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Abstract

For polynomial P(£) in R™ with constant complex coefficients, the oper-
ator defined by R(z)f = F~'((P(-) — z)"'f), where A denotes the Fourier
transform and F~! denotes its inverse, is not bounded from L? to L? when 2
is in the spectrum of P(D). What are suitable spaces B and C' so that R(z)
is bounded from B to C?7 When P(§) is simply characteristic, we prove
that the operator R(z) is bounded from B, to Bf_,, 0 < s < 1, where B, is
a space smaller than L? and Bj_, is a space larger than L?.

1 Introduction

In recent years, a method to obtain uniqueness results (and even give a
theoretical inversion procedure) for a class of inverse problems in poten-
tial scattering has been developed very successfully. Sylvester and Uhlmann
treated an inverse boundary value problem from electric impedance tomog-
raphy (see [S-U]). Nachman and Ablowitz, Beals and Coifman, Novikov and
Henkin studied some problems in inverse scattering (see [N-A], [B-C] and
[N-H]). These have yielded a breakthrough on some problems for which only
linearized approximation had been treatable before and led to the solution
of a great number of related inverse problems.

Most of these works treat problems which can, by one device or another,
be reduced to problems for the Schrodinger operator —A + ¢. The crucial



ingredients are estimates on R(z)f = F~'((P(-) — z)~'f) for z in the spec-
trum of P(D) and a family of solutions ¢(z,() of (—A + ¢)¢ = E¢ which
behave like so called inhomogeneous plane waves exp(zz - () for large values of
the complex vector (. One motivation for the study of such solutions comes
from the observation that it is possible to have Ae®®¢ = Ee®¢ with (? = E
and the energy E fixed, while ( is made arbitrarily large. Then fixed energy
uniqueness follows from a complex version of the Born limit, first observed
in [N-A].

The direct scattering theory for operators of the form Fy(D) + V(z, D),
where Py(D) is a partial differential operator in R™ with real constant co-
efficients which is simply characteristic (see Definition 1.1 below) and V is
a short-range perturbation, has been developed by Agmon and Hormander
(see [H]) and many other authors. One of the key ingredients of such a the-
ory is an estimate for the resolvent (Py(D) — z)~! which remains valid as z
approaches the real axis. This clearly can’t happen on the space L? when z
approaches the spectrum of Po(D), but if Ro(z) = (Po(D) — 2z)7! is viewed
as an operator from a suitable space X smaller than L? to another space Y
larger than L2, then its norm can be shown to remain bounded, independent
of the distance from z to the real axis (if z stays in a bounded subset K
contained in the complex plane C),

I(Po(D) = =) flly < ClIfllx- (1)

The result of the form (1) is known as the “limiting absorption principle”.
To see what spaces X and Y are appropriate, we note, for example, that

when Py(D) = —A in R?, the operator (Py(D) — 22)7!, where z € C\{0},
corresponds to the convolution by
iz|lz—y|
tlp )= —
Even for f € C§°,
G+ f=0(1/]z]) as |z|— co.

So G * f is in general not in L2, but it can be shown that (1 —|—:1:2)_%(G(')" * f)

does belong to L% whenever (1 + :cz)%f is in L? if § > 1/2. This motivates
the introduction of the weighted L? spaces:

L2 ={ve L*(R"): /R”(l + |z]%)®|v(z)|?dz < oo},



Estimates of the form (1), with X = L}, Y = L%, § > 1/2 and Py, simply
characteristic, were first proved by Agmon in [Ag]. In the paper [A-H],
Agmon and Hormander showed that the following class of spaces Bs and
their duals B}(—o0 < s < 00):

B.={ve L(RY):  YRI(] |ofde)? < oo @)
B*={ue L} (R"): sup Rj_s(/ |u|2d:£)1/2 < oo} (3)
321 Q;

where ‘
ROZO) Rj:2]_17 ]:172a
Q={zeR":Rj_1 <|z|<R;}, j=12,--

capture quite precisely the behavior of the resolvent operator at infinity. The
relationship between L? and B is:

L:C B,C L} and L*,C BcC L%
for 6 > s> 0.

Definition 1.1 Let P(¢) be a real valued polynomial of degree m in £ € R™
such that

APy) ={n€ R": Po({+1) = Po(€)} = {0}.

Py will be called simply characteristic if

Bo(&) <C(Y IR +1), €€ R, (4)

laf<1

where

P&y = S IR©) .

0<|al<m

To study fixed energy inverse problems in potential scattering for a general
class of differential operators Py(D), we want solutions ¢(z,() of (Po(D) +
q)é = \¢ which behave like e with ( € C™, Py(¢) = A. The construc-

tion of such solutions requires a generalized limiting absorption estimate for



Po(D, () = Po(D+¢). The first such estimate was obtained by Sylvester and
Uhlmann ([S-U]) for the Laplacian —A at zero energy (¢* = 0):

I = 2C- V) |, < 2

> IC' ”f”L?_

, 0<o< 1. (5)

é

Our main estimates in this paper are given in the following theorem.
The Theorem can be viewed as an analogue for complex polynomials of the
Agmon-Hérmander’s estimates. Since in our situation, the characteristic
variety has codimension 2, the proof is quite different and the estimates are
better than those valid in scattering theory (where R(z) is bounded from
By to Bf/z). We will denote by F or * the Fourier transform and F~! or V
its inverse.

Theorem 1.2 Assume that P is stmply characteristic (see the definition
1.8 below) and let K be a compact subset of C containing no critical value
of P in the sense given in the definition 1.4 below. If f € B;, 0 < s <1, it
follows that R(z)f = F~'((P(:) — 2)7'f) belongs to Bi_,, for z € K and we
have the bound:
|B()flls;_, < Cls,ep) sup = l|flls, =€ K
¢eR" P(¢)

where cp ts in condition (6) in the definition below.

Definition 1.3 Let P(€) = Pi(€) 4+ tPy(€), £ € R™ be an mth order polyno-
mial with complex coefficients. We define a stmply characteristic polyno-
mial P to be one which satisfies

P(&) < ep(IP(§) — 20| + [VP(E)]) (6)
for all £ € R™ and some zg € C where

P(&) = > [P

|| <m
det (

and

E

F5E5
S———

o

2:| 1/4

S P@(E) | vpe)| [ >

|0(|:1 i#5,1<t,j<m

&i



Definition 1.4 If VPi(€) and VPy(£) are not linearly independent at some
point £ € {£ € R" : P(§) — z = 0}, we say that the value z is a critical
value of P.

Note that estimates in above theorem are from the space B; to the space
By, for all 0 < s < 1. Especially, the two end points s = 0 and s = 1 are
included, i.e., (P(D) — z)~! is bounded from B; to B} and from By to Bj.

The end point estimates are more precise than weighted L? estimates:

IR s < Callfllz,
for 0 <6< 1. If f € By C L}, then R(z)f € B shows that the asymptotic

r
2

behavior of R(z)f in average sense is O(1/|z|?) as |z| — oo.

2 Estimates for the Model —!

r1+izo

Since VReP(¢) and VImP(€) are linearly independent on the zero set of
P(¢), we will eventually use a partition of unity in ¢ space and a change of
variables to reduce the problem to one where the symbol of P is & +:£,. We
begin with the main estimate on this model operator.

We recall the definition of the spaces Bs and B} introduced in Introduc-
tion.

Bo={ve LL(RY): S R([ |olfde)’* < oo},
=1 )
The norm for v € By is
lolls, = 3 R5( [ Jolde) 2
i=1 &
The dual space of By is
Br={uel} (R"): sup Rj_s(/ lu|?dz)? < oo}
i1 @
and the norm for u € B} is defined as

||ul|B; = sup R;s(/ |u|?de)'/?,
321 Qj




For s > 0, since

2s

ul|%. < sup R e < ———||u||%.
” ||B5 — RZI:l) |a:|<R|U| T > (1 _ 2_25)”uHBs

the norm |[[u||p; is equivalent to [supps; R7° [, . |u|?dz]*/?. To compare

z|<
with the usual weighted-L? spaces, we note that

L} C B, C L?

and

L*, C B CI?, (7)
for t > s > 0, where

L= {ve LXRY): [ (1+ fal)]o(e)de < o)

2, = {ue L RY): [ (1 +[af)fu(2)lde < oo}
Now we have
Theorem 2.1 Let f € Bi(R"), n > 2. Define

YNNI A
= (o [ = 5 * ) )

1+ 122
where * represents convolution with respect to the first two variables. Then
there is a constant C' > 0 such that

lullss < Clifll:- (9)

Proof: Write z = (2, 2") where 2’ = (zy,23) and 2" = (23, - z,). Then

ey = - fly,z")
(@) = 27 /yl,yz (21— 1) +i(z2 — y2)

u

We need to show that there is a constant C > 0 such that

[ullg; < Cll S5 (10)

To prove (10), we’ll need the following two two-dimensional estimates.



Lemma 2.2 Assume f € L}(R*) N L%,
(1)
uxde<C’R2»/ 2dy + || fII3
Sy, W@ < RS [ 17) Py + 171
and for any integer m with j —1 > m > 0 we have
(12)

2
d
/R]‘—m—1<|901|<Rj /|932|<Rj IU(x)l *
< CIR? 2dy + (4™F? 2.
<ClR: | Jyer, @)y @)

Rj_m_2<|y1|<Rj41
Proof: (i)

2 _ _1_ f(y)
/|11|<Rj fu(@)lde = 472 /|17|<Rj [v/lyiéRJ‘H (1 —y1) + oz — y2)dy

f(y)
t /y|>R]+1 (1 —y1) + (22 — y2)

fy) 2
27?2 [/|x|<R /y|<RJ+1 (T — 1) +i(z2 — ?J2)dy| &
)

dy|*dz]

dy)*dz

IA

/ / [y
lel<R;  JyI>Ry41 (T1 — y1) + t(z2 — y2)

For the first integral, we have

f(y) 2
: dyl“d
ISP SO e s e LR

f(?/) 2
— : dy|“dz
/|I|<Rj | -/ly|§Rj+1 (xl - yl) + Z($2 - y2) y|

lz—y|<3R;

(by Young’s inequality)

1 2,
Sy O )
<EmPR [ L)y,

ly <Rji1

(R?). Let u be defined by (8). Then



For the second integral, we have

(sincelz — y| > R;)

f(y) ) 1
SR NS e o s (LRI IO MO

= (s W)y

Combining the two terms, we have
1
e < —[(6m)R? [ 2q M2, e
Jopon, PP < S5 l6R PR [ )Py + A FOIR, )
1
< 18R [ 2dy + —IF ()P, ..
< 5 Jyi<rn, )Py + 5O, gy
(ii)
u(z)|?dz
/Rj—m—1§|331|§Rj /|932|§Rj| (@)l
= L/ / |/ 2 f(y) dy|*dz
102 Iy sctonin, Jiaen, R o — ) + (a2 — 93)

472 JR; _m_1<|z1|<R; JIz2|<R;  JRj_m_a<Iu1|<Rjt1 J]y2|< Ry

28

fy) 2
+/R2\9§ (21— y1) + 1z - Z/z)dyl )

For the first integral, we have by Young’s inequality

T ) S B
Rj—m-1<|e1|<R; JI22|<Rj  JR;—m—2<|ui|<Ryp1 JIwal<Rypn (21 — Y1) + i(22 — y2)

J

0

1
< / —dt 2/ / 2d ,
_( [t|<6R; |t| ) Rj_m—2<ly11<R 41 Y |y2|<Rj41 lf(y)' y

J

since when R;_nm_1 < |z1] < Ry, |22] < R;, Rj—m—2 < |y1] < Rj41 and
lya| < Rjt1,

| —y| < lzy —y1| + |22 — yo| <] + |yal + |z2] + |y2| = 6R;.



For the second integral, we have

fy)
: dy|*d
/J- 1<1x1|<R-/|a:2|<R |/Rz\9, (1 —y1) +i(z2 — y2) ylde

1
< dod
- RJ —-m— 2/J —m—-1<[e1|<R; /|1:2|<R /R2\Q. )| y) €
R2
< WO, gy

since when R;_,,1 < |21] < Rj, |2] < R; and y € R}\Q,

|33 - y| > |371 - ?/1| > Rj—m—2'

Combing the two terms, we have

/ / |u(z)|*dz
Rj_m-1<la1<R, JJeal<R,
1

<14422./ / 2y + — O s
< (14 )RJ Rj—m—-2<|y1|<Rjt1 J|y2|<Rj4a I )ldy + 2m2 R? ¢ )”Ll(R

J—m—2 )

1
=128 [ / dy + 55 (@)
T IR 2 <lu11<Rj1 Jly2 | <Ry lf( )l Y ( )”f( )I|L1(R2

f

The norm in By is a majorant for the following mixed L', L? norms
(compare with Theorem 14.1.2 in [H]):

Lemma 2.3 Let n > 3 and let x = (2',2") where @’ = (z1,2,) and 2" =
(23, ). If f € By(R") then

(i) [ 1 sy 02 < VAl
(i) (Sges 172, e de”)2 < V| Sl

Proof: (i) Let f; = f in §; and f; = 0 elsewhere. Then, by the Cauchy-

Schwartz inequality,

/Rz ”fj(xlv ')”Lz(R"_Q)d‘r/

IA

(B2 Jo 105, )2, s )2

< VAR([ 1f(@)Pde) .

N
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Thus, since f =3, f;, we obtain

Jeo 1l o o, <Y Jo 1525 M e g2y da” < VA s

where the second inequality follows from the definition of the B norm.
(i1) Minkowski’s inequality for integrals shows that

NP mi/e ' . L de
(Jognoa I )2, a2 < s 17, o s
and (ii) follows from (i). #

Now we are in the position to prove (10). For dimension n = 2, (10)
follows from Lemma 2.2 (i) immediately. For n > 3, we cover ; in the
following way:

Q; ={zeR": Rj<|z|<R;}

cUr_{z € R":q; < |zx| < Rj,|zi| < Rj,1 <1<n,l#k} =%, <l

(11)

where a; = Rj_1/+/n, and for each F,

o def{ €R":q; < |zi| < Rj, |z < Rj,1 <1< n,l#k}

12
C{reR":q, < 2] < b)) (12)

with b; = \/nR; (see Figure 1).
Let m be the positive integer such that 2™~!' < /n < 2™. Then from

(11),
/ lu(z’, 2")|Pdz < Z/ z' 2" P dx (13)

- Zn:/ / u(a’, 2")dz, - - dzy, - - - depdey.
k=1 Y ai<lek|<R; J|z|<Rjl#k

If k=1o0r2, say k =1, then

/ / lu(z’, ")|*dzy - - - dan,
a;<|z1|<R; J|z|<R;,1>2

< / ( / / lu(z', 2")[2da")dz"
|z"|<R; JRj_m-1<|r1|<Rj J|r2|<R;

(14)
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Figure 1: The graph of Q;
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(by Lemma 2.2 (ii))

<C RZ/ / L2")|2d La? e lde”

SO LB e | M E G2, g e

( by (12))

scm/ o 2ddx,,+0/ g
2485 Rj—m—2<|(v:2")|<v/mR; 41 |f(y )| ) 2 lo|<R; Hf( )” R2 z

(by Lemma 2.3 (ii))
<CUIFIE, g + O, o

If £>3,say k=3, then

/ / lu(z’, z")|*dzy - - - dzs - - - dz,dzs (15)
Rj_l/\/T_L<|I,3|<RJ' I(E”(R;,l-‘,ﬁ:‘}

S 03/ / (/ |u(:c', ;c")|2d:v')d:c”
R]—m—l<|‘r3|<Rj |ml|<RJvl:lé31172 |‘T/|<R]
( by Lemma 2.2 (ii))

|
<C/ / 18R2-/ ") Pdy + —

=8 Rj_m_1<|z3|<R; |:L'[|<R]‘,l¢3,1,2[ J ly|<Rj+1 |f(y v )I y+ 27z‘||f( )”LI(R ]
( by (12))

<G [ a")dyda" + Cs [ S, e da”
S Gl < i, | f(y,2")"dy > Jen, 1f(- 2 )||L1(R) z

< Cs(4™ I mey + CallFI Ry
() ()

by Lemma 2.3 (ii).
So for each k,

L, e ade < Cuam AR, gey + 171, @) (16)

k

with m depending only on the dimension n.

Returning to (13), we obtain

[

* o= 2d 1/2 < C n,,
5y = sup( [, [u(@)Pda)'”* < CIlflp, ey



Corollary 2.4 If f € By and u = f «*(

Proof:

[[ull5;

Thus, u = f *(

13

), then

z +zo:

i

B} < C”f”Bo

Note that B is the dual space of B;. So

IN

IN

IN

IN

sup | / g(x)dz|

”9“B1—1

:L‘") L
d /,(E" d Id "
271‘ ||9||B =1 / / / (z1— _|_2($2_y2) y)9(z Ydz'dz"|

g(a’
— sup / / / a(z’,2") dydz'dz"|
2m IlyIIB =1 Jor Jor Sy (21— 1) Ty —Y2)

( by Fubini’s Theorem )

% sup I/z"’/y(/ ( g(a:',:z.:”) dz") f(y,z")dydz"|

T lgllz, =1 (1 — 1) + iz — y2)

5r S ZI// 2 |, TICIIR——~

277 ||g||B =1 —y1) +i(z2 — y2)

// |f y) zdyda:")l/Q
27f ||g||B =151

1"
// / $ s L ) d$1|2dyd$”)l/2
$1—y1 + (2 — y2)

o= sup / o Vo2 Py

27? 1l 3, :1
.’L’ $")

dz'12d dz" 1/2
el J, L, T+ e gy e
( by Theorem 2.1 )
1 [ Ve Fdyis ) sup (Claln)

9 B, =

C”f”Bo'

) is in By. il

T4z




Corollary 2.5 Let 0 < s < 1. If f € By_s, then f*(

) € BX and

x-+w2

1S+ ( )l

« < .
:1:1 + 2‘1,2 Bs — CS”f“Bl—s

Proof:  First if u € Bj, we have

ullze,

IN

[+ Loy~ u(e) Pde
> [ (e (o) e

R;_Zf/ﬂ |u(z)|*dx
22SZR;28/ lu(z)|*dz
oY R; 25/ lu(z)]2dz + 3 R; 23/ lu(z)|2dz)

i<k >k
4> R¥" 2SR2/ lu(z)|*dz + > R; 25/ |u(z)|*dz}
i<k >k
C{Rﬁ_zswllﬂ Be + BB )

for each k > 1, where C is independent of k. So

el 2,

IN

IN

IN

lullz, < /Cof2{ B ulls; + R llulls; -
Now let f =35%, fr where fr = flq,. Then, with ux = fi *

00
1D ullze
k=1

o)

> lukllzz,

k=1

Cs D { Ry
k

( by Theorem 2.1 and Corollary 2.4 )
Cs Z Rllc_s”fk”Bo + R;sllfk||31
k

1 +w2

B; + R ||kl

Bg}

14




15

= G V@) + R R [ 17 (@)de) )
= GY R 1f(@)fde)

le

= Cs”fHBl—s‘

Since L%, C Bz,

[ullg; < Cllullzz, < Csll s,

t

Note that although the map f — f*(-=5—) is bounded from L% to L2,

T +iTo
for 0 < § < 1, it is neither bounded from L? to L3 nor from L2 to L%,. So the
Agmon-Hoérmander spaces B; provide the appropriate end point substitutes

for the weighted-L? spaces.

3 Estimate for General Distribution (Hl(é)iiﬂz(ﬁ))

1
141z
distribution (H—l(m)v(:c) Before doing so, we need some additional

definitions and lemmas.

Now we generalize the result from the special model to a general

Let ¢q, ¢y -+ be a sequence of positive numbers such that for some con-
stant M,
s
ﬁ <41 < Mc; (17)
7 =1,2,---. Define

By = {v € L,.(R"): ZC]‘(/Q lv|?dz)? < o} .
] J

J=1

Then its dual space is

Biy ={u€ L} (R"): sup CJ'_I(/Q, lu|2dz)/? < oo} .
J

i21

Then we have
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Lemma 3.1 Let N be the smallest integer such that 2N > M. Then there
is a constant Cpy such that tf
T: L[*y—L%y

s bounded and

T: I3 — L%
is bounded with both norms < A, it follows that
T: By — By
is bounded with norm < CpA.

Lemma 3.2 Let r € CN(R") and assume that D°r is bounded when |a| <
N. Then the operator r(D) = F~'rF is bounded in By and

||7“(D)U||B{C} <Cum Z sup |Da7°|||u||B{C}, u € By,
la|<N

where F is the Fourier transform operator.

Lemma 3.3 Let X; and X, be open sets in R™ and U a CN*' diffeomor-
phism X; — X;. Choose x € CN(X;) and set

Tu=F (x(toW))

Then T' is bounded in By, with a norm which can be estimated in terms of
the mazimum of the derivatives of x of order < N and of U, U=t of order
< N+1.

Proofs of the above three lemmas can be found in [H].

For the space B,, s > 0, we can choose {c}, = {R$} = {2071} and
M, = 2°. Then

9li=2)s _ ]
M,
In Lemma 3.1, we can choose N =2 if s = 1. If 0 < s < 1, we can choose

N =1.

S Ci+1 = 27% = MSC]‘ .
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Theorem 3.4 Let H(E) = Hy(€) + tHy(€) € C*(QY) where Q is an open set
in R"; assume that Re(VH(£)) = VHy(€) and Im(VH(£)) = VHy(€) are
linearly independent when H(E) = 0 in Q. Then for fized x € C¢(Q), there

exists a constant C' such that when u € By, v € By,

|/x (&)o(E)de| < Clluliz [|v]l 5o- (18)
Proof:  First, if suppy is sufficiently small and
or, o \ |2 1/4
IVH(¢)| = Zdet(f_,% @2) #0
i#7 ¢  9¢

on suppy, we can suppose X = X1X2 where x1, x2 € Cg(€') for an open
set ' C Q such that there is a C® diffeomorphism 3 : Q" — Q' with

H(%(n)) = m + inz. Then

[ara©m e ae)sed
= | (BN TR et (n)ldy

From Lemma 3.3, F~'(x10¢ -do%) € By and F~(x20% -0 01) € By.
Then Theorem 2.1 and Corollary 2.4 imply that

Fi , oo € B
(771+Z772X1 Vrioy) 0

Therefore
[ a(©xa(© HE) T Ue)5(E)de] < Clullz, o]z,

In general, if [VH(£)| = 0 at some points £ in suppy, write x(¢) = x1(€) +
x2(€) where |[VH(€)| # 0 in suppyx: and H(€) # 0 in suppxz. Then

| [xa(@)HE) ale)oEde]

< C/|u o(€)|de
< O”U”Lg“””Lg
< Cllulls llv] -
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On suppy1, using a partition of unity and the proof for small suppy, we have

|/X1(€)H(€)_1ﬂ(€)ﬁ(€)d€l < Cllulls [|v] 5
Combining the estimates for y; and x» yeilds (18). #
Theorem 3.4 says that Tu = F~!(xH ') is bounded from By to By and
also bounded from By to By. Then by interpolation we have

Corollary 3.5 The operator Tou = F~'(xyH '4), u € Bs is bounded from
B to BY_, for each 0 < s <1; i.e.,

|F = ()

B:_, < Csllull,, u € B.

1—s

4 Estimate for Complex Simply Characteris-
tic Polynomials

Let P(¢) = Pi(€)+iP2(€) be a polynomial with constant complex coefficients,
and assume that

9P 8P /e
VP = [Z|det ( o, ofh ) |2] # 0
i#] o9& O¢
on {£ € R" : P(§) = 0}. Then for x € CZ(R"), we have shown in the

previous section that

IF 0P flls;_, < Cillflls.,  f € B (19)

for0 <s<1.

Now we want to impose a stronger condition on P to control the behavior
at large ¢ and thus allow an estimate like (19) without the cut-off function y.
We need a notion of a simply characteristic complex polynomials analogous
to the one introduced by Hérmander for real polynomials.

Definition 4.1 Let P(€) = Py(€)+iP,(€) be a polynomial of € € R™ of order
m with complex constant coefficients. We say P is simply characteristic
if for some complex z

P(&) < cp([P(€) — 2|+ VP (20)
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for all £ € R™, where

PO S PO+ VP (21)
|| <m, || #1
and
def 88_]§DL %L 211/4
IVPE)|E Y | det | 25 55 | M (22)
i#] & 9¢;

Now let us analyze the condition (20). We assume here P(£) — oo as
£ — oo.

1. Set Pe(n) = PE+n)  Then we have from (20)

P(¢)
1 < C(1Q0)[ + [VQ(0)]) (23)

if Q is any limit of P as £ — oo. Since Q4(n) = %’7(—;)@ is also such a
limit it follows that if @(8) = Q1(0)+iQ2(0) = 0 at 6, then |[VQ()| # 0.
This means that V(Q)1(0) and VQ2(8) are linearly independent on the

zero set of Q).

RO

If condition (20) is not valid for any C' when |¢| large, then we can
find a limit @ with |VQ(0)| = 0 and this contradicts (23). Thus the
validity of (20) for large |¢| is independent of z € C and means precisely
that the limits of P have the property that VQi(£) and VQ2(¢) are
linearly independent on the zero set {{ € R" : Q(£) = 0}. For a
simply characteristic polynomial we conclude that (20) is uniformly
valid when z belongs to a compact set which does not contain any value
z € C" such that

(I): VPi(¢) and VP,(€) are not linearly independent at some point
(e{{eR": P(§) —z=0}.

We will call these values critical values.

3. If z € C is not a critical value of P, then when we set P:(n) =
ﬂ%%)_u, condition (20) means
1

P(0) =0, IVP(0)] > & (24)
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for £ € {£ € R" : P({) — z = 0}. Combining (23) and (24) we see
that the polynomials P; and their limits as { — oo either have a simple
zero at 7 = 0 in the sense that P¢(0) = 0, V¢P(0) and V¢P,(0) are
linearly independent or do not equal 0 at n = 0. Furthermore, from
(23), (24) and the uniform boundedness of the coefficients of P; and
their limits we find using the implicit function theorem that for some
r > 0 independent of ¢, all zeros of P¢(n) and of their limits with |n| < r
can for some ¢ and j (after C* diffeomophism) be written in the form

n: = 111(771 i1 M1 =1 41 0 77n)

M = ha(n1 - Mict, Migr = Mj=1, i1+~ )
where hq, hy € C3.

Remark: If P(£) is a hypoelliptic polynomial,

PE(E)/P(&) =0

when ¢ — oo in R" for a # 0. So hypoelliptic polynomials satisfy condition(20)

for large £ . Thus if z € C is not a critical value of P, condition (20) is
satisfied for all £ € R".

Theorem 4.2 Assume that P is simply characteristic and let K be a
compact subset of C containing no critical value of P. If f € By, it
follows that )

R(z)f = F((P() = 2)7"f)

is in Bf for z € K and we have the estimate

1
R(z + < (C sup =—— ) 25
18(z)fll; < geIIZ)” P(é)HfHB (25)

for z € K where C' depends only on the dimension n and the constant cp in

condition (20).

Proof: It suffices to prove the theorem for some neighborhood K of 0 in
C when 0 is not a critical value. Since P; and their limits as ¢ — oo
have uniformly bounded coefficients, the polynomials P; and their limits as
£ — oo form a compact set of polynomials either satisfying the hypotheses
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on H in Theorem 3.4 with Q = {n € R" : |n| < p}, say, or else uniformly
bounded from below in 2, where the lower bound depends only on cp in (20)
and the compact set K. According to the analysis following Definition 4.1,
we can choose p > 0 small enough such that in |n| < p, all real zeros of P¢(n)
and their limits as £ — oo with |n| < p can be represented by

n: = hl(m M=y i1 =1, 41 "Un)

M = ha(nu Mty Migr - =1, Wi+ M)

for some ¢ and j (after C*® diffeomophism ¢ : Pe((B)) = B +15;). If
X € C°(9) it follows from the proof of Theorem 3.4 that there is a constant
C' and a compact neighborhood K of 0 in C, both independent of £, such
that

———=)fMin)dn] < CIF 7 (xHlla. 1 F 7 (xd)

ol —

if f, g €S where S is the Schwartz space, and 2/15(5) € K. Let K’ be a
neighborhood of 0 in C contained in P({)K for all £. Making a translation
of f and ¢ and writing x¢(n) = x(n — €) we have

1/ P(f>;x§<n>f(n>><g(n>§‘(n>dn|

I/Ix (=7 + 0+ B

< ClIF (xf(ﬁ + Dla 77 (€ + )l s
< CIF (el F (xed) s,

If we then write fé = ng, Je = Xeg, 1t follows that

s 1
I/P ). (1)xe(m)g(n)dn] SCgilﬁ)n%IIfgllBlllgsllBo

If we integrate with respect to ¢ and use the following lemma we obtain

1
R(2)f,9)| < C sup ——||fll5 |lgll5, 26
[(R(2)f,9)] i, P(é)”f”B gl = (26)

which proves the theorem. il
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Lemma 4.3 Let x € CP(R") and set x(D —n)u = F~'x(-—n)u, u € S'.
Then we have

JI(D = nyully dn < Corlully, ,, ue By
for all {c} satisfying condition (17).
This lemma is Theorem 14.1.7 in Hérmander’s book [H].
From estimate (26) we also see that R(z) is also bounded from B, to Bj.

Then by interpolation we obtain that R(z) is also bounded from B; to B}_,
for 0 < s < 1. Therefore we have

Theorem 4.4 Supppose that P and K are as in the hypotheses of Theo-
rem 4.2. If f € Bs(0 < s < 1) it follows that

R(z)f = FN((P() = 2)7'f)

is in BY_, for z € K and we have estimate
| R(2)fllB;_, < C(s,cp) sup

forze K.

Remark:

1. If {P(&,¢)} is a family of polynomials of ¢ depending on a parameter
¢ in a subset M¢ C C" and condition (20) is valid for all { € M,, with
the constant cp(() depending on ¢, then

z,0)f,9) < C(s,c sup —=
(R 00) < 0Gser(0) sup. 50

forall fe B,,g€ Bi_;and 0 <s <1.

Illsllglle,. (27)

2. If ¢p in condition (20) is independent of { € M(, then

[(R(z,()f,9)] < C(s,cp) S, (6 0 s~ I/ls.lglls... (28

forall f € Bs, g € By_; andOSsS 1.
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5 The Uniqueness of Solutions and The Be-
havior at Infinity

Now let us turn to the partial differential equation:
P(Dyju=feB,, 0<s<1, (29)

where we assume that the symbol P(¢) = Pi(€) + i Py(€) of P(D) is simply
characteristic and 0 is not a critical value. Then from Theorem 4.4, we
have

R(O)f = F((P()'f) € B,
with

1
R(0 « <Oy sup =—— .
1R0)fllB;_, < ;ﬁ)ﬂ P(f)IIfIIB-

for 0 < s <1. R(0)f is a solution to (29); we can prove uniqueness of the
solution to (29) in By_, if 0 < s < 1.

Theorem 5.1 Let P(€) = Pi(€) 4+ iPy(€) be a polynomial. Suppose the zero
set M of P(£) is a C' submanifold of codimension 2. Then solution to (29)
in BY_, is unique if 0 < s < 1. Moreover, if f € By and 0 < s <1 then

. 1 2
1%1_13)10 W/MKR lu(z)|*dz = 0.

FEspecially, if f € By then

. 1 2
Jim s /WR lu(z)[2dz = 0
forall0 <s<1.

Proof: To prove first statement, we need the following lemma proved in the

paper [A-H].

Lemma 5.2 Let u € &' N L% and assume that

loc

1
lim su —/ dz <
Aim sup |$|<R|u(:1:)| T < 00
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If the restriction of the Fourier transform u to an open subset ) of R" is
supported by a C' submanifold M of codimension k, then it is an L* density
tiods on M and

1
“ds < c i / ?
/ [to)*ds < ¢ im sup - o< lu(z)|

where ¢ only depends on n.

Suppose we have u; and uy in Bf_, satisfying equation (29). Set u =
u; — ug. Then

P(D)u =0

This implies that @ is supported on M = {{ € R" : P(£) = 0} which is a C?
submanifold of codimension 2. Since v € Bf_,, (0 < s <1)

1
hm sup — /|x|<R|u(;p)|2d;c

11 )
= }%nn SUP o aie) /|$|<R|u(:v)| dx

|u(z)|*dz

=1l ! li L
= Jim o fim sup s
=0
The last equality follows from
1 ) 22(1—3)
- de < — =2~
P T ) < TErEEDL

By Lemma 5.2,

N . 1
/M |a|*ds < 61%121;10 sup = /|$|<R lu(z))*dz =0 .

This proves first statement.
To prove second statement we note if 0 < s < 1 and f € L2, then

R(O)f € L2—1+s; i'e'v

Jor (L e F ()7 ()P < o
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Then
limsup [ (14 o) HF PO (@) de = 0.

J

This implies

y 1
oo P 209

[ 1FPOT @) e = 0.
z€Qy
For any € > 0, there is an integer N > 0 such that when m > N

1
R—2(1_—s)/(; Iu($)l2d$ <€

where u(z) = F1(P(-)"'f)(z). Then

1 2
1 e, PP = le . Z/ fu(z)[*da
- 21(22(1 5)ym— 1/ [u(@)[*dz
J:

2d:z:

I
1]

2213m](22(1311/|u

J=1

1
221 Ay JR / lu(z)|*dx

]

I
Mz

J=1

i 1
+ Z (22(1-5))m~j R2(1—s) /Qj |u(f'3)|2dil?
J

j=N+1
< ullz; i;ﬂi Yo —
> 1-s ot (22(1—3))m—_7 Pl (22(1—5))m—j
1 1 1
2
S (22(1=9))m=N 1 — 2-2(1-s) - T 9-2(1-s)

€
S 1 — 2_2(1_3) (]' + HullzB{_Q)

for m > N large enough. Therefore

1
hm SUP Tty |u(z)|*dz

|z|<R

= lim sup lu(z)|*dz = 0.

1
R—>oo R'>R (R/) —s) /|z|<R’
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