms that depend on
double correlations. Although the equations are developed for LES, they are applicable
to RANS due to the formal equivalence.

1.3 Review of relevant literature

A review of the progress made in variable-density turbulence modeling is relevant as
it helps identify unclosed terms that are important in these classes of flows. Since
spatio-temporal variations in fluid density can have different physical origins, a variety
of modeling techniques exist, spanning low-speed variable-density turbulent mixing to
the high-speed turbulent flows and combustion. RANS modeling for variable-density
turbulence has been a research field for several decades. Chassaing [I8] and Chassaing
et al. [19] provide a comprehensive review of variable-density modeling in RANS closure

schemes. In first-order closures, variable-density effects in the k — ¢ framework have
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been extensively studied. Important variable-density terms investigated are the turbu-
lent mass flux [91], the pressure-dilatation [98], and the dilatational dissipation [129].
Also, terms associated with baroclinic torque and compression in the solenoidal dissipa-
tion rate equation have received interest [105} 62]. Some modeling techniques estimate
the variance of density [I14, 5] and pressure [I30]. Within second-order closures, density
fluctuation correlations have been analyzed in the work of Shih et al. [I02], Chassaing
et al. [I7], Yoshizawa et al. [126] and Schwarzkopf et al. [I00]. Pressure-strain [I] and
pressure-acceleration-mass-flux terms [70] have been shown to be important for closure
in second-order moment equations. It is important to note that in both first-order and
second-order modeling, the Favre-averaged velocity is usually the solution variable. [102]
investigate the evolution of non-density-averaged velocity in a variable-density mixing
layer, but use constant-density approximation for the turbulent pressure-acceleration
term appearing in the equation for mean velocity. In the class of algebraic second-order
closures, an explicit algebraic stress model for compressible variable-density turbulent
flows has been proposed [47], where the effect of density-velocity correlations on tur-
bulence is accounted for. The authors in this work state their preference of Reynolds
averaging over Favre averaging due to turbulent dissipation being a function of the
fluctuating velocity field, and not the density-averaged fluctuating velocity. Similarly,
in the class of stochastic methods for turbulent flow simulation, variable-density effects
such as differential acceleration have been included in the work of [3].

A significant effort to understand variable-density and dilatational effects in turbu-
lence has been carried out for turbulent premixed flames [94, [TT, 02]. For example,
[68] have pointed out that modeling of variable-density effects in turbulent flames is
important and that there can be large differences between the Favre-averaged and the
Reynolds-averaged scalars and velocities in the flame zone. Also, assumptions such as
neglecting third-order covariances can lead to inconsistent results. They also find that
the Favre-averaged turbulent kinetic energy production due to the pressure-acceleration-
mass-flux term can override the suppression due to dilatation and cause counter-gradient
turbulent diffusion of scalar concentration [9, [69, [6]. The authors state that their re-
sults “constitute a warning as to the dangers of carrying over the empiricism developed
in constant-density flows to variable density flows in general and to turbulent reacting

flows with significant heat release in particular.” Counter-gradient diffusion of scalars
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is more generally a variable-density effect in turbulence and has also been observed in
inert helium-air mixing [65]. Variable-density effects in turbulent flames have also been
discussed extensively in [22]. It must be noted however that the major focus of RANS
analysis has been restricted to variable-density effects on the transport of second-order
turbulent quantities. With regard to LES, there have been efforts to understand the
role of filtered velocity and Favre-filtered velocity in turbulent flame dynamics. [I5]
show that the difference between the orientation of the vorticity vector obtained from
the filtered velocity and Favre-filtered velocity in planar turbulent flames can be large.
[101] account for the difference between the Favre-filtered scalar and the filtered scalar
using the SGS specific volume flux, similar to the approach presented in [103]. The
concept of counter-gradient diffusion due to variable-density effects is observed in LES

as well, but with different physical connotations [60].

1.4 Scope of the current work

The thesis is organized as follows: Chapter [2| provides the governing equations for large
eddy simulations of variable-density compressible flows. Both Reynolds-filtered and
Favre-filtered formulations are discussed. The resolved-scale vorticity and conserved
scalar equations are also considered. In the same chapter, the Karman-Howarth-Monin
equation for variable-density compressible turbulent flows is derived for the second order
velocity structure function under the assumption of local homogeneity. The equation
presents an exact relation for dissipation rate of specific kinetic energy in the presence
of density inhomogeneity and compressibility effects. Chapter [3] then discusses the pri-
mary numerical method employed for the computations reported in this thesis. The
class of flows of interest involves variable-density turbulent mixing with and without
heat release. Specific emphasis is placed on low numerical dissipation properties in the
presence of under-resolved mixing interfaces, as is often the case in large-eddy simula-
tions of these flows. Next, in Chapter [ the effect of baroclinic vorticity in turbulent
fine structures are studied within the framework of a stretched-spiral vortex. The re-
sults help qualitatively interpret the effect of variable-density mixing on the enstrophy
spectrum of turbulent small scales. In Chapter |5 we carry out direct numerical simu-

lations of two flows that involve compressible variable-density mixing. The first setup
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is isotropic while the second setup is anisotropic and involves variable-density mixing
transition of a heavy gas layer due to vorticity deposition by a planar shock. The fields
from the direct simulations are explicitly filtered to inspect and analyze the importance
of the subgrid-scale terms listed in Chapter [2| It is found that the variable-density SGS
terms are as important as the SGS specific stress, which arises from spatial correlations
of the velocity fields only. In Chapter [0 we carry out large-eddy simulations of flows
with heat release using the Reynolds-filtered governing equations. The results serve to
inform us of variable-density SGS effects in an aposteriori sense. The variable-density
SGS terms are active, and play a role to improve stability computations while providing
reasonable comparison with experimental measurements.

The present work aims to provide a self-consistent approach to modeling subgrid-
scale variable-density effects in turbulent flows. An overarching theme of the work is to
investigate the unweighted velocity fields, as opposed to mass weighted velocity fields.
The two variables represent different physical observables, and follow different dynamics.
One key difference is that the dimensional complexity of closure for the Favre-filtered
momentum equation is higher. While the Reynolds-filtered momentum equation in-
volves only second moment closure terms, the Favre-filtered equation requires closure
of a third moment. Although there do not exist analytical closures, some resolved-scale
variables do not have the information to even approximate certain SGS terms. For
example, Favre-filtered velocity may be approximated using the filtered velocity and
filtered density field. But the reverse is not true, as filtered specific volume is not a so-
lution variable. Therefore, the choice of a resolved-scale velocity dictates how effectively
its own dynamics can be modeled. Separately, computing Reynolds-filtered velocity im-
plies computing Reynolds-filtered vorticity. Terms such as SGS baroclinic torque have
exact origin in SGS terms appearing in the Reynolds-filtered velocity equation. The
vorticity corresponding to Favre-filtered velocity is however a density convolved vari-
able and does not have any contribution from SGS baroclinic torque in its dynamics.
We expect filtered vorticity to be a genuine representation of the large-scale vorticity
field, particularly in regions of large density variations. With these compelling reasons,
we choose to focus on the Reynolds-filtered velocity dynamics, but not to present it as

an alternative to Favre-filtered velocity dynamics but to improve our understanding of
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how variable-density effects manifest themselves in the interscale dynamics of turbu-
lent flows. Recent literature suggests that Reynolds-filtered variables in the presence of

reactions do merit attention particularly to reduce modeling errors.



Chapter 2
Governing equations

In this chapter we discuss the governing equations for high Reynolds number compress-
ible gas flows. The fields in a high Re flow can span multiple decades of length and time
scales. Representation of the entire spectrum of scales is computationally prohibitive
and therefore only the energy-containing large scales must be solved for. The equa-
tions are therefore filtered such that the small-scales are integrated away using a kernel.
The dynamics of the filtered fields however, depends on the excluded small scales due
to non-linearities in the Navier-Stokes equations. This dependence arises in the form
of unclosed subfilter (or subgrid) terms. Representation of subgrid terms ensures, in
a physically consistent sense, regularization of the non-linear terms in the equations,
which is essential for discrete computation. Figure shows how discrete sampling of
a filtered field results in a smooth representation. Discrete undersampling of full-scale
fields however, can lead to build up of large point-to-point fluctuations due to dealiasing.

We first focus on the filtered Navier-Stokes equations and two choices of resolved-
scale velocities. Second, we identify the variable-density terms in Karman-Howarth-
Monin equation for locally homogeneous turbulence to understand their effect on veloc-

ity correlations.

2.1 Filtered Navier-Stokes equations

Let us first review the formalism for filtering the Navier-Stokes equations and revisit

the resulting governing equations. A spatio-temporal linear filter for a flow-realization



(a) DNS scalar field (b) Sampled at 8A (c) Filtered and sampled
at 8A

Figure 2.1: An example illustrating the importance of filtering before undersampling
for discrete representation of a smooth field. The image is from the reference [76]

with x = x; may be defined as
fot) = | Ga,n,(x =Xt =) f(x, t)d>x dt’ (2.1)

where Ga, A, is the convolution kernel with an associated filter length scale A, and a

filter time scale A, satisfying
/GAI,At (x —xd*x'dt’ =1 (2.2)

For large eddy simulation, filters are spatial and no temporal filtering is considered
in this paper. It must be noted that the continuous filter is independent of the filter
associated with the discrete solution field and the discrete differential operators used
for numerical computation. We assume that the continuous filter is homogeneous and
therefore commutes with the continuous differential operator. The governing equations

for filtered mass, momentum, and energy are obtained from the filtered Navier-Stokes

equations.
p pug 0
) ) o i
e pu; + . puuj + poij =1 Opu (2.3)
_ 7 -
%Pukuk + Eint %Pukukuj + Einguj + pu; OF

Eiy represents the internal energy per unit volume. The terms o,,, and og cor-
respond to diffusive molecular transport in the momentum and the energy equations,

respectively. In the present analysis, the resolved-scale and the SGS terms that arise
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from the expressions from ,,, and g are not expanded.
2.1.1 Favre-filtered velocity formulation

In the Favre-filtered velocity formulation, the filtered Navier-Stokes equations for variable-
density flows are written in a form that uses the density-weighted filtered velocity as

the resolved-scale velocity.

5 p 3 P
ot pu; + Y PU;tl; + Pojj +
-~ J e~ = .
%(ﬁukuk + T,Ek)+ %pukukuj + EincGj + pu;
5 0 0
ox; T =| %o | 24
J 14F F ~
A Favre-filtered quantity is denoted by
:_of
f= r (2.5)

The resolved-scale velocity, u;, is therefore obtained from the filtered momentum and

the filtered density. o
~ PU;

U = — 2.6

= (2.6)

The SGS terms in this formulation are the SGS stress tensor Til;, the SGS kinetic energy
flux, IC? and the SGS enthalpy flux H]F

7'5 = pui; — pu;tyj, IC]F = PuRURU; — Py, Hf = (Eint + p)uj — (Eing + D)5 (2.7)

The filtered convective stress pu;u; is equivalent to the Favre-filtered specific stress
puju;. The expression for the SGS stress Til; = p(uju; — U;li;) appears as a variable-
density analog of the constant-density specific stress tensor w;u; — u;u;.

The variable-density SGS contribution to the momentum equation can be written

explicitly if we represent the SGS terms using central moments [39]. Let us denote the
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central moments under the filter operator as

T [a,b] = ab — ab (2.8)
T [a,b,c] = abc — aT [b,c] — bT [a, c] — €T [a,b] — abe (2.9)

where a, b, ¢ are field variables. The SGS stress tensor can then be expressed as

o = plagi; — isity) = pT fweyus] + T [o s ws] — ~T o] Tloug]  (210)
Equation [2.10] [42] shows that the SGS stress tensor in either formulation involves three
unclosed terms: the SGS specific stress tensor 7 [u;,u;], the SGS mass flux M; =
T [p,u;), and the SGS trivariate moment 7T [p,u;, u;]. Although absent in the mass
conservation equation, the SGS mass flux M; affects the Favre-filtered velocity SGS
stress TZI;

Similarly, the SGS term ICJF appearing in the filtered total energy equation can be

shown to consist of a fourth-order moment SGS term.

2.1.2 Reynolds-filtered velocity formulation

Now, let us represent the filtered Navier-Stokes equations using the filtered velocity.

In this formulation, the equations are

5 p 5 pu;
a |l ﬁfti + M, 1 + oz, 1 ey 45135@'
Eing + 3 pukty + 574, 3PURULT; + Einglly + P 211)
M, 0
d a .
KR+ HB TE
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The SGS terms with the superscript ‘R’ denote the same SGS terms as in the u; for-
mulation, but with @; as the resolved-scale velocity. Here,

M = P — plis, 7} = pUi; — puity (2.12)

K} = pugtg; — pugugty, My = (Bt +p)u; — (Bt + D)0
The additional SGS quantity M; is the SGS mass flux and represents the spatial corre-
lation of density with velocity under the filter operator. It is a measure of the difference
between the quantity pu; and the filtered momentum. With the use of central moments,
the SGS stress in this formulation can be written as
Til} = puiu; — puit; = pT [wi, uj] + T [p,wisws] + T [p,uj] + 4T [p, wil (2.13)
We observe that the term TZ-I;P like Tl-};, consists of the SGS specific stress, the SGS trivari-
ate moment term, and the SGS mass flux term. However the resolved-scale momentum
equation in this formulation also includes the rate of change of SGS mass flux.

In order to understand the unclosed time derivative, we examine the differences
between @; and @; by comparing their respective inviscid transport equations. The gov-
erning equation for the Favre-filtered velocity is obtained using the transport equations
for the filtered momentum and filtered density. The equation for filtered velocity is ob-
tained by filtering the transport equation for velocity. If we compare the two transport
equations, it is seen that in the equation for u;, there exist SGS terms other than the

SGS specific stress T [u;, uj] = wiu; — Ut

dui - Oui 10p  10p(uu; — uity)
ot Yoz  pom 5 Oz

Oui . Ow; 10p  O(wuj —wuy) COui| 1 1op| _

ot tU Ox; + p O0x; + 0x; T | 0z ﬁT P poxr;| 0 (215)

These additional SGS terms are associated with dilatation, V - u, and pressure acceler-

=0 (2.14)

ation, Vp/p. This is due to the non-conservative nature of velocity in the presence of
variable-density effects.
The transport equations for u; (2.14)) and u; (2.15)), with the filtered density equation,
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can be used to derive the transport equation for the SGS mass flux M;.

OM;  O(pu; — pu;)
ot ot
B opu;uy 7‘8/\/(]‘ opu;u; ,87-[%‘7“0'} = . % _ 1 9p
Ox; T Ox; " Ox; T dz; 7 " o 7 #por,
(2.16)

For the sake of clarity, we do not consider terms corresponding to viscous molecular

transport and work with the inviscid transport equations; including viscous transport
term is straight-forward and produces an additional term, T [p, 0y, /p] in (2.16). We
note that the filtered momentum equation is a composite equation transporting two
physical variables, @; and M;. This implies that a part of the SGS term 83'7@-}} corre-
sponds to the convection of M,;. Therefore, the equation for u; can be simplified by
decoupling it from the equation for SGS mass flux. Substituting for 9;M; from ,
we obtain

opu;  OM; 8/)T-uj n op . opu; n 8ﬁﬂiﬂj op

ot "ot T oz; om0t oz | om

+ Spu; (2.17)

) 0T [ui,uj] ou; 1 dp

b g O ui, uj] U z 2.1

where S, = 4;S, +p oz pT [u ) 81']} T [p, Py (2.18)
OM;  O(pu; — p ;)

= = 2.1

and S, oz, oz, (2.19)
0 ou; _ 1_

S = oz, (T [Bint, uj]) + T [Z% &Cj] + UkSpuy, — gukuksﬂ (2.20)

Similarly, the filtered energy equation is also a composite equation, where the variable
%T& is convected along with Fi,; and %ﬁakﬂk. A part of the SGS term 0, (IC? + 7—[?) in
the filtered energy equation therefore corresponds to the convective transport of SGS
kinetic energy %7756. Similar to the filtered momentum equation, the filtered energy
equation can be reduced as well. The transport equations for filtered the kinetic energy,

filtered momentum, and filtered velocity are used to obtain the transport equation for
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%7’]56 = %(pukuk — ﬁﬂkﬁk)
lg (7,” Ur — DUL ) 1apukuk lu apuk 1 %
g gp UK T PURIR) =T g Ty T P
o (1 8u] opi;
=~ o | PO + P |+ 5 @)
1 0pururu;
QTJ'] ukSpuk - 2ukuk8

Substituting 8%7',56 in the filtered total energy equation, we obtain

0 1 1 [ R p— __
= <E1nt + 5 puRuE + Tkk) + D (Eintuj + pURULU; +Puj)
J

ot 2
5 1 P ) 1 (2.22)
=5 < int + 2pukukz) 5 <Eintuj T 5 PUkUET, +Puj> + Sk
J
where the SGS terms in the transport of the quantity Fin, + gt are
2
0 Ou; 1
Se= g (T Bwct) + 7 | 52| 4 08— s, (229
J J
Thus, the Reynolds-filtered LES equations can then be written as:
9 p 9 pu; Sp 0
ot pU; + oz, puitij + pdi; | Sous | = | Tpus
Eint + 3 ptiy iy L pugtint; + Bty + p; Sk o
(2.24)
where the SGS contribution to the governing equations is:
OT [p, uj]
_ _OT |ui,u, 10 _
Spui = uz’Sp + P([%UZ]] -T |:,0a p(%f} -pT [V U, ul] (226)
7 A
_ 1 _ (97- Ein , Ug
Sp = UiSpu; — 5UilliSp + [8x‘t i + T [V - u,p] (2.27)
J

The conservation-law form of the closed convective terms is maintained and the non-

conservative SGS source terms arise as a consequence of choosing to solve for the filtered
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velocity instead of the filtered momentum. The unclosed SGS terms are:

e SGS mass flux T [p,wi] = pu; — pu;

e SGS specific stress T [wi, uj] = wuy — uu;

o SGS dilatational flux TIV-u )= (V- wu — (V- @)
e SGS pressure work TIV-upl=(V-wp—(V-a)p

e SGS pressure acceleration T p,Vip/pl /5= —(Nip/p— Vib/p)
e SGS internal energy flux T [Eint, wi] = Eingui — Eingt;

All of the SGS terms satisfy the principle of Galilean invariance. The new SGS terms
corresponding to variable-density effects not previously analyzed in the LES literature
are the SGS pressure acceleration and the SGS dilatational flux. The SGS pressure
acceleration arises due to the non-linear interaction between pressure gradient and den-
sity. The SGS dilatational flux arises from the non-linear product of dilatation and
velocity. We observe its similarity to the SGS pressure work, commonly referred to as
the SGS pressure-dilatation. SGS pressure work has been studied extensively in the lit-
erature, because it appears in the transport equation of SGS kinetic energy, irrespective
of the choice of the resolved-scale velocity variable. It should also be noted that in a
multi-component reacting flow, p cannot be obtained directly from FEj,. In flows that
involve non-constant dp/0Fiyt|,, such as in the case of real/dense gas effects or multi-
component mixture of gases with different heat capacity ratio, the term p — p(Ein, p)
requires closure as well. In such a case, non-linear relation between pressure and total
internal energy effects the momentum equation through the filtered pressure. In this
paper, we consider a single gas that obeys the ideal gas law. Therefore, the SGS term
P — p(Eint, p) does not appear in the resolved-scale momentum equation.

The primary advantage of the new equations over the conventional Reynolds-filtered

formulation is the presence of a framework in which SGS contributions arising from

spatial and Lagrangian density variations may be explicitly quantified. The simplified
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nature of the SGS terms avoids the trivariate central moment 7 [p, u;, u;] in the filtered
momentum equation and the quadrivariate central moment 7 [p, ux, ug, u;] in the energy
equation. This is a result of decoupling the transport equation for the SGS mass flux
M; and the SGS kinetic energy %TIE}C from the filtered momentum and the filtered
energy equations. The decoupling concept for the energy equation is not restricted to
a Reynolds-filtered formulation. For Favre-filtered equations, solving for the variable
Eint + % purty (referred to as computable energy in |[Vreman|(1995), instead of the filtered
total energy Ein + % Pl Uy, Temoves ICJF. Following a procedure similar to , we may
obtain the following Favre-filtered kinetic energy equation in which no quadrivariate

central moments appear.

0 PUEUL _ 0 ﬁﬂkﬂkﬂj s N aTZl; auj 78170‘ _
< Bunt )+ ( Bty + 280 gy ) a2y (2 5o =
8t< g e | g, \ Pt Ty R ey \Pag, T Pag, ) T 0"

(2.28)

2.1.3 Filtered vorticity equation

The resolved-scale vorticity computed from the equations is a consequence of the choice
of the resolved-scale velocity. While the Reynolds-filtered formulation computes filtered
vorticity @;, in the case of Favre-filtered velocity, the resolved-scale vorticity variable
is w' = V x pu;/p. This is different from the filtered vorticity @;, or even the Favre-
filtered vorticity w;. Consider the filtered inviscid vorticity equation with the SGS terms

represented as central moments.

0w; 8@11%‘ 8T[wl-,uj] . _'817,1' ' ou; 8(1/7) op
o " om, T 0w am, % 0, T ow, oy
o(1/p) 9p
+T|: al‘j ’8$k
(2.29)

The SGS contributions to vorticity flux, vortex stretching, and baroclinic torque can be
seen to appear separately. We observe that the curl of the SGS pressure acceleration is

the SGS baroclinic torque.
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a (1 Op a (1 1 Op
ey ) e 22 i 48 9.
ikl [3%‘ <P> ’ 3%] I D (PT [p’ Paﬂfk]) (230)

The SGS acceleration field contributes to the filtered vorticity, and more generally to
the entire filtered velocity gradient tensor. The symmetric part of the SGS pressure
acceleration gradient tensor 0;(7T [p, Oxp/p| /p) appears as a source term in the filtered
strain rate S*ij equation. SGS pressure acceleration, due its dependence on both pressure
and density field, can distinguish between entropic and acoustic density fluctuations.
This can be important for modeling [50, [93].

Therefore, we see that the curl of the Reynolds-filtered and Favre-filtered veloci-
ties represent physically different resolved-scale vorticity variables. In particular, the
subgrid-scale baroclinic torque affects Reynolds-filtered vorticity @w;, but does not ex-

plicitly affect wZF .

2.1.4 Filtered scalar advection equation

It is important to discuss scalar advection equation in the context of variable-density
flows. For example, flows that involve multicomponent mixing and combustion require
advection of species densities. When a combustion model is used, a reaction progress

variable is advected. The filtered inviscid scalar advection equations with 4; and u; are

op  Opiye | 0C;

Bt ij al‘j N ch (231)
dpc | dpuic  OT [pe,u]  —
ot o, oz, e (2:32)

where scalar ¢ is the advected variable. (). represents the source term in the transport

equation of the scalar c. The unclosed term in the Favre-filtered velocity scalar equation

can be expressed with central moments similar to the subgrid-scale stress 7'5

Cj = pujc — pujé = p(cu; — cuy) (2.33)

=T e + T [putgoc = =T (] T oo (2.34)
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In the equations above, the Favre-filtered scalar is transported. It is also possible
to derive the transport equation for the filtered scalar and express the equation in a

conservation law form:
opc  Opuje
8t 81' 5

+ Spe = Pl (2.35)
where the subgrid-scale contribution S is expressed in the form of central moments as

_OT [c,uj]  _ B Ou;
. — 5T |, 2 2,
Spe =p oz, +c¢S,—pT |c oz, (2.36)

Equation is obtained by decoupling the inviscid transport equation for 7T [p, (]
from , similar to the procedure we adopt for the resolved-scale momentum and
the energy equations. We observe that usage of filtered velocity does not involve the
trivariate moment 7 [p, u;, ] in the unclosed terms. In the case of Favre-filtered scalar
and the filtered velocity, the effect of density appears in subgrid-scale conserved scalar
flux T [pc, u;]. If the filtered scalar is transported, the effect of SGS mass flux and SGS

dilatation can be represented explicitly.

2.2 Variable-density Karman-Howarth-Monin equation

Subgrid-scale terms are related to structure functions by the following relation by Ger-

mano [41]

Tij(x) = % // Gz —y)G (z —v) dij (v, ) dydy’ (2.37)

dij (@, 2') = (ui(@) — uj(@) (@) —uj(@") = (u; — u)(w; —uj) (2.38)

Therefore, the structure functions encase subgrid scale information within them and
understanding their evolutions in multi-scale turbulent flows with appropriate assump-
tions can improve our understanding of laws that govern motion at different scales.
Separation of scales in turbulent flows is of importance to theory as well as numerical

computations.
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In incompressible turbulence, the Kolmogorov 4/5-law is an exact relation that de-
scribes a scale invariant net energy cascade for scales that lie in the inertial subrange.
In the presence of inhomogeneity and anisotropy, the more general Karman-Howarth-
Monin (K-H-M) equation describes the interscale tranfer of energy. The two point
K-H-M equation contains terms that can be used to analyze the scale-by-scale energy
transfer, specifically via the divergence of the non-linear transport term in r = z — !
space. By understanding the role of different terms in the K-H-M equation in a variable-
density compressible setting, we can identify different mechanisms of interscale energy
transfer in addition to the conventional Richardson-Kolmogorov cascade.

We briefly review related work in the literature. Lai et al. [64] derived the generalized
K-H-M equation for variable-density effects in the incompressible limit and employed it
to analyze the negative turbulent kinetic energy production in a turbulent jet of heavy
gas. The VD K-H-M predicted a decelerated energy cascade due to non-Boussinesq
effects. In the case of compressible turbulence, two forms of exact relations have been
derived as a compressible analog the conventional energy cascade. Galtier and Baner-
jee [38] derived an exact relation in compressible isothermal turbulence for two point

correlations

—2ep = ((Vw) (R- B)) +{(V-u) (R - E))

' - ’ (2.39)
+Vr - < [6(”12)6“ + dpde — C?M] du+ 565(011)>

using the identity

= (E) — {6(pu) - 5u) — (o0} (2.40)

1
2
where E = pu?/2 + pe, R = pu-ul/2 + pel and R = ptul - u/2 + ple, 6X = (X +XY) /2
and eg is the mean total energy injection rate. Falkovich et al. [31] proposed an exact

relation in the form a current-density correlation function.
€Ty
> (p(0)v;(0) [o(r)vj (P)vi(r) + p(r)dy5]) = 3 (2.41)

J

Here, dissipation is defined as e = (p(0)v(0) - £(0)). However, stationarity of the fourth
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order correlation (p(0,t)v;(0,t)p(r,t)v;(r,t)) is assumed. Aluie [2] used a coarse grained
approach to prove that the interscale transfer of kinetic energy in developed compressible
turbulence was local. He proved the scale locality of baropycnal flux 9;p/pT [p, u;]
and assumed that pressure-dilatation term pV - uw is negligible at small scales. The
theory behind scale locality [29] in developed turbulence has also been recently applied
to understand turbulent dissipative anomalies [30] in compressible turbulence and the
pressure-work defect due to shocks.

In this section, we focus on the second order structure function of velocity. We are
not particularly interested to obtain a conventional cascade for fully developed compress-
ible variable-density turbulence. Instead, we are interested in the new density-variation
dependent terms that appear in the evolution equation for the structure function. The
velocity-velocity correlation is the most important correlation in turbulent flows and the
primary term constituting the Reynolds- and the Favre-filtered stress tensor. There-
fore, we investigate the two point velocity difference instead of the momentum-velocity
difference.

We derive the generalized compressible variable-density equations of the Karman-
Howarth-Monin form which assume only local homogeneity but not local isotropy. We
follow Monin’s [80] procedure and derive the equations in a form presented in Hill [53].
The superscript ! on u; indicates the values of the field u; at a position xi where the

l

separation vector is defined as r = r; = ' — z. Also, u; indicates J,u;, ¥ denotes

dilatation dxur. We begin with the velocity equation

W; + upOpu; + (%p/p = vOLOpu; + gazﬂ (2.42)

Using (ujt; + wiitj — it — ubiy; — uliv; —

. 11 ) .
i Y UG — WU+ U uiuj>, we obtain
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Dij(r) + (Qpuiugur — ugugd — O (uubug,) — 9} (windbadl) + ugd (9 + 90)
+ (0 Z ul, — u} u; L9 — O (wbujur) — 0L (wbugul) + ubuj (9 + 9Y))
= (Ty(r )> (v OOk us;) — 2(vOpu;Ohus)
— (OO (it + ) — (AL (st + ) + (VOO by — 2Dkl

" T (g — )0y — viOl)

((u; — ui)(VE)ji? — Vza;ﬁl» 3

1
3
(2.43)

where D;; = (d;;) and dij = (u; — u})(uj — uj) as defined in Eq. @

Ty(r) = <(u,~ —ul) <vajp - v?a;p*>> + <(uj —ul) <a;-)p = ai;;?)> (2.44)

Using (9},(-)) = —(+)|, and adding (u}} uk>|;.C — (ujujul )| = 0, the convective term can

be written as

((Opuiujuy, — wiugd) — (O (usu(ug — uy)) — (9 + 9)))
+{(O)ubu fk — ul.uz-ﬁl) — (O (uy (ug — 1)) — ubuj (9 + 9Y)) (2.45)
=((u; — uz)(uj — )(uk — Uk)>|k (dij (9 +9Y)) + (uju 9 + u U 19>

Using the assumptions of local homogeneity,
(ugu 9y = <8§€u2u3u2> = —<u2u]u§€>|k <uzu2 ug) |k (2.46)

Therefore, the convective term can be written in a compact form as D;jx|, — (di; (9+0Y)).
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Adding V8k8ku;u;- =0 and sz)liafguiw = 0, the viscous terms can be written as

<V8k8kuiuj> — 2<y8kui8kuj>
- (V@kak(uiu;- + ubug)) — <y28}€82(uiu§ + ubug)) + <V2828;u;u;> - 2<y28,iu§82u;>
= <V8k8kdz]> + <l/2612€8;€d”> — 2<u28}cu§8§€u2 + uakuiﬁkuj)
= (dij(v + V")) kx — Vij
(2.47)

where V;; = 2<V28,2u§82u; + vORu;Oku;). We then consider the pressure-acceleration-
velocity correlation term and note its structural similarity with the dilatation based

viscosity term.

Tij(r) = ((ui — u;) (0;p — v'yp)) + (w5 — uf) (vIip — v'Dip)) (2.48)
Consider the first term in T,
(s — ) (v0sp — v'D;p))
=(uvd;p) — (upd;p) — (uiv'dp) + (up'dip')

=(uivp)|j — (9 (uiv)p) — (wyop) ; + (uipd;v)
= (ugo'pY)j = (05 (i )p') + (uiv'p); + (wip'Oj0)

(2.49)

Using (ujup)]; — (uv'p')|; = 0 and —(wgvp)|; = (vpdjus), (wiv'p!)|; = (v'p'dpus), we can

write T;; in the form

((ui — ) (v8;p — v'8;p))

— (pvdju;) — (pu;0;v) + <vp8;-u;> + (ulpd;v)

— (P O5uf) — (pugdivt) + (V'p'djus) + (uip'dnt)

— {(pv — p)(Djui — Djui)) — ((PIjv — P (s — wy))

(2.50)

Therefore, in its compact form, Tj; = (—20 <p) 0S;5 — 0 <p8j1> ou; — 0 <p8i1> duyj)
p p p

The dilatational viscous term, on account of its structural similarity with the pressure
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acceleration term is

vy = %<—25 (9v) 8Sij — 6 (99;v) du; — & (V) du;) (2.51)

With the assumption local homogeneity, the compressible variable-density Navier-Stokes

equations result in the following equation for the two point velocity difference correlation
Dij(r) + Dijre(r) |k = (dij(9 +0)) = =Ty3(r) + (v + v")dij) ks, = Eij(r) + Vi (1) (2.52)

where D;j = (dij(up — ul,).
The compressible variable-density version of the generalized Kolmogorov 4/5 law for
homogeneous turbulence, derived in Frisch and Lindborg follows. Taking the trace of

the Dij equation, we obtain
Dji + Dyl — (dii(9 +9Y)) = =Ty + (v + ) dia) |k + Eii + Vi) (2.53)
The contracted dilatational viscous term is
74 §<—2(yw + VW) — 2(v + )00 — § (90;v) Su; — § (90;v) du;) (2.54)

and E; = 2<y28}€u§82u; + vOju;Oku;) If € is defined as the dissipation of the ensembled
averaged specific energy (u;u;/2), then we have Ej;; — 2 (v + v19%W') = —4e. For locally
stationary turbulence (r < L) and r > 7, the time-dependent, the viscous diffusion

and viscous dilatation terms are neglected, so that we have

Dy ()l — (dis(r)d) — 2 <5 (fp’) 519> i <5 <p8i[1)> 6ui> ~ —de (2.55)

In the limit of constant-density incompressible turbulence, we have usual relation
Diji(r)|s = —4e (2.56)

We interpret the terms due to compressibility and variable-density from a phe-
nomenological standpoint. The term d;i0 is related to the mean (or large-scale) com-

pression or dilatation. Compression results in increased dissipation rate e. The other
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two terms are related to dilatation and specific volume increments. These terms can

change their sign depending on the nature of the fields.



Chapter 3

Numerics

3.1 Introduction

In this chapter, we describe the numerical method used in this thesis to solve the govern-
ing equations (Chapter . Numerical challenges associated with mixing and reactions
in the context of large-eddy simulations have previously been discussed in Subbareddy
et al. [I12]. The governing equations are solved with a finite volume method using
inviscid fluxes that employ upto 6th order polynomial interpolation over neighboring
volumes. To preserve scalar boundedness, the well known linear scaling limiters of Zhang
and Shu [I31], adapted in the work by Kartha et al. [59] and Subbareddy et al. [I11]
are employed. Two dimensional simulations of scalar interface evolution in the presence
of vorticity are carried out to demonstrate adequate representation of active/passive

scalar dynamics.

3.2 Finite-volume framework for resolved-scale variables

The equations for large eddy simulations can be written in the form

oU  OF,
W 1
o Ton, TS (8-1)

where U denotes the filtered (coarse-grained) representation of the solution variables, F

and W are the flux and the source terms obtained from resolved-scale solution variable

26
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set U. We avoid the overlines on the solution variables in this chapter for simplicity.
U = (ps, pu, pv, pw, pé, )\ W = (ws,0,0,0,w,0)" (3.2)

The subscript s denotes the mass conservation equation for the gas species s. S is the
subgrid-scale contribution arising from coarse-graining at filter width A which serves as
a cut-off on the observer length-scale to regularize the fields for their accurate represen-
tation on a computational grid. In the limit of direct numerical simulations, S < @F;’ig
must ideally hold, constraining the non-smoothness of the fields so resolved. The flux

F} consists of the inviscid and the viscous components.

PsUj J;
puu; + pélj T1j
F]i.nv _| vy + pda; ,Fajyis _ 72j (3.3)
pwu; + pos; 93j
pOU; T
(B + pug 0 +

where density p = > ps and E is the total energy, sum of internal and kinetic energy.

1
E = pe + 4 (u? +v* +w?) + Zpshg (3.4)

S

The thermal energy of the gas mixture following the ideal as law is

p

pe = Z psCysT = > (3.5)
s s Vs — 1

where 7, is the specific heat ratio for species s. Integrating the conservation law over

a finite volume V and assuming that U is constant in the volume, we obtain equation

In the semi-dicrete form, the surface integral is evaluated on the discrete faces f of

the finite volume.

ou 1

ar ey FsAs = .
at+vjév( i) dS = W (3.6)



oUu 1 )
(%+sz:(anf)sf=W+S (3.7)

3.3 Inviscid flux

This subsection discusses the construction of the inviscid or the convective flux (com-
puted from the resolved scale variables in LES). The base flux scheme employed in the
present work is the kinetic energy consistent flux described in Subbareddy and Candler
[109]. The Roe-type (or modified Steger-Warming type) approximate solution to the
Riemann problem at the face with U and U” states across the face f can be written

in the form

Fy =5 () + P %) =5 (B, @ -0h) 69
— F}:entral + Df (39)

where the first term is a central portion of the flux and the second term represents
the dissipative portion due to upwinding. The matrices in the dissipative portion are
obtained from the eigendecomposition of the inviscid Jacobian dF/0U = RAR™!. A is
the diagonal matrix of the eigenvalues of the hyperbolic system of equations. The term
R|A|R™! can be written in a compact form [I4] when accounting for the sonic glitch

correction that avoids representation of zero-speed characteristic waves in the solution.

R™YA|R = D1Dy + D3Dy + |A|I, where (3.10)
D, = % (CQ cou + acing cov +aciny  cow + acin, cohg + aclu’>T , (3.11)
Dy = (pps —UupEp —UPE —WPE pE) (3.12)
D3 = <01 ucy + conza  vey + conya wey + con.a pE>T (3.13)
Dy = (—u' Ny Ny Ny 0) (3.14)
i ; % ,, (3.15)
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and the sonic glitch correction is incorporated with a small number e.

At A~ !
co = <\/+62+\/+62—\/u+€2> (3.16)
2 a a a
a At A~
I - 2 _ 4] 2
01_2<\/CL +e \/a —i—e) (3.17)

The face normal velocity component is denoted by «’. To reduce dissipation, Dy is

| 2

coupled with a flow-dependent shock or discontinuity sensor a € [0, 1].

The central part of the flux can be constructed with higher order polynomial rep-
resentations of the conserved variable state at the face Uy. Similarly, the left and the
right states in the dissipative part of the flux can also be reconstructed. In this work,
U and U” are limited reconstructions with information from two neighbour cells from
either side of the face. For turbulent flows, high order schemes are preferred with high-
resolution modified wavenumber properties, ensuring low dissipation and low dispersion
error for a wide range of resolvable wavelengths. We use an explicit sixth order KEC
scheme for the symmetric portion of the flux. By kinetic-energy-consistent, we are

implying that the flux for kinetic energy at face f in the semi-discrete form is given by

Z (pkunS); = Z% (uftul + ool + whwh) (pu’S)f (3.18)
f f

where k is the kinetic energy, S is the face area and u,, the face normal velocity com-
ponent. This flux is closely related to skew-symmetric form of the non-linear advection
term and conserves k in the incompressible limit. The sixth order accuracy is obtained
by polynomial reconstruction from neighbouring cell values and gradients. For example,

the face state on a uniform grid (Figure is interpolated as

_ ¢L+¢r

8 1
5 +T5 (Vor -Azxs +Vor-Axsr)— = (Vora-Azxs o+ Vora - Az o)

(3.19)

The symmetric stencil for the central part is extremely dispersive for scalar convection

of

and violates the boundedness properties of a conserved scalar. This is an important
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Sixth-order symmetric stencil
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Figure 3.1: Illustration of the sixth order polynomial interpolation stencil for variable
value at the face f.

property necessary for accurate simulations of reacting flows. We employ MUSCL inter-
polation for the states UL and U® for D t, with a second order symmetric interpolation
for R|A|R that reverts to first order for high Mach number shocks using a pressure-
difference sensor. This form of the dissipative part Dy cannot mitigate the boundedness
issue. Therefore, we work with a limiting framework developed by Subbareddy et al.

[112] for the high order representation of the central part.

3.3.1 Bound preserving linear scaling limiters

Unlike the velocity and the thermodynamic fields, the discrete convective operator for

scalars must satisfy the boundedness property of the scalar. The property implies

Ifm<u"(z) <M, VYV
(3.20)
then m < u"™(z) < M, VYV

Zhang and Shu [131] proposed the following linear scaling limiter that scales the inter-

polant polynomial about its average, and thereby maintains its accuracy.

- _ _ . M-l |m—u
pi(z) =) + 0; (pi(z) —uy), Hi:mm{‘Mi_uZi , mi_ﬂzi ,1} (3.21)
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Fifth-order upwind candidate stencil
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Figure 3.2: Illustration of the linear scaling limiter applied to the fifth order upwinded
stencil

where

M; = gﬂe%%jpj(fﬂ), mj = gég}pj(w) (3.22)

where S; is the set of quadrature points over which the polynomial p;(z) is repre-
sented. It must be noted that this type of limiting does not enforce non-oscillatory,
total-variation diminishing or total variation bounded behavior. For the sixth-order
solution state interpolation to evaluate Fjﬁentral, the scaling limiter is applied to the two
upwinded fifth order candidate stencils. This is illustrated in Figure [3.:2] It is impor-
tant to note that only a specific choice of the reconstructed thermodynamic variable set
works with the scaling limiter to avoid aphysical overshoots in the solution fields across
sharp discontinuities. This variable set is (ps,p). T can be used as a reconstructed
face variable only in the absence of limiting. Use of p, instead of Y; is crucial to avoid
overshoots in temperature, as is also discretely reconstructs and limits the moles of each

species ng on the face.

3.3.2 Dissipative component for scalar fluxes

The dissipative part of the flux, as we mention earlier, employs a shock sensor « to
avoid excessive dissipation in vorticity dominated flows. However, in the presence of
large gradients in the scalar field, such as across a material interface, the dissipative
fluxes in the scalar equation must be active in order to prevent dispersive oscillations.

Therefore, a must incorporate a scalar discontinuity sensor in addition to a shock sensor.



32
Kartha et al. [59] proposed an effective switch that appears as a by-product of the linear

scaling limiter.
ap =min 1, max (1 — 0,1 — 0r)] (3.23)

However, as outlined in [I12], the switch is over-conservative and results in excess dissi-
pation in mass, momentum and energy even if the gas species are passive in nature. In
the paper, the authors carefully control the dissipation using an artificial compression
method (ACM)-type switch. In the present work, we use the sensor of the form provided
in Equation [3.23] and explore some alternate strategies that help reduce dissipation in
the vorticity field and result in stable evolution of a sharp scalar interface.

One method to reduce dissipation involves applying the sensors to the specific char-
acteristic variables in Dy. For example, we can distinguish between the sensor that
activates dissipation on the characteristic variables corresponding to species mass ps
from that applied to face-parallel velocity component and the acoustic waves. If we

denote the two sensors by «, and « respectively, Equation becomes

where
e 1 P P o 4 a o o 0 o T
DY = p (Co cou +actng cov +actny, cow +actn, cyho + acfu ) (3.25)
T
D3 = (c‘f‘ uct + cgnga vef +cgnya  wef + cgnza pE> (3.26)

cp = coladT,ad ™, a,t), ¢ = colarT,ar™,au), ¢f = ci(aXt, e au’)  (3.27)

For ideal gases, Dt is

apA
—uu/ (o — ap) a\
Dy =1 —vd(a—ap) a\ (3.28)
—wi/ (o — o) a\

uiui(a, —a)  w(a—a,) vu'(a—a,) wi(o—a,) ap)

In principle, the switch on the face-parallel component of the velocity can be off even in
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the presence of shocks, and every individual gas species can employ a sensor based on its
field. However, for simplicity and robustness, «, corresponds to the most conservative
values obtained from the scaling limiter.

Another method to reduce dissipation in the solution fields is to ensure that the
passive scalar flux is decoupled from the flux of mass, momentum and energy discretely.
The dissipation in the presence of a sharp scalar discontinuity then does not require
dissipation in the flow variables to be activated. The shock and the scalar nonsmooth-
ness sensors therefore activate different dissipative parts of the flux. If the subscript ¢
denotes the central part of the flux and D denotes the dissipative part of the flux for

the corresponding variables, the decoupling can be achieved in the following manner

(o) = peu, + aD, (3.29)
(pput) g = (pua) b5 + s (Dpds — Dpo) (330)

In the case of multiple species, we have D,¢. = D,s which ensures consistency in the
mass flux. Here ay is the discontinuity detector in the scalar field ¢ and is independent

of o, which detects shock and density jumps.

3.3.3 Two-dimensional numerical tests

We now present some numerical tests which demonstrate the capability of the method
to handle flows with stirring and mixing due to interfacial instabilities. Of particular
interest are the flows where baroclinic torque is active and modifies the vorticity content
in the domain. The tests are two-dimensional and inviscid. Therefore, specific vorticity

w/p is conserved in the absence of baroclinic torque.

Material interface wrapping by an isentropic vortex

The first case corresponds to wrapping of a material interface by an isentropic vortex
(see Figure for the schematic). The test case evolves with the scalar fields being
wound into a spiral by the vortex (Figure . The flow tests the numerical method for
handling stable and robust convection of sharp interfaces, in the presence of conserved
vorticity. Figure [3.5] shows the thickness of the interface relative to the grid resolution

at late time. The initial interface is spread across 4 grid cells.
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Gas interface

Isentropic vortex Y, =1,Y, =0
=1,Y; =

Y=1Y1=0

Wrapping of material interface by a vortex: initial setup

Figure 3.3: Winding material interface: schematic

max

min

Figure 3.4: Winding material interface: initial conditions

th =30

wot = 15 wot = 30 zoomed with grid cells

Figure 3.5: Winding material interface: mass fraction field at different time instances.
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Vortex wrapping a thermal density interface with A = P2— P _ 0.5

P2+ p1
(,Uot =0 th =15 (.dot =30

Figure 3.6: Winding density interface: density field at different time instances

Density interface wrapping by initially axisymmetric vortex

The second test is similar to the first case, except the initial density field consists of an
interface being wrapped by a vortex. The density mismatch is thermal in nature and
corresponds to an interface in temperature. In this scenario, vorticity in the domain
does not remain conserved and is affected by barolinic torque. The torque is produced
by the interface misaligning with the radial pressure gradient due to the low-pressure
vortex core. Compared to the previous case, Figure [3.6]shows that the interface becomes
unstable and quickly leads to chaotic mixing at the core. Baroclinic torque plotted in
Figure[3.7|explains the development of a vorticity spiral in addition to the initial content
at the core. The small-scale fluctuations in the baroclinic torque correspond to the rapid
pressure fluctuations, which are acoustic in nature, while the mean background torque

corresponds to the slow hydrodynamic pressure gradients.

Kelvin-Helmholtz rollup of a material-vorticity sheet

In the previous test case, the dissipation due to the sharp scalar interface on the vorticity
field is not discernible. We therefore design a stringent test case where a thin layer of
gas species coexists on a vorticity sheet (Figure . This is inspired by the situation in
non-premixed reacting shear layers where under-resolved thin sheets of intermediate and
final products exist at the edge of the shear layer. The setup of the 2D temporal shear

layer is taken from the reference[I25]. The vortex sheet is perturbed with a streamwise
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Vorticity Baroclinic torque
w/wy = [~1:1] (Vp x V1/p)/wi = [—0.044 : 0.044]
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Figure 3.7: Winding density interface: baroclinic torque and deposited vorticity

Initial fields

KH rollup case schematic
w Y2

Time

Figure 3.8: KH rollup of a material-vorticity sheet: initial conditions

wavelength causing the shear layer to roll-up into Kelvin-Helmholtz billows. However,
the dissipation required for ensuring boundedness of the thin layer of gas species can
cause vorticity to dissipate resulting in a weak roll-up. This test case demonstrates the
numerical decoupling of the passive scalar dynamics from the dynamics of flow variables.
Figures and show the comparison of the flow variables with and without the
use of the decoupling methodology.
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Vorticity w

Pressure p

Figure 3.9: KH rollup of a material-vorticity sheet: flow variable contours corresponding
to (a) no interfacial species and interfacial species with (b) decoupled scalar dissipation
and (c) MSW based dissipation

Interfacial gas species mass fraction Y5

Figure 3.10: KH rollup of a material-vorticity sheet: interface species mass fraction
contours using (a) decoupled scalar dissipation and (b) MSW based dissipation
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2D reacting Kelvin-Helmholtz rollup
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Figure 3.11: 2D reacting mixing layer: mole fractions in the top and bottom streams

Kelvin-Helmholtz rollup of a reacting interface

The previous test cases transport binary gas species passively. In this test case, we
demonstrate that the low-dissipation numerical method is effective in the case of re-
acting scalars. The constituents in the top and the bottom stream of the 2D mixing
layer are shown in Figure [3.11} The reaction system involves H2-F2 chemistry. The
following reaction set is used, with the reaction rate defined as k = AT" exp(—FE,/RT).
Baroclinic torque and vorticity dilatation are active in the reaction zone (Figure

AQ A n E,/R

H + F, = HF + F -1339 3.0x10° 1.5 8455

NO + Fy = NOF + F -76.6 42x10% 0.0 1150.0
F + H, = HF + H -411.3 26x10° 0.5 307.0

Table 3.1: Reaction set and rate parameters for the 2D reacting mixing layer case

and are associated with large density gradient zones at the edges of the mixing layer.
A comparison of the fluxes with and without the low-dissipation scalar flux is shown in

Figure [3.13

Single-mode Richtmyer-Meshkov instability

The previous test cases considered material interface evolution in the presence of a vortex
and a vortex sheet. We now consider a test case where a shock deposits vorticity on a
perturbed density interface which then later evolves under the action of the deposited
vorticity. The test case is the classical Richtmyer-Meshkov instability, the initial setup

for which is illustrated in Figure 3.14] The initial vorticity due to the baroclinic torque
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Baroclinic torque Vorticity dilatation
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Figure 3.12: 2D reacting mixing layer: fields computed using decoupled scalar dissipa-
tion

Figure 3.13: 2D reacting mixing layer: comparison of fields using (a) decoupled scalar
dissipation and (b) MSW based dissipation
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Air-SFg interface
A= 0.67

«—

Mach 1.24 shock

SFg pre-shocked air | post-shocked air

Initial setup for single-mode Richtmyer-Meshkov instability

Figure 3.14: Single mode Richtmyer-Meshkov instability: schematic of the initial con-
dition.

w(agkt = 0) w(agkt =17.5)

e
c

Figure 3.15: Single mode Richtmyer-Meshkov instability: vorticity evolution.

and its non-linear evolution are shown in Figure [3.15] The numerical method in the
present work captures the bubble and the spike evolution adequately. A qualitative
and quantitative comparison with the experiments of Collins and Jacobs [24] is shown
in Figure [3.16] and Figure [3.18 respectively. The initial density interface is of a finite
thickness spanning 8 grid cells. Evolution of the instability in the case of a sharp
discontinuity is also shown. The low dissipation scalar flux method retains the interface
quality even at late times (Figure .

3.4 Viscous fluxes and subgrid-scale terms

The viscous terms use second-order spatially accurate operators. While the order of

the resulting scheme is lower than the inviscid flux, bulk quantities of interest are
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Experiment Simulation

Simulation (y; = 7v2)

Shock

Figure 3.16: Single mode Richtmyer-Meshkov instability: qualitative comparison with
experimental visualization.

Ysr, evolved from sharp interface

Zoomed with grid

Figure 3.17: Single mode Richtmyer-Meshkov instability: evolution of a sharp interface.
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Figure 3.18: Non-dimensional amplitude of the single mode Richtmyer-Meshkov insta-
bility as a function of non-dimensional time: comparison with experiment

not affected severely. In large eddy simulations, where the subgrid-scale terms are
responsible for a large fraction of energy dissipation, the order of accuracy of viscous
terms is less important. A smaller stencil for the viscous terms saves communication
time between different processors. The subgrid-scale terms are also computed using

second order approximations for spatial gradients.

3.5 Time integration

For DNS calculations, we employ explicit time integration. The third order, strong-
stability-preserving explicit Runge-Kutta scheme by Gottlieb et al. [46] is used. For stiff
chemistry source terms in large-eddy simulations, a time-splitting method to exploit the
difference in flow and reaction time scales is employed. The reaction source terms are
integrated individually in each cell using the fourth-order semi-implicit GRK4A method
of Kaps and Rentrop [57]. The Strang splitting [I0§] is used, resulting in second order

time accuracy.



Chapter 4

Variable-density stretched spiral

vortex analysis

To understand the qualitative effect of density variations on the energy of small scales,
we consider a model for turbulent fine structure. One model for turbulent fine structure
was proposed by Lundgren [73] and is also the theoretical basis of the stretched-vortex
family of subgrid models [79]. In this chapter, we consider the properties of this model
spectrum in the presence of variable-density mixing and enstrophy production by baro-
clinic torque, and discuss possible implications for subgrid-scale modeling. Since subgrid
modeling has numerical, physical and discrete operator specific components to it, we do
not derive an SGS model from this work. Only physical effects within the stretched-

vortex framework are explored.

4.1 The stretched-spiral vortex model for turbulent fine

scales

The stretched-spiral model for small-scale turbulent structures proposed by Lundgren

5/3 range in the energy spectrum. This

[73] [74] analytically predicts the Kolmogorov k™
model is an ensemble of two-dimensional vortices with a spiral pattern, stretching in

an axisymmetric strain field (a representation the effect of large scale structures). The

43
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Stretched-spiral vortices

Vorticity field: homogeneous, anisotropic of different ages
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Figure 4.1: Illustration of the Lundgren stretched-spiral vortex model for turbulent fine
scales

spectrum is attributed to energy cascade arising out of stretching and differential ro-
tation. Spiral vortices are generated by unstable multi-modal sheet roll-ups [55] and
vortex merging. This model is a more general case of Townsend’s models of randomly
oriented Burgers vortices that predict a k~! energy spectrum scaling as well Burgers
sheets that predict a k=2 scaling law. It must be noted that this picture of cascade
wherein energy is transferred to smaller scales by winding of vorticity field in presence
of axial strain is purely kinematic. The dissipation primarily occurs in the spiral struc-
ture. Lundgren showed the k~%/3 spectrum is independent of the nature of the spiral
structure.

The stretched-spiral vortex model originally satisfies the constant density Navier-
Stokes dynamics. We investigate the effect of variable-density fluid on the three-

dimensional energy spectrum, the k—%/3

subrange in particular. The formulation of
Lundgren’s model decouples the time-evolution of the 2-D flow structure and the cal-
culation of the 3D energy spectrum. This allows for two-dimensional numerical compu-
tations of variable-density spiral vortices which can be used to generate the 3-D energy
spectra in the presence of a background axially strained field.

We summarize the dynamics of the Lundgren model. Consider the two-dimensional
vorticity field wop(z,y,t) superposed on an axisymmetric strain flow with the velocity

field (ug,uy,u.) = (—ax/2,—ay/2,az) where a(t) is the rate of strain. The stretched
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vorticity field is then given by the expression
wia,y,t) = SOWP[S(8) 22, S(8)' /2y, T(1)] (4.1)
S(t) = exp < /O t a(t’)dt’) (4.2)
() = /0 "S(tar (4.3)

where S(t) is the amount by which the vortex tube is stretched and T'(¢) is the strained
time. An ensemble of vortices of different ages stretched in the strain field is used to

compute the energy spectrum
c [T 1/2,2D 1/2
E(k) = k?/o S(T)20*P (S (T) 2k, T)dT (4.4)

where C = 27%lgN,/L? is a constant. The function &?P denotes the enstrophy spectrum

of the unstrained 2-D flow and is defined by

27
O*P(k,t) = k/ \aw(kcosek,ksinek,t)fdek (4.5)
0

2

where @?P represents enstrophy in a cylindrical shell in 2-D wavenumber space per unit

width of the shell.
_ 1 .
o?P = W//exp[—z(kmx + kyy)|w?P (2, y,t) dedy (4.6)

For a constant strain rate a(t) = a, the stretching function S = e and T = (e® — 1) /a
and hence, S = 1+4aT is a possible stretching function. The time integration represents
the effect of stretching and the finite-time cutoff is to prevent indefinite stretching and
also signifies possible coalescence with a different vortex to renew the spiral structure.
The derivation of expression in involves a number of steps which may be briefly
listed as follows: The energy spectrum is computed for turbulence in a cubic domain of
side length L. The 3-D enstrophy spectrum may be obtained by integrating the Fourier
integral of the vorticity correlation function over a spherical surface in wavenumber

space. Vorticity is assumed to be concentrated in isolated tubes and the integral is
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carried out by summation of 2D cross-section integrals in different tube segments of
initial length [y. Turbulence is assumed to be stationary such that the vortex segments
of same strength and structure are created a rate N, and are distinguishable only by age.
This ergodic hypothesis permits summation over all the tube segments to be converted

into time integral over the life-time of a vortex segment.

SO = [ (1.7)

Assumption of homogeneous turbulence allows the energy spectrum to be computed
from the enstrophy spectrum. The derivation does not require isotropy. We focus on the
two-dimensional structure of the spiral. The analytical spiral vortex solution developed
by Lundgren [73] is employed, the details of which are described. The solution is of the

form of Fourier series in 6 cylindrical coordinate.

oo

w(r,0,t) = Z wp(r, )™ (4.8a)
wn(r,t) = fu(r) exp [—inQ(r)t _ énQQath (4.8b)

where f,, is an arbitrary function. The angular velocity €(r) and the average vorticity
wo satisfy the relation

d
Twy = %TQQ(T) (4.9)

For differential rotation, the function £2(r) is monotonically decreasing. The asymptotic
result, which involves solving Bessel function integrals by the method of stationary phase

is given by Equation |4.10

o0

~2D _ 41 —2vk?t/3 _ 1 "'n 2 / _ 41
o*P =Gk t)e L Gk/1) = — Z (g ) €Y (1) = —k/t (4:10)
E(k) ~ Ak~ exp(—2vk?/3a), S ~aT (4.11)

This results in the k=53 Kolmogorov spectrum, shown in (4.11)). Lundgren [74]
explains that this spectrum is obtained because of the inviscid enstrophy preservation

similarity form as shown in (4.12). Tightening spiral turns result in a self-preserving
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temporal enstrophy cascade to higher wavenumbers.
*© G(k/t
/ (t/ ) = const (4.12)
0

The initial spiral velocity field for the variable density calculations is taken from Lund-

gren [74] and is of the form that corresponds to the analytical two-dimensional vorticity
solution stated above. It consists of a central core with two-halo spirals. The functional

form is expressed in the equations below.

oo
w?P(r,0,t) = Cexp(—77)(2+ 72 ) _ cos(2n[f — Qt]) exp(—4n*Q°vt?/3))  (4.13a)
n=0
3
Q= ﬁ0[1 — (1 +72/3) exp(—72)] (4.13b)
T
Here C = I'/37rd; T = 25000v is the circulation; # = r/rg and rq is the radius of
the central core. The initial velocity field is divergence free and corresponds to non-
dimensionalized time ¢ = 50. It is important to mention here that all the details above

follow the work of Lundgren [73| [74] and Gomez et al. [45].

4.2 Variable-density effects on the model spectrum

We analyze the low Mach number variable density effects on the spectrum of the
stretched-spiral vortex. Variable density flows have an important additional source
of vorticity, namely the baroclinic torque. The torque results from misaligned pressure
gradient and density gradient vectors (Equation .

J 1 . =
at+V><((D><U):p2V,o><V10+V><<Vpa>+V><Fb (4.14)

where o is the viscous stress tensor and Fj is a non-conservative body force. During
the life-time of the stretched-spiral vortex, the enstrophy contribution due to baroclinic
torque changes the 3-D energy spectrum. We investigate these changes in the 3D spectra
and their dependence on the strength of the resolved-scale density gradients. The initial
density field is an isotropic field of unmixed fluids of densities p; and ps where the

density differences are thermal. The initial pressure field is obtained by solving the
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incompressible Poisson equation. The mean pressure corresponds to a Mach number
of 0.1 based on ;s We simulate two sets of different initial density fields with mean
density p = 1.0kg/m® . Each set has fields corresponding to A = (p2 — p1)/(p2 + p1) =
0.125,0.250,0.375,0.500. The difference between the two sets is the thickness of the
interface between the fluids of different densities. Figure illustrates this.

It must be noted that together all the simulations fall back on varying a single
parameter of interest [Vp|. Figure shows the time-evolution of vorticity contours
for the two-dimensional isentropic (A = 0) and the variable-density spiral vortex(A =
0.25). Production of vorticity due to baroclinic torque and intensification of density
gradients in the spirals are clearly visualized. The results of the variable-density study
are presented in Figure We observe that the energy content in the k~%/3 range (the
horizontal part of the line plots extending from approximately kro = 55 to krg = 75)
increases with W of the initial density field. However, the k~%/3 exponent of the range
does not change. For all the computations, the time integration in is carried out
till ¢ = 12073 /T for which k~5/3 range converges within a small margin. The 3D energy
spectrum is averaged over strain rate values ranging from a = 0.8I'/ r% toa =1.2I"/ 7“8
to regularize the spectrum. The grid sizes employed for computations differ from case
to case and range from 5122 to 20482 depending on the mean initial density gradient
magnitude of the case. Higher W requires larger grid size. The sensitivity of the 3D
spectrum to the grid and spatial distribution of the initial density field is demonstrated
in Figure[4.4l The spatial distribution of the initial density field is a random parameter,
although p1, p2 and the interface width may be fixed. It may be observed that the
variance in the 3D energy spectrum due to randomness in the initial density field is
small as compared to the change in the spectrum due to variable-density effects.

The factor of increase in 3D energy spectrum pre-factor in the £~%/3 range relative
to the isentropic (near constant density case) is denoted by V and plotted with the mean
non-dimensionalized density gradient magnitude in Figure A curve is fit through
the data points obtained in the simulations. The curve can be forced to plateau where
the identity of the spiral vortex core changes. This corresponds to extremely strong
density gradients (high A with sharp interfaces). As seen in Figure these cases alter
the energy-containing wavenumber region as well, changing the definition of vortex core.

However, local resolved-scale density gradients in LES calculations are not expected to
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Figure 4.2: Time evolution of the variable-density stretched-spiral vortex core in strained
time.
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Figure 4.5: Factor of increase in the spectrum prefactor in the -5/3 subrange.

be as strong when non-dimensionalized with the subgrid vortex length scale.

4.2.1 Discussion

The presence of spatial density variations in Lundgren’s physical-space model for tur-
bulent cascade predicts increased enstrophy at small-scales. Vorticity production by
baroclinic torque changes the self-similar nature of the temporal cascade as it does not
obey the inviscid enstrophy preservation in the original constant-density version of the
model. Variable-density effects therefore predict an increased transfer of enstrophy to
small-scales, which accounts for the additional vorticity produced at each scale. Qual-
itatively, this picture is consistent with the variable-density K-H-M equation derived
earlier in the thesis, where in addition to the interscale flux, dilatation and density
gradient difference terms contribute to the rate of specific energy dissipation at each
scale.

In the present work, the initial mass density distribution in the vortex plane is
random but isotropic. Although any axial variation of the density field in the vortex
tubes is not considered, the space-averaged enstrophy may still assume that the vortices
are primarily distinguishable by age. Even if the vorticity field varies along a tube due
to different initial density distribution, the plane integrated enstrophy is not sensitive to
the initial distribution but only the effective density gradient magnitude. Therefore the

increase in energy in the -5/3 subrange of the model spectrum due to density variations
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can be treated as a physical effect and used to inform subgrid-scale modeling.

The stretched-vortex SGS model [79, [119] is related to Lundgren’s physical space
description for turbulent fine structure. The key ingredient in the physical-space version
of the model is the estimation of the Kolmogorov pre-factor associated with the -5/3
spectrum. The model estimates it using structure function matching with the filtered
velocity field. In the presence of filtered density variations, proposing an increase in the
Kolmogorov pre-factor from the present results is not possible because the pre-factor is
determined solely by the large-scale velocity field. However, an assumption in the model
that may fail in the presence of baroclinic vorticity is the balance between production
of energy in SGS scales via non-linear cascade and viscous dissipation of energy in the
SGS scales. In the steady state equation for specific SGS kinetic energy, terms such
as SGS mass flux, pressure acceleration and velocity dilatation will also contribute.
An assessment of their contribution must be made via carefully designed numerical
experiments of variable-density compressible turbulence.

Lastly, we must also admit that Lundgren’s model for turbulent fine structure is
only one possible description of turbulent cascade in the physical space. There also
exist alternate descriptions, such as the gamma helical vortex tube model in Childress
[21]. Therefore, any quantitative modeling of inertial range vorticity dynamics in the

presence of baroclinic torque will be restricted to its set of assumptions.



Chapter 5

Direct numerical simulations :

a priort analysis

In this chapter, we explicitly filter fields from variable-density turbulent flows and an-
alyze the subgrid scale terms obtained within Favre- and Reynolds-filtered frameworks
presented in Chapter 2] Two flows are considered: isotropic decaying turbulence with
mixing of thermally inhomogeneous gases, and reshocked heavy gas mixing layer. The
second case involves interaction of a shock with a Richtmyer-Meshkov unstable heavy
gas layer that is shocked previously and is in its non-linear growth stage. The prob-
lem is anisotropic. Both flows involve baroclinic torque generated vorticity that affects
the turbulent cascade during the transient state. Both flows involve turbulent mixing
and eventual decay. While the dynamics in the first case is imposed via initial condi-
tions, the shock-deposited vorticity dominates the second case. The goal of the study
is to evaluate the subgrid-scale effects associated with inertia and compressibility on
large-scale velocity. Subgrid terms that appear in the governing equations for both,

density-weighted and unweighted large scale velocity are computed and analyzed.

53
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Table 5.1: Primary flow-cases simulated for subgrid-scale analysis.

Initial condition Atwood number

Case 1  IC1 (homentropic p fluctuations) -
Case 2a  IC2 (isotropic double-d p pdf) 0.4
Case 2b  IC2 (isotropic double-§ p pdf) 0.7

5.1 Isotropic variable density decaying turbulence

5.1.1 Simulation setup and validation

We solve the compressible Navier-Stokes equations on a triperiodic domain with initial-
ization for the variables p,u;,p. The ideal gas law p = pRT is used to compute the
temperature field. Transport properties such as viscosity are taken to be constant, to
avoid the influence of variable-density fluctuations on viscous transport processes. A
triperiodic grid with 512 points along each co-ordinate direction is used for the simula-
tions. Three cases are considered (Table with turbulent Mach number M; of 0.3,
which is chosen as representative of high-speed turbulent boundary layers [63]. The ini-
tial velocity field is identical for the cases, and is initialized by extracting the solenoidal
velocity component from a precursor simulation of compressible decaying turbulence
simulation whose velocity derivative skewness has saturated to a value close to 0.5. Sat-
uration in skewness implies that the rate of vorticity production via vortex stretching
has stabilized and the flow has evolved from an artificial state into a turbulent state with
realistic non-linear dynamics. The precursor simulation therefore ensures that the flows
initialized in this study are closer to a realistic turbulent flow compared to a random
isotropic velocity field. The precursor simulation is initialized with a k2 exp(—2(k/ko)?)
radial spectrum with Rey = 100, M; = 0.3,ko/L = 6 and simulated till ¢/tcqqy = 3.0.
Initial density, pressure, and temperature fields are initialized in two different ways
denoted by IC1 and IC2. In ICI1, the initial pressure field is obtained from the in-
compressible Poisson equation using the volume-averaged density. The density field is
then initialized with p/p? = (p)/{p)” ([95, 90]). Note that only the solenoidal velocity
field from the precursor simulation is used for initialization. This is because with IC1

thermodynamic fields, the time evolution of mean dilatation variance with zero initial
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dilatation is near-identical to that from a non-zero initial dilatation obtained from small
parameter expansion about M; ([90]). The two curves are found to nearly overlap for
t/teady > 0.3. A comparison of the turbulent kinetic energy decay in compressible

turbulence using IC1 to results from Samtaney et al. [95] is provided below.
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Figure 5.1: Comparison of decaying isotropic compressible turbulence simulations with
literature.

IC2 corresponds to an isotropic double-d distribution of the density field with the
volume divided into two regions of densities p; and p2, with a smooth interface. Similar
scalar fields have been used previously in the work of Livescu and Ristorcelli [72] and
Sandoval [97]. The scalar field is generated with non-zero spectral content for 2 < kL <
4, where L is the length of the periodic domain. To generate a smooth interface, the field
is filtered with an exponential filter with k.L = 4, resulting in p pdf to deviate slightly
from a strict double- distribution. Smoothing the p interface changes the mean and
variance of the density distribution from 1.0 and 0.25 to 1.017 and 0.235 respectively.
The Atwood number A = (p2 + p1)/(p2 — p1) is an important parameter in quantifying
the strength of hydrodynamic instability in stratified flows; a volumetric mean density
(p) = 1.0 is used to calculate p; and po. Cases 2a and 2b use 1C2, but differ in the
Atwood number. Case 2b has a larger Atwood number than Case 2a, and as expected,
exhibits more pronounced variable-density effects. The largest value of Atwood number
considered here corresponds to a density ratio of approximately 6, which is a typical

of light/heavy fluid mixing in industrial applications. Larger density ratios exist in
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combustion and multiphase systems, and are expected to produce stronger variable-
density effects. The pressure in IC2 is determined by solving the inviscid variable-density
Poisson equation. This equation is obtained by ensuring that the initial conditions do
not provide a source of Lagrangian change in fluid density, D(0ju;)/Dt = 0. The

pressure at time ¢ = 0 therefore satisfies

0 lap __8uj8ul-
ox; \pOx;)  Ox; Ox;

(5.1)

We restrict the initial u;, p fields to large length scales. The velocity field from the
precursor simulation and the generated density field are filtered using a sharp-spectral
filter with k.L = 32. This ensures that the small scales in the density and velocity
fields develop from the initial conditions together via vortex stretching and baroclinic
torque. The viscosity is determined such that the initial Taylor length scale Reynolds
number Re) is 500. Re) is large because the initial velocity spectrum is non-zero at
low wavenumbers kL < 32, resulting in a large initial Taylor length scale A. After the
transient, the energy spectrum becomes broadband and Re) decreases. At t/tcqqy = 3,
the Taylor length scale Reynolds number reduces to Rey = 85. The fields corresponding
to the initial conditions are visualized in figure [5.2

The convective flux is evaluated using a stable low-dissipation scheme based on the
kinetic-energy consistent method developed by [109]. A gradient reconstruction method
described in [I10] is used to make the symmetric part of the convective flux formally
sixth-order accurate. In the regions of strong compression (shocklets), a Ducros-type
shock sensor adds dissipation to the convective flux using the non-symmetric part of
modified Steger-Warming flux-vector splitting scheme. The details of the flux scheme
can be found in [I3]. The viscous fluxes are computed using a second-order central
scheme and use compact stencil second-order least-squares gradients. The low-storage
third-order accurate strong-stability preserving Runge-Kutta scheme [46] is used for
time integration. A CFL number of 0.7 based on the local fast characteristic wave

speed is used.
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Figure 5.2: DNS initialization: p,u,p fields are shown.
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5.1.2 Time histories and spatial statistics

Volume-averaged statistics from the three cases simulated are shown in figure|5.3] Time
histories of six physical quantities are plotted: (a) kinetic energy, (b) enstrophy, (c) di-
latation variance, (d) mass flux variance, (e) density variance, and (f) baroclinic torque
variance. The volume averages of dilatation, mass flux and baroclinic torque are nu-
merically close to zero, and hence, variances of these quantities are plotted. All the
curves are normalized by the value corresponding to Case 2b at time ¢ = 0. While
the volume-averaged kinetic energy curves nearly overlap, quantities based on velocity
gradients, namely the enstrophy and dilatation variance, exhibit prominent differences
during 1 < t/teqay < 4. This occurs when small velocity scales are produced by vortex
stretching and variable-density mixing effects are active. Later, when mixing homoge-
nizes the density field, the curves of kinetic energy, enstrophy and dilatation variance

for Cases 2a and 2b begin to converge with the Case 1 curves.
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Figure 5.3: Time history of volume averaged quantities.
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Velocity-gradient-based statistics are found to be more strongly affected by variable-
density effects. In the case of enstrophy, the differences can be attributed to production
of vorticity by baroclinic torque, which is the curl of the pressure-gradient acceleration.
Baroclinic-torque-generated vorticity is further stretched by the background strain, thus
compounding the enstrophy generation process. We also note that the differences in
the curves are discernible only after one eddy turnover time, indicating the absence of
impulsively-generated enstrophy by the initial conditions. The increase in dilatation
variance (figure ) in Cases 2a and 2b can be explained by the pressure-gradient
acceleration. The pressure-gradient acceleration tensor A;; = 0;(0;p/p) appears in the
velocity gradient transport equation. The antisymmetric part A;; — Aj; is associated
with baroclinic torque and the corresponding term in the dilatation rate equation is the
trace of the tensor A;;. The symmetric part A;; + .A;; contributes to the rate of change
of the strain rate tensor. The fluctuating mass flux variance and the density fluctuation
variance decay monotonically, but have transience that lasts approximately two eddy
turnover times, marked by inflection point in the curve. The fluctuating mass flux is
also the mean fluctuating Favre-filtered velocity, and represents the spatial correlation
of the density and the velocity fields. The initial density variance in Case 1 is seen to
be extremely small relative to Cases 2a and 2b, and suggests that the variable-density
effects in compressible decaying turbulence are expected to be small.
The kinetic energy radial spectra and the energy spectral density of the density field
at t/teady = 3.0 are plotted in figure
The flow field at this time contains a small inertial subrange with a k~%/3 slope
present approximately between 0.2 > kn > 0.1. The presence of initial thermal-density
inhomogeneity increases the content in small scale velocity field, but the &~%/3 spectrum
is preserved. Increase in strength of density fluctuations leads to increased rate of kinetic
energy transfer into higher wavenumbers. This is also reflected in the aliasing error that
develops at high wavenumbers due to the use of a a low-dissipation central numerical
scheme used in the direct simulation. The density field spectrum shows that the content
in the large scales for Case 1 is relatively flat (~ k"), while Cases 2a and 2b, which
involve mixing of variable-density fluids, exhibit a k~! behavior at low wavenumbers.
This may be interpreted as the Batchelor k~! viscous-convective scaling in the high

Schmidt number limit as the effective diffusivity for density is zero [2§].
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Figure 5.4: Three-dimensional shell-averaged radial spectra of kinetic energy (left) and
energy spectral density of the density (right) at ¢/teqqay = 3.0.
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Figure 5.5: Probability distribution functions of z-gradients of x component of velocity
(left) and the density (right) fields.
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Figure 5.6: Grid refinement study of the field statistics at t/tcqqy = 3 for Case 2b

Figure[5.5|shows the effect of variable-density mixing on the intermittency of the flow
fields. Probability distribution functions of z-gradients of x component of the velocity
and density are plotted. The mean values have been subtracted and the z-axis is scaled
with the standard deviation for Case 1. Variable-density effects are seen to increase the
probability of occurrence of the tail events and have distributions with larger standard
deviation. The d,u and 0, p pdfs show that all cases have a high degree of super-Gaussian
(leptokurtic) character, indicating the presence of intermittency representative of high
Re turbulence [99]. Figure demonstrates the sensitivity of the statistical quantities

to grid refinement.

5.1.3 Variable-density subgrid-scale analysis

In this section, we filter the DNS flow fields explicitly to study the SGS terms that appear
in the Favre-filtered and Reynolds-filtered momentum equations. The first subsection
compares the two resolved-scale velocity fields in Fourier and physical space. The second
subsection compares the importance of the variable-density SGS terms with respect to
the constant-density SGS terms. Central moments that involve p and V - u as one of
the variables under the filter operator are referred to as variable-density SGS terms.

Terms that involve the SGS specific stress T [u;, uj] = Wu; — w;u; are referred to as
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constant-density SGS terms. This is the first study that computes the effect of the small-
scale density variations on large-scale momentum in compressible turbulent mixing of
variable-density fluids. We restrict the results to a budget analysis, and no a priori
assessment of SGS closures is conducted. Similarly, as aforementioned, the effect of
implicit filtering associated with an LES discretization is not discussed.

The time histories of dilatation and enstrophy suggest that the flows reach a state
of decay after two eddy turnover times. Therefore, we carry out the variable-density
SGS analysis of the instantaneous flow field at t/teqqy = 3.0. The conclusions from the
analysis are not sensitive to the time chosen in the decay regime. An exponential filter
with k.n = 0.12 is used to filter the fields, and all filtering operations are carried out
in Fourier space. The value of 0.12 is chosen so that the cutoff wavenumber lies in the
inertial subrange and approximately 82% of the kinetic energy is resolved. We find that
the relative size of variable-density SGS terms reported in our study is not sensitive to

the filter type and the choice of filter width.

5.1.4 Comparison of Reynolds-filtered and Favre-filtered velocity fields

The flow field corresponding to Case 2b with Atwood number of 0.7 is filtered to assess
the differences between the u; and u; velocity fields. The spectral content for both
resolved-scale variables is found to be nearly identical for this case, with ; having
slightly larger specific energy at wavenumbers beyond the filter cutoff (figure . This
is true for the exponential and the sharp spectral filter. We also compare the filtered
vorticity @; and the curl of the Favre-filtered velocity V x #; in Fourier and physical
space (figure left). The curl of the Favre-filtered velocity w! = V x 4; is referred
to as pseudo-vorticity in [I5]. We also note that pseudo-vorticity w! is not the Favre-
filtered vorticity w;. The differences in the spectral content of the filtered vorticity and
pseudo-vorticity are found to be similar to the differences in the spectral content of the
velocity fields, except they are amplified because Egor ~ /<;2E@1;Z. *

In physical space, the pdf of normalized difference between u; and ; gradient fields
is plotted. It is found that the difference between @w; and wlF can exceed 100% in different
regions of the flow. These is seen in figure (right), where |@;| — |w!| > |w;| (area
under the solid curve beyond horizontal-axis value of 1.0). The differences between the

magnitude of S;; and SZFJ» = 1/2(0;u; 4+ 0;4;) can also be large, but are relatively less
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pronounced than in the case of vorticity variables. In summary, the spectral content
of the Favre-filtered and the Reynolds-filtered velocity fields in Case 2b do not exhibit
strong disparities in the decay stage. However, differences in the resolved-scale velocity

gradient fields in physical space are non-negligible.
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Figure 5.7: Resolved-scale velocity radial spectra from Case 2b filtered with k.n = 0.12
with different filters: Favre-filtered velocity u; and filtered velocity u; are compared.
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5.1.5  Variable-density SGS terms in resolved-scale momentum equa-

tion
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Figure 5.9: Case 2b: instantaneous density field at t/teqqy = 3 (left), and snapshots of
fields corresponding to the SGS terms in 9;pt; equation (right). The SGS terms are

non-dimensionalized by |(€)|/+/(u;u;/2).
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Figure 5.10: Case 2b: snapshots of fields corresponding to SGS terms in 0;pt; equation
at t/teady = 3. Legend is same as figure

Subgrid-scale terms in the resolved-scale momentum equation are computed using
the DNS fields at t/tcqdy = 3.0 with an exponential filter of k. = 0.12. The SGS terms
involving density p and dilatation V - u in the central moments are of primary interest.
The SGS specific stress T [u;, u;] serves as the reference for comparison. The analysis
is unique because the terms appearing in the resolved-scale momentum equation are
considered, as opposed to terms appearing in the transport equations of SGS kinetic

energy, SGS stress, or other second-moment SGS terms. The resolved-scale momentum



65
equations corresponding to both the variables, 0;pti; and O;pu; are considered; each

equation has its own set of SGS terms.

o0pt; o0 /__ . _ _ _ _
Py —(puzuz + 065+ pT [wi, uj] + T [p, ws, ui] =T [p,us] T [p, uy] /p) = 0pu; (5.2)
ot Ox;
aﬁﬂz 0 o _‘aT[,O,Uj] _6T[ui,uj] _ ‘ 8uj 1 9dp o
ot +8xj (puluz—l—p&j)—l—uz ox; P ox; T u“@xj T p’paxi — Opus

(5.3)
The SGS terms arising from viscous transport, including 7 [p, 0,4, /p] are not considered
in this analysis. Snapshots of the xz-component of the Case 2b SGS vector field are shown
in figures and for the Oypti; and Oypti; equations, respectively. All SGS terms
are plotted on the same scale and colormap. We see that the specific stress T [u;, u;]
terms in both equations are large and space-filling. While the variable-density SGS
terms in both forms of the momentum equations are sparsely active, they can be large
in specific regions. In particular, we note that the SGS mass flux term in the J:pu;
equation is extremely small and that SGS velocity-dilatation term is the most active
variable-density SGS term in the d;pt; equation.

The relative importance of the variable-density SGS terms is evaluated by normaliz-
ing by the local constant-density term. The resulting ratio fields quantify the importance
of the variable-density SGS terms. Since the SGS terms are vectors, the ratio of scalar
projections are evaluated; two scalars are considered for this purpose. The first scalar
is the magnitude of the SGS vector. If we denote a particular variable-density SGS
term by T;, and the constant-density term by 7¢¢, the quantity |T;|/|T4| indicates the
relative magnitude. However, there are regions in the flow where |de| can approach
zero, which corrupts the statistics. To avoid this issue, we evaluate the regularized ratio
IT;|/(IT4] + | V;]), where V; = &, is the resolved-scale viscous diffusion vector and rep-
resents a physical and dimensional regularization. Thus, |V;| ensures that the statistical
information derived from the ratio field, particularly the pdf tail is not arbitrary. In
comparison to the SGS terms T;, the |V;| values are typically very small. However, the
V; field is space-filling and non-zero due to the presence of non-zero strain-rate in the
entire domain. In the limit when k. >> 1 and the SGS terms are zero (T;, T¢4 — 0),

then V; — o, where o,,, is the viscous term in the momentum equation. Note that
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the SGS vectors require derivatives. Like the filters, we compute these derivatives in
Fourier space.

Besides the magnitude of these terms, a scalar incorporating the orientation of the
SGS vectors is also required. In this context, projection on the resolved-scale velocity
vector is considered. This is a physically meaningful projection and quantifies the con-
tribution of SGS terms to the kinetic energy associated with the resolved-scale velocity.
The rate of change of the kinetic energy is

Oypusi;  _ Opu; 1_ _ 9p O3pui; _ Opu; 1__ 9p

ot Yo 2"y ot Yo T 2yt

(5.4)

We see that the projection of the resolved-scale momentum equation SGS terms on
the resolved-scale velocities is their contribution to the computable kinetic energy. The
term #;S, appearing in J;pu; is an exception; its contribution reverses sign due to the
term O;p. Similar to the magnitude ratio, the ratio of the projection on resolved-scale
velocity is computed with V; to regularize the denominator. The ratio signifies the
relative contribution to the resolved-scale kinetic energy.

By computing the ratio at each point in the instantaneous flow field, we can compute
the the probability distribution functions for these fields. A typical ratio field and its
pdf are shown in figure These distributions are plotted for @; (figure and u;
(figure [5.13). Plots on the left are the magnitude ratio distributions, and those on the
right are the resolved-scale velocity projection ratios. Each plot has three curves with
distributions from Cases 1, 2a and 2b. Let us consider figure The plots in the top
row correspond to the trivariate moment term 0;7 [p,ui, u;] and those in the bottom
row correspond to the SGS mass flux term —0;(T [p, wi] T [p,u;] /p).

Reynolds-filtered momentum equation O:pu; pdfs are plotted in figure for the
SGS mass flux term @;0;T [p, u;] (top row), SGS pressure-gradient acceleration term
—T [p,0ip/p] (middle row), and SGS velocity-dilatation pT [u;, Oju;](bottom row). All
three variable-density SGS terms are found to be non-negligible for Cases 2a and 2b,
but insignificant for Case 1. For both resolved-scale momentum variables, the terms are
found to be more important by means of velocity projection ratio metric.

Integral values for the ratios are also evaluated. Average ratio values are large for

Case 2b and small for Case 1. For example, the value corresponding to trivariate term in
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Figure 5.11: Case 2b: ratio pdf computed for trivariate moment magnitude in the 0;pi;
equation. The SGS terms are non-dimensionalized by [(€)|/+/(uiu;/2). Inset picture is
an isosurface enclosing regions where ratio is greater than 0.5.
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Figure 5.12: Probability distribution functions of the relative magnitude (left) and
relative projection (right) for SGS terms in 0;pu; equation from instantaneous flow
field.
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Figure 5.14: Conditional volumetric averages of relative magnitude (black) and relative
projection (red) for SGS terms in Favre-filtered equation (left) and Reynolds-filtered
equation (right) from instantaneous flow field.

Favre-filtered equation by projection metric is for Case 2b and 0 for Case 1. We note that
averaging the ratio field over the entire volume suppresses the importance of variable-
density SGS terms as it causes the average to be biased by homogenized flow pockets
where the ratio values are close to zero. Therefore, for Case 2b, we present conditionally
averaged ratio value in figure The conditional average is the average over regions
where |Vp| is greater than a specific value |Vpl.. As the value of |Vp|. is increased,
the conditional mean of the ratios corresponding to all terms is seen to increase. This
implies that when regions with strong density gradients are sampled, variable-density
SGS terms become relatively more important, even in a statistical sense. For case 2b,
the mean values of variable-density terms are found to be larger than specific stress
term from a projection metric in regions of strong resolved-scale density gradients.
Ratio distributions for the filtered vorticity transport equation are also computed
. There are three inviscid SGS terms in the equation: the SGS vorticity flux 0;T [w;, u;],
the SGS vortex stretching term 7 [wj, Oju;], and the SGS baroclinic torque V xT [0;p, 1/p].
The pdf plots quantifying the importance of the SGS baroclinic torque relative to the
SGS vorticity flux 07 [w;i, u;] and the SGS vortex stretching term 7T [wj, dju;]; are
plotted in figure [5.15] Both metrics, magnitude, and projection on @; are considered.
Projecting the SGS vectors onto the resolved-scale vorticity, similar to the projection

of the SGS terms in momentum equation on the resolved-scale velocity, represents the
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contribution of each SGS term to resolved-scale enstrophy w;w;/2. The resolved-scale
viscous term V X &, /p is used for regularization of the denominator to compute the
ratio fields. The ratio of SGS baroclinic torque to both SGS vorticity flux as well as
SGS vortex stretching is computed, and is found to be important for Cases 2a and 2b,
but unimportant for Case 1.

We now synthesize the important findings from the analysis. Turbulent flow fields
with active variable-density effects have been investigated to quantify the role of variable-
density SGS terms on the dynamics of the Favre-filtered and Reynolds-filtered velocity
fields. Evidence for the significance of these terms is provided in the form of pdfs of
their magnitude relative to the constant-density SGS terms. Two scalar metrics are
chosen to compare the SGS vectors, namely their magnitude and their contribution to
kinetic energy production and dissipation.

For the M; = 0.3 flows studied, it is found that density fluctuations arising out of
compressibility alone are weak, and that SGS terms arising from small-scale density
fluctuations are also negligible. However, when density fluctuations are associated with
thermal inhomogeneities, they interact with the pressure gradient field to produce accel-
eration fluctuations, thereby affecting velocity gradients. Not only is vorticity affected,
but the dilatation content is also significantly altered. Therefore, flow compressibil-
ity strongly couples with thermal density inhomogeneities, and consequently, the flow
dynamics of compressible variable-density turbulence are inherently different from in-
compressible variable-density turbulence [97]. Although we do not study compressible
turbulent mixing of variable-density fluids with different molecular weights, such flows
are expected to exhibit non-negligible variable-density SGS terms as well.

The analysis discusses variable-density effects on the Favre-filtered velocity SGS
stress tensor in terms of central moments under the filter, which represent the spatial
correlation between small scales. The trivariate moment 7 [p, u;, u;] is found to be the
most dynamically important variable-density term in the SGS stress. The physics of
this term merit attention because it contributes significantly to the computable resolved-
scale kinetic energy piu;u;/2. Using the new Reynolds-filtered momentum equation, we
isolate the SGS inertial and dilatational effects and establish the dynamical impor-
tance of specific terms. The new form of the equations represents the effect of SGS

pressure-acceleration, as well as the SGS mass flux and SGS dilatation correlations in
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resolved-scale mass, velocity, and internal energy. The new SGS terms also provide
a framework to study variable-density counter-gradient diffusion independently of the
constant-density SGS terms. For example, in Case 2b, we find that SGS mass flux term
and SGS pressure-acceleration term have a net positive contribution to (1/2)0;pu,u;, as
opposed to SGS specific stress, which has a net negative contribution. In other words,
while the constant-density terms drain energy from the large scales, two variable-density

SGS terms transfer kinetic energy to the large scales.
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Figure 5.15: Probability distribution function of relative magnitude (left) and relative
projection (right) for SGS terms in 0;w; equation from instantaneous flow-field.

5.2 Mixing transition by shock-deposited baroclinic vor-
ticity

Richtmyer-Meshov instability is a canonical flow problem where a distorted heavy-light
gas interface is subjected to impulsive acceleration and the baroclinic vorticity produc-
tion can often lead to late-time mixing transition. Inspired by presence of finite thickness
gas layers in real-life flow problems, turbulent mixing in a gas-curtain setup has been in-
vestigated at Los Alamos National Laboratory for over a decade[86]. The setup consists
of a row of closely spaced jets of heavy gas (SF6+tracer) flowing vertically downward

from a linear array of nozzles with coflow (for stabilization). This initial heavy-gas flow
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forms an effective gas curtain of varicose thickness, with maxima along the centerline
of the nozzles. During the experiment, a planar shock wave in the air (lower density)
passes through the gas curtain and exits the test region into air downstream. Due to the
impulsive acceleration of the shock wave, both upstream and downstream interfaces are
Richtmyer-Meshkov unstable and distort due to the array of counter-rotating vortices
produced as the curtain moves downstream. At the upstream interface, interfacial per-
turbations grow in phase with the initial profile while at the downstream interface, the
perturbation growth is out of phase with the initial profile. The varicose nature of the
gas curtain thickness therefore transforms into a sinuous instability pattern leading to
eventual growth of mushroom like structures during the non-linear phase of the insta-
bility. The resulting mixing layer can be made to interact with the original shock again
(reshocked) by reflecting it off a wall. The reshock process is associated with deposition
of multi-scale baroclinic vorticity and leads to rapid mixing transition. In the absence of
reshock, only strong shocks can deposit enough vorticity to cause turbulent breakdown
at late stages. However, the reshocked gas curtain, like reshocked Richtmyer-Meshkov
problem leads to rapid breakdown and also serves to study the influence of multi-modal
initial conditions in density and velocity field on late time mixing behavior post shock
passage. In the experiments, evidence of inertial range development has been observed.

Several computational studies on Richtmyer-Meshkov turbulence and some on gas
curtain turbulence have been reported in the literature. Most studies are coarse-grained
simulations at high Reynolds numbers, primarily to replicate experimental conditions.
Since the flow problem is highly non-linear, the spectral nature of the initial conditions as
well as details of the numerical schemes affects the uncertainty in small-scale dynamics.
A comparison of turbulent mixing produced by Richtmyer-Meshkov instability with two
different methods on the same initial conditions is discussed in Tritschler et al. [I17].
Similarly, two different sets of initial conditions: with narrow band and broadband
spectral signatures were considered in several numerical studies. Development of a
turbulent cascade is faster with broadband initial spectrum. Interestingly, the initial
spectral content also affects the slope of the Fourier spectrum of energy and scalars at
different stages of the problem.

Theories for spectral scaling in RMI type flows are scarce. Some phenomenological

theories exist. Zhou [I132] predicts a -3/2 spectrum based on external agent time scales.
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The work of Hill et al. [52] with self consistent large-eddy simulations using the stretched-
vortex subgrid-scale model propose a -5/3 continued spectrum.

In the results that follow, we study the characteristics of the flow that develops after

the passage of the shock. The SGS terms in the momentum equation are computed at

different time instances to identify their relative contribution.

5.2.1 Numerical setup and validation

We validate our numerical setup with 2D computations of experiments carried out at
LANL by Balakumar et al. [4] that study the effect of a shocked SFg cylinder and an SFg
gas curtain. The schematic for the initial setup of the two flows is shown in Figure[5.16

Shock heavy-gas cylinder interaction involves baroclinic vorticity deposition leading to

(a) Mach 1.2 (b) Mach 1.2
postshocked air preshocked air O
d = 3.6 mm
O SFg gas curtain
SF¢ cylinder O
A = 0.67

Figure 5.16: Schematic of the test cases for numerical validation

formation of a counter-rotating pair of vortices that cause mixing of the gas cylinder
with ambient gas. The bridge of the heavy gas connecting the two vortex cores is
associated with mass fraction gradient intensification due to rapid straining leading to
large molecular mixing. In the vortex cores, scalar spirals develop and cause mixing
due to increase in surface area. At intermediate times, secondary KH type instabilities
develop in the outer edges of the vortices and in the cores due to vortex-accelerated
baroclinic vorticity deposition. The gradient intensification is not only restricted to
the mass fraction field but also the density field, thereby causing increased secondary

baroclinic vorticity production. We simulate the interaction only in its two-dimensional
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stages, before three-dimensional breakdown effects take over the mixing processes. The
cylinder like the gas curtain case has inhomogeneity in the third direction due to gravity

and diffusion effects.
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Figure 5.17: Time evolution of shock-heavy-gas-cylinder interaction.

o

The gas curtain is essentially a setup of several gas cylinders arranged in a row.
The varicose nature of the heavy gas thickness results in formation of parallel counter-
rotating vortex pairs on passage of the shock. The incident shock strength in the present
case is not large enough to cause immediate transition to turbulence. To our knowledge,
the simulation shown in Figure is the most accurate representation of the flow in
the experiment compared to past simulations reported in open literature. The key to
the high temporal and structural accuracy of the gas layer evolution can be attributed
to the correct initial condition. It is important to note that the intensity reported in the
experiments is not a linear function of the SFg mass concentration. The two variables
have a monotonic relationship and the maximum intensity may be calibrated with the
correct Ysp, value, but the variation is weakly non-linear. This is the missing detail
in other simulations that intended to reproduce the experimental results. Addition
of small-scale noise, introduction of acetone in the heavy gas mixture and variation
in the nozzle setup are important factors, but cannot account for the incorrect initial

concentration map.

5.2.2 Computational setup

We simulate the reshock of a three-dimensional gas curtain that has been previously
shocked with a Mach 1.2 shock. The homogeneity in the y — z plane is important

because if a 2D curtain is employed, the three-dimensional perturbations that cause
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Figure 5.18: Time evolution of the 2D shock-heavy-gas-curtain problem. Mixing width
is defined as the width between the locations where the (Ysp,), = 0.01

turbulent breakdown can have their origin traced back to the dispersive properties of
the non-linear scheme employed for shock and discontinuity capturing. This is clearly
visualized in the simulations of Zhang and Shu [I31I] . The three-dimensional setup
ensures that the mixing transition is not caused by numerics and grid convergence of
the entire reshock dynamics can be demonstrated.

The reshock is caused by a Mach 1.17 shock, representative of a realistic interaction,
where the Mach 1.2 shock that passes the curtain initially and reflects off the wall, has
incurred losses. However, in our idealized setup, the rarefraction waves that can cause
significant vorticity deposition, do not exist. The goal of the direct numerical simulation
is to obtain a flow-field where multi-scale baroclinic vorticity plays a dominant role in
the dynamics and analyze the flow for variable-density SGS interactions. Figure [5.19
shows the time-history visualization of the mass-fraction field. The initial field, obtained
from non-linear growth in a 3D varicose curtain post interaction with a Mach 1.2 shock,
differs significantly from the field obtained from a 2D varicose curtain discussed in the
previous subsection. The shock passes the heavy gas layer by 25 us and breakdown
to turbulence is in its final stages by 200us. Around 300-350 us, the turbulence is
fully broad-band and is in its decay stage. We are interested in analyzing the flow

development post shock passage until it reaches a self-similar decay stage. The effect of
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Figure 5.19: Evolution of the post reshock heavy gas layer visualized via grayscale Ysp,
contour map between isosurfaces corresponding to Ysp, = 0.01.
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initial conditions is clearly prevalent in all the stages considered in this work. Vortical

t = 300us

Figure 5.20: Vortical structures visualized with the second invariant of the velocity
gradient tensor, colored with density.

structures visualized in Figure|5.20] are localized and strongly inhomogeneous in x. Late
time turbulent structures indicate three turbulence zones corresponding to the edges and
the centerline of the mixing layer. Density inhomogeneity in the mixing zone indicates
that a well-mixed zone as in the case of canonical Richtmyer-Meshkov instability may
not exist, and pockets of unmixed fluid entrained by the large-scale structures may not

be molecularly mixed even in the late stages of flow development.

5.2.3 Turbulence and Mixing statistics

Figure shows the growth of the mixing layer and mixedness using different metrics.
dy1 and J, are the mix widths corresponding to plane averaged mass fraction and

vorticity profiles. dy is defined as
+oo
5(t) = / 4 <YSF6>yz (1 — <YSF6>yz> dx (5.5)

where the averaging operator is the y — z plane average. In RM flows, the mixed

width is algebraic, typically of the form §(t) ~ (t — t)? where 6, depends on the initial



79
perturbations and the shock Mach number. In our case, the definition of mixed width

varies depending on the definition. Mixedness is defined by Youngs [128] as

S22 (Yor, (1= Yar,)) . dao

Oy (t) =
i I3 (Ysrg)y. (1 - <YSF6>yZ) dz

(5.6)

We quantify mixedness based on volume fraction and mass fraction. Volume fraction

based definition yields higher mixedness.
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Figure 5.21: Mixed widths (a) and mixedness (b) as a function of time.

The time evolution of pdfs of the density and the mass fraction field provides a more
detailed state of mixing in the flow-field as a function of time. The density and the mass
fraction fields slowly approach a fully mixed state, which would imply convergence to
a Dirac delta function in the pdf plot. At 300 us, the pdfs of the field in the volume
considered are seen to have a hump corresponding to the mixing layer state and the
sharp peak corresponding to the ambient gas state outside the mixing layer. Presence
of two maxima in the density and the scalar fields implies a two-stage mixing process,
of which only one is captured in our simulation. The first corresponds to establishment
of a homogeneous mixed state within the heavy gas layer from a partially mixed state
caused by the vorticity from the initial reshock. Next, the fully mixed moderately heavy
gas layer mixes with the ambient air. In the present simulations, we do not investigate

this second stage of mixing.
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Figure 5.22: Time-evolution of (a) density and (b) heavy gas mass fraction.

Figures and show the evolution of the cross-plane specific energy and
density spectra. The time evolution of the spectra for heavy gas mass fractions is
similar to density and is not plotted. The spectra clearly exhibit a two-stage dynamics
(different from the mixing stages discussed earlier). Initially, post reshock, the specific
energy is amplified across all wavenumbers. This is followed by flow of energy into
the smaller scales. This cascade process may be attributed to vortex stretching of the
vorticity deposited by baroclinic torque. After the cascade of energy in the small-scales,
the non-linear spectral smoothening of the spectrum occurs. It is during this stage
that the onset of turbulence has begun, and is followed by decay and further transfer
of energy to smaller scales. In this work, the Reynolds number based on s and

dissipation rate € at 200 ps is 60.

5.2.4 A priori subgrid-scale estimates

The fields in the reshocked gas layer are filtered explicitly using a Gaussian filter at a
length-scale A./Delta = 8.5 which corresponds to A,L = 0.03 for SGS analysis. We
first compute the SGS terms in the Favre-filtered momentum equation. From Figure
(.25 we infer that the variable-density SGS terms, referred to with labels T2 and T3
are not very large in a mean sense. The volume average is done in the entire test

section of the simulation, 0 < x/L < 1 and is not restricted to the mixing layer region.
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Figure 5.23: Specific kinetic energy spectra in the 2D wavenumber space: time evolution
during (a) amplification stage and (b) non-linear spectral-smoothening stage.
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Figure 5.24: Density power spectra in the 2D wavenumber space: time evolution during
(a) amplification stage and (b) non-linear spectral-smoothening stage.
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However, the volume averages are representative of the strength of the SGS terms in
the transitional and fully turbulent regions of the mixing layer. Variable-density effects
clearly seem to decay as the mixing layer becomes fully turbulent towards 200 ps. The
SGS triple moment is larger than the SGS mass flux term, as was observed in the case

of decaying turbulence.
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Figure 5.25: SGS terms in the Favre-filtered velocity based momentum equation. T1 is
the SGS specific stress term, T2 is the SGS triple moment and T3 is the SGS mass flux
term.

The Reynolds-filtered momentum equation displays different characteristics. While
the SGS mass flux term is relatively small and dynamically insignificant, the SGS pres-
sure acceleration term and the SGS velocity dilatation terms (labeled as T3 and T4 in
Figure are large. This indicates that SGS variable-density effects are more promi-
nent in the equation for @; compared to ;. Both the terms remain relatively large until
the mixing layer becomes fully turbulent. The large magnitude of the velocity-dilatation
correlation term is surprising, but may be attributed to acoustic waves emanating from
the transitional mixing layer. However, due to low compressibility of the flow, large
velocity-dilatation correlation at the small scales requires attention. The sensitivity to
filter-width and aliasing error buildup at small velocity scales in the simulation must
be carefully studied for any physical conclusion drawn from the SGS velocity dilatation

field.
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Figure 5.26: SGS terms in the Reynolds-filtered velocity based momentum equation. T1
is the SGS specific stress term, T2 is the SGS mass flux convection, T3 is SGS pressure
acceleration term and T4 is the SGS velocity-dilatation correlation.

5.3 Conclusions

In this chapter, we performed direct numerical simulations of variable-density turbu-
lent mixing at moderate Taylor-scale Reynolds numbers to quantify the strength of
variable-density SGS terms that appear in the Favre-filtered and the Reynolds-filtered
momentum equations. By explicitly filtering the DNS flow-fields, we find that the
variable-density SGS terms can be locally large in the regions of large filtered density
gradients. In particular, we observe that density variations affect velocity gradient fields
more significantly than the kinetic energy, indicating higher sensitivity of the small ve-
locity scales to variable-inertia effects. Of interest is also the increased dilatational
(acoustic) fluctuations caused by density variations. Interaction of acoustic waves with
stratified fluid produces baroclinic vorticity, which in turn generates acoustic waves due
to the compressible nature of the flow. This process can produce more dilatational
fluctuations than in canonical compressible turbulence. The magnitude of SGS terms
involving dilatation reflect the presence of increased fluctuations. The multiscale nature
of the dilatational field in compressible variable-density turbulence and its relationship
to the vorticity field is important to understand for designing improved closures. In ad-

dition to analyzing the variable-density SGS effects, an important quantity is the trace
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of the SGS specific stress, or SGS kinetic energy in the case of a Reynolds operator.
Although the quantity involves spatial correlations of the velocity field, it is also affected
by variable-density effects in the flow, via the small scale velocity field. The dynamics
of the SGS specific stress and its trace, primarily the imbalance between the global

production and dissipation due to baroclinic vorticity generation requires investigation.



Chapter 6

Large eddy simulations:

a posteriori estimates

In this chapter, we carry out large eddy simulations of compressible variable density
turbulent flows and provide estimates of variable-density subgrid-scale terms. Two flow-
setups with heat release are considered. The first corresponds to a supersonic reacting
flow in a recirculating mixing layer configuration with H2-F2 chemistry. The second
case corresponds to shock-induced combustion of spherical inhomogeneity of dense H2-
02 gas mixture. The cases are simulated at resolutions constrained by computational
resources, but nevertheless capture the dominant features of the flow-fields. Quantitative
estimates are based on the subgrid-scale models employed with filter widths of the order

of the grid cells.

6.1 Supersonic expansion ramp combustion

Supersonic combustion requires a high degree of molecular mixing between the fuel and
the supersonic air stream. Yet, for sustenance of the combustion process, strong strain
rates, that can extinguish flames, may not exist in the flow. Combustor design must
also account to minimize total pressure loss for high propulsive efficiency.

Bonanos et al. [8] considered an expansion ramp geometry where the top high-speed
stream is expanded over a ramp and the bottom stream is injected through perforations

in the expansion ramp. When the bottom-stream flow cannot satisfy the entrainment
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requirements of the shear layer, the shear layer reattaches as in a backward-facing step.
In a reacting flow, the top stream re-entrant jet in the recirculation interacts with
bottom-stream fluid to form a secondary shear layer where the ramp meets the bottom
guide wall. The recirculating region, reentrant jet and the secondary shear layer lead
to enhanced mixing relative to a free-shear layer. The length of the recirculation zone
is controlled through the mass-injection ratio of the two streams. Increasing injection
pushes the reattachment downstream. For high mass-injection ratios, the flow becomes
similar to a plane shear layer. Heat release in the reacting case is equivalent to increas-
ing the bottom stream mass flux in the non-reacting case due to reduced volumetric
entrainment of free-stream fluid [51].

In this section, we consider a supersonic top stream with hydrogen and diluents re-
acting with a diluted fluorine stream injected from the ramp. Both, low and high heat
release cases corresponding to rich and lean burn configurations are simulated. Heat
release effects are pronounced in the lean case and it is therefore used for quantifying
the modeled subgrid-scale terms. From a computational perspective, important uncer-
tainties in the experiments are the inflow pressures in the top and the bottom stream
and the exit backpressure. The inflow pressures determine the angle of the shear layer,
while the backpressure strongly affects the reattachment region and its low-frequency
dynamics. We attempt to infer these quantities from the experimental schlieren. While
these factors make comparison of the simulations to the experimental data challenging,
we are primarily interested in the large eddy simulation fields in a compressible reacting

regime.

6.1.1 Details of experiments

The experiments reported in Bonanos et al. [§] have been performed in the Super-
sonic Shear Layer (S3L) laboratory at Caltech. The experiments study mixing between
gaseous streams in an expansion ramp geometry, similar to a rearward-facing step. This
geometry while minimizing total-pressure losses, involves a recirculation zone and avoids
high strain-rates to stabilize the flame. The experiments quantify molecular mixing in
such a configuration using the “flip” experiment technique. This technique involves two
sets of experiments with the compositions of the two gas streams interchanged. The re-

actions that occur upon molecular mixing are designed to lie in the fast-kinetic regime
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and hence, chemical product formation is limited by mixing. The temperature rise
associated with product formation in the two experiments is used to quantify mixing.

The experimental facility is a two-stream blow-down wind tunnel. The top stream
is seeded with hydrogen Hj, nitric oxide NO and the bottom stream is seeded with
fluorine Fy. Gases in both streams comprise of inert diluents to match mean molar
mass and specific-heat ratio. NO is added as a catalyst in Hy stream to generate
radicals and initiate hydrogen-fluorine reaction. It combines with Fy resulting in the in
the hypergolic reaction NO 4+ Fy — NOF + F at room temperature. The test section,

and the reaction set employed in the present computations, is shown in Figure

Schematic for the recirculating shear layer setup

M 2.5 fuel stream

= Dump tank

Low speed oxidizer stream

perforated ramp Mass fractions Reaction set
H, NO Ar N H + F, = HF + F
570 m/s, T = 288K 159 0.60 2872 69.00 NO + F, = NOF + F
— F + H, = HF + H
Fq Ar  He Ny
30 m/s, Ty = 288K A 759 478 256 85.07

Figure 6.1: Schematic for the S3L facility at Caltech for studying supersonic mixing
layers in an expansion ramp configuration.

As shown, the bottom stream is injected through the inclined expansion ramp, per-
forated with an open area fraction of 0.6. The measurement rake is placed downstream
of the ramp . The experimental combustor’s pressure coefficient is controlled with ramp
mass injection and heat release. Using the information from the temperature sensors,

the fraction of mixed fluid within the mixing layer is reported as

] (6.1)
p=0¢2

where 6, is the product thickness normalized by the temperature rise profile.
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0; is the distance from the lower wall at which the temperature profile reaches 1% of
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its normalized value. ¢1 and ¢9 are the equivalence ratios of the two experiments.
Previous research in the facility reports that for the flow to be mixing limited such that
the molecularly mixed fluids react completely, the Damkohler number (ratio of mixing
time scale to the chemical-reaction time scale) Da > 1.5. For a range of inflow velocities,
unlike free shear layers, increase in mixing with streamwise distance was observed in
these experiments. As mentioned in Matheou et al. [77], the flip experiment technique
also relies on the assumption that the flow-field does not change with heat release. The
two experiments were considered to match on the basis of stagnation pressure profiles.
While heat release may be a factor, computational evidence suggests that the flow
behavior is more sensitive to the inflow pressures. In the Mach 2.5 experiment runs,
the data suggests that the flow-fields are not sufficiently similar to be considered as
candidates for estimation of molecular mixing. At the same measurement location, the
low heat release flow displays shear-layer like characteristics, while the shear layer in
the high heat release case has reattached and possibly separated again, before exiting

the test section.

6.1.2 Computational Setup

The computational setup is illustrated in Figure [6.2] Finite rate chemistry for the
H-F system is employed. Flow and composition details at the inlet may be found in
Bonanos et al. [8]. Details for chemistry employed in the computation may be obtained
from Kartha et al. [5§].

In this study, for estimating the inflow profile in the top stream, a steady state
laminar flow is computed in a Mach 2.5 nozzle used in the facility to obtain the top
stream inflow conditions for the test section. The velocity and density profiles obtained
from the steady state calculation are shown.

The outflow treatment is designed to resemble the experimental conditions. This
contributes to the stability and accuracy of the computation, owing to the subsonic
nature of the flow at the exit of the test section. In the experiment, the test section
exits into a cylindrical dump tank where the products of the reaction are neutralized.
In the computation, the dump tank is also simulated as a part of the flow domain as
shown in Figure 6.2l The dump tank grid is however highly stretched in the radial

and the axial directions. Also, chemistry and high order spatial numerics are gradually
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Figure 6.2: Computational setup associated with simulation of the supersonic reacting
shear layer on an expansion ramp.

turned off as the flow enters the dump tank. All walls in the simulation are slip walls to
avoid large computational cost associated with capturing the boundary layers in the top
and bottom walls. The number of grid elements in the three-dimensional geometry is
approximately 10 million with a 9:1 ratio for the number of elements in the test section
to the number in the dump tank.
The initial condition for the three-dimensional simulations is a reacting two-dimensional

flow obtained using 2D computations of an identical setup. The dump tank is however
reinitialized to zero velocity, atmospheric pressure and nitrogen gas for the 3D compu-

tations.

6.1.3 Subgrid-scale closures

In the present computations, we utilize the stretched-vortex model for closure of the SGS

specific stress and SGS scalar fluxes. For SGS pressure acceleration and SGS velocity
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dilatation correlation, we use the gradient model.
A2 da 0b

Note that the stretched-vortex model is responsible for the appropriate SGS energy
dissipation, which allows retention of the structural performance for the variable-density
SGS terms associated with the Reynolds-filtered velocity.

We summarize the original stretched-vortex model[79, 119]. The stretched-vortex
SGS model is based on a physical model for turbulent small scales wherein vortic-
ity is concentrated in an ensemble of tubular structures. These structures have a
two-dimensional spiral cross-section and stretch in an axisymmetric strain-rate field.
The flow on the segment of a filament can be simplified as an axially stretched two-
dimensional flow. The equations describing this flow admit analytical long-time asymp-
totic solutions from which ensemble statistics like the spectra and correlations are cal-
culated. The subgrid-scale model therefore constructs an explicit description of the
subgrid-scale velocity field: a superposition of stretched-spiral vortices in each compu-
tational cell with their orientation described by a probability density function (p.d.f.),
P(a, B), where a and ( are Euler angles relative to the laboratory frame. In the formu-
lation where SGS ensemble dynamics is characterized by subgrid vortices aligned with

Euler angles o and By, the orientation p.d.f. is modeled with delta functions

47
sin aq

P(a, 8) = d(a —a9)d(Bo — B) (6.4)

If the unit vector e, along the vortex axis is
e] =sinagcos Py, e; =sinagsin Py, e3 = cosag (6.5)

the SGS stress tensor is given by the expression
oo
Tij = ,(_)K((SU — 6?6’5), K= E(/{?)dk‘ (6.6)
ke
where K is the subgrid-scale specific kinetic energy, k. = w/A, and ev is chosen to lie

along the most extensive eigenvector of the resolved-scale strain-rate tensor S’ij. The
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expression is obtained by assuming that the entire subgrid-scale specific kinetic energy
resides in the two-dimensional plane of the subgrid vortices in an equipartitioned sense.
In the case of wall turbulence, the expression is extended [23] taking into account the
transport of axial velocity by the near-wall SGS vortices. The SGS energy spectrum
E(k) is obtained from the Navier-Stokes dynamics of the stretched-spiral vortices pro-

posed by Lundgren[73].
BE(k) = Koe?2k5/3 exp(—k>\?) (6.7)

where \2 = 2i7/3]a|. Ko is the Kolmogorov pre-factor; ¢ is the local dissipation rate;

<Y

= S’ijefe”; is stretching along the SGS vortex axis imposed by the resolved scales,
v is the Favre-filtered kinematic viscosity. Integrating the spectrum, the SGS specific

kinetic energy becomes
1
K = Koe? k23 P(kh), Plie) = 5"?(2;/3F—1/3(/€3) (6.8)

Here, T' is the incomplete gamma function and the value of k. varies inversely with

2/3 is estimated from the local

the strength of subgrid-scale activity. The constant Kope
resolved-scale second order velocity structure function F5 by matching it to the value
predicted by the subgrid-scale spectrum. The structure function matching is done in a

locally averaged sense.
(F2) = (4 [ E(R)[1 = Jo(kr)]) (6.9a)

Fy = [00]* = [5(x) — w(y)]*, r* = (x —y)* = ((x —y) -e")* (6.9b)

Here y is the integration variable; Jy is the zeroth-order Bessel function of the first kind;
and r is the distance from y to the vortex axis. The SGS specific kinetic energy can

then be computed as
(Fy)

K= Qo )

P(key, d) (6.10)

where

Q(Ke,re) = 4/{2/3/ ’ /<;_5/3e_“2[1 — Jo(kmre/ke)dr, Te=1/A, (6.11)
0
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The averaging operator applied is the discrete ensemble average as shown below.

(¢>=% > ¢ (6.12)

yeN (%)

N (x) is the set of points neighbouring x where the resolved-scale information may
be accessed. SGS heat flux qu is closed with the expression given in equation
The expression is obtained by modeling the two-dimensional convective transport of
temperature as a passive scalar by the SGS vortices.

T _pcpACKl/Q v

g =————5 (05 —€jej or

Similarly, SGS mass flux is modeled as a passive scalar flux of density by the stretched-

vortex velocity field using a SGS Schmidt number of 1.0.

6.1.4 Flow-field description

Figures and visualize an instantaneous snapshot of the high heat release case.
The shear layer is highly inclined due to a pressure differential of 0.07 MPa between
the top and the bottom streams. The time-scale associated with the flow development
exceeds 2 ms. Due to restrictive time steps (of the order of 40 ns, we do not capture
the steady-state statistics associated with the reattachment dynamics. However, the
shear layer statistics is adequately captured as it develops over convective time scales.
Figure shows the comparison of the mean temperature profiles with the experiment
at the measurement location. The results corresponding to the high heat release case
have been plotted at 1.5 ms, and change as time progresses. A careful study of the
role of the dump tank and back pressure on the reattachment dynamics is warranted.
The temperature rise plots show us that the Reynolds-filtered velocity equations can be
successfully used for computation of supersonic flows with heat release.

To obtain the temperature rise plots, non-reacting computations were also carried out.
Heat release is found to stabilize the mixing layer. Not only is the growth rate reduced,
but the reattachment point is significantly delayed. This phenomenon, including the
reduction in shear expansion angle is also observed in the experiment. Heat release

increases the effective pressure coeflicient of the combustor, as the experimental results
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Figure 6.3: Large-scale vorticies visualized with the second invariant of the Reynolds-
filtered velocity gradient tensor. The structures are colored with the product HF mass
fraction. Orange represents high values and gray represents low.

YAr

Figure 6.4: Mid-plane visualizations of fields at a time instance.
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Figure 6.5: Comparison of normalized temperature rise profiles with experimental mea-
surements. *Statistics are not temporally converged.

indicate. Note that in this simulation, all walls are assumed to be slip walls. This affects
the temperature profiles due to the displacements effects associated with the boundary
layer. More details on the flow-field in the low heat release case can be found in Sidharth

et al. [104].

6.1.5 Subgrid-scale analysis

The subgrid-scale terms for an instantaneous flow-state are shown in Figure An
ensemble of flow realization at different time steps is considered. SGS statistics is
evaluated from regions where the SGS kinetic energy estimated using the stretched-
vortex model is greater than 107 times the mean value. This restricts the analysis
to the turbulent mixing zone only. The primary result from the analysis points to the
dominance of the SGS mass flux convection in the momentum equation. SGS pressure
acceleration and SGS velocity dilatation do not appear to play an important role in this
flow. Therefore, large-scale enstrophy dynamics is primarily driven by the SGS specific
stress.

SGS mass flux ameliorates the density gradients in the reaction zone. This is also
associated with diffusion of computable kinetic energy (1/2)pu;u;. These dynamics are

represented differently in Favre-filtered velocity based simulations, where SGS stress is
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modeled using the Favre-filtered velocity with a closure model from incompressible liter-
ature. Let us consider the SGS effects in the momentum equations with a gradient diffu-
sion model for the SGS mass flux and an eddy viscosity type model for Reynolds-filtered

and Favre-filtered specific stresses. For the Reynolds-filtered momentum equation, we

have 5
WS, + pw ~ — 100 (1ve0;5) — 250;(veSi;) (6.14)
J
whereas in the Favre-filtered equation,
Oymi; ~(uity — it;)0;p + pOj (uitt; — ;) (6.15)
=— 2ye§ij6jﬁ — 2ﬁ8j(ue§,-j) (6.16)

where S;; is the trace-free strain rate tensor. Therefore, the difference in the modeled
equations originates in the difference in the structural representation of turbulent mass
diffusion. As is shown in Figures and the SGS mass convection term is by
and large more important than the SGS specific stress term, and therefore structural
modeling of this term requires more analysis and understanding in order to improve
SGS modeling accuracy. Similar to momentum, SGS mass flux affects the species mass
equations. While the SGS terms in the Favre-filtered equation contains terms of type
0; ﬁajffs, the corresponding Reynolds-filtered modeled term is of the type Y;0;0;p. The
pdfs show that this term is extremely important for mixing scalars. This is however,
not the case for transport of product species mass.

In summary, the supersonic reacting mixing layer is dominated by specific stress and
vorticity production by SGS baroclinic torque and SGS velocity dilatation is negligible.
SGS mass flux is however important, and the accuracy of modeling its effect on the large
scale momentum depends on the choice of the resolved-scale velocity and the model
employed. However, the more important question concerns the closure in the species
mass equations. Solving for Favre-filtered or Reynolds-filtered scalar is expected to
make a difference in the time-averaged flow statistics. Although there is no combustion
modeling in the present work, the choice of the resolved-scale scalar will bear important

implications in the combustion modeling framework.
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Figure 6.6: Modeled SGS fields from an instantaneous flow-field snapshot
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6.2 Reacting shock-bubble interaction

Shock-bubble interaction [88] involves impulsive acceleration of a spherical density in-
homogeneity by a planar shock wave. The shock wave compresses the bubble, and the
vorticity deposited by baroclinic torque results in development of a primary vortex ring
followed by formation of secondary and near-turbulent flow structures at late time de-
pending on the strength of the interaction. Acoustic impedance (product of density and
sound speed) mismatch between the bubble and the ambient gas leads to non-linear
acoustic effects during shock transmission. If the bubble acoustic impedance is higher
than the ambient, the shock refraction pattern is convergent and leads to focusing of
the transmitted shock onto the downstream pole. Shock focusing is associated with
increase in pressure and temperature and can ignite a combustible gas mixture inside
the bubble.

Shock-bubble interaction in reactive gases has been studied earlier mostly in the
context of shock-flame interaction [I15, [75]. Vorticity deposition by the shock results
in enhanced mixing and combustion, followed by complex chemi-acoustic interactions.
These interactions sustain turbulent reaction zones which can cause deflagration to
detonation transition (DDT) in their vicinity[82]. Recently, experiments on reacting
shock bubble interaction have been conducted by Haehn et al. [49] in the Wisconsin
Shock-Tube Laboratory. The experiments demonstrated shock-initiated combustion of
a Ho,09,Xe gas mixture inside a heavy spherical bubble surrounded by lighter No gas.
Shock-focusing due to the bubble creates a hot spot, thus igniting the mixture. A range
of incident shock strengths were considered in the experiment and it was found that two
different regimes exist. For low shock strengths M < 2, ignition is weak and the reaction
proceeds slowly. For high shock strengths M = 2.5, combustion is rapid, volumetric
and can initiate even before the completion of shock-focusing.

Extensive two-dimensional computational studies by Diegelmann et al [25] 26] con-
firm the two regimes reported in the experiments. The computations find that ignition
with weak shocks 2.0 < M < 2.3 induces a subsonic deflagration wave, while strong
shocks M > 2.3 lead to a supersonic detonation wave. For intermediate shock strength
M = 2.19, the simulation exhibits DDT. The authors find that for a constant shock

strength, increase in ambient pressure can change the reaction wave from deflagration
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to detonation. The influence of the chemical reactions on the flow-field depends on the
regime. They note that the dynamics of the detonated bubble differs significantly from
an inert interaction, while the effect on the flow-field from deflagration combustion is
weak.

Diegelmann et al [27] have also carried out a three-dimensional simulation of reacting
shock bubble interaction (RSBI). The detonation case with M = 2.83 incident shock
was considered. Azimuthal flow structures such as fine vortex filaments and Widnall-
type instabilities [I123] were observed on the axisymmetric vortex rings. The simulations
slightly underpredicted the transverse bubble diameter post-detonation in comparison
to the experiment. This was attributed to its sensitivity to the uncertainty in the
location of ignition spot.

In this section, we present results from large eddy simulations (LES) of RSBI in
the detonation regime [48]. LES enables low-resolution but stable computations of the
shock-bubble interaction. The subgrid-scale (SGS) models account for the effect of
unresolved small scales and are active during the initial interfacial roll-up and later in
the primary vortex ring, the upstream secondary vortex ring|87] and the downstream
supersonic vortex ring [124] regions. The flow field involves strong density variations
due to shocks, combustion and turbulent mixing of inhomogeneous gases. Therefore,
variable-density subgrid-scale terms require modeling. We solve Reynolds-filtered LES
equations to compute filtered velocity, as opposed to Favre-filtered LES equations which
compute the density-weighted filtered velocity. A new set of LES equations derived in
Sidharth et al. [104] are used. Unlike the conventional Reynolds-filtered framework,
the SGS terms in these equations do not involve time derivatives or third/fourth order
correlations. Also, the effect of SGS mass flux, SGS dilatation and SGS pressure-
gradient acceleration can be explicitly represented.

The objective of this work is two-fold: 1) to test the new LES equations on a complex
yet canonical problem that involves compressible variable-density turbulence and 2) to
understand the role of ignition spot location on intermediate time RSBI dynamics. We
will see that within the detonation regime, for the same bubble gas mixture composition
and the incident shock Mach number, depending on the bubble temperature, the deto-
nation wave can originate either at the upstream pole or at the refracted-shock/bubble-

interface point during shock-focusing. This can lead to significantly different flow and
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mixing dynamics.

6.2.1 Subgrid-scale models

We specify the SGS models employed for closure. SGS specific stress and SGS fluxes
of density, species mass fractions, internal energy are modeled with the Vreman eddy
viscosity model [122]. The Vreman model has been demonstrated to perform well on
transitional and turbulent shear layers. This is important for modeling of the small-
scales present in SBI on the interface of the bubble after the shock transit. The eddy
viscosity in Vreman model is computed as

A2 da 0Ob

where G((I,b) = ﬁaixkaixk (617)

_ 2
Ve = 25CSAC I(G(ulvuj))

Here G(a, b) for two physical quantities a and b represents the gradient model [67] closure
for Tla,b] = ab— ab. Cg is the Smagorinsky coefficient. I(4;;) and II(4;;) are the first
and second invariants of any tensor A;;. The SGS Prandtl number and SGS Schmidt
number are taken to be 0.9 and 1.0 respectively. For SGS pressure-gradient acceleration

and SGS dilatation correlations, we use the gradient model closure.

Tlp,0ip/p) = 0ipT[p,1/p) = pT10ip,1/p) = 0ip G(p,1/p) — p G(9ip,1/p)  (6.18)

We do not model the SGS mass fraction dilatation term, 7 [c,, d;ju;]. In this work, we do
not consider the SGS turbulent chemical source term Q—Q(Eiy, ps) and assume laminar
finite rate chemistry. In the detonation regime of RSBI, combustion takes place inside
the bubble before turbulent structures develop. Therefore, the SGS turbulent chemical
source term is expected to be negligible during the detonation phase. For mass diffusion,
we use an approximation by using a constant diffusion coefficient o, = 9;(pD0;Y5). Y
is the mass fraction of species s and D is the diffusion coefficient obtained using constant
Lewis number of 1.0. Ideally, a species diffusion coefficient matrix D 4o must be used
as it is more accurate but the effect of accurate mass diffusion models on RSBI is not

addressed in this work.
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The chemical source term for species densities, ws is evaluated as

N, Ny N,

. f b

oy = My vk, = vl (K T (X017 — k2 T X015 (6.20)
r=1 s'=1

s'=1

[X] is the molar concentration of species s, M, is its molecular weight. ug}, ug’,, is the
molar stoichiometric coefficients of the forward/backward reaction for species s and
reaction r. ki , k% are the reaction rates of reaction 7. I, is the third body efficiency of
reaction r. The reaction rates are computed in the Arrhenius form with the reaction
rate k/ = AT" exp(—E,/RT) where E, is the activation energy, A is the pre-exponential
factor, and 7 is the temperature exponent. All parameters are reaction specific. k? is
computed from the equilibrium constant of the reaction.

The reaction system in the simulation is hydrogen combustion. We are interested
in the fast ignition regime that occurs above the ‘crossover’ temperature (~950K at 1
atm). In this regime, ignition occurs via chain branching explosion initiated by for-
mation of HOy and H radicals. We model detailed chemical kinetics using Hong et
al mechanism [54] with 8 species and 20 reactions. The 20 reactions may be grouped
into four broad categories: hydrogen-oxygen shuffle reactions, hydroperoxyl reactions,
radical-radical recombination reactions, and hydrogen-peroxide reactions. The mech-
anism provides improved rate constants for OH and HOy product reactions at high
temperatures and has been shown to perform reliably at T" > 3000K. The third body
efficiency of Xe is set to be the same as that of Ar. We do not include the high pressure
limit (Troe fall-off parameters) as the case considered in this work does not involves
local pressures high enough to cause significant departures from the low-pressure limit
parameters of the mechanism. In detonation, the induction time-scales are comparable
or shorter than vibrational relaxation time scales for the shock leading the detonation.
Therefore, vibrational relaxation effects can be important for accurate computation of
thermochemical state and wave propagation velocities. However, for simplicity, we do

not model vibrational relaxation of the species in the current work.
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Figure 6.8: Computational setup for the shock-bubble interaction simulations

6.2.2 Computational setup

The computational setup based on the experiment [49)] is shown in figure A shock at
Mach number of 2.83 is incident on a shock bubble with radius » = 0.02m in a frame of
reference moving with 200m/s. Only a quarter of the bubble is simulated. The refined
region of the domain is 57 x 2r x 2r with r/A = 80. As seen from the figure, there
is no derefined region upstream of the bubble. While this works well with upstream
traveling shock waves, it is not effective for weak acoustic waves. However, since the
numerical dissipation at the interface in the current simulations is high, this does not
have a considerable effect on the interface development. The bubble gas mixture has a
molar composition of Hs:09:Xe=1:2:3.75. The ambient gas is No. The density of the
bubble is 3.28 kg/m3. The Atwood number for the bubble corresponds to 0.5. The
pre-shocked pressure pg and temperature Ty are 1 atm and 295K respectively. The
hydrodynamic time-scale based on shock-traversal time is 40 p s. We also simulate a
case where the pres-shocked pg, Ty are higher by a factor of 1.25. It will be seen in the
next subsection that this changes the location of the ignition spot from downstream

hemisphere to upstream pole, leading to a different kind of dynamics.

6.2.3 2D high resolution simulations

We carry out high resolution two-dimensional simulations as a preliminary exercise to
understand the flow characteristics, time scales and sequence of events in the inert and

reacting cases. An intermediate time snapshot of the flow-field is shown in figure
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Figure 6.9: High resolution 2D simulations: Mass fraction of Xe (top) and log|Vp—
(bottom) at inermediate time t=240 ps for (a) inert, (b) reacting case (pp = 1 atm) and
(c) reacting case (pp = 1.25 atm)

Case (a) is the inert case, while cases (b) and (c) correspond to the reacting cases.
The difference between cases (b) and (c) is that ambient pressure and temperature is
higher. In case (b), detonation occurs at the refracted shock/interface point during shock
transit. This results in detonation right when the incident shock hits the bubble. It is
important to note that it is the increase in initial bubble temperature at this composition
and shock Mach number that shifts the ignition spot. This was independently confirmed
by keeping the ambient pressure at py and increasing the bubble temperature.

Detailed evolution of the interaction including the detonation wave is visualized in
[25] 26]. Dynamics in case (c) here resembles the M = 2.9 condition considered in [26].
It is seen that the interface development in case (c¢) is Richtmyer-Meshkov/Rayleigh-
Taylor type while primary interface instability in case (b) is Kelvin-Helmholtz type. In
general, the primary difference between inert and reacting cases is the reduced mixing
between bubble and ambient fluid in the reacting cases. Unlike the inert case which has
two main vortices, case (b) has multiple vortices on the lower interface.

The case (b) flow-field is explicitly filtered to estimate the importance of variable-
density SGS terms in the Reynolds-filtered momentum equation. Using an exponential
filter with filter A, = 5A, we compute the magnitude of the individual SGS terms in
Spu; and plot them in figure It is seen that variable-density SGS terms (ii-iv) are

active and non-negligible. Although this is a two-dimensional flow-field, it is expected
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that the terms will actively contribute in 3D LES where the models are active in an a

posterior: sense.

Specific stress Mass flux term

A. = 5A exponential filter

Figure 6.10: A priori estimate of magnitude of SGS terms in the Reynolds-filtered
momentum equation for case (b): (i) SGS specific stress term, (ii) SGS mass flux con-
vection, (iii) SGS pressure-gradient acceleration term, and (iv) SGS velocity dilatation
term. An exponential filter with A, = 5A is used. All quantities are plotted on the
same scale.

6.2.4 Large eddy simulation results

The results from large eddy simulations from the inert (case a) and reacting (cases b
and c) interactions are presented in this section. Case (c) is simulated to study the
dynamics with higher bubble temperature. However, to keep the Atwood number of
the interaction fixed, the initial temperature of both the bubble and the ambient is
increased to 372K.

Similar to the two-dimensional results, the spatio-temporal evolution of the reacting

cases exhibit differences from the inert case. This is reflected not only in the bubble
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Figure 6.11: Large eddy simulation results of (a) inert, (b) reacting case 7 and (c)
reacting case 1.25T): isosurfaces of Q criterion (different values for the three cases) and
Yxe =10"% at t* =5

size due to volumetric expansion, but also the vortex ring system development at the
intermediate stage. Figure [6.11] visualizes the vortex structures in the flow-field at ¢ =
200 ps or t* = 5. The inert case has a stronger shear layer at the interface and shows the
three main vortex ring systems: primary (middle), secondary (front) and the supersonic
ring (rear). The primary vortex ring and its interaction with the interfacial vortex sheet
results in small-scale vortex filaments. These kind of three-dimensional structures affect
the ring evolution and cannot be captured by two-dimensional simulations. The reacting
case (b), in contrast contains multiple vortex ring systems, albeit weaker in intensity.
The primary vortex ring and the downstream rings have significant small-scale filaments.
The secondary rings in the front display presence of azimuthal deformations, some of
which are a consequence of symmetry boundary conditions and non-isotropic nature of
the numerics. The hot bubble reacting case (c) has a different morphology from (a)
and (b). The most striking difference is the absence of streamwise projectile structures
in the front and the back of the bubble. The rear supersonic ring is extremely weak
and does not show up in the figure. There are three large diameter rings with nearly
no azimuthal small-scale filaments. Some weak three-dimensionality on the interfacial
shear layer and Widnall-type instability on rings is observed.

In both reacting cases, with M = 2.83 incident shock, combustion takes place before
vortex ring development. This is seen in the figure [6.12] The origin of detonation wave

can be seen to shift from downstream hemisphere (case b) to upstream pole (case ¢) with
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Case (b) Case (¢)

45 50 55 20 45

Figure 6.12: Visualization of the detonation waves inside the compressed bubble
(translucent) using T isosurface values in reacting cases (b) and (c). The numbers
indicate the time in ps.
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Figure 6.13: Mass fraction profiles of H and HO2 across the detonation wave in case
(b) at t=50 ps.
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higher initial bubble temperature. We also visualize the profiles of hydroperoxyl and
hydrogen radicals across the detonation wave (figure . Qualitatively, the trends
of radical profiles are similar to those observed in a Chapman-Jouguet detonation in
stoichiometric Hy/Air [96] except the peak in mass fraction profile of H is much higher
than that of HO2.

The evolution of the transverse bubble width (TW) is compared with the experi-
ment in figure Case (b) corresponds to the experimental conditions. Although
the expansion rate in the post-detonation phase is captured correctly, the peak TW
values are underpredicted similar to the high resolution 3D simulations in [27]. This
can be attributed to the experimental uncertainty in the ignition spot on account of
thermal/compositional fluctuations in the bubble. It is also interesting to observe that
expansion rate in case (¢) is much slower and the peak TW is reached at much later time.
Therefore, the large scatter in the experimental data around t* = 6 may potentially be
explained by different ignition locations in different runs.

We also comment on the chemiluminescence images observed in the experiment.
The signals from the experiment indicate presence of two bright spots inside the bubble,
the explanation for which is not clear. From current simulations, we observe, in both
reacting cases, two local OH maxima (figure . It is possible that the bright spots
in OH chemiluminescence correspond to those local maxima. Since the exposure times
in the experiment are long and the OH maxima are found to exist in the simulations
for some time post-combustion, the hypothesis is consistent.

The activity of SGS terms in the simulation, particularly the variable-density SGS
terms is of interest. In the initial phases of the interaction, the SGS terms are active only
in the shear layer deposited by the shock and at the bubble poles where there are sharp
gradients in the flow quantities. Later as three-dimensional instabilities and small-scale
structures develop on the vortex ring systems and the center line jet (cases a and b),
the SGS terms become active. To determine the size of the modeled variable-density
SGS terms in comparison to the constant density SGS term in the Reynolds-filtered
momentum equation, we plot the regularized ratio of the SGS vector projection on
u;. This scalar metric is relevant as it represents the contribution of the SGS terms
to resolved-scale kinetic energy. Figure [6.17] reveals that the modeled variable-density

SGS terms are large and surpass the contribution of the SGS specific stress terms in
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Figure 6.16: A slice visualization of modeled variable density SGS terms at t = 240 ps,
plotted on the same colormap.
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certain regions in the domain. This has implications for modeling of variable-density
SGS effects in LES of high speed combustion.

The section presents results from Reynolds-filtered large eddy simulations of react-
ing shock-bubble interaction. A strong interaction with M = 2.83 incident shock is
considered. The flow dynamics is complex involving baroclinic vorticity deposition, det-
onation, volumetric expansion, chemi-acoustic interactions and quasi-turbulent mixing.
This work demonstrates that the new set of Reynolds-filtered velocity equations can
simulate complex variable-density flow-dynamics. The equations takes into account the
dilatational and inertial effects at subgrid-scales. In particular, the effect of SGS mass
flux, SGS pressure-gradient acceleration, and SGS velocity-dilatation is explicitly mod-
eled. This is important from the point of view of resolved-scale vorticity transport as
the curl of SGS pressure-gradient acceleration is the SGS baroclinic torque.

The results from the simulation compare well with the experiment in terms of the
time evolution of the transverse bubble width. In our study, we find that the ignition
point of detonation can move from the downstream hemisphere to the upstream pole
as the initial temperature of the bubble gas is increased. This changes the interaction
dynamics significantly, resulting in a different kind of vortex ring system and transverse
width evolution. Therefore, thermal fluctuation content in the bubble is an important
parameter for uncertainty quantification of the RSBI analysis. In the future, high
resolution simulations with accurate mass diffusion and vibrational relaxation models
will help make predictive quantification of the flow and the thermo-chemical state in

different stages of the interaction.

6.3 Conclusions

In this chapter, we carried out large-eddy simulations of compressible reacting flows to
apply and test the Reynolds-filtered governing equations for numerical computation.
Two flow cases are simulated: (a) a reattaching shear layer, and (b) reacting shock-
bubble interaction. The first case involves non-premixed Ho-Fo combustion and the
second, premixed Hs-Oo combustion. The SGS fields are modeled as follows: the SGS
specific stress and SGS scalar fluxes are modeled from incompressible flow literature,

while SGS pressure acceleration and SGS dilatation terms are closed with gradient
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models. In the shear layer case, SGS mass flux is found to be dynamically active. The
term affects the transport of large-scale momentum and species mass significantly. The
role of SGS mass flux and its closure requires further understanding in the context of
mixing and turbulence statistics. In the reacting shock bubble interaction, the flow
becomes multi-scale and near-turbulent only in its late stages. All modeled variable-
density SGS terms in the momentum equation are found to be equally as important as
the SGS specific stress. Although the equations are successfully applied to a transitional
flow, the relative contribution of the SGS terms and numerical dissipation in the presence
of a non-turbulent sharp scalar interface requires a careful analysis to avoid aphysical

interface evolution.



Chapter 7
Summary and conclusions

The thesis provides a framework to analyze the effects of small-scale spatial density
variations on the dynamics of large-scale velocity fields in multi-scale and fully turbulent
flows.

The effect of density variations in locally homogeneous turbulence is demonstrated
by considering the variable-density Karman-Howarth-Monin equation which describes
the evolution of the second order velocity structure function. The dissipation of specific
energy includes terms involving dilatation and spatial gradient of density in addition to
the flux in scale space.

The role of subgrid-scale density fluctuations on resolved-scale velocity is analyzed
using both density-weighted and non-density-weighted forms of the filtered governing
equations. First, we discuss the conventional Favre-filtered framework and then follow
with the derivation of a novel Reynolds-filtered form of the equations. The Reynolds-
filtered velocity dynamics are emphasized because the curl of the filtered velocity is the
filtered vorticity, as opposed to the curl of Favre-filtered velocity, which is a density
convolved vorticity variable. SGS baroclinic torque appears in the transport equation
of filtered vorticity, but is absent in the Favre-filtered case.

The conventional Reynolds-filtered momentum equation contains the time deriva-
tive of the SGS mass flux. This unsteady SGS term makes the equation cumbersome
from a modeling perspective. Therefore, the new Reynolds-filtered equations for mass,

momentum, and energy are derived by decoupling the transport of SGS mass flux and
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SGS kinetic energy. The new Reynolds-filtered equations involve only double correla-
tions of the flow variables and do not contain any time derivative of SGS term. The
terms involving SGS density and dilatation fields appear explicitly, independent of the
SGS specific stress.

Next, we build a qualitative understanding of variable-density effects in physical
space using the vorticity field associated with Lundgren’s stretched-vortex model for
turbulent fine structures [73]. A initial distribution of variable density regions in the vor-
tex plane is found to produce more small-scale enstrophy than the near-incompressible
case. The 3D energy spectrum computed from the model vorticity field shows that the
baroclinic vorticity production results in higher energy in the -5/3 subrange. For sub-
grid modeling using the stretched-vortex model [79], this would imply an increase in the
k=5/3 spectrum pre-factor but not its slope. Since the pre-factor in the SGS model is
computed by structure-function matching with the filtered velocity field [119], the SGS
specific stress model does not require any modification in the presence of subgrid density
variations. Consistency of the prefactor with the supergrid velocity field automatically
takes care of the increased energy content. This consistency is however contingent on
the solution variable being the Reynolds-filtered velocity. In the case of Favre-filtered
velocity, the structure function matching procedure as presented in Voelkl et al. [I19]
does not directly hold.

We quantify the variable-density SGS terms in the filtered governing equations us-
ing fields from direct numerical simulations. An exponential filter in the inertial-viscous
region of the energy spectrum is applied to obtain the filtered and the subgrid-scale
quantities. Direct numerical simulations of low Reynolds number turbulent mixing are
carried out, in which baroclinic torque plays an important role in the vorticity dy-
namics. Two flow cases are considered: turbulent mixing of isotropically distributed
variable-temperature fluids and turbulent mixing of a reshocked heavy gas layer. In
the first case, the baroclinic torque primarily arises from pressure fluctuations of turbu-
lent eddies, while in the second case, it is associated with the pressure jump across the
traversing normal shock. Later, as the flow evolves, vorticity is also generated by acous-
tic waves interacting with density variations during the mixing process. In both cases,
variable-density SGS terms in the momentum equation are found to be locally large and

comparable to the SGS specific stress term. In compressible decaying turbulent flows
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upto turbulent Mach number of 0.3 however, SGS variable-density terms are negligible.
Therefore, SGS modeling in the presence of strong density variations associated with
material /temperature variation in the fluid and additionally in the presence of chemical
reactions, is different from the case where density fluctuations occur primarily due to
compressibility of fluid motion.

To test the robustness and accuracy of the new Reynolds-filtered equation set in
numerical computations, large eddy simulations of compressible reacting flows are car-
ried out. Taylor series expansion based gradient model is used for SGS acceleration and
SGS dilatation closures, while conventional closures for SGS specific stress and SGS
scalar fluxes are employed from the literature. For the reacting shear layer in an ex-
pansion ramp configuration, SGS mass flux is found to be an important term affecting
the momentum and the species mass equations. Separately, in reacting shock bubble
interaction, when the interaction becomes chaotic and multi-scale at late stages, all
variable-density SGS terms are found to be active and equally important as the SGS
specific stress.

The research work leading to this thesis provides an effective modeling framework for
physical representation of small-scale effects in high Reynolds number variable-density
turbulent flows, commonly encountered in aerodynamics and propulsion for high speed
flight. Future work will involve the use of Reynolds-filtered compressible Navier-Stokes
equations to solve for the time-averaged turbulent flow-fields, and their extension to

turbulent boundary layers with consistent wall-modeling techniques.
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