¢-ALGEBRA REPRESENTATIONS OF THE
EUCLIDEAN, PSEUDO-EUCLIDEAN AND OSCILLATOR
ALGEBRAS, AND THEIR TENSOR PRODUCTS

E.G. KALNINS} AND WILLARD MILLER, Jr.}

ABsTRACT. This is a discussion of various g-analogs of the euclidean and pseudo-euclidean
groups and Lie algebras in 2-space, and of the oscillator algebra. We will work out some
tensor products of irreducible representations of these algebras, compute the Clebsch-Gordan
coefficients and derive the associated special function identities that arise. Cases where 0 <
g <1,|q| =1and ¢g" =1 will be considered.

PACS: 02.20.+b, 03.65.Fd

1. Introduction. Our paper is motivated by the factorization method of Darboux-
Schrodinger-Infeld-Hull. [1,2]. This method provides a means of computing the eigen-
values and eigenfunctions for families of Schrodinger operators in quantum mechanics. For
30 years now it has been known that the factorization method is intimately related to the
representation theory of the following Lie algebras: the euclidean Lie algebra in the plane
m(2), the harmonic oscillator algebra, the special unitary algebra su(2), the euclidean Lie
algebra in 3-space m(3), and the special orthogonal Lie algebra so(4), [3,4]. (In this paper
we will restrict consideration to the first two of these algebras and their g-analogs.) The
connection with representation theory provides a means of computing addition formulas
and Clebsch-Gordan type expansions for the eigenfunctions that do not follow from the
factorization method by itself. Although these results apply only to the Lie algebras of
first order differential operators obtainable from the factorization method, this method
can also be used to obtain factorizations of difference and g-difference equations, e.g. [5-8].
In just the same way the representation theory of g-algebras and quantum groups can be
used to obtain properties of these g-factorizations.

In §2 we will briefly review relationships between the representation theory of m(2) and
the oscillator algebra, and properties of Bessel and Laguerre functions. The remainder of
the paper will be devoted to preliminary results on various g-analogs of these algebras and
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their representation theories. In each case the raising and lowering operators E1 can be
used to determine factorizations associated with the representation. The notation used for
g-series and g-integrals in this paper follows that of Gasper and Rahman [9].

2. m(2) and oscillator algebra representations. The three dimensional Lie algebra
m(2) is determined by its generators H, E;, E_ which obey the commutation relations

(2.1) H,Ey]=FEy, [H,E_|=-E_, [E{,E_]=0.

We consider irreducible representations (w) of m(2), characterized by the positive number
w. The spectrum of H corresponding to (w) is the set Z = {m : m an integer} and the
complex representation space has basis vectors f,,, m € Z, such that

(22) E:I:fm = wfm:tl, Hfm = mfm, E_|_E_fm = w2fm,

where C = ELE_ is an invariant operator. A simple realization of (w) is given by the
operators

d w
2.3 H=z—,Ff =wz, E_ =—
( ) dZ ? + ) 2
acting on the space of all linear combinations of the functions 2z, z a complex variable,
n € Z, with basis vectors f,,(z) = 2.
We can introduce an inner product such that < f,, fov >= 8,n/, n,n' € Z. On the
dense subspace X of all finite linear combinations of the basis vectors we have

(2.4) <E f,f'>=<f,E_f'> <Hf,f'>=<fHf >,

for all f,f' € X,so H=H" and E} = E_. In terms of the operators (2.3) we can obtain

a realization of (w) and its Hilbert space structure by setting z = e%:

d

2.5 H=——
( ) Zd97

E, =we?, B_ =we ™,

in I _ 1 2r i [N
falz)=€™, < f,f >—§/0 F(e)f!(e) db.

Matrix elements T}, of the complex motion group in the representation (w) are typi-
cally defined by the expansions

(26) eﬁE+ eaE_ eTHfm = Z Tm’m(a7/87 T)fm’7

[4,10]. Explicitly,
(2.7)
Towrm(e, B,7) = ;(m(fwn)y Ty falm = m' £ Lw"ag) = i PO gt (wr)
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where o = ire'? /2, B = ire=%% /2 and J,(r) is a Bessel function. The group multiplication
property of the operators on the left-hand side of (2.6) leads to addition theorems for the
matrix elements. For convenience in the computations to follow we shall limit ourselves to
the case where 7 = 0.

We define the tensor product (w;) @ (w2) of two irreducible representations (w;) and
(w2) by the operators F, F_, L:

(2.8) Fi =E,QI+I®Fy, L=HI+I®H.

Here, I is the identity operator on the corresponding representation space. The operators
F.,F_,L again obey the commutation relations (2.1) and the representation is unitary.
It is straightforward to decompose this representation into a direct integral of irreducible
representations, [10]:

(2.9) (w1) @ (w2) = @%/0 7T((.uu) du,

2
I

of the operator eff+e*F- with respect to the tensor product basis f* @ f“? and with

where w* = w% —I—wg + 2wyws cos p. From the proof of (2.9) we see that the matrix elements

respect to the reduced basis f," are related by the formula

]_ 2m . " '
_/ gi(ne¢’ —n ¢+n¢)']n—|—n’(7') dgﬁ”
0

(2.10) T (1) e = 5=

where ret® = ¢! 4+ p'ei¢”
The oscillator algebra is the 4-dimensional Lie algebra generated by the elements H,
E,, E_, £ that obey the commutation relations

(2.11) H,Ey]=FEy, [HE.|=-E_, [E},E_|=-¢, [,E4] = [, H| =0.

It admits a class of algebraically irreducible representations T 4 where £, X are real num-
bers and ¢ > 0. These are defined on a vector space with orthogonal basis {f,, : n =
0,1,---} where

(2'12) Eifm =Lfmt1, E—frm =Amfp_1, Hfn = (_)‘ ‘|'m)fm Efm = £2fm-

Here, C'f,, = M?f,, where C = E, E_ — £H is an element in the center of the Lie algebra.
The matrix elements Ty, (a,b) of the operator e*F+ebP- are defined by

et B bB- Z T (@3 8) frnr s
m'=0
[4,10,11], where,
Ty m(a,b) = ()™ ~™ LU ™™ (~ab),
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and ngm)(w) is an associated Laguerre polynomial. The tensor product Ty, ;2 ® Ty, 42 is
defined by the coproduct

(2.13) Fi =E,QI+I®Fy, L=HI+I®H.
F=ERI+I®E C=FF_ —3L

The operators F.y, F_, L,J again obey the commutation relations (2.11) and the represen-
tation is unitary. (Here, C is the invariant operator.) It is straightforward to decompose
this representation into a direct sumof irreducible representations, [4,11]:

(2.14) Tag,ez @ Th, 2= Z B Tardro—s 2402 -

s=0

The Clebsch-Gordan coefficients are expressible in terms of hypergeometric functions o Fy
and the identity relating the matrix elements of the operator e#f+e®f- with respect to
the tensor product basis and with respect to the reduced basis takes the symbolic form
1Fi x By ~ Z2F1 X 1y x o Fy.

Since the representation (w) of m(2) defines a representation of the oscillator algebra

for which & = 0 we can also consider the tensor product (w)® T 42, defined by expressions
(2.13). The result is [4]

o0

(W)® Tap= Z D Tagn, 2

n=—o

and the identity relating the matrix elements of the operator e®F+e*F~ with respect to the
tensor product basis and with respect to the reduced basis takes the form

n—w n—s k— w—s n—w—=s
L o)L )L )

n+qg—w

2 o w _ g5~ Whk!
T Tu oI () = Y T

3. g-analogs of m(2) and the oscillator algebra. In addition to the standard definition
of the tensor product of two irreducible representations (w;) and (ws2) of m(2) there is a
definition given by the nontrivial Hopf algebra structure in which the coproduct is [12-15]

(31) Fp =B, 0q 84?8 QE,, F.=FE_0q ¥ 4+ ¢?HQE_L=HoI+IoH

where 0 < ¢ < 1. The operators Fy, L satisfy the commutation relations (2.1). The
standard definition is obtained by letting ¢ — 1 in (3.1). With the g-analogs of the
exponential function

k 0 gFE=1)/2,k

=z 1

we define the following g-analogs of matrix elements of (w), [13,15,16]:

eo(BEL)Ey(aE Z T\ (o, B) fr w8 < 1.

n'=—oo
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Explicitly,
(3.2)
n—n'+1. n—n'
e, E q 1 g )ocl W n—n')(n—n'— 0 n—mn'
T (0, ) = ( (q'l (o) mnthinn' =12 g, (Qn_an 19, —afw’q )
n'—n—l—l. n' —n
q 5q) oo (Bw 0

If a8 # 0 we can express these results in terms of the Hahn-Exton ¢-Bessel function
[9,13]

(¢"*159) 0
(3.3) Ju(z;39) = T g+ q,q2° ).
Indeed, setting o = ire’?, B = ire™*¥, we see that in terms of the new complex coordi-

nates [r, '] we have

TP [y ] = =D =g =02 g, (g™

n'n

=

5q)-

This and other g-analogs of m(2) matrix elements obey group-like addition theorems
[13,15,17).

The tensor product decomposition (wq) @4 (w2) of (3.1) is not unique, [15]. The simplest
decompositons are

o0

(3-4) (w1) g (@2) = Y Blwig”’?),

p=—00

and another decompostion obtained by replacing w; with wy on the right-hand side of (3.4).
A special case of the identity relating the matrix elements of the operator e,(8F, )Eq(aF_)
with respect to the tensor product basis and with respect to the reduced basis is

(3.5)

(—0)"Jo-n(Sq7Y; ) Tn(RSG™¢°) = D ¢**Ji-n(Re";¢°)T(Sq"¥;6*)Je(R" 75 6%),

k=—>

valid for 0 < Rg¥T**! < 1,0 < Rg*! < 1,0 < S and n,z,y integers. The case S = ¢*
of this formula for z an integer is the addition theorem for Hahn-Exton ¢g-Bessel functions
derived by Koelink using the theory of quantum groups, [12,15].

(The computation of the matrix elements on the left hand side of this formula and in
many formulas to follow is based heavily on the formal identities

E((X +Y)=Ey(Y)E(X), e(X+Y)=r¢ey(X)eg(Y),

valid for operators X,Y such that Y X = ¢XY.
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In [18] a g-analog of the oscillator algebra was introduced. This is the associative algebra
generated by the four elements H, E,, E_, € that obey the commutation relations

(3.6) H,E4]=E;, [HE.|=-E_, [E;,E_|= _q_H87 [€,E+] =[E,H] = 0.

It admits a class of algebraically irreducible representations T 4 where £, X are real num-
bers and £ > 0. A convenient orthogonal basis for the representation space is {f,, : n =
0,1,---} where

(3.7) Eyfn=1Lg " T2f 1 E_f,=1q —“/2

an:()\‘l‘n)fna an:£2q>\_1fn-

Here, fn, = v/(¢;9)n/(1 — q)"e,. We have E. = (E_)*, H* = H and & = &. The
elements € = ¢~ #E&+(q—1)E E_ and & lie in the center of this algebra, and corresponding
to the irreducible representation T 42 we have C = £*1, & = 02¢* 1T where I is the identity
operator.

We define matrix elements of the “group” by

Ey(BE+)ey(aB_)fu =Y T (0, 8) fur,

n/

where
(3.8)
(ARICNG
- +1;Q)w(qn_n/Jrl;Q)oo(aE)n,_n/ gl TN/ ) ( q__rf/ X @>
(4 9)oc(q"t159)oc(1 — @)™ R g

— (qn/—n—l—l; q)oo(/gz)n/—n q(n/—n)(n/—3n—3)/41¢)1 ( q_n . Ol/8£2qn/_n>

(q, Q)oo qn'—n—l—l ‘P 1 _ q

Given the irreducible representations Ty, ;2 and T, 2 we define the tensor product
representation Ty, 42 @ Ty, 42 by the operators [18,19]

(3.9)
Fy=E, 0" +q @B, F.=E_0¢" + ¢ 0 E_(k1g" + k)
L=HoOI+IQH, F=T+I10&=ig" +6¢ NI

where . \ .

P T N (e k- 1 i
K% ’ £2 Az

Then we have

(L, Fy] = £Fy, [Fy,F_]= _Srq_La [F,F4] =[5, L] =0.
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This representation-dependent coproduct does not define the g-oscillator as a quantum
algebra. The tensor product decomposition is

o @]
Tagez @ Ty, 2= Z D Tartrats, iz

s=0

where /2 = q *(L2q=*2+42g7™1). Relating the matrix elements of the operator E,(8F )e,(aF-)
with respect to both the tensor product basis and the reduced basis we find [18,19]

d" (cg; @) (dg; 9)oc g o wig e\
(qu;q)oo(q;q)m, (w;Q)n/ 1¢’1 dq aQ7Zd 2¢’1 cq 14,29 =

(3.10)

m'+n’ m' —s —m/ —n’ —s—n'
W q)sw s—m —n zd
> (wiq), 161 (q Y i ) X

= (4590)s(95 Dnv +n/—s

!

-1 _—n' s —n s
C w ! r_ w ' ’_
21 ( q y Wq :q, cdg™ +n s—|—1> 21 (q » Wq q,q™ +n s—l—l) )

w

Note that the representation (w) of m(2) can be considered as a representation of the g-
oscillator algebra for which & = 0. We define the tensor product representation (w)® T 4
by

(3.11) Fy=E 0¢¥ +q ¥ oE, F =E_ 0¢"+¢ R
L=HoI+IoH F=I0¢.

By construction
[L7F:|:] = +Fy, [F-HF—] = _Srq_La [SraF:I:] = [971—’] =0.

The unique decomposition is [19]

o0

(w)® T)\’lzg D Z T)\—l—fo,q_folz S5 Z R(\/ 1-— qQ(A+S)/2w,q—)\—3£2/(1 . q)w2,)\)-
=0

Lo€EZ 8=

where R is a family of irreducible representations of the g-oscillator algebra for which the
spectrum of H is unbounded both above and below. Thus the following identity, relating



8 E.G. KALNINS AND WILLARD MILLER, JR.
the matrix elements in the tensor product and reduced bases must hold:
(Q) q)h ( 0 h) ( q_h/ _ ./)
101 | 415Gy J1P1 | popgi3 9297
(¢50)j-i7 (¢ D g g e

min(j+h,j +h')

_ Z (Q;Q)j+h—£(y/z)j/_5q

[Gth—5" =0 (G+h—j =k —1)—E(E+1) —£(j+R)] /2

B (05 @j+n—i' =1 (33 0)i (85 0) - (—ya° /25 @)

f=—o0

—h —h'
q j+h i+ h/
X101 (qj—£+1 s g, —yg' " +1/Z> 191 <qjq—5+1 sq, —yg’ T +1/Z>

g&i'—h

W g =D D2 (th_j/_h/H 0.2

_I_Z Qa
s=0

—h —h'
q i _./_ !
X161 (qs_hﬂ;q,—zq ! ”“/y) 101 (qsq_h'ﬂ;q,—zq ! h+1/y>

ht ' —z2q™ I [y
X(_l) + 1¢’1( qj_|_h_j’_h’_|_/1 ;Q7_yqs>

—£+j+h—j’—h’>

]—I—h 7! —h’(qa Q)s—h(q; Q)s—h’ (_Zq_j/_h/_s/y; Q)oo

where y/z > 0, h,h',+5,£7' =0,1,---.

4. Discrete models of m(2) and oscillator algebra representations. In this section
we study representations of a number of discrete g-analogs of m(2) and the oscillator
algebra. We start with discrete m.(2) where e = 1 and ¢ is a primitive Nth root of unity.
The generators are etH, . with relations

(4.1) ee'E_=FE_7, HE, =¢E, ¥, [E.,E_]=0

and efeH = . We consider N-dimensional irreducible representations (w,®)n of m.(2),

characterized by the nonzero complex numbers w,&. The complex representation space
has basis vectors fy;, £ =0,1,--- ,N — 1, mod N, such that

(4.2) Eifi=wfii1, E_fo=afi_1, € fi =€ fi,

and Cfy = wwl where C = E E_ is an invariant operator. We define the tensor product
(w1,01)N @ (w2, 2)N by

F.=E,QI+IQEs, =g
Determining the spectrum of the invariant operator F F_, we find

N-1
~/ —8 — — 8
(Wlawl)N® wz,wz = @W1 + wo€ T,Ww1 + Wae€ )N.

s=0
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Similarly, we define the “twisted” tensor product (w1,@1)N @, (w2,@2)N by

H

Fi=E,. 0 +I10E,, F_.=E_ol+eTaE_, & =gl

Now the tensor product expansion is

N-1

—1 -1
(w1, @1)N Q¢ (wa,@2)N = o( Wl + ws )N €’ (‘-"1 ‘|‘W5V)N IN-
s=0

For these cases and the examples to follow, operators such as E,(8F )e,(aF_) no longer
make sense. Instead, one can obtain identities relating the matrix elements of operators
F}F™ with respect to the tensor product basis and the reduced basis.

For the same e with €Y = 1 we can define the discrete oscillator algebra with generators
E.,etH € and relations

(B ,E_]=—cHe, ee"E_=E_, fE, =cE e,

with € in the center. Here, C = ceHE + (e —1)EL E_ commutes with all elements of the
algebra. A family of finite dimensional irreducible representations is given by T ,» where

£ > 0 and X is an integer, mod N. A convenient orthogonal basis for the representation
space is {f, :n=0,1,--- ,N — 1, modN} where

(4.3) Eyfo =L " fuya,
E_an — 6—)\ nfn, gfn :£26>\ 1fn7 Cfn — _£2fn

A second family of representations R({,a, ¥, ) is defined by

e £1468e ™
Eifn = ale 1fn—|-17 E_fn=———"fna
a 1—¢€

E_an — E—A—nfn, gfn — £26>\_1(an, Cfn — _£2fn

Restricting to the case N odd for convenience, we can define the tensor product repre-
sentation (w,@)n@ Ty 2 by the relations

Fi:Ei®eH/2—|—e_H/2®Ei, eL:eH®eH, F=1Ix¢.

Computing the spectrum of C we find

N-1

0 2 =2 R(—cs, y
(@G T 3, GR(-eo =320

where c; = cpe® and c(])V = 2N 4 (e — 1)N(w2N —I—wNKN).
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For 0 < ¢ < 1 the generators of the discrete pseudo-euclidean algebra are ¢tH, E,, F_

with relations
(4.4) ¢"Ey = qErq”, qd"E_=E_q¢%, [E,E_|=0.
We consider the following class of irreducible representations (w,w) for this algebra,
characterized by the nonzero complex numbers w,@. The Hilbert space consists of complex
and such that (f, f) < oo, where

functions f(z) with domain z = ¢, n = 0,+1,+2,--

(f,9)= > flg"a(q").

the inner product is

(4.5)
The action of the algebra on this Hilbert space is given by the operators
w
E_ = P qu(w) = f(qz).

(4.6) E, =wz,
and Cfy = wwl where C = E E_ is an invariant operator. We define the tensor product

(w17w1)q ® (w27a)2)q by
q" = ¢7 @ ¢".

Fi:E:t@I—I—I@Ei,

o0

Determining the spectrum of the invariant operator F; F_ we find
(w1,@1)g @ (wa,@2)g = Z D(w1 +w2q™ ™, @1 + @2q9™),.

m=—0o0

Similarly, we define the “twisted” tensor product (w1,®1)q @4 (w2,@2)4 by

F+:E+®qH—|—I®E+, F_:E_®I—|—q_H®E_, qL:qH®qH.

1 2w 10
/ D(wr, =) d.
0 W1

Now the tensor product expansion is not unique; one of the the simplest expansion is
w1, w Wa,w
(w1,01)g Og (w2,@2)g = 5

~

For this algebra the matrix elements can be expressed as kernels of integral operators [20].
The discrete pseudo-oscillator algebra has generators ¢, E,, E_, & which obey the

relations
Eiq " =q¢"E,, qE_q"=q"E_, [E{E_]=—-q "¢,

(4.7)
[87E:|:] = [Saq_H] = 0.
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We consider the irreducible representations T, ;2 for this algebra, characterized by the
positive number £ and real number A. The Hilbert space consists of complex functions
f(z) with domain ¢ = ¢", n = 0,+1,4+2,--- and such that (f, f) < oo, where the inner
product is

(4.8) (f,9) = Z flq

n=—oo
The action of the algebra on this Hilbert space is given by the operators

{
Ey =lz, E_= —m(l ~-T,Y), ¢ ") =flg  x)g?

(4.9) E=¢* % C=q¢ e+ (¢q—1)ELE_ =2

Note that the representation (w,&), of the discrete pseudo-euclidean algebra can be con-
sidered as a representation of the discrete pseudo-oscillator algebra for which &€ = 0. We
define the discrete tensor product (w,0),® T, 42 by

Fi,=E,0¢"+I0E,, F_.=E_oI+q¢H0E_, ¢ =¢faq, F=TI0¢.

The decomposition is not unique; one of the simplest expansions is
o0

(@, @)@ Tgr 2= Z @Tq*—w%l L

n-3

n=—0c w ’

As a final example we consider another version of the discrete pseudo-euclidean algebra,
the algebra with generators ¢e*, E4 and relations (4.1), where now |¢| = 1 but ¢V £ 1
for any integer N. A model of the irreducible representation (w) for w a nonzero complex
number is given by the operators

E-l— =z, E_= g7 er(Z) = f(ez), z = 6n7

z

where n = 0,4+1,42,-- -, and the inner product is

(f,9) = Zf

The tensor product (w; ). @ (w2)e is defined by

H

F:t:E:t®€_H—|—6H®E:|:, el = ¢ ®6H.

The unique decomposition is
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