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Abstract

In this paperwe developandanalyzebasicgeometricstructuresfor the topographicrepresentation
of images.Onecomponentof the geometricdescriptionis basedon theMorsestructureof the image,
while a secondoneis connectedto its drainagestructure.Thesefundamentaldescriptorscouldbeused
asbuilding blocksfor a geometricmultiscalerepresentationof imagesin generalandDigital Elevation
Models (DEM) in particular. The topographicsignificanceof the Morse and drainagestructuresof
DEMs suggeststhat they can be usedas the basisof an efficient encodingscheme. Therefore,we
combinethis geometricrepresentationwith partialdifferentialequationsbasedinterpolationalgorithms
andlosslessdatacompressiontechniquesto develop a compressionschemefor DEM. This algorithm
permitsto obtain compressionresultswhile controlling the maximumerror in the decodedelevation
map,a propertythat is necessaryfor the majority of applicationsdealingwith DEM. We presentthe
underlyingtheoryandcompressionresultsfor standardDEM data.

MathematicsSubjectClassification:68U10,54C30,35J25

Key words: Digital elevationimages,mathematicalmorphology, Morsetheory, drainagestructures,con-
nectedcomponents,interpolation,encoding,compression

1 Intr oduction

A geometricapproachfor encodingandcompressingDigital ElevationModels(DEM) is proposedandstud-
ied in thispaper. Theproposedapproachis basedon thecomputationof thesingularitiesof thetopographic
structureof the data,a kind of topologicalMorse theory, andthe computationof its drainagestructures.
Together, they leadto anefficient representationof thetopographicstructuresof theseimages.Thesebasic
structurescanalsobeconsideredasa building block for thegeometricmultiscalerepresentationof DEM.

�
Theemphasisandnovelty of thispaperis in themathematicsbehindthis framework, while theapplications
werereportedin [58].

DEM dataconsistof adiscretedigital representationof asurfaceterrain.Eachcell in aDEM corresponds
to apoint �����
	��
��� in 3D space.Wecanthink of �����
	�� asthecoordinatesin theimagedomainandtheheight�
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The explicit combinationof the theorydevelopedin this paperwith classicalmultiscaleanalysisin generalandmultiscale
compressionin particularis subjectof currentwork in collaborationwith RonDeVoreandresultsin this directionwill bereported
elsewhere.
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Figure1: Left: original DEM image.Right: 3D representationof theimageon theleft.

� asthe gray valueof the image(seeFig. 1). The acquisitionsystemsusedto obtaina DEM have been
improved during the last yearsin order to obtaina betterresolutionboth in the coordinateplaneand in
height.

Obviously, this kind of datarequiresa large amountof bytesto storethem. Typically a DEM image
from asmallterrainhas ����������������� points,thatis � ���!������� bytes( ��"#�%$'& ) whenusing ( bits for theheight,
or ��(�(�������� ( �)"*(�$+& ) whenusing ��, bits. If we notethat for a completeterraindescriptionof a countrywe
needthousandsof theseimages,storingandtransmittingthemrequiresefficientencodingandcompression.

Many algorithmsexist for datacompression.They canbeclassifiedinto losslessandlossy[48, 66, 65].
Losslessalgorithmsintroduceno error, therebylimiting the amountof achieved datacompression.Lossy
algorithmsachieve highercompressionratiosat the expensesof introducingerrorsin the decodedimage.
It is importantin this caseto have a controlon this error. Typically, lossycompressionalgorithmscontrol
the -/. normof theerror (the root meansquareerror),but it is not soeasyto find algorithmswhich allow
a control on the -10 norm of the error (that is the superror). This is fundamentalfor DEM applications.
Without an - 0 error control the error in individual pixels may be of the sameorderof magnitudeasthe
imagegrayvalueresolution.For DEM applications,e.g.,navigation andlanding,this leadsto an error in
terrainheightthatmakesthealgorithmforbidden.A standardalgorithmallowing thedesired-20 controlis
JPEGLossless(JPEG-LS)[66, 65, 43], whichhasanearlosslessmodewhereonecanimposethemaximum
allowederror. Theuseof JPEG-LSfor DEM datahasbeenstudiedin [43]. .

As mentionedabove, thecontrolof themaximumerrorperpixel (terrainpoint) is requiredwhencom-
pressingDEM datato achieve anaccuratedescriptionof terrainfeatures.On theotherhand,in thecaseof
DEM data,it seemsreasonableto storeonly thosegeometricstructureswhichareof specialrelevance(such
asits Morseanddrainagestructures,seebelow), andinterpolate,while controlling themaximalerror, the
restfrom this nonuniform geometricsampling.Thegoalof this paperis to computethesestructuresand
to usethemto efficiently compressDEM data,while controlling the -10 normof theerror. Thegeometric
descriptionof the datais basedon a kind of topologicalMorsetheoryandon drainagestructures,which
provide,aswe will show below, anefficient topographicrepresentationof theimage.

This paperis structuredasfollows. Section2 reviews thecurrentliteraturein topographicrepresenta-
tion of imagesandwill help us to further motivateour geometricapproachfor DEM encoding. Section
3 describesthe notion of monotoneandmaximalmonotonesection. In Section4 we recall thedefinition
andbasicpropertiesof somemorphologicalfilters introducedby Luc Vincentwhich arecalledtheextrema
killers. In Section5 we recallsomeresultsabouttheeffect of theextremakillers on images,they simplify3

Let usmentionthat if we compressan imagewith JPEG-2000[1] andthenencodetheerrorswhich aregreaterthana given
bound,thenthisalgorithmcanalsobeusedto compresswith controlof themaximumerror.
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its topographicmap,in particular, thenumberof maximalmonotonesectionsof animageis alwaysfinite if
we previously filter it by meansof Vincent’s filters. Next, in Section6, we will definethenotionof critical
andsingularvalueandprove thatthey areequivalent.As amainconsequence,we proposea simplecombi-
natorialalgorithmcomputingthemaximalmonotonesectionsof animage.This is theobjectof Section6.1.
Section7 will bedevotedto thestudyof drainage structuresfrom a morphologicalpoint of view. Section
8 is devotedto thecomputationof thedrainagestructures.In Section9 we discusssomepropertiesof the
interpolationalgorithmsusedto recover an approximationof the original datafrom the sampledone. In
Section10wecollectthepreviouslydevelopedalgorithmsandweapplythemto build analgorithmadapted
to the compressionof DEM data. We alsocompareit with existing compressionalgorithms,mainly with
JPEGLossless(JLS) andJPEG-2000.Finally, in Section12 we summarizethe main conclusionsof this
work.

2 Review on the topographic description of images

The useof a topographicdescriptionof images,surfaces,or 4�5 datahasbeenintroducedandmotivated
in differentareasof research,including imageprocessing,computergraphics,andgeographicinformation
systems(GIS), e.g., [8, 9, 10, 7, 6, 12, 18, 20, 23, 30, 61, 33, 39, 38, 49, 52, 57]. The motivationsfor
sucha descriptiondiffer dependingon thefield of application.In all casestheseaim to achieve anefficient
descriptionof thebasicshapesin thegivenimageandtheir topologicalchangesasa functionof a physical
quantitythatdependson thetypeof data(heightin dataelevationmodels,intensityin images,etc.). In our
brief literaturereview below, whichwill helpto motivateourown contribution,wehaveseparatedtheworks
into two mainareasof research:computergraphicsandimageprocessing.In somecasesthis separationis
somewhatarbitrary, somepapers,if not all, couldbe includedin bothareas,sincetheapplicationcouldbe
orientedto oneor theother.

In computergraphicsand geographicinformation systems,topographicmapsrepresenta high level
descriptionof thedata.Topographicmapsarerepresentedby contourmaps,i.e.,theisocontoursof thegiven
scalardata.Thedescriptionof thevaryingisocontoursrequirestheintroductionof datastructures,like the
topographicchange treeor contourtreewhich canrepresentthenestingof contourlineson a contourmap
(or acontinuoustopographicstructure)[47, 30, 61]. In all cases,theproposeddescriptioncanbeconsidered
asan implementationof Morsetheory, in thesensethatMorsetheorydescribesthe topologicalchangeof
the isocontoursof scalardataor heightfunctionastheheightvaries,andrelatesthesetopologicalchanges
to thecriticalitiesof thefunction. Giventhescalardata 6 definedin a domain 7 of 8 9;: ( 6=<>7@?A8 9 ), the
contourmapis definedin theliteratureasthefamily of isocontoursB 6DCFEHG�C'I��KJL7@<�6M���N�/CFENO , ELJD8 9 ,
or in termsof the boundariesof upper(or lower) level sets B 6FPQEHGRCSI��FJ@7T<�6U���N��PVEWO ( B 6FXYEHG ).
Thefirst descriptionis moreadaptedto thecaseof smoothdatawhile theseconddescriptioncanbeadapted
to moregeneralcontinuousdatawherethereareplateausof constantelevationor discontinuousdata.The
seconddescriptionhasbeenaddressedin [18, 30], while the first descriptionhasbeenusedin [7, 6, 61],
whereana priori interpolationof thediscretedatais requiredsothat theregularity assumptionspermit the
isocontourdescription.

The contourmap is organizedin a datastructure,either the contourtree[30, 61], or the Reebgraph
[60, 44]. Thecontourtreerepresentsthenestingof contourlinesof thecontourmap.Accordingto [30], each
noderepresentsaconnectedcomponentof anupper(or lower) level set B 6KPZEHG ( B 6[X\EHG ), andlinks between
nodesrepresenta parent-childrelationship,a link going from the containingto the containedset in the
uppertree,or viceversaif weconsiderthelower tree.Eachnodehasa list of descendants,its corresponding
elevationvalue,a list of boundarypoints,andits parent.Thecontourtreeencodesthetopologicalchanges
of the level curvesof thedata. Critical valuesandits associatedfeatures,peaks(maxima),pits (minima),
or passes(saddles),canbeextractedfrom thecontourtree[30]. Thedescriptionof thetopographicchanges
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requirestheuseof bothupperandlower trees,andthecontourtreecanalsobeusedasa tool to compute
otherterrainfeaturessuchasridgesandravines[30]. For practicalapplications,the datastructurehasto
beimplementedwith a fastalgorithmandwith minimal storagerequirements.In [61] this is accomplished
with avariantof thecontourtreewherethecriticalities(maxima,minima,saddles,computedin alocalway)
arecomputedfirst. In [7] severalattributeshave beenaddedto thecontourdatawhich canbeusedto select
a subsampledfamily of contourswhich arerepresentative of thedata. As examplesof suchattributesthe
authorschoosethe lengthor areaof the isocontours,theratio lengthof theisocontour/areaof theenclosed
set,or theintegral of thegradientalongtheisocontour.

A relateddatastructureis theReebgraph, whichrepresentsthesplittingandmergingof theisocontours.
TheReebgraphof theheightfunction 6 is obtainedby identifyingtwopoints]��
^_JL7 suchthat 6M�`]N�aCb6M�c^!�
if they arein thesameconnectedcomponentof theisocontourB 6KC+6U�`]N�dG . Thus,a cross-sectionalcontour
correspondsto a point of an edgeof theReebgraph,anda vertex representsa critical point of the height
function 6 . TheReebgraphwasproposedin [60] asa datastructurefor encodingtopographicmaps.The
authorsproposedto computeit following the computationof the so-calledsurfacenetwork. The surface
network is alsoa topologicalgraph,i.e., a graphthat representsthe relationsamongcritical points,whose
vertex arecritical pointsandtheedgesrepresenteithera ridgeor a ravine line. A ridge(ravine) line is a line
with steepestgradientwhich joins a passto a peak(pit) [60, 26]. Thecritical pointsarecomputedwith an
algorithmbasedon local computations,so that the Euler’s formula relatingthenumberof peaks,pits and
passes,holds.Thenridgesandravinesarecomputedfollowing thesteepestlines. In thecontext of computer
graphics,Morsetheoryhasalsobeenusedto encodesurfacesin 4�5 space[57]. In [57], the authorsalso
usea treestructurelike the Reebgraphcomplementedwith informationaboutthe Morse indexes of the
singularitiesandincluding enough(informationabout)intermediatecontoursto be ableto reconstructby
interpolationthepreciseway in which thesurfaceis embeddedin 4�5 space.

In imageprocessing,thetopographicdescriptionwasadvocatedasalocalandcontrastinvariantdescrip-
tion of images(i.e., invariantunderilluminationchanges),andhasleadto anunderlyingnotionof shapesof
animageasthefamily of connectedcomponentsof upperor lower level setsof theimage[12, 49, 52, 13].
An efficient descriptionof thefamily of shapesin termsof a treewasproposedin [39, 38] andfurtherde-
velopedin [33]. Thetreeof shapesasproposedin [39, 38] fusestheinformationof boththetreesof upperB 6@PeE�G andlower B 6@XVEHG level setsof thescalarimage 6 . The key ideafor this fusion is the notion of
shapeasa connectedcomponentof an upper B 6'PfE�G or lower B 6'ghEHG level set in which the holesare
filled-in. This topographicstructurehasbeenfurtherstudiedin [9, 38, 8], whereaMorsedescriptionof this
topographicstructurewasdeveloped.Themathematicaldescriptionpermittedto includethecaseof images
asuppersemicontinuousfunctions.In [33], following bilinear interpolationof thediscretedata,theimage
couldbetreatedasa continuousfunctionanda treeof bilinear level lines B 6iCjEHG wascomputed.Thetree
of bilinear level lines is morerelatedto thecontourtreecomputedwith the isocontoursof the interpolated
image.A subtreecontainingtheso-calledmeaningfullevel lines [19] canbeextractedwhich containsthe
main level lines accordingto thedistribution of gradientvaluesof the imagein a statisticalway [33, 19].
The work in [28] canbe consideredasa mathematicaldescriptionof the (iso) contourtreein the caseof
two-dimensionalfunctions.In [18], Morsetheoryhasalsobeenusedasa basicmodelto describethegeo-
metricstructuresof ��5 and 4�5 images,andin general,of multidimensionaldata.Applicationshave been
given in differentdomains,in particular, to visualizestructuresin 4�5 medicalimages.Thedataaretypi-
cally multi-dimensionalsampleddata,andit cannotbeassumedthat the function is Morsein a traditional
sense,evenif interpolated.Thus,theauthorsadaptMorsetheoryusingcombinatorialmethods.Theauthors
assumethat thegiven dataareinterpolatedby a continuousreal valuedfunctions 6 . The basicgeometric
objectsstudiedaretheboundariesof theconnectedcomponentsof upperlevel sets B 6kPlEHG of 6 andtheir
variationwith the level E . In their setof axioms,the authorsassumethat thoseboundariesarecompact,
orientedmanifoldsin 8 9;: , they precisetheir local structure,andits connectionwith theoriginal sampled
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Figure2: A function 6 andits upperandlower level sets.

data.In particular, thoseaxiomsimply thatthetopologicalstructureof thesampleddatais reflectedby any
interpolatingfunctionsatisfyingtheiraxioms.Thencritical pointsandcritical valuesaredefined,obtaining
maximum,minimum,andsaddlecritical points(andvalues).Criticalitiesaredefinedby local analysisof
thefunction,includingthecaseof degeneratesets(i.e.,connectedregionsof thesampleddatawith thesame
values).Theauthorsprove that thetopologyof their basicobjectschangesat a critical level, anddoesnot
changebetweencritical levels. Thenthecriticality graphis defined,theverticesof thegrapharethecriti-
calitiesandtheedgesgo betweencriticalitiesin sucha way thatno furthercriticalitiesarelocatedbetween
them.Theregionsrepresentedby eachedgearecalledzonesof thecritical point with highervalue.In each
zonetheboundariesof theupperlevel setsarehomeomorphic[18]. Thetopologychangeat a critical value
is computedby combinatorialmethodsif thecritical valueis a saddleor a minimum,andby thegenusin
thecaseof a maximumvalue. In somesense,this structureis relatedto a Reebgraph.Efficient algorithms
areproposedwhichcomputethecriticality graph[18].

Letusfinally mentionthatamorphologicalapproachto imagecompressionhasbeenproposedbyseveral
authors,for instance[42], [41], [51], [45], [21]. In [42],[51] theauthorsproposeto usebinarypartitiontrees
to selectthe level curveswhich have to beencoded.The treestake into accountthecostin bits to encode
theselectedlevel boundariesandtheapproximationerror (measuredwith an - . norm). In [21], theauthor
selectedthe level lines taking into accountits perceptualsignificancewhich wasmeasuredin termsof the
numberof m and n junctionscontainedin it. Becauseof our applicationto theencodingof DEM data,we
useadescriptionmoreadaptedto thetopographicfeaturesof this kind of data.

3 Monotonesections

In this sectionwe will introducethe notionsof monotoneandmaximalmonotonesectionswhich arethe
onescontainingno topologicalchangesof thetopographicstructure.

Let 5 beasubsetof 8 9 : . Givenafunction 6o<%5Q?p8 9 , wecall upper(lower)level setof 6 any setof the
form B 6[P\E�Gq<`C'I��oJL5T<!6U���N�rPsEWO or B 6Kt\EHG�<`C+I��KJL5T<�6U���N�rt\EWO ( B 6[X\EHGq<`CjI��oJD5f<!6U���N�rX\EWO
or B 6ug'E�G/<`CQI��vJw5x<>6M���W�yg'EWO ) where EwJ=8 9 . Figure2 depictsa function 6v<z5p{|8 9 . ?}8 9 (top)
which is thresholdedat level ELJD8 9 . Weseetheconnectedcomponentscorrespondingto theupperlevel set
( B 6[P\EHG ) andthelower level set( B 6[g\EHG ), respectively.

The(upper)topographicmapof a function 6 is thefamily of theconnectedcomponentsof thelevel sets
of 6 , B 6\P~E�G , EsJ�8 9 , theconnectedcomponentsbeingunderstoodin the relative topologyof 5 . It was
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provedin [12] thatthetopographicmapis thestructureof theimagewhich is invariantunderlocal contrast
changes,a notionalsodefinedin [12]. In [8, 9] theauthorsstudiedtheMorsestructureof thetopographic
mapfor continuousfunctions(a similar studycanbe donefor boundeduppersemicontinuousfunctions).
They defineda notionof nonsingularregion of thetopographicmaptrying to expressthefactthat thelevel
lines of the topographicmap in a nonsingularregion arehomotopic,as it happensfor smoothfunctions
wheresingularitiesareunderstoodin theusualway [37]. A first versionof thisnotionappearedin [13]. Our
purposeis to review in somedetailsomeresultsof [8].

Let 6L<�5V?p8 9 bea function.For eachEW�
��JL8 9 , ELX�� we define

�U��� � ClB�EoX�6KX��NG�C+I��[JD5f<�EDX�6U���N�rXk�UO
The connectedcomponentsof a set n ��8 9;: will be denotedby �z�/��n[� . If �hJQn , the connected
componentof n containing� will bedenotedby �z�/��nL�
�W� .
Definition 1 Let 6[<)5T?�8 9 bea continuousfunction.A monotonesectionof thetopographicmapof 6 is
a setof theform n ��� � J��z�/�
B�EoX�6KX��NG���� (1)

for someEW�
�=JL8 9 with EoX�� , such that for any E>���
�W�WJ=B�Eq�
�NG , E>��Xk�W� , theset

I��KJ�n ��� � <)E � Xk6M���N�1Xk� � O
is a connectedcomponentof B�E��WX�6KX��W�*G .
Proposition 1 Assumethat 5 is compact.Let 6F<U5A? 8 9 be a continuousfunctionsuch that for eachEq�
�~JF8 9 with E|XY� the set B�E+XY6+XY�NG hasa finite numberof connectedcomponents.Let EFgQ� ,n�J[�z���
B�EwX@6wXF�NG�� . Then n is a monotonesectionif andonly if for any �ZJsB�Eq�
�NG , nf�=B 6iCl�WG is a
connectedset.

Proof: Obviously, if n is a monotonesection,thenfor any �@JbB�EW�
�NG , theset nh�=B 6wCe�qG is connected.
To prove theconversestatement,supposethat n is notamonotonesection.ThentherearevaluesEoXs�wX� X�� suchthat nS��B#�jX~6ZX � G is not connected.Observe that nS�uB#�jX�6bX � G_�CY� because� is
connected.Let ��C��!���. . Since n��sB#��XV6|X � G Cp��n¡�kB#��XV6+Xe��G��2¢���n��sB �oXe6|X � G�� and��nS�uB#�'X~6\X���G����v��n¡�uB ��Xl6\X � G����CQ� , we concludethateither nh�uB#�jXl6ZX~��G or nh�uB ��X6+X � G , or both, cannotbe connected(sincethe union of intersectingconnectedsetsis alsoconnected).
Let us chooseoneof the above non connectedsetsanddenoteit by n£�sB#� � XS6~X � � G . Proceeding
iteratively in this way we find a decreasingsequenceof intervals B#�q¤�� � ¤�G suchthat �U¤�B#��¤¥� � ¤�GMC�I§¦�O andn��oB#�q¤�X�6KX � ¤!G arenotconnected.Now, observe thatfor all ¨¥¤�J�������n��oB#��¤©X�6[X � ¤%G�� thereexists¨ ¤%ª � JD���a��nT�=B#� ¤�ª � XZ6iX � ¤%ª � G�� sothat ¨ ¤ �\¨ ¤�ª � . Thus,thereareat leasttwo differentdecreasing
sequencesof continua(compactconnectedsets)containedin nY�iB#��¤©X�6KX � ¤�G . Sincetheintersectionof
adecreasingsequenceof continuais acontinuum,weconcludethat nZ�_B 6�CZ¦¥GNC@�M¤N��nb�_B#��¤�Xk6oX � ¤%G��
is not connected.Thiscontradictionprovestheproposition.

Thefollowing result,whichwasprovedin [8], permitsusto defineamonotonesectionwhichis maximal
with respectto inclusion.Thosesetsarethenonsingularsetswementionedabove.

Proposition 2 Assumethat 6v<>5S?}8 9 is a continuousfunctionsuch that for each EW�
�sJi8 9 with E=X@�
theset

�M��� �
hasa finite numberof connectedcomponents.Let E � ��E¥.��
� � �
�q.«JK8 9 . Then,if n � � � � 3 �
n � � � � 3

aremonotonesectionssuch that n � � � � 3 �©n � � � � 3 �C@� , then n � � � � 3 ¢©n � � � � 3 is alsoa monotonesection.In
otherwords,theunionof intersectingmonotonesectionsis a monotonesection.
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Figure3: A function 6 (left) andits decompositionin maximalmonotonesections(right).

Let �oJL5 and E©CZ6U���N� . For each¬�P\E , let n ��� ­ C\����� �U��� ­ �
�W� . Wedefine

¬ � ������Ez�2Cb®
¯�°�I�¬�<�¬�P\E s. t. n ��� ­
is amonotonesectionO!"

Similarly, we define

¬Hª/������E��/Cb±³²�´µI�¬�<!¬�X\E s. t. n ­�� �
is amonotonesectionO!"

Notethatbothnumbersarewell definedsincen ��� �
is alwaysa monotonesection.Notethat,by definition,¬ ª ������E��¶X'¬ � ������Ez� . By Proposition2, we maydefinethe (open,closed,half-open,half-closed)interval8z������Ez� containing E whoseend-pointsare ¬Hª/������E����
¬ � ������E�� andwhich determinesa monotonesection

containing � maximalwith respectto inclusion, which we denoteby n¸· ¹»º � �½¼ . Notethat EiJi8�������E�� for allELJ=�¿¾ ÀZ�
®
¯>°¥Á�6M���N�dG . Bothfunctions,¬ � ������E����
¬Hª1������E�� , arenondecreasingfunctionsof E andhavesome
precisebehavior. Weshallnotgivehereadetaileddescriptionof them.Ourpurposewill beto prove that,if5 is topologicallylike a ball, 6wJ=Â¸� 5�� , andthereexist someÃ�t@� suchthat Ä nuÄ�PFÃ for any connected
componentn of anupperor lowerlevel set,thenthereis only afinite numberof maximalmonotonesections
in thetopographicmapof 6 .

Figure 3 illustratesthe notion of maximal monotonesection. On the left side we show the original
functionandon theright sideits decompositiononmaximalmonotonesections.

Remark 1 The notionson maximal monotonesectionsgiven in [8] and [9] are basedon different ap-
proaches.The notion usedhereis the sameasthe oneusedin [8]. The notion usedin [9] is adaptedto
describetheMorsetheoryof the treeof shapesof the image. It turnsout thatbothnotionsareequivalent
[15].

4 Vincent-Serra filters

The aim of this sectionis to recall the notion of extremakiller, somemorphologicalfilters introducedby
L. Vincent,andhow thesefilters simplify the topographicstructureof a function. As we shall review in
the next section,a function which hasbeensimplified by meansof L. Vincentfilters will containa finite
numberof maximalmonotonesections.Theresultsin thissectionwereprovedin [8, 14]. Someof themare
includedin somedetailbecausethey will beusedbelow.
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Figure 4: From left to right, the original function 6 , someof the connectedcomponentsof B 6ePxEHG at
differentlevels(theconnectedcomponentswith measurelesserthan Å aremarkedwith ablackcrossinside)
andthefilteredfunction ÆU8%ÇÈ6 (notethataflat zoneappearsinsteadof theoriginal peak).

Let 5h�s8 9 : bea sethomeomorphicto theclosedunit ball of 8 9 : ( É�P\� ), Ê!�oJD8 9 : ��Ë
��ËÌX@�%Í , for
instance5 canbeaninterval in 8 9;: . Let 6L<!5Q?�8 9 bea function.Let usdefinetwo basicmorphological
operators,theVincent-Serraoperators,which simplify the topographicmapof 6 by eliminatingthesmall
connectedcomponentsof its upperandlower level sets.Let Å_tj� andnoteby ���/�
B 6sP�EHGÎ�
�W� ( �����
B 6sgE�GÎ�
�N� ) theconnectedcomponentof B 6KPZEHG ( B 6KgZEHG ) containing� . Then,for each�oJD5 , we define

Ï Ç ��6��
�N��C+I�n¡C\���/�
B 6KPsE�GÎ�
�N�Ð<�ELJ�8 9_��Ä nuÄ>PsÅ O!�
Ï Ç ��6��
�N�/C'I�n�C\�����
B 6Kg\E�GÎ�
�N�r<)EDJL8 9_��Ä nuÄ�tsÅ O!"

Let usdefinethefollowing Vincent-Serraoperators

ÆU8 Ç 6U���N��C ®
¯>°ÑUÒ½ÓMÔ ¹`Õ � º ¼ ±Ö²�´× Ò�Ñ 6M��	>���
8HÆ Ç 6U���N��C ±³²�´ÑMÒ½Ó Ô ¹»Õ � º ¼ ®
¯�°× Ò�Ñ 6M��	>��"

whereweunderstandthat ®µ¯�° ÑMÒ½ÓUÔ ¹`Õ � º ¼ ±Ö²�´ × Ò�Ñ 6M��	>��Cj¾ØÀ if
Ï ÇÙ��6��
�N��C@� and±Ö²�´ ÑMÒ½Ó Ô ¹`Õ � º ¼ ®µ¯�° × Ò�Ñ 6M��	>��CÚ À if

Ï Ç ��6��
�N��C@� . Figure4 illustratesthefiltering of a function 6 by theoperatorÆU8 Ç . Fromleft to right
we have theoriginal function 6 , someof theconnectedcomponentsof its upperlevel sets( B 6[P\EHG ) andthe
filteredfunction ÆU8�Çd6 .

Both operatorscanbedescribedin termsof basisof structuringelementsindependentof 6 . Indeed,letÛ ÇMC+I½ÜV<!Ü is connected,�ÝJDÜ , Ä ÜDÄHPkÅ O , Û Ç C+I½Üe<%Ü is connected,�¸JDÜ , Ä ÜDÄ)tsÅ§O . Then

ÆU8 Ç 6U���N��C ®
¯>°ÑUÒ º ��Þ Ô ±Ö²�´× Ò�Ñ 6M��	>��� (2)

8)Æ Ç 6M���W��C ±³²�´ÑMÒ º ��Þ Ô ®µ¯�°× Ò�Ñ 6U��	���" (3)

Let usdenote,for the time being,theright handsideof (2) and(3) by Æa8%Ç � � 6U���N� , respectively, 8HÆ Ç � � 6M���N� .
Let uscheckthat in fact ÆU8%Ç � � 6M���W�RCeÆU8%ÇÈ6M���W� and 8)Æ Ç � � 6M���W�RC~8)Æ Ç 6M���N� . Obviously, from thedefinition
we have that ÆU8 Ç 6M���N��XfÆU8 Ç � � 6M���W� and 8HÆ Ç 6U���N��PY8HÆ Ç � � 6U���N� . Now, if Æa8 Ç � � 6U���N��gTÀ , given Ã=tY� ,
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let ÜßJ\� Ú Û Ç be suchthat à Ñ <`CY±Ö²>´ × Ò�Ñ 6U��	���PQÆU8 Ç � � 6M���W�r¾sÃ . Then Üß��B 6@Peà Ñ G and,therefore,ÜV��ná<`Cb�z���
B 6[P�à Ñ GÎ�
�W� . Hencen£J Ï Ç ��6��
�W� and

ÆU8 Ç � � 6M���N�a¾=Ã¶X�à Ñ X�±Ö²>´× Òãâ 6M��	>�rX\Æa8 Ç 6U���N��"
In asimilarway, weprove that ÆU8 Ç 6U���N��CFÀ if ÆU8 Ç � � 6M���W�aCFÀ . Wehavecheckedformula(2). In asimilar
waywe prove theidentity (3).

Proposition 3 Assumethat 6��
ä©<%5Q?p8 9 are measurablefunctions.Thenàå��8)Æ Ç 6oPk6 and Æa8%ÇÈ6oX�6 .àÎàå� If 6oX�ä , then 8)Æ Ç 6oXs8)Æ Ç ä and ÆU8 Ç 6KX\Æa8 Ç ä .àÎàÎà¿��8HÆ Ç �æ�M��C|ÆU8%Ç �æ�M�/C@� for all �wJ�8 9 .àÎä���8HÆ Ç ��6 Ú �U��Cb8HÆ Ç 6 Ú � for all �wJL8 9 . A similar statementholdsfor ÆU8%Ç .
Proof: àå� Let �wJK5 . If

Ï Ç ��6��
�W�ÐC+� , then 8HÆ Ç 6U���N�ÐCjÀ andwe aredone.If ÜfJ Ï Ç ��6��
�W� , then �=J[Ü ,
and ®
¯�° × Ò�Ñ 6U��	��rPk6M���N� . Thus 8)Æ Ç 6M���N�ÐP�6M���W� . In thesamewaywe prove that ÆU8 Ç 6U���N�rX�6U���N� .
Theproof of àdàå� follows immediatelyfrom theidentities(2) and(3). Theproof of assertionsàdàÎàå� and àÎä�� is
immediateandweshallomit it.

Proposition 4 Let 6z¤¥�
6�<�5ç? 8 9 be measurable functionssuch that 6z¤Z? 6 uniformly in 5 . ThenÆU8 Ç 6z¤_?ßÆU8 Ç 6 and 8HÆ Ç 6z¤Ý?p8HÆ Ç 6 as èL?�À uniformlyin 5 .

Proof: Since 6 ¤ ?é6 uniformly we have thatgiven ÃDtj� thereexists èqê suchthat Ë
6 ¤ ¾w6/Ë_glÃ for allè�P�è ê , i.e. 6©¾wÃ«Xk6¥¤©Xk6 Ú Ã for all è�P�è ê . UsingProposition3, ��àÎàå� and ��àÎäH� , we obtain

ÆU8 Ç 6�¾=Ã¶X\ÆU8 Ç 6z¤©X\ÆU8 Ç 6 Ú Ã½�
for all è=P�è ê . HenceÆa8 Ç 6z¤Ý?�ÆU8 Ç 6 as èo?�À uniformly in 5 . Similarly, we prove that 8)Æ Ç 6z¤Ý?p8HÆ Ç 6
as èo?ßÀ uniformly in 5 .

Proposition 5 ([8],[14]) If n�C+�z���
B 8)Æ Ç 6ug+E�GÎ�
�N�Ý�C�� , then Ä nuÄqt|Å . If n�C+�����
B�ÆU8 Ç 6wPjEHGÎ�
�W�_�C�� ,
then Ä nuÄ�PlÅ . If Ä ���a�
B 6\PlE�GÎ�
�N�§Ä�PlÅ (resp. Ä �����
B 6\gjE�GÎ�
�N�§ÄMPjÅ ), then Ä ���a�
B 8HÆ Ç 6kPlE�GÎ�
�N�§Ä�PlÅ (resp.Ä �����
B�Æa8 Ç 6og\E�GÎ�
�N�§Ä>PsÅ ).
Remark 2 Thus,by filtering the small connectedcomponentsof the upperandlower level setswith the
Vincent-Serraoperatorswe canguaranteethattheassumptionof Propositions1 and2 is satisfied.

Remark 3 As proved in [8, 14] both operators8)Æ Ç and Æa8%Ç arecontrastinvariant operatorsinducedby
operatorson sets.

Thefollowing resultwasalsoprovedin [8, 14].

Proposition 6 Assumethat 5 is compact.Let 6[<�5Y?�8 9 bea continuousfunction.Then 8HÆ Ç 6 and Æa8 Ç 6
are continuous.Therefore 8)Æ Ç ÆU8 Ç 6 and ÆU8 Ç 8HÆ Ç 6 are continuous.

Remark 4 Motivatedby the studyof a family of filters by reconstruction([31], [32], [49], [63], [62]), J.
SerraandPh.Salembier([56], [52]) introducedthenotionof connectedoperators.Suchoperatorssimplify
thetopographicmapof theimage.Thesefiltershavebecomeverypopularbecause,onanexperimentalbasis,
they have beenclaimedto simplify theimagewhile preservingcontours.Thispropertyhasmadethemvery
attractive for a largenumberof applicationssuchasnoisecancellationor segmentation([36], [64]). More
recently, they havebecomethebasisof amorphologicalapproachto imageandvideocompression(see[50]
andreferencestherein,andmorerecently[21]).
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Figure5: Fromleft to right aset ë (in light gray)andits saturations.

5 Structure of the simplified topographic map

Theaim of this Sectionis to review the following result: Assumingthat theconnectedcomponentsof the
upperandlower level setshaveminimalsize Ã«ts� , thenthereis only afinite numberof maximalmonotone
sectionsin thetopographicmapof 6 [8, 9]. Theideabeingthatgiventwo of themthereexistsa setof areaPsÃ containedbetweenthem.

Let 7 be a sethomeomorphicto theclosedunit ball of 8 9;: ( É�P\� ), Ê%�oJD8 9;:Ì��Ë
��ËÌXF�%Í , and 7
betheinteriorof 7 . Notethat,in particular, 7 is compact,connectedandlocally connected.Moreover, 7 is
unicoherent.

Definition 2 ([29], vol. II, p. 104)A topological spaceì is saidto beunicoherent if it is connectedandfor
anytwoclosedconnectedsetsëí�
Ü in ì such that ìbCbë�¢�Ü wehavethat ëu��Ü is connected.

A wordof caution:whenwe saythat,if n is aconnectedcomponentof anupperor lower level set,we
meanthat nSC\���/�
B 6KPZEHGÎ�c]N� or nSC\���/�
B 6og\E�GÎ�c]N� for someELJ�8 9 , ]oJ 7 .

5.1 Saturations

We recall thedefinitionof saturationandprove its basicproperties.Theresultsin this subsectionaretaken
from [8], [9], [38].

Definition 3 Let ë'� 7 . Wecall holesof ë in 7 thecomponentsof 7=î1ë . Let ]�0VJ 7=îrë bea reference
point, and let m betheholeof ë in 7 containing]�0 . We definethesaturation of ë with respectto ]�0 as
theset 7�î/m andwedenoteit by ï½ð�ñ �cë«�c]�0¸� . Weshall referto m astheexternalholeof ë andto theother
holesof ë asits internal holes.By extension,if ]N0�J=ë , by conventionwedefineïãð%ñ§�cë«�c]�0¸��C 7 . Note
that ï½ð�ñ§�cëí�c]�0¸� is theunionof ë andits internal holes.

Thereferencepoint ]�0 actsasapoint at infinity. In all whatfollows,we assumethatthepoint ]N0VJ 7
on which the saturationsarebasedis fixed, i.e., all saturationswill be computedwith respectto ] 0 . To
simplify our notation,we shall write ïãð%ñ§�cëy� insteadof ïãð�ñ �cë«�c]�0Ý� . We shall also speakof holesof ë
insteadof holesof ë in 7 .

Lemma 1 Saturationsare alwaysconnectedsets.

Proof: Observe thatby definition,sincem is a connectedcomponentof thecomplementof ë we have thatïãð%ñ§�cëÌ�/C@ï½ð�ñ§�cëí�¿mÌ�aC 7=î2m is alsoaconnectedset(a ([40], IV.3,Theorem3.3).

Figure5 illustratesthe above definition. On the left we seethe original set ë (light gray) which is a
subsetof thewholespace7 (darkgray). Recallthat theset ë is alsoits own saturationwhen ]uJ�ë . The
next threeframesrepresentthesaturationsof ë with respectto its threedifferentholes.

Let ussummarizethefollowing resultsaboutsaturations.They wereprovedin [38], [9],[8]satisusc.
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Figure6: This figuredisplaystheoriginal disjoint connectedsetsë and Ü andits saturationswith respect
to a point ] in two differentsituations

Lemma 2 (i) Let ë�� 7 . If ë is open(res.closed)in 7 , thenits saturatedsetsare open(resp.closed)
in 7 .

(ii) Thesaturation is a monotonousoperation, i.e., if ë'�kÜ and ]oJ 7LîaÜ , then ï½ð�ñ§�cëí�c]N�1�\ï½ð�ñ �cÜ��c]N� .
(iii) Let n bean open(closed)connectedsubsetof 7 . Then òzïãð�ñ ��ni� is connected.

(iv) Let ëj� 7 bea connectedsetand m bea holeof ë . If m is an internal hole, ïãð%ñ§��mÌ��Cbm ; if m is the
externalhole, ïãð�ñ ��mÌ�aC 7 .

(v) Let ëí�
Üh� 7 beconnectedsetssuch that ës�DÜQCj� . Theneither ï½ð�ñ �cëy�Ø�Fïãð%ñ§�cÜ¸� , or ïãð�ñ �cÜ¸� �ïãð�ñ �cëy� , or ï½ð�ñ �cëy���=ï½ð�ñ �cÜ¸�¸Cá� . Moreover, if we assumethat ë and Ü are closed, theneitherïãð�ñ �cëy�r��àÎèWñ§�æïãð%ñ§�cÜ¸�
� , or ïãð�ñ �cÜ¸�1��àÎèWñ§�æïãð%ñ§�cëÌ�
� , or ïãð�ñ �cëy�W��ïãð%ñ§�cÜ¸�aC@� .

(vi) Let ó ¤ be a decreasingsequenceof continua, ó C � ¤ ó ¤ , and ]A�J¡ó . Then ïãð%ñ§�cóL�c]W�kC�U¤)ïãð%ñ§�có¸¤z�c]N� .
Part ��àÎäH� of this lemmais illustratedin Fig. 6. Fromleft to right andtop to bottomwe have theoriginal

setsë and Ü , thesaturationof ë and Ü with respectto a point ] which is externalto ë (observe that this
casegives ïãð%ñ§�cÜ¸�Ø�|ï½ð�ñ§�cëÌ� ) andfinally thesaturationof bothsetswhen ] is externalto Ü but internaltoë (whichcorrespondsto ïãð�ñ �cëy�W��ïãð%ñ§�cÜ¸�aC@� ).

5.2 Someresultson the structure of the topographic map

Lemma 3 Let 6kJsÂ¸� 7�� . We assumethat there is someÃotj� such that, if ó is a connectedcomponent
of an upperor lower level set,then Ä ókÄ�PlÃ . Thenfor each E�Ju8 9 there is a finite numberof connected
componentsof B 6[P\EHG andeach componenthasa finitenumberof holes.

Proof: Let ELJD8 9 . Sinceeachconnectedcomponentof B 6[P\E�G hasareaPsÃ , theremustbeafinite number
of them.Let ¨ bea componentof B 6wP|EHG andlet ô bea holeof ¨ . Observe that ò¥ô��Fò¥¨f�b¨ . Since¨F� ôõ�C'� and ¨2� ô areconnected,then ¨@¢Dô£C+¨F¢ ô is connected.If ôß�lB 6�PFEHG , then ôß�Z¨ , a
contradiction.HenceôQ�iB 6[g\E�G1�C@� . Weconcludethateachholeof ¨ containsa componentof B 6ig\EHG .
Hencetheremaybeonly afinite numberof them.
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Thefollowing resultwasprovedin [8]. An analogousresultfor thetreeof shapesof theimageintroduced
by P. Monasse[38] wasprovedin [9].

Theorem 1 Let 6[< 7Z?ß8 9 bea continuousfunction.Assumethat there is someÃÝt\� such that, if n is a
connectedcomponentof an upperor lower level set,then Ä n�ÄHPsÃ . Then

(i) for each EW�
�wJ�8 9 with ELX�� , theset
�M��� �

hasa finite numberof connectedcomponents,and

(ii) there is a finite numberof maximalmonotonesectionsin thetopographicmapof 6 .

Accordingto Sect. 3 themain implicationof Theorem1, item ��àå� , is thatwe maydefinethemaximal
monotonesectionscontaininga given point. On the otherhand,if 6 is continuous,thenby the resultsof
Sect.4, thefunction 6DC|8)ÆWö ÆU8 ö 6 is alsocontinuousandProposition5 holds,namely, if n is a connected
componentof an upperor lower level set,then Ä nuÄ/PeÃ . Onecanalsotake 6sCfÆU8 ö 8)ÆNö�6 . In any case,
if a continuousfunction 6 doesnot satisfy the assumptionof Theorem1, thenby filtering the connected
componentsof sizelessthan Ã , theseassumptionaresatisfied.

5.3 Sometopologicalpreliminaries

Most of the resultsof this Sectionwereproved in [8]. Sincein the restof thepaperwe shall usesomeof
themwe includetheirproof. Theproofsgivenherearesimplerthantheonesin [8].

Lemma 4 Let ÷ bea closedsetwith a finite numberof connectedcomponents.Let nßJL�z�/�c÷¶� . Let - be
a holeof n . Thenthere is some¬�ts� such that - ­ <`C'I
]KJ�-\<!øz�`]��
ni�Ðg�¬zO«� 7=î1÷ .

Proof: Let ô be any hole of n . Since 7 is unicoherent,ï½ð�ñ§��nL�
ôi� , ô areclosedconnectedsets,andïãð%ñ§��nL�
ôi�a¢ ô�C 7 , we have that òzô}CQï½ð�ñ§��nL�
ôi��� ô is connected.We observe that òzôù��ò>nç�òz÷TC�òM� 7uî ÷_� . Let usprove that, for some¬wt|� , I
]�J=-'<zø��`]��
n[�«g+¬¥O�� 7�îR÷ . Let ¨�J=�z���c÷¶� ,¨h�CZn . Theneither ¨e�k- or in aanotherholeof n . Letusconsidertheconnectedcomponentsof ÷ which
arecontainedin - . Thereareonly finitely many, by ourassumptionon ÷ , say ¨ � �§"ú"ú"ú�
¨�û . Since÷ is closed,
eachof ¨zü is closedand ¢ ûüÖý � ¨zü is alsoclosed.Since ¢ ûüúý � ¨zü2�@- and - is open,then øz�Î¢ ûüÖý � ¨züÈ�µòz-1�Ìt@� .
Thus øz�c÷@��-R�µò¥-r�rtk� , and,therefore,thereis some¬�ts� suchthat I
]KJD-s<!øz�`]��
ni�Ðg�¬zO«� 7wîr÷ .

Corollary 1 Let 6vJ=Â¸� 7R� . Assumethat there is someÃ©tF� such that, if ó is a connectedcomponentof
an upperor lower level setof 6 , then Ä ókÄNP|Ã . Let n bea connectedcomponentof B�EwX@6vXF�NG , EwX@� ,
andlet - bea holeof n . Thenthere is some¬�ts� such thateitheràå��ï½ð�ñ§��nL�
-1�2Cbï½ð�ñ§���z�/�
B 6[P\EHGÎ�
ni���
-1� , and 6Kg\E on - ­ <`C+I
]KJ�-\<!øz�`]��
n[�Ðgk¬¥O , oràÎàå�Mïãð%ñ§��nL�
-r��C@ïãð%ñ§�����a�
B 6[X��NGÎ�
n[���
-r� , and 6[t�� on - ­ <`C+I
]oJD-s<%øz�`]��
n[�Ðgk¬¥O .
Proof: As in theproof of Lemma4, we have that

òz-s�\ò��
B 6igsE�GH¢iB 6otk�NG���C@òMB 6Kg\E�G)¢�òMB 6Ktk�NGÎ"
Assumethat E�gF� . Then òMB 6ug|EHG>�LòMB 6wtb�NGMCj� and,being ò¥- a connectedset,we have either ò¥-+�òMB 6Kg\E�G or òz-\�sòMB 6otk�NG . Without lossof generality, wemayassumethat òz-s�sòMB 6KgZEHG��|B 6DCFE�G . By
Lemma4 weknow thatthereis some¬�tk� suchthat - ­ �+B 6Kg\E�G)¢iB 6[t��NG . Since6KJoÂ¸� 7�� and 6�CFE
in òz- then,taking, ¬ smallenoughwemayassumethat 6Kgk� in - ­

. Thenweconcludethat - ­ �FB 6[g\EHG .
This impliesthat - is aholeof �z���
B 6KPZEHGÎ�
ni� , and ï½ð�ñ§��nL�
-1�/C@ï½ð�ñ§���z���
B 6KPZEHGÎ�
ni���
-1� .

Let us considerthe caseEbCS� . By assumption,n is a connectedcomponentof B 6@CxEHG and - is
a hole of n . Let 	~Jen . Then n C��M¤!nÝ¤ where nÝ¤'Cß���a�
B�EYXp6YXßE Ú �¤ GÎ�
	�� . Let ]YJV- .
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Then, by Lemma2, vi, we know that ïãð%ñ§��nL�c]N�oCß�M¤�ïãð�ñ ��nÝ¤��c]N� . Without loss of generality, we may
assumethat ]á�JVnÝ¤ for all è�P}� . But, accordingto the first part of the proof, we have that eitherïãð%ñ§��nÝ¤¥�c]N�íCVï½ð�ñ �������
B 6ZP~E�GÎ�
	����c]W� , or ïãð%ñ§��nÝ¤¥�c]W�yCQï½ð�ñ§���z���
B 6\X�E Ú �¤ GÎ�
	>���c]N� . In thefirst case,we
concludethat ïãð�ñ ��no�c]N� C�ïãð%ñ§���z���
B 6kP'E�GÎ�
	>���c]N� . In thesecondcase,usingagainLemma2, vi, we have
that � ¤ ïãð�ñ �����a�
B 6[X\E Ú �¤ GÎ�
	����c]N�/C@ï½ð�ñ§���z���
B 6KXZEHGÎ�
	>���c]N� . Hence,ïãð%ñ§��nL�c]N�/C@ï½ð�ñ§���z���
B 6KXZEHGÎ�
	>���c]N� .

When ï½ð�ñ§��nL�c]N� Clï½ð�ñ§���z�/�
B 6uP'E�GÎ�
	����c]N� , - is a holeof �����
B 6uP'EHGÎ�
	>� . Henceò¥-'�|òMB 6�g'E�G and
the argumentabove provesthat thereis some¬kt�� suchthat 6bgeE on - ­ ChI
]bJk-�<�øz�`]��
ni�¸g�¬¥O .
When ïãð�ñ ��no�c]N�rCjï½ð�ñ �������
B 6wXFEHGÎ�
	>���c]N� , - is a holeof �z�/�
B 6=X|E�GÎ�
	>� . Then òz-F�FòMB 6=t|E�G andagain
thepreviousargumentprovesthatthereis some¬�tk� suchthat 6Kt\E on - ­ C+I
]oJD-s<%øz�`]��
n[�rg�¬zO .
Lemma 5 Let 6�J[Â¸� 7R� . Assumethat there is someÃÝtZ� such that, if ó is a connectedcomponentof an
upperor lower level set,then Ä ókÄ)PsÃ . Let ELX�� .��àå� Let n bea connectedcomponentof

�M��� �
, Eog�� . Thenï½ð�ñ§��n[� containseithera maximumor a minimum

point.��àÎàå� Let nL�
¨ betwo connectedcomponentof
�M��� �

, E[X\� , with n containedin a holeof ¨ . Thenthere is
an extremumin ï½ð�ñ �c¨Ý�WîÐïãð%ñ§��n[� .
Proof: ��àå� If ïãð%ñ§��n[�U�wB 6kt|�NGy�C~� thereis a maximumpoint of 6 in ï½ð�ñ ��ni� . If ïãð%ñ§��n[�M�vB 6kgjE�GØ�Ce�
thenthereis a minimum point of 6 in ïãð%ñ§��n[� . Thuswe may assumethat ïãð%ñ§��n[�©� �M��� �

. In this case,ïãð%ñ§��n[�1C@n . Observe that ò>nß�jB 6oC'EHGH¢=B 6LC@�NG . Since ò¥n is connectedand B 6DC'E�G and B 6DCF�NG are
disjoint theneither ò¥np�|B 6�CFE�G or ò¥np�|B 6�CZ�NG . If ò>np�|B 6�C|EHG , thenthealternative àå� of Proposition
1 holds,i.e., 6igbE on I���J 7wîrnx<Høz�����
n[�Rgs¬zO , for some¬Dt\� . Then n is a connectedcomponentofB 6=P|E�G andthereis a maximumof 6 inside n . If ò>nA�jB 6[C+�NG , in thesameway we concludethat there
is aminimumof 6 inside n .��àÎàå� Let usobserve that ï½ð�ñ �c¨Ý�qîÐïãð�ñ ��ni� cannotbecontainedin B�EoXk6[Xk�NG . Assumeon thecontrarythatïãð%ñ§�c¨_�¥îaï½ð�ñ§��n[�r�|B�ELX�6[X��NG . Now, since7 is unicoherent,ï½ð�ñ§�c¨_�>î�ï½ð�ñ ��ni��C@ïãð%ñ§�c¨Ý�>��� 7oî�ï½ð�ñ ��ni�
�
andboth ï½ð�ñ§�c¨_� , 7Zîyïãð%ñ§��n[� areconnected,then ïãð%ñ§�c¨_�2îyïãð%ñ§��n[� is connected.Since ¨��k�æïãð%ñ§�c¨Ý�/îïãð%ñ§��n[�
�;�CF� and ¨eJ��z�/�
B�EoXk6[Xk�NG�� , we have that ï½ð�ñ �c¨_�qîÐïãð%ñ§��n[���s¨ . Then ò�ï½ð�ñ§��n[�Ð�s¨ andwe
concludethat nY��¨h�CF� . This impliesthat n and ¨ areconnectedinside B�EDX�6KX��NG , acontradiction.
Wehaveobtainedthat ï½ð�ñ �c¨Ý�½î¥ï½ð�ñ§��n[� mustintersecteither B 6KgZEHG , in whichcasethereis alocalminimum
of 6 inside ïãð%ñ§�c¨_�aîÌïãð�ñ ��ni� , or it mustintersect B 6bt��NG , in which casethereis a maximumof 6 insideïãð%ñ§�c¨_�Wî�ï½ð�ñ ��ni� .
Lemma 6 Let 6�J[Â¸� 7R� . Assumethat there is someÃÝtZ� such that, if ó is a connectedcomponentof an
upperor lower level set,then Ä ókÄ)PsÃ . Let ELX�� .àå� Let n bea connectedcomponentof

�U��� �
. Then Ä ïãð%ñ§��n[�§Ä>PsÃ .àÎàå� Let nL�
¨ be two connectedcomponentsof

�U��� �
with n containedin a hole of ¨ . Supposethat both

satisfythesamealternativein Corollary 1,i.e., that 6ig@E , or 6it\� , in bothsetsI
]�JL- â <Høz�`]��
n[�Rgs¬zO
and on I
]@J\-2þ�<Uøz�`]��
¨Ý��g~¬zO , where - â and -/þ are the external holesof n , ¨ , respectively. ThenÄ ïãð%ñ§�c¨_��îrï½ð�ñ ��ni�§ÄHPsÃ .
Proof: àå� is aconsequenceof Proposition1. To prove àÎàå� , to fix ideas,let usassumethatthereis some¬�tk�
suchthat 6@gQE on I
]FJs- â <�øz�`]��
n[�©g~¬zO andon I
]@J\-2þ~<Møz�`]��
¨¸�Ýg�¬zO , where - â and -2þ are
the externalholesof n , ¨ , respectively. Then, thereis a connectedcomponentof B 6'PQE�G containedinïãð%ñ§�c¨_�Wî�ï½ð�ñ ��ni� , and,therefore,Ä ïãð%ñ§�c¨_��îÐï½ð�ñ§��n[�§ÄHPsÃ .
Definition 4 A sequenceë � �§"§"§"��
ë1ÿ of subsetsof 7 is calleda chain if each ë ü is containedin an internal
holeof ëRü�ª � , àMC@�)�§"§"§"ã�c] .
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Lemma 7 Let 6kJvÂ�� 7R� . Assumethat there is someÃ�t'� such that if n is a componentof an upperor
lower level set,then Ä nuÄ�P|Ã . Let �k�@8 É . Let ó�� , �oJ�� , bea connectedcomponentof

� ��� � ��� , ���ÝX � � ,
such that ó�ü¥��ó��ØC@� for all à �C	� , à
�
�©J�� .àå� For each �©J�� let m �ü , àUC'���§"§"§" ���
� , betheholesó�� containingsomeó¸ü , à/J�� . Then

Ä§¢�� �üúý � m �ü Ä)P��
�ãÃ�"
In particular

®
¯�°� �
�íX Ä 7íÄÃ "
àÎàå� Supposethat � is countable. Then(we mayfix the point of infinity so that) there is an infinite chain
formedby setsof thefamily ó�� .
Proof: àå� Supposethat m �ü containsó ¤ � � . Then,it containsalsoa saturationof ó ¤ � � . Thus,by Lemma6,

Ä ïãð%ñ§�có ¤ � � �§ÄHP\Ã . This impliesthestatementof thepresentLemma.

àÎàå� Let ��J�� . Observe thatthenumberof ó¸ü in theholes(i.e., thecomponentsof its complement)of ó�� is
infinite. By àå� , thereis a holeof ó � which containsaninfinite numberof ó ü . Let m �

bethis hole. Fix asa
pointof infinity apoint ]w�J�m � andwetakesaturationswith respectto ] . Supposethatthereis aninfinity ofó¸ü , ó�ü�� , in m �

suchthat ïãð%ñ§�có¸ü���� aretwo by two disjoint. UsingLemma6, à¿� , we obtainthat

Ä m � Ä)P���Ã
for all �vPV� , a contradiction.Thusthereis only a finite systemof componentsó ü suchthat ïãð�ñ �có ü � are
two by two disjoint. Thenoneof them,say ó¸ü � , containsaninfinity of ó �ü ï in his systemof internalholes.
Again,by thepreviousargument,thereis aninternalholeof ó¸ü � , say m . , containinganinfinite numberofó¸ü . Repeatingthesameargumentwefind asubsequenceó�ü�� , èoCj���µ�)�§"§"§" , suchthat ó¸ü ��� � is containedin
aninternalholeof ó�ü � .
6 Critical and singular values

This sectionis devoted to the definition of critical andsingularvalues. Critical valuesaredefinedasthe
levels wherea monotonesectionbegins or ends. This definition is adaptedto the algorithmthat we have
developedto computethemaximalmonotonesections(seeSection6.1). In addition,we will prove thatthe
critical andsingularvaluesareequivalent.

Throughoutthis sectionwe shall assumethat 6bJsÂ¸� 7 � andthereis some ÃKt�� suchthat, if ó is a
connectedcomponentof anupperor lower level set,then Ä ókÄ¥PZÃ . We recall that,by Lemma3, eachlevel
sethasafinite numberof connectedcomponentsandafinite numberof holes.

Definition 5 Let EuJu8 9 . Thesignature of the level set B 6\PlE�G (resp. B 6kg�EHG ) consistsof a finite family
of points I
]¥ür<�àrCQ���§"ú"ú"ú����O (resp. I½^��Ý<���CV���§"ú"ú"ú�µï!O ) such that each ]¥ü (resp. ^�� ) is a point in a different
connectedcomponentn ��� ü (resp. n ��� � ) of B 6[P\EHG (resp. B 6KgZEHG ). Thepoints]¥üå�
^�� areselectedsothat

6U�`]¥üÎ��C ®µ¯�°º Òãâ��� � 6U���N��� and 6M�c^�� �aC ±Ö²>´º Òãâ �� � 6M���N��"
We shall denotethesignature of B 6ZP�E�G by ï½à"!��
B 6bP�EHG�� , thesignature of B 6\geEHG by ï�à"!N�
B 6Zg�E�G�� . We
defineï½à"!��
B 6[P\EHGÎ�½B 6[g\E�G���C@ï½à"!��
B 6iP\E�G��q¢�ï½à"!��
B 6ig\E�G�� .
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Figure7: A function 6 andits upperandlower level setsat level E with its assignedsignature.

Figure7 illustratestheabove definition. Note that in thecasepresentedin this figure, ï½à"!��
B 6kPjEHG�� CI
] � �c]z.ãO , ï½à"!��
B 6ig\E�G�C;�µI½^ � O and ï�à#!��
B 6KPZEHGÎ�½B 6[g\E�G���C+I
] � �c]z. �
^ � O .
Let EKg\� . If ï½à"!��
B 6wPbE�GÎ�½B 6�gbE�G��y�C+ï½à"!��
B 6=Ps�NGÎ�½B 6�gs�NG�� , theneither �cðH�Uï½à"!��
B 6�P@E�G��;�C+ï�à#!��
B 6�P�NG�� or �æ&§�Uï�à#!��
B 6=gFEHG��«�C'ï½à"!��
B 6=gZ�NG�� . Supposethat �cð�� holds.Since B 6�PZ�NG��jB 6=PFEHG eachconnected

componentof B 6wPb�NG is containedin a componentof B 6wPFE�G . Two critical phenomenamayhappen:�cð � �
therearetwo differentcomponentsof B 6=P\�NG which arecontainedin thesamecomponentof B 6�PFE�G , i.e.,
two connectedcomponentsof B 6vP|�NG mergedat level E , or �cð).½� thereis a componentof B 6uP'E�G with no
componentof B 6�P@�NG containedin it, i.e., a new connectedcomponentof theupperlevel setsappearedat
level B 6iP\E�G . Supposethat �æ&§� holds.Since B 6[gZE�G��+B 6[gk�NG , eachcomponentof B 6ig\E�G is containedin
a componentof B 6�gs�NG . Again, thesametwo critical phenomenamayhappen:�æ& � � therearetwo different
connectedcomponentsof B 6�gZE�G which arecontainedin thesamecomponentof B 6igs�NG , i.e.,aconnected
componentof B 6kg|�NG hassplittedat level E , �æ& . � thereis a componentof B 6kg'�NG with no componentofB 6igZE�G containedin it, i.e.,a connectedcomponentof thelower level setsis presentat level � while it was
absentat level E .

Lemma 8 Let EoJD8 9 . There is ÅRtk� such that ï½à"!��
B 6iP��NGÎ�½B 6[g��NG�� is constantfor all �=J��ÎE©¾=Å§��E�G .
Proof: Let n ��� ü , n ��� � , àMCl���§"ú"ú"ú��� , �¶Cj���§"ú"ú"ú�µï , bethethefamily of connectedcomponentsof B 6oPZEHG , resp.B 6[g\EHG with themarkers]¥üå�
^�� definedabove. Let à1J[I%���§"ú"ú"ú���)O . For each��g\E , let n �%� ü betheconnected
componentof B 6[P��NG containingn ��� ü . Then,obviously, we have

n ��� ü �\� �
$¥� n �%� ü "
Now, sincen �%� ü is a decreasingsequenceof continuatheir intersectionis alsoacontinuum.Moreover, it is
containedin B 6oPZEHG . Therefore,

� �%$¥� n �!� ü �u���a�
B 6[P\E�GÎ�c]¥üÎ��CZn ��� ü �
andwehave theequalityof bothsets.As aconsequence,thereis an Å�ts� suchthatfor each��J=�ÎE¶¾KÅ���EHG ,
thesetsn ��� ü , à�Cl���§"ú"ú"ú��� , arecontainedin differentconnectedcomponentsof B 6[P\�NG . Moreover, it cannot
exist a sequenceof values�W¤'&ÝE suchthat B 6KPs�W¤�G hasaconnectedcomponent(Ì¤ disjoint to B 6[P\EHG . In
thatcaseB 6KP��W¤%G*)|B 6[PsEHGH¢+(Ì¤ , and,thus

Ä B 6[P��W¤!GåÄ)P+Ä B 6[P\E�GåÄ Ú Ã½"
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Figure8: Fromleft to rightwepresentthreedifferentcasesthatmayhappenwhenconsideringthehypothesis
of Lemmas9 and10.

Since B 6[Pk�W¤!G-,�B 6KPbEHG , also Ä B 6KPs�W¤!GåÄ.,DÄ B 6KPbEHGåÄ . This contradictionprovesthatthereis an Å ts� such
thatfor each��J=�ÎER¾�Å§��E�G theset B 6KP��NG consistsof � connectedcomponents,eachoneof themcontaining
adifferentcomponentof B 6KP\E�G .

Let � ¤ &_E . Again,usingthat ¢ ¤ B 6Kg�� ¤ G�ClB 6[g\EHG , for è largeenough,wehave that B 6Kg�� ¤ Gã�«n ��� � ,��Cß���§"ú"ú"ú�µï , are the connectedcomponentsof B 6lgY�W¤%G . We concludethat thereis an ÅLtf� suchthatï½à"!��
B 6[P��NGÎ�½B 6Kgk�NG�� is constantfor each��J��ÎE©¾=Å§��E�G .
Definition 6 We saythat EwJ=8 9 is a critical valuefor 6 if there is a sequence�W¤/,�E such that ï½à"!��
B 6�P� ¤ GÎ�½B 6[g�� ¤ G��Ì�Cbï�à#!��
B 6iP\EHGÎ�½B 6[g\E�G�� for each èoCj���µ�)�§"ú"ú" .
Definition 7 Let $ � 7 . We saythat $ is a zonalmaximum(resp.,minimum)of 6 at height E if $ is a
connectedcomponentof B 6iClE�G and,for all Å;t@� , theset B�E�¾vÅígb6vX|E�G (resp., B�E=X@6wg'E Ú Å
G ) is a
neighborhoodof $ .

Definition 8 We saythat E=J�8 9 is a singularvalueif it correspondsto a zonalmaximum,minimum,or it
correspondsto a levelwhere it beginsor endsa maximalmonotonesection,i.e., there is a point �oJ 7 such
that ¬ � ������E��/CFE or ¬ ª ������E���CFE .

Remark 5 Observe that thedefinitionof singularvalueis self-dual,in thesensethat, E is a singularvalue
of 6 if andonly if ¾ E is asingularvalueof ¾�6 .

Proposition 7 If ELJD8 9 is a critical value, then E is alsoa singularvalue.

Weshallneedthefollowing two Lemmas.Similar results,thoughin adifferentcontext, wereprovedin
[8].

Let ëí�
Ü betwo closedconnectedsetssuchthat ës�LÜQC�� . If ï½ð�ñ§�cëÌ���Lïãð%ñ§�cÜ¸�ÐCl� , thenwe define(¸�cëy�DC�ò�ïãð%ñ§�cëÌ� , (��cÜ¸��C�òzïãð�ñ �cÜ¸� . If ïãð�ñ �cëy�[�áïãð%ñ§�cÜ¸� , then ï½ð�ñ �cëy� is containedin a hole ô ofÜ . Take a point ]@JZôSîÌïãð%ñ§�cëy� . Then ïãð%ñ§�cëí�c]W�a�iï½ð�ñ§�cÜ©�c]W�íCf� andwe define (¸�cëy�¶CYò�ï½ð�ñ �cë«�c]N� ,(¸�cÜ¸�aC@ò�ïãð%ñ§�cÜ��c]N� . In asimilarway, we define (��cëÌ� and (¸�cÜ¸� when ïãð�ñ �cÜ¸�1�sïãð%ñ§�cëy� .
Figure8 illustratesLemmas9 and10 by presentingthreedifferentcaseswherethehypothesisof these

lemmashold. At thetopof thefigurewe canseetheconsideredcases(differentfunctions6 ), in themiddle
theassociatedsets̈ and ¨ � andfinally theset n containingthecontinuumÂ for eachcase.

Lemma 9 Let 6+J@Â�� 7�� . Let EbJb8 9 . Supposethat n is a connectedcomponentof B 6FPYE�G such thatB 6st~E�Gz�Dn is not connected.Thenthere exist ¨/�
¨«�2Jv�����
B 6\t�EHGz�oni� , ¨��C�¨«� , such that ¨©� ¨ � are
classicallyconnectedinside n by a continuumÂá�hB 6sChEHG . If ¨l� ¨ � CT� , thenwe mayassumethatÂ0)1(¸� ¨Ý�W¢2(¸� ¨ � � .
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Proof 1: If ëí�
Ü aretwo connectedcomponentsof B 6ktlE�G¥�Dn suchthat ëZ� Üß�Ce� , thenwe maytakeÂ�CßI
]qO for somepoint ]�J ë|� Ü . Thus,we may assumethat ë+� ÜACx� , for any two connected
componentsë«�
Ü of B 6[t\EHG)��n .
Let usdenoteby ¨ � �§"ú"ú"ú�
¨¥¤ theconnectedcomponentsof B 6vt+EHG>��n . By theresultsabove we know that
thereis only a finite numberof connectedcomponentsof B 6@C�EHGN�[n , let thembe 3 � �§"ú"ú"ú�4365 . By last
paragraph,we may assumethat ¨ � �§"ú"ú"ú� ¨¶¤ aretwo by two disjoint. Obviously nùC�¢ ¤üÖý � ¨«ü�¢�¢ 5�Ùý � 37� .
Supposethat each 3 ü intersectsat most one of the ¨ ü , à�C����§"ú"ú"ú�
è . Since òz¨ ü ��B 6lCßE�G , given ¨ ü ,à�Cõ���§"ú"ú"ú�
è , thereis some 31û � , �!ü�JQI%���§"ú"ú��8[O , suchthat ¨íüa�931û � �Cß� . Supposethat thereis some��J[I%���§"ú"ú"ú��8[OqîMI.� � �§"ú"ú���!¤zO . Since31û areclosedsetsand n is connected,it cannothappenthat 31û doesnot
intersect¢ ¤üúý � ¨«ü�¢:31û � . Ontheotherhand,31û doesnotintersect¢ ¤üÖý � ¨íü�¢;32û � . Weconcludethat 8fCZè andI.� � �§"ú"ú"ú���!¤�O¶ClI%���§"ú"ú"ú�
èUO . Sincethesets̈íüz¢231û � areclosed,two by two disjoint and npCl¢ ¤üÖý � ¨«üz¢<31û � ,
we have a contradiction.Thus,we mayassumethatsome32û intersectsat leasttwo sets̈=� and ¨�> . Since31û is acontinuumand ¨=� and ¨�> do not intersect,thereis apoint ]KJ232ûÐîy� ¨=�2¢ ¨�>§� . Weclaim that

ò�ïãð%ñ§� ¨?�!�c]N�q�@31û©�CF�)�zòzïãð�ñ � ¨A>ã�c]W�q�B31û©�C@�)" (4)

Assume,by contradiction,that òzïãð�ñ � ¨C���c]N�)��32ûÌC@� . Sincë?�W��31û©�Cb� , wehave that ï½ð�ñ§� ¨?���c]W����31û©�C@� .
Since31û is acontinuum,this impliesthat 31û«�kàÎèWñ �æïãð�ñ � ¨C���c]N�
� . Since]oJ231û , wehavethat ]oJoï½ð�ñ � ¨C���c]N� ,
acontradiction.This impliesthat òzïãð�ñ � ¨C���c]N�)��32û��C@� . Similarly weprove theotherassertionof (4). Sinceò�ï½ð�ñ � ¨ � �c]N� ,and ò�ïãð%ñ§� ¨ > �c]N� arecontinuumcontainedin B 6iC�E�G , we concludethatbothsetsarecontained
in 32û . This provestheLemma.

Lemma 10 Let 6bJ\Â¸� 7�� . Let E\Jk8 9 . Supposethat n is a connectedcomponentof B 6\PVEHG such thatB 6ut+EHG¥�Dn is not connected.Let ¨/�
¨¶�aJ[���a�
B 6ut'E�G¥��ni� , ¨p�Cj¨«� , besuch that ¨©� ¨ � are classically
connectedinside n by a continuumÂS�YB 6�CYE�G . If ¨'� ¨ � �CV� , let ÂfCTI��¥��O where �¥�rJ ¨'� ¨ � . If¨@� ¨ � Cb� weassumethat Â0)D(�� ¨_�W¢2(�� ¨ � � . Let �KJoÂ . Then¬ � ��6��
����Ez�2CFE .

Proof: Let ��tbE . Let ¨ � �
¨«�� beconnectedcomponentsof ¨F��B 6iPb�WGÎ� ¨ � ��B 6iPb�WG . Notethat ¨ � � ¨ ,¨ �� � ¨ � , and ¨ � Cb���/�
B 6iPZ�qGÎ�
¨ � � , ¨ �� Cb�����
B 6�PZ�qGÎ�
¨ �� � . Let EKg\�wXb� . Let ¨ � CZ�����
B 6iP\�NGÎ�
¨ � � ,¨«�� C\���a�
B 6[P��NGÎ�
¨«�� � . Observe that ¨ � �k¨ , ¨«�� �s¨í� .
In case�¥��J ¨|� ¨ � and ÂlC~I��¥��O observe that �¥��Jiò ¨|�Dò ¨ � . In any case,let �wJ=Â . Supposethat¬ � ��6��
����Ez�RtZE where¬ � ��6��§"ú�§"`� denotesthe ¬ � , definedin Sect.3, correspondingto 6 . Let Eogk�=gFE�=g¬wg'¬ � ��6��
����E�� . Let n ��� º C����a�ÈI½��J 7e<�6M�c���¶J@B�Eq�
¬ � ��6��
����Ez�dG"G�O!�
�W� . Let n ��� ­ CTI½�iJvn ��� º <�EuX6M�c�)�rX�¬zO (aconnectedset).Notethat I½�©J�n ��� º <!��X�6U�c���rXHE�UO is anonemptyset.
Let ] ê JZò ¨ , with ] ê CV� � in casë'� ¨ � �CY� and ] ê JI(¸� ¨Ý� in casël� ¨ � CQ� . Observe that] ê JoÂ���n ��� ­

. Let ] � JL¨ � , andlet ó beacontinuumcontainedin ¨ joining ] ê and] � .
Now, we claim that thereis a point ]'J ¨��in ��� ­

suchthat �~XQ6M�`]W��XJE� . Let - ê CpI�	@J|ó <6M��	>�ogh�UO , - � C�I�	+Jjó <r6M��	>�DtKE�UO . Observe that both areopensetsin ó and - ê � ¨ . Since6M�`]�ê½�¶CSEFgV� , and 6M�`] � �©PV� , then ]zêKJb-/ê , ] � �J@-/ê . Then -/ê is a neighborhoodof ]zê in ó . We
observe that - ê �VB�EuX'6kX|¬�G . Indeed,since - ê �jóõ� ¨ , then 6U��	��íP�E for all 	=Jw- ê , and,on the
otherhand,6U��	��Øgb��gb¬ , for all 	oJi- ê . Given �KPl� , thereis a finite sequenceof points] ûê �c] û � �§"ú"ú"ú�c] û :ML
in ó with ] ûê C~] ê , ] û :ML C~] � , and ø��`] ûü �c] ûü � � �©g �û . Let �½û be the first index à suchthat ] ûü JZ- ê and] ûü � � �JL- ê . Observe that �½ûÝXsÉ¶û ¾k� . Sinceó is a compactset,we mayassumethat ] û� L ?S] as ��?�À .
Then,also ] û� L � � ?ß] . Since 6U�`] û� L �íg+� and 6U�`] û� L � � �íP|� , we have that 6M�`]N�ØC�� . On theotherhand,]wJ - ê �~B�EwXF6vX@¬%G , and,beinglimit of pointsnot in - ê , then ]Z�C\] ê . Let 8ßP�� , andlet � ê PN8 be
suchthat Ä ] û� L ¾L]UÄWg �5 for all �=PO� ê . Recallthat ] ûü J=- ê for all àØX1��û and øz�`] ûü �c] ûü � � �yX �û X �5 for

all à . Let ¦)û bethepolygonaljoining ] ûü to ] ûü � � for all �KX|àyX1��û . Then ®
¯�° ÿQP ÒSR L øz�`]z��� -2ê½�;X �5 . Since
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Figure9: Fromleft to right andtopto bottom,thefour cases(i) to (iv) consideredin theproofof Proposition
7.

] ê J=¦)û for all � , ] ê JUT³±WVk±Ö²�´åûq¦Hû . Then TÖ±WVk®
¯>°/¦Hû is a continuum([29], vol. II, p. 111) joining ] ê to ]
suchthat TÖ±XVk®
¯�° û ¦Hû�� -/ê¸� ¨+�vB�EuX+6uX'¬�G . Since]zê©J=n ��� ­

we concludethat ]�J ¨'�Dn ��� ­
. In a

similarway weprove thatthereis somê_J ¨ � ��n ��� ­
suchthat ��Xk6M�c^!�rXHE� .

Summarizing,we have shown that thesets̈
�!�ZY� <`CTI½�iJ ¨'�Ln ��� ­ <��bXj6M�c�)�¶X[E�UO , ¨í��%�ZY� <`CTI½�iJ

¨ � �=n ��� ­ <R�TX�6M�c�)�iX\E�UO are non empty. Since n ��� º is a monotonesection,we have that the setn ��� º �vB �bX'6sX]E�NG is connected,andit contains̈
�%�ZY�

and ¨ ��!�^Y� . Thus,let ( bea continuumconnecting

¨ �!�ZY� to ¨ ��!�ZY� andcontainedin n ��� º �=B �wX\6iX_E�NG . Observe that 6iPs� on ( . Thus (��FI
]iJ 7F<)6itbEWO
whichis anopensetin 7 . Thus, ¨ wouldbeconnectedto ¨ � inside B 6ot\E�G by anopenset.Thiscontradicts
thefact that ¨/�
¨«� aretwo differentconnectedcomponentsof B 6wt+E�G>�Dn . This contradictionprovesthat¬ � ��6��
����Ez�2CFE .

Proof of Proposition7: Let �W¤�t@E besuchthat �W¤`,�E and ï½à"!��
B 6=PZ�W¤�GÎ�½B 6wg\�W¤%G��;�C'ï½à"!��
B 6=P@E�GÎ�½B 6=gE�G�� for all è . By takinga subsequence,if necessary, we mayassumethateither ï�à"!N�
B 6=PZ�W¤!G��«�C'ï�à"!N�
B 6=PE�G�� for all è , or ï�à#!��
B 6kgF�W¤�G��¸�C�ï½à"!��
B 6kgjEHG�� for all è . As describedafterDefinition 5, again,moduloa
subsequence,we mayassumethatoneof thefollowing situationshappens(seeFig. 9):

(i) for each�W¤ , thereis aconnectedcomponentof B 6oPZEHG whichdoesnotcontainaconnectedcomponent
of B 6KP��W¤!G

(ii) for each�W¤ therearetwo connectedcomponentsof B 6wPb�W¤!G containedin thesameconnectedcom-
ponentof B 6KP\EHG
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(iii) for each�W¤ , thereis a connectedcomponentof B 6igs�W¤!G which containsno connectedcomponentofB 6[g\E�G
(iv) for each� ¤ therearetwo connectedcomponentsof B 6og\E�G whichareconnectedin B 6Kg�� ¤ G .

Assumethatwe arein case��àå� . For each�W¤ thereis nÝ¤oJL���/�
B 6=PFEHG�� suchthat nÝ¤ doesnot contain
a connectedcomponentof B 6bPj�W¤!G . Sincethenumberof connectedcomponentsof B 6\P~E�G is finite, by
taking a subsequence,if necessary, we may assumethat nÝ¤�CQn J����aB 6@PeE�G�� is independentof è . It
follows that the level E containsa zonalmaximumof 6 , thus,it is a singularvalueof 6 . Assumethatwe
arein case��àÎàdàå� . For each�W¤ thereis nÝ¤LJo�z���
B 6=gZ�W¤!G�� suchthat nÝ¤ containsno connectedcomponent
of B 6@gVE�G . Sincefor eachè we have �W¤ � � g~�W¤ then B 6Fg~�W¤ � � Gy�fB 6Fg��W¤�G . Assumethat for eachè�JD8 É , thereis an 8¡P�è suchthat nÝ¤/��B 6[g�� 5 G�CF� . Thenwefind asequence8�ü suchthat 8�ü � � g	8�ü
for all à and n 5a� aretwo by two disjoint. Sinceeachn 5�� hasmeasureP~Ã this would imply an infinite
measurefor 7 . Hencewe may assumethat thereis an èqêDJ\8 É suchthat for eachè+P~èqê we have thatnÝ¤cbN��B 6Lgk�W¤!G2�C@� . Repeatingtheaboveargumentinside nÝ¤cb wefind è � tkè ê and nÝ¤ � J��z���
B 6Kgk�W¤ � G��
with nÝ¤ � �+nÝ¤ b suchthat for all è\P'è � we have that nÝ¤ � �=B 6sg+�W¤!Gy�Ce� . In this way we constructa
sequencenÝ¤ � suchthat nÝ¤ � � � �'nÝ¤ � andeachnÝ¤ � doesnot containa connectedcomponentof B 6kg�EHG .
This implies that thereis a zonal(local) minimum at level E containedin all nÝ¤ � . We deducethat E is a
singularvalueof 6 .
Supposethat we arein case��àdàå� , i.e., for each�W¤ theset B 6\Pl�W¤%G��Dn containstwo differentconnected
components,which arecomponentsof B 6\P'� ¤ G . Let us inductively choosetheseconnectedcomponents.
Let ¨ � �
¨ �� betwo differentconnectedcomponentsof B 6[P�� � G . Supposethatwehavealreadychosen̈züå�
¨ �ü
for all àØX+è . Since B 6vP+�W¤!G1�eB 6�PF�W¤ � � G , if ���a�
B 6�P+�W¤ � � GÎ�
¨z¤H�M�����/�
B 6�PF�W¤ � � GÎ�
¨¶�¤ �RC�� , we take¨z¤ � � C@�����
B 6�P\�W¤ � � GÎ�
¨¥¤�� , ¨ �¤ � � CF�z���
B 6=P\�W¤ � � GÎ�
¨ �¤ � . If �����
B 6=Ps�W¤ � � GÎ�
¨¥¤>�1C@�����
B 6=Ps�W¤ � � GÎ�
¨ �¤ �
then we take ¨¥¤ � � Cá�z�/�
B 6�P¡�W¤ � � GÎ�
¨z¤H� and ¨í�¤ � � a different connectedcomponentof B 6VPS�W¤ � � G .
Call this a bifurcation. We notethat this bifurcationcannothappenan infinite numberof timessincethis
would amountto aninfinite areacontainedin B 6=PFE�G becausethis setwould containaninfinite numberof
connectedcomponents,two by two disjoint,of thesets B 6[P��W¤�G . Thus,wemayassumethatthefamiliesof
sets̈¥¤ and ¨ �¤ areincreasing.Let ¨jC|¢M¤�¨z¤ ¨ � CF¢M¤%¨ �¤ "
Then ¨ and ¨í� aredifferentconnectedcomponentsof B 6ot\E�GH��n . Indeed,if ] � �c] . aresuchthat 6U�`] � �aCVedgf�þÝ6 , 6M�`]z.���CIVhdgf þ P 6 , then

¨�C\���a�
B 6[t\E�GÎ�c] � ��� ¨ � C\�z���
B 6[t\EHGÎ�c]�.½��"
Thus,theset B 6vt'EHG¥��n is not connected.By Lemma9, thereexist two connectedcomponentsìÐ��ì � ofB 6\t~E�Gz�Ln satisfyingthepropertiesstatedin thatLemma. Now, by Lemma10, thereis a point �ZJun
suchthat ¬ � ��6��
����E���CFE , i.e., E is asingularvalueof 6 .

Finally, assumethatwearein case��àÎä�� . Let nÝ¤ betheconnectedcomponentof B 6[g��W¤�G whichcontains
two differentconnectedcomponentsë ¤¥�
ÜØ¤ of B 6+ghEHG . Sincethe numberof connectedcomponentsofB 6igZE�G is finite, alsois finite thenumberof pairsof them.Thus,by extractinga subsequence,if necessary,
wemayassumethat nÝ¤ containstwo differentconnectedcomponentsë«�
Ü of B 6KgZEHG whichdonotdepend
on è . Since� ¤ � � gk� ¤ we have that n ¤ � � ��n ¤ . Let � ¤ � � gk�W�¤ gk� ¤ . Then,if nL�¤ C\���a�
B 6iX��W�¤ GÎ�
ëÌ� ,
then nÝ¤ � � �kn �¤ ��nÝ¤ , andthereforen �¤ Cs���/�
B 6KXk� �¤ GÎ�
ëk¢�Ü¸� and

�U¤!nÝ¤ÝC|�M¤%n �¤ "
Sincen �¤ arecompactandconnected,also �M¤�n �¤ is, andwe have that

�M¤�n �¤ CZ�z���
B 6KXZEHGÎ�
ëk¢�Ü¸�aC¶<�no"
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Figure10: Fromleft to right thethreecases(i) to (iii) consideredin theproofof Proposition8.

Now we observe that B 6ogbEHG hastwo componentsin n . By defining ä¸Cj¾Ð6 , andapplyingLemmas9 and
10,we obtainapoint �oJ�n suchthat ¬Hª/��6��
����Ez��C|E . Weconcludethat E is asingularvalueof 6 .

Oneof theconsequencesof Proposition7 is that thenumberof critical valuesof 6 is finite. Thusthe
signatureof B 6[PZE�G is locally constantat eachsideof acritical value,i.e., if E is acritical value,thenthere
is ÅRt�� suchthat

ï½à"!��
B 6[P��NG���C@ï½à"!��
B 6[P\E�G��Ì�C@ï½à"!��
B 6iPu� � G�� and ï�à"!N�
B 6[Pu�W�»G�� is constant

for each��g\EDgk�W� , ��Jw�ÎE¸¾=Å���Ez� , �W�NJ��ÎEq��E Ú Å�� .
Proposition 8 Let EoJD8 9 . If E is a singularvalueof 6 , then E is a critical valueof 6 .

Proof: Supposethat E is asingularvaluewhichcorrespondsto amaximumvalue.Thenthereis aconnected
componentn of B 6=PFE�G which doesnot intersectany connectedcomponentof B 6=PZ�NG for all �utFE . Let]oJ�n beits marker. Then]oJoï�à"!N�
B 6KP\E�G�� and]w�JLï½à"!��
B 6[P��NG�� for any ��t\E . Thus E is acritical value
of 6 .

If E is a minimum value, thereis ^\JeB 6'CpE�G suchthat, if �Vt¡E , then �z�/�
B 6�gh�NGÎ�
^!�=�Cx� and���a�
B 6[g\E�GÎ�
^��/C@� . Then ^_JLï½à"!��
B 6ig��NG�� , ^��JDï½à"!��
B 6ig\E�G�� . Thus E is acritical valueof 6 .
Now, supposethat ¬ � ������E��¸C�E . Thenthereis n J@�z���
B 6@C�E�G�� suchthat nKÇ�<`Cf�����
B�E|XV6'XE Ú Å
GÎ�
n[� is not a monotonesectionfor any ÅLtf� . Since � Çji êÙnoÇ¸C¡n , for ÅLtf� small enoughwe

have that theonly connectedcomponentof B 6iClEHG containedin n Ç is n . Take suchan Å . By Proposition
1 we find a sequence�W¤k,�E suchthat noÇa��B 6sCQ�W¤%G arenot connected.Let ¨ �¤ �
¨ .¤ be two connected
componentsof n Ç �;B 6�Cb�W¤!G . Let ìbC\���a�
B 6[P\E�GÎ�
n[� , ì �¤ C\�z���
B 6[P��W¤!GÎ�
¨ �¤ � , ì .¤ C\�����
B 6KP��W¤%GÎ�
¨ .¤ � .
Observe that,sincë

�¤ �
¨ .¤ ��nKÇ2�\ì , wehave ì �¤ ��ì .¤ �\ì . If weprove that ì �¤ �C|ì .¤ for è largeenough,
we concludethat ï½à"!��
B 6FP�E�G����CTï�à#!��
B 6@P�� ¤ G�� , and,therefore,E is a critical valueof 6 . By Lemma7
we mayassumethat thereis a chainformedby thesets̈

�¤ anda chainformedby thesets ¨ .¤ (first, take
a subsequenceof ¨ �¤ with indexes è ü suchthat ¨ �¤ � is a chain,thentake a subsequenceè ü � of è ü suchthat¨ .¤ � � is a chain).By extractinga subsequencewe mayassumethat TÖ±WVk±³²�´)¨ ü¤ �C'� . Then ¨ ü <`ClTÖ±WVs®
¯�°Ð¨ ü¤
is a continuum([29], vol. II, p. 111). Observe that ¨ ü �\n Ç �iB 6KC'EHGa�Zn , à/C����µ� . Let usalsoobserve
thatif ¨ �¤ is containedin aholeof ¨ .¤ then,by Lemma6, thereis a connectedcomponentof B 6igs� ¤ G , or a
connectedcomponentof B 6ot��W¤%G , in betweenbothsets,thus,thesetin betweenhasareaP\Ã . By extracting
subsequences,if necessary, we mayassumethatoneof thefollowing caseshappens(seeFig. 10):

(i) thetwo chainshave disjoint saturations

(ii) thereis aholein all setsof thefirst chainandcontainingthesecondchain

(iii) the two chainsareintertwined,i.e., all sets̈
�¤ �
¨ .¤ form partof thesamechainandno subsequence

satisfies(ii).
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Assumefirst thatoneof thechains,say ¨ �¤ is increasingwhile theother, say ¨ .¤ is decreasing.Weknow
that, by extractinga subsequence,if necessary, we have either �cðH� ï½ð�ñ§�c¨ �¤ ���hï½ð�ñ§�c¨ .¤ � for all è , or �æ&§�ïãð%ñ§�c¨ .¤ �r�\ï½ð�ñ �c¨ �¤ � for all è , or �c����ï½ð�ñ �c¨ �¤ ���Ýïãð%ñ§�c¨ .¤ �aC@� for all è . If �cð�� or �æ& � hold,wearein case��àÎàå� .
If �c�§� holds,we arein case��àå� .

Let usprove thatoneof thealternatives ��àå�2¾Z��àdàå�2¾Z��àÎàdàå� hold in casethatbothchains̈
�¤ and ¨ .¤ are

decreasing.If, for someè thesaturationsof ¨ �¤ and ¨ .¤ aredisjoint, thenwe arein case��à¿� . Thuswe may
assumethatfor eachè , thesaturationsof ¨ �¤ and ¨ .¤ arenotdisjoint. Theneither ¨ �¤ is containedin ahole
of ¨ .¤ , or ¨ .¤ is containedin a holeof ¨ �¤ . By extractinga subsequence,if necessary, we mayassumethat¨ �¤ is containedin a holeof ¨ .¤ for all è , or ¨ .¤ is containedin a holeof ¨ �¤ for all è . To fix ideas,let us
assumethat ¨ .¤ is in a holeof ¨ �¤ for all è . Take è=CFè � C�� . If all ¨ �¤ , èuP@� , contain ¨ .� in oneof their
holesthenwe arein case��àÎàå� . Thuswe mayassumethereis someèq.«tZè � suchthat ¨ �¤ 3 is containedin a
holeof ¨ .¤ � . Observe that ¨ .¤ 3 is containedin aholeof ¨ �¤ 3 . If all ¨ �¤ with è�tkè . contain̈ .¤ 3 in oneof their
holes,we areagainin case ��àÎàå� . Otherwisethereis someèMm©t'èMm suchthat ¨ �¤gn is containedin a holeof¨ .¤ 3 . Proceedingin this waywe shallfind asubsequenceof ¨ �¤ andof ¨ .¤ suchthateither ��àÎàå� or ��àÎàÎàå� hold.

Thecasewherebothchainsareincreasingcanbeanalyzedwith thesameargumentsasabove.
Supposethat case(i) happens.Then thereare two disjoint saturatedsets ëí�
Ü suchthat ¨ �¤ �xë ,¨ .¤ �kÜ . If thechains̈

�¤ and ¨ .¤ aredecreasing(i.e., if ¨ ü¤ � � �sïãð�ñ �c¨ ü¤ � for all è ) or oneis increasing( ¨ ü¤
is increasingif ¨ ü¤ �|ïãð�ñ �c¨ ü¤ � � � for all è ) while theotheris decreasing,thenwe concludethat thesets̈

�
and ¨ . wouldbeseparatedby oneof thesets̈ ü¤ andthencouldnotbeconnectedinside n , acontradiction.
Thus,bothchains̈

�¤ , ¨ .¤ areincreasing.In this case,since ¨ �¤ is containedin a holeof ¨ �¤ � � , we cannot
connecẗ

�¤ to ¨ .¤ without crossing̈
�¤ � � which is at level �W¤ � � . Hence,ì �¤ and ì .¤ cannotbeconnected

without crossinglevel �W¤ � � . Wehave that ì �¤ �CFì .¤ andourconclusionfollows.
Supposethatcase(ii) happens.Without lossof generalitywe mayassumethat the ¨ �¤ areinsideholes

of the ¨ .¤ , i.e., thereis a saturatedset ô suchthat thechain ¨ �¤ �bô and ô��Fïãð�ñ �c¨ .¤ � for all è . If ¨ �¤ is
decreasing,then ¨ �

and ¨ . wouldbeseparatedby oneof thesets̈
�¤ , andcouldnotbeconnectedinside n ,

a contradiction.If ¨ �¤ is increasing,thento connecẗ
�¤ to ¨ .¤ we cross̈

�¤ � � which is at level �W¤ � � . Then
we have that ì �¤ �CFì .¤ , sinceto connectbothsetswewouldneedto crosslevel �W¤ � � .

Supposethat(iii) happens.Wemayassumethat ¨ �¤ and ¨ .¤ aremonotone,eitherincreasingor decreas-
ing. If oneof themis increasingandtheotheris decreasingwe would bein case(ii). Thuswe mayassume
that both familiesareincreasingor decreasing.Supposethat both areincreasing.For simplicity we shall
saythattwo setsareorderedif oneof themis containedin aholeof theother. Weknow that ¨ �� and ¨ .� are
ordered.Set è � C�� . Choosingèq. sufficiently large,we mayassumethat ¨ �¤ 3 �
¨ .¤ 3 areorderedandcontain¨ �¤ � �
¨ .¤ � in oneof theirholes.In thiswayweconstructasubsequenceè-� suchthat ¨ �¤ � �
¨ .¤ � areorderedand

containedin aholeof eachof theorderedpairof sets̈
�¤ � � � �
¨ .¤ � � � for all � . By extractingasubsequence,if

necessary, we mayassumethat ¨ �¤ � is containedin a holeof ¨ .¤ � andbotharecontainedin a holeof ¨ �¤ � � �
for all � (or the samerelationswith � and � interchanged).Sinceeachsetbetween̈

�¤ � and ¨ .¤ � hasareaP~Ã , this would representan infinite areain the intertwinedchain. The sameconclusionwould follow in
casethatbothchainsaredecreasing.

In any case,we concludethat thereis a sequenceof è ’s suchthat ì �¤ �C�ì .¤ , henceï½à"!��
B 6+PTE�G��o�Cï½à"!��
B 6[P��W¤!G�� , and,therefore,E is acritical valueof 6 .
Finally, we assumethat ¬ ª ������E��RC�E . Thenthereis n}Ji���/�
B 6�C�EHG�� suchthat n Ç <`C'���a�
B�ED¾vÅ«X6|XTE�GÎ�
n[� is not a monotonesectionfor any Å�tQ� . Since � Ç
i ê n Ç Cfn , for ÅDtQ� small enoughwe

have that theonly connectedcomponentof B 6[C�E�G containedin n Ç is n . Take suchan Å . By Proposition
1, we find a sequence�W¤2&�E suchthat n Ç �uB 6sCQ�W¤�G arenot connected.Let ¨ �¤ �
¨ .¤ be two connected
componentsof n Ç �iB 6�Cb�W¤!G . Observe that ¨ �¤ �
¨ .¤ ��n Ç �iB 6�Cb�W¤!G��un .

By changing6|? ¾Ð6 andrepeatingthe argumentabove we concludethat the sets ì �¤ C¡�z���
B 6�X
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�W¤!GÎ�
¨ �¤ � and ì .¤ C\�����
B 6KX��W¤%GÎ�
¨ .¤ � aredifferentconnectedcomponentsof B 6KXk�W¤�G . Since

�z���
B 6[X��W¤!GÎ�
¨ �¤ ��CF� � i � �!�z���
B 6Kgk�NGÎ�
¨ �¤ �
�z���
B 6[X��W¤!GÎ�
¨ .¤ ��CF� � i � �!�z���
B 6Kgk�NGÎ�
¨ .¤ �

if thereis asequence� û¤ ,«�W¤ suchthat

���/�
B 6Kg�� û¤ GÎ�
¨ �¤ ��CZ�z���
B 6Kgk� û¤ GÎ�
¨ .¤ ���
we wouldobtainthat ì �¤ C\���/�
B 6KX�� ¤ GÎ�
¨ �¤ ��CZ�z���
B 6KXk� ¤ GÎ�
¨ .¤ ��CFì .¤ �
acontradiction.Thus,for eachè , thereis an Å
¤�tk� suchthat

�z�/�
B 6[g��NGÎ�
¨ �¤ �Ì�CZ�z���
B 6Kgk�NGÎ�
¨ .¤ ���
for all ��Jw���W¤¥�
�W¤ Ú Å
¤)� . Thuswe find asequence� �¤ &ÝE suchthat

���/�
B 6Kg�� �¤ GÎ�
¨ �¤ �Ì�CZ�z���
B 6Kgk� �¤ GÎ�
¨ .¤ ��� (5)

for all è . Let E��Wt\E . Let ìbCb�z���
B 6ig\E��`GÎ�
n[� . Observe that ¨ �¤ �
¨ .¤ ��n��\ì , henceì �¤ ��ì .¤ �bì . Then
(5) impliesthat ï½à"!��
B 6iP��W�¤ GÎ�½B 6[g��W�¤ G��Ø�C@ï�à#!��
B 6iP\E��`GÎ�½B 6[g\E��»G�� . Sincethesignatureis locally constantat
theleft of E , we concludethat ï�à"!N�
B 6[PbEHGÎ�½B 6�gbEHG��2CFï½à"!��
B 6iPk�W�¤ GÎ�½B 6igk�W�¤ G��;�CFï½à"!��
B 6�PbE��`GÎ�½B 6igZE>�`G�� ,
andthisholdsfor all E � tZE , i.e., E is acritical valueof 6 .

Remark 6 FromRemark5 andtheabove resultsit follows that E is a critical valueof 6 if andonly if ¾ E
is acritical valueof ¾�6 .

The developmentsof this Sectionpermit us to computethe singularvaluesof the topographicmap
of 6 by computingthe critical valuesof 6 . Moreover, at the discretelevel, a topologicalchangeoccurs
whengoing from level E to level ED¾F� if andonly if either à¿�2ï½à"!��
B 6FPQE�G����CYï½à"!��
B 6FPQEL¾@�ÙG�� , or àdàå�ï½à"!��
B 6[g\EHG��y�C@ï�à#!��
B 6ig\E«¾w�ÙG�� . This is equivalentto sayingthat àå� two connectedcomponentsof B 6KP\E�G
mergedat level Eo¾+� , a phenomenonwhich we call merging of upperconnectedcomponents,or a new
connectedcomponentof theupperlevel setswasbornat level E�¾Z� , or àÎàå� two connectedcomponentsofB 6igbE©¾k�ÙG mergedat level E , a phenomenonwhich we call merging of lower connectedcomponents,or a
new connectedcomponentof thelower level setswasbornat level E (seeFig. 9). We call thefirst typeof
criticality of uppertype,while thesecondis calledof lower type.

6.1 The computational algorithm

For the sake of simplicity we only describethe algorithm to computethe critical valuesof uppertype.
Thecritical valuesof lower typecanbecomputedusingthesamealgorithmappliedto the invertedimageVedgfq��6N�1¾v6 . Note that it is possibleto computeboth typesof criticalitiesat thesametime. Anyway, the
computationalcostwill besimilar eitherif we computethe ®
¯�° and ±Ö²>´ monotonesectionsseparatelyor at
the sametime. As we will seein Algorithm 1, the computationalcostderivesmainly from the computa-
tion of theconnectedcomponentsat eachlevel. Sincewe performthis computationby meansof a region
growing strategy, it makesno differenceto do bothcomputations(upperandlower connectedcomponents)
simultaneouslyor not.

Let 5 beaninterval of 8 9 . and 6o<%5Q?p8 9 acontinuousfunction.To simplify our terminologywecall®
¯�° -monotonesectionaconnectedcomponentn of anupperlevel set B 6KPZEHG whichcontainsnocriticalities
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of uppertype dueto merging of connectedcomponentsof upperlevel sets. Note that it containsa single
critical valuedueto thebirth of theconnectedcomponentcorrespondingto a zonalmaximum.As already
mentioned,for simplicity we only describehow to computethe ®
¯�° -monotonesections.Thecorresponding±Ö²�´ -monotonesectionscanbecomputedwith thesamealgorithmappliedto 8Dð%�U��6N�U¾�6 .

We have observed thatdueto low oscillationsin theimage,a largenumberof criticalitiesmayappear.
In order to avoid this problemwe have usedtwo differentstrategies. The first oneconsistson makinga
pre-filteringstepto reducethe numberof low oscillationspresentin the image.m This pre-filtering step
can be doneby meansof the extremafilters which preserves as much as possiblethe topographicmap
structure[8, 14]. The secondstrategy (which canbe combinedor not with thepre-filteringstep)consists
on discardingthosecritical sectionswhich do not satisfy a minimum contrastcriterion, in other words,
low contrasted®µ¯�° -monotonesectionswill be discarded.The contrastcriteria is specifiedby meansof a
parameter$|àÎè�Âpo èWñq��ð)ï½ñ .

Weneedsomeadditionalsimplenotationin orderto make explicit analgorithmtakinginto accountthe
contrastcriterion. Denoteby ��n ��� ÿ � � � ��� ÿ � � the ®
¯�° -monotonesectionof B 6kPlE�G beginning in

� ��� ÿ � , thus
it containsno criticality of uppertype due to merging. We candefinenow a measureof contrast Â for
thecouple ��n ��� ÿ � � � ��� ÿ � � simply by Â¸��n ��� ÿ � � � ��� ÿ � ��C � ��� ÿ � ¾�E . Notethatat a critical level � thecouple��n �%� ÿ � � � �%� ÿ � � definesa maximal ®µ¯�° -monotonesectionof the topographicmapstartingat level

� �!� ÿ � and
endingat level � (seeFig. 3).

We assumethat our image 6 rangesfrom 8 Cr8�àÎè/��6W� to $ Cs8Dð%�U��6N� (for examplefrom 0 to
255). To storethe computedconnectedcomponentswe usea dynamicaldatastructure- consistingon a
vector, rangingfrom 8 to $ , of lists of couples ��n ��� ÿ � � � ��� ÿ � � . The algorithmcomputingthe maximal®
¯�° -monotonesectionsis summarizedin Table1.

It is importantto remarkthat the parameter$|àÎè�Â'oãèWñq��ð)ï½ñ allows us to discardlow contrasted®
¯�° -
monotonesectionsin a causalway. That is, if we denoteas $jÆÐ��6��µ$|àÎè�Âpo èWñq��ð)ï½ñ
� the setof maximal®
¯�° -monotonesectionsof 6 with contrast Pp$|àÎè�Â'oãèWñq��ð)ï½ñ , then the inclusion principle $'ÆÐ��6��
�%��t$jÆÐ��6����½�/tf"§"§"atV$'Æ���6��
è�� holds. An exampleof the performanceof the precedingalgorithmis pre-
sentedin Fig. 11,wherewe have computedthecritical sectionsof a low resolutionsyntheticimage.

As wenotedin theIntroduction,many differentapproachesexist to computethebasicMorsestructureof
imagesor 3D data.We have presenteda simplecomputationalapproachandhave studiedits mathematical
properties.Let us notethat the singularitiesof the treeof shapesof an imageasintroducedin [38], [9],
coincidewith thenotionof critical valuedefinedhere[15].

7 Drainage structur e

In theprevioussectionwe have developedanalgorithmto computetheMorsestructureof animage.This
Morsestructureconsistsonthemaxima,minima,andthelevel lineswhereatopologychangeoccurs(i.e.,the
boundariesof themaximalmonotonesections).Thiscanbeconsideredasareasonableglobaldescriptionof
a DEM. But, it is not sufficient to encodeDigital ElevationModels(DEM). Therearealsootherstructures
which areof specialinterestdueto its topographicsignificancein DEM data.Thesestructurescorrespond
mainlyto thedrainagestructures(e.g.,riversandravines).Thereexistsmany differentalgorithmsaccurately
computingsuchstructures,see[34] andreferencestherein.Sincetheaccuratecomputationof thedrainage
patternsin aDEM is computationallyexpensive weshallcomputeagoodapproximationto thesestructures.
We will presentan approachwhich is relatedto the one in [55]. This sectiondescribesand justifies a
morphologicalapproachto computesuchapproximation.Strictly speaking,wedonotcomputethedrainagen

Note that this filtering is doneonly for the computationof the Morsestructure. All otheroperations,and in particularthe
maximalencodingerror, referto theoriginal image.
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Algorithm 1

1 Set E�Cb$ andcomputen ��� ÿ � andset
� ��� ÿ � C@$ , uzà .

2 Store thecouples��n ��� ÿ � � � ��� ÿ � � in -ØB�EHG .
3 If �ÎEL¾F�½�Ýtv8 , set E�CfED¾F� , and recomputen ��� ÿ � (notethe

abuseof notationon E and ]zü ); elsego to step8.

4 u%]zü1J=ï½à"!��
B 6uP+E�G�� if ]¥ürJ=ï½à"!��
B 6uP+E Ú �ÙG�� and n ��� ÿ � wasnot
markedascritical, then

� ��� ÿ � C � � � � � ÿ � ; else
� ��� ÿ � C@E

5 Let ëFC@ï½à"!��
B 6[P\E Ú �ÙG��
îH�æï�à"!N�
B 6=P\E Ú �ÙG��q��ï½à"!��
B 6[P\E�G��
� .
6 If ë��Cxw then u%]bJsë search ^�J\ï½à"!��
B 6FPVEHG�� such that ]bJn ��� y

andmark n ��� y
ascritical.

7 Returnto step2.

8 Selectfrom - the list of couples ��n ��� ÿ � � ��� ÿ � marked as critical
andverifyingthat Â���n ��� ÿ � � ��� ÿ �ÐPs$Fàdè�Âpo èWñj��ðHï�ñ .

9 Theoutputof the algorithm will be the setof curves z|{ corre-
spondingto theboundariesof theselectedsectionsn ��� ÿ and its
markers.

Table1: Algorithm for computingthemaximal ®
¯�° -monotonesectionsof animage.

Figure 11: Left: syntheticimagerepresentinga set of peaks. Right: Computedsaddlestructuresand
criticalities.

structuresbut aversionof themwhich is adaptedto ourpurposes.Thealgorithmcomputingthesestructures
will bedetailedin Section8.

Let 6=<�B �H���ÙG��wB �H���ÙG�?�8 9 bea continuousfunction. Let Let ÅítF� . For each	[JkB �H���ÙG we definethe
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filteredimages ÆU8 Ç � �
} 6U�å"ú�
	�� ���W�
8HÆ Ç � �
} 6M�å"ú�
	>� ���N�

For simplicity, we shalldenotethemby Æa8%Ç � �
} 6M�����
	�� , 8)Æ Ç � �
} 6M�����
	�� .
Lemma 11 ThefunctionsÆa8 Ç � �
} 6M�����
	�� , 8)Æ Ç � �
} 6M�����
	�� arecontinuousin B �H���ÙGU�=B �H���ÙG .
Proof: Both casesbeingsimilar, we shallonly considerthecaseof theoperatorÆU8�Ç � �
} . Let 	 ¤ ?x	�JwB �H���ÙG
andlet 6z¤����N�_CY6M�����
	�¤�� . Then,by Proposition4, we have that ÆU8 Ç � �
} 6¥¤w? ÆU8 Ç � �
} 6M�å"ú�
	>� uniformly asèo?ßÀ . Wededucethatfor eachfixedvalueof 	 , ÆU8%Ç � �
} 6U�å"ú�
	�� is acontinuousfunctionof � .

Let �����
	>��J�B �H���ÙGr�sB �H���ÙG andlet ���z¤z�
	�¤��_? �����
	>� . Since ÆU8 Ç � �
} 6¥¤v? Æa8 Ç � �
} 6M�å"ú�
	>� uniformly asèo?ßÀ , given Ã_t�� , let è ê belargeenoughsothat

Ä#Æa8 Ç � �
} 6¥¤N���N�M¾wÆa8 Ç � �
} 6M�����
	��§Ä>XsÃ
for all è�Pkèqê andall �oJ=B �H���ÙG . Then,for è�P�èqê ,

Ä#ÆU8 Ç � �
} 6M���¥¤��
	�¤H�M¾vÆU8 Ç � �
} 6M�����
	��§ÄfX Ä#ÆU8 Ç � �
} 6U���¥¤��
	�¤H�M¾wÆa8 Ç � �
} 6M���z¤¥�
	>�§ÄÚ Ä#ÆU8 Ç � �
} 6U���¥¤��
	��M¾vÆU8 Ç � �
} 6M�����
	��§Ä
X Ã Ú Ä#ÆU8 Ç � �
} 6U��� ¤ �
	��M¾vÆU8 Ç � �
} 6M�����
	��§Ä`"

If we take TÖ±WVs®
¯�° , we obtain T³±WVk®
¯�°¤ Ä#ÆU8 Ç � �
} 6M���¥¤z�
	�¤H�M¾wÆa8 Ç � �
} 6M�����
	��§Ä>X
Ã Ú T³±WVk®
¯�°¤ Ä#ÆU8 Ç � �
} 6M���¥¤z�
	��a¾wÆU8 Ç � �
} 6U�����
	>�§Ä!C@Ã½�

since ÆU8�Ç � �
} 6U�å"ú�
	�� is a continuousfunctionof � . Sincethe above inequalityis true for all Ã we conclude
that ÆU8%Ç � �
} 6U��� ¤ �
	 ¤ ��?ßÆU8�Ç � �
} 6M�����
	>� as èo?�À . Therefore,ÆU8%Ç � �
} 6U�����
	>� is continuous.

Let
� Ç �����
	>��Cb8HÆ Ç � �
} ÆU8%Ç � �
} 6U�����
	>� . By theabove Lemma,

� Ç is acontinuousfunction.

Definition 9 Let ~F<�B �H���ÙGØ? 8 9 be a continuousfunction. We saythat �zêKJlB �H���ÙG is a zonalmaximum
(minimum)of ~ if there is an interval 8 º b CeB � � �
�z.ÙG containing � ê such that ~a���W�2C�~a��� ê � for all �wJK8 º b
andthere is someÃ¶tk� such that ~a���N�1g�~a��� ê � (resp. ~a���N�1t�~a��� ê � ) for all �KJ=�
��� � ¾KÃ½�
� � �¥¢o���z.��
�z. Ú
Ã��
���iB �H���ÙG .
Lemma 12 For each 	@JVB �H���ÙG , the function

� Ç �å"ú�
	�� hasa finite numberof zonalmaximaand minima.
Indeedthetotal numberof zonalmaximaandminimais boundedby

�
Ç .

Proof: Let 	=J@B �H���ÙG befixed. We observe that if � ê is a zonalmaximum(minimum)of
� Ç �å"ú�
	�� thenthe

associatedinterval 8 º b contains�����
B � Ç �å"ú�
	��íP � Ç ���zê��
	>�dG��
�zê½� (resp. �z���
B � Ç �å"ú�
	>�;X � Ç ���zê��
	>�dGÎ�
�zêã� ) and
this haslength P'Å . Thus,if � � �
�z.��§"ú"ú"ú�
�)ÿ aredifferentzonalmaximaor minimacorrespondingto disjoint
intervals then]�Å�XF� . Hence,theirnumberis boundedby

�
Ç .
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Figure12: Theintervalscontainingtheextremaof a �§5 signal.

The above Lemmagivesa descriptionof the function
� Ç asfunctionsof � for eachfixed 	bJ�B �H���ÙG .

Thesefunctionshaveafinite numberof zonalextrema,eithermaximaor minima,thereis azonalminimum
(maximum)betweentwo consecutive maxima(minima)andtherestis madeof monotonepieces.For each
fixed 	kJ+B �H���ÙG let 8 � ��	>���§"ú"ú"ú�
8 ÿ ��	>� (where]�Cl]M��	>� ) be the intervals correspondingto the zonalmaxima
andminima.By theabove remarks,we have that ]�Cv]M��	>�rX �

Ç . They areclosedintervalsof lengthat leastÅ andwe denotethemby 84����	��«C¡B#ïã.#�§ª � ��	>���µï½.#����	��dG , �iC����§"ú"ú"ú�c] (seeFig. 12). We aregoing to encode
thepoints ��<`ChI��æï�����	����
	>�¶<;�[CS���§"ú"ú"ú�µ��]M��	>���z	uJ|B �H���ÙGæO . Our purposeis to prove that thesepointsare
containedin a family of graphsof Borel functionsof 	 .

Proposition 9 The family of points � is containedin a (at most, countable)family of graphsof Borel
functionsof 	 .

Proof: Let ^§¤ be an enumerationof the rational points of �c�H�µÅ�� . Let � be the set of points �����
	>�uJB �H���ÙGM�wB �H���ÙG suchthateither

� Ç ����¾ �8 �
	��rg � Ç �����
	>��C � Ç ��� Ú ^§¤¥�
	>��u�8¡P	8 ê , andsome8 ê , andall è ,

or � Ç ����¾ �8 �
	��rt � Ç �����
	>��C � Ç ��� Ú ^§¤¥�
	>��u�8¡P	8 ê , andsome8 ê , andall è ,

or � Ç ��� Ú �8 �
	��rg � Ç �����
	>��C � Ç ���©¾=^§¤¥�
	>��u�8¡P	8 ê , andsome8 ê , andall è ,

or � Ç ��� Ú �8 �
	��rt � Ç �����
	>��C � Ç ���©¾=^§¤¥�
	>��u�8¡P	8 ê , andsome8 ê , andall è .

Observe that �Z��� . Sincethesetsof points I������
	��Ð< � Ç ���p� �5 �
	>�rg � Ç �����
	��µO , I������
	��r< � Ç ���'� �5 �
	>�rt� Ç �����
	>�µO areopenandthesets I������
	>�y< � Ç ���/�k^ ¤ �
	�� C � Ç �����
	��µO , I������
	��y< � Ç ���/�s^ ¤ �
	>�RC � Ç �����
	>�µO
areclosed,we concludethattheset � is a Borel set.Moreover, sincefor each	DJuB �H���ÙG theset � × ClI��iJB �H���ÙGa<������
	��RJk��O is finite, by Lusin’s Theorem[59], Theorem5.8.11,we concludethat � is containedin
a (at most,countable)family of Borel graphsof functionsof 	 . Therefore,alsois � .

8 Computing the drainage structur e

In a simplistic way we can think of the drainagestructuresas the setof points for which thereexists at
leastonedirectionin which theflow of wateris accumulatedor repealed.Wecanwrite down thisdefinition
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mathematicallyby consideringthe setof points I���'<��7�ä\J|8 9 . and �vPQ� suchthat 6U����W��XQ6U�S�� Ú ñg�ä>�uzñRJ��¿¾:�%�4� � , or 6U����N�ØPZ6M�S�� Ú ñg�äH�Mu�ñRJk�¿¾:�!�4���µO . Observe that this setof pointswill containin particular
the maximaandminima of 6 . It hasbeenshown in Section7 that this setof points is containedin an at
mosta countablefamily of Borel curves. Intuitively, thesecurvescontainthe drainagestructures(ridges
andvalleys),giving alsoinformationaboutboundariesof plateausfor example.In thediscretecaseweonly
consider4 differentdirections(valuesof ä ) correspondingto 4 differentprofilesin the image.Concretely,
we searchmaximaandminimaof thevertical,horizontalanddiagonalprofiles.In [55] only two directions
wereused,namelythehorizontalandverticalones.

Algorithm 2

1 Set ��äz���c]M�½���ßÂ'og8_]¥6¥ñ���÷í�¥ñq����8Dð����W�
2 Setä?�«CZäz�
3 for �_Cj� to �"�§è�!�ñ�����äz�½� do

compute����� ��� C�Ä äN�����a¾�ä����¶¾k�½�§Ä
compute� >¿ü�� � � C�Ä ä����)�a¾iäN��� Ú �½�§Ä
if ����� �Q� g�ñ���� or � >åü�� � � guñ���� then

set ����� ��� C�Ä ä?�¥�����a¾�ä?�����«¾k�½�§Ä
if ����� ��� g�ñ���� thenä � ���)�/CZä � ���«¾s�½�
elseä � ���)�/CZä � ��� Ú �½�
endif

endif
endfor

4 Set ��ä)�)�c]N�!���ßÂ'og8_]¥6¥ñ���÷í�¥ñq����8Dð���ä � �
5 Set]M��à¿��Cw]��!�`]�����à¿�
��uzàMCj�U"ú"4�"�§è�!�ñ����`]��!� . Thisvector] contains

the � coordinatesof theselectedextrema.Wecanthinkof ] asthe
vectordefiningthe intervalsof monotonicityof � after thefilter-
ing. Dueto theflatnessof ä � , in each interval �`]M��à�¾[�½���c]M��à Ú �½�
�
the extrema äH���`]M��àå�
� could not be the absolutemaximum(mini-
mum)sowehaveto recomputeit in each of theseintervals.

6 Finally, if an extrema ä)����àå� lies in a flat zonewe redefinethe
extremaastheboundariesof this flat zone.

Table2: Algorithm for computingthesignificantextremaof a �§5 profile.

In orderto specifythealgorithmwe assumethatwehave asimplesubroutine,ComputeExtrema, which
receivesasinput a vector �\CpB �M�¿�½���§"ú"ú"ú�
�M��è��dG andreturnstwo vectors ��ä¥�c]W� , where ävCxB äN�¿�½���§"ú"ú"ú�
ä��"�>�dG
containsthemaximaandminimaof � consecutively and ]DC�B ]M�¿�½���§"ú"ú"ú�c]M�"�>�dG its relative positionsin sucha
way that ä���àå�1CZ�M�`]U��àå�
� . Theproblemis thata largenumberof extremacanappeardueto low oscillations,
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Figure13: Left: computedmaximaandminimaof a 1D signal. Thedottedcurve denotesthe idealprofile
(beforeintroducingelectronicandquantizationnoisewhich is alwayspresentin digital images). Right:
signalobtainedby filtering thelesscontrastedextremaaccordingto Algorithm 2 (light grayarrows depict
the contrastof the filtered extrema). Note that if we simply rejectthoseextremainsteadof filtering them
with Algorithm 2, thentheonly computedextremawouldbethetwo maxima.

mainly due to noise. In order to solve this problemwe have to choosethe mostsignificantextrema,in
our casethosewhich have maximumcontrast. The contrastof an extremum ä���à¿� canbe definedsimply
by Â���ä���àå�
�wC�8�àÎè/�
Ä äN��àå�y¾Fä���à ¾~�½�§Ä`�ãÄ ä���àå�í¾@ä���à Ú �½�§Ä#� . Using this criteria directly, for exampleby
eliminating thoseextremawith contrastlessthana thresholdñ���� , producesundesirableresults(seeFig.
13). Insteadof usingthe contrastto eliminateextremapointswe useit to filter them. The filtering step
simplyconsistson replacingthevalueof ä���àå� by ä���àM¾��½� if Â���ä���àå�
�2C�Ä ä���àå�a¾iä���à�¾s�½�§ÄHg�ñ���� or ä���à Ú �½�
if Â���ä���àå�
�ØCYÄ ä���à¿�/¾väN��à Ú �½�§ÄWg|ñ���� . Thesefiltering stepproducesa new vector ä?� andrecomputingthe
extremaof ä � producesa moredesirableresult,seeFig. 13. If any computedextremumlie in a flat zone
(i.e., it is a zonalextremum),we shallreplaceit by theboundaryof theflat zone.Thealgorithmcomputing
thesesignificantextremafrom a1D-profile � is summarizedin table2.

Figure 13 illustratesthe extremafiltering process.On the left we show the real (solid line) and the
ideal (dottedline) profile without noiseandits extrema.On theright we show theprofile afterthefiltering
process.Note that the filtered profile containsa new minimum (zonalminimum in fact) which doesnot
coincidewith any of theminima of theoriginal signal. This is solved easilyby recomputingtheabsolute
minimumin theinterval wherethefilteredsignalis convex (seestep5 of Algorithm 2).

Figure14 shows theoutputof thealgorithmjust presentedusinga realprofile of DEM data.In orderto
obtainthedesiredcurveswemustcomputethemaximaandminimaof all theselectedprofilesof theimage.
As we have previously said,we computethesecurvesusingthehorizontal,verticalanddiagonalprofilesof
theimage.

Figure15illustratesthewholegeometricsamplingprocess.Fromleft to right andtopto bottomweshow
theoriginalDEM image,thelevel lines z7{ correspondingto its Morsestructure( $Fàdè�Âpo èWñj��ðHï�ñaCj�§� ), the
curves z Á correspondingto theextremaof theprofiles( ñ����íCj�§� ), andthefinal samplingz º × CIz|{@¢�z Á .
A thinningstephasbeenperformedin orderto obtainonepixel width curves.

9 Inter polation

As we have explainedin theabove sections,giventheelevationdata 6U�����
	>� , thesampleswe take on 6 are
basedon thelevel linesat thecritical levelsof 6 anda morphologicalsamplingwhich triesto approximate
theridgesandravinesof 6 . At thecontinuouslevel thecritical level linesarecomputedonafilteredversion
of 6 so that, by Theorem1, thereareonly a finite numberof them. Undermild assumptionson 6 (for
instance,the level setsof 6 arerectifable) the level curvesat thecritical levels of 6 constitutea family of
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Figure14: Computedzonalmaximaandminimaof oneimageprofile usingthealgorithmdescribedabove
with acontrastparameterof 10.

Figure 15: From left to right and up to down: the original DEM image,computedlevel lines (white),
computedridge/valley structure(white) andthewholeimagesampling(white).

Jordancurvesboundingopenregions. The zonalextremaareregionsof area PQÃ , Ã=tV� beingthe area
thresholdusedfor the grain filter. The restof the samplepointsareorganizedasa seriesof curves and
eventuallyisolatedpoints.

In this sectionwe will discusssomeinterpolationmethodsusedto recover anapproximationof 6 from
its samples,speciallytheLaplacianandtheAMLE model. In a generalframework (introducedin [16]) we
will prove that undersomeassumptionsthe interpolationmethodsbasedon PDE’s canbe consideredas
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shapepreservingmethods.SincetheLaplaceoperatoris well-known, we shall only statethebasicresults
requiredfor theAMLE model.In particular, we studysomeboundson theerrorfor theAMLE model.

Let 7 bea boundedconnecteddomainin 8 9 : . Given 7 , let ø
�\< 7'� 7+?é8 9 be thedistancemetric
relative to 7 , i.e.,

ø
�2�����
	>��C TÖ±WVk±Ö²>´¹�� � ­ ¼X� ¹»º � × ¼
�
±Ö²�´7 h¡ �

ê Ä ø£¢ø%ñ Äåø!ñ1<£¢¸JB¤_¥§¦
where ¤ <`C~I.¢�J�Â � �
B �H���ÙGÎ�µ7 ����¢¥�c�%�RCl¨H�-¢z�¿�½�1C|¬zO . ø � �����
	>� is thegeodesicdistancebetween� and 	 ,
i.e., theminimal lengthof all possiblepathsjoining � and 	 andcontainedin 7 [25].

Wedefine -�àú]A©>�æ7 � by

-�àÖ]A©>�æ7R�aC+IQ!�JoÂ¸�æò�7R�2<zÄúÄúÄ !NÄúÄúÄ)C ®
¯�°º � × Ò © � Ä !N���N�U¾�!N��	��§Äø£© � �����
	�� g\À\O!"
If ò�7 is smooth,then -�àú]A©>�æ7 �«C«ª � � 0 �æòz7R� but -/àú]A©>�æ7R� is definedfor moregeneraldomains. If !kJ-�àÖ]A©>�æ7R� thenthefunctions ! � ���N��C ±Ö²�´× Ò © � �Z!���	>� Ú ÄúÄúÄ !NÄúÄúÄ ø£�1�����
	��
�! ª ���N��Cp®µ¯�°× Ò © � �Z!���	>�U¾\ÄúÄúÄ !NÄúÄúÄ ø£�1�����
	��
�
areminimal Lipschitzextensionof ! into 7 , i.e., 6oJ¬ª � � 0 �æ7R���DÂ¸� 7�� , !C­�Ä © � CD! and

Ë/5e! ­ Ë�®C¯ ¹ � � · °�± ¼ X_Ë/5/²~Ë�®C¯ ¹ � � · °�± ¼
for all ² with ²b¾�!?­uJ+ª � � 0ê �æ7R� ([25], Theorem1.8and[3]).

Theminimal Lipschitz extensionsarenot unique[3], [25]. In [3], AronssonstudiedtheLipschitzex-
tensionswhich areobtainedaslimits when]K?}À of thesocalledminimal ] -extensions,i.e., functions 6
suchthat Ë25�6=Ë ®�³ ¹ � � · ° ± ¼ XÝË/5h²�Ë ®�³ ¹ � � · ° ± ¼
for all ² suchthat ²b¾i6oJ¬ª � � ÿê �æ7R� . For minimal ] -extensionstheabove conditionis equivalentto

Ë25©6�Ë ®%³ ¹ ��P � · ° ± ¼ XÝË/5h²�Ë ®�³ ¹ ��P � · ° ± ¼
for all 7 � �s7 andall ² suchthat ²�¾;6[J+ª � � ÿê �æ7 � � . Passingto thelimit in theaboveinequalities,Aronsson
[3, 4] definedan ëØ$+-/÷ asa function 6oJkª � � 0 �æ7R�q�LÂ¸� 7�� suchthat

Ëµ5©6�Ë ® ¯ ¹ ��PX´ · ° ± ¼ XlËµ5h²�Ë ® ¯ ¹ ��PZ´ · ° ± ¼ (6)

for all 7r���Z7 and ² suchthat 6�¾�²lJkª � � 0ê �æ7Ð�ú� . Moreover, Aronssonprovedthatfor smoothëØ$+-/÷ ’s
theEulerequationof (6) is 5 . 6_�æ5©6��
5©6N��Cb� in 7Ì" (7)

Later, Jensen[25] provedtheuniquenessof the ëØ$+-/÷ extensionof µsJi-�àú]�©>�æ7R� andhecharacterizedit
astheuniqueviscositysolutionof (7) with boundarydata

67¶ ·�¸©C¹µ�" (8)

Given 6kJ�Â¸�æ7R� we saythat 6 is a viscositysubsolution(supersolution)of �#º�� if for any »�J�Â . �æ7R�
andany � ê localmaximum(minimum)of 6�¾�» in 7

5 . »Ì��� ê � �c5/»Ø��� ê ���
5h»Ì��� ê �
�rPs� �¿Xk�%��"
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A viscositysolutionis a functionwhich is a viscositysub-andsupersolution.ThenJensenproved [25] a
comparisonprinciplebetweensub-andsupersolutionsof Equation(7) togetherwith anexistenceresultfor
boundarydatain -�àú]�©>�æ7R� .
Theorem 2 Assumethat ä is a viscositysubsolutionand ² a viscositysupersolution of �#º�� . If äVÄ © � ,²�Ä © � JD-�àÖ]A©>�æ7R� then

®
¯�°º Ò � ��ä_¾�²y��C�®
¯>°º Ò © � ��ä¶¾¼²Ì� (9)

Theorem 3 Given !�JL-�àú]A©z�æ7R� , 6 is the ëÌ$+-/÷ of ! into 7 if andonly if 6 is theviscositysolutionof �#º��
with 6iÄ © � CD! .

Thefollowing existenceresultfor �#º�� follows from R. Jensen’s results.

Theorem 4 Given !�JZ-�àú]A©>�æ7 � , thenthere existsa uniqueviscositysolution 6FJ1ª � � 0 �æ7R� of �#º�� such
that 6[Ä © � CD! . Moreover Ë25�6=Ë�® ¯ ¹ � � · ° ± ¼ C�ÄúÄúÄ !WÄ © � ÄúÄúÄ .

He furtherextendedthecomparisonprinciple9, andTheorems3, 4 to thecaseof continuousboundary
data!�JoÂ��æòz7 � andprovedthatin thatcase,the ëÌ$|-2÷ is locally Lipschitzcontinuousin 7 [25].

An importantresult proved by Aronssonin [4] was that smooth ëØ$+-/÷ do not have critical points
inside 7 . More precisely, heproved:

Theorem 5 Let 7@�k8 9 . and 6oJoÂ . �æ7R� bea nonconstantsolutionof (7). Then Ä 5©6UÄ)ts� in 7 .

Moreover, in [5] he gave examplesof Â �
non-constant(viscosity)solutionsof (7) having an interior

critical point. Let usmentionthatsuchresulthasalsobeenproved(in any dimension)for starshapedannulus
andcapacitaryboundarydataby E. Rosset[46]. In next Theoremweremarkthataweakerbut relatedresult
holds.Weshallwrite it in amoregeneralcontext.

Following [16], we shall consideran interpolationoperatorasa transformation÷ which associatesto
eachopenboundedset7 andeachfunction µwJoÂ¸�æò�7R� afunction ÷��#µ��µ7 �ÐJoÂ�� 7�� suchthat ÷©�#µ/�µ7R�§Ä © � Cµ . Weshallsaythattheinterpolationoperatorsatisfiesthestabilityprincipleif

÷��c÷©�#µ/�µ7R�§Ä © � P �µ7 � �aCb÷��#µ/�µ7R�§Ä � P
for any openboundedset 7 , any µwJLò�7 , andany openboundedset 7r�N�s7 . Supposethattheinterpolation
operator÷ satisfiesthestability property, we saythat ÷ satisfiesthemaximumprincipleif

±Ö²�´© ��P µwXk±³²�´��P ÷©�#µ/�µ7 � �1Xk®
¯>°��P ÷©�#µ/�µ7 � �1Xk®
¯>°© ��P µ (10)

for any openboundedset 7 , any openboundedset 7 � �á7 , and any µhJeÂ��æòz7 � � . If ÷ satisfiesthe
maximumprincipleand µ�Cl� in ò�7 , where �ZJ�8 9 , then ÷��#µ/�µ7R�RCj� in 7 , andthesameis true in any
openboundedset 7 � �s7 .

Theorem 6 Let 7Ð. bean opensimplyconnectedset. Let 7 � bean opensetwhoseboundary ò�7 � is con-
nectedand 7 � �h7 . . Let 7fC�7 . î 7 � . Assumethat 6UÄ © � � C£E , 6UÄ © � 3 C�� with E|gT� or E+tQ� .
Let ÷ be an interpolationoperator satisfyingthe stability and the maximumprinciple. Then ÷���6UÄ © � �µ7R�
containsonly a monotonesectionin thesensethat 7 is a monotonesectionof ÷©��6aÄ © � �µ7 � . In particular,
if ÷©��6UÄ © � �µ7R� is the ëÌ$|-2÷ extensionof the boundarydata inside 7 , then ÷©��6aÄ © � �µ7R� containsonly a
monotonesection.
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Figure16: Up: from left to right theinitial data,theinterpolateddatausingLaplacianinterpolationandits4�5 representation.Down: from left to right theinitial data,theinterpolateddatausingAMLE interpolation
andits 4�5 representation.

Proof: To fix ideas,assumethat Eut+� . First, let usobserve that therecannotbe interior local minimaor
maxima. Indeed,if Â is an interior zonalminimum at level � , thenfor some Ã[t�� thereis a connected
component½ of B#�QXh6�gS� Ú Ã�G which is an opensetcontaining Â whoseboundaryis containedinB 6DC@� Ú Ã§G . Then,since÷ satisfiesthestabilityandthemaximumprinciples,theinterpolation÷���6UÄ © � �µ7R�
inside ½ , giventheboundarydata6�CF� Ú Ã on ò�½ , wouldbeconstantandequalto � Ú Ã , acontradiction.
Similarly, we prove thattherecannotbea localmaximumof 6 in 7 . As a consequence,we concludethat 6
is monotone.Otherwise,therearelevels �/� � JvB�Eq�
�NG with ��X �

suchthat B#��XZ6iX � G is not connected.
Let Â and 5 betwo connectedcomponentsof B#�vX�6KX � G . If thesaturationsof Â and 5 aredisjoint then,
by Lemma5, either ïãð�ñ �ÎÂ«� or ï½ð�ñ§�c5�� containsan interior extrema. Thesameconclusionholdsif oneof
themdoesnot contain 7 � . Thus,without lossof generalitywe mayassumethat 7 � �+ïãð%ñ§�ÎÂí�y�+ïãð%ñ§�c5�� .
Then,usingagainLemma5, thereis anextremuminside ï½ð�ñ§�c5��WîÐïãð�ñ �ÎÂ«� , againacontradiction.

Figure 16 illustratesTheorem6. In this figure we presentthe interpolationof the samedatausing
the Laplacianandthe AMLE model. First we observe the effect producedby the Laplaceinterpolation,
which is to be expected,sincethe Laplacianis unableto interpolatewith valuesprescribedon a point.
Numerically, the effect is a cuspat the point wherethe datawere prescribed. Observe that sinceboth
interpolatorssatisfythestability andthemaximumprinciplewe obtainno new maximaor minima. Thus,
any interpolationoperatorsatisfyingthestability andthemaximumprinciplecanbeconsideredasa shape
preservinginterpolator, that is, it will preserve themonotonicityof thedata.

Next two Lemmasareauxiliary to prove estimateson the error producedwhenwe have errorson the
positionof thelevel curvesanderrorson thevalueson it.

Lemma 13 Let 7 � �j7Ð. betwo openconnecteddomainsand let µ�üRJv-�àú]A©>�æ7Ðüæ� , àRCT���µ� . Let 6¥ü betheëÌ$|-2÷ extensionof µ ü to 7 ü , àUCj���µ� . Then

®
¯>°� � ��6z.Ð¾i6 � �ÐXk®
¯�°© � � �#µ �. ¾Uµ � � and ®
¯�°� � ��6 � ¾i6z.��rXs®
¯�°© � � �#µ � ¾Uµ ª. ��"
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Proof: TheLipschitzestimateon 6�. provesthatµ�.!��	��M¾ZÄúÄúÄ¾µ�.)ÄúÄúÄ ø
� 3 �����
	��rXk6z.����N�rX1µ�.!��	>� Ú ÄúÄúÄ¾µ�.�ÄúÄúÄ ø£� 3 �����
	>�
for all �[JD7Ð. , 	�JLò�7Ð. . It follows that µ ª. ���W�rX�6z.!���W�rXDµ �. ���N��"
Theresultfollows asa consequenceof thecomparisonprinciplestatedin Theorem2.

Lemma 14 Let 7 � �µ7Ð. be two openconnectedsetssuch that 7 � �u7�.+�C�� . Let 7ßCA7 � ¢u7Ð. . Letµ�ü�Jo-/àú]A©>�æ7rüÎ� , à�C~���µ� , besuch that µ � C¹µ�. in òz7 � �Dò�7Ð. . Let 6zü bethe ëØ$+-/÷ extensionof µqü to 7rü .
Let µvJ�-�àú]�©¥�æ7R� besuch that µiC¿µ � on òz7 � ��òz7 and µ[C¿µ�. on ò�7Ð.���ò�7 . Then

6 � ���N�a¾i6z.!���W�rX ®
¯>°© � �jÀ � 3 �#µ � ¾Uµ ª � � Ú ®
¯�°© � 3 À � � �#µ � ¾Uµ�.½� � for all �oJL7 � �D7Ð. .
If òz7Ðü>�D7§�RC@� , à �C	� , àµ�
�©JiI%���µ��O , weunderstandthatthe ®
¯�° valuetakenon it is zero.

Proof: Let 6 bethe ëÌ$+-/÷ extensionof µ to 7 . By Lemma13 we have that

6¥ü
���N�U¾�6M���N�ÐXk®
¯�°© � � �#µ�üW¾Uµ ª �rX ®
¯>°© � � À � � �#µ�üN¾�µ ª � �
and 6M���W�U¾i6¥ü
���N�ÐXk®
¯�°© � � �#µ � ¾Uµ�üÎ�rX ®
¯>°© � � À � � �#µ � ¾Uµ�üÎ� �
where�o�CZà , à
�
��J[I%���µ��O , �oJL7Ðü . Hence

6 � ���N�a¾i6z.!���W�1X ®
¯>°© � �jÀ � 3 �#µ � ¾Uµ ª � � Ú ®
¯�°© � 3 À � � �#µ � ¾Uµ�.½� � uz�KJL7 � ��7Ð. (11)

In next lemmawe give anestimateof theerrorcommittedin the interpolatedimagewhenwe have an
errorin thepositionof thelevel line andanerroron thedatagivenon it. Theestimateon theerrordepends
essentiallyon thedistancebetweenthecorrectandtheperturbedlevel line andtheerrorcommittedon the
data.

Lemma 15 Let 7rü bean openboundedregion containedbetweentwo curves,theexterior one � �ü andthe
interior one � ªü , àUCj���µ� . Assumethat � ª� Cl� ª. . Let 7\C@7 � ¢D7Ð. . Letusassumethat � ª CO� ª� CO� ª. is
theinternalboundaryof 7 andalsothat � � �I� �� ¢+� �. is theexternalboundaryof 7 . Let µ�ü bethegiven
dataon ò�7rü andassumethat µ � C¿µ�. on òz7 � ��òz7�. . Let µvJL-�àú]A©>�æ7 � besuch that µiC¿µ � on ò�7 � ��ò�7
and µiC¿µ . on ò�7 . ��òz7 . Moreover, weassumethat

Ë�µ�.%Ä¾Á �3 ¾wEaË�0VXsÅ and Ë�µ � Ä¾Á �� ¾wEaË�0VXsÅ�"
Let 6¥ü bethe ëØ$+-/÷ extensionof µ�ü to 7rü . Then

6 � ���N�U¾i6�.����N�rX+ÄúÄúÄ¾µrÄúÄúÄ ®
¯>°Â Ò © � � À � 3 ±Ö²�´× Ò Á � ø
�2�c���
	�� Ú ÄúÄúÄ¾µrÄúÄúÄ ®
¯�°Â Ò © � 3 À � � ±³²�´× Ò Á � ø£�/�c���
	>� Ú �%Å (12)

for all �oJL7 � ��7�. .
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We have assumedfor simplicity that � ª� CO� ª. . A similar resultcanbeprovedwhenthis assumptionis
omitted.

As above, if òz7rü>��7§�ØCb� , à �C�� , à
�
��J[I%���µ��O , we understandthatthe ®µ¯�° valuetakenon it is zero.
Proof: Weshallusetheestimateof Lemma14. Observe that,if ò�7 � ��7Ð.Ý�C@� , wehave

®
¯>°© � � À � 3 �#µ � ¾9µ ª � � C ®
¯�°Á �� À � 3 �#µ � ¾Uµ ª � � "
Let �oJ�� �� ��7Ð. . Then

¾�µ ª ���N��C ±Ö²�´© � B ¾�µ1��	�� Ú ÄúÄúÄ¾µ1ÄúÄúÄ ø£�1�����
	��dG
X ±Ö²�´Á � B ¾�µ1��	�� Ú ÄúÄúÄ¾µ1ÄúÄúÄ ø � �����
	��dG
X ¾ E Ú ÄúÄúÄ¾µrÄúÄúÄå±Ö²>´Á � ø
�/�����
	�� Ú Å§"

Hence,if ò�7 � ��7Ð.Ý�C@� , wehave

®
¯�°© � �jÀ � 3 �#µ � ¾Uµ ª � � X+ÄúÄúÄ¾µrÄúÄúÄ+®
¯�°© � ��À � 3 ±Ö²>´Á � ø£�/�����
	>� Ú ��Å�"
Similarly, if ò�7Ð./��7 � �C@� , we have

®
¯�°© � 3 À � � �#µ � ¾Uµ�.½� � X+ÄúÄúÄ¾µrÄúÄúÄ+®
¯�°© � 3 À � � ±Ö²>´Á � ø£�/�����
	>� Ú ��Å�"
Addingbothinequalitiesandusing(11) weobtain(12).

Notethatwealsohave theestimate

6 � ���N�U¾�6z.!���N�ÐXk�>ÄúÄúÄ¾µ1ÄúÄúÄ ®
¯�°º Ò Á ��MÃ Á �3 ±Ö²�´× Ò Á � ø
�2�����
	>� Ú �%Å for all �oJo7 � ��7Ð. . (13)

Similarly we maycomputethesensitivity of the interpolatedimageif we usea differentlevel line and
anerror is committedon thedataon it. Theproof usesthemaximumprinciplestatedin Lemma13 andis
similar to theproofgivenin Lemma15.

Lemma 16 Let 7rü bea boundedregioncontainedbetweentwocurves,theexterior one � �ü andtheinterior
one � ªü , àØCf���µ� . Assumethat 7 � ��7Ð. and � ª� C_� ª. . Let µqü be thegivendataon ò�7rü . Moreover, we
assumethat Ë�µ�.%Ä¾Á �3 ¾wEaË�0QXsÅ and Ë�µ � Ä¾Á �� ¾i�rË�0VXsÅ�"
Let 6¥ü bethe ëØ$+-/÷ extensionof µ�ü to 7rü . Then

®
¯>°� � Ä 6z.Ð¾i6 � Ä�X+Ä#E¸¾��2Ä Ú ÄúÄúÄ¾µ�.�ÄúÄúÄ�®
¯�°º Ò Á �� ±³²�´× Ò Á �3 ø£� 3 �����
	>� Ú ��Å (14)

Again, we have assumedfor simplicity that � ª� C[� ª. , anda similar resultcanbe proved whenthis
assumptionis omitted.
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10 The coding step

We have describedtwo algorithmsthat computeimportantpointsandcurvesfrom an image,therebypro-
viding thebasicgeometricdescriptionof DEM data.Thesealgorithmscanbeconsideredasa nonuniform
geometricsamplingof theimage.Thenext stepis to interpolatethemissingdatafrom oursampling.There
existsseveralalgorithmsto interpolatedatafrom curvesand/orpoints.Wehave in particulartestedthreeof
them:theLaplacianmodel(whichcorrespondsto 8�àÎè�ÄLË�Å_6�Ë . ), theAMLE model(which correspondsto8�àÎè'TÖ±XV ÿ � 0 ÄLË�Å_6�Ë ÿ ), andthethin platemodel(which correspondsto min ÄÐ�#Æi��6W�
� . ). We remarkthat,
rigorouslyspeaking,only theAMLE modelcanbeusedto interpolatevaluesspecifiedon points[3, 16,25]
(seeFig. 16). In spiteof this, we shall alsousetheLaplaciansincetherearemany curvesin thedataand
we maythink of pointsassmall regions. In orderto evaluatetheseinterpolationschemeswe have chosen
asa measureof goodnesstheentropy of the residualbetweentheoriginal imageandthe interpolatedone.
This is a naturalchoicesincewe want to minimize the numberof bits usedto encodethe errorsbetween
theinterpolatedandtheoriginal images.After severaltestswe have discardedthethin plateapproximation
sinceit needsto storenotonly thegrayvaluesat thecurvesbut alsoits derivativesin orderto obtainagood
interpolation.TheAMLE modelandthesimpleLaplacianmodelwereboth testedusingthewhole image
sampling( z º × and 6aÄ Ç�È�É ) andusingonly the level lines ( z|{ and 6UÄ Ç%Ê ). In the secondcasethe AMLE
modelperformedbetterthantheLaplacian(theentropy of theresidual,themaximum,and 9;$jÆU÷ errors
werelower thanin theLaplacianinterpolation).Surprisingly, in the caseof thewholesamplingstructure
the winner wasthe Laplacian,althoughthe interpolationfor the AMLE model looked visually betterand
themaximumerrorswerealmostthesame.After thesetestswe have decidedto usetheLaplacianinterpo-
lation to obtainthefirst estimationof theimagefrom theselectedcurvesandpoints.In orderto controlthe
maximum( ®µ¯�° ) error we simply store/encodethe quantizederror information(that is why the entropy of
theresidualwasanaturalmeasureof goodnessfor theinterpolant).

At this point we needto considerhow to encodeboth the initial curves(geometricallysampleddata)
andthe residualsoncea ®
¯�° error � is specified. We proceedto addressthis now. The geometryof the
sampledcurves( z º × ) andtheir graylevels( 6UÄ Ç È�É ) areencodedseparately. To encodethegeometrywe use
a differential chaincodingstrategy, see[27, 35, 17]. Alternatively, an encodingbasedon rate-distortion
theory, asin [54], couldbeused.For thegray levels,if we acceptlosses,we mayuseanENO (Essentially
Non Oscillatory)basedencodingscheme[2] which alsocontrolsthe ®
¯�° error, a fundamentalrequirement
of theapplicationasstatedbefore.Finally wecompressboththegeometryandthegrayvaluesof thecurves
usinganarithmeticcoder. Having thesecurvesandthedataon them,we caninterpolatethemby meansof
theLaplaceequationto obtainthefirst estimateof theimage.

Finally, to controlthemaximumerror, we needto storetheresiduals� . Encodingtheresiduals� canbe
simplydoneby quantizingthemusing

� y CFï�à"!�è/�^�!�AË Ä �¥Ä�eÌ �!� (15)

andthencodingtheresulting� y with anarithmeticcoder.
Thecompressionratiosusingthisapproachwerealreadysatisfactory. Weobservedthattheencodingof

thegeometryrepresentedthemaincostin bits. This is duemainly to the irregularity of thecurvesandthe
inefficiency of thedifferentialchaincodingapproach(3 bits/pixel with 8-connectedcurvesor 2 bits/pixel
with 4-connectedcurves). To further improve the encodingof the geometrywe have adopteda simple
multiscaleapproach.We computeandencodethecurvesandtheresidualsin a subsampledimageandthen
zoomout the resultandrecomputenew residuals. If required,beforesampling,we may filter the given
imagewith a low passfilter or with ananisotropicfilter like motionby meancurvatureor affine invariant
smoothing[22], [53]. Indeed,it is convenientto applythesefilterswhile keepingsomepointsfixed,namely,
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Algorithm 3

1 From the original image, eventuallyfiltered to reduceits band-
width, 6 computea subsampledimage 6��d��à
�
�)�RC+6M�Í��à
�4���)� where� is thereducingfactor.

2 Computez º × and 6A�åÄ Ç È�É . Encodez º × . Compute Î6A�ÈÄ Ç È�É byapply-
ing an ENOencodingscheme, with maximumerror � , to 6A�ÈÄ Ç È�É .

3 Computethe interpolatedimage Î6�� by solvingLaplaceequation
with initial data �Íz º × �*Î6A�åÄ Ç�È�É�� .

4 Computeand quantizethe residual � y� between6A� and Î6A� . LetE6��«C Î6A� Ú � y� be the approximationof 6�� satisfying ®
¯�°�I)Ä 6��a¾E6��ÈÄ*OÌCN� .
5 Zoomout E6A� and computeand quantizethe new residual � y be-

tween6 and Î6 in order to satisfy ®
¯�°NI)Ä 6�¾s��Î6 Ú � y �§Ä*OÌCN� .
6 Finally compressz º × , Î6A�ÈÄ Ç�È�É , � y� and � y usinganarithmeticcoder.

Table3: Algorithm for compressingDEM data.

thepointscorrespondingto theextremavaluesandthesaddlepoints. In practicewe mayfix themultiple
pointsof thesampledcurves z º × . Anisotropicfiltering fixing pointswasstudiedin [11].

Thezoomoutprocesscanbedoneby usinga bicubicsplineinterpolation,althoughthis cancreatenew
maximaandminima dueto the well known oscillationproblemof splines. In orderto avoid this kind of
errorswehaveusedashapepreservingspline, whichavoidstheoscillationproblemof classicalsplines,that
is, respectsthemonotonicityof theoriginal data(no new maximaor minimaarecreated).Concretely, we
have implementedthealgorithmproposedin [24].

Thecompletealgorithmfor compressingDEM datais summarizedin table3.

11 Compressionresults

In order to compareour results,we use the JPEG-LSstandardfor losslessand controlled lossy image
compression,beingthis the only standardthat permitsa control on the maximalper pixel error [65], and
we also useJPEG-2000[1] in which, by reintroducingthe errors,we are able to control the maximum
error. In thecomparisontablesbelow, JPEG-LSis denotedby �q-1Æ , while oursis denotedby $|÷ , standing
for morphologicalencoding.We alsoreportthe 9;$jÆU÷ asfrequentlydonefor lossyimagecompression
algorithms.Wereportresultson a setof 10 DEM imagesof size1200by 1200pixelswith 8 bits perpixel.
We alsoreporttheresultsof our algorithmwhenappliedto thesamesetof imageswith a resolutionof 16
bitsperpixel.

Figure 17 shows 10 plots (correspondingto a set of 10 different DEM images),eachone showing
thecompressionratio (verticalaxis)versusthemaximumerrorallowed(horizontalaxis)for bothmethods.
When �ØCj� thereis nosignificantdifferencebetweenbothmethods,thoughas � increases$+÷ outperforms
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Figure17: Performanceof thecompressionratio of bothmethodswhenallowing maximumerrorsranging
from � to Ï . Theamountin meterscorrespondingto a differencein gray level of � dependson the image,
but typically this valuemaybeof �§� meters.
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Figure18: Top: Compressionratioof �q-1Æ vs theproposedmethodfor asetof tenimagescompressedwith
amaximumerrorof 5. Bottom: Correspondingrootmeansquareerror( 9;$jÆU÷ ) for thetwo methods.

�q-1Æ . In factwhen � is greaterthan1 theplotsshow that $|÷ reachesalmosttwice (or morein somecases)
thecompressionratio ( Ây9 ) of �W-rÆ .

Figure18 shows a moredetailedstudyfor thecase�_CÐÏ . In the left plot we canseethecompression
ratio of bothmethodsfor thesetof 10 images,theright plot correspondsto the 9;$jÆU÷ for bothmethods.
Table4 shows theexactvaluesfor thecompressionratiosand 9;$'ÆU÷ errorsof bothmethods.Thelastrow
shows theaveragevaluesfor the Â;9 and 9;$jÆU÷ of �q-rÆ and $|÷ . TheaverageÂ;9 for thecaseof �W-rÆ
and $+÷ are18,9872and36,7245respectively. That is, our proposedscheme$+÷ reachesalmosttwice
thecompressionratio of �q-1Æ . In addition,theaverage9;$jÆU÷ for thecasesof �q-1Æ and $|÷ is 2,9038
and2,3782, respectively. The last two columnscontainthe compressionratio andthe 9;$jÆU÷ in meters,
respectively, correspondingto the above setof imagesquantizedwith ��, bits per pixel whencompressed
with $|÷ (with �ÌCNÏ meters).

TableV shows the resultsobtainedby using �ÒÑí÷�Ó�¾\������� on the above setof images. Column1
displaysthemaximumerrorobtainedwhenusing �ÒÑí÷�Ó'¾u������� at thesamecompressionrateastheone
obtainedwith $|÷ (whichcorrespondedto amaximumerrorof Ï ) anddisplayedin thefirst columnof Table
IV. We alsoobserve thatwe cancorrectthemaximumerror to be thesameastheoneobtainedwith $+÷
(i.e., Ï ) with a negligible costin bytes,asdisplayedin column � . Column2 containstheRMS error, which
is lower thanin theME case.

Figure19displaystheoriginal imageandits compressedversionsusing �q-1Æ , $+÷ and �MÑ;÷�Ów¾�������� .
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CR( ÔÖÕ ) CR( ×�Ø7Ù ) Ú�Ô	ÙÒÕ Ú�Ô	ÙÒÕ CR(ME) RMSE
(8 bits) (8 bits) ( ÔÖÕ ) ( ×�Ø|Ù ) (16bits) (meters)

baker-e 30,4549 14,6585 2,4099 2,9546 11,1249 2,5825
bend-e 25,7138 14,2491 2,3946 2,9152 11,5988 2,5523
bend-w 53,4223 24,7324 2,2787 2,8677 15,8313 2,6217

billings-e 47,6631 26,8321 2,3121 2,9588 19,2838 2,5408
sacramento-e 37,6028 19,8254 2,4127 2,8664 9.0562 2,6763

salina-e 43,5954 24,2159 2,4062 2,8538 13,7127 2,5936
salina-w 34,8702 16,5692 2,4093 2,9166 11,5446 2,5988

sandpoint-e 20,7807 10,6721 2,3901 2,9491 9,6334 2,5501
yakima-e 37,7655 22,2050 2,3521 2,8488 17,0275 2,4659
yakima-w 35,3764 15,9119 2,4166 2,907 7,3900 2,7532

AVERAGE 36,7245 18,9872 2,3782 2,9038 12,6203 2,5935

Table4: Columns1 to 4: compressionratio ( Â;9 ) and 9;$jÆU÷ errorsfor �q-1Æ and $+÷ on 8 bit images
whencompressingwith a maximumerrorof 5 grayvalues.Columns5 and6 shows theperformanceof the
algorithmwhenconsideringthe full range(16 bits), in this casethe error correspondto elevation meters.
Thelastrow shows theaveragevaluesfor thesetof 10 images.Ø7Û no correction ÚÜÔ	ÙMÕ Ø|Û corrected increment(bytes)

baker-e 11 1,0016 5 550
bend-e 11 1,0258 5 708
bend-w 9 0,8057 5 391

billings-e 12 0,8224 5 825
sacramento-e 10 0,9689 5 568

salina-e 11 0,8961 5 615
salina-w 10 0,9635 5 630

sandpoint-e 10 1,0081 5 628
yakima-e 9 0,8748 5 504
yakima-w 9 0,9599 5 424

Table5: Firstandsecondcolumnscorrespondto the - 0 and 9;$jÆU÷ errorsfor thesetof imagesin thefirst
columncompressedwith thestandardJPEG-2000at thesamecompressionratioastheoneachievedby our
method.Thethird columncorrespondsto the -10 erroraftercorrectingtheresultachievedby JPEG-2000.
Thefourthcolumncorrespondsto theincrementin bytesdueto thecorrection.This incrementin bytesdoes
notaffect thefinal compressionratio.

Thefigureshowsboththegrayscaleimagesandits level sets.Notethatthetopographicstructuresarebetter
preserved in thecaseof the $+÷ and �ÒÑí÷�Ó|¾v������� compressionwhile it is severelydistortedin thecase
of �W-rÆ compression.

12 Conclusions

In this work we have presentedandanalyzedtechniquesto computea basicgeometricrepresentationof
images. This representationis given by the Morseanddrainagestructuresof the image. We have given
simplealgorithmsto computethesestructuresandwehaveprovedthemto bewell founded.Finally, wehave
provedthatany interpolationprocesssatisfyingthestabilityandmaximumprincipleisalsoshapepreserving,
in thesensethatnonew maximaor minimaiscreated.Asanapplication,thisgeometricimagerepresentation
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Figure19: Thefirst four imagesdisplaytheoriginalDEM imagebaker-e, andthecompressedimagesusing�q-1Æ with ï½6!] error 5, $|÷ with ï½6!] error 5 and �MÑ;÷�Ó;������� with ï½6!] error 5. Last four images: the
correspondinglevel lines.

was usedto derive a non uniform samplingstrategy that when combinedwith interpolationand coding
techniques,provided a novel DEM compressionalgorithm. This algorithmproducescompressionratios
similar to JPEG-2000andpermitsto control themaximalerror in thedecodedimage,a propertywhich is
fundamentalfor mostDEM applications.In addition,thebit-streamencodesthemostimportantgeometric
structureof DEMs, therebyproviding ananalysistool andnot just a compressionone. We expectthat the
resultsabove serve to clarify thelimits of ourapproach.

ThebasicMorseanddrainagestructureherepresentedarebuilding blocksto constructmultiresolution
representationsof DEMs. Notethata numberof criteriacanbeidentifiedto provide a scoringandanorder
for thesestructures.Someof thesearedescribedfor examplein [7]. Level-linesandconnectedcomponents
canbeorderedaccordingto theareathey enclose,thetotal gradientmagnitudethey represent,or any other
geometriccriteria.Similarly, drainagestructurescanbeorderedaccordingto how sharpthey are(e.g.,based
on total curvaturealongthem),or how long they are.Thisordernaturallyleadsto multiscalerepresentation
andencodingschemes,andresultsin thisdirectionwill bereportedelsewhere.

It would beof interestto further investigatetheuseof geometricsamplingtechniquesfor thecompres-
sionof naturalimages.Someof thecriteriausedfor thecompressionof DEM data,e.g.,theuseof an -20
norm,aretoo stringenthere.Otherconcepts,like theselectionof drainagestructures,arenaturalfor DEM
data,but not asmuchfor othertypesof data.Thequestionthenis what is a goodgeometricrepresentation
of naturalimagesthatwill leadto compressionresultsasthe onesobtainedfor DEM with the techniques
hereintroduced.
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[2] F. AràndigaandR. Donat.Nonlinearmultiscaledecompositions:Theapproachof A. Harten. Numer-
ical Algorithms, 23:175–216,2000.

[3] G.Aronssson.Extensionof functionssatisfyinglipschitzconditions.Ark. for Math., 6:551–561,1967.

[4] G. Aronssson.On thepartialdifferentialequation6 .º 6 º§º Ú � 6 º 6 × 6 º × Ú 6 .× 6 ×�× Cl� . Ark. for Math.,
7:395–425,1968.

[5] G. Aronssson.On certainsingularsolutionsof thepartialdifferentialequation6 .º 6 º§º Ú � 6 º 6 × 6 º × Ú
6 .× 6 ×�× Cb� . ManuscriptaMathematica, 47:133–151,1984.

[6] C. Bajaj,V. Pascucci,andD.R.Schikore. Fastisocontouringfor improvedinteractivity. In Proc.IEEE
SymposiumonVolumeVisualization,SanFrancisco,Oct.7-8, pages39–46,1996.

[7] C. Bajaj,V. Pascucci,andD.R.Schikore.Thecontourspectrum.ProceedingsVisualization’97, pages
167–173,1997.

[8] C. BallesterandV. Caselles.Them-componentsof level setsof continuousfunctionsin wbv. Publi-
cacionsMatem̀atiques, 45:477–527,2001.

[9] C.Ballester, V. Caselles,andP. Monasse.Thetreeof shapesof animage.To appearin ESAIM:COCV,
2002.

[10] P.J.BeslandR.C.Jain.Segmentationthroughsymbolicsurfacedescriptions.CVPR,May, 1986.

[11] V. Caselles,B. Coll, andJ.M. Morel. A kanizsaprogramme.Progressin NonlinearDiferential Equa-
tionsandtheir Applications, 25,1996.

[12] V. Caselles,B. Coll, andJ.M. Morel. Topographicmapsandlocal contrastchangesin naturalimages.
Int. J. Comp.Vision, 33(1):5–27,1999.

[13] V. Caselles,J. L. Lisani, J.M. Morel, andG. Sapiro. Shapepreservinglocal histogrammodification.
IEEE Transactionson Image Processing, 8(2):220–230,1999.

[14] V. CasellesandP. Monasse.Grainfilters. to appearin Journal of MathematicalImaging andVision,
2002.
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thesis,Universit́e deParis-Dauphine,2000.

[39] P. MonasseandF. Guichard. Fastcomputationof a contrastinvariant imagerepresentation.IEEE
Trans.on Image Proc., 9:860–872,2000.

[40] M.H.A. Newman. Elementsof the topologyof planesetsof points. Dover Publications,New York,
1992.

[41] F. MeyerP. Salembier, L. TorresandC. Gu. Region-basedvideocodingusingmathematicalmorphol-
ogy. Proceedingsof IEEE (Invitedpaper), 83(6):843–857,1995.

[42] L. Garrido P. Salembier. Binary partition tree as an efficient representationfor imageprocessing,
segmentation,andinformationretrieval. IEEETransactionsonImageProcessing, 9(4):561–576,2000.

[43] S.D. RaneandG. Sapiro. Evaluationof JPEG-LS, thenew losslessandcontrolled-lossystill image
compressionstandard,for compressionof high-resolutionelevationdata. IEEE Transactionson Geo-
scienceandRemoteSensing, 39(10):2298–2306, October2001.

[44] G. Reeb. Sur les poits singuliersd’une forme de pfaff completementintegrableou d’une fonction
numérique.ComptesRendusAcad.SciencesParis, 222:847–849,1946.

[45] E. Reusens.Joint optimizationof representationmodel and frame segmentationfor genericvideo
compression.EURASIPSignalProcessing, 46(11):105–117,1995.

[46] E. Rosset.A lower boundfor thegradientof À -harmonicfunctions.Electronic J. of Diff. Equations,
pages1–7,1996.

[47] J.RoubalandT.K. Poiker. Automatedcontourlabellingandthecontourtree. In Auto-Carto,March,
1985.

[48] A. SaidandW. A. Pearlman.An imagemultiresolutionrepresentationfor losslessandlossycomres-
sion. IEEE Transactionon Image Processing, 5(9):1303–1310,September1996.

[49] P. Salembier. Morphologicalmultiscalesegmentationfor imagecoding. SignalProcessing, Special
Issueon NonlinearSignalProcessing, 38:359–386,1994.

[50] P. Salembier, P. Brigger, J.R.Casas,andM. Pard̀as. Morphologicaloperatorsfor imageandvideo
compression.IEEE Trans.on Image Processing, 5:881–897,1996.

[51] P. SalembierandF. Marqus.Region-basedrepresentationsof imageandvideo:Segmentationtoolsfor
multimediaservices. IEEE Transactionson Circuits and Systemsfor Video Technology, 9(8):1147–
1169,1999.

[52] P. SalembierandJ.Serra.Flat zonesfiltering, connectedoperatorsandfiltersby reconstruction.IEEE
Trans.Image Processing, 4:1153–1160,1995.

[53] G.SapiroandA. Tannenbaum.Affineinvariantscale-space.InternationalJournalof ComputerVision,
11:25–44,1993.

43



[54] G.M. SchusterandA.K. Katsaggelos.Rate-distortionbasedvideocompression. Kluwer Academic
Publishers,1997.

[55] W.W. Seemuller. The extraction of orderedvector drainagenetworks from elevation data. Comp.
VisionGraphicsandImage Processing, 47,1989.

[56] J. Serraand P. Salembier. Connectedoperatorsand pyramids. Proc. SPIE Image Algebra Math.
Morphology, SanDiego,CA,SPIE, 2030:65–76,1993.

[57] Y. Shinagawa,T.L. Kunii, andY.L. Kergosien.Surfacecodingbasedonmorsetheory. IEEEComputer
GraphicsandAppl., 11(5):66–78,1991.
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