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ABSTRACT

In this paper it is shown that to each partially cbserved
control problem corresponds a completely observed separated problem
equivalent to it in the sense that the corresponding value functions
are equal, This result, established in certain cases previously
by Bismut and Fleming, is established here in general. It is also
shown that the corresponding measure-valued martingale problem
is well-posed for constant controls.
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1. INTRODUCTION

Let x{*) denote a controlled state process evolving on some state

space X and let observations ke taken according to
t

(1.1} ylt) = J c{x{s),ul(s))ds + N(t), t 3 0,
o

where u(*) is the control process and N(*) is a Brownian motion re-

presenting the noise in the signal-plus-noise model (1.1}. In this paper

we study the preblem of choosing a control u(*) minimizing a cost criterion

of the form

(1.2) v = E‘J e BLtx (L), ult))at)

o
over the set of all controls u{*) that depend on the past of the corresponding
observations y(+). Decause of this constraint, this prohlem is often

referred to as partially observed to contrast with the completely observed

gitunation in which the controller has complete access to the state, i.e.
minimizes (1.2) over the set of all controls u{+) that depend on the past
of the corresponding state process x(*). The partially observed nature

of the above problem makes it difficult: At present, even the existence

of a minimizing contrel is not egtablished in the general setting. TFor the
problem of existence, see Bismut (3), Borkar (5}, Christopeit(s), Fleming
and Pardoux (14), and Haussmann (15). There are special cases of the above
problem that are completely and explicitly solvable. These are, however,

very few in number.



Because ©of the difficulty of a direct approach, one is led to

introduce a "separated™ completely obseérved control problem designed in

such a way that if # denote its cost criterion one cught to have

ML

(1.3} inf v9 = inf 9%,

u u
Indeed using the technicques of Nonlinear Filtering one is naturally led
to such a completely observed problem whose state space is the space M(X)
of probahility measures on X. The motivation £or doing this is that the
completely observed nature of the separated problem may allow its analvsis
along the lines of finite dimensional completely cobserved problems
as in the work of Bene$ (1)}, El Karoui, I Nguyen, and Jeanblanc-Pigue (7)),
Fleming and Nisic (12}, Haussmann (16), Krylov (17), Kushner {20}, and
Lions (21). Indeed the separated problem has been studied from this point
of view by Benex and Karatzas (2), Bismub(4), Fleming (10), Fleming (11},
and Fleming and NMisic (13). In particular Bismut (4) and Fleming (L0} have

established (1.23) wmder certain hypotheses., The aim of this paper is to

establish (1.3) in general. In particular the case when x(*) is a diffusion

is not covered by either of the above results but is covered by the result
presented here.

The paper proceeds as follows: In Section 2 we state our assumptions
{which are that the martingale problem for xu(-} is well-posced for constant
controls u together with some continuity and boundedness assumphtions on
the coefficients). In Sections 3 and 4 we state the two problems precisely
and in Section 8 we state and prove the main result. Sections 5-7, 9-12 deal
with the variocus Lemmas appearing in the proof of the wain result. In

Saction 13, we show that,for 1 constant and ¢ in the domain of the gtate



generator Au, the martingale probhlem on C{|0F°I;M(K)) associated to the
filtering equation is well-posed. This is related to a result of Kurtz
and Ocone (19).

During the writing of this paper, a manuscript of E1 Karoui, Hi Nguyen,
and Jeanblanc—Picqué {8) was brought to wmy attention. 1In it they establish
several results including (1.3). Nevertheless as their results and point
of view are somewhat different than ours, we feel that the presentation
given here is worthwhile.

I would like to thank W. H, Fleming for helpful discussicons concerning
aspects of this paper.
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2. ASSUMPTIONS

We take the state space to be Polish, i.e. complete, separable,
. . . d
and metric., We have in mind {see below) X =] ox X = {D,l,...,d}. controls
take values in a separable metric space U; observations take values in R.

The following are standing assumpitiong throughout the paper.

{A0) There is a linear subspace:I!C:Cb(X} on which is defined a linear
operator Au : D= Cb{X} for each 1 in U. For ¢ in D we assume that P{c,u)
= ﬁu(¢}(x} is in bex X U) and satisfies bthe uniformity

o

(2.1) sup{|-‘.]'J{>{,u) - ip(x,u‘}[ | ®eX, d{u,u') < 06 1+ 0 as &40,

We asgsume that 1 £ D, AU( D)YC D, and that the smallest collection of
functions on X containing D and closed under bounded pointwise gonvergence
is all of B(X).

(A1) We are given functions ¢ and I in C_{¥X * U). We assume that if | denotes

By
¢ or L , then {2.1) holds.

(A2) For each u in U, the martingale probklem for {Au, D) is well-posed

on the space D{[G,m):x} of all cadlag paths in X.

As examples of

situations in which the abkove assmptions hold, we have in mind the following.



(i) X=R,D = cf_:'( &) @ {constants},

2
u _ lvd
A —2} a.

d
1, 5=1 lj{x'ujax,ax. N I'
1 13

io1 bi(x,u}

91,

i

. . d oo, O d . .
with a, b, ¢ in Cb[]R ¥ Uy N C (IR™ % U}, a,b miformly continucus

on U wmiformly on compact subsets of mﬁ, and ¢ satisfying (2.1).

(ii) x = {0,1,...,4}. Here a" = f; (u) is an infinitesimally
stochastic matrix and aij are assumed to be bownded and uniformly con-—

timwous on U. Here D = B(X).

The martingale problem point of view is used systematically
throughout the paper. Stroock end Varadhan's book (25 is sufficient
for any of the backgrourmd material needed here. In what follows the
control problems are defined in-terms of martingale problems in a manner
similar to what i1s done in the thesis of Sheu (22) .  Another usclul

reference is the recent text of Fthier and Kurtz (2).



3, PARTIALLY OBSERVED PROBLEM
To model (L.l) correctly we introduce the joint state-observations
generator
2
g d d
Gu =G + cfz,u)s— = aY¥ + 1 —_ + c{x,u) .
3y 2 ay? dy

The linear operator Gu acts on the space D GJCE{IR} of all sums of products
o) with ¢ in D, ¥ in ¢ ( ®).Let E=D([0,2);x)xc([0,*); R).For 4 = (x,8) in E,

set x(t,q) = a(t), vit,q) = B{r). Set Yt =n[y{s), 0D £ s % t] ,¥=%Y , T

= Tt
= U[ﬁ(s},y(s), 0L 5 < £], F=F¥*, (EF} is the basic probability space.
A map u - [O,W] ¥ E > U is an admissible control if u is ¥ -orogressively

ol
measurable and the martingale problem for {Gu,lD v CO( )} is well-posed on

(E,F) (Section 5).

Let {Pi y} denote the solution to this martingale
4

i ! i} .
problom and set Pm = fl’—“{ o m{dx) for m in M{X). Set
=y

vim) = r:(J- e_tIa(x(t),u(t)Jdt},
Yoia

w{m) = inf { vu(m} ! 1 admissible .

This defines the value of the partially observed problem starting from m.



4, SEPARATED PROBLEM

s

et £ = c(fo,®);M)IX ®), § = (@,B)EE, u(t,& = aft), vt = B,

Pl

F_o=ofu(s),v(s), 0 <53 £], £ 30, F=F_ . In what follows ¢ (x) = c(x,u)
and for any ¢,¢' in B{X), K in M{X), 4¢,¢'>” = WOE" Y -u{dIU(G") is the
covariance, Let Nt = (F]-\J(s} 0 s g t]. A feedback is a Nt—progressively

easurable map £ [b,W} X % » U, A feedback £(*) is admissible if for each

m in M(X) there is a unigque measure ?‘i satisfying ,1;:1( H{0Yy=m,v(0y=0} = 1 and

~f t £(s)
(4.1} ﬁn( BLE) (@) = p{0) (H) + J H(s} (A d)ds
o]
it
| <t 4s avsy, £ 300 =1
Is H{s)

for all ¢ in D. As we shall see below (Section 7}, £{*) iz admissible

iff a certain martingale problem is well-posed. Set E(u,u} = [T, 1) (dx)
and
.E (4]
™ —
T (m) = Hi(J e ey, £ (1) )at),
et

S = intl ¢ () | £ admissible }.

This defines the wvalue of the separated problem starting from m.



5. PARTIALLY OBSERVED PROBLEM: PIECEWISE CONSTANT CONTROLS ARE ADMISSIBLE

In this section we establish that any piecewise constant control

is admissible. By piccewise constant we mean there is a § > 0 such that

u(I}/ﬁ]a} = u{t) For all t > 0. Recall that GE is the joint =state-
observations generator when there are no observations f{c = 0).

5.1. Lemma Let O solve the martingale problem for GE. Then the restriction
of ¢ to ¥ is Wiener meacure W. Let Qq denote a reagular conditicnal pro-

bability distribution {r.c.p.d.} of Q given ¥. Then {QX = D([O,w);xn}
(5.1) g = j Qq W {dq)

and for W-a.a. g the marginal Qé on QX of Qq solves the martingale problem

for Au[q)* Conversely, if g -+ Q& is a Y-measurable map of E into Mfﬂxj

such that,for W-a.a. q,Qé solves the martingale problem for Au(q], then

with 0 Q& b Gq on F =X ¥ Y (5.1) defines a solution © to the martingale

g =
: u .
problem for GE. In particular the martingale problem fov G iz well-

o}
posed if and only if the martingale problem for Au(q) is well-posed for

W-ad.d. .
proof. In the statement of the Lemma, X = X where Xt=tJEx{s}, 0£ &« QI

on Qx, Set for ¢ in D and ¥ in C;{ZR} and u progressively measurable

11

{5 .2) X¢w{

: o
b = dleenBive)) - | 28 @ (xeesy v (s))ds, o3 0.
o 8]

R u
Suppose now that ¢ solves the martingale problem for Gs. Then X¢m(°)
is a (E,Ft,Q} martingale for all @ and . Choosing ¢ = 1 implies that

y{*} is a (E,Ft,Q) Brownlan motion and thus Lhe marginal of Q on Y is W,



Then by definition (5.1) follows.  Suppose we establish that for ¢ in D,

0% s< T, ¥ bounded and Fs—measurable, 0 € ty < £, < L.l < tn, ﬁl,wg,___,wn
in &(my,
8]
(5.3) 2Ty - P sy oU (vt W (v (e} ) .. W {y(t 3)) = 0
) G ) RS AR I R n .

Then because u({*) is ¥Y-measurable for each 0 £ s < T, ¢ £ &, § bounded

and Xs~measurable

(5.4} EQq((Xg(q){T} - xg[q}(s))@) -~ 0 for W-a.a. q.

Now by choosing a countable dense (under bounded pointwise convergence)
subset:DS(ﬂX) af B(ﬂx,xsj, {(5.4) can be wmade to hold for all rational
0& s < T and ? inZDv(Qx] and all g not in a fixed W-null set. Since the

paths of x(*) are right continuwous, it follows that for all ¢q not in a

figed W-null sct, X${q]{-] is a (ﬂx,xt,gé} martingale for all 9 in D.

{q)

u .
Thus Q& solves the martingale problem for A for all g not in a W-null

set as soon as {5.3) is established.
To establiish (5.3), note first that,since y({*} is a (E,Ff,g) Brownian
motion, by conditioning on FT in {5.3), we see that we can agssume that

0 < tl < tz < L.l < tn £ T. Since P is in Fq, it is enough to establish

(5.3} when s < tl < t2 < .. @ trl £ T, Writing ¥X{T} - ¥{s)} as {X{T}—X(tn)}

+{x[tn)—xfs}}, we see that it is enouwgh to estaklish (5.3) when s < tl < t2

Y

L s © tn = . This we do by induction on n 3 1. To establish (5.3) when
n=1, let Pt denote the heatr semigroup on Schwartz space S{(R). Since @

A .
solves the martingale problem for GO, standard procedure shows that



i i
Bx(8)IP,_ By ) - | e 0 e@n T @) xEndr, o< e,
L

is a {E,Ft,Q] martingale. 1In particular choosing ¢ = 1 we have PT_tw{y{t}},

0t g T, is a martingale, It follows that
B9 (X (1) X3 ()0 (v (1)) = BF (B e () (By_ Wiy () -0y (1))
£ o a
+ f ET(A (¢]Ex{r])(PT_rw{y(r)]—®{Y(T)))@}dr = 0,
s

establishing the case n = 1. To establish the inductive step, let s < t_L <

< ... %t <t = T, W oo, W 1 9 bhe given as above a
t2 n n+l r Lrli I'IJQJ vt |n+1r e g |53 ndad

.

set B' = O

L = 1 =! = T = =T = L
Poly e e e 3y B o= b g, 8t =T = b, a =T -6 Then

RY, u T - u Fs nly " T - H -
E ((Kfif-[') x{b(u)}ﬂliyitl)}...Lntyft.n))-'Jn+l(yttn+1)])
= ugg{x;(T) - xi(s'})®'$(y{T}J} + HQc{x;(T'> - Xy (80121 y (1))

il
o

0 + B2 (O (T = Xg(=)) 2t (B ) (¥ (T))

where the first term vanishes by the case n = 1 and the second vanishes
by the induction hypothesis.

Conversely, suppose that Qc'l_ solves the martingale problem for g:[l(q}.
Set Qq = Qé b Gq on F =X X ¥ and define Q by 5.1). Then (5.4) holds
and hence {5.3) holds. Moreover v(*] 15 a (E,Pt,Qj Brownian motion and,

for A in FS, g +-Qq{n) is not just Y-measurable but is Y -measurable since
o

ul{+*) is Ytuproqressively measurable. Thus for & ¢ ci('ﬁ] and D £ s < 7T,
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Yev ,¢e ¥, bounded
s 5

; W Q.
(5.5) mgrtx“ﬂ)m - X ())0¥) = ¢ ((X‘:b('r) - x;j(s))s (@)¥) = o.
Thus XE{'} is a (E'Ft’Q} martingale, Hence

EQ{th,J,(T) - K ())0%) = BRED (T - X3(s) ULy (7)) 6T

b b

+

Q2 u u
E {(xw(T} - ths}}¢{K(5))¢W}

" o | 1

+ SEQ('L 2 ey (xe)) :x‘lj)m-x;j(rn + 3A) (y(r))(Kl,;]{s)wxg(r)l]ﬁ‘i’)dr
(T T 5 r 3

+ EQ([AU(E] (8) (x4x)) “ SAG) (v ) )av| -2ty () U A () (vnav”%dr
° 5 X 5

I + IT + IIT + IV = 0.

Term I and the second half of term III vanish becaunse of (5.3), term IT and the
first half of term III because of (5.5}, and term IV because one can inter-—
change the order of integration. This completes the proof of the Lemma.
5.2. Lemma Let Q solve the martingale problem for GE and set
£ ks 2
R{tY = exp(J cf{x{s),u(s))dy(s) - EJ c(x{s),u{s)) dg), £t = 0.
o 0
Then P solves the martingale problem for Gu 1ff P << @ on Ft and dR/dQ
= R(t} on Ft for all t 3 0. In particular the martingale problem for g™
is well-posed if and only if the martingale problem for Gz is well-posed.

proof. ((25) , page 153).



In particular we conclude the following.
5.3. Corcllary Let u - [O,m] X E * 1 be Yt-progressively measurable.
Then u{*) iz an admissible control if and only if the martingale
(a1

problem for A’ is well-posed for W-a.a. q.

Since the well-posedness of the martingale problem for Au,
u constant, implies the well-posedness of the martingale problem
for p¥, u piecewise constant, we conclude Lhat piecewise constant
controls are admissible. Note that Corollary 5.3 is a very useful
result, For example if we assume that the martingale problem for
At s wall-posed for every measurable function u(~} of time, a rather
mild assumption, then 5.3 implies that all Ytuproqressively measurable

maps are admissibhle,

12
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6. FILTERING

In this section we state well-known results from filtering theory
in the form that we need them, In this scction uf{*) is an admissible
control and m ig in M{X). Let R{*}, G, Qq, W he as in Section 5 with
Q. gh starting at m, Qq( =z {0)eA) = w(A) for all g.

6..1. Lemma For t 2 0 and ¢ in B(X),

(6.1} B (he(e)) [v) = EXR(E) Glx (£)) )/ (R(E) )

1
almost surely—%m.

This Bayes formula follows in the usual manner from Lemmas 5.1 and 5.2.
& .2. lemma There is a right contimious ¥_-progressively measurable
- L

ﬁ;':: [U,m} X E + M{X) such that
(6.2) M (e) () = ES{dx () |Y ), B-a.s.,
m m L m

for all £ 2 0 and ¢ in B(X).

¥
proof. Let A& be the set of all (t,q) for which R q{supﬁg%tﬁ{s)) and
Q

E q(supgg%gtR(s}Hl} are finite, Then A ig a Yt—progressively measurahle

subset of ]:O,w) ®x E. Por (t,g) in A, definc ',--.-u(t,q} {(¢) to be the right-

m
hand-gside of (6.1) evaluated at g. Let hq = {t 5 (t,gleh }, A= ia | {(c,q)cal.
Then for each g, F—Lq iz an interval of the L[orm [O_.a] or [O,a] . In either

u u

case Wm{',q) is right continuous on Aq. Moreover'mn(-) isg Yr"PrOﬁressively
N u . - . .
measurable on A; therefore -;rm{-) can be extended to all of [D,m} X B o550 as

to fulFill the regquirements {((25), 4.6.8). Also since W(AE) =1, (&,2) holds.
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This completes the proof.
Now let

¢ (s)
wiE) = yit) - J M) (e ds, € 2 0,

o]
. , , u ]
he the innovaticons process. Here o (%) = cfx,n}. By (6,1}

T
16.3) Eitj' {cfx(t),u(t}}—wf,:ct)fc“{t]}lw(t}dt) =0

o
for all bounded thproqressively measurable wi{*), Applying Ito's rule
. u . I . . .
to exp(lc%q{'j), 1 =+¥~]l, ¢ in R, and using (5.3), it follows that
exp(icvgft)+czt/2), t %0, is a (E,Yt,P;) martingale for all c and
hence U;(') iz a {E,Yt,Pi) Brownlan motion. Applying Ito's rule to the

right hand side of (8.1}, standard computations then yield the usutal

a

filtering equations (T = Wm]
1 51 e u ()
6.4y P (T (£)(D) = m(¢1}+J 'Hm(s}mu Pids
e}
[ u(s) u, _
+ J0<¢ ,¢>ﬂ(s)dum(5), t20) =1,

for all ¢ in D. Hence the distribution ﬁi ol (vi(-),nz(~)) solves the

martingale problem for ﬁ? on (&,F) for ucl constant. (see Lemma 7.2).
» t ] 2
6.3. Lemma Let R{L} = exp(| ci{s)dyi{s} - 5[ 8({s) as), t = 0, where
o] s}
V. TLet P denote the Yf—pTquQSSiVQlV measurable

'y
(=

a(ey = o)

- -t
subsets of Lp,m} ® E; get lab = ¢ di on [ﬂ,w). Then leb X P<<leb % W
Lvs]
~ leb Woa. P —t., .2,
on I and d{leb x PY/d{leb X W} = R; moreovey L {RlogR) = %% (| e ¢ {t) dt).
e
The proof is straightforward and is omitted.
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7. SEPARATED PROBLEM: PIECEWISE CONSTANT FEEDRACKS ARE ADMISSIBELE

In this section we establish that any pieccewise constant feedback
is admissible. By piecewise constant we mean that there iz a § > 0
such that £{t)} = f(G[t/ﬁ]), t 3 0. The following is due to Kunita
but we include the proof for completeness.
F.l. Lemma {(Pathwise Uniqueness- Kunita (18)) Let (§,M,W) be an arbitrary
probability space equipped with an arbitrary filtration M and an
u

arbitrary [Q,Mt,W] Brownian motion V(*), Set ci{x) =c(x,u) and A = A

for some fixed but arbitrary u in U. Suppose that Ul' : maﬂ X 8+ M{X)

i
2

are progressively measurable right continuous maps both satisfying

t t
(7.1} Wit by = m(d) + J His) (Adb)ds + J <o, p®
[ ]

Q

eV 30 =1

for all ¢ in D. Then W( ul(t) = uzft}, tz0) =1,
proof., Let Pt : Cb(X) -+ Cb{X} denote the Feller semigroup generated by A.

Then {Szpirglas (23)) | (*) satisfies (7.1} [or all ¢ in D iff u({*} satisfies

t
(7.2) Wuey{dp) = m(PfQ} + J <c,Pt_5¢> dvis), t 3 0 ) =1
B o

uis)

for all ¢ in Cb(xj {({Here one uses the fact AMINC D). Set
() () = B (sup__-_ |1, (s} (@)1, (83 ()] %)
A i Pogagel M 37 2 ' .

Since both ult*], uz(-} satisfy (7.1}, Dook's inequalily yields

t
plt} ($) = 4EW{§ (<c,P

]

<c,P. & 1 2ds)

b - >
t~s¢ Hy {s) E-s" jlg(3)
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t
< 12J (p(s) teP__ ) + p(s) @ 1]9]% + a2, __0[e|*)as,
[

where |¢l = supx[¢(x)l, |c! = sup,, u|c(x,u}|- By induction it follows that
¥

ZH th/m1 + 0 as nhe,

(7.3) p(t) {#) € constant * !¢12{6[c|)
This completes the proof.

Now the Watanabe-Yamada technigque can be applied to establish the
unigqueness of Ei, f in U constant, in (4.l}. To see this we need to
formulate admissibility in terms of a martingale problem on [ﬁ,ﬁ].

To this end let D denote the set of all constants and all funckions

in Cb(MEK}) af the form
(7.4) D) = FOURD L))

ft in D, and F in ™. This set D is Frequently

for some n 2 1, ¢ '¢2""'1n

o
separating and satisfies properties analogous to those of . Tor example
when X is compact, the Stone-Weierstrass theorem guarantees that the
smallest collection of functions on M(X) closed under bounded pointwise
convergence and containinQ'ﬁ is all of B(M(X)). For X not compact, it

is enough to assume that there 1s a compactification X of ¥ such that the

Functions in D extend continuously to X in such a way that D is dense

in C{{). Then by the Xrein-Milman theorem, MERY = M(¥); using this
it follows that also in this case B{M{X)) 1ls smallest collectien of
functions containing D and closed under bounded convergence. The

examples displayed in Section 2 fall intothe above two categorics.
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Ll
For ¢ inD and u in U set

At@yan =50

u len
Loz BiF(u}u(A ¢i) + 52:

11 u
; " <e > < h >

with <¢,$'> = (") UGG, For O inD and ¥ in C(R) set
~ ) l
ALY Qy) = ANO P + QL 3 Pan<e” b 0P )+ 50 a09n ().

~1 L. .
Then Al 15 well-defined since

ﬁ;(@ﬂ}(m,y} = a%} Eﬁ(@(ﬂift)}W(VE(t)J)
t=0

with notation as in Section 6. Also note that A" (D)€ D and ¢" D& D

imply gp{Iﬁ} cD. To relate E; to the definition of admigsibility gilven

in Section 4, we use the following. Lot £{¢) be a feedback.

7.2. Egmmg_g solves the martingale problem for (ﬁi, 1 « GE{ZR}] on {%,ﬁ)

iff w{*}-v(0) is a (%'Et’g} Brownian motion and

t +
BCUE)(F) = (o) (&) + I M=) (Af(“r;}rﬁ)as + Jr <cf(5),

0 O

P> avisy, t = 0 )

U(s}

for all ¢ in D,

The proof of 7.2 is completely analogous to that of 8.1.1 (25) and
is omitted. In fact all one need note is that the development of the
Watanabe-Yamada technique as presented in Chapter 8 of (25) is prabahilistic,
i.e. whether or not the diffusion is finite- or infinite-dimensional is

irrelevant.

I
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* .
Given this remark, we conclude that given m in M(X) and f in

J, there is at most one solution %i to the martingale problem for ﬁi
starting from {m,03. Moreover by filtering (Section &) we see that
there is at least one such 5;. It follows that constant feedbacks
are admissible.
7.3. Corollary Piecewise constant feedbacks are admissible.
This fellows in the standard manner by conditioning.
7.4. Corollary let u{*') bhe a plecewise constant control and let ﬂl{'},
T, (*), be two solutions of (6.4). Then P‘:n{ m (e} = (e), £ 3 0) =1,
This follows by applving ILemma 7.1 to (6.4) over each subinterval

k8 € £ < (k+#1) , k = 0,1,2,... .

* See (25}, B.l.6.
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6. EQUALITY OF TIE VALUE FUNCTIONS

Theorem wi{m) = ¥{m) for all m in M(X).

The proof proceeds along the lines of the proof of I'leming’s
result (10}. Imposing the topology of convergence in probability
on the set of all controls and the set of all feedbacks, one first
verifies that the cost criteria are continuous in this topology
(Lermmas A and B). Since any control and any feedback c¢an be approximated
arbitrarily closely by a piecewise constant control and feedback respsc-
tively, in evaluating the value functions the infima mav be taken
over the sets of pilecewise constant controls and feedbacks respectively.
One also checks that piccewise constant contreols and feedbacks are
admigsible {(Sections 5 and 7).

The second step is to relate the two problems as follows. An
admissilble control u(*) (admissible Leedback £{(*)) is called regular

at m if there iz some admissible feedback [(*) {admissible control

u(*) respectively) such that
u
(8-1) u{t} = f(t_flur"}f t = Of a.5,.-I ,

u . . . . .
where vm(-} is the innowvations process assocliated to u{+*). In Sections
9 and 10 we show that piecewise constant controls and feedbacks are
regular at m for all m. Moreovér for £{-) piecewisc constant we show

. . . £ .
that there is a strong pathwise solution um{-} to (4.1) satisfying

u £ u 11
= t,n t = .5 .=k
{8.2) ﬂﬁ(t) um( ,ﬂ“}, 0, a.s gﬂ

whenever (8.1} holds (Corollary 7.4).
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Here W;{') is a right—continuous version (Section 6)

of the conditilonal probability distribution
u RH U
(8.3) M (6 (9) = E (dix(e))|¥,) a.s.-B

for all ¢t 3 0. This yields

B (L (), u(t))) = B (B (T ix(t) u(e)) [¥)))

BT L) ale))

H

u,~, E u u
ﬁn(L(ant;ﬂﬂ]-E(trUm))]

BN (T (6),£(0))

ENLOHE), £4E))) .
m

£ .
Thus vu{m) = ¥ (m), which completes the proof of the theorem.
In particular note that (8.1} and {(8.2) combined imply that the

"innovaticons conjecture" holds for u({*) piecewise constant.
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9. PARTIALLY OBSERVED PROBLEM: PIECEWISE CONSTANT CONTROLS ARE RBGULAR

Let @ = c([0,»); R}, b(t,0) = w(t), we?, and M =o[b(s), 0 s < t].
Let W denote Wiener measure on (2,M}, M = M . We first show there is a
u

pathwise measure-valued solution Y = Um to

t

t
(9.1) uft) () = m{d} + J u{s}(hu¢}d5 + J {Cu’¢}p{s]dbt5}' t 2 0,
o .

0
for all uw in U, m in M{X).

9.1. Lemma (Pathwise Existence - Kunita (18)) There is a B(M(X)) X B(U)

* Mtwprogressively measurable right continuous map 11 @ M(X) X U X [O,m] X 0> M(X)
such that for all v in U, m in M{(X}, 4 = ui satisfieg (9.1) for all

$ in D, W-almost surely,

proof. In the proof of 7.1, it was noted that (2.1} is equivalent to

t
(9.2} u(t)(d) = m(P:¢} + J <", p" db(s), t = O.
O

>
t=-5

M {s)
For k 3 Supx u|c(x,u)| let Bk(x) denote the algebra of ¢ in B(X) satisfying
F
|¢| £ k. Then Bk(X) is c¢losed undey multiplication by ¢ and application
of PE, for all £t 3 0 and all u in U. Let 1k{a) = (a~k}v{-k). Then |1k{a}§ < k
and we first solve the truncated edquaticn
u _u

t
11 .k .
(9-3) W(E) () = m(p d) + L<c Pe_ o) gy dP(8), £ 2 0,

whare <H,¢'}k = pigd')y - lk{U{¢])lk{Uf¢'))- This last equation is solvakle
il

}

T

by successive approximations. To this end, set uoft)(¢) = thtﬁ) (we

suppress dependence on m,u) and for n * 0 definc Hn+l{')(é] by "plugging
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in" Un(‘} inte the right-hand-side of [9.3). It is important to note
that,although the notation suygests it, un(*} is not a measure-valued

process, but a family of scalar processes un('}(¢} parametrized by ¢,

Note also that for each ¢, un('}(¢) is progressively measurable as

required and is right continwus. Then for p_(t)(¢) = Ew(supogsstiun+l[sl(¢}‘
un(s}(¢)|2} cne obtains

[t 2 2
p (£} (¢ < 1:.»:]0(9“*1(5} (cP__ ®) + Kp__ (s)(P___9) + Kk°p__ (s)(e))ds

mich as in the proof of 7.1. By induction one obhtains

0 (8 (§) € constant x (L+{¢]%)6° k)M iy 1.

Thus

lim sup Wisup

e SUP lu (Y@ (Y@ 2 e ) =0

oRERt

for all = > 0 and all £ 2 0 and so there exists a right continuous

|4
progressively measurable limit p{+)(d) = p (*) (@) satisfying (9.3)

11(

for all ¢ in B(X). Now by (6.4}, for¢in B (), T{") (D) = Wn Y () satisfiss

t
_ u u _u his u
(9.4} w(t) ($) = m(P_trp} + J;c 'Pt—sft)}ﬁis)d\}m{slr t 2 0,
Moreover (=) ($) = uk(°,u;}{¢) also satisfies (9.4). Set

k
p(E) (M) = E(sup lhe) () (&) ~u (s,9) @ 4.

ossst
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Then, mich as before,

t
ple) (¢) < 12J oes) e} __6) + KPp(e) (B _9) + K p(s) (e))as,
o
for all ¢ in Bktx}, and hence we obtain an inequality similar to (7.3).
Thus ﬁi{‘){¢) = uk(',vi)(¢) for all ¢ in Bk(K} which vields the consistency
of the uk(-)'s, uk+l{-)(¢] = uk('){¢} a.s.-W for all ¢ in Ek(X). A standard
argument then produces for each j a process ﬁj{’){¢] that satisfies (9.3)
for all k = 7 and all ¢ in Bj{x}. Letting kt®, we see that ﬂj[-}(¢]
satisfies (2.2) for all ¢ in Bj(X}. Repeating this argument one extracts
4 process ﬂ(-}(¢) satisfying {2.2) for all ¢ in B(X). 7To produce a measure-
valued process, let d be a totally boundad metric on X and let Ud{X]
denocte the d-uniformly continuous functions on X. Then Ud(X) is separating
and separable. Let A< M{X} X U X [D,m) X ! be the set of all (m,u,t,w)
such that
H(s,0) (ad+a'd') = ail(s,w) (d) + a'l(s,0) (9"),
Hts,w) @) 20, ¢ = dvo, (=)

His,w) (1) =1

for all 0 € s € t, all a,a' rational and ¢,4' running through a countable
dense subset of Ud(xj_ Then A is progressively measurable and we can
define a progressively measurable right continuous measure-valued WU({*)
satisfyinqu;(t,w](¢}==ﬁ§(t,m)(¢} on A for all § in the countable dense
subset of Ud{X}. Since {(m,u,t,®) in & and ¢ < bt implies (m,u,s,w) is in A,
there 1s a right continuous progressively measurable extension ]

M(xX) x U x [P,m) ¥ 1+ M{¥) solving (2.2) ({25}, 4.6,8} and hence {(9,1).
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As a3 Corollary to the proof, one has the following.

9.2. Corollary For all u in U, m in M{X),

9.3, Corocllary Given a Mt—progressively measurable piecewise constant
£ 2 [ﬁ,W) ¥ i+ U, there exists a right continuous Mt-progressively
measurable 11 [G,W} ® 1 M{¥) satisfying

t

t a -
(9.5) u(t) () = m{d) + [u(s) P oyas + J <CE(&)'¢}U

db{s), t > 0,
'ID O

(s)
a.s.-W, for all § in D.
proof. Patch things on 8-intervals. Here the measurabkility of the solution
to [(92.1) with respect to m and u is grucial.

Now we can establish the regularity of piecewise constant controls.

A ..
Let uf+) be piecewise constant, u([t/$J0}==u(t}, t 2 0, We have to find

>

a piecewise constant feedback £ : [O,m} X B> U such that

u u
{(9.6) u{t) = f(t,vm) a.s. ﬁn
11 u . . . ,
for all t 3 0. TIet Nt = G[Um(sj, D€ s & t]. We prove {9.6) by induction
on the intervals %8 € £ < {k+1)8, &k = 0. For k=0 there is nothing to

prove. Assume that [9.6) holds for 0 € t < NO. Then for all k < N there

. ~ , SRR u
is a N, ,-measurable f, : E + U such that w(kd) = £ (V) a.s.~P . Now set
) k k' 'm m

f{t) = fk when ké € & < (k+1)d, k < ¥-1 and £(&) = fN—T for £t (N-1}8. Let

1 . u .
Hi*) denote the solution of (9.5). Then both Wm(') and U(‘,Eh} satisfy

X 11 1t R . r
(6.4} up to time WE. Thus by Corollary 7.4 Wmf'} = U(';ﬁn] up to time N,

u 11 11 \ . .
Thus by definition of v _{+), N =Y a.s. B, which yields the existence

- e 2 + - 13
of a Mys-measurable T satisfying u(N8) = £,V ), completing the proof.
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10. SEPARATED PROBLEM: PIECEWISE CONSTANT FREEDBACKS ARE REGULAR

Let f({*) be a plecewise constant feedback. Fix m in M(X). In
this section we show there is a piecewise constant control u(*)

satisfyving
- u L]
(1C0.1) u{t) = t{t,Um), t 2 0, a-s.~Pm.

We begin with a variation of 9.1.

10.1. Lemma With notation as in Sectlon 9, there is a B(M(X)}) X B}

X Mt~proqressive1y measurable right continuous map 4 : M(X) * U X [O,m) X = M(X)

such that for all u in U, m in M(X), 1 = u§ satisfies
v u [t 1

BlE) () = m{g) + J Pis) (A ¢)ds + J <c',¢>“(,,db(s)
o o} -

t
. Jo<cu,$>u(3)u(s)(cu)d5, t >0,

a.s.-W for all ¢ in D.
The proof is completely analogous to that of 9.1 and is omitted.
We return to the basic probability space (E,F).
10.2. TLemma Let u{+) be piecewise constant. Any two right continuous
Yt-proqressively measurable maps wl,wz : [D,%) X E *+ M{X) satisfying
ufs

t t
(10.2) () (¢) = m(p) + { m(s) " ras + J <M el ()
0 (s} )

{=)

T(s) (¢

tuts)
- } <t P ¥ds, t© 3 0,
o ;

(s)
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a.s.-W for all & in D, are necessarily squal a.s.-W.

The proof is analogous to that of Corollary 7.4, and depends
on the corresponding variation of Lemma 7.1.
10.3. Corollary Let f£{*}) be piecewise constant and fix m in M{X) .
Then there are Yt~progressively neasurable maps (J,V) : [b,m} HE -+ MX) XIR
satistving

b F{s,v)
(10.3) u{t) (b} = m(P) + J H{s) (& T gdds
)

t
v J <t 8V 4o Layis)

a

1 {=)

(5:9)) 4

I
W(is) (e s, L3 0,

t
_ J EGM g
. M(s)

and
(10.4) vt} = vt} - JtU(s){ cf{s’v}}ds, t = 0

o
a.s.-W, for all ¢ in D.
proof. Although the above two equations are coupled in general , we
can construct a solutlon because for £{*) piecewise constant they are
uncoupled on any S-interval, given the solution up to the beginning
of the S-interval, To begin, since y{=) is a Brownian motion, E(t,v)
= £(0,V) is a nonrandom constant for 0 € t < &, Thus by 10.1 u(*)
exists on 0 € + < . Now use (10.4) to define w(*) on 0 € k& < 6. Thus
the solution (U{*),V(*)) exists on 0 € £t £ 8. Therefore f{t,v) = L£{§,V)
is defined for § € t <28, and s0 applying 10,1 again on § € t < 28, we see
that M(*) exists on § € © < 28, Use (10.4) again to define ¥ (*) on
§ ¢ t < 28. Then the solution exists on & £ t < 26, Proceeding in this
manner, the result follows. MNote the measwrability of L({+) in 1C.1

with respect to m, u is crucial for thls argunent.
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10.4, Corcllary With the set-up of 10.3, set u(t}) = £(t,v}, t 2 0,
where v(*) is the second component of some solution to {10.3), (10.4).
Then u(*) is an admissible control and (10.1) holds.

proof Let TF;(') be the process satisfying (6.4):; since P;ll and W are
matually absolutely continuous on Yt' Tri{‘] satisfies (10.2}. By
Lemma 10.2 TT;(') = U{*) and hence V(=) = vi('} a.s5.~W. The result

follows.



11. PROOF OF LEMMA A

. -t
Throughout leb denotes the probability measure e dt on 0 & t < =,
2 segquence of admisgible controls w is said to converge to an admissible
control u if this is so in (leb X W)-probabilitvy on [Q,W) ¥ B, Since
these processes are Yt—proqressively measurable, this makes sensc.
u, u
Lemma A. + m in M{X) and » u implies v + v {m).
. H{X) u, P (mk} {m)
Before wae prove Lemma A, we state some preliminary facts.
11.1.Lemma If u is an admissible control, there is a sequence Uy of

pircewise constant controls such that u, -+ u.

For the proof see (17) page 143.

11.2. Lerma Let |,V be probability measures on some abstract space and
. Y . :
suppose U << v and R = di/dv satisfies E (RlogR) € C. Let hC denote
the universal function
ha(l) = inf, ., {ab + (¢ + (I/e))/log(a)), bz 0.
+ :
Then hC{O } = hC{O} = (1, hF is nondecreasing, and U(R} £ hC(U(B)) for all

The proof is straightforward, well-known, and omitted.

11.3. Lemma Let Uk; U, ¥ he probability measures on sowe Polish space

and suppose ”k << W with R, = duk/dv satisfyving Hv{Rkloqu} £ O, Assumo

Ik

that Uk + . Then B << v and R = dU/dv satisfies EU{RloqR} £ C.

The proof is omitted. The key tact wused in the proof of 11.3 is
the identity [(24) Lemma 3.38)
1a

[ £ .
r’ (RlogR} = sup | J'fd].l - ]_othE? dw | f in © ]

in the sense that if the right-hand side iz finite, then 1 << V and

. 1 . .
RlogR is in L (V) and the identity holds.

28
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Given this identity, the rest of the

proof of 11.3 1s straightforward.

11.4. Ierma Suppose K € B([0,%) X X X R X U) satisfies k{t,,*,*) & C (X ¥R * 0)

for all £t % 0 and
sup L iK{t,x,y,u} - K(t,x,y',u'}[ L tz 0, x2X, 1y—y'| < 8, d{u,uty <8 T+

L5
as o + 0. Suppose that Pk solves the martingale problem for G K and

converges to some Q. Suppose that Uk -+ 1. Then

P ¥ e _ 0 T ¢ )
& *(J e K{t,x(t},y(t),uk(t)}dt} > | EJ o ¥wit,x),v(n),ude)rdey.
o o

proof. We use Lemma 6.3 and Lemma 11.2 with U = leb X Pk’ v o= leb X W

Then for all € there exists § such that

(leb x P ) ([l x, y,u ) (e yom) | 3 €)

-

% hc({leb X W)(d(u}fujk 3)1) =+ 0 as ki,
L

Thus it is enough to show

feil

T wo _
{(11.1} E k{j = LK(t.x{t).y(t},u{t})dtj > ﬁQ(J e tm[t,x(th,v(t},u(t))dt).
o Q

Now if u were in cb([o,m} ¥ BY there would be no problem: {11.1) would

follow immnediately since in this case

Lue]
J e_tx(t,x(t),y(t},u{tl}dt
]
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1s in Cb(Ej and Pk - (), For u not continuous, we proceced as follows:
By Lusin's theorem for all § we can find u6 in CbEEpﬁn} * E) satisfying
{leb % W)(u#uaj £ 4; then (11.1) holds with u{S replacing u; to make
gure that the damage done in (11.1) by replacing u with uﬁ vanishes as

5+0, we use 11.2 and 11.3 once again to conclude
B 4
(Leb % B ) {€ (", %y, ) A (", %, 7,0 )} € h,({leb X W) {uAu ) < hC{G} > 0
§ 8 .
(leb X DY (K {*, %, vy, WA (*,%,¥,u }) & hC((leb X W) {uFu )Y £ hcﬁﬁ} + 0

as &+0. The result follows.
We can now prove Lema A. Let P, , P solve the martingale problems
fu
Yk o u . : : U,
for G, G starting from L m respectively. Since the generators G (M)

are unitormly bounded ({notation as in Scction 5),.{Pk} is a pro-compact

family of measures., Let Q be any limit point; choosing

¥k, x,v,u) = etGu(¢$)(x,y)lt£T
with T > 0, ¢ in D,¥ in cﬁ( R) fixed but arbitrary, Lemma 11.4 applies
and so @ zolves the marktingale problem for oY starting from m. By micueness
it follows that Q = P and Pk + P, MNow apply Lemma 11.4 again with € = I,
The result follows.
11.5. Corollary For u admissible-vu iz in Cb(M{X)). The wvalue function
v iz upper-semicontinuous and concave on M(X}.
The continuity fellows immediately from Lemma A, Since vu(m) :! vu{ﬁx) m{dx)

u R u . ; .
and x * v {BK) is in Cb(X), we scee that v 1s aflifine and hence v ig concave.



12. PROOF OF LEMMA B

A sequence of admissible fesdbacks £

31

is said to converge to an

admissible feedback £ if this 1s so in {leb ¥ W)-probahility.

Lerma B. m > m in M{X) and £, *> f implies @

To prove this, recall that

{12.1) s

Lemna B follows exactly as Lemma did.

relevant Lemna.

£
Kimy » of (m) .

B rj e qu (), £(6))at) .

We therefore state only the

12.1. Lemma Suppose K £ B([O,m) X M(X)Y "R X 1J) satisfies K{t,~,*,*)

= cb{M(X) KR X U} for all t = 0 and

sup { |kt 1,v,£) = k(t, 1, v, £]

n~

g+ 0.

a2y
as Suppese that P

el
converges to some Q. Suppose that £

k

™~ vl

Py

N Y AT S M CIPE O

O

=

£.

[t 3 0, uemx,

~F
K solves the martingale problem [or A k

bo-wt| + ate, £y < 8

and

1

Then

0

(J e_tm(t,u(t)rU{t},f(t})dt}.
O

The proof here is simpler than that of Lemma 11.4 since V{*} here ic

Fat
a Brownian motion under Pk'

unnecessary here, By first choosing

choosing «

K

etﬁi{@w)(u,v]l

Because of this Lemmas 11,2 and 11.3 are

LT and then

= [, the result follows as in Section 11.

1

i)

S

0



13. WELL-POSEDNESS OF THE NONLINEAR FILTERING MARTTIHNGALE FROBLEM

Throughout this section £ denotes a fixed element in U, and soO
dependence on £ 15 suppressed. For any Polish space P, set QF = C{[ﬁ,m};P).
Let A : D(M(X)) + C_(H(X)), El::D{M{x)) x C:{:m} > _(M{X) X R) be

the operators defined in Section 7. Then ([Corollary 7.3) the

Fal
martingale problem for a_ on §

X s - »d is seoti
1 M%) R i3 well-posed In this section

we establish the well-posedness of the martingale problem for A  on

Qﬁix} provided ¢ lies in I =D({X). This proceesds along gtandard lines

(Chanter 8 of (28)).

Liv B

Let solve the martingale problem for Aland let P denote the
first marginal of P. Then it is self-evident ( A(Di) = Al(¢$} when @ = 1)
that P solves the martingale problem for A . This proves existence of

e
solutions to the martingale problem for a . To prove uniquencss all

one need verify is the following,

13.1. Lemma Let P solve the martingale problem for a4 on QM{X]‘ Then
there is a solution P to the martingale probiem for Elon QH(X] ® ﬂm

whose first marginal is P.

Thiz follows from the following wvariation of {{25), 4.5.1 ).
13.7. Lomma Let P be as in 13.1. Then there 1s a probakbility space
(f,M,0), a nondecreasing family of sub d-algebras Ht, a (Q,Mt,g}
Brownian motion v(+) and a progressively measurable right continucous
map 1 : L0,%) % @ > M{X) satisfying

F

t
{13.1) PiE) () = uo) () + J wis) (apyds + j e, e duls), £ 3 0, a.s.-0
o]

for all & in P. Moreover the distribution of p{+} on { iz P

£
. M{X)

and the distribution P of {1i{=),w(")} on QM(X} * GR solves the martingale



problem for 31'

~ ~
proof, Set § = E, Mt =F, (Section 4), Q9 = P X W (W = Wiener
measure), M{*), B{*) the canonical maps. Then u(*) and B{*) are

independent, Now for each ¢l,...,¢d in D
(13.2) (@), .ondg)) = [o,m x0 + R

iz an {Q,Mt,g} Tto process ({25) Chapter 4) with drift and covariance

coefficients

i}i(t} = ult) ¢ ¢i), aij(t} = <C’¢i.>31(t]<c'¢j}il{t)

{see Scction 7). In particular

t
dy{s) + JOlW(S}=OdB(S)

1
v{t) = f ags) 1

o]

dis)#o

- - <
() c,c>u(t}

t
ye) = uit) (e} - J H(s) (Lcids
0
ig a well-defined progressively measurable right continuous process.
Using the fact that (13.2) is an Ito process, one checks that v (*) is a

3

Brownian motion and that {13.1) holds. This completes the proocf.
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