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Abstract

Experimental evidence shows that the uncertainty in travel time causes transit pas-

sengers to employ ”strategies” when traveling between various origin-destination pairs.

Such strategic behavior helps passengers adapt to the varying traffic conditions in the

network. The current dissertation develops modeling frameworks to predict strategic

passenger behavior in stochastic and time-dependent (STD) transit networks and use

it for the design and long-term planning of integrated transit systems. It makes four

principal contributions. First, it develops routing algorithms to describe the strategic

behavior of transit and park-and-ride passengers using online information about road

congestion and bus arrival at stops when traveling in a STD network. Second, to predict

the average passenger flow on each link of the network, it develops schedule-based tran-

sit assignment models with online information for uncapacitated and capacitated transit

networks. Third, it proposes an optimization model to design transit routes’ alignment

and corresponding frequencies incorporating the strategic passenger behavior. Fourth,

it develops an optimization model to design an integrated Mobility-on-Demand (MoD)

and transit systems to decide which transit routes to operate, the frequency of operating

transit routes, and the MoD fleet size required to address the transit first-mile last-mile

problem. Efficient algorithms are devised to solve the proposed models. Numerical ex-

periments show that the park-and-ride passengers commuting from suburban regions to

Downtown Minneapolis can save around 36 hours/year by employing strategic routing.

The transit assignment results show complex passenger behavior as passengers consider

alternative routes to avoid missing transfers and denied boarding due to congestion.

Finally, the design results show a significant improvement in the congestion in the city

center of the City of Sioux Falls with the introduction of the integrated system.
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Chapter 1

Introduction

A public transit system is indispensable to the functioning of a big city. It transports

workers to jobs, acts as a prominent engine of economic stability, promotes equity, and

helps mitigate traffic congestion, accidents, and carbon emissions [6]. Providing a safe

and efficient transit service is no easy task as its success (in terms of ridership) depends

on the quality of mobility service it delivers to its passengers. Due to its fixed routes and

schedules, limited network coverage, and uncertain waiting time, sometimes, it is less

attractive to travelers in comparison to the auto mode. This attributes to the decline

in its ridership and further loss of revenue. Therefore, constructing new solutions that

help policymakers evaluate the current transit service and address challenges to improve

it is of utmost importance.

The focus of the current dissertation is on transit network models, which describe

the functioning of a transit service using nodes and links. The output of these models

provides policymakers with information such as ridership of a route, cost of operation,

and quality of service delivered to passengers in terms of travel time, wait time, walking

time, and the number of transfers. Such information is crucial to assess and improve

1
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the current service and propose solutions to address its network connectivity issues by

designing new routes and integrating transit with other modes of transportation.

One of the important transit network models is the transit assignment model. Tran-

sit assignment is a network model that is conceptualized, designed, and calibrated to

reflect the system-side and user-side behavior within a transit network. Specifically, it

is the process of assigning passengers traveling between various geographic locations to

a transit network in a way it predicts their route choice behavior. Urban planners use it

to predict the impact on passenger behavior and system performance by design policies

such as making alterations to transit frequencies, raising fares, or adding more transit

routes so that better solutions can be tailored to address the needs of local transit users

while avoiding unnecessary costs incurred from poorly informed solutions. There are two

classes of transit assignment models, namely, frequency-based (FB) and schedule-based

(SB) models. They are explained as follows:

1. Frequency-based (FB) transit assignment : FB models assume static representation

of a transit network characterized using a directed graph with transit stops as

nodes and consecutive segments of bus routes as links. These models are valuable

for long-term planning operations such as network design, frequency design, etc.

2. Schedule-based (SB) transit assignment : SB models assume a dynamic represen-

tation of a transit network based on a published schedule characterized using a

directed graph with instances of transit trips visiting stops as nodes and consecu-

tive segments of trips as links. These models are valuable for short-term planning

operations such as time-tabling, vehicle scheduling, etc.

In both types of assignment models, passenger behavior is described using the notion
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of strategy. Spiess and Florian define a strategy as a set of rules that, when applied, al-

lows a passenger to move from their origin to destination in a transit network [7]. In FB

transit assignment, strategies are induced by the uncertain arrival of buses at stops that

causes variable wait times to access the transit service. To minimize the average wait

time, passengers select a subset of transit routes to travel between an origin-destination

pair shared by several routes and board the first arriving route in that subset. In SB

assignment, strategies are induced by the limited capacity of vehicles that causes denied

boarding of some passengers. To minimize the average travel time, passengers select a

subset of transit routes to travel between an origin-destination pair and board the first

arriving vehicle that has available capacity.

As compared to FB assignment, there has been little research on SB assignment

models incorporating the effect of uncertain arrival of buses at stops on passenger route

choice. Moreover, advances in intelligent transportation systems such as Variable-

message signs (VMS) on roads or Automatic Vehicle Location (AVL) technology in-

stalled in transit vehicles allow us to gather real-time information about the current

state of the transportation network. Transportation agencies share online information

about the congestion in the network through web-based and cellphone applications to

help passengers make better choices and improve the overall travel time by re-evaluating

their route choice. The research presented in this dissertation evaluates the effect of such

real-time information on passenger route choice behavior in transit networks as well as

integrated auto and transit networks using the park-and-ride mode. It is particularly

important for the cities in the United States that provide transit service with a pub-

lished schedule where such understanding of passenger behavior will help assess and

improve the quality of service to attract more riders.
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The FB transit assignment model can aid in the long-term planning of transit sys-

tems. The dissertation explores how to leverage the understanding of strategic passenger

behavior obtained from the FB assignment model in designing new transit routes and

their frequencies. Furthermore, it develops a FB assignment model to predict passenger

behavior in transit systems integrated with emerging technologies such as Mobility-on-

Demand (MoD) service to move passengers from low population density areas without

transit service to high-density areas offering high-frequency services. The understanding

of such behavior is important for the design of integrated transit systems.

1.1 Motivation

The general motivation behind pursuing the research in this dissertation is to under-

stand the role of uncertainty due to transit vehicle arrival at stops on passenger route

choice and use that understanding in designing integrated transit networks. The specific

motivation behind the research presented in this dissertation is outlined below:

1. Current SB assignment models assume the timely arrival of buses at stops. How-

ever, in reality, bus travel time is subject to uncertainty due to road conges-

tion (since buses use the same right of way as cars), traffic signals, inclement

weather, varying dwell times, and maintenance disruptions. This uncertainty

causes early/late arrival of buses at stops, which results in the possibility of miss-

ing transfers by passengers flowing in the network. Moreover, to avoid extra

waiting time caused by missing transfers, it is common for passengers to use on-

line information about the bus arrival time at different stops to make adaptive

decisions en-route in this stochastic and dynamic system. The current SB assign-

ment models fail to capture the adaptive passenger response to unreliable service,

which causes an inaccurate estimation of passenger wait time and passenger loads
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on various transit routes.

2. In the United States, several freeways with and without High-Occupancy Toll

(HOT) lane connect the residential suburbs to Central Business District (CBD),

where many people commute for work and education. Multiple express bus routes

connect the suburban areas to the CBD along these facilities, with relatively high

speed but low frequency. These routes are mostly supplemented by park-and-

ride facilities alongside the freeways and give commuters the choice to transfer to

transit mode at different points. On less congested days/times, one may continue

driving to the destination, while on more congested days/times, parking at a park-

and-ride location at a midway point and taking transit for the remaining part of

the trip can lead to shorter travel time or cost. When real-time information on

congestion level and waiting time of transit routes are provided to users using

variable message signs along the freeway corridor and routing applications respec-

tively, users can change their decisions en route considering current congestion

level and short term traffic predictions. Under these conditions, understanding

and modeling users’ park-and-ride decisions become a difficult and important re-

search question to assess the effectiveness of park-and-ride mode. Existing studies

lack an understanding of adaptive passenger behavior in such a multimodal frame-

work.

3. It is common to design transit routes and their corresponding frequencies based

on modeling the transit operations and ignoring passenger behavior or not cap-

turing it properly. For example, most studies on transit network design assume

that passengers take the a priori shortest path and ignore the effect of strategic

passenger behavior due to the uncertainty of transit vehicle arrivals at stops.
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4. The limited network coverage makes it difficult or sometimes impossible to ac-

cess transit service in some areas. This inaccessibility problem is also known as

the first mile/last mile (FMLM) problem for transit. It is commonly faced by

travelers commuting from low-density areas where transit service is not available

or less frequent because of the economic in-viability of providing such service.

Mobility-on-demand (MoD) service can provide fast and reliable mobility in low-

density areas (i.e., by providing a first mile/last mile service) where it is difficult

to provide fixed-route transit service due to economic inviability. This can help

reduce congestion and carbon emissions in the network, improve the mobility of

travelers, and reduce the overall cost of providing transit service. Existing studies

lack understanding of passenger behavior in multimodal systems with uncertain

arrival of MoD and transit service at a requested location. Further, the effect of

passenger behavior on the design of integrated transit and MoD service has also

not been explored.

1.2 Problem statement and research objectives

The previous section stated that the uncertain transit vehicle arrival at stops induces

strategic behavior among transit passengers. Although such strategic behavior has

been studied in the FB models extensively, it remains unexplored in the SB models that

provide a more accurate representation of the functioning of time-dependent transit

services. In the same line of research, there are no studies on modeling this behavior

when multiple modes of travel, such as park-and-ride mode, are considered. Further-

more, the incorporation of transit assignment in designing integrated transit systems

becomes a complex optimization problem, and there are no exact solution methods in

the literature. With these research gaps, the fundamental problems to be addressed in
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the current dissertation are as follows:

1. Given the stochastic travel time in a transit network, how do passengers select the

time of departure from their origin, boarding stop, boarding route, transfer stop,

transfer route, and alighting stop?

2. Given the stochastic travel time in transit and auto networks, how do park-and-

ride users select the time of departure from their origin, auto route, park-and-ride

stop, transfer route, and alighting stop?

3. Given the strategic passenger behavior in transit system through a FB assignment

model, how should we design transit routes and their corresponding frequencies?

4. Given the strategic passenger behavior in an integrated MoD and transit system,

how do we decide which transit routes to operate, the frequency of operating

transit routes, and the MoD fleet size required to serve the FMLM of trips?

To this end, the dissertation has two major objectives. First, it develops route

choice models to describe passenger behavior in stochastic networks. This involves the

following objectives:

1. Propose a transit passenger route choice model that incorporates the uncertain

arrival of buses at stops and the use of online bus arrival information in describing

strategic passenger behavior in a stochastic and time-dependent (STD) transit

network.

2. Propose a park-and-ride passenger route choice model that incorporates the online

information about the congestion on the road and transit network in describing

strategic passenger behavior in a stochastic and time-dependent (STD) multi-

modal network.
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3. Propose SB transit assignment models that incorporates the strategic behavior of

passengers going between various origin-destination pairs in predicting the number

of passengers on every segment of the transit network.

4. Propose a FB transit assignment model that predicts the travel behavior of pas-

sengers in an integrated transit and MoD network.

The second major objective of this research is to use the strategic behavior obtained

from FB assignment models in designing routes, frequencies, and fleet of various modes

of transit systems. This includes the following objectives:

1. Develop an optimization model to design transit routes’ alignment and corre-

sponding frequencies.

2. Develop an optimization model to design an integrated MoD and transit system

that decide which transit routes to operate, the frequency of operating transit

routes, and the MoD fleet size required to serve the FMLM of trips.

3. Develop efficient solution algorithms to solve the above models.

1.3 Thesis organization

The dissertation is organized around two major objectives. The focus of chapters 3-4 is

to develop route choice and assignment models and chapters (5-6) on the development

of design models. The organization of these chapters is described as follows:

The next chapter (Chapter 2) reviews the literature related to the research pre-

sented in this dissertation. This includes passenger routing models in stochastic net-

works, passenger assignment in transit networks, design of transit networks, and design
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of integrated transit systems. The third chapter (Chapter 3) develops strategic passen-

ger routing models for transit and park-and-ride modes. The fourth chapter (Chapter

4) develops SB transit assignment models for both uncapacitated and capacitated net-

works. It further presents solution algorithms to solve the corresponding models. The

fifth chapter (Chapter 5) develops a bi-level transit network design optimization and

proposes an efficient solution method to solve the corresponding design model. The

sixth chapter (Chapter 6) develops an optimization model to design integrated tran-

sit and MoD system incorporating strategic passenger behavior through a multimodal

FB assignment model. It further develops efficient solution methods to solve the cor-

responding design model. Finally, Chapter 7 summarizes the major conclusions and

contributions of this research and also presents several ideas for future research in this

and related areas.



Chapter 2

Literature Review

To place the research presented in this dissertation in an appropriate context, this

chapter reviews the related literature. It can be broadly categorized into four categories.

First, the literature on modeling passenger route choice in stochastic transit and auto

networks is presented in Section 2.1. Second, the literature on transit assignment,

which is further classified into Frequency-based (FB) and Schedule-based (SB) models, is

described in Section 2.2. Third, the literature on designing transit networks is presented

in Section 2.3. Finally, the literature on designing integrated transportation modes is

presented in Section 2.4.

2.1 Passenger routing in stochastic networks

There has been a considerable amount of work on the shortest route planning in the

literature. It consists of route planning for different modes of transport such as auto [8],

transit [2, 9], and park-and-ride [10]. These route planning algorithms can be classified

into two categories: deterministic and stochastic shortest path problems. In determinis-

tic shortest path, using the historical average travel time on links, a path with minimum

10
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travel time is sought. On the other hand, a stochastic shortest path problem considers

link travel time as a random variable, and a path with minimum expected travel time

between an origin and destination is sought. The stochastic shortest path problems can

be further divided into two categories. The first category tries to find a priori solution

that minimizes the expected cost [11] or expectation-variance cost [12, 13], while the

second category finds an online optimal solution that allows decisions to be made at

various stages (recourse, adaptive, or strategic routing problem) [14].

2.1.1 Adaptive routing in auto networks

The recourse problem is an opportunity for a decision-maker to re-evaluate their re-

maining path based on the information obtained en route. Croucher (1978) seems to be

the first to study this type of problem [15]. Hall (1986) specified that the least expected

travel time path between two nodes in a network with travel time both random and time-

dependent cannot be found using standard shortest path algorithms (such as Dijkstra’s

algorithm), as the optimal route choice is not a simple path, but a strategy or hyperpath

in which arcs are chosen based on an adaptive decision rule [16]. Andreatta and Romeo

(1988) described this problem on a network with general dependency in which different

possible realizations of the network are considered [17]. Psaraftis and Tsitsiklis (1993)

presented the shortest path problem in acyclic networks in which the cost of an arc is a

function of an environment variable at the head node of that arc [18]. Each of these en-

vironment variables is assumed to evolve according to an independent Markov process.

Polychronopoulos and Tsitsiklis (1996) presented solution methods for two models of

the shortest path with recourse [19]. The first model assumes a network with possible

realizations of the arc costs whereas the second model assumes independent arc costs

as a random variable. A label setting algorithm was developed by Miller-Hooks and
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Mahmassani (2003) to evaluate a priori least expected travel time path in a stochastic

time-varying (STV) network by assuming independence among arc costs as well as time

periods [20]. They used a similar label setting algorithm to evaluate the least expected

hyperpaths for adaptive route choice in STV networks [21]. Gao (2006) also developed

an exact algorithm and several approximation algorithms such as certainty equivalence,

no-online-information, and open-loop feedback algorithm to find the routing policy in

STV networks [22].

As several authors [17, 19] considered general spatial dependency, Waller and Zil-

iaskopoulos (2002) considered limited dependency in evaluating the shortest path with

recourse [14]. They presented two types of dependencies in a stochastic network. The

one-step spatial dependency describes the transition of an arc state to another depend-

ing on the state of adjacent arcs. On the other hand, the temporal dependency reveals

the state of downstream arcs when a traveler reaches a particular node. In both cases, a

labeling algorithm is presented to evaluate the online shortest path having a minimum

expected length. Provan (2003) classified the shortest path with recourse problem into

two cases: Reset and No reset [23]. In no reset case, if an arc is visited, then its cost be-

comes deterministically known upon further visits. On the other hand, in the reset case,

each visit to a node is an independent stochastic trial. Provan showed that every in-

stance of the No reset case is NP-Hard and provided a polynomial-time algorithm for the

reset case. Boyles and Rambha (2016) formulated this problem as a total cost Markov

Decision Process (MDP) to detect the unbounded instances in the presence of negative

arc costs [24]. The stochastic version of adaptive route choice was developed by [25–27].

Gao et al. (2008) proposed an adaptive path model and an adaptive routing policy

choice model for STV networks and showed that the adaptive routing policy choice

model achieves lesser expected cost in comparison to the adaptive path model [25]. Gao
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and Huang (2012) designed a heuristic algorithm for the adaptive routing problem for

four different types of online information schemes, namely, perfect information, delayed

global information, global pre-trip information, and up-to-date radio information on a

subset of arcs [28].

2.1.2 Adaptive routing in transit networks

The adaptive routing by passengers in the case of transit networks is also a common

phenomenon. Due to several bus options, passengers often adopt varying strategies to

board the bus [29]. Spiess (1987) proposed that passengers take the first route among

a set of attractive transit routes and developed a primal-dual method for finding op-

timal strategies [7]. Nguyen and Pallottino (1988) described this passenger behavior

using hyperpath, which is a set of paths (a subnetwork) rather than just a single path.

There are several studies such as [30, 31] which consider online routing based on the

assumptions on the distribution of the headway. This problem is generally called the

shortest path problem considering on-time arrival (SOTA) probability. Rambha (2016)

presented a pioneering effort in the case of the adaptive transit routing problem in a

time-dependent stochastic network [32]. They formulated a finite horizon MDP and

presented several pre-processing ways to reduce the computational time of computing

the least expected cost hyperpath. Khani (2019) developed a label setting algorithm to

evaluate an online shortest path for reliable routing in the case of schedule-based transit

networks considering transfer failure probability [33].

Although there has been significant effort in designing adaptive routing algorithms

for auto and transit networks, none of the above studies developed a scalable adaptive

routing algorithm suitable for the SB transit assignment. The literature also lacks an

adaptive routing algorithm in a multimodal framework, such as park-and-ride mode,
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which consists of routing in both auto and transit networks. In this research, we study

the adaptive behavior of both transit and park-and-ride passengers.

2.2 Passenger assignment in transit networks

Transit assignment has attracted a lot of attention since the 1970s, and various models

have emerged throughout the years. Chriqui and Robillard (1975) posed the decision

problem, also known as common lines problem, faced by a passenger traveling between

two stops served by several transit routes [29]. Spiess (1987) proposed that passengers

adopt strategies when traveling, which is defined as a set of rules, when applied, allows

a passenger to move from an origin to a destination in a transit network [7]. They pro-

posed the first FB transit assignment model formulated as a linear program. Further,

Nguyen and Pallottino (1988) formalized any strategy as a sub-network between two

nodes in the transit network, known as a hyperpath and proposed a greedy algorithm to

find the shortest hyperpaths in the network [34]. It was soon realized that current mod-

els could not predict passenger behavior in congested FB networks. Therefore, several

approaches are proposed by the researchers to model congestion in the network. This

includes asymmetric BPR-type function of waiting by [35] and [36], effective frequency

function by [37] and [38], and failure-to-board probabilities by [39]. The FB models

consider individual transit routes, which results in an approximation of accurate vehicle

loads for a time-dependent transit service [40]. Therefore, schedule-based or dynamic

transit assignment models emerged in the literature. Nguyen et al. (2001) presented a

graph-theoretic framework for the SB transit network [41], Tong and Wong (1999) pro-

posed a SB transit assignment model based on the schedule-based transit shortest path

algorithm [42], and Poon et al. (2004) proposed a simulation-based assignment model

with FIFO queuing discipline [43]. To model congestion into SB models, studies have
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used a BPR-type discomfort function for in-vehicle links [44–46]. The main drawback of

this approach is that discomfort is applied to all the passengers in a bus (both seating

and standing), and the assignment results may not satisfy the strict capacity of transit

vehicles. Hamdouch et al. (2004) and Hamdouch and Lawphongpanich (2008) proposed

that passengers adopt strategies in a SB network when competing with other passen-

gers for limited vehicle capacity. They proposed an assignment model based on the

User Equilibrium principle [47,48]. The logit-based strategy for capacitated SB transit

assignment was proposed by [9, 40, 49]. Various studies have also used strategy-based

models for capacitated traffic assignment [50, 51]. As seating and standing passenger

have different comfort costs, SB assignment models have also incorporated the effect of

discomfort on strategies [52–54].

Section 2.1.2 presented literature on adaptive passenger routing algorithms for nav-

igating in the transit network. Due to several bus options, passengers often adopt

varying strategies to board the bus [7, 29]. The strategies are affected by the online

information, and various studies have proposed FB assignment models incorporating

online information [55–58]. In the case of SB assignment, Hamdouch et al. (2014) de-

veloped an assignment model that incorporates the passengers’ response to unreliable

service by finding the strategies that minimize the sum of mean and variance of overall

travel cost [59]. Zhang et al. (2010) model the risk-taking behavior of passengers in

SB networks with random arc travel time using chance constraints [60]. Gardner et

al. (2021) presented an estimation method for evaluating passenger travel time distri-

butions in unreliable transit networks using phase-type distributed Markov chains [61].

They formulated a finite horizon MDP and presented several pre-processing ways to

reduce the computational time of computing the least expected cost hyperpaths. Hick-

man and Wilson (1995) and Hickman and Bernstein (1995) proposed path choice models
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for modeling passenger behavior of declining a bus route in favor of a faster bus route

arriving at a stop based on online information [62,63]. Other approaches include model-

free reinforcement learning-based SB assignment model by [64], and simulation-based

models incorporating real-time information by [65] and [66].

A common approach for modeling passenger response to unreliable transit service

is through evaluating strategies with the least mean-variance cost. However, this ap-

proach does not model the complexity associated with missing transfers. If buses are

late, passengers miss transfers and take alternative bus routes. Therefore, the shortest

path with recourse problem needs to be solved [16, 17]. The current literature lacks an

analytical SB transit assignment model that incorporates both real-time information

and capacity constraints in predicting the route choice behavior of passengers. There is

also no efficient method that solves the current problem in a reasonable amount of time

and is scalable for a large-scale SB transit network.

2.3 Design of transit networks

There is an extensive literature on modeling Transit Network Design Problem (TNDP)

and developing solution algorithms for it. They can be grouped into two categories,

namely, the studies with and without an explicit mathematical model. We focus pri-

marily on the studies which present a mathematical optimization model for TNDP. For

a comprehensive list of articles related to TNDP, we refer the interested readers to lit-

erature survey articles by [67–71], and [72].

TNDP is a complex variant of the network design problem, which was proved as

an NP-Hard problem by [73]. From the standpoint of solution approaches to TNDP,
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we can categorize the research articles mainly into two categories, namely, heuristic

approaches [74] and exact approaches [75]. The computational complexity of exact

approaches is unable to address the practical instances of the problem, whereas the

heuristic approaches, unable to find an exact solution, have shown to be efficient in

solving practical instances of the problem.

In this paragraph, we review some of the heuristic approaches. Mandl (1980) em-

phasizes the importance of optimizing a transit network to provide efficient service at

lower costs [76]. They propose an iterative procedure to find the candidate routes and

their associated frequencies and then improve the current set of routes based on the

average transportation costs. Current et al. (1986) proposes to connect every pair

of demand points using either a primary path or secondary path [77]. They present

a 0-1 optimization model, which is solved using a heuristic involving both k-shortest

path and minimum spanning tree algorithms. Ceder and Wilson (1986) and Baaj and

Mahmassani (1991) propose optimization models that minimize the sum of the differ-

ence between the passenger route travel time and shortest travel time between every

pair of demand nodes and total system travel time subject to maximum allowable load

on the bus, the minimum and maximum frequency of routes, the maximum number

of routes and maximum fleet available [78, 79]. They propose a route generation al-

gorithm that improves the current set of routes based on node selection and insertion

techniques. Bagloee et al. (2011) present an efficient heuristic to solving TNDP for large

networks [80]. Unlike other studies, it considers various aspects such as categorization

of stops, multiple classes of transit vehicles, hierarchy planning, and system capacity.

They use a clustering approach to evaluate the set of stops, employ newton gravity

theory to generate candidate transit routes, and then solve the TNDP using a genetic

algorithm. Buba and Lee (2018) present an optimization model that minimizes the total
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passenger cost and unmet demand [81]. They propose a differential evolution approach

to solving their proposed model. To improve the solution of low-level heuristics, Ahmed

et al. (2019) proposes a selection hyper-heuristic to solving the TNDP that minimizes

the sum of passengers’ and operator’s cost [82].

The exact methods to solving TNDP have not received as much attention as the

heuristic approaches. Borndörfer et al. (2007) presents a column generation approach

to deciding transit routes and their corresponding frequencies and assigning passengers

on the shortest path [75]. They could not apply their algorithm to large instances be-

cause the pricing problem corresponding to frequency variables turned out to be the

longest path problem, which is NP-Hard. Goossens et al. (2004) and Steiner and Irnich

(2018) propose a branch-and-cut approach with various valid inequalities to efficiently

solve this problem [83, 84]. They presented real-life instances based on examples from

Netherlands Railways. Mar̀ın and Jaramillo (2009) and Mahèo et al. (2019) propose

Benders decomposition approach to solving the TNDP and related multimodal network

design problem respectively [85,86].

In this paragraph, we review articles that formulates TNDP as a bi-level problem.

Constantin and Florian (1995) is the first study that formulates transit frequency design

as a bi-level optimization problem [87]. They include optimal strategy transit assign-

ment in the lower level and minimize total expected travel cost of passengers in the upper

level with constraints related to maximum fleet and minimum frequency of routes. They

use the subgradient approach to find a local minimum. Gao (2004) presented a bi-level

model for frequency optimization where they use a transit assignment model similar to

the user equilibrium-based traffic assignment model [88]. They also use a subgradient

approach to solve the problem after linearizing the upper-level objective function. Guan
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et al. (2006) minimizes the total length of transit lines as a proxy to the operator cost

in the upper level and ensures each road link is covered by at least one transit line [89].

The lower level assigns passengers to the shortest paths among the k-shortest paths.

Uchida et al. (2005) and Uchida et al. (2007) present the frequency optimization model

with probit-based stochastic transit user equilibrium [90, 91]. The papers employ sen-

sitivity analysis to define linear approximation functions between the probit stochastic

user equilibrium link flows and the design parameters, which are used as constraints in

a single-level optimization program. Yu et al. (2010) optimizes the frequency of transit

routes based on a bi-level model and solves it using the genetic algorithm [92]. Yu et al.

(2015) propose a bi-level optimization model for designing a bus lane distribution plan

in a multimodal network [93]. At the upper level, they minimize the average travel time

of passengers, and the lower level is a multimodal assignment model. The branch-and-

bound, column generation, and method of successive averages are used sequentially to

solve the optimization programs at different levels. Szeto and Jiang (2014) formulate

TNDP as a bi-level optimization model [1]. The upper-level problem is formulated as

a mixed-integer non-linear program that minimizes the number of transferring passen-

gers, and the lower-level problem is the optimal strategy transit assignment problem

with capacity constraints. A hybrid artificial bee colony (ABC) algorithm is developed

to solve the bi-level problem. Cancela (2015) also presents a bi-level model for TNDP,

where both upper and lower level problems minimize the expected travel cost of pas-

sengers [3]. The lower level is the optimal strategy transit assignment model. They did

not present any tailored solution procedure for the model and only presented results for

the single-level formulation.

There have been many significant contributions in modeling and solving TNDP.

However, several difficulties still need to be addressed. First, there is a need to assess
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the effect of transfers on network design. This can be done through two approaches,

namely soft transfer and hard transfer approach. The soft transfer approach minimizes

or constrains the total number of passengers on transfer links, whereas the hard transfer

approach ensures the existence of a path with a limited number of transfers for each

origin-destination pair. Second, most studies on TNDP either ignore passenger route

choice or route passengers on the shortest path in the network using multi-commodity

flow constraints. However, due to the presence of common lines between various origin-

destination pairs, passengers adopt strategies to travel in a frequency-based transit

system [34]. Moreover, due to limited vehicle capacity, passengers experience denied

boarding, which leads to increased waiting time, travel time, and discomfort. This can

be addressed by solving a bi-level design problem. The capacity constraints are included

in the upper level, and a frequency-based assignment model to capture the passenger

behavior is included at the lower level. Doing so would indirectly avoid requiring a

congested frequency-based transit assignment model. Third, currently, there is no exact

solution method in the literature to solve the bi-level TNDP. This is because it is difficult

to solve the current problem due to the presence of non-linearities and non-convexities in

the model, along with combinatorial explosions arising from the discrete design decision

variables.

2.4 Design of integrated transit systems

The passenger journeys that consist of auto, as well as transit mode, create a new mode

of transportation known as intermodal or multimodal transportation. The research on

modeling multimodal transportation has been an active area of research for several

decades [94]. Many of these studies are focused on solving the transit FMLM problem

by designing a multimodal transportation system. This includes designing a demand
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responsive transit feeder service [95–102], using park-and-ride facilities [103–105], and

integrating ridesharing and transit [106–111].

Recently, the studies are being focused on modeling the integration of MoD and tran-

sit service for future mobility. They can be divided into two categories: simulation-based

and optimization-based approaches. Under a set of assumptions on vehicle operations

and dispatching strategies, the simulation-based studies simulate the passenger flow to

assess the service quality of providing such mobility service [112]. By using a four-

step travel demand simulation model, Levin (2015) predicted that the transit ridership

will decrease and the number of personal vehicles will sharply increase as a result of

the repositioning of vehicles resulting in congestion on the network [113]. Vakayil et

al. (2017) developed a simulation model that accounts for transit frequency, transfer

costs, and MoD fleet re-balancing to use MoD as the FMLM solution to the transit

mode [114]. Their results show that such an integrated system can reduce VMT in the

network by up to 50%. Mendes (2017) developed an event-based simulation model to

compare the performance of the MoD system with the light rail system under the same

demand patterns, alignment, and operating speed [115]. They found that 150 vehicles

with 12 passenger capacity would be needed to match the 39-vehicle light rail system

if operated as a demand responsive system. Similar findings were also shown by the

simulation model developed by [116]. They showed that the introduction of MoD will

act as the competitor of mass transit, however, to reduce congestion and maintain a sus-

tainable urban transportation system, it cannot replace mass transit. Shen et al. (2018)

also simulate an integrated autonomous vehicle and public transportation system based

on the fixed modal split assumption [117]. Using Singapore’s organizational structure

and demand characteristics, they propose to preserve high-demand bus routes while

re-purposing low-demand bus routes and using shared MoD as an alternative. They
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found that the integrated system has the potential of serving the trips with less con-

gestion, less passenger discomfort, and economically viable service. Wen et al. (2018)

included mode choice and various vehicle capacities and hailing strategies in an agent-

based model to provide insights into fleet sizing and frequency of transit routes for the

integrated system [118]. A few studies have used an optimization-based approach to de-

veloping an integrated passenger flow model. Salazar et al. (2018) developed a network

flow model for intermodal MoD that couples the interaction between MoD and transit

by maximizing social welfare [119]. Using this model, they proposed a tolling scheme

for this intermodal system that helps reduce the travel time, costs, and emissions com-

pared to the standalone vehicle mode. Liu et al. (2019) used Bayesian optimization to

predict the mode choice of passengers in such a multimodal transportation system [120].

The above-cited studies show that an integrated MoD and transit system can provide

an efficient mode of transportation that is sustainable, fast, eco-friendly, and economi-

cally viable. The design of such a system requires solving a multimodal transportation

network design problem that can decide various design aspects of MoD and transit

modes. Some aspects of the multimodal network design problem have been explored

in a related research problem known as hub and arc location problem [121–123]. How-

ever, the hub and arc location problem have a major limitation of not being able to

capture passenger behavior in the transit network. Recently, a couple of studies have

proposed models for the transit network design in the context of integrated MoD and

transit system [124–126]. Pinto et al. (2020) develops a bi-level optimization model to

design a transit network integrated with MoD service [125]. The upper-level optimiza-

tion problem modifies the frequency of the transit routes and determines the fleet size

of MoD service and the lower-level model simulates the passenger trajectories based

on a simulation-based traveler assignment model. Due to the complexity of the model,
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they presented a heuristic approach to solving the current problem. Steiner and Irnich

(2020) present various aspects of this problem and develop a path-based mixed-integer

programming model to decide which sections of the transit routes to operate and locate

the transfer stops to allow for intermodal trips in the network [126]. Due to an enor-

mous number of possible paths in the network, they solve the current model using a

branch-and-price approach.

The design of an integrated MoD and transit system is an important problem that

can influence the future mobility of travelers. Recent studies have made important

contributions to this complex problem but have several limitations. First, before de-

signing the integrated system, we should understand how passengers would behave in

an integrated system. It is common for studies to use the classic multi-commodity flow

model to predict the behavior of travelers in the network design. This may be true if

passenger trajectories are completely influenced by the mobility provider. However, this

is certainly not applicable in the case of transit systems when passengers try to reduce

the expected travel time based on waiting time, travel time, and fare. Second, there is a

need to develop a mixed-integer optimization model that incorporates the multimodal

passenger assignment and evaluates various aspects of an integrated system. We also

need efficient solution methods to solve this difficult problem.



Chapter 3

Strategic passenger routing with

online information

Experimental studies show that the uncertainty in transit travel time causes passengers

to employ strategies when traveling between various origin-destination pairs [127–131].

A strategy help passenger adapts to the varying traffic conditions in the network. Fur-

ther, the strategies are aided by the use of online information provided in form of

variable message signs, radio messages, or through cellphone applications. At every

node in the network, the online information provides an estimate of the travel cost on

the downstream arcs in form of travel time or wait time for a transit route. It helps pas-

sengers in making better choices and improving the overall travel cost by re-evaluating

their choices. For transit passengers, this includes re-evaluating their departure time,

boarding stop, boarding route, transfer stop, transfer route, and alighting stop. For

park-and-ride users, this includes re-evaluating departure time, auto route, park-and-

ride stop, transfer route, and alighting stop. The current chapter develops models to

predict the adaptive routing behavior of transit and park-and-ride users in presence of

online information.

24
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3.1 Transit passenger routing with online information

In this section, we present mathematical models of passenger routing in a SB transit

network with online information. We start by describing the notations used in the

current and next chapter, the process of creating a SB transit network, and a motivating

example in Section 3.1.1. This is followed by the development of mathematical models

of passenger routing in uncapacitated and capacitated transit networks in Section 3.1.2

and Section 3.1.3 respectively. Finally, numerical experiment results are presented in

Section 3.1.4.

3.1.1 Preliminaries

Let us consider a geographical area divided into traffic analysis zones given in set Z.

The passenger demand is assumed to originate from the set of origins O ⊆ Z and end

at the set of destinations D ⊆ Z. It is distributed among various groups in set G. Each

group of passengers g ∈ G is characterized by an origin og ∈ O, a destination dg ∈ D,

the earliest departure time from the origin tED
g , the earliest arrival time at the desti-

nation tEA
g , and the latest arrival time at the destination tLAg . Let {dodg }(o,d)∈O×D,g∈G

be the demand matrix of passenger groups traveling between various origin-destination

pairs in the network. For the dynamic representation of the network, let us consider T

as the set of integer-valued time intervals during a day.

A SB transit network is characterized using a directed graph G(N,A), where N

denotes the set of nodes and A denotes the set of links in the transit network. We

use the trip-based representation of a transit network [132], which is created using

the General Transit Feed Specification (GTFS) data [133], released publicly by various

transit agencies around the world. The probability distributions of link travel times are
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calibrated using Automatic Vehicle Location (AVL) data, which provides historical bus

arrival times at various stops recorded using GPS devices installed in transit vehicles

[134]. In transit schedule data, we denote the set of transit stops/stations1 as B, set of

bus routes2 as R, and set of transit trips3 as K. Each trip k ∈ K is characterized by a

bus route rk ∈ R, set of nodes4 Bk ⊂ B ×K, sequence γk : Bk 7→ N in which various

stops are visited, scheduled arrival/departure time5 t̂k : Bk 7→ T at various stops in

the itinerary, and a set of possible (actual) arrival time at those stops t̃k : Bk 7→ 2T ,

which is obtained from the AVL data. The probability of a bus associated to trip

k arriving at node i ∈ Bk at time t ∈ t̃k(i) is denoted by p̃i(t). For a well-defined

probability distribution, we must have p̃i(t) ≥ 0, ∀t ∈ t̃k(i), ∀i ∈ Bk, ∀k ∈ K and∑
t∈t̃k(i) p̃i(t) = 1, ∀i ∈ Bk,∀k ∈ K. Let k(i) and r(i) be the trip and route resp.

associated to transit node i ∈ B and w : N ×N 7→ R be the walking time between two

nodes in the network. There are three types of links A = Ae ∪Av ∪At in the network,

namely, access/egress links Ae, in-vehicle links Av, and walking/waiting transfer links

At. The access/egress links are used to access/egress transit nodes in the network,

i.e., Ae = {(i, j) ∈ O × B | w(i, j) ≤ δ0} ∪ {(i, j) ∈ B × D | w(i, j) ≤ δ1}, where

δ0 and δ1 are the acceptable walking times to access and egress a transit stop. The

in-vehicle links are transit vehicle links created using the itinerary of a transit trip, i.e.,

Av = {(i, j) ∈ B ×B | k(i) = k(j), γk(j)(j) = γk(i)(i) + 1}.

Creation of transfer links

The creation of waiting and walking transfer links is more involved than other types

of links. This is because we cannot consider every link between a pair of nodes in the

1A transit stop is a geographic location where passengers can board a bus.
2A transit route is defined as a set of stops with two ends between which buses run back and forth.
3A trip is a travel itinerary of a bus with arrival and departure times specified at different stops.
4Here, a node is characterized by a stop and bus trip serving it.
5We assume that the bus departs from the stop as soon as it arrives.
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network as a transfer link. A transfer link is created between two nodes i, j if they

satisfy the following conditions:

1. Routes associated to both nodes are different, i.e., rk(i) ̸= rk(j).

2. The stop associated to node i is not the first stop in k(i)’s itinerary, i.e., γk(i)(i) ̸= 1

and the stop associated to node j is not the last stop in k(j)’s itinerary, i.e,

γk(j)(j) ̸= maxl∈Bk(j)
γk(j)(l).

3. Walking time between i and j is less than or equal to an acceptable walking time

limit δ2, i.e, w(i, j) ≤ δ2.

Let us denote A
′
t as the set of links that satisfy the above conditions. The number of

links in this set can be quite large. To further reduce the number of transfer links, we

assume that passengers have an acceptable waiting time limit δ3 for transfers. δ3 is the

maximum waiting time that a passenger is willing to spend to access transit service.

Moreover, we assume that if the waiting time exceeds δ3 for a passenger, then the opti-

mal choice for that passenger is to walk to her destination. The value of δ3 should not

be too low to exclude any reasonable choice and should not be too high to create a large

number of transfer links. The passenger survey data can help us calibrate this value.

In chapter 4, we propose two types of SB transit assignment models, namely, unca-

pacitated and capacitated assignment. The uncapacitated assignment assumes unlim-

ited capacity of transit vehicles, whereas the capacitated assignment assumes limited

capacity of them. In both assignment models, we reduce the transfer links based on an

acceptable waiting time limit. Moreover, in the uncapacitated assignment, the transfers

can be further reduced based on the probability of making a transfer. For example,

if there are multiple transfer trips of the same transit route available and all of them
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provide transfer w.p. 1, then we should only keep one trip of the route that provides

the least waiting time. This is because a passenger would not likely wait for a different

trip of the same transit route. However, in the case of capacitated assignment, for a

passenger, we cannot evaluate the probability of making a transfer as it depends on the

availability of space which further depends on the strategies of other passengers.

The steps for creating transfer links are summarized in Algorithm 1. It takes transfer

links A
′
t created using the above criteria and the type of assignment as inputs and out-

puts the final transfer links. The algorithm starts by initializing the set of final transfer

links At as an empty set and collecting all the transfer nodes in the network. Then, for

each transfer node i, we find all the transit routes that can be transferred from it. For

each transferring route, we find the set of nodes associated with it (connecting nodes)

and sort them in the increasing order of scheduled time. After that, for uncapacitated as-

signment, we start creating transfer links from node i to other nodes in connecting nodes

starting from the one for which there exists at least one arrival time instance so that

transfer can be made successfully (i.e., with positive probability) to the one for which

all its arrival time instances can be successfully transferred from any arrival time in-

stance of node i (i.e., the transfer is made w.p. 1). If we cannot find a node that can

be transferred w.p. 1, then we create a walking link from i to all destinations. This is

done to finish the journey of travelers who find themselves in a situation, where there is

no outgoing link to move forward. In practice, if a passenger finds that there is no bus

available at the stop, then they either walk or use another mode of transportation to

get to their destination. We only assume walking in our routing algorithm, although,

one can consider other modes of transportation. In case of capacitated assignment, we

create transfer links from node i to other nodes in connecting nodes for which there

exists at least one arrival time instance so that transfer can be made successfully (i.e.,
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with positive probability) and provide an acceptable waiting time δ3. In case of capaci-

tated assignment, we compulsorily create walking links to various destinations as there

may not be sufficient capacity in the considered transfer options.

Algorithm 1 Creation of transfer links

1: procedure CreateTransfersUncapacitated
2: Input: A

′
t, assignment type

3: Output: At ▷ Set of final transfer nodes
4: (Initialize) At ← ϕ
5: transfer nodes← {i ∈ N : ∃j ∈ FS(i) s.t. (i, j) ∈ A

′
t}

6: for i ∈ transfer nodes do
7: connecting routes← {r(j) : (i, j) ∈ A

′
t}

8: for r̂ ∈ connecting routes do
9: connecting nodes← {j ∈ FS(i) : (i, j) ∈ A

′
t, r(j) == r̂}

10: Sort nodes in connecting nodes in the increasing order of scheduled ar-
rival time

11: Find the first node m in connecting nodes for which ∃t′ ∈ t̃k(i)(i), t
′′ ∈

t̃k(m)(m), s.t. t
′
+ wij ≤ t

′′
, p̃i(t

′
) > 0, p̃m(t

′′
) > 0.

12: if assignment type == ”uncapacitated” then
13: Find the first node n in connecting nodes for which ∀t′ ∈

t̃k(i)(i), t
′′ ∈ t̃k(n)(n), s.t. t

′
+ wij ≤ t

′′
, p̃i(t

′
) > 0, p̃n(t

′′
) > 0, and∑

t′∈t̃k(i)(i)
∑

t′′∈t̃k(n)(n)
p̃i(t

′
)p̃n(t

′′
) = 1.

14: if there is no such n then
15: n is the last node in connecting nodes
16: Append all the links from (i,m) to (i, n) to At

17: Create a walking link from node i to all d ∈ D if it does not exists.
18: else
19: Append all the links from (i,m) to (i, n) to At

20: else if assignment type == ”capacitated” then
21: Find first node n in connecting nodes for which ∀t′ ∈ t̃k(i)(i), t

′′ ∈
t̃k(n)(n), s.t. t

′
+ wij ≤ t

′′
, p̃i(t

′
) > 0, p̃n(t

′′
) > 0, and t

′′ − t
′ − wij ≤ δ3

22: if there is no such n then
23: n is the last node in connecting nodes
24: Append all the links from (i,m) to (i, n) to At

25: else
26: Append all the links from (i,m) to (i, n) to At

27: Create a walking link from node i to all d ∈ D if it does not exists.
28: else
29: Raise error
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Assumptions

We make the following assumptions to define the mathematical model for the current

problem.

1. The transit vehicle arrival and departure time at stops are assumed to be the

same, i.e., no dwell time is assumed.

2. The walking time on access, egress, and walking transfer links is integer-valued

and constant.

3. The travel time on auto and in-vehicle transit links are modeled as time-dependent

discrete random variables with finite support.

4. The wait time of transfer links is modeled as a time-dependent discrete random

variable with finite support.

5. There are no time-dependent correlations in travel time or wait time on links.

Further, the travel time is assumed to be independent across transit trips and

routes, i.e., bus bunching is ignored.

6. The online information about the cost of downstream links is available at each

node of the network.

7. At a transfer node, passengers use online information about only those bus routes

which are accessible from that node by an acceptable walking distance.

8. The online information about the bus arrivals provided to any passenger is one

of the realizations obtained from the historical data. The proposed stochastic

shortest path computes an optimal policy/strategy for every such realization.

9. Passengers decide which bus route to board as soon as they arrive at a particular

node.
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10. Passengers are assumed to be expected-cost minimizers. The word ”optimal”

policy or strategy used in this dissertation minimizes the expected cost of travel

(comprising of walking, waiting, travel time, parking cost, and transit fare), and

it does not consider other attributes affecting passengers’ utility.

11. The walking, waiting, and in-vehicle travel times are equally onerous to passengers.

12. Passengers can coordinate the departure time from origin based on the online in-

formation about the bus arrival at various stops to avoid waiting time. Therefore,

no latest departure time penalty is assumed.

13. The transit network is connected.

Some of the assumptions are non-restrictive and can be easily relaxed. Assumption 1

can be relaxed by including dwell time in the travel time of in-vehicle links. Assumption

6 is also not a strict requirement as nodes with no online information can just have de-

terministic costs for adjacent downstream links (with probability 1). Assumptions 5 and

7 are needed to avoid enormous state space in the proposed stochastic shortest path

problem. The correlations in travel time can be considered by assuming realizations

of the travel time of each link in the network. However, the corresponding stochastic

shortest path problem is NP-hard (e.g., see [19, 23]). One can relax assumption 7 by

including online information about all the bus routes in the state space and developing

a solution algorithm that evaluates more intelligent routing policies in the network at

the expense of computational time (e.g., see [32]). However, such algorithms are more

suited for providing routing policies to passengers through cellphone applications. For

assignment purposes, we believe this is a reasonable assumption and can aid in devel-

oping faster algorithms. The relaxation of assumption 9 would require formulating a

dynamic path choice problem similar to [63], which we leave for us to explore in future
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work. Assumptions 2-4, 8, and 10-13 are required for modeling purposes.

The random transit arrival time at various nodes induces a node-dependent stochas-

ticity as when a passenger arrives at node i ∈ N at time t ∈ T , an online information

vector θ is revealed to them. This information vector consists of travel cost {cθij}j∈FS(i)

of outgoing links from node i [24, 28]. Let Θi(t) be the set of possible information sets

at node i and time t. For an information vector θ ∈ Θi(t) associated to the head node i

of a transfer or access link, the travel cost of that link (i, j) for a possible arrival of bus

at node j ∈ FS(i) at tj ∈ t̃k(j)(j) is given as:

cθij =


tj − t, if t+ wij ≤ tj

∞, otherwise

(3.1)

The probability of observing θ ∈ Θi(t) is denoted by pθ. For this probability dis-

tribution, we must have, pθ ≥ 0,∀θ ∈ Θi(t),∀t ∈ t̃k(i)(i),∀i ∈ N and
∑

θ∈Θi(t)
pθ =

1,∀t ∈ t̃k(i)(i), ∀i ∈ N . Let us denote Θ = ∪i∈N ∪t∈T Θi(t) as the union of all node-time

information sets.

Example

To better understand the notations, we consider an illustrative example provided in Fig-

ure 3.1. It shows two trips K = {1, 2} of different transit routes going from stop A to C

and E to C respectively. There are three in-vehicle nodes B = {A1, B1, C1, E2, D2, C2},

one origin node O = {o}, and one destination node D = {d}. There are four in-

vehicle links Av = {(A1, B1), (B1, C1), (E2, D2), (D2, C2)}, four access/egress links Ae =

{(o,A1), (o,E2), (C1, s), (C2, s)}, and one transfer link At = {(B1, D2)}. The ran-

dom link travel time of in-vehicle links or walk time of access/egress/transfer links

is shown by the links in the figure. Assume that buses of trips 1 and 2 begin their
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journey at their commencing stop at time t = 0. Then, the possible arrival times

of different trips at different nodes with their probabilities are given as: t̃1(A1) =

0 w.p. 1.0, t̃2(E2) = 0 w.p. 1.0, t̃1(B1) =

2, w.p. 0.6

8, w.p. 0.4

, t̃2(D2) =


3, w.p. 0.2

5, w.p. 0.3

10, w.p. 0.5

,

t̃1(C1) =

17, w.p. 0.6

23, w.p. 0.4

, t̃2(C2) =


16, w.p. 0.2

18, w.p. 0.3

23, w.p. 0.5

.

Using the arrival time information, the set of online information sets at various nodes

can be written as: Θo(0) =

[
{0, 0}, w.p. 1.0

]
, ΘA1(0) =

{2}, w.p. 0.6

{8}, w.p. 0.4

, ΘE2(0) =
{3}, w.p. 0.2

{5}, w.p. 0.3

{10}, w.p. 0.5

, ΘB1(2) =


{15, 1}, w.p. 0.2

{15, 3}, w.p. 0.3

{15, 8}, w.p. 0.5

, ΘB1(8) =

{15,∞}, w.p. 0.5

{15, 2}, w.p. 0.5

,
ΘD2(3) =

[
{13}, w.p. 1.0

]
, ΘD2(5) =

[
{13}, w.p. 1.0

]
, and ΘD2(10) =

[
{13}, w.p. 1.0

]
.

At C1 and C2, for any possible arrival time, the information set will have a single link

with cost of 1 w.p. 1.0.

A1 B1 C1

D2

E2

C2

o

d
0

0

1

1

2 w.p.0.6
8 w.p.0.4

15 w.p.1.0

13 w.p
.1.0

1

3 w.p.
0.2

5 w.p.
0.3

10 w.p.
0.5

Transfer link In-vehicle link Access/egress link

Figure 3.1: An illustrative example to show the stochastic transit network
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In what follows, we present two different passenger routing algorithms, namely, for

uncapacitated and capacitated networks.

3.1.2 Passenger routing in uncapacitated networks

In this case, we assume that transit vehicles have unlimited capacity. This routing

algorithm is applicable for transit systems with low ridership but unreliable service,

and for which denied boarding due to limited capacity is a rare phenomenon. The

routing algorithm finds a strategy/policy in which arcs are chosen based on an adaptive

rule. Such policy can be evaluated based on the online information about bus arrival

time that helps passengers make a cleverer choice and improve their overall journey

time. For example, in case of missed transfers, a passenger can consider an alternative

route in their policy that provides the least expected cost to her destination. A policy

induces a subgraph in the network known as hyperpath. A hyperpath, commonly used

in FB models, is a collection of paths in the network that passenger travels on with

positive probability. The current problem of finding a hyperpath exhibits sequential

decision-making in a stochastic dynamic system, so it can be formulated as an infinite

horizon Markov Decision Process (MDP)6, which in this case, is also known as the

stochastic shortest path (SSP) problem [135]. An SSP is characterized by a set of states,

the set of actions available at each state, the probability of transitioning from one state to

another by taking a particular action, a terminating state, and finally, the cost incurred

by taking an action. These components of SSP for a specific destination d ∈ D in case

of the uncapacitated networks are described below:

1. State space: We use the state space description that has been used for static

6Note that the problem can be formulated as a finite horizon MDP where the time of arrival at
various nodes is considered as different stages of the problem. However, we formulate it as an infinite
horizon MDP by including the time of arrival at various nodes as part of the state of the problem. This
is done to enjoy the nice properties and algorithms designed for infinite horizon problems.
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and dynamic stochastic shortest path problems by various researchers in the past

[17, 19, 24, 25]. The state space S ⊆ N × T × Θ defines the possible node states

in which a traveler can be present. Each state s ∈ S associated to transit node

is characterized by a tuple s = (i, t, θ), where i ∈ B represents the node in the

network, t ∈ t̃k(i)(i) represents the possible arrival time at node i, and θ ∈ Θi(t)

represents the online information about the cost of links in FS(i) obtained at node

i and time t. A state s associated to origin node is characterized by s = (o, t, θ),

where o ∈ O is the origin node, t ∈ T is the possible departure time from the

origin, and θ ∈ Θo(t) is the online information vector about the cost of outgoing

links FS(o) at time t. We also consider one special state known as the destination

state d, which is an absorbing state.

2. Action space: Upon arrival at each node, the decision-maker considers the current

travel cost and the availability of the information about the future travel time on

downstream links to decide which arc to take next. For example, at every transfer

node, a passenger receives information about the wait time of transferring nodes

and whether a transfer is missed. Then, she has to decide which available action

to take next. Therefore, the actions available at state (i, t, θ) are denoted by

u(i, t, θ) = {j ∈ FS(i) : cθij ̸=∞} i.e., the set of nodes in the forward star of node

i that can be accessed from it. A stationary policy µ : S 7→ N specifies the action

to be taken at any state. Here, µ(i, t, θ) ∈ u(i, t, θ), ∀(i, t, θ) ∈ S.

3. Transition Functions: A traveler in state (i, t, θ), following policy µ, transitions

to a new state (µ(i, t, θ), t + cθiµ(i,t,θ), θ
′
), by taking an action µ(i, t, θ) ∈ u(i, t, θ),

the probability of which is denoted by pθ
′
, θ

′ ∈ Θµ(i,t,θ)(t + ciµ(i,t,θ)). Note that

by fixing the policy µ, one can construct a transition diagram with corresponding

states and transition probabilities. The probability of transitioning from d to
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itself, by taking any action j ∈ u(d) is 1.

4. One-step costs: If the passenger chooses a link (action), a cost equal to the travel

time, wait time, or walk time associated to the link is incurred. Let us denote

the cost of choosing µ(i, t, θ) at (i, t, θ) by cθiµ(i,t,θ), where θ ∈ Θi(t). The cost of

transitioning from d to itself is zero.

5. Value Function: Let Jµ(i, t, θ) at state (i, t, θ) denote the expected cost incurred by

the passenger to reach her destination starting from node i ∈ N at time t, receiving

information θ ∈ Θi(t) following policy µ. Mathematically, for a stationary policy

µ, one can write

Jµ(i, t, θ) = lim
K→∞

E

{
K−1∑
k=0

cθ
k

ik,tk,µ(ik,tk,θk)|i0 = i, θ0 = θ, t0 = t, µ

}
(3.2)

where, (ik, tk, θk) represents the state at kth stage, which represents the decision

points of the passenger. The task is to determine the least expected cost J∗(i, t, θ)

as well as an optimal routing policy µ∗(i, t, θ).

Definition 1. (Bellman Operator) The Bellman optimality operator T : S ∪ {d} → R

is defined as follows:

(T J)(i, t, θ) = min
j∈u(i,t,θ)

{cθij +
∑

θ′∈Θj(t+cθij)

pθ
′
J(j, t+ cθij , θ

′
)} (3.3)

In Definition 1, T J(i, t, θ) is the optimal cost function for one-stage problem that

has stage cost cθij and average terminal cost
∑

θ′∈Θj(t+cθij)
pθ

′
J(j, t + cθij , θ

′
), where j

achieves the minimum in (3.3). We next show the result that for any stationary policy

µ, the resulting transition graph is acyclic.
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Proposition 1. For any stationary policy µ, the associated transition graph is acyclic,

assuming that there do not exist self-transition probabilities associated with any state

except the destination.

Proof. Without the loss of generality, let us assume that there exists a cyclic path of

minimum length 2. Let P{[(i, t, θ), (j, t′ , θ′
)], [(j, t

′
, θ

′
), (i, t, θ)]} be that path. Since,

t
′
= cθij + t, ∀i, j ̸= d, implying that t

′
+ cθ

′

ji = t, which is a contradiction unless

cθij = cθ
′

ji = 0, in which case there does not exist such transition. Hence, there does not

exist a cyclic path of length 2. One can extend this argument for a cyclic path of any

length.

The acyclicity property will be useful in developing efficient solution algorithms

for finding the optimal policy. [135] showed that one can evaluate the optimal cost

function vector J∗ by solving the Bellman equation (3.4). Since the solution of this

high-dimensional system of equations can be time-consuming, we can also repeatedly

apply mapping T on some initial guess of vector J0 to evaluate J∗ (see equation (3.5)).

This is the basis of the value iteration method, which is a popular method to solve the

Bellman equation (3.4).

J∗ = T J∗ (3.4)

lim
a→∞

T aJ(i, t, θ) = J∗(i, t, θ),∀(i, t, θ) ∈ S (3.5)

Finding the optimal policy

The previous section described that the optimal cost functions and a stationary optimal

policy can be evaluated by solving the Bellman equation (3.4). However, it becomes

difficult to solve it when the cardinality of the state space is large. This problem

is commonly referred to as the ”curse of dimensionality” in the MDP literature. It
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turns out that the state space of the current problem can be reduced by averaging the

information vector θ ∈ Θ. This is because θ is an uncontrollable component of the

state. It depends on node i ∈ N at which the traveler is currently located and the

time of arrival t ∈ T at that node but not on the control u(i, t, θ). In that case, we

can formulate the problem only based on the controllable components (i.e., (i, t)) of the

state space with the dependency on the uncontrollable component θ being ”averaged

out.” To do that, let us consider another cost function Ĵ(i, t) defined on the reduced

state space Ŝ = (N × T ) ∪ {d}. We have,

Ĵ∗(i, t) =
∑

θ∈Θi(t)

pθJ∗(i, t, θ) (3.6)

=
∑

θ∈Θi(t)

pθ min
j∈u(i,t,θ)

{cθij +
∑

θ′∈Θj(t+cθij)

pθ
′
J∗(j, t+ cθij , θ

′
)} (3.7)

Ĵ∗(i, t) =
∑

θ∈Θi(t)

pθ min
j∈u(i,t,θ)

{cθij + Ĵ∗(j, t+ cθij)} (3.8)

The equation (3.8) is the Bellman equation in the reduced state space Ŝ. The cost

functions Ĵ∗(i, t) can be viewed as the optimal expected cost-to-go from node i and time

t before realizing the online information. The above stochastic shortest path problem

can be solved using the methods used for solving the infinite-horizon MDP. It includes

value iteration (VI), policy iteration, linear programming, etc.

The value iteration method works as follows. We start by intializing Ĵ0(i, t) =

0,∀(i, t) ∈ Ŝ. Then, for a = 1, 2, ..., we calcualte Ĵa+1(i, t) =
∑

θ∈Θi(t)
pθ minj∈u(i,t,θ){cθij+

Ĵ∗
a (j, t+ cθij), ∀(i, t) ∈ Ŝ. Generally, VI requires an infinite number of iterations to con-

verge to an optimal solution. However, for the current problem, it converges to an

optimal solution in finite number of iterations (Proposition 2).

Proposition 2. Given a directed acyclic transition graph corresponding to an optimal
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stationary policy µ∗, the value iteration will yield the optimal cost vector Ĵ∗ in at most

|N | iterations when initialized as below:

Ĵ∗(i, t) =∞, ∀(i, t) ∈ Ŝ\{d} (3.9)

Ĵ∗(d) = 0

Proof. To show this, let us consider various subsets of the state space created as below:

Ŝ0 ={d} (3.10)

Ŝa+1 =

(i, t) :
∑

θ:µ∗(i,t,θ)=j,

θ
′∈Θj(t+cθij)

Pµ

[
(i, t, θ), (j, t+ cθij , θ

′
)
]
= 0, ∀j /∈ ∪am=0Ŝm

 , a = 0, 1, ...

(3.11)

The above construction of sets adds various states in the backward direction of the des-

tination node. For example, Ŝ1 will contain d and all the states associated to the nodes

in BS(d). Let Ŝā be the last of these sets that is non-empty. In view of the acyclicity

and proper stationary optimal policy assumptions, we have ā ≤ |N | and ∪ām=0Ŝm = Ŝ.

After this, one can show using induction that

(T̂ aĴ)(i, t) = Ĵ∗(i, t), ∀(i, t) ∈ ∪am=0Sm, a = 1, ..., ā (3.12)

The mathematical induction part is same as the proof given in [135].

Note that the result proved in Proposition 2 is a stronger result than the one proved

in [135], which shows the convergence of VI in |Ŝ| iterations rather than |N | iterations.

Proposition 3. The worst case computational complexity of the value iteration algo-

rithm is O(|Ŝ||N ||A|).
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Proof. Initialization of J can be done in O(1) time. The control computation can

performed in O(|A|). The previous operation is performed for every (i, t) ∈ Ŝ\{d},

repeatedly |N | number of times. Therefore, the overall complexity of the value iteration

algorithm is equal to O(|Ŝ||N ||A|).

Due to the structure of the current problem, we can also solve the Bellman equation

using the label correcting algorithm proposed by [136]. The algorithm starts by initial-

izing a scan eligible list SE containing the neighbors of the destination node. Then, it

scans elements in the backward direction updating the label of every node for every time

interval. Unlike the value iteration algorithm, it updates the labels of sets Ŝ0, Ŝ1, etc.

described in the proof of the proposition 2 sequentially in various iterations rather than

attempting to update labels of all the elements of set Ŝ in each iteration. The overall

steps of finding the optimal policy using the label correcting algorithm are summarized

in Algorithm 2.

Algorithm 2 Label correcting algorithm for finding optimal policy in uncapacitated
networks

1: procedure ULC(d)
2: (Initialize) Ĵ(i, t)←∞, ∀(i, t) ∈ Ŝ\{d} and Ĵ(d)← 0
3: SE ← BS(d)
4: while SE ̸= ϕ do
5: Remove an element i from SE
6: for t ∈ t̃k(i)(i) do
7: tempJ ← 0
8: for θ ∈ Θi(t) do
9: tempJ += pθ minj∈u(i,t,θ){cθij + Ĵ(j, t+ cθij)}

10: if tempJ < Ĵ(i, t) then
11: Ĵ(i, t)← tempJ ; SE ← SE ∪BS(i)

12: µ∗(i, t, θ)← argmin
j∈u(i,t,θ)

{cθij + Ĵ∗(j, t+ cθij)},∀(i, t, θ) ∈ S\{d} return Ĵ∗, µ∗

Proposition 4. The worst case computational complexity of Algorithm 2 is O(|Ŝ||A|).
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Proof. Assuming that the elements of SE are removed according to the FIFO rule,

lines 2-11 are standard Bellman-Ford algorithm and can be performed in O(|Ŝ||A|)

time. The computational complexity of finding the optimal policy (line 12) can be

performed in O(|Ŝ||A|). Therefore, the overall complexity of the Algorithm 2 is equal

to O(|Ŝ||A|).

3.1.3 Passenger routing in capacitated networks

In this case, the transit vehicles are assumed to have limited capacity. This can cause

some arcs to become saturated and thus inaccessible depending on the route choice

of other passengers. To model such behavior, previous studies have proposed to use

failure-to-board probabilities or access probabilities. They evaluate the probability with

which a passenger waiting at a bus stop can access an outgoing link. Such access prob-

abilities result in multiple paths that a traveler can take with positive probability. The

collection of such paths is known as ”hyperpath.” In the capacitated networks, the hy-

perpaths/strategies are induced by both risks of denied boarding due to limited capacity

and missing transfers due to unreliable service. A strategy helps passengers minimize

their expected costs under various types of uncertainties.

To incorporate the access/availability probabilities and find a strategy that mini-

mizes the expected cost of travel in a capacitated network, we require augmenting the

state space. For that purpose, let us define Xθ
i (t) as the random variable supported on

{0, 1}|u(i,t,θ)| indicating the availability of arcs in FS(i), when arriving at node i ∈ N\{d}

at time t ∈ T , and receiving information θ. To be more precise, the component j of vec-

tor x ∈ Xθ
i (t) will indicate whether link (i, j) ∈ A is available to board or not. Let πx be

the probability of observing the availability vector x ∈ Xθ
i (t) and X = ∪(i,t,θ)∈SXθ

i (t) be

the collection of such availability vectors. The use of πx is akin to ”access” probabilities
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in the previous literature, as the former describes the node-based availability of outgo-

ing links and later describes the availability of any link. It is assumed that passengers

do not know about the availability vector x and information vector θ in advance and

realize them when reaching a particular node at a particular time. To find an optimal

strategy/policy in this case, we need to solve the corresponding stochastic shortest path

problem, whose components are described below:

1. State space: The state space SC ⊆ N ×T ×Θ×X defines the possible node states

in which a traveler can be present. Each state s ∈ SC is characterized by a tuple

s = (i, t, θ, x), where i ∈ N represents the node in the network, t represents the

possible arrival time at node i, θ ∈ Θi(t) represents the online information about

the cost of links in FS(i) obtained at node i and time t, and x ∈ Xθ
i (t) represents

the availability of outgoing links. Similar to the uncapacitated case, destination

d ∈ D is considered as an absorbing state.

2. Action space: Upon arrival at each node at a particular time, the decision-maker

considers the current travel cost, the future travel time information, and the avail-

ability of downstream links to decide which arc to take next. For example, at every

transfer node, the passenger receives information about the wait time of transfer-

ring nodes and whether a link is available or not. A link may be unavailable due

to missed transfer or the vehicle associated with it being full. Then, she has to

decide which available action to take next. Therefore, the actions available at

state (i, t, θ, x) are denoted by uC(i, t, θ, x) = {j ∈ u(i, t, θ) : x[j] ̸= 0}. Note that

due to assumption 13 and the presence of walking links from transfer nodes, there

is no state s = (i, t, θ, x) such that uC(i, t, θ, x) = ϕ.

3. Policy : A policy/strategy specifies the subset of actions that can be taken at a

state. To be precise, µC : S 7→ 2|
∑

s∈S uC(s)| maps every state to a subset of
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controls that provide equal expected cost to destination.

4. Transition Functions: A passenger in state s = (i, t, θ, x) following policy µ tran-

sitions to a new state (j, t + cθij , θ
′
, x

′
) by taking an action j ∈ µC(i, t, θ, x), the

probability of which is denoted by pθ
′
πx

′
. The probability of transitioning from d

to itself, by taking any action j ∈ u(d) is 1. The value of πx depends on the route

choice of other passengers, and it is obtained from the network loading procedure

described in Chapter 4.

Using the components defined above, we can formulate the Bellman equation for

finding the optimal strategy as below:

J∗
C(i, t, θ, x) = min

j∈uC(i,t,θ,x)

cθij +
∑

θ
′∈Θj(t+cθij)

∑
x
′∈Xθ

j (t+cθij)

pθ
′

πx
′

J∗
C(j, t+ cθij , θ

′
, x

′
)

 , ∀(i, t, θ, x) ∈ SC

(3.13)

where, J∗
C(i, t, θ, x) denotes the optimal cost-to-go from state (i, t, θ, x) to the des-

tination in case of capacitated networks. Similar to uncapacitated networks, one can

reduce the state space and define the Bellman equation only on controllable components

by averaging the uncontrollable components.

Ĵ∗
C(i, t) =

∑
θ′∈Θj(t+cθij)

∑
x′∈Xθ

j (t+cθij)

pθπx min
j∈uC(i,t,θ,x)

{
cθij + Ĵ∗

C(j, t+ cθij)
}
,∀(i, t) ∈ Ŝ

(3.14)

The above Bellman equation can be solved using a label correcting algorithm similar

to Algorithm 2.

3.1.4 Numerical experiments

In this section, we show the application of the proposed routing algorithms based on

the transit network given in [2]. The network and schedule are provided in Figure 3.2.

There are 15 stops and 5 color-coded transit routes in the network. The original network
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has only three walking transfer links, namely, 3-4, 3-12, and 12-4. To better understand

transfer behavior in the presence of online information, we created more walking trans-

fer links in the network. They are given as 2-8, 9-4, and 13-5. Stop 14 is the only

stop that provides waiting transfer from one route to another in the network. There

are 4 trips of each route whose complete schedule is shown in Figure 3.2(b). There are

two destinations, namely 5 and 6, and three origins, namely, 1, 7, and 14 in the network.

The support of random travel times of in-vehicle links is given as {0.9c̄ij , c̄ij , 1.2c̄ij ,

1.5c̄ij}, where c̄ij is the scheduled travel time of link (i, j) ∈ Av. All trips are as-

sumed to have a capacity of 20 passengers. The early and late arrival penalties are

assumed to be η1 = η2 = 0.5. The acceptable waiting and walking times are assumed

as δ0 = δ1 = δ2 = δ3 = 15 minutes. Overall, there are 89 nodes and 173 links in the

schedule-based transit network, including 24 access, 20 egress, and 64 in-vehicle links.

In what follows, we present the results of expected cost of travel between every origin-

destination pair for the uncapacitated and capciatated transit networks in Section 3.1.4

and 3.1.4 respectively. All implementations were coded in Pyhon 3.8 and tests were

executed on Intel(R) CPU running at 2.2 GHz with 16 GB RAM under a Windows

operating system.

Uncapacitated network

We start by creating the transfer links using Algorithm 1. For the uncapacitated net-

work, it creates only 4 waiting transfer links and 25 walking transfer links in the current

schedule-based network. The number of generated states is 4,720. After this, we solve

the Bellman equation (3.4) for individual destinations. It took a fraction of a second
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1 2 3 4 5 6

7 8 9 10 11

12 13

14 15

(a) Network

RouteID TripID Schedule

Red

1001 10:00, 10:02, 10:04
1002 10:10, 10:12, 10:14
1003 10:20, 10:22, 10:24
1004 10:30, 10:32, 10:34

Blue

2001 10:06, 10:08, 10:10
2002 10:16, 10:18, 10:20
2003 10:26, 10:28, 10:30
2004 10:36, 10:38, 10:40

Violet

3001 10:00, 10:02, 10:04, 10:06, 10:08, 10:10, 10:12
3002 10:07, 10:09, 10:11, 10:13, 10:15, 10:17, 10:19
3003 10:14, 10:16, 10:18, 10:20, 10:22, 10:24, 10:26
3004 10:21, 10:23, 10:25, 10:27, 10:29, 10:31, 10:33

Orange

4001 10:08, 10:10, 10:12, 10:14
4002 10:18, 10:20, 10:22, 10:24
4003 10:28, 10:30, 10:32, 10:34
4004 10:38, 10:40, 10:42, 10:44

Green

5001 9:55, 9:57, 10:04, 10:06
5002 10:05, 10:07, 10:14, 10:16
5003 10:15, 10:17, 10:24, 10:26
5004 10:25, 10:27, 10:34, 10:36

(b) Schedule

Figure 3.2: Network and schedule [2]
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Figure 3.3: Expected cost between various origin-desination pairs for varying departure
times in case of uncapacitated networks

to solve the current problem using both value iteration as well as label correcting algo-

rithm. Figure 3.3 shows the expected cost of travel between various origin-destination

pairs for varying departure times. We can observe that for various origins, the expected

cost to the respective destination decreases with time until we reach the time when a

bus trip departs from that origin. Then, similar behavior is observed for the passengers

waiting for the next trip to arrive. Further, we see that the average cost to destination

6 is lower than the average cost to destination 5. This is because destination 6 could

be reached from various origins without transferring to a different route. On the other

hand, to reach destination 5, one must take a transfer to a different route, which some-

times causes a longer expected cost.

Capacitated network

In this case, Algorithm 1 creates 7 waiting transfer links, 24 walking transfer links, and

34 walking links for failed transfers. The access probabilities are calculated using the
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assignment procedure described in Chapter 4. The number of generated states is 29,832,

which is six times higher as compared to the uncapacitated case. The final values of

the expected cost of traveling between various origin-destination pairs are plotted in

Figure 3.4. The average cost of travel to destination 5 is more as compared to des-

tination 6. This is because of the presence of paths without transfer between various

origins and destination 6. On the other hand, one has to take at least one transfer to

get to destination 5. Due to limited capacity, passengers miss transfers which leads to

higher expected travel times. If we compare the expected cost from various origins to

destination 6 in both uncapacitated and capacitated cases, we find that the expected

cost of travel between 1-6 is higher in the case of the capacitated case as compared to

the uncapacitated case. This is because passengers who do not get the preferred option

of the red route due to limited capacity would either have to take the blue route or the

green route resulting in higher expected cost. For destination 5, the expected cost of

travel between 7-5 in the case of the capacitated case has risen considerably as compared

to the uncapacitated case. This is because passengers who want to take transfer 8-2

coming from 7 on the violet route do not get priority over passengers who are continuing

their journey on link 2-3 of the red route.
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Figure 3.4: Expected cost between various origin-desination pairs for varying departure
times in case of capacitated networks

3.2 Park-and-ride passenger routing with online informa-

tion

In this section, we consider the park-and-ride mode in which travelers drive up to a

certain stretch of the highway, and then take transit to reach their destination. The

routing of park-and-ride users is different from transit and auto users as travelers need

to decide where to park and take transit. These decisions are often made adaptively

considering the realized state of traffic and transit availability. We model the adap-

tive routing problem for park-and-ride users, which is defined as follows: Given the

uncertainty in travel time on a freeway and bus arrival time, the problem is to navi-

gate a traveler commuting from a suburban region to a downtown location in minimum

expected travel cost by deciding:

1. Whether to continue driving towards the destination or use a park-and-ride loca-

tion to take transit?
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2. At which park-and-ride location should the traveler park their car?

3. At what times of the day, taking transit from a park-and-ride location minimizes

the overall expected travel cost?

To better understand the problem, let us consider an illustrative example provided

in Figure 3.5. The network given in this example consists of 4 nodes and 4 links,

with travel time shown on the links. The path (r
′
, p

′
, d

′
) represents a freeway with p

′

as the park-and-ride node from where it is possible to take transit. The travel time

and wait time on links (p
′
, d

′
) and (p

′
, t

′
) respectively are random variables (but not

time-varying for simplicity) whose distribution is shown on the links. When a traveler

arrives at node p
′
, one of the possible realizations of cost on the outgoing links is revealed

to them. Depending on the information and time of arrival, we need to compute an

optimal policy that decides whether to take transit or continue driving on the freeway

to minimize the expected cost to reach the destination. In this case, it is optimal to take

freeway from p
′
if the travel time of 10 units is revealed to the traveler on it, otherwise,

it is optimal to take transit from there. The expected cost of using the adaptive routing

policy is 42.5 units in comparison to an expected cost of 56 units by always taking the

freeway and 45 units by always taking the park-and-ride option.

3.2.1 Problem formulation

In this section, we formulate the adaptive park-and-ride location problem. For this

purpose, we extend the ideas from the previous section on transit to the park-and-ride

case. Along with assumptions 1-13, we also assume an uncapacitated network, where

there is sufficient capacity at park-and-ride facilities to park and sufficient capacity to

accommodate passengers in transit vehicles. Let us consider the multimodal network

with auto as well as transit networks connected by park-and-ride locations. The auto
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Figure 3.5: An illustrative example of a park-and-ride trip in a network with random
travel time

network is represented by a directed graph GR(NR, PR, AR), where NR represents the

set of nodes, AR represents the set of links, and PR ⊂ NR represents the set of nodes

where park-and-ride facilities are located in the road network. Let Z : PR 7→ 2N be the

set-valued map that assigns a park-and-ride node to a set of transit nodes. Note that

there can be no park-and-ride node connected to a transit node if the walking distance

to the nearest park-and-ride node is more than a certain threshold (say 0.75mi). Let

M = {(nR, nt) ∈ PR × N : nt ∈ Z(nR)} be the set of links created between park-

and-ride nodes and transit nodes and vice-versa known as Mode transfer links. These

links involve walking time to access the transit stop and waiting time before the arrival

of the bus. Let Z = ∪n∈PR
Z(n) be the collection of all transit network nodes which

are connected to various park-and-ride facilities. As the decision of taking transit at a

park-and-ride node depends on the time the traveler arrives at that node, we need to

expand the static road network into a time-dependent network. This is done by repli-

cating the nodes i ∈ NR at different time intervals t ∈ T and connecting them with the

corresponding cost of travel.
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We assume that the travel time and wait time on the auto network links AR and

mode transfer links M , respectively, are time-dependent discrete random variables with

finite support. The transit network is assumed to have properties described in Section

3.1. Similar to the transit case, the random travel time on links AR ∪M results in a

node-dependent stochasticity as when the traveler arrives at node i ∈ NR, the infor-

mation about the travel time on all the downstream links attached to it is revealed to

them. Let Θi(t) denote the set of possible states at node i ∈ NR, where probability

of observing a particular state θ ∈ Θi(t) at time t is pθ. Each state θ ∈ Θi(t) is a

realization of travel time or wait time (if i ∈ Pa) on downstream links attached to node

i. Let Sij(t) be the set of possible realizations of travel time (or wait time) on link

(i, j) ∈ AR ∪M at time t. Clearly, Θi(t) = ×(i,j)∈AR∪MSij(t) are the possible states at

node i and time t, where × represents the cross product of the sets. A value of time

parameter α is used to convert monetary costs into time units. The monetary costs may

include parking cost τp at a particular node or transit fair τf to board a transit route.

The current problem exhibits sequential decision making in a stochastic dynamic

system, so it can be formulated as a Markov Decision Process (MDP). The components

of MDP are described below:

1. State Space: The state space SPNR 7→ (NR ∪M ∪N)×T ×Θ defines the possible

states in which a traveler can be present. Each state s ∈ S is defined by tuple

s = (i, t, θ), where, i represent the auto, park-and-ride, or the transit node. Here,

t ∈ T is the time of arrival at node i, and θ ∈ Θi(t) represents the information

obtained at node i at time t ∈ T . Any state corresponding to the destination node

is considered as an absorbing state (once a traveler reaches there will remain there

forever).
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2. Action Space: Upon arrival at each node with no park-and-ride facility, the

decision-maker considers the current travel cost, and the availability of the in-

formation about the future travel time on downstream arcs and then decide which

arc to take next. On the other hand, when the traveler arrives at a node with a

park-and-ride facility, she has two options available: whether to park and wait for

transit or take one of the downstream auto links. Therefore, the actions available

at state (i, t, θ) are denoted by u(i, t, θ) = {j ∈ (NR∪M ∪N) : j ∈ FS(i)} i.e., the

set of nodes in the forward star of node i. A policy µ defines a stationary policy

that specifies the action to be taken at any state.

3. One-step costs: If the decision maker chose to take an auto link, a cost equal to

the travel time on the forward link is incurred. Similarly, if she decides to take

a waiting link to board a transit route, a cost equal to the wait time is incurred.

Let us denote the cost of choosing µ(i, t, θ) at (i, t, θ) by cθiµ(i,t,θ), where θ ∈ Θi(t).

The cost of transitioning from (d, t, θ) to itself is zero, ∀θ ∈ Θd(t), ∀t ∈ T .

4. Transition Functions: A traveler at state (i, t, θ), following policy µ, transitions to

a new state (µ(i, t, θ), t+ cθiµ(i,t,θ), θ
′
), by taking an action µ(i, t, θ) ∈ u(i, t, θ), the

probability of which is denoted as pθ
′
, θ

′ ∈ Θµ(i,t,θ)(t + cθiµ(i,t,θ)). The probability

of transitioning from (d, t, θ), θ ∈ Θd(t) to itself, by taking any action j ∈ u(d, t, θ)

is 1.0.

5. Value Function: Let Jµ(i, t) denote the cost incurred by a traveler to reach the

destination starting from node i ∈ (NR ∪M ∪N) at time t ∈ T following policy

µ.



53

Similar to the transit case, the adaptive park-and-ride routing problem can be for-

mulated using the following Bellman equation

Ĵ∗(i, t) =
∑

θ∈Θi(t)

pθ min
j∈u(i,t,θ)

{cθij + Ĵ∗(j, t+ cθij)},∀(i, t) ∈ ((NR ∪M ∪N)× T ) (3.15)

The above equation can be solved using Algorithm 2.

3.2.2 Numerical experiment (Case study of I-394)

In this section, we present a case study of the freeway I-394 in Twin Cities, MN to show

the application of the proposed model. I-394 is 9.8 miles long freeway (E-W) serving the

Hennepin County of Minnesota. The major junctions along this freeway include I-494

and US-169 in Minnetonka, MN-100 in Golden Valley, and I-94 in Minneapolis. A High

Occupancy Vehicle (HOV) lane was built on this freeway in May 2005 to maximize its

capacity. The HOV lane can be used by buses and generally provide reliable service

when general-purpose lanes are congested.

I-394 connects various sub-urban areas to Downtown Minneapolis. Due to the con-

gestion during peak periods, five park-and-ride facilities are provided to the travelers

(Table 3.1) along this freeway. These park-and-ride facilities are served by several

bus routes, connecting them to various locations in Twin Cities such as Downtown

Minneapolis, University of Minnesota campus, Downtown St. Paul, and so on. The

park-and-rides facility locations are shown geographically in Figure 3.6, and a list of

bus routes serving these park-and-ride facilities are provided in Table 3.1.
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Table 3.1: Park-and-ride locations along I-394

Order Name Bus routes Address

1 Plymouth Road Transit Center & Park & Ride 652, 672, 645, 677 13126 Wayzata Blvd, Minnetonka, MN 55305

2 I-394 & Co. Rd. 73 Park & Ride 615, 652, 673, 645, 679 1100 Hopkins Crossroads, Minnetonka, MN 55305

3 General Mills Blvd. & I-394 645, 652, 672, 756 8675 Wayzata Blvd.

4 Louisiana Avenue Transit Center Park & Ride 9, 604, 643, 645, 652, 663, 672, 705, 756 1300 Louisiana Avenue, St, Louis Park, MN 55426

5* Park & Ride 645, 9 Wayzata Blvd, Minneapolis, MN 55416

* 5 being closest to Downtown Minneapolis

Figure 3.6: Minneapolis CBD and park-and-ride facilities along I-394 corridor

Network and calibration of distribution of travel time and wait time

The Minnesota Department of Transportation (MnDOT) has located loop detectors

every 0.5mi along I-394. They collect data about the travel speed of cars, which in turn

gives us the travel time on different sections of the freeway. We used Google My Maps

to create the network. More details about the network topology are given in Table 3.2.

Table 3.2: I-394 network topology

# of nodes 32
# of auto links 23
# of access or egress links 16
Time horizon 6:00 A.M. - 10:00 A.M.
# of time steps 480
# of transit trips 68

It is assumed that the travel time recorded using a particular detector applies to

half of the distance between the upstream detector and current location and similarly
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half of the distance between the downstream detector and the current detector location.

We consider only two possible states of the freeway links, namely, ”congested” and ”un-

congested”. Highway Capacity Manual defines the quality of any freeway on a scale of

A-F known as the level of service (LOS). Any level of service below C is considered as a

”congested” state of the freeway, and ”uncongested”, otherwise. For a typical highway,

the travel speed below 60mph is considered as the level of service C. This value of speed

is used to determine the probability of a freeway link being congested or uncongested

using the loop detector data collected in April 2017 [137]. The probability distribution

of the travel time is calibrated for every 30 seconds of the time horizon and the mean

value of travel time in each time interval is used for a particular state of the link. To

avoid inconsistency between the transition of states, each value of travel of time on every

link was rounded to the nearest multiple of 30 seconds.

For this case study, the bus routes which serve the Downtown Minneapolis area are

only considered. The destination node in our network is assumed to be the intersection

of Hennepin Ave and 12th St, which is located in Downtown Minneapolis. The actual

bus arrival time at various park-and-ride bus stops is obtained from the historical Au-

tomatic Vehicle Location (AVL) data collected by Metro Transit (transit agency in the

Twin Cities region) over one year. Then, the difference between the actual and the

scheduled arrival time at these bus stops is used for the calibration of the probability

distribution of the random wait time of the mode transfer links. Note that we also

considered the cases when the bus arrived early at the park-and-ride bus stops. The

value of time (α) is assumed to be $23/h as recommended by [138].

After creating the network, calibrating the required probability distributions and

reducing the state space, we use both value iteration and label correcting methods to
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solve the stochastic shortest path problem presented in previous section. We calculated

the online shortest path during morning peak hours from 6:00 A.M. to 10:00 A.M., from

different nodes of the freeway to the specified destination in Downtown Minneapolis.

The number of states generated for this experiment after reducing the state space was

11,562. A typical value of transit fare τf = $3 and parking cost τp = $12 for one day

is assumed for this experiment. Usually, the parking is free at park-and-ride locations,

so we did not consider any cost associated with it. The value iteration method for this

small network took 24 iterations and 18 minutes to converge to the optimal solution. On

the other hand, the label correcting method outperformed the value iteration method

and took only 1.42 minutes to converge.

Before delving into the results produced by the algorithm, let us first explore the

congestion conditions on I-394. Figure 3.7 and 3.8 show heatmaps of the travel time

during both congested and uncongested conditions. The links are shown on the hori-

zontal axis in the E-W direction whereas the vertical axis shows the time of the day.

The node numbers increase in the direction of travel. We can see that during congested

conditions (Figure 3.8), the overcrowding happens after 7:00 A.M. along three different

stretches of the freeway. The first stretch is upstream before the first park-and-ride

location. The second and third stretch of overcrowding is between Node 273 and 277

and after 279 up to central downtown respectively. Intuitively, taking park-and-ride

between node 273 and 278 seems to be a reasonable choice.

Expected cost

Figure 3.9 shows the results of the expected cost of travel (in seconds) from various

nodes to node 291 (destination). The four-digit nodes represent park-and-ride nodes
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Figure 3.7: Travel time (sec) on links during uncongested conditions (For interpretation
of colors in this figure, the reader is referred to the web version of this dissertation)

Figure 3.8: Travel time (sec) on links during congested conditions (For interpretation
of colors in this figure, the reader is referred to the web version of this dissertation)

along the freeway, which are also marked with the letter P in the figure. The figure

shows an increase in the congestion as the time increases on the time scale with se-

vere congestion between 7:00 A.M.-9:45 A.M. However, the availability of the bus at

the park-and-ride nodes provides a reduction in the expected travel time during several

periods. This is evident from the light yellow-colored stripes appearing within the red-

colored region. This reduction in travel time is due to the policy of taking transit at a

park-and-ride location. The figure clearly shows the time of the day when park-and-ride
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mode becomes more attractive in comparison to auto as this will provide faster access

to the destination. We observe this significant reduction in the travel time when the

buses are not frequent. In case if Metro Transit provides frequent service, we expect to

see further improvement in the travel time of the commuters.

Figure 3.9: Travel cost (sec) of from different nodes to downtown (For interpretation of
colors in this figure, the reader is referred to the web version of this dissertation)

Optimal Policy

The output of the Algorithm 2 also yields the optimal policy for different node states.

The policy will help a traveler to decide which downstream arc to take when arriving

at any node. The point of interest in this research is when does taking the transit from

any park-and-ride location becomes optimal. To observe this behavior, we plotted the

optimal policy for a traveler at park-and-ride exit nodes, which are plotted on the verti-

cal axis in Figure 3.10, with the time of arrival at different nodes on the horizontal axis.

Figure 3.10(a) and 3.10(b) depict the optimal policy when the road network is in the

congested and the uncongested state respectively. The policy shows that the park-and-

ride option becomes more attractive during the congested conditions than uncongested
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conditions. Moreover, it is interesting to note that taking transit from I-394 & Co. Rd.

73 Park & Ride and Plymouth Road Transit Center & Park & Ride (which are located

upstream) is more frequent than the other park-and-ride facilities.
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(b) Uncongested conditions

Figure 3.10: Optimal policy for park-and-ride nodes
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We use Monte-Carlo simulation to evaluate the variability of the optimal policy µ∗.

For a given time interval, we generate 1000 random trajectories following policy µ∗

starting from the farthest end (node ’269’ in Figure 3.9) and ending at the specified

destination. In particular, for every sample and node-time (i, t) pair, we draw a random

state θ ∈ Θi(t) based on the discrete probability distribution {pθ}θ∈Θi(t). Figure 3.11

shows the results of the simulation that includes the distribution with mean and stan-

dard deviation of travel time at different times of arrival at node ’269’. We can observe

that the standard deviation ranges from 20 to 80 seconds for most time intervals except

7:30 A.M. at which it rises to 222 seconds. This is because of one particular trajectory

with a travel time equal to 300 seconds.
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Figure 3.11: Mean and standard deviation of travel time (seconds) to the destination
for different time of arrival at node ’269’ computed using 1000 sample trajectories
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We further use same Monte-Carlo simulation to evaluate the attractiveness of various

park-and-ride facilities. Figure 3.12 shows the frequency of use of different park-and-

ride facilities at various times of arrival out of 10,000 sample trajectories. Through this

analysis, we can make similar observations as made in Figure 3.10. The park-and-rides

I-394 & Co. Rd. 73 Park & Ride and Plymouth Road Transit Center & Park & Ride

(which are located upstream) are more attractive than the other park-and-ride facilities.

Figure 3.12: Frequency of use of different park-and-ride facilities out of 10,000 sample
trajectories

Sensitivity analysis

To see how parking cost τp at the destination location and transit fare τf affects the

optimal policy, we performed a sensitivity analysis on these two parameters. The value

of τf and τp was varied from $1 − $5 and $0 − $30 respectively. The transit fare cost

is added twice as we also consider the cost of taking transit for the reverse commute.

We calculated the percentage of times when park-and-option opted as a mode of travel

in the optimal policy. The figures 3.13(a) and (b) depicts that the park-and-ride mode

is attractive when the transit fare is low and parking cost is high. With no parking

fee and $3-5 transit fare, we observe the lowest share of park-and-ride option in the

optimal policy, i.e., 12.82% and 14.78% during uncongested and congested conditions



63

respectively. On the other hand, with $30 parking fee and $1-2 transit fare, we observe

the highest share of park-and-ride option in the optimal policy, i.e., 21.10% and 23.11%

during uncongested and congested conditions respectively. We also performed a sensi-

tivity analysis on the individual use of park-and-ride facilities for varying parking costs

and transit fares. However, we did not find any significant change in the behavior of

park-and-ride location choice.

(a) Uncongested conditions (b) Congested conditions

Figure 3.13: Sensitivity analysis on transit fare and parking cost



Chapter 4

Schedule-based transit

assignment with online

information

This chapter considers the SB transit assignment with online information. For this

purpose, it proposes models that compute average passenger flow on each link of the

SB transit network rather than the flow for a particular realization of the network. For

example, if we know the state of the network on a particular day, then we can just per-

form the assignment of passengers in a deterministic fashion using models described by

previous studies [9,53]. An average flow of passengers computed based on the historical

states of the network will aid in evaluating the long-term congestion in the network.

The current chapter is divided into three sections. Section 4.1 and 4.2 describe

the uncapacitated and capacitated assignment models respectively. Then, the results

of numerical experiments based on proposed models are presented in Section 4.3. The

64



65

notations introduced in the previous chapter are also used in the current chapter.

4.1 Uncapacitated assignment

In the uncapacitated assignment, transit vehicles are assumed to have unlimited ca-

pacity. This assignment model is applicable for transit systems with low ridership but

unreliable service, and for which denied boarding due to limited capacity is a rare phe-

nomenon. The computation of optimal policy µ∗ and expected costs Ĵ∗ for the passenger

routing in uncapacitated networks is performed for individual destinations using Algo-

rithm 2 presented in Chapter 3. After this, for every group, we need to figure out the

optimal departure time from their origins. We assume that passengers are rational and

select the departure time, which provides them with the least expected cost to their

destination. We present two different approaches to finding the optimal departure time:

1. If early and late arrival penalties are included : In this case, penalties are used to

avoid arriving outside the desired travel time window. We consider two different

types of penalties, i.e., early (η1 / time units) and late arrival (η2 / time units)

penalties. Based on these penalties, the optimal departure t∗g for group g ∈ G is

given as:

t∗g ∈ argmin
tED
g ≤t≤tED

g +δ3

{Ĵ∗(og , t)+η1 ∗max(0, tEA
g −(t+ Ĵ∗(og , t)))+η2 max(0, (t+ Ĵ∗(og , t))− tLA

g )} (4.1)

In equation (4.1), t∗g is searched within the time interval
[
tED
g , tED

g + δ3
]
for the

least expected cost with associated penalties, where δ3 is the maximum acceptable

wait time. The passenger assignment, in this case, can performed using Algorithm

3.

2. If early and late arrival penalties are not included : In this case, optimal departure
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t∗g for group g ∈ G is given as:

t∗g ∈ argmin
tED
g ≤t≤tED

g +δ3

{Ĵ∗(og, t)} (4.2)

In equation (4.2), t∗g is searched within the time interval
[
tED
g , tED

g + δ3
]
for the

least expected cost, where δ3 is the maximum acceptable wait time. The passenger

assignment, in this case, can be performed using Algorithm 3 or the linear program

(4.3) developed in the following paragraph.

If we do not include penalties for passenger arrival outside the desired window, then

we can derive a linear program for the assignment of passengers on optimal policies. To

do so, let us denote vd(i, t, θ, j) as the number of passengers arriving at state (i, t, θ) ∈ S

and choosing control j ∈ u(i, t, θ). Furthermore, let V d
gt be the number of passengers

from group g, departing at time t ∈
[
tED
g , tED

g + δ3
]
from their origin og to destination

d ∈ D. Then, we have the following assignment LP:



67

min
V,v

∑
d∈D

∑
(i,t,θ)∈S

∑
j∈u(i,t,θ)

vd(i, t, θ, j)cθij (4.3a)

s.t.
∑

j∈u(i,t,θ)

vd(i, t, θ, j)− pθ
∑

(k,t
′
,θ

′
)∈S\{d}:i∈u(k,t

′
,θ

′
)

& t=t
′
+cθ

′

ki

vd(k, t
′
, θ

′
, i) = 0, ∀(i, t, θ) ∈ S,∀d ∈ D

(4.3b)∑
j∈u(o,t,θ)

vd(o, t, θ, j)− pθ
∑

g∈G:og=o &

t∈[tED
g ,tED

g +δ3]

V d
gt = 0, ∀θ ∈ Θo(t), ∀t ∈ T, ∀o ∈ O,∀d ∈ D

(4.3c)∑
t∈[tED

g ,tED
g +δ3]

V d
gt = d

ogd
g ,∀g ∈ G : dg = d,∀d ∈ D (4.3d)

∑
(k,t′ ,θ′ )∈S\{d}:d∈u(k,t′ ,θ′ )

vd(k, t
′
, θ

′
, d) =

∑
g∈G:dg=d

dogd,∀d ∈ D (4.3e)

vd(i, t, θ, j) ≥ 0,∀j ∈ u(i, t, θ),∀(i, t, θ) ∈ S,∀d ∈ D (4.3f)

V d
gt ≥ 0,∀t ∈

[
tED
g , tED

g + δ3
]
,∀g ∈ G, ∀d ∈ D (4.3g)

In the above optimization program (4.3), we minimize the total expected travel

time given by (4.3a). Constraints (4.3b)-(4.3e) describe the conservation of flow for

every destination. For any state, (4.3b) shows that the sum of flow going out from state

(i, t, θ) is equal to the fraction of the sum of flow coming into it from other states at time

t and observing θ. (4.3c) describes the conservation constraint for states associated to

origin nodes, i.e., the sum of flow going out from any origin state (o, t, θ) is equal to the

sum of the flow from different groups that have the same origin o departing at time t

and experiencing the real-time information θ. Equation (4.3d) describes that the total

sum of flow from a group at different departure times to their destination d should be

equal to the demand associated with that group. Then, for every destination d ∈ D,

the total flow coming into the destination state should be equal to the total demand of

groups going to d. Finally, (4.3f)-(4.3g) represent the non-negativity constraints for the
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flow variables.

Lemma 1. The optimal solution of (4.3) assigns flow to the optimal policy correspond-

ing to each destination.

Proof. We will show this by deriving the KKT conditions of the assignment program

(4.3). Let us associate dual variables {Jd(i, t, θ)}∀θ∈Θi(t),∀t∈t̃k(i)(i),∀i∈N,∀d∈D,

{Jd(o, t, θ)}∀θ∈Θo(t),∀t∈T,∀o∈O,∀d∈D, {Jd(g)}∀g∈G:dg=d,∀d∈D, {Jd(d)}∀d∈D,

{σd(i, t, θ, j)}∀j∈u(i,t,θ),∀(i,t,θ)∈S,∀d∈D, and {λd
gt}∀t∈[tED

g ,tED
g +δ3],∀g∈G,∀d∈D to the constraints

(4.3b)-(4.3g) respectively. The, the Lagrangian of (4.3) can be written as:

L(V,v,J, σ, λ) =
∑
d∈D

 ∑
(i,t,θ)∈S

∑
j∈u(i,t,θ)

vd(i, t, θ, j) ∗ cθij +

∑
∀θ∈Θi(t),

∀t∈t̃k(i)(i),∀i∈N

Jd(i, t, θ) ∗

pθ
∑

(k,t
′
,θ

′
)∈S\{d}:i∈u(k,t′ ,θ′ )

& t=t
′
+cθ

′

ki

vd(k, t
′
, θ

′
, i)−

∑
j∈u(i,t,θ)

vd(i, t, θ, j)

+

∑
∀θ∈Θo(t),∀t∈T,∀o∈O

Jd(o, t, θ) ∗

pθ
∑

g∈G:og=o &

t∈[tED
g ,tED

g +δ3]

V d
gt −

∑
j∈u(o,t,θ)

vd(o, t, θ, j)

 +

∑
∀g∈G:dg=d

Jd(g)

d
ogd
g −

∑
t∈[tED

g ,tED
g +δ3]

V d
gt

+

Jd(d) ∗

∑
g∈G:dg=d d

ogd −∑
(k,t

′
,θ

′
)∈S\{d}:

d∈u(k,t′ ,θ′ )

vd(k, t
′
, θ

′
, d)

−
∑

∀j∈u(i,t,θ),∀(i,t,θ)∈S

σd(i, t, θ, j) ∗ vd(i, t, θ, j)−
∑

∀t∈[tED
g ,tED

g +δ3],∀g∈G

λd
gt ∗ V d

gt


The KKT conditions are given below:
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1. Primal feasibility : (4.3b)-(4.3g)

2. Dual feasibility :

σd
i,t,θ,j ≥ 0,∀j ∈ u(i, t, θ), ∀(i, t, θ) ∈ S,∀d ∈ D (4.4)

λd
gt ≥ 0,∀t ∈

[
tED
g , tED

g + δ3
]
, ∀g ∈ G, ∀d ∈ D (4.5)

3. Complementary slackness:

vd(i, t, θ, j) ∗ σd(i, t, θ, j) = 0, ∀j ∈ u(i, t, θ), ∀(i, t, θ) ∈ S (4.6)

V d
gt ∗ λd

gt = 0,∀t ∈
[
tED
g , tED

g + δ3
]
, ∀g ∈ G, ∀d ∈ D

4. Gradient of the Lagrangian wrt primal variables vanishes:

∂L(V,v,J, σ, λ)

∂vd(i, t, θ, j)
= cθij +

∑
θ′∈Θj(t)

pθ
′
Jd(j, t + cθij , θ

′
) − Jd(i, t, θ) − σd(i, t, θ, j) =

0, ∀j ∈ u(i, t, θ), ∀(i, t, θ) ∈ S,∀d ∈ D

∂L(V,v,J, σ, λ)

∂V d
gt

= −
∑

θ∈Θog (t)

pθJd(o, t, θ)−Jd(g)−λd
gt = 0,∀t ∈

[
tED
g , tED

g + δ3
]
, ∀g ∈

G, ∀d ∈ D

Using (4.4), we can write above two equations as:
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cθij +
∑

θ′∈Θj(t)

pθ
′
Jd(j, t+ cθij , θ

′
)− Jd(i, t, θ) ≥ 0, ∀j ∈ u(i, t, θ), ∀(i, t, θ) ∈ S, ∀d ∈ D

(4.7a)

−
∑

θ∈Θog (t)

pθJd(o, t, θ)− Jd(g) ≥ 0,∀t ∈
[
tED
g , tED

g + δ3
]
, ∀g ∈ G, ∀d ∈ D

(4.7b)

(4.7a) and (4.7b) can further be written as:

Jd(i, t, θ) = min
j∈u(i,t,θ)

cθij +
∑

θ′∈Θj(t)

pθ
′
Jd(j, t+ cθij , θ

′
)

 , ∀(i, t, θ) ∈ S, ∀d ∈ D (4.8a)

Jd(g) = min
t∈[tED

g ,tED
g +δ3]

 ∑
θ∈Θog (t)

pθJd(o, t, θ)

 , ∀g ∈ G, ∀d ∈ D (4.8b)

(4.8a) and (4.8b) are the Bellman equations for finding the optimal policies given in

(3.4) and (4.2) respectively. This completes our proof.

The dual variables Jd(i, t, θ) of (4.3b)-(4.3c) represent the optimal cost to go from

state (i, t, θ) to d. Similarly, the dual variables Jd(g) of (4.3d) represent the optimal

cost incurred by group g to go from its origin to destination. In fact, the dual program

of (4.3) is the linear programming formulation for solving the Bellman equations (3.4)

and (4.2). One of the advantages of assignment LP (4.3) is that it is decomposable for

every destination d ∈ D and side constraints related to the flow of passengers can be

used in this formulation. However, the number of variables can still be large due to the

cardinality of state space. Therefore, it is much easier to use Algorithm 3 presented in

the next paragraph for sole assignment purposes.

Algorithm 3 starts with the initialization of the transitioning flows vd(i, t, θ, j) for

individual destinations. Then, for every destination d ∈ D, it computes the optimal cost
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functions Ĵd∗ and optimal policy µd∗. After that, for every group, we find the optimal

departure time(s) from their origin using (4.1) or (4.2). Then, for every possible real-

time information vector they could receive for a given optimal departure time, we assign

a fraction of the group demand to that transitioning flow variable. We repeat this for

every group. After this, the total demand has already been originated in the transition

graph corresponding to µd∗. Using the topological order of nodes and processing the

times in chronological order, we assign the transitioning flow using Line 18. Note that

after assignment, we can calculate the average flow on a link (i, j) ∈ A as below:

vij =
∑
d∈D

∑
t∈t̃k(i)(i)

∑
θ∈Θi(t)

vd(i, t, θ, j), ∀(i, j) ∈ A (4.9)
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Algorithm 3 Uncapacitated transit assignment

1: (Initialization) vd(i, t, θ, j)← 0,∀j ∈ u(i, t, θ),∀(i, t, θ) ∈ S,∀d ∈ D
2: for every d ∈ D do
3: Ĵd∗, µd∗ ← ULC(d)
4: if arrival penalties are included then
5: t∗g = argmin

tED
g ≤t≤tED

g +δ3

{Ĵ∗(og, t)+η1∗max(0, tEA
g −(t+ Ĵ∗(og, t)))+η2max(0, (t+

Ĵ∗(og, t))− tLAg )}
6: else
7: t∗g = argmin

tED
g ≤t≤tED

g +δ3

{Ĵ∗(og, t)}

8: for every g ∈ G : dg = d do
9: for t ∈ t∗g do

10: for θ ∈ Θog(t) do
11: j ← µd∗(og, t, θ)

12: vd(og, t, θ, j) += pθ ∗ dogdg ∗ 1
|t∗g |

13: Find the topological order of nodes
14: for i ∈ topological order do:
15: for t ∈ t̃k(i)(i) do
16: for θ ∈ Θi(t) do
17: j ← µd∗(i, t, θ)

18: vd(i, t, θ, j)← vd(i, t, θ, j)+pθ


∑

(k,t
′
,θ

′
)∈S\{d}:µd∗(k,t

′
,θ

′
)=i

& t=t
′
+cθ

′

ki

vd(k, t
′
, θ

′
, i)



To explain the calculations of the uncapciatated assignment problem, we present

an example problem based on Figure 3.1 provided in Chapter 3. Let us compute the

optimal cost functions and optimal policy for destination d. Clearly, Ĵ∗(d) = 0. Ĵ∗(C1, 17) =

1 ∗ (1 + 0) = 1, Ĵ∗(C1, 23) = 1 ∗ (1 + 0) = 1, Ĵ∗(C2, 16) = 1 ∗ (1 + 0) = 1, Ĵ∗(C2, 18) = 1 ∗ (1 + 0) = 1, and

Ĵ∗(C2, 23) = 1 ∗ (1 + 0) = 1.
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Ĵ∗(D2, 3) = 1 ∗ (13 + Ĵ∗(C2, 16)) = 1 ∗ (13 + 1) = 14

Ĵ∗(D2, 5) = 1 ∗ (13 + Ĵ∗(C2, 18)) = 1 ∗ (13 + 1) = 14

Ĵ∗(D2, 10) = 1 ∗ (13 + Ĵ∗(C2, 23)) = 1 ∗ (13 + 1) = 14

Ĵ∗(B1, 2) = 0.2 ∗min{15 + Ĵ∗(C1, 17), 1 + Ĵ∗(D2, 3)}+ 0.3 ∗min{15 + Ĵ∗(C1, 17), 3 + Ĵ∗(D2, 5)}

+ 0.5 ∗min{15 + Ĵ∗(C1, 17), 8 + Ĵ∗(D2, 10)}

= 0.2 ∗ 15 + 0.3 ∗ 16 + 0.5 ∗ 16 = 15.8

Ĵ∗(B1, 8) = 0.5 ∗min{15 + Ĵ∗(C1, 15 + 8),∞}+ 0.5 ∗min{15 + Ĵ∗(C1, 15 + 8), 2 + Ĵ∗(D2, 8 + 2)}

= 0.5 ∗ 16 + 0.5 ∗ 16 = 16

Ĵ∗(A1, 0) = 0.6 ∗ (2 + 15.8) + 0.4 ∗ (8 + 16) = 20.28

Ĵ∗(E2, 0) = 0.2 ∗ (3 + 14) + 0.3 ∗ (5 + 14) + 0.5 ∗ (10 + 14) = 21.1

Ĵ∗(o, 0) = min{20.28, 21.1} = 20.28

After computing the expected cost to go from various nodes at various times, one

can evaluate the optimal policy by comparing these optimal costs. These are evaluated

below:

µ∗(o, 0, {0, 0}) = {A1}

µ∗(A1, 0, {2}) = {B1}, µ∗(A1, 0, {8}) = {B1}

µ∗(E2, 0, {3}) = {D2}, µ∗(E2, 0, {5}) = {D2} µ∗(E2, 0, {10}) = {D2}

µ∗(B1, 2, {15, 1}) = {D2}, µ∗(B1, 2, {15, 3}) = {C1} µ∗(B1, 2, {15, 8}) = {C1}

µ∗(B1, 8, {15,∞}) = {C1}, µ∗(B1, 8, {15, 2}) = {D2, C1}

µ∗(D2, 3, {13}) = {C2}, µ∗(D2, 5, {13}) = {C2} µ∗(D2, 10, {13}) = {C2}

µ∗(C1, 17, {1}) = {d}, µ∗(C1, 23, {1}) = {d}

µ∗(C2, 16, {1}) = {d}, µ∗(C2, 18, {1}) = {d} µ∗(C2, 23, {1}) = {d}

Let us assume only one group of 100 passengers moving from o to d. For the sake

of simplicity, we do not consider any arrival time penalties. Obviously, t∗ = 0. Further,

we can evaluate the values of transitioning flow at various states as below:
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v(o, 0, {0, 0}, A1) = 100 v(o, 0, {0, 0}, E2) = 0

v(A1, 0, {2}, B1) = 100 ∗ 0.6 = 60, v(A1, 0, {8}, B1) = 100 ∗ 0.4 = 40

v(E2, 0, {3}, D2) = 0, v(E2, 0, {5}, D2) = 0 v(E2, 0, {10}, D2) = 0

v(B1, 2, {15, 1}, C1) = 0, v(B1, 2, {15, 1}, D2) = 0.2 ∗ 60 = 12

v(B1, 2, {15, 3}, C1) = 0.3 ∗ 60 = 18, v(B1, 2, {15, 3}, D2) = 0

v(B1, 2, {15, 8}, C1) = 0.5 ∗ 60 = 30 v(B1, 2, {15, 8}, D2) = 0

v(B1, 8, {15,∞}, C1) = 0.5 ∗ 40 = 20, v(B1, 8, {15,∞}, D2) = 0

v(B1, 8, {15, 2}, C1) = 0.5 ∗ 0.5 ∗ 40 = 10, v(B1, 8, {15, 2}, D2) = 0.5 ∗ 0.5 ∗ 40 = 10

v(D2, 3, {13}, C2) = 12, v(D2, 5, {13}, C2) = 0 v(D2, 10, {13}, C2) = 10

v(C1, 17, {1}, d) = 48, v(C1, 23, {1}, d) = 30

v(C2, 16, {1}, d) = 12, v(C2, 18, {1}, d) = 0 v(C2, 23, {1}, d) = 10

Computing the average link flow on various links using (4.9), we have, v(o,A1) =

100, v(o,E2) = 0, v(A1, B1) = 100, v(E2, D2) = 0, v(B1, D2) = 12+20 = 22, v(B1, C1) =

78, v(D2, C2) = 22, v(C1, d) = 78, v(C2, d) = 22.

4.2 Capacitated Assignment

The uncapacitated assignment model may produce unrealistic passenger flows on various

transit routes. This is because of the limited capacity of vehicles, due to which some

arcs may become saturated and thus inaccessible depending on the route choice of other

passengers. If we assume that passengers mingle at nodes and have equal probability

to access outgoing links, then one can include the following capacity constraint in the

assignment program (4.3) to produce capacity-feasible flows:

∑
d∈D

∑
t∈t̃k(i)(i)

∑
θ∈Θi(t)

vd(i, t, θ, j) ≤ ua, ∀(i, j) ∈ Av (4.10)
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where ua is the capacity associated with transit vehicle used to serve link a ∈ Av.

However, doing so would heuristically bound the predicted flows without providing a

realistic model of the risk of failing to board an arc and strategic behavior induced

by that. Moreover, passengers in the transit network have continuance priority over

other passengers. The above constraint would not be able to capture such behavior. To

model such behavior, previous studies have proposed to use failure-to-board probabilities

or access probabilities. They evaluate the probability with which a passenger waiting

at a bus stop can access an outgoing link. Such access probabilities result in multiple

paths that a traveler can take with positive probability. In the capacitated assignment,

the hyperpaths/strategies are induced by both risks of denied boarding due to limited

capacity and missing transfers due to unreliable service. A strategy helps passengers

minimize their expected costs under various types of uncertainties. When passengers

employ strategies to move between various origin-destination pairs and compete for the

limited capacity, the strategic equilibrium occurs when no passenger can improve her

expected cost by unilaterally switching to a different strategy. To compute the optimal

strategy in the capacitated assignment, Chapter 3 formulated a Bellman equation 3.14

that can be solved using a label correcting algorithm. The overall steps of finding the

optimal policy using a label correcting algorithm for the capacitated case are summa-

rized in Algorithm 4 from Line 1-12. The worst-case complexity remains the same as

O(|ŜC ||A|). However, the state space is bigger in this case. The optimal policy µ∗
C is

calculated using the optimal cost labels in Line 13. Further, the optimal cost of taking

a certain action at any state Q∗
C is evaluated in line 14.
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Algorithm 4 Label correcting algorithm for capacitated assignment

1: procedure CLC(d)
2: (Initialize) ĴC(i, t)←∞,∀(i, t) ∈ Ŝ\{d} and Ĵ(d)← 0
3: SE ← BS(d)
4: while SE ̸= ϕ do
5: Remove an element i from SE
6: for t ∈ t̃k(i)(i) do
7: tempJ ← 0
8: for θ ∈ Θi(t) do
9: for x ∈ Xθ

i (t) do

10: tempJ += pθπxminj∈uC(i,t,θ,x)

{
cθij + ĴC(j, t+ cθij)

}
11: if tempJ < ĴC(i, t) then
12: ĴC(i, t)← tempJ ; SE ← SE ∪BS(i)

13: µ∗
C(i, t, θ, x)← argmin

j∈uC(i,t,θ,x)
{cθij + Ĵ∗

C(j, t+ cθij)},∀(i, t, θ, x) ∈ SC\{d}

14: Q∗
C(s, j)← cθij + Ĵ∗

C(j, t+ cθij),∀j ∈ uC(s), ∀s = (i, t, θ, x) ∈ SC

15: Ps,j ← 1.0/|µ∗(s)|,∀j ∈ µ∗(s), ∀s = (i, t, θ, x) ∈ SC

16: for every g ∈ G : dg = d do
17: if arrival penalties are included then
18: t∗g ← argmin

tED
g ≤t≤tED

g +δ3

{Ĵ∗(og, t) + η1 ∗max(0, tEA
g − (t+ Ĵ∗(og, t))) + η2 max(0, (t+

Ĵ∗(og, t))− tLA
g )}

19: else
20: t∗g ← argmin

tED
g ≤t≤tED

g +δ3

{Ĵ∗(og, t)}

21: Rg,t ← 1.0/|t∗g|, ∀t ∈ t∗g

22: return Ĵ∗
C , Q

∗
C , µ

∗, P,R

The route choice of passengers is characterized by the probability of taking an action

at a particular state. Therefore, we introduce P = {P d
s,a} as the probability of taking

an action a ∈ uC(s),∀s ∈ S, when going to destination d ∈ D and R = {Rg,t} as

the probability of group g ∈ G departing at time t ∈
[
tED
g , tED

g + δ3
]
. These route

choice probabilities are calculated in Algorithm 4 from lines 15-21. We can observe

that when there are multiple actions j ∈ µ∗(i, t, θ, x) at state (i, t, θ, x) that achieve

optimal expected cost, we assign equal probability to each optimal action. Similarly, if
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multiple departure times provide the same optimal expected cost for group g ∈ G, we

assign equal probabilities to these departure times. However, if there is a single action

that achieves minimum, then the probabilities are degenerate. The use of route choice

probabilities allows us to use a flexible choice of selecting actions at various states. For

example, one can use the logit-based route choice probabilities.

4.2.1 Network loading

The computation of optimal policies/strategies for individual destinations reveals the

number of passengers using a specific strategy (since we know the number of passengers

in a group, their departure time probabilities, and their route choice probabilities). In

this section, we describe a NetworkLoading procedure that converts these strategic

flows into link flows. The loading of passengers follows some behavioral rules that are

described below:

1. At a transfer node, if a passenger according to her strategy, decides to continue

on the same route r rather than taking a transfer or ending her trip, then that

passenger should get the priority over other passengers who either want to transfer

to r or begin their journey with r. Such priority is known as continuance priority

[48]. At any node, the passengers with continuance priority are loaded first onto

the outgoing links.

2. We assume that passengers without continuance priority have equal access to the

outgoing links, and they are processed in random and a uniformly distributed

single queue. Such loading of passengers is also known as random loading. One

could try other loading approaches such as First-Come-First-Serve, Regret, etc.

[54] discusses such exogenous priority rules for transit assignment, which we leave

for future research to explore.



78

TheNetworkLoading procedure is summarized in Algorithm 5. It takes passenger

route choice probabilities for various destinations {P̂ d}d∈D and departure time proba-

bilities for individual groups {R̂g}g∈G as inputs and outputs link flows v and availability

probabilities π. The procedure starts by initializing the state-action passenger flows vd

for various destinations, node-time priority passenger flows Vp and non-priority passen-

ger flows Vn. After this, we assign the group flows at various departure times according

to the departure time choice probabilities R̂ (Lines 4-6). Then, we process various

nodes in topological order to load the passenger demand on outgoing links. For each

node i ∈ N\{d}, we start by assuming an availability vector, where all the outgoing links

u(i, t, θ) are available, i.e., we assign πx = 1, ∀x = (i, t, θ, {1}|u(i,t,θ)|) ∈ SC , 0,otherwise.

Then, we start the loading of the demand reached node i onto outgoing links. Over-

all, this loading process can be divided into two phases. In the first phase, we assign

the priority flows (Lines 11-23). Depending on the strategy at various states (i, t, θ, x)

for individual destination d, a fraction of flow tempF low is assigned to outgoing link

(i, j) : j ∈ uC(i, t, θ, x) according to route choice probabilities P̂ d
(i,t,θ),j . Then, a fraction

of tempF low is further assigned to node j and transitioning time t
′
either as priority or

non-priority flow depending on the strategy and route choice probabilities. Of course,

for the origin nodes, there will be no priority flow to be assigned. The second phase

of the loading procedure at node i is the loading of non-priority flows. This loading

is performed using a single-queue processing procedure described by [50] and [51] for

static auto networks. We first calculate the residual capacity ũ of outgoing links after

the loading of priority flows. Then, based on the route choice probabilities, we evaluate

ṽ, which describes the number of passengers trying to access outgoing links. The flow

trying to access a particular link ṽij may exceed the residual capacity ũij . Assuming

that all the non-priority passengers waiting at that node have an equal probability of

accessing an outgoing link, we evaluate the access probability (
ũij

ṽij
) of that link. Then,
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a minimum access probability β̃ of any outgoing link is calculated using the expression

given in Line 34. β̃ describes the proportion of passengers that can be loaded before

one or more outgoing links get saturated. If the accessing flow of any outgoing link does

not exceed its residual capacity, then β̃ = 1, which means all the waiting passengers can

access their optimal choice. For assigning the appropriate number of passengers onto

outgoing links, we repeat a similar procedure as priority flows, where some of the pas-

sengers reach the outgoing node as a priority and some as non-priority flow. We update

the residual capacity and the number of passengers to be loaded at various times U(i, t).

If β̃ < 1, we evaluate the saturated outgoing links, prepare the availability vector, and

update its probability πx using β̃. The availability probabilities are updated based on

the principle that only the β̃ proportion of passengers will observe the current state, and

the rest of the passengers (1 − β̃) will observe a different state. We continue updating

the state availability probabilities in this manner until all the accessing flow is assigned.

Note that due to assumption 13 and the presence of walking links from transfer nodes,

we will never observe the availability vector, where all the outgoing links get saturated

and are not available. This procedure will evaluate π’s, which will be further used in

the label correcting algorithm for updating the strategies in the assignment algorithm.

Algorithm 5 Network loading

procedure NetworkLoading(P̂, R̂)

vd(s, j)← 0,∀j ∈ uC(s), ∀s = (i, t, θ, x) ∈ SC ,∀d ∈ D

Vp(i, t)← 0, Vn(i, t)← 0, ∀t ∈ t̃k(i)(i), ∀i ∈ N

for g ∈ G do

for t ∈
[
tED
g , tED

g + δ3
]
do

V d
n (og, t) += R̂g,t ∗ dogdg

Find the topological order of nodes in N



80

for i ∈ topological order do

stop← FALSE; Un(i, t)← Vn(i, t);∀t ∈ t̃k(i)(i)

x(i,t,θ) ← {1}|u(i,t,θ)|;πx ← 1, if x = x(i,t,θ), 0, otherwise, ∀(i, t, θ) ∈ SC

for d ∈ D do

for t ∈ t̃k(i)(i) do

for θ ∈ Θi(t) do

for j ∈ uC(i, t, θ, x(i,t,θ)) : k(i) == k(j) do

tempF low ← pθ ∗ πx(i,t,θ) ∗ P̂ d
(i,t,θ,x(i,t,θ)),j

∗ V d
p (i, t); t

′
= t+ cθij

vd(i, t, θ, x(i,t,θ), j) += tempF low

for θ
′ ∈ Θj(t

′
) do

x(j,t′ ,θ′ ) ← {1}|u(j,t
′
,θ

′
)|

for l ∈ uC(j, t
′
, θ

′
, x(j,t′ ,θ′ )) do

if k(j) == k(l) then

V d
p (j, t

′
) += pθ

′
∗πx

(j,t
′
,θ

′
)∗P̂ d

(j,t′ ,θ′ ,x
(j,t

′
,θ

′
)
),l
∗tempF low

else

V d
n (j, t

′
) += pθ

′
∗πx

(j,t
′
,θ

′
)∗P̂ d

(j,t′ ,θ′ ,x
(j,t

′
,θ

′
)
),l
∗tempF low

for j ∈ FS(i) do

ũij ← C(k(j))−∑d∈D
∑

t∈t̃k(i)(i)
∑

x∈Xθ
i (t)

∑
θ∈Θi(t)

vd(i, t, θ, x, j)

while not stop do

for d ∈ D do

ṽdij ← 0, ∀j ∈ FS(i), ∀d ∈ D

for t ∈ t̃k(i)(i) do

for θ ∈ Θi(t) do

for j ∈ uC(i, t, θ, x(i,t,θ)) do

ṽdij += pθ ∗ πx(i,t,θ) ∗ P̂ d
(i,t,θ,x(i,t,θ)),j

∗ Un(i, t)
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ṽij =
∑

d∈D ṽdij ▷ Flow that’ll be competing to access (i, j)

β̃ ← min
{
1,minj∈FS(i)

(
ũij

ṽij

)}
for j ∈ FS(i) do

ũij = ũij − β̃ṽij

for d ∈ D do

for t ∈ t̃k(i)(i) do

for θ ∈ Θi(t) do

for j ∈ uC(i, t, θ, xi,t,θ) do

tempF low ← β̃∗pθ∗πx(i,t,θ)∗P̂ d
(i,t,θ,x(i,t,θ)),j

∗Ud
n(i, t); t

′
= t+cθij

vd(i, t, θ, x(i,t,θ), j) += tempF low

for θ
′ ∈ Θj(t

′
) do

for l ∈ uC(j, t
′
, θ

′
, x(j,t′ ,θ′ )) do

if k(j) == k(l) then

V d
p (j, t

′
) += pθ

′
∗πx

(j,t
′
,θ

′
)∗P̂(j,t′ ,θ′ ,x

(j,t
′
,θ

′
)
),l∗tempF low

else

V d
n (j, t

′
) += pθ

′
∗πx

(j,t
′
,θ

′
)∗P̂(j,t′ ,θ′ ,x

(j,t
′
,θ

′
)
),l∗tempF low

Ud
n(i, t)← (1− β̃)V d

n (i, t)

if β̃ < 1 then

for j
′ ∈ argminj∈FS(i)

(
ũij

ṽij

)
do

for t ∈ t̃k(i)(i) do

for θ ∈ Θi(t) do

p← πx(i,t,θ) ▷ Probability of current state

πx(i,t,θ) ← β̃p ▷ Update probability of current state

x(i,t,θ)[j
′
]← 0 ▷ New state

πx(i,t,θ) ← (1− β̃)p ▷ Update prob of new state
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else

stop ← TRUE
return π,v

To explain the concept of network loading in capacitated assignment problem, let us

consider the example given in Section 4.1. Using the policy computed in the previous

sub-section, we evaluate the route choice probabilities as below:

P(o,0,{0,0},{1,1}),A1
= 1 P(o,0,{0,0},{1,1}),E2

= 0

P(o,0,{0,0},{0,1}),E2
= 1

P(A1,0,{2},{1}),B1
= 1, P(A1,0,{8},{1}),B1

= 1

P(E2,0,{3},{1}),D2
= 1, P(E2,0,{5},{1}),D2

= 1 P(E2,0,{10},{1}),D2
= 1

P(B1,2,{15,1},{1,1}),C1
= 0, P(B1,2,{15,1},{1,1}),D2

= 1

P(B1,2,{15,3},{1,1}),C1
= 1, P(B1,2,{15,3},{1,1}),D2

= 0

P(B1,2,{15,8},{1,1}),C1
= 1 P(B1,2,{15,8},{1,1}),D2

= 0

P(B1,8,{15,∞},{1,0}),C1
= 1,

P(B1,8,{15,2},{1,1}),C1
= 0.5, P(B1,8,{15,2},{1,1}),D2

= 0.5

P(D2,3,{13},{1}),C2
= 1, P(D2,5,{13},{1}),C2

= 1 P(D2,10,{13},{1}),C2
= 1

P(C1,17,{1},{1}),d = 1, P(C1,23,{1},{1}),d = 1

P(C2,16,{1},{1}),d = 1, P(C2,18,{1},{1}),d = 1 P(C2,23,{1},{1}),d = 1

Further, assume that the capacity of both trips is 60. For passenger loading, let

us process the nodes in topological order. For node 1, we have, Vn(o, 0) = 100. First,

initialize π(o,0,{0,0},{1,1}) = 1. The accessing flow and residual capacities of outgoing

links are ṽo,A1 = 100, ṽo,E2 = 0 and ũo,A1 = 60, ũo,E2 = 60. As the flow trying to

access link (o,A1) is more than its residual capacity, we have β = 0.6. Since, we have
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β = 0.6, we have to run more than 1 iteration of the ”while loop” to finish the load-

ing at node A1. As we know that P(o,0,{0,0},{1,1}),A1
= 1, P(o,0,{0,0},{1,1}),E2

= 0, we

have v(o,0,{0,0},{1,1}),A1
= 0.6 ∗ 100 = 60, v(o,0,{0,0},{1,1}),E2

= 0. Since all the flow that

reaches A1 want to continue on the same route, we assign Vp(A1, 0) = 60. This gives

us π(o,0,{0,0},{1,1}) = 0.6 and π(o,0,{0,0},{0,1}) = 0.4. After updating the state availabil-

ity probabilities, we now run the second iteration of the while loop. The accessing

flow and residual capacities of available outgoing links are ṽo,E2 = 40 and ũo,E2 = 60.

Therefore, β = 1. This means that all flow can access their first available choice, i.e.,

v(o,0,{0,0},{0,1}),E2
= 1.0 ∗ 40 = 40. Since all the flow that reaches E2 want to continue

on the same route, we assign Vp(E2, 0) = 40.

The next node in the topological order is A1. Since all the flow that needs to

be assigned at this node is priority flow, we have v(A1,0,{2},{1}),B1
= 0.6 ∗ 60 = 36

and v(A1,0,{8},{1}),B1
= 0.4 ∗ 60 = 24. This makes Vp(B1, 2) = 0.8 ∗ 36 = 28.8 and

Vn(B1, 2) = 0.2 ∗ 36 = 7.2. Similarly, Vp(B1, 8) = 24 ∗ 0.5 ∗ 1 + 24 ∗ 0.5 ∗ 0.5 = 18

and Vn(B1, 8) = 6. Processing the node E2, we have v(E2,0,{3},{1}),D2
= 0.2 ∗ 40 =

8, v(E2,0,{5},{1}),D2
= 0.3 ∗ 40 = 12, and v(E2,0,{10},{1}),D2

= 0.5 ∗ 40 = 20. Therefore,

Vp(D2, 3) = 8, Vp(D2, 5) = 12, and Vp(D2, 10) = 20.

The next node in the topological order is B1. This is an important node as it has

both priority as well as non-priority flow to assign. Let’s start with the assignment

of priority flow. We have, v(B1,2,{15,1},{1,1}),C1
= 28.8 and v(B1,8,{15,1},{1,1}),C1

= 18.

Clearly, Vp(C1, 17) = 28.8 and Vp(C1, 23) = 18. Next, we process the non-priority flow.

We have accessing flow ṽ(B1,D2) = 7.2+6 = 13.2, residual capacity ũ(B1,D2) = 60−40 =

20, and β = 1. This gives v(B1,2,{15,1},{1,1}),D2
= 7.2 and v(B1,8,{15,2},{1,1}),D2

= 6.

Following the same procedure, we have, v(D2,3,{13},{1}),C2
= 15.2, v(D2,3,{5},{1}),C2

=
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12, v(D2,3,{10},{1}),C2
= 26.

Calculating the average flow, we have, v(o,A1) = 60, v(o,E2) = 40, v(A1, B1) = 60,

v(E2, D2) = 40, v(B1, D2) = 13.2, v(B1, C1) = 46.8, v(D2, C2) = 53.2, v(C1, d) = 46.8,

v(C2, d) = 53.2.

4.2.2 Assignment of passengers

The optimal strategy computed using Algorithm 4 helps evaluate the route choice P

and departure time choice R probabilities using the probability of availability vectors

π. Then, the NetworkLoading procedure in Algorithm 5 will update the values of

π based on P and R. An equilibrium is reached when, in each state, no passenger can

improve her expected cost by changing the probability of taking a particular action in

that state. This means that in equilibrium, all non-null choice probabilities P d
s,a and Rd

g,t

associated to a state and group resp. will have the same expected costs Qd
s,a and Ĵd

og ,t.

To characterize equilibrium, let us define the feasible set of route choice and departure

time choice probabilities P as below:

P =

P×R ∈ R|D|×
∑

s∈SC
|uC(s)| × R|G|×|T | :

∑
j∈uC(s)

P d
s,j = 1, ∀s ∈ SC , ∀d ∈ D, and (4.11)

∑
t∈[tED

g ,tED
g +δ3]

Rg,t = 1, ∀g ∈ G


Further, the expected cost of choice probability vector (P,R) denoted by C(P,R) can

be evaluated using the following equation:

C(P,R) =
∑
d∈D

∑
s∈SC

∑
j∈uC(s)

Qd(s, j)× P d
s,j +

∑
g∈G

∑
t∈[tED

g ,tED
g +δ3]

Ĵd(og, t)× Pg,t (4.12)

We call (P∗,R∗) as the equilibrium probabilities if they satisfy the variational in-

equality given as:
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C(P∗,R∗),

P∗ −P

R∗ −R


〉
≤ 0, ∀(P,R) ∈ P (4.13)

Since the expected cost of mapping C(P,R) cannot be evaluated in closed form as

it depends on the availability probabilities π through the loading procedure, we cannot

formulate the above VI problem into an equivalent optimization problem. However,

there exists at least one solution to this VI problem because the set P is compact,

and mapping C(P,R) is continuous since it depends on the availability probabilities

π, which is a function of continuous (P,R) [51]. Moreover, we cannot show that there

exists a unique solution to the given variational inequality. To solve the assignment

problem, we use an MSA-based heuristic approach. We start by initializing the entries

of the initial (P̂, R̂) as zero. Before running the Algorithm 4, we assume that π(i,t,θ,x) =

1, if x = {1}|u(i,t,θ)|, 0 otherwise ,∀x ∈ Xθ
i (t),∀(i, t, θ) ∈ S. Then, we evaluate the best

response choice probabilities (P,R) using the Algorithm 4, which are used for updating

the current (P̂, R̂) based on the convex combination of the current values (P̂, R̂) and

the best response (P,R) using α = 1
k+1 , where k is the iteration number. Then, the

updated (P̂, R̂) is used for the NetworkLoading procedure that further updates

the availability probabilities π. We continue this procedure until the gap(P̂, R̂,P,R)

calculated using (4.14) reaches below the tolerance level ϵ. The gap function is similar to

the one used for the traffic assignment based on the user equilibrium principle. However,

the latter uses link flow vectors, and the former uses the link choice probabilities. The

overall MSA algorithm is summarized in Algorithm 6. The converged average link flow

values can be calculated using (4.15).

gap(P̂, R̂,P,R) =

∑
d∈D

∑
s∈SC

∑
j∈uC(s)

Qd(s, j)× (P̂ d
s,j − P d

s,j) +
∑
g∈G

∑
t∈[tED

g ,tED
g +δ3]

Ĵd(og, t)× (R̂g,t −Rg,t)

∑
d∈D

∑
s∈SC

∑
j∈uC(s)

Qd(s, j)× P d
s,j +

∑
g∈G

∑
t∈[tED

g ,tED
g +δ3]

Jd(og, t)×Rg,t

(4.14)
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vij =
∑
d∈D

∑
t∈t̃k(i)(i)

∑
θ∈Θi(t)

∑
x∈Xθ

i (t)

vd(i, t, θ, x, j),∀(i, j) ∈ A (4.15)

Algorithm 6 Method of successive averages for capacitated assignment

1: procedure MSA(ϵ)
2: (Initialization) P̂ d

s,j ← 0,∀j ∈ uC(s), ∀s ∈ SC , ∀d ∈ D

3: R̂g,t ← 0,∀t ∈
[
tED, tED + δ3

]
, ∀g ∈ G

4: k ← 0; gap←∞
5: while gap > ϵ do
6: α = 1

k+1

7: Ĵd, Qd, µd, P d, Rd ← CLC(d),∀d ∈ D
8: P̂← αP̂+ (1− α)P̂; R̂← αR̂+ (1− α)R̂
9: π,v←NetworkLoading(P̂, R̂)

10: Calculate gap using the equation (4.14)
11: k ← k + 1
12:

Unlike previous studies on schedule-based transit assignment that maintains the flow

vector based on a specific strategy for an origin-destination pair, the current research

maintains the link flow vector based on local choice probabilities for each destination.

This difference is akin to a path-based versus link-based algorithm for solving the traffic

assignment problem.

4.3 Numerical experiments

For the application of proposed models, we consider the network given in Section 3.1.4

of Chapter 3. There are 6 origin-destination pairs in the network. A synthetic demand

table is created for the assignment, which is shown in Table 4.1. It has 24 groups with

different origins, destinations, earliest departure, and earliest and latest arrival time,

with a total demand of 128 passengers.
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Table 4.1: Demand table for transit assignment numerical experiment

Group Origin Dest. tED
g tEA

g tLAg Dem.

1 1 6 09:55 10:07 10:12 5
2 1 6 09:55 10:10 10:15 6
3 1 6 09:50 10:04 10:09 4
4 1 6 10:05 10:17 10:22 8
5 1 6 10:05 10:20 10:25 2
6 1 6 10:00 10:14 10:19 2
7 1 6 09:58 10:27 10:32 8
8 1 6 10:00 10:24 10:30 9
9 1 6 10:05 10:37 10:42 11
10 1 5 09:52 10:05 10:10 1
11 1 5 10:05 10:15 10:20 5
12 1 5 09:55 10:25 10:30 4
13 1 5 09:57 10:36 10:40 5
14 7 6 09:58 10:10 10:15 7
15 7 6 10:08 10:20 10:25 2
16 7 6 10:15 10:35 10:40 4
17 7 5 10:13 10:33 10:38 4
18 7 5 10:03 10:18 10:23 7
19 14 6 10:05 10:14 10:20 9
20 14 6 10:13 10:22 10:28 5
21 14 6 10:20 10:36 10:40 8
22 14 5 10:05 10:12 10:18 4
23 14 5 10:10 10:20 10:25 2
24 14 5 10:15 10:30 10:36 6

4.3.1 Uncapacitated assignment

Based on the expected costs computed in Section 3.1.4, and whether or not late and

early arrival penalty is being applied, we present the optimal departure time results for

various passenger groups in Table 4.2. When the penalties are not applied, we look for a

departure time that is above the earliest departure time and provides the least expected

cost to the respective destination. It provides similar departure times for groups that

have the same origin and similar earliest departure times. When the early and late ar-

rival penalties are applied, we look for departure time that provides the least expected
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cost based on (4.2). The penalties sometimes cause a passenger group to depart early

or late to arrive at the destination in a given time interval.

Table 4.2: Optimal departure time of passenger groups

Group Penalties Penalties Group Penalties Penalties
not included included not included included

1 10:05 10:05 13 10:00 10:09
2 10:05 10:05 14 10:17 10:03
3 10:05 09:55 15 10:17 10:10
4 10:05 10:05 16 10:17 10:17
5 10:05 10:05 17 10:17 10:17
6 10:05 10:05 18 10:17 10:03
7 10:05 10:09 19 10:08 10:08
8 10:05 10:09 20 10:18 10:18
9 10:05 10:09 21 10:24 10:24
10 10:00 10:00 22 10:18 10:08
11 10:09 10:09 23 10:18 10:18
12 10:00 10:09 24 10:18 10:18

For assigning passengers, we use the departure times calculated based on the penal-

ties. The passenger flow obtained after running Algorithm 3 is visualized in Figure

4.1. The flow of passengers on various links is varied according to the line width of the

links in the figure. The transfer links are represented using dashed lines. If a link is not

shown between two nodes, then either such link does not exist in the network or the flow

of passengers on that link is zero. We can observe that most of the passengers prefer

taking the first and second trips of various routes in the network. This is because most

of the passenger groups have departure times from the origin closer to the departure

times of the first and second trips of various transit routes departing from their origins.

We observe the highest flow on the second trip of red and blue routes. This is because

together these two routes connect both destinations (5 and 6) from origin 1. The pas-

senger groups going from origin 14 to destination 6 prefer taking the orange route. The
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passenger groups going from 1 to 5 or 6 prefer taking the transfer 3-4. However, we

observe some flow on the first trip of the green route from origin 1 to destination 6 that

takes a transfer to the orange route. The passengers going from origin 7 to destination

5 prefer taking the transfer 8-2 from violet to the red route. To go to destination 5, we

observe some passengers taking transfers 12-4 and 3-4 from the second trip of orange

and red routes to the third trip of the blue route. We do not observe a significant flow

of passengers for the fourth trip of various transit routes. This is because most of the

groups do not have a late departure time window as compared to the departure times

of fourth trips of various routes departing from various origins.
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Figure 4.1: Passenger flow on various trips for uncapacitated transit assignment
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4.3.2 Capacitated assignment

In this section, we present the results of the capacitated transit assignment. We ran the

assignment Algorithm 6 with the gap tolerance value ϵ = 0.05%. It took 140 iterations

and 8.5 minutes to converge to the solution up to the required tolerance gap. We plot

the convergence behavior of the algorithm in Figure 4.2, where we can observe a steep

decline of the gap value with every iteration. The overall convergence is achieved fairly

quickly.

The converged departure time probabilities for various groups are visualized in Fig-

ure 4.3. Out of 24 groups, 10 groups have only one departure time, i.e., the probability

of departing at a single departure time by these groups is 1. We further observe that

11 groups have two values in their departure time support and 3 groups have 3 or more

values in their departure time support.
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Figure 4.2: Convergence behavior of MSA algorithm
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The uncapacitated assignment does not give us capacity-feasible flows. This is ev-

ident from the flow values visualized in Figure 4.1, where the first trip of the orange

route and the second trip of red and violet routes carry more flow than their capacity

(20 passengers). The capacitated assignment results in more realistic passenger flow on

various trips and routes, which is visualized in Figure 4.4. Due to the limited capacity

of transit routes, passengers have to shift from their most preferred choice to other

choices. By looking at the figure, we can see that various segments of many attractive

trip options are running at near or full capacity. This includes the first trip of the

orange route, the second trip of red, green, orange, and blue routes, and the third trip

of violet and blue routes. A lot of passengers taking the first trip of the orange route

in case of the uncapacitated assignment are distributed to the second and third trip of

the same route. To travel between 1-6, the orange route and combination of red and

blue routes are the most popular choices. Both choices include one transfer provides

improved expected costs as compared to direct routes (green and violet). To travel
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Figure 4.4: Passenger flow on various trips for capacitated transit assignment
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between 7-5, passengers prefer taking two transfers 8-2 and 3-4 within second or second

to third trips of the respective routes. Some passengers going from 14 to 5 have to face

denied boarding on the blue route due to the only option to get to destination 5. This

results in non-zero flow on transfer link 12-4 between various trips of orange and blue

routes. Finally, we do not observe any passengers that have to walk to their destination

due to failed transfer.



Chapter 5

Transit network design with

strategic passenger assignment

The planning of a transit system is a complex problem if approached as a single mono-

lithic unit. Therefore, it is common to divide this process into several stages to make

it tractable to solve. Ceder and Wilson (1986) divided this process into five stages:

Route design, Frequency setting, Timetable preparation, Fleet assignment, and Crew

assignment [78]. The problem of designing routes and their frequencies is commonly

referred to as the Transit Network Design Problem (TNDP), which is addressed in the

current chapter. The main purpose of TNDP is to design a public transit network that

can transport a given origin-destination demand cost-effectively. The route structure

and associated frequency determine the level of service for passengers in terms of travel

time, wait time, and the number of transfers, the total operating cost of the service,

and determines whether it has sufficient capacity to serve the demand. Therefore, for

this problem, one needs to consider several competing objectives from different per-

spectives. It includes minimizing the cost of operating the transit service, maximizing

its geographical coverage, and maximizing the level of service for passengers under a

95
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limited budget.

A critical aspect of the network design problem is to capture the interplay between

transit service and passenger behavior through a transit assignment model. It would be

näıve for a transit agency to design a network without incorporating strategic passenger

behavior as it predicts the number of passengers using different routes in the network

and estimates the total travel cost and the number of transfers experienced by passengers

when traveling between various origin-destination pairs. The transfers are particularly

important because they impose extra waiting time and inconvenience to passengers and

could be reduced by increasing the number of direct routes at the expense of higher op-

erating costs. Another important aspect is to predict the passenger choices in a network

with a limited capacity of transit vehicles, which creates congestion, and passengers may

have to face denied boarding to a desired transit route [36]. To incorporate strategic

passenger behavior with transfers as well as capacity constraints, Cancela et al. (2015)

suggest formulating TNDP as a bi-level optimization problem [3]. This is because the

single-level TNDP formulation will force the passenger flow assignment to respect the

transfer and capacity constraints, resulting in a prediction of unrealistic behavior.

In this chapter, we formulate TNDP as a Bi-level Programming Problem (BLPP).

The upper level evaluates the route and frequency design by minimizing the compos-

ite operational and passenger cost while considering the limited budget, the number of

transfers, and limited road and bus capacities. The lower level optimization problem

predicts the effect of network design on passenger behavior through the optimal strategy

transit assignment model [7]. The overall optimization model is a complex problem to

solve due to the presence of non-linearities and non-convexities in the model along with

combinatorial explosion arising from the discrete design decision variables. The chapter
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develops relaxations, reformulations, and decomposition techniques to solve this prob-

lem.

The current chapter is structured as follows. Section 5.1 introduces the notations

and concepts to be used in this chapter. Then, section 5.2 formulates the bi-level transit

network design problem as a mathematical programming problem, which is followed by

its reformulation in Section 5.3. Then, a branch-and-benders cut algorithm to solve the

current problem is described in Section 5.4. Finally, the results of numerical experiments

are presented Section 5.5.

5.1 Preliminaries

In this section, we introduce notations and concepts to be used in this chapter. Let

us begin by considering a road network characterized by a directed graph GR(NR, AR),

where NR and AR represent the set of nodes and links in the road network respectively.

It is assumed that we have already identified a set of terminal1 locations T ⊆ NR.

The passenger demand is assumed to be concentrated on a set of centroids of traffic

analysis zones denoted by set Z. Let O ⊆ Z and D ⊆ Z be the set of origins and

destinations respectively. The demand between any origin-destination pair (o, d) ∈

O ×D is represented by dod. The set of links coming out and going into a node i are

denoted by sets FS(i) and BS(i) respectively. Let d : AR 7→ R and c : AR 7→ R be the

length (in miles) and travel time (in minutes) of road links.

1A terminal is a transit station where buses/trains start or end their trip
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5.1.1 Creation of candidate transit lines

The first step in the planning of a transit network is the creation of candidate transit

routes L. We use words ”route” and ”line”2 interchangeably in this chapter. A candidate

transit route (l ⊂ AR) ∈ L is a set of connected arcs whose route length is given by

∆l =
∑

a∈l d(a). We use the criteria described by [72] for creating a set of candidate

transit routes, which is discussed below:

1. The route length should not be too long or too short, i.e., ∆min ≤ ∆l ≤ ∆max.

This is because longer routes are susceptible to unreliable service, whereas shorter

routes may require frequent turnovers at terminals resulting in higher operational

costs.

2. The travel time between two nodes of a route should not deviate more than δ̃% of

the shortest road travel time between those nodes. This is important to not make

transit less attractive to auto mode.

3. A route should not be completely included in another route, i.e., for any two routes

l, l
′ ∈ L, l\l′ ̸= ϕ and l

′\l ̸= ϕ.

4. A route should not be circular, i.e., starting node and ending node of the route

are not the same.

5. Every origin-destination pair should be connected by not more than α̃ transfers.

The algorithmic procedure to create candidate transit routes is summarized in Algo-

rithm 7. The algorithm uses the depth-first approach to create routes between terminal

nodes to all other nodes in the network and filter out routes that do not satisfy the

2A transit line/route is defined by a set of stops with a starting and an endpoint between which
buses/trains run back and forth.
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above criteria 1-3. Criterion 4 is automatically satisfied as all the routes generated by

the algorithm are acyclic. The last criterion will be incorporated into the design model.

Algorithm 7 Algorithm for generating candidate transit routes

1: Input GR(NR, AR)
2: Output L ▷ Set of candidate transit routes
3: L← []
4: procedure CreateCandidateRoutes(GR)
5: for t ∈ T do
6: for i ∈ NR do
7: visited← {}; temp routes← []; path← []
8: visited[n]←False, ∀n ∈ N
9: EnumeratePaths(t, i, visited, path)

10: Filter out paths in temp routes that do not satisfy criterion 1-3 given
above

11: Append all the routes in temp routes to L

12: function EnumeratePaths(i, n, visited, path)
13: visited[i]← True
14: Append i to path
15: if i == n then
16: Append path to temp routes
17: else
18: for k ∈ FS(i) do
19: EnumeratePaths(k, n, visited, path)

20: Remove last node from path
21: visited[i]←False

5.1.2 Frequency-based transit network

The set of candidate routes L induces a transit network characterized by a digraph

G(N,A), where N and A denote the set of nodes and links in the transit network

respectively. For this study, every transit route is assumed to be bi-directional. However,

this can be easily relaxed for streets where traffic runs in a single direction. The set

of nodes can be partitioned into three types of nodes, namely, access/egress nodes Z,

in-vehicle nodes Nv, and transfer nodes Nt ⊆ Nv. The in-vehicle nodes are specific for
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each route, and transfer nodes are the in-vehicle nodes that can be used to transfer

to other in-vehicle nodes. The set of links can be partitioned into four types of links,

namely, access links Ae, egress links Aee, in-vehicle links Av, and transfer links At. A

transfer link is created between two in-vehicle nodes only if the distance between them

is less than an acceptable walking distance (say 0.75mi), the route associated with both

nodes are different, and its head node and tail node are not the first stop and last stop

of their associated routes respectively. Let S = Z ∪ Nt be the set of waiting nodes.

The waiting nodes are the nodes in the network whose some or all of the outgoing links

incur waiting. Let f : Ae∪At 7→ R be frequency associated with the access and transfer

links. Furthermore, we denote c : A 7→ R as the cost of traversing links.

5.1.3 Optimal strategy frequency-based transit assignment

Spiess and Florian (1987) proposed an optimization program to model the behavior

of passengers traveling in a frequency-based transit system. The model is particularly

attractive not only because it predicts the strategic behavior of passengers, but also

it has a linear programming formulation. They assumed that the link travel time in

the network is constant, there is no denied boarding due to limited route capacity, and

headways of various transit routes follow an exponential distribution. To present their

model, let us define a variable {gik}i∈N,k∈D as below:

gik =


dik, if i ̸= k, (i, k) ∈ O ×D

−∑o∈O dok, if i = k

0, otherwise

(5.1)

Furthermore, let us denote vak and Wik as the flow of passengers on link a ∈ A and

total passenger waiting time at node i ∈ S destined to k ∈ D respectively. Then, the
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assignment can be formulated as (5.2).

zFP =minimize
v,W

∑
k∈D

(∑
a∈A

cavak +
∑
i∈S

Wik

)
(5.2a)

subject to
∑

a∈FS(i)

vak =
∑

a∈BS(i)

vak + gik,∀i ∈ N, ∀k ∈ D (5.2b)

vak ≤ faWik,∀a ∈ FS(i), ∀i ∈ S, ∀k ∈ D (5.2c)

vak ≥ 0,∀a ∈ A, ∀k ∈ D (5.2d)

The assignment program (5.2) minimizes the total expected link costs and wait time

at various transit stops experienced by passengers in a transit network subject to the

flow conservation constraint at each node (5.2b), flow proportion constraints (5.2c), and

the non-negativity constraints (5.2d).

5.2 Bi-level transit network design problem

In this section, we introduce and formulate the bi-level transit network design problem

(BTNDP). The problem can be viewed as a static version of a non-cooperative two-

person sequential game introduced by von Stackelberg in the context of unbalanced

economic markets [139]. In the present context, the two players are the transit agency,

which is responsible for the design of the network, is termed as the ”leader” and the

passengers, who are flowing in the given network, are termed as the ”follower”. The

control or decision variables are partitioned amongst the players who seek to minimize

their cost functions. This is a static game because both players have one move to make,

i.e., the transit agency will make a decision about the network once-and-for-all, and

the passengers will move themselves according to the optimal strategies. Now assuming

common knowledge of rationality, what should a leader do? It would be näıve for the

leader to minimize its cost based on some belief about the decisions of the follower
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because it knows exactly how rational follower would respond to its design decisions.

Therefore, the ”leader” goes first and attempts to minimize the net operational cost and

travel cost of the passengers subject to some feasibility constraints and anticipation of

the response of its opponent. The follower then observes the leader’s decision and reacts

using optimal strategies in the network. By doing so, the leader may gain first mover

advantage. Because the set of feasible choices available to either player is interdependent,

the leader’s decision affects both the players’ cost and allowable actions and vice-versa.

Furthermore, the leader can affect the decisions of the passengers but cannot fully

control their actions. In what follows, we present the network design model. Before

presenting it, we must make the following assumptions:

Assumption 1. (Modeling assumptions)

1. The link costs are constant.

2. Leader and follower are expected cost minimizers.

3. The passenger demand between various origin-destination pairs is fixed.

4. Buses stop at each stop of their route. The boarding and alighting time of passen-

gers are ignored.

5. The available number of buses is enough to serve all the passengers in the demand

matrix.

6. The leader is assumed to be optimistic, i.e., when there are multiple optimal de-

cisions of the follower for a given upper-level decision, it chooses the one that

benefits it the most among all optimal solutions.
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5.2.1 Decisions

In BTNDP, the leader or the transit agency has control over two sets of decision vari-

ables, namely, whether a candidate route should be built/located or not (x ∈ B|L|) and

which frequency f ∈ Θ should be adopted for a located transit route (y ∈ B|L×Θ|),

where Θ = {1, 2, 3, 6, 12} is the set of possible frequencies in buses/hr. By defining

frequency set in this way, one can define the lower and upper bound on the frequency

values. The follower or passengers have control over the flow on links v ∈ R
|A×D|
+ and

the total wait time at nodes (W ∈ R|S×D|) which is the outcome of the optimal strate-

gies of passengers moving in the network. Here, as a result of sequential decision making,

the functions v(x,y),W(x,y) emphasize the fact that leader’s decision is implicit in v

and W. For convenience, we will not show this dependency in the notations.

5.2.2 Upper level problem

The upper-level problem is the optimization problem solved by the transit agency for

the design of the transit network. To do so, it must consider different perspectives,

namely, operator and passenger perspectives. The operator’s perspective is to provide

transit service at a minimal operational cost, and the passenger’s perspective is to get

cheap and convenient service [72]. Therefore, we consider a composite objective function

for the upper-level problem based on both perspectives. It is the sum of the operating

cost of running buses and the total expected travel time and wait time experienced by

the passengers.

F (x,y,v,W) = (1−β)

∑
l∈L

∑
f∈Θ

(2f∆lϕ)ylf

+β

[∑
k∈D

(∑
a∈A

cavak +
∑
i∈S

Wik

)
φ

]
(5.3)

where ϕ is the bus operating cost per mile, φ is the value of travel time in $/hr, and

0 ≤ β ≤ 1 is the weight/importance given passengers’ perspective. The operating cost
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is obtained by multiplying the total running distance (round trip travel distance times

frequency) of a route with operating cost per mile, and passenger cost is obtained by

adding the total expected travel time and wait time spent in the network. The upper-

level problem is subject to the following constraints:

Fleet constraint

A transit agency has a limited budget to operate a service. We use the number of

available buses B as a proxy for the budget.

∑
l∈L

∑
f∈Θ
B(l, f)ylf

 ≤ B (5.4)

where, the mapping B : L×Θ 7→ N used in (5.4) is defined as B(l, f) =
(
f ×∑a∈l 2ca

)
,

which describes that the number of buses required to provide frequency f ∈ Θ for line

l ∈ L is the product of the frequency and round trip travel time. One can also include

budget constraints associated with the construction of new lines if new train lines or

BRT are constructed. By assuming a constant construction cost per mile, the constraint

will take the form of a Knapsack constraint in terms of x similar to (5.4). For the sake

of simplicity, we do not include it here.

Street capacity

There is a maximum number of buses that can pass through road link a ∈ AR per unit

time known as street capacity κa. The following constraint restricts the total frequency

of the buses on link a to be less than or equal to κa.

∑
l∈L:a∈l

∑
f∈Θ

fylf ≤ κa,∀a ∈ AR (5.5)



105

Logical constraints

We need to include a logical constraint that a frequency for a route cannot be adopted if

it is not located. Moreover, if a route is located, then we can only adopt one frequency

value for that.

∑
f∈Θ

ylf = xl,∀l ∈ L (5.6)

Transfer constraints

Transfers are inconvenient and induce extra waiting time for passengers that may make

transit service unattractive to them. They can be modeled as a soft approach that

restricts or minimizes the number of transfers taken by all passengers. For example, [79]

specifies the minimum percentage of total demand that should be satisfied without

transfers, [1] minimizes the total number of passengers on transfer links, and [3] specifies

the percentage of demand that should be satisfied with no more than a specific number

of transfers. We also restrict the average number of transfers per passenger to be less

than or equal to ϵ̃. ∑
k∈D

∑
a∈At vak∑

od∈O×D dod
≤ ϵ̃ (5.7)

Minimizing or restricting the number of transferring passengers may not avoid the

situation for some passengers in the network taking an unbounded number of transfers.

Therefore, we call this approach the ”soft approach.” One can also formulate a constraint

specifying the availability of a path with at most α̃ transfers between every origin-

destination pair. For this purpose, let us denote R(od) and TR(od) as the number of

direct paths and transfer paths with at most α̃ transfers between origin-destination pair

od ∈ O ×D in the network. Further, let L(p) be the set of lines used to serve path p

in the network. To avoid the enormous number of paths, we take the value of α̃ = 1.
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Then, the transfer constraints can be formulated as below:

∑
p∈R(od)

∑
l∈L(p)

xl +
∑

tr∈TR(od)

(
Π

l∈L(tr)
xl

)
≥ 1,∀od ∈ O ×D (5.8)

The above constraints make sure that for every origin-destination pair, at least

one direct or transfer path (with at most one transfer) is available. We call this ap-

proach the ”hard approach” of restricting transfers. However, the expression (5.8) has

bilinear terms that remain non-convex even if the integrality constraints are relaxed.

Fortunately, in this case, bilinear terms consist of the product of two binary variables

that can be exactly relaxed using the McCormick relaxation. Let ztr = Π
l∈L(tr)

xl,∀tr ∈

TR(od),∀od ∈ O×D. Then, ztr can be expressed as the following set of linear inequal-

ities:

ztr ≤ xl, ∀l ∈ L(tr),∀tr ∈ TR(od)∀od ∈ O ×D (5.9a)

ztr ≥
∑

l∈L(tr)

xl − (|L(tr)| − 1) , ∀tr ∈ TR(od),∀od ∈ O ×D (5.9b)

The proof of the above reformulation is trivial and can be shown by considering two

cases, namely, xl = 0 and 1. For α̃ > 1, the expression (5.8) will have multilinear terms

that can still be exactly relaxed as the set of linear constraints using the above technique

at an expense of a large number of constraints. There are two disadvantages of using

the hard constraints. First, if we only include the hard constraints, then it may result

in a network where a high proportion of passengers have to take transfer. Second, since

the constraints are included for every transfer path and every origin-destination pair,

it can result in slow computational performance. We show the effect of both soft and

hard approaches on the number of transferring passengers in the numerical experiments

(Section 5.5).
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We believe that the transfer constraints (5.7) should not be part of the lower level

problem because by including them in the lower level, the assignment of passengers will

be forced to satisfy transfer constraints, which may show unrealistic passenger behavior

in some cases. For example, some passengers prefer taking a transfer path because it

provides a lesser expected cost in comparison to a direct path.

Capacity constraints

The modeling of passenger behavior while incorporating the capacity constraints (con-

gestion) is a difficult problem. The congestion is important to consider since it causes

denied boarding, which leads to increased waiting time, travel time, and discomfort.

Several authors have tried to include congestion into frequency-based transit assign-

ment models through various approaches, namely, discomfort function [7], effective fre-

quency [36,38,140,141], and failure-to-board probabilities [39]. Despite the effort, there

is no tractable closed-form of congested frequency-based transit assignment model. On

the other hand, it would not be ideal to include transit vehicle capacity constraints into

the lower-level assignment program (e.g., in [1]) because doing so may lead to unreal-

istic passenger behavior, which previous studies on congested frequency-based transit

assignments were trying to avoid. Therefore, indirectly, we avoid requiring a congested

frequency-based transit assignment model at the lower level by designing a network that

does not exceed capacity limits using capacity constraints in the upper level. Assuming

that transit vehicles with equal capacities are deployed, we can formulate the capacity

constraints as (5.10).

∑
k∈D

vak ≤
∑
f∈Θ

fyl(a)fC,∀a ∈ Av (5.10)

where, C represent the capacity of one transit vehicle.
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5.2.3 Lower level problem

The lower level problem is the optimization problem solved by the passengers. This is

the same as the optimal strategy transit assignment model described in Section 5.1.3.

ZFP = minimize
v,W

f(v,W) =
∑
k∈D

(∑
a∈A

cavak +
∑
i∈S

Wik

)
(5.11a)

subject to
∑

a∈FS(i)

vak =
∑

a∈BS(i)

vak + gik,∀i ∈ N, ∀k ∈ D (5.11b)

vak ≤

∑
f∈Θ

fyl(a)f

Wik, ∀a ∈ FS(i),∀i ∈ S, ∀k ∈ D (5.11c)

vak ≤ M̃xl(a), ∀a ∈ Av, ∀k ∈ D (5.11d)

vak ≥ 0,∀a ∈ A, ∀k ∈ D (5.11e)

The constraints (5.11c) incorporate the condition that a route frequency can be used

if only if it is adopted for that route and (5.11d) forces the flow on inactive in-vehicle

links to be equal to zero. The value of big-M in (5.11d) can be taken as M̃ =
∑

o∈O dod.

Although there is no need to include (5.11d) as they are redundant due to the presence of

(5.10) in the upper level, they provide better linear relaxation bounds. Therefore, they

are also known as strong linking constraints [142]. The above formulation introduces

bilinear terms in (5.11c). By again employing McCormick relaxations, this can be

exactly relaxed into a set of linear constraints. Let tfaik = yl(a)fWik, ∀f ∈ Θ,∀a ∈

FS(i),∀i ∈ S, ∀k ∈ D. Further, let us assume that there exists a finite upper and lower

bound to the variable Wik , i.e., W ik ≤ Wik ≤ W ik. Then, tfaik can be expressed as
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the set of linear constraints (5.12a)-(5.12d).

W ik −Wik + tfaik −W ikyl(a)f ≥ 0 (5.12a)

W ikyl(a)f − tfaik ≥ 0 (5.12b)

tfaik −W ikyl(a)f ≥ 0 (5.12c)

Wik −W ik − tfaik +W ikyl(a)f ≥ 0 (5.12d)

We can assumeW ik = 0 since the wait time cannot be negative andW ik =
(∑

o∈O dod
)
×

60
1 assuming all the passengers destined to k flow through node i with total expected

frequency of only 1 bus/hr. Moreover, we can ignore constraints (5.12a) because it

provides an upper bound on Wik and since we are minimizing Wik, it will either be

redundant (when yl(a)f = 1) or not tight (when yl(a)f = 0). After this reformulation,

(5.11) can be stated as (5.13).

.

ZFP = minimize
v,W,t

f(v,W, t) =
∑
k∈D

(∑
a∈A

cavak +
∑
i∈S

Wik

)
(5.13a)

subject to
∑

a∈FS(i)

vak =
∑

a∈BS(i)

vak + gik,∀i ∈ N, ∀k ∈ D (5.13b)

vak ≤
∑
f∈Θ

ftfaik, ∀a ∈ FS(i),∀i ∈ S, ∀k ∈ D (5.13c)

tfaik ≤W ikyl(a)f , ∀f ∈ Θ,∀a ∈ FS(i), ∀i ∈ S,∀k ∈ D (5.13d)

Wik − tfaik ≥ 0,∀f ∈ Θ, ∀a ∈ FS(i),∀i ∈ S, ∀k ∈ D (5.13e)

vak ≤
(∑

o∈O
dod

)
xl(a), ∀a ∈ Av,∀k ∈ D (5.13f)

vak ≥ 0,∀a ∈ A, ∀k ∈ D (5.13g)

tfaik ≥ 0,∀f ∈ Θ, ∀a ∈ FS(i),∀i ∈ S, ∀k ∈ D (5.13h)
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By putting down all the pieces together, we can state the overall BTNDP as follows:

Z∗ =minimize
x,y,z,v

(1− β)

∑
l∈L

∑
f∈Θ

(2f∆lϕ)ylf

+ β

[∑
k∈D

(∑
a∈A

cavak +
∑
i∈S

Wik

)
φ

]
(5.14a)

subject to
∑
l∈L

∑
f∈Θ

B(l, f)ylf

 ≤ B (5.14b)

∑
l∈L:a∈l

∑
f∈Θ

fylf ≤ κa,∀a ∈ AR (5.14c)

∑
f∈Θ

ylf = xl, ∀l ∈ L (5.14d)

∑
p∈R(od)

∑
l∈L(p)

xl +
∑

tr∈TR(od)

ztr ≥ 1, ∀od ∈ O ×D (5.14e)

ztr ≤ xl, ∀l ∈ L(tr), ∀tr ∈ TR(od)∀od ∈ O ×D (5.14f)

ztr ≥
∑

l∈L(tr)

xl − (|L(tr)| − 1) , ∀tr ∈ TR(od),∀od ∈ O ×D (5.14g)

−
∑
k∈D

∑
a∈At

vak ≥ −ϵ̃

( ∑
od∈O×D

dod
)

(5.14h)

−
∑
k∈D

vak ≥ −
∑
f∈Θ

fyl(a)fC, ∀a ∈ Av (5.14i)

x ∈ B|L|,y ∈ B|Θ×L| (5.14j)

(v,W, t) ∈ argmin
∑
k∈D

(∑
a∈A

cavak +
∑
i∈S

Wik

)
(5.14k)

subject to
∑

a∈FS(i)

vak =
∑

a∈BS(i)

vak + gik, ∀i ∈ N,∀k ∈ D (5.14l)

− vak ≥ −
∑
f∈Θ

ftfaik,∀a ∈ FS(i),∀i ∈ S,∀k ∈ D (5.14m)

− tfaik ≥ −W ikyl(a)f , ∀f ∈ Θ, ∀a ∈ FS(i), ∀i ∈ S,∀k ∈ D (5.14n)

Wik − tfaik ≥ 0, ∀f ∈ Θ, ∀a ∈ FS(i), ∀i ∈ S,∀k ∈ D (5.14o)

− vak ≥ −

(∑
o∈O

dod
)
xl(a), ∀a ∈ Av, ∀k ∈ D (5.14p)

tfaik ≥ 0, ∀f ∈ Θ, ∀a ∈ FS(i), ∀i ∈ S,∀k ∈ D (5.14q)

v ∈ R
|A×D|
+ (5.14r)
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5.3 BTNDP reformulation

In this section, we describe a reformulation of BTNDP that can be solved using an

off-the-shelf solver. Before moving forward, it is convenient to define a few sets to help

develop the solution algorithm. They are defined as follows:

1. Constraint region of (x,y) that does not depend on the lower level decision vari-

ables.

U = proj
x,y
{(x,y, z) : (5.14b)− (5.14g), (5.14j)} (5.15)

where, proj
x,y

(U) represents the projection of the set U onto x and y variables.

2. Constraint region of the bi-level problem (5.14)

S = {(x,y, z,v,W, t) : (5.14b)− (5.14j), (5.14l)− (5.14r)} (5.16)

3. Feasible set of follower decisions for each fixed (x,y) ∈ U

S(x,y) = {(v,W, t) : (5.14l)− (5.14r)} (5.17)

4. Follower’s reaction set for each fixed (x,y) ∈ U

P(x,y) =
{
(v,W, t) ∈ argmin

[∑
k∈D

(∑
a∈A

cavak +
∑
i∈S

Wik

)]
: (v,W, t) ∈ S(x,y)

}
(5.18)

5. Inducible region

IR = {(x,y, z,v,W, t) ∈ S : (v,W, t) ∈ P(x,y)} (5.19)
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IR is the region over which the leader can optimize. Therefore, BTNDP can be

compactly written as below:

minimize
x,y,z,v,W,t

F (x,y, z,v,W, t) (5.20a)

subject to (x,y, z,v,W, t) ∈ IR (5.20b)

An important problem related to any bi-level problem, known as the High Point

Problem (HPP), is the problem without the lower-level objective function constraint.

In our context, HPP is minimizing objective function (5.14a) over S. For the existence

of the solution to BTNDP, we make the following assumption.

Assumption 2. HPP is feasible and bounded.

Assumption (2) is a necessary requirement for the existence of an optimal solution to

BTNDP (5.14). Moreover, since HPP is a relaxation of (5.14), it guarantees a finite

lower bound to the problem (5.14).

Assumption 3. The dual of the follower’s problem for a fixed (x,y) ∈ U is feasible.

As the feasible region of the follower’s dual problem does not depend on (x,y) ∈ U

(see (5.21)), its feasibility ensures that the follower’s primal problem (5.13) is bounded

from below. Furthermore, this assumption promises a strong duality of the follower’s

problem for a fixed (x,y) ∈ U .

A feasible upper level design solution (x̂, ŷ, ẑ) to HPP may or may not be feasible

to BTNDP (5.14). When it is feasible to (5.14), then we call that solution as bi-

level feasible design solution. To be precise, any (x̂, ŷ, ẑ) is a bi-level feasible design

solution if S(x̂, ŷ) ̸= ϕ and ∃(v̂,Ŵ, t̂) ∈ P(x̂, ŷ) such that (5.14h) and (5.14i) are

satisfied. Any bi-level feasible design solution (x̂, ŷ, ẑ) along with the follower reaction
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(v̂,Ŵ, t̂) ∈ P(x̂, ŷ) will provide a finite upper bound to the BTNDP (5.14). Next, we

prove that the follower problem is always feasible for a given (x,y) ∈ U .

Proposition 5. S(x,y) ̸= ϕ, ∀(x,y) ∈ U

Proof. The set S(x,y) can be empty in two cases: either there is no flow balance, i.e.,∑
k∈D

∑
i∈N gik ̸= 0 or there does not exists a directed path between some O-D pair

(o, k) ∈ O ×D. However, it is not possible to have any of these cases because from the

definition of (5.1), we have
∑

k∈D
∑

i∈N gik = 0 and there always exists at least one

directed path between every O-D pair due to transfer constraints (5.14e)-(5.14g).

Associating dual variables µik, λ0
aik, λ1

faik, λ
2
faik, and τak to constraints (5.14l),

(5.14m), (5.14n), (5.14o), and (5.14p) respectively, the dual of the follower problem

can be written as below:

ZDFP (x,y) = maximize
µ,λ0,λ1,λ2,τ

∑
k∈D

∑
i∈N

µikgik −
∑
i∈S

∑
a∈FS(i)

∑
f∈Θ

{
W ikyl(a)fλ

1
faik

}
− (5.21a)

∑
a∈Av

τak

(∑
o∈O

dok

)
xl(a)

]

subject to − µik + µjk + λ0
aik ≥ −ca,∀a = (i, j) ∈ Aa ∪At,∀i ∈ N, ∀k ∈ D

(5.21b)

− µik + µjk + τak ≥ −ca,∀a = (i, j) ∈ Av,∀i ∈ N, ∀k ∈ D (5.21c)

− µik + µjk ≥ −ca,∀a = (i, j) ∈ Ae,∀i ∈ N, ∀k ∈ D (5.21d)∑
a∈FS(i)

∑
f∈Θ

λ2
faik = 1,∀i ∈ S,∀k ∈ D (5.21e)

− fλ0
aik + λ1

faik + λ2
faik ≥ 0,∀f ∈ Θ,∀a ∈ FS(i),∀i ∈ S, ∀k ∈ D

(5.21f)

λ0
aik ≥ 0,∀a ∈ FS(i),∀i ∈ S,∀k ∈ D (5.21g)

λ1
faik ≥ 0, λ2

faik ≥ 0,∀f ∈ Θ,∀a ∈ FS(i),∀i ∈ S,∀k ∈ D (5.21h)

τak ≥ 0,∀a ∈ Av,∀k ∈ D (5.21i)
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5.3.1 Single-level reformulation of BTNDP

In this section, we reformulate (5.14) as a single-level problem using KKT conditions of

the follower problem, which is presented as below:

Z∗ = minimize
x,y,z,v,W,t,
µ,λ0,λ1,λ2,τ

(1− β)

∑
l∈L

∑
f∈Θ

(2f∆lϕ)ylf

+ β

[∑
k∈D

(∑
a∈A

cavak +
∑
i∈S

Wik

)
φ

]
(5.22a)

subject to (5.14b)− (5.14j) (5.22b)

(5.14l)− (5.14r) (5.22c)∑
k∈D

(∑
a∈A

cavak +
∑
i∈S

Wik

)
≤
∑
k∈D

[∑
i∈N

µikgik−

∑
i∈S

∑
a∈FS(i)

∑
f∈Θ

{
W ikyl(a)fλ

1
faik

}
−
∑
a∈Av

τak

(∑
o∈O

dok

)
xl(a)

 (5.22d)

(5.21b)− (5.21i) (5.22e)

In this reformulation, (5.22c) and (5.22e) represent the primal and dual feasibility

conditions of the follower problem respectively. (5.22d) ensures the strong duality of the

follower problem while optimizing leader’s objective (5.22a) [143]. The feasible region

of this problem (5.22b)-(5.22e) is also an explicit representation of IR. An important

observation about (5.22) is that it is feasible only when (5.22d) is satisfied at equality.

The following proposition shows that result.

Proposition 6. For a fixed (x̂, ŷ) ∈ U , the following inequality holds for (5.22).

∑
k∈D

(∑
a∈A

cavak +
∑
i∈S

Wik

)
≥
∑
k∈D

[∑
i∈N

µikgik−

∑
i∈S

∑
a∈FS(i)

∑
f∈Θ

{
W ikyl(a)fλ

1
faik

}
−
∑
a∈Av

τak

(∑
o∈O

dok

)
xl(a)

 (5.23)

Proof. Let SL(x̂, ŷ) = {(v,W, t) : (5.14h) − (5.14i), (5.14l) − (5.14r)}, SF (x̂, ŷ) =

{(v,W, t) : (5.14l)− (5.14r)}, and Z1(x̂, ŷ) = max
{∑

k∈D
(∑

a∈A cavak +
∑

i∈S Wik

)
:
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(v,W, t) ∈ SL(x̂, ŷ)}. As the follower problem is feasible for any fixed (x̂, ŷ) ∈ U and

strong duality holds, we have, ZDFP (x̂, ŷ) = ZFP (x̂, ŷ) =

max
{∑

k∈D
(∑

a∈A cavak +
∑

i∈S Wik

)
: (v,W, t) ∈ SF (x̂, ŷ)

}
. Since SL(x̂, ŷ) ⊆ IR

and SF (x̂, ŷ) ⊆ IR, we have Z1 ≤ Z∗ and ZDFP ≤ Z∗. Further, SF ⊆ SL, we must

have ZDFP ≤ Z1 ≤ Z∗. This shows the required result.

The exact single-level reformulation of BTNDP (5.22) is a mixed-integer non-linear

program. The non-linearity arises due to the bi-linear terms in (5.22d), which we further

relax as the set of linear constraints by again employing McCormick relaxations. Let

ξ1faik = yl(a)fλ
1
faik and ξ2ak = τakxl(a) and assuming an upper bound on λ1

faik and τak as

λ
1
faik and τak resp., we can write (5.22) after this reformulation as (5.24).
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Z∗ = minimize
x,y,z,v,W,t,

µ,λ0,λ1,λ2,τ,ξ1,ξ2

(1− β)

∑
l∈L

∑
f∈Θ

(2f∆lϕ)ylf

+ β

[∑
k∈D

(∑
a∈A

cavak +
∑
i∈S

Wik

)
φ

]

(5.24a)

subject to (5.14b)− (5.14j) (5.24b)

(5.14l)− (5.14r) (5.24c)

∑
k∈D

∑
i∈N

µikgik −
∑
i∈S

∑
a∈FS(i)

∑
f∈Θ

{
W ikξ

1
faik

}
−
∑
a∈Av

(∑
o∈O

dok

)
ξ2ak


−
∑
k∈D

(∑
a∈A

cavak +
∑
i∈S

Wik

)
≥ 0 (5.24d)

(5.21b)− (5.21i) (5.24e)

− λ1
faik + ξ1faik ≥ −λ

1

faik(1− yl(a)f ),∀f ∈ Θ,∀a ∈ FS(i),∀i ∈ S,∀k ∈ D

(5.24f)

λ1
faik − ξ1faik ≥ 0,∀f ∈ Θ,∀a ∈ FS(i),∀i ∈ S, ∀k ∈ D (5.24g)

− ξ1faik ≥ −λ
1

faikyl(a)f ,∀f ∈ Θ,∀a ∈ FS(i),∀i ∈ S,∀k ∈ D (5.24h)

− ξ2ak + τak ≥ 0,∀a ∈ Av,∀k ∈ D (5.24i)

ξ2ak − τak ≥ −τak(1− xl(a)),∀a ∈ Av,∀k ∈ D (5.24j)

− ξ2ak ≥ −τakxl(a),∀a ∈ Av,∀k ∈ D (5.24k)

ξ1faik ≥ 0,∀f ∈ Θ,∀a ∈ FS(i),∀i ∈ S, ∀k ∈ D (5.24l)

ξ2ak ≥ 0,∀a ∈ Av,∀k ∈ D (5.24m)

5.4 Branch-and-benders cut algorithm for BTNDP

Benders decomposition is an elegant way of solving a large scale MILP by iteratively

solving two simpler subproblems: the relaxed master problem (RMP), which is a relax-

ation of the original problem, and a subproblem (SP), which provides optimality and

feasibility cuts to strengthen the RMP [144]. In this section, we describe how Benders

cuts can be incorporated in a branch-and-cut framework to achieve the bi-level optimal
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solution.

Usually, in Benders decomposition, MILP is partitioned into RMP that consists

of discrete variables and SP that consists of continuous variables. However, for the

problem in hand, this leads to a multitude of feasibility cuts due to strict requirements

of (5.14h) and (5.14i) which results in higher computational time. Instead, we restrict

(x,y, z,v,W, t) in RMP and (µ, λ0, λ1, λ2, τ, ξ1, ξ2) in SP. Therefore, the initial RMP

will be the same as HPP. This decomposition strategy offers the following advantages:

1. There are no feasibility cuts due (5.14h) and (5.14i) and the feasibility cuts are

generated only for bi-level infeasible design solutions.

2. This decomposition strategy leads to multiple optimality cuts as SP can further

be decomposed for every destination.

For a fixed value of (x̂, ŷ, ẑ, v̂,Ŵ, t̂), we can write the Benders subproblem as (5.25).

Since the follower problem can be decomposed for every destination, the constraint

(5.25b) is written for every k ∈ D.
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ZSP (x̂, ŷ, ẑ, v̂,Ŵ, t̂) = minimize
µ,λ0,λ1,λ2,τ,ξ1,ξ2

0 (5.25a)

subject to
∑
i∈N

µikgik −
∑
i∈S

∑
a∈FS(i)

∑
f∈Θ

{
W ikξ

1
faik

}
−
∑
a∈Av

(∑
o∈O

dok

)
ξ2ak

≥
(∑

a∈A

cav̂ak +
∑
i∈S

Ŵik

)
,∀k ∈ D (5.25b)

− µik + µjk + λ0
aik ≥ −ca,∀a = (i, j) ∈ Aa ∪At,∀i ∈ N, ∀k ∈ D (5.25c)

− µik + µjk + τak ≥ −ca,∀a = (i, j) ∈ Av,∀i ∈ N, ∀k ∈ D (5.25d)

− µik + µjk ≥ −ca,∀a = (i, j) ∈ Ae,∀i ∈ N, ∀k ∈ D (5.25e)∑
a∈FS(i)

∑
f∈Θ

λ2
faik = 1,∀i ∈ S, ∀k ∈ D (5.25f)

− fλ0
aik + λ1

faik + λ2
faik ≥ 0,∀f ∈ Θ,∀a ∈ FS(i),∀i ∈ S, ∀k ∈ D (5.25g)

− λ1
faik + ξ1faik ≥ −λ

1

faik(1− ŷl(a)f ),∀f ∈ Θ,∀a ∈ FS(i),∀i ∈ S, ∀k ∈ D (5.25h)

λ1
faik − ξ1faik ≥ 0,∀f ∈ Θ,∀a ∈ FS(i),∀i ∈ S,∀k ∈ D (5.25i)

− ξ1faik ≥ −λ
1

faikŷl(a)f ,∀f ∈ Θ,∀a ∈ FS(i),∀i ∈ S, ∀k ∈ D (5.25j)

− ξ2ak + τak ≥ 0,∀a ∈ Av,∀k ∈ D (5.25k)

ξ2ak − τak ≥ −τak(1− x̂l(a)),∀a ∈ Av,∀k ∈ D (5.25l)

− ξ2ak ≥ −τakx̂l(a),∀a ∈ Av,∀k ∈ D (5.25m)

λ0
aik ≥ 0,∀a ∈ FS(i),∀i ∈ S,∀k ∈ D (5.25n)

λ1
faik ≥ 0, λ2

faik ≥ 0, ξ1faik ≥ 0,∀f ∈ Θ,∀a ∈ FS(i),∀i ∈ S, ∀k ∈ D (5.25o)

ξ2ak ≥ 0, τak ≥ 0∀a ∈ Av,∀k ∈ D (5.25p)

Associating the dual variables {γk}, {νak}, {Wik}, {tfaik}, {σ1
faik}, {σ2

faik}, {σ3
faik},
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{σ4
ak}, {σ5

ak}, {σ6
ak} to constraints (5.25b)-(5.25m), we can write the Benders dual sub-

problem as (5.26).

ZDSP (x̂, ŷ, ẑ, v̂,Ŵ, t̂) = maximize
γ,ν,W,t,σ1,σ2,
σ3,σ4,σ5,σ6

∑
k∈D

[(∑
a∈A

cav̂ak +
∑
i∈S

Ŵik

)
γk −

∑
a∈A

caνak +
∑
i∈S

Wik

−
∑
i∈S

∑
a∈FS(i)

∑
f∈Θ

(
λ
1

faik(1− ŷl(a)f )σ
1
faik + λ

1

faikŷl(a)fσ
3
faik

)

−
∑
a∈Av

(
τak(1− x̂l(a))σ

5
ak + τakx̂l(a)σ

6
ak

)]
(5.26a)

subject to
∑

a∈FS(i)

νak −
∑

a∈BS(i)

νak = γkgik,∀i ∈ N, ∀k ∈ D (5.26b)

νak −
∑
f∈Θ

f tfaik ≤ 0,∀a ∈ FS(i),∀i ∈ S, ∀k ∈ D (5.26c)

tfaik − σ1
faik + σ2

faik ≤ 0,∀f ∈ Θ,∀a ∈ FS(i),∀i ∈ S,∀k ∈ D (5.26d)

Wik + tfaik ≤ 0,∀f ∈ Θ,∀a ∈ FS(i),∀i ∈ S, ∀k ∈ D (5.26e)

−W ikγk + σ1
faik − σ2

faik − σ3
faik ≤ 0,∀f ∈ Θ,∀a ∈ FS(i),∀i ∈ S, ∀k ∈ D (5.26f)

νak + σ4
ak − σ5

ak ≤ 0,∀a ∈ Av,∀k ∈ D (5.26g)

−
(∑

o∈O

dok

)
γk − σ4

ak + σ5
ak − σ6

ak ≤ 0,∀a ∈ Av,∀k ∈ D (5.26h)

νak ≥ 0,∀a ∈ A,∀k ∈ D (5.26i)

Wik ≥ 0,∀i ∈ S, ∀k ∈ D (5.26j)

σ1
faik, σ

2
faik, σ

3
faik ≥ 0,∀f ∈ Θ,∀a ∈ FS(i),∀i ∈ S,∀k ∈ D (5.26k)

σ4
ak, σ

5
ak, σ

6
ak ≥ 0,∀a ∈ Av,∀k ∈ D (5.26l)

Let P and R denote the indices of extreme points and extreme rays of the polyhedron

and recession cone associated to the feasible region of (5.26). Then, the problem (5.24)

can be reformulated as:



120

Z∗ = minimize
x,y,z,v,W,t,ζ

(1− β)

∑
l∈L

∑
f∈Θ

(2f∆lϕ)ylf

+ β

[∑
k∈D

(∑
a∈A

cavak +
∑
i∈S

Wik

)
φ

]
+
∑
k∈D

ζk

(5.27a)

subject to (5.14b)− (5.14j) (5.27b)

(5.14l)− (5.14r) (5.27c)

ζk ≥
[(∑

a∈A

cavak +
∑
i∈S

Wik

)
γk −

∑
a∈A

ca(νak)
e +

∑
i∈S

(Wik)
e

−
∑
i∈S

∑
a∈FS(i)

∑
f∈Θ

(
λ
1

faik(1− yl(a)f )(σ
1
faik)

e + λ
1

faikyl(a)f (σ
3
faik)

e
)

−
∑
a∈Av

(
τak(1− xl(a))(σ

5
ak)

e + τakxl(a)(σ
6
ak)

e
)]

,∀k ∈ D,∀e ∈ P (5.27d)

0 ≥
∑
k∈D

[(∑
a∈A

cavak +
∑
i∈S

Wik

)
γk −

∑
a∈A

ca(νak)
h +

∑
i∈S

(Wik)
h

−
∑
i∈S

∑
a∈FS(i)

∑
f∈Θ

(
λ
1

faik(1− yl(a)f )(σ
1
faik)

h + λ
1

faikyl(a)f (σ
3
faik)

h
)

−
∑
a∈Av

(
τak(1− xl(a))(σ

5
ak)

h + τakxl(a)(σ
6
ak)

h
)]

,∀h ∈ R (5.27e)

(5.27) is HPP with the set of optimality cuts (5.27d) and feasibility cuts (5.27e)

and decision variables {ζk}, also known as the Benders master problem. The issue with

the Benders reformulation is that there could be a large number of extreme points and

rays of the polyhedron and recession cone associated with the feasible region of (5.26).

Therefore, one starts solving the HPP and generates rows (5.27d) and (5.27e) as we find

feasible solutions to this relaxed problem.

Most state-of-the-art MIP solvers offer a Callback option, which can be used to

alter the behavior of the branch-and-cut algorithm used to solve a given MILP. The

Benders cuts can be applied as LazyCuts, which eliminate feasible solutions of the

master problem that are otherwise bi-level infeasible. The overall process is summarized



121

in the flow chart given in Figure 5.1 [145]. It starts by preparing and solving the (5.27)

without (5.27d) and (5.27e). As we find a new feasible solution (x̂, ŷ, ẑ, v̂,Ŵ, t̂, ζ̂) to

this problem, it is sent for the further investigation using a Callback procedure. The

procedure is described as follows. For the new feasible solution (x̂, ŷ, ẑ, v̂,Ŵ, t̂, ζ̂) to

the master problem, DSP (5.26) is solved. If (5.26) is found to be unbounded, then a

lazy infeasibility cut (5.27e) using an unbounded ray to the current DSP is added to

the (5.27). If (5.26) is found to be optimal but ZDSP > ζ̂ =
∑

k∈D ζ̂k, then using its

solution multiple lazy optimal cuts (5.27d) are added for every destination. Otherwise,

(x̂, ŷ, ẑ, v̂,Ŵ, t̂, ζ̂) is accepted as a new incumbent and used to update the upper bound

of the overall problem. By continuing to add possible new cuts, the final solution

obtained after the termination criterion is satisfied is optimal to (5.24).

5.4.1 Other improvements

Various cuts associated with solving the multi-commodity flow network design problem,

such as FlowCover and FlowPath cuts, could help boost the lower bound of RMP. These

cuts are available with state-of-the-art solvers such as Gurobi and CPLEX, which can

be forced to generate such cuts aggressively. In this section, we propose cut-set-based

inequalities and normalized Benders infeasibility cuts to accelerate the convergence.

They are described below:

Cut-set based inequalities

A network cut is a partition of nodes N into two non-empty subsets N1 and N2 = N\N1.

A cut-set and their associated commodity subset are denoted by (N1, N2) = {(i, j) ∈

A : i ∈ N1, j ∈ N2} and OD(N1, N2) = {(o, d) ∈ O ×D : o ∈ N1, d ∈ N2} respectively.

A cut-set inequality represents that the total capacity provided on the edges in the

cut-set should be greater or equal to the total demand of the associated commodity
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Figure 5.1: Branch-and-benders cut algorithm

subsets [142]. Since the number of cut-set inequalities can be exponentially large and

are not sufficient to characterize the optimal solution to the BTNDP, we add a few

cut-set-based inequalities that can be generated easily. They are specified as below:

∑
a∈FS(o)

∑
f∈Θ

yl(a)fC ≥
∑
d∈D

dod,∀o ∈ O (5.28)
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a∈BS(d)

∑
f∈Θ

yl(a)fC ≥
∑
o∈O

dod,∀d ∈ D (5.29)

(5.28) and (5.29) describe that the total capacity of the links coming out of every

origin and going respectively into every destination should be greater than or equal to

the demand to be sent and received respectively at these nodes.

Normalizing Benders infeasibility cuts

An efficient Benders infeasibility cut can be generated by maximizing the cut violation

with a normalization condition to deal with the unboundedness of the dual problem

[146,147]. In this case, the cut generation problem can be stated as a separation problem

as below:

0 ≤ ζ̂ (5.30)

(5.25b)− (5.25p) (5.31)

The above system of inequations is infeasible, so their dual should be unbounded. As-

sociating dual variables π0 and rest same as (5.26), we can state the dual problem as

(5.32) with a normalization condition (5.32c), where each variable is assigned a weight

and the total normalized sum is restricted to 1. [147] proposed to use weights wi = 1
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for all the variables which appears in the objective function (5.32a), and 0, otherwise.

ZDSP (x̂, ŷ, ẑ, v̂,Ŵ, t̂) =

maximize
γ,ν,W,t,σ1,σ2,σ3,σ4,σ5,σ6,π0

− π0ζ̂ +
∑
k∈D

[(∑
a∈A

cav̂ak +
∑
i∈S

Ŵik

)
γk −

∑
a∈A

caνak +
∑
i∈S

Wik

−
∑
i∈S

∑
a∈FS(i)

∑
f∈Θ

(
λ
1

faik(1− ŷl(a)f )σ
1
faik + λ

1

faikŷl(a)fσ
3
faik

)

−
∑
a∈Av

(
τak(1− x̂l(a))σ

5
ak + τakx̂l(a)σ

6
ak

)]
(5.32a)

subject to (5.26b)− (5.26l) (5.32b)

w0π0 +wTvec(γ, ν,W, t, σ1, σ2, σ3, σ4, σ5, σ6) = 1 (5.32c)

This helps in generating the stronger cut in the following form:

0 ≥ −π0ζ̂ +
∑
k∈D

[(∑
a∈A

cav̂ak +
∑
i∈S

Ŵik

)
γk −

∑
a∈A

caνak +
∑
i∈S
Wik

−
∑
i∈S

∑
a∈FS(i)

∑
f∈Θ

(
λ
1
faik(1− ŷl(a)f )σ

1
faik + λ

1
faikŷl(a)fσ

3
faik

)

−
∑
a∈Av

(
τak(1− x̂l(a))σ

5
ak + τakx̂l(a)σ

6
ak

)]
(5.33)

5.5 Numerical Results

In this section, we present the results of the numerical experiments performed for BT-

NDP. The network design problem is solved using the instances provided by [3], [148],

and [4]. The numerical results section is organized as follows. The first sub-section

solves a small case study and presents the results of sensitivity analysis on various pa-

rameters used in the optimization model. In subsection 5.5.2, we present the results of

computational performance of the current methodology on different network instances.

All implementations were coded in Python 3.8, using Gurobi 9.1.2 as the optimization
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solver. The tests were executed on Intel(R) Xenon(R) CPU running at 2.2 GHz with

128 GB RAM under a Windows operating system.

5.5.1 BTNDP results: a small case study

In this section, we consider a small network given in [3]. It has 8 nodes, 10 links, and 4

O-D pairs. The network and demand table is shown in Figure 5.2. The demand shown

in the table is the peak hour demand between various origin-destination pairs. For

1 2 5 7

4 6 8

3

4040

1010

3030

1010

1010

3030

3030

2020

2020

3030

(a) Small network

From \To 1 7 8 Total

3 60 0 120 180
4 0 30 0 30
6 30 0 0 30

Total 90 30 120 240

(b) Demand table

Figure 5.2: Network and demand table [3]

creating the candidate transit routes, we set the shortest path deviation factor δ̃ = 20%

and put no restrictions on the length of a transit route. The set of terminals is given

by T = {3, 4, 6}. Using the Algorithm 7, 8 candidate transit routes are generated which

are specified below:

a. 4-3-5-7

b. 6-4-3-2-1

c. 6-5-3-2-1

d. 6-5-7

e. 6-8-7

f. 3-4-6-8
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g. 3-5-6-8

h. 3-5-7-8

The transit network created using the candidate transit routes has 40 nodes and 226

links. The parameters used in the BTNDP model for this experiment are provided in

Table 5.1.

Table 5.1: Parameter values used in the experiment

Parameter Value

Set of possible frequencies, Θ {1, 2, 3, 6, 12} buses/hr
Commercial speed of bus 0.25 mi/min
Operating cost, ϕ $15/mi
Fleet size, B 100
Road link capacity, κ 60
Bus passenger capacity, C 60
Average no. of transfers allowed, ϵ̃ 1
Value of travel time, φ $15/hr
Passengers’ perspective weight, β 0.3

The selected transit routes in the optimal network design and their corresponding

frequencies are a, b, and e and 2, 2, and 1 bus/hr respectively. We observe that the

frequencies are assigned based on the ridership of located routes, given by 345, 630, and

370. The total operating cost and number of buses required for providing the proposed

service are $2,326 and 11 respectively. The total time spent in the system is equal to

297 passenger-hours, including 235 passenger-hours of travel time spent on various links

and 62 passenger-hours of wait time spent at various nodes of the network. The average

number of transfers per passenger is found to be equal to 1, which shows that the soft

transfer constraint (5.7) is binding.

Most studies model TNDP as a single-level problem, which in this case, is the high
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point problem (HPP). It is interesting to note the difference between the solution of

BTNDP and HPP. The total operator and passenger cost in dollars by solving the HPP

is $6,900 as compared to BTNDP’s total cost value, which is equal to $6,789. We call

the difference between both objective values, which is $111, as the price of modeling

the problem as a bi-level problem. Moreover, we found that the passenger flow values

obtained by solving the optimal strategy transit assignment using the single-level design

solution are not able to satisfy (5.7) and (5.8). This shows that it is important to model

the problem as a bi-level problem for predicting realistic passenger behavior.

Sensitivity analysis

For sensitivity analysis, we selected various parameters used in this study. This includes

B, β, κ, and C. We found that changing κ and C did not significantly affect the final

results, and therefore, we do not include the sensitivity analysis of these parameters.

Effect of B

For this experiment, we solve (5.24) for varying bus fleet size of 15, 25, 50, 75, 100, 120,

150, and 200. To emphasize the passengers’ perspective, we set β = 1. The results of

sensitivity analysis are plotted in Figure 5.3. In particular, it shows the effect of fleet size

on various types of costs, number of buses, and number of routes located. Overall, the

total passengers’ cost reduces with the increase in the fleet size, as evident from Figure

5.3(a). The reduction of passenger cost is caused by the reduction in the wait time

(Figure 5.3(c)) with increasing deployment of buses. On the other hand, the in-vehicle

travel time does not change with varying fleet sizes (Figure 5.3(b)). This is because the

increase in the frequency does not affect the in-vehicle travel time of parallel routes. The

overall operating cost increases with the increase in the fleet size (Figure 5.3(d)). This



128

is intuitive as the higher fleet size provides an opportunity to assign a higher frequency

to the routes, which results in more capacity on the attractive routes and lesser wait

time. Figure 5.3(e) and (f) provide details of the effect of fleet size on located routes

and the number of buses deployed. Sometimes, the number of located routes decreases

with the increase in the fleet size. This is because sometimes less number of routes

with higher frequencies leads to better passenger costs as compared to more number of

routes with lesser frequencies. For example, the located routes and their frequencies at

the fleet size of 75 are a, b, f, g, h and 1, 3, 12, 12, 12 respectively. On the other hand,

the located routes and their frequencies at the fleet size of 80 are a, b, f, g, and 12,

12, 12, 12 respectively. The increase in the frequency with increasing fleet size can be

observed in Figure 5.3(f), where we see that all buses in the fleet are always utilized.
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Figure 5.3: Sensitivity of B on passenger cost, operator cost, number of located routes,
and number of buses deployed
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Effect of β

To analyze the effect of competing perspectives of operator and passengers, we conduct

the sensitivity analysis on the weights assigned to the passengers’ and operator’s per-

spectives in the BTNDP model. For this purpose, the value of β is varied from 0 to 1

and the results are plotted in Figure 5.4. Similar to the fleet size, the increase in the

weight to the passengers’ perspective leads to decrease in overall passengers cost (Figure

5.4(a)) and increase in the operator cost (Figure 5.4(d)). The decrease in the passenger

cost is due to the reduction of wait time of passengers with the adoption of a higher

frequency of routes. The in-vehicle time is not affected by the value of β. Similarly,

the number of located routes does not change significantly as they vary between 3 and

4. By looking at the plots, an important observation about the range of β, for which

we observe prominent effects, can be made. The value of β between 0.9 and 1 has a

drastic effect on the evaluated values. For example, the number of buses deployed in-

creases from 12 to 100 between this range. On the other hand, the range of β between

0 to 0.9 does not have a comparable effect on the design. Overall, the plots show that

including the operator’s perspective is important to obtain an economical design with

an acceptable level of service to passengers.
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Figure 5.4: Sensitivity of β on passenger cost, operator cost, and number of buses
deployed

Effect of transfer constraints

For an aggregated model, it is difficult to track passengers and evaluate the exact number

of transfers for each passenger. Therefore, we analyze the total number of passengers on

transfer links and observe the effect of different transfer constraints proposed in Section

5.2.2. To emphasize the passengers’ perspective, we set β = 1. Table 5.2 shows the total

passenger flow on transfer links by employing different transfer constraints. Without

any transfer constraints, the total transferring flow is equal to 750. This gets reduced

to 495 when we apply the hard transfer constraints only. On the other hand, with only

soft transfer constraints, the total passenger flow on transfer links is equal to 240, which

remains the same when we include both hard and transfer constraints. This shows that

the soft transfer constraint is binding in both cases. This analysis shows that even
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though hard transfer constraints ensure the existence of a direct or transfer path with

at most one transfer, some passengers still prefer to take more transfers to save time.

On the other hand, with soft transfer constraints, the passengers comparatively take a

lesser number of transfers.

Table 5.2: Effect of transfer constraints on passenger flow

Transfer constraints Total flow on transfer links

No transfer constraints 750
Hard transfer constraints only 495
Soft transfer constraints only 240
Both soft and hard transfer constraints 240

5.5.2 Computational performance

For analyzing the computational performance of the method proposed in this chapter,

we solve different network instances. The parameter values are kept the same for every

instance as given in Table 5.1. The details of these instances are provided below:

1. Network 1 : This is the same as the network instance used in the previous section.

It has 8 nodes, 10 links, and 4 OD pairs. The network is visualized in Figure

5.2. The number of candidate routes considered is 8. The transit network created

using the candidate routes has 40 nodes and 226 links. The number of decision

variables and constraints in the initial relaxed master problem are equal to 1,258

(including 1,182 continuous, 76 binary) and 1,547 respectively.

2. Network 2 [4]: This network has 12 nodes, 14 links, and 30 O-D pairs. The

network is visualized in Figure 5.5. The number of candidate routes considered

is 9. The transit network created using the candidate routes has 87 nodes and

766 links. The number of decision variables and constraints in the initial relaxed
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master problem are equal to 5,858 (including 5,766 continuous, 92 binary) and

7,468 respectively.

3

1

4

2

5

6 t

10

7

11

9

8

2.8

2

2.5

2.5

2.2

4

2.2

1.2

12.6

29

28.5

21

29

22

(a) Network 2

From \To 7 8 9 10 11 Total

1 192 148 102 94 149 685
2 100 74 78 56 102 410
3 87 77 71 46 113 394
4 96 63 49 34 85 327
5 33 24 19 15 34 125
6 19 14 14 9 23 79

Total 527 400 333 254 506 2020

(b) Demand table

Figure 5.5: Network and demand table [4]

3. Network 3 [5]: This network has 15 nodes, 21 links, and 172 O-D pairs. The

network is visualized in Figure 5.6. As per [79], the time horizon of the demand

is 24 hours. To obtain the peak hourly demand, we divide the demand values

by a factor of 8. For creating candidate transit routes, we consider the minimum

and maximum length of the routes as 40 and 100 units. The number of candidate

routes generated is 21. The transit network created using the candidate routes has

181 nodes and 2,485 links. The number of decision variables and constraints in the

initial relaxed master problem are equal to 46,588 (including 46,243 continuous,

345 binary) and 86,411 respectively.

Before delving into the final design of the networks described above, we compare the

performance of four different strategies. These strategies are described below:

1. Strategy 1 : Solving BTNDP directly using Gurobi solver. For this case, we keep

the bi-linear terms, i.e., do not use any McCormick relaxations anywhere, and

reformulate the bi-level model into a single-level model using the KKT conditions
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0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 Total

1 0 50 25 7 10 18 9 9 3 20 3 3 4 0 161
2 50 0 6 15 2 22 11 11 1 16 2 1 1 0 138
3 25 6 0 5 7 22 11 11 1 5 2 1 1 0 97
4 7 15 5 0 6 12 6 6 1 30 5 3 1 0 97
5 10 2 7 6 0 6 3 3 1 15 2 1 0 0 56
6 18 22 22 12 6 0 12 12 3 110 7 1 1 1 227
7 9 11 11 6 3 12 0 6 1 55 4 1 1 0 120
8 9 11 11 6 3 12 6 0 1 55 4 1 1 0 120
9 3 1 1 1 1 3 1 1 0 17 2 0 0 0 31
10 20 16 5 30 15 110 55 55 17 0 75 31 62 25 516
11 3 2 2 5 2 7 4 4 2 75 0 9 11 1 127
12 3 1 1 3 1 1 1 1 0 31 9 0 8 0 60
13 4 1 1 1 0 1 1 1 0 62 11 8 0 5 96
14 0 0 0 0 0 1 0 0 0 25 1 0 5 0 32

Total 161 138 97 97 56 227 120 120 31 516 127 60 96 32 1878

(b) Demand table

Figure 5.6: Network and demand table [5]

of the follower problem. The resulting model is a mixed-integer non-linear pro-

gram. Gurobi 9.1 has the functionality to solve mixed-integer bilinear programs.

For that purpose, we set the Gurobi parameter NonConvex = 2.

2. Strategy 2 : Solving BTNDP model (5.24) using Gurobi solver. This is a mixed-

integer linear program that can be solved using Gurobi.

3. Strategy 3 : Solving BTNDP model (5.24) using Branch-and-Benders cut algo-

rithm described in Section 5.4 without any improvements mentioned in Section

5.4.1. For this purpose, we define the HPP model and set the Gurobi parameter

lazyConstraints = 2.

4. Strategy 4 : Solving BTNDPmodel (5.24) using Branch-and-Benders cut algorithm

described in Section 5.4 with improvements such as cut-set-based inequalities and

normalizing infeasibility cuts mentioned in Section 5.4.1. For this purpose, we

define the HPP model with extra cut-set-based inequalities (5.28)-(5.29) and set

the Gurobi parameter lazyConstraints =2.

For all the above tests, the maximum time limit was set to 12 hours. The results
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of the computational performance are shown in Table 5.3. The computational time is

recorded in seconds, and the gap value used by the Gurobi solver, which is defined as

(UB−LB)∗100
UB , is reported in percentage.

Table 5.3: Computational performance of different strategies

Network Network 1 Network 2 Network 3

Strategy 1
Best objective value ($) 2,967 22,986 -∗∗

Gap (%) 0 0 -∗∗

Computational time (s) 110 925 Timed out∗

Strategy 2
Best objective value ($) 2,967 22,986 15,249
Gap (%) 0 0 15.4
Computational time (s) 2 96 Timed out∗

Strategy 3

Best objective value ($) 2,967 22,986 14,956
Gap (%) 0 0 2.4
Computational time (s) 2 105 Timed out∗

User cuts added 4 149 178

Strategy 4

Best objective value($) 2,967 22,986 14,956
Gap (%) 0 0 0
Computational time (s) 2 65 35,887
User cuts added 10 35 121

*Maximum time limit = 12 hours.
**No valid upper or lower bound was found in 12 hours.

The mixed-integer bilinear program for BTNDP is hard to solve directly using

Gurobi, and therefore, Strategy 1 shows the worst performance among all the strategies.

It was able to solve the first two instances in a reasonable amount of time but could not

even compute the lower as well as upper bound in the time limit for Network 3. The

Network 1 instance is small, and therefore, all the strategies apart from Strategy 1 can

solve this in 2 seconds to optimality. The Network 2 instance is a bit more complex

than the Network 1 instance due to the higher number of origin-destination pairs. For

this instance, Strategy 4 shows the best performance among all the strategies and solves

(5.24) in just 65 seconds. Strategy 2 can solve this instance faster than Strategy 3. The
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Network 3 instance has a high number of origin-destination pairs, which results in a

large-scale optimization problem. For this instance, Strategy 4 is the only strategy that

can solve the model to optimality in time limit. Strategy 3 also shows good performance

and can find the optimal solution within the time limit. Although, it could solve the

model only up to 2.4 % gap. Finally, Gurobi can find a feasible solution close to the

optimal solution but could only reach the optimality gap of 15.4 % in the time limit.

We observed that both strategies 3 and 4 can find the optimal solution for Network 3

instance in 5 and 2 hours respectively. However, they spend most of the time closing

the gap. This shows that the lower bound of the linear relaxation of the problem is

poor, and strong valid inequalities are needed to further improve the convergence. We

observed that adding extra cut-set-inequalities in Strategy 4 helped boost the initial

lower bound. Further, normalizing benders infeasibility cuts produces deeper cuts than

the classic Benders cuts. This is evident from the lower number of user cuts added by

Strategy 4 to achieve optimality than Strategy 3.

When performing the computations, we found that the number of trips in the net-

work directly affects the computational time. To show this effect, we conduct a sen-

sitivity analysis on the demand intensity. For this purpose, we multiply the demand

between various origin-destination pairs using a demand factor equal to 0.5, 1, and 2.

We solve the model (5.24) using Strategy 4 for various network instances and visualize

the computational times in Figure 5.7. The results clearly show that the computational

time is proportional to the demand intensity, i.e., increasing the demand increases the

computational time to solve the model.

The optimal design results of different network instances are shown in Table 5.4.

The total number of routes located in various networks is given as 3, 6, and 7 respec-

tively. Due to heavy demand in the Network 2 instance, we observe that high frequency
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Figure 5.7: Computational time versus demand intensity (solved using Strategy 4)

is assigned to the located routes. This leads to more buses deployed in the network

to serve the demand. The operating cost is also higher in Network 2 due to longer

routes in the network. For Network 3 instance, we observe that most of the routes are

assigned a frequency equal to 1 bus/hr except one route, which is assigned a frequency

of 3 buses/hr. To provide this service, only 11 buses are needed.

One of the reasons to select the instance given in [1] (Network 2) for experiments

is because they also present a bi-level transit network design model. Moreover, they

use the optimal strategy transit assignment for modeling the passenger behavior in the

lower level. To calculate the benchmark result, they use a brute force method (that

enumerates all possible solutions). This benchmark result is presented in Table 5.5.

The results of the benchmark model are better than the result computed by our model.

This is because of the following reasons. First, [1]’s model frequency as a continuous
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Table 5.4: Network design results of various instances

Network Route Frequency Operator Passenger Total buses
(buses/hr) cost ($) cost (pass-hrs) deployed

Network 1 4-3-5-7 2 2,326 297 11
1-2-3-4-6 2
6-8-7 1

Network 2 2-1-3-4-5-6-t-7-8 6 18,546 2,223 86
1-2-3-4-5-6-t-7-8 3
2-1-3-4-5-6-t-10-11 12
2-1-3-4-5-6-t-7-9 6
2-3-4-5-6-t-10 1
2-3-4-5-6-t-7 6

Network 3 12-11-10-7 1 16,662 731 11
5-4-6-8-15-9 1
14-13-11-10-8-15-9 1
14-13-11-10-7-15-9 1
11-13-14-10-8-6-3-2-4-5 1
14-13-11-10-8-6-3-2-1 3
12-4-6-8-15-7 1

variable not an integer value. Second, their model does not consider the explicit transfer,

street capacity, and route capacity constraints. This makes the feasible region of the

model larger to obtain a better objective value. Furthermore, we believe communicating

fractional frequencies to the passengers would be difficult in real-life.

Table 5.5: Benchmark network design results from [1]

Network Route Frequency Operator Passenger Total buses
(buses/hr) cost ($) cost (pass-hrs) deployed

Network 2 benchmark 1-3-2-6-t-7-8 4.51 13,696 2,084 62
results 1-3-2-6-t-7-9 4.84

1-3-2-6-t-10-11 4.54
2-3-4-5-6-t-10 4.88
2-3-4-5-6-t-7 10.17



Chapter 6

Design of integrated transit

systems with strategic passenger

assignment

The introduction of Mobility-on-Demand (MoD) services such as Uber, Lyft, and others

as transportation alternatives has created many opportunities as well as challenges. On

one hand, they provide a seamless mobility service with just a few taps on a cellphone

application. On the other hand, it has increased congestion in densely populated areas

due to an increase in the relocation and pickup trips made by the participating drivers

in the network [149]. Furthermore, the transportation agencies envision the introduc-

tion of Autonomous Vehicles as a shared mobility service in the near future [150], which

would lead to severe congestion in densely populated areas as predicted by various sim-

ulation studies [113,151,152].

Public transportation, which can carry multiple passengers, is widely considered as

138
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a practical solution to the congestion problem by reducing vehicle-miles traveled (VMT)

on roads [153]. However, due to its fixed routes and schedules, limited network cover-

age, and waiting time, sometimes, it is less attractive to travelers in comparison to the

auto mode. The limited network coverage makes it difficult or sometimes impossible to

access transit service in some areas. This inaccessibility problem is also known as the

first mile/last mile (FMLM) problem for transit. The problem is commonly faced by

travelers commuting from low-density areas where transit service is not available or less

frequent because of the economic in-viability of providing such service.

A few studies have argued that the Mobility-on-demand service provided using au-

tonomous vehicles would become a competitor of public transit mode [113, 154, 155],

reducing its ridership, and other studies have even raised the question of whether urban

mobility is possible without the classical public transit service [115,156]. However, [119]

showed that the integration of the MoD system with transit could help in achieving

better results, such as a significant reduction in travel time, emissions, and costs as

compared to the standalone MoD system. Through the current research, we also envis-

age an integrated MoD and transit system that aims to achieve the following potential

benefits:

1. Providing fast and reliable mobility in low-density areas (i.e., by providing a first

mile/last mile service) by means of characteristics of MoD service such as demand

responsiveness, fleet repositioning, and reachability.

2. Allocation of resources from less congested areas to providing high-frequency tran-

sit service in congested areas through such integration.

3. Using existing transit infrastructure to reduce the number of vehicles needed for

serving trips.
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4. Reducing congestion and carbon emissions in the network, improving the mobility

of travelers, and reducing the overall cost of providing transit service.

To achieve the above-mentioned benefits, we focus on the strategic planning of the

transportation network that allows for intermodal trips with the first or last leg of the

trips being served by the MoD service. To be specific, we try to answer questions such

as which transit routes to operate when MoD vehicles are deployed to serve the FMLM

connection, what should be the size of the vehicle fleet to be deployed, and what should

be the frequency of operating transit routes.

6.1 Preliminaries and Background

The notations introduced in Chapter 5 are also used in the current chapter. Let us

begin by considering a multimodal transportation network characterized by a digraph

G(V,E), where V denotes the set of nodes that includes road intersections NR, transit

stops/stations N , and centroids of traffic analysis zones Z and A denotes the set of links.

We associate every node i ∈ V in the network with exactly one zone Z(i). Depending

on the mode, the links are also divided into three categories, namely transit, road, mode

transfer, and access/egress links represented by A,AR, Ae, and M respectively. Let O ⊂

Z and D ⊂ Z be the subsets of centroids representing the origins and destinations

respectively. The demand between various origin-destination pairs is represented by

{dod}(o,d)∈O×D. The overall network can be divided into three sub-networks which are

described below:

1. Transit network : The transit network is characterized by the subgraph G(N,A)

which consists of a set of candidate transit lines/routes denoted by the set L. The

terms “route” and “line” are used interchangeably throughout this chapter. Each

line l ∈ L is composed of a set of stops N l ⊂ N which are connected by edges
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Al ⊂ A. The network also consists of transfer links At between two nodes if the

walking distance between those is less than the acceptable walking distance ζ (say

0.75mi).

2. Road network : The road network is characterized by the subgraph GR(NR, AR),

where NR denotes the set of nodes and AR denotes the set of links in the road

network.

3. Walking links: The access and egress walking links Ae connect the centroids of

various zones with the road/transit nodes and vice-versa, whereas mode transfer

links M are used to transfer between nodes of various modes.

6.1.1 Costs

There is a subset of nodes in the network where passengers have to wait for the service.

The collection of head nodes of links in the sets Ae, At, and M constitutes the waiting

nodes Nw. Let us assume that c : E 7→ R+ and w : Nw 7→ R+ denote the cost (e.g.,

walking time, in-vehicle time, and fare) associated with the links in E and waiting time

associated with the nodes in Nw respectively. The cost of links is known beforehand

(and is computed by adding the travel time and possible fare multiplied by the value of

time). On the other hand, the wait time depends on the availability of MoD or transit

service.

6.1.2 Waiting time computation

Unlike a personal vehicle, the MoD or transit service is not readily available, and pas-

sengers have to wait to access these services. So, it is important to quantify the expected

wait time of these services, the computation of which is discussed below:
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MoD service

We assume MoD operations in a network as a queuing system to compute the average

waiting time experienced by the passengers to access such service. The average wait

time may not be justified for the planning of day-to-days operations but can be used to

approximate the actual wait time experienced by the passengers for long-term strategic

planning of the network, which is the focus of the current study. Therefore, we consider

a stationary state of an MoD system, where the number of waiting customers C and

vacant vehicles V are time-invariant. Using the Cobb-Douglas production function, the

matching time between the customers and the vacant vehicles can be expressed as a

function of C and V.

mc−v = A(V)α1(C)α2 (6.1)

where, α1 and α2 are defined as the elasticities of the matching function and A is a

parameter specific to a zone, which is a function of the market area divided by the

running speed in that zone [157]. According to Little’s law, the long-term average

number of customers/drivers in a stationary system is equal to the long-term average

arrival rate Q multiplied by the average wait time (wc/wt) that a customer/driver

spends in the system before being matched ( [157]).

V = Qwt (6.2)

C = Qwc (6.3)

Using (6.3) and assuming α1 = α2 ≈ 1 [158], we can represent the stationary state
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(mc−v = Q) as below:

Q = AV(Qwc) (6.4)

=⇒ wc =
1

AV (6.5)

Equation (6.5) shows that the average waiting time of customers waiting in a zone to

access the MoD service is a function of the vacant number of vehicles. To achieve the

desired level of service (i.e., average waiting time), a transportation agency needs to

provide V vehicles at any point in time.

Transit service

Let us now discuss the wait time computation to access transit service at the head node

of an access or transfer link in the transit network. Let f : A 7→ R be the frequency

of the transit line associated with various links of the transit network. Let gi(w) be

the probability distribution function of the waiting time for line i. According to [159],

for the passengers arriving randomly at a node, the probability density function of the

waiting time of line i is related to the headway or bus inter-arrival time distribution

hi(h) as:

gi(w) =

∫∞
w hi(h)dh

E[hi]
(6.6)

To evaluate the waiting time distribution, we make the following assumptions:

Assumption 4. The inter-arrival time of a transit line i ∈ L follows an exponential

distribution with rate fi.

Assumption 5. Passengers want to minimize the expected wait time to get to their

destination. Therefore, at any node, passengers waiting to be served by the transit
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service have selected a list of attractive transit lines that can help them to get to their

destination.

Both assumption 4 and 5 are common in the transit assignment literature (e.g., see

[160]). By using the assumption 4 and equation (6.6), one can evaluate the distribution

function of the wait time gi(w) as:

gi(w) = fie
−fiw, w ≥ 0 (6.7)

Proposition 7. [7,55] Assuming that a passenger waiting at node n ∈ Nw is served by

the set of attractive transit lines FS∗(n) and let F =
∑

j∈FS∗(n) fj. With assumptions

4 and 5, the following holds:

1. The probability that a passenger would choose transit line i ∈ FS∗(n) is given by

Pi =
fi
F

(6.8)

2. The expected wait time conditional to boarding line i ∈ FS∗(n) is given by

EWi =
fi
F2

(6.9)

3. The probability of wait time at node n follows an exponential distribution with rate

F. Therefore, the expected wait time at stop n is given by EWn = 1
F

Proof. The probability of choosing line i ∈ FS(n) is equal to the probability of waiting

time for line i ∈ FS(n) to be less than or equal to waiting time of other lines j ̸= i, i.e.,

Pi = Prob(wi ≤ minj ̸=iwj) =

∫ ∞

0
gi(w)Πj ̸=iProb(wj ≥ w)dw =

∫ ∞

0
γi(w)dw (6.10)
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where, γi(w) = gi(w)Πj ̸=iProb(wj ≥ w) = fie
−fiwΠj ̸=ie

−fjw = fie
−(

∑
j fj)w. The

value of γi(w) can be interpreted as the probability density function of the waiting time

at the stop n conditional to boarding line i. Using (6.10), the probability of choosing

line i ∈ FS(n) can be evaluated as:

Pi =

∫ ∞

0
fie

−(
∑

j fj)wdw =
fi
F

(6.11)

The expected wait time conditional to boarding line i is:

EWi =

∫ ∞

0
wγi(w)dw =

∫ ∞

0
wfie

−(
∑

j fj)wdw =
fi
F2

(6.12)

Summing over all the lines FS(n) gives us the expected wait time at the stop, i.e.,

EWn =
∑

i∈FS(n)

∫ ∞

0
wγi(w)dw =

∫ ∞

0
w
∑
i

γi(w)dw (6.13)

where,
∑

i γi(w) is the probability density function of the waiting time at stop n.∑
i∈FS(n)

γi(w) =
∑

i∈FS(n)

fie
−(

∑
j fj)w = Fe−Fw, w ≥ 0 (6.14)

Therefore, the expected wait time at stop n if given by EWn = 1
F .

Combined MoD and transit service wait time

Before discussing the computation of the expected wait time involving both modes,

we need to make an assumption about the wait time distribution of MoD service by

utilizing the value of the average wait time of MoD service calculated in equation (6.5).

Assumption 6. The wait time distribution of MoD service for passengers waiting at

node n follows an exponential distribution with rate fMoD = AZ(n)VZ(n), where Z(n)

is the zone associated to node n and VZ(n) is the number of vehicles deployed in zone

Z(n).
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A passenger waiting at the head node of an access link faces the choice between

MoD or transit mode. This is because the wait time of both services can vary based

on the frequency provided, and a passenger will include one or both modes in their

strategy to reduce the overall expected cost. This assumption simplifies the operation

of MoD service as a transit service available at any stop of the network. The following

proposition evaluates the expected wait time of that passenger.

Proposition 8. Given that the waiting time for transit and MoD mode follow an expo-

nential distribution with rate F and fMoD respectively and F = F+ fMoD , the following

holds:

1. The probabilities of taking transit and MoD are given by PMoD = fMoD
F and

Ptransit =
F
F respectively.

2. The expected wait time of the passenger departing from an access node n served

by both MoD and transit service is given by EWn = 1
F

Proof. The probability of taking transit is given by:

Ptransit =

∫ ∞

0
(
∑
i

γi(w))Prob(w ≤ wMoD)dw (6.15)

Ptransit =

∫ ∞

0
Fe−Fw × e−(fMoD)wdw =

F

F
(6.16)

Similarly, the probability of taking MoD is given by PMoD = F
F . The expected wait time

of the passenger departing from an access node n is given by:

EWn =

∫ ∞

0
w
(
Fe−(fMoD+F) + fMoDe

−(fMoD+F)
)
dw =

1

F
(6.17)
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Figure 6.1: An illustrative example of an integrated MoD and transit network

To get more insights into the wait time computation, let us consider an example.

Figure 6.1(a) shows an illustration of a multimodal transportation network. It consists

of 2 zones, 6 nodes and 8 links as part of the road network, and 5 nodes and 10 links as

part of the transit network. The transit network has 3 transit lines (color-coded) whose

frequencies are shown in Figure 6.1(b). There are 100 and 50 vehicles deployed in zone

1 and 2 respectively. By using Prop 7, we can evaluate the probability of passengers

taking various transit lines in the network. For example, the probabilities of choosing

red line and green line at stop 1 are 1/6
1/6+1/2 = 0.25 and 1/2

1/6+1/2 = 0.75 respectively. The

expected wait time at stop 1 is equal to 12/8 = 1.5 minutes. Similarly, using Proposition

8, the probabilities of choosing MoD and transit at Z1 are 0.0017∗100
0.0017∗100+8/12 = 0.2 and 0.8

respectively (assuming A1 = 0.0017). The overall expected wait time at node Z1 is 1.19
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minutes which is less than 1.5 minutes by only considering transit service as part of the

strategy.

We further use Proposition 7 and 8 to formulate the multimodal passenger assign-

ment model. For this purpose, we extend the frequency-based transit assignment model

proposed by [7] to a multimodal transportation system. Before moving forward, we

must make the following assumptions:

Assumption 7. (a) Ridepooling is not allowed, i.e., the MoD service serves one pas-

senger at a time.

(b) The transit lines are assumed to have unlimited capacity.

(c) Passengers want to reduce their expected generalized travel cost consisting of travel

time, wait time, and fare to get to their destination.

The ridepooling problem requires matching of customers using a specific algorithm.

This is an important aspect to accurately estimate the cost of day-to-day operations.

Nevertheless, ignoring ridepooling will give us an upper bound on the number of vehicles

required to serve various zones. The modeling of passenger behavior while incorporating

the capacity constraints (congestion) is a difficult problem. The congestion is important

to consider since it causes denied boarding, which leads to increased waiting time, travel

time, and discomfort. Several authors have tried to include congestion into frequency-

based transit assignment models through various approaches, namely, discomfort func-

tion [7], effective frequency [36,38,140,141], and failure-to-board probabilities [39]. De-

spite the effort, there is no tractable closed-form of congested frequency-based transit

assignment model. On the other hand, it would not be ideal to include transit vehicle

capacity constraints into the assignment program (e.g., in [1]) because doing so may lead

to unrealistic passenger behavior, which previous studies on congested frequency-based
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transit assignments were trying to avoid. Therefore, we use an uncapaciated assignment

for the design problem. Assumption 7(c) is a common in the assignment literature. To

proceed further, let us define a variable {gik}i∈N,k∈D as below:

gik =


dik, if i ̸= k, (i, k) ∈ O ×D

−∑o∈O dok, if i = k

0, otherwise

Furthermore, let us denote vak and Wik as the flow of passengers on link a ∈ A and

waiting at node i ∈ Nw resp. destined to k ∈ D. The assignment optimization program

is presented below:

minimize
v,W

∑
k∈D

(∑
a∈E

cavak +
∑
i∈Nw

Wik

)
(6.18a)

subject to
∑

a∈FS(i)

vak =
∑

a∈BS(i)

vak + gik, ∀i ∈ V,∀k ∈ D (6.18b)

vak ≤ faWik, ∀a ∈ FS(i) : a ∈ A,∀i ∈ Nw,∀k ∈ D (6.18c)

vak ≤ AZ(i)VZ(i)Wik, ∀a ∈ FS(i) : a ∈ AR, ∀i ∈ Nw,∀k ∈ D (6.18d)

vak ≥ 0,∀a ∈ E,∀k ∈ D (6.18e)

The assignment program (6.18) minimizes the total expected link costs and wait time

at waiting nodes experienced by the passengers in a mulimodal network subject to the

flow conservation constraint at each node (6.18b), flow proportion constraints (6.18c)-

(6.18d), and the non-negativity and binary constraints (6.18e). The flow proportion

constraints uses the probability of selecting an option a ∈ FS(i) (if that option is a part

of the strategy of the passengers traveling to destination k ∈ D) and multiplies it with

the number of passengers waiting at that node. Note that the probability of selecting
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an option (MoD or transit line) is calculated in Proposition 8.

6.2 Design of an integrated MoD and transit system

In this section, we present an optimization model incorporating the assignment pro-

gram proposed in previous section for the design of an integrated MoD and transit

system. The optimization program is formalized as a Mixed Integer Non-linear Pro-

gram (MINLP). In this model, we determine which transit routes to keep operating

among the current transit routes in the city network, decide the optimal frequency of

those operating routes, and finally, determine the fleet size of vehicles required to pro-

vide MoD service in various zones. Note that one can also include new candidate transit

routes as part of the design plan. The sets, parameters, and decision variables for the

optimization model are summarized in Table 6.1.

The design of an integrated transit and MoD system should consider both passen-

ger and operator perspectives. The operator’s perspective is to provide the service at

minimum cost, and the passengers’ perspective is to minimize the overall cost of travel

(including travel time, wait time, and fare). Based on these perspectives, the design

optimization model is presented as (6.19). The objective function is the sum of the total

expected travel cost and wait time experienced by the passengers in the network. The

mapping B : L×Θ 7→ N used in (6.19b) is defined as B(l, f) =
(
f ×∑a∈Al 2ta

)
, which

describes that the number of buses required to provide frequency f ∈ Θ for a line l ∈ L

is equal to the product of the frequency and round trip travel time. (6.19b) constrain

the total number of buses needed to be less than or equal to B̄, which can be evaluated

for a given budget. (6.19c) describes the flow conservation constraints at every node
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Table 6.1: Sets, decision variables and parameters used in the integrated network design
model

Sets

B ≜ Set of binary values

L ≜ Set of candidate transit lines

Θ = {2, 3, 4, 6, 12} ≜ Set of possible frequencies of a line (buses/hr)

Ω = {0.01, 50, 100, 200, 500} ≜ Set of possible number of vehicles deployed in a
zone

Parameters

B̄ ≜ Total number of buses available

F̄ ≜ Total number of vehicles available

Decision Variables

xl =


1, if line l ∈ L is kept

operating
0, otherwise

ylf =


1, if frequency f ∈ Θ is adopted

for line l ∈ L
0, otherwise

Nzn =


1, if a fleet of size n ∈ Ω is deployed

in zone z ∈ Z
0, otherwise

vak = Flow of passengers on link a ∈ E destined to
k ∈ D

Wik = Wait time of passengers waiting at node i ∈ Nw

destined to k ∈ D
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for every destination. For a given MoD and bus fleet assignment, (6.19d)-(6.19e) de-

scribe the passenger flow on each link based on the frequency of the bus route and MoD

service. A frequency value can be assigned to a route if that route is kept operating

as constrained by (6.19f). (6.19g) describe that exactly one of the fleet sizes can be

adopted for each zone. (6.19h) constrain the required number of vehicles to be less

than or equal to F̄ . Finally, (6.19i), (6.19j) and (6.19k)-(6.19m) are the non-negativity

constraints of the flow, wait time being free variables, and binary constraints of design

variables respectively. One can also incorporate other constraints related to the budget

of operating MoD and transit service but for the sake of simplicity, we do not include

them here.
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minimize
v,W,x,y,N

∑
k∈D

(∑
a∈E

cavak +
∑
i∈Nw

Wik

)
(6.19a)

subject to
∑
l∈L

∑
f∈Θ
B(l, f)× ylf ≤ B̄ (6.19b)

∑
a∈FS(i)

vak =
∑

a∈BS(i)

vak + gik, ∀i ∈ V,∀k ∈ D (6.19c)

vak ≤

∑
f∈Θ

fyl(a)f

Wik, ∀a ∈ FS(i) : a ∈ A, ∀i ∈ Nw,∀k ∈ D (6.19d)

vak ≤ AZ(i)

(∑
n∈Ω

nNZ(i)n

)
Wik, ∀a ∈ FS(i) : a ∈ AR, ∀i ∈ Nw,∀k ∈ D

(6.19e)∑
f∈Θ

ylf = xl, ∀l ∈ L (6.19f)

∑
n∈Ω
Nzn = 1,∀z ∈ Z (6.19g)

∑
z∈Z

(∑
n∈Ω

nNzn

)
≤ F̄ (6.19h)

vak ≥ 0,∀a ∈ E,∀k ∈ D (6.19i)

Wik free ,∀i ∈ Nw, ∀k ∈ D (6.19j)

xl ∈ B,∀l ∈ L (6.19k)

ylf ∈ B, ∀f ∈ Θ,∀l ∈ L (6.19l)

Nzn ∈ B, ∀n ∈ Ω, z ∈ Z (6.19m)

The optimization program (6.19) is a mixed-integer non-linear program (MINLP).

The non-linearity arise from the constraints (6.19d)-(6.19e). It is computationally dif-

ficult to solve this program for large instances, which can be attributed to the inte-

ger constraints (6.19k)-(6.19m) and the bilinear constraints (6.19d)-(6.19e). The bi-

linear constraints are particularly difficult to handle due to the non-convex nature
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even if the integrality constraints of the involved variables are relaxed. Fortunately,

in this case, the non-convexity arises due to the product of continuous and binary

variables, which can be exactly relaxed by employing McCormick relaxations. Let

tfaik = yl(a)fWik,∀f ∈ Θ,∀a ∈ FS(i) : a ∈ A,∀i ∈ Nw, ∀k ∈ D and ωink =

NZ(i)nWik, ∀n ∈ Ω,∀i ∈ Nw ∩ NR, ∀k ∈ D. Further, let us assume that there ex-

ists a finite upper and lower bound on the variable Wik , i.e., W ik ≤ Wik ≤ W ik.

Then, tfaik and ωink can be expressed as the set of linear constraints (6.20a)-(6.20d)

and (6.21a)-(6.21d) respectively:

W ik −Wik + tfaik −W ikyl(a)f ≥ 0 (6.20a)

W ikyl(a)f − tfaik ≥ 0 (6.20b)

tfaik −W ikyl(a)f ≥ 0 (6.20c)

Wik −W ik − tfaik +W ikyl(a)f ≥ 0 (6.20d)

W ik −Wik + ωink −W ikNZ(i)n ≥ 0 (6.21a)

W ikNZ(i)n − ωink ≥ 0 (6.21b)

ωink −W ikNZ(i)n ≥ 0 (6.21c)

Wik −W ik − ωink +W ikNZ(i)n ≥ 0 (6.21d)

6.3 Solution methodology

After reformulating the bilinear constraints (6.19d)-(6.19e), the resulting model is a

Mixed Integer Linear Program (MILP). The program is still difficult to solve efficiently

for large instances. However, the structure of the problem allows us to use decompo-

sition techniques such as Benders decomposition to efficiently solve it. In this section,

we present the details of the Benders reformulation for this problem, along with the
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proposed algorithmic enhancements.

6.3.1 Benders Reformulation

Benders decomposition [161] is an elegant way of solving a large scale MILP by itera-

tively solving two simpler subproblems: the relaxed master problem (RMP), which is

a relaxation of the original problem and a subproblem (SP) which provides inequali-

ties/cuts to strengthen the RMP. The subproblem should possess strong duality prop-

erties. Let us consider the network design problem described in the previous section.

For a given feasible value of design decision variables x̂, ŷ, N̂ and with W ik = 0 (wait

time cannot be negative), we can rewrite the original problem as a Benders subproblem

(6.22).
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zSP (x̂, ŷ, N̂ ) = min
v,W,ω,t

∑
k∈D

(∑
a∈A

cavak +
∑

i∈Nw

Wik

)
(6.22a)

subject to
∑

a∈FS(i)

vak =
∑

a∈BS(i)

vak + gik, ∀i ∈ V, ∀k ∈ D (6.22b)

vak ≤

∑
f∈Θ

ftfaik

 , ∀a ∈ FS(i) : a ∈ A,∀i ∈ Nw,∀k ∈ D (6.22c)

Wik − tfaik ≤ W ik(1− ŷl(a)f ), ∀f ∈ Θ,∀a ∈ FS(i) : a ∈ A,∀i ∈ Nw, ∀k ∈ D

(6.22d)

tfaik ≤ W ikŷl(a)f ,∀f ∈ Θ, ∀a ∈ FS(i) : a ∈ A,∀i ∈ Nw,∀k ∈ D (6.22e)

Wik − tfaik ≥ 0, ∀f ∈ Θ, ∀a ∈ FS(i) : a ∈ A,∀i ∈ Nw, ∀k ∈ D (6.22f)

vak ≤ AZ(i)

(∑
n∈Ω

nωink

)
,∀a ∈ FS(i) : a ∈ AR, ∀i ∈ Nw, ∀k ∈ D (6.22g)

Wik − ωink ≤ W ik(1− N̂Z(i)n),∀n ∈ Ω, ∀i ∈ Nw ∩NR,∀k ∈ D (6.22h)

ωink ≤ W ikN̂Z(i)n, ∀n ∈ Ω, ∀i ∈ Nw ∩NR, ∀k ∈ D (6.22i)

Wik − ωink ≥ 0, ∀n ∈ Ω, ∀i ∈ Nw ∩NR, ∀k ∈ D (6.22j)

vak ≥ 0,∀a ∈ E,∀k ∈ D (6.22k)

tfaik ≥ 0, ∀f ∈ Θ, ∀a ∈ FS(i) : a ∈ A,∀i ∈ Nw, ∀k ∈ D (6.22l)

ωink ≥ 0, ∀n ∈ Ω, ∀i ∈ Nw ∩NR, ∀k ∈ D (6.22m)

Let X SP = {(v,W, ω, t) : (6.22b) − (6.22m)} be the feasible region of the Benders

subproblem (6.22). Further, let us denote XMA = {(v,W ) : (6.18b) − (6.18e)} as the

feasible region of the multimodal assignment linear program. We can show the following

result:

Proposition 9. The projection of the feasible region of the subproblem (6.22) on to the

space of v and W is same as the feasible region of the multimodal assignment problem

(6.18) i.e.,

projv,WX SP = XMA

Proof. To prove this, we need to show that (a) projv,WX SP ⊆ XMA and (b) XMA ⊆
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projv,WX SP . Let us first start by proving (b). Let (v,W ) ∈ XMA. For all a ∈ FS(i) :

a ∈ A,∀i ∈ Nw,∀k ∈ D, we have vak ≤ faWik. Let yl(a)f = 1 if the frequency of the

line associated to arc a is f ∈ Θ and 0, otherwise. Let tfaik = ŷl(a)fWik, then faWik =∑
f∈Θ fŷl(a)fWik =

∑
f∈Θ ftfaik, which is same as (6.22c). Also, tfaik = ŷl(a)fWik can

be expressed as (6.22d)- (6.22f) and (6.22l). Using a similar argument, we can show

that for all a ∈ FS(i) : a ∈ AR,∀i ∈ Nw, ∀k ∈ D, the inequality vak ≤ faWik can be

expressed as (6.22g)-(6.22j) and (6.22m). This shows that XMA ⊆ projv,WX SP . To

prove part (a), let (v,W, ω, t) ∈ X SP , then using Fourier-Motzkin elimination, we have

(v,W ) ∈ XMA ( [162, Chapter 3]).

Proposition 9 shows that one can use the efficient [7]’s primal-dual algorithm de-

signed for the transit assignment problem to solve the current Benders subproblem. To

speed up the process of Benders decomposition by avoiding feasibility cuts, we need to

put some restrictions so that the subproblem (6.22) is always feasible.

Proposition 10. Given that 0 /∈ Ω and GR(NR, AR) is connected, then X SP is non-

empty for any given feasible value of x̂, ŷ, N̂ .

Proof. The set X SP can be empty in two cases i.e., when there is no flow balance

(
∑

k∈D
∑

i∈N gik ̸= 0) or there does not exist a directed path from any node i ∈ N to

any destination k. However, it is not possible to have any of these cases because from

the definition of gik, we have
∑

k∈D
∑

i∈N gik = 0 and since there is always at least 0.01

vehicle assigned to all the zones and the road network is connected, there always exists

a path from any node i ∈ N to any destination k ∈ D. Therefore, X SP ̸= ϕ.

Proposition 10 makes the Benders subproblem feasible for any feasible value of

x̂, ŷ, N̂ . This is an important result to make the Benders decomposition implemen-

tation faster.
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Let {µik}, {λ1
aik}, {λ2

faik}, {λ3
faik}, {λ4

faik}, {λ5
aik}, {λ6

nik}, {λ7
nik}, and {λ8

nik} be

the dual variables associated with the constraints (6.22b) -(6.22j) respectively. Then,

the dual of the subproblem DSP can be stated as below:

zDSP (x̂, ŷ, N̂ ) = max
µ,λ

∑
k∈D

∑
i∈N

µikgik +
∑

i∈Nw

∑
a∈FS(i):a∈A

∑
f∈Θ

(
W ik(1− ŷl(a)f )λ

2
faik

+W ikŷl(a)fλ
3
faik

))
+

∑
i∈Nw∩NR

∑
n∈Ω

(
W ik(1− N̂Z(i)n)λ

6
nik

+W ikN̂Z(i)nλ
7
nik

)]
(6.23a)

subject to µik − µjk + λ1
aik + λ5

aik ≤ ca, ∀a = (i, j) ∈ E,∀k ∈ D (6.23b)

−
∑
f∈θ

∑
a∈FS(i):

a∈A

(
λ2
faik + λ4

faik

)
+
∑
n∈Ω

(
λ6
nik + λ8

nik

)
= 1, ∀, ∀i ∈ Nw, ∀k ∈ D

(6.23c)

− fλ1
aik − λ2

faik + λ3
faik − λ4

faik ≤ 0,∀f ∈ Θ, ∀a ∈ FS(i) : a ∈ A, (6.23d)

∀i ∈ Nw,∀k ∈ D

− nλ5
aik − λ6

nik + λ7
nik − λ8

nik ≤ 0, ∀n ∈ Ω, ∀i ∈ Nw ∩NR, ∀k ∈ D (6.23e)

λ1
aik, λ

5
aik ≤ 0, ∀a ∈ FS(i), ∀i ∈ Nw,∀k ∈ D (6.23f)

λ2
faik, λ

3
faik ≤ 0, λ4

faik ≥ 0, ∀f ∈ Θ,∀a ∈ FS(i) : a ∈ A,∀i ∈ Nw, ∀k ∈ D

(6.23g)

λ6
nik, λ

7
nik ≤ 0, λ8

nik ≥ 0, ∀n ∈ Ω, ∀i ∈ Nw ∩NR, ∀k ∈ D (6.23h)

Let us denote the feasible region of DSP as Π = {(µ, λ1, λ2, λ3, λ4, λ5, λ6, λ7, λ8) :

(6.23b)− (6.23h)}. Note that Π does not depend on the value of x, y,N . From Proposi-

tion 10, we know that SP is always feasible for any given feasible value of (x̂, ŷ, N̂ ), then

by linear programming duality, DSP should be bounded. The implication is that the

polyhedron describing Π is bounded and can be described as the convex hull of a set of

extreme points only (from Minkowski-Weyl’s theorem on characterization of polyhedra

( [162, Chapter 3])). Let {(µπ, (λ1)π, (λ2)π, (λ3)π, (λ4)π, (λ5)π, (λ6)π, (λ7)π, (λ8)π)}π∈K



159

be the set of extreme points of polytope Π, where K represents the set of indices of ex-

treme points. By applying an outer linearization procedure to the inner (sub) problem

of the original problem, we can restate it as (6.24), which is referred to as the Benders

Master problem (MP).

Theorem 1. [144] The problem (6.19) can be reformulated as below:

minimize
x,y,N ,η

η (6.24a)

subject to
∑
l∈L

∑
f∈Θ
B(l, f)× ylf ≤ B̄ (6.24b)

∑
f∈Θ

ylf = xl,∀l ∈ L (6.24c)

∑
n∈Ω
Nzn = 1, ∀z ∈ Z (6.24d)

∑
z∈Z

(∑
n∈Ω

nNzn

)
≤ F̄ (6.24e)

η ≥
∑
k∈D

∑
i∈N

(µik)
πgik +

∑
i∈Nw

∑
a∈FS(i):a∈E

∑
f∈Θ

(
W ik(1− ŷl(a)f )(λ

2
faik)

π

+W ikŷl(a)f (λ
3
faik)

π
))

+
∑

i∈Nw∩NR

∑
n∈Ω

(
W ik(1− N̂Z(i)n)(λ

6
nik)

π

+W ikN̂Z(i)n(λ
7
nik)

π
)]

, ∀π ∈ K (6.24f)

xl ∈ B, ∀l ∈ L (6.24g)

ylf ∈ B,∀f ∈ Θ,∀l ∈ L (6.24h)

Nin ∈ B, ∀n ∈ Ω, i ∈ Z (6.24i)

Proof. See [144].
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6.3.2 Classic Benders decomposition implementation

The issue with the Benders reformulation is that there could be a large number of

extreme points of the polyhedron associated with the feasible region of DSP, therefore,

one applies an iterative process of solving two problems, namely, the relaxed master

problem (RMP) and the subproblem (SP) repeatedly. The relaxed master problem is

the master problem with constraints (6.24f) being defined only for a subset of extreme

points, i.e., K′ ⊂ K. The overall implementation of the classic Benders Decomposition

is summarized in Algorithm 8. We start by finding the feasible value of (x0, y0,N 0).

This can be done by solving (6.24) without (6.24f) and including a constraint η ≥ 0.

Then, in each iteration t, the algorithm solves RMP with the given set of extreme

points and then SP with the current value of (xt, yt,N t). Since RMP is relaxation and

SP is solved for a feasible value (xt, yt,N t), they provide a lower bound and upper

bound respectively to the original problem. The subproblem also provides inequalities

(optimality cuts) to strengthen the formulation of RMP in each iteration. Thus, it is

guaranteed to have non-decreasing lower bounds. In our case, there are no feasibility

cuts since our subproblem is always feasible (Proposition 10). The algorithm terminates

when both the upper bound and lower bound are close to each other.

Algorithm 8 Classic Benders decomposition implementation

1: (Initialize) Let t = 0, UB = −∞, LB =∞,K′
= ϕ. Assume an initial feasible value

(x0, y0,N 0). Solve the SP (6.22), obtain the optimal dual solution and append that
to set K′

.
2: while UB − LB > ϵ do ▷ ϵ is the tolerance parameter
3: Set t = t+ 1. Solve RMP (6.24) and obtain its optimal solution (xt, yt,N t).
4: Set LB = η
5: Solve SP (6.22) for (xt, yt,N t), obtain dual solutions and append that to K′

.
6: Set UB =

∑
k∈D

(∑
a∈A cav

t
ak +

∑
i∈Nw W t

ik

)
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6.3.3 Enhanced Benders decomposition implementation

The classic Benders decomposition may take prohibitive computational effort to con-

verge, thus making it difficult to solve the problem for large instances. The slow con-

vergence can be attributed to the low strength of the optimality cuts, degeneracy in the

subproblem, no guarantee of non-decreasing upper bounds in each iteration, or not for-

mulating the problem ”properly” [163–165]. To accelerate the Benders decomposition

algorithm, we make use of several enhancements that are described below:

Use of multiple cuts via disaggregated cuts

For this design problem, we can further utilize the decomposable structure of the Ben-

ders subproblem (6.19) as it is decomposable for each destination k ∈ D. That is,

we can solve several (smaller) subproblems and generate multiple optimality cuts for

the master problem. The disaggregated cuts have a higher probability of finding facet-

defining inequalities characterizing Π. For this purpose, we modify RMP to allow for

the disaggregated cuts as (6.25):

minimize
x,y,N ,η

∑
k∈D

ηk (6.25a)

subject to (6.24b)− (6.24e) (6.25b)

ηk ≥

∑
i∈N

(µik)
πgik +

∑
i∈Nw

∑
a∈FS(i):a∈A

∑
f∈Θ

(
W ik(1− ŷl(a)f )(λ

2
faik)

π

+W ikŷl(a)f (λ
3
faik)

π
))

+
∑

i∈Nw∩NR

∑
n∈Ω

(
W ik(1− N̂Z(i)n)(λ

6
nik)

π

+W ikN̂Z(i)n(λ
7
nik)

π
)]

, ∀π ∈ Kk, ∀k ∈ D (6.25c)

(6.24g)− (6.24i) (6.25d)

Note that by adding the disaggregated cuts for every destination, we can get back
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the optimality cuts defined in the classic Benders relaxed master problem.

Use of multiple cuts via multiple solutions

To further improve the convergence of the algorithm, [166] used a strategy known as

multiple cuts via multiple solutions. When solving the RMP, any commercial solver

such as AIMMS or GUROBI can be asked to generate multiple solutions of an inte-

ger program (optimal as well as suboptimal) by using pool solution option. These

multiple solutions can be used to generate multiple classic (6.24f) or disaggregated cuts

(6.25c) to be added in next iteration of RMP. This strategy is expected to decrease the

overall iterations and possibly the solution time of the algorithm.

Use of clique/cover cuts

Due to the limited availability of bus and vehicle fleet, one can use the clique/cover cuts

to tighten the feasible region of the master problem.

Proposition 11. For every n ∈ Ω, if ⌊ F̄n ⌋ < |Z| then the clique inequality
∑

z∈Z Nzn ≤

⌊ F̄n ⌋ is valid for (6.19).

Proof. Due to limited fleet available, one can allocate n ∈ Ω vehicles in at most ⌊ F̄n ⌋

zones.

If for any n ∈ Ω, we have ⌊ F̄n ⌋ > |Z|, then the inequality
∑

z∈Z Nzn ≤ ⌊ F̄n ⌋ will be

redundant and therefore, we do not add it to the model.

The inequality which constrain the number of buses (6.19b) is a Knapsack constraint.

A set C ⊆ L×Θ is a cover for inequality (6.19b) if
∑

(l,f)∈C B(l, f) > B̄ and it isminimal

cover if
∑

(l,f)∈C\{(l′ ,f ′ )} B(l, f) ≤ B̄, for all (l
′
, f

′
) ∈ C
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Proposition 12. For any minimal cover C ⊆ L×Θ, the inequality
∑

(l,f)∈C ylf ≤ |C|−1

is valid for (6.19).

Proof. The proposition follows from the definition of minimal cover that we cannot

provide the number of buses required in the minimal cover.

To generate some of the minimal cover cuts, one can use the heuristic given in

Algorithm 9. In this algorithm, for each frequency f ∈ Θ, we keep the list of lines G

for which the number of buses required to provide the frequency f does not exceed B̄.

Then, any line which is not in G, along with G forms a minimal cover.

Algorithm 9 Cover cut generation heuristic

1: procedure
2: Compute the value of mapping B(l, f) for all (l, f) ∈ L×Θ.
3: CC ← ϕ
4: for f ∈ Θ do
5: G← []; temp← 0
6: for l ∈ L : B(l, f) in an ascending order do
7: temp = temp+ B(l, f)
8: if temp ≤ B̄ then
9: append (l, f) to G

10: else
11: break
12: for l ∈ L\G do
13: C ← G ∪ {(l, f)}
14: append C to CC

return CC

Furthermore, one can use other efficient techniques to produce maximal clique or

minimal cover cuts for the problem.

Other recommendations

One of the problems with the Benders subproblem (6.22) is that it assumes the value

of W ik as a given upper bound. The value of W ik is a big-M introduced to relax the
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non-linearity in the original model. If the value of the big-M is not chosen properly,

then one can face serious issues with the convergence of the algorithm. For example,

choosing W ik < Wik can make the subproblem infeasible, and choosing W ik too high

would generate weak optimality cuts, which would increase the computational time of

the algorithm. One way to avoid this issue is to solve the assignment problem (6.18)

for given design variables (x, y,N ) and compute the optimal value of Wik and use

that as an upper bound. Further improvements in the Benders decomposition method

can involve the use of pareto-optimal cuts proposed by [165]. They help in avoiding

the generation of multiple optimality cuts for a degenerate subproblem. We tried this

strategy, however, we did not find any significant improvement in the solution time

using these cuts, therefore, we do not discuss it here. Finally, when RMP is loaded with

a large number of cuts we recommend removing the non-active cuts from the model by

checking the dual value. There is no guarantee that they will not be generated again,

but it will be faster to solve the RMP. The overall steps of the Benders implementation

with possible acceleration techniques are summarized in Algorithm 10.

Algorithm 10 Enhanced Benders decomposition implementation

1: (Initialize) Let t = 0, UB = −∞, LB =∞,K′
k = ϕ, ∀k ∈ D.

2: Prepare the master problem with clique and cover inequalities.
3: Assume an initial feasible value (x0, y0,N 0). Solve the SP (6.22), obtain the optimal

dual solutions and append that to the set K′
k,∀k ∈ D.

4: while UB − LB > ϵ do ▷ ϵ is the tolerance parameter
5: Set t = t + 1. Solve RMP (6.24), obtain its optimal solution (xt0, y

t
0,N t

0) and
other optimal/suboptimal solutions {(xts, yts,N t

s)}1≤s≤l, where l is specified by the
user.

6: Set LB =
∑

k∈D ηk
7: for s = 0, 1, ..., l do
8: Solve SP (6.22) for (xts, y

t
s,N t

s), obtain dual solution and append that to
K′

k,∀k ∈ D.

9: Set UB =
∑

k∈D
(∑

a∈A cav
t
ak +

∑
i∈Nw W t

ik

)
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6.4 Computational results

In this section, we present the computational study based on the model (6.19), (6.24),

and acceleration techniques presented in Section 6.3.3. We start by describing the de-

tails of the experiment used to show the application of the proposed method. Then,

we present the details of the network design results in Section 6.4.2, which is followed

by the comparison of the computational performance of the solver, the classic Benders

implementation, and the enhanced Benders techniques described in Section 6.4.3. Fi-

nally, we discuss the results of the sensitivity analysis on two important parameters in

the model, namely, the available fleet of buses B̄ and vehicles F̄ in Section 6.4.4, which

is followed by the comparison of the performance of optimized existing transit system

and proposed integrated system in Section 6.4.5.

6.4.1 Experiment details

The computational experiments are based on the Sioux Falls road and transit network.

The road network has 24 nodes, whereas the static transit network has 384 stops. A

walking distance of 0.5 miles is used to create walking links. An illustration of the two

networks is shown in Figure 6.2 and the number of different types of links in the network

is given in Table 6.2. There are 12 candidate transit routes in the transit network. We

consider the set of possible frequencies as Θ = {2, 3, 4, 6, 12} buses/hr to be assigned to

any candidate transit route and possible vehicle fleet size to be assigned to any zone as

Ω = {0.01, 50, 100, 200, 500}. The vehicle fleet size value 0.01 is a dummy element to

represent that no vehicles are assigned in a zone and that zone can be served by transit

service only. A time-based fare of $0.21/ min and a base fare of $0.8 is assumed for the

MoD service, whereas the transit fare is assumed to be a fixed value of $2. To convert

the monetary costs into time units, the value of travel time equal to 23$/hr is used. The
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Table 6.2: Number of different types of links in the Sioux Falls multimodal network

Link type Number of links

Access 243
Egress 243
Road 76
Transit 398
Transit transfer 368
Mode transfer 152

value of parameter A used in the wait time computations of MoD service is assumed to

be equal to 0.0017 for all the zones [167]. The available number of buses B̄ and vehicles

F̄ are assumed to be 70 and 3,000 respectively. There are 576 O-D pairs in the network

with a total number of trips equal to 36,060. All implementations are coded in Python

3.8 using Gurobi 9.0.1 as the optimization solver. The tests were executed on Intel(R)

i7-7700 CPU running at 3.6 GHz with 32 GB RAM under a Windows operating system.

1 2
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789
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(a) Road network (b) Transit network

Figure 6.2: Sioux Falls network
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6.4.2 Network design results

We solve the network design problem (6.19) for the instance explained in Section 6.4.1.

The selected transit routes with their optimal frequency are given in Table 6.3. Out of

12 candidate routes, 6 routes are kept operating. The transit network with active and

inactive routes is shown in Figure 6.3. We observe that most of the routes are located

in the central region of the network. All the routes have been assigned the highest

frequency, i.e., 12 buses/hr, except route 8, which has been assigned a frequency of 3

buses/hr. To provide this service, 69 buses are required. The average number of vehicles

deployed in each zone is given in Table 6.4. In the optimal allocation of vehicles, it is

decided not to deploy any vehicles in 10 zones out of 24 zones. Most of the zones have

been allocated 200 vehicles providing an average wait time of 3 minutes. We further

observe that the vehicles are deployed in the outskirt zones of the network where transit

routes are not located.

Table 6.3: Selected transit routes with their optimal frequency

Route Located? Optimal Average wait
frequency (buses/hr) time (min)

1 Yes 12 5
2 No - -
3 Yes 12 5
4 Yes 12 5
5 No - -
6 No - -
7 No - -
8 Yes 3 20
9 No - -
10 No - -
11 Yes 12 5
12 Yes 12 5

The total time spent in the system is equal to 11,301 passenger-hours including
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Figure 6.3: Transit routes (inactive routes are shown by dashed gray color)

Table 6.4: Vehicle allocation to different zones

Zone Vehicles Avg. Wait time (min) Zone Vehicles Avg. Wait time (min)

1 200 3 13 200 3
2 100 6 14 200 3
3 200 3 15 200 3
4 200 3 16 - -
5 - - 17 - -
6 - - 18 200 3
7 200 3 19 200 3
8 - - 20 200 3
9 - - 21 - -
10 - - 22 - -
11 200 3 23 - -
12 500 1.2 24 200 3

8,673 passenger-hours of travel time on various links, 1,881 passenger-hours of wait

time spent on the transit network, and 747 passenger-hours of wait time spent on the

road network. We found that more passengers take transit than MoD service. The share
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of passengers using the road, transit, and multimodal service are 23 %, 61 %, and 16 %

respectively. The passenger flow on various links and wait time on various nodes of the

road and transit networks (resp.) are visualized in Figure 6.4(a) and (b) respectively.

We observe that most of the passenger trips in the central zones are made using transit

network, whereas the trips on the outskirts of the network are made using both MoD

and multimodal service. The figures further show that the congestion in the central

zones is significantly improved with the resulting network design.

Wait time
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2400

3600

4800

6000

Passenger flow

0
365
730
1095
1460

(a) Flow and wait time of passengers
in the road network

Wait time

3000

6000

9000

12000

15000

Passenger flow
0
850
1700
2550
3400

(b) Flow and wait time of passengers in the
transit network

Figure 6.4: Flow and wait time (pass-min) of passengers in the network

6.4.3 Computational performance

In this section, we compare the computational performance of various models and im-

plementation techniques. We consider the following approaches to compare:

1. Solving model (6.19) using Gurobi solver

2. Solving model (6.24) using Gurobi solver

3. Solving model (6.24) using classic Benders decomposition (Algorithm 8)
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4. Solving model (6.24) using Benders decomposition with clique/cover cuts (Section

6.3.3)

5. Solving model (6.24) using Benders decomposition with multiple cuts via multiple

solutions (Section 6.3.3)

6. Solving model (6.24) using Benders decomposition with both clique/cover and

multiple cuts via multiple solutions

7. Solving model (6.24) using Benders decomposition with disaggregated cuts (Sec-

tion 6.3.3)

8. Solving model (6.24) using Benders decomposition with disaggregated and clique/

cover cuts

9. Solving model (6.24) using Benders decomposition with disaggregated and multi-

ple cuts via multiple solutions

10. Solving model (6.24) using Benders decomposition with disaggregated, clique/cover,

and multiple cuts via multiple solutions

To solve the bilinear model (6.19), we set the Gurobi parameter NonConvex = 2. For

Benders decomposition with multiple cuts via multiple solutions, we set the Gurobi pa-

rameters PoolSolutions = 2, PoolGap = 0.01, PoolSearchMode = 2. For all above

tests, the maximum time limit was set to 3 hours.

The computational performance of every method is shown in Table 6.5. The iter-

ations are counted as the number of times RMP is solved, the computational time is

recorded in seconds, and Gap is defined as (UB − LB) ∗ 100/UB. The bilinear model

(6.19) is hard to solve, and Gurobi took 3 hours to reach the optimality gap of 13.3
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Table 6.5: Computational performance

Method Iterations Computational Gap (%)
time (s)

Gurobi bilinear - Timed out∗ 13.3
Gurobi - Timed out∗ 0.62
Classic 734 Timed out∗ 0.16
Classic + Clique/Cover 510 7,440 0
Classic + Multiple 500 6,524 0
Classic + Clique/Cover + Multiple 423 5,566 0
Disaggregate 31 381 0
Disaggregate + Clique/Cover 30 347 0
Disaggregate + Multiple 28 535 0
Disaggregate + Multiple + Clique/Cover 27 498 0

*Note: Maximum time limit = 3 hours

%. The rest of the results are discussed for the optimization model (6.24). Other

than Gurobi and classic Benders decomposition, all the methods coverage to the op-

timal solution. Gurobi and classic Benders decomposition reached an optimality gap

of 0.62% and 0.16% respectively. This means both methods reached very close to the

optimal solution in 3 hours. The hybrid approach of classic Benders decomposition with

both clique/cover cuts and multiple cuts via multiple solutions outperforms the classic

Benders decomposition with clique/cover cuts or multiple cuts via multiple solutions

only. The disaggregated Benders decomposition is computationally more efficient than

any classic Benders approach with cut improvements. The disaggregated cuts with

other cuts show further improvement in the solution time and the number of iterations

to converge to the optimal solution. The Benders decomposition using disaggregated,

clique/cover, and multiple cuts via multiple solutions outperforms other methods in

terms of the number of iterations to converge to an optimal solution, whereas Benders

decomposition with disaggregated and clique/cover cuts outperform other methods in

terms of computational time. This may be because the multiple cuts are generated by

solving several subproblems, which takes more computational time, but the generated
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cuts may not be as effective. Overall, the experiments performed for this section show

that the computational methods presented in this study are quite efficient in solving

the current problem exactly.

6.4.4 Sensitivity analysis on parameters

The availability of buses and vehicles can result in different network design results.

Hence, we choose to perform a sensitivity analysis on the available bus fleet B̄ and

vehicle fleet F̄ . We solve the model (6.24) with varying bus fleet size of 25, 50, 75, 100,

and 150 and varying vehicle fleet size of 500, 1000, 3000, 5000, 8000. Figure 6.5 and

6.6 show the sensitivity analysis results based on contour plots. The x-axis shows the

varying vehicle fleet sizes, and contours represent varying bus fleet sizes. Figure 6.5(a),

(b), (c), and (d) show the in-vehicle cost, average road wait time, average transit wait

time, and total expected travel cost in passenger-hours respectively. We can observe

that the in-vehicle cost decreases with the increase in the number of available vehicles.

The effect of increasing the number of buses is more than the increase in the number

of vehicles. Moreover, the in-vehicle cost is not affected by increasing the number of

vehicles to more than 5,000. The average road wait time decreases with the increase

in the number of available vehicles. It also decreases with the increase in the number

of available buses due to mode shift. The passenger-hours spent as the wait time in

the transit network increases with the increase in the number of available vehicles as

well as buses. This is because more passengers take the transit mode as more buses are

made available. The overall expected travel cost also reduces with the increase in the

bus and vehicle fleet. However, the effect of an increase in the vehicle fleet size of more

than 5,000 is negligible. Figure 6.6 shows the mode share as a function of the available

bus and vehicle fleet size. As expected, the transit and MoD share increase with the

increase in the available bus and vehicle fleet size respectively. The share of multimodal
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service increases with the number of vehicles and buses up to 5,000 and 75 respectively

but declines after that. The decline in multimodal share is because of the reduced wait

time for both services, which drives passengers to use single mode rather than multiple

modes.

50
0

1,
00
0

3,
00
0

5,
00
0

8,
00
0

8,000

8,500

9,000

9,500

25

50

75

100

150

F̄

T
ot
al

in
-v
eh

ic
le

co
st

(a) In-vehicle cost (pass-hrs)
50
0

1,
00
0

3,
00
0

5,
00
0

8,
00
0

400

600

800

1,000

1,200

1,400

25 5075

100
150

F̄

R
oa

d
w
ai
t
ti
m
e

(b) Average road wait time (pass-hrs)

50
0

1,
00
0

3,
00
0

5,
00
0

8,
00
0

1,600

1,800

2,000

2,200

2,400

2,600

2,800

25
50

75

100
150

F̄

T
ra
n
si
t
w
ai
t
ti
m
e

(c) Average transit wait time (pass-hrs)

50
0

1,
00
0

3,
00
0

5,
00
0

8,
00
0

1.1

1.2

1.3

·104

25

50
75
100
150

F̄

T
ot
al

ex
p
ec
te
d
tr
av
el

co
st

(d) Total expected travel cost (pass-hrs)

Figure 6.5: Sensitivity of parameters F̄ and B̄ on different costs (contour represents
varying bus fleet sizes)
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Figure 6.6: Sensitivity of parameters F̄ and B̄ on mode share (contour represents varying
bus fleet sizes)

6.4.5 Comparison of optimized base transit system with proposed in-

tegrated system

In this section, we present a comparison of the operation of the “optimized base transit

system” corresponding to the existing transit system with optimized frequencies versus

the design of the integrated system evaluated in Section 6.4.2. For the optimized base

case, we solve the optimization program (6.26) for the instance described in Section

6.4.1. The results of optimized frequencies of various routes are given in Table 6.6. The

network provides an average wait time of 18 minutes to the passengers.
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minimize
v,W,y

∑
k∈D

∑
a∈A

cavak +
∑
i∈Nw

T

Wik

 (6.26a)

subject to
∑
l∈L

∑
f∈Θ
B(l, f)× ylf ≤ B̄ (6.26b)

∑
a∈FS(i)

vak =
∑

a∈BS(i)

vak + gik,∀i ∈ N, ∀k ∈ D (6.26c)

vak ≤

∑
f∈Θ

fyl(a)f

Wik,∀a ∈ FS(i) : a ∈ A,∀i ∈ Nw, ∀k ∈ D (6.26d)

vak ≥ 0, ∀a ∈ A,∀k ∈ D (6.26e)

Wik free , ∀i ∈ Nw
T ,∀k ∈ D (6.26f)

ylf ∈ B,∀f ∈ Θ,∀l ∈ L (6.26g)

Table 6.6: Routes with their optimal frequency (optimized base case)

Route Optimal Average wait
frequency (buses/hr) time (min)

1 4 15
2 2 30
3 6 10
4 12 5
5 3 20
6 2 30
7 3 20
8 3 20
9 3 20
10 2 30
11 12 5
12 6 10

The results comparing the performance of the optimized base transit system and

integrated system are provided in Table 6.7. The base transit system has 12 two-way

bus services operated by a bus fleet of 69 buses, whereas the new integrated system has

6 two-way bus services operated by 69 buses. Along with 69 buses, the new integrated
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system deploys 3,000 vehicles to serve the demand. The deployment of these extra

vehicles can be costly to the transportation agencies. However, they provide several

benefits. First, the optimized base transit system is not able to serve 13 % of the demand

due to the non-availability of transit service in 2 zones in the network. On the other

hand, the first mile and last mile of these zones are covered by vehicles in the integrated

system. Second, the average in-vehicle travel time of passengers using the integrated

system is only 14.43 minutes in comparison to the 21.16 minutes for passengers using the

base transit system. However, the average wait time of the integrated system users is

increased slightly in comparison to the base transit system. This is due to the increased

number of transfers to access MoD and transit service.

Table 6.7: Comparison of optimized base transit system and integrated system

Optimized base Integrated
transit system system

Number of active routes 12 6
Number of buses used 69 69
Number of vehicles used 0 3,000
Satisfied demand (%) 87 100
Average in-vehicle time (min/passenger) 21.16 14.43
Average wait time (min/passenger) 2.88 4.37

6.4.6 Managerial insights for implementing such service

For implementing the proposed model in practice, we need to follow the following pro-

cedure. First, we divide the region into zones. Second, we collect the peak hour demand

data in the region. Third, solve the proposed design model for varying fleet sizes. This

step will be similar to the sensitivity analysis given in Section 6.4.4. This analysis will

help us decide the optimal fleet size of buses and vehicles for our service. It will also

provide us with the allocation of vehicles and buses for different zones and bus routes

respectively. This allocation is designed for peak hours. We can reduce the vehicle
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operation in non-peak hours. For the bus service, scheduling needs to be performed to

publish a schedule for the service.



Chapter 7

Conclusions and Future Work

The current dissertation develops modeling frameworks to predict passenger behavior

and design integrated transit networks. It develops routing algorithms to describe the

strategic behavior of transit and park-and-ride passengers using online information when

traveling in a stochastic and time-dependent network. Using the transit passenger

routing algorithm, it further develops a schedule-based transit assignment model with

online information for uncapacitated and capacitated networks. Then, it employs the

strategic frequency-based assignment models for the design of long-term planning of

transit networks as well as integrated Mobility-on-Demand and transit systems. This

chapter describes the summary of the research presented in this dissertation, draws

conclusions, and outlines suggestions for the future research.

7.1 Summary of results and conclusions

The modeling contributions made in this dissertation start with Chapter 3, which devel-

ops routing algorithms to predict passenger route choice behavior in presence of online

information. In transit networks, the online information about bus arrival time induces

178
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an adaptive behavior where a passenger who faces failed transfer due to early or late

arrival of buses considers alternative bus routes to minimize their expected cost to des-

tination. In the multimodal network of park-and-ride mode, the decision to whether,

where, and when to park a car and take transit is made adaptively based on the realized

state of traffic on a freeway and wait time for transit transfer. We model these phe-

nomena using stochastic shortest path problems in a network with time-dependent and

stochastic link travel times. To solve the corresponding Bellman equation, it proposes

two solution algorithms, namely, value iteration and label correcting algorithms. Two

case studies are presented to show the application of the proposed models. In the case

of transit networks, a case study based on the schedule-based transit network given

in [2] is presented. It shows how the presence of online information changes passenger

routing behavior. Specifically, passengers consider alternative routes to travel in case of

missed transfers which provides a lesser expected cost than the a priori shortest path.

We also observed that the label correcting algorithm outperforms the value iteration

algorithm. In the case of the park-and-ride network, a case study of freeway I-394 in

Minneapolis is presented. Results computed the time and state of the realized traffic

when park-and-ride mode becomes an attractive mode. For example, the park-and-ride

mode provides faster access to Downtown Minneapolis during severe congestion between

7:00-9:45 A.M. We expect to see further improvement in the travel time if more frequent

service of buses is provided by Metro Transit on I-394. In terms of attractiveness among

park-and-ride locations, Co. Rd. Park-and-Ride and Plymouth Road Transit Center

were found to be more attractive parking locations than others. The standard devia-

tion of travel time obtained by using the adaptive policy varies between 20-222 seconds.

Finally, a sensitivity analysis of the parking cost and transit fare reveals that the higher

parking cost and lower transit fare make the park-and-ride mode more attractive to
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commuters. With $2 increase in the transit fare at $15 parking cost, we see a 2% de-

cline in the share of the park-and-ride option in the optimal policy. Similarly, with $15

increase in the parking cost at $2 transit fare, we see a 4% increase in the share of the

park-and-ride option in the optimal policy. We conclude that by using adaptive policy,

a commuter will save around 36 hours every year.

Chapter 4 presents two transit assignment models based on whether or not the lim-

ited capacity of transit vehicles is considered. The uncapacitated assignment model is

useful for transit systems with low ridership but unreliable service, whereas the capaci-

tated assignment model is useful for transit systems with high ridership and unreliable

service. In both cases, it proposes that passengers adopt strategies to travel and use the

stochastic shortest path as a modeling tool to characterize passenger hyperpaths. Un-

der restrictive assumptions, a linear program is developed to perform the uncapacitated

assignment. On the other hand, the capacitated assignment is observed to be more

complex than the uncapacitated assignment. This is because the strategic behavior of

passengers is observed not only because of online information but also due to the limited

capacity of transit vehicles. For this purpose, the chapter formulates the capacitated

assignment problem as a variational inequality problem, which is solved using an MSA-

based heuristic algorithm. The algorithm runs the shortest path as well as a loading

procedure to incorporate realistic passenger behavior. The MSA algorithm shows good

convergence performance in the conducted experiments. We present a case study based

on the schedule-based transit network given in [2]. The result evaluated the departure

times of various groups and passenger flows on various trips on transit routes. The com-

putational time required to perform both uncapacitated and capacitated assignments

was within 10 minutes. The limited capacity results in high-dimensional strategies and

more complex behavior.
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The dissertation further proposes optimization models to design networks while in-

corporating strategic passenger behavior through frequency-based transit assignment.

For this purpose, Chapter 5 proposes a bi-level transit network design model. It incor-

porates both passenger’s and operator’s perspectives in the same model by considering

measures of passenger travel time, limited bus fleet, operating cost of buses, bus ca-

pacity, road capacity, and the number of transfers experienced by passengers. Several

important results related to the current problem, such as characterization of bi-level

feasible design and feasibility of the lower level problem are proved in the study. These

results help develop an efficient branch-and-benders cut algorithm to solve the problem.

Numerical experiments are performed on various network instances to flashlight on dif-

ferent aspects of network design and the efficacy of the solution method. We observe

that the current model creates a network where passengers do not face denied boarding,

and only a few routes are needed to serve the whole demand. The sensitivity analysis on

passenger weight β shows that a higher value of β results in the allocation of more buses

to the frequency design, which results in lower passenger cost and higher operational

cost. Furthermore, we observe that including the operator’s perspective is important to

obtain an economical design with an acceptable level of service to passengers. The sen-

sitivity analysis on fleet size shows that increasing the fleet size allocates more buses to

the routes, which results in lesser passenger costs and more operating costs. The model

also considers different transfer constraints, namely soft and hard transfer constraints.

The numerical experiments show that soft capacity constraints are more effective in con-

trolling the number of transfering passengers. We conclude that the proposed method

with enhancements such as cut-set-inequalities and normalizing infeasibility cuts results

in the best performance among all the strategies. Finally, higher demand in the same

network leads to higher computational time to solve the same design model.
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Chapter 6 develops a mixed-integer non-linear program (MINLP) to design an in-

termodal system, where the first mile and last mile of transit trips are served using the

MoD service. The MINLP was relaxed to a mixed-integer linear program with the help

of McCormick relaxations. To solve the resulting MILP model efficiently, it proposes

the Benders decomposition method with several enhancements. These enhancements

include the use of disaggregated cuts, clique/cover cuts, and multiple cuts via multiple

solutions. The numerical results show that disaggregated cuts with clique/cover cuts

and multiple cuts via multiple solutions are efficient techniques to solve the current

problem. Furthermore, the experiment results on the Sioux Falls network show that

the congestion in the city center is improved with such design as most of the passengers

were found to take the transit in that region. The sensitivity analysis on bus fleet size

and vehicle fleet size reveals that the passenger hours spent in the system as in-vehicle

time and wait time reduces with an increase in the number of available buses and ve-

hicles. For the city of Sioux Falls, the share of multimodal service was observed to be

highest for the vehicle fleet size and bus fleet size of 3,000 and 75 respectively. We also

compared the proposed integrated system with the optimized base-case transit system.

We found that the integrated system can be costly due to the deployment of vehicles,

but it reduces the passenger in-vehicle time and serves more demand than the optimized

base case.

7.2 Recommendations for future research

The current dissertation opens new avenues for research in the area of modeling and de-

sign of integrated transit systems. This section discusses how to relax the assumptions

made in the presented models and extend these ideas for other types of transportation
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solutions. It is discussed as follows:

First, in the routing algorithms and transit assignment presented in 3 and 4, passen-

gers are assumed to be expected-cost-minimizers. In reality, they may consider other

factors, such as risk related to close transfers, preferences towards different modes, etc.,

as part of their utility. One way to address this issue is to consider an adaptive routing

policy based on a discrete choice model. The proposed models provide a flexible frame-

work to incorporate choice probabilities. For example, one can use logit-based route

choice probabilities to achieve a stochastic user equilibrium.

Second, one of the issues in solving the capacitated assignment problem presented

in Chapter 4 for large networks is the explosion of state space due to the incorporation

of the availability vector in it. It causes the high computational time required to solve

the corresponding stochastic shortest path (SSP) problem. For the assignment, one

needs to solve the SSP several times, which makes it challenging to produce assignment

results for large-scale transit systems. Future research should focus on proposing tech-

niques to solve this problem faster. This could be achieved using approximate dynamic

programming algorithms. The exact solution methods presented in the dissertation will

help evaluate the accuracy of the approximation algorithms.

Third, for the park-and-ride passenger routing in Chapter 3, we considered only one-

way routing of a commuter, but in reality, nearly all commuters have to return home.

The park-and-ride policy found for one-way routing may not provide an optimal tour.

The problem can be addressed using the network transformation proposed by [103] for

finding the multimodal multi-destination tour. The development of an efficient algo-

rithm for solving such a problem needs further investigation.
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Fourth, more research is needed on finding strong valid inequalities specific to the

bi-level transit network design problem presented in Chapter 5. This is evident from the

numerical experiments, where we observe that most of the time in solving the current

problem using the proposed method is spent in closing the gap after finding the optimal

solution. This is because the linear relaxation of the current single-level reformulation

is weak. We observe that cut-set-based inequalities improve the initial lower bound.

Therefore, an intelligent way of generating high-dimensional cut-set-based inequalities

could further improve the lower bound. Other cuts such as metric inequalities should

be developed for optimal strategy transit assignment with side constraints on the flow

of passengers.

Fifth, for the bi-level transit network design problem, it was assumed that the tran-

sit agency (leader) is optimistic. This means if there are multiple solutions to the lower

level problem, the leader selects the lower level solution that benefits it the most. How-

ever, in real-life, different lower-level (passenger behavior) solutions could take place.

This would result in proposing the design based on the incorrect prediction of passenger

behavior. The uniqueness of the lower-level solution can be checked by solving the high

point problem with an extra constraint restricting the upper-level objective value equal

to the current optimal value and minimizing the upper-level objective with β = 1. If the

objective value for this new problem turns out to be less than the computed lower-level

objective value, then the uniqueness does not hold. In all our numerical experiments,

we found that the lower-level solution was unique. However, to avoid risking the incor-

rect prediction of passenger behavior, one should solve the pessimistic bi-level network

design. A significant research effort is needed to characterize the optimal solution and

develop an efficient solution algorithm for this variant.
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Sixth, ridepooling can be incorporated into the design of integrated transit systems.

This requires further investigations on the ways to include the matching of passengers

for ridepooling, which will reduce the size of the vehicle fleet required to provide the

service. This investigation will have an impact on the planning of an integrated AV and

transit system.

Seventh, a congested frequency-based transit assignment should be incorporated in

the design models presented in both Chapter 5 and Chapter 6. For example, one can use

the transit assignment model proposed by [168]. It will require developing an efficient

algorithm for solving their assignment model and using that for the solution method of

the design problem.

Eighth, a model-free reinforcement learning model can be developed to predict pas-

senger behavior in presence of online information. The calibration of such a model using

travel behavior data (e.g., Automatic Fare Collection data) will require a significant ef-

fort.

Ninth, finding the optimal park-and-ride facility locations in the network considering

adaptive routing will be another interesting research problem to investigate. It can be

formulated as a bi-level problem.

Tenth, Chapter 4 developed a transit assignment model with online information.

However, the idea can extend to multimodal transportation systems.
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[85] Ángel G. Maŕın and Patricia Jaramillo. Urban rapid transit network design:

Accelerated Benders decomposition. Annals of Operations Research, 169(1):35–

53, 2009.
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