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Abstract

In this paperwe develop andanalyzebasicgeometricstructuredor the topographicepresentation
of images.Onecomponenbf the geometricdescriptionis basedon the Morse structureof theimage,
while a secondoneis connectedo its drainagestructure. Thesefundamentatlescriptorscould be used
ashuilding blocksfor a geometricmultiscalerepresentationf imagesin generalandDigital Elevation
Models (DEM) in particular The topographicsignificanceof the Morse and drainagestructuresof
DEMs suggestghat they can be usedas the basisof an efficient encodingscheme. Therefore,we
combinethis geometricrepresentatiowith partial differentialequationdasednterpolationalgorithms
andlosslessdatacompressiortechniquego develop a compressiorschemefor DEM. This algorithm
permitsto obtain compressiorresultswhile controlling the maximumerror in the decodedelevation
map, a propertythatis necessaryor the majority of applicationsdealingwith DEM. We presentthe
underlyingtheoryandcompressiomesultsfor standardEM data.
MathematicsSubjectClassification:68U10,54C30,35J25

Key words: Digital elevationimagesmathematicamorphology Morsetheory, drainagestructurescon-
nectedcomponentsinterpolation,encodingcompression

1 Intr oduction

A geometricapproactior encodingandcompressingigital ElevationModels(DEM) is proposedndstud-
iedin this paper The proposedpproachs basedn the computatiorof the singularitiesof thetopographic
structureof the data,a kind of topologicalMorse theory andthe computationof its drainagestructures.
Togetherthey leadto anefficient representationf thetopographicstructureof theseimages.Thesebasic
structurescanalsobe consideredasa building block for the geometricmultiscalerepresentationf DEM.!
Theemphasigndnovelty of this paperis in the mathematic®ehindthis framewvork, while the applications
werereportedn [58].

DEM dataconsisiof adiscretedigital representationf asurfaceterrain.Eachcellin aDEM corresponds
to apoint(z,y, z) in 3D space We canthink of (z,y) asthecoordinatesn theimagedomainandtheheight
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Figurel: Left: original DEM image.Right: 3D representatioof theimageon the left.

z asthe gray value of the image(seeFig. 1). The acquisitionsystemsusedto obtaina DEM have been
improved during the last yearsin orderto obtaina betterresolutionboth in the coordinateplaneandin
height.

Obviously, this kind of datarequiresa large amountof bytesto storethem. Typically a DEM image
from asmallterrainhas1200 x 1200 points,thatis 1440000 bytes(1.4 M b) whenusing8 bitsfor theheight,
or 2880000 (2.8 Mb) whenusing16 bits. If we notethatfor a completeterraindescriptionof a countrywe
needthousandef theseémages storingandtransmittingthemrequiresefficientencodingandcompression.

Many algorithmsexist for datacompressionThey canbe classifiednto losslessandlossy[48, 66, 65].
Losslessalgorithmsintroduceno error, therebylimiting the amountof achieved datacompressionLossy
algorithmsachiere highercompressiomatios at the expense®f introducingerrorsin the decodedmage.
It is importantin this caseto have a controlon this error. Typically, lossycompressioralgorithmscontrol
the Lo norm of the error (the root meansquareerror), but it is not so easyto find algorithmswhich allow
a control on the L., norm of the error (thatis the superror). This is fundamentafor DEM applications.
Without an L*° error control the errorin individual pixels may be of the sameorderof magnitudeasthe
imagegray valueresolution. For DEM applicationsg.g., navigation andlanding, this leadsto an errorin
terrainheightthatmakesthe algorithmforbidden.A standardalgorithmallowing thedesiredL, controlis
JPEGLosslesgJPEG-LS)66, 65, 43], which hasanearlosslessnodewhereonecanimposethemaximum
allowederror Theuseof JPEG-LSfor DEM datahasbeenstudiedin [43].2

As mentionedabove, the control of the maximumerror per pixel (terrainpoint) is requiredwhencom-
pressingDEM datato achiee anaccuratedescriptionof terrainfeatures.On the otherhand,in the caseof
DEM data,it seemgeasonabléo storeonly thosegeometricstructuresvhich areof specialrelevance(such
asits Morseanddrainagestructuresseebelow), andinterpolate while controllingthe maximalerror, the
restfrom this non uniform geometricsampling. The goal of this paperis to computethesestructuresand
to usethemto efficiently compres®EM data,while controllingthe L., normof theerror The geometric
descriptionof the datais basedon a kind of topologicalMorse theoryandon drainagestructureswhich
provide, aswe will shav belaw, anefficienttopographiaepresentatioof theimage.

This paperis structuredasfollows. Section2 reviews the currentliteraturein topographicaepresenta-
tion of imagesandwill help usto further motivate our geometricapproachfor DEM encoding. Section
3 describeghe notion of monotoneand maximalmonotonesection. In Section4 we recall the definition
andbasicpropertiesof somemorphologicaffilters introducedby Luc Vincentwhich arecalledthe extrema
killers. In Section5 we recall someresultsaboutthe effect of the extremakillers on images they simplify

%Let us mentionthatif we compressanimagewith JPEG-200(1] andthenencodethe errorswhich aregreaterthana given
bound,thenthis algorithmcanalsobe usedto compressvith control of the maximumerror.



its topographianap,in particular the numberof maximalmonotonesectionsof animageis alwaysfinite if
we previously filter it by meansof Vincents filters. Next, in Section6, we will definethe notion of critical
andsingularvalueandprove thatthey areequivalent. As amainconsequenceye proposea simplecombi-
natorialalgorithmcomputingthe maximalmonotonesectionsof animage.Thisis theobjectof Section6.1.
Section7 will be devotedto the studyof drainage structuredrom a morphologicalpoint of view. Section
8 is devotedto the computationof the drainagestructures.In Section9 we discusssomepropertiesof the
interpolationalgorithmsusedto recover an approximationof the original datafrom the sampledone. In
Section10we collectthe previously developedalgorithmsandwe applythemto build analgorithmadapted
to the compressiorof DEM data. We alsocomparet with existing compressioralgorithms,mainly with
JPEGLosslesqJLS) and JPEG-2000.Finally, in Section12 we summarizehe main conclusionsof this
work.

2 Review onthe topographic description of images

The useof a topographicdescriptionof images,surfaces,or 3D datahasbeenintroducedand motivated
in differentareasof researchincluding imageprocessingcomputergraphics,andgeographignformation
systemg(GIS), e.g.,[8, 9, 10, 7, 6, 12, 18, 20, 23, 30, 61, 33, 39, 38, 49, 52, 57]. The motivationsfor
sucha descriptiondiffer dependingon thefield of application.In all casegheseaim to achieve anefficient
descriptionof the basicshapesn the givenimageandtheir topologicalchangessa function of a physical
guantitythatdepend®n thetype of data(heightin dataelevation models,intensityin imagesgetc.). In our
brief literaturereview belawv, whichwill helpto motivateour own contritution, we have separatetheworks
into two mainareasof researchcomputergraphicsandimageprocessingln somecaseghis separations
somavhatarbitrary somepapersjf notall, could beincludedin bothareassincethe applicationcouldbe
orientedto oneor theother

In computergraphicsand geographidnformation systemstopographicmapsrepresenta high level
descriptiorof thedata. Topographianapsarerepresentetly contourmaps,.e.,theisocontourof thegiven
scalardata. The descriptionof the varyingisocontoursequiresthe introductionof datastructuresl|ike the
topayraphic change treeor contourtreewhich canrepresenthe nestingof contourlineson a contourmap
(oracontinuoudopographicstructure)47, 30, 61]. In all casestheproposediescriptioncanbe considered
asanimplementatiorof Morsetheory in the sensethat Morsetheorydescribeghe topologicalchangeof
theisocontoursof scalardataor heightfunction asthe heightvaries,andrelatesthesetopologicalchanges
to the criticalities of the function. Giventhe scalardatau definedin adomainQ of RY (u : Q — IR), the
contourmapis definedin theliteratureasthefamily of isocontourdu = A] = {z € Q : u(z) = A}, A € R,
or in termsof the boundarief upper(or lower) level setsju > A\ = {z € Q : u(z) > A} (Ju < A)).
Thefirst descriptionis moreadaptedo the caseof smoothdatawhile the seconddescriptioncanbe adapted
to moregeneralcontinuousdatawherethereare plateausof constantlevation or discontinuousiata. The
seconddescriptionhasbeenaddressedh [18, 30], while the first descriptionhasbeenusedin [7, 6, 61],
whereana priori interpolationof the discretedatais requiredsothatthe regularity assumptionpermitthe
isocontourdescription.

The contourmapis organizedin a datastructure,eitherthe contourtree[30, 61], or the Reebgraph
[60, 44]. Thecontourtreerepresentthenestingof contourinesof thecontourmap. Accordingto [30], each
noderepresenta connected¢omponenof anupper(or lower)level set[u. > A] ([u < A]), andlinks between
nodesrepresenta parent-childrelationship,a link going from the containingto the containedsetin the
uppertree,or viceversaif we consideithelowertree.Eachnodehasalist of descendantéts corresponding
elevationvalue,alist of boundarypoints,andits parent. The contourtreeencodeghe topologicalchanges
of the level curvesof the data. Critical valuesandits associatedeatures peaks(maxima),pits (minima),
or passegsaddles)canbeextractedfrom the contourtree[30]. Thedescriptionof thetopographiachanges
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requiresthe useof both upperandlower trees,andthe contourtree canalsobe usedasa tool to compute
otherterrainfeaturessuchasridgesandravines[30]. For practicalapplicationsthe datastructurehasto
beimplementedvith afastalgorithmandwith minimal storagerequirementsin [61] thisis accomplished
with avariantof the contourtreewherethecriticalities (maxima,minima, saddlescomputedn alocal way)
arecomputedirst. In [7] severalattributeshave beenaddedto the contourdatawhich canbe usedto select
a subsampledamily of contourswhich arerepresentate of the data. As examplesof suchattributesthe
authorschoosehe lengthor areaof the isocontourstheratio lengthof the isocontour/areaf the enclosed
set,or theintegral of thegradientalongtheisocontour

A relateddatastructures the Reelbgraph whichrepresentghe splittingandmeiging of theisocontours.
TheReelgraphof theheightfunctionu is obtainedy identifyingtwo pointsp, ¢ € Q suchthatu(p) = u(q)
if they arein the sameconnectecomponenbf theisocontourfu = u(p)]. Thus,a cross-sectionatontour
correspondso a point of an edgeof the Reebgraph,anda vertex represents critical point of the height
functionu. The Reebgraphwasproposedn [60] asa datastructurefor encodingtopographiomaps. The
authorsproposedo computeit following the computationof the so-calledsurface network. The surface
network is alsoa topologicalgraph,i.e., a graphthatrepresentshe relationsamongcritical points,whose
vertex arecritical pointsandtheedgesepreseneitheraridgeor aravineline. A ridge (ravine) line is aline
with steepesgradientwhich joins a passto a peak(pit) [60, 26]. The critical pointsarecomputedwith an
algorithmbasedon local computationsso thatthe Euler’s formularelatingthe numberof peaks pits and
passesholds. Thenridgesandravinesarecomputedollowing thesteepesdlines. In thecontet of computer
graphics,Morsetheoryhasalsobeenusedto encodesurfacesin 3D space57]. In [57], the authorsalso
usea tree structurelike the Reebgraphcomplementedvith information aboutthe Morse indexes of the
singularitiesandincluding enough(information about)intermediatecontoursto be ableto reconstrucby
interpolationthe preciseway in which the surfaceis embeddedn 3D space.

In imageprocessingthetopographialescriptionwasadwcatedasalocal andcontrasinvariantdescrip-
tion of imagedi.e., invariantunderillumination changes)andhasleadto anunderlyingnotion of shape®f
animageasthefamily of connectedcomponent®f upperor lower level setsof theimage[12, 49, 52, 13].
An efficient descriptionof the family of shapesn termsof atreewasproposedn [39, 38] andfurtherde-
velopedin [33]. Thetreeof shapessproposedn [39, 38] fusestheinformationof boththe treesof upper
[v > A] andlower [u < )] level setsof the scalarimagewu. The key ideafor this fusionis the notion of
shapeasa connecteccomponenof anupper[u > A] or lower [u < A] level setin which the holesare
filled-in. Thistopographicstructurehasbeenfurtherstudiedin [9, 38, 8], wherea Morsedescriptionof this
topographicstructurevasdeveloped.The mathematicatlescriptionpermittedto includethe caseof images
asuppersemicontinuousgunctions. In [33], following bilinear interpolationof the discretedata,theimage
could betreatedasa continuousunctionandatreeof bilinearlevel lines[u = A\] wascomputed.Thetree
of bilinearlevel linesis morerelatedto the contourtreecomputedwith the isocontoursof the interpolated
image. A subtreecontainingthe so-calledmeaningfullevel lines[19] canbe extractedwhich containsthe
main level lines accordingto the distribution of gradientvaluesof the imagein a statisticalway [33, 19].
Thework in [28] canbe consideredasa mathematicatlescriptionof the (iso) contourtreein the caseof
two-dimensionafunctions. In [18], Morsetheoryhasalsobeenusedasa basicmodelto describethe geo-
metric structuresof 2D and3D images,andin general,of multidimensionadata. Applicationshave been
givenin differentdomains,in particular to visualizestructuresn 3D medicalimages. The dataare typi-
cally multi-dimensionaksampleddata,andit cannotbe assumedhatthe functionis Morsein a traditional
sensegvenif interpolated.Thus,theauthorsadaptMorsetheoryusingcombinatoriaimethods.Theauthors
assumehat the given dataareinterpolatedby a continuousreal valuedfunctionsu. The basicgeometric
objectsstudiedarethe boundarieof the connecteccomponent®f upperlevel sets[u. > ] of u andtheir
variationwith the level \. In their setof axioms,the authorsassumehat thoseboundariesare compact,
orientedmanifoldsin IR, they precisetheir local structure,andits connectiorwith the original sampled



Figure2: A functionu andits upperandlower level sets.

data.In particular thoseaxiomsimply thatthetopologicalstructureof the sampleddatais reflectedoy ary
interpolatingfunctionsatisfyingtheir axioms. Thencritical pointsandcritical valuesaredefined,obtaining
maximum, minimum, and saddlecritical points (andvalues). Criticalities are definedby local analysisof
thefunction,includingthe caseof degeneratesets(i.e., connectedegionsof thesamplediatawith thesame
values). The authorsprove thatthe topology of their basicobjectschangesat a critical level, anddoesnot
changebetweercritical levels. Thenthe criticality graphis defined,the verticesof the grapharethe criti-
calitiesandthe edgesgo betweercriticalitiesin sucha way thatno furthercriticalities arelocatedbetween
them. Theregionsrepresentetly eachedgearecalledzonesof thecritical pointwith highervalue.In each
zonethe boundarie®f theupperlevel setsarehomeomorphi¢l8]. Thetopologychangeata critical value
is computedby combinatorialmethodsf the critical valueis a saddleor a minimum, andby the genusin
the caseof a maximumvalue. In somesensethis structurels relatedto a Reebgraph. Efficient algorithms
areproposedvhich computethe criticality graph[18].

Letusfinally mentionthatamorphologicabpproacho imagecompressiomasbeenproposedy several
authorsfor instancd42], [41], [51], [45], [21]. In [42],[51] theauthorsproposeo usebinarypartitiontrees
to selectthe level curveswhich have to be encoded.The treestake into accountthe costin bits to encode
the selectedevel boundariesandthe approximatiorerror (measureavith an L2 norm). In [21], the author
selectedhe level linestaking into accountits perceptuakignificancewhich wasmeasuredn termsof the
numberof T' and X junctionscontainedn it. Becausef our applicationto the encodingof DEM data,we
useadescriptionrmoreadaptedo thetopographideaturesof this kind of data.

3 Monotone sections

In this sectionwe will introducethe notionsof monotoneand maximalmonotonesectionswhich arethe
onescontainingno topologicalchange®f thetopographicstructure.

Let D beasubsebf IRY . Givenafunctionu : D — IR, we call upper(lower)level setof u ary setof the
formu > Al:={z € D:u(z) >A}orfu>A:={ze€D:u(z) >} ([u<A:={ze€D:u(z) <A}
or[u < A := {z € D :u(z) < A}) where) € IR. Figure2 depictsafunctionv : D C IR?> — IR (top)
whichis thresholdeditlevel A € IR. We seethe connectedomponentgorrespondindo theupperlevel set
([u > A]) andthelower level set([u < A]), respectiely.

The (uppen)topographianapof afunctionw is thefamily of theconnectedcomponentsf thelevel sets
of u, [u > A], A € IR, theconnecteccomponentbeingunderstoodn the relative topologyof D. It was



provedin [12] thatthetopographianapis the structureof theimagewhichis invariantunderlocal contrast
changesa notionalsodefinedin [12]. In [8, 9] the authorsstudiedthe Morsestructureof the topographic
mapfor continuousfunctions(a similar study canbe donefor boundeduppersemicontinuougunctions).
They defineda notion of nonsingularegion of thetopographianaptrying to expressthe factthatthelevel

lines of the topographicmap in a nonsingulamregion are homotopic,asit happendor smoothfunctions
wheresingularitiesareunderstoodn theusualway [37]. A first versionof this notionappearedn [13]. Our

purposds to review in somedetail someresultsof [8].

Letu : D — IR beafunction.Foreach)\, u € IR, A < ;i wedefine

Uru =N <u<pl={zeD:A<ule) < )

The connecteccomponentof a set X C RY will be denotedby CC(X). If z € X, the connected
componendf X containingz will bedenotedy CC(X, ).

Definition 1 Letw : D — IR bea continuoudunction. A monotonesectionof thetopagraphic mapof u is
a setof theform
Xou €CC([A <u < pl), 1)

for some\, u € IR with A < p, sud thatfor any N, p' € [\, p], N < 4/, theset
{zeXy,: XN <u(z)<u'}
is a connectedcomponenof [\ < u < p'].

Proposition1 Assumehat D is compact.Letu : D — IR be a continuousfunctionsud that for eac
Ap € Rwith A < ptheset[h < u < p] hasa finite numberof connecteccomponentslLet A < p,
X € CC([A € u < p]). ThenX is a monotonesectionif andonlyif foranya € [A, ul, X N[u = o] isa
connectedset.

Proof: Obviously, if X is a monotonesection,thenfor ary a € [\, ], thesetX N [u = «] is connected.
To prove the corversestatementsupposéahat X is notamonotonesection.Thentherearevalues) < a <
B < psuchthatX N [a < u < B]is notconnected.Obsere that X N [a < u < B] # 0 becausd is
connected.Let ¢ = # SinceXNa<u<pfl=XNa<u<J)UXN[c<u<MP])and
XNa<u<)Nn(XNle <u<P]) # 0, weconcludethateitherX Nfa < u < corXNjfe <
u < f], or both, cannotbe connectedsincethe union of intersectingconnectedsetsis also connected).
Let us chooseone of the abose non connectedsetsand denoteit by X N [a; < u < 1]. Proceeding
iteratively in this way we find a decreasingequencef intenals [«,,, 8,] suchthatN,[ay,, 5,] = {7} and
X N[a, <u < B,] arenotconnectedNow, obsere thatfor all Y,, € CC(X N [a,, < u < B,]) thereexists
Y1 € CC(X N[apn—1 <u < fBr1]) sothatY,, C Y,,_;. Thus,thereareatleasttwo differentdecreasing
sequencesf continua(compacttonnectedets)containedn X N [a, < u < B,]. Sincetheintersectiorof
adecreasingequencef continuais acontinuumwe concludethatX N[u = 7] = N, (X N[ay, < u < By])
is not connectedThis contradictionprovesthe proposition. O

Thefollowing result,whichwasprovedin [8], permitsusto defineamonotonesectionwhichis maximal
with respecto inclusion. Thosesetsarethe nonsingularsetswe mentionedabore.

Proposition2 Assumdhatu : D — IR is a continuousfunctionsud thatfor ead A\, u € R with A < p
thesetU, ,, hasa finite numberof connecteccomponentsLet i, Ag, pi1, p2 € IR. Then,if Xy, x,, Xy
are monotonesectionssud that X, », N X, ., # 0, thenX,, \, U X, ., is alsoa monotonesection.In
otherwords, the union of intersectingmonotonesectionds a monotonesection.
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Figure3: A functionu (left) andits decompositionin maximalmonotonesectiongright).

Letz € D and\ = u(z). Foreachn > A, let X, ,, = CC(U, 4, z). We define
ne(z,A) =sup{n:n>X s.t. X,, isamonotonesectior}.
Similarly, we define
n—(z,\) =inf{n:n <X s.t. X, isamonotonesectior}.

Notethatbothnumbersarewell definedsince X, , is awaysa monotonesection.Notethat, by definition,
n—(z,\) < n4(z,A). By Proposition2, we may definethe (open,closed,half-open,half-closed)intenal
I(z, ) containingA whoseend-pointsaren_(z, A), n+(z, A) andwhich determinesa monotonesection
containingz maximalwith respecto inclusion whichwe denoteby X/, ). Notethat € I(z, ) for all
A € (—o0,supp u(z)]. Bothfunctions,ny (z, A), n—(z, A), arenondecreasinfunctionsof A andhave some
precisebehaior. We shallnotgive herea detaileddescriptionof them.Our purposewill beto prove that, if
D is topologicallylike aball, » € C(D), andthereexist somes > 0 suchthat|X| > ¢ for ary connected
componenfX of anupperor lowerlevel set,thenthereis only afinite numberof maximalmonotonesections
in thetopographianapof w.

Figure 3 illustratesthe notion of maximal monotonesection. On the left side we shav the original
functionandontheright sideits decompositioron maximalmonotonesections.

Remark 1 The notions on maximal monotonesectionsgiven in [8] and [9] are basedon different ap-
proaches.The notion usedhereis the sameasthe oneusedin [8]. The notion usedin [9] is adaptedo
describethe Morsetheoryof the tree of shapesf theimage. It turnsout that both notionsare equivalent
[15].

4 Vincent-Serrafilters

The aim of this sectionis to recall the notion of extremakiller, somemorphologicalfilters introducedby
L. Vincent,andhow thesefilters simplify the topographicstructureof a function. As we shall review in
the next section,a function which hasbeensimplified by meansof L. Vincentfilters will containa finite
numberof maximalmonotonesections.Theresultsin this sectionwereprovedin [8, 14]. Someof themare
includedin somedetailbecausehey will beusedbelow.



Figure4: From left to right, the original function u, someof the connecteccomponentof [u > )] at
differentlevels(the connectedomponentsvith measurdesserthane aremarkedwith ablackcrossinside)
andthefilteredfunction SI¢u (notethata flat zoneappearsnsteadof the original peak).

Let D C IRY beasethomeomorphico the closedunit ball of RN (N > 2), {z € R",|z|| < 1}, for
instanceD canbeanintenal in IRY. Letu : D — IR beafunction. Let usdefinetwo basicmorphological
operatorsthe Vincent-Serraoperatorswhich simplify the topographicmapof « by eliminatingthe small
connecteccomponent®f its upperandlower level sets.Let e > 0 andnoteby CC([u > A],z) (CC([u <
A], z)) theconnectedomponenbf [u > A] ([u < A]) containingz. Then,for eachz € D, we define

Fu,z) ={X =CC([u > A,z) : A € R, | X| > €},

Fe(u,z) ={X =CC([u < A],z) : A € R, |X| > €}.

Let usdefinethefollowing Vincent-Serraperators

SIu(z) = sup inf u(y),
BeFe(ux) YEB

IScu(z) = Be]l-{l(fu,w) 2lelgu(y)
wherewe understanthatsup ge re (y, ) infye s u(y) = —oo if F¢(u, z) = 0 andinf pe 7, (u,2) SUPye p u(y) =
+o0 if Fe(u,z) = 0. Figure4 illustratesthefiltering of afunction« by the operatorST¢. Fromleft to right
we have the original functionu, someof the connectedomponent®f its upperlevel sets(ju > A]) andthe
filteredfunction ST¢u.
Both operatorscanbe describedn termsof basisof structuringelementsndependenof ». Indeed et
B¢ = {B: Bisconnected) € B, |B| > ¢}, B. = {B : Bisconnected) € B, |B| > ¢}. Then

SIu(z) = sup inf u(y), 2
Bex+Be y€B

IS.u(z) = inf . 3

u(z) = inf Sggﬂ(y) ©)

Let usdenotefor thetime being,theright handsideof (2) and(3) by SI¢*u(z), respectiely, IS, ,u(zx).
Let uscheckthatin fact SI“*u(z) = SI‘u(z) andIS, ,u(z) = IScu(z). Obviously, from the definition
we have that ST¢u(z) < SI*u(z) andIScu(z) > IS u(z). Now, if ST“*u(z) < oo, givend > 0,



let B € z + B¢ besuchthatip := infycpu(y) > SI“*u(x) — 4. ThenB C [u > ip] and,therefore,
B C X :=CC([u > ip],z). HenceX € F(u,z) and

SI¢*u(z) — 6 <ip < inf u(y) < ST(z).
yeX

In asimilarway, we provethatST¢u(z) = oo if SI¢*u(x) = co. We have checledformula(2). In asimilar
way we prove theidentity (3).

Proposition3 Assumehatu,v : D — IR are measuablefunctions.Then

i) IScu > v and SIu < u.

i1) If u < v, thenIS.u < IS.w and ST¢u < ST¢.

i11) IS () = SI¢(a) = aforall a € RR.

iv) IS (u + a) = IS.u + « for all « € R. A similar statemenholdsfor SI¢.

Proof: i) Letz € D. If Fc(u,z) = 0, thenIS.u(z) = co andwe aredone.If B € F.(u,z), thenz € B,
andsup,c g u(y) > u(z). ThusISeu(z) > u(z). In thesameway we prove that S7¢u(z) < u(z).

Theproof of i7) follows immediatelyfrom theidentities(2) and(3). The proof of assertiongii) andiv) is
immediateandwe shallomit it. ]

Proposition4 Letu,,u : D — IR be measuable functionssud that u,, — u uniformlyin D. Then
ST¢u, — SI°u andIS.u, — IS;u asn — oo uniformlyin D.

Proof: Sinceu, — u uniformly we have thatgivend > 0 thereexistsny suchthat||u, — u|| < ¢ for all
n > ng,i.e.u— 3§ <wu, <u+dforalln > ny. UsingProposition3, (i) and(iv), we obtain

SIfu—§ < SIuy, < SIf+ 6,

foralln > ng. HenceSI¢u,, — SI¢u asn — oo uniformlyin D. Similarly, we prove thatI Scu, — IScu
asn — oo uniformlyin D. O

Proposition5 ([8],[14]) If X = CC([ISeu < A],z) # 0, then|X| > e. If X = CC([SI¢u > A],z) # 0,
then|X| > e. If |CC([u > A],z)| > e (resp.|CC([u < A],z)| > ¢€), then|CC([IS.u > A|,z)| > € (resp.
ICC([ST¢u < A, z)| > €).

Remark 2 Thus, by filtering the small connecteccomponent®f the upperandlower level setswith the
Vincent-Serraperatorsve canguarante¢hatthe assumptiorof Propositionsl and?2 is satisfied.

Remark 3 As provedin [8, 14] both operators/.S. and SI¢ are contrastinvariant operatorsnducedby
operatorn sets.

Thefollowing resultwasalsoprovedin [8, 14].

Proposition6 Assumehat D is compact.Letu : D — IR bea continuoudunction. ThenIScu and ST¢u
are continuous.Theefore IS.S1¢u and S1¢1S.u are continuous.

Remark 4 Motivatedby the studyof a family of filters by reconstructior([31], [32], [49], [63], [62)]), J.
SerraandPh. Salembiel([56], [52]) introducedthe notionof connectedperators Suchoperatorsimplify
thetopographianapof theimage.Thesdfiltershave becomevery popularhecausepn anexperimentabasis,
they have beenclaimedto simplify theimagewhile preservingcontours.This propertyhasmadethemvery
attractive for a large numberof applicationssuchasnoisecancellationor segmentation([36], [64]). More
recently they have becomehebasisof amorphologicakpproacto imageandvideocompressiorisee[50]

andreferencesherein,andmorerecently[21]).
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Figure5: Fromleft toright asetA (in light gray)andits saturations.

5 Structur e of the simplified topographic map

The aim of this Sectionis to review the following result: Assumingthatthe connecteccomponent®f the
upperandlower level setshave minimal sized > 0, thenthereis only afinite numberof maximalmonotone
sectiongn thetopographianapof « [8, 9]. Theideabeingthatgiventwo of themthereexistsa setof area
> ¢ containedbetweerthem.

LetQ be asethomeomorphico theclosedunitballof RY (N >2), {z € R",|z| <1}, andQ
betheinterior of 2. Notethat,in particular €2 is compactconnectecndlocally connectedMoreover, 2 is
unicoherent.

Definition 2 ([29], vol. I, p. 104) Atopolayical spaceZ is saidto beunicoheentif it is connectedndfor
anytwo closedconnectedgetsA, B in Z sud that Z = A U B wehavethat A N B is connected.

A word of caution:whenwe saythat,if X is aconnectedcomponenbdbf anupperor lower level set,we
meanthat X = CC([u > \],p) or X = CC([u < )], p) for some) € R, p € Q.

5.1 Saturations

We recallthe definition of saturatiorandprove its basicproperties.Theresultsin this subsectioraretaken
from [8], [9], [38].

Definition 3 Let A C Q. We call holesof 4 in Q2 thecomponentsfQ \ A. Letp,, € Q\ A bearefeence
point, andlet 7" bethe hole of A in Q containingp.,. We definethe satumtion of A with respecto p, as
thesetQ \ T andwedenoteit by sat(A, ps). We shallreferto T asthe externalholeof A andto theother
holesof A asits internal holes. By extension,if p,, € A, by corventionwe definesat(A, po,) = Q. Note
that sat(A, pso) is theunionof A andits internal holes.

Thereferencepoint p,, actsasa pointatinfinity. In all whatfollows, we assumehatthe pointp, € Q
on which the saturationsare basedis fixed, i.e., all saturationswill be computedwith respecto po,. To
simplify our notation,we shall write sat(A) insteadof sat(A,p.). We shall also speakof holesof A
insteadof holesof A in Q.

Lemmal Satuationsare alwaysconnectedets.
Proof. Obsenre thatby definition, sinceT" is a connectedomponenbf the complemenof A we have that

sat(A) = sat(A,T) = Q\ T is alsoa connectedet(a ([40], IV.3, Theorem3.3). O

Figure5 illustratesthe above definition. On the left we seethe original set A (light gray) which is a
subsebf the whole space) (dark gray). Recallthatthe set A is alsoits own saturatiorwhenp € A. The
next threeframesrepresenthe saturation®f A with respecto its threedifferentholes.

Let ussummarizehefollowing resultsaboutsaturationsThey wereprovedin [38], [9],[8]satisusc.

10
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Figure6: Thisfigure displaysthe original disjoint connectedetsA and B andits saturationsvith respect
to apointp in two differentsituations

Lemma2 (i) LetA C Q. If Aisopen(res.closed)in Q, thenits satulatedsetsare open(resp.closed)
in Q.

(i) Thesatumtionis a monotonouspertion,i.e.,if A C B andp € Q\ B, thensat(A,p) C sat(B,p).
(i) LetX beanopen(closed)connectegubsedf Q2. Thendsat(X) is connected.

(iv) LetA C Q beaconnectegetandT bea holeof A. If T is aninternal holg sat(T) = T if T isthe
externalhole sat(T) = €.

(v) Let 4, B C Q beconnectedsetssudh that A N B = (). Theneithersat(A) C sat(B), or sat(B) C
sat(A), or sat(A) N sat(B) = ). Moreover, if we assumehat A and B are closed, theneither
sat(A) Cint(sat(B)), or sat(B) C int(sat(A)), or sat(A) N sat(B) = 0.

(vi) Let K,, be a deceasingsequenceof continua, K = N,K,, andp ¢ K. Thensat(K,p) =
Nnsat(Ky,,p).

Part (7v) of thislemmais illustratedin Fig. 6. Fromleft to right andtop to bottomwe have the original
setsA and B, the saturationof A and B with respecto a pointp whichis externalto A (obsere thatthis
casegivessat(B) C sat(A)) andfinally the saturationof both setswhenyp is externalto B but internalto
A (which correspondso sat(A) N sat(B) = ().

5.2 Someresultson the structur e of the topographic map

Lemma3 Letu € C(£2). We assumehatthere is somed > 0 sud that, if K is a connecteccomponent
of an upperor lower level set,then|K| > 4. Thenfor eah A € IR there is a finite numberof connected
componentsf [v > A] andead componenhasa finite numberof holes.

Proof: Let A € IR. Sinceeachconnectecomponenbf [u > A] hasarea> ¢, theremustbeafinite number
of them.Let Y beacomponenof [u > A] andlet H beaholeof Y. ObserethatoH C 9Y C Y. Since
Y N H # () andY, H areconnectedthenY U H = Y U H is connectedlf H C [u > \],thenH C Y, a
contradictionHenceH N [u < \] # (. We concludethateachhole of Y containsacomponentf [u < A].
Hencetheremay beonly afinite numberof them. O

11



Thefollowing resultwasprovedin [8]. An analogousesultfor thetreeof shape®f theimageintroduced
by P. Monassd38] wasprovedin [9].

Theorem1 Letwu : Q — IR bea continuousunction. Assumehatthereis somed > 0 sud that,if X is a
connectecomponenbf an upperor lower level set,then| X| > 4. Then

(i) foread A\, € IR with A < p, thesetU, , hasa finite numberof connecteccomponentsand

(i) thereis afinite numberof maximalmonotonesectionsn thetopagraphic mapof w.

Accordingto Sect. 3 the mainimplication of Theoreml, item (z), is thatwe may definethe maximal
monotonesectionscontaininga given point. On the otherhand,if u is continuousthenby the resultsof
Sect.4, thefunctionw = I.S5ST% is alsocontinuousand Proposition5 holds,namely if X is aconnected
componenbf an upperor lower level set,then|X| > 6. Onecanalsotake @ = SI°TSsu. In ary case,
if a continuousfunction« doesnot satisfythe assumptiorof Theorem1, thenby filtering the connected
component®f sizelessthand, theseassumptioraresatisfied.

5.3 Sometopological preliminaries

Most of the resultsof this Sectionwereprovedin [8]. Sincein the restof the paperwe shallusesomeof
themwe includetheir proof. The proofsgivenherearesimplerthantheonesin [8].

Lemma4 Let E bea closedsetwith a finite numberof connecteccomponentsLet X € CC(E). Let L be
aholeof X. Thentheris somen > 0 suhthat L, := {p € L : d(p, X) < n} CQ\ E.

Proof: Let H be ary hole of X. Since( is unicoherent;sat(X, H), H are closedconnectedsets,and
sat(X,H) U H = Q, we have thatoH = sat(X,H) N H is connected We obsere thatoH C 80X C
OE = 0(Q\ E). Letusprovethat,for somen > 0, {p € L : d(p, X) < n} C Q\ E. LetY € CC(E),
Y # X. TheneitherY C L orin aanotheholeof X. Letusconsidetheconnectedomponentsf E which
arecontainedn L. Thereareonly finitely mary, by ourassumptioron E, sayYy, ..., Y}. SinceFE is closed,
eachof Y; is closedandU¥_,Y; is alsoclosed.SinceUt_,Y; C L andL is open,thend(Ur_,Y;,0L) > 0.
Thusd(E N L,8L) > 0, and,thereforethereis somen > 0 suchthat{p € L : d(p, X) < n} CQ\ E. O

Corollary 1 Letu € C(92). Assumehatthereis somej > 0 sud that, if K is a connecteccomponenof
anupperor lower level setof u, then|K| > §. Let X bea connecteccomponentf [A < u < p], A < p,
andlet L bea holeof X. Thenthereis somen > 0 sud thateither

i) sat(X,L) = sat(CC([u > A, X), L), andu < AonL, :={p € L:d(p,X) < n},or

it) sat(X, L) = sat(CC([u < p],X),L),andu > ponL, :={p € L:d(p, X) < n}.

Proof: As in the proof of Lemma4, we have that
OL CO([u < AJU[u > p]) = 0u < A\]Udu > pul.

Assumethat A < p. Thendfu < A\] N dfu > p] = 0 and,beingdL a connectedset,we have eitherdL C
Olu < AJordL C 9u > p]. Withoutlossof generalitywe mayassumehatoL C dju < A] C [u = A]. By
Lemma4 we know thatthereis somen > 0 suchthatL,, C [u < A] U [u > p]. Sinceu € C() andu = A
in 0L then,taking,n smallenoughwe mayassumehatu < p in L,. Thenwe concludethatL,, C [u < A].
Thisimpliesthat L is aholeof CC([u > A], X), andsat(X, L) = sat(CC([u > A}, X), L).

Let us considerthe caseA = u. By assumptionX is a connecteccomponeniof [u = A] and L is
aholeof X. Lety € X. ThenX = N,X, whereX,, = CC([A < u < A+ L],y). Letp € L.
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Then, by Lemmaz2, vi, we know that sat(X,p) = Npsat(X,,p). Without loss of generality we may
assumehatp ¢ X, for all n > 1. But, accordingto the first part of the proof, we have that either
sat(Xn,p) = sat(CC([u > Al,y),p), or sat(Xn,p) = sat(CC([u < A+ 1],y),p). In thefirst casewe
concludethat sat(X,p) = sat(CC([u > A],y),p). In thesecondcase usingagainLemmaz, vi, we have
thatN,sat(CC([u < A+ 1],y),p) = sat(CC([u < A],y),p). Hencesat(X,p) = sat(CC([u < Al,y),p).
Whensat(X,p) = sat(CC([u > A],y),p), Lisaholeof CC([u > A],y). HencedL C d[u < A] and
the agumentabove provesthatthereis somern > 0 suchthatu < AonL, = {p € L : d(p, X) < n}.
Whensat(X,p) = sat(CC([u < A],y),p), Lisaholeof CC([u < A],y). ThendL C 9d[u > A] andagain
the previousargumentprovesthatthereis somen > 0 suchthatu > AonL, = {p € L : d(p, X) <n}. O
Lemma5 Letu € C(Q). Assumehattheris somed > 0 sud that,if K is a connecteccomponenbf an
upperor lower level set,then| K| > 4. LetA < u.
(i) LetX beaconnectedomponendfU) ,, A < u. Thensat(X) containseithera maximurnor a minimum
point.
(1) Let X, Y betwo connecteccomponendf Uy ,, A < p, with X containedn a holeof Y. Thentheris
anextremumin sat(Y) \ sat(X).

Proof: (i) If sat(X) N[u > u] # 0 thereis amaximumpointof u in sat(X). If sat(X) N[u < A] # 0
thenthereis a minimum point of « in sat(X). Thuswe may assuméhatsat(X) C U, ,. In this case,
sat(X) = X. ObserethatoX C [u = A]U [u = p]. SincedX is connectecind[u = A] and[u = y] are
disjointtheneitherdX C [u = A] ordX C [u = p]. If 0X C [u = )], thenthealternatve 7) of Proposition
1holds,i.e.,u < Aon{r € Q\ X : d(z, X) < n}, for somen > 0. ThenX is aconnecteccomponenbf
[u > A] andthereis amaximumof « inside X. If X C [u = u|, in the sameway we concludethatthere
isaminimumof » inside X

(77) Letusobsere thatsat(Y) \ sat(X) cannotbecontainedn [A < u < p]. Assumeon the contrarythat
sat(Y) \ sat(X) C [X < u < p]. Now, sincef? is unicoherentsat(Y) \ sat(X) = sat(Y) N (Q\ sat(X))
andboth sat(Y), Q \ sat(X) areconnectedthensat(Y) \ sat(X) is connected.SinceY N (sat(Y) \
sat(X)) # 0 andY € CC([A < u < u]), wehavethatsat(Y) \ sat(X) C Y. Thendsat(X) C Y andwe
concludethat X N Y # . Thisimpliesthat X andY areconnectednside[\ < u < y], acontradiction.
We have obtainedhatsat(Y') \ sat(X) mustinterseceither[u < A], in whichcasehereis alocalminimum
of u insidesat(Y") \ sat(X), or it mustintersectfu > u|, in which casethereis a maximumof « inside
sat(Y) \ sat(X). O

Lemma6 Letu € C(Q2). Assumehattheris somes > 0 sud that,if K is a connecteccomponenbf an
upperor lower levelset,then|K| > 4. LetA < p.

i) Let X bea connectedomponenof Uy ,. Then|sat(X)| > 6.

ii) Let X, Y betwo connecteccomponent®f U, , with X containedin a hole of Y. Supposéhat both
satisfythe samealternativein Corollary 1,i.e,thatu < X, or u > u, in bothsets{p € Lx : d(p, X) < n}
andon{p € Ly : d(p,Y) < n}, whee Lx and Ly are the external holesof X, Y, respectively Then
|sat(Y) \ sat(X)| > .

Proof: 7) is aconsequencef Propositionl. To proveii), to fix ideas)et usassumehatthereis somen > 0
suchthatu < Aon{p € Lx : d(p,X) < n}andon{p € Ly : d(p,Y) < n}, whereLx andLy are
the externalholesof X, Y, respectrely. Then,thereis a connecteccomponenof [u > A] containedin
sat(Y) \ sat(X), and,therefore)sat(Y) \ sat(X)| > 4. O

Definition 4 Asequencely, ..., A, of subset®f Q is calleda chainif ead A4; is containedn aninternal
holeof A;_1,i=2,...,p.
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Lemma7 Letu € C(Q). Assumehatthere is somes > 0 sud thatif X is a componenbf an upperor
lower level set,then|X| > 4. LetJ C IN. LetKj, j € J, bea connecteccomponenof Ua; 8,1 @5 < Bj,
suhthatK; N K; =@ foralli # j, 4,5 € J.

i) Foreahj € J IetTZ?',z' =1,...,hj, betheholesK; containingsomeK;, i € J. Then

P
| Uy T | > hyo.

In particular

P < .
51J1'p hj < 5
i1) Supposehat J is countable Then(we mayfix the point of infinity so that) there is an infinite chain
formedby setsof thefamily K;.

Proof: 1) SupposethatTZj containsKnJ;. Then,it containsalsoa saturationof Kn];. Thus,by Lemmasb,
|sat(K ;)| > 6. Thisimpliesthe statemenbf the present.emma.

ii) Letj € J. Obserethatthenumberof K; in theholes(i.e., thecomponent®f its complementpf K is
infinite. By ¢), thereis a hole of K; which containsaninfinite numberof K;. Let T'! bethis hole. Fix asa
pointof infinity apointp ¢ 71 andwe take saturationsvith respecto p. Supposéhatthereis aninfinity of
K;, K;,,in T! suchthatsat(K;, ) aretwo by two disjoint. UsingLemmas, i), we obtainthat

T > ko

for all k¥ > 1, acontradiction.Thusthereis only afinite systemof componentds; suchthatsat(K;) are
two by two disjoint. Thenoneof them,say K;, , containsaninfinity of Ks in his systemof internalholes.
Again, by the previous agument,thereis aninternalhole of K;,, sayT?, containinganinfinite numberof
K;. Repeatinghesameargumentwe find asubsequenc&;, , n = 1,2,. .., suchthatK; _, is containedn
aninternalholeof K;, . O

6 Critical and singular values

This sectionis devotedto the definition of critical and singularvalues. Critical valuesare definedasthe
levels wherea monotonesectionbeggins or ends. This definition is adaptedo the algorithmthatwe have
developedto computethe maximalmonotonesectiongseeSection6.1). In addition,we will prove thatthe
critical andsingularvaluesareequialent.

Throughoutthis sectionwe shallassumehatu € C(Q) andthereis somed > 0 suchthat,if K is a
connecteccomponendf anupperor lower level set,then| K| > §. Werecallthat, by Lemma3, eachlevel
sethasa finite numberof connecteccomponentanda finite numberof holes.

Definition 5 Let A € IR. Thesignatue of thelevel set[u > )] (resp. [u < A]) consistsof a finite family
of points{p; : ¢ = 1,...,r} (resp.{q; : j = 1,...,s}) suc thatead p; (resp.g;) is a pointin a different
connectecomponentX *+* (resp.X) ;) of [u > A] (resp.[u < X]). Thepointsp;, ¢; are selectedsothat

u(p;) = sup u(z),and wu(g;) = inf wu(zx).
zEX A z€X),j

We shall denotethe signatue of [u > A] by sig([u > A]), the signatue of [u < A] by sig([u < A]). We
definesig([u > A, [u < A]) = sig([u > A]) U sig([u < A)).
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Figure7: A functionu andits upperandlower level setsatlevel A with its assignedignature.

Figure7 illustratesthe above definition. Note thatin the casepresentedn this figure, sig([u > A]) =
{p1,p2}, sig([u < A] =){q1} andsig([u > A}, [u < A]) = {p1,p2, a1}

Let A < p. If sig([u > A], [u < A]) # sig([u > pl, [u < pl]), theneither(a) sig([u > A]) # sig([u >
p]) or (b) sig([u < A]) # sig([u < p]). Supposehat(a) holds. Since[u > u] C [u > A] eachconnected
componendf [u > p] is containedn acomponenof [u > A]. Two critical phenomenanay happen:(a;)
therearetwo differentcomponent®f [u > ] which arecontainedn the samecomponenbf [u > 1], i.e.,
two connecteccomponent®f [u > u] meigedatlevel A, or (az) thereis acomponenof [u > A] with no
componenbf [u > | containedn it, i.e.,anen connecteccomponenbf the upperlevel setsappearedt
level [u > A]. Supposehat(b) holds.Since[u < A] C [u < u], eachcomponentf [u < A] is containedn
acomponenbf [u < p]. Again,the sametwo critical phenomenanay happen:(b,) therearetwo different
connecteccomponent®f [u < A] which arecontainedn the samecomponenbf [u < y], i.e.,aconnected
componenbdf [u < u] hassplittedatlevel \, (b2) thereis a componenof [u < y] with no componenof
[u < A] containedn it, i.e.,aconnectedcomponenbf thelower level setsis presenttlevel u while it was
absengtlevel \.

Lemma8 Let\ € IR. Therise > 0 sud thatsig([u > ul, [u < u)) is constanfor all € (A — ¢, A].

Proof: Let X, Xy i =1,..,7r,j =1,.., s, bethethefamily of connectecomponentsf [v > A], resp.
[u < X] with themarlersp;, ¢; definedabove. Leti € {1,...,r}. Foreachu < ), let X** betheconnected
componenbf [u > u] containingX**. Then,ohbviously, we have

XM CNyar Xt

Now, sinceX** is adecreasingequencef continuatheir intersectioris alsoa continuum.Moreover, it is
containedn [u > A]. Therefore,

NuaxX™ CCC([u > N, pi) = XM,

andwe have theequalityof bothsets.As aconsequencehereis ane > 0 suchthatfor eachy € (A — ¢, A,
thesetsX ™, i = 1,...,r, arecontainedn differentconnectedcomponent®f [v > p]. Moreover, it cannot
exist asequencef valuesyu,, T A suchthat[u > u,] hasa connectedcomponent),, disjointto [u > AJ. In
thatcase{u > pp] D [u > A U @, and,thus

[u 2 pn]l 2> |fu > A]] + 6.
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Figure8: Fromleft to right we presenthreedifferentcaseshatmayhapperwhenconsideringhehypothesis
of Lemmas9 and10.

Since[u > py,] | [u > A], also|[u > p,]| | |[w > A]|. This contradictionprovesthatthereis ane > 0 such
thatfor eachy € (A —¢, A] theset[u > u] consistof r connectedomponentseachoneof themcontaining
adifferentcomponentf [u > A].

Let u,, T A. Again, usingthatU,[u < p,] = [u < A, for n largeenoughwe have that[u < p,] N X, ;,
j = 1,...,s, arethe connecteccomponentof [u < u,]. We concludethatthereis ane > 0 suchthat
sig([u > pl, [u < w]) is constanfor eachy € (A — ¢, A]. O

Definition 6 We saythat A € IR is a critical valuefor v if there is a sequence,, | A sud that sig([u >
pnl, [u < pn]) # sig([u > Al [u < A]) foreathin =1,2,....

Definition 7 Let M C Q. We saythat M is a zonalmaximum(resp.,minimum)of « at height\ if M is a
connecteccomponenbf [u = A] and,for all ¢ > 0, theset]A —e < u < A] (resp.,[A <u < A+¢])isa
neighborhoodf M.

Definition 8 We saythat A € IR is a singularvalueif it correspondgo a zonalmaximumminimum,or it
corresponddgo a levelwhee it beginsor endsa maximalmonotonesection,.e., thereis a pointz € 2 sudh
thatn, (z,A) = Aorn_(z,A) = A

Remark 5 Obsenre thatthe definition of singularvalueis self-dual,in the sensehat, X is a singularvalue
of » if andonly if —\ is asingularvalueof —u.

Proposition7 If A € IR is a critical value then\ is alsoa singularvalue

We shallneedthefollowing two Lemmas.Similar results thoughin a differentcontext, wereprovedin
[8].

Let A, B betwo closedconnectedsetssuchthat A N B = (. If sat(A4) N sat(B) = 0, thenwe define
Q(A) = 09sat(A), Q(B) = 0Jsat(B). If sat(A) C sat(B), thensat(A) is containedin a hole H of
B. Take apointp € H \ sat(A). Thensat(A,p) N sat(B,p) = O andwe define@(A) = 9dsat(A,p),
Q(B) = 0sat(B,p). In asimilarway, we defineQ(A) andQ(B) whensat(B) C sat(A).

Figure8illustratesLemmas9 and 10 by presentinghreedifferentcasesvherethe hypothesiof these
lemmashold. At thetop of the figurewe canseethe consideredasegdifferentfunctionsu), in themiddle
theassociatedetsY andY’ andfinally thesetX containingthe continuumcC for eachcase.

Lemma9 Letu € C(Q). Let\ € IR. Supposéhat X is a connecteccomponendf [u > A] sud that
[u > A] N X is notconnected.Thenther exist Y, Y’ € CC([u > A\ N X), Y # Y, suh thatY, Y’ are
classicallyconnectednside X by a continuumC C [u = A]. If Y N Y’ = (}, thenwe mayassumethat
C2QN)uQX).
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Proof 1: If A, B aretwo connecteccomponent®f [v > A] N X suchthat A N B # §, thenwe may take

C = {p} for somepointp € AN B. Thus,we mayassumehat A N B = {), for ary two connected
componentsi, B of [u > A]N X.

Let usdenoteby Y71, ..., Y,, theconnecteccomponent®f [ > A] N X. By theresultsabore we know that
thereis only a finite numberof connecteccomponent®f [u = A\] N X, letthembe A4, ..., A,,,. By last
paragraphye may assumehatYy, ..., Y, aretwo by two disjoint. Obviously X = U}, Y; U UL, A;.

Supposehat eachA; intersectsat mostoneof theY;, i = 1,...,n. SincedY; C [u = A, givenY;,

i = 1,..,n, thereis someAy,, k; € {1,..,m}, suchthatY; N Ay, # (. Supposethat thereis some
ke {1,..,m}\{k1,.., kn}. SinceA areclosedsetsandX is connectedit cannothapperthatA; doesnot

intersectU?_,Y;UAg,. Ontheotherhand,A;, doesnotintersect”_; Y ;UAy,. Weconcludethatm = n and
{k1,.... kn} = {1,...,n}. SincethesetsY; U A, areclosed two by two disjointandX = U ,Y; U Ay,

we have a contradiction.Thus,we may assumehatsomeAy, intersectsat leasttwo setsY ; andY,.. Since
Ay is acontinuumandY’; andY’, do notintersectthereis apointp € A, \ (Y, UY,). Weclaimthat

9sat(Y;,p) N A # 0, dsat(Vr,p) N Ag # 0. (@)

Assumeby contradictionthatdsat(Y;, p) N Ay, = 0. SinceY; N Ay, # 0, we have thatsat(Y;, p) N A # 0.
SinceAy isacontinuumthisimpliesthatAy, C int(sat(Y},p)). Sincep € Ag, wehavethatp € sat(Y;, p),
acontradiction.Thisimpliesthatasat(Tj,p) NAg # (. Similarly we prove the otherassertiorof (4). Since
dsat(Y;,p),anddsat(Y;, p) arecontinuumcontainedn [ = ], we concludethatboth setsare contained

in A;. ThisprovestheLemma. ]

Lemma 10 Letu € C(Q). Let A € IR. Supposéhat X is a connecteccomponendf [v > A] sud that
[u > A] N X isnotconnectedLetY, Y’ € CC([u > \]NX),Y # Y', besuth thatY,Y” are classically
connectednside X by a continuumC C [u = Al. fY NY' £ 0, letC = {z'} whees' € Y NY". If
Y NY’ = P weassumehatC D Q(Y)U Q(Y"). Letz € C. Thenn (u,z,\) = \.

Proof: Leta > ). LetY,, Y/ beconnectecomponent®fY N [u > ], Y’ N [u > o). NotethatY, C Y,
Y. C Y, andY, = CC([u > o], Ya), Y. =CC([u > a],Y}). LetA < pu < a. LetY, = CC([u > p],Ya),
Y, =CC([u > u],Y,). Obserethaty, CY,Y, CY".

In caser’ € Y N Y’ andC = {z'} obserethatz’ € 9Y N dY". In ary casejetz € C. Supposehat
N+ (u, z, A) > A wheren, (u, .,.) denoteghen,., definedin Sect.3, correspondingo u. Let A < p < fi <
n < ni(u,z,N). Let Xy, = CC({z € Q : u(z) € A\, n4(u,z,\)]x},z). Let Xy, = {z € X5 : A <
u(z) < n} (aconnectedet).Notethat{z € X, ; : u < u(z) < i} isanonemptyset.

Letpy € 9Y, with py = 2’ in caseY NY' # () andpy € Q(Y) in caseY NY' = (. Obsenre that
po € C C X, ,. Letp; €Y, andlet K beacontinuumcontainedn Y joining py andyp; .

Now, we claim that thereis apointp € Y N X, , suchthaty < u(p) < . LetLy = {y € K :
u(y) < pu}, Ih = {y € K : u(y) > i}. Obsere thatboth areopensetsin K andZy, C Y. Since
u(pg) = A < p, andu(p1) > u, thenpy € Lo, p1 € Lg. Then L, is a neighborhoodf py in K. We
obserethat Ly C [A < u < 7). Indeed,sinceLy C K C Y, thenu(y) > A forally € Ly, and,onthe
otherhand,u(y) < u < 7, forally € Lo. Givenk > 1, thereis afinite sequencef pointspg, pf, ..., p,
in K with p§ = po, py, = p1, andd(pf,pf,,) < . Letj, bethefirstindex i suchthatp} € Lo and
pf.1 & Lo. Obserethatj, < Nj — 1. SinceK is acompaciset,we mayassumehatp¥ — p ask — co.
TherBISOp;?kH — p. Sinceu(ph ) < pandu(ph ;) > p, we have thatu(p) = p. Ontheotherhand,
p € Ly C [A < u < 7], and,beinglimit of pointsnotin Ly, thenp # py. Letm > 1, andletky > m be
suchthat|pf — p| < - forall k > ko. Recallthatp} € Lo for all i < j, andd(pf,pf,,) < 3 < ;- for
all i. Lety; bethe polygonaljoining p¥ to p¥, | forall 0 < i < ji. Thensup,,, d(p',Lo) < .. Since

— m
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Figure9: Fromleft to right andtopto bottom,thefour casegi) to (iv) consideredn theproofof Proposition
7.

po € v for all k, pg € liminfy v,. Thenlimsup-y; is a continuum([29], vol. 1, p. 111)joining py to p
suchthatlimsup, v, € Lo C Y N[A < u < 7). Sincepy € X, we concludethatp € Y N X, ,. Ina
similar way we prove thatthereis someg € Y' N X, , suchthaty < u(q) < fi.

Summarizingwe have shavn thatthesetsY), ; := {z € YN Xy, : p < u(z2) < 4}, Y, ;== {z €
Y'n Xog o p < u(z) < A} arenonempty Since X, ., is a monotonesection,we have that the set
Xxz N [p < u < f] is connectedandit containsy), ; andY); ;. Thus,let @ bea continuumconnecting
Y, oY) ; andcontainedn X, N [ < u < ji]. Obserethatu > pon@Q. ThusQ C {p € Q:u > A}
whichis anopensetin Q. Thus,Y wouldbeconnectedo Y’ inside[v > A] by anopenset. This contradicts
thefactthatY, Y’ aretwo differentconnecteccomponent®f [¢ > A] N X. This contradictionprovesthat
Nt (u, z, A) = A O

Proof of Proposition7: Let u,, > X besuchthatu,, | A andsig([u > un], [u < pn]) # sig([u > A, [u <
A]) for all n. By takinga subsequencéf, necessarywe may assumehateithersig([u > uy]) # sig(ju >
A]) for all n, or sig([u < pn]) # sig([u < A]) for all n. As describedafter Definition 5, again,moduloa
subsequencaye mayassumehatoneof thefollowing situationshappengseeFig. 9):

(i) foreachu,,thereisaconnecte@omponenof [u > A] whichdoesnotcontainaconnecte@omponent
of [u > pin]

(i) for eachu, therearetwo connecteccomponent®f [u > u,] containedn the sameconnecteccom-
ponentof [u > )]
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(ii) for eachyu,, thereis aconnectedcomponendf [u < u,] which containsno connecteccomponenbf
[u < A

(iv) for eachu, therearetwo connectedcomponent®f [v < A] whichareconnectedn [u < uy].

Assumethatwe arein case(z). For eachu, thereis X, € CC([u > A]) suchthatX,, doesnot contain
aconnecteccomponenof [u > u,]. Sincethe numberof connecteccomponent®f [u > A] is finite, by
taking a subsequencef necessarywe mayassumehat X,, = X € CC[u > }]) is independendf n. It
follows thatthe level \ containsa zonalmaximumof u, thus, it is a singularvalue of u. Assumethatwe
arein case(iiz). For eachu,, thereis X,, € CC([u < uy]) suchthatX,, containsno connecteccomponent
of [u < A]. Sincefor eachn we have p,4+1 < pyp thenju < ppy1] C [u < pp]. Assumethatfor each
n € IN,thereisanm > n suchthatX,, N[u < u,] = 0. Thenwefind asequencen; suchthatm;; < m;
for all = and X,,,, aretwo by two disjoint. Sinceeach.X,,, hasmeasure> ¢ this would imply aninfinite
measurdor Q. Hencewe may assumeahatthereis anng € IN suchthatfor eachn > ny we have that
Xno N[u < py] # 0. Repeatingheabove agumentinside X, wefindny > ng andX,,, € CC([u < pn,])
with X,,, C X, suchthatfor all n > n; we havethatX,,, N [u < p,] # 0. In thisway we constructa
sequenceX,,; suchthatX,, , C X, andeachX,, doesnotcontainaconnecteccomponenof [u < Al.
This implies thatthereis a zonal (local) minimum at level A containedn all X,,,. We deducethat X is a
singularvalueof w.

Supposehatwe arein case(ii), i.e., for eachu, theset[u > u,] N X containstwo differentconnected
componentswhich arecomponent®f [u > u,]. Let usinductively choosetheseconnecteccomponents.
LetY3,Y{ betwo differentconnectedomponent®f [u > 11,]. Suppose¢hatwe have alreadychosery;, Y,
forall i < n. Sincefu > p,] C [u > ppi1], if CC([u > ppt1], Yn) NCC([u > pn+1],Y,) = 0, we take
Yni1 = CC([u 2 piny1], Ya), Yoy = CC([u 2 pnya], Yy). I CC([u 2> piny1], Ya) = CC([u > pinta], Yy)
thenwe take ;1 = CC([u > pn41],Ys) andY,; adifferentconnecteccomponenof [u > fi,11].
Call this a bifurcation. We notethat this bifurcationcannothappenan infinite numberof timessincethis
would amountto aninfinite areacontainedn [u > A} becausghis setwould containaninfinite numberof
connectecomponentstwo by two disjoint, of thesets[u > p,]. Thus,we mayassumehatthefamiliesof
setsY,, andY,! areincreasingLet

Y=UY, Y =U,Y,..

ThenY andY’ aredifferentconnected¢component®f [« > A\] N X. Indeed,if p1, p2 aresuchthatu(p;) =
maxy u, u(p2) = maxy u, then

Y =CC([u> A,p1), Y' =CC([u> N],p2).

Thus,theset[u > A] N X is notconnectedBy Lemma9, thereexist two connecteccomponentsZ, Z’ of
[v > A] N X satisfyingthe propertiesstatedin thatLemma. Now, by Lemmal0, thereis apointz € X
suchthatny (u,z,A) = A, i.e., A is asingularvalueof w.

Finally, assumehatwe arein case(iv). Let X, betheconnected¢omponenbf [u < u,] whichcontains
two differentconnecteccomponents,,, B,, of [u < A]. Sincethe numberof connecteccomponentsf
[u < A isfinite, alsois finite the numberof pairsof them. Thus,by extractinga subsequencé, necessary
we mayassumehat X,, containgwo differentconnectedomponentsi, B of [u < A] whichdonotdepend
onn. Sinceun+1 < pn Wehavethat X, 11 C X,,. Let ppy1 < ph, < pn. Then,if X! = CC([u < pl], A),
thenX,+1 C X], C X, andthereforeX, = CC([u < u,], AU B) and

NpXn = Np X
Since X, arecompactandconnectedalson, X7, is, andwe have that

Np X, =CC([u < \,AUB) =: X.

19



Y, op X Pa ».
Y
n/Y

(:) <:> ....® ...@

Figure10: Fromleft to right thethreecaseqi) to (iii) consideredn the proofof Proposition8.

Now we obsere that[u < A] hastwo component$n X. By definingv = —u, andapplyingLemmas9 and
10,we obtainapointz € X suchthatn_(u,z, \) = A. We concludethat X is asingularvalueof u. ]

Oneof the consequencesf Proposition7 is thatthe numberof critical valuesof « is finite. Thusthe
signatureof [u > A] is locally constantt eachsideof acritical value,i.e.,if X is acritical value,thenthere
is e > 0 suchthat

sig([u > p)) = sig([u > N]) # sig([u > p']) andsig([u > u']) is constant
foreachy < A< p',pe(A—eN),u € MA+e).
Proposition8 LetA € IR. If X\ is a singularvalueof u, then is a critical valueof w.

Proof: Supposéhat) is asingularvaluewhich correspondso amaximumvalue. Thenthereis aconnected
componentX of [u > A] which doesnotintersectary connecteccomponenof [u > y] for all u > A. Let
p € X beits marker. Thenp € sig([u > A]) andp ¢ sig([u > p]) for ary > X. ThusX is acritical value
of u.

If A is a minimum value, thereis ¢ € [u = A] suchthat,if x > X, thenCC([u < u],q) # 0 and
CC([u < Al,q) = 0. Theng € sig([u < u]), ¢ & sig([u < A]). ThusX is acritical valueof w.

Now, supposehatn(z,A\) = A. Thenthereis X € CC([u = A]) suchthat X¢ := CC([A < u <
A + €], X) is not a monotonesectionfor ary ¢ > 0. SinceNsoX¢ = X, for ¢ > 0 small enoughwe
have thatthe only connecteccomponenof [u = A] containedn X € is X. Take suchane. By Proposition
1 we find a sequencey,, | A suchthat X¢ N [u = u,] arenot connected.Let Y,!,Y;? be two connected
componentsf X¢N[u = u,]. LetZ = CC([u > ], X), ZL = CC([u > pn), Y1), Z2 = CC([u > pn), Y,2).
Obserethat,sinceY,!,Y,? C X¢ C Z,wehave Z}, Z2 C Z. If weprovethatZ} # Z2 for n largeenough,
we concludethatsig([u > A]) # sig([u > py]), and,therefore ) is a critical valueof u. By Lemma7
we may assumehatthereis a chainformedby the setsY,! anda chainformedby the setsY;? (first, take
a subsequencef Yn1 with indexesn; suchthatYnli is a chain,thentake a subsequence;; of n; suchthat
Y,fij is achain). By extractinga subsequencere may assumehatlim inf Y;* # (. ThenY? := lim sup Y;!

is acontinuum([29], vol. Il, p. 111). ObserethatY’ C X.N[u = A] C X, 4 = 1,2. Letusalsoobsere
thatif Y,! is containedn aholeof Y;? then,by Lemmas, thereis a connecteccomponenbdf [u < u,], or a
connecteaomponendf [u > u,], in betweerbothsetsthus,thesetin betweerhasarea> §. By extracting
subsequencel, necessarywe mayassumehatoneof the following casedhappengseeFig. 10):

() thetwo chainshave disjointsaturations
(i) thereis aholein all setsof thefirst chainandcontainingthe secondchain

(iii) thetwo chainsareintertwined,i.e., all setsY,!,Y,? form partof the samechainandno subsequence
satisfieqi).
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Assuméfirst thatoneof thechains sayY,! isincreasingvhile theother sayY,? is decreasingWe know
that, by extractinga subsequencef necessarywe have either (a) sat(Y,!) C sat(Y;2) for all n, or (b)
sat(Y,?) C sat(Y,}) for all n, or (c) sat(Y,}) Nsat(Y,2) = () for all n. If (a) or (b) hold, we arein case(ii).
If (¢) holds,we arein case().

Let us prove thatoneof the alternatves (i) — (ii) — (ii7) hold in casethatbothchainsY,! andY,? are
decreasinglf, for somen the saturation®f Y,! andY,? aredisjoint, thenwe arein case(i). Thuswe may
assumehatfor eachn, the saturation®f Y,} andY;? arenotdisjoint. TheneitherY,! is containedn ahole
of Y,2, or ;2 is containedn aholeof Y,!. By extractinga subsequencéf, necessarywe may assumethat
Y,! is containedn ahole of ;2 for all n, or ¥,2 is containedn a hole of Y;! for all n. To fix ideas,let us
assumehatY,? isin aholeof Y;! for all n. Taken = ny = 1. If all Y;}, n > 2, containY7 in oneof their
holesthenwe arein case(ii). Thuswe mayassumehereis somen, > n; suchthatY,,, is containedn a
holeof Y2 . ObserethatY;? is containedn aholeof Y;. . If all ¥,} with n > ny containY;? in oneof their
holes,we areagainin case(ii). Otherwisethereis somens > nj3 suchthatY,;, is containedn a hole of
Y,2 . Proceedingn this way we shallfind asubsequencef Y, andof ¥;? suchthateither(iz) or (iii) hold.

Thecasewherebothchainsareincreasingcanbeanalyzedwith the sameagumentsasabove.

Supposethat case(i) happens. Thenthereare two disjoint saturatedsets A, B suchthaty,! C A,
Y,?2 C B. If thechainsY,! andY;? aredecreasingi.e.,if Y, Y1 C sat(Y,}!) for all n) or oneis increasingY;:
is increasingf Y, C sat( n+1) for all n) while the otheris decreasingthenwe concludethatthe setsy!
andY2 would be separatethy oneof thesetsY;* andthencouldnotbe connectednside X, acontradlctlon.
Thus,bothchainsY,}, Y;2 aremcreasmg In this case sinceY,; is containedn a holeof ¥}, ;, we cannot
connectY,; to ¥, without crossingY,}, ; which s atlevel yi, 1. Hence,Z,} andZ2 cannotbe connected
W|thoutcrossmgevel pni1- We have thatZ}l + 72 andour conclusiorfollows.

Supposehatcase(ii) happensWithout lossof generalitywe may assumehattheY,! areinsideholes
of theY;2, i.e., thereis asaturatedset I suchthatthechainY;, C H andH C sat(Y;2) foralln. If Y,! is
decreasingthenY ! andY 2 would beseparatethy oneof thesetsY,!, andcouldnotbe connectednside X,
acontradiction.If Y;! is increasingthento connect;! to ;2 we crossY’! 11 whichis atlevel y,, 1. Then
we have thatZ! # Z2, sinceto connectboth setswe would needto crosslevel p, ;1.

Supposéhat(iii) happensWe mayassumehatY,! andY,? aremonotonegitherincreasingor decreas-
ing. If oneof themis increasingandthe otheris decreasingve would bein case(ii). Thuswe mayassume
that both familiesareincreasingor decreasing.Supposehat both areincreasing.For simplicity we shall
saythattwo setsareorderedf oneof themis containedn aholeof theother We know thatY;! andY;? are
ordered.Setn; = 1. Choosingn, sufiiciently large,we mayassumehatY,! | Y2 areorderedandcontain

n? " ng

Y1 v2in oneoftheirholesInthiswayweconstruciasubsequenoej suchthatY1 Y2 areorderedand

ny? ~ni
containedn ahole of eachof the orderedpair of setsYlﬂ, , forall j. By extractlngasubsequence‘

necessarywe mayassumethatY1 is containedn ahole of Y2 andboth arecontainedn a hole of Y1
for all 5 (or the samerelaﬂonswﬂh 1 and2 mterchanged)SlnceeachsetbetweenYlj andY2 hasarea
> 4, thiswould representininfinite areain the intertwinedchain. The sameconclusmnwould follow in
casethatbothchainsaredecreasing.

In ary case,we concludethat thereis a sequencef n’s suchthat Z} # Z2, hencesig([u > \]) #
sig([u > u,)), andtherefore\ is acritical valueof u.

Finally, we assumehatn_(z,A) = A. Thenthereis X € CC([u = A]) suchthat X, := CC([A — € <
u < A, X) is not a monotonesectionfor ary e > 0. SinceNnesoX, = X, for e > 0 smallenoughwe
have thatthe only connecteccomponentf [u = A] containedn X, is X. Take suchane. By Proposition
1, we find a sequences,, T A suchthat X, N [u = u,] arenotconnected.Let Y,!,Y,? betwo connected
component®f X, N [u = u,]. ObserethatY,!,Y,? C X, N [u = u,] C X.

By changingu — —u andrepeatingthe argumentabove we concludethatthe setsZ! = CC(ju <
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pnl, Y1) andZ2 = CC([u < py], Y,?) aredifferentconnectecomponentsf [u < u,]. Since
CC([uw < pnl, ¥y) = N, CC([u < 1), ¥ry)

CC([u < pn], Y37) = Ny, CC([u < ], Y,7)
if thereis asequence’ | u, suchthat

CC([u < pnl, Yy) = CC([u < i3], Y;7),

we would obtainthat
Z7lz = CC([U < Nn]aynl) = CC([U < ,Un]aYnQ) = Z72u

acontradiction.Thus,for eachn, thereis ane,, > 0 suchthat
CC([u < ul,Y,) # CC([u < pl, Y;7),
forall 4 € (un, pn + €,). Thuswefind asequence!, T A suchthat
CC([u < ], ¥;}) # CCl[u < W], Y2), 5)

foralln. Let X > \. Let Z = CC([u < X'], X). ObserethatY,},Y,2 C X C Z, henceZ},Z2 C Z. Then
(5) impliesthatsig([u > pl], [u < pl]) # sig([u > N'], [u < X']). Sincethesignatures locally constanat
theleft of A\, we concludethatsig([u > A, [u < A]) = sig([u > pl], [u < wh]) # sig([u > X, [u < N),

andthis holdsfor all X > ), i.e., )\ is acritical valueof w. O

Remark 6 FromRemark5 andthe above resultsit follows that A is a critical valueof « if andonly if —\
is acritical valueof —u.

The developmentsof this Sectionpermit us to computethe singularvaluesof the topographicmap
of w by computingthe critical valuesof u. Moreover, at the discretelevel, a topologicalchangeoccurs
whengoing from level A to level A — 1 if andonly if eitheri) sig([u > A]) # sig([u > A — 1)), or 4i)
sig([u < A]) # sig([u < X — 1]). Thisis equivalentto sayingthats) two connectecomponentsf [u > A]
merwged at level A — 1, a phenomenomwhich we call meging of upperconnecteccomponentspr a nev
connecteccomponenbf the upperlevel setswasbornatlevel A — 1, or 77) two connecteccomponent®f
[u < XA — 1] memgedatlevel A\, aphenomenomvhich we call meiging of lower connecteccomponentspr a
new connecteccomponenbf the lower level setswasbornatlevel A (seeFig. 9). We call thefirst type of
criticality of uppertype,while theseconds calledof lower type.

6.1 The computational algorithm

For the sale of simplicity we only describethe algorithmto computethe critical valuesof uppertype.
The critical valuesof lower type canbe computedusingthe samealgorithmappliedto the invertedimage
max(u) — u. Notethatit is possibleto computebothtypesof criticalities at the sametime. Anyway, the
computationatostwill besimilar eitherif we computethe sup andinf monotonesectionsseparatelor at
the sametime. As we will seein Algorithm 1, the computationakostderves mainly from the computa-
tion of the connecteccomponentst eachlevel. Sincewe performthis computationby meansof a region
growing stratgy, it makesno differenceto do bothcomputationgupperandlower connecteccomponents)
simultaneouslyr not.

Let D beaninterval of IR?> andu : D — IR acontinuougunction. To simplify our terminologywe call
sup-monotonesectionaconnectedomponeniX of anupperlevel setfu > A] whichcontainsnocriticalities
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of uppertype dueto meiging of connecteccomponent®f upperlevel sets. Note thatit containsa single

critical valuedueto the birth of the connectedcomponentorrespondingo a zonalmaximum. As already
mentionedfor simplicity we only describehow to computethe sup-monotonesections.The corresponding
inf-monotonesectionscanbe computedwith the samealgorithmappliedto maxz(u) — w.

We have obseredthatdueto low oscillationsin theimage,a large numberof criticalities may appear
In orderto avoid this problemwe have usedtwo different stratgyies. The first one consistson makinga
pre-filtering stepto reducethe numberof low oscillationspresentin the image? This pre-filtering step
canbe doneby meansof the extremafilters which preseres as much as possiblethe topographicmap
structure[8, 14]. The secondstratgy (which canbe combinedor not with the pre-filtering step)consists
on discardingthosecritical sectionswhich do not satisfy a minimum contrastcriterion, in otherwords,
low contrastedsup-monotonesectionswill be discarded.The contrastcriteriais specifiedby meansof a
parametetM inContrast.

We needsomeadditionalsimplenotationin orderto make explicit analgorithmtakinginto accounthe
contrastcriterion. Denoteby (X*Pi, sAPi) the sup-monotonesectionof [« > ] beginningin g*Pi, thus
it containsno criticality of uppertype dueto meiging. We candefinenonv a measureof contrastC' for
the couple(X*Pi, gAPi) simply by C(X i, pMPi) = ghPi — X\ Notethatat a critical level . the couple
(X#pi_ gHPi) definesa maximalsup-monotonesectionof the topographicmapstartingat level g#Pi and
endingatlevel i (seeFig. 3).

We assumethat our imagew rangesfrom m = min(u) to M = maz(u) (for examplefrom O to
255). To storethe computedconnecteccomponentsve usea dynamicaldatastructureL consistingon a
vector rangingfrom m to M, of lists of couples(X*®i, 3*Pi). The algorithm computingthe maximal
sup-monotonesectionss summarizedn Tablel.

It is importantto remarkthat the parametetM inContrast allows usto discardlow contrastedsup-
monotonesectionsin a causalway. Thatis, if we denoteas M S(u, MinContrast) the setof maximal
sup-monotonesectionsof u with contrast> MinContrast, thenthe inclusion principle M S(u,0) D
MS(u,1) D ... D MS(u,n) holds. An exampleof the performanceof the precedingalgorithmis pre-
sentedn Fig. 11, wherewe have computedhe critical sectionsof alow resolutionsyntheticimage.

Aswenotedin thelntroduction mary differentapproacheexist to computehebasicMorsestructureof
imagesor 3D data.We have presented simplecomputationabpproactandhave studiedits mathematical
properties.Let us notethat the singularitiesof the tree of shapeof animageasintroducedin [38], [9],
coincidewith the notionof critical valuedefinedhere[15].

7 Drainage structure

In the previous sectionwe have developedan algorithmto computethe Morsestructureof animage. This
Morsestructureconsistnthemaxima,minima,andthelevel lineswhereatopologychangeccurgi.e.,the
boundarie®f themaximalmonotonesections).This canbeconsideregsareasonablglobal descriptiorof
aDEM. But, it is not sufiicient to encodeDigital ElevationModels(DEM). Therearealsootherstructures
which areof specialinterestdueto its topographicsignificancen DEM data. Thesestructurescorrespond
mainlyto thedrainagestructurege.g. riversandravines). Thereexistsmary differentalgorithmsaccurately
computingsuchstructuresseg[34] andreferencesherein.Sincethe accuratecomputatiorof thedrainage
patterndn aDEM is computationallyexpensve we shallcomputea goodapproximatiorto thesestructures.
We will presentan approachwhich is relatedto the onein [55]. This sectiondescribesand justifies a
morphologicabpproachto computesuchapproximation.Strictly speakingwe do notcomputehedrainage

3Note that this filtering is doneonly for the computationof the Morse structure. All otheroperationsandin particularthe
maximalencodingerror, referto the originalimage.
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Algorithm 1

1 Set\ = M andcomputeX*®: andsets*?i = M, Vi.

2 Stoethecouples( X i, gAPi)in L]A].

3 If (A—1) > m, setA = X — 1, and recomputeX i (notethe
ahuseof notationon A andp;); elsegoto step8.

4 Vp; € sig([u > A]) if p; € sig([u > X+ 1]) and X Pi wasnot
markedascritical, theng?Pi = gA+1Pi: glsef?Pi = \

5 LetA =sig([u > A+ 1))\ (sig([u > A+ 1]) N sig([u > A])).

6 If A# ¢thenVp € A seachq € sig([u > A]) sudthatp €
XM andmark X4 ascritical.

7 Returnto step2.

8 Selectfrom L thelist of couples(X*?, 3*P) marked as critical
andverifyingthat C(X*?, gAP) > MinContrast.

9 Theoutputof the algorithmwill be the setof curvesT';; corre-
spondingto the boundariesof the selectedsectionsX*? andits
marlers.

Tablel: Algorithm for computingthe maximalsup-monotonesectionsof animage.

Figure 11: Left: syntheticimagerepresentinga setof peaks. Right: Computedsaddlestructuresand
criticalities.

structuresut aversionof themwhichis adaptedo our purposesThealgorithmcomputingthesestructures
will bedetailedin Section8.
Letw : [0,1] x [0,1] — IR beacontinuousfunction. Let Lete > 0. For eachy € [0, 1] we definethe
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filteredimages
ST u(., y) ()
ISe,ldu('a y) (‘T)

For simplicity, we shalldenotethemby ST¢'%u(z, y), IS, 1qu(z,y).

Lemma 11 ThefunctionsST¢'%u(z,y), IS, 14u(z,y) arecontinuousn [0, 1] x [0, 1].

Proof: Both caseseingsimilar, we shallonly considetthe caseof the operatorS16'e. Lety, — y € [0, 1]
andlet u, (z) = u(z,y,). Then,by Proposition4, we have that ST1¢%u,, — SI¢'%(.,y) uniformly as
n — oo. We deducethatfor eachfixedvalueof y, SI¢'%u(.,y) is acontinuousfunctionof z.

Let (z,y) € [0,1] x [0,1] andlet (z,,y,) — (z,y). SinceSI®%y, — SI%(.,y) uniformly as
n — 00, givend > 0, let ng belarge enoughsothat

|S 16y, () — ST u(z,y)| < 6
for alln > ng andall z € [0, 1]. Then,for n > ny,

ST (@, yn) — ST u(z, )| < ST u(zn, yn) — ST u(zn, y)]

|SI€’1dU(.’L'n7 y) - SIE,ldu(‘TayN
6 + ST Y u(xzy, y) — SIS u(x, y))|.

IN + IA

If we take lim sup, we obtain
lim sup | ST (2, yn) — ST u(z, y)| <
n

& + limsup [ST' %u(zy,, y) — SISYu(z,y)| = 9,
n

sinceSI%'%y(.,y) is a continuousfunction of z. Sincethe above inequalityis true for all § we conclude
that ST %u(zy,, yn) — SIS u(z,y) asn — oco. Therefore STy (x, y) is continuous. O

LetUec(z,y) = ISc14SI1¢ %u(z, y). By theabove Lemma,U. is a continuousfunction.

Definition 9 Let f : [0,1] — IR be a continuousfunction. We saythat z, € [0,1] is a zonalmaximum
(minimum)of f if thereis aninterval I, = [z1, z2] containingzy sud that f(z) = f(zo) for all z € I,
andtheris somed > 0 sudthat f(z) < f(zg) (resp.f(z) > f(zo)) forall z € ((z1 — 6, z1) U (22,22 +
9))n[o,1].

Lemma 12 For eadh y € [0,1], the functionU,(.,y) hasa finite numberof zonalmaximaand minima.
Indeedthetotal numberof zonalmaximaand minimais boundedoy %

Proof: Lety € [0, 1] befixed. We obsere thatif z is a zonalmaximum(minimum)of U,(.,y) thenthe
associatedntenal I, containsCC([Uc(.,y) > Uc(zo,y)] ,zo) (resp.CC([Ue(.,y) < Ue(zo,y)],z0)) and
this haslength> e. Thus,if 1, 2o, ..., 7, aredifferentzonalmaximaor minimacorrespondingo disjoint
intenalsthenpe < 1. Hence theirnumberis boundedoy % ]
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Figurel12: Theintenalscontainingthe extremaof a 1D signal.

The abore Lemmagives a descriptionof the function U, asfunctionsof z for eachfixedy € [0, 1].
Thesefunctionshave afinite numberof zonalextrema,eithermaximaor minima,thereis azonalminimum
(maximum)betweerntwo consecutie maxima(minima) andthe restis madeof monotonepieces.For each
fixedy € [0,1] let I1 (y), ..., I, (y) (Wherep = p(y)) be theintervals correspondingdo the zonalmaxima
andminima. By theabove remarkswe have thatp = p(y) < % They areclosedintenals of lengthatleast
e andwe denotethemby I;(y) = [s2j-1(y), s2j(v)], = 1,...,p (seeFig. 12). We aregoingto encode
thepointsS := {(s;(v),y) : 7 = 1,...,2p(y), ¥y € [0,1]}. Our purposeis to prove thatthesepointsare
containedn afamily of graphsof Borel functionsof .

Proposition9 The family of points S is containedin a (at most, countable)family of graphs of Borel
functionsof y.

Proof: Let ¢,, be an enumeratiorof the rational points of (0,¢). Let 7 be the setof points (z,y) €
[0,1] x [0,1] suchthateither

1
Ue(z — E,y) < Uez,y) = Uc(z + qn,y) Vm > mgy, andsomemy, andall n,

or
1
Uz — —,y) > Uc(z,y) = Uc(z + qn,y) Vm > mg, andsomemy, andall n,
m
or .
Uz + E,y) < Uz,y) = Uz — qn,y) Vm > mgy, andsomemy, andall n,
or

Uz + i,y) > Uc(z,y) = Uz — gn,y) VYm > mgp, andsomemy, andall n.
m

ObserethatS C 7. Sincethesetsof points{(z,y) : Uc(z + ,y) < Uc(z,y)}, {(z,y) : Uc(z + L,y) >
Ue(z,y)} areopenandthesets{(z,y) : Ue(z £ qn,y) = Ue(z,y)}, {(2,9) : Ue( £ @n,y) = Ue(z,9)}
areclosed,we concludethattheset7 is a Borel set. Moreover, sincefor eachy € [0, 1] theset7, = {z €
[0,1] : (z,y) € T} isfinite, by Lusin’s Theorem[59], Theorem5.8.11,we concludethat7 is containedn
a(atmost,countablefamily of Borel graphsof functionsof y. Thereforealsois S. ]

8 Computing the drainage structure

In a simplistic way we canthink of the drainagestructuresasthe setof pointsfor which thereexists at
leastonedirectionin whichthe flow of wateris accumulatear repealedWe canwrite down this definition
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mathematicallyby consideringthe setof points{Z : 37 € IR? ande > 0 suchthatu(F) < u(f + %)

Vit € (—¢,¢€), oru(Z) > u(Z + tv) Vt € (—¢,e)}. Obsere thatthis setof pointswill containin particular
the maximaand minimaof u. It hasbeenshavn in Section7 thatthis setof pointsis containedn an at
mosta countablefamily of Borel curves. Intuitively, thesecurves containthe drainagestructuregridges
andvalleys), giving alsoinformationaboutboundarie®f plateaudgor example.In thediscretecasewe only
consider4 differentdirections(valuesof v) correspondingdo 4 differentprofilesin theimage. Concretely
we searchmaximaandminimaof the vertical, horizontalanddiagonalprofiles. In [55] only two directions
wereused namelythe horizontalandverticalones.

Algorithm 2

1 Set(vl,pl) < ComputeExtrema(x)
2 Setv/ =wvl

3 forj =1tolength(vl) do
computeryesr = |v(j) — v(j — 1)
computecyight = |v(j) —v(j + 1)
if ciepe < thr Or crighy < thr then

seteeft = [0/ (j) — v/ (5 = 1)]
if ciepr < thr then
vl () = vl (j - 1)

endfor
4 Set(v2,p2) + ComputeExtrema(v’)

5 Setp(i) = pl(p2(i)) Vi = 1..length(p2). Thisvectorp contains
thex coodinatesof theselectedxtrema.We canthink of p asthe
vectordefiningthe intervals of monotonicityof x after thefilter-
ing. Dueto theflatnesof v/, in eadhinterval (p(i — 1), p(i + 1))
the extremawv2(p(4)) could not be the absolutemaximum(mini-
mum)sowe haveto recomputet in eat of theseintervals.

6 Finally, if an extremawv2(i) lies in a flat zonewe redefinethe
extremaastheboundariesof this flat zone

Table2: Algorithm for computingthe significantextremaof a 1D profile.

In orderto specifythe algorithmwe assumehatwe have a simplesubroutine ComputeExt&ma which
recevesasinputavectorz = [z(1), ..., z(n)] andreturnstwo vectors(v, p), wherev = [v(1), ..., v(k)]
containsthe maximaandminimaof z consecutiely andp = [p(1), ..., p(k)] its relative positionsin sucha
way thatwv(z) = z(p(¢)). Theproblemis thatalarge numberof extremacanappeardueto low oscillations,
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Figure13: Left: computedmaximaandminima of a 1D signal. The dottedcurve denoteghe ideal profile
(beforeintroducingelectronicand quantizationnoise which is always presentin digital images). Right:
signalobtainedby filtering the lesscontrastedxtremaaccordingto Algorithm 2 (light gray arrons depict
the contrastof the filtered extrema). Note thatif we simply rejectthoseextremainsteadof filtering them
with Algorithm 2, thenthe only computedextremawould be thetwo maxima.

mainly dueto noise. In orderto solve this problemwe have to choosethe most significantextrema,in
our casethosewhich have maximumcontrast The contrastof an extremumu(i) canbe definedsimply
by C(v(i)) = min(|v(i) — v(i — 1)|,|v(i) — v(i + 1)|). Using this criteria directly, for example by
eliminating thoseextremawith contrastlessthan a thresholdthr, producesundesirableesults(seeFig.
13). Insteadof usingthe contrastto eliminate extremapointswe useit to filter them. Thefiltering step
simply consiston replacingthevalueof v(i) by v(i — 1) if C(v(i)) = |v(i) — v(i — 1)| < thr orv(i + 1)
if C(v(i)) = |v(i) — v(i + 1)| < thr. Thesefiltering stepproducesa new vectorv/ andrecomputinghe
extremaof v/ producesa moredesirableresult, seeFig. 13. If ary computedextremumlie in a flat zone
(i.e.,it is azonalextremum),we shallreplaceit by the boundaryof theflat zone. Thealgorithmcomputing
thesesignificantextremafrom a 1D-profilex is summarizedn table?2.

Figure 13 illustratesthe extremafiltering process. On the left we shav the real (solid line) andthe
ideal (dottedline) profile without noiseandits extrema. On theright we shav the profile afterthefiltering
process.Note that the filtered profile containsa new minimum (zonalminimum in fact) which doesnot
coincidewith ary of the minima of the original signal. This is solved easily by recomputingthe absolute
minimumin theintenal wherethefiltered signalis corvex (seestep5 of Algorithm 2).

Figure14 shaws the outputof the algorithmjust presentedisingareal profile of DEM data.In orderto
obtainthedesiredcurveswe mustcomputehe maximaandminimaof all the selectedrofilesof theimage.
As we have previously said,we computethesecurnvesusingthe horizontal,verticalanddiagonalprofilesof
theimage.

Figurel5illustratesthewholegeometricsamplingorocessFromleft to right andtopto bottomwe shav
theoriginal DEM image thelevel linesI';, correspondingo its Morsestructurg( MinContrast = 10), the
cunesI'p correspondingo theextremaof the profiles(thr = 10), andthefinal samplingl';, = I'ys UT'p.
A thinning stephasbeenperformedn orderto obtainonepixel width cures.

9 Interpolation

As we have explainedin the above sectionsgiventhe elevation datau(z, y), the samplesve take onu are
basedonthelevel linesatthecritical levels of « anda morphologicalsamplingwhich triesto approximate
theridgesandravinesof u. At thecontinuoudevel thecritical level linesarecomputecbn afiltered version
of u sothat, by Theoreml, thereareonly a finite numberof them. Under mild assumptionon u (for
instancethe level setsof u arerectifable)the level curvesat the critical levels of u constitutea family of
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Figure14: Computedzonalmaximaandminimaof oneimageprofile usingthe algorithmdescribedabore
with acontrastparameteof 10.

Figure 15: From left to right and up to down: the original DEM image, computedlevel lines (white),
computedidgehalley structure(white) andthe wholeimagesampling(white).

Jordancurves boundingopenregions. The zonalextremaareregionsof area> §, § > 0 beingthe area
thresholdusedfor the grain filter. The restof the samplepoints are organizedas a seriesof curves and
eventuallyisolatedpoints.

In this sectionwe will discusssomeinterpolationmethodsusedto recover anapproximatiorof « from
its samplesspeciallythe Laplacianandthe AMLE model. In ageneraframewvork (introducedin [16]) we
will prove that undersomeassumptionghe interpolationmethodsbasedon PDE’s canbe consideredas
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shapepreservingmethods.Sincethe Laplaceoperatoris well-known, we shall only statethe basicresults
requiredfor the AMLE model.In particular we studysomeboundsonthe errorfor the AMLE model.
Let Q be a boundedconnectediomainin RY. Given(, letdg : Q x Q — IR bethedistancemetric

relatveto Q, i.e.,
do(z,y) = liminf (inf{/l|£|dt'C€W})
any (€m)—(z,y) o dt

whereW = {¢ € C1(]0,1],9),¢(0) = &, ¢(1) = n}. do(=,y) is the geodesidistancebetweenr andy,
i.e.,theminimallengthof all possiblepathsjoining z andy andcontainedn 2 [25].
We defineLips(Q2) by

' B _ _ aup 192) — @)l
Lipy(R2) = {g € C(09) : |||g]l| = vene  doa(z, y)

< 00}

If 92 is smooth,then Lips(2) = W1>(9Q) but Lips(9) is definedfor more generaldomains. If g €

Lips(Q2) thenthefunctions
9" (z) = inf (g(y) + |llgllde(z,y))
yeIN

g (z) = sup (9(y) — lllglllda(z,y))
yeo

areminimal Lipschitzextensionof g into 2, i.e.,u € W*°(Q) N C(Q2), g*|sn = g and
| Dg* [ oo (@, ™) S| Dw || Loo (0, mN)

for all w with w — g% € W01’°°(Q) ([25], Theoreml.8and[3]).

The minimal Lipschitz extensionsare not unique[3], [25]. In [3], Aronssonstudiedthe Lipschitz ex-
tensionswhich areobtainedaslimits whenp — oo of the so calledminimal p-extensionsj.e., functionsu
suchthat

| Du | o0, mm) <Il Dw || Lo, m¥)
for all w suchthatw —u € Wol’p(Q). For minimal p-extensionghe above conditionis equivalentto
| Du | Lo, m™y <Nl Dw || Lo (o, mmy

for all Q' C Q andall w suchthatw —u € Wol’p(Q’). Passingo thelimit in theabove inequalities Aronsson
[3, 4] definedan AM LE asafunctionu € W1>(2) N C(Q) suchthat

[ Dull poo (r;mrvy < [[Dwl| oo (r;mvy (6)

for all Q' C ©Q andw suchthatu —w € Wol"’o(Q’). Moreover, Aronssonprovedthatfor smoothAM LE’s
the Eulerequationof (6) is
D*u(Du,Du) =0 inQ. (7)

Later, Jenserj25] provedthe uniquenessf the AM LE extensionof ¢ € Lipy(Q2) andhecharacterizedt
astheuniqueviscositysolutionof (7) with boundarydata

Ulgg = & (8)

Givenu € C(€) we saythatw is a viscositysubsolution(supersolutionpf (7) if for ary ¢ € C?(Q)
andary z, localmaximum(minimum)of v — 1 in Q

D?3(@0)(Dp(w0), Dp(20)) 20 (< 0).
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A viscositysolutionis a functionwhich is a viscosity sub-andsupersolution.ThenJenserproved [25] a
comparisorprinciple betweernsub-andsupersolutionef Equation(7) togethemwith an existenceresultfor
boundarydatain Lipg(f2).

Theorem2 Assumethat v is a viscositysubsolutionand w a viscositysupesolution of (7). If v |aq,
w |an€ Lips(2) then

sup(v — w) = sup (v — w) 9)
z€eN €N
Theorem 3 Giveng € Lipy(Q2), u isthe AM LE of g into Q if andonlyif u is theviscositysolutionof (7)
withu |s0=g.

Thefollowing existenceresultfor (7) follows from R. Jensers results.

Theorem4 Giveng € Lips(£2), thenthere existsa uniqueviscositysolutionu € W (Q) of (7) sudh
thatu [sn= g. Moreover || Du || ;o0 (o, mv)= I||glonl||-

He further extendedthe comparisorprinciple 9, and Theorems3, 4 to the caseof continuousboundary
datag € C(09) andprovedthatin thatcasethe AM LE is locally Lipschitzcontinuousn € [25].

An importantresult proved by Aronssonin [4] wasthat smoothAM LE do not have critical points
insidef). More precisely he proved:

Theorem5 LetQ C IR? andu € C?(2) bea nonconstansolutionof (7). Then|Du| > 0 in Q.

Moreover, in [5] he gave examplesof C'! non-constan{viscosity) solutionsof (7) having an interior
critical point. Letusmentionthatsuchresulthasalsobeenproved(in any dimension¥or starshapednnulus
andcapacitanboundarydataby E. Rossef46]. In next Theoremwe remarkthatawealer but relatedresult
holds.We shallwrite it in amoregenerakontext.

Following [16], we shall consideran interpolationoperatorasa transformationF which associateo

eachopenboundedset( andeachfunctiony € C(99) afunctionE(p, 2) € C(Q2) suchthatE(yp, Q)|sq =
. We shallsaythattheinterpolationoperatorsatisfieghe stability principleif

E(E(p, Q)lor, ) = E(e, Q)|

for any openboundedset(?, ary ¢ € 952, andary openboundedset()’ C Q. Supposéhattheinterpolation
operatorE satisfieghe stability property we saythat E satisfieghe maximumprincipleif

inf o < inf E(p, ') < sup E(p, Q') < supp (10)
o Qf i a9

for ary openboundedset (2, ary openboundedset)’ C €, andary ¢ € C(9€'). If E satisfiesthe
maximumprincipleandy = « in 99Q, wherea € IR, thenE(p, Q) = « in Q, andthe sameis truein ary
openboundedset)’ C Q.

Theorem6 Let 2, bean opensimplyconnectedet. Let 2, be an opensetwhoseboundaryof2; is con-
nectedandQ; C Qq. LetQ = Qy \ Q1. Assumehatu|sn, = A, ulan, = p With X < g or X > u.
Let E be an interpolation opeiator satisfyingthe stability and the maximumprinciple. ThenE(u|sq, Q)
containsonly a monotonesectionin the sensethat Q2 is a monotonesectionof E(u|aq, ). In particular,
if E(ulsq, ) is the AMLE extensionof the boundarydata inside 2, then E(u|sq, ) containsonly a
monotonesection.

31



Figure16: Up: from left to right theinitial data,the interpolateddatausingLaplacianinterpolationandits

3D representationrDown: from left to right theinitial data,theinterpolateddatausingAMLE interpolation
andits 3D representation.

Proof: To fix ideas,assumehat A > u. First, let usobsere thattherecannotbe interior local minimaor
maxima. Indeed,if C is aninterior zonalminimum at level «, thenfor somed§ > 0 thereis a connected
componentV of [ < u < a + §] which is an opensetcontainingC whoseboundaryis containedin
[u = a+ 4]. Then,sinceE satisfieghe stability andthe maximumprinciples theinterpolationE (u|sq, 2)
insideV, giventheboundarydatau = « 4+ § on 9V, would be constanandequalto « + 4, a contradiction.
Similarly, we prove thattherecannotbea local maximumof « in €2. As aconsequencaye concludethatu
is monotone Otherwisetherearelevelsa, § € [A, u] with @ < 8 suchthat[a < u < ] is notconnected.
Let C andD betwo connectedomponentsf [a < u < f]. If thesaturation®f C and D aredisjointthen,
by Lemmab, eithersat(C) or sat(D) containsaninterior extrema. The sameconclusionholdsif one of
themdoesnot containQ;. Thus,without lossof generalitywe may assumehat; C sat(C) C sat(D).
Then,usingagainLemmabs, thereis anextremuminsidesat(D) \ sat(C), againacontradiction. O

Figure 16 illustratesTheorem6. In this figure we presentthe interpolationof the samedatausing
the Laplacianandthe AMLE model. First we obsere the effect producedby the Laplaceinterpolation,
which is to be expected,sincethe Laplacianis unableto interpolatewith valuesprescribedon a point.
Numerically the effect is a cuspat the point wherethe datawere prescribed. Obsenre that since both
interpolatorssatisfy the stability andthe maximumprinciple we obtainno nev maximaor minima. Thus,
ary interpolationoperatorsatisfyingthe stability andthe maximumprinciple canbe consideredasa shape
preservingnterpolatoy thatis, it will presere the monotonicityof the data.

Next two Lemmasare auxiliary to prove estimateson the error producedwhenwe have errorson the
positionof thelevel curvesanderrorsonthevaluesonit.

Lemma 13 LetQ; C Q9 betwo openconnectedlomainsandlet ¢; € Lipy(€;), i = 1,2. Letwu; bethe
AM LE extensionof ¢; to Q;,7 = 1,2. Then

sup(ug —u1) < Sup(goé" — 1) and sup(u1 — u2) < sup(p1 — ¢35 ).
921 o Q1 o
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Proof: TheLipschitzestimateon us provesthat

p2(y) — lllpzlllda, (z,y) < ua(z) < pa(y) + [|[w2l||da, (2, y)
forall z € Qq, y € 0. It follows that
@3 (z) < us(z) < 93 (2).
Theresultfollows asa consequencef the comparisorprinciple statedn Theorem?. O
Lemma 14 Let Qq,Qy be two openconnectedsetssud that Q; Ny # 0. LetQ = Q; U Qy. Let

i € Lipa(€;),1 = 1,2, besud thatp; = @9 in 001 N 0Qs. Letu; bethe AM LE extensionof ¢; to ;.
Letyp € Lipy(Q2) besudt thaty = ¢ on 02 NI andp = @y 0N Qs N ON. Then

ut(z) —ua(z) < sup (p1—¢@ )T+ sup (p" — o)t forallz e Q1N Q.
901NN, 02NN

If 0N Q; =0,i# j,1,7 € {1,2}, weunderstandhatthesup valuetakenonit is zero.
Proof: Letu bethe AM LE extensionof ¢ to 2. By Lemmal3we have that

ui(x) —u(z) < sup(p; —¢~) < sup (p;—¢7)"
oQ; 00;NQ;
and
u(z) —ui(z) <sup(p™ — ;) < sup (¢F — ;)"
(2197} 897;091'
wherej #4,1,7 € {1,2}, z € ;. Hence
ui(z) —uz(z) £ sup (p1—¢ )T+ sup (7 —p2)" Vz e Ny (11)
01NN NNy

O

In next lemmawe give an estimateof the error committedin the interpolatedmagewhenwe have an
errorin the positionof thelevel line andanerroronthe datagivenonit. The estimateontheerrordepends
essentiallyon the distancebetweerthe correctandthe perturbedevel line andthe error committedon the
data.

Lemma 15 Let(2; be an openboundedegion containedoetweertwo curves the exterior one J;L andthe
interior oneJ;”, ¢ = 1,2. AssumehatJ;” = J; . LetQ = Q; U Q. LetusassumeéhatJ~ = J; = J, is
theinternal boundaryof  andalsothat J* C J;" U J5 is theexternalboundaryof 2. Let ¢; bethegiven
dataon 0f2; andassumehat p; = @2 0NN N INs. Letyp € Lipsy(N) besud thaty = ¢ on 9y N ON
andy = 9 0N 9Ny N 0. Moreover, weassumehat

||902|J2+ — Al <€ and ||(P1‘J1+ —AMloo < e
Letu; bethe AM LE extensionof ¢; to 2;. Then

ur(z) —uz(z) <|llelll sup inf dao(z,y) +||lel|| sup  inf do(z,y) +4e 12)
ZE@Q1QQZyEJ+ zE@QzﬂQ1yEJ+

forall z € 2, N Q.
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We have assumedor simplicity thatJJ; = J, . A similar resultcanbe provedwhenthis assumptiors
omitted.

As above,if 9Q;, NQ; = 0,4 # 7,1,j € {1,2}, weunderstandhatthesup valuetakenonit is zero.
Proof: We shallusethe estimateof Lemmal4. Obsenre that,if 92 N Qs # (), we have

sup (g1 —¢ )t = sup (p1 — )"
01NN _]I"ﬁQz
Letz € J;F N Q. Then
—p (z) = g})f[—<p(y)+|||<ﬂ\|\dn(w,y)]
< Bll}’[-%o(y) + [llelllda(z,y)]
< 3+ lplllinf da(.v) +e.

Hence,if 001 N Qs # 0, we have

sup (o1 — 9 )t <||lo||| sup infdq(z,y)+ 2e.
01N N1 N2 Jt

Similarly, if Qs N Q1 # 0, we have

sup (" —2)* <|[llelll sup infdo(z,y) + 2.
0NN [2:92181941 Jt

Adding bothinequalitiesandusing(11) we obtain(12). ]

Notethatwe alsohave the estimate

ui(z) —uz(x) <2||l¢||| sup inf do(z,y)+4e forallz € Q1 N Q. (13)
zegfugy YT

Similarly we may computethe sensitvity of the interpolatedmageif we usea differentlevel line and
anerroris committedon the dataonit. The proof usesthe maximumprinciple statedin Lemmal3 andis
similarto the proof givenin Lemmalbs.

Lemma 16 Let(); bea boundedegioncontaineobetweer’twocurves,the@derioroneJ;r andtheinterior
oneJ; ,i = 1,2. Assumahat); C )y andJ; = J; . Letyp; bethegivendataon 0f2;. Moreover, we
assumehat

||(P2|J2+ - >‘||oo <e and ||(P1|J1+ - NHOO <e
Letu; bethe AM LE extensionof ¢; to 2;. Then

sup [uz — w1 < A — p| + |llg2|l| sup inf do, (z,y) + 2¢ (14)
971 zeJ; yets

Again, we have assumedor simplicity that J;” = J; , anda similar resultcanbe proved whenthis
assumptions omitted.
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10 The codingstep

We have describedwo algorithmsthat computeimportantpointsandcurvesfrom animage,therebypro-
viding the basicgeometricdescriptionof DEM data. Thesealgorithmscanbe consideredsa nonuniform
geometricsamplingof theimage.The next stepis to interpolatethe missingdatafrom our sampling.There
exists severalalgorithmsto interpolatedatafrom curvesand/orpoints. We have in particulartestedthreeof
them:theLaplacianmodel(whichcorrespond min [ | Vu||?), theAMLE model(which correspondso
minlimp e [ ||Vul/?), andthethin platemodel(which correspond$o min [(A(u))?). We remarkthat,
rigorouslyspeakingpnly the AMLE modelcanbeusedto interpolatevaluesspecifiedon points[3, 16, 25]
(seeFig. 16). In spiteof this, we shall alsousethe Laplaciansincetherearemary curvesin the dataand
we may think of pointsassmallregions. In orderto evaluatetheseinterpolationschemesve have chosen
asa measureof goodnesshe entropy of the residualbetweenrthe original imageandthe interpolatedone.
This is a naturalchoicesincewe wantto minimize the numberof bits usedto encodethe errorsbetween
theinterpolatedandthe original images.After seseraltestswe have discardedhethin plateapproximation
sinceit needdo storenot only the grayvaluesatthe curvesbut alsoits derivativesin orderto obtaina good
interpolation. The AMLE modelandthe simple Laplacianmodelwere bothtestedusingthe wholeimage
sampling(T'z, andu|r,,) andusingonly the level lines (I'y; andu|r,,). In the secondcasethe AMLE
modelperformedbetterthanthe Laplacian(the entrofy of theresidual,the maximum,and RM SE errors
werelower thanin the Laplacianinterpolation). Surprisingly in the caseof the whole samplingstructure
the winner wasthe Laplacian,althoughthe interpolationfor the AMLE modellooked visually betterand
the maximumerrorswerealmostthe same.After thesetestswe have decidedto usethe Laplacianinterpo-
lation to obtainthefirst estimationof theimagefrom the selectecturvesandpoints. In orderto controlthe
maximum(sup) error we simply store/encodé¢he quantizederror information (thatis why the entropy of
theresidualwasa naturalmeasuref goodnessor theinterpolant).

At this point we needto considerhow to encodeboth the initial curves (geometricallysampleddata)
andthe residualsoncea sup error e is specified. We proceedto addresghis nowv. The geometryof the
sampleccurves(I'y,) andtheir graylevels (u|r,,) areencodedseparatelyTo encodethe geometrywe use
a differential chain coding stratgy, see[27, 35, 17]. Alternatively, an encodingbasedon rate-distortion
theory asin [54], couldbe used.For the graylevels, if we accepiosseswe mayuseanENO (Essentially
Non Oscillatory)basedencodingschemd?2] which alsocontrolsthe sup error, afundamentatequirement
of theapplicationasstatedbefore.Finally we compresdoththe geometryandthe grayvaluesof thecurves
usinganarithmeticcoder Having thesecurvesandthe dataon them,we caninterpolatethemby meansof
the Laplaceequationto obtainthefirst estimateof theimage.

Finally, to controlthe maximumerror, we needto storetheresiduals-. Encodingtheresiduals- canbe
simply doneby quantizingthemusing

r? = sign(r) {%J e, (15)

andthencodingtheresultingr? with anarithmeticcoder

Thecompressiomatiosusingthis approaclwerealreadysatisactory We obseredthatthe encodingof
the geometryrepresentethe maincostin bits. Thisis duemainly to the irregularity of the curvesandthe
inefficiency of the differential chaincodingapproach3 bits/pixel with 8-connectecturvesor 2 bits/pixel
with 4-connectecturves). To further improve the encodingof the geometrywe have adopteda simple
multiscaleapproachWe computeandencodethe curvesandtheresidualsn a subsampledmageandthen
zoomout the resultand recomputenew residuals. If required,beforesampling,we may filter the given
imagewith alow passfilter or with ananisotropicfilter like motion by meancurvatureor affine invariant
smoothing22], [53]. Indeed,t is corvenientto applythesdfilters while keepingsomepointsfixed,namely
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Algorithm 3

1 Fromtheoriginal image, eventuallyfiltered to reduceits band-
width, » computea subsampledmage v, (i, j) = u(li,1j) whee
[ is thereducingfactor

2 Computd'y, andwy|r,,. Encodel’y,. Computei|r,, by apply-
ing an ENO encodingscheme with maximumnerror e, to u|r,, .

3 Computethe interpolatedimage 4; by solvingLaplaceequation
with initial data (L', 4|, )-

4 Computeand quantizethe residualrf betweenu; and ;. Let
i = 4 + ] bethe appoximationof v, satisfyingsup{|u; —
U} =e.

5 Zoomout 4;and computeand quantizethe new residualr? be-
tweenu and in order to satisfysup{|u — (@ + r9)|} = e.

: _ q . , .
6 Finally compessl'zy, 4|r,,, r; andr? usinganarithmeticcoder

Table3: Algorithm for compressindpEM data.

the pointscorrespondindo the extremavaluesandthe saddlepoints. In practicewe mayfix the multiple
pointsof the sampledcurvesI',,. Anisotropicfiltering fixing pointswasstudiedin [11].

Thezoomout procesanbe doneby usinga bicubic splineinterpolation,althoughthis cancreatenev
maximaand minima dueto the well knowvn oscillation problemof splines. In orderto avoid this kind of
errorswe have useda shapepreservingspling which avoidstheoscillationproblemof classicakplines that
is, respectghe monotonicityof the original data(no nev maximaor minimaarecreated).Concretelywe
have implementedhealgorithmproposedn [24].

Thecompletealgorithmfor compressinddEM datais summarizedn table3.

11 Compressionresults

In orderto compareour results,we use the JPEG-LSstandardfor losslessand controlledlossy image
compressionbeingthis the only standardhat permitsa control on the maximal per pixel error [65], and
we alsouse JPEG-200(1] in which, by reintroducingthe errors,we are able to control the maximum
error In thecomparisortablesbelov, JPEG-LSs denotedby J LS, while oursis denotecby M E, standing
for morphologicalencoding.We alsoreportthe RM SE asfrequentlydonefor lossyimagecompression
algorithms.We reportresultson a setof 10 DEM imagesof size1200by 1200pixelswith 8 bits perpixel.
We alsoreportthe resultsof our algorithmwhenappliedto the samesetof imageswith a resolutionof 16
bits perpixel.

Figure 17 shavs 10 plots (correspondingo a setof 10 different DEM images),eachone shaving
the compressiomatio (vertical axis) versusthe maximumerror allowed (horizontalaxis) for bothmethods.
Whene = 1 thereis no significantdifferencebetweerbothmethodsthoughase increased/ E outperforms
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Figurel7: Performancef the compressiomatio of both methodswhenallowing maximumerrorsranging
from 1 to 5. Theamountin meterscorrespondindo a differencein graylevel of 1 dependsn theimage,
but typically this valuemaybeof 10 meters.
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Figure18: Top: Compressiomatio of J LS vsthe proposednethodfor a setof tenimagescompressewith
amaximumerrorof 5. Bottom: Correspondingoot meansquareerror (RM S E) for thetwo methods.

JLS. In factwhene is greatethanl the plotsshav that M E reacheslmosttwice (or morein somecases)
thecompressiomatio (C'R) of JLS.

Figure 18 shavs a moredetailedstudyfor the casee = 5. In theleft plot we canseethe compression
ratio of both methoddor the setof 10 imagestheright plot correspondso the RM SE for bothmethods.
Table4 shavs theexactvaluesfor thecompressiomatiosand RM S E errorsof bothmethods Thelastrow
shavs the averagevaluesfor theCR andRM SE of JLS andM E. TheaverageC R for thecaseof JLS
and M E are18,9872and36,7245respectiely. Thatis, our proposedschemeM E reachesalmosttwice
the compressiomatio of JLS. In addition,theaverageRM SE for thecasexf JLS and M E is 2,9038
and2,3782 respectiely. Thelasttwo columnscontainthe compressiomatio andthe RM SE in meters,
respectrely, correspondindo the abore setof imagesquantizedwith 16 bits per pixel whencompressed
with M E (with e = 5 meters).

TableV shaws the resultsobtainedby using JPEG — 2000 on the abore setof images. Column1
displaysthe maximumerror obtainedwhenusingJPEG — 2000 atthe samecompressiomateasthe one
obtainedwith M E (which correspondetb amaximumerrorof 5) anddisplayedn thefirst columnof Table
IV. We alsoobsere thatwe cancorrectthe maximumerrorto be the sameasthe oneobtainedwith M E
(i.e.,5) with anegligible costin bytes,asdisplayedn column4. Column2 containsthe RMS error, which
is lower thanin the ME case.

Figure19displaystheoriginalimageandits compressedersionsusingJ LS, M E andJPEG — 2000.
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CR(ME) | CR(JLS) | RMSE | RMSE | CR(ME) | RMSE
(8 bits) (8 bits) (ME) (JLS) | (16bits) | (meters)
bakere 30,4549 14,6585 | 2,4099 | 2,9546 | 11,1249 | 2,5825
bend-e 25,7138 14,2491 | 2,3946 | 2,9152 | 11,5988 | 2,5523
bend-w 53,4223 24,7324 | 2,2787 | 2,8677 | 15,8313 | 2,6217
billings-e 47,6631 26,8321 | 2,3121 | 2,9588 | 19,2838 | 2,5408
sacramento-e 37,6028 19,8254 | 2,4127 | 2,8664 | 9.0562 2,6763
salina-e 43,5954 24,2159 | 2,4062 | 2,8538 | 13,7127 | 2,5936
salina-w 34,8702 16,5692 | 2,4093 | 2,9166 | 11,5446 | 2,5988
sandpoint-e | 20,7807 10,6721 | 2,3901 | 2,9491 | 9,6334 | 2,5501
yakima-e 37,7655 22,2050 | 2,3521 | 2,8488 | 17,0275 | 2,4659
yakima-w 35,3764 15,9119 | 2,4166 | 2,907 7,3900 | 2,7532
AVERAGE 36,7245 18,9872 | 2,3782 | 2,9038 | 12,6203 | 2,5935

Table4: Columnsl to 4: compressionatio (CR) and RM SE errorsfor JLS and M E on 8 bit images
whencompressingvith a maximumerrorof 5 grayvalues.Columnsb and6 shawvs the performancef the
algorithmwhen consideringthe full range(16 bits), in this casethe error correspondo elevation meters.
Thelastrow shawvs theaveragevaluesfor the setof 10images.

L, nocorrection| RMSE | Lo, corrected| incrementbytes)

baker-e 11 1,0016 5 550
bend-e 11 1,0258 5 708
bend-w 9 0,8057 5 391
billings-e 12 0,8224 5 825
sacramento-¢ 10 0,9689 5 568
salina-e 11 0,8961 5 615
salina-w 10 0,9635 5 630
sandpoint-e 10 1,0081 5 628
yakima-e 9 0,8748 5 504
yakima-w 9 0,9599 5 424

Table5: Firstandsecondcolumnscorrespondo the L, and RM S E errorsfor the setof imagesn thefirst
columncompressedith the standardPEG-200@&t the samecompressiomatio asthe oneachiered by our
method. Thethird columncorrespondso the L, errorafter correctingthe resultachieved by JPEG-2000.
Thefourth columncorrespondso theincremenin bytesdueto thecorrection.Thisincremenin bytesdoes
not affectthefinal compressiomatio.

Thefigureshavs boththegrayscaleimagesandits level sets.Notethatthetopographicstructuresarebetter
preseredin the caseof the M E andJPEG — 2000 compressiomwhile it is severely distortedin the case
of JLS compression.

12 Conclusions

In this work we have presentechnd analyzedtechniquedo computea basicgeometricrepresentatiorof
images. This representatiois given by the Morse and drainagestructuresof the image. We have given
simplealgorithmsto computethesestructureandwe have provedthemto bewell founded.Finally, we have
provedthatary interpolationprocessatisfyingthestabilityandmaximumprincipleis alsoshapegoreserving,
in thesensehatnonens maximaor minimais created As anapplication thisgeometridmagerepresentation
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was usedto derive a non uniform samplingstratgy that when combinedwith interpolationand coding
techniquesprovided a novel DEM compressioralgorithm. This algorithm producescompressiorratios
similar to JPEG-200Gndpermitsto control the maximalerrorin the decodedmage,a propertywhich is

fundamentafor mostDEM applications.In addition,the bit-streamencodethe mostimportantgeometric
structureof DEMSs, therebyproviding ananalysistool andnot just a compressiorone. We expectthatthe

resultsabove sene to clarify thelimits of ourapproach.

ThebasicMorseanddrainagestructureherepresentedrebuilding blocksto constructmultiresolution
representationsf DEMs. Note thata numberof criteriacanbeidentifiedto provide a scoringandanorder
for thesestructures Someof thesearedescribedor examplein [7]. Level-linesandconnectedomponents
canbeorderedaccordingio the areathey enclosethetotal gradientmagnitudethey representor ary other
geometriccriteria. Similarly, drainagestructuresanbeorderedaccordingo how sharpthey are(e.g.,based
ontotal cunaturealongthem),or how longthey are. This ordernaturallyleadsto multiscalerepresentation
andencodingschemesandresultsin this directionwill bereportedelsavhere.

It would be of interestto furtherinvestigatethe useof geometricsamplingtechniquedor the compres-
sionof naturalimages.Someof the criteriausedfor the compressiornf DEM data,e.g.,the useof an L,
norm, aretoo stringenthere. Otherconceptslik e the selectionof drainagestructuresarenaturalfor DEM
data,but notasmuchfor othertypesof data. The questionthenis whatis a goodgeometricrepresentation
of naturalimagesthatwill leadto compressionmesultsasthe onesobtainedfor DEM with the techniques
hereintroduced.
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