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Abstract. This is a discussion of various q-analogs of the euclidean and pseudo-euclidean

groups and Lie algebras in 2-space, and of the oscillator algebra. We will work out some

tensor products of irreducible representations of these algebras, compute the Clebsch-Gordan

coe�cients and derive the associated special function identities that arise. Cases where 0 <

q < 1, jqj = 1 and qn = 1 will be considered.

PACS: 02.20.+b, 03.65.Fd

1. Introduction. Our paper is motivated by the factorization method of Darboux-

Schr�odinger-Infeld-Hull. [1,2]. This method provides a means of computing the eigen-

values and eigenfunctions for families of Schr�odinger operators in quantum mechanics. For

30 years now it has been known that the factorization method is intimately related to the

representation theory of the following Lie algebras: the euclidean Lie algebra in the plane

m(2), the harmonic oscillator algebra, the special unitary algebra su(2), the euclidean Lie

algebra in 3-space m(3), and the special orthogonal Lie algebra so(4), [3,4]. (In this paper

we will restrict consideration to the �rst two of these algebras and their q-analogs.) The

connection with representation theory provides a means of computing addition formulas

and Clebsch-Gordan type expansions for the eigenfunctions that do not follow from the

factorization method by itself. Although these results apply only to the Lie algebras of

�rst order di�erential operators obtainable from the factorization method, this method

can also be used to obtain factorizations of di�erence and q-di�erence equations, e.g. [5-8].

In just the same way the representation theory of q-algebras and quantum groups can be

used to obtain properties of these q-factorizations.

In x2 we will brie
y review relationships between the representation theory of m(2) and

the oscillator algebra, and properties of Bessel and Laguerre functions. The remainder of

the paper will be devoted to preliminary results on various q-analogs of these algebras and
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their representation theories. In each case the raising and lowering operators E� can be

used to determine factorizations associated with the representation. The notation used for

q-series and q-integrals in this paper follows that of Gasper and Rahman [9].

2. m(2) and oscillator algebra representations. The three dimensional Lie algebra

m(2) is determined by its generators H, E+, E� which obey the commutation relations

(2.1) [H;E+] = E+; [H;E�] = �E�; [E+; E�] = 0:

We consider irreducible representations (!) of m(2), characterized by the positive number

!. The spectrum of H corresponding to (!) is the set Z = fm : m an integerg and the

complex representation space has basis vectors fm, m 2 Z, such that

(2.2) E�fm = !fm�1; Hfm = mfm; E+E�fm = !2fm;

where C � E+E� is an invariant operator. A simple realization of (!) is given by the

operators

(2.3) H = z
d

dz
; E+ = !z; E� =

!

z

acting on the space of all linear combinations of the functions zn, z a complex variable,

n 2 Z, with basis vectors fm(z) = zm.

We can introduce an inner product such that < fn; fn0 >= �nn0 , n; n
0 2 Z. On the

dense subspace K of all �nite linear combinations of the basis vectors we have

(2.4) < E+f; f
0 > = < f;E�f

0 >; < Hf; f 0 > = < f;Hf 0 >;

for all f; f 0 2 K, so H = H� and E�+ = E�. In terms of the operators (2.3) we can obtain

a realization of (!) and its Hilbert space structure by setting z = ei�:

H = �i d
d�

; E+ = !ei�; E� = !e�i�;(2.5)

fn(z) = ein�; < f; f 0 >=
1

2�

Z 2�

0

f(ei�)f 0(ei�) d�:

Matrix elements Tm0m of the complex motion group in the representation (!) are typi-

cally de�ned by the expansions

(2.6) e�E+e�E�e�Hfm =

1X
m0=�1

Tm0m(�; �; � )fm0 ;

[4,10]. Explicitly,

(2.7)

Tm0m(�; �; � ) =
e�m(�!)m�m

0

�(m �m0 + 1)
0F1(m�m0 + 1;!2��) = e[�m+i(�=2+�)(m�m0

)]Jm�m0 (!r)
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where � = irei�=2, � = ire�i�=2 and Jn(r) is a Bessel function. The group multiplication

property of the operators on the left-hand side of (2.6) leads to addition theorems for the

matrix elements. For convenience in the computations to follow we shall limit ourselves to

the case where � = 0.

We de�ne the tensor product (!1) 
 (!2) of two irreducible representations (!1) and

(!2) by the operators F+; F�; L:

(2.8) F� = E� 
 I + I 
E�; L = H 
 I + I 
H:

Here, I is the identity operator on the corresponding representation space. The operators

F+; F�; L again obey the commutation relations (2.1) and the representation is unitary.

It is straightforward to decompose this representation into a direct integral of irreducible

representations, [10]:

(2.9) (!1) 
 (!2) �= � 1

2�

Z
2�

0

(!�) d�;

where !2

� = !2

1
+!2

2
+2!1!2 cos�. From the proof of (2.9) we see that the matrix elements

of the operator e�F+e�F� with respect to the tensor product basis f!1n 
 f!2n0 and with

respect to the reduced basis f
!�
m are related by the formula

(2.10) Jn0(r
0)Jn(r

00) =
1

2�

Z 2�

0

ei(n�
00

�n0�+n�)Jn+n0(r) d�
00

where rei� = r0 + r00ei�
00

.

The oscillator algebra is the 4-dimensional Lie algebra generated by the elements H,

E+, E�, E that obey the commutation relations

(2.11) [H;E+] = E+; [H;E�] = �E�; [E+; E�] = �E; [E; E�] = [E;H] = 0:

It admits a class of algebraically irreducible representations "�;`2 where `; � are real num-

bers and ` > 0. These are de�ned on a vector space with orthogonal basis ffm : n =

0; 1; � � � g where

(2.12) E+fm = `fm+1; E�fm = `mfm�1; Hfm = (��+m)fm Efm = `2fm:

Here, Cfm = �`2fm where C = E+E��EH is an element in the center of the Lie algebra.

The matrix elements Tm0m(a; b) of the operator e
aE+ebE� are de�ned by

eaE+ebE�fm =

1X
m0=0

Tm0m(a; b)fm0 ;

[4,10,11], where,

Tm0m(a; b) = (`b)m�m
0

L
(m�m0

)

m0
(�`2ab);
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and L
(m)

n (x) is an associated Laguerre polynomial. The tensor product "�1;`21 
 "�2;`22 is

de�ned by the coproduct

F� = E� 
 I + I 
E�; L = H 
 I + I 
H:(2.13)

F = E 
 I + I 
 E; C = F+F� � FL

The operators F+; F�; L;F again obey the commutation relations (2.11) and the represen-

tation is unitary. (Here, C is the invariant operator.) It is straightforward to decompose

this representation into a direct sumof irreducible representations, [4,11]:

(2.14) "�1;`21 
 "�2;`22
�=

1X
s=0

� "�1+�2�s;`21+`22 :

The Clebsch-Gordan coe�cients are expressible in terms of hypergeometric functions 2F1
and the identity relating the matrix elements of the operator e�F+eaF� with respect to

the tensor product basis and with respect to the reduced basis takes the symbolic form

1F1 � 1F1 �
P

2F1 � 1F1 � 2F1.

Since the representation (!) of m(2) de�nes a representation of the oscillator algebra

for which E = 0 we can also consider the tensor product (!)
 "�;`2, de�ned by expressions

(2.13). The result is [4]

(!)
 "�;`2�=
1X

n=�1

� "�+n;`2;

and the identity relating the matrix elements of the operator e�F+eaF� with respect to the

tensor product basis and with respect to the reduced basis takes the form

e�
2

rs�wJw�s(2�r)L
(k�q)
q (r2) =

X
n

is�wk!

(n+ k � s)!
L(n�w)
q (�)L

(n�s)
k (�)L

(k�q+w�s)
n+q�w (r2)�2n�w�s:

3. q-analogs ofm(2) and the oscillator algebra. In addition to the standard de�nition

of the tensor product of two irreducible representations (!1) and (!2) of m(2) there is a

de�nition given by the nontrivial Hopf algebra structure in which the coproduct is [12-15]

(3.1) F+ = E+ 
 q�
1
2
H + q

1
2
H 
E+; F� = E� 
 q�

1
2
H + q

1
2
H 
E� L = H 
 I + I 
H

where 0 < q < 1. The operators F�, L satisfy the commutation relations (2.1). The

standard de�nition is obtained by letting q ! 1 in (3.1). With the q-analogs of the

exponential function

eq(x) =

1X
k=0

xk

(q; q)k
=

1

(x; q)1
; jxj < 1; Eq(x) =

1X
k=0

qk(k�1)=2xk

(q; q)k
= (�x; q)1;

we de�ne the following q-analogs of matrix elements of (!), [13,15,16]:

eq(�E+)Eq(�E�)fn =

1X
n0=�1

T
(e;E)
n0n (�; �)fn0 ; j!�j < 1:
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Explicitly,

(3.2)

T
(e;E)
n0n (�; �) =

(qn�n
0

+1; q)1(�!)n�n
0

(q; q)1
q(n�n

0

)(n�n0�1)=2
1�1

�
0

qn�n
0

+1 ; q;���!2qn�n
0

�

=
(qn

0

�n+1; q)1(�!)n
0

�n

(q; q)1
1�1

�
0

qn
0

�n+1 ; q;���!2

�
:

If �� 6= 0 we can express these results in terms of the Hahn-Exton q-Bessel function

[9,13]

(3.3) J�(z; q) =
(q�+1; q)1

(q; q)1
z�1�1

�
0

q�+1 ; q; qz
2

�
:

Indeed, setting � = irei , � = ire�i , we see that in terms of the new complex coordi-

nates [r; ei ] we have

T
(e;E)
n0n [r; ei ] = ei(

�

2
� )(n0�n)q(n

0

�n)=2Jn0�n(r!q
�
1
2 ; q):

This and other q-analogs of m(2) matrix elements obey group-like addition theorems

[13,15,17].

The tensor product decomposition (!1)
q (!2) of (3.1) is not unique, [15]. The simplest

decompositons are

(3.4) (!1)
q (!2) �
1X

p=�1

�(!1qp=2);

and another decompostion obtained by replacing !1 with !2 on the right-hand side of (3.4).

A special case of the identity relating the matrix elements of the operator eq(�F+)Eq(�F�)

with respect to the tensor product basis and with respect to the reduced basis is

(3.5)

(�q)nJx�n(Sq�y; q2)Jn(RSqn; q2) =
1X

k=�1

q2kJk�n(Rq
y; q2)Jx(Sq

k�y; q2)Jk(Rq
y+x; q2);

valid for 0 < Rqy+x+1 < 1, 0 < Rqy+1 < 1, 0 � S and n; x; y integers. The case S = qz

of this formula for z an integer is the addition theorem for Hahn-Exton q-Bessel functions

derived by Koelink using the theory of quantum groups, [12,15].

(The computation of the matrix elements on the left hand side of this formula and in

many formulas to follow is based heavily on the formal identities

Eq(X + Y ) = Eq(Y )Eq(X); eq(X + Y ) = eq(X)eq(Y );

valid for operators X;Y such that Y X = qXY .
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In [18] a q-analog of the oscillator algebra was introduced. This is the associative algebra

generated by the four elements H, E+, E�, E that obey the commutation relations

(3.6) [H;E+] = E+; [H;E�] = �E�; [E+; E�] = �q�HE; [E; E�] = [E;H] = 0:

It admits a class of algebraically irreducible representations "�;`2 where `; � are real num-

bers and ` > 0. A convenient orthogonal basis for the representation space is ffn : n =

0; 1; � � � g where

E+fn = `q�(n+1)=2fn+1; E�fn = `q�n=2
1� qn

1� q
fn�1(3.7)

Hfn = (� + n)fn; Efn = `2q��1fn:

Here, fn =
p
(q; q)n=(1 � q)nen. We have E+ = (E�)

�, H� = H and E� = E. The

elements C = qq�HE+(q�1)E+E� and E lie in the center of this algebra, and corresponding

to the irreducible representation "�;`2 we have C = `2I, E = `2q��1I where I is the identity

operator.

We de�ne matrix elements of the \group" by

Eq(�E+)eq(�E�)fn =
X
n0

T
(E+;e�)
n0n (�; �)fn0 ;

where

T
(E+;e�)
n0n (�; �)

(3.8)

=
(qn

0

+1; q)1(qn�n
0

+1; q)1(�`)n�n
0

(q; q)1(qn+1; q)1(1� q)n�n
0

q(n
0

�n)(n0+n+1)=4
1�1

�
q�n

0

qn�n
0

+1
; q;

��`2

1� q

�

=
(qn

0

�n+1; q)1(�`)n
0

�n

(q; q)1
q(n

0

�n)(n0�3n�3)=4
1�1

 
q�n

qn
0

�n+1
; q;

��`2qn
0

�n

1� q

!

Given the irreducible representations "�1;`21 and "�2;`22 we de�ne the tensor product

representation "�1;`21 
 "�2;`22 by the operators [18,19]

F+ =E+ 
 q
1
2
H + q�

1
2
H 
E+; F� = E� 
 q

1
2
H + q�

1
2
H 
E�(�1q

H + �2)

(3.9)

L =H 
 I + I 
H; F = E 
 I + I 
 E = (`21q
�1�1 + `22q

�2�1)I 
 I

where

�1 = �`21q
�1�1

`2
2

; �2 =
`21q

�1 + `22q
�2

`2
2
q�2

:

Then we have

[L;F�] = �F�; [F+; F�] = �Fq�L; [F; F�] = [F; L] = 0:
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This representation-dependent coproduct does not de�ne the q-oscillator as a quantum

algebra. The tensor product decomposition is

"�1;`21 
 "�2;`22
�=

1X
s=0

� "�1+�2+s;~̀2s;

where ~̀2s = q�s(`2
1
q��2+`2

2
q��1). Relating the matrix elements of the operatorEq(�F+)eq(�F�)

with respect to both the tensor product basis and the reduced basis we �nd [18,19]

dn
0

(cq; q)n0(dq; q)1

(cdq; q)1(q; q)m0 (w; q)n0
1�1

�
q�m

0

dq
; q; zd

�
2�1

�
q�n

0

; w�1q1�n
0

cq
; q; zq�1�m

0

�
=

m0

+n0X
s=0

(w; q)sw
m0

�s

(q; q)s(q; q)m0+n0�s
1�1

 
qs�m

0

�n0

cdq
; q;

zdq�s�n
0

w

!
�

(3.10)

2�1

�
c�1q�n

0

; wqs

w
; q; cdqm

0

+n0�s+1

�
2�1

�
q�n

0

; wqs

w
; q; qm

0

+n0�s+1

�
:

Note that the representation (!) of m(2) can be considered as a representation of the q-

oscillator algebra for which E = 0. We de�ne the tensor product representation (!)
 "�;`2
by

F+ =E+ 
 q
1
2
H + q�

1
2
H 
E+; F� = E� 
 q

1
2
H + q�

1
2
H 
E�(3.11)

L =H 
 I + I 
H; F = I 
 E:

By construction

[L;F�] = �F�; [F+; F�] = �Fq�L; [F; F�] = [F; L] = 0:

The unique decomposition is [19]

(!)
 "�;`2�= �
X
�02Z

"�+�0;q��0`2 �
1X
s=0

R(
p
1� qq(�+s)=2!; q���s`2=(1� q)!2; �):

where R is a family of irreducible representations of the q-oscillator algebra for which the

spectrum of H is unbounded both above and below. Thus the following identity, relating
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the matrix elements in the tensor product and reduced bases must hold:

(q; q)h

(q; q)j�j0 (q; q)h�h0
1�1

�
0

qj�j
0

+1
; q;�yqh

�
1�1

�
q�h

0

qh�h
0

+1
; q; zq�j

0

�

=

min(j+h;j0+h0)X
�=�1

(q; q)j+h��(y=z)
j0��q[(j+h�j

0

�h0)(j+h�j0�h0�1)��(�+1)��(j+h)]=2

(q; q)j+h�j0�h0 (q; q)j0��(q; q)j��(�yq�=z; q)1

�1�1

�
q�h

qj��+1 ; q;�yqj+h+1=z

�
1�1

�
q�h

0

qj
0

��+1
; q;�yqj

0

+h0+1=z

�

�qh(j
0

�j)+j0(j0+1)=2
1�1

�
q��j

0

�h0

qj+h�j
0

�h0+1
; q; zq��+j+h�j

0

�h0
�

+

1X
s=0

(q; q)s(z=y)
s�h(1 � q)j+h�j

0

�h0q�s(j
0

+h0)+h(h+j0)+h0(h0�1)=2

(q; q)j+h�j0�h0(q; q)s�h(q; q)s�h0 (�zq�j0�h0�s=y; q)1

�1�1

�
q�h

qs�h+1 ; q;�zq�j�h+1=y

�
1�1

�
q�h

0

qs�h
0

+1
; q;�zq�j

0

�h0+1=y

�

�(�1)h+h
0

1�1

�
�zq�s�j0�h0=y
qj+h�j

0

�h0+1
; q;�yqs

�

where y=z > 0, h; h0;�j;�j0 = 0; 1; � � � .

4. Discrete models of m(2) and oscillator algebra representations. In this section

we study representations of a number of discrete q-analogs of m(2) and the oscillator

algebra. We start with discrete m�(2) where �
N = 1 and � is a primitive Nth root of unity.

The generators are ��H ; E� with relations

(4.1) ��HE� = E��
H ; �HE+ = �E+�

H ; [E+; E�] = 0

and �H��H = I. We considerN-dimensional irreducible representations (!; �!)N of m�(2),

characterized by the nonzero complex numbers !; �!. The complex representation space

has basis vectors f`, ` = 0; 1; � � � ;N � 1, mod N , such that

(4.2) E+f` = !f`+1; E�f` = �!f`�1; �
Hf` = �`f`;

and Cf` = !�!I where C � E+E� is an invariant operator. We de�ne the tensor product

(!1; �!1)N 
 (!2; �!2)N by

F� = E� 
 I + I 
E�; �L = �H 
 �H :

Determining the spectrum of the invariant operator F+F�, we �nd

(!1; �!1)N 
 (!2; �!2)N �=
N�1X
s=0

�(!1 + !2�
�s; �!1 + �!2�

s)N :
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Similarly, we de�ne the \twisted" tensor product (!1; �!1)N 
� (!2; �!2)N by

F+ = E+ 
 �H + I 
E+; F� = E� 
 I + ��H 
E�; �
L = �H 
 �H :

Now the tensor product expansion is

(!1; �!1)N 
� (!2; �!2)N �=
N�1X
s=0

�((!N1 + !N2 )N
�1

�s; (�!N1 + �!N2 )N
�1

)N :

For these cases and the examples to follow, operators such as Eq(�F+)eq(�F�) no longer

make sense. Instead, one can obtain identities relating the matrix elements of operators

Fn+F
m
� with respect to the tensor product basis and the reduced basis.

For the same � with �N = 1 we can de�ne the discrete oscillator algebra with generators

E�; �
�H ;E and relations

[E+; E�] = ���HE; ��HE� = E��
H ; �HE+ = �E+�

H ;

with E in the center. Here, C = ���HE+ (�� 1)E+E� commutes with all elements of the

algebra. A family of �nite dimensional irreducible representations is given by "�;`2 where

` > 0 and � is an integer, mod N . A convenient orthogonal basis for the representation

space is ffn : n = 0; 1; � � � ;N � 1; modNg where

E+fn = `��n�1fn+1; E�fn = `
1� �n

1� �
fn�1(4.3)

��Hfn = ����nfn; Efn = `2���1fn; Cfn = �`2fn:

A second family of representations R(`; �; �; �) is de�ned by

E+fn = �`��n�1fn+1; E�fn =
`

�

1 + ���n

1� �
fn�1

��Hfn = ����nfn; Efn = `2���1�fn; Cfn = �`2fn:

Restricting to the case N odd for convenience, we can de�ne the tensor product repre-

sentation (!; �!)N
 "�;`2 by the relations

F� = E� 
 �H=2 + ��H=2 
E�; �
L = �H 
 �H ; F = I 
 E:

Computing the spectrum of C we �nd

(!; �!)N
 "�;`2�=
N�1X
s=0

�R(�cs;
(1 + `N

!N
)N

�1

!
p
1� cs

;
�`2
cs

; �);

where cs = c0�
s and cN0 = `2N + (� � 1)N (!2N + !N`N ).
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For 0 < q < 1 the generators of the discrete pseudo-euclidean algebra are q�H , E+, E�
with relations

(4.4) qHE+ = qE+q
H ; qqHE� = E�q

H ; [E+; E�] = 0:

We consider the following class of irreducible representations (!;!) for this algebra,

characterized by the nonzero complex numbers !; �!. The Hilbert space consists of complex

functions f(x) with domain x = qn; n = 0;�1;�2; � � � and such that (f; f) < 1, where

the inner product is

(4.5) (f; g) =

1X
n=�1

f(qn)g(qn):

The action of the algebra on this Hilbert space is given by the operators

(4.6) E+ = !x; E� =
�!

x
; qHf(x) = f(qx):

and Cf` = !�!I where C � E+E� is an invariant operator. We de�ne the tensor product

(!1; �!1)q 
 (!2; �!2)q by

F� = E� 
 I + I 
E�; qL = qH 
 qH :

Determining the spectrum of the invariant operator F+F� we �nd

(!1; �!1)q 
 (!2; �!2)q �=
1X

m=�1

�(!1 + !2q
�m; �!1 + �!2q

m)q :

Similarly, we de�ne the \twisted" tensor product (!1; �!1)q 
q (!2; �!2)q by

F+ = E+ 
 qH + I 
E+; F� = E� 
 I + q�H 
E�; q
L = qH 
 qH :

Now the tensor product expansion is not unique; one of the the simplest expansion is

(!1; �!1)q 
q (!2; �!2)q �=
1

2�

Z 2�

0

�(!1;
ei�

!1
) d�:

For this algebra the matrix elements can be expressed as kernels of integral operators [20].

The discrete pseudo-oscillator algebra has generators q�H , E+, E�, E which obey the

relations

(4.7) E+q
�H = qq�HE+; qE�q

�H = q�HE�; [E+; E�] = �q�HE;

[E; E�] = [E; q�H ] = 0:
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We consider the irreducible representations "q�;`2 for this algebra, characterized by the

positive number ` and real number �. The Hilbert space consists of complex functions

f(x) with domain x = qn; n = 0;�1;�2; � � � and such that (f; f) < 1, where the inner

product is

(4.8) (f; g) =

1X
n=�1

f(qn)g(qn):

The action of the algebra on this Hilbert space is given by the operators

E+ = `x; E� = � `

(1� q)x
(1� T�1x ); q�Hf(x) = f(q�1x)q��

E = q��1`2; C = qq�HE+ (q � 1)E+E� = `2(4.9)

Note that the representation (!; �!)q of the discrete pseudo-euclidean algebra can be con-

sidered as a representation of the discrete pseudo-oscillator algebra for which E = 0. We

de�ne the discrete tensor product (!; �!)q
 "q�;`2 by

F+ = E+ 
 qH + I 
E+; F� = E� 
 I + q�H 
E�; q
L = qH 
 qH ; F = I 
 E:

The decomposition is not unique; one of the simplest expansions is

(!; �!)q
 "q�;`2�=
1X

n=�1

� "
q
��n+1

2 `

!
;!`q

n�
1
2

:

As a �nal example we consider another version of the discrete pseudo-euclidean algebra,

the algebra with generators ��H ; E� and relations (4.1), where now j�j = 1 but �N 6= 1

for any integer N . A model of the irreducible representation (!)� for ! a nonzero complex

number is given by the operators

E+ = z; E� =
!

z
; �Hf(z) = f(�z); z = �n;

where n = 0;�1;�2; � � � , and the inner product is

(f; g) =

1X
n=�1

f(�N )g(�N ):

The tensor product (!1)� 
� (!2)� is de�ned by

F� = E� 
 ��H + �H 
E�; �
L = �H 
 �H :

The unique decomposition is

(!1)� 
� (!2)� �=
1

2�

Z
2�

0

�(ei�)� d�:
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