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Summary. Inter-relations between the TP2 property and log-concavity of

density functions have been investigated. The general results are then

applied to noncentral chi-square density functions and beta density

functions.

Results on Density Functions

Definition 1. A function f: R2->-R is said to be TP2 [5] if, for

xl<x2, y1<y2
(1) f(xl,yz) f(xz,yl)gf(xl,yl) £(x,y,5,).

We shall say that 1/f is TPZ’ if (1) holds for f with the inequality
reversed.

Let X be a positive random variable having the p.d.f. £f(-,6,)) with
respect to Lebesgue measure; 6> 0, A>0.

Definition 2. The p.d.f. f(x,6,1) is said to have the reproductive

property (RP) in 6, if there exists a distribution function G(-,s) on R+

(s>0) such that
(2) S5 £(x=y,0,1) G(dy,s) = £(x, 6+s,))
Theorem 1. Suppose f(x,0,A) has the RP in 0, Then

(1)  £(x,6,1) TP2 in (x,2) = 1/£(x,6,1) TP2 in (6,1).
(11) £(x,0,1) TP2 in (x,8) = f(x,0,)) log-concave in 6.

Proof (i) for 0<x1<x2, }‘l< )\2 we have

(3) f(xz,e,ll) f(xl,e,)\z) < f(XZ’e’)‘z) f(xl,e,Al)




Write X=X, =Y. Integrating (3) with respect to G(dy,s) we get

(4) f(xZ’e’ll) f(xzse"'s,)\z) i f(xz,e’}\z) f(x2,9+s,>\l),

which shows that 1/f(x,6,)A) is TP, in (0,1).
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(ii) For 0<xl<x2, el< 92, we have

(5) f(xl,ez,l) f(x A) < f(xz,ez,}\) f(x A,

2361’ l)el’

Write X =%, =Y. Integrating (5) with respect to G(dy,s) we get

(6) £(x5,0,+s,1) £(x,,0,,}) < £(x,,6,,)) £(x,,8,+s,1),
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which shows that £(x,0,)) is log-concave in 6.

Definition 3. The p.d.f. £(x,06,A) is said to have the mixture property (MP)

in (0,A) if there exists a non-negative random variable K with the

distribution H(+,t) with >0 such that
(7 j‘; £(x, 6+k,A) H(dk,1) = £(x,6,A+1).

Suppose H in Definition 3 possesses a density function h with respect tb
a g-finite measure v.
Theorem 2. Suppose f(x,0,)A) has the MP in (6,A). Then
(1) £(x,6,0) TPZ’ h(k,T) TP2 = f(x,6,T1) TP2 in (x,1).
(ii) 1/£(x,6,1) '.ITP2 in (0,)) = £(x,0,1) log-concave in A.
(111)  £(x,0,1) TP, in (x,8) =£(x,6,)) TP, in (x,)).
(iv) f(x,0,A) log-concave in 6 = £(x,6,A) log-concave in A.
Proof: (i) This follows from Karlin's Theorem [p. 17, 5].

(ii) For 8.<6,, A, <A
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(8) f(x,ez,kz) f(x’el’xl) < f(x,ez,kl) f(x,el,Kz).
Write 62= el+k. Integrating (8) with respect to H(dk,T) we get
9) f(x,61,>\2+1) f(x,el,kl) < f(x,el,)\l-l"t) f(x,el,)\z),

which shows that f(x,06,\) is log-concave in A.

6 <6, we have

(iii) TFor 0<x1<x2, 1

(10)  £(x,,6,,0) £(x1,8,,)) < £(x A) £(x,,6,,1).

229> 1%

Write 62=61+k. Integrating (10) with respect to H(dk,t) we get

(11) f(x2’91’>‘) f(xl,el,)\+r) < f(x A+T) f(xl,el,}\),

22815

which shows that f(x,8,1) is TP2 in (x,)).

(iv) For 615_62, 0<s we have

(12) £(x,0,+85,1) £(x,6,,0) < £(x,6,,)) £(x,6, +s,}).

Write 6,=6, +k and integrate (12) with respect to H(dk,'rl) H(ds,’rz).
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Then we get
(13 f(x,el,k+rl+12) f(x,el,)\) < f(x,el,}\+tl) f(x,el,k+1’2).

The above shows that f(x,8,)) is log-concave in A.
Theorem 3. Suppose f(x,0,)A) is log-concave in x. Then

(14) f(x,06,A) has the RP in 6 = f(x,0,A) is TP, in (x,8).
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Proof TFor 0< Xy < Xps 0<y we have

(15)  £(x,0,0) £(x,+7,0,)) < £(x,,6,)) £(x;+y,0,)).




Write x, =x, - 2. Integrating (15) with respect to G(dz,s) we get

(16) f(x2,6+s,l) f(x2+y,9,)\) < f(xz,e,l) f(x2+y,e+s,k),

Which shows that f(x,0,A) is TP, in (x,6).
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Define C(x,06,)) by

a7) £(x,0,1) C(x,8,1) =£(A,0,x).

Lemma 1. If both f(x,0,)A) and C(x,6,)A) are log-concave in A,
then f£(x,0,A) is log-concave in x.

The above lemma is a well-known fact; see [1,2].
Combining the above results, wé get the following:

Theorem 4. Suppose the following conditions hold:

(a) £(x,6,)) has the RP in €, as defined in (2)

(b) £(x,6,)) has the MP in (6,1), as defined in (7)

(¢) C(x,6,)), as defined in (17), is log-concave in A.
Then the fo;lowing are equivalent:

(1)  £(x,8,)) is TP. in (x,)).
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(ii) 1/£(x,6,A) is TP, in (6,A).
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(iii) £(x,8,)1) is log-concave in A.
(iv) f£(x,08,)) is log-concave in x.

(v) f(x,0,A) is TP, in (x,0).

2
(vi) f£(x,8,)) is log-concave in €.
Moreover, all the above results (i) - (vi), under the conditions (a) - (¢),

are implied by the condition

(d) f£(x,0,0) is TP2, h(k,t) is TPZ'



Application: Noncentral chi-square distribution.

Suppose f(x,0,)A) is the p.d.f. of the nonceptral chi-square distri-
bution with € degrees of freedom and the noncentrality parameter A. Then
(2) holds with G(-,s) as the distribution of xz. Moreover, (7) holds if H
is taken such that K/2 is distributed as Poisson with mean t/2. With this
specification of h, condition (d) of Theorem 4 obtaims. It can also be

seen that C(x,0,1), as defined in (17), is given by

(18) Cx,8,1) = (A/x) 821

which is log-concave in A if 6/2 > 1, Hence (i) - (1ii) of Theorem 4 hold
when 6>0, and (iv) - (vi) hold when 6> 2. It can be seen easily that f(x,6,0)
is log-concave in x when 6 >2; also f(x,6,0) is 'I'P2 in (x,0), and f(x,6,0)

is log-concave in ©. Ghosh [4] gave an alternative proof of the TP,

property of £(x,6,A) in (x,8) when 6>2. Karlin [5] proved that f(x,6,})

is log-concave in x when 6> 2,

Remark.The chain of arguments used in the above theorems can be used also

for discrete random variables after minor modifications.

Results on C.D.F.'s,

Let X be a positive r.v. with the p.d.f. f(x,8,0) with respect to

Lebesgue measure. The c.d.f. of X is given by

(19) F(c,0,1) = P[X<C] = 1-F(C,6,1).



Lemma 2,

(a) If £(x,9,\) satisfies (2), then so does F(x,8,A).

(b) If £(x,0,)\) satisfies (7), then so does F(x,8,1).

(e) If £f(x,06,A) is TP2 in (x,0) (or, in (x,1)), then F(x,8,2)

is also TP, in (x,0)(or, in (x,A)).
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(d) If £(x,0,)) is log-concave in x, then F(x,0,1) is also
log-concave in x.
The above results (b)-(d) also hold for F,
Proof. The results (a) and (b) are trivial. The results (c)
follows from Karlin's theorem [5] and the fact that the indicator

function of the set (-«,C] is TP, in (x,C). The result (d) follows

from Prekopa's Theorem; see Das Gupta [1,2].

Remark, If f or F satisfies RP, then it trivially follows that F(c,6,))
is decreasing in 0; this fact also follows from the condition that F(c,e,A)
is TP

2 in (c,0).

Theorem 5.
(a) Suppose f(x,6,A) or F(x,0,\) satisfies the RP in 0, as given

in (2). Then

2 in (6,)).

in (x,8) = F(x,08,)A) log-concave in €,

(1) F(x,6,X) TP2 in (x,A) = 1/F(x,6,)) TP

(i1) F(x,0,1) TP,
(iii) F(x,6,A) log-concave in x = F(x,0,A) TP2 in (x,0).

(b) If f(x,0,A) or F(x,06,)) satisfies the MP in (6,)) as given in (7),
then
(1) . 1/F(x,8,)) TP, in (8,)) = f(x,8,1) log-concave in A.

(ii) F(x,6,7) TP2 in (x,0) = F(x,6,)) TP, in (x,A).

2

(iii) F(x,6,)) log-concave in 6 = F(x,0,A) log-concave in A.



.S

Proof. It follows from (a) that F(c,8) is TP For O<c <c2, 6. <8

2° 1 1 72

we have
(25) F(cz, 91) F(cl,ez) < F(cz,ez) F(cl,el).
Write c2=c1+y. Integrating (25) with respect to G(dy,ez,é) we get

(2'6.) F(czp.el) i(C2’92+6) _<__ F(Czaez) r(; F(cz-}';el) G(dy,el,é)
< F(eys0,) [y Fle,my,0;) G(dy,0,,6)

= F(cz,ez) F(cz,el +48).

Application to Beta Distribution

Suppose U~Bm n and V~ are independently distributed. Then
? .

Bs,min
UW~B o . Write X=-logU, Y=-logV, and 6 =m. Let £(-,0) be the

1

density of X and G(+,0,5) be the c.d.f. of Y. Then the conditions (a)-

(c) of Theorem 5 hold. Hence P[U<c] is log-concave in m.

Remark. Some of the above results relating to chi-square distribution
are given in the Ph.D. dissertation of Sarkar. Furthermore, following the
ideas of Das Gupta and Perlman [3], Sarkar [6] has shown that xfl o 18

log-concave in m> 0, where P[x;> x:l 0‘] =0
?

Remark. The only basic result relating the 'I‘P2 properties and log-concavity
available in the literature is the following [5]: A positive-valued function
g is log-concave iff g(x-y) is TP2 in (x,y). This result follows easily
from the development in Theorem 1l; one has to consider a special G in
Definition 2 which assigns the entire probability mean at a positive

number,




[1]

[2]

(3]

[4]

[5]

[6]

References

Das Gupta, S. (1976). S-Unimodal Function: Related Inequalities
and Statistical Applications. Sankhya, Vol. 38, Series B,
301-314.

Das Gupta, S. (1980). Brunn-Minkowski Inequalities and its Aftermath.
J. Multiv, Anal.

Das Gupta, S. and Perlman, M.D. (1974). Power of the Noncentral F-test:
Effect of Additional Variates on Hotelling's T2-test. J. Amer.
Statist. Assoc., Vol. 69, 174-180.

Ghosh, B.K.(1973). Some Monotonicity Theorems for xz, F and t distri-
butions with Applications. J.R.S.S., Series B, 35, 480-492,

Karlin, S. (1968). Total Positivity. Stanford University Press,
Stanford.

Sarkar, S.K. (1982). Some results on x2 and a related distribution.
To appear in Sankhya.

- 10 -



= *
for any dl’ d2 and 05&1, azf_l, al+a2 1, where F* is the c.d.f.

corresponding to f*., The above inequality is equivalent to

a a [+
(22 F(e,' c?, 0) > [F(c,0)] ! [¥(c,,8)] 2

for any positive €15Cys where F is the c.d.f. of xg . Thus from the

"arithmetic mean geometric mean" inequality we get
, % %2
(23) Fla,e, +a,c,,0) > [F(c;, 0)] © [F(c,,0)] °,

which shows that F(c,8) is log-concave in ¢ for 6>0. Incidentally

(22) also holds for F in place of F.

More Results on p.d.f.'s

Let X be a positive random variable with the p.d.f, £(+,0) with

respect to Lebesgue measure.

Definition 4. The density £(-,0) is said to have the restricted reproductive

property (RRP) in 0, if there exists a positive r.v. Y with the distribution

G(*,0,8) such that
(26 [§ £(x-y,6) G(dy,8,8) = £(x,0+36).

Theorem 6. Suppose the following conditions hold:

(a) £(x,0) is TP, .

(b) f satisfies the RRP, as given in (24).

(c) G(-,8,68), as given in Definition 4, is stochastic decreasing

in €.

Then F(x,e) is log-concave in €,




The above results in (a) and (b) also hold if F is replaced by F.
This theorem can be proved following the proofs of Theorems 1 and
2. However, we need to note some additional facts in order to prove the

results for F, If F(x,0,)) satisfies (2),we get
(20) J5 Fle-y,8,0) 6(dy,s) =F(c,0+s,1) -8(c,s).

S0, in order for Theorem 5(a) (i) to hold for F we must have F(c,0,))
increasing in A; but this is implied by the condition that F(c,0,1) is
TP, in (e,A). Also, for Theorem 5(a)(ii) to hold for F we need F(c,6,1)
increasing in 0; again this is implied by the condition that F(c,6,A) is

TP2 in (c,8).

Application to chi-square Distribution

(a) If F(+,6,)) is the c.d.f. of the chi-square distribution with 6
degrees of freedom and noncentrality parameter A, then tﬁe results (i)-
(iii) of Theorem 4 hold for F or F in place of f, and (iv) - (vi) hold
for F or F in place of f when 6> 2,
(b) If £(-,0,0) is the p.d.f. of xg, then it is well-known that f(x,6, 0)
is TPZ' Hence, following the proof of Theorem 1 (ii) it can be shown that
both F(c,0,0) and F(c,0,0) are log-concave in 6> 0.
(¢c) It follows from Lemma 2 and the subsequent remark that both F(c,6,)
and F(c,0,1) are log-concave in c when 6>2. However, a stronger result
can be obtained when A =0 by appealing to Prekopa's Theorem.

Suppose X ~ xg, and let f* be the p.d.f. of Y=1logX. Then f*(y,0)
is log-concave in y for 6> 0., Using Prekopa's Theorem, we get

% %2
(21) F*(aldl+u2d2,6)3[F*(d1,e)] [F*(d,,0)] 7,



