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Monte Carlo Simulation Studies
Ian Spence
University of Toronto

This paper reviews the use of the monte carlo
method to help illuminate various issues in the area of
multidimensional scaling. Both two-way and three-
way multidimensional scaling models and procedures
are considered. Sampling distribution studies, studies
comparing different procedures, and studies that have
examined the basic capabilities of the methods under a
variety of conditions are reviewed. Based upon the
simulations, recommendations are given regarding
several problems that face the user of multidimen-
sional scaling techniques, for example, choosing a
computer program, deciding upon the appropriate di-
mensionality or whether useful structure exists in the
data, and dealing with large stimulus sets. Practical
advice is given regarding the use of several computer
programs, including M-D-SCAL, TORSCA, SSA-I,
KYST, MINISSA-I, INDSCAL, ALSCAL, and
MULTISCALE, as well as traditional Young-House-
holder-Torgerson scaling.

The invention of both the method and the name

monte carlo is credited to S. Ulam, a
physicist who worked on the Manhattan Project
during World War 11. Certain calculations of a sta-
tistical nature concerning the amount of nuclear
material necessary to achieve a critical mass were
too complex to be solved analytically and had to
be finessed by simulation of the physical process.
During the simulation, random numbers were em-
ployed ; therein lies the allusion to games of chance

and, hence, the name monte carlo. Surprisingly,
in statistics the method has a history almost as long
as the subject itself. Apart from formal work on
probability, which dates from the 16th century at
the earliest (Cardano, 1501-1576; Liber de ludo
aleae, published 1663) and the life tables of John
Graunt (1662/1939), there is really little work of
a truly statistical nature until the late 19th and early
20th century. Then, the demographic, psychomet-
ric, and biometric traditions flowered with the ef-
forts of such men as Quetelet, Galton, and Pearson.

During this great intellectual upheaval, a paper
was published by an obscure chemist who was em-
ployed as Brewer to l~essrs. Guinness of Dublin.
William Sealy Gosset was, by necessity, forced to
consider the sampling properties of statistics com-
puted on the basis of small samples-the assess-
ment of quality in the brewing of beer can be a
chancy business due to variations in lot character-
istics, ambient temperature, h~rnidity9 and so forth,
and consequently much has to be inferred on the
basis of small samples. In his paper 66Th~ Probable
Error of a Mean&dquo; (Student, 1908) Gosset discov-
ered the distribution of the standardized sample
mean. The exact statistic employed differs by a
constant from the one used today and the proof is
incomplete, since some steps are conjectured rather
than proven; but this does not diminish the impor-
tance of a paper that has subsequently assumed the
status of a classic in statistics. The result is, of
course, familiar to all beginning students of statis-
tics and is the basis of the distribution.
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Possibly as a consequence of his self-confessed
lack of mathematical ability, Gosset felt that he
had to conduct an experiment to bolster his slightly
shaky formal argument. Using a known empirical
distribution (actually the heights of 3,000 crimi-
nals !), he drew 750 random samples of size 4,
calculated 750 values of what is now called t, and
then compared the empirical frequency distribution
with the distribution that his theoretical work had

suggested. As reported in Biometrika, the two dis-
tributions were found to be in good agreement.
Thus was seen, perhaps for the first time, the use
of what is essentially the monte carlo method to
help illuminate a problem in theoretical statistics.
In this case the problem may be tackled and solved
with full mathematical rigor and generality, as Fisher
did in the 1920s; but the important thing is that
Gosset’s experimental demonstration helped bol-
ster his tentative mathematics, and possibly was
the crucial piece of support he needed to convince
him to publish and, hence, allow others to benefit
from his great discovery.

Other of the Monte Carlo
Method

The use of the monte carlo method is not con-
fined to the examination of sampling distributions,
although this has been the most common area of
application in statistics. The method may be useful
in any situation where a complete mathematical
analysis of a problem is difficult or intractable. In
recent years the method has frequently been applied
to situations involving comparisons among esti-
mators (cf. Andrews, Bickel, Hampel, Huber,
Rogers, & Tukey, 1972) and to the problem of
comparing methods or algorithms where mathe-
matical analysis is problematic (e.g., Dempster,
~chatz&reg;ff, ~ Werrx~uth, 1977). Although the monte
carlo method can never be a totally satisfactory
substitute for a thorough mathematical analysis, it
is a simple fact of life that, for a variety of reasons,
it may be difficult or impractical to obtain the de-
sired analytic results. Even if an appropriate formal
development is available, empirical demonstra-
tions often provide insights that may lead to further
development or, at the very least, provide some

help in making the esoteric more intuitively ac-
cessible to the nonmathematical experimenter.

However, use of the method can have its draw-

backs, and if unskillfully applied, it may some-

times do more ha than good. The monte carlo
experiment is a designed experiment and, as such,
is capable of displaying the same virtues and vices
to be found in designed experiments in more fa-
miliar settings. Bad design, sloppy execution, and
inept analysis lead to the same kinds of difficulties
in the world of computer simulation as they do in
the laboratory. On the other hand, if the computer
experiment is carefully tailored to fit the problem
at hand, if the work is executed with scrupulous
attention to detail, and if the examination of the
results is conducted with care and sensitivity, the
outcome may have great utility, either as an adjunct
to, or substitute for, a formal mathematical anal-

ysis.

Purpose of the Present Paper

This paper is intended to address two audiences.

The first, and larger of the two, is composed of
typical users of multidimensional scaling proce-
dures ; it is to be hoped that they may benefit from
some knowledge of what has been done in the area
of evaluation. The second audience, though small,
is equally important. These are the people who will
be conducting monte carlo experiments in the fu-
ture. Those who have performed monte carlo stud-
ies during the last few years were, to some extent,
learning the ropes as they went along. Much of
what has been done could, on occasion, have been
done better or more efficiently. Perhaps the first

category of readers will be patient during a dis-
cussion of some of the issues that seem important
regarding the conduct of simulation experiments.
In the future this may help make for better monte
carlo work and may make it easier for the consumer
of multidimensional scaling procedures to evaluate
the e valuators.

Limitations of the Monte Carlo Technique

Suppose that, as in Gosset’s case, it is desired
to examine the sampling distribution of the random
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variable [~ -~’(~)]/[S~/n]~~2. This is the standard-
ized sample mean, based on random samples of
size n. Assume X to be Gaussian with known mean

E(X), but do not presume knowledge of the vari-
ance. C&reg;r~s~qu~~tly9 the random variable S2,, the
unbiased estimator of the variance of X9 is em-

ployed in the standardization of X. If it was not

known that the standardized mean was distributed

as Student’s with n - 1 degrees of freedom, there
might be some temptation to perform a monte carlo
experiment.

It might seem that such an experiment would be
child’s play. A single replication would merely
consist in computing the value of the standardized
mean based on n values from a random Gaussian

generator. The whole process would then be re-

peated as many times as thought necessary. There
are many traps for the unwary in all of this. The
first lies in the area of random number generation.
Virtually all Gaussian generators depend upon hav-
ing a good source of rectangularly distributed num-
bers, and although there are many publicly avail-
able programs, it cannot be said that all are good-
indeed, some routines, such as the widely used
RANDU from the ~~1~ Scientific Subroutine Pack-

age, have atrocious properties. Given a source of
respectable uniform random variates, there are sev-
eral ways to produce Gaussian variates. Again,
some are not very good. For sampling distribution
work, approximate methods (such as Teichrow’s)
are not good enough. Excellent sources of advice
regarding random number generators are Knuth
(1969) and Kennedy and Gentle (1980).

The next difficulty will be in deciding on the
values of n to be included in the experiment. This
is a problem in selecting the levels of a factor
similar to that encountered in any experiment. In
this case, the unsophisticated approach of taking n
= 1, 2, 3, ... might be considered. This is un-
likely to cause any problems in the simple situation
considered here; but above n = 3~ or thereabouts,
essentially the same results will be obtained, and
therefore the experiment will be terminated without
excessive waste of computer time. A more intel-

ligent approach, which will certainly serve the ex-
perimenter better in more complicated situations, 9
should have been used: A small amount of pilot

work would easily show the changes with ~a to be
nonlinear and to reach asymptote before n becomes

very large. Then, the advice of Cox (1958, chap.
7) regarding the choice of number and spacing of
the levels of a factor could be heeded. One reason
for preferring the more thoughtful approach is that
the detail provided by the brute force approach is
not needed-in most cases, sufficient accuracy may
be obtained for intermediate values of ~a by inter-
polation. Another, better reason is that the exper-
iment is unlikely to be as simple as first outlined.
As described, the design is a simple one-way lay-
out ; but if it were considered desirable to extend
the study to include parent populations other than
the Gaussian, it can be seen that the amount of

computing necessary could rise rather rapidly and,
if the factor levels were not chosen intelligently,
might turn out to be very expensive.
Most monte carlo studies have to be conducted

within fixed budgets. Therefore, exhaustive eval-
uation is rarely a sensible, or feasible, option. Care-
ful planning is important. The choice of factor lev-
els and the inclusion of appropriate blocking variables
will pay off here just as in conventional experi-
mental settings. For example, in many experi-
ments, the same random number seeds should be

used across various factor levels in order to elim-
inate a source of variance that will otherwise help
reduce the precision of the estimates. Often, it may
be appropriate to run a sequence of small, related,
carefully planned factorials rather than a gigantic
multiple factor design that will use excessive amounts
of computer time, and probably make it necessary
to settle for an inadequate number of replications
in each condition. Remember that in such studies

the precision of the estimated treatment combina-
tion means will usually be required to be high,
forcing a reasonable number of replications. In this
context, the alert experimenter will entertain the
possibility of using fractional factorial or other in-
complete layouts if the likelihood of appreciable
nonzero high order interactions is low. Not to be

forgotten, also, is the possibility of using variance
reduction techniques, monte carlo &dquo;swindles,&dquo; in
certain situations (Andrews et al., 1972). In gen-
eral, however, there will be the usual tradeoff be-
tween precision of estimation and the number of
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replications. The only good general advice that can
be given here is that there is little point in doing
most monte carlo work if the level of precision is
not adequate; a priori calculation of the standard
errors of the estimates should be routine, even if
some assumptions and approximations have to be
made.

Monte carlo experiments typically result in the
production of much more data than in the average
psychological laboratory experiments. Thus, the data
analysis and presentation of the ensuing summaries
can present considerable difficulty. Although com-
pact tables and appropriate graphics will constitute
the usual mode of presentation, it is frequently
possible to summarize by the use of analytic ap-
proximating functions; these may be theoretically
motivated or merely empirical curve fitting. It is

difficult to discuss these issues much further with-

out exploring specific examples (e.g., ~l&reg;~~lin9 1977;
Spence, 1979), but the important point is that the
presentation of a table of treatment combination
means is unlikely to do full justice to the data.

Multidimensional Scaling the Monte
Carlo Method

Methods of two-way multidimensional scaling
(cf. Torgerson, 1958), based on the theorems of
Young and Householder (1938), have not stimu-
lated any significant amount of monte carlo work.
This is largely because the mathematics of the sit-
uation are very well understood. Nonmetric scaling
procedures (cf. Guttman, 1968; Kruskal, 1964b;
Shepard, 1962a), on the other hand, require the
use of iterative processes whose properties are less
easy to evaluate. For example, although a solution
is guaranteed, it may not be the best possible one:
The iterative procedure may converge to a position
where no further improvement is possible by mak-
ing small adjustments, and yet a better solution
may exist somewhere else. This is the local opti-
mum problem plaguing many algorithms that use
successive approximations. Certain strategies may
render a particular procedure more or less suscep-
tible to this problem than others, and it is important
to have some way of assessing the value of such

refinements. (For a general review and a discussion
of the operation of both two- and three-way al-
gorithms, see Spence, 1978, or Davison, 1983).

In the three-way multidimensional situation, even
in the metric case, virtually all commonly used
algorithms are iterative in their operation and thus
potentially suffer the same local optimum problem.
Also, it is of interest to have some idea of the

general capabilities of three-way scaling programs:
how performance is affected by increasing the
number of stimuli or subjects, and what effect error
has on recovery. Additionally, other problems that
are difficult to treat mathematically arise, for in-
stance, the effects of missing data or, in the case
of programs that can accommodate different as-

sumptions regarding the strength of the data, how
performance is affected.

In multidimensional scaling, therefore, it might
be desirable to know something about the sampling
behavior of goodness-of-fit statistics or to have some
objective basis for choosing one algorithm as op-
posed to another. It is also important to know how
missing data affect the performance of the proce-
dures, and whether there is some way of making
better decisions with regard to the choice of ap-
propriate dimensionality. These, and other, con-
cerns may be approached by use of the monte carlo
method.

Two-Way A Review of Carlo
Studies

Sampling Distribution Studies

Apart from some small demonstrations, the first
monte carlo experiments in the area of multidi-
mensional scaling were concerned with an exam-
ination of the behavior of the goodness-of-fit sta-
tistic STRESS Formula One (Kruskal, 1964a) un-
der the null hypothesis that the data input to a
nonmetric scaling program are essentially random
numbers (Klahr, 1969; Spence & Ogilvie, 1973;
Stenson & Knoll, 1969; Tschudi, 1972; Wagenaar
& Padmos, 1971). These experiments display a
variety of good and bad practice in the design,
execution, and analysis of monte carlo experi-
ments, and none may be said to be completely
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satisfactory. However, the experimental situation
is a relatively simple one, and consequently the
results obtained are useful despite the problems.
For a discussion of some of the difficulties, and a
comparison of the studies, see Spence and Young
(1978; also reprinted in Young & Lewyckyj, 1981).
Partly because of the advantage of hindsight, per-
haps the most useful summary of the results of this
kind of experimentation is to be found in Spence
(19799 reprinted in Davies & Coxon, 1982).
The null hypothesis to be tested is rather a weak

one: It asserts that the input data are random. This
will rarely be the case in practice; consequently,
the null hypothesis will probably be rejected in
most situations in which the results of the above

papers are applied. It is possible to reject the hy-
pothesis of randomness and yet the data may con-
tain very little useful structure. The situation is akin
to rejecting the hypothesis of a null population
coefficient of correlation: It may be comforting to
do so but does not guarantee that the fit of the data
to the model is either good, or useful in practice.
Perhaps the most valuable gain for the experimen-
ter from an examination of the results of scaling
random data is an intuitive appreciation of the worth
of the data (see Figure 1 for an illustration). If the
obtained stress values are close to the random val-

ues, then even though the formal hypothesis of
randomness may be rejected, the multidimensional
scaling representation may not be very useful. On
the other hand, if the obtained stress values are

only a third or a half as large as the results obtained
from scaling random data, then the experimenter
may have much more confidence in the solution.
The advantage of using the Spence (1979) results

in this context is that an analytic approximation has
been provided. This approximation is valid over a
wide range of values of both the number of points
and dimensions. Rather than the user having to look
up a table, or interpolate in a graph, the appropriate
values may be entered in a simple equation to pro-
duce the corresponding random rankings STRESS
value. A simple hand calculator (with a logarithmic
function key) may be used. The error of the ap-
proximation is of the same order as the standard
error of the estimates in any of the above-men-

tioned random rankings studies.

Figure 1
Obtained STRESS Values When the Solutions

Represent (1) Essentially Random Rankings,
(2) Probably Good Recovery of Useful Structure,

and (3) Probably Poor Recovery
or Non-useful Structure

Basic Capabilities

Although several small demonstrations (e.g.,
skal, 1964b; Shepard, 1962a, 1966) had sug-
gested that nonmetric procedures could do very
well in recovering known multidimensional struc-
ture, not much was known about how performance
might vary as a function of the number of points,
dimensions, or the error level in the data. Extensive
studies by Young (1970), Spence (1970), and Sher-
man (1972) provided the answers. These studies,
as well as most of the other studies discussed in

this paper, employed the same general method.
First, a configuration of points in a space of fixed
dimensionality was generated; this was done either
randomly or systematically. Then, error was intro-
duced in some fashion to distort the true distances

of this known configuration, and sometimes a non-
linear transformation of the distances was also em-

ployed. Various magnitudes of error variance were
used, ranging from zero up to very high values.
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It should be noted that the specification of an
error model can often be a difficult choice for the

experimenter. An attempt is being made to simulate
an aspect of the real world, but error in the real
world can come in many varieties, depending upon
the judgment task or other aspects of the experi-
mental situation; it is difficult to cover all possi-
bilities in the simulation. Another consideration,
especially when comparisons of algorithms are being
made, is that different procedures make, either ex-
plicitly or implicitly, different assumptions about
the distribution of errors; consequently, the per-
formance of a given procedure may or may not be
si gnificantiy altered by the kind of error distribution
employed. Cohen and Jones (1974) have given a
good discussion of these and various other issues
relating to the choice of error models in simula-
tions. e

The error-perturbed distance matrix, however
obtained, is then considered to be a matrix of dis-
similarities and is input to a multidimensional scal-
ing program with the objective of seeing how well
the recovered configuration will match the known
true configuration. The process may then be re-
peated a number of times with different saplings
from the error distribution and the population of
configurations. Finally, depending on the purpose
of the study, this procedure is repeated with dif-
ferent values of the parameters of interest, such as
the number of points, or dimensions, or fraction
of missing data, or number of subjects in the three-
way case.

Broadly sp~~kir~~9 nonmetric procedures have
been shown to perform best when the true dimen-
sionality is low, the number of points is large, and
the error level is low. One very important finding
from these studies is that the minimum number of

stimuli (points) to be scaled should be no less than
about six times the expected number of dimen-
sions. Thus, in one dimension 6 points is the min-
i~~!~9 in two dimensions the minimum is about
12, and so forth. This is to ensure that the problem
of degenerate solutions is minimized. Degenerate
solutions are solutions where the goodness-of-fit
statistics can look quite reasonable but where the
solution is actually very poor. For example, in one
dimension, it is usually possible to arrange 3 or 4

points on a line in many ways such that the rank
order of the distances is the same as, or close to,
the rank order of the dissimilarities. Since only one
solution can b~ ‘bc&reg;rrect,99 however, it follows that
all others are, in some sense, degenerate. Indeed,
many of these other solutions may bear almost no

resemblance to the correct solution. With more

points, the relationship between the solution and
the data is much more tightly constrained and the
result is much less likely to be degenerate. (Note
that metric procedures are not susceptible to this
difficulty, since they make use of more than just
rank-order information about the distances.) The
reader is referred to Young (1970), ~5h~ (1972),
Spence (1972), and Shepard (1974) for more detail.

Incomplete Design Studies

When the number of points is large, the labor
of collecting all possible pairwise judgments is great.
Several methods of reducing this work to manage-
able proportions have been proposed. Two main
lines of research may be traced. First, the data may
be collected interactively under the control of a
computer (Young & Cliff, 1972). Second, the choice
of pairs to be judged may be decided a priori by
experimental design. Such a design may ignore the
possible characteristics of the data (Spence & Dom-

oney, 1974) or may make some use of a knowledge
of the likely interpoint distances (Graef 81 Spence,
1979). Alternatively, an approach that combines
features of both may be considered (Isaac, 1982).
Monte carlo studies have been conducted to help
decide which of the above approaches will work
best. This is a difficult area in which to do good
work, since the number of factors of interest, and
the possible number of levels, is large. Conse-
quently, the conclusions drawn are sometimes ten-
tative. Perhaps the best recent source of collected
wisdom on this topic is to be found in Golledge
and Rayner (1982). Several chapters in this book,
by diverse authors, deal with the topic of incom-
plete designs and interactive data collection. Some
of the findings are summarized here, but without
going into much detail concerning the simulation
studies.

Spence and Domoney (1974) were the first to
conduct a systematic monte carlo study examining
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the effects of having missing paired comparisons,
by design, in a scaling experiment. They found
that several methods of reducing the number of
pairs could provide satisfactory results, providing
that a sufficient fraction of the possible set of pairs
was obtained. Although this minimum fraction de-
pends upon the level of error in the data, it seems

that if the fraction collected exceeds the ratio (6
X number of dimensions/number of points), then
this will be adequate in practice. If the fraction of
data collected is much less, then there may not be

enough information in the available data to support
the construction of a good multidimensional rep-
resentation. The issue is no different here than with

any other kind of parameter estimation: Too little
data means that good estimates cannot be expected,
and if the data are truly sparse it may be that no
estimation is possible.
However, Spence and Domoney (1974) have

qualified this advice by pointing out that, even with
sufficient fractions, only designs that have high
’ ’global ~~~r~~ct~d~~ss99 should be used (see below
for illustrations of this concept). This is further

supported in Spence (1982a), where it is shown

that as the degree of global connectedness de-
creases, the quality of a multidimensional scaling
solution deteriorates. Some small illustrations of
the graphs of a few designs are shown in Figure
2. In each of the graphs, if two vertices are con-
nected by an edge, this signifies that the dissimi--
larity between that pair of stimuli was observed,
whereas if two vertices are not connected, the dis-

similarity corresponding to that pair is missing. The
reader is cautioned that the points in such graphs
are positioned arbitrarily and, of course, bear no
relationship to the positions of the points in a mul-
tidimensional scaling solution. Also, these are merely
illustrations and, in practice, the order of the data
matrix will be much larger; more than 30 points
would typically be involved, rather than 8.

Global connectedness may be assessed in a va-

riety of virtually equivalent ways, one of which is
by counting the number of triangles in the graph
of the design. e
The number of triangles in the graph of a design

is an index of how well the design may be expected
to perform; fewer triangles are associated with bet-

ter performance. Further details are to be found in
Spence (1982a), but for the moment, the reader
may gain an intuitive appreciation of the concept
of global connectedness versus 6 61&reg;c~l connected-
ness&dquo; by studying the examples in Figure 2. Note
that a large number of triangles are associated with
local connectedness, whereas few triangles indicate
global connectedness.

Even randomly generated designs will usually
work well, but perhaps the simplest way to obtain
a good design is to construct a cyclic design (so-
called because of the way in which the pairs to be
observed are written down, see Spence, 1982a).
Most cyclic designs will perform well, but it is
wise to choose one with high global connectedness.

Figure 2
Some Possible Incomplete Experimental Designs

with the CYCLIC II Designs Equivalent
(Obtained by Relabeling the Points)

ALL DESIGNS

REPRESENT A 92 /28 = 43% FRAC~I&reg;~9
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Note, for example, that Cyclic 11 in Figure 2 has
a large number of triangles in its graph and is not
even connected. This means that the positions of
points (1, 3, 5, 7) and (2, 4, 6, 8) relative to each
other could never be determined. Spence (1982a)
provides an algorithm for finding an optimal cyclic
design as well as a simple paper-and-pencil tech-
nique that will yield an optimal, or close to optimal,
design with much less effort.

The kinds of a priori designs that should be avoided
are those that contain strongly connected blocks
with very few linking comparisons (see Figure 2).
For example, a design that collects all paired com-
parisons for subsets of the stimuli and only a few
comparisons involving stimuli from d~~’~’e~°~~t sub-
sets will probably not yield good results. However,
Spector and Rivizzigno (1982) have shown that if
the number of linking comparisons is large enough,
reasonable recovery may be obtained, providing
that the error level is low. Their results for high
levels of error are somewhat difficult to interpret,
since they used a fairly small, though seemingly
adequate, fraction of the possible data (37%). Per-
haps their results suggest that when the error level
in the data is expected to be high, then either mul-
tidimensional scaling should not be employed or
the user should attempt to collect a fraction well
in excess of the recommended minimum, whatever
the design. (Of course, nobody believes that his or
her data will turn out to be excessively noisy, so
this is something of a counsel of perfection.) Un-
fortunately, none of the existing monto carlo stud-
ies is adequate to the task of providing more explicit
guidelines for situations where the error level is

quite high, and a complicating factor is that the
results might well vary as a function of the distri-
bution of true distances (Isaac, 1982).

Interactive ~~~~ ~~~l~~~l&reg;~

An alternative to the use of a priori fixed incom-
plete designs is the interactive collection of data.
This requires the use of a dedicated or timesharing
computer for the acquisition and possible analysis
of the data and has the advantage that the collection
of particular data may be guided and modified by
the results of examining the subject’ previous re-

sponses. At least two different ways of going about
this are available. The first allows the simultaneous

acquisition, and scaling analysis of the data and is
typified by a program like ISIS (Young & Cliff,
1972). In the second approach, there is no need to
have the scaling done at the same time as the data
are being collected. This may be an advantage in
terms of computer storage and execution time: The
data might be collected using a small laboratory
computer or a microcomputer and then subse-

quently analyzed on a large mainframe computer.
Young, Null, Sarle, and Hoffman (1982) have de-
scribed and evaluated a program called ISO, which
is designed to operate in this way.

ISIS (Young & Cliff, 1972) requires that the
distance judgments of the subject be considered to
be Euclidean. This might seem to be quite restric-
tive ; but, in practice, many data sets will satisfy
this assumption. The ISIS program first establishes
a &dquo;frame,&dquo; which consists of a small subset of

points that are relatively far apart from each other;
this is done by collecting all pairwise judgments
for a larger, but still small, subset and then elim-
inating some points after solving for the subset
configuration using traditional methods. Subse-

quently, additional points may be added using only
a knowledge of their distances from the frame points.
Distances among the added points do not need to
be determined. Various refinements, such as pe-
riodic updating of the frame, have been developed
by Young and Cliff (1972). Monte carlo evaluation
(Baker & Young, 1978; Girard & Cliff, 1976;
Hamer, 1978) has shown that when the Euclidean
assumption is satisfied, ISIS performs well using
only 25Te to 45% of the possible pairs and is gen-
erally superior to fixed designs with the same frac-
tion of data. On the basis of monte carlo, and other
work, an improved program called INTERS CAL
has been developed (Cliff, Girard, Green, Kehoe,
& I~&reg;herty, 1977; Green & Bentler, 1979) and
should probably be preferred to the earlier versions
of ISIS. Of course, when the data do not satisfy
the Euclidean assumption, it may be desirable to

consider fixed designs or a procedure like ISO,
which is discussed below.
A nonmetric multidimensional scaling algo-

rithm, such as KYST (Kruskal, Young & Seery,
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1978; see next section), basically requires the rank
order of all possible pairs of stimuli. For example,
if there are 20 stimuli, the program needs to know
the rank order of the 190 possible pairs of stimuli,
from smallest to largest, in order to obtain a so-
lution. One task for a subject could be to select the
most similar pair, then the next most similar pair,
and so on, until the 190 pairs had been ordered.
This can be a lot of work, even with only 20 stim-
uli. Fortunately, several good algorithms originally
designed for sorting numerical data may be adapted
to make the human subject’s task easier. This is
what has been done by Young et al. (1982) in the
ISO program. They have adapted a sorting pro-
cedure that was developed for the rapid sorting of
numbers in order of their magnitudes. Their eval-
uation of the procedure, using stimulus sets of mod-
erate size, has shown that this represents a con-
venient alternative way of reducing the amount of
work required of the subject.

~l~&reg;~~~~ and Program Comparisons

This is another difficult area. Algorithms are
often modified during their early lives, and com-
rrlercially obtainable computer programs are even
more frequently altered by their authors or distrib-
utors. Deciding which to use on the basis of monte
carlo results is a little like trying to buy a 1983 car
based on a report in a 1973 consumer magazine.
Neither the programs nor the cars remain the same-

and new models are not even considered. All is

not lost, however: There are enough results that
endure to help make a sensible choice.

At least two approaches to the problem of de-
signing monte carlo studies may be distinguished.
In the first, algorithms may be compared and con-
trasted, sometimes without any immediate inten-
tion of commenting on particular computer pro-
grams. Such an approach is exemplified by the
extensive study of Lingoes and Roskam (1973).
Alternatively, publicly available computer pro-
grams may be evaluated by running them, in es-
sentially their original state, with common simu-
lated data as input; the experiments of Spence (1972)
employed this strategy. The two approaches over-
lap considerably, and it may be instructive to com-

pare their findings. Often they concur, but some-
times there are disagreements on points of detail.

Spence (1972) examined the performance of three
well-known programs: M-D-SCAL, SSA-I, and
TORSCA-9. Each algorithm was run with simu-
lated data under a wide range of conditions-the
number of points was varied from 6 to 36, the
number of dimensions from 1 to 4, and the error
level from zero to a moderate amount. It was found

that all three programs performed very well in re-
covering the known structure, with TORSCA per-
haps the best, but with M-D-SCAL producing a
moderately large number of suboptimal solutions,
especially in one dimension. Based on an analysis
of the performance of the various starting config-
urations employed by the three programs, Spence
(1972) attributed M-D-SCAL’s deficiencies to the
inadequacy of the arbitrary starting configuration
employed. TORSCA’s starting configuration was
easily the best, and it is interesting to note that
subsequently Young and Kruskal, the authors of
the programs TORSCA and I~-Ia-SC~., have joined
forces to produce a program that combines the
TORSCA start with the M-D-SCAL iterative pro-
cess. This program is called KYST (Kruskal, Young,
& Seery, 1978). Although the program has never
been evaluated in an extensive monte carlo study,
it seems reasonable to assume, based on Spence
(1972) and on Lingoes and Roskam (1973), that it
is less susceptible to the suboptimal solution prob-
lem than most other nonmetric scaling programs
that are publicly available.

Possibly the only program that will match KYST’s S
performance is MINISSA-I (Roskam & Lingoes,
1R7&reg;). MII~IISSA-I may be regarded as an im-
proved version of SSA-I, and since Spence (1972)
found that SSA-I performed almost as well as TOR-
SCA, it would seem safe to predict that MINISSA-
I is the equal of TORSCA, and possibly of KYST.
The differences between these three programs in

terms of performance will be so small that a choice
of one will probably be more a matter of conven-
ience, related to the input/output and other options
offered by the programs.
Many readers will be curious to know whether

the perforrnance of ALSCAL (Takane, Young, &
de Leeuw, 1977) matches that of KYST when a
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two-way scaling solution is obtained. Unfortu-

nately, it is not easy to answer that question, since
no systematic comparisons have been made. It is
not appropriate to conjecture regarding the capa-
bilities ofALSCAL, as was done above with MIN-
IS SA-1, since ALSCAL fits squared distances to
squared dissimilarities rather than distances to the
raw data. This could possibly accentuate the effects
of error and cause overall performance to be in-
ferior to that of procedures fitting the simple dis-
similarities directly. For further discussion of this
issue, see Krane and Spence (1980).

The Lingoes and Roskam (1973) study repre-
sents the only other major empirical attempt to
compare the various available algorithms. Both
Spence (1972), and Lingoes and Roskam (1973),
have provided references to, and discussion of, a
number of smaller scale studies that have examined

some aspects of particular algorithms, including,
most importantly, Gleason (1967). The conclu-
sions drawn by Lingoes and Roskam do not differ
substantially from those of Spence: They agree that
a good initial configuration is very important and
that a single arbitrary, or random, configuration
should not be used.

Lingoes and Roskam (1973) conducted a de-
tailed analysis of the performance of the iterative
portions of h4-D-SCAL and SSA-1. In these iter-
ations certain quantities are required at each step
during the minimization process; these are termed
&dquo;targets&dquo; by Lingoes and Roskam and ° ‘pseud~
distances&dquo; by Spence. Without going into detail,
there are two frequently used ways of getting these:
the first is attributable to Kruskal (1964b), who
called them 6 ‘d-h~ts 9’ the other is attributable to
Guttman (1968), with the resulting quantities called
6 rank images,’’ 9 &reg;r &dquo;~-st~rs.~’ The major difference
between the two approaches is that the d-hats pro-
vide a least squares fit to the data during each step
of the iterative process, whereas the d-stars do not.

Lingoes and Roskam ( 1973) have shown that even
though the rank images lack the least squares prop-
erty possessed by the d-hats, they perform quite
well in the iterative process; indeed, if the initial
configuration is far from optimal, they may have
some advantage over the d-hats in terms of helping
the algorithm avoid locally optimum, but undesir-

able, solutions. This observation was also made by
Spence (1972). It should not be forgotten, however
(cf. Spence, 1972), that if d-stars are used through-
out, the final solution will not possess the least

squares property; but since both SSA-1 and MIN-
ISSA-I allow the user to use a concluding set of
iterations with d-hats, this objection is largely ac-
ademic.

Lingoes and Roskam (1973) examined other as-
pects of the behavior of nonmetric algorithms, such
as the effect of ties in the data and the different

strategies for dealing with this circumstance. Ad-
ditionally, they investigated the effects of various
modifications to the basic iterative process. Their

monograph is an indispensable source of infor-
mation to the expert in the construction of algo-
rithms for nonmetric scaling; the average user , if

unfamiliar with previous work such as skal
(1964b) and Guttman (1968), may find some of
the detail a little difficult to follow.

Determining Dimensionality

A number of studies, going back as far as Sten-
son and Knoll (1969), have attempted to provide
information that bears on the problem of deciding
upon the appropriate number of dimensions. Sten-
son and Knoll suggested that the user make a choice
of dimensionality based on a criterion such as in-
terpretability, or perhaps the existence of an &dquo;el-

bow&dquo; in the graph of STRESS versus dimen-

sionality (see Figure 1). Then, the obtained STRESS
value in that dimensionality should be compared
with the value obtained by scaling random data:
&dquo;If the empirical value of [STRESS] is too close
to the null hypothesis value, the appropriate-
ness of the chosen number of dimensions should

be questioned&dquo; (Stenson & Knoll, 1969, p. 125).
However, it has been shown by others (e.g., Spence
& Graef, 1974; ~~~~~~~r ~ Padmos, 1971) that
if the data are not random, the STRESS for any
recovered dimensionality will be smaller than the
random data value in that number of dimensions-

and this includes the case of an overestimated num-
ber of dimensions (see Figure 1). It is thus doubtful
that Stenson and Knoll’ ( 1969) procedure accom-
plishes the desired end.
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Isaac and Poor (1974) have tried to refine the
basic Stenson and Knoll ( 1969) idea by considering
the magnitudes of the differences between random
data STRESS values and obtained STRESS values

in spaces of successively increasing dimensional-
ity. They introduced a measure called Constraint,
which is simply the difference between the random
rankings STRESS value and the obtained STRESS
value. In their simulation they showed that the Con-
straint value was often maximal in the space of

appropriate dimensionality.. especially with low to
moderate error levels. Unfortunately, their simu-
lation was quite small in scope, and it is not known
whether the Constraint criterion will perform ad-
equately in general; for example, its application to
the simulated data collected by Spence (1970) fre-
quently yielded incorrect results. However, the idea
is appealing by virtue of its simplicity and perhaps
deserves further consideration and evaluation.

Wagenaar and Padmos ( 1971 ) proposed an in-
genious paper-and-pencil technique for determin-
ing dimensionality. Based on a small set of monte
carlo data obtained by scaling data with known
dimensionality and error level, they described a
two-stage procedure for determining the dimen-
sionality and error level. The details will not be
repeated here, since the technique to be described
below is quite similar and probably represents an
improvement.
Spence and Graef ( 1974) have developed a pro-

cedure that is implemented in a FORTRAN IV
program called M-SPACE. Based on extensive
monte carlo data, this program attempts to find the

dimensionality and error level that best characterize
the obtained STRESS values in a least squares sense.
The idea is similar, in some respects, to that of
Wagenaar and Padmos (1971), but a much more
extensive set of data is used, and the fitting is done
objectively, rather than subjectively. M-SPACE is
capable of determining dimensionality up to four
dimensions, with stimulus sets of from 12 to 36
objects inclusive. An important aspect of the method
is that the approximate level of error in the data is
determined; consequently, the user has a firm basis
for evaluating the likely worth of the solution.

Figure 3 shows an application of R4-SPACE to
the Rothkopf (1957) Morse code data previously

analyzed by Shepard (1963). The unbroken lines
in the graphs are based on monte carlo simulation
data for the appropriate number of points, which
is 36 in this case; the closed circles represent the
obtained STRESS values from scaling the Roth-
kopf data in one through five dimensions. I~-SPACE
has found the error level where the STRESS values
most closely fit the monte carlo data. Once this has
been done for each of four true dimensionalities

(from the computer simulation), it can be seen that
although not perfect, the best fit is to the two-

dimensional monte carlo data. The best candidate
for the dimensionality of the Rothkopf data is thus
two, and the error level is moderate. It is interesting
to note that since there is a lack of a clearly defined
&dquo;elbow,&dquo; application of the elbow criterion would
be difficult in this case (see Figure 4). Shepard
(1963) arrived at the same conclusion regarding the
number of dimensions, based upon the interpret-
ability of the solution.
34-SPACE has been used successfully in a va-

riety of applications, for example, ethology (Miller,
1975), market research (Day, Deutscher, & Ryans, 9
1976), color perception (Tansley & Boynton, 1978),
psychopathology (Chan & Jackson, 1978), and oc-
cupational mobility (Coxon & Jones, 1980).

Robustness

Although there has been much work on statistical
methods that are resistant to the effects of outliers

during the last 15 years, it is only recently that
attention has turned to this topic in multidimen-
sional scaling. Spence (1982b) has shown that tra-
ditional metric methods can be adversely affected
by even a single outlying observation. Null and
Sarle (1982) have also demonstrated that the results
obtained by conventional methods may be im-
proved upon by using a robust procedure. Spence’s s
(1982b) algorithm uses a modified Newton iteration
technique where the median of successive correc-
tions is employed, whereas Null and Sarle (1982)
have adopted a different approach involving the
iterative minimization of other functions than the
usual sum of squared errors employed in classical
least squares. Both approaches appear to be capable
of doing much better than conventional techniques.
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Figure 3
Graphs of Monte Carlo STRESS Values Produced by M-SPACE
During an Application to the STRESS Values Obtained by Scaling

the Rothkopf (1957) Morse Code Confusions Data (Shown as Closed Circles)

Lewandowsky and Spence (1983) have performed
a fairly large monte carlo simulation showing that
the program TUFSCAL is capable of tolerating a
very large number of outliers. They have also shown
that TUFSCAL can tolerate outliers in the data
much better than can KYST, MULTISCALE, or
traditional metric scaling. Also, when outliers are
not present, it appears that TUFSCAL’s perfor-
mance is as good, if not better, than these other
procedures.

Both Spence (1982b) and Null and Sarle (1982)
have developed algorithms for three-way, as well
as two-way, scaling. Practical, publicly available
programs should be ready soon.

Three-Way ~~~~~~~o
A Review off 1~~~~~ Carlo Studies

Currently, several procedures are available for
three-way multidimensional scaling. Originally,
only one program was widely used (Carroll & Chang,
1970), despite the fact that the weighted Euclidean
model had been independently considered by a
number of other workers (e.g., Bloxom, 1968;
Harshman, 1970; Horan, 1969). In addition to

INDSCAL (Carroll & Chang, 1970), programs such
as ALSCAL (Takane et al., 1977), MULTI-
SCALE (Ramsay, 1977, 1978), SUMSCAL (de
Leeuw & Pruzansky, 1978), and direct least squares
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Figure4
Obtained STRESS Values for the

Rothkopf (1957) Morse Code Confusions Data
Versus Dimensionality

metric procedures by Schonemann (1972), Bloxom
(1978), and Krane (1978), plus a few others, are
now available. Although they all fit some version
of the weighted Euclidian model, they differ con-
siderably in several respects, notably in the ways
in which they have chosen to handle the spatial
and distance components of the model as well as
the method of estimation. The spatial component
of the model defines the relationship between the
coordinates and the distances in the geometrical
representation, whereas the distance component of
the model involves the specification of the function
that relates the data and the distances in the rep-
resentation. Although most of the programs use
some variant of a least squares fitting approach,
Ramsay (1977) has chosen the method of maxi-
mum likelihood. See Krane and Spence (1980) for
further discussion of these points.
Monte carlo work on three-way scaling problems

is much more sparse than in the two-way case, and
with one or two exceptions, there is little in the

literature that can be regarded as independent eval-
uation. Conspicuously absent are comparative studies
that compare and contrast the several approaches.
The authors of each of the procedures have per-

formed some simulations, including comparative
demonstrations, but ideally it would be desirable
to have more third-party evaluation. The reasons
for the deficit are not mysterious. It is quite ex-
pensive to run just one of these procedures with a
typical empirical data set. Consider how much more
it costs to obtain three-way scaling solutions with
hundreds or thousands of artificially constructed
data matrices, using three or four different pro-
grams ! Added to this is the problem of experi-
mental design. As noted above, the various avail-
able programs deal with the problem of fitting the
weighted Euclidean model in different ways, and
this makes the problem of comparative evaluation
much more troublesome than in the two-way case.
Furthermore, there are so many ways in which the
parameters of interest might be varied that many
potential monte carlo studies have probably died
on the drawing boards as their authors concluded
that it would be too difficult to do useful work

within a limited computing budget. Nevertheless, 9
the situation is not hopeless. Over the years, as
empirical experience has been gained with these
techniques, the important issues seem to have crys-
tallized, and with clever experimental design it
should be possible to examine them without spend-
ing huge amounts of money. Some of these issues
have been discussed in detail by Krane and Spence
(1980), but it may be useful to give a brief recap-
itulation.

Basic capability

Most multidimensional scaling models are com-
posed of two component parts. First, as noted above,
there is a distance component that specifies the
relation between the dissimilarity and the distance;
and second, a spatial component that specifies how
the coordinates are related to the distances. The

three-way scaling programs described by Bloxom
(1968), Carroll and Chang (1970), Takane et al.

(1977), Ramsay (1977), and Krane (1978) all take
different approaches to fitting these two compo-
nents : No two programs fit exactly the same model.
Some programs-those of Bloxom (1968) and Car-
roll and Chang (1970), as well as the various suc-
cessors of INDSCAL-adopt a sequential ap-
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proach: this means that they first fit the distance

component of the model to the observed dissimi-
larities, producing estimated scalar products, and
then fit the spatial component to these estimated
scalar products. Most other programs attempt to fit
both distance and spatial components simultane-
ously to the observed dissimilarities (or to a trans-
formation of their squares, as in the case of AL-

SCAL). This distinction may appear a little con-

fusing to the casual user and may not seem to be
terribly important; however, in certain situations
the programs could produce rather different results
as a consequence. For example, if a sequential
strategy is employed, sampling errors are ignored
during the fitting of the distance component of the
model. The spatial component is subsequently fit-
ted to the estimated scalar products, and it is not
clear what kind of distortion is produced by having
previously ignored the sampling errors. The si-

multaneous estimation procedures are, of course,
unaffected by this problem.
Each of the three-way programs discussed above

employs a different numerical procedure: Some use
simple gradient-based descent methods, whereas
others use more sophisticated quasi-Newton pro-
cedures, and yet others rely on what have come to
be known as alternating least squares algorithms.
Convergence rate considerations are important here.
Since these programs can be very expensive to use,
it would be useful to know something about the
empirical convergence rates of alternating least

squares and a quasi-Newton method. In theory, the
latter might be expected to be superior, but the
functions being minimized are very complicated,
and it is not clear that there can be too much re-

liance on the conventional theory.
Another question of interest concerns ALSCAL,

a very popular three-way scaling program. As noted
before, ALSCAL fits squared distances to a trans-
formation of squared dissimilarities. It seems likely,
then, that ALSCAL might be adversely affected
when large sampling errors are contained in large
dissimilarities. A few outliers, for example, might
exert tremendous leverage on the solution. A small
monte carlo experiment could provide the an-

swer-so far it has not been performed.

Finally, the effect of the starting configuration
on the final solution is of interest, just as it is in
the two-way case. So far nothing has been pub-
lished on this topic, but there is some empirical
work that suggests that the effects of different start-
ing positions are not trivial.

Carroll and Chang (1970) may have been the
first to perform a simulation with a three-way scal-
ing program. They examined the effects of scaling
random data. However, they obtained only one
replication with 25 points and 12 subjects; so the
results do not permit any really useful conclusions
to be drawn. Takane et al., (1977) conducted a
more ambitious, though still small scale, study that
examined the ability of ALSCAL to recover a known
configuration. They found that their program was
successful in recovering a known configuration when
the error level was zero, even when a nonlinear
distortion of the distances had been employed. They
also found that the addition of fairly large amounts
of error did not degrade the recovery of the con-
figuration too much, although recovery of individ--
ual subject weights could be quite badly affected.
This is not a very surprising finding, since the con-
figuration is estimated on the basis of the data from
all of the subjects, whereas the individual weights
have to be estimated from a single subject’s data.
Their experiment is nonetheless a useful demon-
stration of the phenomenon.

h4acCallum and Cornelius (1977) reported the
first large-scale study examining the performance
of a three-way algorithm. Using ALSCAL, they
found that as in two-way scaling better recovery
was associated with an increase in the number of

points or a decrease in the error level. Also, if the
number of true dimensions was low, then, all other

things being equal, the recovery was better. Also,
as in studies of two-way scaling, MacCallum and
Cornelius (1977) found that the stress-like good-
ness-of-fit statistic was not a very good indicator
of whether the configuration and weights had been
well recovered. Reconstruction could be highly sat-
isfactory, and yet the goodness of fit of the rep-
resentation to the data could be poor. This can

happen with any scaling program when the error
level is high; unfortunately, stress can be high and
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the recovery also poor, and there is no good way
of distinguishing the two situations. However, if
the number of stimuli is quite large and the data
are complete, there is a better chance of success.

The major surprising finding of the h4acCallurn
and Cornelius (1977) study was that the number
of subjects used seemed to have very little effect
upon recovery. They simulated the use of 15 25, 9
35 ~ and 50 subjects and found that when the other
factors were held constant, the configuration was
equally well recovered with 15 as with 50 subjects.
This is somewhat counterintuitive, since it might
be imagined that with more data, recovery would
be better. It may be, however, that the number of
subjects can have a pronounced effect if it is smaller
than 15. The effect of adding more subjects may
reach an asymptote rather quickly, but since neither
h4acCallum and Cornelius, nor anyone else, has
explored this further, the exact nature of the phe-
nomenon, or how it might depend on other factors,
is not known. In any event, their results seem to
indicate that 15 subjects may be a sufficient number
in most three-way scaling situations.

~~&reg;~~~ Comparisons

Very little has been done in this area. Ramsay
(1977) conducted a small experiment that seemed
to show that although there was not much differ-
ence in the recovery of the configuration, MUL-
TISCALE performed better than INDSCAL in re-
covering the subject weights. In the same paper he
also showed that on the basis of monte carlo results

the asymptotic chi-square test for dimensionality
in MULTISCALE required some adjustment.
Ramsay (1980) published such an adjustment based
on the results of a small monte carlo experiment.

Incomplete Design Studies

The sole attempt to examine the problem of miss-
ing data is by I~3~c~~ll~rr~ (1978). In this study he

manipulated the fraction of missing data when the
observations were missing at random. Thus, no
effort was made to exploit standard experimental
designs such as partially balanced incomplete block

designs (cf. cyclic designs, discussed above). Us-
ing ALSCAL, MacCallum varied the number of
subjects, the level of error, and the fraction of

missing data9 based on a known configuration of
30 points in three dimensions. He found that very
good recovery was possible with up to 60% of the
data missing. He further investigated whether it

made any difference to have the same or different
stimulus pairs missing for each subject and found,
at least up to about 40% missing data, that it did
not. Above 40%, it seems that it may be better to
have different judgments missing if the number of
subjects is small.

Demonstrations

MacCallum ( 19‘’7) performed a very interesting
demonstration experiment to illustrate a problem
with the interpretation-and possible subsequent
analysis-of the subject weights obtained by a three-
way scaling program. Either implicitly, or explic-
itly at the user’ option, the data that are input to
a three-way scaling analysis are said to be &dquo;con-

ditional&dquo; or ‘ ‘~r~c&reg;nditi&reg;nal.&dquo; If the data are con-

ditional, observations cannot be meaningfully com-
pared across individuals; they may, for example,
differ in scale. If the data are unconditional, then
each subject’s dissimilarity matrix is assumed to

be directly comparable with any other. Depending
on the assumption invoked, a three-way scaling
performs the operation known as &dquo;~&reg;rrr~ali~ati&reg;n&dquo;
somewhat differently; and this has a direct effect
upon the weights in the solution. If the data are
assumed to be conditional, and the subsequent nor-
malization is done separately for each subject’s
data, then the weights for different subjects cannot
be legitimately compared. No such problem arises
when the data are assumed unconditional. Some

programs (e.g. ALSCAL) allow the user to specify
the normalization desired, whereas others (e.g.,
INDSCAL) perform separate normalizations for each
subject, thus implicitly assuming the data to be
conditional. Most of the empirical examples in the
literature where weights have been compared across
subjects have used INDSCAL, and so it appears
that, even now, many people are not aware of the
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difficulty. They should consult MacCallum (1977)
for a full description and some suggestions.
The ALSCAL program is capable of allowing a

variety of relations between the input data and the
distances in the representation. In addition to the
usual linear transformations, ALSCAL permits or-
dinal and category-preserving transformations. A
fairly large study by Young and Null (1978) showed
that ALSCAL can perform well in recovering a
known configuration if the level of measurement
is known, and even if it is not, ALSCAL may be
useful in helping to determine the level of mea-
surement and to recover the underlying structure
in the data.

Practical Advice

Choosing a Program

It is difficult to make firm recommendations with

respect to the choice of programs, as it is in any
area where change is rapid. Also, different users
are likely to find certain features of a given program
compatible, whereas others may find the same

characteristics objectionable. For example, in the
area of statistical packages, it is this author’s opin-
ion that SAS is the &dquo;best buy&dquo; from a number of
points of view, including the very important ones
of file-handling capability and employing numer-
ically sound algorithms. Should a long-time SPSS
user, who is happy with the system, make the switch?
There may, indeed, be several advantages to using
SAS, but ultimately the user must decide what the
costs and benefits of conversion will be. Likewise,
there would be hesitation in trying to convince the
sophisticated user of GENSTAT to give up the
many advantages of that package for the increased
&dquo;user friendliness&dquo; of the SAS package and its

documentation. Finally, whatever this author’s

opinion might be in 1983, there is no guarantee
that the same one will be held in 1985.
The following comments, then, will be general

and will recommend only widely available routines
of 1983 vintage that perform well under most com-
mon circumstances. By and large, problems of im-
plementation, documentation, and use will not be
considered unless there is something quite unusual
that requires comment.

Two-way scaling. For two-way users
might first consider the possibility of using a tra-
ditional metric scaling program based on the work
of Young and Householder (1938) and Torgerson
(1958). Unfortunately, no single well-packaged
routine is commercially available. Many institu-
tions have such programs, but they are usually of
the home-grown variety. Based mainly on the work
of Torgerson (1958) or Gower (1966), such rou-
tine is easy to program, easy to use, rapid com-
putationally, economic of storage, and immune to
the local minimum and degeneracy problems that
can bedevil the nonmetric counterparts. If the user
has access to such a program, its use should be

given some serious consideration. In most cases it
will do just as good a job as the nonmetric pro-
grams-and cheaper! However, it should be noted
that if there is reason to suspect nonlinearity in the
data, or excessive error, or outlying observations,
it may be worth considering other options.
A sophisticated and flexible metric routine is

available in the MULTISCALEavailable in the MULTISCALE package (Ramsay,
1978). This is based on the maximum likelihood
method of estimation and operates quite differently
from the traditional procedure discussed above. It
is potentially susceptible to the problems suffered
by other iterative routines, although since very little
monte carlo work has been done, it is difficult to
know how much of a problem this might be in
practice. The procedure does possess many advan-
tages : statistical hypotheses (e.g., regarding di-

mensionality) may be tested, since a specific prob-
ability model is assumed for the errors; the input
and output options are extensive; and nonlinear
relationships between the data and the distances are
permitted so long as they come from a power fam-
ily. Additionally, since the procedure operates on
the data directly, it will be less sensitive than tra-
ditional metric scaling to large errors in the data.

If a nonmetric scaling routine is desired, the
author’s choices, in order of preference, would be
KYST, MI~ISSA-I, ~nd SSA-I. However, as noted
before, the differences are minor: They all do the
same job, and do it quite well. KYST is probably
the most flexible, but this is paid for in terms of
slightly increased computing costs. If TORSCA-9
is available, this will serve almost as well. l~ml~&reg;
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SCAL has its considerable strengths also, but the
user should be aware that it is a bit more prone to
the local optimum problem, especially in one di-
mension. Most other nonmetric routines have not

been kept up to date by their authors and, in any
case, are less readily available. As noted previ-
ously, ALSCAL may not be a wise choice for two-
way scaling, since it uses the squares of the data
and is thus more readily affected by large errors
in the data.

Once a program has been chosen, the user will
have to make additional decisions regarding the
setting of the operating parameters of the program.
In most cases this is not likely to cause much trou-
ble, since the authors of all widely used programs
have provided reasonable default values for these
parameters. In the vast majority of cases, these will
serve well. However, there is one choice that may
perplex the user. Shepard ( 1974, 1980), following
Arabie (1973), has advised that whenever non-
metric scaling programs are employed, the user
should make several runs with the same data but
should start the iterative process from a different
random configuration each time. The purpose of
this expensive exercise is to help ensure that sub-
optimal solutions are not obtained; the theory be-
hind the strategy is based on the idea that if 20 or
more attempts are made, one of them is bound to
be better than the result of using a single system-
atically chosen configuration.

This point of view is not supported by empirical
evidence (Lingoes & Roskam, 1973; Null & Young,
1978; Spence & Young, 1978), nor is it shared by
the authors of all publicly distributed computer pro-
grams where a rational starting configuration has
been provided as the default option. There are var-
ious ways of providing a program with a good
starting position; most are based on some modifi-
cation of the classical Young-Householder-Tor-
gerson approach (Torgerson, 1958; Young &
Householder, 193~). As Spence and Young (1978)
have shown in a detailed review of several monte
carlo studies, a rational start is much superior to a
single random start; furthermore, the results of Lin-
goes and Roskam ( 1973) and of Null and Young
(1978)-summarized in Spence (1979)-show that
the use of random starts is less effective

than the use of a rational start. Thus, it seems that
it is not necessary to invest several times as many

computer dollars to guard against being trapped ill
a suboptimal position. The default rational starting
configuration offered by all current programs will
serve very well.

Three-way scaling. In the three-way case it is
more difficult to give good advice regarding the
choice of a program. INDSCAL, or its computa-
tionally more efficient relatives, SUMSCAL and
SINDSCAL (de Leeuw & Pruzansky, 1978), prob-
ably continues to be most popular, although ALS-
CAL is now very widely used, especially since its
incorporation into SAS. ALSCAL is probably more
expensive to use in the majority of cases, especially
by comparison to more recent versions of INDS-
CAL such as SINDSCAL, but is more flexible from
a number of points of view. However, this very
flexibility places a greater onus on the user to be-
come familiar with the consequences of exercising
the various options and to understand thoroughly
the properties of the models that are implemented
in ALSCAL. This is one program that should not
be used casually; the user should have read the
papers in the collection edited by Young and Lew-
yckyj (1981) at the very least, Apart from MUL-
TISCALE (Ramsay, 1_9~~), most of the other three-
way scaling programs are not very widely used as
yet. This may change--especially if monte carlo
studies that reveal strengths and shortcomings are
published.

Noise firom Structure

This is easier to do in the two-way case. The
use of tables, graphs, or analytic approximations
(as earlier in this paper) will quickly give the user
an idea of the worth of the data. It should be borne

in mind that this may only be done in the case of
complete data: No one has so far provided com-
parable monte carlo results for the situation in which
some of the data are missing. l~~id~~at~lly9 if

M-SPACE (Spence & Graef, 1974) is used to help
determine the appropriate dimensionality, random
rankings STRESS values are automatically exhib-
ited as part of the graphical output, as well as an
indication of the level of error in the data. Even
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without the use of such aids, a plot of STRESS
versus dimensionality is often revealing. If there

is a clear elbow in the graph, it is probable that
the data contain only a low or moderate level of
error. On the other hand, if no such discontinuity
is present, it may be that the error variance is quite
large. This comment also applies to other good-
ness-of-fit statistics.

In three-way scaling no comparable aids are

available. However, the device of plotting the
goodness-of-fit statistics against dimensionality may
be employed. Whether this is a correlation-like sta-
tistic (such as in INDSCAL) or a sum of deviation
squares (as in ALSCAL) makes very little differ-
ence. It should be noted that this could be done

individually for each subject. If Ramsay’s (1977)
MULTISCALE procedure is used, it should be re-
membered that a maximum likelihood estimate of
the error variance is obtained as part of the process
of model fitting. The user’s manual (Ramsay, 1978)
should be consulted regarding interpretation.

Determining Dimensionality

The most important piece of advice that can be
given here is that this should not be a mechanical
procedure. By all means examine plots of STRESS
versus dimensionality or use M-SPACE; but fi-

nally, other considerations must be given great
weight. Probably interpretability is the most im-
portant one; and this does not mean staring at co-
ordinates or dimension by dimension plots and then
generating fanciful stories based upon the ordering
of stimuli. Preferably some recourse should be had
to external analysis. The use of regression or can-
onical correlation techniques to relate the dimen-
sions of the space to the results of obtaining uni-
dimensional scales on a number of clearly defined
variables is highly recommended. Good discus-
sions of this are to be found in Kruskal and Wish

(1977) and Davison (1983). This may be done
whether two- or three-way scaling has been em-
ployed. If Ramsay’s (1977) procedure has been
used, there is a statistical test for dimensionality,
but even in this case collateral analysis and atten-
tion to interpretability is desirable.

Another possibility is to match the obtained con-
figuration to a hypothesized target configuration by
the use of an orthogonal Procrustes procedure (e.g., 9
Davison, 1983; Schonemann & Carroll, 1970). Ex-
amination of the goodness-of-fit statistics over sev-
eral different recovered dimensionalities with the

same fixed dimensioned target may be revealing.
Finally, Shepard (1974) has given some excellent
general advice on the question of determining di-
mensionality.

Large ~~p~~°~ ~

At least three approaches may be taken. The best
will depend on individual circumstances. The first
involves attempts to avoid the problem of having
to collect pairwise judgments. One possible tech-
nique is the method of sorting, of which there exist
several variants. A typical task consists in having
the subjects sort the stimuli into a number of ho-
mogeneous categories and then computing one of
several indices of similarity prior to entry to a mul-
tidimensional scaling program. Very little system-
atic monte carlo experimentation has been done to
assess the strengths and limitations of this method.
Drasgow and Jones (1979) have done work sug-
gesting that this method may not be as effective as
some have claimed. Undoubtedly, in a few in-

stances, it has been applied successfully, but there
is enough in the way of anecdotal evidence to con-
vince most people that use of this method can lead
to problems, especially if the error level is high or
the similarity matrix is computed on the basis of
only a few subjects.

The interactive approach (Cliff et al., 1977; Young
& Cliff, 1972) seems to have much to recommend
it. Simulations have shown that interactive scaling
programs can perform very well and, indeed, may
be superior to the use of incomplete experimental
designs that are fixed a priori. This is perhaps not
surprising, since the fixed experimental designs do
not take into account the nature of the data, whereas
an interactive program is able to modify its choice
of pairs dependent on the subject’s previous re-
sponses. The major problem with the approach is
probably a logistic one; access to timesharing fa-
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cilities or to a dedicated computer system is ers-

sential ; this may preclude testing in the field or the
simultaneous acquisition of data from a large num-
ber of subjects. Also, it must be remembered that
the data have to satisfy the restriction of being, at
least approximately, Euclidean distances.

If an incomplete experimental design is to be

used, the most important thing is to have a design
with high global connectedness. Cyclic designs, or
even random designs, will usually perform well.
Construction of these is generally quite easy, with
or without the aid of a computer; but perhaps the
simplest effective approach is the paper-and-pencil
method described by Spence (1982a, p. 39), which
is even easier than constructing a random design.
Whenever the design is incomplete, it is wise to

collect as much data as possible to guard against
the effects of rather high levels of error. Although
the minimum fractions recommended by Spence
(1982a) will usually be sufficient, collection of more
data is to be strongly recommended if at all pos-
sible. If incomplete data are to be used with a
program that fits the weighted Euclidean model,
then it is comforting to know that it is not neces-

sarily advantageous to use different experimental
designs with each subject ~I~~cCallurn9 1978). All
subjects may therefore complete the same experi-
mental materials, thus saving a great deal in their
preparation.
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