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ABSTRACT

The semigroup approach to the Navier-Stokes equation in halfspace is used to
prove that the stability of the asymptotic suction velocity profile is deter-
mined by the eigenvalues of the classical Orr-Sommerfeld equation. The usual
ohstacle, namely, that the corresponding linear operator contains Q0 1in the

spectrum is removed with the use of weighted spaces.
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1, Introduction
, 3 .
A flow over a plane y =0 in R™ given by

U(x,y,z) = (1 -e™,-1/R,0)

js called an asymptotic suction velocity profile [12]. R > 0 is the

Reynolds number. ! satisfies the Navier-Stokes equation

Y + (v +V)v = -Vp

at

1
0+E Av

divv =20
with P, = 0 . In the present paper it is proved that the stability
of U for small perturbations which initially decay exponentially in
the y direction and are periodic in the x and z direction is
qoverned by the eigenvalues of the classical Orr-Sommerfeld equation
{1,8,12] . For precise statements see Theorems 4,5, 9 and 15,

Rigorous non-linear stability analyses for flows in (essentially)
unbounded domains are usually based on energy methods [3,4,5,131 ,
and predict sufficient conditions for global stability [8].
Recently, Galdi & Rionero [6] proved a universal sufficient condition
for glohal stability and it applies, in particular, to the asymptotic
suction. However, much importance is attached to (conditional)
stability analysis of some special flows over infinite flate plate
[1,8,12]. In these cases the most widely accepted stability analyses
are based on studies of the eigenvalues of the Orr-Sommerfeld
equation [1,8,12], hut no rigorous justification was known.

Let ha denote the function ha(x,y,z) = e for y >0 and

ae . Assuming that « > 0 and that



= (1 - h1 + hwu1 y = 1/R + h WUz s hwu3) > Py = hmp

is a solution of the Navier-Stokes equation leads we find the following

equations for u = (UI’UZ’U3) and p

2
Bu 1 20 =~ U . w - w
- g du +-‘-—7§—~--_ay + (1 - 1) =<t R U+
3p  3p 3p 3u u 3u
MAULPRS TS RN - LN CIE -l UAC - RT3

du du au
1 + 3 + 2 - mu2 = 0 -
ax ¥4 ay

This set of equations (perturbation equations) will be studied in the
present paper. As mentioned ahove, u and p are assumed to be
periodic in x and z . In Section 2 the Fourier components for u and
p are analyzed. The full problem is studied in Section 3. In
Subsection 3.5 the corresponding abstract semilinear parabalic equation
is introduced and analyzed. In Subsection 3.6 it is shown that all
solutions of the abstract problem are infinitely differentiable in time
in the classical sense. In order to preserve simplicity no attempt has
been made to obtain classical spatial smoothness [2]) . Therefore, the
results presented in 3.5 apply to the perturbation equations, provided
that the space derivatives are obtained hy termwise differentiation of

the Fourier series.



I am indebted to M. Ahrens, R.C. DiPrima, G.P. Galdi, D.D. Joseph,
S. Rionero, H. Weinberger and P.F. Iweifel for several illuminating

discussions.,



2. Fourier Components

2.1 Preliminaries I. Throughout _ﬂ(ﬁJ) denotes the Hilbert space

LZ(O,w) {j-fold product of LZ(O,w) ) and 1.1 represents either the
norm in H or ﬂq , depending on the context. The set of all complex
valued functions which are absolutely continuous on [0,a] for every

a > 0 1is denoted by AC .

Several operators on H appear frequently and are defined as

follows:

(1)
(T))

D(T) = {f e D(T)|T,f e D(T )}, Tf = -f",

"

(FeACNH If' e H) , Tf=f"

"

{f e D(T)[F(0) =0} , T/f=f",

For Re(z) > 0 define F(z) , G(z) ¢ B(H) by

Ix ez(s - x)g(s)ds ’

(F(2)a)(x) = )

oo Zz -
(6(z)a)(x) = [T &2 = Sg(s)as .
In the obvious manner define operators T{j) . T(J): ﬁj > ﬂf by

er@..orn m 9. 10...07.

Observe that F(z) = (z + Tl)_l and G(z) = (z - TO)-l for
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Re(z) > 0 . The function ha(x) =e™™ ,aeC, x>0 will be

usually considered as a multiplication operator on H with its maximal

domain.

Lemma 1. Suppose € ¢ €, ye R,R>0 and S=oT+ 2y - 1

P T1+E.

Then:

() z e o(s) iff R(Im(z - £})? < (2v - DRe(z - £) and
Re(z) > Re(¢)

(b)Y if vy > 2 then cp(S) = g

(c) if vy <12 then z e c(S)\pp(S) iff

R(In(z - €))% = (2y - 1)%Re(z - &)

(d) if z ¢ ofS) and t = /«Y - LQ)Z - R{z - £) with Re(t) >0

then (S - z)'1 = RF(t - v + I2)G6(t + v - 1f2)

(e) if vy=V¥2,¢¢ (0,m/2] , r>0,a<Re(g) - (|Im(g)| cos ¢ +r)/sin¢
and |arg(z - a)| ¢ [¢,m] then z ¢ o(S) and
H(s - z)_lu < %- .

1{s - z)'ln <

IT(S - z)"lu < siﬁ ; .

Proof. Conclusions a through d are obvious. Using the

spectral resolution of T one can easily obtain



TW%?TT if Re(z) > 0
(T - z) 'lu <
1 if Re{z) <D
TzT
and
2l if Re(z) >0
[Im(z) |
eT(T - z)-'4 <
1 if Re(z) <O .

These bounds imply e .

From now on it will be assumed that

a,B e B ;3 w,R e (0,») ,

/ 2 2
= a +8 € {0} v (w,m) »

e
n

20.)"'1T+ w w +1-a

_o 1
S = -R-T-l- R 1 R

The following technical lemma is needed,




Lemma 2. Suppose that ¢ e (0,m/2] and

2 2
A A 5a +4 17w -w|+4
-~ 2R sin ¢4 o2 .
R sin ¢

If |arg{z - a)| € [¢,m] then z ¢ ofS) and

4R
8R + A% sin b

(S -z}t <

1S - z)-"1 < 1

_1 4
z)™ 1 < 7z - a] sin ¢

1 8
(S - z)~"1 <'T5T~§Tﬁﬁ5—

2R

"T(S - Z)‘lﬂ <_S-'i—ﬁ-_r

Proof. Define

2 = 2 2
r :_LS_IM + 65 + 4 - ‘al cos ¢ + 17"—” - ml + 4 + w - W
2R R sin ¢ 3

sin ¢ ,
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Lemma 1 implies

-1 -1.1/2 -1 1/2 R 1/2
IITISl I < I!Sl i HTSI ] < (Tm )

So that

Bounds on 51 as given by Lemma 1 imply Lemma 2.

2.2 Pressure,

Theorem 1, For every v = (Vl’VZ’V3) e.ﬁ3 there exist a unique

3 . .
u = (ul,uz,u3) e H" with u, € E(Tl) and a unique p E‘E(TO) such

that

V3 U3 + 18p ,

1'au1 + igu3 + (T1 - w)uz = 0,




Moreover, if

-9.

x» =0 then u; = Vy s Up = 0, Uy = Vg and

s and if A > w then

F(x - w)G{x + m)Vo - {1/2)G(x + w)v0 -

(1/3)F(x - w)(v0 - sz) .

Vl-iap .

AF (3 - w)Gix + m)v0 - F(x - m)(v0 - sz) s

vy - 18P,
)\Vz + 1(1V1 + 1BV3 .

Do the obvious thing.

u and v be as in Theorem 1. Define ﬁ:g_ *>

1]
=

»

i
h=)
.

N

he range of P , i.e.

3
{fueH |u-= (ul’UZ’u3) » Uy € EjTl) and

fauy + iguy + (T1 - m)u2 = 0} .

p = --G(m)vf2
U =
Yy
)
U3
where Vo =
Proof.
Let p,
i > H o by
Py
v
let N be t
N =
Clearly, N

is a Hilbert space.
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Theorem 2. a) If x =0 then 1P1 =1 and 1 = 1/ .

2
b) If A >w then by < ZSA , and i <
A - w AT - w

Proof. Note that WF(z)n = 1G(z)i = 1/Re{z) for Re{z) > 0.

This fact and Theorem 1 imply a . Let p, U, v and Yo be as in

Theorem 1 and assume that A > w . Define a = /uvlll2 + nv3n2 » S0 that

vl < A(IVZH +a) and vy - AV, 1 < 2a . Hence

—— (nvzu +a) + (uvzu +a) + 1
A - A tw A -

« 5 (2 - w)? + 92

a

22,2
and,
nulu2 + uuau2 < (nvyn + uapu)2 + (nval + rrspu)2
2
< (a + ap)
AZIve 2 w (4 w (4 2)
< { PR (2 -5) +(4-(F))
- W
/
and,
2 2
207 + wi
Nu, I < LIV =" a
Ao- w AT - w

2 S —
q_i.l& /1+(2+£)2 .
2 2 A
AT - w




These bounds give part b .

2.3 The linear operator.

. 3 3
A:H > H

equations define by

-11-

(Au)l = Sul - 'iahlul + hIUZ
(ﬁu)z = Su, - iah,u,
(Au)d = Su.ﬂ - iahlud

for u e D(R) =_g(ﬁ)f1 N .

Theorem 3. If a =0 then

Theorem 4, If a # 0 then

a) o(SNo,(S) € a(A)

by if ze c(ﬁp)\o(S)

2 Im(z)

- <

then

(1 + 2)\)2

<

z

In accordance with the perturbation

D(T) x D(T) x D(T) . Define ﬁp:_p N by

is an isolated eigenvalue of A

and

p

s
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2 2
A o+ y - 2 1
Re(z) > maxﬂ_q‘_ﬁ%——;l_ 'Ti%% G R W W | My eR,

ly - ¥of < |u- 101 .

Theorem 5. If w e (0,1) and Re(z) < 0 then 2z e c(ﬁp) iff

2
there exists ¢ ¢ L (0,=) such that

4

2 2 2
1) ¢un - 2x ¢u +A'¢ = _¢u| + 3 ¢l + R(ia _ iahl _ Z)(¢" - ¢) +

+ 1&Rh1¢

2) #(0) =4'(0) =0,4 £0

15 e v o0 D ax <o for 5 =012,
0

Theorem 6. If ¢ e (0,51 ,

ii 5+ 4 17w - wz[ + 4
2R sin ¢ R sin? ¢

a <

and |arg(z - a)| € [¢,m] then z ¢ c(ﬁp) and

n(ﬁ - z)-ln < lgR |A A wl ,
P 8R + A° sin ¢ v
2 1 156 A +tuw
"(Ap - Z)T < lz - alstng [x —w|
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32 A tow

TzTsing I -wl’

A 1
- =1
n(Ap z) <

22R A tw
sine |x-uwl '

nT(3)(f\p - z)'ln <

Theorems 3-6 will be proved in the following Subsection (2.4) for
the case A = 0 ; and in Subsection 2.5 for A > w . The technigues
used are similar to those in [11] . The essential observation is made
in Lemma 4, Subsection 2.5. Much more could be said about the spectrum,

see [10,117 .

Theorem 7. If ze € ,t >0, ¢ e (0,n/2) and

Az 5y + 4 17 |w - wzl + 4
a < s - - — Y
sin ¢ R sin” ¢
then
Apt 3
te P < 14 At grat

sin‘e cos ¢ A - wl

Aot
2 p lz| + 11 A +tw 1 -at
"(Ap tz)e Y STh s cos ¢ |x - uwl|t € *

Proof. let a, <a and ¢, ($,m/2) .  For x e R define

v{x) = Ix|cos ¢, - ix sing +a , s0O that
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N -at
._1_..f S Re(tY(x))h'(x)ldx = ——-—l———- e !
2r R nt cos ¢,

By Theorem 6
H(r(x) - At < 2w 16 L .

[» - w| sin g (a - a )sin ¢,

Hence [7,9]

Aot aa 6 Lt

N I EGT ¢ sing, cos g, Ta-a )t

Now let (a - al)t =1 and o, > ¢ -

By Theorem 6

1{z + v(x))(v(x) - ﬂp)_lﬂ < T%";‘ET (2]z] + SR
and hence

-Apt At lz| + 11 1 -a;t
"_E' E *

P A - w[ sin ¢ cos ¢,

-3

(A

+
b z)e
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2.4 Case A =0 . Observe that in the case X =0

N={v-= (vl,O,v3)|vl,v3 e H}

and

(Au)1 = Su1 .
(Au)2 =0 s
(Au)3 = Su,

for u e D(R ). Thus, Theorem 3 holds. Lemma 2 implies Theorem 6. If
we (0,1} and Re(z) < O then 1z ¢ o(ﬁp) by Lemma 1. It is easy to see
that if Re(z) < 0 then there is no ¢ ¢ Lz(O,m) for which conditions 1,

2 and 3 of Theorem 5 hold.

2.5 Case A >w. Define W:N» W' by

(Wu), = U, - au

It

(Nu)2 AU, - fau, - 18Uy

where u = (ul,uz,ua) €

| =
.

Lemma 3. IWI = x , W' exists and W = /A mzl(k(x -w)) .

_ 2
If w= (wl,wz) e H then
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faw, + Bw ,
-1 2 1 i
(WwW), = ——— - Fx -,
A
(W), = F(x - ww,
iAW, - aw .
-1 2 1
(W W), = > - £ PO - o),
A

Furthermore, w(g(ﬁp)) =D(T) x D(T) and if we D(T) x D(T) then

2 7
RASLTAETRS “K%I"§{§T RACPIEN {‘X_%“E 1T 3

Proof. Suppose that u e N and w =Wu . Then

||w||2 = Aznuuz - ZAmnuzu2

2
2 = o ? o+ 2w 1F (X - w)wzn .

If we D(T) x B(T) then

Ty, yig(2), . (- 12 y,y,- 1B )
A A

where v = (TF{(x - w) - F{(x - w)T)w2 = -wé(O)hA S By Holders's

inequality ]wé(0)| < V2 nTwzus/“nw2n1/” and therefore

3),,-1 -1.(2 7
T /fii? — uTwzna/“uwznl/q .
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Define D:H® » H

(Dw) (S - 1'ah1)w1 +gh F(x - w )W

2

(Dw)2 (S - iah, + 2iax G(x + w)th(A -w) - iath(A - m))w2

Lemma 4. o (A) = o (D), c(ﬁ

for z ¢ a() .

Proof. By Lemma 3 it is enough to show that wﬁp u=DWu for all

u E.E(Ap) . lLet ue Qjﬁp) and v = Au . Then

1l
<<
]
s
=3
=

Ll

(ﬁpu)1 (S - iah Ju, + hu, - fap ,

12

(Ru), =v, - (T =-a)p=(S-tahJu, - (T - w)p

—
I
=

L

l
<l
i
-
0w

=
1

(S - iuhl)u3 - igp ,

for p as in Theorem 1. u, = F(x - m)(wu)2 by Lemma 3 and therefore

———
=
=

o
=

—
It

(Dwu)1

——
=
Ta»

=3
o

o
I}

(S - iahl)(WU)z - 'iccth(). - u,))(wu)z - l()\ - + To)p R
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A simple computation of () - 4 + To)p finishes the proof,

Define B ,B ,B e B(H) by

11*712° 22

Bll = -1ahl

B}.Z = Bth()\ - w)

822 = -iahl + 21GA G(A + w)th(A - (.u) - 1'ah1F(,\ - UJ)
= -igh 4+ 2ia) h, G(A +w .+ 1) - la F(A = w + 1)h
Ty AN v T+2x ? Lo

Denote

and

Therefore N = 8(2) + B




-19-

Lemma 5.
a) c(S)\op(S) ¢ (D) .
b) If z e o(DNo(S) then z is an isolated eigenvalue of D .

c) aD(S + Bll)LJ(cp(S + Bzzr\p(S)) ¢ op(D) c UD(S + BLL)L)GD(S + 822) .

Proof. By, is bounded and 5(2)- compact since h e L™ (0,@) N Lz(o,m)

[9] . This implies a and h [9] . It is easy to verify part c .

If o =0 it is easy to see that o(D} = o(S) and cp(D) = op(S) {also

by the Lemma 5). This proves Theorem 3. Lemmas 4 and 5 also imply Theorem 4,

except for the bounds on the eigenvalues.
Lemma 6. Suppose that y eR , |y - ¥2| < |w - 12} and z ¢ o(S) .

a) If z e cp(S + 822) then there exists q e D(T) , g # 0 such that

g = C% T+ 2 5 L T, li—i§1~1éli +da - fahy +
TE%E%Y hG(x +y + 1) - T"%E?I FOx -y + 1)h))g .
by If z e cp(S + 811) then there exists q e D(T) , a# 0 such that
Zq=(%-T+2Y&1 T1+£_+TY_'_Y_2.+10_1ahl)q,

c) If 1 +y -w >0 then the converses of parts a and b hold.

Proof. Define £ = /lm + 22+ R(ia - z) and note that Re(z) >|lw - Y2} .
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Observe also that if Re(s} > 0, Re(s +a) >0, f e H and haf e H
then haF(s)f = F(s + a)haf and haG(s +a)f = G(s)haf .
Suppose that z ¢ op(S + 822) . Lemma 1 implies that there exists

feD(T), f#0 such that

-
|

= RF(g -0 + 12)G(g +w - W2)hpy

where

(-1 Ziax

i
’J) a+l+2XG(k+w+1)-_r'l'a—ZAF(A-w))f.

This implies that

f=-Rh e -y o 12)Ge +y - W2)hy o v

If g=h f then
w =Y

g = -RF(E - v + 12)6(e + v - W) (~ah + 5% h GOty + 1) -

ia
T o [ -y+Dh

)9

and this proves part a . If 1 + vy -w » 0 then one can go backwards in

a similar way. The same proof applies for part b and its converse,
The following lemma completes the proof of Theorem 4.
Lemma 7,

a) If ze cp(S + B,,No(S) then o« =0,
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2 ¢ Imiz) <1

(1 + 2x)°

2 2
Re(z) > max{A tYy-y. . _lal ( 2\ + : My eR,

R 1+2x 1+x+y x+1-y
ly - V2| < lo - ¥2[} .

b) If z e op(S + Bllr\p(S) then o # 0,

0 ¢Imz) ¢4
[

2
Re(z) >lﬁ+—]f5—

Proof. Suppose that y e R , ly - 12{ < lw - 2] and

Ze cp(S + Bzzr\g(S) . By Lemma 6 there is g e D(T) , g # 0 such that

2 2
. - -1 .
(z - fa - A——iﬁ1-—1— Ynan? -% uTlgu2 + ZYR (T,9,9) - ia(h 9,q) +

H

2ia i
0 (61 + ¥ + Da,g) - 7oy (FO - v+ 1)hyg,9)

Therefore

A2 by -yl 2ia[x 1g1” el 1as
1 +20 a+y+1 1+ 2x 1 -v + 17

By choosing y = l/2 one obtains
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2

(Im Z) _ l)ﬂ_(}ﬂz = - (hlg’q) +—1le-§~ Re((hlG()\ +"g‘ )Q9g)) =

a

T Re((F(x + W2)h a,9)) .

If f = hL?g then

lméil g = ((1 - hila,g) + 20 +1) tF(L + 1)fn? -

1+ 2x
T Re((FO + W2)h 0,0)) > —2— i
+ 2 1 (1 + 2)2

and

(Imaz) - gt = cifr? + 2B 1 +11) IF(x + 1)f1% -

23 1
1 +25 32 +1

T_IA?I HF(A)fHZ < (-1 + yrfi“ <o,

and z ¢ ofS) . Then

N wo

Lemma 8. Suppose that w <

z e ay(S+B,) iff there exists ¢ ¢ L% (0,=) such that
1) ¢"" - 2% + x"¢ = -p"' 4+ A2¢' + R{ia - fah - z)(s" - A2¢) + iaRh ¢ .
2) ¢(0) = '(0) =0, ¢ £0

3) 1700 « o0 D2k <o for = 0,1,2 .

Proof. Suppose that =z ¢ op(S + Bzz) . Let g he as in Lemma 6a

with y = 10 ., Define ¢ = F(A)hLQq . A straightforward computation
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shows that ¢ satisfies the above conditions. The converse statement

follows from Lemma 6 in a similar way.

Thus, Theorem 5 is proved. Theorem & follows from Lemmas 3 and 4
and from the following observation.

2 2
Lemma 9. Suppose that ¢ e (0,%-] y @ <-%ﬁ - §?n+¢4 - 7w - 3 |+ 4

R sin® ¢

and |arg(z - a)} € [¢,m1 . Then z ¢ o(D) and

16R

i(D - z)"h < >
8R + A7 sin ¢

16
- al sin ¢

1 (D - 2)" i < Tz

-1 32

(D - z) "1 <'TET—§TF—$

8R
sin ¢

eT(D - z)" 1 <

Proof, Recall that D = 3(2) + BM and note that

2 2 2 2
B + +
i Mu £ "811" "Bzz" "812"

N A 2> + X 1 )2
2h+ 13 v+ +1 2+ 1 -+ 1
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By Lemma 2

18 s{2) _ z)"h < 1Byt (S - z)"h <

B w

M
so that

1(l + BM(S(Z) - z)'l)'lu <4,
3. Solution

3.1 Preliminaries II. Fix ays By € (0,=) and let

Q = [O,Zw/uoj x [0,») x [0,2n/50] . Denote by wem the usuval norm
on either ﬁo = LZ(Q) or ‘ﬂ30. LQ(Q) and (Lm(n))3 norms will be
denoted by - - ? with convention that @un o = Max { muim o for
.i
oo 3
u = (ul,uz,us) e (L(a))° .

Tnagx + img,z
For n,me Z and x,z e R let ¢nm(x,z) =e 7 o,

2

Recall that if fop €4 for n,me Z and n% 1f 07 <= then
Emfnm(y)¢nm(x’z) defines an f ¢ Eo . Moreover, every f e_ﬂo can be
uniquely expressed in that way. Thus, one can define O(;% € E(ﬂo,ﬂ)

1
for n,me Z by Oﬁm)f = fnm . Observe that for every f ¢ ﬁh

2
wew 2 = {on)” ) HQ(I)fHZ .
%%By am M

Define Q¢ B(H3 ,H3) for n,me Z bhy
nm = =‘— o’—
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o f= @2, alte, , oli)e)

nm nm nm 2 !

for £ = (f,f,f) el .

Choose any w > 0 such that w < @, = min{ao,so} . Re (0,») is

the Reynolds number. Fix any nme Z and let a =ha, , B = M8

0 0"
Now, for these numbers «, B, w, R define
A PPN L NV ORS
Em1=i as in 2.2
—_— P as in 2,2
nnm = as in 2.2
A = A as in 2.3
Aom Rp as in 2.3
2
A 5 + 4 2
- nm 17w - w| + 4 T
2 (9) = 5 - — - for ¢ e (0,51 .
nm 2R sin ¢ R sin2 N 2
5 " : ] . 3
3.2 Pressure. Define ("gradient") Co'ﬁo + H o by

. , (1)
1) fe QjCO) iff Onm f e E(TO) for all n,me¢ Z and

n; "Toonm + (n2 mz)uQr(";)fn2 {wm,

2) 0 C.f = (inaOQé;)f , (T, - w)Qé$)f , 1msOQ£$)f) for all

n,me 2 and all f ¢ QjCO) .




Define ("divergence") ¢ :if

. 1
1) f = (fl,fz,f3) e.E(Cl] iff ng)fz e_g(Tl) for all n,me Z

and ) ﬂinauogé)fl + (T, - w)Q(l)f

nm

nm 2

2) oltde r = ina@f20f w1 - w)aft)e 4 qme 0l

for all f E-Q(Cl) and all

nm 2 nm 3

n,me Z .

+ 1m300£;)f3u2 (=

The basic working space will be X = {f €-2(01)|C1f = 0} , equipped

, 3 . 3 .
with the H o norm. Clearly, if f ¢ ﬂ-o then f e X iff Qnmf € Nnm

for all n,me Z.

Theorem 8. For every v e Eﬁo

a unique p ¢ Qjco) such that

v =u+ Cop .

there exists a unique

r r = P
Moreover, Qnmu anan nm nmnm
Sa, y
Furthermore, mum < —5 5 v and uph < Wvm max{; "5
a - w o4 -

1

Proof, See Theorems 1 and 2.

1

4a

ue X and

and Q(l)p =n_Q v forall nme 2.

Ly,

w

Let u, v and p be as in the theorem above. Define P ¢ Ejﬂ30)

3 -
and 17 ¢ Ejﬂ_o,ﬂo) by Pv = u and

Q P =P 0Q and Q(I)H =1_0

nm nm nm nm nm nm

v = p . 0Observe that

for all n,me 2 .
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3.3 The linearized operator. Define A:ﬂ?0+ W3 by

—- 0

1) u e D(A) iff Qo e‘g(T(3)) for all n,me Z and
3) 2

i
m

2 2,2 2
+ + .
Qi (n m") 1 ul” <o

3t~

2) OnmAu = Aannmu for all n,me 2 and all u e D(A) .

Define Ap: X + X by QjAp) = D(A) " X and Apu = PAu for all

u e Q(Ap). Observe that for all u e Q(Ap) and all n,me 2

U E-E(Apnm) and QnmApu B Apnm O
Theorem 9.
a) o (A)=Ug (A ), a(A)=Ua(A ),
p*P oy P PNM p nm  Pnm
b) 1 -y = oyl
) If ue X and z ¢ o(Ap) then Onm(Ap z) 'u (Apnm z) Q

for all n,me Z .
¢) If z¢o(A) then A(A - 2)7t € B(X,H

d)Y If ¢ € (0,%-] , a &« min { & nm(¢)} and |arg(z - a)| € [¢,m]

nm
then z ¢ o(Ap) .
a, tw
1A - z)'lﬂ <2 .
l-m
+
(A - Z) bo< 16 f1re
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P . It th AY=1U
roof t is easy to see that cp( D) v Op(Apnm) and that

il a(Apnm) 4 o(Ap) . Fix z 40U G(Apnm) . By Theorem 6 there exists
nm nm
c e (0,») such that (1 + n? + mz)n(Apnm - z)_lu < ¢ and

lT(s)(Apnm - z)'ll <c for all n,me 2. This implies that
-1 . . . )
ﬁ;p{ﬂAnm(Apnm -z) "1} <=, Thus, if AI.X + X is defined by
_ -1
QnPyY = (Apnm -2z) Qv,veX,nme?Z then A € B(X),

3
AAI e B{X,H 0) and A

Ap(A, - 2) € (A - 2)A) =1 and hence A, = (A - z)"' . This proves

conclusions a,b and c. Part d follows from b and Theorem 6.

Theorem 10. If t >0, y >0, a < inf Re o(AD), ne2,met2

-Ant ~Apnmt
pt  _ pnm
and u € X then Qnme U e Qnmu and

Yy = -Y
Onm(Ap -a) 'u-= (Apnm - a) Qnmu .

Proof. Define 0Q m e B(X,N

pn y by Qv o= Qv for ve X.

nm nm

Then, for a suitable path in € [7,9], one has

-Apt 1

-1 -tz
pam® 7v7 Ypnm [z - Ap) e ~dz

1 -1 -tz
??7'I(Z - Apnm) € Qpnmdz

~Appnt
e Mg

pnm

1V € QjAp) for all v e X . It is easy to see that
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Similarly [7] ,

_ 1 o Y - 1 "(Ap - a)S
0 (A -ay ¥ =———q [ s e ds
prmp ry) P
o1 ey -1 -(Apnm - a)s
= o) Io s e Qpnmds
B -Y
- (Apnm - a) Opnm :

3.4 The nonlinear operator. A similar version of the following

theorem can bhe found in [2] .

Theorem 11. If v >‘% and a < inf Reo(Ap) then there exists

c e {0,=) such that for all v e X

R(A - 2a) Vv _ <crve .

p

Proof. Define a norm on (Lw(O,m))3 by run_ = max {nuiﬂw} for
i

o 3

u o= (ul,uz,u3) e (L (0,=)) Note that if f e D(T) then

if1_ < /ZaTen et L Fix g e (0,n/2) and s <min {2 (6)} -

nm
Then
(3) -1 L/u 3/u
hun < Y2 4T (Apnm - s) (Apnm - s)ul T nut
2R 1T s w3/
< /E-(sin T VA - sYyur/ Toun
: Co"(Apnm - S)UNW+ uuu3/“
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for all n,me Z and all u e D(A

- pnm

)

. Now,

following [7] , let Inm

be the identity map from Eﬂm into (Lm(O,w))3 . Clearly, I is a

closed linear operator and

for t > 0 and

= - -(A - s)t
i £Y 1nI e ( pnm )

ueN
—nm

nm

I e‘Apnmt

nm

u is a continuous function of t

. Hence for every u

€ ﬂ%m the following holds

0 nm ur_dt
< ¢, f: tY ~ 1 n(Apnm - s)e-(Ap"m ) S)tunl/“neﬂ(%nm ) S)tuu3/q dt
< 'u"Cof: e T 1(t‘:$n+¢1i03¢ )LM(sin2:4;05 ¢ )S/Q E%—gli; e(s o nm(¢))td
=cpur (2 (s) - 5)1”4 Ty
The last inequality is implied by Theorem 7. Therefore
nInm(Apnm -s) Tun < c,( & (¢) - s)]’/4 AT

for all n,me 2

p

and

all u e Enm

Therefore, for every v e X

m(A_ - s)Yvm <] uIannm(Ap -s) Vv
nm
= gmulnm(Apnm - s)'YQnmvn°°
< ¢, ;m ( = aml$) = S)lM-- YnQnmvn
Scqmvl <o,

The following observation

concludes the proof [7]:
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m(Ap -a)y Yvm _ = m(Ap - s) V(A - s)Y(Ap -a) Vv, <cuvn .

p

. 13 .
Define Bjiﬂ 0 +H o for j 1,2 and 3 by

D(B)) = {ue ﬁ30|§mn2n0nmuu2 <@} . Q Byu = inagQ u
DBy = e Byl e BTE) L T (o <
QntZU - T§3)Qnmu *

_ 3 2 2 .
Q(B3) ={ueH °|§m m uQnmuu { w} , Ont3u = 1m300nmu .

The following theorem is similar to the preceeding theorem and its

proof is based on the same ideas [2,7].

Theorem 12. If y >l/2 and a < inf Rec(A) then there is a

c € (0,) such that for all v e X and j = 1,2,3

-A - -Y .
mBJ( b a) ‘v < cumvi

Proof. Fix ¢ ¢ (0;% ) and s <min { 5 (s)} . Theorem 7
: nm

jmplies that for all n,me Z

Yy 1 w vy -1 -(Apnm - s)t
n(Apnm s) "t ‘TH) [o t e 1dt

+
ALt 14

(Il-w

(g (8) -s)" .
sin2¢ cos ¢ nm
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This proves the theorem for i =1 and 3 (and also for y = lp ),

-A t
Observe that for n,me Z and t > 0 the function t + T(f)e pmn

is continuous. Theorems 6 and 7 imply that

uT(f)e-(Ap”m i S)tn < p1(3)gPonm - S)tul/:zue-('ﬂ‘p"m i S)tnbz

+ 1 -(A - s)it -(A - s)t
22R @y z ),Q“(Apnm - s)e (Appm ) HL?ue (Apnm ) "LQ

< (sin ¢ ap -

‘e Y e-( Eopm (¢) - s)t

where 1 does not depend on n,me 2 . Therefore, for all n,me 7

T (g - 59 1 < SR C(s) - )2y

Iy}
which proves the theorem for j =2 .

Fix any a < inf Re o(A) and define [7] for y » 0 a Banach
space X' with norm LY XY =g((Ap - a)Y)  and hxi = m(Ap - a) xu
- Y 3 § X
For u = (ul,uz,ua) e Xl ,y>g and ve X , 6> Yo define

B({u,v) e_H_ao by

Blu,v)

(hwul)Blv + (hwuz)(B2 - w)v + (hwu3)B3v

n

and let Bp(u,v) PB(u,v}) . Clearly, B is a bilinear operator and

for every >'% and & > I there is b such that

NB(u,v)m < b nun YHVHG for all ue X' and all v e x$ .
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3.5 Stability. For t e (0,=] define a set §jt0) by

X € E(to) iff
i) xe C([O,to),X)
i1) x(t) e D(A) and 95 (t) exists in X for all te (0,t))

iii) for all t e (0,t)) there exists p(t) e D(C) such that

dx

@t Ax(t) + B{x(t),x(t)) + Cop(t) =0

iv) Bp(x(t),x(t)) is locally Hdolder continuous function of

t e (O,to) and fg mB_(x(s), x{s))mw ds < = for some t > 0.

p

By Theorem 8, iii can be replaced by

1) B0 5 A(e) ¢ B, x(E)R(t)) =0 for ATl te (nt,)

Therefore, the results of D. Henry [7] are directly applicable.

temma 10.[7] If x e S(t)) then x e C((O,to),xé) for all

§ ¢ [0,1] and for all t e [O,to)

~Ant “An(t - s
e Py p( )

x(t) = (0) - [ e B (x(s),x(s))ds .

p

Define .§7(t0) for « ¢ L% ,1) and t0 e (0,7 by

sT(e) = St )N C(L0,t ), XY ).
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Theorem 13.[7]1 If v e (%-,1) and x, e XY then there is a

tO >0 and a unique x € §T(t0) such that x{0) = Xq o

Theorem 14.[7] If t0 e {0,») , x e_§(t0) then either

. 3 .
sup{nx(t)nY | t,/2 <t t,} = for all y > & or there is a ty >t

and a y e §jt1) such that y(t) = x(t) for all 0 < t ¢ t, -

Remark 1. In [7] it is assumed that x(0) ¢ x¢ for some
§ € Qg »1) . This assumption can be easily removed by choosing an

interior point for a new starting point.

Theore 15.[7] If inf Re o(A)) > 2> 0 and y e (3,1) then

there exist CiaCy € (0,2) such that for all Xy € XY with
i i Y (=] j =
axouY < ¢, there is a unique x e S'(=) with x(0) X, and

at

ix(t)n, < czuxouYe for t > 0.

Y

Remark 2. Observe that under the above assumptions
-at -at
mx(t)w < c3nx0nye and  mx{t)m < c4nx0uYe for some Cq and Cq and
for all t > 0. If, in addition, X, € D(A) then all nxonY can he replaced

with mApxom .
Remark 3. If w e (0,1) then the sign (+,0,-) of inf Reo(Ap) is

determined by the classical Orr-Sommerfeld equation (Theorems 4,5 and 9).

Remark 4. If inf Re c(Ap) <0 then 0 1is not stable [7].
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3.6 Smoothness

Theorem 16.[71 If x ¢ §?(to) and t) e (O,to) then there exist

c e (0, and B e (0,1) such that
wx{t) - x(0O)m _ < ct? for toe [O,tlj .
The following theorem is also expected [2] .
Theorem 17, If x e'§(t0) then

© 3
x, Ax e C((0,t ),H" )

x e C” ((o,to),(Lm(ﬁ))a)

p e Cm((O,tO),ﬂo)

where p 1is as in the definition of S (Subsection 3.5).

Proof. Suppose that x e_§(t0)[\ Cn((O,to),XY) for some n > 0
and some ¥ € (%—,1) . By Lemma 10 this assumption is satisfied for

n=0. Define g(t) = -Bp(x(t),x(t)) for 0<t <t0 .

Fix any 0 < 1 < .2} < Ty < to . There exists ¢ e (0,o) such

that for all t,s ¢ [Tl,rzj

mg(")(t) - q(n)(s)nl <c{lt -s] + ux(n)(s) - x(n)(t)n )

Y
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F() = (A" P T ey w ey = TRl T gy 4

“An(t -
+ e p v

There is a d ¢ (0,%) such that
tf (t)uY <d for te [TI’TZJ

mg(n)(t)m <d for te [1,12]

~Apt

le "Y <dt™Y for t e (0,1’2]

-Aph

Apt -
e Pl-1)e P < dht ™Y L for mtoe (0,1,]

Suppose that T {(t <t +h« T, . Then

XM e ey - xM(e) = e sy - f(e) o

11, -Aph )E—Ap(t - u)q(n)

+ fT (e -1 (u)du
R f:l + h e-Ap(t +h - u)g(n)(u)du N
1
e gt e Gy ™
1
so that
M (e M < P2 d (o) e a2t - o)) s

+ d]i (t - u)™Y mg(n)(u + h) - g(n)(u)m du
i
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and therefore

et - 7)Y+ cd [8 (e - w) oM+ n - o™ du

for some constant c¢. (independent of h and t ). This is a modified

1

Gronwall's inequality [7] , therefore there is ¢, e (0,) such that

for all T ¢t <t +h< T,

mg(n)(t +h) - q(”)(t)m < c,h(t - Tl)-Y

and hence [7] the mapping

o\™ (s)ds

is in cl((Tl,Tz),xY). Therefore x(") ¢ cl((rl,rz),x*) .

By the induction principle x € C“((O,to),XY) . By Theorem 11

o0

x e CT((0,t,), (L (@)*) . It is clear that x,x',g e C((0,t ),X) ,

hence Apx =g -x'¢ Cm((O,to),X) . By Theorem 9 Ax ¢ Cm((O,tO),ﬂéo) .

The following observation completes the proof

p = I{((Ap - Ayx + Bp(x,x) - B(x,x}) .
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