EXISTENCE, UNIQUENESS, AND
ASYMPTOTIC STABILITY OF TRAVELING WAVES
IN NONLOCAL EVOLUTION EQUATIONS

Xinfu Chen!

Abstract. The existence, uniqueness, and global exponential stability of traveling wave solutions of a class of
nonlinear and nonlocal evolution equations are established. It is assumed that there are two stable equilibria so that
a tr aveling wave is a solution that connects them. A basic assumption is the comparison principle: a smaller initial
value produces a smaller solution. When applied to differential equations or integro-differential equations, the result

recovers and/or complements a number of existing ones.
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1 Introduction.

In this paper, we are concerned with a one space dimensional evolution equation
ug(z,t) = Afu(-, t)](x), rEe R, t>0, (1.1)

where A is a nonlinear operator which is independent of the time ¢, maps functions of space variable - to
functions of , and, via (1.1), generates a semi-group on the Banach space L*°(IR).

We assume that A is translation invariant; namely, for any h € IR and any function u(z),
Alu(-+ h)](z) = Alu()](z + h) Ve € IR. (1.2)

With this translation invariance, .4 maps constant functions to constant functions, so that, denoting by 1

the function identically equal to 1, there is a function f(-) such that
Alal] = f(a)l Va e IR. (1.3)
We assume that f has the following properties:
fect(mr), f0)=f1)=0, f(0)<0, f(1)<0. (1.4)

Namely, 0 and 1 are two stable equilibria of A among all constant functions.
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We are interested in traveling wave solutions that connect the two stable equilibria 0 and 1. Throughout
this paper, a traveling wave solution of (1.1) always refers to a pair (U, ¢), where U = U(&) is a function on
IR and ¢ is a constant, such that u(xz,t) := U(x — ct) is a solution of (1.1) and

lim (=1, lim U(€)=0. (1.5)

&—00

We call ¢ the traveling wave speed and U the profile of the wave front. If ¢ = 0, we say U is a standing wave.

Our main assumption on A is the following comparison principle:
if uy > Afu], vy < Afv], and u(-,0) > (#)v(+,0), then u(-,¢) > v(-,¢) for all t > 0. (1.6)

Under certain additional regularity assumptions on A, we shall show that traveling wave solutions are unique
up to a translation (Theorem 2.1) and globally exponentially stable (Theorem 3.1). Also, we provide an a
priori estimate for the wave speed (Theorem 3.5) and the existence of a traveling wave (Theorem 4.1).

Our study of (1.1) is motivated by the following traveling wave problems.

A. Reaction—Diffusion. In their classical paper [12], Fife and McLeod proved the global exponential

stability of traveling wave solutions of the nonlinear reaction—diffusion equation
U = gy + flu), z€IRt>0, (1.7)

where f(-) satisfies (1.4). In proving their stability theorem, they used the variational structure
€, 2 d c€ 2
eCul+ = [ e (uE — 9[F(u) - F(1)H(g)]) dE=0, €:=z—c, (1.8)
R dt Jpp

where F'(u fo s)ds and H(€) is the Heaviside function equal to 1 when £ > 0 and 0 when & < 0. Here
it 1s cruc1a1 and very subtle to include the terms F(1)H(¢) and e in (1.8).
B. Neural Network. In [10], Ermentrout and McLeod studied, among other things, the existence and

uniqueness of monotonic traveling wave solutions of the integral differential equation

i, t) = —u(z, t) + J * S(u) (J*S = [ J(z—)S (,t))dy) (1.9)

where S € CY(IR), S’(-) > 0 in [0,1], S(0) = 0, S(1) = 1, S’(0) < 1,5(1) < 1, and J is a smooth kernel
satisfying
J>0in IR, JrJ(y)dy = 1. (1.10)

Note that f(u) := S(u) — u satisfies (1.4). Their result is established by using a homotopy connecting (1.9)
and (1.7).
C. Ising Model. In [7, 8, 9, 14], the authors studied the integro-differential equation

up = tanh{A(J *u+ h)} — u, (1.11)

where 3 > 1 and h are constants and J is a smooth kernel supported on [—1, 1] and satisfies (1.10). When
h = 0, the existence of a unique standing wave was established by Dal Passo and De Mottoni [7], whereas
its local exponential stability was shown in [9]. For fixed 8 > 1 and every sufficiently small h, De Masi,
Gobron, and Presutti [8] established the existence, uniqueness, and global exponential stability of traveling
waves of (1.11). Since (1.11) does not seem to have an energy identity similar to (1.8), their stability analysis
involves a great deal of technicalities. Recently, Orlandi and Triolo [14] extended part of the result of [8] to
the general h such that the algebraic equation tanh{#(u + h)} — u = 0 has three distinguished roots.



D. Phase Transition. Recently, Bates, Fife, Ren, and Wang [2] studied the traveling waves of
up = A[J *u—ul + f(u), (1.12)

where A > 0 is a parameter, f satisfies (1.4), and J satisfies (1.10). As in [10], a homotopy connecting (1.12)
and (1.7) was used to prove the existence of monotonic traveling waves. The uniqueness is established by a
method similar to what we shall present here in this paper. As in [8], since an energy identity similar (1.8)
is hard to find for ¢ # 0, asymptotic stability was established only for standing waves.

E. Thalamic Model. Very recently, Z. Chen and Ermentrout [5] studied traveling waves of

up = —fu+ ol —w)H(J * S(u) —0) (1.13)

where o and 3 are positive constants, H¢(s) := %[1 + tanh(£)] (0 < ¢ < 1) is the smoothed Heaviside
function, S’ > 0, and 6 is a parameter taking values in (S(0),S(1)). By using a homotopy, existence and
uniqueness of monotonic traveling waves were established.

Our result applies to all these cases (except (1.12) with small A, which we shall discuss later). More

generally, our method applies to traveling wave solutions of evolution equations of the form
up = Dugy + G(u, J1 + ST (w), -+, Jo + S (), (1.14)

where D > 0 is any constant, J;, ¢ = 1,---,n, are non-negative kernels satisfying (1.10), G,,(u,p) > 0,
Si(u) >0, Gu(u,p) < 0, and f(u) := G(u, S*(u),---, 5" (u)) satisfies (1.4).

Our basic strategy is to construct various kinds of super—sub solutions to control the solutions of (1.1).
Hence, the comparison principle (1.6) and the stability assumption (1.4) are the only key properties needed
in our analysis.

For the reader’s convenience, here we describe the structure of the paper and briefly explain our ideas.

In §2, we prove the uniqueness of traveling wave solutions by using a moving plane technique [1, 3, and
the references therein]. The idea is very simple: if (U, ¢) and (U, ¢) are two solutions, then U(-) < U( +h)
for sufficiently large constant A, which implies, by the comparison principle, either U(:) = ﬁ( + h) or
U(-) < U(-+h); if U(-) < U(-+ h), then h can be decreased to a minimum where an identity holds, so that
U is merely a translation of I/. Nevertheless, since IR is not compact, it is not trivial to find an h such that
U(-) < U(-+ h) and to decrease h in case U(-) < U(-+ h). Here we shall solve this problem by constructing
sub—super solutions based on the following principle: A supersolution can be obtained from a monotonically
increasing sol ution by raising the solution and making it move slower whereas a subsolution can be obtained
in the opposite way. This principle, though not explicitly stated, has been used in [4, 11, 12] and many other
places.

In §3, we prove the global exponential stability. Namely, if ug(#) is larger than a certain value for all
£ > 1 and is less than a certain value for all < —1, then the solution u(-,¢) of (1.1) with initial value
u(-,0) = ug(dot) approaches, as t — oo, to a traveling wave. The rate is exponential in the sense that
Ju(-,t) = U(- — et + &)||poo(m) < Ke™** for some positive x independent of uy and some constants £ and K
dependi ng on ug. We prove it in three steps.

In Step 1, we imitate Fife-McLeod [12] constructing sub and supersolutions to show that, for large enough

t, u(z,t) is close to 1 for # > 1 and is close to 0 for all x < —1, i.e.,
U —ct+&)—6<ule, ) <U(x—ct+E+h)+6 Ve e R (1.15)

for arbitrarily fixed 6 > 0 and some & € IR and A > 1. As a byproduct, we have an explicit a priori estimate

on the traveling wave speed, which is very much needed in [2, 5, 10] for homotopy.



In Step 2, we show that, for any fixed small positive §, there is a sufficiently large ¢ such that (1.15) holds
for h = 1. This step is achieved in [12] by using the compactness of the family {u(-,%)};>1, the unique ness
of the traveling wave solutions, and the energy identity (1.8). Similarly, in [1], this step is done by studying
the accumulation points of the sequence {u(-+¢&;,7)}72, where u(¢;,j) = 1/2. Here, we p rove the assertion
by utilizing sub—super solutions, and therefore we do not use the compactness of the family {u(-,%)};>; and
the variational structure of the equation. One advantage of our method is that we have an estimate on the
time ¢ that is needed to make h small (< 1).

In Step 3, we establish the exponential stability. All the previous papers [1, 2, 8, 10, 12, 14] used the
linear operator A'[U](-), where A'[](+) is the Fréchet derivative of A defined by

AT(v) = lim 2 { Au + 1] —A[u]}. (1.16)

e—0 ¢

It was proved that the linear operator A'[U] —1—66% has a vanishing eigenvalue which is simple and corresponds
to the translation invariance of A, whereas the real parts of all the other eigenvalues and essential spec tra
are < —k for some k > 0. Therefore, with the global stability result of Step 2, a local linearization yields
the exponential stability. Here, we shall introduce a totally different approach, a “squeezing” technique. We
use the sub—supersolutions constructed in Step 2 to show that, when § and h in (1.15) are small enough
(e.g. § € 1 and h < 1), then later on for each fixed increment of ¢, both A and é decrease by a fixed factor
bigger than 1, thereby establishing the exponential stability. In doing this, we avoid ed the study of the
eigenvalues of the operator A'[u]+ Ca% and correspondingly the delicate introduction of appropriate function
spaces associated with the eigenvalue problem.

In §4, we establish the existence of monotonic C! traveling waves of (1.1). Since we are working on an
abstract operator, we shall not use the extremely powerful homotopy method used in [2, 8, 10, 14]. Instead,
we shall introduce a ne w method (with the author’s best knowledge), which is motivated by the asymptotic
behavior of solutions of (1.1). We take an arbitrarily fixed monotonic initial data, say, a smoothed Heaviside
function, let it be evolved according to (1.1 ), and show that, as ¢ — oo, the profile u(- + £(¢),t), where
u(é(t),t) = 1/2, approaches a limit U(-) which is the profile of a traveling wave. The main effort here is
to show that u(- + £(¢),t) does not become very flat so that the limit U is either a constant function (the
unstable equilibrium of (1.1)) or a monotonic function connecting the stable and unstable equilibria of (1.1).
To do this, we estimate th e quantity z(1 — é,t) — z(é,%) where z = z(a,t), o € (0, 1), is the inverse function
of u(z,t) = @. Once an upper bound for z(1 — 8,¢) — z(é,1) is established for all ¢ > 1, then U(£) has the
correct limit, as & — +infty, stated in (1.5). To show that U is a traveling wave, we consider U(~,t), the
solution of (1.1) starting from U(-). Using sub—super solutions constructed from the solution u, we are able
to show that [7(, T), for any T € [1, 2], is a translation of U(+), so that U is actually the profile of a traveling
wave.

§5 contains two parts. In the first part, we apply our analysis to the example (1.14) to recover and/or to
complement the results established in [2, 5, 8, 10, 12, 14].

In the second part, we investigate an “exceptional” case which our analysis fails to apply. Tt is (1.12) for
A small so that the function f(u)— Aw is not monotonically decreasing. In such a case, it was discovered in [2]
that (1.12) has a monotonic standing wave which is discontinuous, whereas our uniqueness and asymptotic
stability result applies only to smooth tra veling wave solutions. It was also shown in [2] that this monotonic
standing wave is unique in the class of monotonic traveling waves, and is asymptotically stable for monotonic
initial data. Hence, to settle down the asymptotic stability problem for general non—monotonic initial data,

we briefly study the equation (1.12) for small A. We show that there are infinitely many non-monotonic



standing waves of (1.12) and they can be arbitrarily close to the monotonic standing wave established in [2].
This shows that standing waves of (1.12) (with small A) are neither unique nor asymptotically stable and

therefore it explains why our analysis does not apply to this “exceptional” case.

Remark 1.1 In [1], Alu] := upy + f(u,t) where f(u,-) is periodic in t with period T independent of . We
expect our analysis, together with some of the techniques used in [1], extends to the case when A in (1.1)

depends on t but is periodic in t.

Remark 1.2 After this paper was accepted, we learned of two problems related to the subject of this paper.

F. An Activator—Inhibitor Model. In [13], Nishiura studied, among other models, the following
system:

up — Au= f(u) — v,
{ —Av+v=u.

Note that if we write the solution of the second equation as v = Jxu where J > 0 s the fundamental solution
of the operator (—A+1), then the above system can be written as (1.14) so that all our analysis here applies.
In particular, our existence result implies that there exists a (planner) traveling wave solution to the system.

G. Lattice Differential Equations. Recently, Chow, Mallei-Parel, and Shen [6] studied the following

equation

k
wt(yat):ZQiAh,w—i—f(w)’ yERNat>0a
i=1

where f(+) is asin (1.4), o; > 0, Zle a; =1, and Ap,w = h% ZN J(w(y+hi€; ) +w(y—hé;, t)—2w(y,t)) is

]:
the discrete Laplacian. A traveling wave is a triple (U, ¢, €) where U is a function over R, ¢ a constant, and &

a unit vector, such that w(y,t) := U(y-€—ct) is a solution. In other words, one is looking for a traveling wave

solution for the equation (1.12) with X = 22?21 o and J = Zle a; N L [6(x 4+ hi€j - &)+ 0(x — h;ej - €)).

j=172
Here 6(-) stands for the Dirac function. Our current analysis, however, does not apply to this problem; see

Remark 2.3 (4).

In the sequel, we call u(x,t) a subsolution (or supersolution) of (1.1) if uy < Afu] (or uy > Afu]).

2 Uniqueness.

In proving the uniqueness of traveling wave solutions of (1.1), we impose the following hypotheses:
(A1) A is translation invariant (c.f. (1.2)) and the function f(-) defined in (1.3) satisfies (1.4);
(A2) If uy > Afu], vy < Afv], and u(-,0) > (#)v(-,0), then u(-,t) > v(-, 1) for all t > 0;

(A3) There exist positive constants Ky and K5 and a probability measure v such that, for any function u, v

with —1 < u,v < 2 and every z € IR,

A'lu+2](1)(x) - A’[U](l)(l‘)‘ < Ky [glv(z = 9)lv(dy) + Ky

vl + )lleoq-1,17)
where A’[-](+) is the Fréchet derivative of A defined as in (1.16).

Theorem 2.1 (Uniqueness) Assume that (A1)—(A3) hold. Also assume that (1.1} has a traveling wave
solution (U, ¢) having the following properties:

UeCYR), U'(€) >0 on R, lim U'(¢)=0. (2.1)

|€]—o0



Then for any traveling wave solution ([7,6) of (1.1) with Ue C°(IR) and 0 < U <1 on IR, we have ¢ = ¢
and U() =U(& + ) for some & € IR.

We remark here again that throughout this paper, by means of a traveling wave solution, it always
includes the boundary condition (1.5).

To prove the theorem, we need the following technical lemma.

Lemma 2.2 Assume that (A1) and (A3) hold and let (U,c) be as in Theorem 2.1. Then there exist a
small positive constant 8y (which is independent of U) and a large positive constant oy (which depends on
U) such that, for any & € (0,80] and every & € IR, the functions wt and w™ defined by

wE(z,t) = U(x—ct—i—fozlzalé[l—e_m]) + fe= P! (2.2)
are a supersolution and a subsolution respectively. Here and in the sequel, 5 := %min{—f’(O), (O}

Proof. We only consider wt. The proof for w™ is analogous and is left to the reader.

We define the small constant 8y > 0 and a large positive constant My > 1 by

g B B
bg = - > M, = dy) < . 2.
0 mm{3’4(K1—|—K2)}’ ”({|y| = 0}) /lyleD v(dy) < 75 (2:3)
Let My = M1(U) be a constant such that
U(€) > 1—éy for all € > My, U(€) < by for all € < —M;.
We define o1 = o1(U) by
/ - - . ' -1
7= (Hf oo,z + 5 + K1 + Az) (ge[—Ml—Hfl\}RMﬁMu] o (5)) ' (2:4)

Now we show that w7 is a supersolution. Denoting = — ¢t + & + 016(1 — e™P?) by £, we can compute

wh = Alut] = (et apoe ) — poe7 = Al (-, 0)(x)
= 1P (E) — poe= + {AIU)(€) — AU + e~ 1)(6) }

= e B (&) = B — fy AU + 08P 1Y(1)(E) do},

where we have used the equation ¢U’(§) = —A[U](€) in the second equation and the definition of A'[-](-) in

the third equation. We consider three separate cases:
(1) |€|§M1—|—M0, (11)€>M1—|—M0, and (111)€<—M1—M0

Case (i): Note that, for any o € R, A'[21](1) = lim.—o 1{A[al + 1] — A[al]} = f'(e)1l. Taking
a = U(€) + 06e=P we obtain, by the assumption (A3),

(L)) = F(U(E) + 06e7)
AT + 05672 1)(1)(€) = ATV + 08¢ 1)(1)(€)|

< Ky [RlUE = y) = U©Iv(dy) + Ka|lU(-+ &) = U©)lleo-1,1)) < K1+ Ko

A+ b0e

1(1)(€) -
1(1)(€) -

A

It then follows that | fol AU + 06e=P11](1)(€) df] < ||f'||cog=1,27) + K1 + K2. Hence, by the definition of o1,
we have that wi — A[w*] > 0 when |¢] < My + M.



Case (ii). Since A'[1](1) = f'(1)1, we have, by (A3),
AU+ 05677 11(1)(6) = F(D)] = [ATUC) + 0867 11(1)(€) = AT()(E)
Ko { Sypsans + fyrenns HUGE = )+ 0575 — 1] u(dy) + K

K {v({lyl > Mo}) + 60 | + Kado < 3

IN

U(g + ) + Hée_ﬁt — 1||CD([_171])

IN

by using [|U(€ + -) + 06e=Pt — o[- po,00]) < S0. It then follows from the assumption f/(1) < —20 that
— fol AU +05e=P11](1)(€) dd > — (1) — B > 3, which implies w — A[wt] > 0 when & > M, + M,.
Similarly, we can show that w — A[w?] > 0 in the case (iii). This completes the proof of the lemma. O

Proof of Theorem 2.1. We shall prove the theorem in two steps.
Step 1. Since U(f) and U(€) have the same limit as £ — Foo, there exist & € IR and h > 1 such that

U(-4+6)—6o<U()<U(+&+h)+6  on R.

By a translation, we can assume & = 0. Comparing [7(1‘ — ét) with wt in (2.2) (with & = 0 for w™ and
& = h for w'), we obtain, for all z € IR and ¢ > 0,

Ulx — et — o160(1 — e_m)) — Spe Pt < U(l‘ —a)y<Ulx—ct+h+o16(1 — e_m)) + ge~ P,

Keeping & := x — & fixed, sending ¢t — oo, and using (1.5), we then obtain from the first inequality that

¢ > ¢ and from the second inequality that ¢ < ¢, so that ¢ = ¢. In addition,
U —0160) <UE)<UE+h+018) VEER. (2.5)
Step 2. We define
Ca=inf{¢  UQ)SUC+OY),  &=sup{l : U()>U(+O)

From (2.5), both £* and . are well-defined. To finish the proof, it suffices to show that &, = &*. To do this,
we use a contradiction argument. Hence, we assume that &, < &* and U() ZU(-+£%).

Since we assume limj¢|_.o, U'(€) = 0, there exists a large positive constant Ms = M3(U) such that
20:10"(€) <1 if €] > M. (2.6)

Note that the definition of &* implies U() < U(-+£"), so that, by the comparison, U() <U(-+€&")on
IR. Consequently, by the continuity of U/ and U, there exists a small constant he (0, i] such that

UE) <U(E+E —200h)  YEE[-My—1—€ My+1—¢]. (2.7)
When [£ +&*| > M2 +1,

U+ —20h)—UE) > UE+E —20h)—UE+E)
= —20,hU'(€ + & —200,h)] > —h

by the definition of M;. Hence, in conjunction with (2.7), U(- 4+ &* — QUlﬁ) +h> U() on IR. Then, by the
comparison, for all # € IR and ¢ > 0,

Ul —ct+&" — 201h + 0171(1 — e_m)) + he Pt > U(l‘ — ct).

Setting £ = # — ¢t fixed and sending ¢ — oo we obtain U(£ + £* — 0171) > U(f) for all ¢ € IR. But this
contradicts the definition of £*. Hence, &* = &, which completes the proof of the theorem. O



Remark 2.3 (1) Notice that Theorem 2.1 does not require U to be monotonic. Thal is, our uniqueness is
i the class of all traveling waves.
(2) Lemma 2.2 still holds if (2.1) is replaced by the weaker condition

U R - U

0 ll 0. 2.8
e o A >0 for all m > (2.8)

The proof is unchanged except that one explains properly the positivity of the distributional derivative U’.
In particular, from Step 1 of the proof of the theorem, one sees that é = ¢, as long as U satisfies (2.8), no
matter U is ¢ onlinuous or not.

(3) The conditions (2.1) and Ue CY(IR) in Theorem 2.1 can be replaced by the following conditions: (i)
U satisfies (2.8) and limjg|_.oo U'(€) = 0; and (ii) both U and U have at most one disconti nuity which is a
jump discontinuity. In fact, in such a situation, ome can derive U(-+ &« —0) < U(E) < U(-+ " +0). This
implies either U(€) < U(€ +&* — 201h) or U(€) > U(€ +Ex 4 201h) for all § € [ My — 1+, Mo+ 1+ €*];
the former inequality is true when the jump ofﬁ does not occur at the jump of U(-+ &) and the latter one
holds when the jump ofﬁ does not occur at the jump of U(- 4 &4). Following the rest of Step 2, one then
can conclude that &, =& and U(-+&. —0) = U( —0). This remark recovers the uniqueness theorem of [2]
i the class of monotonic traveling wave solutions.

On the other hand, as shall be seen wn §5.2, without the assumption that both U and U have at most one
Jump discontinuity, U may not be a translation of U.

(4) Our generous assumption that v is only a probability measure may generate some applications for
the case when J in (1.9)-(1.14) is merely the density of a probability measure; see Remark 1.2, model
G. Allowing J to be densities of measures has many impacts on numerical simulations. For example, if
J = 3${6(x — h) + 6(x 4+ h)} where 6 is the Dirac measure, then (1.12) can be written as

Uy = /\Tth’;xu—l—f(u), Dh v = uzth) - 21;1(;6)—1—“(96_]1)

which is a semi—discretization of (1.7) with diffusion coefficient Ah? /2. Unfortunately, currently we cannot

~ Ugg,

assume that J in (1.9)-(1.13) is only the density of a probability measure since in such a case, the comparison
principle (A2) does not hold. It does holds, however, for (1.14) when D > 0, so th at our uniqueness Theorem
2.1 applies to (1.14) with D > 0 and J;, i = 1,-- -, n, are the densities of probability measures.

3 Asymptotic Stability.
In his section, we shall show that a C'' monotonic traveling wave is globally exponentially stable. To do this,

we need the following additional assumptions on the nonlinear operator A.

is translation invariant and, for some positive constants ¢~ and a™ wi < a” <av < 1, the
B1) A is translat t and, f t tant d at with 0 <at < 1,th

function f in (1.3) satisfies f > 0in (—1,0)U(a¥,1)and f < 0in (0,a”)U(1,2);

(B2) There exists a positive non—increasing function n(m) defined on [1, 00) such that for any u(x,t), v(z,?)
satisfying —1 < u, v < 2, uy > Alu], v; < Afv], and u(-,0) > v(+,0), there holds

min {u(z, 1) = vfe, 1)} > n(m) /Ol[u<y,o>—v<y,o>]dy ¥m > 1,

z€[—m,m]

(B3) With Ky, Ko, v, u, and v as in (A3), there holds, for every = € IR,

AL+ 0)(2) = Alul(@)| < Ko [ lo(e = lo(dy) + Kollo"llcogm.



Theorem 3.1 (Global Ezponential Stability) Assume thal (A1)-(A3) and (B1)—(B3) hold. Also
assume that (1.1} has a traveling wave solution (U, ¢) satisfying (2.1). Then there exists a positive consta nt
K such that for any wg € L°(IR") satisfying 0 < up < 1 and

liminfug(z) > a¥, limsup ug(x) < a™,

the solution u(x,t) of (1.1) with initial value u(-,0) = ug(-) has the property that
Ju(-, 1) = U(- = ct 4+ &)||Loo(m) < Ke™™ for allt >0
where & and K are constants depending on ug.

To prove the theorem, we need some preparations.

In the sequel, {(-) € C*°(IR) is a fixed function having the following properties:
((s)=01if s<0; ¢(=1if s>4; 0<{(s) <1, [¢"(s)] <1if s€(0,4). (3.1)

Lemma 3.2 Assume that (B1) and (B3) hold. Then for every § € (0,min{a™/2,(1 —a*)/2}], there exist
a small positive constant € = £(8) and a large positive constant C' = C(8) such that, for every £ € IR, the
function wt (z,t) and w™(x,t) defined by

W) = (148) = [1 - (4™ — 28)e ) (~(e — €+ C1)),
wT(z,t) = —6+[1—(1—at —28)e " ¢(e(x — &€ — Ct))

are respectively a supersolution and a subsolution of (1.1) in IR x (0,00).

One observes that the functions wt and w™ have the following properties:

wh(z,0)=1+6if > ¢, wt(z,0) > a” — 6 forall z € R,

wh(z,t) <6+ (a= —268)e™%t forall t >0, 2 <&—Ct—4e7 1 (3.2)
3.2

(,0) = =6 if » <E, w(z,0) < at +6 forall € €R,

w(z, ) >1—86—(1—at —28)e=c forall t>0, x> ¢&+Ct+4e7 1.

Proof. We only prove the assertion of the lemma for w=. The proof for w™ is analogous and is omitted.

By translation invariance, we need only consider the case £ = 0. Since Afw™ (z,t)1] = f(w™ (z,1))1,

wr (,) = Afw™ (,D](2)
= —Ce[l —(1—at —28)e "¢ +e(1 —at —28)¢e™" — Alw™ (-, 1)](z)
< —Ceat 4o~ f(w (2.1) — (Al (D](x) — Al (2. )1](x)).

We can estimate, by (B3),

IN

Ky [ lw™ (2 = y.t) = w™ (2.0l (dy) + Kallwgllcom)
Ky [pmin{elyl, 1} v(dy) + K26 =: p(e)

Alw™ (,0))(z) = Alw™ (2, D)1]()|

IN

where in the second inequality, we have used the estimate |w™ (2 —y,t)—w™ (z,1)| < ||wg (-, 1)||crm)lyl < elyl-
It then follows that
w; — Alw™] < =Cea™ ¢! — f(w™) +[e + p(e)]. (3.3)



To find ¢ and C such that the right-hand side is negative, we consider three cases: (i) ¢ < /2, (ii) { > 1-46/2,
and (iii) ¢ € [6/2,1—6/2].

In the first case, we have w™ < —8/2 so that —f(w™) < —min,e[_1,_s/2) f(s) < 0 (by (B1)). Since
lim.\ o p(e) = 0, for all sufficiently small positive ¢, the right-hand side of (3.3) is negative.

In the second case, we have 1 — ¢ > w™ > —6 + (1 — §/2)[1 — (1 —a™ — 26)] > a™ + §/2, so that
—f(w™) < —min,g[a+45/2,1-5] f(5) < 0 (also by (B1)). Hence, we can find (and then fix) ¢ > 0 such that
the right—hand side of (3.3) is negative in both cases (i) and (ii).

Finally in the third case, ¢’ has a positive lower bound, so that we can take a large enough C' = C'(8,¢)
to make the right—hand side of (3.3) negative. This completes the proof of the lemma. O

Lemma 3.3 Assume that the hypotheses of Theorem 3.1 hold. Then there exist a small positive constant €*
(independent of ug) such that if, for some 7> 0,& € R, § € (0,80/2], and h > 0, there holds

Ux—cer+&) -6 <u(z,n)<U(x—cr+&E+h)+6 Ve e R, (3.4)
then for everyt > 7+ 1, there exist é(t), 5(t), and ﬁ(t) satisfying

é(t) €€—018, +h+018] (o1 is as in 2.4),
5(t) < e PU=7=U[§ 4+ ¢* min{h, 1}],
h(t) < [h — o1e* min{h, 1}] + 2046,

such that (3.4) holds with (7,£,6,h) replaced by (t,é(t), 5(t), ﬁ(t))

Proof. By a translation, we can assume that &£ = 0. Also, by a shift of time, we can assume that 7 = 0.
First of all, comparing u with w* in (2.2) (with & = 0 for w™ and & = h for w') yields, for all € IR
and t > 0,

Ulx — et — o16(1 — e_m)) —se Pl < wz,t) <U(z—et+h+016(1 — e_m)) + e P (3.5)

Set h = min{h,1}. Define ¢, := %minge[oyz] U'(€). Then fol(U(y +h) — U(y))dy > 2¢1h. It then follows

that at least one of the following is true:
(i) Jolu(s.0) = U@y = erh; (i) [ [U(y+ k)~ uly, 0)}dy > erh.

Here we consider only the case (i). The case (ii) is similar and is omitted. Comparing v with w™ in (2.2)
with £o = 0 and using property (B2) we obtain, for n = n(Mz + 2 + |¢|) (M3 is as in (2.6)) and every
z€[—Ms—2— ||, Mo+ 2+ |c]],

u(z, 1) — [U(x — &) — e P > nfol [u(y,0) — (U(y) — 8)]dy > ne1h, (3.6)
where & := ¢+ 016(1 — e™P). We define

e = min4q —

(50 1 . neL }
,—, min — r.
27201 we[-Ma—2|c|-2,Mat2|c|+2] 200U (1)

Then Uz — & + 2016*71) —U(x—¢&) = U’(G)Qale*ﬁ < nerh for all & € [=My — |e| — 1, My + |e| + 1].
Consequently, from (3.6),

w(z, 1) > Ux — & +2016"h) —6e™? Vo € [-My— |¢| — 1, Ma + |e| + 1] (3.7)
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When |z > Ma + ||+ 1, U(z — &) > U(x — & + 2012*h) — e*h by the definition of M> in (2.6). Tt then
follows from (3.7) and the first inequality in (3.5) with ¢ = 1 that

w(x, 1) > Uz — & + 2016%h) — [6e™P + *h] Yz € R.

Noting that ¢ := e~ 4 ¢*h < 6y, we then can again compare u(x, 1 +t') with the function U(z — ct’ —
& +2016*h — o1q(1 — e_ml)) — qe=P" to conclude that, for all ¢/ > 0,

i

u(z,1+1t) > U(a:—ct/—fl+2016*ﬁ—01q(1—e_ml))—qe_m
> U(l‘—c—Ct/—|—0'1€*7l—0'1(5)—6_ﬁtl[6—|—6*7l],

where in the second inequality, we have replaced &; by ¢ + 016(1 — ¢=7) and ¢ by ée=? + e*h. Hence,
setting ¢t = 1 + ¢/, é(t) = o1e*h — 016, ﬁ(t) = [h+16(1 —e Pt - é(t) = h— 01" +016[2 — e P!, and
5(15) = e~ P=1)(§ 4+ £*h), we obtain, from the last inequality and (3.5), the assertion of the lemma. O

Proof of Theorem 3.1.
Step 1. Comparing v with the functions wt and w~ in Lemma 3.2 and using the properties of wT and

w™ in (3.2), we can derive that, for any § > 0, there exist large positive constants 7" and H such t hat
Ule—cT—H/2)= 6 <u(z, T)<U(x—cT+H/2)+ 6 VrelR. (3.8)
Step 2. We define
8" = min{6y/2,2"/4}, K" = oe" — 2008 > 0127 /2 > 0.

Also, we fix t* > 2 such that
e PT=D 4 /6% < 1 — k"

We take § = 6* in (3.8) and denote the corresponding constants H and T by hy and T;. We can assume
that hg > 1; otherwise, we directly go to Step 3.

With (3.8), we can apply Lemma 3.3 with 7 = Ty, = —hg/2,h = hg, and é = §* to conclude that (3.4)
holds with 7 = To +1*, some & € [—ho/2— 016, ho/2+016%], § = 6", and h = hg — k*, since by the definition
of t* and k", 5(T0 +t) < e_ﬁ(t*_l)[é* +¢e*] < 6% and iz(To +t") < hg— 016" 4+ 2016" < hg — K",

Now repeat the same process we can show that (3.4) holds for 7 = Ty + Nt*, § = 6%, and h = hg — Nx*
for all N such that hg — (N — 1)k* > 1. Hence, there exists a finite time 77 > Tp such that (3.4) holds for
7=Ty,6=06h=1and some ¢ € R" (which we denote by ¢°).

Step 3. We now use a mathematical induction to show that for every non-negative integer k, (3.4) holds
for some ¢ = £¥ € IR and

r=17"% =T + kt*, 6 =68 .= (1—5*)k5* h = hF ::(1—}{*)k.

bl

Clearly, by Step 2, the assertion is true for ¥ = 0. Now assume that the assertion is true for some
k=1>0. We want to show that it is true for k¥ = { + 1. In fact, applying Lemma 3.3 with 7 = 7% and
t = T we conclude that (3.4) holds with (7, &, 6, h) replaced by (TI‘H,&;C, 8 il) where (&f, 8 il) satisfies

Eelt — 0186 + 018,
5 S e—ﬁ(t*_l)(él —|—€*hl) — [1 i Kj*]l(s*e_ﬁ(t*_l)[l +€*/6*] S (1 _ K?*)H_l(s*,
<h —oie*hl 42008 =[1 = &*]'[1 — 016" +2016*] = [1 — &*]'H?

b
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by the definition of §*, x*, and t*. That is, (3.4) holds for 7 = T'*! some ¢ = ¢t € [¢! — 718" €' + 016'],
6§ =[1 —0o])'*16*, and h = [1 — k*]"+!1. This completes the mathematical induction.

Step 4. Now we know that (3.4) holds for (,&, 6, h) = (T*, &%, 6% h*) for all k = 0,1, --. In addition,
from (3.5), (3.4) holds also for all 7 € [T*,0),6 = 6% h = h* + 2016% and € = ¢¥ —16%, k=0,1,, -

We define 6(t) = 6% £(t) = €% — 016" h(t) = h* + 2016* for all t in [T* T*+1) for all k = 0,1, ---. Then

U —ct4+&60)—60) <u(z,t) <U(x—ct+E@)+h(t)+61) Yi>T, z€R.

From the definition of §(¢) and h(t), one sees that, denoting by k the largest integer no bigger than (t—T71)/t*,

>N
~—~

o~
~—

oF =1 — k*)Fe* < 6~ exp{(t _t*Tl — 1) In(1 — Ki*)} Yt > 1T,

t—"1T)
t*

=
—~

o~
=

hE 4+ 2008" < [1+2016*]exp{( —1) ln(l—ff*)} Yt > 1.

In addition, since for any ¢ > 7 > Ty, &(t) € [£(7) — 018(7),&(T) + h(7) + 016(7)], we deduce that
§(t) = &(7)| < h(T) + 2016(7),
which implies that £(00) := limy_.« £(#) exists and

[6(00) = €(r)] < h(r) +2048() < [1 + o167 exp { (t_t—T1 —1) (1 -#} V2T

Hence, defining « = —%* In(1 — &™), we obtain the assertion of the theorem. 0O

Remark 3.4 If we assume that A is symmetric, namely, Alu](x) = A[v](—x) where u(x) = v(—=z), then

U(—x — ct) is also a solution of (1.1). In such a case, one can establish more general stability results.
(a) Assume that ¢ < 0. Then the following holds:

(2) for any initial data up satisfying 0 < wo < 1 and liminf, o uo(z) > at, there evists K =
K(ug) >0 such that
lu(-,t) = 1| Loo(m) < Ke Pt Vi > 0;

(t3) for every § > 0, there exists a large positive constant M (&) such that if 0 < ug < 1 in IR,
ug > at +6& in [-M(6), M(6)], and limsupy,|_ ., uo(x) < a”, then

[Ju(-,t) = Uz = et = € )|noo(—o0,y) + llu( ) = U= - —ct = &4 )l|poo((=1,000) < K™, ¥ >0
where k > 0 is independent of ug and €4 but K depends on ug.
(b) If ¢ > 0, then analogous conclusion as in (a) also holds.

(c) If ¢ =0, then for any ug satisfying 0 < ug < 1 and limsupjy_o uo(x) < a” (or liminfjy o uo(x) >

a't), the solution of (1.1) with initial data ugy satisfies, for some large positive constant K = K (ug),
la Dllzwiry < K™ (Cor Ju(,8) = 1| pm) < Ke™" ).

The proof of (a) and (b) follows the same idea as in [12] and is omitted. Since (c) is left undiscussed in [12],

we sketch the proof here for completeness.
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We consider the case 0 < ug < 1 and limsupy,|_, uo(z) < a”. Let us normalize U so that U(0) = a_,

Then using the same proof as in Theorem 3.1 we know that there exist £, and & such that

limsup sup u(x,t)—min{U(aj—g*),U(—x—l—f*)}] < 0. (3.9)

t—o00 z€IR

We claim that we can take &, = &*. In fact, if & < &*, then

£ -6+l 1
[ (=) —min{l— ) U+ €0)dy > [ @)= Ui)dy = ho

It then follows from the same proof as in Step 2 that (3.9) holds with &, decreased by a fized quantity and &*
increased by a fired quantity. Hence, (3.9) holds for some &* = £.. This implies, for a sufficiently large T,
u(+, T) < 4 +min{U(- — &), U(— - +&)} < 2. Consequently, for all t >0, u(-, T+ 1) < w(t) where w(t)

is the solution of the ode problem w = f(w), w(0) = %a_. This establishes the assertion of (c).

We end this section with an a priori estimate for the traveling wave speed c.

Theorem 3.5 (Speed) Assume that (B1), (B3), and (A2) hold. Then for any traveling wave solution
(Uje) of (1.1),

6[1 fllcoo,1)

<Ci=
el < gmin{l —at,a"}’

where £ is the positive constant defined implicitly by
_ . C . . = 9a- at 9agt
p(€) = K4 fﬂ% min{z|y|, 1}v(dy) + K262 = min{|f(s)] : s € [?, ZT] U [%, 2+T]}

Proof. To obtain an explicit estimate, we examine closely the proof of Lemma 3.2 and keep track of
the constants ¢ and C'. Since (U, ¢) depends only on the values of f on [0, 1], we can assume, without loss
of generality, that ||f||co(-1,2) = l|fllcoo,1)) and that f = —f(%) in [—1,—%] and f = —f(%) in
[4—3@"’ ).

For definiteness, we take ((s) = £[1 + tanh(s)]. Let 6 = % and ¢ and C be as in the assertion of the
Theorem. Consider the function w™(z,t) = —26 + (1 + §)(£[x — Ct]). The same calculation as in the proof
of Lemma 3.2 yields w; — A[w™] < —=C(1 4+ 8§)&¢" — (=26 + (1 + 8)¢) + p(¢) (noting that (14 8)¢'(s) < 1
and (14 8)|¢"(s)] <1 for all s € IR). By considering the cases (i) ¢ € (0, léﬂ], (i) ¢ell- 1%, 1), and (iii)
(e (1%, 1- 1%), we can show that w; — A[w™] < 0in IR x [0,00). Hence, w™ is a subsolution.

Now let X > 1 be a constant such that U(-) > w~(-—X,0). Then by comparison, U(z—¢t) > w(x—X,1)
in IR x [0,00), which implies that  — et > » — Ct— X for all t > 0 and some large X that is independent of
t. Sending t — oo we then obtain that ¢ < €. Similarly, we can show that ¢ > —C, and thereby completing
the proof of the theorem. 0O

Remark 3.6 From the proof, one sces thal the condition (A2) can be weakened to the following:

If uy > Alu], v: < Afv], and u(-,0) > v(-,0), then u > v in IR x [0,00).
The significance of this improvement is that we can allow J in (1.9), (1.11), (1.12), (1.13), and (1.14} to
be densities of probability measures (cf. Remark 2.3(4)).
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4 Existence.
To show that (1.1) has a traveling wave solution that satisfies (2.1), we need the following conditions.
(C1) A is translation invariant and the function f in (1.3) satisfies, for some a € (0, 1),

f(0O)>0in (=1,0)U(a,1), f<0 in (0,a)U(1,2), f(0)<0,f'(1)<0,f (a)>0. (4.1)

(C2) There exists a positive continuous function 7(x,t) defined on [0, 50) x (0, 00) such that if u(x,t) and
v(a,t) satisfy —1 < w,v < 2, uy > Afu], vy < Afv], and u(-,0) > v(-,0), then

u(z,t) — v(z,t) > 77(|J:|,t)/0 [u(y,0) —v(y,0)]dy Vo€ IR, t>0.

(C3) There exist positive constants K1, Ko, K3, and a probability measure v such that for any u,v € L*(IR)
with —1 < u,v < 2,

AL+ () = A)(@)| < Ky Sy lole = p)ldy) + Kalloae oot oy, 2 € R, (42)

AL+ ] = Al] = ATul(0)] < KallollZomy, (4.3)

W+ (1)(@) — A < K S ol = 9)10(d9) + Kellvarllengosomp, @ € Fo(dd)
where A’[-](+) is the Fréchet derivative of A defined as in (1.16).

(C4) For any function ug(-) satisfying 0 < uo < 1 and [Juo||cs(r) < o0, the solution u(x,t) of (1.1) with
initial data u(-,0) = uo(-) satisfies sup; g ooy ||u(-; t)l|c2m) < oo .

One notices that (C1) implies (A1) which implies (B1), that (C2) implies both (A2) and (B2), and
that (C3) implies both (A3) and (B3). Also one can verify (cf. §5) that (C1)—(C4) are satisfied by all
the models we mentioned in §1, except that (C4) is not satisfied by (1.12) with small A so that f(u) — Au
is not strictly decreasing in [0, 1]. For this exceptional case, as shall be seen in §5.2, traveling waves are not

continuous, not unique, and not asymptotically stable.

Theorem 4.1 (Ezistence) Assume that (C1)—(C4) hold. Then problem (1.1) admits a traveling wave
solution (U, c) that satisfies (2.1).

Proof. For the reader’s convenience, we divide the proof into four steps. Also, for some other possible
applications, in the first three steps, we shall restrict ourself to use only the assumptions (C1)—(C3), though
some of the conclusions are trivial if we use (C4).

Step 1. Let v(z,t) be the solution of

vy = A[v]  in IR x (0,00), v(-,0) =¢(-) on IR x {0}.

Here and in the sequel, {(-) always refers to the function ¢ satisfying (3.1). Our idea of the proof is to show
that, for some sequence {#;}72;, the sequence {v(-+£(t;),t;)}52; (v(£(t),)) = a) has a limit U(-), which is
the profile of a traveling wave front. To do this, we need a number of estimates.

First of all, by comparison, we have 0 < v <1 on IR X [0, 00).

We claim that for every 7' > 0, v(-,T') is Lipschitz continuous in IR. In fact, for any positive £ such that
gefiT < 1) consider w 1= v + ef1t. We can calculate, for t € (0,77, w, — A[w] = e K151t + {A[v] — Alv +
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£ef111]} > 0 by (4.2). That is, w is a supersolution in IR x [0, 7]. Now since v(+,0) < v(-+¢£,0) < v(-,0) +¢,
it follows by comparison that v(-,t) < v(- + &,t) < v(-,t) + £t for all ¢ € [0,T]. Hence, v(-,T) is non—
decreasing and is Lipschitz continuous in IR.

Also, foranyt > 0,7 > 0,2 € IR, and z € IR, by (C2), [v(z+h,t+7)—v(z,t+7)] > n(|lz—z]|, 1) f;“[v(y—l—
h,7) —v(y, 7)] dy. Sending h \ 0, we then obtain

vp(z, t+7) > (e — 2|, 1) f;“ vp(y, T)dy, x,z€ R,t>0,7>0. (4.5)

In particular, taking 7 = z = 0, we have vy(z,t) > n(|z[,t)¢(1) > 0 in IR x (0, o0).
Observe that Lemma 3.2 and (3.2) implies limy, o v(2,%) = 1 and limy_, _ o v(2,t) = 0 for all ¢ > 0. Tt
then follows that there exists a unique function z(«,t) defined on (0,1) x [0, 00) such that

v(z(a,t),t) = a€(0,1), t €[0,00).

Step 2. From (3.2), one sees that for every small positive § > 0, there exist ¢ = £(8) and C' = C'(§) such
that

zla+6t) <zla+67)+4e L+ Ct — 7] Vo< <t < oo
zla—6t)>z(a—61)—4et = C[t — 7] V<7<t < oo (4.6)
2(1-268) < z(a+6,7)+4e L+ C[t — 7] V7r>0,t—71>c"Iné|,

2(26) > z(a—6,7)— 4™ = C [t — 7] Vr>0,t—7>e"t1Iné|.

In addition, we have the following key estimate whose proof will be given at the end of this section.

Lemma 4.2 Assume (C1)—(C3). Then there exist a small positive constant & and a large positive constant
hy1 > 1 such that

zla+61,t)— z(a—61,1) < hy vt > 0.

Using the assertion of the lemma and (4.6), we can derive the following.
(a) For every 8§ € (0, 61/2], there exists my(8) > 0 such that

(1= 8,0) — 2(8,0) <my(6)  VL>0. (4.7)

In fact, when ¢ > e=1(§)|Iné| =: A, (4.6) implies 2(1 — 26,¢) — 2(26,1) < z(a + &,t — A) — z(a —
6t — A)+ 871 +20A < z(a+ 61,6t — A) — z(a — 61, — A) + 871 + 20/, so that, by Lemma 4.2,
2(1—26,1) — 2(26,%) < hy + 871 + 2CA.

When ¢ € [0, A], comparing v(z,t) with w®(z,t 4+ A) (wT and w™ are as in Lemma 3.3) yields z(1 —
28) — 2(268) < 81 4+ 2C'A. Writing 26 as &, we obtain (4.7).

(b) For every M > 0, there exists a constant (M) > 0 such that

vgp(x + z(a,1),t) > (M) Vi> 1,z e [—M,M]. (4.8)

Indeed, since there exists £ = £(¢) € [—hy, hy — 1] such that ff“ vp(y + z(a, 7), T)dy = 2171 _h;“ vy (y +

z(a,7),7)dy > 61/hq, it then follows from (4.5), that

min vy +z(a,7), 7+ 1) > min n(y, 1)é1/hy.
xE[—M,M] yE[—M—hl,M1+h1]

Since |z(a, 7+ 1) — z(a,7)] < h1 + 8c71(61) + 2C(81), taking M=M+hy + 8e~1(61) + 2C(61) we then
obtain (4.8).
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(c) Let 8p and My be defined as in (2.3). We set

P eoqer,op + B+ Ky 4 Ko
T 0(Ms + Mo) '
Then, for all ¢t > 0, v(x + z(a,t),t) > 1 —bg if £ > M3 and v(x + z(a,1),t) < & if # < —M3. In addition,
oove(x + 2(a,t),t) > (| f'|lcoq=-1,21) + B+ K1 + Ko for all ¢ > 1 and all x € [-M3 — Mo, M3 + Mo]. Hence,
following the proof of Lemma 2.2, one can show that for every 8 € (0,4é0] and every & € IR, the function
W+ (z,t) and the function W~ (z,t) defined by

M3z := my (&) (ml() Is as in (4.7)),

WE(x,t) = v(x + £+ 096(1 — e™P) 1 +1) £ 67 (4.9)

are, respectively, a supersolution and a subsolution of (1.1) in IR x (0, 00). Here we need (4.4).

Step 3. Since the family {v(- + z(a,1),%)};>0 consists of monotonic bounded functions, there exist a
sequence {#;}52, and a non-decreasing function U(-) such that as j — oo, t; — oo and v(§ + 2(a,t;),1;) —
U(€) for all € € R.

Clearly, U(0) = a and 0 < U < 1. In addition, from (4.7) we know that for all small § > 0, U(mq(8)) >
1 —¢é and U(—m4(6)) < é. This implies that limg_..c U(§) = 1 and lim;_._o, U(§) = 0. Furthermore, from
(4.8), U+ h)—=U(&) > n(|¢] + 1)h for all h €[0,1] and all £ € IR.

We now show that U is the profile of a traveling wave front.

Let ﬁ(x,t) be the solution of (1.1) with initial data U(-). We want to show that v(- + z(a,t;),t; +t) —
ﬁ(~,t). In fact, from (4.7) and the monotonicity of v(-,t) and U(-), for any & > 0, there exists a large
positive integer J(£) such that if j > J, then v(- — € + 2(a,t;),t;) — € < U(:) < v(- + €+ z(a,t;),t;) + €,
which implies, by comparison functions in (4.9), v(- — & — z(a,t;) — g2é(1 — e7P4) t; +1) — e P! < [7(~,t) <
v(- + €+ z(a, ;) + o2é(l — e Pt + 1) + e for all t > 0. Sending j — oo first and then ¢ \, 0, we the n
obtain, for all t > 0,

limsupv(- + z(a,t;),t; +1) < U(~—|—0,t), li]minfv(~+z(a,tj),tj+t) ZU(~—0,t), (4.10)
oo Zoo
where U(z £ 0,1) := lim, _ =+ Ulx,t).

Observe that there exists a large positive constant mg such that v(-—mg, 1)—éy < v(-,0) < v(-+mg, 1)+éo.

It then follows from the sub—super solutions in (4.9) that, for all ¢t > 0,

v(- —mg — o2ép(l — e_m),t +1)— fpe Pt < v(-,1) < v(- 4+ mg + o26p(1 — e_m),t +1)+ Soe~ 71,
Setting ¢t =¢; , sending j — oo, and using (4.10), we then obtain
U(€—mo— 0380 — 0,1) <U(E) < U(E+ mo + 0260 40, 1), V¢ € R.
We define
Ee=sup{&: U(+E-0,1)<UCM)}, € =nf{é:U()<U(+E+0,1))

Then, —mp — g2bg < & < E&° < mg + g260. So far, we have only used the conditions (C1)—(C3).

Step 4. We shall use the same technique as Step 2 in the proof of Theorem 2.1 to show that &, = £*.
To do this, we need the assumption (C4).

By (C4), we know that U € C*(IR), and from (4.7), the convergence v(- + z(a,t;),¢;) — U(-) is uniform
(in C°(IR) norm). In addition, since for any = € IR,

0w, Ol Eo wra) < 410G Ollooqe erp v Ol ez w41]),
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we conclude from (4.7) that

lim  sup wvy(€ 4+ z(a,t),t) = 0.
TNzt

Thus, by (4.10), for any fixed t > 0, v(-+2(a,t;),t;+t) — [7(~,t) in C*(IR). In particular, limj,|— Ux(a:,t) =
0 for all £ > 0. Hence, there exists a large positive constant M4 such that

209U,(2,1) <1 if |z| > Ma.

Now we are ready to show that &* = &,. Assume for the contrary that £* > &,. Then, since U( +&,1) <
(#£)U(-), by comparing ﬁ( +&., -+ 1) with [7(, -), we obtain that ﬁ( +&.,2) < [7(, 1). Consequently, there
exists a small h > 0 such that [7(5 + &+ 2020,2) < ﬁ(f, 1) for all & € [-My — 1, M4 + 1]. Hence, same

argument as in the proof of Theorem 2.1 yields
U(-4 &+ 2020,2) — h < U(-, 1). (4.11)
Now, by the definition of U, we can find a large integer j such that
o(-+ z(a, ), 1) — h < U() < o(- + z(a, ), t;) + sh.
Tt then follows, by the sub—super solutions in (4.9), that for all ¢t > 0,
v(- + 2(a,t;) — Foah, by +1) — Lh U, t) < o(-+ z(a, t;) + Lok, t; +1) + Lh.
This and (4.11) imply that
v(-+ &+ 18—50'2]7, + z(a,t;),t; + 2) — %h <wo(-+z(a,t;) + %Uzh,t]' +1)+ %h.
That is, v(- + & + %Uzh,t]' +2)— %h < (-, t; + 1). It then follows by the comparison principle that
V(-4 &+ Zooh — 3h(1 — 7Pt 4+ 1) — She Pt < (-, 1)
for allt > ¢; + 1. Setting t =t (tx >t; + 1) and # = £ — z(a,t), and sending k£ — oo, we then obtain that
U +&+302h, 1) <UE) VEER.

But this contradicts the definition of &,. Hence, we must have £, = £*; namely, U(- + ., 1) = U(+).

Now using the same argument as above, we can compare [7(, t) with U(+) for all ¢t € (1, 2] to conclude that

there exists ¢(t) such that U(-,t) = U(- — ¢(t)). The equation U; = A[U] then gives —¢/(t)U(€) = A[U](€);
that is, ¢/(¢) is a constant and (U, ¢) is a traveling wave solution to (1.1). In addition, from the proof, we
know that U sat isfies (2.1).

Hence, to complete the proof of the theorem, it remains to prove Lemma 4.2, which is direct consequence

of the last part of the following lemma:

Lemma 4.3 Assume that (C1)—(C38) hold. Let H(z) be the Heaviside function equal to 1 when x >0, 1/2
when © =0, and 0 when © < 0. Then the following holds.

(1) Let vit and vi? be the solutions to the following linear evolution problems
vy = A'lal](vrt), vy = Allal](vr?),
vri(z,0) = H(z), v (2,0) = H(z) — H(—2) = =1+ 2H ().
Then there exist constants 71 > 0 and x1 € IR such that
vjl(xl +0,7) > 3, 1}12(1‘1 —-0,m) < -3,

where vi'(z; £0,7) = hHly_w:l: vrt(y, ).
1
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(it) There exists a small positive constant 8y such thal the solutions vrrt and vir? to
vrrly = Alvrr'], vrr’y = Alvrr?],
vt (2,0) = a+ & H(x), v (x,0) = a+ & [H(z) — H(—2)],

satisfy

vrrt (x4 0,7) > a + 264, vrr?(xy —0,71) < a— 26;.

(i13) There exisls a large posilive constant hy such that the solutions vrrrt and virr? to
UIII}t = Alvrrr'],
{ vt (2,0) = a+ 6 H(z) — (a — 81)H(=ha — x),
vriry = Alvrir?],
{ vrrr?(w,0) = a+ & [H(z) = H(=2)] + (1 —a = &1)H(z — hy),

satisfies
vrrrt (v +0,71) > a+ 61, vrrr (w1 — 0,71) < a— 6y

(tv) Let u(x,t) be the solution of (1.1) with uniformly continuous and non-decreasing initial data uo(-)
satisfying 0 < ug < 1 and for some finite £_(0) and £4(0),

w6 () Sa—d1,  u(Er(0) = a+ 6.

Then for every t > 0, there exist £_(t) and £4(t) such that

u(€-(t),t) = a— 61, u(€4(1),1) = a+ 61,
E4(1) = €-(t) < max{€4(0) — €-(0) + 871 (81) + 2C(81)71, 2h2}

where €(81) and C(61) is as in Lemma 3.2.

Proof of (i). Since the flow u; = Afu] satisfies the comparison principle, one can show that the flow
v; = A'[al](v) also satisfies the comparison principle; namely, if v} > A'[al](v?), v} < A'[al](v?), and
vl(-,0) > v?(,0), then v!(-,t) > v?(-,t) for all ¢ > 0.

Denote f’(a) by 7. Then A'[al](1) = f'(a)l = 1, so that €71 is an exact solution to v; = A’[al](v).

Also, one notices that vi%(z,t) = —e?" + 2urt(xz,t) in IR x [0, 00) since vr%(+,0) = —1 + 2v;1(+,0). Thus,
we need only study vy’

Since 0 < vr(+,0) < 1, comparing v;! with 0 and e?'1 then yields 0 < vrl(:,¢) < €7 for all ¢ > 0. In
addition, since for each h > 0, vr*(- 4+ h,0) > vrt(+,0), we have vrt(- 4+ h,t) > vri(-,t) for all ¢ > 0. Namely,
vl is non—decreasing in z. Thus, for any = € IR, v/'(x £ 0,¢) := limy_ .4+ vr'(y, 1) exists.

We shall now use the comparison to show that lim,_ _ v/ (2,¢) = 0 and lim,_  v/'(z,t) = e?*. To do

this, we first calculate, for every small positive € and every z € IR,
[Aa1](cE)(e) = 2¢en)| = [ATall(¢(e) = ¢ @)
tim +{ Afal +5(C() — C(em)1)(x) — Afa] |

§—06
< K1 Rl — 1) - CEldy) + KalliasrEllcnm  (by 42))
< Ky [pmin{ély|, 1} v(dy) + K267 =: p(€). (4.12)
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Define w = p(€)e?" + ((éx)e?*. Then

wy — A'lall(w) = e [2p()e?" 4+ (] — " A'[al](p(€)e”"1 + ((éx)1) — " A'[al]({(¢) — ¢(x)1) (=)
= {p(e)e" = A'al](¢(e) = ¢(Ex)1)(x)} > 0

by the previous estimate (4.12). Hence, w is a supersolution of the linear equation uy = A'[al](w).

Since vy1(x,0) < w(xz+4/¢,0), the comparison yields vy !(z,t) < w(z+4/,t) in Rx[0,00). Consequently,
limg— oo vrt(2, ) < limy— oo w(z, t) = p(€)e?". Sending £ \, 0, we then obtain limy_. vri(z,t) = 0.

Similarly, we can show that e7' —w(—wz, ) is a subsolution, and by comparing vr'(z,t) with e’ —w(—z,1),
we can conclude that lim,_ . vrl(z,t) = et

Now set 1 = %ln 9, so that 7™ = 9. By the monotonicity of vr'(:,71) and the limiting behavior of

vrt(x, ) as @ — Foo, there exists #; € IR such that

vjl(xl +0,71) > %6771 =3, vjl(xl -0,7)< %6771 =3.

Using the identity vr?(z,t) = —e?* 4+ 2v7 (2, 1) on IR x [0,00), one also has
1}12(1‘1 —0,7)=—€" 4 2vr(x1 —0,7) < 3.

The first assertion thus follows.

Proof of (ii). Set K = Lm%& (K3 is as in (4.3)) and 8 = min{a/3,(1 — a)/3,1/K}. Consider the

function w(z,t) = a + d1v7%(x,t) + Ké?. We can calculate, when ¢ € [0, 7]
wy — Alw] Sror7 — A'lal](61v1* + K67) — {AJw] — Alal] — A'lal](w — al)}

YR8} — Kallw — al|[go py = 78 — Ka[81e7" + K6&7]* > 0.

v

where in the first inequality, we have used the identities v;7 = A’[al](vr?) and A'[al](1) = v1, and the
inequality (4.3) (with « = al and « + v = w), whereas in the second inequality, we have used the definition
of K and é;. Thus, by comparison, v;;%(z; —0,7) < w(zy —0,7) < a— 38 + K67 < a — 26;.

In a similar manner, one can show that w = a + & vr%(z,t) — Ké7 is a subsolution of (1.1) so that
vtz +0,71) > a+ 26

Proof of (iii). Let ¢ be any small positive constant. Consider w = vys! + ¢(z,t) where ¢ =
—p(&)e 1t al(—é[x — 1 + C(t —11)]), p(¢) is as in (4.12), and C > 1 is to be determined. Clearly, if £ is
sufficiently small, then —1 < w < 1in IR x [0, 71]. Hence, when t € [0, 1], we can calculate, by (4.2),

Alw] — A[v,,l]‘

IN

Ky [, )]+ bz —y,t) — b, t))v(dy) + [ea (-, )l com)
K1(p(e)e*™ " + aQ) + ap(é).

A

Since w; — Afvrr'] = ¢y = —2K 1 p(é)e™1 1t — aCEC’ | it then follows that, when t € (0, 7], —w; — A[w] <
—Kip(€)e*1t + a[—£C¢ + K1¢] < 0 if we take C' = C(€) := max,(s)<c<i-p(e) % Let € > 0 be sufficiently
small such that p(¢)e?£171 < §;. Then defining hy = 4671 + |2;| + Cry we have that w(z,0) < vrrri(z,0),
so that, by comparison, vyt (z1 +0,7) > w(zy +0,71) = vtz +0) — ee?K17t > a4 6.

Similarly, one can show that for the same &, C, and hy defined as above, vy ?(x,t) < vir?(z,t) +
p(e)e? Kt 1 (1 —a)((é[x — #1 + C(t — 1)]) in R x [0, 7] so that vir%(zy —0,7) < a— 6.

Proof of (iv). First of all, we remark that, for every small positive ¢, the function u(z,t) + éef1? is a

Kt

supersolution of (1.1) and the function u(z,t) — ée is a subsolution, in IR x [0, KL1| Iné[]. Hence, for all
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sufficiently small positive h, by comparing u(z + h,t) with u(z,t) & p(¢)ef1?, one can show that u(-,t) is
continuous in IR for every t > 0. In addition, by (B2), u(x 4+ h,t) —u(z,t) > max,em 0|z —z|, 1) fj“[u(y—l—
h,0) — u(y, 0)]dy > 0, so that u(-,t) is strictly monotonic and &4 (#) exist and are unique.

By Lemma 3.2 and (3.2), we know that, taking & = §; and denoting by £(6,) and C'(é;1) the corresponding
constants in Lemma 3.2, &4 () — €_(¢) < €4(0) —€_(0) + 87 1(61) + 2C(61)t for all t > 0. In particular, the
assertion is true for all ¢ € [0, 7].

To finish the proof, we need only prove the following: for every t; > 0, &4 ({1 + 1) —E-(t1 +71) <
max{{(t1) — & (t1), 2ha}.

By translation, we can assume that «(0,¢1) = 0 so that £_(#;) < 0 < £4(¢1). By symmetry, we need only
consider the case &4 (t1) > |€-(t1)]-

Set hy = max{€4(¢1), ha}t. Then, u(- + hy,t1) > vrrrt(+,0) in IR, so that, by the comparison, u(z; +
hy oty + 1) > vt (er 4+ 0,71) > a + 815 namely, €4 (¢ + 1) < 21 + hy. (Here we use the continuity of
u(z,t).)

Set h_ = max{€;(t1) — &_(t2), ha}. Then, u(- + €_(t1) — h_,t1) < vrrr?(+,0), and therefore, by the
comparison, u(z1+&-(t1) —h_,t1+m) <wvrrr(e; —0,7) <a—6;. Thatisé_(t1 4+ 1) > 21 +&E4 (1) — h_.

Combining the two estimates for {1 (¢1 + 1) and E_(m + t1), we have

§4(tr+7) —&-(t 4+ 7m) < hy =& (0) + ho <max{ly(tr) = §-(11), 2ha}
This completes the proof of Lemma 4.3, as well as the proof of Lemma 4.2 and Theorem 4.1. O

Remark 4.4 (1) The condition (C4) is used only in Step 4 of the proof of Theorem 4.1. It is used to show
that U € C* and limy¢| oo U’(g,t) = 0. It is purely technical, and can be replaced by weaker conditions.

(2) The condition f'(a) > 0, used in the proof of Lemma 4.3 (i), is technical. We do not know if we can
relaz this condition by f'(a) > 0. However, in general, if f'(a) = 0, one can approzimate [ by f. satisfying
fl(a) > 0 to establish the existence (assuming necessary a priori estimates can be obtained). See Remark
5.2(4)(5).

(3) If f'(a) < 0, then f has at least five zeros in [0, 1]. Assume, for simplicity, that f has only one zero a;
in (0,a) and one zero as in (a,1) and that f'(a1) > 0, f'(a2) > 0. Then there are (Uy,c1) and (U, ea) such
that Uy(xz — e1t) and Us(x — eat) are solutions of (1.1) and Uy(—o0) = 0,U1(00) = a = Us(—o0), Us(o0) = 1.
For the case of (1.7), Fife and McLeod [12] showed that if ¢; > ca, then there is a traveling wave of (1.7) and
1 feg > c1, then there s no traveling wave connecting 0 and 1, instead, there is a stacking of two traveling
waves, approvimated by Uy(x —e1t — &) + [Ua(x — cat — &2) — a] where & and &5 are any constants. The case
c1 = ¢ was left open in [12]. We expect our analysis to extend to the case when f(u) has more than three
zeroes, as studied in [12].

5 Examples.

In this section, we shall apply our results developed in §§2-4 to the examples mentioned in §1. Also, we

discuss the special case (1.12) for small A where our analysis fails to apply.

5.1 Applications.

We consider the evolution equation

uy = Dugy + G(u, J1 % SH(u), -+, Ty * S™ (), re€Rt>0, (5.1)
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where J * S(u) stands for the convolution [, J(x — y)S(u(y))dy. We make the following assumptions:
(D1) For some a € (0, 1), the function f(u) := G(u,u,-- -, u) satisfies (4.1);
(D2) For each i =1,---,n, the kernel J; is C'! and satisfies J;(:) > 0, [ Ji(y)dy =1, [} |J}(y)| < oo;

(D3) The functions G(u,p) (p = (p1,- -, pn)), and S (u), - -, S™(u) are smooth functions satisfying for all
€ [_LQ]’ P € [_1’2]71’ and 1= 1a Ny, Gp,(uap) Z Oa S;(U) Z 0

(D4) Either D > 0 or Gy(u,p) < 0 and Gy, (u,p)SL(u) > 0 on [—1,2]"+1.

Theorem 5.1 Assume that (D1)—(D4) hold. Then (5.1) admits a traveling wave solution (U, ¢) satisfying
(2.1). In addition, the traveling wave solutions of (5.1) are unique up to a translation. Furthermore, traveling
wave solutions are globally asymptotically stable in the sense that there exists a positive constant k such that
if u(z,t) is a solution of (5.1) with initial data wy satisfying 0 < ug < 1 and

lim inf ug(z) > a, limsup ug(z) < a,

r—00 r——00

then, for some constants & and K depending on uyg,
Ju(-, 1) = U(- = ct 4+ &)||poo(my < Ke™™ Vt>0.

Proof. We need only verify that the assumptions (D1)—(D4) imply (C1)—(C4). Clearly, (D1) implies
(C1). Also, since G is smooth, (C3) holds.

Next we verify (C2). In the sequel, we write G(u, Jy * u,---,J" * u) as G(u). Assume that (v + v); >
G(u+v), uy < G(u), and v(-,0) = vo(-) > 0. We want to show that v(z,t) > n(z,t) fo vo(y)dy for some

positive function 7 independent of v. Subtracting the inequality for (v + v) from that for u, we have
vy > Dvm—i—g(u—i—v)—g(u):Dvm—l—Kov—l—f*v in IR x (0, 00), (5.2)

where Ko = Ko(x,1) := fol Gu(w, Jy * SH(w), - Jp % S™ (W) |w=u+60d0, J*v = fB z,y,t)v(y) dy and

J(z,y,t / Z Gp(w, Jy * SL(w), -+, Jp * S"(w))(a:,t)S;(w)(y,t)‘w_u_l_ein(x —y)db.
=1
One observes that f(a:,y,t) > 0in IR?* x [0,00). We define K := D + ||G||Cl([_172]n+1)(2?:1||Si||cl([_172])).
Then, K > D + || Ko||Lo(Rx(0,00)) + SUPsem 0 [z |7 (2,3, )] dy.

First, we claim that v > 0. In fact, if it is not true, then there exist ¢ > 0 and 7' > 0 such that v > —ege?¥?
in R x [0,7) and infpv(-,T) = —ce*£T. Without loss of generality, we assume that v(0,7) < —%662KT.
Consider the function w := —E(% + oz(x))e?K? where ¢ is a positive parameter and z is a smooth function
having the property z(0) = 1, z(:l:oo) =3,and z > 1 and |2”| < 1 in R. Gradually decreasing o from

1 to 0, we can find a minimum o = ¢* € (§, 1] such that v > w in IR x [0,7]. For such ¢, we have
(:I:oo,t) = - [4 + 3o7]e?Bt < —86 2kt for all t. Hence, there exits (zg,t9) € IR x (0,7] such that
v(#o,t0) = w(w, to). At this particular point (zg,%0), v+ < wy and vy > Wy, Consequently, we obtain from

(5.2) the chain of inequalities:

2Ktq

v

wt(l‘o,to) Z Ut(l‘o,to) Z Dvxx(l‘o,to) —|— (j % U)(l‘o,to)
Dwgy (20, t0) — ce®Kto [ J(2o,y)dy > —(0* D + [, J)ee*Kto > —eKe2Kto,

71
—ZEAe

v
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Clearly, this is impossible. Therefore, we must have v > 0 in IR x [0, 00). Consequently, setting o := ve™?,

we have 0; > Doy + J * 0.

If D > 0, then we have 0y > D, so that, by the explicit expressions of the solutions of the initial value
problem for u; = Dug,, (C2) holds.

Next we consider the case D = 0. In this case, we have ¢, > J 0 > 0, so that v(x,t) > wvo(x,0) on
IR x [0,00). Tt then follows that ¢; > J # % > J * vy, which implies, for any t; > 0, o(+,t1) > t1J * vg. Now
repeating the same process on [t1,2t1],- -+, [(N — D)t1, Nt1], we have o(-, Nt1) > tJlVf %% J x g for all
N=1,2--

Let 7> 0 and M > 0 be any fixed numbers. Since G;,, S} > 0, there exists a positive constant ¢ such
that f(a:,y,t) > coJi(x —y) for all x € R,y € R,t € [0,00). Also, since J; > 0 and [, J; = 1, there
exists a positive integer N = N (M) such that ¢;(M) := mingej_pr—1 ar41)(J1 * - - - * J1)(2) > 0. Therefore,
taking t; = T/N we have o(z,T) > (coT/N)YNJy * Jy x -+ Jy xvg > (coT/N)Ner (M) fol vo(y)dy for all
z € [-M, M]. That is, (C2) holds.

Finally, we verify (C4). Assume that u; = Duge + G(u), u(-,0) = ug where ug(-,0) € C3(IR) and
0 < up < 1. By the comparison principle, we know that u(xz,?) € [0,1] on IR x [0, o0).

If D >0, (C4) is a direct consequence of the local regularity result of parabolic equations.

Hence, we consider the case D = 0. By continuous dependence on initial data, u € C3(IR x [0, 00)).

Differentiating w; = G(u, Jy * St(u), - -, Jn * S™(u)) with respect to x, we obtain,
(up)e = Guug + X1 Gy, J] + S (u). (5.3)

Since Gy(u,p) < 0 on [0,1]"*!, we have k := —maxg 1jnt+2 Gu(u,p) > 0. It then follows from (5.3) and
Gronwall’s inequality that

Juw(, Ollze < e Jua(-, 0)]|Loe + By [|G),
e (2, 0) | L= (i) + 5271 1G,

i t h(t—r
Leo(oa1e+0) 1S | oo o,y S 111 (W) |dy [y e7#(1=7)
oo (0,117 4+ 1S | oo (0,11 [ 17E (W) dy

IN

for all ¢ > 0. Hence |[Juz||co(mrx[0,c0)) < 00. Differentiating (5.3) with respect to x, we obtain

(Uea)t = Gulloe + 250 Gup e J] + S' + Siy ;G op, (] % S*(w))(J] * S (u)) +
+X7 Gy, J] * (S;ux) =: Guuge + G4

where Gy is in L(IR x (0,00)). It then follows as before that |[uss(:,t)||L(mr) < 6_kt||uxx(',0)||Loo(B) +
%||G1||L°°(B><(0,oo))~ Therefore, [|uzz||co(mx[o,00) < 00. This verifies (C4).
Once we know (C1)—(C4) hold, we can apply the results in §§2-4 to conclude the assertion of the

theorem. 0O

Remark 5.2 (1) One casily sees that our theorem applies to the Reaction—Diffusion model (1.7), the Neural
model (1.9), the Ising model (1.11), the Phase Transition model (1.12) for X large enough such that f'(u)—A <
0 in [0,1], and the Thalamic model (1.13). In addition to our explicit bound on the wave speed stated in

Theorem 3.5, our Theorem 5.1 complements the following results:

(t) the result of Ermentrout & McLeod [10] for (1.9) where existence and uniqueness (only in the class of
monotonic traveling waves) were established; (Our uniqueness and global asymptotic stability result is

new.)
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(i) the result of De Masi, Gobron & Presutti [8] and Orlandi & Triolo [14]; (The former [8] established
the existence, uniqueness, and asymptotic stability of traveling waves for sufficiently small h, by using
a perturbatio n from h = 0 studied in [7, 9], and the latter [14] established the existence, uniqueness
(only in the class of monotonic traveling waves), and linear stability of traveling waves for the general
h such that the algebraic equation w = tanh{B(u+ h)} has three distinguished roots, by usi ng a method
sitmilar to that in [10]. Our existence, uniqueness, and global exponential stabilily theorem applies lo

all the general h as in [14].)

(233) the result of [2] for (1.12) where asymptotic stability of traveling wave solutions is only established for
standing waves, by using an argument similar to [12]; (Our global asymptotic stability result applies to

non-standing traveling wave solutions.)
(tv) the result of [5] for (1.13) where existence and uniqueness of monotonic traveling waves were given.

(2) One may notice that we do not use any of the variational structure of the equation (1.1), so the proof
of asymptotic stability is simpler than that presented in [2, 8, 12].

(3) If D > 0, we can actually allow J; to be (densities of} probability measures. See also Remark 1.1.

(4) Note that when D > 0, the condition Gy, < 0 is not needed. Hence, this condition seems unnecessary
when D = 0. Indeed, for the existence of monotonic traveling wave solutions, one can replace this condition
Gy < 0 by the following condition:

Assume that U(x — ct) is a monotonic (in x) solution of (5.1) with D = 0. Then ¢ > 0 if U(—o0) =0
and U(oo) = a, and ¢ < 0 if U(—o0) = a and U(oo) = 1. (This property is satisfied by (1.12) for any A > 0;
see [2].)

We sketch the proof as follows. Let (Up,cp), D > 0, be the traveling wave solution of (5.1), normalized
so that Up(0) = a. From Theorem 3.5, we know that {cp}pe(o,1) i bounded. Hence, since {Up}pe(o)
consists of monotonic bounded functions, there exists a sequence {Dj}})i1 such that as j — oo, D; \, 0,
¢p; — ¢, and Up, — U (pointwise) for some finite ¢ € IR and some non-decreasing function U satisfying
U0)=a, 0<U < 1. We claim that (U, ¢) is a traveling wave solution. First of all, by Lebesgue’s dominated
convergence theorem, we have cU' = G(U,J' x SYU), -, J" * S*(U)) in the distribution sense. Since the
right-hand side is bounded, il is also in the classical sense. (This implies that if ¢ # 0, then U s in C*,
and that U is discontinuous only if ¢ = 0). To finish the proof, we need only show that U is non—trivial.
Assume that U s trivial, namely U = a. Without loss of generality, we assume that ¢ < 0. Consider the
family {Up,(- + &)} where Up,(§;) = a/2. Then, one can find a subsequence {Dj, }72, such that Up,
approaches a limit U which solves cU' = G(U, J' « SY(U),---, J*« S*(U)). In addition U is non-decreasing
and 0 < U < a, tU(0) = a/2. Clearly, U % a/2 so that ﬁ(—oo) =0 and [j(oo) = a. But by the hypothesis,
we must have ¢ > 0, which contradicts the assumption ¢ < 0. This contradiction shows that (U,c) is a
traveling wave solution of (5.1) with D = 0.

(5) The condition f'(a) > 0 could be relazed to f'(a) > 0. In fact, one can perturb f to f. satisfying
fl(a) > 0 and use the same argument as in the preceding paragraph to establish the exvistence of a traveling

wave solution.

5.2 Examples of non—uniqueness.

At the end of this paper, we provide an example showing that if the profile of a traveling wave front
is monotonic but discontinuous, then it may not be unique and asymptotically stable. The example we

constructed below also explains where and why our analysis in §2 fails.
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Consider the evolution problem
uy = A *u—u] + fu), flu) = u—u® (5.4)
Here J satisfies
JeC R, I =T =0 B[ I =1 [ (s <.

Notice that the three roots of f are (—1,0,1), instead of our previous convention (0, a, 1).

We consider only the case A € (0,1). In this case, f(m) = Am has three solutions: m_ 1= —/1 — X, mgy =
0,m4 :=+/1 = X. Also, if we define my := :I:\/m, then f(u) — Au is monotonic in (—oo, 7_) and in
(my4,00). We denote by m = m*(g) and m = m™(g) the inverse functions of ¢ = g(m) := f(m) — Am for
m € (my,00) and for m € (—oo,m_) respectively. Clearly, m* (-) is smooth and monotonic in its definition
domain. We define g1 = g(my) = :I:Q(%)B/Z. Clearly,

—l<m_=m (0)<m_-=m (§g-) <0<mT(g4) =my <m+(0) =my < L.

It is proved in [2] that (5.4) has a monotonic standing wave U satisfying U € C((—o0,0]) U C*([0, 00)),
U'>0in (—o0,0]U[0,00), U(£0) = my, and

AT +U =U)+ f(U) = 0.

See also Remark 5.2 (3). In addition, [ |U(z) — (2H(z) — 1)|dz < oo.
Now we shall construct non-monotonic stationary solutions of (5.4). First, we study solutions of (5.4)

for some special initial data.

Lemma 5.3 Let h be an arbitrary small positive constant satisfying

1 . . . _
¥%U*U@+QM—J*UQMgezzimm@@u%—ﬂmJ}C:a%%ﬁﬁ) (5.5)
Also let I be any fired measurable subset of Iy := [—h, h]. Let ul(z,t) be the solution of (5.4) with initial
data

Ulx — h) if € (h,o00),

wl(2,0) = ul(z) = Uz +h) if ®€(—o0,—h),

my of vel,
m_ if eelp\ I
Then the following holds:
1. Forallz € IR and t > 0,
U(x —h—0) < u'(z,t) < Uz + h+0); (5.6)

2. For any t € [0,00), u!(x,t) > mT (g, —¢) for all x € T and u'(x,t) < m™(§g_ +¢) for all x € Iy \ I;
3. On the set It := I U[h,c0), the family {ul(-,t)}i>0 is uniformly Lipschitz continuous, i.e,

Ha,t) —ul(y,t
I VL )|
z,y€lt z#£y,t>0 |l‘—y|

< 00,
Similarly, on the set I~ = (—oo0, —h]U(Io\I), the family {u(-,t)}i>0 is uniformly Lipschitz continuous.
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Proof (1) Since U(z —h —0) < ul(z) < U(z + h + 0), the first assertion follows immediately by the
comparison principle.

(2) We first prove that u!(z,t) < m™(§g— +¢) for all = € Iy \ I. In fact, if this is not true, then
there exist € Iy \ [ and 7" > 0 such that u!(z,t) < m™(§— +¢) in [0,7), v/ (2,T) = m™(§_ + ¢),
and ul(z,T) > 0. Using (5.6), (5.5), and the fact that (J * U)(0) = ¢(U(0£)) = g(m+) = 0, we have
J*xul (-, T)(z) < (J*U)(2ho) < (J *U)(0) + ¢ = e. Hence, from the differential equation, we deduce that

0 < uf(e,T) = A xu! (-, T) (@) + g(m™ (G- +€)) = M ' (-, T) (@) + §- +¢ < g +2¢

which is impossible since ¢ < —%ﬁ_. Hence, we must have uf(z,t) < m~(g_ +¢) for all x € I\ I. Similarly,
ul(z,t) > mt (g4 —¢) forall z € I.

(3) Let x,y € I be any two points. Then by the second assertion of the lemma, u!(z,t),u!(y,t) €
(mt (gt —¢),00) for all t > 0. Setting v(¢) = u!(z,t) —u!(y,t), we have, from the evolution equation for u?,

ot) = (g’ (y,0) +o(0) — g(u’ (g, )] + [J x u' (2) = T+ 0! (y)]
= ¢ (u(y,t) +0v(t)v(t) + [J * uI(x) — J* uI(y)]

where 6 € (0,1). Since ¢'(u(y,t) +0v(t)) < —k 1= maxyepm+(5,—c),00)1 S (1) = A} <0, and since |J *ul(z) —
J*ul(y)] < I|/|l21(m)l® — y|, we obtain, by Gronwall’s inequality,

13
o(t)] < e u’(2) — u (y)] + / e M gmy e =yl < K e =y
0

Hence, {u!(-,t)};>0 is uniformly Lipschitz continuous on I*. In a similar manner, we can show that

{ud (-, t)}i>0 is uniformly Lipschitz continuous on I=. O

Theorem 5.4 There exists a small positive constant hy such that for any h € (0, hg] and every measurable
subset I of Iy := [—h, k] (0 < |I| < 2hg), there is a standing wave U of (5.4) having the following properties:

MI+UL=UDHY+ f(UH) =0 on IR, (5.7)
Ul—h=0)<Ul()<U(+h+0) on R, (5.8)

Ul(z) >mt on I, Ul(z)<m™ on I\ L (5.9)

Proof. Define F(u f f(s)ds. Then F(—=1)= F(1) = 0 and F(u) < 0 for all w € (—1,1). From

(5.6) and the properties of U, one can show that the energy of the state uf(-,¢) defined by

()= [ [ el =0 dedy— [ P 0)a

is finite, and in addition

//utxt dadi + E(u! (1)) = £(ub).

Since E(ul(+,1)) > 0, [~ [rul)? < E(ul).

Notice that a) {u!(,1)}s>0 is equi—continuous on I* and I~ respectively, and b) u!(-,-) is uniformly
continuous on I~ x [0,00) and IT x [0,00) respectively. (Since ul = M(J * u! — ul) 4+ f(u!) is Lipschitz
continuous in  in I x [0, 00) and (u;); = A(J *ul —ul)+ f/(u!)ul is bounded on IR x [0, 00)). Hence, there
exist a function U! and a sequence {t; 1521 with limj . t; = oo such that u I(yty) = UL(:) and ! (-, t;) — O

uniformly on any bounded subset of IR.
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Using the equation for u!, we readily see that U satisfies (5.7). From the properties of u! in Lemma 5.3,
U! is Lipschitz continuous on I~ and It respectively and satisfies (5.9) (observing that m* < m* (g4 —¢)
and m~ > m~ (g +¢)) and U(- — hg — 0) < U¥(-) < U(- + ho + 0) on IR. Using the comparison principle,
we also have (5.8). This completes the proof the the theorem. O

Remark 5.5 (1) From (5.7)-(5.9), m*(J « UT) is well-defined on I*, and
Ule) = =mE(J «UT) on IE.

Since J + Ul is C* and m*(g) is C* on its definition domain, the restriction of U' on It is in C1(IT).
(The derivative is defined by UI/(x) =limy_; 5 yers Ul(xx)%;ﬂ(y) forallz € T%.)

(2) Since m* > 0> m™, if I} is not a translation of I, then UTr(-) 2 Ul2(- + &) for all ¢ € IR. Hence,
(5.4) admits infinitely many non-monotonic standing waves; in particular, it admits solutions which ar e
not odd with respect to any point (i.c., UL(-) & —U(— - +€) for any &). Also, since one can take arbitrarily
small h, UY can be arbitrarily close to U(-) in LP(IR) for any p < cc.

(3) Although (5.8) is a strict inequality, we cannot “push” either U(- + hg) or U(- — hg) to make U(- —
h0+iz) <ULy in[-1,1] or U(~—|—h0—il) > UL(:) in [-1,1] for any small b, if hg and —hy are accumulation
points of I and [—ho, ho]\ I. This is due to the fact that U' is discontinuous at bo th x = ho and x = —hy.

(4) One sees that our choice of f(u) = u—u is only for the convenience of computation. Theorem 5.4
is true for a general f such that f(u) — Au is not strictly decreasing in [0,1] and there is a discontinuous

monotonic standing wave of (5.4).

Remark 5.6 (1} Physically, A represents the strength of the surface tension of interfaces between two dif-
ferent phases of @ material. The stationary solution that we constructed for (5.4) indicates that if the surface
tension ts too small, then there may not be any phase coarsening.

(2) We do not know if there are stationary solutions of (5.1) with the property that U(+oo) = £1, and
that the set M = {x :U(x) € ("m_,m4)} has non—zero measure.

(3) We conjecture that there are infinitely many non-trivial equilibrium U of (5.1) (with A € (0,1)) such
that lim|y| oo U(x) = 1. This will be in sharp contrast to Remark 3.4(c).
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