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ON BOUNDARY REGULARITY OF VORTEX PATCHES FOR

3D INCOMPRESSIBLE EULER SYSTEMS

CHAOCHENG HUANG *

Abstract. The vorticity equations of 3D incompressible inviscid flows with discontinuous initial
vorticities wy = wyyg,, where @y € C* and 9Qy € C'**, are considered under formulations as
integro-differential equations over time-dependent domains. We show that the solutions w will remain
as C%(£;) vortex patches for 0 < ¢t < T for some T' > 0, ie., w = wyxg, with w € C* and
0, = 0 (Qo,t) € C'T, where & €C'T* () is the particle trajectories. Furthermore, we show
that C® singularities of @ in Q, or C'** singularities of 9Q; could occur at t = T iff for some
0<fB<a, fOT (|w (t)|, + min (|go(t)|0 , w (t)|5>> dt = oo, where ¢ are related to Q; by Q; = { < 0} .
Consequently, we establish global existence for axisymmetric flows if & > 1/3, without the assumption

|wo| < er as required in [12], [13].

Key words. Incompressible flow, Euler system, vorticity equation, vortex patches, particle patches,

Newtonian potentials, axisymimetric flows.
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1. Introduction. In this paper we are concerned with the vortex motion of an

inviscid incompressible flow in R*. The vorticity equation is given by

(1.1) w;+u-Vw=w-Vu,

w(x,0) = wo (x),

where w = w (x, 1) is the vorticity field, u is the fluid velocity field that is solenoidal and
satisfies w = V x u. The initial vorticity wq is assumed to be a solenoidal C* ‘patch’,
i.e., wo(x) = @y (X) Xa,, Where @y is a C“ vector-value function for some 0 < a < 1,
Qo is a bounded C'** domain, and xg, is the characteristic function of Q, the closure

Of Qo‘

* Department of Mathematics and Statistics, Wright state University, Dayton, OH 45435
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It is known [9] [15] that the initial value problem (1.1) admits a unique weak
solution with stratified regularity for a short time. In our particular setting, the initial
vorticity is C* continuous up to the boundary 0€y from inside the domain 4. Since
the vorticity is material, one sees that the jump discontinuity initiated along 0Q, will
propagate along with the fluid particle path ® (z,¢). For any ¢t > 0, the vorticity w
is only supported in the closure of Q, = ®(§y,t). It is interesting to know whether
the vorticity will still be C'* continuous in Q, and 9Q, € C for t > 0. We call a
weak solution w of (1.1) a C* (or smooth) vortex patch solution if w € C* (Qt) and
00 € C'* ie., w has the form w (x,t) = @ (x,t) xgq, with @ €C*(R?).

The problem on regularity for vortex patches was first proposed by Majda in [12].
A classical example of smooth vortex patches called Hill’s stationary spherical vortex
patch can be found in [2], [14]. The regularity problem was attacked by many authors
in literatures. In the case that flows are planar and vorticities are constant, Chemin [6]
and Bertozzi and Constantin [4] proved C''** regularity of ; for ¢ > 0. In our previous
paper [11], we established global existence for C* vortex patches in 2D for any non-
constant initial vorticity. For 3D flows, due to the vorticity stretching, the situation
becomes much more complex. In [9] the authors showed existence of C*?% solutions
(for the definition, see [9, Def. 1.1]) for a small time interval. Note that w €C*9% only
implies that w is of C* away from 9Q,. See [15] for some similar results. For smooth
initial data wy € C* (R?), local existence was showed in [1] and [5].

There are also a few results on global existence for 3D problems. In the case
that flows have axisymmetric structures, it has been showed in [13] that there exists a
global C*?% solution if the initial vorticity wo (with z3 as symmetric axis, for instance)

satisfies the condition
(1.2) lwol < er,

where ¢ is a constant, r is the distance to the symmetric axis. This assumption was

introduced in [12] for C§° (R?) initial data. Notice that the condition (1.2) in general
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fails if wy € C*.

Some numerical evidences, however, suggest that vorticities could develop singu-
larities in finite time [7],[12], even though they are initially smooth everywhere and
supported in compact domains. In our particular problem, there are two kinds of sin-
gularities that could possibly be formed: C¢ (Qt) singularities for = and C''** singu-
larities for ;. That leads to the question of which quantities are essentially responsible
for this breakdown phenomenon. In the case that initial vorticities wy € C* (R?), the
authors in [1] showed that any C*(R?) solutions will not blow up at ¢ = T" as long as

the vorticity strength does not accumulate fast enough, i.e.,

T
(1.3) /|w(-,t)|0 dt < oo.

This result was established for C§° (R®) initial data earlier in [3]. In [7], the author

proposed the following condition

(1.4) /T M #dt< 0<pg <1
| S \ a0l mUnEes

that guarantees extension of smooth solutions beyond ¢t = T.

The main purposes of the present paper are to study existence of a C* vortex
patch solution for the vorticity equation (1.1) with initial data being a C* patch, and to
establish conditions analogous to (1.3) and (1.4) that will guarantee required smoothness
of solutions up tot =T.

We shall show that there exists a unique C® vortex patch solution w (x,t) for
t < T for some T > 0. This regularity result enables us to establish some conditions
that ensure large time existence. We shall show that the solution will not be singular

at t = T provided that for some 0 < # < a, 0 (t) defined by

(1.5) 0(t) = [ (1o (o, +min (19 (5)losa, 2 ()lag,)) ds

is bounded for ¢ < T, where ¢ (x,t) is related to ; by Q, = {x: ¢ (x,t) < 0} (see the

next section for further explanation of the notations). It will also be proved that in
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that case the solution can be extended to t < T 4T, for some Ty > 0 depending only
on 0 (T). Note that in (1.5), # can be arbitrarily small. In particular, we observe from
(1.5) that the quantity ||w ()||5q, alone for any small B could control the breakdown
of vorticities. In the case of axisymmetry, we shall show that if « > 1/3, then for any
T > 0, there exists #(T') > 0 such that ||w (t)||5 g, is bounded for ¢ < T. Therefore, the
above obversation leads to global existence of C'* vortex patches for axisymmetric flows
for @ > 1/3, without the assumption (1.2).

We point out that unlike the problem (1.1) with C* (R®) initial data, where singu-
larities occur only when the vorticity becomes singular, for the vortex patch problem,
singularities could be caused also by lack of C1** smoothness of the domain Q,. Com-
paring (1.5) to (1.3) and (1.4), it seems that (1.5) is a reasonable condition to avoid
developing singularities for vorticities or the boundaries of supports €, in finite time.
Notice also that for axisymmetric flows, due to the axisymmetry, condition (1.2) holds
automatically if wy € C'. However, this condition in general fails for wy € C%. Hence
our result of global existence for axisymmetric flows is new even for the problem with
compactly supported smooth initial data.

Technically, the approach in the present paper to the problem (1.1) is completely
different from those in [9] and [15] where the authors worked with the Euler system
and used the tools of pseudo-differential operators. The vorticity equation (1.1) will
first be formulated as a non-local integro-differential equation (2.6) for the fluid par-
ticle trajectory over the time-dependent domain ;. We shall then directly work with
problem (2.6). The main idea for this treatment comes from our previous paper [8]
concerning motion of charged particle patches. Some techniques from potential theory
and the theory of singular integrals will be used to derive necessary estimates for related
Newtonian potentials over C''** domains. For axisymmetric flows, we shall establish
L% bounds for vorticities by using LP estimates.

The paper is organized as follows. The main results and necessary notations will be



presented in the next section. In §3, we shall first study the integro-differential equation
(2.6) for general initial data. The results will then be applied to the problem (1.1) to
establish existence and regularity of vortex patches. The non-singularity condition (1.5)

will be verified in §4. In §5 we shall establish global existence for axisymmetric flows.

2. Preliminaries and Main Results. Throughout the paper, we assume that
the velocity vanishes at infinity. It is well-known that the velocity u can be recovered

from the vorticity field through the Biot-Savart law:

|
. 7t = ’t v O d :/ - ) ?
21) ikt = fol.0x <4W|X_y|) v [Kix=y)wl.oay
R R
where
1 0 T3 —x9
(22) K (X) = 3 —I3 0 T
47 |x| 2y -2, 0

Let ® (z,t) be the fluid particle trajectory, i.e., ® solves

0P
® (x,0) = x.

Set,
D=2 (Q,t)={y=P(x,t): x€p}.

It follows from (1.1) that w (® (x,t),¢) solves the equation

d
d—‘: = (Vu) - w.

Throughout the paper, the initial vorticity wo is always assumed to be a C* patch, i.e.,
(2.4) wy = @oxa,, @ € C* (R®), 0 € C1**, V- w, = 0,

where 0 < o < 1, xg, is the characteristic function for the closure of the bounded
domain §2o. Note that the last assumption in (2.4) is in the weak sense. By differentiating
(2.3) in x, we find that V& also satisfies the same ODE for w. By uniqueness, we obtain

(2.5) w (P (x,t),t) = VP (x,t)wp (x).
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It follows immediately that w (x,t) = 0 if x ¢€;. This means that w (x,t) remains as
a patch over Q. From (2.1), (2.3) and (2.5), we thus formally arrive at the following

non-local integro-differential equation for @ in Qo x [0,7)

(2.6) 8‘};(;(& = /K(cﬁ(x,t)—y)w (@7 (v,1) 1) wo (@7 (v, 1), 1) dy,

®(x,0) = x € Qo,

where ®~! is the inverse of the mapping x — @ (x,t) for fixed ¢. This equation can also

be rewritten equivalently as
t

27) @B (x.t)= x+//K(q>(x,t) —¥) (V8- w,) (7 (y,1) 1) dydt.
0 Q

In this paper, we shall use these formulations. It will be showed that (2.6) is
equivalent to (1.1). To study the equation (2.6), we need to introduce some function
spaces and notations.

For any subset G C R®, integer m > 0, and 0 < a < 1, denote by C™** (@) the
set of all functions f (x) defined in G such that f is of the class C™t* (G). If f(x,t)
is defined in G, for t < T, where G; C R* depends on t, we sometimes use the notation
[ € CFt*(Gy) to specify that f(-,t) € O™ (G,) for any fixed t. Denote by |f ()], 14

the Holder semi-norm defined as

|f (t)| N sup ‘Dﬁf (Xat) - Dﬂj (Yat)’
m4a 1

e )
X,yEGg,l,Gl:m |X - y|

where 8 = (81, B2, Bs) is a multi-index, DP = Dlﬂ1 D§2 DPF . D; is the differential operator
in ;. In this paper, all the derivatives are spatial unless particularly indicated. We also
denote by
1 Ollge = sup [ DOF 0]+ 1F (D]
x€Gt, |BI<m
the (m + «) —Holder norm in x. For clarity, sometimes we shall also use the notations

lf Dlmrac, 204 ILf (Dl psac, to specily the dependence on the domain G. In the case
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G = Qo x (0,T) with Qo € R*, we denote by C'f** (G) the set of all functions f (x,1)
such that f(-,t) € C™** () for any fixed ¢t and f(x,-) € C*((0,7")) for any fixed x.

For convenience, we introduce the following notations

F Olasso, = Jnf, 1 G011 Oloag, = sup If (0],

| - |/ (x,8) = [ (y,1)|
|/ Dlape, = N P

We shall also denote by L? and Lip the usual LP-spaces and spaces of Lipschitz functions,
respectively.

DEFINITION 2.1. We call ® (x,t) a C'* solution of (2.6) in Qo x[0,T) if ® (x,1),
Dy® (x,t) € O (Qo) , @7 (x,t) € C'+* (), for t < T, and (2.6) holds.

Notice that if wy is smooth with a compact support, it is easy to verify that (2.6)
is equivalent to (1.1). We now verify that for the discontinuous initial data, our formu-
lation (2.6) is also equivalent to the vorticity equation (1.1).

PROPOSITION 2.1. Suppose that the initial datum wo (X,t) is solenoidal and satis-
fies (2.4). Let ® (x,t) a C'* solution of (2.6) in Qyx[0,T). Define the vorticity w (x,t)
through (2.5) and the velocity u (x,t) by (2.1), respectively for (x,t) € R*x[0,T). Then
w is a weak solution of (1.1) with u € Lip(R* x [0,T)). Consequently, there exists a

pressure p such that (u,p) forms a weak solution of the incompressible Fuler system

u; + (u-V)u=—-Vp,

V.-u=0,

with the initial velocity vy being defined through the Biot-Savart law (2.1) by wo.
Proof. The proof is elementary. For completion, we still provide the proof that
consists of verifying the following three statements.
(1) The velocity u is Lipschitz in x and ¢, and is solenoidal.
Since V@ (x,t) and V®, (x, ), as functions of x, are a—Holder continuous in g, from

(2.5) one sees that w(x,t) € C¢ (Qt> , 00, € C' From (2.1), u can be extended to
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R3. By (2.1), we write the velocity gradient as, for x € {,,
: o(x—y) |
Vu(x,t) = / (w(y,1) — w(x,1)) X eyt ety
X=Y
Q¢

(2.8) tw(x,t) x P, / Ty gy
g x=vl

where P, means the principle value, I is the identity matrix, and

o (x) 1

NSRS VA =
x|’ dm x| dr|x[?

<3x X X — |X|ZI) ,

where we have used the convention for the cross product a x (by, bz, b3) = (a x by, a x
by, a X bs) between a vector and a matrix. For convenience, we shall drop the symbol
P,. All singular integrals in this paper should be understood as their principle values.
By Lemma 3.2 in §3, we find that u (x,t¢) € C'*¢ (Qt> ,u(-,t) € Lip(R?).

From (2.8), it is easy to check that V-u (x,t) = 0 for x ¢ 0€,. Since u is continuous
across 08, it follows that u is solenoidal (weakly) in R®. By differentiating (2.6) in x

and using (2.8), it follows that V® satisfies

5V@ X,t " —1 -1
* - Q/(Vcl» (27" (y,1),t) wo (27" (v,1))
VB (x,t) w (X)) ¥ ‘Tf(’:;’)t)_ _yT;) dyV® (x,1)
(2.9) VB (x, ) (x) x [ LD ZY) 1 oa (o

J et -y
+% (V@ (x,t)wp (x) x I) VO (x,1)
= Vu(®(x,t),t) Ve (x,t).

Since u (+,t) € Lip (R?), the solution ® can be extended to R3. The extended solution

is also Lipschitz. Hence the Jacobian J (®) = 1. We can now write (2.1) as

u(x,t) = /u(y,t)xv<m) dy

R"(
B ®(y,t)—x
- SZw('I'(y,t),t) X <4W|X_®(y’t)|3> dy.

8



It follows

_ iw X_@(Yat) ‘
u (x,t) = /dt (Q(y,t),t)x<4W|x_¢(y)t)|3> ly

0

+4P1,Jw(y,t) X (%%) , (‘I’_l (y,t),t) dy

—I—%w (x,8) x @, (8 (x,1),1) .

This formula can be easily checked if w (y,t) is smooth in ¢t and x. We then use smooth
function to approximate w (y,t) to obtain the above expression. Since, from (2.5),
w (P (y,t),t) = VPwy is Lipschitz in ¢, and &, € C'* (Qo> , we find (by Lemma 3.2
in §3) that u, is bounded.

(2) w is a weak solution of (1.1).
Since w (P (x,t),t) = VOwy is differentiable in ¢, from (2.9), it solves

.‘fi_‘;’ — (Vu) (B (x,1),t)w for x ¢ O.

This is equivalent to (1.1) if w is smooth. If it is not smooth, we multiply the equation
by ¢ (®,t), where ¢ is any smooth function with a compact support, and then integrate
over R® x (0,T). It follows that w is a weak solution of (1.1).

(3)V-w=0and w=V xuin R

For any test function £, we have

/w(x,t)-Vf(x) dx:/w(cp(x,t),t)-vg(@(x,t)) dx
R?

R3

— /(th (x, 1) wo (X)) - VE (@ (x,1)) dx = /wo (x) - V (£ (@ (x,1))) dx = 0.
R3

Ra
Therefore V- w = 0 in R®. By (2.8), it is now easy to see that w = V x u.

Finally, (1.1) implies that u; + (u- V) u is irrotational. Hence u solves the Euler
system. The proof is complete.

In the sequels, we shall always use the formulation (2.6). The main results are the

follows.



THEOREM 2.1. Assume (2.4). Then there exists a unique C'*+* (QO) solution
® (x,t) for (2.6) for 0 < t < T, for some T > 0. Consequently, the vortex patch
problem (1.1) admits a unique solution w that is of CZ <Q¢> with 0Q, € C1*e,

The proof of Theorem 2.1 relies only on some regularity results for the Newtonian
potentials (see Lemma 3.1 and Lemma 3.2 in the next section), not on the special
structure for vorticities. By differentiating (1.1), we find that Vw satisfies a differential
equation analogous to (1.1). Consequently, by the same procedure leading to (2.6), we
can see that V® (x,t) satisfies a system of integro-differential equations analogous to
(2.6). Theorem 2.1 immediately leads to Cy+!+e <QU) regularity for ® and D;®, and
C™** regularity for the vorticity w.

COROLLARY 2.1. [f oy € O™, 0o € C'F*, then w is of the class CT+e (Qt) ,
and the particle trajectory ®,D,® € CItte (Qo). Furthermore, if 0Q, € C™t1+e,
then 09, € O™+,

The next result provides necessary and sufficient condition for blow-up of C*¢
solution.

THEOREM 2.2. Assume (2.4). Then the C'** solution ® from Theorem 2.1 blows
up at t = T iff 0(t) defined in (1.5) is unbounded for t < T. If §(t) is bounded for
t < T, then the C'** solution can be extended tot < T + Ty for some positive constant
To depending only on 0(T). Consequently, any C* vortex patches w can be extended
beyond T iff 0 (t) is bounded fort <T.

THEOREM 2.3. Assume (2.4) with « > 1/3. Suppose also that the initial vorticity
is azisymmetric. Then there exists a unique C'+* (QU) solution ® for all t > 0.

REMARK 2.1. The global ezistence results for azisymmetric flows with smooth
initial data were established previously in the several papers [1], [12], [13] and reference
herein. We point out that in general w, € C* do not guarantee the condition (1.2).
Therefore, this result is new even for solutions in H? (R3) or C$° (R3). We also point

out that the assertion of Theorem 2.8 remains true if we replace the condition o > 1/3
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by the condition |wy (x)| < ¢ for some v > 1/3.

3. Local Existence. In this section, we shall prove Theorem 2.1. Throughout
the paper, we always assume (2.4) unless otherwise indicated. Let Q C R® be a C!*
domain. Assume that there exists a function ¢ € C'** (R?) with Vi # 0 on 9Q such
that O = {x: p(x) <0}. Set

IV(PLX,BQ

3.1 §= Lt
(8:1) %% lhoron

We need the following lemmas [8, Lemma 3.1].

LEMMA 3.1. Suppose that 9Q € C'**. Then

(3.2) Vlpa < c(l+[In(6d(Q))]),

(3.3) Vl,g < co(14|In(6d(2))]),

where d () is the diameter of 1, and ¢ is a constant independent of Q).
LEMMA 3.2. Let w be supported in Q with finite Holder norm ||w (t)||, o, and u

be defined in terms of w through (2.1) with Q; replaced with . Then

(3.4) lu!o,n <cd(Q) |‘*’|o,n )
o Nl qd(Q)"
(3.5) Vulyq <clwlyg |1+ |In{éd ()" + e )l
0.0
(3.6) V|, < ¢ (wlyq + [@loq 8) (14 [In (6d(Q)7)]),
(3.7) IVl povg < €6 |wlyq (1 + ’m (&l(ﬂ)“ + ”“’”m—d(w> > ,
0,0

where d(Q) is the diameter of Q, and ¢ is a constant independent of Q0 and w.

11



Proof. The inequality (3.4) follows immediately from the fact that |K (x)| < ¢|x| 2.
To establish (3.5), we write (2.8) as, for x € §,

Vub) = [ (@) -w60)x XDy lo g«
5 Ix -yl 2

(3.8) tw (x) x V(x —y) =mq + my + ma.

[t is easy to see that [m,| < c|wl|, o . For € > 0 to be chosen later on, let B, (x) be the

ball centered at x with the radius €. Write

ml—(7/ + /)(w(y)—w(x))xgr(x—_%)dyzmu—i-mm.
) B/ x =yl

\Be(x

Since |o (x)| < ¢, we have

d(Q
| < clwly g x—yP dy Sclwlyq |ln ( (6 ))’
Q\B:(x)
Since w (x) € C“, we deduce that
el < elwolq | Ty Sellage
B.(x) y

By choosing e* = |w|, o / [|w]|, o, we obtain from above that my is bounded by

bl 0 )

(3.9) Ima| < ¢|wl, (1 o ‘ln (
|“’Io,ﬂ
<clwlpq (14 [In(8d(2)%)]).

The bounds on 4 follows from Lemma 3.1:

/‘M;ldx
4 x—vyl

Combining these estimates, we arrive at

ms| < clwlyg

d(0)*
(3.10) [Vulyq < clwlq (1 + \h. (&1(&))“ + ”_“’”a_ﬂ_(_)_)
, ’ I“’!(),Q

).

We next show the C“ estimate. Notice that by [4, Appendix] and (3.2) that

(3.11) i, < elwl, g (14 lIn (84(2))]).
12



By (3.3),
(3.12) mal, < ¢ (8lwlyq + |w|ayﬂ) (14 |In (6d ()*)]) .

The assertion (3.6) follows.

Finally, we show (3.7). Since Q is a C't* domain, we can find a & € Cote (R?)

that has the compact support and extends w in  to B3, i.e., @ (x) = w (x) for x € Q,
and |||, g < e llwll, o [10]. For x € R*\Q, we have

~y)

\X—YI

-y ~ o(x—
= /wy X )dy /w(y)x——( };)dy.
F— e Xyl

The first term in the above expression is obviously bounded. Since & is compactly

Vu(x) = /w dy

supported in R*\(), by (3.5), the second term is also bounded by the right-hand side of
(3.7). The assertion (3.7) thus follows.

Proof of Theorem 2.1:

For simplicity, we assume that there exists ¢y € C'** with |Vl 50, # 0 such
that Qo = {wo(x) <0}. For any M,T > 0 to be chosen later on, we define a set

B (M, T) of vector value functions in y x [0,T") as follows:

BMT)={®(x,t) € B*: 1B (H)lli1an,> 12 Mag, <M,

®(x,0)=x, |[V® -1 <1/2}.

Next we define a mapping F' from B (M. T) to a functional space by

(3.13) F((I')(x,t):x-i—//K('i)(x,t)—y) (V&wo) (87 (y,1),¢) dydt,

0 Qg
where Q, = ® (Q0,t), the matrix K (x) is defined in (2.2). Since |V® —1I| < 1/2,
®1(.,t) exists and maps Q, onto Q. The mapping thus is well defined. For any

® c B(M,T), the gradient VF (@) can be expressed as

(3.14) VF(®)(x,t) =1+ / Vu (B (x,5),s) VB (x,s) ds,

13



where Vu is defined in (3.8) with w defined by (2.5) and with § replaced with Q, (see
also (2.9) for the complete expression). By apply Lemma 3.2 with w defined by (2.5),

,we deduce that
t

IF (@) 400, < ot [ cl@lipug, (146 1wlg, + @)

0
w
(3.15) ‘In <d(Q(,)“ ol
|w|U,Q¢
where c is a constant independent of ®. ¢y = sup,cq, x|, é; is defined in terms of Q, by
_ IV(P (X» t)'a,aﬂg . |V(PU (Q_l (X, f)) Vé_] (Xv t)|a,ant
Vo (%, )i, (Voo (R (x,8)) VO (x,1)]44 50,

since 0y = {p(x,t) < 0}, where ¢ (x,t) = @o (7' (x,1)). It is easy to see that §; <

+d(Q)° 5t> dt,

(3.16) 5,

¢(M). We also notice that d(€;) <2|®|, <2M, |lwl|, q, < c(M), where the constant

c(M) depends on M only. Hence (3.15) results in, for t < T,
1E(®) (Dl 4aqy < o+ e(M)TIn (24 M),
Analogously we can derive

|F(®)(x,-)||, < c(M)T'

o

and
IVF(®)-I| <c(M)TIn(2+ M).

We now choose M = 1 + 2¢y, T = ¢o(c(M)In(2+¢))"". Then F(®) € B(M,T).
The mapping F' maps B (M, T) into itself.

For any ®, ® € B(M,T). Set , = ® (Q, 1), O = & (Q,t) and define

p(t)=@(W) =B )| . Vo(t)=|V®(t) - V(1)

0,9% 0,

By changing variables in the expressions for F'(®) and F' (&’) , we obtain, from (3.13),

P@)(x,1) = x+ [ [K(@x0)-2(y,1) VE(y,)wo(y) ] (&) dyd,

F(8)(xt) = x+ [ [K(®0x,0)-®(3,0) V& (y,)wo (v)J (&) dyat,
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where J () is the Jacobian. It follows, since ®, ® € B (M, T),
11

F(®)(x,1) ~ F (&) (x,1)| < c/Vp(t) dt

0

(3.17) +//]K B (y.1) ~ K (& (x,t) - & (y,1))] dydt.
0 Qo

We write, for € > 0 to be determined later,

(3.18) / K (@ ®(y.1) - K (& (x,0) ~ & (y,1)| dy

= / + / = ]\71 + ]\72.
Qo \Be(x) QoNBe(x)

Set & (s) = & (x,t) = @ (2,t) + 5 (& (x.1) = B (2,1) — (& (x,1) — & (2,1))) . Then

1
d
= [ | K& day = |
0

Q0\Be Q0\Be
Notice that the matrix |VK (x)| < ¢|x|™, [¢'(s)| < ¢p (s). Therefore

1

[ VK (€() 6, ds| dy

0

()
(3.19) [hi| < ep(t) / %dr:cp(t)(l—{—lne).

€

Next, since V&' and V®~! are bounded, we have
K (@ (x,t) = @ (y, )| < |®(x,8) = @ (y,8)| " < c|x—y|™

Hence, k; can be estimated as

£

1
(3.20) Iy < (/ 1 dr < ce.

0

We now choose ¢ = p(t). From (3.17)-(3.20), it follows
t
(3.21) |F (@) (x,1) = £ (®) (x, 1) < ¢ [ (Tp(t)+ () Inp(1)]) dt.
0
Define a sequence ®,, (x,t) by

@U = X, @n+1 (X,t) = F(@n) (X,t) .
15



Since ®, € B(M,T), this sequence {®,} is precompact under the C;t""-norm for any
7 < a. Hence we can select an subsequence, still denote it as {®,}, and a function

® c C,1"7" (Q x [0,T)) such that

. 14y,
®, — & in C,;7"" —norm.

This implies that ® € B (M,T') (by checking from the definitions) and by (3.21),

D1 (X, 1) = F (@) (x, )] = [F(®n) (x,1) = F (D) (x,1)]
< T sup <|<I>n (t)— @ (I)|090>
0<t<T

+ sup (|V®, (1) = V& ()], |In VB, (1) = V& (£)]y q

0<t<T

).
Let n — oo, we find that @ is a fixed point for F, i.e., F' (®) = ®. The proof of existence
1s complete.

Since the corresponding velocity u is a Lipschitz solution for the Euler system. It
follows (see [9]) that u is unique. Therefore, it is easy to see that @ is unique. The
proof of Theorem 2.1 is complete.

Checking carefully the above proof, we find, by slightly modification, that the

solution can be extended beyond T as long as ||w (1)][, o, and é; are bounded at t = T

[
More precisely, we have

COROLLARY 3.1. Suppose that ® (x,t) s a C't* solution of (2.6) fort < T. If
||w (Dl 4., and 6, are uniformly bounded for allt < T, then the solution can be extended
tot <T + Ty for some Ty > 0.

We also have the following results analogous (but weaker comparing) to the situa-

tions of smooth solutions. It will be used to prove Theorem 2.2.

COROLLARY 3.2. Suppose that ® is a solution of (2.6) for 0 <t < T such that
T
A= / V® (1), dt < 0.
0

Then there exists a Ty > 0 depending only on \,T and the initial data such that the

solution can be extended to 0 <t <T + Ty.
16



Proof. For convenience, all the constants ¢ below depend only on A,T and the
initial data. Since the fluid is incompressible, we only need to show that |[V® (1) is

uniformly bounded. By (3.13), we find

d(Q) <2

B (1)), < c+ c/ V& (t)], d () dt.

[t follows from the Gronwall inequality that

t
d () < cexp (c / V@ (1)), dt) <e(N).
0
From Lemma 3.2, we find that

[Vu(®) (1), < [Vu®)], Ve (@),

«

< cIVB (1) (o (O], + | ()] ) In (2 + 8.

From this estimate, (3.5) and (3.14) with F'(®) = ®, we deduce that, for t < T,

t

VO (0, < et [ (RO, [Vu(®)], + IV (1), [Tu(®)],) di

< cte [ IVROEIVE @Il In @+ [V (1)],) o,

0
where we used the fact that w(x,t) = (V®wo)(®7!(x,t),t). It follows from the
Gronwall inequality that [[V® (¢)||, < ¢(A\,T). Consequently, ||w ()|, o, and é; are

uniformly bounded. The assertion thus follows from Corollary 3.1.

4. Breakdown of C“ Vortex Patches. In this section we shall show that a
singularity of a C'“ (1) vortex patch w could occur at t = T only when 6 (t) in (1.5)
becomes infinity as t — T.

LEMMA 4.1. Let @ be a C'*(8,) solution of the system (2.6) and u the velocity

field defined by (2.1). Denote by p (x,1) = po (871 (x,t)). Then for s <t, x € Q,

exp (— / |Vu (t)], dt) < \V (‘i’ (‘I’"l (x’t)’s))‘o,n, < exp (/ |V (t)l, dt) )

17



and for x € 0§},

t t
V00l 0, ©XP (- / |Vu<t)|0) <[V (%,0) < Vol g, oxp ( [1vu (t)ro) .
Os 0

Proof. The first inequality follows by the method similar to that in the proof of [1,
Lemma 1]. The only difference is that here the domain is time-dependent. However,
the proof can be easily extended to our case.

From the definition ¢ (® (x,t),t) = o, we find by differentiating in x that
-1
Vi (B (x,1),1) = (V& (x,1))7) " Ve,
where AT is the transpose of A. By (2.9), we have

C(VB(x,0) = — (VB (x,0)) Vu (& (x,0).1).

[t follows that for any x € Q, Ve (® (x,t),t) solves

(4.1) %ch(é[)(x,t),t) = —(Vu)' Vo (® (x,1)).

By the standard Gronwall lemma we derive

[Vipo () exp (a/ |Vu<t>|0) < Ve (® (x,1), )] < [Vego (x)] exp ( [1vu (t)lo) .

Proof of Theorem 2.2:
For convenience, we shall sometimes drop all the subscripts Q;, 09;. For any g > 0,
denote by

S5 0= |V90|ﬁ,aﬂt

= e
IVolint o0,

Suppose that ||w (t)||; and 6,5 are bounded by a finite number M for t < T for some

0 < B < a. From Corollary (3.1), we deduce that the solution ® can be extended, in

the space C'*# tot < T + Ty for some Ty > 0 depending on M. In particular, ® is

Lipschitz for ¢t < T'+ Tp. It then follows from Corollary (3.2) that ® is actually the C1+

18



solution. By the expressions for w and 6,4, we find that ||w (¢)]|, and &, , are uniformly
bounded. Therefore, it suffices to derive d@ priori bounds on |lw (t)||; and é; .

From the equations (2.5) and (2.9), we find that

w(x,t) = wy (@‘1 (x,t)) + / (Vuw) (CI> (‘I’_l (x,1) ,s) ,3) ds.

Hence

i

Iwo (<I>_1 (x,t))‘[3 + / ‘(Vuw) <<15 <<I>_1 (x,1) ,s) ,5) |ﬁ ds

0

IN

|w (t)lﬁ

— k(1) + / ko (s) ds.

0

Since |f (9)l5 < |fl4 |g|g, by Lemma 4.1, we deduce

ki (t) < |wolgexp (ﬁ/ |Vu (1), dT)

0

and
t
ka (s) < (|Vuw (S)|ﬁ> exp (:8/ [Vu (7)], dT) :
We now estimate |Vuw (s)|g. Write
Vuw (s) = myw (s) + mow (s) + maw (s) .

where the notation m; is the same as in (3.8). Notice that w (s) is divergence free in

R3. Hence w (x, s) is divergence free in ), and tangent to dQ;. It follows that (see [4])

Vw(x,s) = H(w (x,8) —w(y,s)) dy.
Q

Consequently, as in the proof of Lemma 3.2, we have
(4.2) [maw (s)lg < c([V]y+ 1) |w (s)ls-
After applying (4.2), we obtain

|mgc4.)|ﬁ = |(w % V)w|ﬁ = |w x (Vw)|ﬁ <clwl,(IV],+1) |w|ﬁ.
19



Analogously, we can easily derive

l7n1w+m2w|ﬁ <clwly (V[ +1) lw|g.

It follows
ky < ](Vl.l)(.u(.s)]ﬁ exp (ﬁ/lvu (7)1, dT)

< el (sl o (s)], (1 | [ln (md(m ; Md(n») D -

-exp (ﬂ/qu ()], dT) .

Therefore,

t

© O, < fwlyexp (ﬁ JIvu(), df) te [ Il flw ()],

-(1 + )exp (ﬂjm (™), dT) ds.

¢
Multiplying by exp <— JIVu (7)), dT) in the above inequality, we find that
0

In (5.9,[3(1(95) + Md(ﬂ.;))

lwly

o (1) exp (— [1vu), dr) <ol + ¢ [ (5)], o (s)], -

(4.3) ~<1 + )exp (—j(vu (7], dT) ds.

[l

In (55,5(1(93) + ,w',ﬁd(ﬂs)>

Next, from (4.1), we have, for x € 0,

¢

Vi (%) = Vigo (07 (x,2)) - / (V)" v) (@ (27 (x.1),5) s) d

Analogously, it follows that

S.

V6 (1)) exp (— [ 1vu ), dT) < V0l

(4.4) +e [ (‘(vu)Tw(s)

ﬁ) exp (—/s]Vu (7)], dT) ds.
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We claim that

(Vu)" Ve (s)], < el ()5 Ve ()l + lw ()l [V (5)])

(4.5) : (1 + |In ((xﬁd(m) + ”|:|||ﬁd(ﬂs)> l) .

Notice that the estimate (4.5) is much better than the general estimate

(V)T Ve (s)]

< [Vulg [V (s)lo + [Vulg [V (s)lg -

Indeed, from the expression (3.8) for Vu, we can write

J Ix — v

(Vu(x))T Vi (x) = ( (@)= w ) x “(Lyg—)dy) Vi (x) +

(@ (x) x 1) Vip () + (w (x) x V (x = ¥))T Vip ()

DN | —

(4.6) +
=mq + mq + M.
As in the proof of Lemma 3.2, we can easily find that [m; 4+ my|, is bounded by the

right-hand side of (4.5).

To estimate ms, we observe that one can write

(4.7) = / (w (x) x T(X——y)> (Ve (x) = Ve(y)) dy
J x - yl’
y))T
+/( IX—yI Vo(y) dy.
We now show
(4.8) / (w (x) X U(X—_ya)) Ve (y) dy =0.
o x -yl

To see this, we first write & = (01, 02,03), where o; is the i-th column vector. Note

that

(4.9) ne=y) o, (Ly“”)
Ix —y| Ix — v
= Di(Vg(x—y))=V(Dig(x—y))
21



where g (x) = [x|”". Hence, by definition (see §2),

w X 07
(wxea) =] wxo, |,
w X 03
A direct computation leads to

(wxa’)TV@_ 1 (Jlecp)w

PR By
y y UgXV(P

Hence

/ (w () x %"_—‘yf—)) Ve (y) dy

Q
! o1 (x—y)x Vo(y)
7 oy (x —y)x Vo (y) | dy w(x).
Y\ os(x—y) x Vo (y)

[t remains to show that for « = 1,2, 3,

Q¢

(4.10) / oi(x —y) x Vel(y) dy = 0.

q x —yf’
By direct computing and using (4.9), we find
(VDig (x —y))- (Ve X 1)
: x V
/ 7ilx |x1 7 2 gy / ( (VDig(x —y))- (Vo x &) | dy,
Q y Vng Y)) ) (V‘P x 63)

where e, ey, e3 are orthogonal basis vectors and

v‘Pxel = (O’D3SO>_D2(P)7
v‘/Qer = (_DSS‘Q’OaDl(P)’

Vo xe, = (Dyp,—Dig,0).

Notice that each of these vectors Ve x e; is divergence free and tangent to 0€2; (the
normal vector is V). Hence by the divergence theorem, it leads to
Ve
[(9Dig(x=y))- (Ve xe) dy = [ Dig(x=y) (Voo x e5) - oo =0

g s Vel
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The identity (4.10) thus follows, so does (4.7). By using (4.7), we deduce that the last

ms in (4.6) can be estimated as for m, :

msly < e (Jw(8)lp [V ()] + lw (9)ly [V (5)]) -

: (1 + |In (&sﬁd(Qs) +

Combining the estimates for my, mq, ms, we derive

(Vw)" Ve ()], < e (lws)ls Ve )l + lw ()l [Ve (5)]5)
. (1 +|In (65,,@(1(93) + “‘””f’d(ns)) D .

|wlo
Our previous claim (4.5) has been established.

It follows from (4.4) and (4.5) that

t
IV (1)] 5 exp /|Vu (IT) <
0
t
< Voly ¢ [ (I (5)l 19 (8)ly + o ()]s [Vep (5)])
0

)exp (—/|Vu (7)o dT) ds.

< Vely + ¢ [ (min (IVe (3)ly @ (5)lg) + | ()l + 1) (Il + [Veell) -

.(1 N : )exp (—O/S|Vu(7')|0 dr) ds.

Notice that in (4.11), all the norms on Vi are taken in any subdomain of ; containing

In (&-,ﬁd(ﬂs) + Il d (9, ))

|""|0

(4.11) ~(1 +

In (55,,361(95) + ”w”ﬁd(ﬂs))

|w|0

® (G,t), where (G is the support of Vi, We can choose ¢ such that the support of
Vo is as close to 0 as we want. By an appropriate approximation argument, we
find that (4.11) remains true if all the norms on V¢ are understood to be over 0{;.

Introduce the functions
a(t) = |w®)ly+min(IVe (Ol aq, - lwls)

be) = [Ivu(n), dr,
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F@ = (lw@lls+ e (D5, +€) O,

thus arrive at the following inequality

t

4.12)  f() < c—I—c/a (s) f(s) (1 +1n

0

Noticing by Lemma 4.1 that é,5 = [V (t)5 90, / V@ ()00, < e Vi t)lg.00, » We
w
(5s,ﬁd(Qs) + Ll (Qs))

[l ) '

Since d () < 2|®], < cb(t), [Volrag, = ce®®, ce™® <w (2)|, < ce’® (by Lemma

4.1), it is easy to see that

In <5t,@d(ﬂi) + Md(ﬂt))l

|w (t)lo

< ((Jo @lla + 1960 Ol + ¢0)°) < cln f +eb (@),

(4.13)

Therefore, we obtain from (4.12)

Ft)<cte[als) fs)(nf(s)+b(s) ds,

where ¢ is a constant depending only on the initial data. Denote by ¢ (¢) the function

on the right-hand side of the above inequality:

g(0) =cte[a(s)f(s)(nf () +b(s)) ds.

Then
g =ca(flnf+bf)<cag(Ing+b).
[t follows
g () <ca(ing+b
7 ng <ca(lng ).

By the standard Gronwall inequality, and recalling the definition

0(t)= /a(s) ds,
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we obtain, since b (t) is increasing,

nf(t) < Ing()

(4.14) < cexp (/[a(e) ds) (.I. + /texp (— /sa (1) dT) a(s)b(s) ds)

0 0

= cef® (1 + / e (s)b(s) ds) < e (14+b(t)0(1)).

0
Recalling the definitions of b(t) and f(t), and applying (4.13) and Lemma 3.2, we

arrive at
; ‘- ]
@15 b(t) = [IVu(s)lds<e[lo(s)n ((s;,ﬁdm)u_é)ds
0 0
¢

< e [lw @)l (nf () +b(s)) ds.

b(t) < cjlw(s) 0" ds + cj (|w (), /a(r) dTe‘g(s)) b(s) ds

< c/|w(3)|060(3)(1 +0(s)b(s)) ds.

0

Notice that {t|w (s)|, ds < 0(t). From the above inequality, it is now easy to see that
the boundedness of @ (t) guarantees that b(t) is bounded for ¢ < T. Consequently,
from (4.14) and Lemma 4.1, 6,5 and ||w (t)||5 g, are also bounded for ¢t < T. By apply
Corollary 3.1, one can extend the solution to t < T + T for some Ty > 0. The proof of
Theorem 2.2 is complete.

For two dimensional constant vortex patch problem, we know that w is tangent to
90, and |w|, g, = 0, |w ()|, g, = |woly g, - We thus obtain global existence of constant

vortex patches. This result was derived in [4] and [5].

5. Axisymmetric flows. In this section, we consider the vortex patch problem

for flows with axisymmetric structures. For simplicity we choose z3 — azis as the

25



symmetric axis. As in [12], we call a flow is axisymmetric in 3 — azis if its velocity

and vorticity have the following structures

u = u(r,zs,t) =u,(r,zs,t)e, + uz(r,zs3,t)es,
w = w(r,ast) =wy(r,zs,t)e,,
where 1?2 = 22422 e,, ey, esare the standard basis vectors under cylindrical coordinate
1 29 9 9 y
system:
T . - 0
1 ! 1 2
e, =— | a, ,eg—; 1 ,es=1] 0
0 0 1

Thanks to the axisymmetric structures, the vorticity equation (1.1) reduces to

d

where £ = wg/r is the vorticity strength with respect to the symmetric axis. Hence the

vorticity has the relation

(51) 5(@3 (X>t)7t) = é.() (r7 ‘1'3) y O W (yat) = 50 (":ﬁ_l (y’t)) Ty€p (}’),

where we used the notation r, for the distance of z to the symmetric axis, & (y) =

wp (y) /ry. It follows that the integral equation (2.6) reduces to

(52)  @(x0)=x+ [ [K@x9)-y)t (27 (v,)) ryes (v) dyds.
0 Q

Notice that since the fluid is incompressible, we have

(5.3) €]

LP(R?) = ”50“[,1'(]33) for p > 1.

LEMMA 5.1. Suppose that the flow is azisymmetric and initially wy (r,z3) =
wo (1, 23) Xq, with @y € C*(Qo), 0 € C*t' and a > 1/3. Then the C'**(Qy)
solution ® of system (5.2) satisfies

(5.4) @]y, + ulgg, < ”w}j” exp ((_:e,c(|lw2||0+1)t) ,
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where ¢ is a constant depending only on a and d ().
Notice that the assumption implies that the initial domain Qg is axisymmetric.

Proof. By using the relation (5.1) for the vorticity field, we can write the velocity

(5.5) u(x,t) = /K x —¥y)é ( ! (y t)) ryeq (y)dy
= / + / — Iy + k.
QNB(x Q\Bi(x

Since @ > 1/3, we can choose p such that 2 (1 + (_v)_] <p<3/2.Theng=p(p—-1)"'=
1/(1—1/p) <2(1 —a)~". By the Hélder inequality, we obtain
1/p 1/q

/ K (x —y)ry["dy / 6o (27" (v, 1)) | dy
«(x)
= k]]k]g.

[l

IN

It follows from (5.3) that, since & (y)] < w3, (ry)*"",

1/q 1/q
q ' q
bo = /ku ‘) ay] = [y
o
1/q
(5.6) < ’w(@) /(ry)q(a—l)dy
~\Q
d() /4

< d(QU)I/q ‘w(, / p( o 1)*"](//) < c'w?’g»

where ¢ is a constant depending only on « and d (). Notice that in deducing the
last inequality in (5.6), we have used cylindrical coordinate system and the fact ¢ <

2(1 —a)™". Since p < 3/2 and |K (z)| < |z|*, we deduce that for x €

R LS G R (S
SRR I e B (e
31 (x) 1(x)
1/p
1
< ce(|x|+1 / e
< e(lx[+1) m—c y

1(x)
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1

1/p
< cﬂX|+1)(/p;h¢M) < (1@ (D), +1).

0

Hence

(5.7) nl < e ], (12 (1), + D).

Next, we apply the Hélder inequality with p = 3/2, ¢ = 3 to obtain

2/3
hal < (L/IK&wwWW%
Q:\B1(x)

1/3
><(7/ ‘fu(i'"l(y,s))rdy) = Farky.

t\B1(x)

As in estimating ki above, since 3 < 2(1 —a)™', we can derive that kg < cllwyll, -

Finally,
2/3
, 3/2
ka1 < '—(Lgdy
B0 XY
2/3 2/3
|X|3/2 (rx—y)3/2
X — _
\eBi) Y B XY
210ly 43 o, 213
< x| / —dp| + /ﬂl/zdp
1 P 1
< cf®, (L+1n(24(2]y)).
Therefore,
(5.8) el < ewp]], 1@1o (14 In (24 12,)).

From (5.5)-(5.8), we arrive at
[ ()ly < e+ ef|wd] (18 ()ly+ 1) In (24 [ (5)],) ds.

Hence

@ Oy <+ [ uls)l ds < e+ el [ (B (5)]y+1D)In2+]2(5)],) ds.
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The assertion (5.4) follows from the Gronwall inequality.

LEMMA 5.2. Under the assumptions of Lemma 5.1, we have
u(x,0)] < e |lwp], (12 ()], + 1) 7,

where ¢ is a constant depending only on « and d ().
Proof. For any x =(x,29,23) € 0,0 < rx < 1, let € = 2ry. By symmetry,
u(0,0,z3,t) = ®(0,0,23,¢) = 0. We denote by X = (0,0, z3) . Notice that |x — X| = ry

and consequently B, ; (X) C B. (x) C By./; (X). We now write

u(x,t) = u(r,ast) —u(0,25,1)
= [ Kx-y)6 (27 ryes (v) dy
Q:NB.(x)
(5.9) + / K (x-y)é& (‘1’_1) ryeq dy
Q:NB.(x)
+ ] Kx-y) -KE-y) & (@) ryesdy
Q¢ \Be(x)

= my + mq+ mas.

We proceed to estimate each term m;. As in the proof of Lemma 5.1, we choose p, q
such that 1/p+1/¢=1,2(14+ &) <p<3/2, ¢<2(l - @)~'. Applying the Holder
inequality, we find that

1/q

IN

||

1/p
/ K (x —y)ry["dy / 6 (27" (v, )| dy
§2t

«(x)
= mi1mis3.

From (5.6), we find that mq2 < ¢||wg]|,, - Sincery < |y — x|+rx < 3ry for any y €B, (x),

the first term mq; can be estimated as

1/p 1/p
my < (ﬁ/ x — y| 7% (ry)" dy < cry / x —y|™" dy
;‘(X) E(X)

€ 1/p
< ery (/ pz_z”dy) < cry,
0
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where we used the fact that p < 3/2. Hence |mi| < cllwg||, rx. By using the fact
B. (x) C Bs.3 (X) and noticing that ry < 3ry for y € B, (x), we can derive analogously

that |ms| < ¢||lwg|l, 7x. We have thus established
(5.10) |rna| + |ma| < c "wg"a Tx.

[t remains to estimate mz. We observe from (2.2) that each non-zero element of the

matrix K (x) has the form 2,/ |x|™®. Since

Ti —Yi Ti—Yi _ i

@'y)< ! ! )
x-yl E-y kxk-y 0 T \x-y k-yP)’

it follows that

- . 1 1
(5.11) |K<x—y>—K<x—y>|§c|x—x|( b= )
x—-y[> |x-y|

where we have applied the well-known inequality zy < ¢(a? + y?). Therefore, by using

the fact that ||£o]|,, < ¢

wyll,, (see (5.6), ry < ry_y—+ry, and that [X —y| > |x — y|—7x,

we derive that

P
: 1 1
|m3|p S C(Tx)p / <|X |3 + |)~( |3> 60 (¢_1> Ty dy
A\B.(x) y Y
\ P
P T r
S C( w(ﬁj o T’X) / ('X _y |3 + |~ _y |3) dy
Qe \Be(x) Y X Y
d P P T73 4
< c( wp rx)p / (Tx_y-i-;,: + f_y-l_;’f) dy
anbo VXY R -y
() , .
, 0 P x 2 2
< c(w(, “rx> / (Ep -I—ﬁ))dp
£/2
< c< wp . 7'x>p (.l 437 4 d(Qt)"‘_z”) ,

where we have also used the fact that p < 3/2. Notice that 0 < 3 — 2p < p. Hence
|| < ¢ Hw?}”a rx (L4 |®(1)],) -

Combining this with (5.9) and (5.10), the assertion follows.
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LEMMA b.3. Under the assumptions of Lemma 5.1, we have

o Ol < el exr ( 5], / exp (ce 1) )ds) ,

where ¢ depends only on « and d(§) .

Proof. By Lemma 5.2, we have the following estimate:
ragn < et / [ (® (x,5),5)] ds

S 7x+( lw ” / |(I‘ I()-f-l ‘I’(x,s)d3~

[t follows that

t
(5.12) TH(x,) < Tx €XP (c “w?“a/ |® (s)], ds) .
0

By (5.1) and (5.12), we find

t
T(Ir N : 8
w (@ (x,1),1)] < |w;;|U Sbed) < c\wg|_ exp (c Uwgu /|«1> (s)], ds) .
T'x 0 [
0
The assertion follows from Lemma 5.1.
LEMMA 5.4. Under the assumptions of Lemma 5.1, the velocity is quasi-Lipschitz,

and consequently the particle trajectory ® (x,t) and its inverse ®~1 (x,t) are in CFY

with B (t) = e_c(l"’(t)l°+|“’°(t)|"), i.e.,

) —u (0] < ellw (1l + I (d(20))) |x — %I In Jx - %],

elx =X < 1@ (x,0) - @ (%, 1)) < e~ %7,

where ¢ is a constant depending only on o and Q.
Proof. By Lemma 5.3, #(t) is bounded. For any x,%X € ;, set ¢ = 2|x — X|. We

then write, as in (5.9),

uh-ul) = [ Kx-yw(y)dy
Q¢NB:(x)
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- [ KE-ye)dy
QM B.(x)

+ / (Kx-y)-K(E-y)wdy
Qe\Be (x)
= my 4+ my + ms.

The first term m; and my can be estimated as

il < e @l [ -y dy <cle (e,
Q¢nB.(x)

Ima| < w (8)], / % —y|™ dy < clw (t)],e.
QN Ba, j2(%)

By (5.11), we have

- 1 1
sl < clw Wlobx—% [ ( Pt g)dy
—yF " &yl

Q. \Be(x)
- 1 1
< elw (O], 1% — %I T / Pl
AB.(o) XY QB ) Y
. 1(Q
< elw (B)], Ix — %[ |In (l;(_gl)l

The first assertion follows. The second assertion follows from the estimate

< |u(‘I>(x,5),s)—u(@(i,s),s)|

In ( d () )'
IQ (th) = (i’t)l

1
Z1® (x,1) — @ (%,1)]
dt

< ¢lw (t)lo 1@ (x,1) — @ (%,1)]

and the generalized Gronwall inequality.

Proof of Theorem 2.3:

By Theorem 2.2, it suffices to show that for any fixed 7' > 0, the integral (1.5) is
finite for some fr > 0. By Lemma 5.3. w (t) is bounded for ¢ < T. We only need to
show that |w (¢)[,, is bounded for ¢ <T.

From (5.1), we know that w (®(x.t),t) = & (X)rses (X) = wo(X)re/rx. By
Lemma 5.4, since r¢ is the component of ® in e, direction, it follows rgx,) € ChM (Q)
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and T(I)("t)|ﬁ(t) <|® (t)lﬁ(t) < ¢, where f(t) = e~c(l0®l+wo®)la)  We claim that
(5.13) mﬂ < e(T).
x af(t)

To verify (5.13), we see first from (5.12) that for t < T,

Wy (X) 7"«1»(.1,5)
T'x

where ¢(7') depends on the initial data and 7. Next, for any r > 7 > 0, since

)wo (r,z3) rq,(,:,l.g,t)‘ + |wo (7, 23)| + T e, < ¢(T)r®, we obtain

r T

Wo (7, 23) T (r,00,0) W (7, as) 7'(1,(;“7,.3,0‘

)l 7-(1)(7‘,'.’1:3,1) + |’I‘ _ T,:I |QJU (T'~, :C3)~| r‘I’(F,a:g,t)
T rr
|OJ() (7~, .'l,’g)'
et

< wo (1 23) — wo (7, 23
+ |T<I>(r,a;3,t) — T® (7,22,

11—« N
| Jwo (7, 23)]

@ ‘T(I’(’I',.”Ug,t) + T'®(7,2a,t)

IN

C (T) IT - ,,‘:|0f + |71‘I’(7',(1:3,t) - T‘I’('r",:l:g,t) r

< ¢(T)|r —7|*P0,
Analogously, we can derive, for any z3 # i3,

wo (7, 373) Td(raa,t) @0 (7', -'?73) T'®(r,ia,t)
T r

Hence, (5.13) follows.
We now choose fir = « ltn<iTn B2(t) > 0. Then, since @' € CP) we see that
w(x,t) = w(® (@' (x,t),t),t) € CP and |w (t)|s, is bounded by ¢(T) for t < T,

where ¢ (1) depends only on T' and the initial data. The proof is complete.
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